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Letter  of  Transmittal 

To  the  Congress  of  the  United  States: 

In  compliance  with  the  provisions  of  the  act  of  March  3,  1916,  as 
amended,  establishing  the  National  Advisory  Committee  for  Aero- 
nautics, I transmit  herewith  the  Thirty-seventh  Annual  Report  of 
the  Committee  covering  the  fiscal  year  1951. 

Harry  S.  Truman. 

The  White  House, 

January  28,  1952. 
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Letter  of  Submittal 


National  Advisory  Committee  for  Aeronautics 

Washington,  D.  C.,  November  15^  1951. 

Dear  Mr.  President  : In  compliance  with  the  act  of  Congress  ap- 
proved March  3,  1915,  as  amended  (U.  S.  C.  1946,  title  50,  sec.  153), 
I have  the  honor  to  submit  herewith  the  Thirty-seventh  Annual  Ke- 
port  of  the  National  Advisory  Committee  for  Aeronautics  covering  the 
fiscal  year  1951. 

The  development  of  new  types  of  aircraft  slowed  materially  since 
the  end  of  World  War  II  but,  since  Korea,  progress  is  now  rapidly 
accelerating.  The  magnitude  of  the  military  effort  required  to  check 
world- wide  aggression  makes  it  evident  that  America’s  aircraft  must 
be  superior  in  performance  and  military  effectiveness  to  those  of  any 
other  nation. 

The  Committee  seeks,  through  timely  and  adequate  research,  to  as- 
sure the  success  of  the  expanding  aircraft  program.  The  Committee 
believes  that  in  order  to  support  the  military  effort  effectively,  its 
scope  of  operations  should  be  increased  to  the  extent  that  availability 
of  scientific  manpower  will  permit. 

Respectfully  submitted. 

Jerome  C.  Hunsaker, 

Chairman. 


The  President, 

The  White  House.,  Washington.,  D.  C. 
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THIRTY-SEVENTH  ANNUAL  REPORT 

OF  THE 

NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Washington,  D.  C.,  November  16^  1951. 

To  the  Congress  of  the  United  States : 

In  accordance  with  the  act  of  Congress,  approved 
March  3, 1915  (U.  S.  C.  title  50,  sec.  151),  which  estab- 
lished the  National  Advisory  Committee  for  Aeronau- 
tics, the  Committee  submits  its  thirty-seventh  annual 
report  for  the  fiscal  year  1951. 

The  United  States  is  engaged  in  expanding  military 
aviation  to  levels  never  before  reached  except  in  the 
midst  of  a major  war.  In  Korea,  our  military  air- 
craft are  engaged  in  combat  with  airplanes  of  an  un- 
friendly nation  evidently  able  to  build  military  aircraft 
of  increasing  capabilities.  In  this  environment,  the 
NACA  is  responsible  for  conducting  an  adequate  pro- 
gram of  scientific  research  to  open  the  way  for  the 
design  of  aircraft  and  missiles  of  superior  performance. 

Since  World  War  II  the  pace  of  technical  develop- 
ment has  increased.  Until  then,  improvement  in  air- 
craft performance  as  a result  of  the  application  of  sci- 
entific research  proceeded  at  what  now  seems  to  be  a 
relatively  slow  and  orderly  rate.  Modest  increases  in 
speed,  climb,  range,  or  altitude  were  set  as  reasonable 
goals.  Compressibility  effects  at  high  speeds  were  just 
beginning  to  be  encountered  and  indicated  a formid- 
able barrier  near  the  velocity  of  sound.  This  barrier 
has  been  found  by  research  and  experiment  to  be  less 
formidable  than  supposed,  and  we  now  see  the  possibil- 
ity of  radical  gains  in  airplane  performance  that  are 
of  great  military  significance.  Such  gains  are  also  at- 
tainable by  a potential  enemy. 

The  increased  complexity  of  modern  high  perform- 
ance aircraft  results  in  greatly  increased  costs,  whether 
measured  in  manpower  or  dollars,  and  places  more  at 
stake  in  the  success  or  failure  of  the  research  upon 
which  superior  performance  is  predicated.  In  view  of 
the  magnitude  of  the  national  effort  to  build  up  air 
power  adequate  to  our  national  security,  scientific 
research  should  proceed  on  a corresponding  scale. 

In  the  years  immediately  following  World  War  II  in 
appreciation  of  the  probable  significance  to  national 
security  of  applications  of  new  knowledge  of  supersonic 


aerodynamics  and  jet  propulsion,  the  President  and  the 
Congress  supported  the  NACA  in  an  intensive  program 
of  fundamental  scientific  studies  in  these  fields  of  aero- 
nautical science.  There  was  an  urgent  need  to  overcome 
a serious  deficiency  of  basic  information  resulting  from 
wartime  concentration  of  research  teams  on  immediate 
problems  associated  with  the  improvement  of  airplanes 
in  service.  Only  by  concentration  on  fundamentals 
may  we  expect  to  find  leads  to  radically  new  develop- 
ments which  should  pay  off  in  the  design  of  future  air- 
craft. We  do  not  know  how  long  the  present  period  of 
tension  will  last  nor  do  we  know  what  discoveries  an 
enemy  may  make. 

In  addition,  the  Committee  must  not  neglect  less 
spectacular  research  to  provide  engineering  informa- 
tion essential  to  the  safety  and  economy  of  aircraft  of 
all  types,  both  civil  and  military.  In  this,  the  NACA 
has  responsibility  for  the  scientific  study  and  prac- 
tical solution  of  current  problems,  as  crystallized 
in  the  discussions  of  our  several  subcommittees  of 
experts.  These  subcommittees  include  designers,  users, 
and  research  scientists.  Kesearch  initiated  to  solve  a 
current  problem  can  be  readily  translated  into  practice. 
Such  research,  for  example,  makes  possible  an  increase 
in  thrust  of  current  production  engines  and  improved 
performance  of  the  next  lot  of  airplanes.  The  need  for 
extended  work  in  this  area  has  been  reflected  in  our 
budget  estimates. 

The  military  research  and  development  program  has 
been  increased  threefold,  but  to  date  the  funds  and  man- 
power authorized  for  NACA  have  not  expanded  to  sup- 
port adequately  the  military  effort.  Therefore,  the 
Committee  urges  an  expansion  in  NACA  effort  to  the 
extent  that  availability  of  scientific  manpower  will 
permit. 

Presently,  emphasis  is  on  the  military  applications 
of  research,  but  many  of  the  results  of  NACA  research 
effort  are  of  value  to  civil  aviation,  as  for  example 
the  work  on  ice  prevention,  fire  prevention,  effects  of 
atmospheric  turbulence,  and  work  on  aircraft  stability 
and  control.  Much  research  for  the  improvement  of 
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military  aircraft  is  extended  to  obtain  data  needed  by 
those  responsible  for  the  design,  operation,  or  regula- 
tion of  civil  aircraft. 

During  the  current  year  the  Committee  completed  the 
installation  of  a transonic  ventilated  throat  in  the  16- 
foot  wind  tunnel  at  the  Langley  Aeronautical  Labora- 
tory. This  installation  is  based  on  an  invention  by 
members  of  the  NACA  staff  and  is  considered  to  be  of 
exceptional  importance  because  it  permits  model  air- 
plane tests  at  transonic  air  speeds  in  wind  tunnels, 
hitherto  impossible  because  of  the  choking  of  tlie  con- 
ventional wind  tunnel  as  the  air  speed  approaches  the 
velocity  of  sound. 

In  the  formulation  of  its  research  programs,  the 
Committee  has  been  materially  assisted  by  some  400 


members  of  its  26  technical  committees.  These  mem- 
bers include  scientists  from  universities,  engineers  from 
industry,  and  experts  from  the  civil  and  militaiy  agen- 
cies of  the  Government. " The  Committee  continues  to 
enjoy  the  loyal  and  effective  support  of  its  civil  service 
staff  in  the  execution  of  its  policies  and  directives. 

Parts  I,  II,  and  III  of  this  annual  report  present  a 
resume  of  the  unclassified  scientific  activities  of  the 
Committee,  a description  of  the  Committee’s  organiza- 
tion and  membership,  and  the  financial  report  for  the 
fiscal  year  1951. 

Respectfully  submitted. 

Jerome  C.  Hunsaker, 

Chairman. 


Part  I-TECHNICAL  ACTIVITIES 


RESEARCH  ORGANIZATION  AND  PROCEDURES 


COMMITTEE  LABORATORIES 

Eesearcli  of  the  National  Advisory  Committee  for 
Aeronautics  is  conducted  largely  at  its  three  labora- 
tories— Langley  Aeronautical  Laboratory,  Langley 
Field,  Va.;  Ames  Aeronautical  Laboratory,  Molfett 
Field,  Calif. ; and  Lewis  Flight  Propulsion  Laboratory, 
Cleveland,  Ohio.  A subsidiary  station  is  located  at 
Wallops  Island,  Va.,  as  a branch  oi  the  Langley  Lab- 
oratory for  conducting  research  on  models  in  flight  in 
the  transonic  and  supersonic  speed  ranges.  At  Ed- 
wards, Calif.,  is  located  the  NACA  High-Speed  Flight 
Research  Station  for  research  on  transonic  and  super- 
sonic airplanes  in  flight.  The  total  number  of  employ- 
ees, both  technical  and  administrative,  at  these  five  sta- 
tions and  headquarters  in  Washington  was  7,705  at 
the  end  of  the  fiscal  year  1951. 

TECHNICAL  COMMITTEES  AND  RESEARCH 
COORDINATION 

In  carrying  out  its  function  of  coordinating  aero- 
nautical research  the  Committee  is  assisted  by  a group 
of  technical  committees  and  subcommittees.  The  mem- 
bers of  these  committees  are  chosen  for  their  particular 
knowledge  in  a specific  field  of  aeronautics.  They  are 
selected  from  other  Government  agencies  concerned 
with  aviation  including  the  Department  of  Defense, 
from  the  aircraft  and  air  transport  industries,  and 
from  scientific  and  educational  institutions.  These 
committees  provide  for  the  interchange  of  ideas  and 
prevention  of  research  duplication  except  where  par- 
allel efforts  are  desired.  There  are  four  technical  com- 
mittees under  the  National  Advisory  Committee  for 
Aeronautics : 

1.  Committee  on  Aerodynamics. 

2.  Committee  on  Power  Plants  for  Aircraft. 

3.  Committee  on  Aircraft  Construction. 

4.  Committee  on  Operating  Problems. 

Each  committee  is  supported  by  three  to  eight  technical 
subcommittees. 

In  addition  to  the  four  technical  committees,  there 
is  an  Industry  Consulting  Committee  established  to  as- 
sist the  main  Committee  in  formulation  of  general 


policy.  Membership  of  this  Committee,  as  well  as  the 
technical  committees  and  subcommittees,  is  listed  in 
part  II  of  this  report. 

Research  coordination  is  further  effected  through 
discussions  between  Committee  technical  personnel  and 
the  research  staffs  of  the  aviation  industry,  educational 
and  scientific  organizations,  and  other  aeronautical 
agencies.  The  Research  Coordination  Office  is  assisted 
by  a west  coast  representative  who  maintains  close  con- 
tact with  the  aeronautical  research  and  engineering 
staffs  of  that  geographical  area. 

RESEARCH  SPONSORED  IN  SCIENTIFIC  AND 
RESEARCH  INSTITUTIONS 

For  the  1951  fiscal  year  the  NACA  continued  to  make 
use  of  the  unique  research  talents  and  facilities  of  uni- 
versities and  other  nonprofit  scientific  institutions  to 
find  solutions  for  aeronautical  problems.  Both  research 
proposals  and  the  rekilts  from  investigations  have  been 
carefully  reviewed  to  maintain  the  quality  of  this  part 
of  the  NACA  program,  and  reports  of  the  useful  re- 
sults of  the  sponsored  research  have  been  given  the  same 
wide  distribution  as  other  NACA  reports. 

The  diversity  of  this  sponsored  research  is  indicated 
by  the  fact  that  19  of  the  NACA  technical  subcommit- 
tees reviewed  proposals  for  or  the  results  of  such  in- 
vestigations during  the  past  year  and  that  48  reports  of 
sponsored  research  were  released.  The  technical  as- 
pects of  the  program  are  included  with  the  descriptions 
of  work  under  the  various  technical  sections. 

During  the  1951  fiscal  year  the  following  institutions 
participated  in  the  contract  research  program : 

National  Bureau  of  Standards,  Forest  Products 
Laboratory,  Armour  Research  Foundation,  Battelle 
Memorial  Institute,  Polytechnic  Institute  of  Brooklyn, 
Brown  University,  California  Institute  of  Technology, 
University  of  California,  University  of  California  at 
Los  Angeles,  Carnegie  Institute  of  Technology,  Uni- 
versity of  Cincinnati,  Cornell  University,  University  of 
Florida,  Georgia  Institute  of  Teclmology,  Harvard 
University,  Illinois  Institute  of  Technology,  University 
of  Illinois,  Iowa  State  College,  Johns  Hopkins  Univer- 
sity, Massachusetts  Institute  of  Technology,  University 
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of  Michigan,  Mount  Washington  Observator}^,  New 
York  University,  University  of  Notre  Dame,  Ohio 
State  University,  Pennsylvania  State  College,  Prince- 
ton University,  Purdue  University,  Stanford  Univer- 
sity, Stevens  Institute  of  Technology,  Syracuse  Uni- 
versity, Texas  Agricultural  and  Mechanical  College, 
University  of  Virginia,  and  University  of  Washington. 

RESEARCH  INFORMATION 

Research  results  obtained  in  the  Committee’s  labora- 
tories and  through  research  contracts  are  distributed 
in  the  form  of  Committee  publications.  Formal  Re- 
ports, printed  by  the  Government  Printing  Office,  con- 
tain unclassified  information  and  are  available  to  the 
general  public  from  the  Superintendent  of  Documents. 
Technical  Notes,  released  by  the  Committee  in  limited 
numbers,  also  contain  unclassified  research  results  of  a 
more  or  less  interim  nature  and  are  distributed  to  inter- 
ested organizations  throughout  the  country.  Fre- 
quently, research  results  which  will  ultimately  be  pub- 
lished in  Report  form  are  issued  initially  as  Technical 
Notes  in  the  interest  of  speedy  dissemination  of  data  to 
American  technical  people  and  organizations.  Trans- 
lations of  foreign  material  are  issued  in  the  form  of 
Technical  Memorandums. 

In  addition  to  unclassified  publications  the  Com- 
mittee prepares  a large  number  of  reports  containing 
classified  research  information.  For  reasons  of  na- 
tional security,  these  reports  are  controlled  in  their  cir- 
culation. From  time  to  time  the  classified  reports  are 
examined  to  determine  whether  it  is  in  the  national  in- 
terest to  declassify  them.  If  it  is  found  desirable  to  de- 
classify the  reports,  they  may  be  published  as  unclassi- 
fied papers. 

Another  important  means  of  transmitting  quickly 
and  efficiently  the  latest  information  in  a particular 
field  of  research  directly  to  designers  and  engineers 
working  in  that  field  is  the  holding  of  technical  confer- 
ences from  time  to  time  at  an  appropriate  NACA 
laboratory.  Several  conferences  of  this  nature  were 
held  during  the  past  year. 

The  Office  of  Aeronautical  Intelligence  was  estab- 
lished in  1918  as  an  integral  part  of  the  Committee’s 


activities.  Its  functions  are  the  collection  and  classifi- 
cation of  technical  knowledge  on  the  subject  of  aero- 
nautics, including  the  results  of  research  and  experi- 
mental work  conducted  in  all  parts  of  the  world,  and 
its  dissemination  to  the  Department  of  Defense,  air- 
craft manufacturers,  educational  institutions,  and  other 
interested  people.  American  and  foreign  reports  ob- 
tained are  analyzed,  classified,  and  brought  to  the  at- 
tention of  the  proper  persons  through  the  medium  of 
public  and  confidential  bulletins. 

AERONAUTICAL  INVENTIONS 

By  act  of  Congress,  approved  July  2,  1926  (U.  S.  C. 
title  10,  sec.  310-r) , an  Aeronautical  Patents  and  Design 
Board  was  established  consisting  of  the  Assistant  Secre- 
taries for  Air  of  the  Departments  of  War,  Navy,  and 
Commerce.  In  accordance  with  that  act  as  amended 
by  an  act,  approved  March  3,  1927,  the  National  Advi- 
sory Committee  for  Aeronautics  is  charged  with  the 
function  of  analyzing  and  reporting  upon  the  technical 
merits  of  aeronautical  inventions  and  designs  submitted 
to  any  agency  of  the  Government.  The  Aeronautical 
Patents  and  Design  Board  is  authorized,  upon  the 
favorable  recommendation  of  the  Committee  to  ‘‘deter- 
mine whether  the  use  of  the  design  by  the  Government  is 
desirable  or  necessary  and  evaluate  the  design  and  fix 
its  worth  to  the  United  States  in  an  amount  not  to  ex- 
ceed $75,000.” 

Recognizing  its  obligation  to  the  public  in  this  respect 
the  Committee  has  continued  to  accord  to  all  corre- 
spondence on  such  matters  full  consideration.  All  pro- 
posals received  have  been  carefully  analyzed  and  evalu- 
ated and  the  submitters  have  been  advised  concernincr 
the  probable  merits  of  their  suggestions.  Many  per- 
sonal interviews  have  been  granted  inventors  who  vis- 
ited the  Committee’s  offices,  and  technical  information 
has  been  supplied  when  requested. 

^ H:  4:  4:  4: 

The  following  detailed  summary  of  unclassified  re- 
search, completed  during  the  fiscal  year  1951,  is  organ- 
ized to  reflect  the  areas  of  research  over  which  each 
technical  committee  and  related  subcommittee  has 
cognizance. 


AERODYNAMIC  RESEARCH 


During  the  past  year  there  has  been  an  increase  in 
research  directed  specifically  at  the  problems  of  high- 
speed airplanes  and  guided  missiles.  Aerodynamic  re- 
search to  permit  efficient  operation  of  airplanes  at  tran- 
sonic speeds  has  continued  to  receive  special  emphasis, 
and  information  has  been  obtained  in  this  speed  range 
from  flights  of  special  research  airplanes,  rocket- 
powered  free-flight  models,  freely-falling  bodies,  and 


from  very  small  models  on  wind-tunnel  bumps  or  by  the 
wing-flo\y  method  in  flight.  There  has,  however,  been 
a serious  need  for  techniques  to  permit  detailed  sys- 
tematic large-scale  experiments  to  be  made  in  wind 
tunnels  through  the  speed  of  sound.  As  a result  of 
extensive  research  on  wind-tunnel  design,  suitable  tech- 
niques have  been  developed,  and  the  Langley  8-foot  and 
16-foot  wind  tunnels  were  modified  to  permit  testing 
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through  the  speed  of  sound.  These  modified  tunnels  are 
contributing  to  a better  understanding  of  aerodynamic 
problems  in  the  transonic  speed  range. 

Theoretical  and  experimental  research  on  liigh-speed 
airplane  design  problems  has  been  directed  generally  at 
the  establishment  of  technical  information  to  permit 
the  selection  of  the  most  efficient  configurations  for 
flights  at  transonic  and  supersonic  speeds  which  will 
also  have  satisfactory  flying  characteristics  at  low 
speeds  for  landing  and  take-off.  As  the  high-speed  re- 
quirements increased,  the  landing  requirements  have 
become  more  difficult  to  meet  and  it  has  been  necessary 
to  continue  research  at  low  speeds  on  these  problems. 

In  addition  to  studies  of  performance  problems  of 
guided  missiles,  considerable  attention  has  been  directed 
during  the  past  year  to  the  problems  of  stability  and 
control.  In  this  field  particular  emphasis  has  been 
placed  on  the  cross-coupling  effects  experienced  by  vari- 
ous missile  configurations  and  on  automatic  control 
problems. 

The  NACA  is  assisted  in  guiding  the  aerodynamic  re- 
search activities  of  its  laboratories  by  the  Committee  on 
Aerodynamics  and  its  eight  technical  subcommittees. 
Results  of  the  research  which  are  most  pertinent  to  the 
design  and  development  of  military  airplanes  and 
guided  missiles  are  summarized  and  presented  at  tech- 
nical conferences  held  during  the  year  with  the  repre- 
sentatives of  the  military  services  and  their  contractors, 
in  order  to  assist  designers  in  making  early  application 
of  these  results. 

In  the  sections  which  follow  a description  is  given  of 
some  of  the  Committee’s  recent  unclassified  work  in 
aerodynamics. 

FLUID  MECHANICS 

Investigation  of  Airfoils  at  Low  Speeds 

Low-speed  investigations  of  two-dimensional  airfoils 
have  been  devoted  to  a large  extent  to  the  study  of  flow 
phenomena  at  high  lifts  and  the  development  of  meth- 
ods for  the  improvement  of  high  lift  characteristics. 
Reported  in  Technical  Note  2235  is  an  investigation  of 
the  boundary-layer  and  stalling  characteristics  of  the 
NACA  64A-010  airfoil  section  in  the  Ames  7-  by  10-foot 
wind  tunnels.  The  results  show  the  small  region  of 
separated  flow  or  “bubble”  near  the  leading  edge,  char- 
acteristic of  airfoils  with  small  leading-edge  radii.  At 
an  angle  of  attack  of  9.5°  the  separated  flow  failed  to 
reattach  to  the  surface,  causing  the  stall.  Since  there 
was  no  turbulent  separation  at  the  trailing  edge,  the 
lift-curve  peak  was  sharp  and  the  stall  occurred  sud- 
denly and  with  no  warning. 

An 'investigation  was  also  conducted  in  the  Ames  7- 
by  10-foot  wind  tunnels  to  determine  the  possibility  of 


delaying  the  flow  separation  that  occurs  near  the  lead- 
ing edge  of  the  NACA  63i-012  airfoil  section  and  of  im- 
proving its  stalling  characteristics  by  modifications  of 
the  contour  near  the  leading  edge.  This  study  is  re- 
ported in  Technical  Note  2228.  The  greatest  improve- 
ment was  obtained  with  modifications  that  incorporated 
an  increase  in  camber  and  modifications  to  the  leading- 
edge  shape  were  more  effective  than  drooped-nose  flaps. 

The  results  of  a comprehensive  investigation  of  the 
stalling  characteristics  of  airfoil  sections  at  low  sub- 
sonic speeds  in  the  Ames  7-  by  10-foot  wind  tunnels 
have  been  summarized  in  Technical  Note  2502.  Sev- 
eral types  of  stall  encountered  with  airfoils  ranging 
in  thickness  from  that  for  a slow,  light  airplane  to  that 
for  a possible  supersonic  application  are  described  in 
detail  in  conjunction  with  the  characteristic  flows  in 
the  boundary  layer. 

The  increases  in  airplane  lift-drag  ratio  associated 
with  increasing  aspect  ratio  are  limited  by  the  high 
profile-drag  coefficients  associated  with  the  thick  wing- 
root  sections  which  are  structurally  necessary  on  wings 
of  high  aspect  ratio.  An  investigation  has  therefore 
been  made  of  NACA  64-series  airfoils  of  32-  and  40- 
percent-chord  thickness  in  the  Langley  low-turbulence 
tunnels  to  determine  whether  the  high  profile-drag  co- 
efficients of  thick  airfoils  can  be  reduced  by  boundary- 
layer  control  through  a single  suction  slot.  The  re- 
sults obtained  for  the  32-  and  40-percent-thick  sections 
together  with  other  available  airfoil  section  data  were 
used  to  calculate  the  characteristics  of  a number  of 
hypothetical  wings.  These  calculations  indicate  that 
the  maximum  attainable  lift-drag  ratio  of  structurally 
feasible  wings  and  of  the  corresponding  airplanes  may 
be  increased  appreciably  by  the  use  of  such  thick  wings 
with  boundary -layer  control.  The  results  are  pre- 
sented in  Technical  Note  2405. 

It  has  been  found  that  in  the  higher  ranges  of  land- 
ing speeds  compressibility  effects  on  maximum  lift  can 
become  appreciable.  As  part  of  a program  to  explore 
this  phenomenon,  the  effects  of  Mach  number  and 
Reynolds  number  on  the  maximum  lift  coefficient  of  a 
wing  of  NACA  66-series  airfoil  sections  were  deter- 
mined in  the  Langley  19-foot  pressure  tunnel  and  are 
published  in  Technical  Note  2251.  The  ranges  of  Mach 
number  and  Reynolds  number  extended  up  to  0.34  and 
8.0  million,  respectively.  It  was  found  that  for  a given 
value  of  Mach  number,  the  values  of  maximum  lift  co- 
efficient were  increased  when  the  Reynolds  number  was 
increased.  For  a given  value  of  Reynolds  number,  an 
increase  in  Mach  number  at  first  caused  only  small  re- 
ductions in  maximum  lift  coefficient,  but  the  reduction 
was  large  after  the  critical  speed  was  exceeded. 
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Theoretical  Investigations  of  Two-Dimensional  Com- 
pressible Flows 

Theoretical  investigations  of  two-dimensional  com- 
pressible flows  are  being  continued  with  particular  ref- 
erence to  the  difficult  transonic  speed  range.  At  the 
Langley  Laboratory  the  Prandtl-Busemann  small-per- 
turbation method  has  been  utilized  to  obtain  the  flow 
of  a compressible  fluid  past  a wave-shaped,  infinitely 
long  wall.  When  the  essential  assumption  for  transonic 
flow  is  introduced — that  all  Mach  numbers  in  the 
region  of  flow  are  nearly  unity — the  expression  for  the 
velocity  potential  takes  the  form  of  a power  series  in 
the  transonic  similarity  parameter.  On  the  basis  of 
this  form  of  the  solution,  an  attempt  has  been  made  to 
solve  the  nonlinear  differential  equation  for  transonic 
flow  past  a wavy  wall.  The  results  of  this  analysis 
exhibit  clearly  the  inherent  difficulties  encountered  in 
nonlinear  flow  problems.  Nevertheless,  the  investiga- 
tion has  been  carried  in  a rigorous  manner  to  the  point 
where  the  question  of  the  existence  or  nonexistence  of 
a mixed  potential  flow  free  of  discontinuities  can  be 
settled  b}^  the  behavior  of  a single  power  series  in  the 
transonic  similarity  parameter.  The  calculation  of  the 
coefficients  of  this  dominant  power  series  has  been  re- 
duced to  a routine  computing  problem  by  means  of  re- 
cursion formulas  resulting  from  the  solution  of  the 
differential  equation  and  the  boundary  condition  at  the 
wall.  One  of  the  results  of  the  analysis  is  the  rigorous 
statement  of  a limit  of  applicability  of  the  transonic 
similarity  concept.  The  results  are  presented  in 
TN  2383. 

In  Technical  Note  2253  it  is  shown  that  it  is  pos- 
sible to  solve  the  Prandtl-Busemann  iteration  equations 
by  means  of  the  familiar  concepts  of  a distribution  of 
sources  and  sinks.  The  method  is  limited  to  the  treat- 
ment of  thin,  sharp-nose,  symmetric,  two-dimensional 
profiles.  An  explicit  expression  is  derived  for  the 
second-order  velocity  potential  and  velocity  compo- 
nents, and  a method  for  obtaining  higher-order  terms 
is  indicated.  The  velocity  at  the  surface  of  the  Kaplan 
bump  is  evaluated  to  illustrate  the  method. 

The  relaxation  method  has  been  proposed  as  a means 
of  calculating  pressure  distributions  on  two-dimensional 
bodies  at  high  speeds,  and  a comparison  is  shown  in 
Technical  Note  2174  between  the  experimental  pressure 
distribution  for  an  NACA  0012  profile  and  the  theoret- 
ical pressure  distribution  obtained  by  this  method. 
The  comparison  showed  good  agreement  at  low  speeds, 
but  at  higher  Mach  numbers  the  theoretical  calculations 
indicated  higher  negative  pressure  coefficients  than  were 
obtained  experimentally. 

An  integral  method  of  calculating  two-dimensional 
compressible  flows  past  thin  airfoils,  with  particular 
reference  to  the  transonic  speed  range  is  presented  in 


Technical  Note  2130.  By  an  appropriate  choice  of 
streamline  curvature,  this  method  permits  the  flow  pat- 
tern about  a thin  airfoil  to  be  calculated  in  a compara- 
tively simple  manner.  The  results  presented  include 
velocity  distributions  for  various  symmetric  sections. 
Comparison  with  other  theories  and  with  available  ex- 
perimental data  indicate  at  least  qualitatively  good 
agreement. 

The  transonic  similarity  law  for  two-dimensional 
flow,  derived  by  von  Karman,  has  been  investigated  by 
an  iteration  procedure  and  is  presented  in  Technical 
Note  2191.  The  boundary  condition  of  zero  velocity 
normal  to  the  body  was  satisfied  at  the  body  rather 
than  near  the  body,  as  was  done  by  von  Karman.  The 
results  showed  that  the  velocity  potential  can  be  ex- 
pressed in  terms  of  a similarity  parameter  and  were  in 
agreement  with  those  of  von  Karman. 

Theoretical  investigations  of  two-dimensional  com- 
pi‘essible  flows  by  several  educational  institutions  under 
contract  to  the  NACA  are  being  continued.  At  the  New 
York  University  an  approximate  method  of  solving 
the  nonlinear  differential  equation  for  two-dimensional 
subsonic  compressible  flow  by  means  of  the  variational 
method  is  being  used.  The  general  problem  of  steady 
irrotational  floAv  past  an  arbitrary  body  is  formulated 
and  two  examples  have  been  carried  out,  namely,  the 
flow  past  a circular  cylinder  and  the  flow  past  a thin 
curved  surface.  The  variational  method  yields  results 
of  velocity  and  pressure  distributions  which  compare 
well  with  those  found  by  other  methods. 

The  problem  of  two-dimensional  flow  behind  a 
curved  stationary  shock  wave  has  been  considered  ana- 
lytically at  the  Massachusetts  Institute  of  Technology. 
The  method,  which  is  presented  in  Technical  Note  2364, 
assumes  a given  shock-wave  shape,  which  automati- 
cally determines  certain  initial  conditions  on  the  flow 
variables;  and  the  flow  pattern,  including  any  body 
shape,  follows  from  the  initial  conditions.  Approxi- 
mate analytic  expressions  are  found  for  the  stream 
function  in  the  subsonic  region  following  the  shock  and, 
after  the  stream  function  is  obtained,  the  flow  density 
is  determined  by  Bernoulli’s  equation,  which  connects 
the  density  with  the  derivatives  of  the  stream  function. 
The  final  solution  can  then  be  determined  from  the 
velocity  field  thus  obtained. 

Technical  Note  2356  presents  the  results  of  a study, 
made  at  Cornell  University,  of  the  two-dimensional 
transonic  flow  past  airfoils.  The  problem  of  construct- 
ing solutions  for  transonic  flow  over  symmetric  air- 
foils is  treated  and  simplification  of  the  mapping  of  the 
incompressible  flow  is  emphasized.  In  the  case  of  a 
symmetric  Joukowski  airfoil  without  circulation,  the 
mapping  is  relatively  simple,  but  the  coefficients  in  the 
power  series  are  difficult  to  evaluate.  As  a means  of 
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simplification,  an  approximate  flow  is  used  which  differs 
only  slightly  from  the  exact  incompressible  one  when 
the  thickness  is  small.  Flow  with  circulation  is  also 
considered  by  the  same  method. 

At  the  Johns  Hopkins  University  an  investigation 
has  been  made  of  the  transient  behavior  of  an  airfoil 
in  supersonic  flow  due  to  pitching,  flapping,  and  vertical 
gusts  by  means  of  the  Fourier  integral  method.  By 
using  a convolution  integral,  the  aerodynamic  effect 
of  any  arbitrary  motion  of  the  airfoil  can  be  determined, 
if  the  aerodynamic  response  of  the  airfoil  to  a step- 
f unction  disturbance  is  known.  As  useful  examples, 
the  harmonically  oscillating  airfoil  with  different  modes 
or  degrees  of  freedom  is  analyzed  for  the  complete  time 
history,  for  the  case  in  which  the  motion  starts  abruptly 
from  rest.  In  carrying  out  the  investigation,  a new  in- 
tegral has  been  introduced  which  is  believed  to  play  an 
equivalent  part  in  supersonic  flutter  to  the  Theodorsen 
function  in  the  flutter  problems  of  incompressible  flow. 
The  results  are  presented  in  Technical  Note  2333. 

Investigation  of  Wings  and  Bodies  at  Transonic  and 
Supersonic  Speeds 

An  essential  part  of  the  correlation  of  aerodynamic 
data  is  a knowledge  of  the  correspondence  between  the 
flow  fields  about  similar  bodies  at  related  speed  condi- 
tions. An  investigation  was  made,  therefore,  at  the 
Ames  Laboratory  which  extended  similarity  laws  for 
transonic  flow  to  include  finite-span  wings.  Under  the 
assumptions  of  transonic  small-perturbation  potential 
theory,  it  was  shown  that  similitude  in  pressure,  lift, 
pitching  moment,  and  pressure-drag  coefficients  depend 
upon  the  constancy  of  two  parameters.  The  applica- 
tion of  these  results  led  to  an  essential  improvement  in 
the  manner  of  relating  experimental  wing  character- 
istics at  near-sonic  speeds.  This  work  has  been  re- 
ported in  Technical  Note  2273. 

Source  distribution  methods  for  evaluating  the  aero- 
dynamics of  thin  finite  wings  at  supersonic  speeds  are 
summarized  and  extended  in  Report  951.  The  funda- 
mental equations  were  derived  in  general  form  for  both 
time-independent  and  time-dependent  wing  motions  and 
were  applied  to  solve  a large  variety  of  aerodynamic 
problems.  In  Technical  Note  2303  a method  was  devel- 
oped for  relating  the  solution  of  a wing  to  the  known 
solution  of  a simpler  wing.  This  method  permits  com- 
plicated flow  fields  to  be  solved  in  a straightforward 
manner. 

At  the  Johns  Hopkins  University,  von  Karman’s 
Fourier  integral  method  in  supersonic  wing  theory, 
derived  directly  from  the  basic  concepts  of  the  harmonic 
source  and  doublet,  has  been  applied  to  investigate  the 
general  solution  of  the  wave  drag  of  a tapered  swept 
wing  with  a symmetrical  diamond  airfoil  profile,  cover- 


ing various  geometrical  arrangements  of  the  planform. 
The  theory  has  also  been  applied  to  find  the  downwash 
distribution  in  the  plane  of  the  wing  on  which  the  pres- 
sure distribution  is  preassigned.  A number  of  examples 
are  given.  This  work  has  been  done  under  contract  to 
the  NACA  and  the  results  are  presented  in  Technical 
Note  2317. 

The  flow  around  cones  without  axial  symmetry  and 
moving  at  supersonic  velocity  has  been  analyzed  and 
the  results  of  this  analysis  are  presented  in  Technical 
Note  2236.  Singular  points  were  shown  to  exist  in  the 
flow  around  the  cone  if  no  axial  symmetry  exists.  The 
concept  of  a vortical  layer  around  the  cone  at  small 
angles  of  attack  was  introduced,  and  the  correct  values 
of  the  first-order  terms  of  the  velocity  components  were 
determined.  It  was  shown  that  good  agreement  with 
experimental  results  can  be  obtained  if  the  complete 
equation  for  the  pressure  distribution  is  used. 

The  transonic  similarity  law,  as  applied  to  bodies  of 
revolution,  has  been  investigated  and  the  results  pre- 
sented in  Technical  Note  2239.  The  results  obtained 
were  in  approximate  agreement  with  those  of  von  Kar- 
man  in  the  region  of  the  floAv  field  not  too  close  to  the 
body.  In  the  neighborhood  of  the  body  a different 
similarity  law  was  obtained.  In  another  investigation 
the  integral  method  used  to  obtain  compressible  flow 
past  two-dimensional  shapes  (Technical  Note  2130) 
was  applied  to  the  calculation  of  the  compressible  flow 
past  slender  bodies  of  revolution.  Good  agreement  of 
the  resulting  velocities  on  ellipsoids  of  revolution  with 
those  obtained  by  other  methods  was  found.  The  in- 
vestigation is  reported  in  Technical  Note  2245. 

The  pressure  acting  on  the  base  of  a body  of  revolu- 
tion flying  at  supersonic  velocity  is  of  considerable  im- 
portance because  the  base  drag  can,  in  some  cases,  rep- 
resent more  than  half  of  the  total  drag.  It  is  essential 
that  the  factors  contributing  to  this  drag  be  explored 
to  enable  a reasonable  drag  prediction  to  be  made  in  the 
design  of  missiles  and  to  provide  information  from 
which  possible  base-drag  reductions  may  be  realized. 
One  such  factor  is  the  presence  of  tail  surfaces  near  the 
base  of  the  body.  Since  the  pressures  in  the  vicinity  of 
the  trailing  edge  of  the  tail  surfaces  at  zero  angle  of 
attack  are  normally  less  than  the  free-stream  values, 
the  iiiteraction  of  these  pressures  with  the  flow  behind 
the  base  may  produce  a reduction  in  the  base  pressure 
and,  hence,  an  increase  in  the  base  drag.  Accordingly, 
experimental  measurements  of  the  base  pressure  on  an 
unboattailed  body  of  revolution  in  combination  with 
rectangular  tail  surfaces  were  made  at  the  Ames  Lab- 
oratory to  investigate  the  effects  of  tail  surfaces  on  base 
drag.  The  results  of  the  investigation  showed  that  the 
addition  of  tail  surfaces  with  the  trailing  edge  near  the 
base  of  the  body  incurred  a significant  increase  in  base 
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drag.  For  example,  the  increase  was  about  70  percent 
at  a Mach  number  of  1.5  for  a cruciform  tail  having  a 
10-percent-thick  biconvex  airfoil  section.  The  base- 
drag  penalty  due  to  tail  surfaces  was  found  to  increase 
with  an  increase  in  the  airfoil  thickness  ratio  and  with 
the  number  of  tail  surfaces  and  to  decrease  with  an  in- 
crease in  Mach  number.  It  was  also  found  that  this 
base-drag  increment  could  be  essentially  eliminated  by 
moving  the  tail  so  that  the  trailing  edge  was  about  one 
chord-length  ahead  of  or  behind  the  base  of  the  body. 
The  results  are  presented  in  Technical  Note  2360. 

Research  in  the  Hypersonic  Speed  Range 

In  the  Thirty-sixth  Annual  Report  several  facilities 
and  techniques  permitting  supersonic  research  to  be  ex- 
tended into  the  hypersonic  speed  range  were  described. 
During  the  past  year  this  work  has  been  continued  and, 
in  addition,  progress  has  been  made  in  extending  the- 
oretical calculations  into  the  hypersonic  range. 

The  accuracy  of  Tsien’s  hypersonic  similarity  rule, 
and  the  range  of  Mach  numbers  and  fineness  ratios  over 
which  it  can  be  applied,  have  been  investigated  theo- 
retically. A first  investigation,  which  ignored  rotation 
effects,  showed  that  the  rule  applied  with  good  ac- 
curacy over  a range  from  moderate  supersonic  speeds 
up  to  hypersonic  speeds  for  a wide  range  of  body  fine- 
ness ratios.  This  work  has  been  reported  in  Technical 
Note  2250.  An  investigation  of  the  effects  of  rotation, 
presented  in  Technical  Note  2399,  showed  that  the  omis- 
sion of  these  effects  in  the  previous  investigation  did 
not  have  a significant  effect  on  accuracy  within  the  ex- 
pected range  of  validity  of  hypersonic  similarity  . 

An  analysis  has  been  performed  to  determine  the  lift 
and  drag  characteristics  of  conical  bodies,  flat  plates, 
cylinders  and  spheres  in  a free-molecule  flow  field 
The  calculations  were  made  for  a range  of  MacK  num- 
bers from  0 to  24.  It  was  found  that  the  aerodynamic 
coefficients  approached  constant  values  at  the  very  high 
speeds.  It  was  also  found  that  the  lift-drag  ratio  for 
bodies  in  a free-molecule  flow  field  are  extremely  low. 
The  results  are  reported  in  Technical  Note  2423. 

Theoretical  investigations  have  also  been  made  to 
determine  the  similarity  law  for  hypersonic  flow  about 
slender  three-dimensional  shapes  in  terms  of  customary 
aerodynamic  parameters.  A first  investigation,  which 
considered  only  steady  flows,  employed  the  law  to  deter- 
mine relation  for  correlating  the  pressures  acting  on, 
and  the  aerodynamic  coefficients  of,  related  bodies  and 
results  are  reported  in  Technical  Note  2443.  In  the 
special  case  of  inclined  bodies  of  revolution,  the  expres- 
sions for  the  aerodynamic  coefficients  were  extended  to 
include  some  significant  effects  of  the  viscous  cross  force. 

A theoretical  analysis  which  determines  the  airfoil 
profile  having  minimum  pressure  drag  for  a given 


structural  requirement  was  reported  in  Technical  Note 
2264.  The  general  method  was  developed  and  applied 
to  linearized  flow  theory.  The  principal  results  of  the 
investigation  were  that  the  optimum  airfoil  at  hyper- 
sonic velocities  has  a trailing-edge  thickness  slightly 
less  than  the  maximum  airfoil  thickness  and  the  opti- 
mum airfoil  at  supersonic  velocities  generally  has  a 
moderately  thick  trailing  edge.  Curves  were  developed 
which  enable  optimum  airfoil  profiles  to  be  determined 
rapidly  for  a given  Mach  number,  base  pressure,  and 
structural  requirement. 

Condensation  of  the  components  of  air  has  been  found 
to  occur  in  hypersonic  wind  tunnels.  Because  of  the 
rapid  expansion  and  cooling  of  the  air  in  the  nozzles  of 
these  tunnels,  the  temperature  of  the  air  drops  below  the 
liquefaction  point.  In  order  to  study  this  condensation 
process,  the  Langley  Laboratory  has  made  an  investi- 
gation of  optical  methods  for  measuring  size  and  con- 
centration of  condensation  particles,  and  it  has  been 
found  that  the  polarization  and  angular  distribution  of 
light  scattered  by  condensation  particles  can  be  used  to 
measure  these  quantities.  The  results  of  this  investi- 
gation are  presented  in  Technical  Note  2441. 

Boundary-Layer  Research 

The  existence  of  localized  regions  of  laminar-bound- 
ary-layer  separation  on  airfoils  both  behind  the  position 
of  minimum  pressure  at  the  ideal  angle  of  attack  and 
near  the  leading  edge  at  high  angles  of  attack  has  been 
recognized,  but  the  parameters  controlling  such  regions 
have  not  been  fully  understood.  Consequently,  an  ex- 
perimental investigation  was  made  at  the  Langley  Lab- 
oratory to  study  the  localized  region  of  laminar  sepa- 
ration behind  the  point  of  minimum  pressure  on  an 
NACA  663-OI8  airfoil  section  at  zero  angle  of  attack 
and  at  several  Reynolds  numbers.  The  results,  pre- 
sented in  Technical  Note  2338,  confirmed  the  idea  that 
such  separation  regions  are  characterized  by  a length  of 
laminar  boundary  layer  followed  by  transition  and  sub- 
sequent reattachment  as  a turbulent  boundary  layer  and 
established  some  of  the  quantitative  characteristics  of 
the  phenomenon. 

At  the  Lewis  Laboratory  an  analysis  has  been  made 
of  the  stability  of  the  laminar  boundary  layer  between 
parallel  streams  of  an  incompressible  fluid.  Calcula- 
tions based  on  this  analysis  showed  that  the  flow  insta- 
bility occurs  at  much  lower  Reynolds  number  for  the 
free  boundary  layer  between  streams  than  for  the 
boundary  layer  on  a flat  plate  with  no  pressure  gradi- 
ent. The  results  of  this  study  are  presented  in  Report 
979. 

An  investigation  of  methods  for  treating  the  three- 
dimensional  compressible  laminar  boundary  layer  is 
reported  in  Technical  Note  2279.  The  equations  of  mo- 
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tion  are  shown  therein  to  be  simplified  by  tlie  intro- 
duction of  a two-component  vector  potential  and  by 
the  use  of  a transformation  which  converts  the  equa- 
tions into  nearly  incompressible  form.  Several  ex- 
amples, including  the  flow  over  flat  plates  with  arbi- 
trary leading-edge  contours,  are  discussed. 

Numerical  solutions  of  quantities  appearing  in  the 
von  Karman  momentum  equation  for  the  development 
of  a turbulent  boundary  layer  in  plane  and  in  radial 
compressible  flows  along  thermally  insulated  surfaces 
are  presented  in  Technical  Note  2337  for  a range  of 
Mach  number  from  0.1  to  10.  Through  the  use  of 
these  tables,  approximate  calculation  of  boundary -layer 
growth  is  reduced  to  routine  arithmetic  computation. 

Experimental  data,  from  several  sources,  for  skin 
friction  of  turbulent  boundary  layers  under  adverse 
pressure  gradients  are  analyzed  in  Technical  Note  2431. 
Data  obtained  by  momentum-balance  methods  were 
compared  with  data  obtained  by  hot-wire  and  heat- 
transfer  methods.  A new  integral  energy  parameter 
was  introduced  and  its  relation  to  skin-friction  data 
was  demonstrated  on  the  basis  of  available  material. 

At  the  Ames  Laboratory  an  analysis  has  been  made 
to  determine  the  skin-friction  and  heat-transfer  char- 
acteristics of  the  turbulent  boundary  layer  on  a flat 
plate  at  supersonic  speeds.  A review  of  existing  anal- 
yses has  also  been  made  and  a test  performed  in  the 
Ames  heat  transfer  tunnel  to  measure  the  skin  friction 
in  the  turbulent  boundary  layer  of  a flat  plate  at  a Mach 
number  of  2.4.  It  was  found  that  the  analysis  which 
most  closely  corresponded  to  the  experimental  results 
was  an  extended  version  of  the  Frankl-Voishel  analysis, 
which  has  been  reported  in  Technical  Memorandum 
1053.  The  test  data  and  analysis  have  been  reported 
in  Technical  Note  2305. 

A series  of  heat-transfer  investigations  were  con- 
ducted on  bodies  of  revolution  with  laminar  boundary 
layers  at  Mach  numbers  from  1.49  to  2.13.  In  addition, 
a comparison  between  theory  and  experiment  has  been 
made  for  a body  of  revolution  with  a laminar  bound- 
ary layer  and  a nonuniform  surface  temperature.  The 
theoretical  and  experimental  heat-transfer  results  are 
in  good  agreement  for  both  heated  and  cooled  bodies 
with  both  uniform  and  nonuniform  surface  tempera- 
tures. The  qualitative  effects  of  heat  transfer  on  transi- 
tion were  found  to  be  in  agreement  with  the 
implications  of  Lees’  boundary-layer-stability  theory. 

Detailed  measurements  of  shock-wave  boundary-layer 
interaction  which  have  been  made  in  wind  tunnels  have 
been  limited  to  small  or  moderate  Reynolds  numbers, 
and  previous  flight  tests  at  high  Reynolds  numbers 
have  been  limited  to  pressure  measurements.  There- 
fore, tests  were  made  on  an  airplane  wing  in  flight  to 


investigate  the  region  of  shock- wave  interaction  wdth 
a thick  turbulent  boundary  layer  at  full-scale  flight 
Reynolds  numbers,  utilizing  both  a schlieren  apparatus 
and  pressure  measurements.  Good  correlation  with 
theoretical  and  wind-tunnel  investigations  of  boundary- 
layer  shock- wave  interaction  was  obtained,  particularly 
with  respect  to  the  lower  Mach  numbers  at  which  a 
forked  or  bifurcated  type  of  shock  wave  appeared. 
The  boundary  layer  did  not  appear  to  thicken  behind 
the  normal  shock  wave.  Considerable  thickening,  asso- 
ciated with  separation,  did  occur,  however,  with  in- 
creasing Mach  number  after  the  formation  of  the  forked 
shock  wave.  The  density  gradient  in  the  boundary  layer 
appeared  to  increase  markedly  just  behind  the  shock 
wave.  This  stronger  gradient,  however,  appeared  to 
be  dissipating  at  approximately  five  to  six  boundary- 
layer  thicknesses  behind  the  shock. 

At  the  Lewis  Laboratory  supersonic  flow  against 
blunt  bodies  placed  in  boundary  layers  or  wakes  has 
been  investigated  and  is  discussed  in  Technical  Note 
2418.  It  was  concluded  that  wedge-shaped  or  conical 
dead-air  regions  should  form  ahead  of  the  body  if  part 
of  the  upstream  velocity  profile  is  subsonic  and  if  the 
body  is  fairly  thick  relative  to  the  initial  boundary 
layer  or  wake  thickness.  A quantitative  theoretical 
analysis  of  this  type  of  flow  was  made  and  the  results 
were  compared  with  experiment. 

In  a contract  investigation  carried  out  at  the  Cali- 
fornia Institute  of  Technology,  measurements  have 
been  made  at  Mach  numbers  from  about  1.3  to  1.5  of 
reflection  characteristics  and  the  relative  upstream  in- 
fluence of  shock  waves  impinging  on  a flat  surface  with 
both  laminar  and  turbulent  boundary  layers.  The  dif- 
ference between  impulse  and  step  waves  is  discussed  and 
their  interaction  with  the  boundary  layer  were  com- 
pared in  Technical  Note  2334.  General  considerations 
on  the  experimental  production  of  shock  waves  from 
wedges  and  cones  and  examples  of  reflection  of  shock 
waves  from  these  bodies  were  presented,  as  were  also 
some  examples  of  reflection  of  shock  waves  from  super- 
sonic shear  layers. 

At  the  National  Bureau  of  Standards  an  investiga- 
tion sponsored  by  the  NACA  was  conducted  on  a turbu- 
lent boundary  layer  near  a smooth  surface  with  pressure 
gradients  sufficient  to  cause  flow  separation.  The 
Reynolds  number  was  high,  but  speeds  were  entirely 
within  the  incompressible  flow  range.  The  investiga- 
tion consisted  of  measurements  of  mean  flow,  three  com- 
ponents of  turbulence  intensity,  turbulent  shearing 
stress,  and  correlations  between  two  fluctuation  compo-  ’ 
nents  at  a point  between  the  same  component  at  differ- 
ent points.  Results  are  given  in  Technical  Note  2133 
in  the  form  of  tables  and  graphs.  The  discussion  deals 
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first  with  separation  and  then  with  the  more  fundamen- 
tal question  of  basic  concepts  of  turbulent  flow. 

Aerodynamic  Heating  and  Heat  Transfer 

As  was  pointed  out  in  the  Thirty-sixth  Annual  Re- 
port, knowledge  of  aerodynamic  heating  and  heat  trans- 
fer phenomena  has  become  of  increasing  importance  as 
airplane  and  missile  flight  speeds  have  increased  into 
the  supersonic  region,  and  during  the  past  year  con- 
siderable effort  has  been  directed  toward  the  under- 
standing of  these  phenomena. 

Tests  have  been  conducted  at  the  Ames  Laboratory  to 
determine  the  effect  of  surface  heating  on  the  transition 
Reynolds  numbers  on  a flat  plate  at  a Mach  number  of 
2.4  It  was  found  that  surface  heating  had  a strong 
effect  in  lowering  the  minimum  Reynolds  number  for 
transition.  Measured  skin-friction  coefficients  for  the 
laminar  portion  of  the  boundary  laj^er  were  in  excellent 
agreement  with  other  investigations  and  Avere  35  per- 
cent higher  than  the  values  predicted  theoretically  by 
Crocco.  The  data  have  been  reported  in  Technical  Note 
2351. 

Most  aircraft  or  missiles  will  not  have  a constant  sur- 
face temperature.  Consequently,  it  is  necessary  to  de- 
termine the  effect  of  a variable  surface  temperature  on 
the  local  heat-transfer  rate  in  order  to  design  skin- 
cooling systems.  An  analysis  has  been  made  which 
shows  the  effect  of  a variable  stream-wise  surface  temp- 
erature on  local  heat-transfer  rates.  An  interesting 
side  light  arising  from  the  investigation  shows  that  the 
use  of  plug-type  heat  meters,  in  which  a small  segment 
of  the  aircraft  skin  is  heated  or  cooled  to  a different 
temperature  than  the  surrounding  skin,  may  introduce 
large  errors  in  the  determination  of  the  local  heat-trans- 
fer coefficients.  This  analysis  has  been  published  as 
Technical  Note  2345. 

An  analytical  method  is  presented  in  Technical  Note 
2296  for  obtaining  turbulent  temperature  recovery  fac- 
tors for  a thermally  insulated  surface  in  supersonic 
flow.  The  analysis,  conducted  at  the  Lewis  Laboratory, 
indicated  that  the  recovery  factor  decreased  with  in- 
creasing IMach  number.  For  the  range  of  Prandtl  num- 
ber considered  (0.65  to  0.75),  the  recovery  factors  at  a 
stream  Mach  number  of  10  were,  on  the  average,  about 
5 percent  lower  than  the  limiting  values  at  zero  Mach 
number. 

A comparison  has  been  made  of  free-molecule-flow 
theory  with  experimental  measurements  of  drag  and 
temperature-rise  characteristics  of  a transverse  circular 
cylinder.  The  measured  values  of  the  cylinder  center- 
point  temperature  confirmed  the  salient  point  of  the 
heat-transfer  analysis,  which  was  the  prediction  that  an 
insulated  cylinder  would  attain  a temperature  liigher 
than  the  stagnation  temperature  of  the  stream.  Good 


agreement  was  obtained  between  the  theoretical  and  ex- 
perimental values  for  the  drag  coefficient.  The  data 
have  been  reported  in  Technical  Note  2244. 

Experiments  have  been  made  at  the  Ames  Laboratory 
to  determine  the  heat-transfer  characteristics  of  cylin- 
ders over  a wide  range  of  densities  encompassing  the 
free-molecule,  slip  and  continuum  flow  regimes,  and  the 
results  are  presented  in  Technical  Note  2438.  Good 
correlation  of  the  data  was  obtained  over  a range  of 
Reynolds  numbers  from  0.02  to  100  and  a range  of  Mach 
numbers  from  1.9  to  3.2.  The  Knudsen  number  (ratio 
of  mean  free  molecular  path  to  cylinder  diameter)  var- 
ied from  0.02  to  10.  Several  important  conclusions 
were  drawn  from  the  results  of  this  investigation:  It 
was  found  that  fully  developed  free-molecule  flow  oc- 
curred when  the  Knudsen  number  was  2 or  greater. 
For  Knudsen  numbers  greater  than  0.2,  the  temperature 
recovery  factor  exceeded  unity  even  though  free-molec- 
ular flow  was  not  fully  developed. 

In  an  investigation  at  the  Lewis  Laboratory,  analyses 
were  made  for  fully  developed  laminar  and  turbulent 
flow  in  smooth  circular  tubes  of  fluids  having  a Prandtl 
number  of  1.0.  The  analyses  took  into  consideration 
the  variation  of  fluid  properties.  Velocity  and  tem- 
perature profiles,  together  with  local  heat-transfer  and 
friction  coefficients,  were  predicted.  In  order  to  check 
the  analysis  for  turbulent  flow,  velocity  and  temperature 
profiles  and  corresponding  local  heat-transfer  and  fric- 
tion coefficients  were  also  experimentally  determined  for 
air  in  smooth  tubes  at  high  heat-transfer  rates.  The 
analytical  and  experimental  results  were  found  to  be 
in  good  agreement.  Both  indicated  that  for  the  tur- 
bulent flow  of  gases  the  radial  velocity  and  temper- 
ature profiles  tended  to  become  more  uniform  as  the  sur- 
face-to-fluid  temperature  ratio  increased.  At  constant 
Reynolds  number,  the  local  heat-transfer  and  friction 
coefficients  decreased  with  an  increase  in  surface-to-fluid 
temperature  ratio.  The  effects  of  temperature  ratio 
could  be  eliminated  when  the  fluid  properties,  including 
density  in  the  Reynolds  number,  were  evaluated  at  a 
temperature  close  to  the  average  of  the  fluid  and  surface 
temperatures.  The  results  of  these  analyses  are  pre- 
sented in  Technical  Notes  2242  and  2410. 

Average  heat-transfer  and  friction  coefficients  have 
also  been  measured  for  the  turbulent  flow  of  air  in 
smooth  tubes.  This  investigation  covered  an  over-all 
range  of  Reynolds  numbers  up  to  500,000,  tube  exit 
Mach  numbers  up  to  1.0,  inlet- air  temperatures  from 
535°  to  3050°  R.,  average  surface  temperatures  from 
535°  to  1500°  R.,  length-diameter  ratios  from  30  to  120, 
and  heat  fluxes  to  150,000  BTU  per  hour  per  square 
foot.  Three  tube  entrance  configurations  were  studied. 
Most  of  the  data  are  for  heat  addition  to  the  air;  some 
results  are  for  heat  extraction  from  the  air.  Data  have 
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also  been  obtained  for  tubes  of  noncircular  cross  section. 
An  effect  of  surface-to-fluicl  temperature  ratio  was 
found  to  exist  when  the  average  coefficients  were  corre- 
lated with  other  pertinent  variables  by  conventional 
methods.  The  effect  was  eliminated  in  the  same  man- 
ner as  for  the  local  coefficients.  Correlation  equations 
for  heat  transfer  and  friction  were  obtained  which  ade- 
quately represent  all  the  experimental  data  for  smooth 
tubes. 

An  analytical  investigation  of  the  compressible  flow 
processes  occurring  in  the  passages  of  high  heat-flux 
exchangers  is  continuing  at  the  Lewis  Laboratory. 
Charts  are  presented  in  Technical  Notes  2186  and  2328 
for  convenient  determination  of  the  compressible-flow 
pressure  drop  sustained  by  monatomic  and  diatomic 
gases  (assuming  constant  heat  capacities  during  the 
process)  flowing  at  high  subsonic  speeds  in  constant- 
area  passages  under  the  simultaneous  influence  of  fric- 
tion and  heat  addition. 

STABILITY  AND  CONTROL 

Static  Stability  Investigations 

The  use  of  end  plates  has  been  suggested  as  a pos- 
sible means  of  relieving  some  of  the  adverse  lateral 
stability  and  control  problems  experienced  with  swept 
wings.  An  investigation  was  therefore  conducted  in  the 
Langley  300-mph  7-  by  10-foot  tunnel  to  determine  the 
effects  of  end  plates  of  various  sizes  and  shapes  on  the 
stability  and  control  characteristics  of  several  swept 
wings.  The  results  of  this  investigation,  presented  in 
Technical  Note  2229,  indicate  that  at  low  lift  coefficients 
the  addition  of  end  plates  increased  the  slope  of  the  lift 
curve,  reduced  maximum  lift-drag  ratio,  generally  de- 
creased maximum  lift  coefficient,  and  increased  longi- 
tudinal stability.  It  w^as  also  found  that  the  variation 
of  effective  dihedral  with  lift  coefficient  for  the  wing-end 
plate  combinations  investigated  was  reduced  by  an  in- 
crease in  the  size  of  the  end  plate. 

A knowledge  of  the  character  of  the  downwash  fields 
behind  wings  is  required  for  the  rational  design  of 
horizontal  tail  surfaces  as  well  as  for  the  analysis  of  the 
longitudinal  stability  characteristics  of  an  airplane. 
One  theoretical  study  of  this  problem  has  resulted  in 
the  development  of  a method  for  calculating  the  down- 
wash  field  behind  lifting  surfaces  at  subsonic  and  super- 
sonic speeds.  A description  of  the  method,  together 
with  an  illustrative  example  of  its  use,  is  contained  in 
Technical  Note  2344.  In  connection  with  another 
study,  a series  of  charts  and  tables  was  prepared  from 
which  the  downwash  behind  horsehoe  vortices  in  in- 
compressible flow  can  be  obtained.  The  use  of  these 
charts  and  tables  in  connection  with  the  calculation  of 
the  downwash  behind  wings  of  arbitrary  planform  is 


described  in  Technical  Note  2353,  which  also  contains 
illustrative  examples.  Report  983  describes  the  use  of 
line  vortex  theory  for  the  calculation  of  supersonic 
downwash  and  Technical  Note  2141  contains  charts  for 
the  estimation  of  downwash  behind  rectangular,  trap- 
ezoidal, and  triangular  wings  which  were  prepared  on 
the  basis  of  line  vortex  theory. 

Studies  of  Dynamic  Stability 

At  the  Ames  Laboratory  the  dynamic  lateral  stability 
characteristics  of  a dive-bomber  type  of  airplane  were 
investigated  in  flight  to  determine  the  cause  of  a small 
amplitude  continuous  motion  referred  to  as  “snaking.” 
The  results  of  this  investigation,  reported  in  Technical 
Note  2195,  indicate  that  the  floating  characteristics  of 
the  rudder  were  affected  by  Mach  number  and  had  an 
appreciable  effect  on  the  snaking  of  the  airplane.  Rud- 
der modifications  resulting  in  an  increase  in  the  restor- 
ing tendency  of  the  rudder  proved  successful  in  elimi- 
nating this  undesirable  lateral  oscillation. 

The  effects  of  control  centering  springs  on  the  appar- 
ent spiral  stability  characteristics  of  a typical  high- 
wing  personal-owner  airplane  have  been  investigated  in 
flight.  Control  centering  was  provided  for  both  the 
ailerons  and  rudder  by  means  of  preloaded  springs. 
Results  of  the  investigation,  reported  in  Technical  Note 
2413,  show  that  the  airplane  appeared  to  be  spirally 
unstable  with  controls  free  when  the  centering  springs 
were  disengaged  because  of  moments  resulting  from 
out-of-trim  control  position.  With  centering  springs 
engaged,  however,  the  airplane  quickly  returned  to 
straight  and  level  flight  with  the  controls  freed  follow- 
ing an  abrupt  disturbance.  The  report  also  includes  in- 
formation concerning  the  flying  qualities  of  the  air- 
plane in  rough  air. 

At  the  Langley  Laboratory  free-flight-tunnel  studies 
were  made  to  determine  the  effects  of  mass  distribution 
on  the  low-speed  dynamic  lateral  stability  and  control 
characteristics  of  a free-flying  model.  In  this  investi- 
gation the  longitudinal  and  lateral  mass  distributions 
of  the  model  were  varied,  both  independently  and  si- 
multaneously, while  the  relative  density  factor  was  held 
constant.  The  results  of  the  investigation,  presented  in 
Technical  Note  2313,  show  that  increases  in  the  rolling 
and  yawing  moments  of  inertia  reduced  the  control- 
lability of  the  model  by  increasing  the  time  required  to 
reach  a given  angle  of  bank  and  caused  the  flying  quali- 
ties to  become  less  desirable.  The  study  also  showed 
that,  as  moment-of-inertia  increased,  the  oscillatory 
stability  generally  decreased  and  flight  behavior  be- 
came progressively  less  satisfactory. 

A study  has  been  made  of  methods  for  the  evaluation 
of  dynamic  stability  parameters  from  flight-test  data. 
The  ability  to  evaluate  these  parameters  by  this  tech- 
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nique  will  make  it  possible  to  obtain  information  on 
the  variation  of  these  factors  in  the  critical  transonic 
range.  The  results  of  this  study  are  reported  in  Tech- 
nical Note  2340  and  mathematical  aids  for  the  analysis 
presented  in  this  paper  are  reported  in  Technical  Note 
2341. 

A summary  of  available  methods  for  estimating  sub- 
sonic dynamic  lateral  stability  and  airplane  response 
characteristics  and  for  estimating  the  aerodynamic  sta- 
bility derivatives  required  in  these  calculations  has  been 
made.  The  results  of  this  summary  are  presented  in 
Technical  Note  2409.  This  paper  presents  methods  for 
obtaining  time  histories  of  lateral  motions,  period  and 
damping  characteristics,  and  the  lateral  stability  bound- 
aries, and  also  provides  references  to  related  experi- 
mental data.  A brief  discussion  of  the  evaluation  of 
transonic  and  supersonic  stability  parameters  is  in- 
cluded. 

A matrix  method  has  been  derived  to  determine  the 
longitudinal  stability  coefficients  and  frequency  re- 
sponse characteristics  of  aircraft  from  arbitrary  ma- 
neuvers. This  method  is  presented  in  Technical  Note 
2370  and  can  be  applied  to  time  history  measurements 
of  such  quantities  as  angle  of  attack,  pitching  velocity, 
load  factor,  elevator  angle,  and  hinge  moment  to  obtain 
over-all  coefficients.  With  simple  additional  compu- 
tations, it  can  also  be  used  to  determine  frequency  re- 
sponse characteristics  and  may  be  applied  to  other  prob- 
lems expressed  by  linear  differential  equations. 

A theoretical  investigation  was  made  using  LaPlace 
transformations  to  determine  the  effect  of  nonlinear 
stability  derivatives  on  airplane  lateral  stability  char- 
acteristics, with  particular  emphasis  placed  on  snaking. 
The  nonlinearities  assumed  corresponded  to  the  condi- 
tion where  values  of  the  directional  stability  and  damp- 
ing-in-yaw  derivatives  are  zero  for  small  angles  of  side- 
slip. Results  of  this  study  are  presented  in  Technical 
Note  2233  and  indicate  that  under  certain  conditions 
the  assumed  nonlinearities  caused  a motion  which  had 
different  rates  of  damping  for  large  and  small  ampli- 
tudes and  little  damping  at  the  small  amplitudes. 

Another  theoretical  study  was  made  to  determine  the 
effects  of  fuel  motion  on  airplane  dynamics.  Results  of 
this  study  are  presented  in  Technical  Note  2280.  In 
this  report,  the  general  equations  of  motion  for  an  air- 
plane with  spherical  fuel  tanks  are  presented.  The  mo- 
tion of  the  fuel  is  approximated  by  the  motion  of  solid 
pendulums.  The  analysis  applies  to  fuel  tanks  of  any 
shape  if  the  fuel  motion  can  be  represented  in  terms  of 
undamped  harmonic  oscillators.  The  study  shows  that 
fuel  motion  may  have  an  appreciable  effect  on  the  dy- 
namic behavior  of  an  airplane. 

Analytical  and  experimental  investigations  have  been 
made  to  determine  the  effects  of  wing  interference  on 


vertical  tail  effectiveness  at  low  speeds.  These  studies 
have  been  reported  in  Technical  Notes  2332  and  2175. 
Comparisons  of  the  estimated  and  experimental  results 
indicate  that  the  inclusion  of  a factor  to  account  for 
wing  interference  effects  provides  agreement  between 
the  experimental  and  estimated  values  of  the  tail  con- 
tribution to  the  rolling  derivatives. 

The  lift  and  pitching  moment  produced  by  angle  of 
attack,  steady  state  pitching,  and  constant  vertical  ac- 
celeration for  a series  of  thin  sweptback  streamwise-tip 
wings  of  arbitrary  sweep  and  taper  have  been  deter- 
mined through  the  use  of  linearized  supersonic  flow 
theory.  The  method  of  analysis  and  the  results  from 
the  angle  of  attack  and  steady  state  pitching  studies  are 
presented  in  Technical  Note  2294  for  a range  of  super- 
sonic Mach  numbers  that  allow  the  wing  leading  edge 
to  be  subsonic  and  the  trailing  edge  to  be  either  super- 
sonic or  subsonic.  The  method  of  analysis  and  studies 
of  the  lift  and  pitching  moment  due  to  constant  vertical 
acceleration  are  reported  in  Technical  Note  2315  for  a 
range  of  supersonic  Mach  numbers  for  which  the  wing 
leading  edge  is  subsonic  and  the  trailing  edge  super- 
sonic, Design  charts  are  presented  in  both  of  these  re- 
ports that  permit  rapid  estimates  of  wing  lift  and 
pitching  moment  for  given  values  of  aspect  ratio,  taper 
ratio,  Mach  number,  and  leading-edge  sweep. 

Automatic  Stability  Studies 

The  application  of  automatic  controls  to  the  operation 
of  aircraft  complicates  the  analysis  of  aircraft  dynam- 
ics. In  order  to  gain  a more  thorough  knowledge  of 
the  factors  involved  in  the  automatic  control  and  sta- 
bilization of  airplanes  and  missiles,  research  has  been 
intensified  on  means  of  solving  current  and  anticipated 
problems  in  this  field. 

A survey  has  been  made  of  various  techniques  used  in 
analysis  of  the  stability  and  performance  of  auto- 
matically controlled  aircraft.  This  survey  deals  with 
methods  commonly  applied  to  the  linear,  continuous 
control  type  of  system  ordinarily  used  in  aircraft,  and 
has  been  published  as  Technical  Note  2275. 

An  investigation  was  carried  out  to  evaluate  the 
suitability  of  proposed  methods  for  analyzing  servo- 
mechanism systems  incorporating  feedback.  This 
study  is  described  in  Technical  Note  2373  and  deals 
with  an  extension  of  frequency  response  techniques  for 
the  analysis  of  an  autopilot-aircraft  combination.  This 
paper  contains  comparisons  between  experimental  data 
and  results  obtained  by  the  use  of  the  practical  methods 
of  calculation  which  were  developed. 

An  experimental  investigation  was  conducted  to  de- 
termine the  response  characteristics  of  four  airplane 
configurations  employing  an  autopilot  sensitive  to  yaw- 
ing acceleration.  The  results  of  this  study  are  pre 
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sen  ted  in  Technical  Note  2395  and  show  that  predictions 
based  on  the  assumed  autopilot  characteristics  did  not 
agree  with  experimental  data  because  the  assumptions 
did  not  satisfactorily  approximate  the  frequency  re- 
sponse characteristics  of  the  autopilot. 

A theoretical  method  was  derived  for  determining  the 
control  gearings  and  time  lags  necessary  for  a specified 
damping  of  the  lateral  motions  of  an  aircraft  equipped 
with  an  autopilot.  The  method  was  applied  to  a typical 
airplane  equipped  with  an  autopilot  which  deflects  the 
rudder  in  proportion  to  yawing  angular  acceleration. 
The  results  of  this  study,  presented  in  Technical  Note 
2307,  indicate  that  the  types  of  motion  predicted  for 
this  airplane-autopilot  system  by  the  derived  method 
are  in  good  agreement  with  those  obtained  by  a step-by- 
step  method. 

Research  on  Controls 

Theoretical  and  experimental  research  on  the  effects 
of  numerous  control  design  variables  on  the  character- 
istics of  controls  has  been  continued  during  the  past 
year. 

In  one  theoretical  study,  an  analysis  was  made  of  the 
effects  of  sweep,  aspect  ratio,  taper  ratio,  and  Mach 
number  on  the  characteristics  of  inboard  trailing-edge 
flaps  at  supersonic  speeds.  This  study  considers  cases 
^Yhere  the  Mach  lines  lie  behind  the  leading  and  trail- 
ing edges  of  the  flap.  Design  charts  developed  from 
the  analysis  and  presented  in  Technical  Note  2205  en- 
able a rapid  estimation  to  be  made  of  the  character- 
istics due  to  deflection  for  control  surfaces  for  which 
the  Mach  lines  from  the  flap  tips  do  not  intersect  on  the 
control  surface. 

In  another  theoretical  analysis,  supersonic  control 
characteristics  were  determined  through  the  use  of 
existing  conical-flow  theory.  This  analysis  applies  to 
a broad  range  of  trailing-edge  control  configurations 
having  supersonic  edges  and  covers  such  variables  as 
wing  aspect  ratio,  taper  ratio,  sweep  and  control  loca- 
tion. The  results  of  this  study,  presented  in  Technical 
Note  2221,  are  in  the  form  of  equations  and  charts  from 
which  lift,  pitching-moment,  rolling-moment,  and 
hinge-moment  coefficients  may  be  determined. 

The  stability  and  control  characteristics  of  wings  of 
trapezoidal  planform  were  investigated  by  means  of 
linearized  supersonic  theory  to  determine  the  character- 
istics of  various  wing-flap  combinations.  Expressions 
for  the  stability  characteristics  were  derived  by  treat- 
ing the  configuration  as  a complete  wing,  and  the  con- 
trol characteristics  were  determined  by  treating  it  as 
a rectangular  wing  with  half -delta  tip  flaps.  The  re- 
sults, reported  in  Technical  Note  2336,  were  compared 
with  corresponding  results  for  several  other  wing-flap 
combinations  and  it  was  found  that,  of  the  wings  con- 


sidered, a triangular  wing  with  either  half-delta  tip 
flaps  or  trailing-edge  controls  exhibited  the  most  favor- 
able characteristics. 

As  part  of  the  general  NACA  program  to  investigate 
the  applicability  of  various  types  of  lateral  control  de- 
vices to  wings  suitable  for  high-speed  flight,  an  experi- 
mental investigation  \vas  conducted  in  the  Langley  300- 
mph  7-  by  10-foot  tunnel  to  determine  the  effect  of  aspect 
ratio  on  the  lateral  control  characteristics  of  a series  of 
untapered,  unswept,  low-aspect-ratio  wings  equipped 
with  continuous  type  retractable  spoiler  ailerons.  One 
swept  w-ing  was  included  in  the  study  for  purposes  of 
comparison,  and,  in  addition  to  being  equipped  with  the 
continuous  type  spoiler,  was  also  investigated  when 
equipped  with  a stepped  or  segmented  spoiler  aileron. 
The  results  of  the  study,  reported  in  Technical  Note 
2347,  indicate  that  for  the  unsAvept  wings  continuous 
spoiler  ailerons  became  progressively  more  effective  in 
producing  roll  as  Aving  aspect  ratio  Avas  increased.  The 
continuous  spoiler  aileron  Avas  less  effective  on  the  SAvept 
Aving  than  on  a straight  wing  of  comparable  aspect  ratio. 
On  the  SAvept  wing  it  aa  as  found  that  the  effectiveness  of 
the  continuous  spoiler  generally  increased  as  the  spoiler 
AA  as  moved  progressively  inboard,  Avhile  the  opposite 
was  true  for  the  stepped  spoiler. 

An  experimental  investigation  was  conducted  in  the 
Langley  300-mph  7-  by  10-foot  tunnel  to  determine  the 
lateral  control  characteristics  of  an  untapered  semispan 
Aving  having  either  0°  or  45°  of  SAveep  and  equipped  with 
a plain  unsealed  aileron.  The  span  and  spanwise  loca- 
tion of  the  aileron  AA’ere  A^aried  in  order  to  determine  the 
optimum  configuration  for  rolling  effectiveness.  The 
results  of  this  investigation,  reported  in  Technical 
Notes  2199  and  2316,  indicate  that  for  either  the  SAvept 
or  unsAvept  wing,  a given  partial  span  aileron  Avas  most 
effective  in  producing  roll  and  in  maintaining  effective- 
ness OA'cr  a large  angle  of  attack  range  Avhen  located  on 
the  outboard  portion  of  the  Aving.  It  Avas  also  found 
that,  although  the  rate  of  change  of  aileron  hinge- 
moment  coefficient  Avith  angle  of  attack  could  iTot  ahvays 
be  satisfactorily  predicted  for  the  SAvept  wing,  existing 
empirical  methods  for  predicting  the  rate  of  change  of 
rolling  moment  coefficient  and  aileron  hinge-moment 
coefficient  Avith  aileron  deflection  provided  satisfactory 
agreement  with  the  experimental  results  for  both  the 
straight  and  swept  Avings. 

In  order  to  determine  the  effect  of  aspect  ratio  on  the 
loAv-speed  lateral  control  characteristics  of  loAv-aspect- 
ratio  wings,  a series  of  four  unswept,  untapered  wings 
Avith  aspect  ratios  from  1 to  6 was  investigated  in  the 
Langley  300-mph  7 - by  10-foot  tunnel.  The  wings  were 
equipped  Avith  plain  sealed  ailerons  of  various  spans 
located  at  seA^eral  spanwise  stations.  The  results  of 
this  study  are  presented  in  Technical  Note  2348  and 
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show  that  the  variation  of  aileron  effectiveness  with 
aspect  ratio  could  not  be  accurately  predicted  for  all 
ailreon  spans  by  any  of  the  theoretical  methods  utilized 
in  this  investigation. 

Studies  of  Damping  Derivatives 

Theoretical  and  experimental  studies  have  been  ex- 
tended in  the  past  year  to  develop  methods  for  the 
reliable  evaluation  of  damping  derivatives  in  all  speed 
ranges. 

One  theoretical  method,  described  in  Technical  Note 
2197,  was  developed  for  calculating  the  pressure  dis- 
tribution and  damping  in  pitch  at  supersonic  Mach 
numbers  for  thin  swept  wings  having  subsonic  edges. 
The  method  consists  of  the  calculation  of  a basic  pres- 
sure distribution  and  the  correction  of  this  distribution 
to  account  for  the  effects  of  the  subsonic  trailing  edges 
and  tips.  These  data  are  then  used  to  determine  the 
dam  ping-in- pitch  characteristics. 

Technical  Note  2285  presents  an  evaluation  of  the 
supersonic  damping  in  roll  of  cruciform  delta  wings  by 
means  of  linearized  theory.  Both  subsonic  and  super- 
sonic leading  edges  were  considered.  The  effect  of 
increasing  the  number  of  wing  panels  from  four  to  an 
arbitrary  number  under  the  restriction  of  low-aspect 
ratio  was  determined,  and  the  damping  for  an  infinite 
number  of  wing  panels  was  evaluated  without  restric- 
tion as  to  aspect  ratio  or  Mach  number.  A similar  theo- 
retical study  is  reported  in  Technical  Note  2270  in 
which  the  theory  of  slender  wings  was  used  to  deter- 
mine the  characteristics  in  roll  of  slender  cruciform 
wings.  This  anatysis  shows  that,  for  the  cruciform 
wing,  the  damping-in-roll  is  considerably  greater  than 
that  of  a plane  wing  having  the  same  aspect  ratio  and 
that  the  rolling  effectiveness  is  less  than  that  of  a plane 
wing. 

Experimental  studies  of  damping  derivatives  have 
been  carried  out  in  the  rolling  and  curved  flow  facilities 
of  the  Langley  stability  tunnel.  One  investigation  was 
conducted  to  determine  the  effects  of  horizontal  tail 
location  on  the  low-speed  static  longitudinal  stability 
and  damping  in  pitch  of  a model  with  45°  swept  wings 
and  tail.  The  results,  published  in  Technical  Note  2381, 
indicate  that  at  high  angles  of  attack,  lowering  the 
horizontal  tail  increased  the  static  longitudinal  stability 
and  decreased  the  damping  in  pitch.  A related  inves- 
tigation is  reported  in  Technical  Note  2382.  In  this 
study,  horizontal  tail  size  and  tail  length  are  variables. 
The  study  shows  that  the  contribution  of  the  horizontal 
tail  to  static  longitudinal  stability  was  directly  related 
to  tail  size  and  length,  while  damping  in  pitch  was  re- 
lated to  tail  size  and  the  square  of  the  tail  length. 

Another  investigation  was  conducted  in  the  Langley 
stability  tunnel  to  determine  the  effect  of  vertical  tail 


area  and  tail  length  on  the  yawing  stability  of  a model 
with  a swept  wing.  Technical  Note  2358  contains  the 
results  of  this  study,  which  indicate  that  the  effects  of 
wing-fuselage  interference  for  the  midwing  configura- 
tion studied  were  small  over  most  of  the  angle-of-attack 
range.  Large  interference  effects  on  the  vertical  tail 
effectiveness  were  apparently  produced  by  both  the  wing 
and  fuselage  at  moderate  and  high  angles  of  attack,  but 
because  these  effects  tended  to  cancel  each  other,  the 
gross  effects  were  small. 

Investigation  of  Flying  Qualities 

The  increasing  operational  speeds  of  current  and  pro- 
posed aircraft  have  aggravated  the  problems  involved 
in  defining  and  achieving  flying  qualities  compatible 
with  safety,  performance,  and  piloting  requirements. 
Research  to  isolate  the  effects  of  numerous  design  pa- 
rameters on  flying  qualities  has  continued  to  receive 
attention. 

Two  design  factors  which  can  significantly  affect  the 
flying  qualities  of  an  airplane  are  the  wing  airfoil  sec- 
tion and  the  type  of  lateral-control  device  employed. 
To  determine  the  effects  of  one  of  these  design  variables 
on  the  flying  qualities  of  an  airplane  model,  an  investi- 
gation was  conducted  in  the  Langley  free-flight  tunnel 
to  determine  the  effects  of  round  and  sharp  leading-edge 
airfoil  sections  on  the  dynamic  lateral  stability  and  con- 
trol characteristics.  Two  models  were  used  in  the  study, 
one  representative  of  a current  fighter  airplane  with 
respect  to  inertia  characteristics  and  the  other  repre- 
sentative of  a possible  future  design  in  which  mass  is 
concentrated  along  the  fuselage.  The  results  of  the  in- 
vestigation, reported  in  Technical  Note  2219,  indicate 
that  airfoil  section  has  no  apparent  effect  on  the  flying 
qualities  of  the  model  with  high  fuselage  inertia.  The 
normal  inertia  model  when  equipped  with  the  wing  hav- 
ing a round-nose  airfoil  section  exhibited  adverse  yaw- 
ing during  aileron  rolls  which  increased  with  decreases 
in  directional  stability.  This  same  moclel,  however,  ex- 
hibited no  adverse  yawing  when  fitted  with  the  wing 
having  a sharp-nose  airfoil,  even  at  low  values  of 
directional  stability.  This  difference  in  flying  charac- 
terstics  is  attributed  to  the  adverse  yawing  moment  due 
to  rolling  of  the  round-nose  wing,  which  on  the  other 
model  is  apparently  masked  by  the  high  fuselage  inertia. 

Another  investigation  was  conducted  in  the  Langley 
free-flight  tunnel  to  compare  the  dynamic  lateral-con- 
trol characteristics  of  stepped  plug  ailerons  with  those 
of  conventional  plain  flap  ailerons.  The  model  employed 
in  this  study  had  a low-aspect-ratio  swept  wing  equip- 
ped with  full  span  flaps.  The  results  of  the  investi- 
gation, published  in  Technical  Note  2247,  show  that 
when  the  lateral  stability  characteristics  were  satis- 
factory the  controllability  of  the  model  was  better  with 
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plug  ailerons  alone  than  with  conventional  ailerons 
alone  because  the  loss  of  rolling  effectiveness  due  to  the 
adverse  yaw  associated  with  the  flap  aileron  was  more 
objectionable  than  the  lag  associated  with  the  plug  ailer- 
ons. For  conditions  of  low  dynamic  lateral  stability, 
the  conventional  ailerons  alone  provided  better  control- 
lability than  either  plug  ailerons  alone  or  a combination 
of  flap  ailerons  and  rudder.  Although  the  time  lag  of 
the  plug  ailerons  was  excessive  according  to  existing 
fl}dng  qualities  requirements,  the  pilot  considered  the 
controllability  of  the  model  to  be  satisfactory. 

The  improvement  of  passenger  comfort  in  airplanes, 
through  a reduction  of  accelerations  caused  by  rough 
air,  has  become  of  greater  interest  as  airplane  opera- 
tional speeds  have  increased.  One  method  which  has 
been  suggested  for  providing  increased  comfort  in  high- 
speed airplanes  is  to  have  the  wing  flaps  operated  by 
an  angle-of-attack  or  acceleration-sensing  device  in 
such  a manner  as  to  reduce  accelerations  due  to  gusts. 
A theoretical  study  of  such  a system  has  been  made 
and  is  reported  in  Technical  Note  2f416.  The  results 
of  the  study  show  that  flaps  with  characteristics  sim- 
ilar to  those  of  conventional  landing  flaps  are  unsuit- 
able for  acceleration  alleviation  because  of  airplane 
pitching  motions  resulting  from  flap  deflection.  The 
analysis  indicates  that  the  flaps  should  produce  zero 
pitching  moment  about  the  wing  aerodynamic  center 
and  downwash  at  the  tail  in  the  opposite  direction  from 
that  normally  expected  in  order  to  be  satisfactory  for 
this  application.  Various  means  of  achieving  these 
characteristics  are  suggested,  and  it  is  shown  that  flaps 
possessing  these  desirable  characteristics  would  be  ef- 
fective in  reducing  accelerations  in  rough  air  when 
combined  with  an  angle-of-attack  or  acceleration-sens- 
ing device. 

In  the  previous  study  no  attempt  was  made  to  con- 
sider the  practical  problems  involved  in  the  design 
of  a mechanism  for  acceleration  alleviation.  To  help 
evaluate  one  of  these  problems,  an  experimental  in- 
vestigation was  made  to  determine  the  ability  of  a vane 
mounted  ahead  of  the  nose  of  an  airplane  to  give  an 
indication  of  the  average  angle  of  attack  over  the  entire 
wing  span  during  flight  through  rough  air.  The  re- 
sults of  this  investigation  are  presented  in  Technical 
Note  2415  and  show  that  the  device  gives  a sufficiently 
accurate  indication  of  average  angle  of  attack  over  the 
wing  span  to  allow  its  use  in  an  acceleration  alleviation 
system. 

Spinning  Investigations 

The  spin  and  recovery  characteristics  of  airplanes 
are  dependent  on  many  aerodynamic  and  structural  de- 
sign parameters.  In  order  to  provide  the  designer  with 
information  on  which  of  these  parameters  may  be  of 
primar}^  importance  to  the  recoverv  characteristics  of 


any  particular  aircraft  configuration,  research  on  the 
problems  of  spinning  has  continued  in  the  Langley 
20-foot  free-siDinning  tunnel. 

One  investigation  was  conducted  to  determine  the 
effects  of  mass  and  dimensional  variations  on  the  spin 
and  recovery  characteristics  of  a model  representative 
of  curi'ent  four-place  light  airplanes.  The  results, 
which  are  reported  in  Technical  Note  2352,  indicate 
that  satisfactory  recovery  characteristics  could  be  ob- 
tained for  all  of  the  mass  distributions  studied  pro- 
vided that  the  proper  sequence  of  control  movements 
for  recovery  was  followed.  It  was  also  found  that  un- 
less the  rudder  can  be  made  to  float  against  the  spin, 
recover}^  by  releasing  controls  may  be  difficult  to  achieve 
unless  the  elevator  floats  below  neutral.  Other  require- 
ments for  spin  recovery  set  forth  in  current  regulations 
could  probably  be  met  for  the  model  arrangements  in- 
vestigated by  restricting  center-of -gravity  location  and 
providing  a high  value  of  tail  damping. 

Because  a previous  study  had  indicated  that  a horn- 
balanced  rudder  might  possess  the  desirable  charac- 
teristic of  floating  against  the  spin,  an  experimental  in- 
vestigation Avas  undertaken  to  determine  the  floating 
characteristics  of  full-length  plain  and  horn-balanced 
rudders  during  rotary  tests  at  spinning  attitudes  of  a 
model  of  a typical  low-wing  light  airplane.  The  effects 
of  the  horizontal  tail  and  wing  on  the  rudder  floating 
characteristics  Avere  also  determined.  The  results  of 
this  investigation,  reported  in  Technical  Note  2359,  in- 
dicate that  for  this  configuration  the  rudder  Avas  in  the 
Avake  of  the  stalled  wing  and  oscillated  violently  for 
high  spinning  angles  of  attack.  At  loAver  angles  of  at- 
tack, or  for  the  case  in  which  the  tail  was  outside  the 
Avake  of  the  stalled  Aving,  the  horn-balanced  rudder  had 
more  desirable  floating  characteristics  than  a plain 
rudder,  although  neither  Avould  fulfill  the  floating  de- 
flection requirements  for  control-free  spin  recovery. 

AIRCRAFT  PROPELLERS 

In  the  field  of  propeller  vibration,  Technical  Note 
2308  has  been  published  in  continuation  of  the  investi- 
gation of  first-order  propeller  vibration  on  a tAvin- 
engine,  straight-Aving  airplane  in  the  Ames  40-  by 
80-foot  tunnel.  A procedure  has  been  developed  for 
computing  the  floAv  field  at  the  propeller  plane  to  a 
sufficient  degree  of  accuracy  to  permit  satisfactory  cal- 
culation of  the  propeller  vibratory  stresses.  In  the 
procedure,  account  is  taken  of  the  upAvash  contribu- 
tions of  the  Aving,  fuselage,  and  nacelles  and  their 
mutual  interference  effects.  The  analysis  shoAvs  that 
the  nacelle  caused  an  unexpectedly  large  effect  which, 
if  ignored,  could  readily  cause  disagreement  between 
the  magnitude  of  computed  and  measured  vibratory 
stresses. 
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In  another  propeller  vibration  investigation,  the 
existing  analysis  applicable  to  the  prediction  of  first- 
order  exciting  forces  for  the  straight-wing  propeller 
case  has  been  extended  to  include  the  swept-wing  pro- 
peller combination.  With  the  aid  of  the  straight-wing 
analysis,  a typical  swept-wing  propeller-driven  airplane 
design  has  been  studied  to  examine  the  magnitude  of 
the  once  per  revolution  exciting  forces  which  could 
exist.  It  has  been  found  that  in  addition  to  the  usual 
exciting  forces,  a new  and  relatively  important  one  is 
added  where  a swept  wing  is  used ; this  results  from  the 
relative  fore  and  aft  movement  of  the  propeller  blade 
with  respect  to  the  leading  edge  of  the  wing  which  is 
swept  with  respect  to  the  propeller  plane  of  rotation. 
It  was  found  further  that  the  effects  of  Mach  number 
are  such  as  to  reduce  the  magnitude  of  the  once-per- 
revolution  exciting  forces. 

SEAPLANES 

Hydrodynamic  studies  have  continued  in  the  Lang- 
ley tanks  to  provide  basic  and  design  data  for  the 
development  of  water-based  airplanes. 

One  study  reported  in  Technical  Note  2297  investi- 
gated the  use  of  high  angles  of  dead  rise  on  high-length- 
beam-ratio  flying-boat  hulls  as  a means  for  reducing 
water  loads  encountered  during  rough- water  operation. 
An  increase  in  angle  of  dead  rise  from  20°  to  40°  in- 
creased the  take-off  stability  and  substantially  improved 
the  spray  characteristics  of  a high-length-beam  ratio 
hull.  An  expected  decrease  in  take-off  performance  was 
evidenced  by  increases  in  take-off  time  and  distance  of 
25  and  30  percent,  respectively.  The  over-all  rough- 
water  landing  behavior  was  improved;  the  maximum 
vertical  and  angular  accelerations  were  reduced  ap- 
proximately 55  and  30  percent,  respectively.  The  re- 
duction in  vertical  acceleration  was  in  good  agreement 
with  that  predicted  by  impact  theory. 

ROTARY  WING  AIRCRAFT 

Based  on  the  results  of  flight  investigations  of  several 
single-rotor  helicopters,-  preliminary  qualitative  re- 
quirements for  satisfactory  flying  and  handling  quali- 
ties of  helicopters  have  been  established.  Progress  in 
designing  helicopters  to  meet  these  requirements,  how- 
ever, has  been  handicapped  by  the  need  for  a method 
permitting  sufficiently  accurate  prediction  of  the  fly- 
ing qualities  of  a helicopter  at  the  design  stage.  To 
help  fill  this  need,  existing  rotor  theory,  accurate  for 
the  calculation  of  rotor  performance  and  blade  motion, 
has  been  extended  (Technical  Note  2309)  to  permit  the 
prediction  of  those  rotor  characteristics  that  influence 
the  flying  qualities.  Variation  of  the  longitudinal  de- 
rivatives of  rotor  resultant  force,  rotor  pitching  mo- 


ment, and  rotor  torque  with  operating  parameters  such 
as  rotor  angle  of  attack,  collective  pitch,  forward  speed, 
and  rotational  speed  may  be  determined.  The  usual 
simplifying  assumption  that  the  rotor  resultant  force 
vector  is  perpendicular  to  the  rotor  tip  path  plane  is 
shown  by  the  results  of  this  theory  to  lead  in  many 
cases  to  grossly  incorrect  longitudinal  stability  deriva- 
tives. The  theory  also  indicates  that  the  increase  in 
rotor  load  factor  with  an  incremental  increase  in  angle 
of  attack  is  approximately  linear  with  increasing  for- 
ward speed.  This  is  in  contrast  to  the  airplane  where 
the  increase  is  as  the  square  of  the  forward  velocity. 

Increases  in  the  forward  speed  of  helicopters  are  ex- 
pected to  require  increases  in  rotor  tip  speeds  in  order 
to  avoid  excessive  tip  stalling  on  the  retreating  blade. 
At  tip  speeds  within  the  transonic  range  the  rotor  will 
suffer  some  performance  loss  due  to  compressibility.  In 
order  to  gain  an  insight  into  the  magnitude  of  this  com- 
pressibility-induced performance  loss  and  to  furnish  a 
check  on  theoretical  methods  of  estimating  the  loss,  two 
conventional  full-scale  rotors,  one  having  linear  twist 
and  the  other  untwisted,  have  been  tested  to  tip  speeds 
up  to  770  feet  per  second  on  the  Langley  helicopter  test 
toAver.  The  results  of  this  study,  reported  in  Technical 
Note  2277,  show  that  both  rotors  suffered  increasing 
compressibility  losses  as  the  tip  speed  increased  to  the 
maximum  speed  studied.  Linear  twist  delayed  the 
onset  of  compressibility  losses.  For  the  blades  investi- 
gated good  agreement  was  obtained  between  the  meas- 
ured and  predicted  drag-divergence  Mach  number. 

As  part  of  a general  investigation  of  the  aerody- 
namic characteristics  of  various  multirotor  configura- 
tions, an  investigation  to  determine  the  static-thrust 
performance  of  two  full-scale  coaxial  helicopter  rotors 
has  been  conducted  in  the  Langley  full-scale  tunnel. 
One  coaxial  rotor  was  equipped  with  blades  tapered  in 
both  planform  and  thickness  and  the  other  with  blades 
tapered  in  thickness  only.  The  results,  presented  in 
Technical  Note  2318,  show  the  hovering  performance  of 
each  rotor  in  the  coaxial  configuration  and  with  the 
upper  rotor  removed.  The  effect  of  application  of  yaw 
control  on  the  hovering  performance  of  the  coaxial  con- 
figurations is  also  presented.  A comparison  of  meas- 
ured and  predicted  hovering  performance  is  included. 

As  a part  of  the  investigation  of  multirotor  config- 
urations a study  was  made  of  the  air-flow  patterns 
through  small  scale  single,  coaxial,  and  tandem  rotor 
models.  The  balsa-dust  technique  of  air-flow  visuali- 
zation was  employed.  The  photographic  results,  pre- 
sented in  Technical  Note  2220,  provide  a qualitative 
interpretation  of  the  transient  and  steady-state  flow 
through  the  rotors. 

A theoretical  study  of  the  rigid-body  oscillations  in 
hovering  of  helicopter  rotor  blades  has  been  made  by 
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the  Polytechnic  Institute  of  Brooklyn  under  NACA 
sponsorship.  The  study,  presented  in  Technical  Note 
2226,  includes  a determination  of  the  rigid-body  fre- 
quency and  damping  characteristics  of  the  coupled  flap- 
ping and  lagging  oscillations  of  helicopter  blades  on 
which  the  lagging  hinge  axis  is  offset  from  the  flapping 
hinge  axis  and  both  hinges  are  inclined.  The  effect  of 
offset  of  the  flapping  hinge  axis  from  the  axis  of  rota- 
tion of  the  rotor  is  also  considered. 

The  analysis  and  numerical  examples  indicate  that 
significant  increases  in  the  damping  of  the  lagging 
motions,  which  ordinarily  border  on  instability,  can  be 
obtained  by  suitable  inclinations  of  the  hinge  axis, 
particularly  the  lagging  axis.  Offsetting  the  flapping 
and  lagging  hinge  axis  also  increases  the  natural  lag- 
ging frequency. 

UPPER  ATMOSPHERE  RESEARCH 

The  study  of  the  compatibility  of  the  tentative  stand- 
ard atmospheric  temperature  distribution  as  set  forth 

POWER  PLANTS 

With  the  ever-increasing  trend  for  aircraft  operation 
at  higher  altitudes  and  higher  Mach  numbers  there  has 
arisen  a multitude  of  complex  power  plant  problems. 
Efficient  diffusers  at  high  Mach  number,  greater  air  flow 
handling  ability  of  compressors,  increased  combustion 
efficiencies  at  high  altitudes  without  blowout  or  insta- 
bility, increased  turbine  inlet  gas  temperatures,  reduc- 
tion of  strategic  material  content,  increased  thrust  aug- 
mentation with  afterburners,  and  the  over-all  engine 
control  and  component  matching  require  extensive 
power  plant  research.  For  the  purpose  of  obtaining  the 
most  efficient  operation  of  each  part  of  the  power  plant, 
these  problems  have  been  approached  through  theoret- 
ical and  experimental  investigations.  Power  plants, 
such  as  the  turbojet,  the  turbopropeller,  the  ram  jet,  the 
rocket,  and  combinations  of  these  engines  utilizing 
chemical  and  nuclear  fuels  are  currently  under  investi- 
gation. As  a result  of  this  research  improved  subsonic 
and  supersonic  operation  of  the  interceptor,  the  long- 
range  bomber,  and  the  guided  missile  can  be  expected. 

NACA  efforts  in  the  aircraft-propulsion  field  have 
been  assisted  by  the  Committee  on  Power  Plants  for 
Aircraft  and  its  seven  subcommittees.  The  following 
discussion  is  limited  to  unclassified  research. 

AIRCRAFT  FUELS  RESEARCH 

Intensive  effort  has  been  applied  in  the  past  year  to 
the  field  of  aircraft-fuel  research  with  consideration  be- 
ing  given  to  current  aircraft  fuels  as  well  as  fuels  of  the 
future.  As  might  be  expected,  investigations  conducted 
since  the  advent  of  jet  propulsion  have  gradually  led 
toward  the  development  of  special  fuels  for  future 


in  Technical  Note  1200  with  the  observed  free  periods  of 
oscillation  of  the  atmosphere  has  continued.  Tech- 
nical Notes  2209  and  2314  present  the  results  of  a con- 
tinued study  of  atmospheric  tides  by  the  Institute  for 
Advanced  Study,  under  NACA  sponsorship.  The  in- 
vestigations indicate  that  certain  simplifying  assump- 
tions made  in  the  development  of  the  basic  ocean  tide 
equations  invalidates  these  relations  for  application  to 
the  study  of  atmospheric  tides.  A method  for  includ- 
ing the  previously  neglected  terms  in  the  tidal  equations 
has  been  outlined  and  two  atmospheres  of  different  tem- 
perature distribution  have  been  studied. 

A review  by  the  Subcommittee  on  the  Upper  Atmos- 
phere of  experimental  information  on  the  characteris- 
tics of  the  atmosphere  from  sea  level  to  a height  of  32 
kilometers  has  indicated  that  the  standard  atmosphere 
tentatively  proposed  in  Technical  Note  1200  represents 
to  a satisfactory  degree  of  accuracy  the  characteristics 
of  the  atmosphere  within  this  height  range. 

FOR  AIRCRAFT 

power  plants.  Concurrently  with  research  on  future 
fuels  it  has  been  necessary  to  maintain  a high  degree  of 
emphasis  on  current  aircraft  fuels  in  order  to  assure  the 
availability  of  satisfactory  fuels  in  the  event  of  an 
emergency.  The  greatest  problem  in  the  current  air- 
craft-fuel program  is  the  formalization  of  a sound  fuel 
specification  that  will  assure  maximum  availability  and 
superior  performance. 

Synthesis  and  Analysis 

Because  many  of  the  aircraft  considered  for  the  fu- 
ture are  volume-limited  with  respect  to  fuel  storage, 
hydrocarbon  synthesis  has  been  directed  primarily  to- 
ward fuels  that  will  release  high  energy  per  unit  vol- 
ume and  consequently  permit  the  attainment  of  desired 
flight  range.  Fuels  of  this  type  are  not  readily  available 
even  in  small  quantities  required  for  research  studies. 
For  this  reason  synthesis  facilities  of  the  NACA  are 
in  continuous  operation  isolating  pure  high -density 
liydrocarbons  to  be  used  in  engine-performance  studies. 

During  the  past  year  the  synthesis  and  purification 
of  some  of  the  high-density  hydrocarbons  have  been 
described  in  Technical  Notes  2230  and  2260.  Nineteen 
compounds  were  isolated  and  those  having  satisfactory 
physical  and  chemical  properties  will  ultimately  be 
evaluated  in  typical  turbojet-combustor  performance 
investigations.  The  synthesis  projects  are  planned  in 
an  orderly  manner  to  permit  the  analysis  of  correla- 
tions between  molecular  stnicture  and  ]Di*operties.  By 
this  process  considerable  time  and  money  is  saved  in 
that  an  examination  of  the  correlation  will  indicate 
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which  molecular  structures  have  obvious  disadvantages, 
thus  obviating  costly  and  tedious  synthesis. 

In  addition  to  high-density  hydrocarbons,  other 
compounds  have  been  synthesized  for  investigation  as 
possible  fuel  components  to  provide  greater  combustion 
stability  over  wide  operating  ranges  and  better  ignition 
characteristics.  Hydrocarbons  such  as  cyclopropane 
derivatives  are  being  prepared  for  study  of  the  effect  of 
molecular  structure  on  rates  of  flame  propagation.  Re- 
sults of  the  synthesis  of  ten  cyclopropane  hydrocarbons 
have  been  reported  in  Technical  Notes  2258,  2259,  and 
2398.  The  ten  hydrocarbons  were  obtained  in  high 
purity  for  the  first  time  and  physical  constants  and 
infrared  spectra  are  given  in  the  cited  references.  Syn- 
thesis procedures  were  developed,  and  physical,  proper- 
ties and  heats  of  combustion  were  determined  for  four 
alkylsilanes.  This  was  the  first  experimental  deter- 
mination of  heats  of  combustion  for  these  compounds. 

In  the  course  of  conducting  synthesis  projects,  occa- 
sional results  of  general  interest  with  regard  to  experi- 
mental technique  are  obtained.  When  this  occurs,  the 
data  are  published  for  the  information  and  use  of  vari- 
ous synthesis  laboratories.  A study  of  this  nature  has 
recently  been  reported  in  Technical  Note  2342.  In  this 
publication  an  evaluation  of  packed  distillation  columns 
used  by  the  NACA  is  described. 

Aside  from  the  determination  of  physical  properties 
of  synthesized  materials,  the  NACA  analytical  labora- 
tories participate  in  studies  to  improve  methods  of  anal- 
ysis of  fuels.  Particular  attention  has  been  given  to  the 
analytical  procedure  for  determination  of  aromatic  and 
olefinic  hydrocarbons  in  wide-boiling  petroleum  frac- 
tions. These  hydrocarbon  classes  are  known  to  be  sig- 
nificant in  relation  to  engine  performance  and  therefore 
the  quantities  present  in  a given  fuel  stock  must  be  ac- 
curately known.  A procedure  for  the  determination  of 
aromatics  and  olefins  has  been  developed  which  is  ap- 
plicable to  the  determination  of  aromatics  and  olefins 
in  petroleum  stocks  with  final  boiling  points  below  600"^ 
F.  Accuracies  of  1 percent  are  attained  with  analysis 
times  of  less  than  8 hours. 

Fuels  Performance  Evaluation 

The  problem  of  relating  easily  measured  hydrocarbon 
fuel  properties  to  engine  performance  has  received  con- 
siderable attention  since  the  advent  of  jet  propulsion. 
The  object  of  this  research  is  to  permit  the  prediction 
of  engine  performance  of  fuels  from  fuel  properties 
that  may  be  determined  with  relative  ease.  Combustion 
properties  of  interest  are  spontaneous  ignition  tempera- 
ture, flame  velocities,  and  inflammability  limits. 

Spontaneous  ignition  temperatures  for  109  hydrocar- 
bons and  commercial  fuels  have  been  determined  by  a 
crucible  method.  From  these  data  trends  in  the  varia- 


tion of  ignition  temperature  with  molecular  structure 
have  been  established.  The  performance  of  ten  of  these 
fuels  has  been  studied  in  a single  tubular  combustor. 

During  the  past  year  flame-velocity  studies  were  made 
of  37  pure  hydrocarbons.  The  classes  of  compounds 
examined  were  alkanes,  alkenes,  alkynes,  benzene,  and 
cyclohexane.  The  results  of  this  study  indicated  that 
the  flame  velocities  of  the  normal  alkanes  were  the  same 
except  for  methane  which  had  a velocit}"  about  16  per- 
cent lower  than  the  alkanes  of  higher  molecular  weight. 
The  alkenes  and  the  alkynes  had  velocities  somewhat 
higher  than  those  of  the  alkanes,  particularly  in  the  low 
molecular  weight  range.  The  results  of  this  investiga- 
tion have  been  published  in  the  Journal  of  the  American 
Chemical  Society  (vol.  73,  No.  1,  January  1951). 

The  flame  velocity  investigation  was  later  extended 
to  include  the  alkadienes.  Ten  compounds  in  this  class 
were  studied  and  it  was  found  that  the  flame  velocities 
were  higher  than  those  of  the  alkanes  and  approxi- 
mately equal  to  the  flame  velocities  of  the  alkynes  inves- 
tigated. Performance  of  certain  fuels  in  these  classes 
of  compounds  are  being  studied  in  a single  tubular  com- 
bustor. 

The  flame-velocity  data  accumulated  in  the  foregoing 
investigations  have  been  used  as  the  basis  for  correla- 
tions between  molecular  structure  and  flame  velocity. 
One  such  correlation  indicated  that  the  maximum  flame 
velocity  is  a function  of  the  concentrations  of  the  vari- 
ous types  of  carbon-hydrogen  bonds  in  the  inflammable 
mixture.  From  this  correlation  the  maximum  flame 
velocities  were  calculated  for  34  hydrocarbons.  The 
average  difference  betiveen  the  calculated  and  observed 
flame  velocity  is  less  than  2 percent.  The  results  of  this 
analysis  were  published  in  the  Journal  of  the  American 
Chemical  Society  (vol.  73,  No.  4,  April  1951). 

As  another  part  of  this  research  an  investigation  is 
being  conducted  to  determine  the  inflammability  limits 
of  pure  hydrocarbon-air  mixtures  at  different  pressures. 
The  limits  were  determined  for  17  pure  normal 
paraffins,  branched  paraffins,  and  mono-olefins.  It  was 
found  that  the  lean  inflammability  limits  were  about 
the  same  for  all  of  the  fuels,  however,  the  rich  limits 
increased  markedly  with  increased  molecular  weight. 

The  tendency  of  certain  fuels  to  deposit  carbon  in 
combustors  thereby  lowering  performance  and  causing 
mechanical  difficulties  continues  as  one  of  the  more  im- 
portant problems  for  research.  Brief  investigations 
have  been  made  of  several  fuels  which  contain  com- 
ponents allowable  in  the  jet  fuel  specification  but  which 
appear  marginal  from  a carbon  deposition  standpoint. 
A study  of  these  fuels  with  several  current  turbojet 
engines  is  intended  to  show  how  fuel  specification  and 
combustor  design  may  be  compromised  for  best  per- 
formance and  maximum  fuel  availability. 
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COMBUSTION  RESEARCH 

Because  aircraft  engines  must  produce  enormous 
power  from  a small  package,  it  is  axiomatic  that  the 
combustion  problem  is  to  release  tremendous  quantities 
of  heat  energy  from  the  fuel  in  a small  volume  and  in 
a short  space  of  time.  NACA  research  on  combustion 
is  directed  at  obtaining  an  understanding  of  the  basic 
physics  and  chemistry  behind  the  phenomena  involved 
in  combustion  and  demonstrating  how  these  phenomena 
can  be  put  to  use  to  meet  all  the  requirements  of  flight. 
Basic  studies  are  made  on  detailed  problems  of  com- 
bustion such  as  evaporation,  ignition,  flame  propaga- 
tion limits,  flame  velocity,  flame  quenching,  with  vari- 
ables such  as  composition,  pressure,  temperature,  ve- 
locity, and  turbulence.  Studies  on  applying  these  data 
involve  (a)  systematic  studies  of  the  effect  of  operating 
variable  and  design  variables  on  engine  performance 
such  as  combustion  efficiency,  altitude  operational  lim- 
its, smoke  and  carbon  formation,  pressure  drop  and  tem- 
perature profile,  and  (J)  attempts  to  correlate  basic 
combustion  laws  with  engine  performance. 

Fundamentals  of  Combustion 

To  gain  an  insight  into  the  problem  of  combustion 
stability  at  high  altitudes,  a study  has  been  made  of  the 
chemical  and  physical  factors  affecting  the  inflamma- 
bility limits  at  different  pressures.  The  results  of  the 
investigation  of  chemical  factors  were  discussed  under 
the  fuels  research  program.  An  investigation  was  also 
made  of  the  effects  of  walls  on  inflammability  limits. 
The  results  indicated  that  the  minimum  pressure  for 
flame  propagation  increased  with  diminishing  tube 
diameter  (greater  relative  wall  area).  In  connection 
with  the  inflammability  limits  of  fuels,  an  investigation 
was  conducted  to  determine  the  combustion  efficiencies 
of  hydrocarbon-air  systems  at  reduced  pressures.  With 
quiescent  fuel-air  mixtures  and  with  small  diffusion 
flames,  combustion  efficiencies  close  to  100  percent  were 
obtained  at  pressures  much  lower  than  those  found  in 
turbojet  combustors  at  high  altitude;  in  general,  effi- 
ciencies were  high  at  pressures  approaching  the  limit- 
ing values  for  inflammation. 

Several  projects  are  in  progress  to  ascertain  the  basic 
mechanism  of  flame  propagation  in  order  to  gain  in- 
sight into  the  actual  combustion  process  that  occurs  in 
an  engine.  These  studies  supplement  the  studies  of  the 
effect  of  hydrocarbon  structure  on  flame  velocity  re- 
ported in  the  fuels  program.  In  one  phase  of  this  work, 
the  effect  of  initial  mixture  temperature  on  flame 
velocity  was  evaluated.  The  first  of  these  studies  (Tech- 
nical Note  2170)  evaluated  the  flame  velocities  and 
blow-off  limits  of  propane-air  flames.  These  studies 


were  later  extended  to  include  methane-air  and  ethylene- 
air  flames  (Technical  Note  2374).  As  a result  of  these 
projects,  equations  were  developed  to  permit  the  estima- 
tion of  flame  velocity  at  various  initial  mixture  temper- 
atures in  the  range  of  34°  to  344°  C. 

In  order  to  achieve  a better  understanding  of  the 
cause  of  flame  propagation,  several  studies  have  been 
made  of  the  effect  of  free  radicals  on  flame  propagation. 
Inasmuch  as  hydrogen  diffuses  more  readily  than  other 
radicals  in  a flame,  it  has  been  suggested  by  past  in- 
vestigators that  the  rate  of  flame  propagation  is  related 
to  the  hydrogen-atom  concentration  in  the  flame  zone. 
An  evaluation  of  this  theory  was  made  by  adding  light 
water  and  heavy  water  to  mixtures  of  carbon  monoxide 
and  air  and  measuring  the  flame  velocities.  It  was  rea- 
soned that  hydrogen  from  heavy  water  would  diffuse 
less  rapidly  than  that  from  light  water;  consequently,  a 
lower  flame  velocity  would  result.  Measurements  of  the 
flame  velocities  substantiated  this  reasoning. 

In  an  analysis  of  flame-velocity  data  for  35  pure 
hydrocarbons,  it  was  concluded  that  the  maximum  flame 
velocities  were  consistent  with  the  active  radical  theory 
of  flame  propagation.  Only  one  pure  hydrocarbon, 
ethylene,  was  found  to  be  inconsistent  with  the  theory. 
This  analysis  was  published  in  the  Journal  of  the 
American  Chemical  Society  (vol.  73,  No.  1,  January 
1951).  .... 

In  connection  with  flame-velocity  investigations,  a 
method  for  determining  the  distribution  of  luminous 
emitters  in  a Bunsen  flame  was  found  and  is  described 
in  Technical  Note  2246.  As  an  example  of  the  applica- 
tion of  this  method,  an  intensity  distribution  in  a Bun- 
sen cone  image  resulting  from  the  free  radical  C2  radia- 
tion was  analyzed. 

In  order  to  correlate  the  flame-propagation  velocities 
of  a burner  with  the  local  turbulence  intensity  in  the 
flow,  quantitative  turbulence  data  are  needed.  Such 
data  have  been  obtained  from  an  investigation,  the 
results  of  which  are  presented  in  Technical  Note  2361. 
Data  were  obtained  for  turbulent-velocity-fluctuation 
components  and  mean-velocity  distributions  in  a sub- 
sonic jet  issuing  from  a pipe  in  which  fully  developed 
turbulent  flow  was  established.  It  was  found  that  at  the 
jet  exit  the  axial-fluctuation-velocity  component  was 
about  2.5  times  as  great  as  the  radial  component  at  the 
pipe  center  line.  Near  the  pipe  wall,  the  axial-fluctua- 
tion-velocity component  was  about  three  or  four  times 
as  great  as  the  radial  component.  The  axial  comj)onents 
of  the  turbulent  fluctuation  velocities  diminished  rap- 
idly downstream  of  the  pipe  wall,  whereas  the  radial 
components  were  practically  constant  so  that  the  axial 
and  radial  components  approached  a condition  of  equal 
magnitude  with  increasing  distance  from  the  pipe  exit 
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LUBRICATION  AND  WEAR 
Fundamentals  of  Friction  and  Wear 

The  current  trend  in  the  selection  of  aircraft-power- 
plant  lubricants  is  to  materials  of  low  viscosity.  The 
primary  reason  for  this  is  to  meet  low  temperature 
operating  and  starting  requirements.  It  may  be  ex- 
pected that  such  usage  will  lead  to  difficulties  because 
of  the  low  load  capacities  obtained  with  the  light  oils. 
One  means  of  compensating  for  the  reduced  load  capac- 
ity is  by  the  use  of  EP  (extreme  pressure)  additives. 
One  of  the  objectives  of  lubrication  and  wear  research 
is  to  determine  for  surfaces  lubricated  with  EP  addi- 
tives whether  a change  in  chemical  reactivity  could 
appreciably  affect  the  rate  of  production  of  a pro- 
tective film  and  thus  appreciably  affect  the  critical 
sliding  velocity  at  which  surface  welding  begins. 
Among  the  additives  under  study  are  benzyl  chloride 
CeHgCHaCl,  p-dichlorobenzene  C6H4CI2,  free  sulfur  S, 
benzyl  disulfide  (€61150112)282,  and  phenyl  monosulfide 
(€6115)28,  at  sliding  velocities  from  75  to  7,000  feet  per 
minute  and  initial  Hertz  surface  stresses  up  to  194,000 
p.  s.  i.  (Technical  Note  2144).  Results  indicate  that 
higher  critical  sliding  velocities  may  be  obtained  with 
additives  whose  active  atoms  have  the  greatest  chemical 
reactivity.  The  study  showed  that  the  factor  of  activ- 
ity of  the  individual  active  atoms  was  more  important 
than  the  number  of  such  atoms  available  for  reaction. 

A further  study  of  the  effect  of  additives  on  critical 
sliding  velocities  involved  the  use  of  fatty  acids  (Tech- 
nical Note  2366).  This  investigation  was  conducted 
because  it  has  been  found  that  with  an  EP  additive 
lubrication  may  be  ineffective  at  high  sliding  velocities 
because  a chemical  reaction  between  the  surfaces  and 
the  additive  to  provide  a lubricating  film  may  not  have 
time  to  occur.  Further,  studies  at  low  temperatures 
have  established  the  point  that  with  the  fatty-acid  addi- 
tive, high  contact  temperatures  or  pressures  are  unnec- 
essary for  the  formation  of  an  effective  lubricating  film. 
Studies  have  been  completed  of  stearic  acid  as  an  addi- 
tive in  cetane  at  sliding  velocities  up  to  7,000  feet  per 
minute  on  clean  steel  surfaces  and  surfaces  coated  with 
ferric  oxide  Fe20s  (Technical  Note  2366).  The  ex- 
periments indicate  that  the  type  of  surface  oxide  and 
the  thickness  of  the  oxide  film  are  important  in  deter- 
mining the  effectiveness  of  stearic  acid  as  an  additive. 

Most  of  the  bearings  employed  in  the  turbine-type 
aircraft  power  plants  are  rolling-contact  bearings. 
Early  service  experience  indicated  that  one  of  the  prin- 
cipal sources  of  failure  in  bearings  has  been  lubrication 
failures  at  the  cage  locating  surfaces  (retainer  or  sep- 
arator) . These  failures  are  due  in  main  to  the  difficulty 
in  obtaining  proper  lubrication  because  of  design  con- 


figurations and  to  “high-temperature  soaking”  (above 
500°  F.)  of  the  turbine  bearing  after  engine  shut-down. 
One  means  of  reducing  the  severity  of  the  problem  is  to 
obtain  a cage  material  having  a lesser  tendency  toward 
metallic  adhesion  to  steel  under  marginal  conditions  of 
lubrication  than  the  currently  used  materials.  Sliding 
friction  experiments  have  been  made  to  obtain  funda- 
mental comparative  information  on  friction  and  wear 
properties  which  are  a general  measure  of  adhesion 
(Technical  Note  2384).  The  materials  studied  were 
brass,  bronze,  beryllium  copper,  Monel,  Nichrome  V, 
24S-T  aluminum,  nodular  iron,  and  gray  cast  iron  at 
sliding  velocities  up  to  18,000  feet  per  minute.  On  the 
basis  of  wear  and  resistance  to  welding  only,  the  cast 
irons  were  the  most  promising  materials  investigated 
in  that  they  showed  the  least  wear  and  the  least  tendency 
to  surface  failure  when  run  dry.  On  the  basis  of 
mechanical  properties,  the  nodular  iron  is  superior  to 
gray  cast  iron.  Results  obtained  with  brass,  beryllium 
copper,  and  aluminum  indicate  that  these  materials  are 
not  particularly  suited  for  cages. 

It  has  been  observed  that  the  running  of  piston  rings, 
particularly  nitrided  cylinder  barrels,  induces  the  for- 
mation on  the  ring  of  a surface  coating  which  had 
different  and,  in  some  respects,  superior  properties 
compared  with  those  of  the  bulk  ring  material.  An  in- 
vestigation has  been  completed,  whose  objective  was  to 
determine  to  what  extent  these  rubbing  conditions 
could  have  produced  transfer  of  metal  from  the  barrel 
to  the  ring  (Technical  Note  2271).  The  study  con- 
cerned itself  with  metal  transfer  between  nitrided  steel 
of  several  hardnesses  and  also  between  chromium  plate 
and  nitrided  steel.  The  technique  employed  consisted 
of  making  one  of  two  rubbing  surfaces  radioactive,  car- 
rying out  a friction  test  and  then  examining  the  other 
surface  for  signs  of  radioactivity.  The  effects  on  mate- 
rial transfer  of,  load,  speed,  distance  of  travel,  repeated 
travel  over  the  same  path,  hardness  of  the  moving  sur- 
face, and  the  type  of  chromium  plate  were  investigated. 
In  the  case  of  all  materials  studied,  there  was  an  ob- 
servable amount  of  transfer.  The  amount  of  transfer 
was  roughly  proportional  to  the  distance  traveled  and 
was  independent  of  whether  this  travel  was  repeated  a 
number  of  times  over  the  same  track  or  was  continu- 
ously over  fresh  surface.  In  addition,  the  amount  of 
transfer  for  a given  distance  of  travel  was  constant 
over  a range  of  low  speeds,  but  started  to  decrease  at 
higher  speeds.  This  indicates  that  a possible  pretreat- 
ment to  obtain  a desirable  surface  layer  might  consist 
of  running  rings  in  a special  cylinder  having  walls  of 
selected  composition  and  controlled  hardness  to  give 
surface  coatings  highly  improved  characteristics  in  a 
minimum  length  of  time. 
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Fretting 

Fretting  is  defined  as  the  surface  failure  that  may 
occur  when  closely  fitting  metal  surfaces  undergo  slight 
relative  motion.  Recent  research  conducted  by  the 
NACA  indicates  that  fretting  is  the  result  of  localized 
or  very  concentrated  friction  phenomena.  Adhesion  is 
believed  to  be  the  primary  friction  phenomenon  in- 
volved in  that  it  causes  the  removal  of  finely  divided 
oxidizable  metal.  Other  phenomena,  such  as  the  rub- 
bing off  of  oxide  films,  welding  from  frictional  heat, 
and  abrasion,  undoubtedly  contribute  to  surface  de- 
struction. Tlie  effectiveness  of  the  intermetallic  com- 
pound molybdenum  disulfide  (M0S2)  as  a fretting 
inhibitor  was  studied,  utilizing  a steel  ball,  vibrated  in 
contact  with  glass  flats  at  120  cycles  per  second,  an 
amplitude  of  0.001  inch,  and  a normal  load  of  0.2  pound 
(Technical  Note  2180).  A coating  of  dry  molybdenum 
disulfide  bonded  to  steel  by  rubbing  a mixture  of  mo- 
lybdenum disulfide  and  syrup  in  intimate  contact  with 
clean  steel  at  elevated  temperatures  proved  the  most 
effective.  This  coating  delayed  the  onset  of  fretting 
to  28,000,000  cycles  in  contrast  to  less  than  30  cycles  for 
a clean  uncoated  steel. 

Bearing  Research 

A dependable  bearing  to  carry  a radial  load  at  ex- 
treme speeds  and  at  high  ambient  temperatures  is  de- 
sired for  use  as  the  turbine-support  bearing  in  aircraft 
gas  turbines  where  the  gravity  loads  are  usually  under 
1,000  pounds  and  the  DN  (diameter  in  millimeters 
multiplied  by  revolutions  per  minute)  values  are  as 
high  as  1 X 10®.  To  develop  such  a bearing  it  is  neces- 
sary to  know  the  operating  characteristics  and  limita- 
tions of  conventional  rolling-contact  bearings  at  high 
speeds  and  how  these  characteristics  and  limitations 
may  be  improved  and  extended  by  such  means  as  im- 
proved lubrication  methods  and  design  modifications. 
A study  has  been  completed  utilizing  three  types  of 
bearings  to  determine  experimentally  the  operating 
characteristics  of  conventional  cylindrical  roller  bear- 
ings at  high  speeds  at  DN  values  from  0.3X10®  to 
1.65X10®  and  static  radial  loads  from  7 to  1,613 
pounds  with  circulatory  oil  feed  (Technical  Note 
2128).  The  operating  temperatures  of  the  bearings 
were  found  to  differ  most  appreciably  in  the  low-load 
high-speed  range  where  the  roller-riding  cage-type 
bearing  exhibited  significantly  lower  operating  tem- 
peratures than  the  one-  and  two-piece  inner-race-rid- 
ing cage-type  bearings.  However,  the  operation  of 
the  roller-riding  bearings  was  considerably  rougher 
than  that  of  the  inner-race-riding  bearings  and  they 
showed  prohibitive  cage  and  roller  wear. 

A continuation  of  the  study  outlined  above  was 
undertaken  to  compare  and  to  evaluate  the  effects  of  oil- 


inlet  location,  jet  angle,  and  jet  velocity  on  outer-  and 
inner-race  bearing  temperatures  for  single-jet  lubrica- 
tion over  a wide  range  of  variables  (Technical  Note 
2216).  The  effect  of  oil  flows  of  0.6  to  12.9  pounds  per 
minute  and  oil  inlet  velocities  of  13  to  200  feet  per 
second  were  studied  utilizing  a one-piece  inner-race- 
riding  brass  cage  bearing  over  a load  range  of  113  to  368 
pounds  and  DN  values  of  0.3  X 10®  to  1.43  X 10®.  For  the 
conditions  studied,  the  inner-  and  outer-race  tempera- 
tures were  found  to  be  at  a minimum  when  the  oil  was 
directed  at  the  cage-locating  surface  perpendicular 
to  the  bearing  face.  A mathematical  correlation 
based  on  heat  transfer  considerations  was  obtained 
such  that  for  a given  operating  condition  a representa- 
tive single  straight  line  resulted  regardless  of  whether 
the  bearing  speed,  oil  flow,  or  jet  diameter  was  varied. 

COMPRESSOR  AND  TURBINE  RESEARCH 
Compressor  Research 

Both  high-speed  and  long-range  aircraft  utilizing 
gas-turbine  power  plants  require  light  compact  com- 
pressors with  large  air-flow  capacities  and  high  pres- 
sure ratios  and  efficiencies.  Compressor  research,  there- 
fore, is  being  directed  toward  solving  aerodynamic 
problems  of  compressing  air  efficiently  in  a compressor 
of  minimum  frontal  area,  minimum  length,  and  mini- 
mum complexity,  so  that  the  unit  will  be  mechanically 
sturdy  and  easily  manufactured.  A reliable  engine 
having  comparatively  low  initial  cost  can  thus  be  ob- 
tained. Compressor  research  consists  of  theoretical 
work  on  compressor  aerodynamics,  guide  vane  studies, 
cascade  investigations,  and  single-stage  and  multistage 
compressor  investigations. 

The  theoretical  approach  to  the  aerodynamics  of  com- 
pressors has  been  concentrated  on  obtaining  a working 
knowledge  of  the  flow  phenomena  associated  with  the 
compressor  and  its  operating  conditions.  As  an  ap- 
proach to  the  solution  of  the  three-dimensional  flow 
through  compressors,  a general  through-flow  theory 
corresponding  to  axially  symmetric  flow  has  been  de- 
veloped (Technical  Note  2302) . The  theory  is  applica- 
ble to  both  direct  and  irwerse  problems  and  is  derived 
primarily  for  use  in  machines  having  thin  blades  of 
high  solidity. 

In  order  to  approximate  the  circumferential  varia- 
tion of  the  flow  conditions,  which  is  neglected  in  the 
through-flow  solution,  several  different  approaches  have 
been  used.  When  the  radial  component  of  flow  is 
negligible,  the  flow  follows  along  cylindrical  surfaces 
and  may  be  analyzed  in  terms  of  the  equivalent  two- 
dimensional  cascade.  The  method  developed  for  de- 
signing cascade  blades  (Technical  Note  2281)  with  pre- 
scribed velocity  distribution  for  subsonic  compressi- 
ble flow  based  on  a linear  pressure-volume  relation  has 
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been  extended,  and  expressions  for  estimating  the  ac- 
curacy of  solutions  have  been  developed. 

For  cases  where  the  radial  component  of  velocity 
is  not  negligible,  a better  approximation  to  the  actual 
flow  is  obtained  by  assuming  the  flow  to  take  place  along 
the  surfaces  of  revolution,  as  obtained  from  the  axially 
symmetric  solution,  and  then  determining  the  flow 
between  the  blades  along  these  surfaces  of  revolution. 
Both  the  direct  and  inverse  problem  for  subsonic  flow 
have  been  analyzed  (Technical  Note  2407). 

A rapid  but  approximate  blade-element-design 
method  (Technical  Note  2408)  for  compressible  or  in- 
compressible nonviscous  flow  in . high-solidity  stators 
or  rotors  of  axial-,  radial-,  or  mixed-flow  compressoi's 
has  been  developed.  The  method  is  based  on  channel- 
type  flow  between  blade  elements  on  a specified  surface 
of  revolution  that  lies  between  the  hub  and  shroud  and 
is  concentric  with  the  axis  of  the  compressor.  The 
blade  element  is  designed  for  prescribed  velocities  along 
the  blade-element  profile. 

The  characteristic  equations  for  the  axially  symmetric 
flow  in  supersonic  impellers  have  been  developed  and 
used  to  investigate  flows  in  several  configurations  in 
order  to  ascertain  the  effect  of  variations  of  the  bound- 
ary conditions  on  the  internal  flow  and  work  input 
(Technical  Note  2388). 

A theoretical  discussion  of  the  application  of  blade 
boundary-layer  control  to  increase  the  efficiency  and  the 
stage  pressure  ratio  and  to  improve  off-design  perform- 
ance of  turbomachines  is  given  in  Technical  Note  2371. 
Also  presented  is  a method  based  on  potential  flow  of  a 
compressible  fluid  for  designing  suction,  or  ejection 
slotted,  blades  having  a prescribed  velocity  distribu- 
tion along  the  blade  and  in  the  slot. 

The  boundary-layer  profiles  on  the  casing  of  an  axial- 
flow  compressor  were  measured  behind  the  guide  vanes 
and  behind  the  rotor.  Using  these  measurements  and 
three-dimensional  boundary-layer  momentum-integral 
equations  which  Avere  developed  (Technical  Note  2310), 
a qualitative  consideration  of  boundary-layer  behavior 
on  the  walls  of  an  axial-flow  compressor  was  made. 
This  consideration  shows  that  the  important  param- 
eters concerning  the  secondary  flows  in  the  boundary 
layers  are  the  turning  of  the  flow  and  the  product  of 
the  curvature  of  the  streamline  outside  the  boundary 
layer  by  the  boundary-layer  thickness. 

Turbine  Research  . . 

The  problems  associated  with  the  turbine  component 
of  the  turbojet  engine  are  similar  to  those  of  the  com- 
pressor when  good  performance  is  required  for  appli- 
cation to  transonic  and  supersonic  aircraft.  The  prob- 
lems in  obtaining  light,  efficient,  and  dependable  tur- 
bine components  for  driving  compressors  are  in  general 


the  result  of  compromising  the  turbine  aerodynamics 
with  mechanical  considerations  to  obtain  reasonable 
stresses.  The  turbine  research  is  therefore  being  aimed 
at  improving  the  turbine  performance.  Turbine  cool- 
ing is  also  commanding  considerable  attention  as  a 
means  of  improving  the  compromise  between  the  re- 
quirements of  stress  and  aerodynamics.  Turbine  re- 
search consists  of  theoretical  turbine  aerodynamics  in 
Avhich  the  theories  and  tools  developed  for  compressors 
are  readily  applicable,  cascade  investigations,  and 
single-stage  and  multistage  turbine  research. 

In  order  to  facilitate  the  determination  of  the  best 
design  compromises  in  the  design  of  turbines,  a method 
was  developed  for  the  computation  and  graphical  pres- 
entation of  a series  of  possible  turbine  designs  for  any 
specific  application.  Design  charts  are  made  to  aid  in 
the  study  of  the  effects  of  turbine  radius  ratio  and  di- 
ameter on  important  design  parameters  such  as  Mach 
number,  turning  angle,  and  blade  root  stress.  The 
method  for  constructing  these  charts  is  presented  in 
Technical  Note  2402. 

Non-twisted-type  rotor  blades  are  desirable  where 
internal  passages  in  the  blades  are  required  for  tur- 
bine cooling.  An  analytical  evaluation  has  been  made 
of  the  aerodynamic  characteristics  of  turbines  with  non- 
twisted  rotor  blades  by  comparison  with  the  correspond- 
ing characteristics  of  free-vortex  turbines.  The  results 
of  this  investigation,  including  working  charts  for  aid 
in  designing  non- twisted-rotor-blade  turbines,  are  pre- 
sented in  Technical  Note  2365. 

Turbine  Cooling 

The  research  program  for  the  application  of  cooling 
to  gas  turbines  has  two  objectives.  The  first  is  the  elim- 
ination of  critical  metals  from  the  turbine  rotor  of  gas- 
turbine  engines  so  that  alloy  steels  of  higher  strength 
and  lower  critical  material  content  can  be  used  while 
extending  the  useful  life  of  turbine  blades.  The  second 
objective  is  to  provide  the  means  of  operating  gas  tur- 
bines at  higher  gas  temperatures  to  achieve  the  large 
potential  gains  in  thrust  of  the  turbojet  engine,  and  the 
increase  in  power  and  the  lower  specific  fuel  consump- 
tion inherent  in  the  turbine-propeller  engine.  Past 
analyses  and  cascade  investigations  show  that  the  blade- 
temperature  reduction  required  to  permit  substitution 
of  noncritical  metals  can  be  achieved  with  acceptable 
coolant  flow. 

Solutions  for  a system  of  generalized  equations  for 
the  laminar  boundary  layer  with  heat  transfer  have  been 
developed  for  the  determination  of  local  heat-transfer 
coefficients.  Numerical  solutions  have  been  obtained 
for  low  Mach  numbers  over  a wide  range  of  coolant  flow, 
temperature  ratio,  and  pressure  gradient  with  allowance 
for  fluid  property  variations.  Solutions  to  the  equa- 
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tions  for  the  high  Mach  number  range  are  now  being  ef- 
fected through  the  use  of  automatic  computing  ma- 
chines (Technical  Note  2207). 

Analytical  methods  for  computing  one-dimensional 
spanwise  or  chordwise  temperature  distributions  in 
liquid-cooled  turbine  blades  or  in  simplified  shapes  used 
to  approximate  sections  of  liquid-cooled  turbine  blades 
have  been  summarized  (Technical  Note  2321). 

Blade  Vibration  and  Flutter 

An  experimental  spin  rig  was  used  to  determine  the 
effect  of  root  design  on  the  damping  of  loosely  mounted 
blades.  The  conventional  ball-and-dovetail  roots  were 
shown  to  have  the  same  characteristics  in  that  tighten- 
ing occurred  at  relatively  low  values  of  centrifugal 
force,  thus  eliminating  the  advantages  of  the  loose  fit. 
The  fir-tree  and  the  hinge  designs,  however,  had  differ- 
ent characteristics,  the  fir-tree  tightening  at  the  rela- 
tively high  centrifugal  loadings  and  the  hinge  root  re- 
maining loose  throughout  the  speed  range  investigated. 

Methods  have  been  developed  for  computing  the  nat- 
ural modes  and  frequencies  of  arbitrarily  shaped 
twisted  cantilever  beams.  Use  has  been  made  of  the 
concept  of  station  functions.  An  analysis  is  being  made 
by  this  method  to  compute  the  natural  modes  and  fre- 
quencies of  a group  of  different  compressor  and  turbine 
blades.  The  computed  values  will  be  compared  with 
experimental  values  in  order  to  evaluate  the  analytical 
method  (Technical  Note  2300). 

ENGINE  PERFORMANCE  AND  OPERATION 
Performance  and  Operating  Characteristics 

The  performance  of  turbojet,  turbopropeller,  and 
ram- jet  engines  has  been  investigated  over  a range  of 
altitudes  and  flight  Mach  numbers.  In  addition  to  ob- 
taining altitude  performance  characteristics,  the  ef- 
fects of  Reynolds  number,  burner  blow-out  limits,  alti- 
tude starting  characteristics,  and  component  perform- 
ance were  studied.  As  a result  of  these  investigations 
basic  design  changes  were  recommended  which  result 
in  improved  power  plant  performance  for  future  en- 
gines. Various  principles  of  thrust  augmentation  have 
been  evaluated  experimentally  under  a variety  of 
engine  operating  conditions. 

An  analysis  was  made  to  obtain  an  expression  for  the 
optimum  jet-pressure  ratio  for  any  turbine-propeller 
engine.  The  results  of  this  analysis,  reported  in  Tech- 
nical Note  2178,  are  presented  in  the  form  of  charts 
from  which  the  jet-pressure  ratio  for  the  division  of 
power  giving  maximum  thrust  may  be  obtained  for  en- 
gines either  with  or  without  intercooling,  reheat,  re- 
generation, or  any  combination  of  these  modifications. 

Analytical  evaluations  of  different  methods  of  power 
extraction  from  an  axial-flow-type  turbojet  engine  have 


been  completed.  These  results  have  been  presented  in 
terms  of  generalized  parameters  that  facilitate  their  ap- 
plication to  different  engines.  The  data  cover  the 
range  of  power  extractions  available  from  the  engines 
on  a range  considered  ample  for  all  auxiliary-power 
requirements.  The  power-extraction  methods  are  com- 
pressor-outlet air  bleed,  shaft-power  extraction,  tur- 
bine-inlet or  tail-pipe  hot-gas  bleed,  and  the  use  of  a 
tail-pipe  heat  exchanger  on  a turbojet  engine  as  an 
auxiliary  power  (or  energy)  source.  The  first  three 
parts  of  this  investigation  are  reported  in  Technical 
Notes  2166,  2202,  and  2304. 

Engine  Controls 

A variety  of  engine  control  loops  have  been  evalu- 
ated experimentally  to  determine  effects  of  interaction 
and  stability  on  engine  operation.  Several  theoretical 
studies  were  conducted  to  determine  optimum  control 
arrangements  for  various  engine  types. 

An  analj^sis  was  made  of  the  effect  of  independent 
variations  in  the  component  efficiency  characteristics, 
flight  conditions,  and  engine  size  on  the  time  constant 
and  the  turbine-inlet-temperature  overshoot  of  a turbo- 
jet engine  with  a centrifugal  compressor  and  a turbine 
with  choked  stator.  The  dynamic  factors  were  calcu- 
lated from  the  thermodynamic  equations  of  engine- 
component  performance.  This  investigation  is  re- 
ported in  Technical  Note  2182, 

The  general  form  of  transfer  functions  for  a turbo- 
jet engine  with  tailpipe  burning  was  developed  and  the 
relations  among  the  variables  in  these  functions  were 
found  from  the  transfer  functions  and  from  engine 
thermodynamics  (Technical  Note  2183).  By  means  of 
these  relations,  the  dynamic  characteristics  of  the  en- 
gine can  be  found  from  steady-state  data  and  one  tran- 
sient relation. 

As  reported  in  Technical  Note  2378,  a rational  an- 
alytic method  for  the  design  of  automatic  control  sys- 
tems was  developed  that  starts  from  certain  arbitrary 
criterions  on  the  transient  behavior  of  the  system  and 
derives  those  physically  realizable  characteristics  of 
the  controllers  that  satisfy  the  original  criterions. 

Accurate  knowledge  of  the  dynamic  response  char- 
acteristics of  turbine-propeller  engines  and  the  factors 
that  affect  these  characteristics  are  of  great  importance 
in  the  design  of  quick-acting,  stable  controls  for  this  type 
engine.  An  investigation  of  the  dynamics  of  a turbine- 
propeller  engine  was  made  at  sea  level  (Technical  Note 
2184)  and  in  the  altitude  wind  tunnel  employing  the 
frequency-response  technique  for  a range  of  altitudes. 

Directing  research  effort  toward  the  improvement 
of  the  turbine-propeller  engine  requires  an  appreciation 
of  the  relative  importance  of  the  various  engine-com- 
ponent characteristics.  An  analysis  is  being  made  to 
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determine  the  influence  of  interdependent  character- 
istics, such  as  component  size,  efficiency,  and  flow  capac- 
ity, on  the  performance  of  the  turbine-propeller  engine. 
Results  are  evaluated  on  an  airplane-performance  basis 
so  as  to  reveal  the  ultimate  effects  of  the  variables  under 
investigation. 

Thrust  Augmentation 

A theoretical  analysis  of  thrust  augmentation  of 
turbine-propeller  engines  is  in  progress.  Methods  of 
augmentation  considered  are  tail-pipe  burning,  com- 
pressor-inlet water  injection,  and  a combination  of 
Avater-injection  and  tail-pipe  burning.  Augmented 
performance  with  tail-pipe  burning  has  been  deter- 
mined for  high  subsonic  and  for  supersonic  speeds. 
Calculations  are  in  progress  on  the  augmented  perform- 
ance with  water  injection  over  a range  of  flight  condi- 
tions from  take-off  to  transonic  flight  at  altitude,  and 
on  the  performance  at  high  speeds  Avith  a combination 
of  Avater  injection  and  tail-pipe  burning. 

An  analysis  is  being  conducted  for  the  prediction  of 
the  jet  flows,  pumping  characteristics,  and  jet  thrust 
obtainable  from  conical  ejectors  in  order  to  determine 
the  rules  for  the  design  of  such  ejectors  for  maximum 
effectiveness.  A one-dimensional  analysis  of  conical- 
air-ejector  performance  was  made  using  an  assumed 
pressure  gradient  along  the  conical  secondary  shroud. 

ENGINE  MATERIALS  RESEARCH 
High  Temperature  Materials 

As  a part  of  the  search  for  materials  having  physical 
properties  suitable  for  use  at.  higher  and  higher  oper- 
ating temperatures,- considerable  effort  is  being  ex- 
pended in  trying  to  improve  the  physical  properties  of 
the  current  materials.  Factors  which  influence  the  high 
temperature  strength  of  alloys  are  melting  practice, 
forging,  or  casting  procedures,  and  the  heat  treatments 
selected.  To  gain  a better  understanding  how  heat 
treatment  affects  the  structures  of  alloys  and  the  result- 
ing physical  properties,  studies  have  been  conducted  of 
the  fundamental  factors  which  control  the  properties 
of  austenitic  alloys  having  exceptionally  high  creep  and 
rupture  strengths  in  the  temperature  range  of  1,200°  F. 
and  1,500°  F.  Such  a study  has  been  completed  on 
Inconel  X (Technical  Note  2385).  Correlations  of  the 
mechanical  properties  with  structural  analyses* were 
made.  It  appeared  from  the  study  that  aging  resulted 
in  some  improvement  in  rupture  strength  in  the  range 
from  100-1,000  hours  rupture  time  at  1,200°  F.  This 
improvement  was  obtained  apparently  through  increas- 
ing the  resistance.  lo  creep  prior  to  fracture.  This  is 
in  contrast  to  results  obtained  with  N-155  wherein  the 
improvement  appeared  to  be  through  the  formation  of 
a grain  boundary  phase. 


As  a part  of  the  study  of  the  conservation  of  strategic 
materials  for  aircraft  engines,  efforts  are  being  di- 
rected toward  the  evaluation  of  substitute  materials  of 
reduced  alloy  content.  Among  the  materials  studied 
for  sheet  applications  is  AISI  310B  (Technical  Note 
2162) . One  of  the  draw-backs  of  this  material  has  been 
loAv  ductility  in  the  temperature  range  from  1,200°  F. 
to  1,400°  F.  The  objective  of  this  research  was  to  de- 
termine whether  service  at  1,700°  F.  to  1,800°  F.  would 
cause  increased  brittleness  at  1,200°  F.  to  1,400°  F. 
with  resultant  cracking  during  heating  and  cooling. 
Stress  rupture  tests  were  made  in  the  1,200°  F.  to  1,400° 
F.  range  with  a few  tests  at  1,700°  F.  and  1,800°  F. 
Among  the  variables  considered  were  heat-to-heat  re- 
producibility, the  relative  effects  of  annealing,  and  hot 
and  cold  working  as  initial  treatments.  It  was  found 
that  the  elongation  at  1,300°  F.  Avas  increased  by  prior 
heating  from  1,700°  F.  to  2,000°  F.  In  addition,  it 
was  determined  that  the  cold-rolled  stock  had  the 
loAvest  ductility. 

Inasmuch  as  several  of  the  important  high-tempera- 
ture alloys  utilize  both  chromium  and  cobalt  and  be- 
cause a number  of  the  physical  properties  of  an  alloy 
are  controlled  by  diffusion  processes  Avithin  the  alloy  in 
the  solid  state,  an  investigation  was  conducted  to  deter- 
mine the  diffusion  coefficients  of  chromium  in  the 
alpha  cobalt-chromium  solid  solutions  (Technical  Note 
2218).  The  method  employed  consisted  of  pressure- 
welding cobalt  \and?r  cobalt-chromium  bars,  annealing 
these  joined  barsrat  constant  temperatures  and  deter- 
mining the  distribution  of  chromium  through  the  diffu- 
sion zones  thus  formed.  It  was  found  that  the  diffusion 
coefficients  at  1,000°  C.,  1,150°  C.,  1,300°  C.,  and  1,360° 
C.  Avere  relatively  constant.  It  was  further  found  that 
chromium  diffusivity  from,  alpha  cobalt-chromium  al- 
loys into  cobalt  is  greater  than  chromium  diffusivity 
from  high-chromium  alpha  alloys  to  loAv-chromium 
alpha  alloys  for  all  concentration  gradients  studied. 

Studies  of  the  properties  of  molybdenum  at  high  tem- 
peratures have  been  continued.  The  effects  of  swaging, 
recrystallization,  and  “test-section”  area  on  the  strength 
properties  of  sintered  wrought  molybdenum  were  deter- 
mined at  temperatures  from  1,800°  F.  to  2,400°  F. 
(Technical  Note  2319) . The  amount  of  swaging  on  the 
specific  bar  sizes  investigated  had  little  effect  on  the 
tensile  strengths,  but  increasing  amounts  of  swaging 
progressively  lowered  the  recrystallization  tempera- 
ture. Increasing  the  test-section  area  of  a specimen  had 
a negligible  effect  on  the  tensile  strength.  Wrought 
molybdenum  had  a 100-hour  stress-rupture  life  of  ap- 
proximately 19,300  ±300  p.  s.  i.  at  1,800°  F. 

Studies  of  ceramic  coatings  for  the  protection  of 
ceramals  and  less  strategic  alloys  from  high  tempera- 
ture oxidation  and  corrosion  have  led  to  the  develop- 
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ment  of  a ceramic  coating  with  a high  chromium  metal 
content.  Evaluations  of  these  coatings  on  a TiC  base 
ceramal  have  demonstrated  the  ability  of  the  coating 
to  protect  against  oxidation  as  well  as  its  ability  to 
withstand  small  elongations  and  severe  thermal  shock 
(Technical  Notes  2329  and  2386).  It  was  found  that  in 
general  the  best  protection  was  obtained  in  oxidation 
tests  at  the  higher  temperatures.  Studies  of  the  effects 
of  firing  time,  firing  temperature,  and  the  number  of 
coatings  applied  indicated  that  there  is  an  optimum  fir- 
ing time  and  firing  temperature.  For  the  coating  stud- 
ied, two  applications  proved  superior  to  one.  . 

Studies  of  the  effectiveness  of  ceramic  coatings  in 
preventing  high  temperature  corrosion  by  lead-bromide 
vapors  indicate  that  the  ceramic  coatings  appeared  to  be 
inert  to  the  PbBrg  and  successfully  inhibited  corro- 
sion of  the  alloys  studied  for  a 6-hour  test  period  (Tech- 
nical Note  2380).  The  alloys  S^816,  HS-21,  Inconel, 
19-9DL,  and  AISI  347  were  tested  {a)  in  an  uncoatecl 
condition,  (6)  in  a preoxidized  condition,  and  {c)  in  a 
coated  condition  when  exposed  to  the  lead-bromide 
fumes  in  an  air  atmosphere  at  1,350°  F.,  1,500°  F.,  and 
1,650°  F. 

As  a part  of  the  general  program  for  the  evalua- 
tion of  ceramals,  investigations  have  been  completed 
of  the  bonding  of  TiC  with  Al,  Be,  Cb,  Au,  Fe,  Pb,  Mg, 
Mn,  Pt,  Ti,  and  Va  (Technical  Note  2187).  The  test 
procedure  consisted  of  placing  powdered  metal  in  a cup- 
shaped depression  formed  in  a hot-pressed  TiC  test  bar, 
inserting  the  specimen  in  a furnace  at  temperatures  up 
to  3,650°  F.  Studies  were  made  of  the  sectioned  speci- 
mens to  determine  what  kind  of  bonding,  if  any,  took 
place.  Of  the  elements  studied,  only  nickel,  cobalt, 
chromium,  and  silicon  bonded  with  titanium  carbide. 
There  was  some  indication  of  a limited  solubility  of 
titanium  carbide  in  nickel  and  cobalt. 

A continuation  of  the  study  outlined  above  was  con- 
ducted, utilizing  zirconium  carbide  and  columbium  to 
determine  the  bonding  mechanism  (Technical  Note 
2198).  The  results  indicated  that  the  mechanism  is 
one  in  which  columbium  atoms  diffuse  into  the  zirco- 
nium-carbide lattice,  displace  zirconium  atoms,  and 
form  zirconium  metal  and  a completely  soluble  colum- 
bium carbide.  This  results  in  a homogenous  solid  solu- 
tion of  the  zirconium-carbide  matrix  and  the  columbium 
carbide.  The  size  and  the  distribution  of  the  metal 
phase  was  controlled  by  sintering  time  and  temperature. 
In  general,  the  specimen  with  a fine  dispersion  of  metal 
had  the  highest  strength. 

Stresses  Research 

The  failure  of  turbine  and  compressor  blades  due  to 
vibrations  has  led  to  an  increased  interest  in  the  de- 


termination of  the  natural  modes  and  frequencies.  As- 
suming a compressor  or  turbine  blade  acts  as  a canti- 
lever beam,  a method  has  been  developed  for  calculat- 
ing the  coupled  modes  (Report  1005).  The  method 
is  based  on  the  concept  of  Station  Functions  and  per- 
mits the  calculation  of  the  modes  and  the  frequencies 
of  nonuniform  cantilever  beams  vibrating  in  torsion, 
bending,  and  coupled  bending-torsion  motion.  Results 
of  the  application  of  this  method  show  that  the  effect 
of  coupling  between  bending  and  torsion  is  to  reduce 
the  first  natural  frequency  to  a value  below  that  which 
it  would  have  if  there  were  no  coupling. 

In  the  design  of  a turbine  rotor  it  is  desirable  to 
know  the  detailed  stress  and  strain  distributions  in  the 
strain-hardening  range  and  the  amount  of  increase  in 
load  that  can  be  sustained  between  the  onset  of  yielding 
and  failure.  A simple  method  of  solving  the  plane- 
stress  problems  with  axial  symmetry,  employing  the 
finite  strain  concept  in  the  strain-hardening  range,  and 
based  on  the  deformation  theory  of  Hencky  and  Nadai, 
has  been  derived  for  the  condition  that  the  directions 
and  ratios  of  the  principal  stresses  remain  constant  dur- 
ing loading  (Technical  Note  2217).  The  results  indi- 
cated that  the  ratios  of  the  principal  stresses  remain 
essentially  constant  during  loading  and,  therefore,  the 
deformation  theory  is  applicable  to  this  type  of  prob- 
lem. In  general,  it  may  be  said  that  the  deformation 
that  can  be  accepted  by  the  member  before  failure  de- 
pends primarily  on  the  maximum  octahedral  shear 
strain  of  the  material, 

In  the  design  of  high-stressed  machine  parts,  a knowl- 
edge of  the  stress  and  strain  concentration  due  to  a hole 
and  also  of  the  distributions  of  stresses  and  strains  in  the 
strain-hardening  range  is  desirable.  As  a continuation 
of  the  work  reported  above,  a linearized  solution  has 
been  obtained  for  the  problem  of  plastic  deformation  of 
a thin  plate  with  a circular  hole  in  the  strain-hardening 
range  (Technical  Note  2301) . This  solution  is  based  on 
the  deformation  theory  of  plasticity  for  finite  strains. 
The  results  indicate  that  the  data  obtained  by  the  line- 
arized method  compare  closely  with  those  obtained 
without  linearization.  In  addition,  it  was  found  that 
the  solution  for  an  ideally  plastic  material  with  the  in- 
finitesimal strain  concept  gives  good  approximate 
values  of  strains  but  not  of  stresses. 

A further  study  of  the  distribution  of  stresses  and 
strains  in  the  strain-hardening  range  has  led  to  a partly 
linearized  solution  of  the  plastic  deformation  of  a rotat- 
ing disk  considering  finite  strains  (Technical  Note 
2367).  The  results  indicate  that  the  variation  of  a pa- 
rameter, which  is  determined  from  the  octahedral  shear 
stress-strain  curve  of  the  material,  can  be  used  as  a gen- 


213637 — 53- 


3 


26 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


eral  criterion  of  the  applicability  of  the  deformation 
theory.  In  addition,  it  appeared  that  the  rotating 
speed  of  a disk  for  a given  maximum  strain  of  the  disk 
can  be  determined  directly  from  the  true  tensile  stress- 
strain  curve  of  the  material. 

A continuation  of  the  investigation  reported  in  Ke- 
port  1005  has  been  completed  to  determine  the  effect  of 
twist  on  vibrations  of  cantilever  beams  (Technical  Note 
2300).  It  is  shown  that  for  a beam  with  a ratio  of 
bending  stiffness  in  the  two  principal  directions  equal 
to  144,  the  effect  of  coupling  due  to  twisting  is  to  raise 
the  value  of  the  first  natural  frequency  by  a very  small 
amount,  to  decrease  steadily  the  second  frequency,  and 
to  lower  the  third  frequency  considerably. 

A significant  question  to  be  considered  in  the  specifi- 
cation of  chemical  composition  and  mechanical  and 
thermal  treatment  of  a rotor  disk  is  the  compromise  be- 
tween ductility  and  tensile  strength.  An  investigation 
was  conducted  to  determine  the  strength-reducing  ef- 
fects of  several  types  of  irregularities,  various  ductili- 
ties, and  an  optimum  compromise  between  ductility  and 
the  tensile  strength  in  the  presence  of  such  defects 
(Technical  Note  2397) . The  strength  of  disks  contain- 
ing irregularities  increased  with  increasing  tensile 
strength  independently  of  ductility  at  ductilities  in  ex- 
cess of  14.9  percent  elongation.  The  best  compromise 
between  ductility  and  tensile  strength  in  material  con- 
taining shrink  porosity  occurred  at  6.8  percent  elong- 
ation. 

The  application  of  X-ray  diffraction  techniques  to 
a study  of  stress  analysis  indicates  that  the  back  reflec- 
tion techniques  will  yield  a reasonable  strain  accuracy 
under  favorable  conditions.  Because  the  conventional 
experimental  methods  reduce  the  precision  in  determin- 
ing interatomic  spacing  and  restrict  the  analysis  to 
those  materials  which  yield  a reasonably  sharp  diffrac- 
tion pattern,  a new  technique  and  camera  have  been  de- 
vised (Technical  Note  2224).  A calibration  of  the 
camera,  using  a gold  powder  standard  having  a reported 
atomic  spacing  of  0.91008A,  yielded  an  accuracy  of 


atomic  spacing  of  approximately  ±4X10'^A.  A com- 
parison of  the  new  technique  with  the  results  obtained 
from  the  conventional  equipment  and  techniques  indi- 
cated that  a more  precise  and  detailed  analysis  of  atomic 
strain  could  be  obtained. 

ROCKET  RESEARCH 

The  major  problems  of  rocket  research  are  to  select 
fuel  and  oxidant  combinations  that  give  large  thrust 
per  unit  weight  flow  and  volume  flow  and  still  have 
properties  that  permit  their  handling  and  use,  to 
prevent  failure  of  the  engine  from  high  temperatures 
attained,  to  achieve  efficient  combustion  in  the  smallest 
possible  unit,  and  to  evaluate  the  optimum  application 
of  rocket  propulsion. 

Rocket  Propellants 

Investigations  of  rocket-propellant  performance  are 
usually  preceded  by  theoretical  analyses  of  the  perform- 
ance of  various  fuel-oxidant  combinations.  These 
analyses  are  used  as  a basis  for  selecting  the  propellants 
worthy  of  experimental  evaluation.  Compilation  of 
the  thermodynamic  functions  to  be  used  in  these  analy- 
ses has  been  continued. 

An  analysis  was  made  to  show  the  relative  importance 
of  specific  impulse  and  propellant  density  on  missile  per- 
formance. The  analysis  compares  propellant  combina- 
tions having  different  specific  impulses  and  densities  by 
determining  the  least  gross  weight  of  a missile  to  accom- 
plish a given  mission. 

Rocket  Combustion 

A basic  study  of  the  hydraulic  characteristics  of  in- 
jection systems  was  started  as  an  aid  in  establishing  the 
relation  between  injector  method  and  combustion  char- 
acteristics. Initial  studies  of  two  impinging  jets  of 
water  revealed  that  the  spray  disintegrates  into  groups 
of  drops  which  for  the  conditions  existing  in  a rocket 
correspond  to  frequencies  observed  in  combustion  fluc- 
tuations. These  results  are  reported  in  Technical  Note 
2349. 
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AIRCRAFT  CONSTRUCTION 


The  NACA  is  continuing  its  efforts  to  enlarge  the 
scope  and  the  amount  of  its  research  on  airframe  con- 
struction problems.  The  need  for  such  an  increase  in 
effort  has  been  previously  pointed  out'  and  the  manner 
in  which  it  is  to  be  accomplished  is  under  study. 

Programs  during  the  past  year  have  included  exten- 
sive laboratory  and  flight  research  and  the  continued 
collection  of  statistical  data  on  gust  loads  encountered 
in  regular  airline  operation.  All  airframe  construction 
problems  have  been  complicated  by  the  increasing  alti- 
tude and  speeds  of  flight  and  these  two  factors  can  be 


found  at  the  root  of  most  new  structural  design  prob- 
lems. 

As  in  the  past,  a considerable  amount  of  the  NACA 
research  on  structural  materials  and  structures  was  per- 
formed under  contract  at  universities  and  other  non- 
profit scientific  organizations. 

In  accordance  with  the  policy  of  holding  technical 
conferences  with  representatives  of  the  military  serv- 
ices and  the  aircraft  industry,  a conference  on  aircraft 
loads  and  structures  was  held  at  the  Langley  Labora- 
tory in  the  spring  of  1951. 
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A description  of  the  Committee's  recent  unclassified 
research  on  airframe  construction  is  given  in  the  follow- 
ing pages  and  is  divided  in  four  sections : .Aircraft 
loads,  structures,  vibration  and  flutter,,  and  aircraft 
structural  materials. 

AIRCRAFT  STRUCTURES 
Stress  Distribution 

Experimental  investigations  have  shown  that  the 
stresses  and  distortions  arising  at  the  wing-fuselage 
juncture  of  swept  wings  are  appreciably  different  from 
those  occurring  in  straight  wings.  Some  theoretical 
work  showing  the  effects  of  sweep-back  on  the  deflec- 
tion of  box  beams  under  bending  and  torsion  loadings 
had  been  published,  but  there  was  a need  for  an  analysis 
giving  the  stresses  at  the  triangular  root  section  of  a 
swept  box  beam.  Accordingly,  a method  presented  in 
Technical  Note  2232  was  developed  for  analyzing  the 
triangular  portion  of  the  box  beam  and  for  establishing 
continuity  between  this  section  and  the  carry- through 
section,  as  well  as  the  outboard  portions  of  the  box 
beam.  The  results  obtained  by  this  method  were  com- 
pared with  previously  published  test  data.  The  agree- 
ment was  found  to  be  fair,  with  the  principal  discrep- 
ancy being  due  to  the  fact  that  the  method  is  based  on 
a very  simple  type  of  idealized  structure  which  prevents 
the  appearance  of  shear  lag  in  the  results.  An  exten- 
sion of  the  basic  approach  was  therefore  made  in  order 
that  it  might  include  the  effects  of  shear  lag. 

Exact  solutions  for  the  stresses  and  deformations  in 
wings  subjected  to  torsion  are  not  easily  obtained.  Ore- 
gon State  College  has  therefore  developed  an  approxi- 
mate method  of  solving  for  the  angle  of  twist,  longi- 
tudinal stresses,  and  shear  stresses  in  torsion  boxes  of 
rectangular,  elliptical  and  airfoil  cross  sections.  The 
results  of  these  theoretical  studies  indicate  trends  for 
consideration  in  design. 

For  proper  design  of  cut-outs  that  occur  in  stiffened- 
shell  structures,  a detailed  knowledge  of  the  redistri- 
bution of  stresses  around  the  cut-outs  is  necessary.  An 
approximate  theory  had  been  developed  for  the  analysis 
of  stresses  in  torsion  boxes  containing  large  cut-outs 
which  is  adequate  for  the  design  of  all  components  of 
such  structures  except  the  cut-out  cover.  This  theory 
was  extended  in  Technical  Note  2290  to  permit  a more 
detailed  calculation  of  the  stresses  in  the  cover.  Nu- 
merical results  were  compared  with  experimental  data 
and  also  with  the  results  of  a solution  made  by  a more 
elaborate  numerical  procedure.  The  agreement  was 
found  to  be  satisfactory  in  all  cases  except  those  with 
very  large  cut-outs  and  flexible  bulkheads. 

For  analysis  of  thin  solid  wings  of  small  aspect  ratio, 
such  as  might  be  used  in  supersonic  airplanes  and  mis- 
siles, beam  theory  is  no  longer  adequate.  Wings  of  this 


type  are  more  nearly  plates  than  beams  and  can  be 
analyzed  by  plate  theory.  However,  solutions  to  the 
partial-differential  equations  of  plate  theory  are  not 
readily  obtained,  especially  for  plates  of  arbitrary  shape 
and  loading.  A method  is  presented  in  Technical  Note 
2369  for  obtaining  ordinary  differential  equations  to  re- 
place the  partial-differential  equations.  This  simpli- 
fied plate  theory  has  been  applied  to  specific  problems 
involving  static  deflection,  vibration,  and  buckling  of 
cantilever  plates. 

One  proposed  method  for  increasing  the  storage  space 
inside  a wdng  is  to  replace  the  ribs  with  a number  of 
vertical  posts  connecting  the  compression  and  tension 
covers  of  the  wing  box  beam.  A theoretical  study  of  an 
idealized  post-box  configuration  had  indicated  that  the 
compression  cover  of  a box  beam  could  be  stabilized  by 
posts  with  an  attendant  weight  saving.  In  order  to 
check  the  validity  of  the  theory  developed,  a beam  was 
tested  and  the  results  reported  in  Technical  Note  2414. 
The  experimental  buckling  load  was  in  good  agreement 
with  theory,  but  appreciable  distortion  of  the  beam 
cross  section  occurred  before  the  buckling  load  was 
reached.  It  was  concluded  that  a proper  combination 
of  posts  and  ribs  may  make  a design  that  would  be 
satisfactory  with  regard  to  both  deformation  and 
strength. 

The  skin  on  the  upper  surface  of  a wing  is  subjected 
to  compression  by  the  bending  of  the  wing,  and  in  most 
cases  the  addition  of  stiffening  elements  to  the  skin  is 
required  to  enable  the  compression  load  to  be  carried. 
Direct-reading  design  charts  have  been  prepared  for 
75S-T6  aluminum  alloy  flat  compression  panels  having 
longitudinal  extruded  Z-section  stiffeners.  These 
charts,  which  are  presented  in  Technical  Note  2436, 
cover  a wide  range  of  propositions  and  make  possible 
the  direct  determination  of  panel  dimensions  required 
to  carry  a given  intensity  of  loading  with  a given  skin 
thickness  and  effective  length  of  panel.  They  also  make 
possible  the  determination  of  the  panel  proportions  hav- 
ing minimum  weight  and  meeting  the  design  conditions. 

A type  of  sandwich  plate  widely  used  in  airplane  con- 
struction consists  of  a corrugated  metal  sheet  riveted 
between  two  metal  face  sheets.  In  order  to  apply  exist- 
ing sandwich-plate  theories  to  the  analysis  of  the  corru- 
gated-core sandwich  plate,  a knowledge  of  certain  elastic 
constants  which  describe  the  distortions  of  the  sandwich 
plate  under  simple  loadings  is  required.  Formulas  for 
evaluating  these  elastic  constants  for  the  corrugated- 
core  type  of  sandwich  have  therefore  been  derived  and 
presented  in  Technical  Note  2289.  Suggestions  have 
also  been  made  as  to  the  method  of  extending  existing 
sandwich-plate  theory  to  make  it  strictly  applicable  to 
the  unsymmetrical  type  of  corrugated-core  sandwich. 
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Pressurized  cabins  of  high-altitude  airplanes  present 
many  stress  analysis  problems  unusual  to  the  aircraft 
field.  These  problems  have  been  reviewed  by  Stanford 
University  and  a report  containing  a summary  of  the 
available  information  on  these  problems  has  been 
prepared. 

The  ultimate  load-carrying  capacity  of  stiffened- 
shell  structures  which  are  subjected  to  combined  loads 
is  a subject  on  which  little  information  is  available.  In 
order  to  investigate  one  phase  of  this  problem,  a series 
of  five  large  stiffened  circular  cylinders  was  tested  to 
failure  under  various  combinations  of  torsion  and  com- 
pression. An  interaction  curve  for  the  strength  of 
stringers  that  fail  by  local  crippling  was  determined, 
and  data  were  obtained  on  stringer  stresses  for  stiffened 
cylinders  under  combined  loads.  The  test  results  and 
a method  for  estimating  stiffener  stresses  are  presented 
in  Technical  Note  2188. 

Stability 

In  1947  Shanley  showed  that  it  was  possible  for  a 
straight  column  in  the  plastic  stress  range  to  start  to 
bend  at  a load  given  by  the  Euler  formula  with  the 
tangent  modulus  of  elasticity  substituted  for  Young’s 
modulus  of  elasticity.  He  also  pointed  out  the  exist- 
ence of  a maximum  column  load  which  was  greater  than 
the  tangent-modulus  load.  In  order  to  determine  the 
amount  by  which  the  maximum  load  could  exceed  the 
tangent-modulus  buckling  load,  a study  of  column  be- 
havior in  the  plastic  stress  range  was  undertaken,  the 
results  of  which  are  reported  in  Technical  Note  2267. 
This  study  confirmed  the  existence  of  the  tangent-modu- 
lus buckling  load,  and  showed  by  a rigorous  load-de- 
flection analysis  the  relation  of  the  maximum  load  to 
the  stress-strain  curve  of  the  material. 

A thin-walled  fuselage  may  buckle  either  by  defor- 
mation of  the  entire  column  (column  buckling)  or  by 
deflection  of  its  component  webs  and  flanges  (local  buck- 
ling). Methods  are  available  for  the  determination 
of  the  buckling  load  for  each  mode  of  failure,  and  it 
is  common  practice  to  assume  that  a column  will  fail 
at  the  lower  of  the  two  loads  in  a mode  corresponding 
to  this  load.  In  reality,  however,  there  is  an  interac- 
tion of  these  two  modes  of  buckling  so  that  the  actual 
buckling  load  is  smaller  than  that  which  is  ordinarily 
used.  An  investigation  has  therefore  been  conducted 
by  Cornell  University  for  the  purpose  of  determining 
the  interaction  effect  between  column  and  local  buck- 
ling. The  results  of  this  study  indicate  that  this  effect 
is  negligible  for  box  sections  and  for  common  sizes  of  I, 
H,  and  channel  sections  but  may  be  significant  for  sec- 
tions possessing  torsional  instability,  such  as  T and 
angle  shapes. 


A method  has  been  developed  by  the  National  Bureau 
of  Standards  for  computing  the  compressive  load  for 
lateral  elastic  instability  of  hat-section  stringers  and 
is  presented  in  Technical  Note  2272.  Applying  the 
method  to  a range  of  shapes  and  lengths  of  hat-section 
stringers  shows  that  such  stringers  are  unlikely  to  fail 
by  lateral  instability. 

The  use  of  swept  wings  and  tail  plan  forms  with  ribs 
placed  parallel  to  the  flight  path  results  in  sheet  panels 
that  are  parallelogram-shaped.  Few  data  exist  on  the 
stability  of  such  panels  under  the  loadings  that  arise 
due  to  wing  and  tail  bending.  Accordingly,  in  Tech- 
nical Note  2392  charts  have  been  prepared  giving 
theoretical  compressive-buckling-stress  coefficients  for 
continuous  flat  sheet  divided  by  nondeflecting  supports 
into  parallelogram-shaped  panels.  Over  a wide  range 
of  panel  aspect  ratio,  such  panels  are  decidedly  more 
stable  than  equivalent  rectangular  panels  of  the  same 
area. 

Thermal  Effects 

The  determination  of  the  structural  effects  of  nonuni- 
form temperature  distributions,  such  as  might  be  pro- 
duced by  aerodynamic  heating,  is  rapidly  becoming  a 
problem  of  interest  to  aircraft  designers  because  non- 
uniform  temperature  distributions  have  important  and 
complex  effects  on  the  stresses  and  distortions  of  the 
structure.  The  calculation  of  the  stresses  due  to  non- 
uniform  temperature  distributions  has  been  treated  by 
several  investigators,  since  the  problem  has  long  been 
of  concern  to  power-plant  designers ; however,  methods 
that  would  be  directly  applicable  to  the  thermoelastic 
analysis  of  aircraft  structures  are  not  yet  available. 
Two  preliminary  studies  have  therefore  been  completed 
on  this  subject.  The  first,  reported  in  Technical  Note 
2240,  considers  the  two  effects  of  temperature  changes 
on  aircraft  structures:  The  introduction  of  thermal 
stresses  and  distortions  as  a result  of  restrained  thermal 
expansion,  and  the  change  in  behavior  of  the  structure 
resulting  from  the  variation  of  elastic  properties  of 
materials  with  temperature.  These  effects  have  been 
illustrated  by  sample  analyses  of  the  stress  and  distor- 
tion distributions  of  simple  box  beams  and  by  calcula- 
tion of  the  stresses  in  a typical  wing  section.  The  ana- 
lytical methods  of  the  first  study  provide  a relatively 
simple  means  of  approximating  the  effects  of  tempera- 
ture changes ; however,  they  often  yield  inaccurate  val- 
ues for  the  secondary  stresses  in  complicated  structures, 
and  in  such  cases  some  numerical  approach  is  desirable. 
The  second  study,  reported  in  Technical  Note  2241,  ex- 
tends a previously  published  numerical  method  of  stress 
analysis  to  include  the  effects  of  a nonuniform  distribu- 
tion of  temperature.  An  illustrative  analysis  using  this 
method  was  made  of  a two-cell  box  beam  under  the 
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combined  action  of  vertical  loads  and  a nonuniform 
temperature  distribution. 

Syracuse  University  has  conducted  an  experimental 
investigation  of  the  temperature  and  stress  gradients 
resulting  from  the  application  of  heat  to  the  skin  of  a 
number  of  skin  and  spar  cap  combinations.  The  75S- 
T6  aluminum  alloy  specimens  with  a range  of  skin 
thicknesses  were  heated  at  various  rates  to  provide  a 
better  understanding  of  heat  flow  through  high-speed 
aircraft  wings. 

Fatigue 

An  investigation  is  being  conducted  on  the  fatigue 
strength  of  full-scale  airplane  structures.  The  re- 
sults, to  date,  indicate  a surprisingly  small  amount  of 
spread  in  the  fatigue  life  even  though  all  the  fatigue 
cracks  do  not  originate  at  the  same  point.  Effective 
stress-concentration  factors  have  been  computed  and 
compared  with  results  from  tests  of  small  laboratory 
specimens.  The  importance  of  fatigue  crack  length  on 
crack  growth  is  pointed  out  in  these  tests.  In  con- 
nection with  this  work  the  structural  damping  of  a 
typical  airplane  wing  has  been  determined.  These 
measurements  were  carried  out  by  the  shock-excitation 
method,  with  the  resultant  frequency  of  vibration  being 
that  of  the  wing  fundamental  bending  frequency.  The 
results  are  in  agreement  with  those  of  other  experi- 
menters who  have  measured  structural  damping  of 
smaller  wing  specimens.  They  indicate  that  the  damp- 
ing increases  with  amplitude  of  vibration. 

AIRCRAFT  LOADS 
Steady  Flight  Loads 

A simplified  lifting-surface  theory  has  been  applied 
to  the  problem  of  evaluating  span  loading  due  to  flap 
deflection  for  arbitrary  wing  planforms  (Technical  Note 
2278).  A procedure  was  developed  from  which  the 
effects  of  flap  deflection  on  span  loading  and  associated 
aerodynamic  characteristics  can  easily  be  computed  for 
any  wing  that  is  symmetrical  about  the  root  chord  and 
that  has  a straight  quarter-chord  line  over  the  wing 
semispan.  The  effects  of  compressibility  and  spanwise 
variation  of  section  lift-curve  slope  are  taken  into  ac- 
count by  the  procedure.  The  load  distribution  and  lift 
due  to  flap  deflection  were  prepared  in  chart  form  for  a 
broad  range  of  wing  planforms  for  the  case  of  straight 
tapered  wings  and  a comparison  between  experimental 
values  of  flap  effectiveness  and  values  obtained  from 
these  charts  show  good  agreement  between  theory  and 
experiment. 


Maneuvering  Loads 

As  airplanes  increase  in  size  and  weight,  experi- 
mental data  must  be  obtained  to  evaluate  current 
maneuvering  tail-load  design  requirements  and  to  assist 
in  extrapolation  to  the  larger  airplanes.  The  need  for 
data  arises  from  the  variations  in  the  response  of  the 
airplane  as  size  increases,  and  also  because  a pilot’s 
mental  attitude  and  his  control  actions  will  vary  ac- 
cording to  the  size  and  type  of  airplane.  In  view  of 
the  gaps  in  existing  data  a joint  project  for  flight  test- 
ing the  Lockheed  Constitution  (design  gross  weight 
184,000  pounds)  was  conducted  by  the  Navy  Depart- 
ment, Bureau  of  Aeronautics,  and  the  NACA. 

These  tests,  reported  in  Technical  Note  2490,  indi- 
cated that  the  analytical  process  of  estimating  the 
maneuvering  tail  loads  for  a large  airplane  need  be 
little  different  from  that  for  small  airplanes.  .The 
flexibility  of  the  tail  had  a minor  effect  on  the  estimated 
tail  load  and  the  resulting  response  of  the  airplane. 
Because  of  the  relatively  slow  response  of  the  airplane, 
the  pilot  was  forced  to  anticipate  the  airplane  response 
in  applying  control  forces;  for  this  reason  the  pilots 
often  unknowingly  obtained  undesirably  high  load  fac- 
tors. The  pilots  were  unaware  of  the  critical  tail  loads 
arising  from  abrupt  restoration  of  the  control  to  neu- 
tral during  a pull-up  or  sideslip.  Pilots  also  expressed 
the  opinion  that  the  rolling  pull-out  maneuver  felt  sim- 
ilar to  maneuvers  required  to  recover  from  disturb- 
ances to  flight  in  rough  air. 

Gust  Loads 

The  dynamic  behavior  of  an  airplane  wing  during 
flight  through  rough  air  was  investigated  by  flight  tests 
on  a twin-engine  transport  airplane.  Results  from 
flights  made  in  clear-air  turbulence  were  compared 
with  results  from  slow  pull-ups  made  in  smooth  air 
used  as  a quasi-static  reference  condition  (Technical 
Note  2424). 

As  an  extension  of  previous  investigations  of  the  ef- 
fect of  sweep  on  gust  loads,  tests  were  made  in  the 
Langley  gust  tunnel  on  a 60®  swept-back-wing  model 
to  determine  the  effect  of  a large  angle  of  sweep  on 
gust  loads.  The  results  indicate  that  a simplified 
method  of  analysis,  using  a slope  of  the  lift  curve  de- 
rived by  the  cosine  law  and  strip  theory  to  estimate  the 
penetration  effect  is  applicable  to  the  prediction  of  gust 
loads  on  wings  swept  as  much  as  60®.  These  results  as 
well  as  a summary  curve  representing  the  results  of 
investigations  with  wing  models  having  from  45® 
sweep-forward  to  60®  sweep-back  are  presented  in  Tech- 
nical Note  2204, 
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An  instrument  to  indicate  atmospheric  turbulence  has 
been  constructed  and  subjected  to  laboratory  and  flight 
tests.  The  design  of  the  instrument  was  based  on  pre- 
vious findings  that  the  rapid  fluctuations  of  the  air 
speed  in  gusty  air  constituted  a measure  of  atmospheric 
turbulence.  The  instrument  consists  essentially  of  a 
vented  air-speed  diaphragm  in  a sealed  case  with  the  lag 
characteristics  of  the  vent  chosen  so  that  the  diaphragm 
responds  to  the  rapid  changes  in  dynamic  pressure  in 
gusty  air  but  remains  insensitive  to  gradual  changes  re- 
sulting from  normal  air-speed  changes.  The  results  of 
flight  and  laboratory  tests  indicate  that  the  principle 
of  design  was  a practicable  one,  but  further  design  re- 
finement would  be  necessary  if  the  instrument  were  to  be 
used  in  routine  airplane  operations. 

The  effect  of  atmospheric  turbulence  on  the  loads  en- 
countered by  aircraft  in  operational  flight  has  been 
studied  for  some  time  by  analyzing  records  secured  with 
the  NACAV-G  (airspeed-acceleration)  recorder.  The 
instrument  originally  employed  was  troublesome  to  ad- 
just and  was  limited  in  frequency  response.  An  im- 
proved recorder  has  been  developed  which  employs  a 
viscous-damj)ed  accelerometer.  Improved  frequency 
response  of  the  accelerometer  has  resulted  and  the  neces- 
sity for  adjusting  damping  in  the  field  has  been  elimi- 
nated. The  motion  of  the  air-speed  element  has  been 
made  approximately  linear  with  air  speed ; in  addition, 
the  element  has  been  temperature-compensated.  The 
new  NAG  A oil-damped  V-G  recorder  and  its  perform- 
ance characteristics  are  described  in  Technical  Note 
2194,  and  the  results  of  tests  which  demonstrate  im- 
provements to  the  older  design  are  presented. 

The  NAG  A VGH  recorder  described  in  Technical 
Note  2265  is  a flight  instrument  designed  to  collect  gust- 
loads data  on  transport  aircraft  with  the  accuracy  re- 
quired for  research  purposes.  Air  speed,  normal  ac- 
celeration, and  altitude  are  recorded  on  photographic 
paper  as  a function  of  time  and  in  the  usual  applications 
100  hours  of  continuous  recording  time  is  possible.  A 
small  acceleration-sensing  unit  used  with  the  recorder 
can  be  mounted  independently  of  the  recorder.  Al- 
though built  principally  for  collecting  statistical  data 
on  gusts  encountered  in  scheduled  airline  operations,  the 
instrument  records  data  in  a manner  which  permits 
many  studies  pertaining  to  airplane  operations  which 
have  air  speed,  normal  acceleration,  and  altitude  as 
parameters. 

Landing  Loads 

With  the  advent  of  thin  wings  for  high-speed  flight, 
the  increased  use  of  external  stores,  and  the  trend  to- 
ward airplanes  of  larger  size,  a knowledge  of  the  be- 
havior of  flexible  wings  during  landing  becomes  in- 
creasingly important.  An  investigation  of  a model 


consisting  of  a hull  in  combination  with  a flexible  wing 
was  made  in  the  Langley  impact  basin,  and  the  data  are 
reported  in  Technical  Note  2343.  These  data  substan- 
tiated a theoretical  method  for  considering  the  effect  of 
structural  flexibility  on  the  applied  hydrodynamic 
force. 

The  development  of  retractable  lifting  surfaces  for 
imparting  favorable  hydrodynamic  behavior  to  stream- 
lined hulls  has  shown  a trend  toward  the  use  of  com- 
paratively flat  surfaces  which  blend  with  the  bottom 
of  a fuselage.  Data  on  the  impact  loads  and  energy 
absorption  of  heavily  loaded  flat  surfaces  when  landed 
at  various  trims  and  flight-path  angles  are  reported  in 
Technical  Note  2330. 

The  validity  of  the  reduced-mass  method  of  repre- 
senting wing-lift  effects  in  free-fall  drop  tests  of  land- 
ing gears  has  been  investigated  and  the  results  are  re- 
ported in  Technical  Note  2400.  The  behavior  of  a small 
landing  gear  in  the  reduced-mass  drop  tests  was  com- 
pared with  results  obtained  in  a drop  test  where  wing 
lift  forces  simulating  airborne  impact  were  mechani- 
cally applied  to  the  test  specimen  during  impact,  and 
with  results  obtained  in  free-fall  drop  tests  with  full 
weight.  Values  of  landing-gear  load  factor  and  ratio 
of  shock-strut  energy  to  impact  energy  obtained  from 
reduced-mass  drop  tests  were  in  fairly  good  agreement 
with  the  results  obtained  from  simulated  airborne  im- 
pacts. The  values  of  impact  period  and  shock-strut 
effectiveness  were  generally  lower  in  the  reduced-mass 
drop  tests  than  in  the  simulated  airborne  impacts,  while 
strut  stroke  and  mass  travel  were  generally  greater  in 
the  reduced-mass  drop  tests  than  in  the  simulated  air- 
borne impacts.  The  free-fall  drop  tests  with  full  weight 
produced  excessive  values  of  load  factor,  impact  period, 
strut  stroke,  mass  travel,  and  impact  energy,  but  values 
of  strut  effectiveness  were  in  fairly  good  agreement 
with  those  obtained  in  the  simulated  airborne  impacts. 

VIBRATION  AND  FLUTTER 

Increased  effort  is  being  expended  upon  flutter  studies 
for  transonic  and  supersonic  speeds.  Unusual  configu- 
rations are  also  being  investigated  in  order  to  keep 
pace  with  design  trends  for  these  speeds. 

Unsteady  Lift  Theories 

Galculations  have  been  made  of  the  forces  on  aero- 
dynamic bodies  in  unsteady  motion  based  upon  the 
classical  equations  governing  acoustic  disturbances. 
These  calculations  have  been  greatly  expedited  by  ap- 
plying techniques  which  were  developed  in  recent  in- 
vestigations of  steady  state  supersonic  theory.  The 
build-up  of  lift  and  pitching  moments  on  slender,  tri- 
angular wings  and  wing  sections  undergoing  sinking 
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and  pitching  motions  were  calculated  for  subsonic, 
sonic,  and  supersonic  speeds.  These  results  have  been 
reported  in  Technical  Notes  2256,  2387,  and  2403. 
These  transient  responses  provide  the  necessary  in- 
formation for  the  prediction  of  responses  to  oscillatory 
motions  of  arbitrary  frequency  and  are  therefore  appli- 
cable to  problems  in  airplane  dynamics  and  flutter  cal- 
culations. 

Iterative  Solution  of  Flutter 

Existing  methods  of  flutter  analysis  include  the  rep- 
resentative-section method,  generalized  coordinate 
methods,  matrix  methods,  and  operational  methods. 
Wielandt  has  suggested  an  iterative  transformation 
procedure  which  is  well  suited  to  the  flutter  problem 
and  similar  characteristic-value  problems.  Because 
both  the  original  and  the  translated  work  of  Wielandt 
are  diflScult  to  follow,  an  explanation  of  the  iterative- 
transformation  procedure  is  given  in  Technical  Note 
2346  and  the  application  of  the  procedure  to  ordinary 
natural  vibration  problems  and  to  flexure-torsion  flutter 
problems  is  shown  in  numerical  examples.  It  appears 
from  this  work  that  the  method  is  of  practical  useful- 
ness. Comparisons  of  computed  results  with  experi- 
mental results  and  with  results  obtained  with  other 
methods  of  analysis  have  also  been  made. 

Effect  of  Coupling  Between  Modes 

In  an  analysis  of  flutter  involving  coupled  vibrations, 
questions  arise  concerning  the  accuracy  of  using  un- 
coupled modes  or  coupled  modes,  as  the  latter  greatly 
complicate  the  analysis.  An  analysis  of  the  Raleigh 
type  based  on  coupled  modal  functions,  was  made  for 
a wing  with  simulated  engines,  or  tip  tanks,  represent- 
ing a wing  with  high  mass  coupling.  The  wing  con- 
sidered was  uniform,  unswept,  and  high  aspect  ratio, 
and  was  mounted  as  a cantilever.  The  results  of  this 
analysis  were  compared  with  those  of  an  analysis  based 
on  uncoupled  modes  as  well  as  with  experimental  re- 
sults. For  the  configurations  studied,  agreement  with 
experimental  data  was  obtained  for  both  methods  of 
analysis;  therefore,  the  more  complicated  coupled-mode 
analysis  may  be  unnecessary  (Technical  Note  2375). 

Single  Degree  of  Freedom  Flutter 

Beside  the  usual  types  of  flutter  involving  coupled 
modes,  the  theoretical  existence  of  a single-degree-of- 
freedom  flutter  has  been  indicated  and  is  of  interest  in 
dynamic  stability.  Therefore  it  was  deemed  advisable 
to  study  the  effects  of  some  parameters  affecting  this 
single-degree-of -freedom  oscillation.  One  such  analyti- 
cal study  concerned  the  effect  of  Mach  number  and 
structural  damping  on  single-degree-of-freedom  pitch- 
ing oscillations  of  a wing.  Some  experimental  results 


were  compared  with  theory  and  good  agreement  was 
found  for  certain  ranges  of  an  inertia  parameter  (Tech- 
nical Note  2396). 

Sound 

Propeller  noise  has  been  a problem  even  at  subsonic 
tip  speeds ; hence  the  proposed  use  of  propellers  operat- 
ing at  supersonic  tip  speeds  has  caused  some  concern 
because  of  the  severity  of  the  associated  noise  problem. 
Very  little  information  is  available  which  would  allow 
a prediction  of  noise  levels.  Therefore  sound  measure- 
ments have  been  made  for  a two-blade  propeller  with  a 
tip  Mach  number  of  1.30.  Sound  spectrums  were  ob- 
tained at  both  subsonic  and  supersonic  tip  speeds,  and 
the  measured  data  were  compared  with  calculations  by 
the  Gutin  theory. 

AIRCRAFT  STRUCTURAL  MATERIALS 
Fatigue  of  Metals 

The  project  on  fatigue  at  Battelle  Memorial  Institute 
mentioned  in  previous  annual  reports  has  continued, 
and  significant  progress  has  been  made  in  fulfilling  the 
purpose  of  the  program,  w^hich  is  to  provide  informa- 
tion sufficiently  comprehensive  to  permit  its  application 
to  design  and  to  the  estimation  of  fatigue  damage.  The 
materials  being  investigated  in  this  program  are 
24S-T3  and  75S-T6  aluminum  alloys  and  SAE  4130 
steel.  Results  previously  reported  on  unnotched  speci- 
mens are  contained  in  Technical  Note  2324.  Fatigue 
data  on  notched  specimens  over  a range  of  stress  con- 
centration factors  of  1.5  to  5.0  are  the  subject  of  several 
other  reports.  Those  on  stress  concentration  factors  of 
2.0  and  4.0  are  in  Technical  Note  2389,  and  those  on 
stress  concentration  factors  of  5.0  are  given  in  Technical 
Note  2390.  Data  have  also  been  obtained  on  specimens 
having  a stress  concentration  factor  of  1.5.  This  range 
of  stress  concentrations  is  considered  to  be  that  of  most 
importance  in  aircraft  from  the  fatigue  viewpoint. 

In  the  investigation  of  the  statistical  nature  of  fa- 
tigue at  Carnegie  Institute  of  Technology  during  the 
past  year,  the  statistics  of  the  fatigue  fracture  curves 
and  endurance  limits  were  determined  for  SAE  1050 
steel,  annealed  Armco  iron,  and  SAE  4340  steel  in  the 
quenched  and  tempered  and  quenched  and  spheroidized 
conditions.  The  effects  of  metallurgical  factors  such  as 
composition,  heat  treatment,  and  cleanliness  on  fatigue 
behavior  were  shoAvn  by  a statistical  analysis  of  the 
experimental  results.  From  this  work  it  has  been  con- 
cluded that  inclusions  play  the  dominant  role  in  the 
fatiorue  behavior  of  these  materials.  In  addition,  some 
other  aspects  of  the  fatigue  problem  were  studied, 
among  which  were  the  dependence  of  statistical  varia- 
tions in  fatigue  life  on  stress  level  in  the  fracture  range. 
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the  statistics  of  the  location  of  crack  initiation,  size 
effect,  and  understressing  effects. 

Axial  fatigue  tests  were  conducted  at  the  National 
Bureau  of  Standards  on  flat  sheet  specimens  of  bare  and 
alclad  24S-T3  aluminum  alloy  to  determine  the  effect 
of  frequency  of  loading  on  the  fatigue  strengths  of  these 
materials.  The  results  of  this  investigation  are  con- 
tained in  Technical  Note  2231  and  show  that  the  fatigue 
strengths  of  the  materials  were  slightly  less  when  tested 
at  12  cycles  per  minute  than  when  tested  at  1,000  cycles 
per  minute. 

Another  aspect  of  the  fatigue  problem  was  investi- 
gated at  the  Pennsylvania  State  College.  The  purpose 
of  this  project  was  to  determine  the  influence  of  biaxial 
tensile  stresses  on  the  fatigue  strength  of  14S-T4  alumi- 
num alloy  when  subjected  to  various  ratios  of  biaxial 
stresses.  These  biaxial  fatigue  stresses  were  produced 
by  applying  simultaneously  a pulsating  internal  pres- 
sure and  fluctuating  axial  tensile  load  to  a thin-walled 
tubular  specimen.  Fatigue  strengths  and  S-N  dia- 
grams were  obtained  up  to  about  10,000,000  cycles  for 
four  principal  stress  ratios.  The  test  results  do  not 
agree  with  any  particular  theory  of  failure  but  are  suf- 
ficiently close  to  the  maximum  stress  theory  to  permit 
its  use  in  design. 

Plasticity 

In  the  1950  annual  report  reference  was  made  to  an 
investigation  at  the  Pennsylvania  State  College  on  the 
plastic  biaxial  stress-strain  relations.  The  results  of 
biaxial  tensile  stress  tests  on  75S-T6  material  are  pub- 
lished in  Technical  Note  2425,  and  the  results  of  similar 
tests  on  14S-T4  aluminum  alloy  were  obtained  during 
the  past  year.  The  main  purpose  of  this  investigation 
Avas  to  determine  the  validity  of  the  plasticity  theories 
and  the  correctness  of  the  various  assumptions  made  in 
these  theories.  To  accomplish  this  purpose  and  to  sup- 
plement the  biaxial  tensile  test  results  the  investigation 
was  extended  to  include  tests  in  which  specimens  were 
subjected  to  biaxial  tension  and  compression.  In  these 
tests  both  constant  and  variable  stress  ratios  were  used. 
Although  the  data  obtained  do  not  agree  with  any  of 
the  current  plasticity  theories,  it  was  found  that  the 
biaxial  yield  strength  conforms  most  closely  with  the 
distortion  energy  theory. 

For  mathematical  simplicity  most  plasticity  theories 
assume  solids  to  be  isotropic  and  plastically  incom- 
pressible. These  assumptions  fix  the  value  of  Poisson’s 
ratio  in  the  plastic  range  at  0.5.  Physical  considera- 
tions, however,  make  it  apparent  that  the  transition 
from  the  elastic  to  the  plastic  value  of  Poisson’s  ratio  is 
gradual.  An  investigation  of  the  variation  in  Poisson’s 
ratio  in  the  yield  region  of  the  stress-strain  curve  was 
completed  by  New  York  University  during  the  past 


year.  It  is  in  this  region  that  the  transition  from  the 
elastic  to  the  plastic  value  is  most  pronounced.  This 
transition  was  studied  experimentally  by  a systematic 
system  of  tests  on  14S-T6,  24S-T4,  and  75S-T6  alumi- 
num alloys  under  simple  tensile  and  compressive  stresses 
along  three  orthogonal  axes.  The  data  obtained  on 
Poisson’s  ratio  in  the  yield  region  as  well  as  values  of  the 
plastic  dilatation  for  strain  deviations  up  to  0.6  percent 
are  given  in  Technical  Note  2561. 

Creep 

In  the  design  of  structures  required  to  operate  at  ele- 
vated temperatures,  knowledge  of  the  characteristics  of 
materials  at  these  temperatures  is  essential.  One  of  the 
phenomena  associated  with  elevated  temperatures  is 
that  of  creep,  the  time-dependent  distortion  of  metals 
under  stress.  It  is  felt  that  a better  understanding  of 
creep  phenomena  will  alloAV  the  more  efficient  use  of 
materials  in  design.  The  experimental  data  available, 
however,  are  in  general  not  sufficiently  detailed  nor  do 
they  coA^er  a Avide  enough  range  in  conditions  to  be  effec- 
tive for  use  in  design,  and  although  several  theories  have 
been  advanced  to  account  for  creep  behavior,  these 
theories  are  not  complete  enough  to  be  of  much  help.  A 
study  of  the  fundamental  mechanism  of  the  creep  of 
metals  has  been  initiated,  therefore,  at  the  Battelle  Me- 
morial Institute.  Before  proceeding  Avith  the  experi- 
mental work,  Battelle  conducted  a survey  of  the  exist- 
ing knoAvledge  in  the  field.  This  survey,  released  as 
Technical  Note  2516,  treats  the  creep  of  both  single- 
crystal and  polycrystalline  metals.  The  modes  of  de- 
formation in  short-time,  low-temperature  tests  are  con- 
sidered, as  well  as  the  various  theories  which  purport  to 
explain  the  behavior  of  metals  during  creep.  Battelle 
is  now  obtaining  experimental  data  on  the  creep  of  2S. 
aluminum  alloy  over  a wide  temperature  range  and 
comparing  these  data  with  available  theories.  Should 
the  data  conform  with  none  of  these,  efforts  will  be  made 
to  develop  an  appropriate  theory  to  try  to  account  for 
all  the  obserA^ed  phenomena. 

Stress  Corrosion 

The  Armour  Kesearch  Foundation  in  its  investiga- 
tion of  stress  corrosion  has  developed  equipment  which 
will  permit  observation  and  recording  of  the  relative 
potentials  of  various  regions  near  the  surface  of  a me- 
tallic specimen  during  corrosion.  By  means  of  this 
equipment  it  is  possible  to  locate  the  anodic  and  cathodic 
areas  on  a corroding  surface  and  identify  such  areas 
with  the  corresponding  metallurgical  feature.  Tech- 
nical Note  2523  presents  a description  of  this  equip- 
ment and  describes  the  techniques  developed  for  the 
interpretation  of  the  data  obtained.  The  equipment 
is  now  being  used  to  investigate  the  stress  corrosion 
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mechanism  of  a high-purity  binary  alloy,  aluminum — 
4-percent  copper. 

Corrosion 

The  investigation  of  the  corrosive  properties  of 
metals  jointly  sponsored  by  the  NACA,  Bureau  of  Areo- 
nautics,  and  the  Air  Materiel  Command  has  continued 
at  the  National  Bureau  of  Standards.  The  purpose  of 
this  investigation  is  to  determine  the  rate  of  corrosion 
of  materials  used  in  aircraft  when  exposed  to  marine 
atmosphere  and  tidewater.  During  the  past  year  data 
were  obtained  from  exposure  tests  on  galvanized  steel 
stitched-aluminum  alloys.  These  are  reported  in  Tech- 
nical Note  2299.  The  effect  of  hot  dimpling  on  the 
corrosion  of  aluminum  alloys  75S-T6  and  alclad 
75S-T6  was  evaluated  and  results  were  also  obtained 
’from  corrosion  tests  of  magnesium  alloy  ZK60. 

Hydrogen  Embrittlement 

A fundamental  study  was  conducted  at  the  Battelle 
Memorial  Institute  on  the  mechanism  by  which  hydro- 
gen enters  metals,  particularly  aircraft  steels,  causing 
hydrogen  embrittlement  during  chemical  or  electro- 
chemical action.  Several  known  methods  of  controlling 
the  inlet  and  exit  of  hydrogen  in  steel  were  correlated 
with  the  known  chemical  behavior  of  atomic  and  molec- 
ular hydrogen.  By  means  of  this  correlation  it  was 
found  possible  to  select  suitable  reagents  which  sig- 
nificantly decreased  hydrogen  permeability  and  em- 
brittlement of  steel  during  cathodic  pickling  operations 
in  dilute  sulfuric  acid.  The  same  data  show  that  the 
diffusion  of  hydrogen  in  steel  and  the  freedom  of  exit 
of  hydrogen  are  important  in  determining  the  extent 
of  embrittlement  and  also  that  these  phenomena  are 
chemical  in  nature  rather  than  mechanical. 

Adhesives 

In  the  manufacture  of  aircraft  the  bonding  of  sand- 
wich panels,  consisting  of  aluminum  alloys  bonded  to 
various  core  materials,  and  the  bonding  of  aluminum 
to  itself  by  means  of  adhesives  offers  several  important 
advantages  over  other  methods  of  fastening,  and  there 
is  considerable  interest  at  the  present  time  in  such  proc- 
esses. There  is  a need,  however,  for  an  adhesive  ade- 
quate for  use  at  elevated  temperatures.  This  led  to  the 
investigation  at  Forest  Products  Laboratoiy  on  the  ef- 
fects of  temperature  on  the  bond  strength  of  joints  fab- 
ricated with  adhesives.  The  evaluation  of  the  perform- 
ance of  commercially  available  metal  bonding  adhesives 
in  the  temperature  range  of  — 70°  to'  600°  F.  has  been 
completed.  The  evaluation  of  the  relative  merits  of  the 
materials  is  based  upon  the  data  obtained  from  tensile 


tests  of  joints  both  when  tested  immediately  upon 
reaching  the  test  temperature  and  after  several  days’ 
exposure  at  the  test  temperature. 

Plastics 

The  investigation  of  the  loss  of  strength  of  plastic 
glazing  as  a result  of  crazing  has  continued  at  the  Na- 
tional Bureau  of  Standards.  Since  plastic  glazing  is 
used  in  the  windows  and  canopies  of  airplanes,  this 
property  is  of  considerable  interest  to  the  aircraft  in- 
dustry. The  meager  information  on  the  subject  was 
expanded  during  the  past  year  by  two  reports  from  the 
National  Bureau  of  Standards.  In  one  of  these.  Tech- 
nical Note  2444,  the  loss  in  strength  of  several  grades 
of  polymethyl  methacrylate  due  to  stress  solvent  craz- 
ing is  discussed.  In  this  investigation  tensile  speci- 
mens were  artificially  crazed  by  applying  benzene  to 
the  central  portion  of  the  specimen  while  it  was  under 
stress.  Among  the  factors  studied  were  the  sheet-to- 
sheet  variability  of  crazing  specimens  and  the  relative 
effect  of  a few  large  crazing  cracks  compared  with  more 
numerous  finer  cracks.  Applying  benzene  to  the  speci- 
mens caused  a loss  of  strength  of  approximately  30 
percent  in  all  of  the  materials. 

An  investigation  was  completed  at  the  National  Bu- 
reau of  Standards  on  the  strength  of  heat-resistant 
laminates  up  to  375°  C.  The  flexural  properties  of 
samples  of  glass  fabric  laminates  such  as  are  used  in 
radomes  were  determined  for  several  loading  cycles  at 
elevated  temperatures.  The  laminates  tested  were 
bonded  with  various  resins,  • including  unsaturated- 
polyester,  acrylic,  silicone,  phenolic,  and  melamine 
types.  Tests  of  a silicone  resin  laminate  showed  it  to  be 
superior  to  the  other  laminates  in  retention  of  flexural 
properties  at  temperatures  of  250°  C.  or  higher  (Tech- 
nical Note  2266).  At  temperatures  of  300°  to  325°  C. 
this  laminate  retained  at  least  30  percent  of  its  initial 
flexural  strength  and  over  50  percent  of  its  initial 
modulus  of  elasticity. 

Materials  Evaluation 

The  light  weight,  high-strength,  corrosion-resistant, 
and  favorable  elevated-temperature  properties  of  titan- 
ium have  aroused  interest  in  the  possibility  of  using 
this  material  for  aircraft  structural  applications.  In 
order  to  indicate  the  potentialities  of  this  material,  an 
evaluation  of  titanium  including  comparisons  with  sev- 
eral other  aircraft  materials  has  been  made  for  typical 
structural  applications.  The  procedure  developed  for 
this  purpose  provides  a general  method  for  determining 
the  structural  efficiency  of  a material  for  a particular 
structural  application  (Technical  Note  2269). 
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OPERATING  PROBLEMS 


Investigations  have  been  continued  of  the  meteorolog- 
ical conditions  adverse  to  the  performance  and  safety 
of  flight,  means  of  accurately  measuring  air  speed  and 
static  pressure  at  transonic  and  supersonic  speeds,  prin- 
ciples of  design  of  aircraft  systems  for  coping  with 
natural  icing  conditions,  and  methods  of  improving 
aircraft  safety.  Research  on  atmospheric  turbulence, 
aircraft  ditching,  and  air  speed  measurement  have  been 
conducted  by  the  Langley  Aeronautical  Laboratory, 
while  studies  of  natural  icing  conditions,  aircraft  ice- 
protection  systems,  and  aircraft  crash  fires  have  been 
conducted  by  the  Lewis  Flight  Propulsion  Laboratory. 
The  Ames  Aeronautical  Laboratory  has  also  done  lim- 
ited work  in  the  field  of  aircraft  icing.  The  work  of 
the  NACA  laboratories  has  been  supplemented  by  re- 
search conducted  by  several  universities  under  con- 
tract to  the  NACA. 

The  practice  of  holding  technical  conferences  with 
industry  and  military  representatives  was  extended  to 
the  field  of  operating  problems.  A conference  on  some 
problems  of  aircraft  operation  was  held  at  the  Lewis 
Flight  Propulsion  Laboratory  in  the  fall  of  1950.  The 
Committee  on  Operating  Problems  is  responsible  for 
the  guidance  of  the  operating  problems  research  pro- 
gram. It  is  aided  in  specialized  aspects  of  this  pro- 
gram by  its  subcommittees,  the  Subcommittee  on 
Meteorological  Problems,  the  Subcommittee  on  Icing 
Problems,  and  the  Subcommittee  on  Aircraft  Fire 
Prevention. 

AIRCRAFT  OPERATION 

Air  Speed  and  Altitude  Measurement 

A systematic  investigation  of  the  static-pressure 
errors  ahead  of  wings  and  fuselage  noses  of  two  low- 
wing  airplanes  was  conducted  in  flight  (Technical  Note 
2311) . The  variation  of  the  static-pressure  error  with 
position  of  the  static-pressure  tube,  located  at  several 
points  from  0.25  to  2.0  chord  lengths  ahead  of  the  wing 
tip  and  0.5  to  1.5  fuselage  diameters  ahead  of  the  nose, 
was  determined  over  a speed  range  from  the  stall  up 
to  a maximum  of  265  miles  per  hour.  At  low  lift  co- 
efficients, the  error  decreased  with  increasing  lengths 
ahead  of  the  wing  or  fuselage,  with  variation  in  error 
over  the  lift-coefficient  range  being  approximately  the 
same  for  the  1%-diameter  fuselage-nose  installation 
and  the  1-chord  wing-tip  installation. 

For  present-day  high-performance  airplanes  having 
the  capabilities  of  maneuvering  to  high  angles  of  attack 
at  supersonic  speeds,  the  need  has  developed  for  rigid 
air-speed  tubes  which  will  measure  total  and  static 
pressures  correctly  under  these  conditions.  As  a means 
of  determining  the  optimum  design  of  total-pressure 


tubes,  a series  of  wind-tunnel  tests  has  been  conducted 
to  determine  the  effect  of  inclination  of  the  air  stream 
on  various  types  of  total-pressure  tubes  oyer  a wide 
range  of  angle  of  attack  through  the  subsonic  and 
supersonic  speed  ranges.  Preliminary  tests  on  39  tubes 
at  subsonic  speeds  are  reported  in  Technical  Note  2331. 
Subsequent  tests  of  20  of  these  tubes  at  supersonic 
speeds  are  reported  in  Technical  Note  2261.  The  re- 
sults of  the  tests  showed  that  the  tube  which  remained 
insensitive  over  the  greatest  range  of  angle  of  attack, 
both  at  subsonic  and  supersonic  speeds,  was  a shielded 
total-pressure  tube  designed  for  end  mounting  on  a hori- 
zontal boom.  The  range  of  angle  of  attack  over  which 
this  tube  remained  insensitive  (to  within  1 percent  of 
the  impact  pressure)  was  ±41.5°  at  subsonic  speeds  and 
±37°  at  supersonic  speeds.  From  the  results  of  the 
tests  of  the  other  tubes,  the  effects  of  such  design  factors 
as  external  shape,  internal  shape,  and  configuration 
of  total-pressure  entry  were  evaluated,  and  the  effect 
of  Mach,  number  on  the  performance  of  the  various 
tubes  was  determined.  Studies  were  also  conducted  of 
effects  of  position  and  airplane  configuration  on  the 
measurement  of  air  speed  and  Mach  number  in  the 
transonic  speed  range.  The  applicability  of  using 
pressures  on  a cone  as  a measure  of  angle  of  attack  at 
transonic  speeds  was  also  investigated. 

Ditching 

The  investigation  of  the  ditching  characteristics  of 
civil  transport-type  aircraft  was  completed  with  the 
studies  of  the  behavior  of  the  Convair-Liner.  The  rec- 
ommended ditching  procedures  follow  those  for  other 
transport  types,  touchdown  being  made  at  fairly  high 
angle  of  attack  with  flaps  down  and  landing  gear  up. 
The  behavior  depends  upon  the  manner  in  which  the 
flaps  fail,  the  maximum  deceleration  being  somewhat 
greater  if  the  flaps  rotate  to  neutral  rather  than  being 
carried  away. 

AERONAUTICAL  METEOROLOGY 
Prediction  of  Low-Level  Clear- Air  Turbulence 

Preliminary  investigation  of  the  meteorological  vari- 
ables associated  with  turbulence  in  clear  air  within  the 
earth’s  friction  layer  led  to  the  development  of  a simple 
empirical  relation  for  estimating  the  intensity  of  the 
turbulence.  The  correlation  of  the  observed  gust  ex- 
perience of  an  airplane  with  various  combinations  of 
meteorological  variables  showed  that  a simple  product 
form  of  the  intensity  of  solar  radiation  and  the  average 
Avind  shear  layer  beloAv  the  first  discontinuity  in  tem- 
perature lapse  rate  gave  very  good  results  for  condi- 
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tions  similar  to  those  of  the  tests.  This  relation  ac- 
counts for  seasonal  variations  in  turbulence  intensity 
but,  because  of  its  simplicity,  cannot  discriminate  be- 
tween differences  in  turbulence  intensity  resulting  from 
variations  in  flight  altitude  or  diurnal  variations  in 
turbulence.  The  relationship  has  been  established  only 
for  the  limited  conditions  of  terrain  and  meteorological 
situations  during  the  flights  in  the  vicinity  of  Wilming- 
ton, Ohio.  Significant  differences  in  these  conditions 
will  alter  the  relative  importance  of  the  meteorological 
variables  considered. 

Radar  Detection  of  Thunderstorm  Turbulence 

Evaluation  of  the  uses  of  airborne  radar  for  detection 
of  turbulent  areas  in  thunderstorms  was  conducted  by 
the  Navy  with  the  assistance  of  the  Langley  Laboratory 
staff.  The  presentation  of  areas  of  light  rainfall  and 
heavy  rainfall  on  the  radar  PPI  scope  allowed  pre- 
liminary correlation  of  the  gust  experience  of  an  air- 
plane with  the  indicated  rainfall  gradient.  The  limited 
results  so  far  obtained  indicated  that  possibilities  of 
reducing  the  number  and  severity  of  the  gusts  likely 
to  be  encountered  in  a thunderstorm  were  good  if  the 
areas  of  high  rainfall  rate  gradient  were  avoided. 

Surface  Wind  Instruments 

A wind-tunnel  calibration  of  instruments  for  deter- 
mining wind  velocity  and  direction  was  conducted  for 
the  Signal  Corps,  United  States  Army.  A three-cup 
anemometer  was  calibrated  for  measuring  wind  veloci- 
ties up  to  200  miles  per  hour.  Two  pressure-type  com- 
bined wind- velocity  and  wind-direction  indicators  were 
also  tested.  One  with  four  equally  spaced  orifices  on 
the  perimeter  of  a circular  disk  was  tested  up  to  100 
miles  per  hour,  and  another  consisting  of  a pitot-static 
head  mounted  on  a pivoted  weather  vane  was  tested  up 
to  250  miles  per  hour. 

AIRCRAFT  ICING 

Research  is  continuing  at  the  Lewis  Flight  Propul- 
sion Laboratory  and  the  Ames  Aeronautical  Labora- 
tory in  an  effort  to  establish  the  meteorological  condi- 
tions that  make  up  the  icing  cloud  so  that  this  knowl- 
edge may  be  applied  toward  the  efficient  design  of  air- 
craft ice-protection  systems. 

Characteristics  of  the  Icing  Cloud 

The  meteorological  aspects  of  the  icing  cloud  are  be- 
ing studied  extensively  in  flight  and  laboratory  investi- 
gations to  determine  what  values  of  meteorological  fac- 
tors exist  in  the  atmosphere  and  how  these  data  can 
best  be  utilized  to  design  efficient  types  of  ice-protec- 


tion systems  for  the  various  aircraft  components.  Ten- 
tative recommended  values  of  meteorological  factors 
to  be  considered  in  the  design  of  aircraft  ice-protection 
systems  previously  published  (Technical  Note  1855) 
have  been  supplemented  with  data  collected  by  the 
NACA  and  other  agencies  during  the  1948^9  and 
1949-50  winter  seasons  and  have  been  analyzed  to  pre- 
sent a method  for  the  selection  of  design  criteria.  The 
data  are  summarized  to  give  frequency  of  occurrence  of 
icing  conditions  according  to  liquid-water  content  and 
drop  size  and  further  to  indicate  that  statistical  rela- 
tions do  exist  between  liquid-water  content,  mean  ef- 
fective droplet  diameter,  temperature,  and  pressure  alti- 
tudes. A considerable  amount  of  additional  da^  is 
needed  before  a purely  statistical  analysis  can  be  at- 
tempted; however,  this  accomplishment  can  be  made 
possible  only  if  the  efforts  to  design  suitable  meteor- 
ological instruments  are  successful. 

The  Lewis  Laboratory  has  developed  and  reported  on 
a reliable  pressure-type  icing-rate  meter  that  will  auto- 
matically record  icing  rate,  airspeed,  altitude,  and  time 
in  supercooled  clouds.  Evaluation  tests  on  research  and 
commercial  aircraft  indicate  that  the  use  of  this  instru- 
ment to  collect  a large  amount  of  data  for  a statistical 
analysis  is  practical.  The  operation  of  the  instrument 
is  based  on  the  creation  of  a differential  pressure  be- 
tween an  ice-free  total-pressure  system  and  a total- 
pressure  system  in  which  small  total-pressure  holes 
vented  to  static  pressure  are  allowed  to  plug  with  ice 
accretion.  At  a fixed  value  of  ice  accretion,  the  differ- 
ential pressure  operates  an  electrical  heater  that  de-ices 
the  total-pressure  holes.  The  resulting  cyclic  process 
varies  with  the  intensity  of  the  icing  and  serves  as  a 
measure  of  the  icing  rate.  The  simplicity  of  this  oper- 
ating principle  permits  automatic  operation  upon  en- 
countering an  icing  condition  and  relative  freedom  from 
maintenance  and  operating  problems.  The  complete 
unit  weighs  only  18  pounds.  Visual  indications  of  the 
icing  intensity  are  made  available  to  the  pilot  by  pe- 
riodic flashing  of  a light  on  the  instrument  panel. 

Another  instrument  previously  developed  as  a cloud 
detector  has  been  further  investigated  to  provide  a sim- 
ple means  for  measuring  liquid-water  content  in  above- 
and  below-freezing  clouds.  The  instrument  consists  of 
a small  cylindrical  element  so  operated  at  high  surface 
temperatures  that  the  impingement  of  cloud  droplets 
creates  a significant  drop  in  surface  temperature.  Pre- 
liminary calibrations  of  this  instrument  have  indicated 
that  improvements  are  expected  to  make  it  a reliable 
instrument  for  recording  the  imj)ortant  meteorological 
factor  of  liquid-water  content. 

Liquid-water  content,  droplet  size,  and  temperature 
data  measured  in  predominantly  stratiform  clouds  dur- 
ing the  last  two  icing  seasons  have  been  presented  in 
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Technical  Note  2306.  The  average  liquid- water  content 
of  a cloud  layer,  as  measured  by  the  multicylinder  tech- 
nique, seldom  exceeded  two-thirds  of  that  which  could 
be  released  by  adiabatic  lifting.  The  horizontal  and 
vertical  extent  of  icing  conditions  and  the  relation  of 
the  existence  of  supercooled  clouds  to  cyclonic  areas  and 
precipitation  regions  are  indicated. 

The  Lewis  Laboratory  is  continuing  to  make  progress 
toward  understanding  of  the  fundamental  processes  in- 
volved in  the  formation  of  the  icing  cloud  and  in  meth- 
ods for  its  prediction.  Part  of  this  study  has  been  a 
continuation  of  the  investigation  of  spontaneous  freez- 
ing temperatures  of  supercooled  water  droplets  of  the 
size  found  in  the  atmosphere.  A statistical  explanation 
of  the  previously  reported  investigation  of  spontaneous 
freezing  temperatures  of  water  droplets  (Technical 
Note  2142)  has  been  published  in  Technical  Note  2234. 
The  statistical  theory  is  based  on  the  presence  of  an 
assumed  crystallization  nuclei  distribution  suspended 
in  the  water  and  results  indicate  that  small  droplets 
may  be  supercooled  to  lower  temperatures  than  the  large 
droplets.  The  probable  distribution  curves  of  spon- 


taneous freezing  temperatures  for  v/ater  droplets  of 
various  sizes  are  given  and  compared  with  the  experi- 
mental results. 

Propeller  Ice  Protection 

The  Ames  Laboratory  has  completed  analytical  and 
experimental  investigations  of  the  effect  of  ice  forma- 
tion on  propeller  performance  (Technical  Note  2212). 
The  experimental  measurements  were  made  during 
flight  in  natural  icing  conditions,  whereas  the  analysis 
consisted  of  an  investigation  of  changes  in  blade  section 
aerodynamic  characteristics  caused  by  ice  formation 
and  the  resulting  propeller  efficiency  changes.  The  re- 
sults indicated  that  efficiency  losses  can  generally  be 
expected  to  be  less  than  10  percent  with  maximum  losses 
as  high  as  20  percent  to  be  expected  only  rarely.  The 
effects  of  ice  accretion  on  airfoil  section  characteristics 
at  subcritical  speeds,  the  effect  of  kinetic  heating  on  the 
radial  extent  of  ice  formation,  and  the  influence  of  the 
efficiency  loss  on  the  pilot’s  adjustment  of  engine  and 
propeller  controls  are  also  discussed. 
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Inch  Hypersonic  Tunnel.  By  Charles  H.  McLellan, 
Thomas  W.  Williams,  and  Mitchel  H.  Bertram. 
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2172.  Low-Speed  Investigation  of  the  Stalling  of  a Thin,  Faired, 

Double-Wedge  Airfoil  with  Nose  Flap.  By  Lreonar'd  M. 
Rose  and  John  M.  Altman. 

2173.  Density  Fields  around  a Sphere  at  Mach  Numbers  1.30 

and  1.62.  By  Paul  B.  Gooderum  and  George  P.  Wood. 

2174.  Comparison  of  the  Experimental  Pressure  Distribution 

on  an  NACA  0012  Profile  at  High  Speeds  with  that 
Calculated  by  the  Relaxation  Method.  By  James  L. 
Amick. 

2175.  Effect  of  an  Unswept  Wing  on  the  Contribution  of  Un- 

swept-Tail  Configurations  to  the  Low-Speed  Static- 
and  Rolling-Stability  Derivatives  of  a Midwing  Air- 
plane Model.  By  William  Letko  and  Donald  R.  Riley. 

2176.  An  Analysis  of  the  Normal  Accelerations  and  Airspeeds 

of  a Four-Engine  Airplane  Type  in  Postwar  Commer- 
cial Transport  Operations  on  Trans-Pacific  and  Carib- 
bean-South American  Routes.  By  Thomas  L,  Coleman 
and  Paul  W.  J.  Schumacher. 

2177.  Low-Speed  Characteristics  of  Four  Cambered,  10-Percent- 

Thick  NACA  Airfoil  Sections.  By  George  B.  McCul- 
lough and  William  M.  Haire. 

2178.  Method  for  Determining  Optimum  Division  of  Power  be- 

tween Jet  and  Propeller  for  Maximum  Thrust  Power  of 
a Turbine-Propeller  Engine.  By  Arthur  M.  Trout  and 
Eldon  W.  Hall. 

2179.  Turning-Angle  Design  Rules  for  Constant  Thickness  Cir- 

cular-Arc Inlet  Guide  Vanes  in  Axial  Annular  Flow\ 
By  Seymour  Lieblein.  , 

2180.  Effectiveness  of  Molybdenum  Disulfide  as  a Fretting-Cor- 

rosion  Inhibitor.  By  Douglas  Godfrey  and  Edmond  E. 
Bisson. 

2181.  The  Aerodynamic  Forces  and  Moments  on  a 1/10-Scale 

Model  of  a Fighter  Airplane  in  Spinning  Attitudes  as 
Measured  on  a Rotary  Balance  in  the  Langley  20-Foot 
Free-Spinning  Tunnel.  By  Ralph  W.  Stone,  Jr.,  Sanger 
M.  Burk,  Jr.,  and  William  Bihrle,  Jr. 

2182.  Analysis  of  Effect  of  Variations  in  Primary  Variables  on 

Time  Constant  and  Turbine-Inlet-Temperature  Over- 
shoot of  Turbojet  Engine.  By  Marcus  F.  Heidmann. 

2183.  Analysis  for  Control  Application  of  Dynamic  Character- 

istics of  Turbojet  Engine  with  Tail-Pipe  Burning.  By 
Melvin  S.  Feder  and  Richard  Hood. 

2184.  Investigation  of  Frequency-Response  Characteristics  of 

Engine  Speed  for  a Typical  Turbine-Propeller  Engine. 
By  Burt  L,  Taylor  III,  and  Frank  L.  Oppenheimer. 

2185.  Analytical  Determination  of  Coupled  Bending-Torsion  Vi- 

brations of  Cantilever  Beams  by  Means  of  Station 
Functions,  By  Alexander  Mendelson  and  Selwyn 
Gendler. 

2186.  Method  for  Determining  Pressure  Drop  of  Air  Flowing 

through  Constant-Area  Passages  for  Arbitrary  Heat- 
Input  Distributions.  By  Benjamin  Pinkel,  Robert  N. 
Noyes,  and  Michael  F.  Valerino. 

2187.  Bonding  Investigations  of  Titanium  Carbide  with  Various 

Elements.  By  Walter  J.  Engel. 

2188.  Experimental  Investigation  of  Stiffened  Circular  Cylinders 

Subjected  to  Combined  Torsion  and  Compression.  By 
James  P.  Peterson. 

2189.  The  Development  and  Performance  of  Two  Small  Tunnels 

Capable  of  Intermittent  Operation  at  Mach  Numbers 
between  0.4  and  4.0.  By  Walter  F.  Lindsey  and  William 
L.  Chew. 

2190.  The  Use  of  an  Uncalibrated  Cone  for  Determination  of 

Flow  Angles  and  Mach  Numbers  at  Supersonic  Speeds. 
By  Morton  Cooper  and  Robert  A.  Webster. 


No. 

2191.  Theoretical  Investigation  and  Application  of  Transonic 

Similarity  Law  for  Two-Dimensional  Flow.  By  W. 
Perl  and  Milton  M.  Klein. 

2192.  A Survey  of  the  Plow  at  the  Plane  of  the  Propeller  of  a 

Twin-Engine  Airplane.  By  John  C.  Roberts  and  Paul 
F.  Yaggy. 

2193.  Effect  of  Heat-Capacity  Lag  on  a Variety  of  Turbine- 

Nozzle  Flow  Processes.  By  Robert  B.  Spooner. 

2194.  The  NACA  Oil-Damped  V-G  Recorder.  By  Israel  Taback. 

2195.  A Plight  Investigation  and  Analysis  of  the  Lateral-Oscil- 

lation Characteristics  of  an  Airplane.  By  Carl  J. 
Stough  and  William  M.  Kauffman. 

2196.  Effect  of  Heat-Capacity  Lag  on  the  Flow  through  Oblique 

Shock  Waves.  By  H.  Reese  Ivey  and  Charles  W.  Cline. 

2197.  Pressure  Distribution  and  Damping  in  Steady  Pitch  at 

Supersonic  Mach  Numbers  of  Flat  Swept-Back  Wings 
Having  All  Edges  Subsonic.  By  Harold  J.  Walker  and 
Mary  B.  Ballantyne. 

2198.  Sintering  Mechanism  between  Zirconium  Carbide  and 

Columbium.  By  H.  J.  Hamjian  and  W.  G.  Lidman. 

2199.  Wind-Tunnel  Investigation  at  Low  Speed  of  the  Lateral 

Control  Characteristics  of  an  Unswept  Un tapered  Semi- 
span Wing  of  Aspect  Ratio  3.13  Equipped  with  Vari- 
ous 25-Percent-Chord  Plain  Ailerons.  By  Harold  S. 
jolinson  .and  John  R.  Hager  man. 

2200.  A Study  of  Second-Order  Supersonic-Flow  Theory,  By 

Milton  D.  Van  Dyke. 

2201.  Measurement  of  the  Moments  of  Inertia  of  an  Airplane 

Jby  a Simplified  Method,  By  Howard  L.  Turner. 

2202.  Effect  of  Heat  and  Power  Extraction  on  Turbojet-Engine 

Performance.  Ill — Analytical  Determination  of  Ef- 
fects of  Shaft-Powder  Extraction.  By  Stanley  L.  Koutz, 
Reece  V.  Hensley,  and  Frank  E.  Rom. 

2203.  Boundary-Layer  Measurements  in  3.84-  by  10-Inch  Super- 

sonic Channel.  By  Paul  F.  Brinich. 

2204.  Gust-Tunnel  Investigation  of  a Wing  Model  with  Semi- 

chord Line  Swept  Back  60®.  By  Harold  B.  Pierce. 

2205.  Theoretical  Supersonic  Characteristics  of  Inboard  Trail- 

ing-Edge  Flaps  Having  Arbitrary  Sweep  and  Taper. 
Mach  Lines  behind  Flap  Leading  and  Trailing  Edges. 
By  Julian  H.  Kainer  and  Jack  E.  Marte. 

2206.  Graphical  Method  for  Obtaining  Flow  Field  in  Tw’o- 

Dimensional  Supersonic  Stream  to  Which  Heat  is  Added. 
By  I.  Irving  Pinkel  and  John  S.  Serafini. 

2207.  Analysis  of  Turbulent  Free-Convection  Boundary  Layer 

on  Flat  Plate.  By  E.  R.  G.  Eckert  and  Thomas  W. 
Jackson. 

2208.  Analysis  of  Shear  Strength  of  Honeycomb  Cores  for  Sand- 

wich Constructions.  By  Fred  Werren  and  Charles  B. 
Norris. 

2209.  Free  Oscillations  of  an  Atmosphere  in  Which  Tempera- 

ture Increases  Linearly  w^ith  Height.  By  C.  L.  Pekeris. 

2210.  Impact-Pressure  Interpretation  in  a Rarefied  Gas  at  Super- 

sonic Speeds.  By  E.  D.  Kane  and  G.  J.  Maslach. 

2211.  An  Approximate  Method  of  Calculating  Pressures  in  the 

Tip  Region  of  a Rectangular  Wing  of  Circular-Arc 
Section  at  Supersonic  Speeds.  By  K.  R.  Czarnecki  and 
James  N.  Mueller. 

2212.  The  Effect  of  Ice  Formations  on  Propeller  Performance. 

By  Carr  B.  Neel,  Jr.,  and  Loren  G.  Bright. 

2213.  Aerodynamic  Coefl5cients  for  an  Oscillating  Airfoil  with 

Hinged  Flap,  with  Tables  for  a Mach  Number  of  0.7. 
By  M.  J.  Turner  and  S.  Rabinowitz. 
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2214.  Formulas  and  Tables  of  CoeflScients  for  Numerical  Dif- 

ferentiation with  Function  Values  Given  at  Unequally 
Spaced  Points  and  Application  to  Solution  of  Partial 
Differential  Equations.  By  Chung-Hua  Wu. 

2215.  Compressibility  Correction  for  Turning  Angles  of  Axial- 

Plow  Inlet  Guide  Vanes.  By  Seymour  Lieblein  and 
Donald  M.  Sandercock. 

2216.  Investigation  of  75-Millimeter-Bore  Cylindrical  RoUer 

Bearings  at  High  Speeds.  II — Lubrication  Studies — 
Effect  of  Oil-Inlet  Location,  Angle,  and  Velocity  for 
Single-Jet  Lubrication.  By  E.  Fred  Macks  and  Zolton 
N.  Nemeth. 

2217.  Analysis  of  Plane-Stress  Problems  with  Axial  Symmetry 

in  Strain-Hardening  Range.  By  M.  H.  Lee  Wu. 

2218.  Diffusion  of  Chromium  in  a Cobalt-Chromium  Solid  Solu- 

tions. By  John  W.  Weeton. 

2219.  The  Dynamic  Lateral  Control  Characteristics  of  Airplane 

Models  Having  Unswept  Wings  with  Round-  and  Sharp- 
Leading-Edge  Sections.  By  James  L.  Hassell  and 
Charles  V.  Bennett. 

2220.  A Balsa-Dust  Technique  for  Air-Plow  Visualization  and 

Its  Application  to  Plow  through  Model  Helicopter  Ro- 
tors in  Static  Thrust.  By  Marion  K.  Taylor. 

2221.  Equations  and  Charts  for  the  Rapid  Estimation  of  Hinge- 

Moment  and  Effectiveness  Parameters  for  Trailing-Edge 
Controls  Having  Leading  and  Trailing  Edges  Swept 
Ahead  of  the  Mach  Lines.  By  Kennith  L.  Goin. 

2222.  A Method  for  the  Determination  of  the  Spanwise  Load 

Distribution  of  a Flexible  Swept  Wing  at  Subsonic 
Speeds.  By  Richard  B.  Skoog  and  Harvey  H.  Brown. 

2223.  Investigation  of  the  Flow  through  a Single-Stage  Two- 

Dimensional  Nozzle  in  the  Langley  11-Inch  Hypersonic 
Tunnel.  By  Charles  H.  McLellan,  Thomas  W.  Williams, 
and  Ivan  E.  Beckwith. 

2224.  Multiple-Film  Back-Reflection  Camera  for  Atomic  Strain 

Studies.  By  Anthony  B.  Marmo. 

2225.  Bending  and  Buckling  of  Rectangular  Sandwich  Plates. 

By  N.  J.  Hoff. 

2226.  Theoretical  Analysis  of  Oscillations  in  Hovering  of  Heli- 

copter Blades  with  Inclined  and  Offset  Flapping  and 
Lagging  Hinge  Axes.  By  M.  Morduchow  and  P.  G. 
Hinchey. 

2227.  Relation  between  Inflammables  and  Ignition  Sources  in 

Aircraft  Environments.  By  Wilfred  E.  Scull, 

2228.  Effects  of  Modifications  to  the  Leading-Edge  Region  on 

the  Stalling  Characteristics  of  the  NACA  63i-012  Airfoil 
Section.  By  John  A.  Kelly.  ^ 

2229.  The  Effect  of  End  Plates  on  Swept  Wings  at  Low  Speed. 

By  John  M.  Riebe  and  James  M.  Watson. 

2230.  Synthesis  and  Purification  of  Alkyldiphenylmethane  Hy- 

drocarbons. 1 — 2-Methyldiphenylme  thane,  3-Methyl- 

diphenylmethane  2-Ethyldiphenylmethane,  4-Ethyldi- 
phenylme thane  and  4-Isopropyldiphenylmethane.  By 
John  H.  Lamneck,  Jr.,  and  Paul  H.  Wise. 

2231.  Comparison  of  Fatigue  Strengths  of  Bare  and  Alclad 

24S-T3  Aluminum-Alloy  Sheet  Specimens  Tested  at  12 
and  1,000  Cycles  Per  Minute.  By  Frank  C.  Smith,  Wil- 
liam C,  Brueggeman,  and  Richard  H.  Harwell. 

2232.  Stress  and  Distortion  Analysis  of  a Swept  Box  Beam  Hav- 

ing Bulkheads  Perpendicular  to  the  Spars.  By  Richard 
R.  Heldenfels,  George  W.  Zender,  and  Charles  Libove. 

2233.  Some  Effects  on  Nonlinear  Variation  in  the  Directional- 

Stability  and  Damping-in-Yawing  Derivatives  on  the 
Lateral  Stability  of  an  Airplane.  By  Leonard  Sternfield. 


No. 

2234.  Statistical  Explanation  of  Spontaneous  Freezing  of  Water 

Droplets.  By  Joseph  Levine. 

2235.  The  Boundary-Layer  and  Stalling  Characteristics  of  the 

NACA  64A010  Airfoil  Section.  By  Robert  F.  Peterson. 

2236.  Supersonic  Flow  around  Circular  Cones  at  Angles  of  At- 

tack. By  Antonio  Ferri. 

2237.  Correlations  of  Heat-Transfer  Data  and  of  Friction  Data 

for  Interrupted  Plane  Fins  Staggered  in  Successive 
Rows.  By  S.  V.  Manson. 

2238.  Effects  on  Longitudinal  Stability  and  Control  Character- 

istics of  a B-29  Airplane  of  Variations  in  Stick-Force  and 
Control-Rate  Characteristics  Obtained  through  Use  of  a 
Booster  in  the  Elevator-Control  System.  By  Charles  W. 
Mathews,  Donald  B.  Talmage,  and  James  B.  Whitten. 

2239.  Theoretical  Investigation  of  Transonic  Similarity  for  Bod- 

ies of  Revolution.  By  W.  Perl  and  Milton  M.  Klein. 

2240.  The  Effect  of  Nonuniform  Temperature  Distributions  on 

the  Stresses  and  Distortions  of  Stiffened-Shell  Struc- 
tures. By  Richard  R.  Heldenfels. 

2241.  A Numerical  Method  for  the  Stress  Analysis  of  Stiffened- 

Shell  Structures  under  Nonuniform  Temperature  Dis- 
tributions. By  Richard  R.  Heldenfels. 

2242.  Analytical  Investigation  of  Turbulent  Flow  in  Smooth 

Tubes  with  Heat  Transfer  with  Variable  Fluid  Prop- 
erties for  Prandtl  Number  of  1.  By  Robert  G.  Deissler. 

2243.  Effect  of  Cell  Shape  on  Compressive  Strength  of  Hexagonal 

Honeycomb  Structures.  By  L.  A.  Ringelstetter,  A.  W. 
Voss,  and  C.  B.  Norris. 

2244.  A Comparison  of  Theory  and  Experiment  for  High-Speed 
? Free-Molecule  Flow.  By  Jackson  R.  Stalder,  Glen  Good- 
win, and  Marcus  O.  Creager. 

2245.  Calculation  of  Compressible  Potential  Flow  Past  Slender 

Bodies  of  Revolution  by  an  Integral  Method.  By  Milton 
M.  Klein  and  W.  Perl. 

2246.  Method  for  Determining  Distribution  of  Luminous  Emit- 

ters in  Cone  of  Laminar  Bunsen  Flame.  By  Thomas  P. 
Clark. 

2247.  A Comparison  of  the  Lateral  Controllability  with  Flap  and 

Plug  Ailerons  on  a Sweptback-Wing  Model  Having  Full- 
Span  Flaps.  By  Powell  M.  Lovell,  Jr. 

2248.  Analysis  of  the  Effects  of  Design  Pressure  Ratio  per  Stage 

and  Off-Design  Efficiency  on  the  Operating  Range  of 
Multistage  Axial-Flow  Compressors.  By  Melvyn  Savage 
and  Willard  R.  Westphal. 

2249.  The  Spanwise  Distribution  of  Lift  for  Minimum  Induced 

Drag  of  Wings  Having  a Given  Lift  and  a Given  Bending 
Moment.  By  Robert  T.  Jones. 

2250.  An  Analysis  of  the  Applicability  of  the  Hypersonic  Similar- 

ity Law  to  the  Study  of  Flow  about  Bodies  of  Revolution 
at  Zero  Angle  of  Attack.  By  Dorris  M.  Ehret,  Vernon 
J.  Rossow,  and  Victor  I.  Stevens. 

2251.  Effects  of  Mach  Number  up  to  0.34  and  Reynolds  Number 

Up  to  8 X 10®  on  the  Maximum  Lift  CoefiScient  of  a Wing 
of  NACA  66-Series  Airfoil  Sections.  By  G.  Chester 
Furlong  and  James  E.  Fitzpatrick, 

2252.  Formulas  for  Source,  Doublet,  and  Vortex  Distributions  in 

Supersonic  Wing  Theory.  By  Harvard  Lomax,  Max.  A. 
Heaslet,  and  Franklyn  B.  Fuller. 

2253.  On  a Source-Sink  Method  for  the  Solution  of  the  Prandtl- 

Busemann  Iteration  Equations  in  Two-Dimensional 
. Compressible  Flow.  By  Keith  C.  Harder  and  E.  B. 
Klunker. 

2254.  Regenerator-Design  Study  and  Its  Application  to  Turbine- 

Propeller  Engines.  By  S.  V.  Manson. 
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2255.  Two-Dimensional  Compressible  Flow  in  Centrifugal  Com- 

pressors with  Logarithmic-Spiral  Blades.  By  Gaylord 
O.  Ellis  and  John  D.  Stanitz. 

2256.  Three-Dimensional,  Unsteady-Lift  Problems  in  High-Speed 

Flight — Basic  Concepts.  By  Harvard  Lomax,  Max.  A. 
Heaslet,  and  Pranklyn  B.  Fuller. 

2257.  Temperature  Distribution  in  Internally  Heated  Walls  of 

Heat  Exchangers  Composed  of  Noncircular  Flow  Pas- 
sages. By  E.  R.  G.  Eckert  and  George  M.  Low. 

2258.  Synthesis  of  Cyclopropane  Hydrocarbons  from  Methyl- 

cyclopropyl  Ketone.  I — 2-Cyclopropylpropene  and  2- 
Cyclopropylpropane.  By  Vernon  A.  Slabey  and  P.  H. 
Wise. 

2259.  Synthesis  of  Cyclopropane  Hydrocarbons  from  Methyl- 

cyclopropyl  Ketone.  II — 2-Cyclopropyl-l-Pentene,  cis 
and  trans  2-Cyclopropyl-2-Pentene  and  2-Cyclopropyl- 
pentane.  By  Vernon  A.  Slabey  and  P.  H.  Wise. 

2260.  Synthesis  and  Purification  of  Some  Alkylbiphenyls  and 

Alkylbicyclohexyls.  By  Irving  A.  Goodman  and  Paul 
H.  Wise. 

2261.  Wind-Tunnel  Investigation  of  a Number  of  Total-Pres- 

sure Tubes  at  High  Angles  of  Attack.  Supersonic 
Speeds.  By  William  Gracey,  Donald  E.  Coletti,  and 
Walter  R.  Russell. 

2262.  Rolling  and  Yawing  Moments  for  Swept-Back  Wings  in 

Sideslip  at  Supersonic  Speeds.  By  Seymour  Lamport. 

2263.  The  Use  of  a Luminescent  Lacquer  for  the  Visual  Indi- 

cation of  Boundary-Layer  Transition.  By  Jackson  R. 
Stalder  and  Ellis  G.  Slack. 

2264.  Airfoil  Profiles  for  Minimum  Pressure  Drag  at  Supersonic 

Velocities — General  Analysis  with  Application  to  Line- 
arized Supersonic  Flow.  By  Dean  R.  Chapman. 

2265.  NACA  VGH  Recorder.  By  Norman  R.  Richardson. 

2266.  Strength  of  Heat-Resistant  Laminates  up  to  375°  C.  By 

B.  M.  Axilrod  and  Martha  A.  Sherman. 

2267.  Inelastic  Column  Behavior.  By  John  B.  Duberg  and 

Thomas  W.  Wilder,  III. 

2268.  Tests  of  Two-Blade  Propellers  in  the  Langley  8-Foot  High- 

Speed  Tunnel  to  Determine  the  Effect  on  Propeller  Per- 
formance of  a Modification  of  Inboard  Pitch  Distribu- 
tion. By  James  B.  Delano  and  Melvin  M.  Carmel. 

2269.  A Structural-Efliciency  Evaluation  of  Titanium  at  Normal 

and  Elevated  Temi)eratures.  By  George  J.  Heimerl  and 
Paul  F.  Barrett. 

2270.  Theoretical  Damping  in  Roll  and  Rolling  Effectiveness  of 

Slender  Cruciform  Wings.  By  Gaynor  J.  Adams. 

2271.  Further  Study  of  Metal  Transfer  between  Sliding  Sur- 

faces. By  J.  T.  Burwell  and  C.  D.  Strang. 

2272.  Lateral  Elastic  Instability  of  Hat-Section  Stringers  under 

Compressive  Load.  By  Stanley  Goodman. 

2273.  Similarity  Laws  for  Transonic  Flow  about  Wings  of 

Finite  Span.  By  John  R.  Spreiter. 

2274.  Extension  of  the  Theory  of  Oscillating  Airfoils  of  BTnite 

Span  in  Subsonic  Compressible  Flow.  By  Eric  Reissner. 

2275.  A Survey  of  Stability  Analysis  Techniques  for  Automati- 

cally Controlled  Aircraft.  By  Arthur  L.  Jones  and  Ben- 
jamin R.  Briggs. 

2276.  Static  and  Fatigue  Strengths  of  High-Strength  Aluminum- 

Alloy  Bolted  Joints.  By  E.  C.  Hartmann,  Marshall  Holt, 
and  I.  D.  Eaton. 

2277.  Effects  of  Compressibility  on  the  Performance  of  Two  Full- 

Scale  Helicopter  Rotors.  By  Paul  J.  Carpenter. 


No. 

2278.  Theoretical  Symmetric  Span  Loading  Due  to  Flap  Deflec- 

tion for  Wings  of  Arbitrary  Plan  Form  at  Subsonic 
Speeds.  By  John  DeYoung. 

2279.  Three-Dimensional  Compressible  Laminar  Boundary- 

Layer  Flow.  By  Franklin  K.  Moore. 

2280.  A Theoretical  Analysis  of  the  Effects  of  Fuel  Motion  on 

Airplane  Dynamics.  By  Albert  A.  Schy. 

2281.  Detailed  Computational  Procedure  for  Design  of  Cascade 

Blades  with  Prescribed  Velocity  Distributions  in  Com- 
pressible Potential  Flows.  By  George  R.  Costello,  Rob- 
ert L.  Cummings,  and  John  T.  Sinnette,  Jr. 

2282.  An  Improved  Approximate  Method  for  Calculating  Lift 

Distributions  Due  to  Twist.  By  James  C.  Sivells. 

2283.  Method  for  Calculating  Lift  Distributions  for  Unswept 

Wings  with  Flaps  or  Ailerons  by  Use  of  Nonlinear  Sec- 
tion Lift  Data.  By  James  C.  Sivells  and  Gertrude  C. 
Westrick. 

2284.  Lift,  Pitching  Moment,  and  Span  Load  Characteristics  of 

Wings  at  Low^  Speed  as  Affected  by  Variations  of  Sweep 
and  Aspect  Ratio.  By  Edward  J.  Hopkins. 

2285.  Damping  in  Roll  of  Cruciform  and  Some  Related  Delta 

Wings  at  Supersonic  Speeds.  By  Herbert  S.  Ribner. 

2286.  Preliminary  Investigation  of  a New  Type  of  Supersonic 

Inlet.  By  Antonio  Ferri  and  Louis  M.  Nucci. 

2287.  An  Investigation  of  Pure  Bending  in  the  Plastic  Range 

When  Loads  Are  Not  Parallel  to  a Principal  Plane.  By 
Harry  A.  Williams. 

2288.  Estimation  of  Low-Speed  Lift  and  Hinge-Moment  Param- 

eters for  Full-Span  Trailing-Edge  Flaps  on  Lifting 
Surfaces  with  and  without  Sweepback.  By  Jules  B. 
Dods,  Jr. 

2289.  Elastic  Constants  for  Corrugated-Core  Sandwich  Plates. 

By  Charles  Libove  and  Ralph  E.  Hubka. 

2290.  A Method  for  Calculating  Stresses  in  Torsion-Box  Covers 

with  Cutouts.  By  Richard  Rosecrans. 

2291.  Influence  of  Wall  Boundary  Layer  upon  the  Performance 

of  an  Axial-Plow  Fan  Rotor.  By  Emanuel  Boxer. 

2292.  Experimental  Investigation  of  the  Effects  of  Support  In- 

terference on  the  Drag  of  Bodies  of  Revolution  at  a 
Mach  Number  of  1.5.  By  Edward  W.  Perkins. 

2293.  The  Physical  Properties  of  Active  Nitrogen  in  Low-Density 

Flow.  By  James  M.  Benson. 

2294.  Lift  and  Pitching  Derivatives  of  Thin  Sweptback  Tapered 

Wings  with  Streamwise  Tips  and  Subsonic  Leading 
Edges  at  Supersonic  Speeds.  By  Frank  S.  Malvestuto, 
Jr.,  and  Dorothy  M.  Hoover. 

2295.  Chordwise  and  Compressibility  Corrections  to  Slender- 

Wing  Theory.  By  Harvard  Lomax  and  Loma  Sluder. 

2296.  Turbulent  Boundary-Layer  Temperature  Recovery  Factors 

in  Two-Dimensional  Supersonic  Flow.  By  Maurice 
Tucker  and  Stephen  H.  Maslen. 

2297.  Effect  of  an  Increase  in  Angle  of  Dead  Rise  on  the  Hydro- 

dynamic  Characteristics  of  a High-Length-Beam-Ratio 
Hull.  By  Walter  E.  Whitaker,  Jr.,  and  Paul  W.  Bryce, 
Jr. 

2298.  A Modification  to  Thin-Airfoil-Section  Theory,  Applicable 

to  Arbitrary  Airfoil  Sections,  to  Account  for  the  Effects 
of  Thickness  on  the  Lift  Distribution.  By  David  Gra- 
ham. 

2299.  Exposure  Tests  of  Galvanized-Steel-Stitched  Aluminum 

Alloys.  By  Fred  M.  Reinhart. 

2300.  Analytical  and  Experimental  Investigation  of  Effect  of 

Twist  on  Vibrations  of  Cantilever  Beams.  By  Alexander 
Mendelson  and  Selwyn  Gendler. 
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2301.  Linearized  Solution  and  General  Plastic  Behavior  of  Thin 

Plate  with  Circular  Hole  in  Strain-Hardening  Range. 
By  M.  H.  Lee  Wu. 

2302.  A General  Through-Flow  Theory  of  Fluid  Flow  with  Sub- 

sonic or  Supersonic  Velocity  in  Turhomachines  of  Arbi- 
trary Hub  and  Casing  Shapes.  By  Chung-Hua  Wu. 

2303.  Correspondence  Flows  for  Wings  in  Linearized  Potential 

Fields  at  Subsonic  and  Supersonic  Speeds.  By  Sidney 
M.  Harmon. 

2304.  Effect  of  Heat  and  Power  Extraction  on  Turbojet-Engine 

Performance.  IV — Analytical  Determination  of  Effects 
of  Hot-Gas  Bleed.  By  Stanley  L.  Koutz. 

2305.  An  Analytical  and  Experimental  Investigation  of  the  Skin 

Friction  of  the  Turbulent  Boundary  Layer  on  a Flat 
Plate  at  Supersonic  Speeds.  By  Morris  W.  Rubesin, 
Randall  C.  Maydew,  and  Steven  A.  Varga. 

2306.  Meteorological  Analysis  of  Icing  Conditions  Encountered 

in  Low- Altitude  Stratiform  Clouds.  By  Dwight  B. 
Kline  and  Joseph  A.  Walker. 

2307.  A Theoretical  Method  of  Determining  the  Control  Gear- 

ing and  Time  Lag  Necessary  for  a Specified  Damping 
of  an  Aircraft  Equipped  with  a Constant-Time-Lag  Au- 
topilot. By  Ordway  B.  Gates,  Jr.,  and  Albert  A.  Schy. 

2308.  Vibratory  Stresses  in  Propellers  Operating  in  the  Plow 

Field  of  a Wing-Nacelle-Fuselage  Combination.  By 
Vernon  L.  Rogallo,  John  C.  Roberts,  and  Merritt  R. 
Oldaker. 

2309.  Charts  for  Estimation  of  Longitudinal-Stability  Deriva- 

tives for  a Helicopter  Rotor  in  Forward  Flight.  By 
Kenneth  B.  ,Amer  and  F.  B.  Gustafson. 

2310.  Generalization  of  Boundary-Layer  Momentum-Integral 

Equations  to  Three-Dimensional  Flows  Including  Those 
of  Rotating  System.  By  Artur  Mager. 

2311.  Flight  Investigation  of  the  Variation  of  Static-Pressure 

Error  of  a Static-Pressure  Tube  with  Distance  Ahead 
of  a Wing  and  a Fuselage.  By  William  Gracey  and  El- 
wood  F.  Scheithauer. 

2312.  Bearing  Strengths  of  Some  Aluminum-Alloy  Permanent- 

Mold  Castings.  By  E.  M.  Finley. 

2313.  The  Effects  of  Mass  Distribution  on  the  Low-Speed  Dy- 

namic Lateral  Stability  and  Control  Characteristics 
of  a Model  with  a 45®  Sweptback  Wing.  By  Donald 
E.  Hewes. 

2314.  Effect  of  Quadratic  Terms  in  Differential  Equations  of 

Atmospheric  Oscillations.  By  C.  L.  Pekeris. 

2315.  Supersonic  Lift  and  Pitching  Moment  of  Thin  Swept- 

back Tapered  Wings  Produced  by  Constant  Vertical  Ac- 
celeration. Subsonic  Leading  Edges  and  Supersonic 
Trailing  Edges.  By  Prank  S.  Malvestuto,  Jr.,  and  Doro- 
thy M.  Hoover. 

2316.  Wind-Tunnel  Investigation  at  Low  Speed  of  Lateral  Con- 

trol Characteristics  of  an  Untapered  45°  Sweptback 
Semispan  Wing  of  Aspect  Ratio  1.59  Equipped  with 
Various  25-Percent-Chord  Plain  Ailerons.  By  Harold  S. 
Johnson  and  John  R.  Hagerman. 

2317.  Applications  of  Von  Karman’s  Integral  Method  in  Super- 

sonic Wing  Theory.  By  Chieh-Chien  Chang. 

2318.  Full-Scale-Tunnel  Investigation  of  the  Static-Thrust  Per- 

formance of  a Coaxial  Helicopter  Rotor.  By  Robert  D. 
Harrington. 

2319.  Some  Properties  of  High-Purity  Sintered  Wrought  Molyb- 

denum Metal  at  Temperatures  up  to  2,400®  F.  By  R.  A. 
Long,  K.  C.  Dike,  and  H.  R.  Bear. 


No. 

2320.  Effects  of  Some  Solution  Treatments  Followed  by  an  Ag- 

ing Treatment  on  the  Life  of  Small  Cast  Gas-Turbine 
Blades  of  a Cobalt-Chromimn-Base  Alloy.  I — ^Effect  of 
Solution-Treating  Temperature.  By  C.  Taker  and  C.  A. 
Hoffman. 

2321.  Analysis  of  Temperature  Distribution  in  Liquid-Cooled 

Turbine  Blades.  By  John  N.  B.  Livingood  and  W. 
Byron  Brown. 

2322.  Creep  of  Lead  at  Various  Temperatures.  By  Peter  W. 

Neurath  and  J.  S.  Koehler. 

2324.  Fatigue  Strengths  of  Aircraft  Materials.  Axial-Load 

Fatigue  Tests  on  Unnotched  Sheet  Specimens  of  24S-T3 
and  75S-T6  Aluminum  Alloys  and  of  SAB  4130  Steel. 
By  H.  J.  Grover,  S.  M.  Bishop,  and  L.  R.  Jackson. 

2325.  Development  of  Magnesium-Cerium  Forged  Alloys  for 

Elevated-Temperature  Service.  By  K.  Grube,  R.  Kaiser, 
L.  W.  Eastwood,  C.  M.  Schwartz,  and  H.  G.  Cross. 

2326.  Two-Dimensional  Subsonic  Compressible  Flows  Past  Arbi- 

trary Bodies  by  the  Variational  Method.  By  Chi-Teh 
Wang. 

2327.  Fatigue  Testing  Machine  for  Applying  a Sequence  of  Loads 

of  Two  Amplitudes.  By  Frank  C.  Smith,  Darnley  M. 
Howard,  Ira  Smith,  and  Richard  Harwell. 

2328.  Method  for  Determining  Pressure  Drop  of  Monatomic 

Gases  Flowing  in  Turbulent  Motion  through  Constant- 
Area  Passages  with  Simultaneous  Friction  and  Heat 
Addition.  By  M.  F.  Valerino  and  R.  B.  Doyle. 

2329.  High-Temperature  Protection  of  a Titanium-Carbide  Cer- 

amal  with  a Ceramic-Metal  Coating  Having  a High 
Chromium  Content.  By  Dwight  G.  Moore,  Stanley  G. 
Benner,  and  AVilliam  N.  Harrison. 

2330.  Water-Landing  Investigation  of  a Model  Having  Heavy 

Beam  Loadings  and  0®  Angle  of  Dead  Rise.  By  A. 
Ethelda  McArver, 

2331.  Wind-Tunnel  Investigation  of  a Number  of  Total-Pressure 

Tubes  at  High  Angles  of  Attack.  Subsonic  Speeds.  By 
William  Gracey,  William  Letko,  and  Walter  R.  Russell. 

2332.  Analysis  of  the  Effects  of  Wing  Interference  on  the  Tail 

Contributions  to  the  Rolling  Derivatives.  By  William 
H.  Michael,  Jr. 

2333.  Transient  Aerodynamic  Behavior  of  an  Airfoil  Due  to 

Different  Arbitrary  Modes  of  Nonstationary  Motions 
in  a Supersonic  Plow.  By  Chieh-Chien  Chang. 

2334.  On  Reflection  of  Shock  Waves  from  Boundary  Layers. 

By  H.  W.  Liepmann,  A.  Roshko,  and  S.  Dhawan. 

2335.  A Plan-Form  Parameter  for  Correlating  Certain  Aerody- 

namic Characteristics  of  Swept  Wings.  By  Franklin  W. 
Diederich. 

2336.  Some  Theoretical  Characteristics  of  Trapezoidal  Wings 

in  Supersonic  Flow  and  a Comparison  of  Several  Wing- 
Flap  Combinations.  By  Robert  O.  Piland. 

2337.  Approximate  Calculation  of  Turbulent  Boundary-Layer 

Development  in  Compressible  Flow.  By  Maurice 
Tucker. 

2338.  Experimental  Investigation  of  Localized  Regions  of  Lam- 

inar-Boundary-Layer Separation.  By  William  J. 
Bursnail  and  Laurence  K.  Loftin,  Jr. 

2339.  Transonic  Flow  Past  a Wedge  Profile  with  Detached  Bow 

Wave — General  Analytical  Method  and  Pinal  Calculated 
Results.  By  Walter  G.  Vincent!  and  Cleo  B.  Wagoner. 

2340.  A Survey  of  Methods  , for  Determining  Stability  Param- 

eters of  an  Airplane  from  Dynamic  Flight  Measure- 
ments. By  Harry  Greenberg. 
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2341.  A Least  Squares  Curve  Fitting  Method  with  Applications 

to  the  Calculation  of  Stability  Coefl5cients  from  Tran- 
sient-Response Data.  By  Marvin  Shinbrot. 

2342.  Evaluation  of  Packed  Distillation  Columns.  I — Atmos- 

pheric Pressure.  By  Thaine  W.  Reynolds  and  George 
H.  Sugimura. 

2343.  Comparison  of  Theoretical  and  Experimental  Response 

of  a Single-Mode  Elastic  System  in  Hydrodynamic  Im- 
pact. By  Robert  W.  Miller  and  Kenneth  F,  Merten. 

2344.  Method  for  Calculating  Downwash  Field  Due  to  Lifting  . 

Surfaces  at  Subsonic  and  Supersonic  Speeds.  By  Sid- 
ney M.  Harmon. 

2345.  The  Effect  of  an  Arbitrary  Surface-Temperature  Varia- 

tion along  a Flat  Plate  on  the  Convective  Heat  Transfer 
in  an  Incompressible  Turbulent  Boundary  Layer.  By 
Morris  W,  Rubesin. 

2346.  An  Iterative  Transformation  Procedure  for  Numerical  So- 

lution of  Flutter  and  Similar  Characteristic-Value 
Problems.  By  Myron  L.  Gossard. 

2347.  Effect  of  Aspect  Ratio  and  Sweepback  on  the  Low-Speed 

Lateral  Control  Characteristics  of  Untapered  Low- 
Aspect-Ratio  Wings  Equipped  with  Retractable  Ail- 
erons. By  Jack  Fischel  and  John  R.  Hagerman. 

2348.  Effect  of  Aspect  Ratio  on  the  Low-Speed  Lateral  Control 

Characteristics  of  Unswept  Untapered  Low-Aspect- 
Ratio  Wings.  By  Rodger  L.  Naeseth  and  William  M. 
O’Hare. 

2349.  Fluctuations  in  a Spray  Formed  by  Two  Impinging  Jets. 

By  Marcus  F.  Heidmann  and  Jack  C.  Humphrey. 

2350.  On  the  Second-Order  Tunnel-Wall-Constriction  Correc- 

tions in  Two-Dimensional  Compressible  Plow.  By  E.  B. 
Klunker  and  Keith  C.  Harder. 

2351.  An  Experimental  Investigation  of  the  Effect  of  Surface 

Heating  on  Boundary-Layer  Transition  on  a Flat  Plate 
in  Supersonic  Flow.  By  Robert  W,  Higgins  and  Con^ 
stantine  C.  Pappas. 

2352.  Spin-Tunnel  Investigation  of  the  Effects  of  Mass  and 

Dimensional  Variations  on  the  Spinning  Characteristics 
of  a Low-Wing  Single-Vertical-Tail  Model  Typical  of 
Personal-Owner  Airplanes.  By  Walter  J.  Klinar  and 
Jack  H.  Wilson. 

2353.  Charts  and  Tables  for  Use  in  Calculations  of  Downwash 

of  Wings  of  Arbitrary  Plan  Form.  By  Franklin  W. 
Diederich. 

2354.  A Numerical  Approach  to  the  Instability  Problem  of 

Monocoque  Cylinders.  By  Bruno  A.  Boley,  Joseph 
Kempner,  and  J.  Mayers. 

2355.  Achromatization  of  Debye-Scherrer  Lines.  By  Hans  Ek- 

stein  and  Stanley  Siegel. 

2356.  Two-Dimensional  Transonic  Flow  Past  Airfoils.  By 

Yung-Huai  Kuo. 

2357.  Method  for  Calculation  of  Ram- Jet  Performance.  By 

John  R.  Henry  and  J.  Buel  Bennett. 

2358.  Effect  of  Vertical-Tail  Area  and  Length  on  the  Yawing 

Stability  Characteristics  of  a Model  Having  a 45®  Swept- 
back  Wing.  By  William  Letko. 

2359.  Floating  Characteristics  of  a Plain  and  a Horn-Balanced 

Rudder  at  Spinning  Attitudes  as  Determined  from 
Rotary  Tests  on  a Model  of  a Typical  Low-Wing  Per- 
sonal-Owner Airplane.  By  William  Bihrle,  Jr. 

2360.  Effect  of  Tail  Surfaces  on  the  Base  Drag  of  a Body  of 

Revolution  at  Mach  Numbers  of  1.5  and  2.0.  By  J.  Rich- 
ard Spahr  and  Robert  R.  Dickey. 
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2361.  Turbulence-Intensity  Measurements  in  a Jet  of  Air  Issuing 

from  a Long  Tube.  By  Barney  H.  Little,  Jr.,  and  Staf- 
ford W.  Wilbur. 

2362.  Torsional  Strength  of  Stiffened  D-Tubes.  By  E.  S. 

Kavanaugh  and  W.  D.  Drinkwater. 

2363.  On  the  Application  of  Mathieu  Functions  in  the  Theory 

of  Subsonic  Compressible  Flow  Past  Oscillating  Air- 
foils. By  Eric  Reissner. 

2364.  On  Two-Dimensional  Flow  after  a Curved  Stationary 

Shock  (with  Special  Reference  to  the  Problem  of  De- 
tached Shock  Waves).  By  S.  S.  Shu. 

2365.  Analytical  Evaluation  of  Aerodynamic  Characteristics  of 

Turbines  with  Nontwisted  Rotor  Blades.  By  William 
R.  Slivka  and  David  H.  Silvern. 

2.366.  Friction  at  High  Sliding  Velocities  of  Oxide  Films  on 
Steel  Surfaces  Boundary-Lubricated  with  Stearic-Acid 
Solutions.  By  Robert  L.  Johnson,  Marshall  B.  Peterson, 
and  Max  A.  Swikert. 

2367.  General  Plastic  Behavior  and  Approximate  Solutions  of 
Rotating  Disk  in  Strain-Hardening  Range.  By  M.  H. 
Lee  Wu. 

2369.  Torsion  and  Transverse  Bending  of  Cantilever  Plates. 

By  Eric  Reissner  and  Manuel  Stein. 

2370.  Matrix  Method  of  Determining  the  Longitudinal-Stability 

CoeflScients  and  Frequency  Response  of  an  Aircraft  from 
Transient  Flight  Data.  By  James  J.  Donegan  and 
Henry  A.  Pearson. 

2371.  Possible  Application  of  Blade  Boundary-Layer  Control 

to  Improvement  of  Design  and  Off-Design  Performance 
of  Axial-Flow  Turbomachines.  By  John  T.  Sinnette, 
Jr.,  and  George  R.  Costello. 

2372.  Rectangular-Wind-Tunnel  Blocking  Corrections  Using  the 

Velocity-Ratio  Method.  By  Rudolph  W.  Hensel. 

2373.  Practical  Methods  of  Calculation  Involved  in  the  Experi- 

mental Study  of  an  Autopilot  and  the  Autopilot-Aircraft 
Combination.  By  Louis  H.  Smaus  and  Elwood  C. 
Stewart. 

2374.  Effect  of  Initial  Mixture  Temperature  on  Flame  Speed 

of  Methane-Air,  Propane-Air  and  Ethylene- Air  Mix- 
tures. By  Gordon  L.  Dugger, 

2375.  On  the  Use  of  Coupled  Modal  Functions  in  Flutter  Analy- 

sis. By  Donald  S.  Woolston  and  Harry  L.  Runyan. 

2376.  Method  for  Analyzing  Indeterminate  Structures  Stressed 

above  Proportional  Limit,  By  F.  R.  Steinbacher,  C.  N. 
Gaylord,  and  W.  K.  Rey. 

2377.  Effect  of  Fuel  Immersion  on  Laminated  Plastics.  By 

W.  A.  Crouse,  Margie  Carickhoff  and  Margaret  A.  Fisher. 

2378.  Automatic  Control  Systems  Satisfying  Certain  General 

Criterions  on  Transient  Behavior.  By  Aaron  S.  Bok- 
senbom  and  Richard  Hood. 

2379.  An  Investigation  of  the  Effects  of  Jet-Outlet  Cut-Off  Angle 

on  Thrust  Direction  and  Body  Pitching  Moment  By 
James  R.  Blackaby. 

2380. ^  Effectiveness  of  Ceramic  Coatings  in  Reducing  Corrosion 

of  Five  Heat-Resistant  Alloys  by  Lead-Bromide  Vapors. 
By  Dwight  G.  Moore  and  Mary  W.  Mason. 

2381.  Effect  of  Horizontal-Tail  Location  on  Low  Speed  Static 

Longitudinal  Stability  and  Damping  in  Pitch  of  a 
Model  Having  45°  Sweptback  Wing  and  Tail  Surfaces. 
By  Jacob  H.  Lichtenstein. 

2382.  Effect  of  Horizontal-Tail  Size  and  Tail  Length  on  Low- 

Speed  Static  Longitudinal  Stability  and  Damping  in 
Pitch  of  a Model  Having  45°  Sweptback  Wing  and  Tail 
Surfaces.  By  Jacob  H.  Lichtenstein. 
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2383.  On  a Solution  of  the  Nonlinear  Differential  Equation  for 

Transonic  Flow  Past  a Wave-Shaped  Wall.  By  Carl 
Kaplan. 

2384.  Preliminary  Investigation  of  Wear  and  Friction  Proper- 

ties under  Sliding  Conditions  of  Materials  Suitable  for 
Cages  of  Rolling-Contact  Bearings.  By  Robert  L.  John- 
son, Max  A.  Swikert,  and  Edmond  B.  Bisson. 

2386.  Fundamental  Aging  Effects  Influencing  High-Temperature 
Properties  of  Solution-Treated  Inconel  X.  By  D.  N. 
Frey,  J.  W.  Freeman,  and  A.  E.  White. 

2386.  Studies  of  High-Temperature  Protection  of  a Titanium- 

Carbide  Ceramal  by  Chromium-Type  Ceramic-Metal 
Coatings.  By  Dwight  G.  Moore,  Stanley  G.  Benner  and 
William  N.  Harrison. 

2387.  Three-Dimensional  Unsteady  Lift  Problems  in  High- 

Speed  Flight — The  Triangular  Wing.  By  Harvard 
Lomax,  Max.  A.  Heaslet,  and  Frankly n B.  Fuller. 

2388.  Axisyrametric  Supersonic  Flow  in  Rotating  Impellers. 

By  Arthur  W.  Goldstein. 

2389.  Fatigue  Strengths  of  Aircraft  Materials.  Axial-Load 

Fatigue  Tests  on  Notched  Sheet  Specimens  of  24S-T3 
and  75S-T6  Aluminum  Alloys  and  of  SAB  4130  Steel 
with  Stress-Concentration  Factors  of  2.0  and  4.0.  By 
H.  J.  Grover,  S.  M.  Bishop,  and  L.  R.  Jackson, 

2390.  Fatigue  Strengths  of  Aircraft  Materials.  Axial-Load 

Fatigue  Tests  on  Notched  Sheet  Specimens  of  24S-T3 
and  75S-T6  Aluminum  Alloys  and  of  SAE  4130  Steel 
with  Stress-Concentration  Factor  of  5.0.  By  H.  J. 
Grover,  S.  M.  Bishop,  and  L.  R.  Jackson. 

2393.  Flow  through  Cascades  in  Tandem.  By  William  E. 
Spraglin. 

2397.  Influence  of  Tensile  Strength  and  Ductility  on  Strengths  of 

Rotating  Disks  in  Presence  of  Material  and  Fabrication 
Defects  of  Several  Types.  By  Arthur  G.  Holms,  Joseph 
E.  Jenkins,  and  Andrew  J.  Repko. 

2398.  Synthesis  of  Cyclopropane  Hydrocarbons  from  Methylcy- 

clopropyl  Ketone.  Ill — 2-Cyclopropyl-l-Butene,  cis  and 
trans  2-Cyclopropy  1-2-Butene,  and  2-Cyclopropylbutane. 
By  Vernon  A.  Slabey  and  Paul  H.  Wise. 

2399.  Applicability  of  the  Hypersonic  Similarity  Rule  to  Pres- 

sure Distributions  which  Include  the  Effects  of  Rotation 
for  Bodies  of  Revolution  at  Zero  Angle  of  Attack.  By 
Vernon  J.  Rossow. 

2402.  Construction  and  Use  of  Charts  in  Design  Studies  of  Gas 

Turbines.  By  Sumner  Alpert  and  Rose  M.  Litrenta. 

2403.  The  Indicial  Lift  and  Pitching  Moment  for  a Sinking  or 

Pitching  Two-Dimensional  Wing  Flying  at  Subsonic  or 
Supersonic  Speeds.  By  Harvard  Lomax,  Max.  A.  Heas- 
let, and  Loma  Sluder. 

2405.  Investigation  of  NACA  64,  2-432  and  64,  3-440  Airfoil  Sec- 
tions with  Boundary-Layer  Control  and  an  Analytical 
Study  of  Their  Possible  Applications.  By  Elmer  A. 
Horton,  Stanley  F.  Racisz,  and  Nicholas  J.  Paradiso. 

2407.  Method  of  Analysis  for  Compressible  Flow  Past  Arbitrary 

Turbomachine  Blades  on  General  Surface  of  Revolution. 
By  Chung-Hua  Wu  and  Curtis  A.  Brown. 

2408.  Approximate  Design  Method  for  High-Solidity  Blade 

Elements  in  Compressors  and  Turbines.  By  John  D. 
Stanitz. 

2409.  Summary  of  Methods  for  Calculating  Dynamic  Lateral 

Stability  and  Response  and  for  Estimating  Lateral  Sta- 
bility  Derivatives.  By  John  P.  Campbell  and  Marion  O. 
McKinney. 


No. 

2410.  Analytical  Investigation  of  Fully  Developed  Laminar  Flow 
in  Tubes  with  Heat  Transfer  with  Fluid  Properties 
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ing Landing  Gear  Impact  Conditions  in  Unsymmetrical  Land- 
ings. Preprint  324,  Inst.  Aero,  Sci.,  1951. 


Part  II— COMMITTEE  ORGANIZATION  AND  MEMBERSHIP 


The  act  of  Congress  approved  March  3,  1915,  estab- 
lishing the  National  Advisory  Committee  for  Aero- 
nautics, as  amended  (U.  S,  Code,  Supplement  IV,  title 
50,  sec.  151),  provides  that  the  Committee  shall  consist 
of  17  members  appointed  by  the  President,  and  shall 
include  “two  representatives  of  the  Department  of  the 
Air  Force;  two  representatives  of  the  Department  of 
the  Navy,  from  the  office  in  charge  of  naval  aeronautics ; 
two  representatives  of  the  Civil  Aeronautics  Author- 
ity; one  representative  of  the  Smithsonian  Institution; 
one  representative  of  the  United  States  Weather  Bu- 
reau; one  representative  of  the  National  Bureau  of 
Standards ; the  Chairman  of  the  Research  and  Develop- 
ment Board  of  the  National  Military  Establishment; 
and  not  more  than  seven  other  members  selected  from 
persons  acquainted  with  the  needs  of  aeronautical  sci- 
ence, either  civil  or  military,  or  skilled  in  aeronautical 
engineering  or  its  allied  sciences.”  These  latter  seven 
members  serve  for  terms  of  5 years.  The  representa- 
tives of  the  Government  organizations  serve  for  indefi- 
nite periods.  All  members  serve  as  such  without  com- 
pensation. 

Hon.  Donald  W.  Nyrop,  Chairman  of  the  Civil  Aero- 
nautics Board,  was  appointed  by  President  Truman  a 
member  of  the  National  Advisory  Committee  for  Aero- 
nautics under  date  of  April  24,  1951,  succeeding  Hon. 
Delos  W.  Rentzel,  who  resigned  from  the  Committee 
because  of  his  appointment  as  Under  Secretary  of  Com- 
merce for  Transportation. 

In  accordance  with  law,  Hon.  Walter  G.  Whitman 
was  appointed  a member  of  the  Committee  August  9, 
1951,  following  his  appointment  as  Chairman  of  the 
Research  and  Development  Board.  Professor  Whit- 
man succeeded  Hon.  William  Webster,  who  resigned 
from  the  Committee  in  July,  concurrently  with  his 
resignation  as  Chairman  of  the  RDB. 

Because  of  his  retirement  from  the  United  States 
Air  Force,  the  membership  of  Maj.  Gen.  Gordon  P. 
Saville  on  the  Committee  was  terminated  July  31, 1951. 
General  Saville  was  serving  as  Deputy  Chief  of  Staff, 
Development,  in  the  Air  Force.  Another  termination 
of  membership  resulted  from  the  resignation  of  Dr. 
Edward  U.  Condon  as  Director  of  the  National  Bureau 
of  Standards,  effective  September  30, 1951.  Successors 
to  General  Saville  and  Dr.  Condon  on  the  Committee 
have  not  been  appointed. 

In  accordance  with  the  regulations  governing  the 
organization  of  the  Committee  as  approved  by  the 
President,  the  Chairman  and  Vice  Chairman  are  elected 


annually,  as  are  also  the  Chairman  and  Vice  Chairman 
of  the  Executive  Committee. 

On  October  12,  1951,  Dr..  Jerome  C.  Hunsaker  was 
reelected  Chaiz’man  of  the  NACA  and  of  the  Executive 
Committee,  and  Dr.  Alexander  Wetmore  and  Dr.  Fran- 
cis W.  Reichelderfer  were  reelected  Vice  Chairman  of 
the  NACA  and  Vice  Chairman  of  the  Executive  Com- 
mittee, respectively. 
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tory. 
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tory. 

Prof.  Jesse  W.  Beams,  University  of  Virginia. 
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Mr.  Grover  Loening. 
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Mr.  Milton  B.  Ames,  Jr.,  Secretary 

Subcommittee  on  Fluid  Mechanics 

Dr.  Clark  B.  Millikan,  California  Institute  of  Technology,  Chair- 
man. 
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Force. 
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Dr.  E.  Bromberg,  Office  of  Naval  Research,  Department  of  the 
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Dr.  John  C.  Evvard,  NAGA  Lewis  Flight  Propulsion  Laboratory. 
Dr.  William  Bollay,  North  American  Aviation,  Inc. 
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Mr.  Edward  C.  Polhamus,  Secretary. 
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Mr.  Thomas  B.  Rhines,  Hamilton  Standard  Division,  United  Air- 
craft Corp.,  Chairman. 
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Dr.  Haakon  Styri,  SKF  Industries,  Inc. 

Mr.  Arthur  F.  Underwood,  General  Motors  Corp. 

Mr.  W.  Andrew  Wright,  Sun  Oil  Co. 

Mr.  William  H.  Woodward,  Secretary. 

Subcommittee  on  Engine  Performance  and  Operation 

Mr.  Arnold  H.  Redding,  Westinghouse  Electric  Corp.,  Chairnian. 
Mr.  Opie  Chenoweth,  Wright  Air  Development  Center. 

Mr.  C.  C.  Sorgen,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Mr.  Bruce  T.  Lundin,  NACA  Lewis  Flight  Propulsion  Labora- 
tory. 

Dr.  John  L.  Barnes,  North  American  Aviation,  Inc. 

Prof.  Gordon  S.  Brown,  Massachusetts  Institute  of  Technology. 
Mr.  Dimitrius  Gerdan,  Allison  Division,  General  Motors  Corp. 
Mr.  John  Karanik,  Grumman  Aircraft  Engineering  Corp. 

Dr.  Roy  E.  Marquardt,  Marquardt  Aircraft  Co. 

Dr.  William  J.  O’Donnell,  Republic  Aviation  Corp.  . 

Mr.  Erold  F.  Pierce,  Wright  Aeronautical  Corp.,  Division  of 
Curtiss-Wright  Corp. 

Mr.  Perry  W.  Pratt,  Pratt  and  Whitney  Aircraft  Division, 
United  Aircraft  Corp. 

Mr.  E.  E.  Stoeckly,  General  Electric  Co. 

Mr.  Lon  Storey,  Jr.,  Lockheed  Aircraft  Corp. 

Mr.  Lee  R.  Woodworth,  The  Rand  Corp. 

Mr.  Richard  S.  Cesaro,  Secretary. 

Subcommittee  on  Compressors  and  Turbines 

Prof.  Howard  W.  Emmons,  Harvard  University,  Chairman. 

Mr.  Ernest  0.  Simpson,  Wright  Air  Development  Center. 

Mr.  Robert  W.  Pinnes,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Commander  R.  L.  Duncan,  U.  S.  N.,  Office  of  Naval  Research, 
Department  of  the  Navy. 

Mr.  John  R.  Erwin,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Robert  O.  Bullock,  NACA  Lewis  Flight  Propulsion  Labora- 
tory. 

Mr.  Kenneth  Campbell,  Wright  Aeronautical  Corp.,  Division  of 
Curtiss-Wright  Corp. 

Mr.  Walter  Doll,  Pratt  and  Whitney  Aircraft  Division,  United 
Aircraft  Corp. 

Mr.  Jack  C.  Fetters,  Allison  Division,  General  Motors  Corp. 

Mr,  R.  S,  Hall,  General  Electric  Co. 

Dr.  Frank  E.  Marble,  California  Institute  of  Technology. 

Mr.  Charles  A.  Meyer,  Westinghouse  Electric  Corp. 

Prof.  George  F.  Wislicenus,  The  Johns  Hopkins  University. 

Mr.  Guy  N.  Ullman,  Secretary. 


Subcommittee  on  Heat-Resisting  Materials 

Mr.  Arthur  W.  F.  Green,  General  Motors  Corp.,  Chairman. 

Mr.  J.  B.  Johnson,  Wright  Air  Development  Center. 

Mr.  Nathan  E.  Promisel,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Mr.  Benjamin  Pinkel,  NACA  Lewis  Flight  Propulsion  Labora- 
tory. 

Mr.  W.  L.  Badger,  General  Electric  Co. 

Mr.  Howard  C.  Cross,  Battelle  Memorial  Institute. 

Mr.  P.  G.  DeHuff,  Jr.,  Westinghouse  Electric  Corp. 

Mr.  Russell  Franks,  Union  Carbide  & Carbon  Corp. 

Mr.  Herbert  J.  French,  International  Nickel  Co. 

Prof.  Nicholas  J.  Grant,  Massachusetts  Institute  of  Technology. 
Mr.  Alvin  J.  Herzig,  Climax  Molybdenum  Co.  of  Michigan. 

Dr.  L.  H.  Milligan,  Norton  Co. 

Dr.  Gunther  Mohling,  Allegheny  Ludlum  Steel  Corp. 

Mr.  Rudolf  H.  Thielemann,  Pratt  and  Whitney  Aircraft  Division, 
United  Aircraft  Corp. 

Mr.  William  H.  Woodward,  Secretary. 

Special  Subcommittee  on  Rocket  Engines 

Dr.  Maurice  J.  Zucrow,  Purdue  University,  Chairman. 

Mr.  C.  W.  Schnare,  Wright  Air  Development  Center. 
Commander  K.  C.  Childers,  Jr.,  U.  S.  N,,  Bureau  of  Aeronautics, 
Department  of  the  Navy. 

Capt.  Levering  Smith,  U.  S.  N.,  Naval  Ordnance  Test  Station, 
Inyokern. 

Mr.  Joseph  L.  Gray,  Office  of  the  Chief  of  Ordnance,  Depart- 
ment of  the  Army. 

Mr.  Paul  R.  Hill,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  John  L,  Sloop,  NACA  Lewis  Flight  Propulsion  Laboratory. 
Mr.  Richard  B.  Canright,  California  Institute  of  Technology. 
Mr.  R.  Bruce  Foster,  Bell  Aircraft  Corp. 

Mr.  Stanley  L.  Gendler,  The  Rand  Corp. 

Dr.  George  E.  Moore,  General  Electric  Co. 

Mr.  Thomas  E.  Myers,  North  American  Aviation,  Inc. 

Mr.  Jack  H.  Sheets,  Curtiss-Wright  Corp. 

Dr.  Robert  J.  Thompson,  J'r.,  M.  W.  Kellogg  Co. 

Dr.  Paul  F.  Winternitz,  Reaction  Motors,  Inc. 

Mr.  David  A.  Young,  Aerojet  Engineering  Corp. 

Mr.  Henry  E.  Alquist,  Secretary. 

COMMITTEE  ON  AIRCRAFT  CONSTRUCTION 

Dr.  Arthur  E.  Raymond,  Douglas  Aircraft  Co.,  Inc.,  Chairman. 
Mr.  R.  L.  Templin,  Aluminum  Co.  of  America,  Vice  Chairman. 
Mr.  E.  H.  Schwartz,  Wright  Air  Development  Center. 

Capt.  Robert  S.  Hatcher,  U.  S.  N.,  Bureau  of  Aeronautics,  De- 
partment of  the  Navy. 

Mr.  Albert  A.  Vollmecke,  Civil  Aeronautics  Administration. 

Dr.  Hugh  L.  Dryden  (ex  officio). 

Dr.  Henry  J.  E.  Reid,  NACA  Langley  Aeronautical  Laboratory. 
Mr.  Carlton  Bioletti,  NACA  Ames  Aeronautical  Laboratory. 
Prof.  Raymond  L.  Bisplinghoff,  Massachusetts  Institute  of  Tech- 
nology. 

Prof.  Emerson  W.  Conlon,  University  of  Michigan. 

Dr.  G.  C.  Furnas,  Cornell  Aeronautical  Laboratory,  Inc. 

Dr.  Alexander  A.  Kartveli,  Republic  Aviation  Corp. 

Mr.  W.  C.  Mentzer,  United  Air  Lines,  Inc. 

Mr.  George  Snyder,  Boeing  Airplane  Co. 

Mr.  Luther  P.  Spalding,  North  American  Aviation,  Inc. 

Mr.  Charles  R.  Strang,  Douglas  Aircraft  Co.,  Inc. 

Mr.  Franklyn  W.  Phillips,  Secretary, 
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Subcommittee  on  Aircraft  Structures 

Mr.  Charles  R.  Strang,, Douglas  Aircraft  Co.,  Inc,,  Chairman. 
Mr.  J.  W.  Farrell,  Wright  Air  Development  Center. 

Mr.  Joseph  Kelley,  Jr.,  Wright  Air  Development  Center. 
Commander  L.  S,  Chambers,  U.  S.  N,,  Bureau  of  Aeronautics, 
Department  of  the  Navy. 

Mr,  Ralph  L.  Creel,  Bureau  of  Aeronautics,  Bureau  of  Aero- 
nautics, Department  of  the  Navy. 

Mr.  William  T.  Shuler,  Civil  Aeronautics  Administration. 

Mr.  Samuel  Levy,  National  Bureau  of  Standards. 

Dr,  Eugene  E.  Lundquist,  NACA  Langley  Aeronautical  Labora- 
tory. 

Prof.  W.  H.  Gale,  Massachusetts  Institute  of  Technology. 

Mr.  Ira  G,  Hedrick,  Grumman  Aircraft  Engineering  Corp. 

Dr.  Nicholas  J.  Hoff,  Polytechnic  Institute  of  Brooklyn. 

Mr.  Jerome  P.  McBrearty,  Lockheed  Aircraft  Corp. 

Mr.  Francis  MeVay,  Republic  Aviation  Corp. 

Mr.  John  H.  Meyer,  McDonnell  Aircraft  Corp. 

Prof.  Ernest  E.  Sechler,  California  Institute  of  Technology. 

Mr.  R.  L.  Templiu,  Aluminum  Co.  of  America. 

Mr,  Melvin  G.  Rosche,  Secretary. 

Subcommittee  on  Aircraft  Loads 

Mr.  George  Snyder,  Boeing  Airplane  Co.,  Chairman. 

Mr.  Joseph  H.  Harrington,  Wright  Air  Development  Center. 

Mr.  Edward  J.  Lunney,  Wright  Air  Development  Center. 
Commander  Donald  J.  Hardy,  U.  S.  N.,  Bureau  of  Aeronautics, 
Department  of  the  Navy. 

Mr.  John  P.  Wamser,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Mr.  Burden  L.  Springer,  Civil  Aeronautics  Administration. 

Mr.  Philip  Donely,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Manley  J.  Hood,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Albert  Epstein,  Republic  Aviation  Corp. 

Mr.  P.  D.  Jewett,  The  Glenn  L.  Martin  Co. 

Mr.  Jerome  F.  McBrearty,  Lockheed  Aircraft  Corp. 

Mr.  Alfred  I.  Sibila,  Chance  Vought  Aircraft,  United  Aircraft 
Corp. 

Mr.  K.  E.  Van  Every,  Douglas  Aircraft  Co.,  Inc. 

Mr.  R.  Fabian  Goranson,  Secretary. 

Subcommittee  on  Vibration  and  Flutter 

Prof.  Raymond  L.  Bisplinghoff,  Massachusetts  Institute  of  Tech- 
nology, Chairman. 

Mr.  Howard  A.  Magrath,  Wright  Air  Development  Center. 

Mr.  L.  S.  Wasserman,  Wright  Air  Development  Center. 

Capt.  Walter  S.  Diehl,  U.  S.  N.  (Ret). 

Mr.  James  E.  Walsh,  Bureau  of  Aeronautics,  Department  of  the 
Navy, 

Mr.  Robert  Rosenbaum,  Civil  Aeronautics  Administration. 

Mr.  I.  B,  Garrick,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Albert  Erickson,  NACA  Ames  Aeronautical  Laboratory. 
Mr.  Samuel  S.  Manson,  NACA  Lewis  Flight  Propulsion  Labora- 
Corp. 

Dr.  William  E.  Cox,  Northrop  Aircraft,  Inc. 

Dr.  J.  M.  Frankland,  Chance  Vought  Aircraft,  United  Aircraft 
Corp. 

Mr.  Martin  Goland,  Midwest  Research  Institute. 

Mr.  E.  B.  Kinnaman,  Boeing  Airplane  Co. 

Mr.  Raymond  A.  Pepping,  McDonnell  Aircraft  Corp. 

Mr.  Harvey  H.  Brown,  Secretary. 


Subcommittee  on  Aircraft  Structural  Materials 

Mr.  Edgar  H.  Dix,  Jr.,  Aluminum  Co.  of  America,  Chairman. 
Mr.  J.  B.  Johnson,  Wright  Air  Development  Center. 

Mr.  James  E.  Sullivan,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Dr.  Gordon  M.  Kline,  National  Bureau  of  Standards. 

Mr.  James  E.  Dougherty,  Jr.,  Civil  Aeronautics  Administration. 
Mr.  Prank  B.  Bolte,  North  American  Aviation,  Inc. 

Prof.  Maxwell  Gensamer,  Columbia  University. 

Mr.  O.  W.  Loudenslager,  Goodyear  Aircraft  Corp. 

Dr.  J.  C.  McDonald,  The  Dow  Chemical  Co. 

Dr.  Robert  F.  Mehl,  Carnegie  Institute  of  Technology. 

Mr.  Paul  P.  Mozley,  Lockheed  Aircraft  Corp. 

Mr.  David  G.  Reid,  Chance  Vought  Aircraft  Division,  United 
Aircraft  Corp. 

Mr.  D.  H.  Ruhnke,  Republic  Steel  Corp. 

Mr.  Charles  V.  Krebs,  Secretary. 

COMMITTEE  ON  OPERATING  PROBLEMS 

Mr.  William  Littlewood,  American  Airlines,  Inc.,  Chairman. 

Mr.  Charles  Froesch,  Eastern  Air  Lines,  Inc.,  Vice  Chairman. 
Col.  Baskin  R.  Lawrence,  Jr.,  U.  S.  A.  F.,  Wright  Air  Develop- 
ment Center. 

Col.  J.  Francis  Taylor,  Jr.,  U.  S.  A.  F.,  Wright  Air  Development 
Center. 

Commander  A.  L.  Maccubbin,  U.  S.  N.,  Bureau  of  Aeronautics, 
Department  of  the  Navy. 

Maj.  Gen.  William  H.  Tunner,  U.  S.  A.,  Hq.,  Military  Air  Trans- 
port Service. 

Dr.  P.  W.  Reichelderfer,  Chief,  U.  S.  Weather  Bureau. 

Mr.  George  W.  Haldeman,  Civil  Aeronautics  Administration. 

Mr.  Donald  M.  Stuart,  Civil  Aeronautics  Administration. 

Dr.  Hugh  L.  Dryden  (ex  oflacio). 

Mr.  Melvin  N.  Gough,  NACA  Langley  Aeronautical  Laboratory. 
Mr.  Eugene  J.  Manganiello,  NACA  Lewis  Flight  Propulsion 
Laboratory. 

Mr.  P.  R.  Bassett,  Sperry  Gyroscope  Co.,  Inc.,  Division  of  the 
Sperry  Corp. 

Mr.  M.  G.  Beard,  American  Airlines,  Inc. 

Mr.  John  G.  Borger,  Pan  American  World  Airways,  Inc. 

Mr.  Warren  T.  Dickinson,  Douglas  Aircraft  Co.,  Inc. 

Mr.  Robert  E.  Johnson,  Wright  Aeronautical  Corp.,  Division  of 
Curtiss-Wright  Corp. 

Mr.  Jerome  Lederer. 

Dr.  Ross  A.  McFarland,  Harvard  School  of  Public  Health. 

Mr.  W.  C.  Mentzer,  United  Air  Lines,  Inc. 

Dr.  T.  L.  K.  Smull,  Secretary. 

Subcommittee  on  Meteorological  Problems 

Dr.  F.  W.  Reichelderfer,  U.  S.  Weather  Bureau,  Chairman. 

Brig.  Gen,  W.  O.  Senter,  U.  S.  A.  P.,  Air  Weather  Service. 

Maj.  Frederic.  C.  E.  Oder,  U.  S.  A.  F.,  Air  Force  Cambridge  Re- 
search Center. 

Capt.  R.  O.  Minter,  U.  S.  N.,  Naval  Aerological  Service. 

Dr.  Ross  Gunn,  U.  S.  Weather  Bureau. 

Mr.  Delbert  M.  Little,  U.  S.  Weather  Bureau. 

Dr.  Harry  Wexler,  U.  S,  Weather  Bureau. 

Mr.  Robert  W.  Craig,  Civil  Aeronautics  Administration. 

Mr.  George  M.  French,  Civil  Aeronautics  Board. 

Mr.  Harry  Press,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  I.  Irving  Pinkel,  NACA  Lewis  Flight  Propulsion  Laboratory. 
Dr,  Horace  R.  Byers,  University  of  Chicago. 

Mr.  Martin  B.  Cahill,  Northwest  Airlines,  Inc. 
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Mr.  Allan  C.  Clark,  Pan  American  World  Airways,  Inc. 

Mr.  Joseph  J.  George,  Eastern  Air  Lines,  Inc. 

Prof.  H.  G.  Houghton,  Massachusetts  Institute  of  Technology. 
Dean  Athelstan  F.  Spilhaus,  University  of  Minnesota. 

Mr.  BYank  C.  White,  Air  Transport  Association  of  America. 

Dr.  E.  J.  Workman,  New  Mexico  Institute  of  Mining  and  Tech- 
nology. 

Mr.  Donald  B.  Talmage,  Secretary. 

Subcommittee  on  Icing  Problems 

Mr.  Arthur  A,  Brown,  Pratt  and  Whitney  Aircraft,  United  Air- 
craft Corp. 

Mr.  James  E.  DeRemer,  Development,  U.  S.  Air  Force; 

Mr.  Duane  M.  Patterson,  Wright  Air  Development  Center. 

Mr,  Edward  C.  Y.  Inn,  Air  Force  Cambridge  Research  Center. 
Mr.  Parker  M.  Bartlett,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Mr.  Harcourt  C.  Son  tag,  Bureau  of  Aeronautics,  DeiDartment  of 
the  Navy. 

Mr.  B.  C.  Haynes,  U.  S.  Weather  Bureau, 

Mr.  Stephen  Rolle,  Civil  Aeronautics  Administration. 

Mr.  I.  Irving  Pinkel,  NACA  Lewis  Flight  Propulsion  Laboratory. 
Mr.  Don  0.- Benson,  Northwest  Airlines,  Inc. 

Mr.  F.  L.  Boeke,  North  American  Aviation,  Inc. 

Dr.  Wallace  E.  Howell,  Mount  Washington  Observatory. 

Mr.  Victor  Hudson,  Consolidated  Vultee  Aircraft  Corp, 

Mr.  David  A.  North,  American  Airlines,  Inc. 

Mr.  W.  W.  Reaser,  Douglas  Aircraft  Go.,  Inc. 

Dr.  Vincent  J.  Schaefer,  General  Electric  Co. 

Mr.  Boyd  C.  Myers,  II,  Secretary. 

Subcommittee  on  Aircraft  Fire  Prevention 
Mr.  Raymond  D.  Kelly,  United  Air  Lines,  Inc.,  Chairman. 

Capt.  Howard  A.  Klein,  U.  S.  A.  F.,  Wright  Air  Development 
Center. 


Mr.  Frederick  A.  Wright,  Wright  Air  Development  Center. 

Maj.  Charles  H.  McConnell,  U.  S.  A.  F.,  3:echnical  Inspection  and 
Flight  Safety  Research. 

Mr.  Arthur  V.  Stamm,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Air.  David  L.  Posner,  Civil  Aeronautics  Administration. 

Mr.  Harvey  L.  Hansberry,  Civil  Aeronautics  Administration. 
Air.  Hugh  B.  Freeman,  Civil  Aeronautics  Board. 

Air.  A.  C.  Hutton,  National  Bureau  of  Standards. 

Air.  Lewis  A.  Rodert,  NACA  Lewis  Flight  Propulsion  Labora- 
tory. 

Mr.  E.  AI.  Barber,  The  Texas  Co. 

Air.  Allen  W.  Dallas,  Air  Transport  Association  of  America. 

Air.  Harold  E.  Hoben,  American  Airlines,  Inc. 

Air.  C.  R.  Johnson,  Shell  Oil  Co. 

Air.  Gaylord  W.  Newton,  ARO,  Inc. 

Air.  Ivar  L.  Shogran,  Douglas  Aircraft  Co.,  Inc. 

Mr.  William  I.  Stieglitz,  Republic  Aviation  Corp. 

Mr.  Clem  G.  Trimbach,  Cornell  Aeronautical  Laboratory,  Inc. 

Air.  Richard  S.  Cesaro,  Secretary. 

INDUSTRY  CONSULTING  COMMITTEE 

Mr.  Dwane  L.  Wallace,  Cessna  Aircraft  Co.,  Chairman. 

Mr.  William  N.  Allen,  Boeing  Airplane  Co.,  Vice  Chairman. 

Dr.  Lynn  L.  Bollinger,  Helio  Aircraft  Corp. 

Mr.  Ralph  S.  Damon,  Trans  World  Airlines,  Inc. 

Mr.  Robert  B.  Gross,  Lockheed  Aircraft  Corp. 

Mr.  Roy  T.  Hurley,  Curtiss-Wright  Corp. 

Mr.  C.  W.  LaPierre,  General  Electric  Co. 

Mr.  Mundy  I.  Peale,  Republic  Aviation  Corp. 

Mr.  Earl  F.  Slick,  Slick  Airways,  Inc. 

Dr.  T.  L.  K.  Smull,  Secretary. 


Part  HI— FINANCIAL  REPORT 


Appropriations  for  the  fiscal  year  1951. — Funds  and  contract 
authority  in  the  following  amounts  were  appropriated  for  the 
Committee  for  the  fiscal  year  1951  in  the  General  Appropriation 
Act,  1951,  approved  September  6,  1950,  and  the  Second  Supple- 
mental  Appropriation  Act,  1951,  approved  January  6,  1951 : 

Salaries  and  expenses $45,  750,  000 

Construction  and  equipment  of  laboratory  facilities : 

Funds  to  continue  financing  of  fiscal  year  1949 
program : 

Langley  Aeronautical  Labora- 
tory   $6, 000,  000 

Lewis  Flight  Propulsion  Lab- 
oratory  4,  000,  000 

10,  000,  000 

Funds  to  continue  financing  of  fiscal 
year  1950  program : 

Langley  Aeronautical  Labora- 
tory   $2,  771,  988 

Pilotless  Aircraft  Research 

Station 478,  012 

Lewis  Flight  Propulsion  Lab- 
oratory  1,  750,  000 

— 5,  000,  000 

Funds  to  start  financing  of  fiscal 
year  1951  program : 

Langley  Aeronautical  Labora- 
tory  $200, 000 

Ames  Aeronautical  Labora- 
tory  300, 000 

Lewis  Flight  Propulsion  Lab- 

tory 1, 818, 000 

2, 318,  000 

Total  appropriated  funds,  fiscal  year 

1951 $63,  068, 000 

Contract  authority  for  remaining  obligations  neces- 
sary to  complete  fiscal  year  1951  program : 

Langley  Aeronautical  Laboratory $2,  300, 000 

Ames  Aeronautical  Laboratory 8,700,000 

Total  contract  authority,  fiscal  year  1951__  $11,000,000 

Obligations  incurred  against  the  fiscal  year  1951  appropriated 
funds  and  contract  authority  are  listed  below,  together  with 
the  unobligated  balances  remaining  on  August  31,  1951.  The 
figures  shown  for  salaries  and  expenses  include  the  costs  for 
personal  services,  travel,  transportation,  communication,  utility 
services,  printing  and  reproduction,  contractual  services,  sup- 


plies and  equipment. 

Salaries  and  expenses: 

NACA  Headquarters $1, 081,  842 

Langley  Aeronautical  Laboratory 17,  631,  974 

Pilotless  Aircraft  Research  Station S03,  904 


Salaries  and  expenses — Continued 

High-Speed  Flight  Research  Station $919,281 

Ames  Aeronautical  Laboratory 7,535,318 

Western  Coordination  Oflace 18, 485 

Lewis  Flight  Propulsion  Laboratory 16,  416, 186 

Wright-Patterson  Coordination  OflSce 10,424 

Research  contracts — educational  institutions — 779, 649 

Services  performed  by  National  Bureau  of 
Standards  and  Forest  Products  Laboratory..  209,  501 

Unobligated  balance 343, 436 

Total  appropriated  funds,  salaries  and  ex- 
penses   45, 750,  000 

Construction  and  equipment  of  laboratory  facilities : 

Funds  to  continue  financing  of  fiscal  year  1949 
program : 

Langley  Aeronautical  Labora- 


tory   $5,  858,  400 

Lewis  Flight  Propulsion  Lab- 
oratory   3,  999,  508 

Unobligated  balance 142, 092 

10, 000, 000 

Funds  to  continue  financing  of  fiscal  year  1951 


program : 

Langley  Aeronautical  Labora- 
tory  $2,755,553 

Pilotless  Aircraft  Research  Sta- 
tion   473, 863 

Lewis  Flight  Propulsion  Lab- 
oratory   1,  708,  099 

Unobligated  balance 62,  485 


5,000,000 

Funds  to  start  financing  of  fiscal  year  1951  pro- 


gram : 

Langley  Aeronautical  Labora- 
tory   $198, 222 

Ames  Aeronautical  Laboratory.  300, 000 

Lewis  Flight  Propulsion  Lab- 
oratory  1,  676,  796 

Unobligated  balance ^ 142,  982 

2,318,000 


Total  appropriated  funds,  fiscal  year 


1951 $63,  068,  000 

Contract  authority  for  remaining  obligations  nec- 
essary to  complete  fiscal  year  1951  program : 

Langley  Aeronautical  Laboratory $1, 497,  744 

Ames  Aeronautical  Laboratory 3,177,786 

Unobligated  balance *6,324,470 

Total  contract  authority,  fiscal  year  1951 $11, 000, 000 

* These  unobligated  balances  remain  available  for  obligation  in  the 
fiscal  year  1952. 
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Appropriation  for  the  Unitary  Wind  Tunnel  Plan  Act. — 
Funds  in  the  amount  of  $75,000,000  were  appropriated  in  the 
Deficiency  Appropriation  Act,  1950,  approved  June  29,  1950, 
for  the  construction  of  wind  tunnels  authorized  in  the  Unitary 
Wind  Tunnel  Plan  Act  of  1949  (Public  Law  415,  Slst  Cong., 
approved  October  27,  1949).  These  funds  are  available  until 
expended.  Allotments  and  obligations  as  of  June  30,  1951,  are 
as  follows : 

OhUgations 
as  of  June  50, 
Allotments  1951 

Langley  Aeronautical  Laboratory $14, 917, 000  $6, 440,  860 

Ames  Aeronautical  Laboratory 27,  227,  000  9, 904,  944 

Lewis  Flight  Propulsion  Laboratory.  32,  856, 000  9, 905,  955 


Total 


$75,  000,  000  $26,  251,  759 


Appropriations  for  the  fiscal  year  1952. — The  major  allot- 
ments of  the  funds  appropriated  for  the  Committee  for  the 
fiscal  year  1952  in  the  Independent  Offices  Appropriation  Act, 
1952  approved  August  31,  1951,  are  given  below : 

Salaries  and  Expenses — ; $49,  250, 000 

Construction  and  equipment  of  labora- 
tory facilities : 

Funds  to  complete  financing  of 
fiscal  year  1949  program : 

Langley  Aeronautical  Labora- 
tory  $372, 800 

Lewis  Flight  Propulsion  Lab- 
oratory  550,  000 


Construction  and  equipment  of  labora- 


tory facilities — Continued  Allotments 

Funds  to  complete  financing  of 
fiscal  year  1950  program : 

Langley  Aeronautical  Labora- 
tory  $3,  493,  524 

Lewis  Plight  Propulsion  Lab- 
oratory  1,  500,  000 


Funds  to  continue  financing  of 
fiscal  year  1951  program: 

Langley  Aeronautical  Labora- 
tory  $1,233,676 

Ames  Aeronautical  Labora- 
tory  4,  500, 000 


Funds  to  completely  finance  fiscal 
year  1952  program: 

Langley  Aeronautical  Labora- 
tory  $730,  OCK) 

Pilotless  Aircraft  Research 

Station 90,  000 

High-Speed  Flight  Research 

Station 4, 000,  000 

Ames  Aeronautical  Labora- 
tory  1, 480,  000 

Lewis  Plight  Propulsion  Lab- 

tory 350, 000 


Total  appropriated  funds, 
fiscal  year  1952 


Ohligaiions 
as  of  June  SO, 
1951 


$4, 993, 524 


5,  783,  676 


6, 650, 000 


$67, 600,  000 
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CORRELATION  OF  PHYSICAL  PROPERTIES  WITH  MOLECULAR  STRUCTURE  FOR 
SOME  DICYCLIC  HYDROCARBONS  HAVING  HIGH  THERMAL-ENERGY 

RELEASE  PER  UNIT  VOLUME  ‘ 

By  P.  H.  Wise,  K.  T.  Serijan,  and  I.  A.  Goodman 


SUMMARY 

As  part  of  a program  to  study  the  correlation  between  molecular 
structure  and  physical  properties  of  high-density  hydrocarhonSy 
the  net  heats  of  combustiony  melting  pointSy  boiling  pointSy 
densities,  and  kinematic  viscosities  of  some  hydrocarbons  in 
the  2-n-alkylbiphenyly  1 jl-diphenylalkane,  a,  oi-diphenylalkaney 
1 yl-dicyclohexylalkaney  and  ayOi-dicyclohexylalkane  series  are 
presented.  Comparisons  are  made  on  the  following  three  bases: 

1.  As  members  of  an  homologous  series  in  which  the  com- 
pounds have  similar  structures  and  differ  in  molecular  weight 

2.  As  isomers  with  the  same  molecular  weight  and  molecular 
formula  but  different  molecular  structure 

S,  ^5  compounds  with  the  same  carbon  skeleton  but  dif  event 
molecular  formulas  due  to  hydrogenation  of  the  aromatic  rings 

The  three  series  of  aromatic  hydrocarbons,  2-n-alkylbiphenyl, 
1 yl-diphenylalkane,  and  a,o}-diphenylalkane,  did  not  show 
great  differences  in  heat  of  combustion  per  unit  volume.  These 
series  averaged  20  percent  higher  than  typical  aircraft  fuels  of 
AN-F-58  specification  with  respect  to  this  property.  The  two 
series  of  dicyclohexyl  hydrocarbons,  1 ,1-dicyclohexylalkane 
and  ayO)-dicyclohexylalkane,  had  somewhat  lower  heats  of  com- 
bustion, but  still  averaged  about  IS  percent  higher  than 
AN-F-58  fuel. 

Each  series  followed  its  own  characteristic  pattern  in  the 
relation  of  melting  point  and  structure.  The  general  trend 
was  toward  lower  melting  points  by  addition  of  a side  chain  to 
the  parent  hydrocarbon.  With  two  exceptions,  the  dicyclohexyl 
compounds  melted  at  lower  temperatures  than  the  analogous 
aromatic  hydrocarbons. 

The  molecular  weight  had  a greater  influence  on  boiling  point 
than  the  molecular  structure.  The  a,o)-diphenylalkane  series, 
however,  showed  a more  rapid  rate  of  increase  in  boiling  point 
with  increasing  molecular  weight  than  the  other  series  of  aromatic 
hydrocarbons. 

In  these  three  closely  related  homologous  series  of  aromatic 
hydrocarbons,  the  molecular  weight  had  a greater  effect  on  vis- 
cosity than  the  molecular  structure  when  the  substituent  groups 
were  all  normal  alkyl  in  type.  The  cyclohexyl  derivatives  had 
viscosities  Jfi  to  200  percent  higher  than  the  analogous  aromatic 
hydrocarbons. 


INTRODUCTION 

High-speed  aircraft  are  volume-limited  because  of  the  de- 
sign requirements  of  thin  wings  and  small  fuselages;  the  fuel- 
storage  space  is  therefore  restricted.  In  evaluating  fuels 
for  such  aircraft,  one  of  the  important  properties  is  the  heat 
of  combustion  per  unit  volume.  Fuels  with  high  heat  of 
combustion  per  unit  volume  would  be  valuable  in  providing 
increased  flight  range. 

A survey  of  the  literature  pertaining  to  properties  of  hydro- 
carbons was  therefore  made  at  the  NACA  Lewis  laboratory 
with  particular  emphasis  on  the  heat  of  combustion  per  unit 
volume.  The  hydrocarbons  were  compared  as  homologous 
series  to  determine  which  features  of  molecular  structure 
might  be  expected  to  be  associated  with  high  heat  of  com- 
bustion per  unit  volume.  The  net  heats  of  combustion  of 
the  normal  paraffin,  normal  alkylcyclohexane,  and  normal 
alkylbenzene  hydrocarbons  of  seven  to  fourteen  carbon 
atoms  vary  from  824,000  to  977,000  Btu  per  cubic  foot. 
For  an  equivalent  number  of  carbon  atoms,  the  comparison 
of  net  heat  of  combustion  is:  n-alk3dbenzene>n-alkyl- 
cyclohexane>n-parafl5n.  It  is  evident  that  a ring  structure 
increases  the  heat  of  combustion  per  unit  volume  and  that 
the  unsaturated  ring  in  benzene  has  an  advantage  over  the 
saturated  c^’^clohexane  ring.  These  values  of  net  heat  of 
combustion  were  calculated  from  data  obtained  in  references 
1 and  2. 

Compounds  from  these  three  homologous  series  are  prin- 
cipal constituents  of  the  aircraft  fuels  AN-F-48,  AN-F-32a, 
and  AN-F-58,  which  are  currently  used  and  are  described 
by  the  specifications  in  references  3,  4,  and  5,  respectivel3^ 
Fuels  that  were  purchased  under  these  specifications  and 
used  at  the  Lewis  laboratory  were  found  to  have  the  follow- 
ing values  of  net  heat  of  combustion:  AN-F-48,  823,000; 
AN-F— 32a,  960,000;  and  AN— F— 58,  894,000  Btu  per  cubic 
foot.  These  values  vary  depending  upon  the  source  of 
SRppl}’^;  they  have  been  arbitrarily  chosen,  however,  as  a 
standard  for  comparing  the  hv^'drocarbons  discussed  herein. 

The  advantage  of  an  aromatic  ring  in  a molecule  led  to 
the  investigation  of  the  properties  of  biphenyl,  diphenyl- 
methane,  and  naphthalene.  Each  of  these  compounds  has 
two  aromatic  rings  per  molecule,  and  the  net  heats  of  com- 


1 Supersedes  NAOA  TN  2081,  “Correlation  of  Physical  Properties  with  Molecular  Structure  forDicyclic  Hydrocarbons.  I-2-n.AlfcyIbiphenyI.  1,1-Diphenylalkane,  a,«-Diphenylalkane, 
l.l-Dicyclohexylalkane.  and  a,w-Dicyclohexylalkane,  Series,"  by  P.  H.  Wise,  K.  T.  Serijan,  and  I.  A.  Goodman,  1950. 
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bustion  (references  1 and  2)  are  1,096,000;  1,110,000;  and 
1,210,000  Btu  per  cubic  foot,  respectively.  These  values 
represent  an  average  increase  of  30  percent  over  AN-F-48, 
15  percent  over  AN-F-32a,  and  20  percent  over  AN-F-58. 
On  the  basis  of  heat  of  combustion,  these  three  hydrocarbons 
would  be  desirable  fuels;  however,  they  have  relatively  high 
melting  points  and  are  unsuitable  for  use  as  liquid  fuels.  If 
the  introduction  of  various  alkyl  groups  into  these  hydro- 
carbons would  sufficiently  lower  the  melting  points  without 
reducing  the  heat  of  combustion  per  unit  volume,  a superior 
fuel  would  be  obtained.  The  data  on  many  of  these  alkyl 
derivatives  are  incomplete  and  in  some  cases  inaccurate; 
consequently,  they  cannot  be  used  as  a basis  for  a reliable 
analysis  of  the  usefulness  of  these  high-energy  hydrocarbons 
as  aircraft-engine  fuels. 


Biphenyl  B-n-Alkylbi  phenyl 

Q-ch.-Q  —Q-  ® -O — 0-  -0 

R R 

Diphenyl  methane  IJ-Diphenylolkone  IJ-Dicyclohexylolkone 

or,u? -Diphenylolkone  of , a?  -Dicyc  lohe  xy  !o  I kone 

R^CHs(methyl)y  (ethyl).  CH^  CM,  CM,- (n -propyl)-^ 

CH^CH2CHzCH,-(7i-butyl) 

Figure  1— Structure  of  hydrocarbons. 

An  investigation  was  therefore  undertaken  at  the  Lewis 
laboratory  during  1945  to  determine  the  effects  of  systematic 
alteration  in  structure  of  dicyclic-aroma tic-type  molecules  on 
the  following  important  properties  of  the  fuel:  net  heat  of  com- 
bustion per  unit  volume,  heat  of  combustion  per  unit  weight, 
melting  point,  boiling  point,  and  viscosity. 

Comparisons  are  made  on  the  following  three  bases: 

1.  As  members  of  an  homologous  series  in  which  the  com- 
pounds have  similar  structures  and  differ  in  molecular 
weight 

2.  As  isomers  with  the  same  molecular  weight  and  molec- 
ular formula  but  different  molecular  structure 

3.  As  compounds  with  the  same  carbon  skeleton  but 
different  molecular  formulas  due  to  hydrogenation  of  the 
aromatic  rings 

METHOD  AND  APPARATUS 

The  compounds  discussed  represent  five  homologous  series  of 
hydrocarbons;  namely,  the  2-?i-alkylbiphenyl;  1,1-diphenyl- 
alkane  ; 1,1  -dicyclohexylalkane ; a,  w-diphenylalkane ; and 

a,co-dicyclohexylalkane  series.  The  structures  of  these 
hydrocarbons  are  illustrated  in  figure  1.  The  normal  alkyl 
groups  illustrated  at  the  bottom  of  the  figure  were  selected 
to  study  the  effect  of  increasing  the  chain  length  of  these 
substituent  groups  when  they  are  attached  to  the  parent 


\ 

hydrocarbons,  biphenyl  and  diphenylmethane.  From  di- 
phenylmethane  two  series  are  developed,  the  1,1-diphenyl- 
alkane  series  by  adding  the  alkyl  group  as  a side  chain  attached 
to  the  carbon  atom  between  the  phenyl  groups  and  the 
a,co-diphenylalkane  series  by  lengthening  the  chain  of  carbon 
atoms  between  the  two  rings. 

The  saturated,  or  c^^clohexyl,  derivatives  corresponding  to 
the  aromatic  compounds  are  also  illustrated.  The}^  are  pre- 
pared by  hydrogenation  of  the  pure  aromatic  compounds. 
It  is  known  that  the  saturated  compounds  generally  have 
lower  melting  points  and  bmm  with  less  carbon  formation 
than  the  corresponding  aromatic  hydrocarbons.  On  the 
other  hand,  saturated  hydrocarbons  have  higher  viscosities 
and  lower  net  heats  of  combustion  per  unit  volume  than  their 
aromatic  counterparts.  Inasmuch  as  many  properties  must 
be  considered  in  selecting  a fuel,  it  seemed  advisable  to  study 
the  saturated  compounds  to  determine  accuratel}^  the  extent 
of  the  changes  produced  by  hydrogenation. 

With  the  exceptions  noted  in  the  tables  of  properties,  the 
compounds  were  synthesized  and  purified,  or  purified  from 
commercial  stocks,  at  the  Lewis  laboratory;  the  properties 
were  then  determined.  Before  final  measurement  of  the 
properties  was  made,  precautions  were  taken  to  ascertain 
that  the  high  purity  essential  for  the  accurate  study  of 
properties  was  attained. 

The  time-temperature  melting  curves  were  determined 
with  a platinum  resistance  thermometer  and  a G-2  Mueller 
bridge  with  accessor}^  equipment  and  by  methods  described 
in  reference  6,  and  the  melting  points  were  determined  from 
the  curves  according  to  the  graphical  method  described  in 
reference  7.  Densities  were  determined  by  use  of  a gravi- 
metric balance  according  to  the  method  of  reference  8,  and 
the  refractive  indices  were  measured  with  a Bausch  & Lomb 
precision  oil-model  five-place  instrument.  The  boiling  points 
were  determined  by  the  use  of  a platinum  resistance  thermom- 
eter in  an  apparatus  modified  from  that  described  in  reference 
9 . The  system  was  pressurized  with  dry  air  from  a surge  tank 
and  held  at  constant  pressure  by  adjusting  a continuous 
bleed.  The  kinematic  viscosities  were  determined  in  visco- 
simeters that  had  been  calibrated  with  National  Bureau  of 
Standards  standard  viscosity  samples  H-5,  H-7,  D-7,  or 
L-17.  The  A.S.T.M.  procedure  of  reference  10  was  followed. 
The  net  heats  of  combustion  were  determined  according  to 
reference  11  in  an  oxygen  bomb  calorimeter  that  had  been 
calibrated  on  Bureau  of  Standards  benzoic  acid. 

The  magnitude  of  the  uncertainties  is  estimated  as  follows: 
melting  point,  0.02°  C;  density,  0.00005  gram  per  milliliter; 
refractive  index,  0.0002;  boiling  point,  0.1°  C;  kinematic 
viscosity,  0.5  percent  of  determined  value  relative  to  1.007 
centistokes  for  water  at  20°  C;  and  net  heat  of  combustion, 
± 100  Btu  per  pound,  which  is  equivalent  to  10  to  15  kilogram- 
calories  per  mole  for  these  compounds. 

The  precision  of  measurements  is:  freezing  point, 
±0.003°  C;  density,  ±0.00002  to  ±0.00003  gram  per  milli- 
liter; refractive  index,  ±0.0001;  boiling  point,  ±0.04°  C; 
kinematic  viscosity,  0.2  percent  of  determined  value;  and 
net  heat  of  combustion,  ±60  Btu  per  pound. 
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DISCUSSION  OF  RESULTS 

2-71-ALKYLBIPHENYL  HYDROCARBONS 

The  physical  properties  -of--the_.2-7i-alkylbiphenyl  hydro- 
carbons are  presented  in  table  I (a)  and  the  heat-of- 
combustion  data  are  given  in  table  I (b).  The  data  are 
plotted  in  figure  2.  The  comparison  of  molecular  structure 
with  net  heat  of  combustion  in  Btu  per  cubic  foot  for  the 
2-7i-alkylbiphenyl  hydrocarbons  is  shown  in  figure  2 (a) . The 
parent  hydrocarbon,  biphenyl,  has  the  highest  value, 
1,096,000  Btu  per  cubic  foot.  The  first  member  of  the 
series,  2-methylbiphenyl,  is  slightly  lower  at  1,078,000  Btu 
per  cubic  foot.  Each  carbon  atom  that  is  subsequent!}^ 
added  to  lengthen  the  side  chain  causes  some  decrease  in 


(a)  Net  heat  of  combustion. 

(b)  Melting  and  boiling  points. 

Figure  2. — Variation  of  properties  with  structure  of  2-n-alkylbi phenyl  hydrocarbons. 


Figure  2, — Concluded.  Variation  of  properties  with  structure  of  2-7i-alkylbiphenyl 
\ hydrocarbons. 

the  net  heat  of  cpmbustion  per  unit  volume,  and  2-?i-butyl- 
biphenyl  with  four  carbon  atoms  in  the  side  chain  has  a 
value  of  1,048,000  Btu  per  cubic  foot,  which  is  a loss  of  4.3 
percent  from  biphenyl.  This  value  is,  however,  still  17 
percent  higher  than  a typical  AN-F-58  aircraft  fuel. 

The  melting-  and  boiling-point  comparisons  of  this  series 
of  hydrocarbons  are  shown  in  figure  2 (b).  Biphenyl  melts 
at  69.2°  C,  and  each  member  of  the  series  has  a lower  melt- 
ing point  as  the  molecular  weight  and  side-chain  length  are 
increased.  The  ..fourth  member  of  the  series,  2-n-butyl- 
biphenyl,  melts  at  "—13.71°  C,  a decrease  of  83°  C from  the 
value  for  biphenyl. 

The  boiling-point  curve  shows  the  reverse  trend,  increas- 
ing from  255.0°  to  291.20°  C in  the  transition  from  the 
parent  hydrocarbon  to  2-n-butylbiphenyl. 

The  viscosities  of  these  hydrocarbons  at  three  tempera- 
tures are  compared  in  figure  2 (c).  The  trend  is  the  same 
as  for  the  boiling'  point;  an  increase  in  molecular  weight  by 
lengthening  the  side  chain  is  accompanied  by  an  increase  in 
viscosity.  At  0°  C (32°  F),  where  the  viscosity  of  biphenyl 
cannot  be  determined  because  the  compound  is  a solid, 
there  is  an  increase  of  85  percent  from  2-methylbiphenyl 
to  2-n-butylbiphenyl.  The  effect  of  tempera  time  is  even 
more  pronounced..  The  average  increase  in  viscosity  for  the 
individual  membei's  of  the  series  is  200  percent  when  the 
temperature  is  lowered  from  98.89°  C (210°  F)  to  37.78°  C 
(100°  F)  and  about  1300  percent  when  the  temperature  is 
0®  C (32°  F)  coippared  with  98.89°  C (210°  F).  No  data 
were  obtained  below  0°  C (32°  F)  because  most  of  these  com- 
pounds are  crystalline  solids  at  temperatures  only  a few 
degrees  below  this  temperature. 
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1,1-diphenylalkane  and  1,1-dicyclohexylalkane  hydrocarbons 

The  properties  of  these  two  series  of  hydrocarbons  are 
shown  in  table  II  and  plotted  in  figure  3.  By  using  data 
from  these  two  series,  it  is  possible  to  compare  compounds 
that  have  like  arrangement  of  the  carbon  skeleton  and 
different  hydrogen-carbon  ratios.  The  data  for  the  two 
series  are  therefore  plotted  in  the  same  figures,  with  solid 


lines  representing  the  aromatic  series  and  dashed  lines,  the 
saturated  series. 

The  net  heat  of  combustion  in  Btu  per  cubic  foot  is  com- 
pared with  the  molecular  structure  in  figure  3 (a).  Biphenyl 
is  considered  to  be  the  parent  hydrocarbon  and  is  compared 
with  the  other  members  of  this  series,  as  was  the  case  with 


(a)  Net  heat  of  combustion. 

(b)  Melting  point. 


Figure  3.  Variation  of  properties  with  structure  of  l,l*diphenyl  and  1,1-dicyclohexyIalkane  hydrocarbons. 
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the  2-?i-alkylbiphenyl  hydrocarbons.  The  carbon  atom 
added  between  the  two  rings  in  diphenylme thane  results  in 
a 2-percent  loss  in  Btu  per  cubic  foot.  A small  decrease  in 
net  heat  of  combustion  per  cubic  foot  is  observed  with  each 
carbon  atom  that  is  added  to  the  side  chain.  The  over-all 
loss  from  biphenyl  to  l,l“diphenylbutane  is,  however,  only 
3.3  percent. 

In  plotting  the  dicyclohexyl  derivatives,  each  point  indi- 
cates the  value  for  the  hydrogenated  compound  with  the 
carbon  skeleton  corresponding  to  that  of  the  aromatic  com- 
pound immediately  below  the  point  on  the  figure.  The 
average  decrease  in  net  heat  of  combustion  per  unit  volume 
is  5 percent  when  each  saturated  compound  is  compared 
with  its  aromatic  counterpart.  This  decrease  is  due  to  the 
lower  density  of  the  hydrogenated  derivatives  in  comparison 
with  the  aromatic  hydrocarbons. 

The  melting  points  of  these  two  series  of  hydrocarbons  are 
shown  in  figure  3 (b).  The  aromatic  series  shows  a consis- 
tent decrease  from  biphenyl  (melting  point,  69.2°  C)  to 
1,1-diphenylbutane  (melting  point,  —28.4°  C)  except  for  one 
member,  1,1-diphenylpropane,  which  melts  at  13.3®  C.  This 
melting  point  is  higher  than  that  of  the  compound  preceding 
or  follomng  it  in  the  series. 

The  saturated  compounds  melt  at  lower  temperatures  than 
the  corresponding  aromatic  hydrocarbons  except  in  the 
comparison  of  the  butane  derivatives  where  the  saturated 
compound  has  a higher  melting  point  than  the  diphenyl 
derivative. 

The  boiling  points  of  the  two  series  (fig.  3 (c))  show  a 
regular  increase  with  lengthening  of  the  carbon  chain.  The 
difference  between  analogous  members  of  the  two  series 
decreases  with  increasing  chain  length.  The  first  members 
of  the  two  series  differ  about  16°  C;  the  last  three  pairs 
differ  1 ° to  3°  C.  The  diphenyl  compounds  have  consistently 
higher  boiHng  points  than  the  saturated  derivatives. 

The  increase  in  viscosity  due  to  hydrogenation  of  the 
aromatic  nuclei  to  saturated  rings  is  observed  by  comparing 
the  viscosities  of  these  tw^o  series  in  figure  3 (d).  The  satu- 
rated derivatives  average  48  percent  higher  at  98.89°  C 
(210°  F)  and  200  percent  higher  at  0°  C (32°  F).  Both 
series  show  consistent  increases  in  viscosity  with  increase 
in  chain  length. 

a.w-DIPHENYLALKANE  AND  a,«.DICYCLOHEXYLALKANE  HYDROCARBONS 

The  properties  of  the  two  series  of  a,a>-dicyclicalkanes  are 
tabulated  in  table  III  and  plotted  in  figure  4.  With  the 
two  a,co-dicyclicalkane  hydrocarbon  series  of  compounds,  it 
is  again  possible  to  compare  the  aromatic  and  the  saturated 
derivatives.  The  data  for  net  heat  of  combustion  are  sho^vn 
in  figure  4 (a).  In  the  aromatic  series,  a decrease  of  3.5  per- 
cent in  Btu  per  cubic  foot  is  observed  as  the  carbon  chain 
between  the  two  rings  is  lengthened.  The  values  for  the 
saturated  series  are  quite  uniform  and  average  about  5 per- 
cent lower  than  the  aromatic  hydrocarbons.  The  saturated 
compounds,  however,  average  about  12  percent  higher  than 
an  AN-F-58  aircraft  fuel  on  the  basis  of  heat  of  combustion 
per  unit  volume. 

The  two  series  follow  similar  patterns  in  melting-point 
behavior  as  the  length  of  the  carbon  chain  is  increased 


(fig.  4 (b)).  The  melting  points  of  the  saturated  compounds 
are  consistently  lower  than  those  of  the  corresponding 
aromatic  hj^drocarbons  except  for  the  1,3-dicyclic  com- 
pounds, in  which  case  the  aromatic  derivative  is  slightly 
lower. 

The  boiling-point  data  for  these  compounds,  shown  in 
figure  4 (c),  indicate  uniform  increases  in  both  series  as  the 
carbon  chain  between  the  rings  is  lengthened.  The  boiling 
points  of  the  aromatic  compounds  are  consistently  higher 
than  those  of  the  saturated  derivatives  mth  the  correspond- 
ing carbon  skeleton. 


(a)  Net  heat  of  combustion. 

(b)  Melting  point. 


Figure  4. — Variation  of  properties  with  structure  of  a,w-diphenylalkane  and  a,«-dicyclo- 
hexylalkane  hydrocarbons. 
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Comparison  of  viscosities  in  these  series,  plotted  in  figure 
4 (d),  is  necessarily  incomplete  because  the  aromatic  com- 
pounds have  relatively  high  melting  points  and  are  solids  at 
several  of  the  temperatures  of  measurement.  The  aromatic 
compounds  are  liquids  at  98.89®  C (210®  F),  and  the  vis- 


(c)  Boiling  point. 

(d)  Kinematic  viscosity  at  various  temperatures. 


Figure  4. —Concluded.  Variation  of  properties  with  structure  of  a,w-diphenylalkane  and 
a.w-dlcyclohexylalkane  hydrocarbons. 


cosity  increases  slowly  with  increasing  chain  length.  At 
this  temperature,  the  viscosit^^  values  of  the  saturated  com- 
pounds average  43  percent  higher  than  the  corresponding 
aromatic  compounds.  At  the  lower  temperatures  some  data 
points  are  missing,  but  the  trends  are  the  same. 

COMPARISONIOF  THREE  AROMATIC  SERIES 

The  comparisons  that  have  been  presented  were  made  on 
the  basis  of  homologous  series  in  which  the  molecular  struc- 
ture of  the  individual  members  of  a series  differed  only  by, 
the  length  of  the  aliphatic  carbon  chain  in  the  molecule. 
Each  series  started  from  the  common  parent  hydrocarbon, 
biphenyl.  A comparison  of  the  effect  of  structure"  on  the 
properties  can  also  be  made  by  studying  the  properties  of 
the  hydrocarbons,  one  from  each  series,  that  have  a common 
molecular  formula.  An  example  would  be  those  with  the 
formula  Ci4Hi4,  that  is,  2-eth}dbiphen3d,  1,1-diphenyle thane, 
and  1,2-diphenylethane.  In  order  to  make  this  comparison, 
the  properties  of  each  series  have  been  plotted  in  figure  5. 
The  properties  are  plotted  as  the  ordinates  and  the  number 
of  carbon  atoms  added  to  the  parent  hydrocarbon  is  plotted 
as  the  abscissa. 

The  effect  of  structure  on  heat  of  combustion  per  unit 
volume  is  shown  in  figure  5 (a).  The  ratio  of  Btu  per  cubic 
foot  to  the  corresponding  value  for  a typical  AN-F-58 
aircraft  fuel  (table  I,  footnote  d)  is  used  as  the  ordinate 
rather  than  the  absolute  value  determined  for  the  com- 
pounds. This  ratio  is  a measure  of  the  advantage  to  be 
gained  in  heat  of  combustion  per  unit  volume  by  using  fuels 
of  this  type.  The  1,1-diphenylalkane  series  decreased  less 
rapidly  in  heat  of  combustion  per  unit  volume  than 
the  other  two  series  as  the  carbon  chain  was  lengthened. 
None  of  these  series,  however,  decreased  more  than  6 percent 
from  the  parent  hydrocarbon,  and  they  are  all  about  20  per- 
cent higher  than  AN-F-58  with  respect  to  this  property. 

The  divergent  behavior  of  these  three  series  with  respect 
to  their  melting  points  is  illustrated  in  figure  5 (b).  The 
2-n-alkylbiphenyl  series  has  increasingly  lower  melting  points 
as  the  side  chain  is  increased  in  length.  The  other  series 
are  characterized  by  alternate  lower  and  higher  melting 
points  as  the  series  are  extended. 

The  curves  of  figure  5 (c)  show  that  the  molecular  weight 
has^  more  influence  on  boiling  point  than  the  structure,  be- 
cause the  boiling  points  are  quite  closely  grouped.  The 
a,w-diphenylalkane  series  does  show,  however,  a more  rapid 
rate  of  increase  in  boiling  point  with  increase  in  chain  length 
than  the  other  two  series.  The  boiling  point  of  1,3-diphenyl- 
propane  is  higher  than  those  of  1,1-diphenylbutane 
and  2-n-butylbiphenyl,  which  have  one  more  carbon  atom 
per  molecule. 

The  viscosities  of  the  three  series  of  hydrocarbons  at  the 
three  temperatures  of  measurement  are  plotted  in  fig- 
ure 5 (d).  The  viscosities  depend  more  upon  the  molec- 
ular weight  than  upon  the  molecular  structure  in  these 
closely  related  series.  As  the  molecular  weight  increases,  the 
differences  between  the  viscosity  values  of  the  isomers  in  the 
three  series  diminish. 


Bfufcu 

Melting  point,  ®C  Relative  heat  of  combustion,  (AN-F-58) 


CORRELATION  OF  PROPERTIES  AND  STRUCTURE  FOR  SOME  DICYCLIC  HYDROCARBONS 


61 


320\ 


\U9 

X 


\300 


c> 

15 

4- 

o 

^280 
c 


a 

0). 


o 

QQ 


2^0, 


_ — 

.4 

pheny 

pheny 

lolko 

iolko 

ne 

/ 

y 

/ 

\ 

\ 

Y 

/ 

7 

y 

,y 

y 

fc) 

, 

0 12  3 4 

Number  of  carbon  atoms  added  to  biphenyl 


(a)  Net  heat  of  combustion.  Boiling  point. 

(b)  Melting  point.  Kinematic  viscosity  at  various  temperatures. 

Figure  5. -Comparison  of  properties  and  structural  changes  of  three  homologous  series  of  hydrocarbons  related  to  biphenyl. 
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SUMMARY  OF  RESULTS 

A study  of  the  variation  of  properties  with  change  in  molec- 
ular structure  in  the  homologous  series — 2-7i-alkylbiphenyl; 

1. 1- diphenylalkane ; a,  co-diphenylalkane ; 1 , 1 -dicyclohexyl- 

alkane;  and  a,oj-dicyclohexylalkane — indicated  the  following 
trends: 

1.  The  net  heat  of  combustion  per  unit  volume  decreased 
an  average  of  about  5 percent  as  the  molecular  weight  was  in- 
creased from  theparenthydrocarbon,  biphenyl,  to  1,3-diphenyl- 
propane  and  to  the  CieHis  isomers  in  the  2-n-alkylbiphenyl  and 

1. 1- diphenylalkane  hydrocarbon  series.  All  thi'ee  series 
averaged  about  20  percent  higher  than  an  AN-F-58  aircraft 
fuel  with  respect  to  this  property. 

2.  In  the  two  series  of  hydrogenated  compounds, 

1.1- dicyclohexylalkane  and  a,co-dicyclohexylalkane,  the  values 
of  net  heat  of  combustion  per  unit  volume  were  somewhat 
lower  than  the  analogous  aromatic  compounds  and  did  not 
vary  greatly  throughout  the  series.  . The  series  averaged 
about  13  percent  higher  than  an  AN-F-58  fuel. 

3.  Each  of  the  aromatic  series  followed  a characteristic 
pattern  of  melting-point  variation  as  the  molecular  weight 
was  increased.  The  general  trend  was  toward  lower  melting 
points  as  the  size  of  the  alkyl  substituent  was  increased, 
but  exceptions  to  this  general  statement  were  observed  in  the 
a,c*)-diphenylalkane  series  and  the  1, 1-diphenylalkane  series. 

4.  Hydrogenation  of  the  aromatic  nuclei  to  saturated  rings 
lowered  the  melting  point  in  all  of  the  cases  except  two. 

5.  The  boiling  points  of  the  investigated  hydrocarbons 
were  influenced  more  by  their  molecular  weight  than  by 
molecular  structure.  The  a,w-diphenylalkane  series,  how- 
ever, did  show  a more  rapid  rate  of  increase  of  boiling  point 
with  increase  in  molecular  weight  than  the  1, 1-diphenylalkane 
and  2-71-alkylbiphenyl  series.  The  saturated  derivatives  had 
boiling  points  slightly  lower  than  those  of  the  corresponding 
diphenyl  compounds. 

6.  In  the  three  aromatic  series,  the  viscosity  increased 
uniformly  with  increase  in  molecular  weight.  The  viscosit}- 
values  of  the  isomers  were  nearly  equal  in  many  cases;  it 
was  therefore  concluded  that  with  the  types  of  molecule 
studied  the  molecular  weight  influenced  viscosity  to  a greater 
extent  than  did  molecular  structure.  The  saturated  hydro- 
carbons had  much  higher  viscosities  than  the  corresponding 
diphenyl  compounds,  with  the  increases  ranging  from  ap- 
proximately 40  to  200  percent. 

7.  Of  the  compounds  investigated,  1,1-diphenylbutane 


had  the  lowest  melting  point,  —28.4°  C.  This  compound 
had  a net  heat  of  combustion  of  1,059,000  Btu  per  cubic  foot, 
which  is  18  percent  greater  than  the  AN-F-58  fuel  selected 
for  comparison. 


Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  June  20 , 1949. 
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TABLE  I— PROPERTIES  OF  2-n-ALKYLBIPHENY"L  HYDROCARBONS 

(a)  Physical  properties. 

[S  designates  solid  at  indicated  temperature.) 


Hydrocarbon 

Melting  point 

Boiling  point 
at  760  mm 

Density  at 
20®  C 
(g/ml) 

Kinematic  viscosity  (centistokes) 

Refrac- 

tiye 

°C 

op 

*^0 

op 

98.89®  C 
(210°  F) 

37.78®  C 
(100®  F) 

0°  C 
(32®  F) 

ng 

Biphenyl. 

69.2 

156.6 

255.0 

491.0 

1.041* 

0.992 

S 

S 

s 

2-Methylbiphenyl... 

-.20 

31.64 

255.30 

491.54 

1.01134 

1.06 

3. 18 

13.3 

1. 5914 

2-Ethyl  biphenyl 

-6. 13 

20.97 

265. 97 

510.  75 

.99671 

1.17 

3. 44 

13.8 

1.5805 

2-7i-Propyl  biphenyl. 

-11.26 

11.73 

277.22 

531.00 

.98018 

1.33 

4.44 

22.4 

1.5696 

2-71 -Butyl  biphenyl 

-13.71b 
-9.65  b 

7.32  b 
14.63  b 

291.20 

556.16 

.96763 

1.43 

4.87 

24.7 

1.5604 

(b)  Heats  of  combustion. 


Hydrocarbon 

Net  heat  of  combustion 

Ratio  to  AN-F-58 

kcal/mole 

Btu/lb 

Btu/cu  ft 

Weight 
basis  ® 

Volume 
basis  <* 

Biphenyl 

1443. 5 

16, 850  » 

1.096X10® 

0.905 

1.225 

2-Methylbiphenyl ... 

1598.  2 

17, 100 

1.078 

.918 

1.205 

2-EthylbiphenyL  . ... 

1739.0 

17, 175 

1.069 

.922 

1.195 

2-n-Propylbiphenyl 

1886.5 

17, 300 

1.058 

.929 

1.182 

2-7i-Butyl  biphenyl 

2030.0 

1 

17,375 

1.048 

.933 

1.171 

Keference  2. 

Two  different  crystalline  modifications. 

Based  on  experimentally  determined  value  of  18,625  Btu/lb  for  fuel  used  at  Lewis  laboratory.  ....  so , ^ , 

The  value  of  894,000  Btu/cu  ft  for  AN-F-58  was  calculated  from  the  value  in  footnote  c using  the  experimentally  determined  value  of  0.769  for  the  specific  gravity  of  the  fuel. 


TABLE  II— PROPERTIES  OF  1,1-DICYCLICALKANE  HYDROCARBONS 

(a)  Physical  properties. 

[S  designates  solid  at  indicated  temperature.] 


Melting  point 

Boiling  point 
at  760  mm 

Density  at 
20®  0 
(g/ml) 

Kinematic  viscosity  (centistokes) 

Refrac- 

tive 

index 

Hydrocarbon 

®C 

op 

®C 

op 

98.89°  C 
(210°  F) 

37.78®  O 
(100°  F) 

0®  G 
(32®  F) 

Dlphenylalkanes 

Biphenyl 

69.2 

156.6 

255.0 

491.0 

1.041  a 

0. 992 

S 

? 

S 

D iphenyl  methane 

25.20 

77.36 

264.  27 

507.  69 

1. 00592 

.965 

2.22 

s 

1.  5776 

1 ,1-Diphenylethane 

-18.  01 

-.  42 

272.63 

522.  73 

.99961 

1. 10 

2.90 

8. 92 

1.  5725 

1 , 1-D  iphen  yl  propane 

13.29 

55.92 

283.  22 

541.  80 

.98663 

1.23 

3.  72 

s 

1.  5643 

1,1-Diphenylbutane 

-28. 38  b 

-19.08 

294.29 

561.  72 

. 97498 

1. 38 

4.70 

24.8 

1.  5568 

-25.  2 b 

-13.4 

Dfcyclohexylalkanes 

Bicyclohexyl 

.3.  50 

38.30 

238.  87 

461.  97 

0.88604 

1.23 

3.07 

S 

1.  4796 

Dicyclohexylmethane 

-18.  69 

-1.64 

252.  77 

486.  99 

.87646 

1.43 

4. 10 

13.0 

1.  4763 

1,1-Dicyelohexylethane- 

-20.  98 

-5.76 

271. 17 

520. 11 

.89309 

1.  76 

5. 59 

1.  4845 

1 ,1-Dlcyclohexylpropane 

-23.  46 

-10.23 

282.  31 

540. 16 

.89299 

1.83 

6. 41 

32.9 

1.  4848 

1,1-Dicyclohexylbutanc 

-10.  46 

13.17 

292.  97 

559.  35 

.89021 

2. 10 

9.  64 

88.3 

1.  4843 

Cb)  Heats  of  combustion. 


Hydrocarbon 

Net  heat  of  combustion 

Ratio  to  AN-F-58 

kcal/mole 

Btu/lb 

Btu/cu  ft 

Weight 
basis « 

Volume 
basis  ^ 

Dlphenylalkanes 

Biphenyl 

1443.  5 

16, 850  » 

1.096X10« 

0.905 

1.225 

Diphenylmethane 

1593.  5 

17, 050 

1.070 

.916 

1. 196 

1,1-Diphenylethane 

1733.8 

17, 125 

1.068 

.920 

1. 194 

1,1-Diphenyl  propane 

1886.5 

17, 300 

1.065 

.929 

1. 190 

1,1-Diphenylbutane 

2032,9 

17, 400 

1-059 

.934 

1. 183 

Dicyclohexylalkanes 

Bicyclohexyl 

1700.0 

18, 400 

1. 017X108 

0. 988 

1.137 

Dicyclohexylmethane . 

1845.9 

18, 425 

1.008 

.989 

1.127 

1 ,1-Dicyclohexylethane 

1997.5 

18,500 

1.030 

.993 

1. 150 

1,1-Dicyclohexylpropane 

2138.8 

18, 475 

1.028 

.992  - 

1. 149 

1 ,1-Dicyclohexylbutane 

2285.8 

18,500 

1.027 

.993 

1. 148 

» Reference  2. 

b Two  different  crystalline  modifications. 

« Based  on  experimentally  determined  value  of  18,625  Btu/lb  for  fuel  used  at  Lewis  laboratory, 
d The  value  of  894,000  Btu/cu  ft  for  AN-F-58  w’as  calculated  from  the  value  in  footnote  c using  the  experimentally 
60 

determined  value  of  0.769^  for  the  specific  gravity  of  the  fuel. 
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TABLE  III— PROPERTIES  OF  a,<--DICYCLICALKANE  HYDROCARBONS 

(a)  Physical  properties. 

[S  designates  solid  at  indicated  temperature.) 


Hydrocarbon 

Melting  point 

Boiling  point 
at  760  mm 

Density  at 
20®  C 
(g/ml) 

Kinematic  viscosity  (centistokes) 

Refrac- 

tive 

index 

"D 

®C 

®F 

®C 

op 

98.89®  C 
(210°  F) 

37.78®  C 
(100®  F) 

0®  C 
(32®  F) 

Diphenylalkancs 

Biphenyl . 

Diphenylmethane 

1 .2- Diphenylethane 

1 .3- Diphenylpropane 

1.4- Diphenylbutane 

69.2 
25.20 
51. 16 

-20.78 
52.  27 

156.6 
77.  36 
124.09 

-5.  40 
126.29 

255.0 
264.  27 
280.  49 

298  c 
^315.91 

491.0 
507.  69 
536.88 

568  e 
600.  64 

1.041  » 
1.00592 
S 

.9890  b 
. 97972 
S 

0. 992 
.965 
1.14 

1.31 

1.49 

S 

2.22 

S 

3.64 

S 

S 

S 

s 

12.38 

S 

S 

1.5776 

8 

1.5594 

S 

D icyclohexy  lal  kan  es 

1 ■ 

Bicyclohexyl 

Dicyclohexylmethanc 

1 .2- Dicyclohexylethane 

1.3- Dicyclohexylpropane 

1.4- Dicyclohexylbutane 

3.50 
-18. 69 
11.44 
-14. 80 
11.62 

38. 30 
-1.64 
52.59 
5.36 
52.  92 

238.87 
252.  77 
274.  38 
291.69 
309.0 

461.97 
486.99 
525. 88 
557.04 
588.2 

0. 88604 
.87646 
.87380 
.87128 
. 87027 

1.23 
1.43 
1.72 
1.96 
2. 19 

3. 07 
4. 10 
5. 38 
6.  39 
, 7.58 

s 

13.0 

s 

24.9 

S 

1.  4796 
1.4763 
1.  4759 
1.  4752 
1.  4761 

(b)  Heats  of  combustion. 


Hydrocarbon 

Net  heat  of  combustion 

Ratio  to  AN-F-58 

kcal/mole 

Btu/lb 

Btu/cu  ft 

Weight 
basis  « 

Volume 
basis  t 

Diphenylalkancs 

Biphenyl....: 

1443.  5 

16,850 

1.096X106 

0.905 

1.225 

Diphenylmethane 

1593. 5 

17,050 

1.070 

.916 

1. 196 

1,2-Diphenylethane 

1741.5 

17,200 

1.061 

.923  ■ 

1. 186 

1,3-Diphenylpropane 

1886.5 

17,300 

1.057 

.929 

1. 181 

1,4-Diphenylbutane .. 

2032.9 

17,400 

(«*) 

.929 

Dicyclohexylalkanes 

Bicyclohexyl 

1700.0 

18,400 

1.017X106 

0.988 

1.137 

Dicyclohexylmethane. __  __ 

1845. 9 

18,425 

1.008 

.989 

1.127 

1 ,2-  Dlcy  clohexylethane 

1997.5 

18,500 

1.008 

.993 

1.127 

1,3-DicyclohexyIpropane 

2156.  2 

18, 625 

1.012 

1.000 

1,131 

l,4-Dicyclohexylbutane._  

2285.7 

18.500 

1.005 

.993 

1.123 

* Reference  2. 

b Extrapolated  value  from  reference  12. 
e Slight  decomposition  at  this  pressure. 

d 1,4-Diphenylbutane  is  a solid  at  temperature  (20®  C)  at  which  density  measurements  were  made.  No  value  is  available  in  the  literature,  as  in  the  case  of  biphenyl  and 
1,2-diphenyl  ethane. 

• Based  on  experimentally  determined  value  of  18,625  Btu/lb  for  fuel  used  at  Lewis  laboratory. 

< The  value  of  894,000  Btu/cu  ft  for  AN-F-58  was  calculated  from  the  value  in  footnote  c of  table  I using  the  experimentally  determined  value  of  0.769“  for  the  specific  gravity 
of  the  fuel. 
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A LIFT-CANCELLATION  TECHNIQUE  IN  LINEARIZED 
SUPERSONIC-WING  THEORY ' 

By  Harold  Mibels 


SUMMARY 

A lift-cancellation  technique  is  presented  for  determining 
load  distributions  on  thin  wings  at  supersonic  speeds.  The 
loading  on  a wing  having  a prescribed  plan  form  is  expressed  as 
the  loading  of  a known  related  wing  {such  as  a two-dimensional 
or  a triangular  wing)  minus  the  loading  of  an  appropriate  can- 
cellation wing. 

A general  expression  is  derived  for  the  load  distribution  over  a 
cancellation  wing.  The  expression  is  valid  when  the  plan-form 
edge  {on  the  cancellation  wing)  separating  a region  of  zero 
upwash  from  a region  of  known  loading  is  everywhere  subsoni- 
cally  inclined  to  the  free  stream.  The  boundary  conditions  can 
be  satisfied  for  both  subsonic  leading  and  subsonic  trailing 
plan-form  edges  on  the  prescribed  wing. 

T'he  lift-cancellation  technique  can  be  used  to  find  the  loading 
on  a large  variety  of  wings.  Applications  to  swept  wings  having 
curvilinear  plan  forms  and  to  wings  having  reentrant  side  edges 
are  indicated. 

INTRODUCTION 

The  method  of  lift  cancellation  for  obtaining  the  lift  dis- 
tribution on  thin  wings  at  supersonic  speeds  was  first  sug- 
gested in  reference  1.  The  lift  distribution  on  a given  wing 
is  determined  by  canceling  excess  lift,  through  the  use  of  a 
^'cancellation  wing,’"  on  a related  plan  form  having  a known 
loading.  This  approach  has  been  applied  by  several  authors 
(for  example,  references  2 to  4).  The  expressions  provided 
in  reference  1 are  applicable  for  wings  that  can  be  generated 
by  the  superposition  of  conical  fields. 

A procedure  is  presented  in  reference  5 for  determining  lift 
on  a more  general  class  of  plan  forms  than  can  be  handled  by 
conical  superposition.  The  method  utilizes  a surface  dis- 
tribution of  doublets  and  an  inversion  by  means  of  Abeks 
integral  equation  and  is  equivalent  to  a lift  cancellation. 

This  report,  prepared  at  the  NACA  Lewis  laboratory,  re- 
tains certain  features  of  reference  5 (that  is,  the  use  of  a sur- 
face distribution  of  doublets  and  an  inversion  by  means  of 
Abeks  integral  equation),  whereas  other  features  are  simpli- 
fied and  generalized.  The  simplification  consists  in  elimin- 
ating steps  in  the  procedure  for  obtaining  lift  distributions. 
The  generalization  consists  in  determining  a solution  that 
can  be  made  to  satisfy  the  boundary  conditions  for  either  a 
subsonic  leading  edge  or  a subsonic  trailing  edge  (Kutta  con- 
dition). The  method  of  reference  5 yields  only  the  Kutta 


solution.  The  lift-cancellation  technique  developed  herein 
is  illustrated  by  several  examples. 

In  a concurrent  investigation  (reference  6),  source  dis- 
tributions and  integral-equation  formulations  are  applied  to 
obtain  the  loading  on  a special  series  of  cancellation  wings. 
Keference  7 employs  some  of  these  cancellation  wings  for  the 
determination  of  lift  and  moments  on  swept  wings. 

THEORY 

The  usual  assumptions  of  an  inviscid  fluid  and  small  per- 
turbations are  made.  The  velocity  field  consists  of  the  free- 
stream  velocity  U (taken  in  the  positive  x-directioh)  plus  the 
perturbation  velocities  u^  v,  and  w.  The  wing  boundary 
conditions  are  specified  in  the  z‘—0  plane. 

The  local  lift  coefficient  ACj,  may  be  expressed  in  terms  of 
Au]  that  is, 

Pb—Pt  2{ut-Ub)__2Au 

ij  —If  u; 

(All  symbols  used  in  this  report  are  defined  in  appendix  A.) 
Inasmuch  as  the  local  lift  coefficient  is  directly  proportional 
to  Au,  Au  will  be  referred  to  as  “lift’^  in  later  developments. 

LIFT- CANCELLATION  METHOD 

The  lift  distribution  on  a given  wing  is  to  be  determined  by 
canceling  excess  lift  on  a related  wing  with  a known  loading. 
The  method  is  illustrated  in  figure  1 . The  wing  for  which  the 
lift  distribution  is  desired  is  shown  in  figure  1 (a) . The  solu- 
tion can  be  expressed  as  the  two-dimensional  wing  (fig.  1 (b)) 
minus  a cancellation  wing  (fig.  1 (c)) . The  loading  in  region  I 
of  the  cancellation  wing  equals  the  loading  in  the  correspond- 
ing region  of  the  two-dimensional  wing  and  the  upwash  w 
in  region  II  of  the  cancellation  wing  is  zero.  The  two- 
dimensional  wing  minus  the  cancellation  wing  satisfies  the 
boundary  conditions  for  the  flow  about  the  given  wing  and 
is  the  desired  solution. 

The  fundamental  problem  in  the  lift-cancellation  method 
is  then  to  determine  the  lift  in  region  II  of  a cancellation 
wing  subject  to  the  condition  u;=0  in  this  region  and  with 
the  assumption  of  a known  loading  in  region  I.  Solution  of 
this  problem  is  presented  in  the  following  sections. 

DERIVATION  OF  LIFT-CANCELLATION  EQUATIONS 

The  lift  distribution  in  region  II  will  be  expressed  in  terms 
of  quantities  in  region  I. 


‘Supersedes  NACA  TN  2145,  “Lift-Cancellation  Technique  in  Linearized  Supersonic- Wing  Theory”  by  Harold  Mirels,  1950. 
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Consider  the  cancellation  wing  shown  in  figure  2.  The 
portion  of  the  leading  edge  to  the  left  of  the  origin  coincides 
with  a Mach  line.  The  portion  of  the  leading  edge  to  the 
right  (designated  r=ri(s))  is  shown  as  a supersonic  edge, 
although  no  restrictions  as  to  a subsonic  or  supersonic  edge 
are  imposed.  (A  plan-form  edge  is  subsonic  or  supersonic 
depending  on  whether  the  component  of  the  free  stream 
normal  to  the  edge  is  subsonic  or  supersonic.)  The  line 
designated  r=r2(s)  separates  region  I and  region  II  and  is 


(o) 

(a)  Given  wing. 

(b)  Two-dimensional  wing. 

(c)  Cancellation  wing. 

Figure  1.— Superposition  to  obtain  lift  on  given  wing  by  canceling  lift  on  two-dimensional 
wing.  (Given  wing  equals  two-dimensional  wing  minus  cancellation  wing.) 

assumed  to  be  subsonically  inclined  to  the  free  stream  at  all 
points.  This  line  corresponds  to  a plan-form  edge  of  the 
wing  for  which  the  lift  distribution  is  desired. 

General  solution  for  on  cancellation  wing, — The  up- 
wash  field  in  the  z=0  plane  (associated  with  an  arbitrary 
distribution  of  vorticity  Au  and  hv)  may  be  written,  from 
reference  8, 

I f C[{y—y^i^v+{x—x^^u]dxody^  . 
2v\J  Jr  l{x—Xo}^—^^{y—yo)T'^ 

The  symbol  | designates  the  finite  part  of  an  infinite  inte- 
gral, as  defined  in  reference  9.  Application  of  the  finite-part 


concept  to  linearized  supersonic-wing  theory  and  the  evalua- 
tion of  the  finite  part  of  an  infinite  integral  are  discussed  in 
references  8 and  10.  For  the  present,  it  will  suffice  to  state 
the  fundamental  definition  of  the  finite  part  of  an  integral 
with  a 3/2-power  singularity,  namely, 

j{xo)dxo  _ C^\J{xo)—J{x)]dxo  2j{x) 

\Ja{x-X,y'^  Ja  (x-Xof^ 

By  a transformation  to  the  Mach  coordinates  of  reference  11, 

elemental  area=^^  dr  ds 
equation  (2)  becomes 

(5) 

[{r—To)  (s  — So)Y^^ 

Upon  substitution  of  the  limits  of  integration,  as  indicated 
in  figure  2, 


(ir  ) 

n dso  r dso  > (6) 

Jo  (r-ror^) 

u 


Figure  2.— Typical  cancellation  wing. 


Integrating  by  parts,  noting  that  A^=0  at  r<,=ri(s<,),  and 
recalling  the  definition  of  the  finite  part  (equation  (3))  yield 


1^  (’’■»  A<pdrp  ) 
2 (r—r 


1.  C'  Apdro 

2 Jr,(».)  {r—rpf>^ 


(7) 
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Thus, 


dr  . 

C‘  dSo  r dr,  1 r»  dSo  P Aycfr, 

Jo  (s— So)®'Ori(0  (r— r,)'/*  2|Jo  (s— (r— r,)®'* 

(8) 


Similarly,  reversing  the  order  of  integration  (with  appro- 
priate changes  in  limits  of  integration) , integrating  by  parts, 
and  then  returning  to  the  original  order  of  integration 
establish  the  identity 

^dr  I 

n dSo  p dSo  “ _ 1 p ds„  p 6,<pdro 

Jo  (s— So)''*  Jr,(»„)  (r— ro)*'*“  2IJ0  (s— So)*'*  Jri(0  (r— r«)*'* 

(9) 

The  right  side  of  equations  (8)  and  (9)  are  identical.  Equa- 
tion (6)  can  now  be  written  as 


Ml  p ds,  p ^<pdro  ' 
SjtJo  (s— So)*'*  Jri(0„)  (r— r,)*'* 


(10) 


For  points  in  region  II,  w=0  and  equation  (10)  becomes 

(11a) 


r*  dso 

p A^(fr, 

Jo  (s-s„)*'*. 

(r— r,)*/* 

or 


where 


0 


= J, 


■*  G{r,  So)ds„ 

0 (S  — So)*'* 


G{r,So)  = 


p 

Jn(»«)  (?■— 


Aipdvo 


r,)*'* 


(lib) 

(12) 


Equation  (11b)  is  an  integral  equation  for  the  unknown  func- 
tion G{r,s„).  The  solution  (appendix  B)  is 


Thus, 


<r(r,So)  = 0 


(13) 


(a)  Region  I intersected  by  right  forward  Mach  line  from  (r,a). 

(b)  Region  I intersected  by  left  forward  Mach  line  from  (r,«). 


Figure  3.— Geometric  interpretation  of  terms  in  equations  (17a)  and  (17b). 


General  solution  for  load  distribution  on  cancellation 
wing. — The  load  distribution  in  region  II  can  be  expressed  as 

bx  br  bx  bs  bx 
_M/b,b\. 


or 


Aipdvo 

(r— 


A<pidro  p ^(piidro 

J^i(M 


p A<pn dvo  ^ r^2(0  Aipidvo 

Jt2(0  J^i(0  (r— 


The  right  side  of  equation  (14)  will  be  considered  known. 
Equation  (14)  is  then  an  integral  equation  for  A^n-  The 
solution  (appendix  B)  is 


or,  from  equation  (15), 


Mai/  I ^^rV''~''a(^)  Ayidr, 

^ J^.C)  (r-r„)V»^ 


Differentiation  yields  (see  appendix  C) 

-Jr—r^is)  Auidvo 


AUr 


) p2(«)  i 
Jn(»)  (r— r 


{r—ro)^Jr2{s)—r^ 


A^ii= 


Vr—r2(s)  r^2(«)  Atpidro 


ri(g)  (r— rc)V^2(s)— 7*0 


(15) 


Equation  (15)  indicates  that  the  doublet  strength  in  region 
II,  namely  A^i,  can  be  obtained  by  a line  integration 
along  in  region  I.  The  geometric  interpretation  of  the 
various  terms  in  equation  (15)  is  shown  in  figure  3 (a). 

It  can  be  shown,  by  expanding  A<pi  about  r^,=r2(s),  that 
equation  (15)  yields  a continuous  solution  (A^n=^V’i) 
at  r=r2(s).  (A  discontinuity  in  A<p  implies  a lifting  line 
(reference  12)  and  is  unrealistic.) 


dr^js) 

ds  pa(«)  {^Aui—Av^dro 

2j8irV7*— 7-3(5)  Vt‘2(s)  — 7*0 

Equation  (17a)  is  the  desired  expression  for  the  lift  distribu- 
tion in  region  II  in  terms  of  quantities  in  region  I. 

Consider  A^n  to  consist  of  two  components,  Aun  and 
Auii' , where  AUu  and  Auu"  are  the  first  and  second  terms 
on  the  right  side  of  equation  (17a),  respectively.  Investiga- 
tion of  the  integrals  indicates  that  at  r=r2(5),  Aun'=Aui; 
whereas  Awn",  in  general,  has  a half-order  singularity. 
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When  region  II  is  to  the  right  of  region  I (fig.  3 (b)),  the 
integration  for  Aun  is  conducted  along  the  line  r^=r  and 
may  be  written  as 

‘y/s  — S2(r)  r»2V)  AuidSp 

^ {s  — So)y-S2{r)  — So 

ds2{r) 

dr  r*2('‘)  (j3Aui-|-At;i)(fgQ 

2/37rV5“’S2(r)  V^2(^)  — -^o 

Discussion  of  equations  (17a)  and  (17b).^ — In  the  par- 
agraph preceding  equation  (2),  the  line  r=r2{s)  was  described 
as  subsonically  inclined  at  all  points  to  the  free  stream. 
This  condition  is  necessary  so  that  the  inner  integral  in  equa- 
tion (11a)  (that  is,  G{r,So))  can  be  equated  to  zero  for  all 
points  in  region  II.  If  this  restriction  on  r=r2{s)  is  not 
satisfied,  the  development  beyond  equation  (11a)  becomes 


(a)  Region  I upstream  of  region  II  (along  r-rj(s)). 

(b)  Region  II  upstream  of  region  I (along  r=rj(«)). 


Fioure  4— Possible  relations  between  regions  I and  II  in  regard  to  determination  of  An. 


Auidxo 


(18a) 


The  integration  is  conducted  along  lines  of  constant  y. 
In  the  second  case  (fig.  4(b)),  region  II  is  upstream  of  region  I 
(along  the  line  r=r2{s))  and  the  expression  for  Avi  in  region  I 
(for  2/^0)  is 


Awii(fxo+ 


Auidx 


•] 


(18b) 


Equation  (18b)  indicates  that  a knowledge  of  Aun  is  required 
in  order  to  find  Avi.  But  Avi  must  be  known  (equa- 
tion (17a))  before  A^i^  can  be  found.  Thus,  the  solution  for 
Auii  from  a specified  Aui  is  not  unique  for  the  configuration 
of  figure  4(b)  and  an  additional  boundary  condition  must 
be  imposed.  The  line  t—T2{s)^  however,  corresponds  to  a 
plan-form  edge  of  the  airfoil  whose  load  distribution  is 
desired.  The  situation  indicated  in  figure  4(b)  occurs  when 
r=r2{s)  corresponds  to  a subsonic  trailing  edge.  The 
additional  condition  to  be  imposed  is  therefore  the  Kutta 
condition.  In  terms  of  the  cancellation  wing,  this  condition 
requires  that  the  perturbation  velocities  be  continuous  in 
crossing  v=r2{s). 

Solution  for  AUu  satisfying  Kutta  condition  at  r=r2(s). — 
It  will  now  be  shown  that  when  the  Kutta  condition  is 
imposed  atr=r2(5),  the  appropriate  Avi  distribution  is  such 
as  to  make  the  second  integral  in  equation  (17a)  identically 
zero;  that  is, 


^Aui—Avj 

[r2(s)—roY^^ 


dr  0=0 


or,  inasmuch  as  pAui—Avi=M 


bA<pi 


dvo 


i 


dro 


bA(pi 

t2(s) 

ri(s)  [r2{s)—ro] 


1/2 


This  concept  and  its  proof  follow  from  a suggestion  of 
H.  S.  Kibner  of  the  NACA  Lewis  laboratory. 

Thus,  from  equations  (7),  (12),  and  (13), 


j. 


dAy 

i>ro 


dro 


ri(«)  (r— ro)^^^ 


(19) 


invalid.  The  derivation  of  cancellation  equations  when 
r=r2{s)  is  supersonic  was  not  undertaken  because  such 
problems  can  be  solved  more  simply  by  other  methods. 

In  regard  to  the  boundary  conditions,  it  has  been  assumed 
that  Aui  is  specified.  Equations  (17a)  and  (17b),  however, 
indicate  that  a knowledge  of  Avj  is  also  required  in  order 
to  obtain  a solution  for  Auu.  With  regard  to  the  deter- 
mination of  A^l^,  two  possibilities  exist,  as  illustrated  in  figure  4. 
In  the  first  case  (fig.  4(a)),  region  I is  upstream  of  region  II 
(along  the  line  r=r2{s))  and  Avi  is  uniquely  defined  by  the 
specified  Aui  according  to  the  relation 


for  all  points  (r,s)  m region  II. 

bA^i 


1 nereiore, 


/: 


Li  dy. 

(»)  (r— 


■r 


or  0 
raW  (r  — 


(20) 


When  the  limit  as  r approaches  r^is)  is  taken,  equation  (20) 
becomes 


X 


'2(>) 


- dfo 


lim 


U(»)  [rt(s)—roV^‘ 


L-X 


^Ayii 

dr. 


dvo 


'2(>)  (r—ro)'^‘J 


(21) 
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However,  dA^x/^^o  must  be  continuous  in  the  vicinity  of 
r2(s).  (The  perturbation  velocities  on  the  basic  wing  can  be 
discontinuous  only  along  Mach  lines  or  along  plan-form  edges. 
Inasmuch  as  r—r2{s)  is  neither  of  these  cases,  all  derivatives 
of  Av?i  must  be  continuous  in  the  vicinity  of  ' r==7*2(5).) 
When  the  Kutta  condition  is  imposed,  &A^n/dro  is  there- 
fore also  continuous  (and  bounded)  in  the  neighborhood  of 
r=r2(5).  Then  with  the  use  of  a mean  value  for  dA^i/dr^, 


lin.  r 7^' 

r-^r2(«)  LJr2(«) 


= lim 


K 


f2(.)  {r—roy>\ 

C'  dtp  ~I_Q 

^Tp  /(r2(»Xr,<r)  Jr2(»)  (r— 


(22) 


Therefore, 


X 


bA^] 

t2  («) 


~ dvo 


fiW  [^•2(5)— »•«] 


1/2“ 


(23) 


which  was  to  be  proved. 

The  solution  for  Aun  that  satisfies  the  Kutta  condition  at 
r—T2{s)  is  then,  from  equations  (17a)  and  (23), 


Auii 


^r—r2{^  f Aui  dvo 

7T  Jri(«)  {r—r^^Jr2{s)—ro 


(24a) 


for  the  wing  of  figure  3 (a) . Similarly, 

^s—S2{r)  ^Ui  dso 


Auii= 


) 

is  — 


So)^/s2(r)—So 


(24b) 


for  the  wing  of  figure  3 (b) . 

An  alternative  derivation  of  equations  (24a)  and  (24b) 
(appendix  D)  indicates  that  only  solutions  satisfying  the 
Kutta  condition  will  result  from  the  integral  equation  for- 
mulation of  reference  5. 

Sidewash  in  region  II. — An  expression  for  Avu  can  be  ob- 
tained by  differentiating  equation  (1'5)  with  respect  to  y. 
The  result  is 


^Ir-r2is)  p2(*)  Avidvo 

7T  ir—r^^fr2is)—ro 

and 

^S—S2~(rj  f^2(r)  Avidso 

7T  J«i(r)  is  — So)^jS2ir)  — So 

It  should  be  noted  that  when  r—r2{$)  corresponds  to  a 
subsonic  trailing  edge,  Avi,  as  well  as  Avuj  is  not  generally 
known.  The  preceding  expressions  are  therefore  primarily 
useful  for  those  problems  where  r=r2(s)  corresponds  to  a 
subsonic  leading  edge. 


APPLICATIONS 

The  loading  in  region  II  of  a cancellation  wing  is  given 
by  the  line  integrals  of  equation  (17a)  or  (17b).  WTien  the 
Kutta  condition  is  imposed  at  a subsonic  trailing  edge,  the 
expressions  reduce  to  equations  (24a)  and  (24b).  These 
equations  can  be  used  to  find  the  load  distribution  on  a large 
variety  of  wings.  Wings  with  curvilinear  plan  forms  or 
arbitrary  camber  are  examples.  In  each  case,  however, 
the  solution  for  the  related  wing  must  be  known. 

The  equations  are  applied  in  several  illustrative  examples. 
Only  the  solution  associated  with  the  cancellation  wing  is 
considered.  The  complete  solution  consists  of  the  loading 
of  the  related  wing  minus  the  loading  of  the  cancellation  wing. 

LEADING-EDGE  AND  SIDE-EDGE  CANCELLATIONS 

In  leading-edge  and  side-edge  cancellations,  the  lift  to  be 
canceled  is  upstream  or  to  the  side  of  the  plan  form  for  which 
the  loading  is  desired  (figs.  5 and  6). 

Tip  region  of  swept  wing. — The  loading  in  the  region 
influenced  by  the  side  edge  (Ila  and  II^  of  fig.  5)  of  a swept 
wing  having  a subsonic  leading  and  a supersonic  trailing  edge 
can  be  obtained  by  canceling  excess  lift  on  a triangular  wing. 
The  Kutta  condition  is  applied  across  the  portion  of  r=r2(s) 
influencing  region  He.  The  lift  to  be  canceled  in  region  I is 
(reference  13,  equation  (23)) 


AvidVo 

“ 7T  JnW  ir-ro)-^r2is)—ro 
dr2(s) 

ds  p2(«)  j3AUi— At;i^^ 
2w-ylr—r2is)  V^2  (s)^ro 

Similarly,  for  region  II  to  the  right  of  region  I, 


- Hns+r) 

^|6V—P^y^  ^/9^{s+ry—is—ry 

where  H and  6 are  constants  defined  in  appendix  A.  The 
doublet  distribution  in  region  !«,  again  from  reference  13,  is 


Avi=H^ie^x^-PY=^  -^eKs+rf-is-ry 


Avidsp  ^ 

" ^ (s  — So)V«2(r)  — So 

. ds2jr) 

ds  p2(0  p^Ui-\-Avi 
2^^^|s—S2ir)  V^2  ^)  — So 

When  the  Kutta  condition  applies,  these  equations  become, 
respectively. 


from  which 

a..  126) 

° -yJdV—p^y^  ^d^is+rY—is—ry 

The  sidewash  distribution  in  region  It,  (that  is,  At^i^^)  couJd 
be  foxmd  by  an  integration  of  the  type  indicated  in  equa- 
tion (18b) . A knowledge  of  Av^^  however,  is  unnecessary  in 
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the  present  problem  because  the  Kutta  condition  is  applied  for 
region  IIj. 

The  loading  in  region  11a  is  obtained  by  substituting 
equations  (25)  and  (26),  with  r replaced  by  To,  into  equation 
(17a),  which  yields 


A'Kt 


r2(g) 


r—nis)  C 

IT  Jr 


{s+r„)dr„ 


r,  f.)  (r — r„)  V rj(s) — r„  V +r„)^— {s—r„y 

Tfr.dr^l 

L J p2(»)  [g^(s+ro)  + (s— 

2ir-slr—ri{s)  Jnw  V^'aCs) — V ^ ^ 


u 


Fiourk  5.“Cancellation  for  obtaining  loading  in  tip  region  of  swept  wing  having  supersonic 

trailing  edges. 

For  region  IIj,,  the  Kutta  condition  applies  and 


LU] 


'r— 7*2(5)  p2(«) 

7T  J^iO)  (r— 


(r — r „)  Vra(s) — r „ V (s + ?•<>)  “ — (s — r „)  2 

(28) 


Equations  (27)  and  (28)  reduce  to  elliptic  integrals  of  the 
first,  second,  and  third  kinds  upon  transforming  the  variable 
of  integration  from  To  to  u>o  according  to  the  relation 


(29) 


where 


(i2 = (1  + B)r2is)  — {l  — B)s 
Equations  (27)  and  (28)  may  then  be  written 


AUr 


Hd^-^r—rijs)  ( (s+r)(l  + 0)  fr^/TT 


7T  ^ 


a 


L 


ri  (|r  n,  A:)J— 


r /-  \ 1)  H^JsB  X 


'72  Hi  dnjs) 
ds 


] 


ry  7.  — 7^2(5) 

Ei<t>,  *)]-[^(|  A:)] I 


'Ki-0- 

(30) 


and 


...  ((s+r)(l+0)r„/x  ..  A 

^ arV^  i a [^(2'^'*)  n(<^,n,A:)J- 

[^’(jAr)-mA:)]j  (31) 


where 


a=(l+0)r-(l-0)s 

a,=(l  + 0)ri(s)  — (1  — 0)s 

II 

1 

s|a 

®2=(1  + ^)r2(s)— (1  — 0)s 

Reentrant  side  edge. — A plan  form  has  a reentrant  edge 
if  a line  of  constant  y intersects  the  plan  form  at  more  than 
two  points. 

The  load  distribution  in  the  region  influenced  by  the  re- 
entrant side  edge  is  to  be  determined  for  the  wing  (unshaded 
region)  of  figure  6.  The  side  edge  is  first,  for  simplicity,  the 
straight  line  r=K2S,  which  is  a subsonic  trailing  edge 
across  which  the  Kutta  condition  is  applied.  The  side  edge 
then  alternately  becomes  a subsonic  leading  and  a subsonic 
trailing  edge.  The  load  distribution  in  region  I is  simply 

the  Ackeret  value  Lui=-~,  and  At?i^=0.  Regions  Ila,  1I&, 

and  lie  are  considered  separately. 


Fioure  6.— Cancellation  for  obtaining  loading  in  region  influenced  by  reentrant  side  edge. 

Region  Ila: 


From  equation  (24a)  with  A«i 
Au 


2aU 
|3  ’ 

■\lr—KiSC^^  2 all  dr 0 


__  -^r—KiS  2 

fi(r-r,)^/K2S-ro 


or,  in  X,  t/  coordinates 

. 4aZ7,  / a:  + /3y 

A«n  tan 


y) 


(32a) 


(32b) 


Region  II.: 

A knowledge  of  is  required.  From  equation  (18b), 


d r4aC/  r»/™2  / Xo-\-^y  J , 2aU  , ~\ 

/3t  J-(9,  y PimiXo—y) 

=-^^==2aU  (^-i) 

VI/StojI  \Ki—\ 
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The  load  distribution  in  region  II&  is  then,  recalling  that  Ai;i^=0, 

— T2{s)  2aUdTo 

TT  J -a  (r  — To)  ^lr2{s)  — To 


AUl 


r,  <ir2(s)1 

L'  * J r 

r*  2aUdVo  1 

1 dv 0 n 

2j3irVr— r2(s)  L 

9}  9 T 2i^s'^  T 0 

J.  V yK2-i) 

V»‘2(S)  — 

=— r — I 2 tan 
Ptt  \ 


Region  lie: 

Because  the  Kutta  condition  is  applied, 


r.  Ms)! 

T2is)  + S 

L ds  J 

1 7^2(5) + S 

/ r— ra(s) 

1 

to 

A«n.= 

4al7  _i 

jr2{s)+s 
\l  r— ra(s) 

f|) 


(34) 


(35) 


TRAIUNG-EDGE  CANCELLATION 

The  calculation  of  lift  distributions  on  swept  wings  having 
subsonic  trailing  edges  requires  cancellation  wings  of  the 
type  shown  in  figure  7.  These  wings  cancel  that  part  of  the 
lift  of  the  basic  triangular  wing  that  is  downstream  of  the 
trailing  edge  of  the  swept  wing  (references  3,  4,  6,  and  7). 
The  lift  is  specified  in  region  I.  The  lift  in  regions  II  and  III 
is  to  be  determined  subject  to  the  conditions  that  w—0  and 
that  the  Kutta  condition  applies  at  r=Ti(s)  and  r=T2(s). 


The  wing  of  figure  7 (a)  differs  from  the  previously  dis- 
cussed cases  in  that  two  unknown  regions  (II  and  III)  are 
continuously  interacting.  A special  treatment  is  required 
in  order  to  obtain  the  loading  in  regions  II  and  III.  (See, 
for  example,  reference  6.)  Approximate  solutions  can  be 
obtained,  however,  using  equations  (24a)  and  (24b).  For 
example,  if  the  load  at  (r,s)  in  region  II  is  desired,  first 
assume  that  Awm  is  known.  Then, 


AU] 


Vr— rz(g) 


rri(»)  Aunidr,  j 

r*'2(«)  Auidvo 

Jmct  (:r—ro)^lr2i$)  — ro  * 
- 20 

Jr,(»)  (^—r^.^r2is)—ro 

(36) 


An  expression  for  Aum  is,  by  integration  along  lines  of  constant  Tq  (fig.  7 (a)), 


AUr 


Viniiwr  r 

7T  h 


«2(»-o)  AUtt  dSo 


MCr  (s- 
2^ 


= + f 

So  J s 


A'lLi  dSo 


»2(r„)  (S  — S„)Vsl(»'<.)  — S. 


:] 


An  approximate  expression  for  AUm  is  then 


Aui, 


■y/s—Si(ro)  piW 
7T 


Aui  dSo 


{s-'S^-yjSiir^  — So 

Equation  (36),  which  may  now  be  written  in  terms  of  Aui  by  substituting  equation  (37)  for  Aum,  becomes 


(37) 


AUt 


^ yV-r,(g)(  p'O)  dr,  r Vg-Si(r.)  tMxdSo  1 ^ Auidr,  } 

~ 7T  )JMcr  (r—ro)-y/r2{s)—ro\-  ^ (s— s„) Vsi(»’o)— So-J  (r— r«) V>'2(s)— »"«) 


The  first  term  on  the  right  side  of  equation  (38)  approximates 
the  contribution  of  region  III  to  the  loading  in  region  II. 
This  term,  as  indicated  in  reference  6,  is  negligible  for 
the  commonly  encountered  Aui  distributions  (corresponding 


to  steady  lift,  roll,  or  pitch)  and 
cases,  equation  (38)  simplifies  to 


fidyijx) 

dx 


>0.5.  For  those 


A-aii^- 


Vr— Aui  dtp 


(39) 


Jn(«)  (r— ro)V^2(s)— 

The  Kutta  condition  at  r==T2{s)  is  satisfied  by  both  equations 


(38)  and  (39).  Equation  (39)  can  be  reduced  to  elliptic  inte- 
grals in  canonical  form  by  the  substitution  indicated  in 
equation  (29).  The  elliptic  integrals  may  be  avoided  by 
expanding  A-Ui  in  a Taylor's  series  about  r^=T2{s),  Equa- 
tion (39)  can  then  be  readily  integrated,  term  by  term,  to 
yield  a very  good  approximation  for  Au^  in  terms  of  alge- 
braic and  trigonometric  functions. 

When  region  I has  a partly  supersonic  leading  edge 
(fig.  7 (b)),  it  is  possible  to  write  exact  expressions  for  the 
linearized  load  distribution  in  regions  II  and  III.  For 
example,  the  load  at  point  (r,s)  of  figure  7 (b)  is 


Aui 


Vr-r,(s)f  dvo Vs-Si(r„)  ^UjdSg  1 ^ . ^Uidr,  ) 

Tf  (Jc  (r—ro)^/r2{s)—roL  ^ J»3W  (s— s«) Vsi(r«)— s.J  J^iW  (r— r.)V»-2(s)— rj 
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which  reduces  to  equation  (39)  when  the  contribution  of 
region  III  is  neglected. 

From  the  development  of  reference  6 it  may  be  concluded 
that  equation  (39)  is  sufficiently  accurate  for  most  problems 
involving  trailing-edge  cancellations.  The  evaluation  of 
equation  (39)  is  generally  simplified  by  the  expansion  of 
Lui  in  a Taylor's  series  about  ro=r2(5). 


(a)  Regions  II  and  III  continuously  interacting. 

(b)  Regions  II  and  III  not  continuously  interacting. 

Fioure  7.— Typical  cancellation  wings  for  canceling  lift  downstream  of  subsonic  trailing 
edge  of  swept  wings. 

SUCCESSIVE  CANCELLATIONS 

A cancellation  wing  may  induce  lift  that  itself  must  be 
canceled  in  order  to  satisfy  boundary  conditions  completely. 
Thus,  in  figure  8,  the  cancellation  of  lift  in  region  I induces 
lift  in  region  I'.  The  cancellation  of  lift  in  region  I'  induces 
lift  in  region  I",  and  so  forth.  Each  of  these  cancellations 


is  handled  as  previously  described.  These  computations  are 
very  tedious  when  lift  is  induced  upstream  of  a subsonic 
leading  edge  (for  example,  region  I'  of  fig.  8),  inasmuch  as  a 
knowledge  of  the  sidewash  (Az?iO,  as  well  as  of  the  lift  dis- 
tribution (A%/),  is  needed  in  order  to  continue  the  cancella- 
tion process.  Numerical  methods  are  generally  required. 
Successive  cancellations  are  discussed  more  extensively  in 
references  3 and  4. 


SUMMARY  OF  ANALYSIS  AND  APPLICATIONS 

A general  expression  was  determined  for  the  lift  distribu- 
tion over  a cancellation  wing.  The  expression  is  valid  when 
the  plan-form  boundary  (on  cancellation  wing)  separating 
the  region  of  zero  upwash  from  the  region  for  which  the  lift 
is  specified  is  everywhere  subsonically  inclined  to  the  free 
stream.  This  expression  permits  the  determination  of  lift 
distributions  on  a large  variety  of  wings.  The  boundary 
conditions  for  either  the  flow  about  a subsonic  leading  edge 
or  a subsonic  trailing  edge  can  be  satisfied. 

The  lift-cancellation  technique  was  illustrated  for  swept 
wings  having  curvilinear  plan  forms.  Leading-edge,  side- 
edge,  and  trailing-edge  cancellations  were  considered.  In 
addition,  the  loading  in  a region  influenced  by  a reentrant 
side  edge  was  found, 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  January  16j  1950, 
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APPENDK  A 


The  following  symbols  are  used  in  this  report: 
a = (H:fl)r-(l-0)s 

a,  = (l  + O)r,(s)-(l-0)s 

aj  = (l  + 0)r2(s)-(l-e)s 

AOp  local  lift  coefficient, 

c . constant 

Cr  root  chord  of  swept  wing 

E{<f>,k)  elliptic  integral  of  second  kind, 


G(r,So) 
H = 

K 

k 

M 

m 

n 

V 


2 

r, 

s, 

U 

u,v,w 


Au  = 
Av  = 


SYMBOLS 


Vl— 


elliptic  integral  of  first  kind, 

do)o 


d(t)o 


F(<l>,k)==£ 


V(1  — “o^(l  — k^o>o^ 

function  of  r and  defined  by  equation  (12) 

2oiU 


pE 


(2_Vl -«■■') 


slope  of  plan-form  edge  in  r,$  coordinates,  dr/ds 
modulus  of  elliptic  integrals 
Mach  number 

slope  of  plan-form  edge  in  x,y  coordinates,  dyjdx 
parameter  of  elliptic  integral  of  third  kind 
local  static  pressure 

Mach  coordinate  system  (equation  (4)) 
free-stream  velocity 

perturbation  velocities  in  a;-,  y-,  and  2-directions, 
respectively 

Ut^Ub  (proportional  to  local  lift) 

Vt—Vb 


Cartesian  coordinate  system 


n(0,7i,fc) 


P 

T 

<t> 

<P 

A(p 

Wo 

Regions: 

I 


angle  of  attack 

semivertex  angle  of  triangular  wing 
tan  d 

elliptic  integral  of  third  kind, 

"•sin  ^ do)o 


s: 


(1  +ncOo^  V(1 


density 

area  of  integration 
amplitude  of  elliptic  integrals 
perturbation  velocity  potential 
doublet  strength,  <pt-(Pb 
integration  variable 


region  on  cancellation  wing  for  which  loading  is 
specified 

subdivisions  of  region  I 
region  on  cancellation  wing  for  which  V)=0 
subdivisions  of  region  II 

additional  region  on  cancellation  wing  for  which 
w=0 

Special  designations: 


lajlft,  • 

II 

II«,II„ 

III 


r=ri(s) 
s=si(r) 
y=yi(x) 
x=xi{y) 
r=r2(s) 
s=S2{r) 

and  so  forth. 
Subscripts 
1,2,3 


r as  function  of  s along  plan-form  boundary  1 
s as  function  of  r along  plan-form  boundary  1 
y as  ftmction  of  x along  plan-form  boundary  1 
X as  function  of  y along  plan-form  boundary  1 
r as  function  of  s along  plan-form  boundary  2 
s as  function  of  r along  plan-form  boundary  2 


refers  to  plan-form  boundaries  1,  2,  and  3,  re- 
spectively 

I, II  refers  to  regions  I and  II,  respectively 

B bottom  surface  of  2=0  plane 

T top  surface  of  2=0  plane 

0 variable  of  integration 


APPENDIX  B 

SOLUTION  OF  INTEGRAL  EQUATIONS 


Consider  the  following  integral  equation  (in  the  notation 
of  the  appendix  in  reference  5),  where  the  function  j{x)  is 
assumed  known  and  the  fimction  u(^)  is  to  be  determined: 


<^0”’ 

=j: 


[u(Q— 2u(x) 


(Bl) 


(x-Q®/*  (x-a)"* 

After  an  integration  bj'  parts,  equation  (Bl)  may  be  wn-itten 


/(x)  u(a) 


u'im 


- f 

Ja  (X  — 


(x-ay>^-Ja  (a: -{)•'' 

Equation  (B2)  is  now  an  integral  equation  of  the  Abel  type. 
The  continuous  solution  for  u(^)  is  (reference  14) 


Lfai- 


f{x)dx 
xY>^ 


(B3) 


evaluated  at  2=^.  This  result  is  presented  in  reference  5. 

Equation  (11b)  corresponds  to  equation  (Bl)  with 
u(Q=G{r,  So)  and  /(x)=0.  ’ The  solution  for  G(r,  s«),  accord- 
ing to  equation  (B3),  is  then 

G{r,So)=0  (13) 

Equation  (14)  corresponds  to  equation  (Bl)  with 

{=ro  a=ri{So) 


x=r 


/(,) — 

jTiM  (r— 


u(f)=A9n 
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The  solution  for  A^n  according  to  equation  (B3)  is  then 
. \ n dr  dvo 


^ ^J_  n dr  p2(^o)  di 

27rJr2(«o) — rJn(«o)  ^o) 

Reversing  the  order  of  integration  and  integrating  yield 
IT  jrM  {z—r^^Tiis^  — ro  ' 


Equation  (B5),  evaluated  at  z=r  and  So=s,  yields 

7T  {r  — T^^JT2{s)  — To 

The  derivation  of  equation  (15)  is  similiarto  that  for  equa- 
tion (16)  of  reference  5. 


APPENDIX  C 

DIFFERENTIATION  TO  OBTAIN  Awi, 


The  differentiation  indicated  in  equation  (16) 

— Aw  =(  — 4-E-^  r V^'— ^2(s)  Ayidfo  ~1 

M “ \dr  ds/|_  X (r— r<,)-vV2(s)~?'«-l 


is  to  be  conducted. 
First, 

«... 


dnis) 

ds  Ay?!  dr„ ^ 

2Tr-y!r—r2{s)J'i(.>'>  {r—r^^jri{s)—ro 

Vr— r2(g)  ^Vi  dvo 

T \dr  bs/JnW  (r—r^Jr-Jis 


IT  \dr  bs/JriU)  (r—r^-y/r2{s)—r„ 
Inasmuch  as  A^i  is  a function  of  and  s, 


/bA<pi\, 

^ p2W  Apidro  p2<»)  V bs  / ° 

Ssjr,(»)  (r— r„)7r2(s)— r«  JnW  (r — r ») V?’2(«) — »"o 


lim  !-i^ 

r.-»f2(»)  I z as 


r° 

Jr,(<)  {r—ro. 


Aiflidvo 

,)(r2(s)-ro]*'^‘ 


[(Ayi)r,=r2(,)]  drtis))  [(Ayi)r.=ri(»)]  dVijs) 

(r—ro)^lriis)—ro  j [r— ri(s)] Vr2(s)— ri(s)  ds 


(C2b) 


However,  [(A^i)’’o='’iW]  = 0 and,  by  integration  by  pans, 

FdAyi  A<fii  ~]  , 

A<p,dro  _ ^ p2«  L 

Jr,w  (r-r„)[r2(s)-rJ5/2  JnW  (r_r„)  Vr2(s)-r» 

lim  { ..  7°  j 

r.-r,(5)  ( (r  — r^)  V ^2(5)  — r Jri  («)  ) 


d p2(D  A^i  dvo 

rrjO)  A^pidvo 

dr2{s)  p 

^>'-JfiW  (r-r„)Vr2(s)- 

-r„  (/•— r,)‘“V^2(s)— r„ 

ds  Jr, 

so  that  equation  (C2b)  can  be  written  as 

^ p2(*)  ^(pidvo p2(«)  5s  ^ 

{r-‘r^-yjr2{s)—ro  Jn(«)  (r— r^) V^2(«)— 

FdAyi  A<pi  n , 
c?r2(g)  f^2(«)  L ‘ (r— ro)J  " 


Equations  (C2a)  and  (C3)  are  substituted  into  equation  (Cl) 
and  the  integrals  containing  A are  integrated  by  parts,  re- 
ducing equation  (Cl)  to 


Ai/-ii — 


^ Vr— ra(g)  ^Uidvo 

Jn(«)  {r’-r^^jr2{s)-'ro 

. drzjs) 

ds  p2<«)  (pAui—Avj)dro 

2PTryr—T2{s)  Jn(«)  ^jr2{s)—ro 


APPENDIX  D 

ALTERNATIVE  DERIVATION  OF  SOLUTION  SATISFYING  KUTTA  CONDITION  AT  r=r2(s) 


The  integral  equation  formulation  in  terms  of  A^  (equa- 
tion (14))  resulted  in  a solution  that  was  continuous  in  A<p 
(equation  (15))  but  discontinuous,  in  general,  in  the  deriva- 

tive  ^^=Au  (equation  (17a))  at  r=r2(s)..  In  order  to  obtain 

a solution  continuous  in  Au,  an  integral  equation  may  be 
formulated  that  is  similar  to  equation  (14)  but  in  terms  of 
Au  rather  than  A v?.  The  inversion  shown  in  appendix  B 
should  result  in  a solution  that  is  continuous  inAt^  but  dis- 
continuous in  the  derivatives  of  Au  at  r=r2(s). 


Consider  equation  (10)  for  the  w distribution  in  the  z=0 
plane.  This  equation  will  be  differentiated  with  respect  to 
X using  a technique  introduced  in  reference  15  (equations  (1) 
to  (3)  therein).  The  expression  for  w at  any  point  (r,s)  is, 
from  equation  (10), 


*/  %)t 


Aipdr  0dSo 
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where  r is  the  area  abc  in  figure  9 (a).  The  wing  is  moved 
upstream  a distance  dx  (fig.  9 (b)),  keeping  the  coordinate 
system  fixed  in  space.  The  expression  for  the  upwash  at 
(r,.s)  now  becomes 


, bv)  , M 


drtdsa 


JJ.4^ 


dxp 


A^pdfodSp 

{s  — SpY^^{r—r^^^^^ 


(D2) 


The  second  term  on  the  right  side  of  equation  (D2)  is  zero 
because  A<p=0  along  the  leading  edge.  Subtraction  of 
equation  (Dl)  from  equation  (D2)  then  yields 


Inasmuch  as  the  integral  equations  of  reference  5 are 
formulated  in  terms  of  Au  and  are  inverted  by  means  of 
Abel’s  integral  equation,  only  solutions  satisfying  the  Kutta 
condition  will  result  therein. 

It/ 


dw  Ml  r r AudvpdSp 
5x”“'”87rlJ  Jr(«  — 

For  points  in  region  II  of  a cancellation 
Thus,  for  the  wing  of  figure  3 (a) , 


(D3) 
bw  ^ 


r*  dsp 

Audvp 

Jo  (s— 

(r— 

(D4) 


This  equation  is  the  same  as  equation  (11a)  except  that  An 
replaces  A<p.  The  inversion  by  Abel’s  integral  equation  for 
Auii  in  terms  of  Aui  then  gives  (from  equation  (15)) 


AUit  — 


yr— r2(s)  f^2(*) 


X 


Auidfp 


^ Jn(«)  {r—rp)^/r2(s)--rp 


(24a) 


\U 


-V.Vo 


Njr’,r<,  x,Xa 


(a)  Original  position  of  wing. 

(b)  Wing  moved  upstream  distance  dx. 

Fiours  9.— Areas  of  integration  relating  to  equations  (Dl)  and  (D2). 
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ANALYTICAL  DETERMINATION  OF  COUPLED  BENDING-TORSION  VIBRATIONS 
OF  CANTILEVER  BEAMS  BY  MEANS  OF  STATION  FUNCTIONS  ‘ 

By  Alexander  Mendelson  and  Selwyn  Gendler 


SUMMARY 

A method  based  on  the  conceft  of  Station  Functions  is  'pre- 
sented for  calculating  the  modes  and  the  frequencies  of  non- 
uniform  cantilever  beams  vibrating  in  torsion,  bending,  and 
coupled  bending-torsion  motion.  The  method  combines  some 
of  the  advantages  of  the  Rayleigh-Bitz  and  Stodola  methods,  in 
that  a continuous  loading  function  for  the  beam  is  used,  with 
the  advantages  of  the  influence-coefficient  method,  in  that  the 
continuous  loading  function  is  obtained  in  terms  of  the  dis- 
placements at  a finite  number  of  stations  along  the  beam. 

The  Station  Functions  were  derived  for  a number  of  stations 
ranging  from  one  to  eight.  The  deflections  were  obtained  in 
terms  of  the  ph'ysical  properties  of  the  beam  and  Station  Num- 
bers, which  are  general  in  nature  and  which  have  been  tabulated 
for  easy  reference.  Examples  were  worked  out  in  detail;  com- 
parisons were  made  with  exact  theoretical  results.  For  a uni- 
form cantilever  beam  with  n stations,  the  first  n modes  and 
frequencies  were  in  good  agreement  with  the  theoretically  exact 
values.  The  effiect  of  coupling  between  bending  and  torsion 
was  shown  to  reduce  the  first  natural  frequency  to  a value  below 
that  which  it  would  have  if  there  were  no  coupling. 

INTRODUCTION 

The  failure  of  turbine  and  compressor  blades  due  to  vibra- 
tions has  led  to  an  increased  interest  in  the  study  of  the 
vibrations  of  these  blades  and  in  the  determination  of  the 
natural  modes  and  frequencies.  In  such  theoretical  studies, 
it  is  usually  assumed  that  the  compressor  or  turbine  blade 
acts  as  a cantilever  beam.  The  calculation  of  the  uncoupled 
modes  of  arbitrarily  shaped  cantilever  beams  has  been  ex- 
tensively investigated  (references  1 to  4),  but  little  work  has 
as  yet  been  done  on  calculating  the  coupled  modes  of  such 
beams.  If  the  geometry  of  the  beam  is  such  that  coupling 
exists,  the  coupled  modes  are  the  actual  vibrational  modes 
that  must  be  calculated. 

Four  general  methods  are  currently  in  use  for  calculating 
uncoupled  modes  and  frequencies  of  nonuniform  beams. 
These  methods  are  the  Rayleigh-Ritz  or  energy  method 
(reference  1),  the  Stodola  method  (references  5 and  6),  the 
influence-coefficient  method  (references  4 and  7),  and  the 
integral-equation  method  (references  8 and  9).  For  each  of 
these  methods,  computational  work  can  usually  be  carried  out 
in  several  ways.  For  example,  by  the  use  of  influence  co- 
efficients the  modes  and  frequencies  can  be  determined  by 


Mykelstad's  iteration  procedure  (reference  7)  or  by  matrix 
methods  (reference  4). 

Any  one  of  these  methods  can  be  extended  to  the  calcula- 
tion of  coupled  bending-torsion  modes.  The  Rayleigh-Ritz 
method  usually  requires  that  the  uncoupled  modes  be  deter- 
mined before  the  coupled  modes  can  be  computed.  In  apply- 
ing either  the  Rayleigh-Ritz  or  the  Stodola  method,  great 
difficulty  is  encountered  in  accurately  determining  the  higher 
modes,  because  the  lower  modes  must  first  be  “swept  out^^ 
by  the  use  of  exact  orthogonality  conditions  (reference  10) ; 
the  process  will  otherwise  always  converge  back  to  the 
lowest  mode.  The  same  difficulties  are  encountered  in  the 
integral-equation  method. 

The  influence-coefficient  method  reduces  the  problem  to 
one  having  a finite  number  of  degrees  of  freedom.  The  beam 
is  divided  into  n intervals  and  a concentrated  loading  is  as- 
sumed at  the  center  of  gravity  of  each  interval.  The  solution 
of  the  resultant  determinantal  equation  gives  the  first  n 
modes.  The  accuracy  of  the  higher  modes  is,  however,  very 
poor;  only  the  first  third  of  the  modes  and  the  first  half  of  the 
frequencies  are  obtained  within  the  usual  engineering  accu- 
racy. Carrying  along  so  many  useless- modes  greatly  in- 
creases the  labor  involved. 

A straightforward  accurate  method  for  determining  the 
coupled  bending- torsion  modes  and  the  frequencies  of  non- 
uniform  cantilever  beams,  together  with  applications  of  this 
method,  was  developed  at  the  NACA  Lewis  laboratory  dur- 
ing 1949  and  is  presented  herein.  This  method  is  based  on 
the  use  of  Station  Functions  as  first  discussed  in  refer- 
ence 11.  Incorporated  in  the  method  are  the  advantages  of 
the  continuous-function  deflections  of  the  Rayleigh-Ritz 
and  Stodola  methods  together  with  the  advantages  of  the 
finite  number  of  degrees  of  freedom  of  the  influence-coefficient 
method.  When  the  method  is  applied  to  a uniform  beam, 
the  first  n roots  of  the  resultant  determinantal  equation  are 
amply  accurate  for  engineering  purposes. 

The  final  determinantal  equation  is  solved  herein  by 
matrix-iteration  methods  (reference  4).  Any  other  con- 
venient method  may,  however,  be  used  and  no  knowledge 
of  matrix  algebra  is  needed  to  carry  out  the  calculations  by 
the  matrix  method.  The  work  can  be  done  by  an  inexperi- 
enced computer,  as  the  only  operations  necessar}^  for  determ- 
ining each  mode  are  cumulative  multiplication  and  division. 
In  addition,  for  the  case  in  which  the  coupling  coefficient 
remains  constant  along  the  beam,  a simple  quadratic 


1 Supersedes  NACA  TN  2185,  “Analytical  Determination  of  Coupled  Bending-Torsion  Vibrations  of  Cantilever  Beams  by  Means  of  Station  Functions”  by  Alexander  Mendelson  and 


Selwyn  Gendler,  1950. 
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formula  and  a series  of  curves  are  presented  for  determining 
the  first  coupled  mode  in  terms  of  the  uncoupled  modes. 
Examples  are  developed  in  detail  and  comparisons  with 
exact  theoretical  results  are  included. 

THEORY 

In  the  usual  influence-coefficient  methods  for  solving 
dynamical  problems,  a continuous  body  having  an  infinite 
number  of  degrees  of  freedom  is  replaced  by  a body  having  a 
finite  number  of  degrees  of  freedom.  Two  principal  assump- 
tions are  then  made  that  introduce  inaccuracies  into  the 
solutions,  particularly  in  the  higher  modes:  (1)  The  resultant 
of  the  inertia  loads  of  all  the  infinitesimal  masses  in  a finite 
interval  passes  through  the  center  of  gravity  of  that  interval; 
and  (2)  a concentrated  load  that  is  the  resultant  of  a dis- 
tributed load  produces  the  same  deflection  as  the  distributed 
load.  An  attempt  has  been  made  to  reduce  the  error  due  to 
the  second  of  these  assumptions  by  the  use  of  weightmg 
matrices  (reference  12).  Although  the  accuracy  is  thereby 
increased,  the  effect  of  the  first  assumption  is  still  great 
enough  to  introduce  serious  errors  (reference  11). 

In  order  to  eliminate  these  assumptions,  Rauscher  (ref- 
erence 11)  introduced  the  concept  of  Station  Functions.' 
Instead  of  assuming  the  inertia  loads  to  be  concentrated  at 
the  centers  of  gravity  of  the  intervals,  the  inertia  loads 
and,  consequently,  the  deflections  are  assumed  to  be  con- 
tinuous functions  along  the  beam.  The  values  of  these 
continuous  deflection  functions  at  the  reference  stations  must 
equal  the  deflections  of  the  reference  stations.  The  loading 
on  the  beam  is  therefore  a continuous  function  of  the  de- 
flections of  the  reference  stations.  Inasmuch  as  the  deflec- 
tions of  the  reference  stations  can  be  computed  from  the 
loading  on  the  beam,  which  in  turn  is  available  from  the 
deflections,  the  deflections  are  therefore  obtained  as  functions 
of  themselves.  This  procedure  gives  n homogeneous  equa- 
tions in  the  n deflections  of  the  reference  stations.  The 
resultant  determinantal  equation  has  n roots  for  the  fre- 
quency; it  will  be  shown  that  for  a uniform  beam  all  these 
roots  are  sufficiently  accurate  for  engineering  purposes  if 
the  deflection  functions  are  properly  chosen.  (For  coupled 
bending-torsion  vibrations,  2n  homogeneous  equations  and 
2n  roots  are  obtained  for  n stations.) 

The  deflection  functions  used  must  satisfy  the  boundary 
conditions  of  the  problem  and  also  the  condition  that,  at 
any  reference  station,  the  value  of  the  function  must  equal 
the  deflection  of  the  reference  station.  Although  it  is  always 
possible  to  find  directly  a single  function  that  will  satisfy 
these  conditions,  it  is  more  convenient  to  obtain  different 
component  functions  at  each  station  and  to  add  all  these 
component  functions  together  to  give  the  complete  deflec- 
tion function.  Rauscher  (reference  11)  calls  these  compon- 
ent deflection  functions  Station  Functions.  For  example, 
the  complete  torsional  deflection  function  for  the  beam  will 
have  the  following  form : 

where 

2 dimensionless  distance  along  beam 

6{z)  torsional  deflection  at  distance  2 from  root 


6j  torsional  deflection  at  station 

Jj{2)  Station  Function  in  torsion  associated  with  station 

(All  symbols  are  defined  in  appendix  A.) 

Each  Station  Function  must  satisfy  the  boundary  condi- 
tions of  the  problem  and  the  following  additional  conditions: 
(1)  At  the  reference  station  with  which  it  is  associated,  the 
Station  Function  equals  the  deflection  of  that  reference  sta- 
tion; and  (2)  at  all  other  reference  stations,  the  Station 
Function  equals  zero.  The  sum  of  all  these  Station  Func- 
tions will  then  give  the  complete  deflection  function  for  the 
beam.  The  Station  Functions  and  corresponding  loading 
fimctions  are  derived  in  appendix  B for  torsional  vibrations^ 


bending  vibrations,  and  coupled  bending- torsion  vibrations  of 
an  arbitrary  cantilever  beam. 

Torsional  vibrations. — It  is  shown  in  appendix  B that  the 
torsional  deflections  of  the  reference  stations  for  a beam 
divided  into  n intervals  of  length  5,  as  shown  in  figure 
are  given  by  the  following  system  of  equations : 

= 0)252  ^ ^ 

, tyo  ;=1 

where 

^ {k  (2) 

k = l ^kL  r=Jt+l  J 

i and  j=l,2,  . . . n 

0)  frequency  of  vibration 
8 length  of  interval 

lo  mass  moment  of  inertia  per  unit  length  about  elastic 
axis  at  root  section 

Ik  ratio  of  average  mass  moment  of  inertia  per  unit  length 
of  interval  to  mass  moment  of  inertia  per  unit  length 
at  root  section 

Co  torsional  stiffness  of  root  section 

Ck  ratio  of  average  torsional  stiffness  of  interval  to  tor- 
sional stiffness  at  root  section 
The  Station  Numbers  N^k  and  Mjk  are  fimctions  only  of  the 
integers  k,  j,  and  n and  are  defined  as 


zjj(z)dz 

k-l 

^ik^  f fji^)dz 
J k—l  j 


(3) 


where  //(s)  represents  the  Station  Functions  derived  in 
appendix  B and  is  given  by 


y^(2)=aus+a2>s^+  • . . +a(„+,,js (4) 

The  coefficients  are  determined  in  appendix  B by 
satisfying  the  conditions  on  the  Station  Functions.  The 
integrals  in  equations  (3)  are  thus  seen  to  be  integrals  of 
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The  Station  Numbers  M'y*,  N'jk,  P'jk,  and  Q'/*  are  func- 
tions onl}’’  of  the  integers  A:,  j,  and  n and  are  defined  by 
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simple  polynomials  and  the  hmits  of  integration  are  integers. 
The  Station  Numbers  Njk  and  Mjk  are  therefore  rational 
numbers,  fimctions  only  of  the  integers  n,  A:,  and  j.  These 
numbers  have  been  evaluated  and  are  fisted  in  tables  I to 

VIII. 

If  the  physical  properties  of  the  beam  under  consideration 
are  known  for  each  of  the  n intervals,  (7*  and  will  be 
known.  The  Station  Numbers  Njk  and  can  be  obtained 
from  tables  I to  VIII.  From  equation  (2),  aij  can  then  be 
easily  calculated. 

Equation  (1)  actually  represents  homogeneous  equations 
in  the  n unknown  deflections  With~-^  = X,  these  equa- 

CO  mqO 

tions  can  be  written  as  follows: 


(5) 


(«!  1 — X)  + ai2  ^2  + «13^3  + 

. . . +«in0«  = O 

«21  ^1  + («22  — X)  02  + «23  ^3  + 

. . +a2n0n=O 

«31  + «32^2  + («33  — X)  03  + 

. . • +«3n^rt=0 

anl0l  + «ft2^2+«n3^3+  * • • 

+ (ann  — X)0rt  = O 

For  a nontrivial  solution,  the  determinant  of  the  coeflScients 
must  vanish  and  the  characteristic  equation  becomes 
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X ai2 
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. • Otin 
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X tt23 
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= 0 


(6) 


or 

1X/-M1  = 0 (6a) 

where  I is  the  identity  matrix,  and  [atj]  is  the  dynamical 
matrix. 

Equation  (6)  can  be  solved  for  the  n values  of  X by  any 
method  available.  The  method  used  herein  was  to  obtain 
the  values  of  X as  the  latent  roots  of  the  matrix  [atj],  which 
is  actually  the  dynamical  matrix  for  the  problem.  The  mode 
shapes  are  obtained  at  the  same  time. 

Bending  vibrations. ^ — The  bending  deflections  for  the  beam 
shown  in  figure  1 are  given  by  the  following  system  of  equa- 
tions (appendix  B) : 

^ n 

(7) 


i>o  i=i 


+ 


(8) 


where 

M'„\) 

i and  j=lj2,  . , , n 

rrio  mass  per  unit  length  of  beam  at  root  section 
7Yik  ratio  of  average  mass  per  unit  length  of  A:^  interval  to 
mass  per  unit  length  at  root  section 
.Bo  bending  stiffness  at  root  section 

Bk  ratio  of  average  bending  stiffness  of  A:'*^  interval  to  bend- 
ing stiffness  at  root  section 


(9) 


J^"_i[y-(A:-l)z+|  (^-1)^]  gii^)dz 

(k-m+l  (^-1)*]  9A^)d^ 

M',k=  f gi{z)dz 

Jk-l 

N'jk=  f zgi{z)dz 

Jk-l 

The  Station  Functions  gj{z)  are  derived  in  appendix  B and 
are  given  by 

gj{z)=b2jz^+hjz^+b,j2^+  . . . (10) 

The  integrals  in  equations  (9)  are  thus  seen  to  be  integrals 
of  simple  polynomials.  The  Station  Numbers  M'jk,  N'jkj 
P'jk,  and  Q'jk  are  rational  numbers,  functions  only  of  the 
integers  jy  kj  and  n.  These  numbers  have  been  evaluated 
and  arc  fisted  in  tables  I to  VIII. 

If  the  physical  properties  of  the  beam  are  known  for  each 
of  the  n intervals,  m*  and  Bk  will  be  known.  The  Station 
Numbers  N^jk}  P'jkf  and  Q'jk  are  obtained  from  tables  I 
to  VIII;  can  then  easily  be  calculated  by  equation  (8). 
The  determinantal  equation  is: 


=0  (11) 


^.i-x 

Pl2 

PlZ 

. . /3i« 

^21 

^22~ 

■X  ^2Z 

• • ^2n 

fizi 

Pz2 

Pzz — X . 

• • Pzn 

Pnl 

Pn2 

PnZ 

. • Pnn  — X 

or 


where 


|X/-[^o]|  = 0 

. Bo  1 


(11a) 


ntod^ 

The  dynamical  matrix  is 

Coupled  bending-torsion  vibration.— The  torsional  and 
bending  deflections  due  to  coupled  bending-torsion  vibra- 
tions of  a cantilever  beam  are  given  by  (appendix  B) : 


where 


(12) 


= IjL 

* j’jo* 

v = — — — 

— 6^  Cq  tuq 

Vq  absolute  magnitude  of  projection  of  distance  from  elastic 
axis  to  center  of  gravity  on  perpendicular  to  bending 
direction  for  root  section 

Tgo  radius  of  gyration  about  elastic  axis  at  root  section 
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The  quantities  and  are  defined  by  equations  (2) 
and  (8).  The  quantities  yij  and  are  given  by 


= ± SrM'J 

k=l  o*  L • r=A+l  J 

= S ^ jk — 0,}^  + ^ lO  — ^ 


Y (13) 


where 

Qik  = {k - lYz  +1  (k - 1)3]  mdz 


and  S]t  is  the  ratio  of  the  average  static  mass  unbalance  of 
the  interval  to  the  static  mass  unbalance  at  the  root 
section. 


The  Station  Numbers  Pjjc  and  Qjk  are  listed  in  tables  I to 
VIII  with  the  other  Station  Numbers.  The  determinantal 
equation  becomes 


Tail— 

X r (Xi2 

• Fain 

<r7i, 

eFyij  . . 

• <r7i„ 

r«2i 

r (X22 — X . 

• r«2„ 

«ry2i 

<r722  • . 

• «r72. 

ra„i 

r«n2 

. . r OLnn  ■“ 

-X  «r7„ 

1 • 

• er7nn 

Sn 

5 12 

• * ^In 

/3„- 

X ^12 

• • ^\n 

821 

^22 

• • ^2n 

^21 

• • ^2n 

5fll 

8ji2 

• • 5nn 

^n\ 

■'^n2  . 

• • ^nn  ^ 

(14) 

or 

= 0 (14a) 

•where  [Tjij]  is  the  dynamical  matrix  and  I is  the  identity 
matrix. 

The  first  n roots  of  equation  (14)  will  give  the  first  n 
coupled  frequencies. 


iteration  method  used  herein  is  simple  and  rapid  and  re- 
quires no  particular  computing  skill.  As  will  be  indicated, 
however,  the  accuracy  of  equations  (6),  (11),  and  (14)  is 
such  that  relatively  few  stations  need  be  used,  in  which 
case  it  may  be  convenient  to  expand  the  determinants  and 
to  solve  the  resultant  low-order  algebraic  equation. 

In  order  to  illustrate  the  accuracy,  this  method  was  applied 
to  torsional  vibrations,  bending  vibrations,  and  coupled  vi- 
brations of  a uniform  cantilever  beam.  The  exact  theoretical 
values  for  torsional  vibrations  and  bending  vibrations  of 
uniform  cantilevers  are  well  known.  The  exact  theoretical 
values  for  the  coupled  bending-torsion  vibration  of  a uniform 
beam  were  calculated  (appendix  D).  A comparison  was 
then  made  between  the  values  obtained  by  the  method 
presented  and  the  exact  theoretical  values.  The  number  of 
stations  used  was  1,  2,  and  3 (ti=],  n=2,  and  ti=3).  The 
comparisons  are  sumniarized  in  table  IX. 

Torsional  vibration. — For  the  case  of  a uniform  beam, 
and  equation  (2)  becomes 

(Xij==^\' Njic—(k  — l)Mjjc-\-  ^ (15) 

fe=l  L r=fc+l  J 

The  values  of  and  are  given  in  tables  I to  VIII. 
The  table  to  be  used  depends  on  the  choice  of  the  number 
of  stations. 

Let  n—l; 

aii=A^  11 

From  table  I,  A^n  = 5/12, 
and 


or 


.-1,549  ^^ 

The  exact  theoretical  value  for  the  first  torsional  frequency 
is 


= 5/1 2 


ft-,=2.400  h 


5.  hr 


hl^ 


APPLICATIONS  AND  RESULTS 


The  percentage  error  is  —1.4  when  only  one  station  is  used. 


In  applying  the  previously  discussed  method,  it  is  necessary 
to  determine  for  a given  beam  the  elements  a^,  pij,  7^^,  and 
8ij  of  the  dynamical  matrices.  These  quantities  will  depend 
on  the  physical  properties  of  the  beam  and  on  the  number  of 
stations  chosen.  If  the  physical  properties  of  the  beam  are 
known,  the  quantities  atj,  and  8ij  can  be  directly  cal- 

culated from  equations  (2),  (8),  and  (13).  The  numbers 
Mjic,  Njky  Pjjcj  Qjjcy  M'jky  P'jk,  and  Q'jj^  appearing  in  these 
equations  depend  on  the  number  of  stations  n that  are  used 
and  can  be  read  directly  from  tables  I to  VIII  for  any  given 
number  of  stations  up  to  eight.  Once  these  quantities  have 
been  calculated,  equations  (6),  (11),  or  (14)  can  be  solved 
for  the  frequencies  by  any  method  desired.  The  matrix- 


The  mode  shape  obtained  by  the  method  of  Station  Func- 
tions agrees  well  with  the  theoretical  mode  shape,  as  is  shown 
in  figure  2 (a) . 

Let  n=2]  then  by  equation  (15)  and  table  II, 


A7  1 8,5  57 

a„-iV„  + M,2-— 

«12 = iV2i  + il/22  = ~ ■;^Tn  "t" 


240  ' 48 

A7  I A7  8,8  16 

«2,-iVu+iV,2-y5+Y5=Y5 


«22  — •A^21  + -^2S 


31  . 239 


57 

120 


13 


240^240  15 
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(d)  First  mode,  n=3. 

(e)  Second  mode,  n=3. 

(f)  Third  mode,  n=3. 


(a)  First  mode,  n=l. 

(b)  First  mode,  n=2. 

(c)  Second  mode,  n=2. 

Figure  2.— Comparison  of  theoretical  mode  shapes  with  mode  shapes  obtained  by  taking  n stations  along  the  beam  for  torsional  vibrations. 


The  determinantal  equation  then  becomes 


Let  n=3;  then  by  equation  (15)  and  table  III, 


which  gives 


Therefore 


57 

57 

60 

“ A 

120 

16 

X 

15 

15  ^ 

Xi= 

1.6214 

\2=0.1953 


«2=4.526-^^ 


The  exact  theoretical  values  are 


a>i=  1.571 

The  precentage  errors  of  the  first  two  modes,  for  only  two 
stations,  are  found  to  be  0 and  —4. 

The  mode  shapes  are  sho^vn  in  figures  2 (b)  and  2 (c). 
Agreement  of  the  first  mode  with  the  exact  theoretical  shape 
is  excellent;  the  second  mode  agrees  fairly  well. 


a 1 1 = 1 -}- A/i2  “1“ -21^13 = 0 . 94 583 3 

ai2=iV2i+M22+M23=0.958333 
oj  13 = A/si  ”i”  A/32  "I"  A/33  ==  0 . 5 2 0 834 
a2j=ATn4-iVi2+2Mi3=1.033333 
of22 = -^21  “b -^^22  "1“  2 Af23 = 1 . 8833 3 3 

«23  = -^31  “H -^32  4"  2 1 *0 1 1 1 1 3 

<xzi=^Ni\-\^Ni2~\'Niz= 1 .012500 
0^32  = A^2  1 4" -^22  4” -^^23 = 2 . 02 5000 
a33=A/3i4"A^324*-^33=  1 .387501 


The  determinantal  equation  is 


0.945833-X 

1.033333 

1.012500 


0.958333 
1. 883333 -X 
2.025000  • 


0.520834 
1.011113 
1.387501 -X 


=0 


The  solutions  are 

Xi=3.6474 
X2= 0.4093 
X3=0.1599 

Therefore 

co3=7.502^^j 


(a)  First  mode,  n=l.  . (d)  First  mode,  «=3. 

(b)  First  mode,  «=2.  (e)  Second  mode,  n=3. 

(c)  Second  mode,  «=2.  (f)  Third  mode,  n=Z. 


Figure  3— Comparison  of  theoretical  mode  shapes  with  mode  shapes  obtained  by  taking  n stations  along  the  beam  for  bending  vibrations. 


The  exact  theoretical  values  are 

».=4.712^A 

The  percentage  errors  of  the  first  three  modes,  calculated 
by  use  of  three  stations,  are  found  to  be  0,  —0.5,  and  —4.5, 
respectively. 

The  mode  shapes  are  shown  in  figures  2 (d)  to  2 (f).  The 
first  two  modes  agree  very  well  with  the  theoretical  shapes; 
agreement  of  the  third  mode  is  fair. 

This  procedure  can  be  carried  out  as  sho^vn  for  any  number 
of  stations  desired. 

Bending  vibrations. — For  a uniform  beam,  Bk~mji=  1 and 
equation  (8)  becomes 

N'jr’h 

■ (16) 

Let  n=  1 ; 

• Pn=P'u  — Q\i 


and  from  table  I 

71  31  59 

. 630  1008  720 

Therefore,  from  equation  (7), 

f //tot' 

The  exact  theoretical  value  is 

“==*■*"*  V5 

The  precentage  error  for  just  one  station  is  found  to  be 
-0.65: 

The  mode  shape  is  shown  in  figure  3 (a)  and  is  seen  to 
agree  very  well  with  the  theoretically  exact  shape. 

Let  71=2;  then  by  equation  (16)  and  table  II, 

^ii=P^ii — Q'  — -g  il/'i2=0.422745 

012  = P'21-Q'21  + |iV'22— |m'22=0.295925 
^2i  = 2P'ii-|-2P'i2 — Q\\ — 1-145 167 

P22  — 2^^214"  2P^22 — Q'2\  — Q^22“h^A^^22  — ^ ilf  ^22=  0. 9 05  5 3 0 
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The  characteristic  equation  is 


0.422745-X 

1.145167 


0.295925 
0.905530  — X 


= 0 


The  roots  are 

X, =1.2943 
X2=0.0339 

The  exact  theoretical  values  are 

The  percentage  errors  for  two  stations  are  therefore  found 
to  be  0 for  the  first  mode  and  —1,5  for  the  second  mode. 
The  mode  shapes  are  plotted  in  figures  3 (b)  and  3 (c).  The 
first  mode  agi*ees  excellently  with  the  theoretically  exact 
shape;  the  second  mode  agrees  fairly  well. 

Let  71=3;  then  by  equation  (16)  and  table  III, 

M'n~l  M'u=0.270604 


The  characteristic  equation  is 
0.270604-X  1.009943 

0.648170  3.266250-X 

0.985135  5.822852 


0.487441 

1.689891 

3.204301-X 


= 0 


The  roots  are 

Xi=6.5521 

X2=0.1667 

X3=0.0223 

Therefore  


The  exact  values  are 


0)1=3.516 


0)2  — 22.04 


0)3=6 1.7  0 


^12=P'2.-Q'2.  + |iV'22  + |A''23-i  M'^~^  M'j3=  1 -009943 

/3,3  = P'31-Q'3.  + |iV'32  + |iV'33-|  M^3=  0.48 744 1 

1^21  — 2P^2  6^11  Q' \2~\r 

|a^'.2+2A^',3-|m',3-|m',3=0.648170 

1822=  2P^21  + 2P'22 — Q!2\ — Q'  22~\~ 

|a^'33+2iV'33-|m'33-|m'23=3.266250 

P2Z—  2P^31“t“  2P^32  Q\\  Q^32“h 

|a^3+2A^'33-|  M'33-|  M'33=  1.689891 

j33i  = 3P^ii-b  3P^i2“h  3P^i3 — Q!  w Q!  n Q' \z'\‘ 

|a^',3+4A^',3-|  M', 3-^  M', 3=0.985135 


The  percentage  errors  for  three  stations  are  found  to  be  0, 
0,  and  —2.4,  respectively.  The  modes  are  plotted  in  figures 
3 (d)  to  3 (f).  The  first  two  modes  are  seen  to  agree  very 
well  with  the  theoretical  mode  shape;  agreement  of  the 
third  mode  is  fair. 


Coupled  bending-torsion  vibrations.— A uniform  beam 
with  the  following  constants  was  chosen: 


7=^=38.56 

€=0.8 


r 


193.2 


€r 


24TT5 


The  values  of  0^  and  are  obtained  as  previously  and  are 
the  same  as  given  before  for  ti=1,  ti=2,  and  ti=3.  Also, 
because  S*=P*=Gfe=7n*=/*=l,  equations  (13)  become 


1832=  3P'21“b3P%2  + 3P%3 — Q^21  — Q'22  Q^23"h 

|>,3+4A^3-|  M'33=5.822852 

/333=  3P'31-t“3P^32+  3P^33 — Q' z\  Q\o  Q^33“h 

|n'32+4AT'33-|  M'33-^  M'33=3.204301 


k=l  L r = k+l  J 

5(/=s|^A*— <2«+^S| 
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Let  n—\]  then  the  determinant  is 


Fan  — X 

«rYii 

0.002156-X 

0.001196 

^>1 

fill — X 

0.111111 

0.081944-X 

The  roots  are 


Xi  = 0.0837 
X2=0.0005 


o>i=3.46^ 

/ Bo 

cj?2=44.7 

The  procedure  for  calculating  the  exact  theoretical  values  is 
derived  in  appendix  D.  The  exact  values  are 

The  percentage  error  for  the  first  mode;  calculated  by  use  of 
one  station,  is  —0.9. 

Let  n—2;  then  the  determinant  is 


r ail — ^ 

Fai2 

tF-y,! 

(Vyi2 

Fa2i 

r a22 — ^ 

«r72i 

(Tyti 

5ii 

^12 

fiii-'K 

fiii 

^21 

^22 

fin 

fin 

Substituting  the  known  values  and  solving  for  X give  for  the 
first  two  roots 

Xi=1.3197 

X2=0.0412 


and  the  frequencies  become 


The  percentage  errors  for  two  stations  are  —0.3  for  the  first 
mode  and  —4.4  for  the  second  mode. 


This  procedure  can  be  carried  out  for  aii}’^  number  of  sta- 
tions desired.  For  three  stations,  the  frequencies  obtained 
are 


The  precentage  errors  are  —0.3  for  the  first  mode,  0 for  the 
second  mode,  and  —1.8  for  the  third  mode. 

The  results  obtained  by  the  method  presented  are  seen 
to  agree  very  well  with  the  exact  theoretical  values. 

These  results  are  summarized  in  table  IX,  where  a com- 
parison is  made  with  the  results  obtained  for  uncoupled 
bending  and  torsional  vibrations  by  use  of  influence  coeffi- 
cients with  weighted  matrices  (reference  12).  The  values 
using  weighted  matrices  were  taken  from  table  I of  refer- 
ence 12.  It  can  be  seen  that  for  a given  number  of  stations, 
the  results  obtained  by  the  method  presented  herein  are  con- 
siderably better  than  those  obtained  by  using  influence  co- 


Figure  4.— Variation  of  frequency  ratio  12  with  coupling  coefficient  « for  several  values  of 
uncoupled  frequency  ratio  7. 

efficients  with  weighted  matrices.  In  general,  it  is  indicated 
that  for  a xmiform  cantilever  beam  using  n stations  along 
the  beam,  the  first  1 frequencies  and  modes  are  in  ex- 
cellent agreement  with  exact  theoretical  values  and  even 
the  mode  is  given  within  the  accuracy  with  which  the 
physical  properties  of  the  material  are  known.  For  a tapered 
beam,  more  stations  ma}^  be  required,  depending  on  the 
amount  of  taper.  The  number  of  stations  required  to  give 
satisfactory  accuracy  is  listed  in  table  X.  A comparison  is 
made  by  using  weighted  influence  coefficients;  the  values 
are  taken  from  table  II  of  reference  12. 

The  first  vibrational  frequency  is  given  approximately  by 
equation  (C2)  (appendix  C)  when  coupling  exists  between 
bending  and  torsion;  it  is  plotted  in  figure  4.  In  order  to 
check  these  curves,  the  exact  solution  was  obtained  (appen- 
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dLx  D)  for  the  ratio  equal  to  4 and  was  plotted  on 

the  same  figure.  The  values  given  by  equation  (C2)  are 
seen  to  be  in  excellent  agreement  with  the  theoretically 
exact  values. 

The  effect  of  the  coupling  between  bending  and  torsion 
is  to  reduce  the  first  natural  frequency  below  that  which 
would  exist  if  there  were  no  coupling.  This  effect  is  shown 
in  figure  4,  wherein  the  value  of  is  always  less  than  1. 
This  decrease  in  the  first  natural  frequency  due  to  coupling 
is,  however,  relatively  unimportant  in  the  practical  range  of 
(c0f/cjft)^^4  and 

SUMMARY  OF  RESULTS 

A method  based  on  the  use  of  Station  Functions  is  pre- 
sented for  calculating  uncoupled  and  coupled  bending-torsion 
modes  and  frequencies  of  arbitrary  continuous  cantilever 
beams.  - The  results  of  calculations  made  by  this  method 


indicated  that  by  the  use  of  Station  Fimctions  derived  herein, 
n modes  and  frequencies  can  be  obtained  \vith  sufficient  ac- 
curacy by  using  just  n stations  along  the  beam  if  the  beam  is 
uniform.  For  a tapered  beam,  more  stations  may  be  re- 
quired, depending  on  the  amount  of  taper.  The  amount  of 
computational  labor  is  markedly  less  than  for  other  methods. 
The  use  of  Station  Numbers  tabulated  herein  further  re- 
duces the  amount  of  calculation  necessary.  The  effect  of 
coupling  between  bending  and  torsion  is  shown  to  reduce  the 
first  natural  frequency  to  a value  below  that  which  it  would 
have  if  there  were  no  coupling. 


Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio, .October  18,  1949. 


APPENDIX  A 


SYMBOLS 


The  following  symbols  are  used  in  this  report: 

dij 

coefficient  in  equation  for  Station  Fimction 
in  torsion 

B 

bending  stiffness  of  beam,  fimction  of  z 

Bo 

bending  stiffness  at  root  section  of  beam 

ratio  of  average  bending  stiffness  of  k^^ 
interval  to  bending  stiffness  of  root 
section 

hi, 

coefficient  in  equation  for  Station  Function 
in  bending 

C 

torsional  stiffness  of  beam,  function  of  2 

Go 

torsional  stiffness  of  root  section  of  beam 

c. 

ratio  of  average  torsional  stiffness  of  k^^ 
interval  to  torsional  stiffness  at  root 

section 

Cl,  C2,  C3 

constants  defined  in  appendix  B 

/i(2) 

Station  Function  in  torsion  for  station 

(defined  in  text) 

2i(2) 

Station  Function  in  bending  for  station 

(defined  in  text) 

I 

mass  moment  of  inertia  per  unit  length  of 
beam  about  elastic  axis,  function  of  z, 
except  where  otherwise  defined 

lo 

mass  moment  of  inertia  per  unit  length  of 
beam  about  elastic  axis  at  root  section 

It 

ratio  of  average  mass  moment  of  inertia 
per  unit  length  of  k^^  interval  to  mass 
moment  of  inertia  per  unit  length  at  root 
section 

station  indices 

j,k,r 

summation  indices 

1 

length  of  beam 

^I,t,  N,k,  P]t, 

Station  Numbers  (defined  in  text) ; function 

N' 

P',t,  Q',t 

yfc,  of  indices  k^  and  n 

m 

mass  per  unit  length  of  beam,  function  of  z 

mo 

mass  per  unit  length  of  beam  at  root  section 

rrijt 

ratio  of  average  mass  per  unit  length  of 
k^^  interval  to  mass  per  unit  length  at 

■ 

root  section 

n 

number  of  stations  along  beam 

2i.(2) 

21(2) 


^•go 


>•0 


So 

S, 


X 

y 

Vi 

z 

Pij}  yiji 

8ij,  rjij 


r 

y 

8 


6 

6i 

X 


CO 


COi 


bending  loading  function  on  beam 
torsional  loading  function  on  beam 
absolute  magnitude  of  projection  of  distance 
from  elastic  axis  to  center  of  gravity  on 
perpendicular  to  bending  direction 
radius  of  gyration  about  elastic  axis  at 
root  section 

absolute  magnitude  of  projection  of  distance 
from  elastic  axis  to  center  of  gravity  on 
perpendicular  to  bending  direction  for 
root  section 

static  mass  unbalance,  function  of  mr 
static  mass  unbalance  at  root  section,  mor^ 
ratio  of  average  of  static  mass  unbalance  at 
section  to  static  mass  unbalance 
at  root  section 

distance  from  root  of  beam,  except  where 
otherwise  defined 
bending  deflection,  function  of  z 
bending  deflection  at  station 
dimensionless  distance  along  beam,  x/8 
elements  of  dynamical  matrix  defined  in  text 

5^  Cq  tyiq 

uncoupled  frequency  ratio, 
length  of  interval  . along  beam  between 
. two  stations 

coupling  coefficient,  (ro/r^o)^ 
torsional  deflection,  function  of  z 
torsional  deflection  at  station 
root  of  frequency  equation  or  characteristic 
root  of  dynamical  matrix 
frequency  ratio, 
frequency  of  vibration 
frequency  of  uncoupled  fundamental  bend- 
ing mode 

frequency  of  uncoupled  fundamental  tor- 
sional mode 

second  derivative  of  deflection  with  respect 
to  time 
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APPENDIX  B 


STATION  FUNCTIONS  AND  DETERMINANTAL  EQUATIONS 


TORSIONAL  VIBRATIONS 

A schematic  diagram  of  a cantilever  beam  divided  into  n 
intervals  of  length  6 is  sho\vn  in  figure  1,  The  Station 
Functions  for  the  torsional  vibrations  of  such  a beam  must 
satisfy  the  following  conditions: 

At 


2=0 

UO)=o 

(Bl) 

z—n 

fi(n)=0 

(B2) 

z=i 

fi(i)=l 

(B3) 

z=j 

fi(j)=0  j9^i 

(B4) 

where/' (2)  denotes  the  derivative  with  respect  to  2. 

Equations  (Bl)  and  (B2)  represent  the  boundary  condi- 
tions that  must  be  satisfied  by  a cantilever  beam  vibrating 
in  torsion;  equations  (B3)  and  (B4)  represent  the  further 
conditions  imposed  upon  the  Station  Functions.  These 
conditions  will  be  satisfied  by  a function  of  the  type 

/i(2)=au2+a2i2^+  • • . (B5) 

where  the  coeflScients  must  satisfy  the  following  simul- 
taneous equations  obtained  from  conditions  (B2),  (B3), 
and  (B4): 


0 = (lif-f-27UZ-2<4'3Tl^(l3f  “f"  . . . (B2a) 


l=iau‘^ri^a2i+i^azi+  . . . (B3a) 


^=jau-\-fa2i+fazi+  , . . (B4a) 


• The  coeflScients  can  be  obtained  by  solving  equations 
(B2a)  to  (B4a)  and  the  functions  Ji{z)  determined  for  each 
station.  Equation  (B5),  however,  can  also  be  written  in 
the  following  form: 


Jiiz) 


n(2- 

J^i 


-j)2(2— C,) 


TUi—j)i{i—Ci) 


(B5a) 


where  II  represents  the  product  for  all  values  of  j except 

j^i 

jz=zi.  The  function  in  equation  (B5a)  obviously  satisfies 
conditions  (Bl),  (B3),  and  (B4)  because  it  has  zeros  at  all 
points  specified  b}^  equation  (B4),  it  equals  1 at  the  point 
specified  by  equation  (B3),  and  it  equals  zero  at  the  point 
specified  by  equation  (Bl).  In  order  to  satisfy  condition 
(B2),  the  constant  Ci  is  determined  by  substitution  of  equa- 
tion (B5a)  into  equation  (B2). 


Ci=n  for 


Ci=n 


for  i- 


-n 


Equation  (B5)  can  be  obtained  from  equation  (B5a)  by 
carrying  out  the  indicated  multiplications.  The  complete 
deflection  function  is  then  given  by 

Kz)=jii.z)9i-^Mz)02-\-  . . . +/„(2)e„ 

=j:mz)0j  (B6) 

The  continuous  loading  function  qt  (2)  can  now  be  written 
as 

qt{x)= I w^e{z)  = (B7 ) 

A continuous  loading  function,  which  is  a function  of  the 
deflections  at  the  reference  stations,  has  thus  been  obtained. 

BENDING  VIBRATIONS 

The  Station  Functions  for  the  bending  vibrations  of  the 
beam  shown  in  figure  1 must  satisfy  the  following  conditions: 
at 


2 = 0 

gi(o)=o 

(B8) 

2 = 0 

(J'i{0)=0 

(B9) 

z=n 

II 

0 

(BIO) 

z=n 

<j"'i{n)=0 

(Bll) 

z=i 

(jS)=i 

(B12) 

z^j 

(B13) 

where  g'  (2),  g"  (z),  and  g'"  (2)  denote  the  first,  second,  and 
third  derivatives,  respectively,  of  g (2)  with  respect  to  2. 

Equations  (B8)  to  (Bll)  represent  the  boundary  condi- 
tions that  must  be  satisfied  by  a cantilever  beam  vibrating 
in  bending  and  equations  (Bl2)  and  (Bl3)  represent  the 
additional  conditions  imposed  upon  the  Station  Functions. 
These  conditions  will  be  satisfied  by  functions  of  the  type 

gi{^)=b2iZ^+bz,z^+  . . . (B14) 

where  the  coefficients  must  satisfy  the  following  equa- 
tions obtained  from  conditions  (BlO)  to  (Bl3) : 

0 = 262f  + 67Zr  . . . d-(^2'+3)(n-l-2)n^”'^*^ 6 (BlOa) 

0 = 663i  + 24n64i+.  . .+(n+3)(7i+2)(7i+l)n”6(„+3)i  (Blla) 

l=i^b2i+i^bzi+  . . . (Bl2a) 

0=fb2i+fhi+  . . . +i'”+^>6(n-f3)f  j^i  ' (Bl3a) 

The  coefficients  can  therefore  be  obtained  from  equations 
(BlOa)  to  (Bl3a)  and  the  fimctions  gi  (2)  determined  for 
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each  station  i.  Equation  (Bl4)  can,  however,  be  written 
in  the  following  form : 

n (3  — i)  3 ‘(s  ® + C2 3 + C3) 
n (i-j)i\i^+c2i+C3) 


e,=s^j^^,(z)£  ^ dz  + d^j"q.iz)  £ dz  (B19) 

If  O is  assumed  to  have  a constant  value  for  each  interval, 
these  integrals  may  be  ^vritten  as  the  sum  of  integrals  over 
each  section.  Equation  (Bl9)  then  becomes 


where  n represents  the  product  for  all  values  of  j except 

j=i.  The  function  in  equation  (Bl4a)  obviously  satisfies 
conditions  (B8),  (B9),  (B12),  and  (Bl3),  because  it  has 
zeros  at  all  points  specified  by  conditions  (B8),  (B9),  and 
(B13)  and  equals  1 at  the  point  specified  by  equation  (B12). 
In  order  to  satisfy  conditions  (BlO)  and  (Bll),  the  constants 
C2  and  C3  are  determined  by  substitution  of  equation  (Bl4a) 
into  equations  (BlO)  and  (Bll).  The  general  forms  for  C2 
and  C3  are,  however,  complicated  and  it  is  easier  to  obtain 
the  numerical  values  of  these  constants  for  each  specific 
case.  Equation  (B14)  can  then  be  obtained  from  equation 
(Bl4a)  by  carrying  out  the  indicated  multiplications.  The. 
complete  deflection  function  is  then  given  by 

(B15) 

The  continuous  bending  loading  function  qt,(z)  can  now  be 
written  as 

q^{z)  = mo:^y{z)  = (BlO) 

j^i 

COUPLED  BENDING-TORSION  VIBRATIONS 

The  Station  Functions  for  the  coupled  bending-torsion 
vibrations  are  the  same  as  previously  given  for  the  bending 
vibrations  and  the  torsion  vibrations.  The  loading  func- 
tions, however,  are  given  as  follows  (reference  7): 


0i=7rS^  f zqt(.z)dz+\  {\-k)qt{z)dz-\r  { q,{z)dz 
L/q  /c  = 1 OjfcLJ/;— 1 J k—1  Jk  _ 


By  substituting  the  relation 


(B20) 


;=i 


and  by  assuming  a constant  value  for  I for  each  interval  and 
changing  the  summation  order, 


;=1 

J){z)dz+ 

-1 

n rr 

S Ir\ 

r=Jk+l  Jr- 

Let 

Ji(z)dz'£ej 

rk  ' 

. zf}(z)dz=Njt 

(B21) 

Then 

»/  fc  — *1 

f Jiiz)  dz 
Jk-1  J 

(B22) 

where 

6i= 

Go  ;=1 

(B23) 

k=l 

Mh Nj,~(k - 1)  ± Ir M, 

Gfc  L T^k+l 

(B24) 

If  Ck=lH=l  (constant  cross  section),  then 


qt{z)  = IJ^d{z)  + S(a‘  y{z) 


and 


= [IM2)Ss+Sgiiz)  yj] 

j=i 

q^{z)=Sui^eiz)  + ino)^yiz) 

= [Sfj{z)dj+mgj{z)  yj] 

i=i 


(B17) 


(B18) 


DETERMINANTAL  EQUATIONS  AND  DYNAMICAL  MATRICES 


aij — S — (^  — (B25) 

fc=l  L J 

Let 

Then 


;=i 


. (B23a) 


Once  the  Station  Functions  and  the  corresponding  loading 
functions  have  been  determined,  the  deflections  at  the 
reference  stations  can  be  obtained  in  terms  of  the  loading 
function.  A homogeneous  equation  in  the  reference-station 
deflections  for  each  station  is  thereby  obtained.  The 
determinant  of  the  coefficients  of  the  resultant  set  of  homo- 
geneous equations  can  be  set  equal  to  zero ; the  determinantal 
frequency  equation  is  thus  derived.  The  deflections  at  the 
reference  stations  are  obtained  by  the  well-known  equations 
for  obtaining  influence  coefficients. 

Torsion. — The  deflection  at  the  station  i due  to  the 
continuous  loading  qt(z)  on  the  beam  is  given  by 


and  the  characteristic  equation  is 

|K]-X/H0  (B27) 

where  I is  the  identity  matrix. 

B ending — The  deflection  at  the  station  i due  to  the  con- 
tinuous loading  ^e>(s)  on  the  beam  will  be  given  by 

yi  = 5*£  — —dzidz  + 

2»(2) dzidz  (B28) 
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If  B is  assumed  to  have  a constant  value  for  each  interval, 
these  integrals  may  be  written  as  the  sum  of  integrals  over 
each  interval . Equation  -(B28)  then  becomes 

I (2i  — 1)J  qi{z)dz  + 


By  substituting  the  relation 


qt,{z)=o>^m'£^gj{z)y, 
3 = 1 


(B29) 


(B30) 


and  by  assuming  a constant  average  value  for  ?n  in  each  in- 
terval and  changing  the  summation  order, 


0 J=1 


mi) 


where 


( 


k^—jk—l)^  {2k— 1)  . 


(B32) 


(B33) 


^)"+'2' 

f 293(2)  dz 
Jfc-1 

f 93(2)  dz 

Jk-l 


For  a uniform  beam,  mk—Bk=l  and  equation  (B32)  be- 
comes 


(B32a) 

Let 

X-  ^0 
co^S^mo 

(B34) 

then  the  characteristic  equation  becomes 

\[fin]-\I\  = 0 

(B35) 

where  / is  the  identity  matrix  and  fiij  is  the  dynamical  ma- 
trix. In  expanded  form,  equation  (B35)  becomes 


fin- 

X fii2 

• • ^Irt 

P2I 

• • P2n 

Pnl 

Pn2  • • 

• ^nn  X 

= 0 


(B35a) 


where  X is  a latent  root  of  the  matrix 

Coupled  bending-torsion  vibrations. — The  deflections  at 
station  i are  given  as  before  by  equations  (Bl9)  and  (B28). 
The  loading  functions  g^t  and  g^,  are  changed  as  follows: 


gt{z)=^(^^[I  e{z)+Sy{z)]\ 
gi,{z)  = 03^[S  6{z)  + m y{z)] ) 


(B36) 


If  these  two  equations  are  substituted  into  equations  (B19) 
and  (B28)  and  the  integrations  are  performed  as  previously, 
the  following  relation  is  obtained: 


yi__CA)^mo8' 

To  Bo 


(B37) 


where  and  fin  are  given  in  equations  (B24)  and  (B32)  and 

* rgo^ 


P_  1 IqBq 
~ 8^  Como 


Tu^i:  i r 8,N'i,-(k-l)SM'3k+  S 

k = l Ofc  L k = k+l  J 


( 


k^  — {k  — l)^  2A:— 1 


(B38) 


where 


r~i  +1  (k-iy']  f3 (2)dz 

[^“1  (fc-l)'*z+|  (k-lf~^fj{z)dz 
the  determinantal  equation  therefore  is 

where  [riij]  is  the  dynamical  matrix,  the  elements  of  which 
are  as  indicated  in  equation  (B37) . The  matrix  [7?  i j]  is  seen  to 
be  a 2nX2n  matrLx. 
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APPENDIX  C 


QUADRATIC  FORMULA  FOR  FIRST  COUPLED  MODE 


If  only  the  first  vibrational  mode  is  desired,  it  is  possible 
to  obtain  this  mode  approximately  by  coupling  together  the 
fundamental  uncoupled  bending  mode  \yith  the  fundamental 
uncoupled  torsional  mode  to  obtain  a simple  quadratic 
equation  for  the  first  coupled  frequency.  This  equation  is 
valid  when  the  coupling  coefficient  e is  constant  along  the 
beam.  The  differential  equations  obtained  by  coupling  the 
fundamental  uncoupled  torsional  mode  with  the  funda- 
mental uncoupled  bending  mode  are: 


my~{~S  6 + mo)b^y  = 0 


I mass  moment  of  inertia  about  elastic  axis,  function  of  z 
We,  frequency  of  uncoupled  fundamental  bending  mode 
CO,  frequency  of  imcoupled  fundamental  torsional  mode 
, . denotes  differentiation  twice  with  respect  to  time 

These  equations  lead  to  a quadratic  equation  in  the  fre- 
quency ratio  whose  solution  for  the  lowest  frequency, 
provided  e is  constant  along  the  beam,  is 


Sy-\~l6  1 0)1^6=  0 


o = = fi  _ lx  47(1 -e)~] 

2(1-6)  L V 


where 


where 


m mass  per  unit  length  of  beam,  function  of  z 
S static  mass  unbalance,  function  of  z 


0 frequency  ratio,  (co/coj,)^ 
y uncoupled  frequency  ratio,  (co,  l^bY 
e coupling  coefficient,  {rjrgY 

This  quadratic  has  been  plotted  in  figure  4 for  values  of  c 
ranging  from  0 to  1 and  values  of  7 = (cof/co^)^  from  1 to  100, 


APPENDIX  D 


EXACT  SOLUTION  FOR  COUPLED  BENDING-TORSION  VIBRATIONS  OF  UNIFORM  CANTILEVER  BEAM 


The  differential  equations  for  the  equilibrium  of  an  ele- 
ment of  a beam  vibrating  in  coupled  bending-torsion  vibra- 
tions can  be  put  in  the  following  dimensionless  form: 


where 


d^Yi  . ml^  o\r 


where 


Y\=ylr 


distance  from  root 


12  = (co/coj,)^ 
7 = Wco&)2 


€={rlrgY 


-• — C4l2(Ti-|-  Y^ 


0)t=Cs 


^ 1^6  ^5^  / TT'  I W >1  I 

____ 

Equation  (D3)  can  be  written  as  the  single  matrix  equation 


C4=12.36 


C5=2.467 


Equations  (Dl)  become 


^=cSi{Y,^Y,) 


2 ^5^ 

2 — € -T  1 J.  2 

7 7 


A 

dx  Yi 


— tcSl 


0 0 0" 


0 0 0 1 


0 10  0 


0 0 0 0 


0 0 0 0 
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-=AY 


(D4a) 


where  Y and  A are  the  matrices  indicated. 

The  solution  to  the  matrix  equation  (D4)  is  given  by 

r=e-^^Fo  ( 

where  Fo  is  a column  of  arbitrary  constants. 

From  the  boundaiy  conditions 

at  x = 0 Yi=Y2=Y3=0 

x = l F=Fs=F6=0 


The  X matrix  of  A is 

" -X  0 1 

0 -X  0 

0 0 -X 

0 0 0 

C4Q  C4Q  0 

Cgfi  0 

_ 7 7 


0 0 


-X  I 

0 -X 


F,=  F(0)= 

^5(0) 


If  then  ^ij  is  an  element  of  the  matrizant  6^,  the  boundary 
conditions  give 

Q44  O45  1246 

^54  ^00  ^^56  =0  (D6) 

^64  ^65  ^66 


The  characteristic  equation  A(X)=0  is 

x«-|-— X^-C4OX2-(1-«)c4C5-=0  (D7) 

7 7 

Equation  (D7)  is  a cubic  equation  in  X^.  Let  the  roots  be 

Xi,  — Xi,  X2,  X2,  Xsj  X3 

Then  by  the  confluent  form  of  S^dvester's  theorem, 

^ (DS) 


where  i^(X)  is  the  adjoint  matrix,  r is  the  number  of  distinct 
^ ' roots,  and  at  is  the  multiplicity  of  the  root. 

Equation  (D6)  is  the  frequency  equation.  It  has  an  infinite  If  the  roots  are  all  distinct,  this  relation  becomes 


number  of  roots  for  w. 

In  order  to  determine  the  elements  12*^,  6^  must  be  evalu- 
ated. Use  will  be  made  of  Sylvester^s  theorem  (refer- 
ence 13). 


7 


, ^ e\F{\4)-e-\Fi-\d 

J^i 

where  the  adjoint  matrix  F(\)  is  given  by 


m=- 


7 


C4S2X 

x4+£®5  x“ 

7 

x®-t-^x 

7 

X'4-c,- 

7 

C4O 

X®— C4OX 

-6^  X^ 
7 

0512 

— € X 

7 

0512 
^ 7 

X‘-C40 

C4fiX* 

X®H-^  X® 
7 

x^+£®5  x« 

7 

x®-t-^x 

7 

C4OX 

C4fiX® 

C4fiX*+(l-e)^ 

X®-1-^  X® 
7 

x«+£®5  X' 
7 

C4OX' 

c4fixH(i-«)^^x 

7 

c^nx^+ii-e)  — O' 

7 

x®-t-—  X® 

7 

C4OX® 

7 7 

7 

-«^X' 

7 

-,5^x 

7 

X®-C40X 

(DIO) 
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From  equations  (D9)  and  (DlO),  the  elements  are  seen 
to  be  given  by 


X * I X 2 


for  each  assumed  value  of  frequency  parameter  and  then 
calculating  the  elements  of  the  determinant  from  equations 
(Dll).  The  process  is  evidently  long  and  laborious. 
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TABLE.I-^STATION  NUMBERS 
n=  1 


TABLE  II— STATION  NUMBERS 

71  = 2 


1 

2 

M 

1 

11 

5 

12 

12 

N 

8 

S 

15 

15 

P 

0. 183333 

0. 025000 

Q 

M' 

.046032 

. 029365 

.536364 

. 627273 

N' 

. 367100 

.851948 

P' 

. 137933 

. 057955 

Q' 

. 036616 

. 069733 

M 

13 

29 

2 

48 

48 

N 

31 

239 

240 

240 

P 

-0.  037500 

0. 143750 

0 

008135 

. 181448 

M' 

-.  000795 

. 448674 

N' 

-.  034875 

. 758685 

P' 

-.  011252 

. 118462 

Q' 

-.  002014 

.150415 
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TABLE  III— STATION  NUMBERS 


n=3 


k 

j 

1 

2 

3 

M 

1 

0.950000 

0.450000 

-0.050000 

N 

.545833 

.587500 

-.120833 

P 

.186310 

. 032143 

-.005357 

Q 

.046577 

.038244 

-.  011756 

.596268 

.533205 

-.097426 

N' 

.399646 

.708205 

-.239994 

P' 

. 148013 

.042560 

-.  012798 

O' 

.038884 

.050843 

-.  028318 

M 

2 

-0.525000 

0.  725000 

0.475000 

N 

-.  241667 

1.175000 

1. 091667 

P 

-.068452 

. 160714 

.031548 

Q 

-.014583 

.202083 

.068750 

M' 

-. 149356 

.602896 

.625418 

N' 

-.083406 

.994860 

1. 475153 

P' 

-.  026378 

. 143948 

. 057937 

O' 

-.006034 

. 181698 

.127659 

M 

3 

0. 235185 

-0. 153704 

0.  568519 

N 

. 106019 

-.  231944 

1.  513426 

P 

.029563 

-.  023677 

. 139749 

Q 

.006222 

-.  028963 

.316408 

yp 

.040630 

-.  072928 

. 445812 

N' 

.022325 

-. 111744 

1.  200133 

P’ 

. 006972 

-.  012081 

. 118007 

Q' 

.001579 

-.  014830 

. 267865 

TABLE  V— STATION  NUMBERS 


n=5 


1 

2 

3 

4 

5 

M 

1 

1.097991 

0. 408755 

-0.040898 

0.019866 

-0.013120 

N 

,608222 

.527493 

-.100112 

.069159 

-.058445 

P 

.202887 

.026908 

-.005074 

.002776 

-.001627 

0 

.049943 

.031910 

-.011210 

. 008927 

-.006836 

M' 

.649902 

. 492141 

-.070298 

.034939 

-.024007 

N' 

.427616 

.647530 

-.172488 

. 121519 

-.  107639 

P' 

.156411 

.036908 

-.008903 

.004824 

-.003376 

Q' 

.040729 

.043977 

-.019678 

.015509 

-.014228 

M 

2 

-0. 839550 

0. 799339 

0.493783 

-0.089550 

0.049339 

N 

-.373049 

1.282044 

1. 145470 

-.310549 

.219544 

P 

-.103119 

. 169599 

.037952 

-.011949 

.006007 

0 

-.021583 

. 212792 

.083245 

-.038398 

.025243 

M' 

-.255330 

.699256 

.523828 

-.099723 

.058134 

N' 

-.  139170 

1. 138472 

1. 219101 

-.345551 

.260447 

P' 

-.043239 

,157833 

.041704 

-.013166 

.008078 

O' 

-.009758 

, 198610 

.091532 

-.042299 

.034055 

M 

3 

0.762798 

-0.313591 

0.651687 

0. 575298 

-0. 126091 

N 

.329315 

-.465823 

1. 718204 

1.923065 

-.  559573 

P 

.089079 

-.044602 

.150488 

.049347 

Q 

.0183.34 

-.054326 

.340126 

. 157843 

-.061693 

M' 

. 197103 

-.228783 

.633812 

. 573549 

-.  137821 

A" 

. 105126 

-.344915 

1.674943 

1. 916360 

-.616234 

P' 

.032115 

-.034985 

. 148520 

.048803 

-.018600 

Q' 

.007151 

-.042759 

.335798 

.156076 

-.078385 

M 

4 

-0. 548214 

0. 187897 

-0. 159325 

0. 576786 

0. 562897 

N 

-.233780 

.276637 

-.400446 

2. 109970 

2. 432887 

P 

-.062665 

.025479 

-.024868 

.140460 

.042295 

0 

-.012809 

-.055302 

.468397 

. 177006 

M' 

-. 117990 

. 117132 

-.  136452 

. 557359 

.664560 

N' 

-.062435 

•.  175188 

-.344108 

2.041363 

2.901646 

P' 

-.018958 

.017186 

-.021868 

.137234 

.063512 

P' 

-.004201 

-.048664 

.447980 

.267043 

M 

5 

0.214238 

-0.069026 

0.050904 

-0.080137 

0.525349 

iV 

.090928 

-. 101352 

. 127410 

-.283759 

2.458336 

P 

.024289 

-.009225 

.007667 

-.013645 

.134478 

0 

.004952 

-.011196 

.017031 

-.044065 

. 573757 

M' 

.033722 

-.031711 

.032307 

-.056459 

.432107 

N' 

.017789 

-.047311 

.081140 

-.200039 

2.030260 

P' 

.005389 

-.004593 

.005002 

-.009675 

• . 116059 

O' 

.001192 

-.005596 

.011120 

-.031249 

.495663 

TABLE  IV— STATION  NUMBERS 


n=4 


1 

2 

3 

4 

M 

1 

1.022222 

0.429630 

-0.051852 

0.022222 

N 

.576455 

.557937 

-.  127249 

.076455 

P 

.194478 

.029597 

-.006581 

.002612 

Q 

.048240 

.035167 

-.014547 

.008359 

M' 

.623188 

.511882 

-.082891 

.042276 

N' 

.413738 

.676680 

-.203719 

. 146954 

P' 

.152256 

.039616 

-.010651 

.005795 

<y 

.039818 

.047267 

-.023551 

.018630 

M 

2 

-0.647917 

0.747917 

0. 518750 

-0.085417 

N 

-.292857 

1.207143 

1.207143 

-.292857 

P 

-.081920 

.163021 

.041295 

-.009598 

0 

-.017295 

.204828 

.090642 

-.030688 

M' 

-.211987 

.667412 

.544025 

-.  112648 

N' 

-.  116662 

1.091462 

1. 269193 

-.390585 

P' 

-.036502 

.153469 

.044508 

-.015000 

<r 

, -.008281 

. 193310 

.097745 

-.048203 

M 

3 

0.522222 

-0. 255556 

0.633333 

0.  522222 

N 

.229365 

-.381746 

1.673810 

1.  729365 

P 

.062798 

-.037401 

. 148512 

.037202 

0 

.013040 

-.045624 

.335791 

. 118397 

M' 

.122052 

-.  166738 

.582158 

.643846 

N' 

.065879 

-.252823 

1.545802 

2. 164827 

P' 

.020304 

-.026235 

.140822 

.060554 

<r 

.004551 

-.032114 

.318707 

. 194016 

M 

4 

-0. 221701 

0.094850 

-0. 105961 

0. 543924 

N 

-.096544 

. 140724 

-.267841 

1.997206 

P 

-.026267 

.013.391 

-.017322 

.136803 

0 

-.005428 

.016.301 

-.038574 

. 446729 

M' 

-.035456 

.042628 

-.064723 

.438962 

A" 

-.019023 

.064205 

-.  164169 

1.622066 

P' 

-.005836 

.006481 

-.010869 

. 117037 

Q' 

-.001303 

.007917 

-.024222 

. 382752 

TABLE  VI— STATION  NUMBERS 


n=6 


1 

2 

3 

4 

5 

6 

M 

1 

■Hill 

Hill 

SI  !i!!l 

Mill!! 

0. 008879 

N 

Bin 

mmrfm 

Hif  m iTi  ■ 

EXIlfili!  11 

.048522 

P 

.210893 

-. 001498 

,001143 

Q 

Wmmm 

E IiI>:h  ! >1 

^■ij  iN  i:il 

-. 006322 

. 005949 

M' 

. 676394 

.474177 

B lUiii  mI 

.026582 

-. 018685 

. 015549 

AT' 

.441269 

144759 

^HilTlWnlV 

-,  083901 

.085903 

P' 

. 160476 

-. 002691 

Q' 

.041616 

011350 

.011694  1 

M 

2 

-1.066598 

0. 853106 

0. 468124 

AT 

-.466718 

1. 360105 

1. 081893 

B V^KlIirl 

BBKl 

-.195451 

P 

-.  127634 

.176358 

.034411 

B l*ITi  TrI 

Q 

. 220969 

. 075401 

.027216 

-.023740 

M' 

. 731991 

E I'l'Hl'nl 

. 049793 

-.038661 

N' 

-.  164215 

1. 186681 

1. 169252 

294736 

. 22.3322 

-.  212149 

P' 

-. 050692 

. 162263 

Q' 

-.  011384 

M 

3 

1. 150584 

-0. 404200 

0. 693794 

0.  546418 

-0. 13.3366 

N 

. 489124 

-.  597296 

1. 822457 

1. 822457 

. 489124 

P 

iKlKKil 

-.  055956 

. 156259 

.045293 

-.  018484 

.011225 

Q 

-.  068060 

.352909 

-.  077925 

.058410 

M' 

. 267118 

-.  275585 

. 662165 

. 55.3477 

126314 

. 083246 

N' 

.141177 

-.413819 

1.  745286 

1. 846431 

-.  564890 

P' 

-.  041308 

. 152473 

.011713 

Q' 

.009490 

050434 

. 344556 

. 146998 

mmm\ 

M 

4 

-0. 930965 

0.  273028 

-0. 194854 

0. 592473 

0.  624591 

-0.171416 

N 

-.390902 

. 399897 

-. 488124 

2. 163786 

2.720209 

-.  933437 

P 

-. 103635 

.036020 

-.  029594 

.142229 

. 056698 

-.  020561 

Q 

-.  021011 

.043690 

-.  065761 

. 464052 

. 238215 

-. 106938 

M' 

-.  210538 

. 182630 

.598464 

.604424 

-.  166643 

N' 

-. 110263 

. 271857 

-. 454522 

2. 185427 

2.  628772 

-. 912352 

P' 

-.633225 

.026154 

-.028221 

. 143453 

.053359 

-.  022768 

Q' 

-.007320 

.031846 

-.062753 

.468015 

. 224100 

-.  118729 

M 

5 

0. 581796 

-0. 156399 

0.092907 

-0. 111954 

0.  537351 

0. 599157 

N 

. 242612 

-.228221 

.231501 

-.394888 

2.509279 

3. 194001 

P 

.063996 

-.  020218 

.013474 

-.  018261 

. 134578 

.046991 

Q 

.012925 

-.024496 

.029896 

-.058920 

. 574036 

. 243745 

M' 

.120308 

^9liTiriTn 

.081568 

-. 110987 

.535339 

.685021 

N' 

. 062735 

.204039 

-.391731 

2. 499695 

3. 678582 

P' 

.018841 

-.  013674 

. 012212 

-.018226 

.133988 

.066470 

Q' 

.004140 

-.  016634 

.027119 

-.058815 

. 571521 

.345986 

M 

6 

-0.209220 

0.054246 

-0. 030239 

0. 031561 

-0. 064035 

0.510543 

N 

-.086982 

.079042 

-.  075223 

. 110987 

-.  291427 

2.902746 

P 

-.022893 

.009657 

-.004323 

.064969 

-.  011243 

.132560 

Q 

-.  004616 

.008425 

-.  009587 

.016022 

— . 047575 

. 698254 

M' 

-.033141 

. 025961 

-.  020586 

. 024431 

-.  049677 

.425817 

N' 

.038471 

-.051417 

.085977 

-.  225999 

2.427820 

P' 

rkl 

.003631 

-.003042 

.063877 

-.008676 

. 115150 

Q' 

.004415 

-.  006753 

. 012502 

-.036708 

. 606979 
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TABLE  VII— STATION  NUMBERS 

n=7 


1 

2 

3 

4 

5 

6 

7 

M 

1 

1. 243487 

0.376396 

-0. 026266 

0.009112 

-0.005896 

0. 006025 

-0. 006513 

A' 

.667840 

.480602 

-.063889 

. 031590 

-.026481 

. 033195 

-.  042160 

P 

.218415 

.022882 

-.  003069 

.001211 

-.000853 

.000925 

000S63 

0 

.053049 

.027042 

-.  006769 

.003890 

-.003599 

.004829 

-.  005357 

M' 

.702228 

.458303 

-.050122 

. 019989 

-.  012820 

.011370 

-.011099 

A' 

.454474 

. 597757 

-.  122429 

.069352 

-.057533 

.062529 

-.  072080 

P' 

. 164382 

.032358 

-.006088 

.002679 

-.  001831 

. 001689 

-.  001614 

Q' 

.042465 

. 038456 

-.  013441 

.008611 

-.  007724 

.008815 

-.  010037 

M 

2 

-1.321299 

0.905437 

0. 446479 

-0. 055674 

0.029812 

-0.027896 

0. 023701 

A’ 

-.  570270 

1. 435730 

1. 028397 

-.  192270 

. 133730 

-.  153603 

. 185730 

P 

-.  154452 

. 182773 

.031489 

-.  007052 

.004233 

-.004239 

.003730 

Q 

031847 

.228718 

.068932 

-.022639 

.017853 

-.022136 

,023463 

M' 

-.357636 

. 764868 

. 485193 

-.071706 

. 038132 

-.031029 

.028988 

A" 

-. 191650 

1. 234950 

1. 123273 

-.  247832 

. 170920 

-. 170555 

. 188216 

P' 

-.  058807 

.166641 

.036328 

-.009168 

.005346 

-.  004565 

. 004199 

0' 

-.013146 

.209297 

. 079621 

-.029438 

. 022542 

-.  023823 

.026110 

M 

3 

1, 672922 

-0.511106 

0. 737737 

0.  516672 

-0. 104856 

0. 081487 

-0.077078 

A’’ 

. 701415 

-. 751768 

1.931045 

1.  718603 

-.  468955 

.448232 

-.498585 

P 

.185835 

-.069049 

. 162183 

.040990 

-.  014225 

. 012162 

-.010056 

0 

.037666 

-.083877 

. 366024 

. 130958 

-.  059956 

.063490 

-.062408 

M' 

. 355047 

-.329159 

. 692136 

.532099 

-.  108454 

.073511 

-.063669 

N' 

.186093 

-. 492459 

1.819566 

1.  771836 

-.  484684 

. 403671 

-.413268 

P' 

.056122 

-.048434 

.156613 

. 042913 

-.  014528 

. 010624 

-.009166 

Qt 

.012374 

-. 059075 

.353730 

. 137128 

-.061218 

.055439 

-.056987 

M 

4 

-1. 605312 

0. 409927 

-0. 250374 

0.629063 

0. 592219 

-0. 182666 

0. 144688 

jsr 

-.664780 

. 597643 

-.  625274 

2.291470 

2. 574726 

-1. 002357 

.935220 

p 

-.174510 

. 052757 

-.  037056 

.147488 

. 051989 

-.  026098 

. 018551 

Q 

-.035122 

.063907 

-. 082279 

. 480975 

.218352 

-.  136173 

. 115110 

M' 

-.317567 

. 247432 

-.216700 

. 623577 

.584350 

-.  157315 

. 115706 

A" 

-.164912 

.366953 

-.543417 

2. 273022 

2. 538692 

-.861833 

. 750618 

P' 

-.049381 

.034761 

-.033166 

. 147041 

.050504 

-.021773 

.016464 

Q' 

-.010326 

.042284 

‘-.073708 

. 479557 

. 212061 

-. 113560 

. 102355 

‘ M 

0 

1. 129029 

-0. 264373 

0. 134585 

-0. 136596 

0. 551252 

0. 668960 

-0.220971 

N 

.464325 

-.384008 

.334325 

-.480675 

2. 570992 

3. 589325 

-1.425675 

P 

. 121269 

-.033334 

.019010 

-.021700 

. 136202 

. 063551 

-.  027154 

Q 

. 024312 

-.040333 

.042147 

-.069981 

.580855 

.330701 

-. 168426 

M' 

.234133 

-.  168109 

.122950 

-.  143020 

.568583 

.634247 

-.  197770 

N' 

. 120971 

-.248408 

.306705 

-.  503685 

2. 649577 

3.397336 

-1.281188 

P' 

. 036084 

-.023166 

. 017983 

-.  022914 

. 139081 

.057851 

-.  027322 

O' 

. 007887 

-.028149 

.039907 

. -.073907 

. 593022 

.300912 

-.  169818 

M 

6 

-0. 617807 

0. 137401 

-0.064103 

0.054068 

-0.084474 

0. 507772 

0. 632193 

N 

-. 252961 

.199169 

-.158887 

. 189539 

-.383331 

2.883613 

4. 007039 

P 

-.065852 

.017129  - 

-.  008878 

.008211 

-.  014243 

. 130010 

. 051386 

Q 

-.  013170 

.020712 

-.  019672 

.026453 

-.060230 

.684756 

.318021 

M' 

-.  125078 

.086131 

-.  058376 

. 057414 

-.092005 

.516450 

. 704705 

N' 

-.064447 

.127049 

-.  145336 

. 201491 

-.417397 

2. 931074 

4. 491463 

P' 

-.  019183 

. 011759 

-.008393 

.008826 

-.015450 

. 131144 

. 069349 

O' 

-.  004186 

.014281 

-.  018616 

.028441 

-.065330 

. 690659 

. 430362 

M 

7 

0. 205449 

-0. 044613 

0. 020059 

-0.015852 

0.021382 

-0. 053078 

0. 498306 

N 

.083943 

-.064608 

.049675 

-.  055505 

.096798 

-.295079 

3.334065 

P 

.021819 

-.  005533 

.002756 

-.002373 

.003481 

-.009551 

. 130932 

0 

.004358 

-.006689 

. 006106 

-.  007644 

.014713 

-.049981 

. 820708 

M' 

.033023 

-.022307 

.014642 

-.  013579 

. 018939 

-.044219 

. 420133 

N' 

.016993 

-.032878 

.036425 

-.047602 

. 085721 

-.245636 

2. 816717 

P' 

.005053 

-.003033 

.002091 

-.002060 

.003074 

-.007854 

. 114318 

0' 

. 001102 

-.  003682 

.004637 

-.006638 

.012992 

-.041094 

. 716958 
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TABLE  Vm— STATION  NUMBERS 

n=8 


95 


1 

2 

3 

4 

5 

6 

7 

8 

M 

1 

1.312192 

0.364019 

-0.021829 

0.006490 

-0. 003545 

0.003081 

-0.003931 

0.005039 

N 

.695399 

.462793 

-.052953 

.022453 

-.015893 

.016958 

-.025621 

. 037691 

P 

.225483 

.021401 

-.002485 

.000839 

-.000499 

.000464 

-.000622 

.000684 

Q 

M' 

.054447 

.727233 

.025255 

.444367 

-.005476 

-.043004 

.002694 
. 015242 

-.002103 

-.008698 

.002422 

.007082 

-.003869 

-.007522 

.004929 

.008334 

A" 

.467152 

.577362 

-.  104816 

.052799 

-.038988 

.038933 

-.048943 

. 062492 

P' 

.168111 

.030533 

-.005119 

.002003 

-.001220 

.001045 

-.001145 

.001228 

Q' 

.043271 

.036245 

-.011294 

.006433 

-.005146 

.005456 

-.007123 

.008863 

M 

2 

-1.600390 

0.955663 

0.428499 

-0.045077 

0.020351 

-0.016189 

0.019610 

-0.024337 

N 

-.682210 

1.507998 

.984086 

-.  155335 

.091123 

-.089039 

.127790 

-.  182002 

p 

-.  183160 

. 188781 

.029123 

-.005550 

.002808 

-.002412 

.003082 

-.003289 

Q 

-.037524 

.235968 

.063696 

-.017807 

.011838 

-.012593 

.019183 

-.023705 

M' 

-.415706 

. 797175 

,468735 

-.060778 

.028715 

-.021414 

.021627 

-.023284 

A" 

-.221089 

1.282229 

1.082551 

-.209723 

. 128559 

-.117660 

. 140686 

-.  174560 
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N 
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2.952258 
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p 
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Q 

M' 
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.039093 
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N 
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-.014889 

.023114 
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5. 337321 
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-.017155 
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0.037821 
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N' 
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-.027507 
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P' 
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. 1 13558 

Q' 
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TABLE  IX— COMPARISON  OF  RESULTS 


TABLE  X— STATIONS  REQUIRED  FOR  SATISFACTORY  ACCURACY 


Torsion 

Bending 

Method 

V Co 

-Vf 

3 

V Bq 

V Bo 

Station  Functions 

Weighted  influence  coefficients 

1 

2 

3 

4 

4 

1 

3 

2 

6 

3 
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ANALYSIS  OF  THRUST  AUGMENTATION  OF  TURBOJET  ENGINES  BY  WATER  INJECTION  AT 
COMPRESSOR  INLET  INCLUDING  CHARTS  FOR  CALCULATING  COMPRESSION 

PROCESSES  WITH  WATER  INJECTION  • 

By  E.  Clinton  Wilcox  and  Arthur  M.  Trout 


SUMMARY 

A psychrometric  chart  having  total  pressure  {sum  of  partial 
pressures  of  air  and  water  vapor)  as  a variable ^ a Mollier 
diagram  for  air  saturated  with  water  vapor,  and  charts  showing 
the  thermodynamic  properties  of  various  air-water  vapor  and 
exhaust  gas-water  vapor  mixtures  are  presented  as  aids  in 
calculating  the  thrust  augmentation  of  a turbojet  engine  resulting 
from  the  injection  of  water  at  the  compressor  inlet. 

Curves  are  presented  that  show  the  theoretical  performance  of 
the  augmentation  method  for  various  amounts  of  water  injected 
and  the  effects  of  varying  flight  Mach  number,  altitude,  ambient- 
air  temperature,  ambient  relative  humidity,  compressor  pressure 
ratio,  and  inlet-diffuser  efficiency.  Numerical  examples,  illus- 
trating the  use  of  the  psychrometric  chart  and  the  Mollier 
diagram  in  calculating  both  compressor-inlet  and  compressor- 
outlet  conditions  when  water  is  injected  at  the  compressor  inlet, 
are  presented. 

For  a typical  turbojet  engine  operating  at  sea-level  zero  flight 
Mach  number  conditions,  the  maximum  theoretical  ratio  of 
augmented  to  normal  thrust,  when  a nominal  decrease  in  com- 
pressor efficiency  with  water  injection  was  assumed,  was  1.29. 
The  ratio  of  augmented  liguid  consumption  to  normal  fuel  flow 
for  these  conditions,  assuming  complete  evaporation,  was  5.01 . 
Both  the  augmented  thrust  ratio  and  the  augmented  liquid  ratio 
increased  rapidly  as  the  flight  Mach  number  was  increased  and 
decreased  as  the  altitude  was  increased.  Although  the  thrust 
augmentation  possible  from  saturating  the  compressor-inlet  air 
is  very  low  at  low  flight  speeds,  appreciable  gains  in  thrust  are 
possible  at  high  flight  Mach  numbers.  For  standard  sea-level 
atmospheric  temperature,  the  relative  humidity  of  the  atmosphere 
had  a small  effect  on  the  augmented  thrust  ratio  for  all  flight 
speeds  investigated.  For  sea-level  zero  flight  Mach  number 
conditions,  the  augmented  thrust  ratio  increased  as  the  atmos- 
pheric temperature  increased  for  low  values  of  atmospheric 
relative  humidity.  Water  injection  therefore  terids  to  overcome 
the  loss  in  take-off  thrust  normally  occurring  at  high  ambient 
temperatures.  For  very  high  atmospheric  relative  humidities, 
the  ambient  temperature  had  only  a small  effect  on  the  augmented 
thrust  ratio. 

INTRODUCTION 

One  method  of  augmenting  the  thrust  of  turbojet  engines 
is  to  inject  water  or  a nonfreezing  mixture  of  water  and 
alcohol  into  the  air  entering  the  compressor  of  the  engine. 
The  evaporation  of  this  injected  liquid  extracts  heat  from  the 
air  and  results,  for  the  same  compressor  work  input,  in  a 
higher  compressor  pressure  ratio.  This  increased  pressure 

» Supersedes  NACA  TN  2104, 

Trout,  1950,  and  NACA  TN  2105, 

Wilcox,  1950. 

213637—53—8 


ratio  is  reflected  throughout  the  engine  and  increases  both 
the  mass  flow  of  gases  through  the  engine  and  the  exhaust-jet 
velocity;  both  factors  increase  the  thrust  produced  by  the 
engine. 

An  analysis  of  the  evaporative  cooling  process  can  be  con- 
veniently divided  into  two  phases:  (1)  The  cooling  occurring 
at  constant  pressure  before  the  air  enters  the  compressor,  and 
(2)  the  additional  cooling  associated  with  further  evaporation 
during  the  mechanical  compression  process.  Analj^sis  of 
both  phases  of  the  evaporative  cooling  process  and  the  thrust 
augmentation  produced  for  a typical  turbojet  engine  were 
conducted  at  the  NACA  Lewis  laboratory  during  1947-48 
and  are  described  herein. 

A specialized  psy  chrome  trie  chart  that  permits  calculation 
of  the  constant-pressure  evaporation  process  was  developed 
and  is  presented.  This  psychrometric  chart  differs  from  the 
usual  form,  which  is  valid  for  only  one  value  of  total  pressure 
(sum  of  partial  pressures  of  air  and  water  vapor),  in  that 
pressure  is  included  as  a variable  and  the  temperature  range 
has  been  greatly  extended. 

The  evaporation  of  water  during  the  mechanical  compres- 
sion process  greatly  complicates  the  calculation  of  this  portion 
of  the  turbojet-engine  cycle  by  conventional  methods  because 
of  the  trial-and-error  solution  involved.  In  order  to  provide 
a more  convenient  method  for  calculating  a compression 
process  during  which  evaporative  cooling  occurs,  a Mollier 
diagram  for  air  saturated  with  water  vapor  was  developed. 
This  Mollier  diagram  is  similar  to  that  presented  in  reference  1, 
but  the  ranges  of  temperature  and  pressure  are  extended 
to  values  suitable  for  use  in  turbojet-engine-compressor 
problems. 

As  a further  aid  in  calculating  the  turbojet-engine  cycle 
when  water  is  injected  at  the  compressor  inlet,  curves  are 
presented  giving  the  thermodynamic  properties  of  the  work- 
ing fluid  for  both  the  compression  and  expansion  processes. 
The  use  of  both  the  psychrometric  chart  and  the  Mollier 
diagram  is  illustrated  by  means  of  numerical  examples. 

The  performance  of  a turbojet  engine  utilizing  thrust  aug- 
mentation by  water  injection  at  the  compressor  inlet  was 
evaluated  over  a range  of  flight  Mach  numbers  and  altitudes 
and  for  a range  of  water-injection  rates.  The  effect  on 
thrust  augmentation  of  varying  ambient-air  temperature, 
relative  humidity,  compressor  pressure  ratio,  and  inlet- 
diffuser  efficiency  was  also  investigated.  A comparison  of  the 
water-injection  method  of  thrust  augmentation  with  other 
thrust-augmentation  methods  is  presented  in  references  2 
and  3. 


“Theoretical  Turbojet  Thrust  Augmentation  by  Evaporation  ol  Water  during  Compression  as  Detei  mined  by  Use  of  a Mollier  Diagram”  by  Arth^  M. 
“Turbojet  Thrust  Augmentation  by  Evaporation  of  Water  Prior  to  Mechanical  Compression  as  Determined  by  Use  of  Psychrometric  Chart”  by  E.  CUnton 
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ASSUMPTIONS  AND  METHODS  OF  ANALYSIS 

In  evaluating  the  performance  of  a turbojet  engine  utilizing 
water  injection  at  the  compressor  inlet,  the  ps^’^chrometric 
chart  was  used  to  obtain  the  compressor-inlet  conditions, 
the  Mollier  diagram  was  used  to  obtain  the  conditions  at  the 
end  of  the  evaporation  process  in  the  compressor,  and  the 
remainder  of  the  turbojet-engine  cycle  was  calculated  by 
conventional  step-by-step  methods. 

The  following  discussion  is  a description  of  (a)  the  assump- 
tions and  the  methods  used  in  deriving  the  psychrometric 
chart  and  the  Mollier  diagram,  and  (b)  the  assumed  design 
constants  and  component  efficiencies  of  the  turbojet  engine 
used  to  illustrate  performance  with  water  injection  at  the 
compressor  inlet.  All  symbols  used  in  the  analysis  are 
defined  in  appendix  A and  the  derivations  of  the  equations 
necessary  for  obtaining  the  psychi'ometric  chart  and  the 
Mollier  diagram  are  presented  in  appendix  B. 

PSYCHROMETRIC  CHART 

The  familiar  psychrometric  chart  used  in  air-conditioning 
calculations  is  generally  limited  to  values  of  total  pressure 
(sum  of  partial  pressures  of  air  and  water  vapor)  very  near 
standard  sea-level  total  pressure  and  to  relatively  low  tem- 
peratures, usually  less  than  300°  F.  Inasmuch  as  the  con- 
ditions of  temperature  and  pressure  at  the  compressor  inlet 
of  a turbojet  engine  vary  widely  over  ranges  not  included  in 
the  usual  psychrometric  chart,  the  chart  described  herein  was 
constructed  to  include  these  ranges. 

In  deriving  the  psychrometric  chart,  the  following  assump- 
tions were  made : 

(a)  The  air  and  the  water  vapor  are  always  at  the  same 
temperature. 

(b)  Dalton^s  law  of  partial  pressures  is  valid  for  the  mix- 
ture. 

(c)  The  thermodynamic  properties  of  water  vapor  are 
functions  only  of  temperature  for  the  range  of  vapor  pres- 
sures considered. 

(d)  Air  is  a perfect  gas. 

By  means  of  these  assumptions,  the  theory  of  mixtures, 
the  thermodynamic  data  for  air  and  water  vapor  contained 
in  references  4 and  5,  respectively,  and  the  equations  derived 
in  appendix  B,  a psychrometric  chart  with  pressure  as  a 
variable  and  for  temperatures  up  to  1500°  R was  constructed. 

MOLLIER  DIAGRAM 

Because  of  the  somewhat  involved  and  tedious  trial-and- 
error  methods  generally  used  for  calculating  compression 
processes  during  which  water  is  evaporated,  the  Mollier 
diagram  described  in  this  report  was  prepared  to  provide  a 
more  direct  solution  of  this  particular  problem. 

The  data  presented  in  the  Mollier  diagram  were  calculated 
using  the  following  assumptions: 

(а)  All  values  presented  on  the  diagram  are  for  a satm^ated 
mixture  containing  1 pound  of  air. 

(б)  The  water  vapor  and  the  air  in  the  mixture  are  at  the 
same  temperature. 


(c)  Dalton's  law  of  partial  pressures  is  valid  for  the  mix- 
ture. 

(d)  Air  is  a perfect  gas. 

The  data  presented  in  the  Mollier  diagram  were  calculated 
using  the  aforementioned  assumptions,  the  thermod3mamic- 
properties  data  for  air  and  water  vapor  presented  in  refer- 
ences 4 and  5,  respectively,  and  the  equations  derived  in 
appendix  B. 

Examples  of  the  use  of  the  psychrometric  chart  and  the 
Mollier  diagram  are  given  in  the  subsequent  section  DIS- 
CUSSION OF  CHARTS  and  in  appendix  C. 

THRUST-AUGMENTATION  CALCULATIONS 

From  an  examination  of  experimental  data  of  complete 
turbojet  engines  and  of  the  compressor  component  alone, 
both  operating  with  water  injection  at  the  compressor  inlet, 
it  is  apparent  that  two  prime  factors  cause  deviation  of  the 
experimentally  obtained  results  from  the  ideal  process. 
These  two  factors  are  the  decrease  in  compressor  adiabatic 
efficienc}^  that  occurs  with  water  injection  and  the  failure  of 
all  the  injected  water  to  evaporate  within  the  confines  of  the 
compressor.  The  decrease  in  compressor  efficiency  appar- 
ently is  a function  of  the  water-injection  rate;  however,  the 
magnitude  of  the  effect  varies  considerably  with  the  partic- 
ular compressor  design.  Because  of  the  fundamental  nature 
of  the  effect  of  compressor  efficiency  on  the  turbojet-engine 
cy^cle,  its  effect  is  relatively  obscure  and,  for  the  present 
analysis,  an  arbitrary  variation  with  water-injection  rate 
was  assumed  that  is  representative  of  the  effect  experimen- 
tally observed  in  a current  compressor.  The  theoretical 
results  obtained  are  thus  not  expected  to  agree  completely 
with  experimental  data  obtained  for  engines  embodying 
different  compressor  designs.  The  influence  of  this  assumed 
decrease  in  compressor  efficiency  on  the  performance  of  the 
water-injection  method  of  thrust  augmentation  will  be 
indicated  herein. 

The  degree  of  evaporation  of  water  varies  widely  with  the 
mode  of  injection  and  the  engine  operating  conditions;  how- 
ever, insufficient  data  are  available  to  determine  the  quantita- 
tive effects  of  these  conditions  on  the  degree  of  evaporation. 
Inasmuch  as  the  thrust  produced  by  the  engine  is  primarily 
affected  by  the  amount  of  water  that  is  evaporated,  the 
influence  of  incomplete  evaporation  can  be  evaluated  simpl}^ 
by  increasing  the  injected-water  rate  commensurate  with  the 
desired  degree  of  evaporation.  In  the  present  analysis,  all 
performance  calculations  have  therefore  been  made  by  as- 
suming complete  evaporation. 

The  augmented  thrust  ratios  experimentally  obtained  for 
engines  embodying  centrifugal-flow-type  compressors  agree 
quite  well  with  those  theoretically  predicted  herein  for  the 
condition  of  a saturated  mixture  throughout  the  compression 
process.  For  engines  having  axial-flow- type  compressors, 
however,  the  efficacy  of  the  water-injection  method  is  con- 
siderably reduced  because  of  centrifugal  separation  of  the 
water  from  the  air  in  passing  through  the  compressor.  In 
order  to  avoid  the  centrifugal-separation  effect,  the  water 
must  be  injected  at  several  stages  throughout  the  compressor. 
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Inasmuch  as  considerable  increase  in  thrust  is  attainable  at 
high  inlet  temperatures  or  high  flight  Mach  numbers  merely 
by  saturating  the  compressor-inlet  air  \vith  water,  the  per- 
formance of  the  water-injection  method  has  been  determined 
for  both  the  condition  of  saturation  throughout  the  compres- 
sion process  and  saturation  only  of  the  compressor-inlet  air. 
The  thrust  increases  obtained  for  the  condition  of  saturation 
throughout  the  compression  process  are  believed  indicative 
of  the  increases  possible  for  engines  having  centrifugal-flow 
compressors,  whereas  the  thrust  increases  sho\vn  for  the  con- 
dition of  saturated  inlet  air  are  more  nearly  equal  to  the  possi- 
bilities of  the  water-injection  method  when  applied  to  an 
engine  having  an  axial-flow  compressor  and  not  utilizing 
interstage  injection.  Experimental  investigations  of  inter- 
stage injection  indicate  that  the  thrust  increases  available  for 
this  method  lie  between  those  attainable  for  saturated  inlet 
air  and  those  obtained  by  saturation  throughout  the  compres- 
sion process.  The  decreased  thrust  augmentation  obtainable 
with  an  engine  having  an  axial-flow  compressor  utilizing 
interstage  injection  may  be  due  to  the  increased  sensitivity 
of  the  efficiency  of  this  type  compressor  to  water  injection. 

In  order  to  determine  the  theoretical  thrust  augmentation 
made  possible  by  evaporation  of  water  during  compression, 
step-by-step  calculations  of  normal  and  augmented  thrust 
for  a typical  tubojet  engine  operating  under  various  flight 
conditions  were  made.  The  ps3'Chrometric  chart  was  used 
to  determine  the  compresor-inlet  conditions  and  the  Mollier 
diagram  to  calculate  the  conditions  at  the  end  of  the  evapora- 
tion process  in  the  compressor  with  water  injection.  Equa- 
tions used  in  the  step-by’-step  calculations  are  given  in  ap- 
pendix D.  It  was  assumed  that  the  inlet  air  was  diffused  to 
a sufficiently  low  velocity  so  that  the  static  temperature  at 
the  compressor  inlet  did  not  appreciabty  differ  from  the  total 
temperature. 

The  component  efficiencies  chosen  for  the  typical  turbojet 
engine  were:  inlet-diffuser  adiabatic  efficiency  (except  where 
otherwise  noted),  0.85  up  to  a flight  Mach  number  of  1.0, 
linearly  decreasing  to  0.75  at  a flight  Mach  number  of  2.0 
(these  values  of  diffuser  efficiency  correspond  to  total-pressure 
recovery  ratios  of  0.915  and  0.66  at  flight  Mach  numbers  of 
1.0  and  2.0,  respectively);  compressor  adiabatic  efficiency, 
0.80;  turbine  adiabatic  efficienc}’',  0.85;  and  exhaust-nozzle 
adiabatic  efficiency,  0.95.  The  compressor  adiabatic  effi- 
ciency is  defined  as  the  ratio  of  isen tropic  to  actual  work. 

For  the  compression  process  with  evaporative  cooling,  it 
must  be  recalled  that  a higher  pressure  ratio  is  obtained  for 
a given  isentropic  work  than  is  obtained  with  dry  air.  In- 
asmuch as  experimental  data  of  compressor  performance 
with  water  injection  indicate  a decrease  in  compressor 
adiabatic  efficiency,  the  compressor  efficiency  Vc  was  arbi- 
trarily assumed  to  decrease  according  to  the  relation  rjc= 
0.80— where  AXc  is  the  change  in  water  vapor-air  ratio 
in  the  compressor.  This  decrease  in  compressor  efficiency 
was  assumed  for  all  conditions  of  altitude  and  flight  Mach 
number,  except  when  it  was  desired  to  show  the  effect  of 
this  assumption  on  performance.  A single-stage,  centrifugal- 
flow  compressor  with  a tip  speed  of  1500  feet  per  second 


and  a slip  factor  of  0.95  was  assumed  for  all  of  the  calcula- 
tions except  when  it  was  desired  to  show  the  effect  of  normal 
compressor  pressure  ratio.  For  the  assumed  values  of  com- 
pressor tip  speed,  slip  factor,  and  efficiency,  the  resulting 
compressor  pressure  ratio  for  sea-level  zero  flight  Mach  num- 
ber conditions  with  no  water  injection  was  4.61.  The  nor- 
mal engine  performance  would  be  equally  applicable  to  an 
engine  having  an  axial-flow  compressor  ^vith  the  same 
enthalpy  rise,  pressure  ratio,  and  compressor  efficiency. 
A combustion-chamber  pressure  loss  of  3 percent  and  a 
turbine-inlet  temperature  of  2000®  R were  assumed.  The 
ambient  relative  humidity  was  assumed  to  be  0.50  except 
when  it  was  desired  to  show  the  effect  of  varying  ambient 
relative  humidity.  All  liquid  water  was  assumed  injected 
at  the  compressor  inlet  at  a temperature  of  519®  R and  the 
air  was  assumed  to  remain  saturated  as  long  as  any  liquid 
water  was  present.  For  conditions  where  all  the  injected 
water  evaporated  before  the  end  of  the  compression  process, 
that  portion  of  the  process  occurring  after  evaporation  was 
calculated  from  the  thermodynamic  relations  for  an  adiabatic 
compression  by  using  the  appropriate  thermodynamic  prop- 
erties of  the  resulting  air-water  vapor  mixtures.  The 
adiabatic  efficiency  of  this  portion  of  the  compression  pro- 
cess was  assumed  equal  to  that  previously  described  for  the 
compression  process  during  which  evaporation  occurred. 
Calculations  were  made  for  flight  Mach  numbers  up  to  2.0 
and  for  standard  altitudes  of  sea  level  and  35,332  feet. 

In  order  to  simplify  the  calculations  of  the  adiabatic  com- 
pression occurring  after  the  evaporation  of  all  the  injected 
water  and  the  expansion  processes  occurring  in  the  turbine 
and  the  exhaust  nozzle,  curves  of  the  thermodynamic  prop- 
erties of  air-water  vapor  and  exhaust  gas-water  vapor  mix- 
tures were  obtained.  These  curves  were  obtained  from  the 
theory  of  mixtures  and  the  thermodynamic  data  for  air,  water 
vapor,  and  exhaust  gases. 

Because  of  the  low  temperatures  occurring  at  high  alti- 
tudes, a nonfreezing  mixture  of  water  and  alcohol  rather 
than  water  alone  is  usually  employed  for  compressor-inlet 
injection.  Although  all  the  results  presented  herein  are 
based  on  the  injection  of  only  water  at  the  compressor  inlet, 
they  are  probably  equally  applicable  to  the  injection  of  water- 
alcohol  mixtures  because  of  the  close  agreement  experimen- 
tally obtained  between  results  for  water-  and  for  water- 
alcohol-mixture  injection. 

DISCUSSION  OF  CHARTS 

PSYCHROMETRIC  CHART 

In  the  psychrometric  chart  (fig.  1),  total  enthalpy  is 
plotted  against  dry-bulb  temperature  for  various  values  of 
water-air  ratio.  Also  included  are  curves  of  the  ratio  of 
relative  humidity  to  relative  pressure,  where  relative  pres- 
sure is  the  ratio  of  static  pressure  to  standard  sea-level  static 
pressure.  Inasmuch  as  evaporation  occurs  at  constant  pres- 
sure, the  value  of  relative  pressm*e  is  unchanged  by  water 
injection.  The  curves  of  constant  water-air  ratio  are  ap- 
proximately straight  lines  having  a positive  slope  and  the 
curves  of  constant  ratio  of  relative  humidity  to  relative 
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pressure  are  curved  upward.  The  enthalpy  scale  was  arbi- 
trarily chosen  so  that  the  enthalpy  of  a saturated  mixture 
of  air  and  water  vapor  at  a temperature  of  519^  R and  a 
pressure  of  14.696  pounds  per  square  inch  was  100  Btu  per 
pound  of  air. 

The  temperature  resulting  after  water  evaporation  may  be 
obtained  from  figure  1 for  a wide  range  of  initial  air  tem- 
peratures and  pressures.  The  temperature  can  be  deter- 
mined either  for  the  evaporation  of  a given  amount  of  water 
or  for  any  final  relative  humidity. 

In  the  construction  of  figure  1,  the  enthalpy  of  liquid 
water  was  assumed  to  be  zero  at  519°  R.  The  chart  values 
are  thus  directly  applicable  to  cases  where  the  water  is  in- 
jected at  this  temperature.  For  temperatures  of  liquid 
water  only  slightly  different  from  519°  R,  the  errors  involved 
in  the  chart  are  negligible;  however,  for  extremely  accurate 
work  or  for  temperatures  of  injected  water  greatly  different 
from  519°  R,  corrections  must  be  made  for  the  enthalpy  of 
liquid  water.  These  corrections  are  the  same  as  the  en- 
thalpy corrections  for  the  Mollier  diagram  discussed  in  ap- 
pendix C,  and  consist  in  adding  the  enthalpy  of  liquid  water 
at  the  start  of  the  process  and,  if  any  liquid  remains  at  the 
end  of  the  process,  subtracting  the  enthalpy  of  the  remaining 
liquid. 

The  method  of  using  the  chart  is  indicated  by  the  follow- 
ing illustrative  cases: 

Example  1. — For  initially  dry  air  at  a temperature  of 
1260°  R,  assume  that  sufficient  water  is  injected  to  give  a final 
water-air  ratio  of  0.05.  From  figure  1,  the  total  enthalpy  is 
271.6  Btu  per  pound  of  air  for  a temperature  of  1260°  R and 
a water-air  ratio  of  0.  (For  this  example  and  all  following 
examples,  the  values  have  been  read  from  the  large  prints 
of  figs.  1 or  2,  which  are  available  from  the  NACA  on  request 
and  are  more  convenient  to  use  when  a high  degree  of  accu- 
racy is  desirable.)  Inasmuch  as  the  evaporation  occurs  at 
constant  total  enthalpy,  the  temperature  after  evaporation 
can  be  determined  from  the  initial  total  enthalpy  and  the 
final  water-air  ratio.  For  a total  enthalpy  of  271.6  Btu  per 
pound  of  air  and  a water-air  ratio  of  0.05,  the  temperature  is 
1008°  R.  The  temperature  drop  is  then  252  F°  for  these 
particular  conditions. 

Example  2, — In  order  to  illustrate  the  use  of  the  chart  in 
obtaining  the  temperature  and  the  water-air  ratio  necessary 
to  saturate  air  from  a given  set  of  initial  conditions,  initially 
dry  air  at  a temperature  of  1060°  R and  at  Uvice  standard 
sea-level  static  pressure  is  assumed.  The  enthalpy  corre- 
sponding to  a temperature  of  1060°  R and  a water-air  ratio 
of  0 is  221.0  Btu  per  pound  of  air.  The  value  of  relative 
hiunidity  for  saturation  is  1.0  and  for  these  conditions  the 
value  of  relative  pressure  5 is  2.0.  The  temperature  and  the 
water-air  ratio  are  613°  R and  0.0995,  respectively,  at  an 
enthalpy  of  221.0  Btu  per  pound  of  air  and  a ratio  of  relative 
humidity  to  relative  pressure  <p/d  of  0.5.  For  these  condi- 
tions, the  initial  mixture  may  be  cooled  447  F°  by  injecting 
0.0995  pound  of  water  per  pound  of  air. 


Example  3. — The  use  of  the  chart  in  obtaining  tempera- 
tures resulting  from  water  evaporation  when  some  water  is 
initially  present  in  the  air  is  the  same  as  that  previously 
described,  except  that  the  starting  enthalpy  is  found  from 
the  initial  water-air  ratio  and  temperature.  For  example, 
for  the  conditions  of  temperature  and  pressure  in  example  2 
and  an  initial  water-air  ratio  of  0.02,  the  initial  enthalpy  is 
247.0  Btu  per  pound  of  air.  The  saturation  temperature 
for  an  enthalpy  of  .247.0  Btu  per  pound  and  a value  of  <p/8 
of  0.5  is  620°  R and  the  final  water-air  ratio  is  0.122.  For 
these  conditions,  cooling  the  initial  mixture  440  F°  is  there- 
fore possible  by  evaporating  0.102  pound  of  water  per  pound 
of  air. 

The  effect  of  initial  temperature  and  pressure  on  the 
amount  of  cooling  possible  from  saturation  can  be  readily 
seen  from  figure  1.  For  a constant  pressure  and  consequent 
constant  value  of  <p/6  the  amount  of  cooling  possible 

increases  as  the  initial  temperature  is  raised.  For  a constant 
temperature,  increasing  the  pressure  decreases  the  value  of 
(p/8  and,  from  figure  1,  decreasing  the  value  of  (p/8  decreases 
the  amount  of  cooling  obtained.  In  general,  when  some 
water  vapor  is  initially  present,  the  cooling  possible  from 
saturation  and  the  amount  of  water  that  must  be  injected  to 
obtain  saturation  are  somewhat  less  than  those  for  dry  air. 
In  some  instances,  however,  depending  on  the  particular 
initial  conditions,  the  amount  of  water  that  must  be  injected 
to  obtain  saturation  is  greater  when  some  water  vapor  is 
initially  present  than  for  dry  air,  as  illustrated  in  examples 
2 and  3. 

Example  4. — In  order  to  illustrate  the  method  of  using 
the  psychrometric  chart  when  water  is  injected  at  a tempera- 
ture other  than  519°  R and  the  enthalpy  of  the  injected 
water  is  to  be  considered,  assume  that  it  is  desired  to  saturate 
initially  dry  air  at  a temperature  of  910°  R and  standard 
sea-level  pressure  with  water  injected  at  a temperature  of 
619°  R.  From  figure  1,  which  is  correct  for  water  injected 
at  519°  R,  the  initial  enthalpy  of  the  air  at  a temperature 
of  910°  R is  183.5  Btu  per  pound.  For  a value  of  relative 
humidity  divided  by^  relative  pressure  of  1.0  (saturation  at 
standard  sea-level  pressure)  and  an  enthalpy  of  183.5  Btu 
per  pound,  the  temperature  is  577°  R and  the  water-air  ratio 
is  0.075.  If  the  water  were  injected  at  519°  R,  cooling  the  air 
333  F°  would  be  possible  by  injecting  sufficient  water  to 
obtain  a water-air  ratio  of  0.075.  For  water  not  injected  at 
519°  R,  an  estimate  must  be  made  of  the  final  water-air  ratio 
in  order  to  determine  the  starting  condition.  For  the  present 
example,  assume  that  the  final  water-air  ratio  is  0.08. 
From  the  insert  of  figure  2,  the  enthalpy  of  liquid  water 
at  a temperature  of  619°  R is  100  Btu  per  pound  of 
water.  The  new  starting  enthalpy  is  now  183.5  plus  8.0 
(water-air  ratio,  0.08)  or  191.5  Btu  per  pound.  For  a value 
of  <p/8  of  1.0  and  an  enthalpy  of  191.5  Btu  per  pound,  the 
temperature  is  579°  R and  the  water-air  ratio  is  0.081.  If 
water  were  injected  at  a temperature  of  619°  R,  the  cooling 
obtained  from  saturation  would  therefore  be  331  F°  and  the 
required  water-air  ratio  would  be  0.081. 
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MOLLIER  DIAGRAM 

The  Mollier  diagram  (fig.  2)  is  so  constructed  that  each 
point  represents  values  for  1 pound  of  air  plus  the  water 
vapor  necessary  for  saturation.  The  abscissa  is  entropy 
(in  Btu/(lb  air)  (®R))  and  the  ordinate  is  enthalpy  (in  Btu/lb 
air).  The  solid  slanting  lines  with  positive  slope  are  lines  of 
constant  pressure  in  pounds  per  square  inch.  The  broken 
lines  with  positive  slope  are  lines  of  constant  temperature 
(in  ®R).  The  solid  lines  of  negative  slope  are  lines  of  con- 
stant weight  ratio  of  water  vapor  to  air.  Data  are  pre- 
sented for  pressures  from  3 to  500  pounds  per  square  inch 
and  temperatures  from  440^"  to  790''  R.  The  entropy  and  the 
enthalpy  of  liquid  water  were  assumed  to  be  zero  at  519"  R 
and  the  bases  for  enthalpy  and  entropy  of  air  w^ere  so  fixed 
that  at  a temperature  of  519"  R and  a pressure  of  14.696 
pounds  per  square  inch  the  enthalpy  of  the  saturated  mix- 
ture is  100  Btu  per  pound  of  air  and  the  entropy  is  0.10 
Btu/Gb  air)("R).  When  liquid  water  is  present  at  a 
temperature  other  than  519"  R,  corrections  for  enthalpy 
and  entropy  must  be  made.  These  corrections  are  discussed 
in  appendix  B and  a chart  giving  enthalpy  and  entropy  of 
liquid  water  at  various  temperatures  to  be  used  for  these 
corrections  is  shown  on  the  Mollier  diagram. 

In  order  to  utilize  the  Mollier  diagram  to  calculate 
compressor-outlet  conditions  with  evaporation  of  w^ater 
during  compression,  knowledge  of  the  conditions  of  the 
saturated  air  at  the  compressor  inlet  and  the  actual  and 
isentropic  work  of  the  compression  process  is  necessary . The 
conditions  at  the  end  of  the  saturated  compression  process 
may  be  obtained  as  follows: 

A point  is  found  on  the  Mollier  diagram  corresponding  to 
the  conditions  of  saturated  air  at  the  compressor  inlet.  An 
isentropic  compression  process  is  then  followed  on  the  dia- 
gram and  a second  point  determined  by  moving  vertically 
along  a line  of  constant  entropy  until  a value  of  enthalpy 
equal  to  the  original  enthalpy  plus  the  enthalpy  of  the  isen- 
tropic work  of  compression  per  poimd  of  air  (actual  work/lb 
of  air  multiplied  by  adiabatic  efficiency)  is  reached.  The 
pressure  read  from  the  diagram  at  this  second  point  is  the 
pressure  at  the  end  of  the  compression  process.  The  final 
temperature  and  water-air  ratio  for  the  compression  process 
are  read  from  the  diagram  at  a third  point,  which  is  obtained 
by  following  a constant-pressure  line  from  the  second  point 
until  a value  of  enthalpy  equal  to  the  original  enthalpy  plus 
the  enthalpy  of  the  actual  work  of  compression  per  pound  of 
air  is  reached. 

For  a centrifugal-flow  compressor,  all  the  water  to  be 
evaporated  during  compression  is  added  at  the  compressor 
inlet  and  the  compressor  enthalpy  rise  may  be  calculated 
per  unit  mass  flow  of  the  mixture  of  air  and  water  vapor  at 
the  compressor  outlet  from  considerations  of  tip  speed  and 
sUp  factor.  Inasmuch  as  all  values  on  the  Mollier  diagram 
are  per  unit  mass  flow  of  air,  the  value  of  enthalpy  rise  per 
unit  mass  flow  of  mixture  at  the  compressor  outlet  must  be 
converted  to  enthalpy  rise  per  unit  mass  flow  of  air  in  order 
to  use  the  chart.  For  an  axial-flow  compressor,  if  all  the 
water  is  injected  at  the  compressor  inlet,  centrifugal  separa- 
tion of  the  air  and  water  greatly  reduces  the  effects  of  water 


injection  and  therefore  injection  of  the  Avater  in  several 
stages  along  the  compressor  length  is  desirable.  If  calcula- 
tions for  interstage  water  injection  of  this  type  are  desired, 
the  total  enthalpy  rise  must  be  divided  among  the  sections 
of  the  compressor  between  injection  points  and  calculations 
similar  to  those  for  the  centrifugal-flow  compressor  must  be 
made  for  each  section  in  order  to  allow  for  the  change  in 
mass  flow  from  section  to  section  and  the  corresponding 
change  in  enthalpy  rise  per  unit  mass  flow  of  air. 

When  less  water  is  injected  than  is  necessaiy  to  saturate 
the  air  at  the  compressor  outlet,  the  compression  process  is 
divided  into  two  parts:  (1)  an  adiabatic  compression  of  a 
saturated  mixture,  which  may  be  calculated  by  use  of  the 
Mollier  diagram,  and  (2)  further  adiabatic  compression  of 
the  resulting  mixture  of  air  and  water  vapor. 

The  following  munerical  example  is  presented  to  illustrate 
the  method  of  using  the  Mollier  diagram  to  calculate  the 
compressor-outlet  conditions  for  a saturated  compression 
process: 

Assume  that  a compressor  having  an  adiabatic  eflBciency 
of  0.80  and  imparting  an  enthalpy  rise  of  80  Btu  per  pound 
of  air  to  the  working  fluid  is  operated  with  sufficient  water 
injected  at  the  compressor  inlet  at  a temperature  of  519"  R 
to  maintain  saturation  at  all  times.  Further,  assume  that 
the  inlet  air  has  a relative  humidity  of  0.50  at  a temperature 
of  530"  R and  a pressure  of  14.7  pounds  per  square  inch  and 
that  it  is  desired  to  find  the  compressor-outlet  pressure  P3, 
-outlet  temperature  Ta,  -outlet  water  vapor-air  ratio  Xg, 
and  the  amount  of  water  evaporated  during  the  process. 

The  conditions  at  the  compressor  inlet  after  saturation  can 
be  obtained  from  the  psychrometric  chart  (fig.  1).  For  the 
initial  condition  of  ambient  relative  humidity  <p  of  0.50, 
temperature  To  of  530"  R,  and  pressure  Pq  of  14.7  pounds 
per  square  inch,  the  water  vapor-air  ratio  Xq  is  0.0077  and  the 
enthalpy  Ho  is  100  Btu  per  pound  of  air. 

After  saturation  at  constant  pressure,  from  figure  1,  the 
temperature  Ti  is  519"  R,  the  water  vapor-air  ratio  Xi  is 
0.0106,  and  the  enthalpy  Hx  is  100  Btu  per  pound  of  air. 

From  the  Mollier  diagram  (fig.  2),  for  a temperature  Ti  of 
519"  R and  a pressure  Pi  of  14.7  pounds  per  square  inch,  the 
entropy  Si  is  0.10  Btu/(lb  air)  ("R). 

By  increasing  the  enthalpy  at  constant  entropy  by  an 
amount  equal  to  the  ideal  work  of  compression,  the  actual 
pressure  at  the  compressor  outlet  may  be  read  from  the  dia- 
gram. The  ideal  work  of  compression  is 

Ai?,,i=ijcAfirc=0.80X80=64(Btu/lb  air) 

and 

+ 100+64=  164(Btu/lb  air) 

The  value  of  pressure  read  from  the  diagram  at  an  enthalpy 
of  164  Btu  per  pound  of  air  and  an  entropy  of  0.10  Btu/ (lb 
air)("R)  is 

Pg=70.7(lb/sq  in.) 

The  enthalpy  at  the  compressor  outlet  is  equal  to  the  en- 
thalpy at  the  inlet  plus  the  actual  enthalpy  change,  or 

fl‘3=i?i  + AHc=  100+80=  180  (Btu/lb  air) 
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From  the  Mollier  diagram  at  a pressure  of  70.7  pounds  per 
square  inch  and  an  enthalpy  of  180  Btu  per  pound  of  air,  the 
values  of  temperature  and  water  vapor-air  ratio  at  the  com- 
pressor outlet  are 

T3=630°  K and  Xa-O.OSSS 

The  amount  of  water  evaporated  is 

x^-Xo=(x,-Xo)+(X^-Xi):=(o.om-om77)+ 

(0.0583~0.0106)=0.0506  (lb  water/lb  air) 

The  amount  of  water  vapor  represented  by  Xi—Xq  is  that 
evaporated  at  the  inlet  prior  to  compression  and  the  amount 
X^ — Xi  represents  that  water  evaporated  during  the  mechani- 
cal compression  process. 

Additional  examples  presented  in  appendix  C illustrate 
the  use  of  the  Mollier  diagram  in  calculating  a compression 
process  when  the  water  is  injected  at  a temperature  other 
than  519°  R and  when  a given  amount  of  water  (less  than  the 
amount  required  to  saturate  the  compressor-outlet  air)  is 
injected. 


Figure  3.— Thermod3mamic  properties  of  mixtures  at  pressure  of  0 pound  per  square  inch 

absolute. 

MIXTURE  PROPERTIES  FOR  COMPRESSOR 

A chart  of  the  thermodynamic  properties  of  water  vapor- 
air  mixtures  is  shown  in  figure  3(a).  The  variation  of 
specific  heat  at  constant  pressure  with  temperature  and 
pressure  is  small  in  the  range  of  interest  for  compressor 
calculations;  figure  3(a)  was  therefore  based  on  an  average 
temperature  of  600°  R and  zero  pressure.  Values  of  the  ratio 
of  specific  heats  y„,  gas  constant  Bm,  and  specific  heat  at 


constant  pressiu-e  Cp.m  are  plotted  for  various  values  of  the 
water  vapor-air  ratio  X.  The  data  presented  in  this  chart 
were  used  in  calculating  compressor^outlet  conditions  for 
those  cases  where  less  water  was  injected  than  the  amount 
necessary  to  saturate  the  air  at  the  compressor  outlet. 
The  use  of  figure  3(a)  for  a case  of  this  type  is  illustrated 
in  Sample  Calculation  II  (appendix  C).  The  thermo- 
dynamic data  for  air  and  water  vapor  used  in  obtaining  the 
data  of  figiu'e  3(a)  were  obtained  from  references  4 and  5, 
respectively,  and  the  values  presented  are  for  1 pound  of 
mixture  of  air  and  water  vapor. 


(b)  Exhaust  gas-water  vapor  mixture.  Temperature,  leSO”  R;  bydrogen^iarbon  ratio,  0.175. 
Figure  3.— Concluded.  Thermodynamic  properties  of  mixtures  at  pressure  of  0 pound  per 
square  inch  absolute.  ' 

MIXTURE  PROPERTIES  FOR  TURBINE  AND  JET 

A chart  of  the  thermodynamic  properties  of  water  vapor- 
exhaust  gas  mixtures  for  a temperature  of  1650°  R is  shown 
in  figure  3(b).  Values  for  the  ratio  of  specific  heats  7«, 
gas  constant  Be,  and  specific  heat  at  constant  pressure  Cp,e 
are  plotted  for  various  values  of  the  water  vapor-air  ratio  X 
and  the  fuel-air  ratio  //a.  The  thermodynamic  data  for 
water  vapor  and  exhaust  gases  necessary  for  obtaining  the 
data  presented  in  figure  3(b)  were  obtained  from  references  5 
and  6,  respectively,  and  the  values  presented  are  for  1 
pound  of  mixture  of  exhaust  gas  and  water  vapor.  (A 
hydrogen-carbon  ratio  of  the  fuel  of  0.175  was  assumed  in 
preparing  these  curves.)  Although  the  actual  values  of 
je  and  Cp,e  vary  with  temperature,  the  values  given  in 
figure  3(b)  can  be  used  for  an  appreciable  temperature 
range  with  negligible  error  because  of  the  compensating 
manner  in  which  7*  and  Cp^e  enter  the  equations  for  an 
expansion  process.  For  more  accurate  work,  the  method 
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presented  in  reference  7 may  be  used  for  calculating  the 
expansion  process. 


Figube  4.— Effect  of  flight  conditions  and  ratio  of  augmented  to  normal  liquid  flow  on  thrust 

augmentation. 

DISCUSSION  OF  AUGMENTATION  RESULTS 

EFFECT  OF  WATER-INJECTION  RATE 

In  figure  4,  the  augmented  thrust  ratio  (ratio  of  augmented 
thrust  to  normal  thrust)  is  shown  as  a function  of  the  aug- 
mented liquid  ratio  (ratio  of  augmented  total  liquid  flow  to 
normal  fuel  flow)  for  three  different  operating  conditions: 
flight  Mach  numbers  of  0 and  1.5  at  sea-level  altitude  and  a 
flight  Mach  number  of  1.5  at  an  altitude  of  35,332  feet.  The 
points  on  the  curves  indicated  by  circles  represent  the  case 
where  only  sufficient  water  to  saturate  the  compressor-inlet 
air  is  injected  with  no  evaporation  occurring  during  mechan- 
ical compression.  The  end  points  on  the  curves  represent 
the  condition  where  the  air  at  the  compressor  outlet  is 
saturated  and  indicate  the  maximum  amounts  of  augmenta- 
tion theoretically  possible  by  evaporation  of  water  before 
and  during  compression  in  the  engine  previously  described 
and  for  the  given  flight  conditions.  As  the  augmented 
liquid  ratio  is  increased  by  increasing  the  amount  of  injected 
water,  the  augmented  thrust  ratio  increases  but  at  a slightly 
decreasing  rate.  At  sea-level,  zero  flight  Mach  number 
conditions  for  saturation  only  up  to  the  compressor  inlet, 
the  augmented  thrust  ratio  is  1.035  and  the  augmented  liquid 
ratio  is  1.18.  As  the  augmented  liquid  ratio  is  increased  by 
evaporating  more  water  during  mechanical  compression,  the 
augmented  thrust  ratio  increases  to  1.29  at  an  augmented 
liquid  ratio  of  5.01  for  compressor-outlet  saturation.  For  a 
given  altitude,  increasing  the  flight  Mach  number  increases 
the  compressor-inlet  temperature,  which  permits  the  evapora- 
tion of  more  water  and  thereby  increases  the  maximum 
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augmented  thrust  and  augmented  liquid  ratios  as  well  as 
increasing  the  augmented  thrust  ratio  for  a given  augmented 
liquid  ratio.  At  a sea-level  flight  Mach  number  of  1.5  for 
saturation  of  the  compressor-outlet  air,  the  augmented 
thrust  ratio  is  2.07  and  the  augmented  liquid  ratio  is  10.66. 
Increasing  the  altitude  for  a given  flight  Mach  number 
results  in  a decreased  compressor-inlet  temperature,  thereby 
reducing  the  amount  of  water  that  may  be  evaporated.  At 
an  altitude  of  35,332  feet  and  a flight  Mach  number  of  1.5 
for  compressor-outlet  saturation,  the  augmented  thrust  ratio 
is  1.53  at  an  augmented  liquid  ratio  of  6.85. 

EFFECT  OF  OPERATING  CONDITIONS  FOR  SATURATED  COMPRESSOR- 
INLET  AND  COMPRESSOR-OUTLET  CONDITIONS 

Effect  of  flight  Mach  number,  altitude,  and  inlet-diffuser 
efficiency. — The  augmented  thrust  and  augmented  liquid 
ratios  are  shown  as  functions  of  flight  Mach  number  for 
altitudes  of  sea  level  and  35,332  feet  and  for  various  values 
of  inlet-diffuser  efficiency  in  figure  5 for  compressor-inlet 


(a)  Augmented  thrust  ratios. 

(b)  Augmented  liquid  ratios. 

Figube  5. — Effect  of  flight  Mach  number  and  altitude  on  augmented  thrust  and  augmented 
liquid  ratios  for  various  values  of  inlet-diffuser  efficiency.  Sufficient  water  iniected  to 
saturate  compressor-inlet  air. 
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(b)  Augmented  liquid  ratios. 

Figure  6.— Effect  of  flight  Mach  number  and  altitude  on  augmented  thrust  and  augmented 
liquid  ratios  for  various  values  of  inlet-diffuser  efficiency.  Sufficient  water  injected  to 
saturate  compressor-outlet  air. 

saturation,  and  in  figure  6 for  compressor-outlet  saturation. 
In  order  to  indicate  the  magnitude  of  the  thrust  available, 
relative-thrust  curves  (constant  values  of  the  ratio  of  thrust 
to  thrust  available  at  sea-level,  zero  flight  Mach  number 
conditions  for  operation  without  water  injection)  are  super- 
imposed on  the  curves  of  figures  5(a)  and  6(a).  Both  the 
augmented  thrust  ratio  and  the  augmented  liquid  ratio 
increase  rapidly  as  the  flight  Mach  number  is  increased  and 
decrease  as  the  altitude  is  increased.  Although  the  aug- 
mented thrust  ratio  available  at  a given  flight  Mach  number 
increases  at  decreased  values  of  inlet-diffuser  efficiency,  the 


actual  tlirust  available  decreases  because  of  the  deterioration 
of  the  engine  performance  without  water  injection  at  the 
decreased  values  of  inlet-diffuser  efficiency. 

For  saturated  compressor-inlet  conditions  (fig.  5(a))  and 
an  inlet-diffuser  adiabatic  efficiency  of  0.80,  the  augmented 
thrust  ratio  for  sea-level  zero  flight  Mach  number  is  1.035 
and  increases  with  increasing  flight  Mach  number,  reaching 
a value  of  1.28  at  a flight  Mach  number  of  1.0  and  2.16  at  a 
flight  Mach  number  of  2.0.  The  corresponding  augmented 
liquid  ratios  (fig.  5(b))  are  1.18,  2.40,  and  9.20  for  sea-level 
flight  Mach  numbers  of  0,  1.0,  and  2.0,  respectively.  For 
a flight  Mach  number  of  2.0,  increasing  the  altitude  from 
sea  level  to  35,332  feet  reduces  the  augmented  thrust  ratio 
from  2.16  to  1.48.  The  corresponding  reduction  in  aug- 
mented liquid  ratio  is  from  9.20  to  4.20.  Although  the 
thrust  increases  available  from  compressor-inlet  saturation 
are  very  low  at  low  flight  Mach  numbers,  appreciable  gains 
in  thrust  are  possible  at  high  flight  speeds.  Thrust  augmenta- 
tion bj’’  compressordnlet-air  saturation  can  therefore  be  used 
to  good  advantage  not  only  for  centrifugal-flow  engines  but 
also  for  axial-flow  engines  that  require  special  injection 
systems  to  avoid  centrifugal  separation  at  higher  injection 
rates. 

For  saturated  compressor-outlet  conditions  and  an  inlet- 
diffuser  adiabatic  efficiency  of  0.80,  the  augmented  thrust 
ratio  (fig.  6(a))  is  1.29,  1.67,  and  2.88  for  sea-level  flight 
Mach  numbers  of  0,  1.0,  and  2.0,  respectively.  The  cor- 
responding augmented  liquid  ratios  (fig.  6(b))  are  5.01,  7.22, 
and  17.10,  respectively.  At  a flight  Mach  number  of  2.0, 
increasing  the  altitude  from  sea  level  to  35,332  feet  re- 
duces the  augmented  thrust  ratio  from  2.88  to  1.95  with 
a corresponding  reduction  in  augmented  liquid  ratio  from 
17.10  to  10.30. 


Figure  7 —Effect  of  atmospheric  relative  humidity  on  augmented  thrust  ratio  for  various 
flight  Mach  numbers.  Altitude,  sea  level;  inlet-diffuser  efficiency,  0.80. 

Effect  of  ambient  relative  humidity. — The  augmented 
thrust  ratio  is  shown  in  figure  7 as  a function  of  flight  Mach 
number  for  atmospheric  relative  humidities  of  0 and  100 
percent.  The  data  shown  are  for  standard  sea-level  condi- 
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Figure  8.— Effect  of  ambient  temperature  on  augmented  thrust  and  augmented  liquid 
ratios  for  various  ambient  relative  humidities.  Sea-level  pressure;  zero  flight  Mach 
number. 


tions  of  temperature  and  pressure  and  an  inlet-diffuser 
efficiency  of  0.80.  Results  are  presented  for  the  case  in 
which  sufficient  water  is  injected  to  saturate  the  compressor- 
inlet  air  and  for  the  case  in  which  the  amount  of  water 
required  to  saturate  the  compressor-outlet  air  is  injected. 
The  ambient  humidity  has  a relatively  small  effect  on  the 
augmented  thrust  ratio,  especially  at  high  flight  Mach 
numbers. 

Effect  of  ambient-air  temperature  for  various  relative 
humidities. — The  effect  of  ambient  temperature  on  aug- 
mented thrust  and  augmented  liquid  ratios  for  various 
ambient  relative  humidities  is  shown  in  figures  8(a)  and  8(b), 
respectively.  The  data  shown  are  for  zero  flight  Mach 
number  and  standard  sea-level  atmospheric  pressure.  Re- 
sults are  shown  for  saturated  compressor-inlet  and  -outlet 
conditions  and  relative-thrust  curves  showing  constant 
values  of  the  ratio  of  augmented  thrust  available  to  the 
thrust  available  from  the  engine  operating  without  water 
injection  at  an  atmospheric  temperature  of  519°  R are 
included. 

For  an  atmospheric  relative  humidity  of  100  percent,  no 
thrust  augmentation  may  be  obtained  from  compressor-inlet 
saturation  inasmuch  as  no  evaporative  cooling  is  possible. 
As  atmospheric  relative  humidity  is  decreased,  the  augmenta- 
tion increases  to  about  8 percent  for  dry  air  at  standard 


Figure  8. — Concluded.  Effect  of  ambient  temperature  on  augmented  thrust  and  aug- 
mented liquid  ratios  for  various  ambient  relative  humidities.  Sea-level  pressure:  zero 
flight  Mach  number. 


sea-level  temperature  of  519°  R.  For  low  i*elative  humidities, 
more  evaporative  cooling  becomes  possible  as  the  ambient-air 
temperature  is  increased  and  at  a temperature  comparable 
to  extreme  summer  heat  (for  example,  580°  R)  an  augmented 
thrust  ratio  of  1.23  is  available  for  dry  air. 

For  saturated  compressor-outlet  air,  the  augmented  thrust 
ratio  for  an  atmospheric  relative  humidity  of  1 .00  is  relatively 
unaffected  by  changes  in  atmospheric  temperature.  For  an 
atmospheric  relative  humidity  of  0.50,  the  augmented  thrust 
ratio  increases  slightly  and,  for  zero  atmospheric  relative 
humidity,  a marked  increase  in  the  augmented  thrust  ratio 
occurs  as  the  atmospheric  temperature  is  increased.  For 
an  atmospheric  temperature  of  519°  R,  the  augmented  thrust 
ratio  decreases  from  1.33  to  1.24  as  the  atmospheric  relative 
humidity  increases  from  0 to  1.00.  At  a temperature  of 
580°  R,  the  decrease  in  augmented  thrust  ratio  is  from  1.55  to 
1.26  for  the  same  increase  in  atmospheric  relative  humidity. 

As  indicated  by  the  relative-thrust  curves  in  figure  8(a), 
the  actual  augmented  thrust  decreases  as  the  atmospheric 
temperature  is  increased  for  all  values  of  atmospheric  relative 
humidity  because  of  the  marked  decrease  in  normal  engine 
thrust  at  increased  compressor-inlet  temperatures.  The 
data  of  figure  8(a)  indicate  that  thrust  augmentation  by 
water  injection  is  one  method  for  overcoming  the  marked 
decrease  in  take-off  thrust  accompanying  high  ambient-air 
temperatures.  The  augmented  liquid  ratios  shown  in  figure 
8(b)  follow  the  same  general  trends  as  the  augmented  thrust 
ratios. 

Effect  of  compressor  efficiency. — As  has  been  previously 
pointed  out,  the  compressor  efficiency  has  been  decreased  in 
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calculating  the  augmented  engine  performance  with  evapora-. 
tion  during  mechanical  compression  in  order  to  obtain  closer 
agreement  with  experimental  compressor  performance  with 
water  injection.  The  effect  of  this  decrease  in  compressor 
efficiency  on  the  augmented  thrust  and  augmented  liquid 
ratios  at  various  flight  Mach  numbers  and  for  altitudes  of 
sea  level  and  35,332  feet  is  shown  in  figure  9 for  the  condition 
of  saturated  compressor  outlet.  The  results  are  shown  for 
a constant  value  of  compressor  efficiency  of  0.8  and  for  a 
value  of  compressor  efficiency  that  has  been  decreased  as 
indicated  by  the  following  relation: 

^,=0.80-AX 


(a)  Augmented  thrust  ratios. 

(b)  Augmented  liquid  ratios. 


Figuee  9.— Effect  of  compressor-efficiency  assumption  on  augmented  thrust  and  aug- 
mented liquid  ratios  for  various  flight  conditions.  Sufficient  water  injected  to  saturate 
compressor-outlet  air. 


where  ^Xc  is  equal  to  the  change  in  water  vapor-air  ratio 
in  the  compressor. 

From  figure  9(a),  it  can  be  seen  that  the  assumption  of  a 
constant  compressor  efficiency  results  in  values  of  augmented 
thrust  ratio  considerably  greater  than  the  assumption  of  a 
compressor  efficiency  decreasing  with  the  change  in  water 
vapor-air  ratio  in  the  compressor.  For  sea-level  zero 
flight  Mach  number,  the  augmented  thrust  ratio  is  1.29  when 
a decreased  value  of  compressor  efficiency  is  assumed,  as 
compared  with  an  augmented  thrust  ratio  of  1.50  for  the 
assumption  of  a constant  compressor  efficiency  of  0.80.  For 
a sea-level  flight  Mach  number  of  2.0,  the  corresponding 
values  of  augmented  thrust  ratio  are  3.04  and  3.44.  Similar 
results  are  obtained  at  an  altitude  of  35,332  feet.  Additional 
calculations  made  for  a constant  compressor  efficiency  of 
0.85  gave  thrust  ratios  approximately  equal  to  those  for  a 
constant  efficiency  of  0.80,  which  indicates  that  the  magni- 
tude of  compressor  efficiency  has  little  effect  on  thrust 
augmentation  if  the  efficiency  for  the  normal  and  the  aug- 
mented case  is  assumed  to  be  the  same. 

The  assumption  of  a constant  value  of  compressor  efficiency 
is  shown  in  figure  9(b)  to  result  in  values  of  augmented  liquid 
ratio  somewhat  higher  than  those  obtained  for  the  assump- 
tion of  a decreased  value  of  compressor  efficiency. 


Figure  10.— Augmented  thrust  ratio  as  function  of  augmented  liquid  ratio  for  two  normal 
compressor  pressure  ratios.  Sea-level  zero  flight  Mach  number  conditions. 

Effect  of  normal  compressor  pressure  ratio. — The  aug- 
mented thrust  ratio  as  a function  of  augmented  liquid  ratio 
for  normal  compressor  pressure  ratios  of  4.61  and  10  is  shown 
in  figure  10.  The  data  shown  are  for  sea-level  zero  flight 
Mach  number  conditions.  For  any  augmented  liquid  ratio, 
the  engine  having  the  high-pressure-ratio  compressor  gave 
the  greatest  augmented  thrust  ratio,  with  the  difference 
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between  the  augmented  thrust  ratios  for  the  low-  and  high- 
pressure-ratio  engines  increasing  as  the  augmented  liquid 
ratio  increased.  The  use  of  a high-pressure-ratio  compressor 
also  permits  operation  at  increased  values  of  augmented 
liquid  ratio  and  hence  greater  values  of  augmented  thrust 
ratio.  For  a compressor  pressure  ratio  of  4.61,  the  maximum 
value  of  augmented  thrust  ratio  is  1.29  at  an  augmented 
liquid  ratio  of  5.01.  For  a compressor  pressure  ratio  of  10, 
the  maximum  value  of  augmented  thrust  ratio  is  increased 
to  1.63  at  an  augmented  liquid  ratio  of  10.84.  The  effect 
of  compressor  pressure  ratio  shown  is  based  on  a compressor 
efficiency  reduced  as  a function  of  the  amount  of  water 
evaporated,  as  previously  mentioned.  Because  of  the  larger 
amounts  of  water  that  may  be  evaporated  at  the  higher 
normal  compressor  pressure  ratio,  the  reductions  in  com- 
pressor efficiency  are  correspondingly  higher.  The  compres- 
sor efficiency  was  reduced  from  0.80  for  the  normal  condition 
to  0.70  for  the  full-augmented  condition  for  the  high- 
pressure-ratio  compressor.  Only  experimental  investiga- 
tions of  the  effect  of  water  injection  on  the  efficiency  of 
compressors  having  various  pressure  ratios  will  indicate  the 
validity  of  this  assumption.  As  previously  mentioned, 
however,  investigations  of  compressors  having  normal  '• 
pressure  ratios  approximating  that  of  the  low-pressure- 
ratio  compressor  assumed  in  this  investigation  indicate  the 
dependency  of  the  compressor  efficiency  on  the  amount  of 
water  injected. 

SUMMARY  OF  RESULTS 

A psychrometric  chart  having  total  pressure  as  a variable 
and  a Mollier  diagram  for  a saturated  mixture  of  air  and 
water  vapor  were  developed  as  aids  in  calculating  the  per- 
formance of  compressors  when  water  is  injected  at  the  com-  i 
pressor  inlet.  By  use  of  the  psychrometric  chart  and  the 
Mollier  diagram  to  calculate  compressor  performance, 
the  performance  of  the  water-injection  method  of  thrust 
augmentation  was  evaluated  over  a range  of  flight  and 
atmospheric  conditions  for  a typical  turbojet  engine.  The 
following  results  were  obtained  for  an  engine  having  a 
normal  compressor  pressure  ratio  of  4.61  at  sea-level  zero 
flight  Mach  number  conditions  when  a nominal  decrease 
in  compressor  efficiency  with  water  injection  was  assumed: 

1.  For  constant  flight  conditions,  increasing  the  amount 
of  water  evaporated  increased  the  ratio  of  augmented  thrust 
to  normal  tluust  and  the  ratio  of  augmented  liquid  flow  to 


normal  fuel  flow.  For  sea-level  zero  flight  Mach  number 
conditions  and  an  atmospheric  relative  humidity  of  0.50, 
increasing  the  amount  of  injected  water  from  the  amount 
required  to  saturate  the  compressor-inlet  air  to  the  amount 
required  to  saturate  the  compressor-outlet  air  increased  the 
augmented  thrust  ratio  from  1.035  to  1.29.  The  corre- 
sponding increase  in  augmented  liquid  ratio  was  from  1.18 
to  5.01. 

2.  The  augmented  thrust  and  augmented  liquid  ratios 
increased  rapidly  as  the  flight  Mach  number  was  increased 
and  decreased  as  the  altitude  increased.  Although  the 
thrust  increases  obtainable  by  compressor-inlet-air  saturation 
were  very  small  at  low  flight  speeds,  appreciable  gains  in 
thrust  were  possible  at  high  flight  Mach  numbers.  Thrust 
augmentation  by  compressor-inlet-air  saturation  can  there- 
fore be  used  to  good  advantage  at  high  flight  Mach  numbers 
not  only  for  centrifugal-flow  engines  but  also  for  axial-flow 
engines  that  require  special  injection  systems  to  avoid 
centrifugal  separation  at  higher  injection  rates. 

3.  For  standard  atmospheric  temperatures,  the  ambient 
relative  humidity  had  only  a small  effect  on  the  augmented 
thrust.ratios  produced  at  all  flight  speeds  investigated. 

4.  For  sea-level  zero  flight  Mach  number  conditions  and 
low  ambient  relative  humidities,  the  augmented  thrust  ratio 
increased  as  the  ambient-air  temperature  was  increased. 
Thrust  augmentation  by  water  injection  was  therefore  shown 
to  be  desirable  for  take-off  use  inasmuch  as  water  injection 
tends  to  overcome  the  loss  in  take-off  thrust  normally 
occurring  at  high  ambient  temperatures.  For  very  high 
atmospheric  relative  humidities,  the  effect  of  ambient 
temperature  on  augmented  thrust  ratio  was  small. 

5.  The  augmented  thrust  ratio  produced  for  a given  set 
of  conditions  increased  as  the  inlet-diffuser  efficiency  was 
decreased;  however,  because  of  the  rapid  deterioration  of 
normal  engine  performance  at  decreased  values  of  inlet- 
diffuser  efficiency,  the  actual  value  of  augmented  thrust  was 
decreased. 

6.  Increasing  the  normal  engine  compressor  pressure  ratio 
increased  the  maximum  possible  value  of  augmented  liquid 
ratio  and,  hence,  the  maximum  possible  value  of  augmented 
thrust  ratio. 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  June  f,  1950. 


APPENDIX  A 

SYMBOLS 


A area,  sq  in, 

Cp  specific  heat  at  constant  pressure,  Btu/Gb)(°E) 

F net  thrust,  lb 

//a  fuel-air  ratio,  lb  fuel/lb  an 

g acceleration  due  to  gravity,  32.2  ft/sec^ 

H enthalpy,  Btu/lb 

Hcorr  corrected  enthalpy  for  saturated  mixture  of  air  and 
water  vapor  plus  liquid  water  not  at  519®  R, 
Btu/lb  air 

AH  enthalpy  rise,  Btu/lb 

ha  enthalpy  of  air  as  given  in  reference  4,  Btu/lb 
hf  enthalpy  of  liquid  water  as  given  in  reference  5, 
Btu/lb 

kg  enthalpy  of  water  vapor  as  given  in  reference  5,  Btu/lb 
J mechanical  equivalent  of  heat,  778  ft-lb/Btu 

K compressor  slip  factor 

M flight  Mach  number 

P total  pressure,  Ib/sq  in.  absolute 

p static  and  partial  pressure,  Ib/sq  in.  absolute 
Pm  sum  of  partial  pressures  of  air  and  water  vapor, 
Ib/sq  in. 

R gas  constant,  f t-lb/(lb)  (®R) 

S entrop3",  Btu/ (lb)  (®R) 

Scorr  corrected  entropy  for  saturated  mixture  of  air  and 
water  vapor  plus  liquid  water  not  at  519®  R, 
Btu/ (lb  air)  (®R) 

Sf  entropy  of  liquid  water  as  given  in  reference  5, 
Btu/(lb)(®R) 

Sg  entrop3^  of  water  vapor  as  given  in  reference  5, 
Btu/(lb)(®R) 

T total  temperature,  ®R 

AT  total-temperature  rise,  F® 

t static  temperature,  ®R 

At  static- temperature  rise,  F® 

V flight  velocity,  ft/sec 
jet  velocity,  ft/sec 

Vt  compressor-rotor-tip  velocit}- , ft/sec 

V specific  volume,  cu  ft/lb 
110 


Vg  specific  volume  of  water  vapor  as  given  in  reference  5 * 
cu  ft/lb 

X ratio  of  weight  of  water  vapor  to  weight  of  air  in 
mixture,  lb  water/lb  air 

AX  total  amount  of  injected  liquid  water,  lb  water/lb  air 
W weight  flow,  Ib/sec 

y ratio  of  specific  heats 

5 ratio  of  total  pressure  of  mixture  to  standard  sea-level 

static  pressure 
rj  adiabatic  efficiency 


<p  ambient  relative  humidity 

4>a  = J'Cp  dtjt  for  air,  as  given  in  reference  4,  Btu/(lb)(®R) 

Subscripts: 

a air 

c compressor 

d diffuser 

e exhaust  gas — water  vapor  mixture 

/ liquid  water 

g water  vapor 

i ideal  (isen  tropic) 

m air — water  vapor  mixture 

n exhaust  nozzle 

s saturation 

t turbine 

0 ambient  air 

1 compressor  inlet 

2 end  of  portion  of  compression  during  which  air  re- 

mains saturated  and  after  which  no  water  is  evapo- 
rated 

3 compressor  outlet 

4 turbine  inlet 

5 turbine  outlet 

6 exhaust-nozzle  outlet 

(-)  between  stations  enclosed 

Primed  s^nnbols  are  approximate  values. 


APPENDIX  B 


DERIVATION  OF  EQUATIONS  FOR  PSYCHROMETRIC  CHART  AND  MOLLIER  DIAGRAM 

PSYCHROMETRIC  CHART 


The  equations  necessary  for  obtaining  a ps3^chometric 
chart  having  total  pressm*e  (sum  of  partial  pressures  of  air 
and  water  vapor)  as  a variable  ma}^  be  derived  in  the  folio vnng 
manner: 

From  the  general  energy  equation,  the  enthalpy  of  a mix- 
ture of  air,  liquid  water,  and  water  vapor  per  pound  of  air  is 

^/a.o+OT,.o+(X,-Xo)  + (Bl) 

When  only  the  equilibrium  between  air  and  water  vapor  is 
considered,  the  term  involving  the  enthalpy  of  liquid  water 
Hf,a  disappears;  in  order  to  apply  equation  (Bl)  to  a partic- 
ular process,  however,  some  assumption  must  be  made  as  to 
the  temperature  for  which  the  enthalpy  of  liquid  water  is 
zero.  For  the  present  analysis,  the  enthalp}’'  of  liquid  water 
was  assumed  to  be  zero  at  519®  R.  The  results  are  therefore 
accurate  for  water  injected  at  this  temperature,  with  onl^^ 
small  errors  resulting  for  water  injected  at  a somewhat  differ- 
ent temperature.  When  it  is  assumed  that  the  enthalp}^  of 
liquid  water  is  zero,  equation  (Bl)  may  be  stated  as 

Ha.o+XoH,,o-^Ha,^+X,H,,,  (B2) 

The  total  enthalpy  H for  condition  0 or  1 is  defined  as 

(B3) 


(B4) 


H^Ha+XH, 

The  water-air  ratio  X is  evaluated  as  follows: 

y_a Pg  ^■gf'a 

Vg  I^gtg  Pa 


If  the  temperature  of  the  air  and  vaporized  water  are  equal 
and  Dalton’s  law  of  partial  pressure  is  valid,  equation  (B4) 
becomes 


Pg 

Rg  Pm  Pg 


(B5) 


From  the  definition  of  relative  humidity  relative  pressure 
b,  and  gas  constant  i2, 


‘P — — 

(B6) 

Pg,s 

5-  P- 

(B7) 

14.696 

o Pg^g 

t 

(B8) 

H = Ha  + Hg 


Ra 


^ Pg,s 
b 14.696 


PgVg\(.  <P  Pg,B  \ 

tg  b 14.696^ 


(BIO) 


The  data  presented  in  figure  1 were  obtained  by  means  of 
equations  (B3),  (B9),  (BlO),  and  the  thermodynamic  data  for 
air  and  water  vapor  contained  in  references  4 and  5,  respec- 
tively. For  convenience,  the  enthalpy  of  the  saturated  mix- 
ture of  air  and  water  vapor  at  a temperature  of  519®  R and 
a pressure  of  14.696  pounds  per  square  inch  was  arbitrarity 
fixed  at  100  Btu  per  pound  of  air.  In  using  equation  (BlO), 
the  enthalpies  of  air  and  water  vapor  obtained  from 
references  4 and  5,  respectively,  must  be  corrected  in  order 
to  satisfy  the  conditions  of  zero  enthalpy  of  liquid  water  at 
.519®  R and  the  condition  of  an  enthalpy  of  100  Btu  per 
pound  of  air  for  a saturated  mixture  of  air  and  water  vapor 
at  a temperature  of  519®  R and  a pressure  of  14.696  pounds 
per  square  inch.  The  value  of  enthalpy  of  water  vapor 
obtained  from  reference  5 must  be  decreased  by  27.06  Btu 
per  pound  in  order  to  satisfy  the  first  condition,  and  the 
enthalpy  of  air  obtained  from  reference  4 must  be  increased 
by  60.24  Btu  per  pound  in  order  to  satisfy  the  second  condi- 
tion. For  very  accurate  work,  the  injection  of  water  at  a 
temperature  other  than  519®  R can  be  corrected  for  simply^ 
by  adding  the  enthalpy  of  liquid  water  to  find  the  starting 
point  of  the  process  and,  when  liquid  water  remains,  sub- 
tracting the  enthalpy  of  this  liquid  water  at  the  end  of  the 
process.  These  corrections  are  the  same  as  the  enthalpy 
corrections  to  the  Mollier  diagram  discussed  in  appendix  C. 

The  enthalpy  and  the  specific  voliune  of  water  vapor  are 
functions  of  the  vapor  pressure  of  water  as  well  as  of  the 
temperature.  In  the  range  of  temperatures  and  pressures 
encountered  at  the  compressor  inlet  of  a turbojet  engine, 
however,  the  enthalpy  of  water  vapor  and  the  product  of 
vapor  pressure  and  specific  volume  can  be  considered  as 
functions  only  of  temperature  for  all  practical  purposes. 
For  any  value  of  temperature,  the  enthalpy  and  the  specific 
volume  were  evaluated  for  the  maximum  pressure  that  would 
exist  for  that  temperature  at  the  compressor  inlet  of  a 
turbojet  engine.  This  maximum  pressure  is  the  pressure 
that  would  be  obtained  by  ideal  ram  compression  from 
standard  sea-level  temperature  and  pressure  to  the  desired 
temperature. 

MOLLIER  DIAGRAM 


Substituting  equations  (B6)  to  (B8)  in  equation  (B5)  gives 

»4.696 

/ PgVg\  (.  Pg.»  \ 

\ tg  J\  5 14.696/ 

When  the  water-air  ratio  X is  replaced  in  equation  (B3)  by 
the  value  expressed  in  equation  (B9),  the  expression  for  total 
enthalpy  H becomes 


The  general  energy  equation  for  a compression  of  1 pound 
of  air  saturated  vnth  water  vapor  when  no  liquid  is  present 
at  the  end  of  compression  becomes,  similar  to  equation  (Bl), 

H,,,+X,Hg,^+(X2-X^)Hr.i+AHo=Ha.2+X2Hg,2  (Bll) 

For  the  ideal  conditions,  the  entropy  remains  constant; 
therefore 
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If  the  enthalpy  and  the  entropy  of  the  excess  liquid  water 
are  assigned  values  of  zero  at  a particular  temperature  and 
the  liquid  water  is  introduced  at  this  temperature,  equations 
(Bll)  and  (Bl2)  become 

(B13) 

and 

Sa.\~}rXiSg,l  = Sa,2-]-X28g,2  (Bl4) 


are  for  a base  temperature  of  400®  R;  values  for  hg  and  Sg 
were  obtained  from  reference  5 and  are  for  a base  tempera- 
ture of  32®  F (492®  R). 

The  weight  ratio  of  water  vapor  to  air  in  a saturated 
mixture  may  be  determined  by  the  relation 

(B19) 


In  a saturated  mixture  of  air  and  water  vapor,  the  enthalpy 


per  pound  of  air  is 

H=Ha+XH, 

(B15) 

and  the  entropy  per  pound  of  air  is 

S=Sa+XSi 

(B16) 

If  equations  (Bl5)  and  (B16)  are  plotted  for  a range  of 
temperatures  and  pressures,  the  conditions  of  the  mixture 
resulting  from  a compression  of  1 pound  of  air  that  is  con- 
tinually saturated  with  water  vapor  may  be  determined. 
Equations  (Bl5)  and  (B16)  are  the  basis  for  the  Mollier 
diagram  presented.  The  base  temperature  for  enthalpy 
and  entropy  of  liquid  water  was  chosen  as  519®  R.  Thus, 
if  any  liquid  water  present  is  assumed  to  be  at  519®  R,  no 
correction  need  be  made  for  the  enthalpy  and  the  entropy 
of  the  liquid  when  using  the  Mollier  diagram.  The  values 
of  enthalpy  and  entropy  were  so  adjusted  that  at  standard 
sea-level  conditions  of  temperature  of  519®  R and  pressure 
of  14.696  pounds  per  square  inch  the  enthalpy  of  the  satu- 
rated mixture  of  air  and  water  vapor  is  100  Btu  per  pound 
of  air  and  the  entropy  is  0.10  Btu/(lb  air)  (®R).  The 
modified  versions  of  equations  (B15)  and  (B16),  which  were 
used  in  plotting  the  Mollier  diagram,  are 

H=ha+^^.24.^X{hg~27  m)  (B17) 

and 

S=<t>a-^  +Xfa- 0.05 3 6)  (B18) 

Values  for  ha  and  <j>a  were  obtained  from  reference  4 and 


When  the  equation  of  state  and  Dalton^s  law  of  partial 
pressures  are  used,  equation  (B19)  may  be  written 


(l>m  — Pg)il4:4:Vg) 


(B20) 


Equation  (B20)  was  used  for  determining  values  of  X for 
equations  (B17)  and  (Bl8). 

If  liquid  water  is  injected  at  any  temperature  other  than 
519®  R,  the  enthalpy  and  the  entropy  of  the  water  will  not 
be  zero  and  an  error  will  be  introduced  when  using  the 
Mollier  diagram.  This  error  can  be  corrected  by  adjusting 
the  initial  enthalpy  and  entropy,  as  read  from  the  diagram, 
to  include  the  enthalpy  and  the  entropy  of  the  injected 
liquid  water.  The  corrected  enthalpy  and  entropy  for 
the  initial  condition  will  be 


Hcorr=H+(hf- 27.  06)AZ  (B21) 

and 

Scorr=S+(Sf~0.05dQ)AX  (B22) 

A similar  correction,  made  by  subtracting  the  enthalpy 
and  the  entropy  of  the  liquid,  can  be  performed  at  the  end 
of  the  process  if  any  liquid  water  remains.  Values  of 
which  is  hf— 27.  06,  and  S/,  which  is  5^—0.0536,  are  plotted 
in  an  insert  on  the  Mollier  diagram  for  various  temperatures. 

If  liquid  water  is  injected  at  a temperature  different  from 
the  initial  temperature  of  the  saturated  air,  a slight  increase 
in  entropy  occurs  because  of  the  mixing  of  the  constituents 
as  a new  temperature  equilibrium  is  reached.  This  increase 
in  entropy  may  be  neglected,  however,  without  introducing 
appreciable  error  when  using  the  Mollier  diagram. 
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APPENDIX  C 

SAMPLE  CALCULATIONS 


The  use  of  the  Mollier  diagram  in  calculating  saturated 
compression  processes  is  illustrated  by  the  following  sample 
calculations: 

SAMPLE  CALCULATION  I 

In  calculating  a compression  process  for  an  actual  engine, 
the  work  input  to  the  compressor  is  usually  obtaiued  on  the 
basis  of  1 pound  of  working  fluid  passing  through  the  com- 
pressor. In  order  to  use  the  Mollier  diagram  for  a saturated 
compression  process,  the  work  input  must  be  found  on  a 
basis  of  1 pound  of  air  (the  unit  on  which  the  Mollier  dia- 
gram is  based).  Corrections  must  also  be  made  for  the 
enthalpy  and  the  entropy^  of  the  liquid  water  when  the  water 
injected  is  not  at  a temperature  of  519°  R if  it  is  desired  to 
maintain  a high  degree  of  accuracy  in  using  the  Mollier  dia- 
gram. In  order  to  illustrate  these  refinements,  the  following 
example  is  presented  for  an  engine  with  a single-stage  centrif- 
ugal compressor.  The  following  conditions  are  assumed: 


Ambient  static  temperature,  tof  ®R 519 

Ambient  static  pressure,  po,  Ib/sq  in 14.7 

Flight  Mach  number,  M 0.85 

Flight  velocity,  F,  ft/sec 949 

Diffuser  adiabatic  efficiency,  ijd 0.85 

• Ambient  relative  humidity,  <p 0.50 

Compressor-rotor-tip  velocity,  Fr,  ft/sec 1500 

Compressor  slip  factor,  X 0.95 

Compressor  adiabatic  efficiency,  rjc 0.80 


Enough  liquid  water  is  injected  at  the  compressor  inlet  at  a 
temperature  of  540°  R to  saturate  the  air  at  this  point  and 
to  keep  the  air  saturated  during  the  entire  compression  proc- 
ess. Find  P2,  T.,  X2,  and  the  amount  of  water  evaporated. 

The  water-air  ratio  for  saturated  conditions  at  an  ambient 
temperature  of  519°  R and  a pressure  of  14.7  pounds  per 
square  inch  is,  from  the  Mollier  diagram, 

A"=0.0106 


For  a relative  humidity  of  0.50,  the  value  of  X for  the 
ambient  air  is 


Ao= 


0.0106 

2 


0.0053 


The  static-temperature  rise  in  the  inlet  diffuser  due  to  ram 
compression  is  (value  of  obtained  from  fig.  3(a)) 


At(n- 


(949)^ 


and 


2gJcp,m  (2)(32.2)(778)(0.2416) 
Ti=519  + 74.4  = 593.4°  R 


=74.4  F° 


When  equation  (Bl7)  is  evaluated  for  593.4°  R,  the  en- 
thalpy at  the  compressor  inlet  without  taking  into  account 
the  enthalpy  of  the  liquid  water  that  is  injected  at  this  point  is 

Hi'=ha+&0.24:+X{h,-27.06) 

= 46.31  + 60.24  + 0.0053(1119.1-27.06) 

= 1 12.3  Btu/lb  air 


The  compressor-inlet  pressure  is  {ym  obtained  from  fig.  3(a)) 


1 398 


= 22.0  Ib/sq  in. 


When  liquid  water  is  injected  at  the  compressor  inlet,  the 
temperature  decreases  but  the  pressure  remains  constant,  as 
does  the  enthalpy  if  the  enthalpy  of  the  injected  water  is 
neglected.  From  the  Mollier  diagram  at  an  enthalpy  of 
112.3  Btu  per  pound  of  air  and  a pressure  of  22.0  pounds  per 
square  inch,  the  entropy  at  the  compressor  inlet,  not  con- 
sidering the  entropy  of  the  liquid  water,  is 

S/  = 0.0949  Btu/(lb  air)  (°R) 


This  point  on  the  Mollier  diagram  could  also  have  been 
determined  from  Pi  and  Ti  where  the  value  of  Ti  is  obtained 
from  figure  1. 

In  order  to  obtain  the  enthalpy  of  the  mixture  in  Btu 
per  pound  of  air  at  the  compressor  inlet,  correction  must  be 
made  for  the  enthalpy  of  the  liquid  water  that  is  injected 
at  540°  R,  which  requires  that  the  amount  of  water  injected 
for  saturation  at  the  compressor  outlet  be  known.  Because 
X2  is  unkno^vn,  an  approximate  value  X2'  must  be  assumed. 
The  following  approximation  for  sea-level  pressure  was 
obtained  by  inspection  of  calculations  for  a wide  range  of 
ambient-air  temperatures,  flight  Mach  numbers,  and  com- 
pressor pressure  ratios  and  may  be  used  to  determine  X2'  in 
order  to  eliminate  or  to  simplify  successive  approximation 
methods: 

j^/=Xo+0.00065  AHmA0^2)B^ 

The  enthalpy  rise  in  the  compressor  is 


AHm,  (1-2) 


KVt^ 

^ gJ 


(0.95)(1500)2 

(32.2)(778) 


=85.3  Btu/lb  mixture 


and  the  enthalpy  rise  in  the  inlet  diffuser  is 

AH(o-i)  = c^,dAi(o-i)(l+^o)  = (0.2416)(74.4)(1.0053) 
= 18.1  Btu/lb  air 


Therefore 

AV  = 0. 0053  + 0. 00065(18. 1 + 85. 3)(1)2=0. 0725 


and 


AA"'(o-2)  = 0.0725-0,0053  = 0.0672 
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These  values  will  be  used  for  X2  and  AX(o-2>  for  the  rest  of 
the  calculations. 

From  the  insert  on  the  MoUier  diagram,  the  enthalpy  and 
the  entropy  of  the  liquid  water  at  540°  R are 

i?/=21.0  Btu/lb  water 

and 

S/“0.04  Btu/(lb  water) (°R) 

The  enthalpy  and  the  entropy  due  to  the  liquid  water  are 
then 

(0.0672)  (21.0)  ==1,4  Btu/lb  air 

and 

S/.i  = AX(o^2)S/=  (0.0672)  (0.04) =0.0027  Btu/(lb  air)(°R) 

The  values  for  enthalpy  and  entropy  at  the  compressor 
inlet  corrected  for  the  liquid  water  at  a temperature  of 
540°  R are 

2yi.e,,,=f7/  + H;r.i=112.3  + 1.4  = 113.7  Btu/lb  air 

and 

S'i.corr=Si'+>S/.i=0.0949  + 0.0027=0.0976  Btu/(lb  air)(°R) 

When  the  enthalpy  rise  per  pound  of  mixture  in  the  com- 
pressor is  known,  it  must  be  converted  to  enthalpy  rise  per 
pound  of  air  in  order  to  use  the  Mollier  diagram.  This 
conversion  also  requires  a value  for  the  water-air  ratio  at 
the  compressor  outlet.  The  ideal  enthalpy  rise  per  poimd  of 
air  in  the  compressor  is 

Af^Mi-2)  = Ai?,,.a-2)(l+^2)^c=(85.3)(1.0725)(0.80) 
=73.2  Btu/lb  air 

and  the  final  enthalpy  for  an  isentropic  compression  is 

— 113.7-[-73.2  = 186.9  Btu/lb  air 

The  compressor-outlet  pressure  P2  read  from  the  Mollier 
diagram  at  an  enthalpy  of  186.9  Btu  per  pound  of  air  and  an 
entropy  of  0.0976  Btu/(lb  air)  (°R)  is 

P2=  118.7  Ib/sq  in. 

The  actual  enthalpy  per  pound  of  air  at  the  compressor 
outlet  is 

jBr2=i^i+Ai?m.(i-2)  (1+X2)  = 113.7  + 

(85.3X1.0725)  =205.2  Btu/lb  air 
When  the  Molher  diagram  is  read  at  an  enthalpy  of  205.2 
Btu  per  pound  of  air  and  a pressure  of  118.7  pounds  per 
square  inch,  the  temperature  is 

T2= 663.2°  R 


This  value  of  X2  is  very  close  to  the  approximate  value 
that  was  used  for  X2  and  therefore  no  further  correction  is 
necessary.  If  this  value  of  X2  differed  greatly  from  the 
assumed  approximate  value,  it  would  be  advisable  to  repeat 
the  calculations  using  the  value  of  .^2  just  obtained. 

The  amount  of  water  injected  at  the  compressor  inlet  is 

AX(o_2)=0.0730— 0.0053  = 0.0677  lb  water/lb  air 

In  order  to  show  the  effect  of  corrections  for  liquid-water 
temperatures  other  than  519°  R,  the  following  table  presents 
values  of  P2,  and  X2  that  were  obtained  for  liquid-water- 
injection  temperatures  of  519°  R (no  correction),  540°  R 
(the  sample  calculation  just  completed),  and  for  620°  R; 
all  other  conditions  remained  the  same  as  in  the  sample 
calculation: 


Temperature 
of  injected 
water  (°R) 

Pressure 
Pi  (Ib/sq  in.) 

Tempera- 
ture Ti  (°R) 

Water-air 

ratio 

519 

119.2 

662.  7 

0.0718 

540 

118.7 

663.2 

.0730 

620 

118.0 

666.0 

.0782 

This  table  shows  that,  for  most  limits  of  accuracy  for 
turbojet-cycle  calculations,  the  enthalpy  and  the  entropy  of 
the  liquid  water  may  be  neglected  in  the  probable  range  of 
injected-water  temperature. 

SAMPLE  CALCULATION  II 

The  following  example  illustrates  the  calculation  of 
compressor-outlet  conditions  when  an  amount  of  water  less 
than  the  amount  required  for  outlet  saturation  is  injected  at 


the  compressor  inlet. 

The  following  conditions  are  assumed: 

Ambient  static  temperature,  to,  - 519 

Ambient  static  pressure,  po,  Ib/sq  in. 14.  7 

Flight  velocity,  U,  ft/sec 0 

Ambient  relative  humidity,  <p 0.  50 

Compressor  adiabatic  efficiency,  0.  80 

Compressor  enthalpy  rise,  A He,  Btu/lb  mixture 85.  3 

Air  weight  flow,  Wa,  Ib/sec 80,  5 

Water-injection  rate  at  519°  R,  Ib/sec 4.  0 

From  Sample  Calculation  I, 


Xo=  0.0053 

and  by  evaluating  equation  (Bl7)  for  519°  R, 
i^o=Aa+60.24  Xo(A^-27.06) 

=28.53+60.24+0.0053(1087.6-27.0fc 
= 94.4  Btu/lb  air 

From  the  Mollier  diagram  at  an  enthalpy  of  94.4  Btu  per 
pound  of  air  and  a pressure  of  14.7  pounds  per  square  inch, 
the  entropy  is 


and 


X2=0.0730 


So=0.0890  Btu/(lb  air)  (°R) 
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The  change  in  water-air  ratio  LX  due  to  the  addition  of 
the  liquid  water  is 


AX, 


= 0.0497 


and 


X2=Xo+AX(o_2)  = 0.0053 + 0.0497  = 0.0550 
If  the  approximation  from  Sample  Calculation  II  is  used, 
AX  (0-2)  0.0497 


Ai?m.  (0-2)^ 


= 76.5  Btu/lb  mixture 


‘(0.00065)612  (0.00065)1 

Using  this  approximate  value  of  Aff„^  (0-2)  yields 
A7f(o-2)'=AH,,.(o-2)'(l+X2)-(76.5)(1.0550)=80.7 Btu/lb  air 
Then 


The  rest  of  the  compression  process  may  be  calculated  as 
an  adiabatic  compression  of  the  mixture  of  air  and  water 
vapor  using  the  thermod3mamic  properties  given  in  figure 
3(a).  From  figure  3(a)  at  X=0.0550, 


Cp.m  = 0.2513  Btu/0b)(^R) 


and 

7m  = 

= 1.3916 

Then 

AZ7to(2-3)  _ 

_(85.3-77.7)_ 

^ J-  (2-3) 

Cp,  m 

0.2513 

and 

Tm 

1.3016 

{ Ar(2_3)\ 

V T,  ) 

The  conditions 

at  the  compressor  outlet  are 

iy/=iJo+AH(o-2)'  = 94.4  + 80.7=  175.1  Btu/lb  air 


and 

^H2.,'-i?o+AJE?(o-2)'nc  = 94.4  + (80.7)(0.80)  = 159.0Btu/lbair 

From  the  Mollier  diagram  at  an  enthalpy  of  159.0  Btu 
per  pound  and  an  entropy  of  0.0890  Btu  per  pound  per  °R, 

F2'  = 73.5  Ib/sq  in. 

From  the  Mollier  diagram  at  a pressure  of  73.5  pounds  per 
square  inch  and  an  enthalpy  of  175.1  Btu  per  pound  air, 

X2'=0.0542 

This  value  of  X2'  is  lower  than  the  desired  value.  If  the 
value  of  AiJ,n(o-2)'  is  increased  to  77.7  Btu  per  pound  of  air 
and  the  calculation  repeated,  the  values  obtained  are 

^2=75.0  Ib/sq  in. 

0.0550 

and 

7^2=630.5°  R 


P2=(1.143)(75.0)  = 85.7  Ib/sq  in. 


r3=r2+AT(2-3)  = 630. 5+30. 2 = 660. 7°  R 

and 

X3=X2=0.0550 

For  a comparison  of  the  effect  of  the  amount  of  water 
evaporated  on  pressure  and  temperature  at  the  compressor 
outlet,  the  results  of  Sample  Calculation  I (air  saturated  up 
to  the  compressor  outlet  for  a water-injection  temperature  of 
519°  R),  and  of  the  cases  of  air  saturated  during  one-half  of 
the  work  input  to  the  compressor,  of  air  saturated  up  to  the 
compressor  inlet,  and  of  no  injection  are  shown  in  the  follow- 
ing table: 


(M=0.85;  AHc=85.3  Btu/lb  mixture;  i;c=0.80) 


Condition 

Amount  of 
water 
evaporated 
(lb  water/lb 
air) 

Outlet 

pressure 

Pi 

(Ib/sq  in.) 

Outlet 
temper- 
ature Ti 
(°R) 

No  injection 

0 

86.5 

947 

Air  saturated  up  to  compressor  inlet 

.0113 

96.4 

895 

Air  saturated  through  one-half  of  work  input. 

.0384 

108.0 

778 

Air  saturated  up  to  compressor  outlet 

.0665 

119.2 

663 

APPENDIX  D 


EQUATIONS  USED  IN  AUGMENTATION  CALCULATIONS 


The  method  of  calculating  compressor-outlet  conditions 
when  water  is  evaporated  during  compression  is  given  in  the 
section  DISCUSSION  OF  CHARTS  and  illustrated  in 
appendix  C.  The  other  equations  used  for  the  step-by-step 
calculations  of  engine  performance  are: 

Inlet  diffuser, 

ym 

Po  \2jgCj,^mto^  J 

Compressor  (with  no  evaporation  during  compression), 

ym 

P,_/'VcKVr^  . 

Turbine, 

A r Ag„,.,(l  + Z3)  ~]^ 

P4  L +-X3+y/o)cp,  «J 

Thrust  (for  sonic  jet  velocity), 


F_VjW,^A„ 


iP6-Po)- 


VWa 


where 


gA,  ' A,  gA, 

Vs=-JgyeRek 


(l+^o) 


7«+l 


' \ 

/ 2 

A,  \ 

K-ylTiBelgyJ 

VI  + tJ 

and 


Wt  j?e^6 

At  At  VjPe 


ye 

7e-l 


Wa^Wt  ( 1 \ 

At  At  \\~\rXz-\-Jla) 


l+ATs+y/ay 

Thrust  (for  subsonic  jet  velocity), 


where 


F Wt  VW 


Te-1~ 

7e 


and  Wt/At  and  WJAt  are  the  same  as  for  the  case  of  sonic 
jet  velocity.  Values  for  and  were  obtained  from 
figure  3(a)  and  values  of  Cp^e,  Be,  and  je  from  figure  3(b). 
Values  for  jfa  were  obtained  from  reference  8. 
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By  Henry  A.  Pearson,  William  A.  McGowan,  and  James  J.  Donegan 


SUMMARY 

A method  is  given  for  determining  the  horizontal  tail  loads  in 
maneuvering  flight.  The  method  is  based  upon  the  assignment 
of  a load-factor  variation  with  time  and  the  determination  of  a 
minimum  time  to  reach  peak  load  factor.  The  tail  load  is 
separated  into  various  components.  Examination  of  these  com- 
ponents indicated  that  one  of  the  components  was  so  small  that 
it  could  he  neglected  for  most  conventional  airplanes;  therefore ^ 
the  number  of  aerodynamic  parameters  needed  in  this  computa- 
tion of  tail  loads  was  reduced  to  a minimum. 

In  order  to  illustrate  the  method^  as  well  as  to  show  the  effect 
of  the  main  variables ^ a number  of  examples  are  given. 

Some  discussion  is  given  regarding  the  determination  of  maxi- 
mum tail  loads y maximum  pitching  accelerations  ^ and  maximum 
pitching  velocities  obtainable. 

• INTRODUCTION 

The  subject  of  maneuvering  tail  loads  has  received  con- 
siderable attention  both  experimentally  and  theoretically. 
Theoretically,  methods  and  solutions  have  been  derived  for 
determining  the  horizontal  tail  load  following  either  a pre- 
scribed elevator  motion  (references  1 to  3)  or  an  assigned 
load-factor  variation  (reference  4). 

The  first  approach  has  been  adopted  into  some  of  the  load 
requirements  where  the  type  of  elevator  movement  specified 
consists  of  linear  segments  whose  magnitudes  and  rates  of 
movement  are  governed  by  the  assignment  of  a maximum 
initial  elevator  movement  consistent  with  the  pilot’s  strength. 
The  rates  of  movement  and  the  time  the  elevator  is  held 
before  reversing  are  so  adjusted  that  the  design  load  factor 
will  not  be  exceeded. 

The  results  of  reference  5 show,  as  is  to  be  expected,  that 
only  when  the  aerodynamic  force  coefficients  are  accurately 
known  from  wind-tunnel  tests  can  good  agreement  be  ob- 
tained between  measured  and  calculated  tail  loads.  At  the 
design  stage,  however,  only  general  aerodynamic  and  geo- 
metric quantities  are  available  and  some  of  the  more  im- 
portant stability  parameters  are  not  known  accurately. 
Thus,  the  work  involved  in  the  solution  for  the  tail  load 
follo\ving  a given  elevator  motion  is  not  considered  to  be  in 
keeping  with  the  acciuacy  of  the  results  obtained.  Con- 
sequently, there  appears  to  be  a need  for  an  abbreviated 


design  method  of  computing  tail  loads  which,  although 
incorporating  approximations,  will  nevertheless  be  based  on 
the  theoretical  considerations  of  the  problem. 

If  the  load-factor  variation  with  time  is  specified  and  the 
corresponding  tail  load,  elevator  angles,  and  load  distribu- 
tions are  subsequently  determined,  a simpler  and  equally 
rational  approach  to  the  tail-load  problem  can  be  made. 
Although  this  approach  has  been  used  to  a limited  degree 
(reference  4),  several  shortcomings  have  limited  its  use. 

The  purpose  of  this  report  is  to  develop  further  the  load- 
factor  or  inverse  approach  and  to  present  a method  of  com- 
puting horizontal  tail  loads  which  is  comprehensive  and 
generally  simple.  To  this  end,  (1)  the  shape  of  the  load- 
factor  cm’ve  and  the  minimum  time  required  to  reach  the 
peak  load  factor  have  been  determined  from  an  analysis  of 
pull-up  maneuvers  that  were  available,  (2)  the  minimum 
time  required  to  reach  the  peak  load  factor  has  been  deter- 
mined from  a theoretical  analysis  which  is  supported  in  some 
measure  by  statistical  data  obtained  from  a number  of 
flight  tests  with  airplanes  of  widely  varying  sizes,  and  (3) 
the  equations  relating  the  various  quantities  are  presented. 

SYMBOLS 

b wing  span,  feet;  shape  factor  in  equation  (13) 

bt  tail  span,  feet 

c chord,  feet 

c mean  aerodynamic  wing  chord,  feet 

Gl  lift  coefficient  {LjqS) 

Cm  pitching-moment  coefficient  of  airplane  with- 

out horizontal  tail  {MbjqS^) 
pitching-moment,  coefficient  of  isolated 
horizontal-tail  surface 

g acceleration  due  to  gravity,  feet  per  second 

per  second 

I pitching  moment  of  inertia,  slug-feet* 

ky  radius  of  gyration  about  pitching  axis,  feet 

K empirical  constant  denoting  ratio  of  damping 

moment  of  complete  airplane  to  damping 
moment  of  tail  alone 
L Lift,  poimds 

I local  lift  at  any  spanwise  station 

m airplane  mass,  slugs  {Wfg) 

M pitching  moment,  foot-pounds 

n airplane  load  factor  at  any  instant 


» Supersedes  NACA  TN  2078,  “Horizontal  Tail  T^oads  in  Maneuvering  Flight”  by  Henry  A,  Pearson,  William  A.  McGowan,  and  James  J.  Donegan,  1950. 
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N 

2 


maximuin  increment  in  load  factor 
dynamic  pressure,  pounds  per  square  foot 


G-r-) 


s 

S, 

t 

u 

V 

w 

Xf 


wing  area,  square  feet 
horizontal-tail  area,  square  feet 
time,  seconds 

time  to  reach  peak  of  elevator  deflection, 
seconds 

airplane  true  velocity,  feet  per  second 
airplane  weight,  pounds 

length  from  center  of  gravity  of  airplane  to 
aerodynamic  center  of  tail  (positive  for  con- 
ventional airplanes),  feet 
y ‘ spanwise  dimension,  feet 

y*  nondimensional  spanwise  dimension 

a,  b,  c )constants  occurring  in  equations  (13),  (23), 

A,  B,  (7,  D,  e]  (26),  and  (30) 

Kiy  K2,  Kz  constants  occurring  in  basic  differential  equa- 
tion (see  equation  (3))  ' 

X time  to  reach  peak  load  factor,  seconds 

p mass  density  of  air,  slugs  per  cubic  foot 

rjt  tail  efficiency  factor 

a wing  angle  of  attack,  radians 

a average  angle  of  attack  of  horizontal  stabi- 

lizer, radians 

at  tail  angle  of  attack,  radians 

/?  angle  of  sideslip,  degrees 

7 flight-path  angle,  radians 

6 attitude  angle,  radians  (a +7) 

5 elevator  angle,  radians 

e downwash  angle,  radians 

it  tail  setting,  radians 

The  notations  a and  d,  a and  0,  and  so  forth,  denote 
single  and  double  differentiations  with  respect  to  t. 

The  symbol  A represents  an  increment  from  the  steady- 
flight  datum  value. 

Subscripts: 


0 

initial  or  selected  value 

t 

tail 

max 

maximum  value 

U 

zero  lift 

geo 

geometric 

c 

camber 

METHODS 

METHOD  OF  DETERMINING  THE  DYNAMIC  TAIL  LOAD 

t 

Basic  equations  of  motion. — The  simple  differential  equa- 
tions for  the  longitudinal  motion  of  an  airplane  for  any 


elevator  deflection  (see  method  given  in  reference  2)  may 
be  written  as 

„5S,«=0  (1) 

fi Q2  SjCj  Q 2 

’ , Aa  g-T — ALj  Xt~{ — VtQ.  -7“A5  — (2) 
cLot  0 do  Ot 

Equations  (1)  and  (2)  represent  summations  of  forces 
perpendicular  to  the  relative  wind  and  of  moments  about  the 
center  of  gravity.  (See  fig.  1 for  direction  of  positive  quanti- 
ties.) Implicit  in  these  equations  are  the  foUomng  assump- 
tions: 

(1)  In  the  interval  between  the  start  of  the  maneuver  and 
the  attainment  of  maximum  loads,  the  flight-path  angle  does 
not  change  materially;  therefore,  the  change  in  load  factor 
due  to  flight-path  change  is  small. 

(2)  At  the  Mach  number  for  which  computations  are 
made,  the  aerodynamic  derivatives  are  linear  with  angle  of 
attack  and  elevator  angle. 

(3)  The  variation  of  speed  during  the  maneuver  may  be 
neglected. 

(4)  Unsteady  lift  effects  may  be  neglected. 

By  use  of  the  relations  0 — y + a,  $ = y + a,  and  6 = y+a, 
equations  (1)  and  (2)  are  reducible  to  the  equivalent  second- 
order  differential  equation 


where 


(x-\~K\OL-]rK2  Aa  =Kz  A5 


(3) 


2mlda,  ky^  da 


and 

K,- 


dC„ 

dCz., 

2m  ( 

da  ky^b 

dat 

dCL  K 

P Sa;,-]) 

da  2 m J) 

dCL^  StX 

i-L 

] 

S tX  t V { ^ de  \ 


2m  V 

dCm,  _Sl__ ^ p X,^S,^ 

d8  btky^  da,  d8  2 mky 


In  equations  (1)  and  (2),  Aa,  7,  (9,  A6,  and  ALf  will,  in  a 
given  maneuver,  vary  with  time.  Using  the  relations  between 
6y  7,  a,  and  their  derivatives  permits  equation  (2)  to  be  re- 
written as  follows  to  give  the  increment  in  tail  load: 


Alt- 


dC„ 


Aa  g 


^mkY^a_mky^y  .dCrnt  _ ^ ^ 
bxt  Xt  Xt  db 
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Figure  1. — Sign  conventions  employed.  Positive  directions  shown. 


In  a still  shorter  form,  equation  (4)  may  be  written  as 

Equations  (4)  and  (5)  show  that  the  tail-load  increment  (the 
increment  above  the  steady-flight  datum  value)  at  any  time 
is  composed  of  four  parts:  associated  with  the  angle-of- 

attack  change;  AZ^^,  associated  with  angular  acceleration 
about  the  flight  path;  AZ,„,  associated  with  angular  accelera- 
tion of  the  flight  path;  and  AZ^^,  required  to  compensate  for 
the  moment  introduced  by  change  in  camber  of  the  horizontal- 
tail  surface.  The  load  AZ«^  is  generally  small  but  in  some 
extreme  configurations  may  amount  to  10  percent  of  the 
total  increment  and  thus,  for  the  present,  it  is  retained  in 
the  development. 

If  the  load-factor-increment  variation  with  time  An  is 
known,  then  by  the  usual  definition 

dCL  . 2 (n\ 

^ WjS 


and 


..  nWjS 

dOr. 


The  following  relation  also  exists  between  An  and  7: 


so  that 


An  g = yV 


(7) 

(8) 


When  equations  (6)  and  (8)  are  substituted  into  equations 
(4)  and  (5),  the  four  tail-load  components  then  become 


dCr^WS  , 

(9a) 

^ dCL^^ 
gSqx, 

(9b) 

* 7-  Wky’‘  . 

ALt  = t7 — ^ 

1 Vx, 

(9c) 

dCmt  St^  ^ 5 

(9d) 

Thus,  if  the  variation  of  the  load  factor  with  time  An  and 
the  geometric  and  aerodynamic  characteristics  of  the  airplane 
were  kno\vn,  the  first  three  components  of  the  tail  load  could 
be  found  immediately.  The  magnitude  of  the  fourth  com- 
ponent, that  due  to  horizontal-tail  camber,  would  follow 
from  equation  (3)  in  which  the  elevator  angle  is  seen  to  be 

Substitution  into  equation  (10)  of  the  values  of  Aa,  a,  and 
a from  equation  (6)  yields  the  value  of  the  elevator  angle  at 
any  instant 


AS 


WIS 


^ dCz, 


(?i  d"  K\U  d"  K.2  Ati) 


so  that,  finally,  the  fourth  component  is  given  as 


(11) 


so  that 


Aa= 


An  W/S 
" dC^ 

da  ® 


nWIS 

'dCr. 


dC„ 


WIS 


d8 


, 

dC^ 

da 


{jh-^rKifi-^-K^An)  (12) 


K, 


The  procedure  outlined  shows  that  the  tail-load  magnitude 
can  be  determined  if  the  load-factor  variation  is  known. 

Types  of  load-factor  variation. — -The  relation  between  the 
tail  load,  the  geometric  and  aerodynamic  characteristics, 
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and  the  load  factor  having  been  established,  it  is  desirable  to 
establish  a load-factor  variation  which  is  reasonable  as  well 
as  critical  insofar  as  loads  are  concerned.  The  maximum 
value  of  load  factor  is  usually  specified;  however,  there  are 
many  possible  variations  for  the  shape.  Regardless  of  the 
details  of  shape,  the  load  factor  may  be  considered  to  rise 
smoothly  and  continuously  to  a maximum,  the  rate  of  rise 
depending  upon  several  variables.  Beyond  the  maximum 
value  of  the  load  factor  the  return  to  initial  conditions  can, 
at  the  will  of  the  pilot,  be  either  gradual  or  rapid. 

Experiments  as  well  as  theoretical  studies  have  already 
indicated  that  the  maneuver  that  combines  maximum 
angular  and  linear  accelerations  causes  critical  loads  in  both 
the  wing  and  tail.  One  such  maneuver  occurs  when  the 
maximum  load  factor  is  reached  as  rapidly  as  possible  by 
using  an  initial  elevator  movement  which  is  greater  than 
that  required  to  reach  a given  steady-trim  value  of  the  load 
factor.  This 'initial  elevator  movement  is  followed  by  a 
rapid  checking  of  the  maneuver  either  by  returning  the 
elevator  quickly  to  neutral  or  by  reversing  the  controls.  ' 

The  shape  of  the  load-factor  curve  for  such  a maneuver 
may  be  expressed  approximately  by  several  analytic  func- 
tions, one  of  which  is 

An=^at^e-^^  (13) 

By  way  of  illustration,  figure  2 shows  details  of  the  shape  of 
the  load-factor  curve  obtained  with  the  use  of  equation  (13) 
for  which  the  constants  have  been  adjusted  so  that  an  8^ 
peak  is  reached  in  1 second.  By  further  adjustment  of  the 
constants  the  load  factor  can,  within  certain  limits,  be  made 
to  rise  to  any  specified  peak  and  to  diminish  in  any  prescribed 
manner. 

Because  the  positive  slopes  obtained  from  equation  (13) 
are  always  greater  than  the  negative  slopes,  the  positive 
angular  accelerations  are  greater  than  the  negative  ones.  In 
general,  this  condition  is  true  for  most  high  g critical  ma- 
neuvers performed  by  most  classes  of  airplanes,  but  maneuvers 
may  occasionally  be  performed  for  which  the  reverse  may 
be  true,  particularly  for  small  airplanes. 


0 .6'  .8  /.O  L2  !A  'L6 


Timey  sec 

Figure  2.— Variation  of  load-factor  increment.  An=8(0®‘;®  . 


Determination  of  constants. — From  equations  (9),  (11), 
and  (12)  the  required  quantities  relating  to  load  factor  are 
seen  to  be  An,  h,  and  n.  Since  the  increment  An  is  to  be 
given  by 

An^at^e-^^  (13) 

then  at  maximum  load  factor 

n—0=  An(^—cJ  (14) 


-=0V(.4) 


Then 

(15) 

(16) 
(17) 


Equation  (17)  is  in  nondimensional  form  where  X is  the  time 
to  reach  the  peak  load  factor  and  6 is  a constant. 

When  equation  (17)  is  differentiated,  the  first  and  second 
derivatives  become 


and 


n\^ 

~w 


n\  An  j / 1 A 

(18) 

An,,rxY.  Y 2x.,n 
-N  ‘ L7(‘“6hT+‘J 

(19) 

In  equations  (17)  to  (19)  the  quantities  N,  X,  and  b are 
now  required  in  order  to  determine  the  variation  of  AUy 
and  h.  The  value  of  N is  immediately  available  from  the 
required  maneuver  load  factor;  whereas  the  time  to  reach 
the  peak  load  factor  X can  be  obtained  from  examination  of 
available  records  or  by  specification.  The  constant  b,  as 
may  be  seen  from  equation  (17),  can  best  be  described  as  a 
“shape”  factor  and  has  no  particular  physical  significance. 

The  values  of  X and  b should  be  associated  with  a maneuver 
which  produces  maximum  tail  loads;  therefore,  the  time 
X to  reach  peak  load  factor  should  be  the  minimum  possible 
consistent  with  possible  pilot  action  and  airplane  response. 
The  shape  factor  b should  also  be  consistent  with  both  of 
these. 

In  connection  with  the  determination  of  the  minimum  time 
to  reach  peak  load  factor,  the  results  shown  in  figure  3 for 
a typical  airplane  are  informative.  Figure  3 (a)  shows  the 
load-factor  variation  following  several  abrupt  jump  elevator 
movements.  The  load  factor  varies  with  the  elevator  posi- 
tion, but  the  time  to  reach  peak  load  factor  does  not.  Figure 
3 (b)  shows  the  load-factor  variation  for  several  abrupt  hat- 
shape  elevator  impulses.  Again  the  load  factor  is  seen  to 
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(a)  Jump.  (b)  Impulse. 

Figure  3.— Incremental-load  factor  variations  following  control  movement. 

vary  with  the  amount  of  elevator  deflection  but  the  time  to 
reach  the  peak  value  remains  constant.  Although  the  time 
to  reach  the  peak  load  factor  shown  in  figure  3 (b)  remains 
constant,  it  is  seen  to  be  less  than  that  shown  in  the  previous 
case;  therefore,  an  impulse  elevator  motion  produces  a smaller 
value  of  X than  the  jump  type. 

Because  of  inertia  and  elasticity  in  the  control  system,  the 
pilot  cannot  move  the  elevator  instantaneously  but  requires 
some  finite  time  h to  do  so.  A possible  critical  type  of  eleva- 
tor impulse  thus  appears  to  be  one  which  increases  linearly 
to  maximum  and  decreases  at  the  same  rate  to  zero.  In  order 
to  determine  the  minimum  time  to  reach  peak  load  factor 
associated  Avith  such  a variation,  the  equation  of  motion 
(equation  (3))  has  been  solved  for  the  triangular  elevator 
impulse  for  airplanes  of  various  static  stabilities  and  damping. 

The  results  of  the  computations  are  given  in  figure  4 in 
which  the  minimum  time  X to  reach  peak  load  factor  is 
plotted  against  the  time  h required  to  deflect  the  elevator. 

For  completeness  the  curves  of  figure  4 are  labeled  for  the 
actual  values  of  K2  employed  in  the  computation  as  well 
as  for  relative  values  of  stabiUty.  By  a series  of  computa- 
tions the  damping  term  Ki  was  found,  as  w’*as  to  be  expected, 


213637—53 9 


Figure  4.— Variation  of  X with  i\. 

to  have  only  a secondary  effect  on  X.  The  curves  apply  to 
an  average  value  of  the  damping  constant.  The  upper 
curve,  labeled  “low  stability,''  should  be  associated  with 
rearward  center-of-gravity  positions  (that  is,  low’'  static 
margin)  in  combination  with  one  or  both  of  the  following: 
low  dynamic  pressure  or  heavy  airplanes.  The  loww  curve, 
labeled  “high  stability,"  would  be  associated  wdth  forwwd 
center-of-gravity  positions  in  combination  with  one  or  both 
of  the  following:  high  dynamic  pressure  or  light  airplanes. 
It  is  seen  that  X increases  almost  linearly  with  ti  and  also 
increases  when  the  restoring  forces  are  reduced,  that  is, 
when  the  stability  is  reduced. 

A preliminary  value  of  the  shape  factor  h (required  in 
equations  (17)  to  (19))  was  initially  determined  from  flight 
records  of  typical  impulse  maneuvers  by  fitting  curves  of 
the  type  given  by  equation  (13)  through  several  points  of 
the  actual  time  histories  and  determining  the  constants. 
The  results  of  this  first  step  were  then  modified  by  the 
results  of  the  same  computations  W’*hich  had  been  made  to 
determine  X,  and  the  variation  of  h with  U given  in  figure  5 
was  obtained.  Since  the  h factor  is  not  found  to  be  critical, 
an  average  value  of  5.0  is  suggested,  although  as  a refinement 
the  values  from  figure  5 may  be  used. 
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Figure  5.— Variation  of  shape  factor  b with  h. 

The  question  of  the  value  of  ti  to  use  is  one  which  must  be 
solved  either  from  experience  or  from  a knowledge  of  the 
characteristics  of  the  controls  and  the  control  system.  For 
conventional  airplanes  having  the  usual  amounts  of  boost 


and  no  rate  restrictors,  the  following  values  of  ti  are  sug- 
gested as  representative: 

Fighters  or  small  civil  airplanes  with  w^eight  limit  from  about  500 

to  12,000  pounds,  seconds 0.  20 

Two-engine  airplanes  with  weight  limit  from  25,000  to  45,000 

pounds,  seconds 0.  25 

Four-engine  airplanes  with  weight  limit  from  50,000  to  80,000 

pounds,  seconds j 0.  30 

Airplanes  with  weight  limit  above  100,000  pounds,  seconds 0.  40 


The  minimum  time  X given  in  figure  4 was  actually  estab- 
lished separately  from  the  adopted  load-factor  variation; 
therefore,  in  applying  the  inverse  method,  the  derived  ele- 
vator impulse  would  not  be  expected  to  agree  in  detail  with 
the  ^^tent^^  type  impulse  used  in  the  derivation. 

The  first  three  tail-load  components  can  now  be  computed 
by  inserting  the  values  of  Ati,  n,  and  n from  equations  (17) 
to  (19)  into  equation  (9)  and  using  appropriate  values  of  X 
from  figure  4.  In  order  to  facilitate  this  computation, 
curves  of  An  /iV,  nX/A^,  and  n>?IN  plotted  against  f/X  are 
given  in  figure  6 for  the  suggested  value  of  6—5.  Actually, 
in  order  to  apply  the  results  of  figure  6 it  is  convenient  to 
find  first  the  components  Ai,^,  and  so  forth,  in  terms  of  the 
nondimensional  time  i/X  and  then  to  convert  to  time  t in 
seconds.  In  order  either  to  compute  the  fourth  component 
or  to  obtain  the  elevator  angles  for  use  in  chord  loading,  the 
constants  Ki^  K2y  and  Kz  of  equation  (3)  must  also  be  known. 

Thus,  in  terms  of  t/\  and  the  ordinates  of  figure  6,  the 
various  tail-load  components  are 


dCm 

(ICl  bxt 


(Ordinate  of  fig.  6(a)) 


(20a) 


^ ^ ^ (Ordinate  of  fig.  6(c))  (20b) 

gSqx.-j^ 

^L,:-  = ^ (Ordinate  of  fig.  6(b))  (20c) 

at  dCm,  S,^  W N [“Ordinate  of  fig.  6(c)  , 

da 

g, (Ordinate  of  lig.  6(b))  j^ate  of  fig,  6(a))] 

(20d) 

The  constants  Kx,  Kz,  and  Kz  defined  previously  herein  are 
the  same  as  those  given  in  reference  2,  except  for  changed 
signs  caused  by  specifying  Xt  as  positive. 

The  conversion  to  time  t is  made  by  multiplying  values  of 
the  base  scale  t/\  by  X. 

Sample  calculations  for  incremental  tail  loads. — The 

results  of  several  examples  are  given  to  illustrate  not  only  the 
method  but  also  the  effect  of  each  of  a number  of  variables 
on  the  incremental  tail  load  of  a fighter-type  airplane,  the 
geometric  and  aerodynamic  characteristics  of  which  are 
given  in  table  I.  In  order  to  illustrate  the  effect  of  static 
stability,  results  have  been  computed  for  three  center-of- 
gravity  positions  with  the  assumption  that  an  Sg  recovery  is 
made  at  19,100  feet  from  a vertical  dive  at  an  airspeed  of  400 
miles  per  hour.  In  order  to  illustrate  the  effect  of  the  time 
of  the  elevator  impulse  on  the  tail  load,  computations  were 
carried  out  at  one  of  the  center-of-gravity  positions  for 
several  values  of  The  cases  considered  and  the  airplane 
characteristics  are  given  in  table  I. 

TABLE  I.— AIRPLANE  CHARACTERISTICS 
(a)  Geometric. 


Gross  wing  area,  iS,  square  feet 300 

Gross  horizontal-tail  area,  St,  square  feet 60 

Airplane  weight,  W,  pounds 12,  000 

Wing  span,  6,  feet 41 

Tail  span,  bt,  feet 16 

Radius  of  gyration,  /cy,  feet 6.  4 

Distance  from  aerodynamic  center  of  airplane  less  tail  to 
aerodynamic  center  of  tail,  Xt,  feet: 

Center  of  gravity,  29  percent  M.  A.  C 20.  0 

Center  of  gravity,  24  percent  M.  A.  C 20.  3 

Center  of  gravity  at  aerodynamic  center 21.  0 

(b)  Aerodynamic. 

Slope  of  airplane  lift  curve,  dCJda,  radians 4.  87 

Slope  of  tail  lift  curve,  dCtJdat,  radians 3.  15 

Downwash  factor,  d^fda 0.  54 

Tail  efficiency  factor  {qtfq),  m 1.  00 

Empirical  airplane  damping  factor,  K 1.  1 

Elevator  effectiveness  factor,  dCLjdb,  radians 1.  89 

Rate  of  change  of  tail  moment  with  camber  due  to  elevator 

angle,  dCmJdb,  radian —0.  57 

Rate  of  change  of  moment  coefficient  with  angle  of  attack 
for  airplane  less  tail,  dCm/da,  radians: 

Center  of  gravity,  29  percent  M.  A.  C 0.  625 

Center  of  gravity,  24  percent  M.  A.  C 0.  403 

Center  of  gravity  at  aerodynamic  center 0.  000 
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The  specified  conditions  for  the  sample  computations  are 
given  in  table  II.  The  computed  results  for  tail  components 
are  given  in  figures  7 and  8.  Figure  7 gives  results  for  vary- 
ing the  center  of  gravity  and  figure  8 gives  similar  results  for 
varying  ^i.  The  tail-load  components  are  computed  from 
equations  (20)  and  the  derived  elevator  angles  from  equation 


(11).  If  the  increment  in  tail  load  due  to  camber  and  the 
incremental  elevator  angle  are  not  required,  the  values  of  K 
need  not  be  computed  and  the  computations  are  considerably 
shortened.  Figures  7 and  8 show  that  a maximum  error  of 
only  about  4 percent  is  introduced  by  this  omission. 


Figube  7.— Effect  of  center-of-gravity  position  on  incremental-tail-load  components. 
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TABLE  II.— SPECIFIED  CONDITIONS  OF  SAMPLE 
PROBLEM 


Increment  in  load  factor 8.  0 

Altitude,  feet 19,  100 

Air  density,  slug  per  cubic  foot. 0.  001306 


Case 

c.  g. 

• (percent 
M.  A.  C.) 

<1 

Ki 

Ki 

A’j 

4) 

1 

a.  c. 

0.2 

4.93 

30.4 

-33.4 

0.45 

2 

24 

.2 

4.  72 

16.2 

-32.2 

.50 

3 

29 

.2 

4.61 

8. 45 

-31.7 

.56 

4 

24 

.4 

4.  72 

16.2 

-32.2 

. 77 

5 

24 

.6 

4.  72 

16.2 

-32.2 

1.02 

METHOD  OF  DETERMINING  THE  TOTAL  TAIL  LOAD 

The  initial  or  steady-flight  tail  load  and  elevator  angles  to 
which  the  computed  incremental  values  are  to  be  added 


must  also  be  determined.  In  stead}'  flight,  the  horizontal 
tail  furnishes  the  moment  required  to  balance  the  moments 
from  all  other  parts  of  the  airplane  so  that  the  initial  load 
may  be  VTitten  as 


a 


lira 

(ICl  bxt 


cos  7o 


(21) 


Thus  the  total  tail  load  at  any  time  in  a maneuver  is  com- 
posed of  the  four  previously  mentioned  parts  plus  the 
components  given  in  equation  (21).  Only  the  first  term  of 
equation  (21)  represents  a new  type  of  load  because  the 
second  term  is  a load  of  the  type  given  by  equation  (9a)  or 
equation  (20a)  and  its  effect  may  be  immediately  included  in 
the  computations  by  multiplying  the  ordinates  of  figure  6 by 
N + cos  To  instead  of  by  N. 


FiGUBE  8.— Effect  of  H on  incremental-tail-load  components.  Center  of  gravity,  0.24 
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The  initial  elevator  angle  required  to  balance  the  airplane 
in  steady  flight  varies  with  airplane  Cl  and  center-of- 
gravity  position  so  that,  in  general,  8q  must  be  obtained  from 
wind-tunnel  data.  Without  results  of  wind-tunnel  tests,  a 
rough  rule  which  can  be  used  as  a guide  at  the  design  stage 
in  determining  the  elevator  position  is  that  the  final  elevator 
setting  ^\dll  be  so  adjusted  by  repositioning  of  the  stabilizer 
setting  during  acceptance  tests  that  it  will  be  near  a zero 
position  at  the  cruising  speed  and  at  the  most  prevalent 
center-of-gravity  position. 


METHOD  OF  DETERMINING  MAXIMUM  VALUES 


Maximum  tail  loads  and  angular  accelerations. — The 
method  outlined  enables  a point-by-point  evaluation  to  be 
made  of  the  quantities  that  determine  the  tail  load.  Such 
detail  may  often  be  unnecessary  and  the  procedure  may  be 
shortened  by  evaluating  only  those  points  near  the  load 
peaks  or,  alternatively,  by  accepting  an  approximation  to 
the  results.  One  such  approximation  which  may  be  made 
is  to  balance  the  airplane  at  the  combinations  of  load  factor 
and  angular  acceleration  which  would  result  in  maximum 
up  and  down  tail  loads. 

Figure  7 shows  that  the  maximum  down  tail  load  in  a 
pull-up  occurs  near  the  start  of  the  maneuver  and  before 
appreciable  load  factor  is  reached.  This  maximum  load  is 
practically  coincident  with  the  negative  maximum  in  the 
Lta  tail-load  component.  Since,  for  a given  configuration, 
this  component  increases  as  the  center  of  gravity  is  moved 
forward  and  since  the  steady-flight  down  load  increases  with 
speed,  the  maximum  down  tail  load  in  a pull-up  occurs  at 
the  highest  design  speed  in  combination  with  the  most 
forward  center-of-gravity  position. 

Figures  7 and  8 show  that  at  the  time  of  the  maximum 
down-tail-load  increment  the  elevator  is  near  but  has  not 
quite  reached  its  peak  position.  Also  at  the  time  of  maxi- 
mum up-tail-load  increment  the  elevator  is  near  its  zero 
position,  although  it  may  be  on  either  side  of  this  position 
depending  upon  the  stability  and  the  time  These  results 
suggest  that  the  maximum  down  load  for  the  elevator  and 
the  hinge  brackets  would  occur  with  the  airplane  center  of 
gravity  well  forward  and  at  the  start  of  the  maneuver. 
The  maximum  load  for  the  stabilizer  is  likely  to  occur  at 
the  peak  load  factor. 

Figure  7 also  shows  that  the  up  tail  load  occurs  near  the 
peak  of  the  component  Lt^  as  well  as  near  the  positive  maxi- 
mum peak  in  the  component  Since  the  component 

Lt^  increases  as  the  center  of  gravity  is  moved  rearward 
and  since  a decrease  in  speed  generally  reduces  the  initial 
down  load,  the  maximum  up  tail  load  occurs  at  the  upper 
left-hand  corner  of  the  V-n  diagram  for  the  most  rearward 
center-of-gravity  position. 

The  maximum  tail  load  in  a pull-up  maneuver  may  be 
written  as 


^ Cm^<iSc  ^dC„,ws,  , , le 

X,  ^dCi,  bx,  + 7o)-—  (22) 


where  the  sum  of  the  second  and  third  terms  is  to  be  a 
maximum  in  the  maneuver.  From  the  previous  discussion 


the  load-factor  increment  at  maximum  down  load  is  nearly 
zero  and  at  maximum  up  load  it  is  nearly  equal  to  N so 
that  if  the  positive  and  negative  values  of  dmax  can  be  de- 
termined, a relatively  simple  method  for  determining  maxi- 
miun  loads  is  available. 

Since  by  definition  0=«+7,  an  expression  for  angular 
acceleration  can  be  derived  from  equations  (6)  and  (7)  and 
written  in  the  form 


W/S  , g . 

■cri“+F’* 


The  maximum  angular  acceleration  can  be  approximated 

by 


z^B 


WjS  N gN 
dOL  x*''"  V\ 
^2 


(23) 


For  the  maximum  positive  pitching  acceleration,  B is  the 
maximum  positive  ordinate  in  figure  6 (c)  and  C is  the  ordi- 
nate of  figure  6 (b)  at  a value  of  t/\  for  which  B was  deter- 
mined. Thus,  B is  6.5  and  Cis  0.95  for  this  example. 

For  the  maximum  negative  pitching  acceleration,  B is  the 
maximum  negative  ordinate  in  figure  6(c)  and  0 is  the 
ordinate  of  figure  6(b)  at  a value  of  t/\  for  which  B was 
determined.  Thus,  B is  — 5.8  and  C is  0.80.  For  use  in 
equation  (23)  the  values  of  X for  the  maneuver  are  available 
from  figure  4 and  the  other  quantities  are  available  from 
the  conditions  of  the  problem.  The  maximum  loads  can 
be  given  by  the  following  equations: 

For  maximum  up  tail  load  in  the  pull-up: 


max-{- 
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dCz,  bx, 


(^+i-0)+^Y 


(24a) 


For  maximum  down  tail  load  in  the  pull-up: 
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For  push-downs  to  limit  load  factor,  equations  (24a)  and 
(24b)  still  apply  with  changed  signs  for  N'  and  changed 
directions  for  and  A question  arises  as  to 

whether  the  maximum  do\vn  tail  load  at  the  start  of  a pull-up 
with  forward  center-of-gravity  position  is  greater  than  that 
which  would  occur  when  pulling  up  from  a negative  load- 
factor  condition  with  the  center  of  gravity  in  the  most 
rearward  position.  This  can  be  determined  only  b}^  com- 
puting both  cases  and  seeing  which  is  the  larger. 

Maximum  value  of  angular  velocity. — The  maximum 
value  of  the  pitching  angular  velocity  in  the  pull-up  may 
also  be  found  in  a manner  similar  to  that  used  to  obtain  the 
maximum  angular  acceleration.  Since  B=a-\-y  and  the 
relations  involving  these  quantities  in  terms  of  load  factor 
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are  given  by  equations  (6)  and  (7),  the  follovnng  equation 
may  be  written: 


nWjS  .£^n  ^ 


dCt 

da. 


V 


(25) 


The  maximum  angular  velocity  may  be  approximated  by 


0=D 


N WIS 
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(26) 


where  D is  the  maximum  positive  ordinate  in  figure  6 (b) 
and  E is  the  ordinate  of  figure  6 (a)  at  a value  of  ^/X  for 
which  D was  determined.  Thus  D,  for  this  example,  is  1.95 
and  E is  0.48. 

In  the  steady  turn  or  pull-up  at  constant  the  angular 

velocity  is  usually  given  by  the  expression  ^=1.0  The 

difference  between  the  factor  1.0  of  this  expression  and  the 
factor  0.48  of  equation  (26)  is  more  than  made  up  by  the 
angle-of-attack  component  of  the  angular  velocity. 


APPROXIMATE  METHOD  OF  DETERMINING  LOAD  DISTRIBUTION 

Symmetrical  loading. — The  spanwise  distribution  of  the 
total  load  can  be  formulated  with  various  degrees  of  exact- 
ness. If  information  regarding  details  of  the  angle-of-attack 
distribution  across  the  span  were  available,  then  an  exact 
solution  could  be  obtained  for  the  loading  with  the  use  of 
existing  lifting-surface  methods.  The  following  method  may 
be  used  as  a first  approximation  to  the  solution. 

From  the  total  tail  load,  the  total  tail  lift  coefficient 
can  readily  be  found.  The  average  effective  angle  of  attack 
a of  the  stabilizer  portion  is  given  in  the  definition 


= + Ci^{8o+AS)  ^ dy*  (27) 

where  only  a is  assumed  as  unknown  and  Ci^  and  Ci^  may  be 
taken  as  the  rates  of  change  of  section  lift  coefficient  with  a 
and  5,  respectively. 

Thus,  for  constant  elevator  angle  across  the  span, 


(5o+A5)J"  = 


(28) 


In  a practical  case  both  integrals  in  equation  (28)  need  be 
evaluated  only  once  for  a given  configuration  and  Mach 
number.  A plot  of  a against  6^^  with  6 as  a parameter 
would  be  useful  in  further  computations.  With  a Imown  as 
a function  of  Cl^  and  6,  the  local  lift  at  any  spanwise  station 
is  then  obtained  from  the  expression 


l=ci^  gc=[ci^a+c^{do+^S)]  qc 


Unsymmetrical  loading. — Up  to  this  point  the  total  loads 
have  been  assumed  to  be  symmetrical  about  the  airplane 
center  line,  whereas,  in  reality,  the  load  may  have  an  un- 
symmetrical  part.  The  sources  of  this  dissymmetry  may 
be  due  to  uneven  rigging,  differences  in  elasticity  between 
the  two  sides,  or  to  effects  of  slipstream,  rolling,  and  sideslip. 
The  first  two  sources  are  usually  inadvertent  ones  while  the 
last  two  are  difficult  to  determine  vdthout  either  wind-timnel 
tests  or  a knowledge  of  how  the  airplane  ^vill  be  operated. 
Present  design  rules  regarding  dissymmetry  of  tail  load  are 
concerned  more  with  providing  adequate  design  conditions 
for  the  rear  of  the  fuselage  than  \vith  recognizing  that  at  the 
maximum  critical  tail  load  some  dissymmetry  may  exist. 

Tests  in  the  Langley  full-scale  tunnel  (reference  6)  and 
flight  tests  (reference  7)  of  a fighter-type  airplane,  as  well 
as  unpublished  flight  tests  of  another  fighter-type  airplane, 
indicate  that  the  tail-load  dissymmetry  varies  linearly  with 
angle  of  sideslip  so  that  the  difference  in  lift  coefficient 
between  the  two  sides  of  the  tail  can  be  given  as 


-Cr 

^Right  ^Left 


(3.0) 


The  average  values  of  A per  degree  found  for  the  two  fighter- 
type  airplanes  are  approximately  0.01.  No  similar  values 
are  available  for  larger  airplanes  nor  for  tail  surfaces  having 
appreciable  dihedral. 

In  maneuvers  of  the  type  considered  herein  it  is  doubtful 
that  angles  of  sideslip  larger  than  3®  would  be  developed  at 
the  time  the  maximum  tail  load, is  reached.  If  the  value 
of  the  sideslip  angle  at  the  time  of  maximum  tail  load  can 
be  established,  equations  (27)  to  (29)  are  easily  modified  to 
include  this  effect,  provided  that  the  approximate  value  of 
A is  known. 

Chordwise  loading. — The  chordwise  distribution  can  be 
determined  for  any  one  spanwise  station  in  either  of  two  ways. 
One  way  for  design  work  is  outlined  in  reference  8.  A 
knowledge  of  the  airfoil  section  and  the  quantities  contained 
in  equation  (29)  suffices  for  this  determination. 

If  pressure-distribution  data  are  available  for  a similar 
section  with  flaps,  an  alternative  way  would  be  to  distribute 
the  load  chordwise  according  to  the  two-dimensional  pressure 
diagrams  with  the  use  of  the  computed  values  of  section  lift 
coefficient  and  elevator  angle. 


DISCUSSION 

The  method  presented  is  another  approach  to  the  deter- 
mination of  tail  loads.  From  the  results  given  in  figures  7 
and  8,  it  can  be  seen  that  the  camber  component  Lt^  is  so 
small  that  for  all  practical  cases  it  may  be  omitted  with 
considerable  simplification  in  the  computation  of  tail  loads. 
This  omission  reduces  to  a minimum  the  number  of  aero- 
dynamic parameters  needed  to  compute  the  tail  loads. 


(29) 
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It  is  possible,  in  the  application  of  the  present  method  with 
the  use  of  the  suggested  values  of  that  the  derived  elevator 
angles  may  not  be  Avithin  the  pilot^s  capabilities.  Since  it 
must  be  assumed  that  all  airplanes,  to  be  satisfactory, 
should  have  sufficient  control  to  reach  their  design  load 
boundaries,  such  an  occurrence  requires  only  that  the  time 
to  reach  elevator  peak  deflection  be  increased  so  as 
to  reduce  the  elevator  angle.  The  results  of  figure  8,  in 
which  the  time  U is  varied,  furnish  a useful  guide  for  deter- 
mining the  increase  U that  might  be  required. 

If  sufficient  information  is  available,  it  is  recommended 
that  existing  lifting-surface  methods  be  used  in  determining 
the  spanwnse  distribution  of  the  total  load;  however,  if 
information  of  the  angle-of-attack  distribution  across  the 
span  is  not  known,  the  method  presented  may  be  used  as 
a first  approximation. 

Along  some  of  the  boundaries  of  the  V-n  diagram  tail 
buffeting  may  occur.  Measurements  show  that  buffeting 
usually  occurs  along  the  line  of  maximum  lift  coefficient  and 
again  along  a high-speed  buffet  line  which  is  associated  with 
a compressibility  or  force  break  on  some  major  part  of  the 
airplane.  All  airplanes  are  subject  to  buffeting  at  the 
design  conditions  associated  with  the  left-hand  corner  of  the 
V-n  diagram.  Only  high-speed  or  high-altitude  airplanes 
or  both  are  capable  of  reaching  the  other  boundary.  Meas- 
urements show  that  the  oscillatory  buffeting  loads  may  be 
so  high  that  the  designer  should  at  least  be  cognizant  of 
them  at  the  design  stage. 

The  maximum  angular  acceleration  varies  inversely  with 
airspeed  and  directly  with  the  load  factor  with  the  contri- 
bution due  to  acceleration  in  angle  of  attack  likely  to  be 
more  important  than  the  angular  acceleration  of  the  flight 
path.  A somewhat  similar  variation  is  indicated  for  the 
maximum  angular  velocity  (equation  (26))  where  it  is  seen 
by  direct  substitution  that  the  part  due  to  angle  of  attack 
is  likely  to  be  larger  than  the  part  due  to  the  angular  velocity 
of  the  flight  path. 

CONCLUDING  REMARKS 

A simple  method  has  been  presented  for  determining  the 
horizontal  tail  loads  in  maneuvering  flight  with  the  use  of  a 
prescribed  incremental  load-factor  variation. 


The  incremental  tail  load  was  separated  into  four  com- 
ponents representing  a,  a,  y,  and  c.  The  camber  com- 
ponent Lf^  is  so  small  that  for  most  conventional  airplanes 
it  may  be  neglected;  therefore,  the  number  of  aerodynamic 
parameters  needed  in  this  computation  of  tail  loads  was 
reduced  to  a minimum. 

An  approximate  method  is  presented  for  predicting  maxi- 
mum angular  accelerations  and  maximum  angular  velocities. 

The  method  indicates  that  maximum  tail  loads  in  a 
pull-up  occur  at  forward  center-of-gravity  positions  and 
earl3^  in  the  maneuver.  The  maximum  down  tail  loads  in 
a pull-up  occur  at  the  highest  design  speed  in  combination 
with  the  most  forAvard  center-of-gravity  position.  The 
maximum  up  tail  load  occurs  at  the  upper  left-hand  corner 
of  the  V-n  diagram  for  the  most  rearAvard  center-of-gravity 
positions. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  February  9,  1950. 
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A SMALL-DEFLECTION  THEORY  FOR  CURVED  SANDWICH  PLATES ' 

By  Manuel  Stein  and  J.  May’ers 


SUMMARY 

A small-dejlection  theory  that  takes  into  account  deformations 
due  to  transverse  shear  is  ^presented  for  the  elastic-behavior 
analysis  of  orthotropic  plates  of  constant  cylindrical  curvature 
with  considerations  of  buckling  included.  The  theory  is 
applicable  primarily  to  sandwich  construction. 

INTRODUCTION 

The  usual  sandwich  plate  as  used  in  aircraft  construction 
consists  of  a light-weight,  low-stiffness  core  material  bonded 
or  riveted  between  two  high-stiffness  cover  sheets.  The 
elastic  behavior  of  such  plates  under  loading  cannot  be 
analyzed  by  conventional  plate  and  shell  theories  in  general 
since  these  theories  neglect  deformations  due  to  transverse 
shear,  an  effect  which  may  be  of  great  importance  in  sand- 
wich construction. 

Many  authors  have  considered  transverse  shear  deflections 
in  analyzing  the  elastic  behavior  of  flat  sandwich  plates  by 
means  of  small-deflection  theories  (see,  for  example, 
references  1 to  4).  Most  of  this  work  has  been  concerned 
with  sandwich  plates  of  the  isotropic  type  (for  example, 
Metalite,  cellular-cellulose-acetate  core).  In  reference  3, 
however,  sandwich  plates  of  the  orthotropic  type  are  also 
considered  (for  example,  corrugated  core). 

The  treatment  of  curved  sandwich  plates  in  the 
literature  has  not  been  as  general  as  that  accorded  flat 
sandwich  plates,  although  several  specific  studies  of  the 
curved  isotropic  sandwich  plate  have  been  published.  These 
studies  have  covered  (a)  simply  supported,  slightly  curved 
isotropic  sandwich  plates  under  compressive  end  loading 
(reference  1),  (b)  axially  symmetric  buckling  of  a simply 
supported  isotropic  sandwich  cylinder  in  compression 
(reference  1),  and  (c)  a nonbuckling  small-deflection  theory 
for  isotropic  sandwich  shells  which  takes  into  account  not 
only  deflections  due  to  shear  but  also  the  effects  of  core 
compression  normal  to  the  faces  (reference  5). 

The  need  for  a general  theory  for  curved  sandwich  plates 
which  is  applicable  to  orthotropic  as  well  as  isotropic  types 
and  which  includes  both  nonbuckling  and  buckling  effects  has 
led  to  the  development  of  the  theory  presented  in  this  report. 
This  theory,  which  takes  into  account  deflections  due  to 


transverse  shear,  covers  those  types  of  sandwich  plates 
having  constant  cylindrical  curvature,  similar  properties  on 
the  average  above  and  below  the  middle  surface,  and 
essentially  constant  core  thickness. 

SYMBOLS 

D,  flexural  stiffness  of  isotropic  sandwich  plate, 

inch-pounds 

D flexural  stiffness  of  ordinary  plate,  inch-pounds 

(_E^\ 

Dxf  Dy  flexural  stiffnesses  of  orthotropic  plate  in  axial 

and  circumferential  directions,  inch-pounds 
Vj^y  twisting  stiffness  of  orthotropic  plate  in 

a;i/-plane,  inch-pounds 

Dq  , Vq  transverse  shear  stiffnesses  of  orthotropic 
plate  in  axial  and  circumferential  directions, 
pounds  per  inch 

Dq  transverse  shear  stiffness  of  isotropic  sandwich 

plate,  pounds  per  inch 

E Young's  modulus  for  ordinary  plate,  pounds 

per  square  inch 

Eg  Young's  modulus  for  faces  of  isotropic  sand- 

wich plate,  pounds  per  square  inch 
ExjEy  extensional  stiffness  of  orthotropic  plate  in 

axial  and  circumferential  directions,  pounds 
per  inch 

Gxy  shear  stiffness  of  orthotropic  plate  in  xy-plane, 

pounds  per  inch 

mathematical  operators  defined 
in  section  entitled  ‘Theoretical  Derivations" 
Mz,  My  bending  moments  on  plate  cross  sections 

perpendicular  to  x-  and  y-axes,  respectively, 
inch-pounds  per  inch 

Mxy  twisting  moments  on  cross  sections  perpendic- 

ular to  X-  and  y-axes,  inch-pounds  per  inch 
NxjNy  resultant  normal  forces  in  x-  and  ^-directions, 

pounds  per  inch 

Nxy  resultant  shearing  force  in  x?/-plane,  pounds 

per  inch 

g lateral  loading,  poimds  per  square  inch 


» Supersedes  NAG  A TN  2017,  “A  Small-Deflection  Theory  for  Curved  Sandwich  Plates”  by  Manuel  Stein  and  J.  Mayers,  1950. 
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resultant  shearing  forces  in  7/2-plane  and 
xs-plane,  respective!}^,  pounds  per  inch 
depth  of  isotropic  sandwich  plate  measured 
between  middle  surfaces  of  faces,  inches 
constant  radius  of  curvature  of  plate,  inches 
thickness  of  ordinary  plate,  inches 
thickness  of  face  of  isotropic  sandwich  plate, 
inches 

displacements  in  x-,  y-,  ^-directions,  respec- 
tively, of  a point  in  middle  surface  of 
plate,  inches 
rectangular  coordinates 
shear  strain  in  a:y-plane 

normal  strains  in  axial  and  circumferential 
directions 

Poisson’s  ratio  for  ordinary  plate 
Poisson’s  ratios  for  orthotropic  plate,  defined 
in  terms  of  curvatures 

Poisson’s  ratios  for  orthotropic  plate,  defined 
in  terms  of  normal  strains 


THEORETICAL  DERIVATIONS 

""  GENERAL  THEORY 

In  developing  the  equations  of  equilibrium  for  the  ortho- 
tropic curved  plate  element,  shown  in  figure  1,  the  basic 
assumptions  made  are  that  the  materials  are  elastic,  that  the 
deflections  are  small  compared  with  the  plate  thickness, 
and  that  the  thickness  is  small  compared  with  the  radius  of 
curvature.  The  last  assumption  implies  that  the  shear 
forces  Nxy  and  Nyx  are  equal  and  that  the  twisting  moments 
Mxy  and  Myx  are  equal. 

Eleven  basic  equations. — As  in  ordinary  curved-plate 
theory,  11  equations  exist  for  orthotropic  curved  plates 
(considering  deflections  due  to  shear)  from  which  the  dis- 
placements acting  in  the  plate  can  be  determined.  The  11 
equations  consist  of  5 equilibrium  equations,  3 equations 


z,  w 


x,u 


relating  resultant  forces  to  strains,  and  3 equations  relating 
resultant  moments  with  curvatiu*es  and  twist. 

The  first  five  equations,  expressing  force  equilibrium  in 
the  X-  and  ^/-directions,  moment  equilibrium  about  the  x- 
and  7/-axes,  and  force  equilibrium  in  the  ^-direction,  are 


diVx  ■ ^Nxy 
dx  by 

bNy  bNxy^ 
by  bx 


<2x 


dx 


by 


b^w 
bx  by 


(la) 

(lb) 

(lc) 

(ld) 

(le) 


It  should  be  noted  that  in  these  equations,  higher-order 
terms  have  been  neglected  in  accordance  with  considerations 
similar  to  those  of  reference  6. 

For  the  orthotropic  curved  plate,  the  relations  between 
the  resultant  middle-surface  forces  and  the  middle-surface 


strains  are  (see  appendix) 

(2a) 

jv,-,-®;  ,-(l’ 

1— » \2>2/  r bxj 

(2b) 

(2c) 

From  reference  3,  the  corresponding  relations 
resultant  moments  and  curvatures  and  tvdst  are 

between 

A 

Vb^w 

1 1 

^b^w 

,j_  w 

1— /iiMy 

[dx^ 

(3a) 

Dy 

~b‘^w 

'b^w 

n 

1— MxMv 

w 

Dq^  bx  ) 

'J 

(3b) 

i[/f  — i n / 0 

b^w  1 bQy 

1 

(3c) 

— 2 - 

xy 

bx  by  Dq^  bx 

Equations  (1),  (2),  and  (3)  are  the  11  basic  equations  neces- 
sary for  determining  the  forces,  moments,  and  deflections 
acting  in  the  plate.  The  number  of  equations  can  be  reduced 
to  five,  however,  by  substituting  equations  (2)  and  (3)  into 
equations  (1).  In  this  manner,  five  differential  equations  are 
obtained  for  determining  the  resultant  transverse  shear 
forces  Qx  and  Qy  and  the  displacements  u,  i?,  and  w. 
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The  1 1 basic  equations  presented  are  not  restricted  to  de- 
flection problems  alone  but  may  be  applied  to  buckling  prob- 
lems as  well  by  considering  the  changes  that  occur  during 
buckling  and  modifying  equations  (1)  acco^dingl3^  For 
equilibrium  of  the  curved  plate  element  after  buckling, 
equations  (1)  can  be  written  with  Nx,  Nxy,  Ny,  Qx,  Qv,  Mx, 
Mxy,  My,  and  w replaced  by  Nx^+Nx^,  Nxy^-\-Nxy^,  * • • , 
respectively,  where  the  subscript  0 refers  to  values 
prior  to  buckling  and  the  subscript  I refers  to  changes  in 
these  values  that  occur  during  buckling.  For  equilibrium 
of  the  curved  plate  element  prior  to  buckling  the  following 
equations  apply: 


dx 

by 

1 2>An,(,  ^ 

by  ' 

bx 

^Mx, 

> dx 

by 

bM,„ 

. -N. 

1 ^^XV(,_ 
1 - 

^0  dx^ 


, /I  , 1 OAT  , n 

) + 2Mr„o  5a;  5y+2 


Subtracting  the  previous  equations  from  equations  (1) 
(as  modified)  gives  the  following  equilibrium  equations  which 
appl}^  to  buckling  problems: 


prior  to  buckling  is  zero  or  constant  as  occurs  for  many 
problems  (for  example,  axial  compression,  hydrostatic  pres- 
sure), all  derivatives  of  Wq  vanish.  For  this  type  of  problem 
equation  (4e)  becomes 


dx 


bQy^  b^w 


2N, 


b^Wi 


^0  dx  by 


(4e0 


The  six  equations  relating  changes  in  middle-surface  re- 
sultant forces  with  buckling  strains  and  changes  in  moment 
with  buckling  distortions  are  identical  with  equations  (2) 
and  (3)  with  the  subscript  1 added  to  A^x,  Nxy^  Ny,  Qx,  Qyt 
Mxf  Mxyy  My,  u,  V,  and  w. 

The  11  equations,  given  by  equations  (4)  and  equations 
(2)  and  (3)  (with  subscript  1),  apply  to  buckling  problems 
in  general  (with  equation  (4e)  or  (4e')  as  required)  and  can 
be  used  to  obtain  the  critical  values  of  the  loads  acting  on 
the  plate.  As  is  shown  in  the  next  section,  however,  for  the 
case  in  which  the  deflection  prior  to  buckling  is  zero  or  con- 
stant, the  11  equations  can  be  suitably  combined  to  yield  3 
equations  in  Wi,  Qx^,  and  Qy^,  a form  convenient  for  applica- 
tion to  plates  of  sandwich  construction. 

Reduction  to  three  equations  for  buckling  problems  in 
which  the  deflection  prior  to  buckling  is  zero  or  constant. — 
The  reduction  of  the  11  equations  to  3 equations  in  Wi,  Qx^, 
and  Qy^  is  achieved  in  several  steps  as  follows:.. 

By  differentiating  equation  (4c)  with  respect  to  x,  equa- 
tion (4d)  with  respect  to  y,  and  adding  the  results  to  obtain 
the  relationship 


bNx.  ^Nx, 


Qv 


bx  ' 

by  ^ 

by  ' 

bx 

bMx 

> , ^Mx,, 

^ bx 

by 

bM„, 

2»M„, 

1 

by 


(4a) 

(4b) 

(4c) 

(4d) 


bx  bx  by 


(4e) 

H7  b*1»i  1 A7 

In  equation  (4e)  the  terms 

may  be  neglected  since  the}'^  will  be  small  compared  with 
b^w  b^w  b^w 

Nx^  Ny^  enxdNxv.^^^-  Also,  if  the  deflection 


Xo  ^3.2'  5^2 


^0  bx  by 


b^Mxy^ 


bx  by  bx^  ^ bx  by 
equation  (4e')  may  be  rewritten  as 

b^Mx^  o , ^^My^  ^ Ny^ 


by^ 

b^Wi 


bx^  bx  by  by^ 

b^Wi  . b^Wi  ^ 


^0  dx^ 


''’'0 

Next,  equations  (2)  and  (3)  (with  subscript  1)  are  substituted 
into  the  equilibrium  equations  (4a)  to  (4d)  and  (4e")  to  give 

b^w,  , b^»i  fi'ybwi,,  , , ' Gxy  ypi 

b^~T  bx+^^ 


b^V\  1 bWi  I f b^'lLy  ^ , f ^ Gxy  I ^ “^1  \ 


, Uj:  / Cl-Wi  X " '<^^1  I <->  »^1  My  \ ■ 

^^1  1 \ bx®  Dq^  bx®  bx  by®  Oo„  bx  by/”^ 


Dx  /b®Wi  1 ^^1  , 

bx®  ■ 

b^Wi  1 1 

2>2// 


5°-0 


bx  by®  Dq^  by®  Dq^  bx  by/ 


(5) 

(6) 

(7) 
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‘ 1— 


5^Wl  Mr  ^^^^1 
lixHv\(>y^  Dq^  Do^bxby 


1 


d^Wi  1 ^^Qzi  1 


bx^by  Dq  bxby  Dq  bx^ 


(8) 


b-Wi 


^_[^x  ^Qh 

Dq\i- 


1 r Dy  ^Qvi  . / flyP, 
Dq  \ l—iXxfiv  by^  \l—yx 


-Hxfiy  bx^ 


ybx^byj 

where  Ld  is  the  linear  differential  operator  defined  by 


defined  in  reference  7,  and,  as  is  shown  subsequently, 
reduces  to  V"^  for  the  special  case  of  the  isotropic  plate. 

Substituting  the  expressions  for  and  from  equations 
(12)  and  (13)  into  equation  (9)  and  replacing  ^ by 


results  in  the  following  equation: 

^ V by^  ^-^^^Obx  by) 


Y I ^xy  Y — 

LnWy-^r^LE 


1 

r Dx  1 

(9) 

_1 — l^xy-y  MxMy 

1 

Dy  / HyDx  I 

Dq 

_l—flxyy  by^  \1—Hxliy 

h A 


h A 


Vdx  dyq 

>)!%]-»  0^) 


Lo 


Dx  , / fiyPx  I 

1 — JUxMv  ^a:*~^\l  — MzMj/ ’ 

A,  y 

1— MzMi/  2)2/^ 


2 Aiy 


MxA.  \ y 

\—}Xxixy)  bx^by^ 


At  this  point,  six  equations  have  been  eliminated  and,  there- 
fore, five  equations  remain — equations  (5),  (6),  (7),  (8),  and 
(9)  in  Uu  Vu  Wu  Qx^  and  Qy^. 

A further  reduction  in  the  number  of  equations  and  un- 
knowns is  effected  by  first  solving ' equations  (5)  and  (6)  to 
obtain  relations  from  which  Ui  and  Vi  can  be  determined 
and  then  substituting  for  Ui  and  Vi  in  equation  (9).  The 
expressions  obtained  by  solving  equations  (5)  and  (6),  in 
accordance  with  the  rules  governing  the  multiplication  of 
linear  operators,  are 


rLeUi^^'y 


and 


Gxy  Gxy 

b^Wx 

(10) 

Ey  bx^  Ex 

dx  by^ 

, Gxy\  b^Wl 

" Ey)  bx^by 

, Oxy  d^Wi 

^Ex  by^ 

(11) 

where  Le  is  the  linear  differential  operator  defined  by 


At  this  stage,  the  original  1 1 equations  have  been  reduced 
to  the  3 equations  (14),  (7),  and  (8),  in  the  3 unknowns 
V)u  Qx,,  and  Qy^, 

For  most  problems,  equations  (14),  (7),  and  (8),  together 
with  proper  boundary  conditions,  can  determine  the  elastic 
stability  criteria  for  an  ortho  tropic  curved  plate  subjected  to 
middle-surface  loadings.  It  should  be  noted,  however,  that 
the  three  equations  are  not  sufficient  if  boundary  conditions 
are  specified  on  the  displacements  Ui  and  Vi.  For  boundary 
conditions  on  U\  and  Vu  as  well  as  W\y  equations  (10)  and 
(11)  must  also  be  employed.  When  boundary  conditions 
are  not  specified  on  Ui  and  Vi  (the  case  when  only  equations 
(14),  (7),  and  (8)  are  used),  certain  boundary  conditions  are 
implied,  nevertheless,  by  equations  (10)  and  (11),  consistent 
with  the  expression  for  Wi.  A discussion  of  similar  implied 
boundary  conditions  on  Ui  and  Vi  is  included  in  reference  7. 

SPECIAL  CASES  OF  BUCKLING  EQUATIONS 

Isotropic  curved  sandwich  plate  with  non-direct-stress- 
carrying  core. — For  the  isotropic  sandwich  plate  with  non- 
direct-stress-carr}dng  core,  the  physical  constants  bear  the 
following  relationships  to  those  of  the  orthotropic  plate: 


T l — n' 

^^'^EybX^^V  ^^Ey) 


, Gxy  b^ 

bx'^by'^  Ex  by^ 


The  relationships  given  by  equations  (10)  and  (11)  may 
be  written  in  a form  more  suitable  for  substitution  into 
equation  (9)*  by  differentiating  equation  (10)  with  respect 
to  X,  equation  (11)  with  respect  to  y,  and  then,  symbolically 

solving  the  equations  for  and  respectively,  to  give 


bui  j-  _ 

- 1 y Gxy  b^W  1 Gxy 

bx 

\ r Ey  bx*  rEx 

1 

( ■,  > Gxy 

Ey  b*W, 

s.  — ^ 

\ r bx^by'^  ; 

b^Wi 


Gxy  b'^Wi 


tEx  by 


0 


(12) 


(13) 


where  Le  ^ is  defined  by  Le  \LeW^=Le{Le  ^w^=Wx.  The 
inverse  operator  Le~^  is  similar  to  the  inverse  operator 


— Ao„ — Ac 


Mz  My — M X — M^y — M 


Aa;=Ay=  As(l  — 

Axy=Ajf(l— )u) 

Ex=Ey=2E,U 

Ests 


G. 


1+M 


These  relationships  permit  equation  (14)  to  be  simplified  as 
follows: 
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where 


V— 51  + 2 -^+-51 

~dx'^  dx’dy’^dp' 

and  V"**  is  defined  by  V“^(V%i)=VH^”^'w;i)='^i* 

In  this  case,  however,  equations  (7)  and  (8)  are  not  needed 

to  obtain  the  quantity  quantity  can 

be  found  more  conveniently  from  equation  (4e').  From 
equation  (4e'),  therefore, 


:i/i 


dx  dy 


# 


I AT 

r bP" 


-N, 


Vo 


d^Wi 

W 


-2N, 


b^Wi  \ 

‘”'0  bx  by) 


Substituting  for  in  equation  (15)  gives 


V-  V (-^)- 


b^Wi  . 
Vo 


*"0  bx  by 


,)-» 


(16) 


The  term  —Nyjr,  which  appears  in  equation  (14)  for  . the 

,1  . 1 , Gxy  r -1  J ^ ^_4d%i 

orthotropic  plate  as  Le  reduces  to  — p—  V 

for  the  case  of  the  isotropic  plate.  If  this  result  is  used  in 
equation  (16),  the  equation  of  equilibrium  for  the  isotropic 
curved  sandwich  plate  with  non-direct-stress-carrying  core 
becomes 


1- 


V- 


4 


"b^Wx 

bx^ 


b^Wi 


Vo 


by^ 


-2M 


b^Wi 

^^0  by 


)]=0 


(17) 


If  the  radius  is  taken  infinite,  equation  (17)  becomes 
equivalent  to  equation  (71)  of  reference  4. 

Isotropic  curved  plate,  deflections  due  to  shear  neg- 
lected.— The  present  theory  can  be  reduced  to  a known 
theory  for  ordinary  curved  plates  by  appropriate  substitu- 
tions for  the  physical  constants.  For  an  ordinary  plate,  the 
physical  constants  become 

Dq^=Dq^=  00  (no  shear  deflections) 

Dz=Dy=D  (1— 

Dxy=D{l—ll) 

Ex--=Ey=Et 

r -—^1— 

^ 2(1 -Hm) 


Upon  substitution  of  these  constants  into  equation  (14), 
the  resulting  equation  becomes  independent  of  equations 
(7)  and  (8)  and  the  equilibrium  equation  of  the  ordinary 
curved  plate,  therefore,  is  given  by 


, Et„  .5%i 

zw<»,+^v-‘-5jJ. 


N, 


b^Wi 


*0  bx^ 


■iVi 


Vo 


b^Wi 

w 


■2N, 


b^Wi 


bx  by 


)=0 

(18) 


Equation  (18)  is  equivalent  to  the  modified  equilibrium 
equation  for  ordinary  curved  plates  presented  in  reference  7. 


CONCLUDING  REMARKS 

A theory  has  been  developed  for  analyzing  the  elastic 
behavior  of  orthotropic  cmved  plates,  that  takes  into  account 
the  effect  of  deflections  due  to  shear  and  requires  the  use  of 
12  physical  constants  to  characterize  the  plate.  Seven  of 
the  physical  constants  appearing  in  the  equations  of  equi- 
librium are  directly  associated  with  the  flat-orthotropic- 
plate  theory  presented  in  NACA  Rep.  899.  The  remaining 
five  physical  constants  are  included  in  the  present  theory 
to  account  for  the  stretching  under  loading  of  the  middle 
surface  of  the  curved  plate. 

For  each  type  of  orthotropic  plate,  the  12  physical  con- 
stants may  be  evaluated  either  from  the  geometry  of  the 
cross  sections  and  the  properties  of  the  materials  used  or 
by  direct  tests  conducted  on  sample  specimens.  Because 
two  reciprocal  relationships  exist  (see  appendix),  only  10 
of  the  constants  need  be  determined  independently. 

The  theory  presented  in  this  report  does  not  take  into 
account  the  compressibility  of  the  sandwich  plate  in  a direc- 
tion normal  to  the  faces.  Such  an  effect  does  not  enter  into 
flat-sandwich-plate  theory  but  might  be  of  importance  in 
certain  types  of  curved  sandwich  plates  where  the  elastic 
constants  of  the  core  material  are  small  compared  with 
those  of  the  face  material. 

For  practical  sandwiches  of  the  end-grain-balsa  f or 
corrugated-core  types,  order-of-magnitude  considerations  lead 
to  the  conclusion  that  the  effect  of  core  compressibihty  will 
be  neghgible  as  regards  both  buckling  loads  and  deflections. 
For  sandwiches  Avith  less  stiff  cores — for  example,  cellular 
cellulose  acetate — the  effect  of  core  compressibility  will  be 
more  important.  Even  for  such  cores,  however,  in  the  case 
of  all  the  numerical  examples  given  in  NACA  TN  1832,  the 
effect  of  core  compressibihty  is  neghgible  in  comparison  with 
the  effect  of  transverse  shear  deformations  for  sandwich-type 
circular  cylindrical  sheUs.  The  present  theory,  in  which  the 
core  is  assumed  to  be  incompressible  in  a direction  normal  to 
the  faces,  appears,  therefore,  to  be  applicable  to  most  prac- 
tical sandwich  plates. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
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APPENDIX 

DERIVATION  OF  MIDDLE-SURFACE  FORCE-DISTORTION  RELATIONSHIPS 


The  orthotropic  curved  plate  (effects  of  transverse  shear 
being  considered)  is  characterized  by  12  physical  constants, 
7 of  which  are  associated  vdth  flat  plates,  as  presented  in 
reference  3.  The  remaining  five  constants  enter  the  present 
theory  because  of  the  additional  stretching  strain  developed 
under  loading  in  the  middle  surface  of  the  curved  plate.  In 
this  appendix  the  five  additional  constants  are  defined,  and 
expressions  for  the  resultant  forces,  involving  these  con- 
stants, are  derived. 

Physical  constants. — The  seven  flat-plate  constants  are  the 
flexural  stiffnesses  and  Dy^  the  flexural  Poisson  ratios 
and  /iy,  the  twisting  stiffness  Dxy,  and  the  transverse  shear 
stiffnesses  Dn  and  Dn  . As  derived  in  reference  3,  the  first 
four  of  these  constants  are  related  by 

The  five  additional  constants  appearing  in  the  curved-plate 
theory  are  the  extensional  stiffnesses  and  Ey^  the 
extensional  Poisson  ratios  and  }x'y,  and  the  shearing 
stiffness  Gxy^  The  first  four  constants  are  found  by  a 
procedure  similar  to  that  used  in  reference  3 to  be  related  by 

M xEy=  p,  yEx 

As  a result  of  these  two  reciprocal  relationships,  only  10  of 
the  12  physical  constants  need  be  determined  independently. 

The  five  additional  physical  constants  are  defined  in  the 
same  manner  as  the  flat-plate  constants  of  reference  3 — 
that  is,  by  considering  the  effect  of  imposing  particular 
loading  conditions  on  the  element  shown  in  figure  1.  To 
obtain  Exj  for  example,  only  the  middle-surface  forces  Nx 
are  assumed  to  be  acting  on  the  element.  As  a result  of 
this  loading,  the  strain  €x  is  induced  in  the  middle  surface. 

N 

The  stiffness  Ex  is  then  defined  by  the  relation  Ex= — - 
when  only  Nx  is  acting. 

The  Poisson  effect  of  the  forces  Nx  acting  on  the  element 
is  to  introduce  a strain  €y,  negative  with  respect  to  ex,  in  the 
middle  surface.  The  constant  /x  is  then  defined  by  the 

relation  pi'a;=— — when  only  Nx  is  acting. 

€x 

In  a similar  manner,  Ey^  ji'y^  and  Gxy  are  defined  as 
Ey=^  when  only  Ny  is  acting,  when  only  Ny  is 

€y  * €y 

acting,  and  Gxy=^^- 

7xy 


Resultant  forces. — The  relations  between  the  elastic 
middle-surface  strains  and  forces,  satisfying  the  foregoing 


7zy 


n as 

Nx 

, Ny 

Ex 

E„ 

Ny 

, Nx 

'Ey 

Ex 

Gxi 


(Al) 


The  three  strain  equations  can  be  solved  for  Nx,  N„,  and 
Nru  in  terms  of  the  strains  to  give 


Nx" 


E, 


1 x.^  y 

Ey 


f t M y^^ 


(^v+f^'x€x) 

^ M xM  1/ 
Nxy'^Gxy7xy 


(A2) 


Substituting  the  expressions  for  the  middle-surface  strains 
of  a cylindrical  section  in  terms  of  middle-surface  displace- 
ments 


_du 

_bv  w 
by  r 

_bu  , dz; 
by^bx 


into  equation  (A2)  gives 


(A3) 


These  equations  are  used  in  the  derivation  of  the  equilib- 
rium equations. 
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INVESTIGATION  OF  FRETTING  BY  MICROSCOPIC  OBSERVATION* 

By  Douglas  Godfrey 


SUMMARY 

An  experimental  investigation,  using  microscopic  observation 
and  color  motion  photomicrographs  of  the  action,  was  conducted 
to  determine  the  cause  of  fretting.  Glass  and  other  noncorrosive 
materials,  as  well  as  metals,  were  used  as  specimens.  A very 
simple  apparatus  vibrated  convex  surfaces  in  contact  with  sta- 
tionary flat  surfaces  at  freguencies  of  120  cycles  or  less  than  1 
cycle  per  second,  an  amplitude  of  0.001  inch,  and  a load 
of  0.2  pound. 

The  observations  and  analysis  led  to  the  conclusions  that 
-fretting  was  initiated  by  the  loosening,  due  to  inherent  adhesive 
-forces,  of  finely  divided  and  apparently  virgin  material,  and 
that  its  initiation  is  independent  of  vibratory  motion  or  high 
sliding  speeds.  The  fretting  of  platinum,  glass,  quartz,  ruby, 
and  mica  relegated  the  role  of  oxidation  as  a cause  to  that  of  a 
secondary  factor.  Fretting  occurred  to  clean  nonmetals  and 
metals  readily,  and  glass  microscope  slides  and  steel  balls 
provided  an  excellent  method  for  visual  studies. 

INTRODUCTION 

Fretting,  defined  as  surface  failure  that  may  occur  when 
closely  fitting  metal  surfaces  experience  slight  relative 
motion,  damages  many  machine  parts  subject  to  vibration. 
The  phenomenon  of  fretting  (also  known  as  fretting  corro- 
sion and  friction  oxidation)  is  principally  characterized  by 
surface  stain,  pitting,  and  the  generation  of  oxides,  as  de- 
scribed in  detail  in  references  1 and  2.  The  determination 
of  the  cause  of  fretting  has  been  the  object  of  several  research 
programs.  The  research  reported  in  reference  2 supports 
Tomlinson^s  theory  of  molecular  attrition  (reference  3)  that 
proposes  that  the  cause  of  fretting  is  a physical  action,  or 
specifically  that  the  disintegration  of  the  metal  surface  is 
due  to  ''molecular  plucking.''  More  recently,  chemical 
action  has  been  reported  to  be  of  primary  importance 


(reference  4).  Other  investigators  (for  example,  references 
5 and  6)  have  advanced  electrolytic,  abrasion,  welding, 
fatigue,  and  "vibrational  decay"  theories  to  explain  the 
action  that  produces  fretting.  These  theories  are  incom- 
patible or  divergent  and  more  experimental  evidence  is 
needed  before  any  one  of  them  may  be  generally  accepted. 

The  failure  of  certain  aircraft  parts  due  to  fretting  has 
produced  a new  incentive  toward  solving  the  problem  of 
the  prevention  of  the  phenomenon.  Antifriction  bearings 
subject  to  rotational  oscillation  and  side-thrust  vibration 
experience  the  greatest  amount  of  fretting,  and  such  parts 
as  connecting  rods,  knuckle  pins,  splined  shafts,  and  clamped 
and  bolted  flanges  suffer  deleterious  effects  (reference  1). 

The  research  reported  herein  was  conducted  at  the  NACA 
Lewis  laboratory  during  1949  to  observe  and  to  analyze  the 
action  of  fretting  in  its  initial  stages  in  order  to  determine 
its  cause.  Inasmuch  as  the  limits  of  mechanical  variables 
such  as  load,  frequency,  and  amplitude  have  been  established 
(reference  2),  this  investigation  was  limited  to  microscopic 
observation,  debris  analysis,  and  surface  analysis  of  fretting 
areas.  The  nonmetallic  and  noncorrosive  materials,  glass, 
quartz,  ruby,  and  mica,  and  the  metal  platinum  were  used 
as  specimens  because  their  fretting  would  indicate  whether 
the  primary  action  was  physical  or  chemical;  in  addition, 
the  nonmetallic  materials  eliminated  the  possibility  of 
ordinary  welding,  simplified  the  debris  analysis,  and  in  some 
cases  permitted  microscopic  observ^ation  or  color  motion 
photomicrographs  of  the  action  (reference  7).  The  color 
motion  photomicrographs  describe  fretting  more  effectively 
than  words  or  black-and-white  photomicrographs. 

Fretting  was  induced  by  a very  simple  apparatus,  which 
vibrated  a convex  (usually  spherical)  surface  in  contact 
with  a flat  surface  at  frequencies  of  120  cycles  or  less  than  1 
cycle  per  second,  an  amplitude  of  0.00 1 inch,  and  a load  of 
0.2  pound. 


I Supersedes  N.ACA  TN  2039,  “Investigation  of  Fretting  Corrosion  by  Microscopic  Observation”  by  Douglas  Godfrey,  1950. 


135 


136 


REPORT  100€ — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  1.— Fretting  apparatus. 
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Fiouee  2.— Photomicrograph  with  vertical  illumination  and  red  filter  of  chrome-alloy  steel 
ball  through  glass  slide  showing  interference  bands  surroundlog  contact  area.  X 100. 

APPARATUS,  MATERIALS.  AND  PROCEDURE 

A photograph  of  the  apparatus  is  shown  in  figure  1.  The 
vibrating  action  of  120  cycles  per  second  with  an  amplitude 
of  0.001  inch  was  induced  by  a solenoid.  The  specimen  with 
the  convex  surface  was  firmly  attached  to  the  plunger  of  the 
solenoid,  which  was  horizontal.  The  specimen  with  the  flat 
surface  was  held  stationary  at  one  end  and  loaded  verticalh’ 
by  a flat  spring.  The  spring  caused  the  flat  surface  to  exert 
a load  of  approximately  0.2  pound  on  the  convex  surface. 

The  apparatus  could  be  attached  to  the  mechanical  stage 
of  a microscope,  which  permitted  microscopic  observation 
of  the  contact  area  with  vertical  or  oblique  illumination. 
With  transparent  flat  specimens,  the  contact  area  could 
readily  be  located  because  it  was  surrounded  by  concentric 
interference  bands  (fig.  2).  Amplitude  was  measured  by 
noting  the  distance  between  the  extreme  positions  of  a scratch 
mark  on  the  vibrating  surface.  The  experiments  conducted 
at  120  cycles  per  second  were  divided  into  three  groups: 
(1)  the  preliminary  metal  against  metal,  (2)  the  metal  against 
nonmetal,  and  (3)  the  nonmetal  against  nonmetal.  Xo 
general  material  survey  was  made  and  the  number  of  metals 
used  was  limited. 

In  the  metal-against-met al  group,  mild  steel,  chrome  steel, 
stainless  steel,  copper,  and  aluminum  were  vibrated  against 
mild  steel  essentially  to  ascertain  whether  the  apparatus 
would  induce  fretting  with  satisfactory  reproducibility. 
In  the  metal-against-nonmetal  group,  the  five  metals  plus 
platinum  were  each  vibrated  against  glass  microscope 
slides,  mica,  and  Lucite  and  extensive  observations  were 
made  with  M-inch-diameter  chrome-alloy  steel  (SAE  52100) 
balls  and  the  glass  slides.  Glass  was  used  as  one  of  the  sur- 


faces because  it  is  rigid,  noncorrosive,  and  transparent. 
These  properties  were  desirable  to  permit  observation  of  the 
action  as  well  as  to  simplify  debris  analysis.  The  statement 
is  made  in  reference  2 that  glass  not  only  produces  fretting 
on  steel  but  is  itself  attacked;  the  ability  of  glass  to  pick 
up  metal  during  sUding  is  demonstrated  in  reference  8. 
In  the  third  group,  glass,  quartz,  ruby,  mica,  and  Lucite  were 
vibrated  against  one  another.  All  the  materials  were  shaped 
into  convex  or  flat  pieces  as  required  and  finished  to  a surface 
roughness  of  1 to  3 root  mean  square  by  fine  grinding  and 
polishing. 

A group  of  experiments  that  are  considered  to  be  )^-cycle 
experiments  were  conducted  with  an  adapter  on  the  ap- 
paratus, which  provided  for  sliding  the  glass  microscope  slide 
over  the  surface  of  the  stationary  ball  at  a speed  of  ap- 
proximately 0.002  inch  per  second  or  less.  The  motion  was 
caused  by  hand-turning  a fine  screw  to  which  the  glass  was 
attached.  The  direction  was  reversed  each  0.001  inch,  and 
the  frequency  was  considered  1 cycle  per  second  or  less.  A 
slow-motion  vibration  was  thus  simulated  and  the  action  that 
occurs  in  ^ cycle  was  observed. 

All  specimens  were  thoroughly  cleaned  immediately  before 
being  mounted  in  the  apparatus.  The  metal  cleaning  con- 
sisted in  degreasing  in  an  organic  solvent  followed  by  scrub- 
bing with  surgical  cotton  in  a paste  of  levigated  alumina,  a 
thorough  rinse  in  tap  water,  a rinse  in  95-percent  alcohol, 
and  drying  in  air.  Particular  effort  was  made  to  wash  off 
all  adhering  alumina.  The  glass,  ruby,  quartz,  and  mica 
specimens  were  cleaned  in  fresh  sodium  dichromate — sulfuric 
acid  cleaning  solution  followed  by  rinse  in  tap  water  and 
distilled  water  and  oven  drying.  The  Lucite  was  wiped 
clean  with  lens  tissue. 

The  number  of  cycles  that  any  pair  of  specimens  had 
experienced  was  determined  by  measuring  the  length  of  time 
current  was  supplied  to  the  solenoid.  In  those  cases  in  which 
the  flat  specimens  were  not  transparent,  the  vibration  was 
induced  for  periods  of  1,  2,  4,  8,  16,  32,  60,  120,  180,  300,  and 
600  seconds  cumulatively.  After  each  period,  the  flat  speci- 
men was  removed  and  the  spots  on  the  convex  specimen  and 
on  the  flat  specimen  were  each  microscopically  examined. 
Photomicrographs  were  taken  in  some  cases  to  aid  in  the 
description  of  the  action.  When  transparent  specimens  were 
used,  the  complete  action  could  be  viewed  or  photographed 
with  ease.  The  vibration  could  be  stopped  at  any  time, 
however,  and  the  contact  area  viewed  or  photographed 
at  rest. 

RESULTS  AND  DISCUSSION 

PRELIMINARY  METAL  AGAINST  METAL 

In  the  preliminary  metal-against-metal  experiments,  each 
of  the  several  pairs  of  specimens  investigated  exhibited 
fretting  within  approximately  300  seconds  and  produced 
the  characteristic  debris  and  wear  area.  The  pattern  of 
the  spot  on  the  flat  surface  was  always  similar  to  the  pattern 
of  the  spot  on  the  convex  surface.  These  experiments 
revealed  that  load,  amplitude,  and  frequency  were  such 


138 


REPORT  1009 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(a)  Cycles,  30.  b)  Cyirles,  120. 

Figure  3.— Photomicrographs  showing  progressive  st^es  in  fretting  between  glass  microscope  slide  and  chrome-alloy  steel  ball.  X 120. 


(c)  Cycles,  240.  (d)  Cycles,  720. 

Figure  3.— Continued.  Photomicrographs  showing  progressive  stages  in  fretting  between  glass  microscope  slide  and  chrome-alloy  steel  ball.  X 120. 
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(e)  Cycles,  1200.  (0  Cycles,  3600. 

Figure  3.— Concluded.  Photomicrographs  showing  progressive  stages  in  fretting  between  glass  microscope  slide  and  chrome-alloy  steel  ball.  X 120. 


as  to  produce  fretting  quickly  and  that  the  amount  of 
debris  and  the  size  of  the  wear  spot  could  be  reproduced 
for  any  given  pair  in  the  same  number  of  cycles. 

The  introduction  of  a mineral  oil  film  increased  the  time 
required  to  produce  fretting  but  did  not  otherwise  appreciably 
alter  the  results. 

METAL  AGAINST  NONMETAL 

Photomicrographs  of  the  contact  area  at  various  stages  of 
the  fretting  caused  by  vibrating  a chrome-alloy  steel  ball 
against  a glass  specimen  are  showui  in  figure  3.  Within 

second  (30  cycles),  fretting  was  evident  as  a small  black 
irregular  spot  on  the  ball,  wdiich  steadily  grew  in  size  and 
became  discontinuous  (figs.  3 (a)  and  3 (b)  ).  A brown, 
sticky  semifluid  oxide  was  then  generated  within  the  con- 
tact area,  spread  over  the  glass,  and  adhered  tenaciously 
to  it.  This  oxide  shares  the  contact  area  with  the  black 
material  (figs.  3 (b)  to  3 (f)).  A rust-colored  fine  dry  oxide 
w as  also  formed  that  w as  extruded  from  the  area  in  increasing 
quantities  and  accumulated  just  outside  the  rubbing  area, 
as  evident  in  figures  3 (b)  to  3 (f).  Active  black  spots 
shifted  position  as  the  phenomenon  progressed  because 
of  disintegration  of  peaks  bearing  the  load  for  the  moment. 
Color  motion  photomicrographs  of  this  action  can  be  seen 
in  the  aforementioned  film. 

After  approximately  40,000  c^^cles,  the  action  stabilized  to 


a steady-growth  condition  with  continued  generation  of 
material  in  the  black  spots  surrounded  by  brown  semifluid 
oxide  and  the  formation  of  fine  powder-like  oxide.  The 
black  color  of  the  active  areas  indicated  the  presence  of  finely 
divided  iron;  this  indication  w^as  further  confirmed  by  sub- 
sequent change  to  dark  brown  and  then  to  rust  brown.  If 
the  vibration  was  stopped,  the  trapped  black  material  could 
be  seen  to  gradually  turn  brow  n.  Finely  divided  iron,  ferrous 
oxide  FeO,  and  ferrosoferric  oxide  Fe304  are  black,  whereas 
ferric  oxide  Fe203  and  its  hydrated  form  Fe203*H20  are 
reddish.  The  fretting  debris  of  steel  was  identified  by 
electron  diffraction  as  Fc203  and  the  color  changes  that 
occurred  suggest  the  progressive  oxidation  of  the  iron. 
Fretting  is  apparently  initiated  by  the  loosening,  due  to 
inherent  adhesive  forces,  of  extremely  finely  divided  and 
apparently  virgin  material  that  is  extruded  and  reacts 
with  oxygen  simultaneously.  Examination  of  the  ball  after 
the  experiment  revealed  a flat  oxide-encrusted  spot 
(fig.4  (a)),  which  on  subsequent  cleaning  w^as  revealed  to  be  an 
abraded  flat  spot  (fig.  4 (b)).  The  sticky  oxide  on  the  glass 
w as  removed  w ith  diflSculty  but  completely  w ith  acids,  and  a 
striated  cracked  area  was  revealed.  The  stria tions  could  not 
be  brought  into  sharp  focus  with  the  microscope,  indicating 
appreciable  depth  and  irregularity  (fig.  5 (a)).  If  the  action 
w^as  continued  for  longer  periods,  the  glass  fragmented  locally 
(fig.  5 (b))  and  was  pitted. 
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(a)  Before  cleaning,  (b)  After  cleaning. 

Figure  4.— Photomicrographs  showing  fretting  area  on  chrome-alloy  steel  ball  after  3600  cycles.  X 120. 


(a)  Early  stage,  X 120.  (b)  Later  stage,  X 250. 

Figure  5.— Photomicrographs  of  cleaned  wear  area  on  glass  showing  striations  and  cracking  produced  by  vibration  of  contacting  chrome-alloy  steel  ball. 
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(a)  Early  stage.  (b)  Advanced  stage. 

Figure  6.— Photomicrographs  of  convex  platinum  surface  through  glass  slide  showing  wear  and  debris  produced.  X 120. 


(c)  Debris  accumulation  outside  field  of  view  of  figure  6 (b). 

Figure  6.— Concluded.  Photomicrographs  of  convex  platinum  surface  through  glass  slide 
showing  wear  and  debris  produced.  X 110. 


The  introduction  of  a film  of  pure  mineral  oil  between  the 
surfaces  increased  the  time  for  the  first  evidence  of  fretting 


action  50  times.  This  delay  also  provided  a slow-motion 
study  of  the  fretting  process  and  showed  that  oxides  were 
produced  in  the  same  manner  in  the  presence  of  oil.  Once 
the  phenomena  were  well  under  way,  the  modifying  effect 
of  the  oil  was  reduced. 

Results  obtained  when  other  metals  were  vibrated  against 
glass  slides  supported  the  explanation  of  fretting  deduced 
from  the  steel-glass  experiments.  In  one  experiment, 
flame-cleaned  platinum  foil  supported  by  a steel  ball  was 
vibrated  in  contact  with  clean  glass.  The  generation  of  a 
black  pow  der  in  the  characteristic  w^ay  was  observed  (fig.  6). 
This  powder  remained  black  and  that  which  adhered  to 
the  glass  could  be  completely  removed  only  by  a 4-hour 
treatment  in  aqua  regia.  Color,  acid  resistance,  electron- 
diffraction  patterns,  and  source  indicated  that  the  material 
was  finely  divided  platinum  (platinum  black).  Because 
platinum  w ill  not  oxidize  in  air  at  any  temperature,  the  theory 
that  oxidation  is  a primary  cause  of  fretting  is  not  supported. 

The  action  of  a stainless-steel  (SAE  30705)  convex  surface 
against  the  flat  glass  was  similar  to  that  of  the  chrome-alloy 
steel  balls  except  that  the  number  and  the  extent  of  the  active 
black  areas  w ere  greater.  Copper  produced  a brownish-black 
material  that  also  adhered  tenaciously  to  the  glass.  At 
times,  large  particles  of  metallic  copper  could  be  seen  to 
leave  the  contact  area.  During  the  third  minute  of  vibration, 
the  contact  area  assumed  the  greenish  tint  characteristic  of 
copper  oxide.  Both  these  metals  were  pitted  and  abraded 
and  the  glass  w as  striated. 
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Under  the  conditions  of  the  J^-cycle  experiment,  two  types 
of  action  were  observed.  If  the  surface  of  the  ball  was 
previously  roughened  with  2/0  emery  paper,  the  glass  would 
polish  the  contact  area  on  the  ball  and  become  smeared  with 
the  semifluid  oxide,  which  would  again  tenacioush'  adhere 
to  the  glass.  The  amount  of  debris  accumulated  in  three 
cycles  of  vibration  is  shown  in  figure  7 (a). 

An  increase  in  frictional  force  was  apparent  when  the  oxide 
was  present  between  the  surfaces.  This  greater  motivating 
force  was  required  to  continue  relative  sliding  because  a non- 
lubricating material  was  present  between  the  surfaces  and 
tenaciously  adhered  to  each.  The  oxide  itself  was  sheared 
and  the  two  new  faces  thus  formed  became  the  sliding  sur- 
faces. If  a ball  with  its  original  polished  surface  was  used, 
much  less  oxide  would  be  smeared,  but  the  movement  would 
cause  the  glass  to  grip  the  ball  and  as  the  relative  sliding 
continued  the  glass  would  visibly  and  audibly  crack.  The 
cracking  occurred  at  the  trailing  edge  of  the  contact  area. 
A photomicrograph  of  the  glass  in  the  process  of  forming  a 
second  crack  is  shown  in  figure  7 (b).  The  row  of  cracks 
produced  in  the  glass  during  continued  sliding  is  shown  in 
figure  7 (c).  The  smearing  of  the  metallic  oxide  onto  the 
glass  and  the  cracking  of  the  glass  are  apparently  due  to  a 
great  amount  of  adhesion  permitted  by  the  extreme  cleanli- 
ness of  the  specimens.  The  surface  finish  on  the  ball  deter- 
mines which  phenomenon  will  occur.  A rough  surface  sup- 
ports the  load  on  a number  of  peaks,  the  average  particle  of 
which  is  relatively  exposed.  Sliding  of  the  smooth  glass  over 
these  peaks  results  in  disintegration  of  the  peaks  and  subse- 
quent oxidation  of  the  removed  metal.  A smooth  polished 
surface  on  the  ball  supports  the  load  on  a few  broad  undula- 
tions, the  material  of  which  is  secure.  Sliding  of  the  smooth 
glass  over  these  contact  areas  results  in  failure  of  the  glass 
rather  than  the  metal.  This  concept  is  in  agreement  with 
reference  8,  which  presents  data  to  show  that  the  amount  of 


material  transferred  from  base  to  rider  increased  with  increase 
in  surface  roughness  if  the  rider  was  harder  than  the  base. 
With  the  steel  ball  considered  as  the  rider  and  the  steel 
harder  than  the  glass,  some  incongruity  may  exist  in  this 
comparison  in  that  the  glass  picked  up  material  from  the 
steel. 

The  glass  appeared  to  plow  into  the  aluminum,  scoring  it 
heavil}^  Large  metallic  pieces  were  mixed  with  a grayish- 
black  powder.  Some  of  the  debris  adhered  tenaciously  to  the 
glass  in  the  characteristic  manner.  The  powder  was  in- 
soluble in  nitric  acid  but  soluble  in  alkali,  indicating  that 
aluminum  was  still  present.  Mica  and  Lucite  always  wore 
away  the  metal  surfaces  and  produced  very  great  amounts  of 
flocculent  debris.  Observation  of  the  action  of  the  metals 
was  difficult  because  of  the  great  dilution  of  the  metal  debris 
by  the  voluminous  debris  from  the  flat  specimen.  This 
experiment  indicated  that  no  property  peculiar  to  glass  was 
inducing  the  action. 

NONMETALS  AGAINST  NONMETALS 

The  independence  of  fretting  from  chemical  action  was  indi- 
cated in  a group  of  experiments  involving  the  nonmetallic, 
nonoxidizing  materials  with  glass  vibrated  against  quartz, 
ruby,  or  mica.  By  vibrating  a ruby  with  a convex  surface 
against  a glass  slide  and  observing  the  action  under  a mic- 
roscope, surface  disintegration  could  be  seen  to  occur.  The 
glass,  after  2 to  3 seconds  of  rubbing,  suddenly  collapsed 
locally  and  distributed  debris  about  the  contact  area,  leaving 
a pit.  This  action  shifted  the  bearing  area  to  the  edge  of  the 
pit  and  the  disintegration  was  continued  (fig.  8).  An  early 
stage  of  disintegration  with  two  pits  formed  is  shown  in 
figure  8 (a),  whereas  the  advanced  stage  of  20  or  more  pits 
is  shown  in  figure  8 (b).  The  ruby  was  simply  further  pol- 
ished, that  is,  the  microscopic  scratches  were  erased.  Quartz 
against  glass  acted  the  same  as  ruby  against  glass.  Mica 


(a)  View  of  glass  slide  showing  amount  of  debris  transferred  from  roughened  steel,  (b)  View  of  ball  through  glass  showing  second  crack  being  formed  in  glass  on  trailing  edge  of  area  of 

contact,  (c)  View  of  glass  slide  showing  resultant  row  of  cracks. 

Figure  7.— Photomicrographs  showing  effects  of  H cycle  vibration  between  glass  and  steel  surface.  X 120. 
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(a)  Early  stage.  (b)  Advanced  stage.  (c)  Advanced  stage  after  removal  of  debris. 

Figubk  8. — Photomicrographs  showing  results  of  fretting  between  ruby  and  glass.  X 120. 


against  a glass  ball  and  Lucite  against  a glass  ball  also  be- 
haved similarly.  In  all  cases,  the  debris  was  produced,  ex- 
truded, and  accumulated  in  the  same  physical  manner 
observed  with  metal  debris,  except  that  no  change  in  color 
took  place.  Fretting  occurred  to  mica  in  the  least  number 
of  cycles,  the  number  required  being  progressively  greater 
for  Lucite,  glass,  quartz,  and  ruby,  which  is  also  the  order 
of  increasing  hardness  of  the  materials.  The  tendency  for 
fretting  between  the  various  nonmetals  and  glass  and  the 
amount  of  debris  generated  therefore  appear  to  be  inversely 
proportional  to  the  hardness  of  the  nonmetal. 

CONCLUDING  REMARKS 

The  observations  made  indicate  that  fretting  can  occur 
between  two  nonmetals.  The  susceptibility  to  fretting  of 
nonoxidizing  materials  such  as  glass,  quartz,  ruby,  mica,  and 
platinum  relegates  the  role  of  oxidation  as  a cause  to  that  of  a 
secondary  factor  and  indicates  that  finely  divided  and  ap- 
parently virgin  material  is  first  produced.  In  the  metals, 
this  production  of  virgin  metal  is  suggested  by  the  color 
changes  through  which  the  metal  passed  as  it  oxidized.  The 
oxides  are  therefore  considered  a byproduct  of  the  initial 
action.  The  spontaneity  of  the  oxidation  is  probably  due 
to  the  increased  chemical  activity  of  the  particles.  This 
increase  is  called  mechanical  activation  in  reference  9,  which 
also  states  that  the  increase  is  more  than  that  produced  by 
cleanliness  or  reduced  particle  size.  The  oxide  formation  was 
induced  at  extremely  low'  speeds  and  light  loads  where  the 
dissipation  of  frictional  heat  is  sufficiently  rapid  to  minimize 
the  occurrence  of  local  hot  spots.  The  possibility  of  fretting 
being  caused  by  rubbing  off  a regenerative  high-temperature- 
forming  oxide  film  is  therefore  unlikely. 

The  conclusion  is  made  in  reference  2 that  alternating  slip 
is  a necessary  condition  for  fretting.  The  production  of  a 
smear  on  the  glass  surface  in  cycle  and  the  cracking  of  glass 
on  smooth  metal  indicate  that  alternation  of  motion  is  un- 
necessary to  initiate  fretting,  although  alternation  does  give 
it  its  usual  characteristics.  This  idea  is  supported  by  the 


observation  that  fretting  starts  with  the  sliding  or  slip. 
Lowering  the  frequency  only  decreases  the  rate  at  which 
fretting  occurs.  This  relation  indicates  that  the  basic 
cause  of  fretting  is  independent  of  frequency. 

The  metal  transfer  caused  by  sliding  one  metal  over  another 
demonstrated  in  references  S and  10  w^as  attributed  to  ad- 
hesion. Similarly,  in  the  experiments  reported  herein  the 
action  observed,  namely,  removal  of  material,  cracking,  and 
general  surface  destruction,  w as  attributed  to  adhesion,  which 
leads  to  the  conclusion  that  fretting  is  a manifestation  of  the 
adhesion  component  of  friction. 

RESULTS  AND  CONCLUSIONS 

An  experimental  investigation  w as  conducted  to  determine 
the  cause  of  fretting.  Glass  and  other  noncorrosive  materials 
were  vibrated  in  contact  with  one  another  and  with  metals 
and  microscopic  observation  was  made  of  the  action.  Convex 
surfaces  were  vibrated  in  contact  with  stationary  flat  sur- 
faces  at  frequencies  of  120  cycles  or  less  than  1 cycle  per 
second,  an  amplitude  of  0.001  inch,  and  a load  of  0.2  pound. 

The  following  results  and  conclusions  were  indicated: 

1.  Fretting  is  initiated  by  the  loosening,  due  to  inherent 
adhesive  forces,  of  extremely  finely  divided  and  apparently 
virgin  material  that  is  extruded  from  the  contact  area  and 
reacts  wdth  oxygen  simultaneously. 

2.  The  fretting  of  platinum,  glass,  quartz,  ruby,  and  mica 
relegated  the  role  of  oxidation  as  a cause  to  that  of  a secondary 
factor. 

3.  Fretting  readily  occurred  between  clean  nonmetals  and 
metals.  Steel  balls  vibrating  in  contact  wdth  glass  microscope 
slides  provided  an  excellent  method  for  observing  fretting. 

4.  The  initiating  of  fretting  is  independent  of  vibratory 
motion  or  high  sliding  speeds. 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  August  Sly  1949. 
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A RECURRENCE  MATRIX  SOLUTION  FOR  THE  DYNAMIC  RESPONSE  OF  AIRCRAFT  IN  GUSTS  * 

By  John  C,  Houbolt 


SUMMARY 

A systematic  'procedure  is  developed  for  the  calculatio'H  of  the 
structural  response  of  aircraft  flying  through  a gust  by  use  of 
difference  equations  and  matrix  notation.  The  use  of  differ- 
ence equations  in  the  solution  of  dynamic  problems  is  first 
illustrated  by  means  of  a simple-damped-oscillator  example. 
A detailed  analysis  is  then  given  which  leads  to  a recurrence 
matrix  equation  for  the  determination  of  the  response  of  an 
airplane  in  a gust.  The  method  takes  into  account  'wing 
bending  and  twisting  deformations,  fuselage  deflection,  vertical 
and  pitching  motion  of  the  airplane,  and  some  tail  forces.  The 
method  is  based  on  aerodynamic  strip  theory,  but  compressi- 
bility^ and  three-dimensional  aerodynamic  effects  can  be  taken 
into  account  approximately  by  means  of  over -all  corrections. 
Either  a sharp-edge  gust  or  a gust  of  arbitrary  shape  in  the 
spanwise  or  flight  directions  may  be  treated.  In  order  to  aid.  in 
the  application  of  the  method  to  any  specific  case,  a suggested 
computational  procedure  is  incl'uded. 

The  possibilities  of  applying  the  method  to  a variety  of  tran- 
sient aircraft  problems,  such  as  landing,  are  brought  out.  A 
brief  review  of  matrix  algebra,  covering  the  extent  to  which  it  is 
used  in  the  analysis,  is  also  incl'uded. 

INTRODUCTION 

In  the  problem  of  an  airplane  flying  through  gusts,  accurate 
predictions  of  stresses  are  not  always  obtained  if  the  inter- 
action between  aerodynamic  loads  and  structural  deforma- 
tions is  not  considered.  The  present  report  gives  a method 
for  determining  the  dynamic  response  of  aircraft  in  gusts  in 
which  this  interaction  is  cousidered.  An  approach  is  em- 
ployed which  is  a departure  from  the  usual  modal  type  of 
solution.  The  time  derivatives  in  the  integrodifferential 
equations  of  motion  of  the  airplane  are  replaced  by  appro- 
priate difference  expressions  and  use  is  made  of  matrix  nota- 
tion to  express  conveniently  the  conditions  of  equilibrium  at 
a number  of  points  along  the  wing  span.  The  result  is  a 
systematic  procedure  which  is  complete  and  general  in  form. 
The  airplane  is  assumed  to  be  free  to  translate  and  pitch. 
Wing  bending,  wing  twist,  and  fuselage  flexibility  are  all  in- 
cluded. Tail  forces  due  to  vertical  motion,  angle  of  attack, 
and  gust  penetration  are  also  included  in  the  analysis. 

With  the  method,  a gust  with  any  gradient  in  the  direction 
of  flight  or  along  the  span  may  be  treated.  The  method  is 


based  on  aerodynamic  strip  theory,  but  over-all  compressi- 
bility and  aspect-ratio  corrections  may  be  included  with- 
out diflSculty,  if  desired.  One  such  over-all  correction  is 
indicated. 

In  the  first  part  of  the  report  the  method  of  using  difference 
equations  in  the  solution  of  dynamic  problems  is  illustrated 
by  an  example  in  which  the  transient  response  of  a simple 
oscillator  is  determined.  The  analysis  for  the  determination 
of  the  response  of  an  airplane  in  a gust  is  then  given.  In  the 
following  section  a computational  procedure  is  suggested. 
This  section  is  not  intended  to  describe  or  add  to  the  under- 
standing of  the  analysis,  but  by  following  the  directions  indi- 
cated, the  response  of  any  airplane  may  be  found  without 
following  through  the  complete  details  of  the  analysis. 

Supplementary  definitions  and  derivations  are  presented  in 
appendixes.  Appendix  A summarizes  the  various  matrix 
coefficients  and  matrices  that  are  used  in  the  analysis, 
appendix  B gives  a derivation  of  the  difference  equations, 
appendix  C gives  a derivation  of  the  flexibility  matrices, 
appendix  D gives  a derivation  of  a recurrence  equation  for 
evaluating  the  form  of  DuhamePs  integral  which  involves  an 
exponential  kernel,  and  appendix  E presents  a review  of  the 
fundamentals  of  matrix  algebra.  It  is  suggested  that  those 
not  familiar  with  matrix  algebra  read  appendix  E before 
reading  the  analysis. 

SYMBOLS 

a distance  between  leading  edge  of  wing  and  elastic 

axis 

coefficient  used  in  imsteady  lift  function  for  sudden 
change  in  angle  of  attack 
A aspect  ratio  of  wing 

At  aspect  ratio  of  horizontal  tail 

b semispan  of  wing 

c chord  of  wing 

Co  chord  at  wing  midspan 

Co^  midspan  chord  of  tail 

Ct  mean  aerodynamic  chord  of  tail 

e distance  between  mass  center  of  wing  cross  section 

and  elastic  axis  of  wing,  positive  when  elastic 
axis  lies  forward  of  mass  center 
E Young^s  modulus  of  elasticity 


1 Supersedes  N ACA  TN  2060.  “A  Recurrence  Matrix  Solution  for  the  Dynamic  Response  of  Aircraft  in  Gusts"  by  John  C.  Houbolt.  1950. 
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suddenl}^  applied  force 
shear  modulus  of  elasticity 

integers  0,  1,  2,  3,  4,  and  5 used  to  designate  sta- 
tions (for  most  part  used  as  parenthetical  num- 
bers, that  is,  w(S)  is  deflection  at  station  3) 
bending  moment  of  inertia 
torsional  stiffness  constant 

radius  of  gju^ation  of  wing  mass  about  elastic  axis 
or  elastic  spring  constant 

length  of  section  associated  with  a spanwise  station 
aerodynamic  lift  over  interval  I on  wing 
shear  force  transmitted  to  wing  by  fuselage 
aerod^mamic  lift  over  interval  I on  wing  due  to  gust 
one-half  aerod^mamic  lift  on  tail  due  to  gust 
one-half  total  aerod\Tiamic  lift  on  tail 
part  of  aerod}Tiamic  lift  over  interval  I on  wing  (see 
equation  (16)) 

part  of  aerodynamic  lift  over  interval  I on  wing  (see 
equation  (17)) 

mass  of  beam  included  in  interval  I or  concentrated 
mass  in  spring  oscillator 


mass  m including  apparent  mass  effect  ^ 

assumed  over-all  compressibility  and  aspect-ratio 
correction  for  wing  { ^ ^ 

assumed  over-all  compressibility  and  aspect-ratio 

correction  for  horizontal  tail  { — ^ ^4==^ 

V2  + ^rVl“M7 

mass  moment  me  including  apparent  mass  effect 
I TTpicVl 


a-?)) 


mass  of  fuselage  per  unit  length 
mass  polar  moment  of  inertia  mA:^  including  appar- 
ent mass  effects  ^ 

Mach  number  or  aerodynamic  moment  over  inter- 
val I about  elastic  axis  of  wing 
moment  transmitted  to  wing  b}^  fuselage 
integers  0,  1,  2,  3,  and  so  forth  to  designate  num- 
ber of  time  intervals  passed 
normal  load  acting  at  a station 
fuselage  inertia  loading  per  unit  length 
torsional  load  acting  at  a station 

/2U 

distance  traveled  b}^  wing  in  half-chords  ( t, 

• \ Co 

where  midspan  chord  Co  is  used  as  reference 
chord^ 

distance  interval  in  half-chords 

\Co  / 

horizontal-tail  area 

time,  zero  at  beginning  of  gust  penetration 
forward  velocity-  of  flight 
vertical  velocity  of  gust 


deflection  of  elastic  axis  of  wing,  positive  upward, 
or  deflection  of  mass  oscillator 
deflection  of  fuselage,  positive  upward 
fuselage  modal  function,  zero  at  wing  elastic  axis 
and  unit}"  at  tail  one-quarter -chord  location 
distance  along  fuselage  measured  from  wing  elastic 
axis,  positive  in  rearward  direction 
distance  from  foremost  part  of  nose  to  elastic  axis 
distance  from  elastic  axis  to  one-quarter-chord  loca- 
tion on  tail 

distance  along  wing  measured  from  center  of  air- 
plane 

ratio  of  dynamic  deflection  to  static  deflection 
angle  of  attack  of  horizontal  tail,  positive  in  the 
stalling  dhection 

forward-speed  and  aspect-ratio  factor  for  wing 
(mATrpU)  or  coeflScient  of  damping  for  spring 
oscillator 

forward-speed  and  aspect-ratio  factor  for  tail 

(1 

exponential  coeflScient  in  4>  function  associated  with 
timef 

coefficient  of  fuselage  modal  function 
time  interval 

exponential  coefficient  in  function  associated 
with  variable  s 

dimensionless  interval  between  i—  1 and  i stations 
(\ib  is  actual  length) 
mass  density  of  air 

angle  of  twist  of  wing,  positive  in  stalling  direction 
function  which  denotes  growth  of  lift  on  rigid  air- 
foil entering  sharp-edge  gust  (used  without  sub- 
script to  indicate  function  for  wing  and  with 
subscript  t used  to  indicate  function  for  tail) 
natural  frequency  associated  with  kFi,  radians  per 
second 

unit-step  function 

function  which  denotes  growth  of  lift  on  airfoil 
following  sudden  change  in  angle  of  attack  (used 
without  subscript  to  indicate  function  for  wing  and 
with  subscript  t used  to  indicate  function  for 
tail) 

square  matrix 
rectangular  matrix 
column  matrix 
row  matrix 


Subscrii 


0,  1,  2,  3,  , . \ n number  of  time  intervals  passed 

0,  1,  2,  3,  4,  5 or  i station  (however,  station  is  usually 

given  as  parenthetical  number,  such 
as  w(3)  for  deflection  at  station  3); 
i is  also  used  as  general  subscript  in 
appendix  A 
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All  the  terms,  coefficients,  and  matrices  not  defined  in  this 

section  are  defined  in  appendix  A. 

Dots  are  used  to  indicate  derivatives  with  respect  to  time; 

- , bty  . bty  . 

lor  example,  or 


ANALYSIS 

TRANSIENT  RESPONSE  OF  A SIMPLE  DAMPED  OSCILLATOR 

In  order  to  illustrate  the  use  of  difference  equations  and 
to  test  the  accuracy  of  the  procedure  that  is  to  be  used  in 
the  solution  of  the  more  complicated  gust  problems,  the 
solution  of  a simple  problem  having  a known  analytical 
solution  is  first  presented.  The  problem  is  to  compute  the 
response  of  the  damped  oscillator  shown  in  figure  1 to  a 
suddenly  applied  force.  The  differential  equation  of  motion 
of  this  system  due  to  the  suddenly  applied  force  is 

(1) 

_By  use  of  difference  equations  this  differential  equation  may 
be  transformed  into  an  equation  which  involves  deflection 
ordinates  at  several  successive  values  of  time.  Probably 
the  most  commonly  used  difference  equations  are  the  follow- 
ing (see  appendix  B for  derivation): 


Wn  + \ — Wn~\ 

2« 

(2) 

...  2w„+w«_, 

2 

* 

(3) 

Figure  1— Damped  oscillator  and  suddenly  applied  force. 


difference  equations  (4)  »and  (5),  the  following  equation  is 
obtained: 


( 


^6m/ 


y^n-Z  + 


m 


(6) 


This  equation  may  be  said  to  be  the  difference  equation  of 
motion.  If  the  more  general  case  of  a variable  applied  force 
were  being  considered,  the  factor  F in  this  equation  would 
be  replaced  by  the  value  of  the  force  present  at  the 
time  t=7ie. 

k 

If  a specific  case  is  now  considered,  in  which  —=400, 

-^  = 2,  e=0.01,  and  the  notation  3=^^  (ratio  of 

2m 

dynamic  deflection  to  static  deflection)  is  used,  equation  (6) 
becomes 


2„  = 0.018927  + 2.42272s„_i-1. 921142^-2+0.47949  (7) 


which  give  the  derivatives  at  the  intermediate  of  three 
successive  ordinates.  Although  these  equations  are  quite 
adequate  for  the  oscillator  problem  of  the  present  report, 
they  cannot  be  used  in  the  gust  analysis  which  follows. 
Bather,  for  reasons  which  are  brought  out  in  a subsequent 
part  of  the  analysis,  equations  that  give  the  derivatives  at 
the  end  ordinate  of  several  successive  ordinates  must  be 
used.  If  only  three  successive  ordinates  are  used,  the  deriv- 
atives so  found  are  not  accurate  enough  to  be  useful.  If 
a fourth  ordinate  is  added,  however,  derivatives  may  be 
taken  at  the  end  ordinate  with  accuracies  which  are  com- 
parable to  those  given  by  equations  (2)  and  (3).  Such 
derivatives  are  derived  also  in  appendix  B and  are  given 
by  the  equations: 


This  equation  may  be  regarded  as  a recurrence  formula;  the 
value  Zn  may  be  interpreted  as  the  deflection  to  come  and 
may  be  found  easily  from  the  three  preceding  deflections 
Zn-\,  Zn~2,  and  2„_3.  Then  with  the  newly  found  value 
and  with  Zn-\  and  the  next  deflection  can  be  found, 

and  so  on.  This  process  thus  gives  a step-by-step  deriva- 
tion of  the  time  history  of  deflection  and  may  be  carried 
out  as  far  as  is  desired.  Of  course  the  process  must  start 
with  known  initial  values  of  2.  These  values  can  be  found 
with  the  aid  of  the  initial  conditions  of  the  problem  by 
means  of  the  following  approach. 

The  difference  equations  for  the  first  and  second  deriva- 
tives at  the  third  ordinate  of  four  successiye  ordinates  are 
(see  appendix  B) 


llWft— 18^;n-i  + 9Wft-2— 2w„-3 
6€ 


(4) 


Wn=^(2'W;rt  + l 
O € 


+ 3'W;n  — 6Wn-i+'lI^n-2) 


2Wn  — bWn-\-]r^'lVn-2  — '^n-Z 


Although  either  equations  (2)  and  (3)  or  equations  (4)  and 
(5)  may  be  used  in  the  solution  of  this  oscillator  problem, 
only  equations  (4)  and  (5)  will  be  used,  since  only  these 
equations  can  be  used  in  the  gust-problem  solution  presented 
in  this  report. 

If  the  derivatives  in  equation  (1)  are  replaced  by  the 


€ 

If  these  equations  are  taken  to  apply  at  ^=0  (n=0),  they 
become 

Wo=7^(2'M?l  + 3^Wo— 6w_i  + w_2)  (8) 

o 6 

Wo= A (“^1  — 2'm;o+  0 (9) 

e 
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For  the  problem  under  consideration  the  primary  initial 
conditions  are  that,  at  ^=0,  the  displacement  and  velocity 
are  zero.  By  use  of  equation  (1)  or  by  reasoning  from 
Newton^s  second  law,  a secondary  initial  condition  can  be 
established — that  is,  the  acceleration  immediately  following 
the  application  of  the  unit  force  must  be  1/m.  In  equation 
form  these  conditions  are 

Wo=0 

Wq=0 


By  substitution  of  these  values  into  equations  (8)  and  (9) 


and  by  use  of  the  notation  z = 


w 

Fjk' 


the  following  relations 


can  be  found  to  exist  between  the  ordinates: 


^0=0 

2-2=0.24  — 821 
2-1  = 0.04  — 2i  ^ 


(10) 


Substitution  of  these  values  into  equation  (7),  with  n set 
equal  to  1,  gives  an  equation  from  which  2i,  the  deflection 
at  ^=€,  may  be  evaluated.  Three  successive  deflections 
can  now  be  established:  the  deflection  at  i=e,  the  zero 
deflection  at  ^=0,  and  a fictitious  deflection  for  t—  — e given 
by  equation  (10).  In  the  real  problem  no  deflection  exists 
for  t less  than  zero;  the  assumption  that  a deflection  does 
exist  before  t is  zero  is  simply  a means  for  allowing  the  recur- 
rence formula,  equation  (7),  to  apply  at  the  origin  as  well 
as  at  later  values  of  time.  Furthermore,  no  violation  is 
made  of  the  conditions  under  consideration  because,  mathe- 
matically, the  response  after  i=0  is  not  influenced  by  the 
response  that  may  exist  before  ^=0,  so  long  as  the  initial 
conditions  are  satisfied.  The  process  just  described  for 
treating  the  initial  conditions  is  actually  not  different  from 
the  procedure  commonly  employed  in  difference-equation 
approaches,  in  which  exterior  points  near  a region  under 
consideration  are  written  in  terms  of  the  interior  points  by 
means  of  the  boundary  conditions. 

With  the  initial  values  of  deflection  thus  established  the 


Figure  2.— Comparison  of  exact  and  difference^quation  solutions  for  response  of  damped 

oscillator. 


step-by-step  evaluation  of  succeeding  deflections  proceeds  in 
a straight-forward  manner — that  is,  equation  (7)  is  now 
evaluated  for  n=2,  then  for  n=3,  and  so  on.  The  response 
of  the  oscillator  for  the  physical  constants  listed  previously 
is  given  in  figure  2.  The  comparison  between  the  difference 
solution  shown  in  this  figure  and  the  exact  solution  of 
equation  (1)  is  seen  to  be  good.  As  a matter  of  interest, 
the  solution  is  also  shown  in  this  figure  that  is  obtained  by 
the  use  of  the  parabolic  end-ordinate  derivative  which 
involves  onl}^  tliree  successive  ordinates.  The  agreement  in 
this  case  is  seen  to  be  quite  bad.  If  equations  (2)  and  (3) 
had  been  used,  on  the  other  hand,  the  difference  solution 
(in  this  case  for  would  correspond  to  that  given  for 

the  cubic  end-ordinate  derivative. 

RECURRENCE  MATRIX  EQUATION  FOR  RESPONSE  OF  AN  AIRPLANE 

IN  A GUST 

In  order  4o  help  the  reader  to  obtain  a perspective  of  what 
is  to  be  covered  in  this  section,  the  following  basic  phases  of 
the  analysis  are  given: 

(1)  The  assumptions  are  stated. 

(2)  The  coordinate  system  and  displacements  are  defined. 

(3)  The  aerod3niamic  lift  and  moment  are  defined. 

(4)  The  normal  and  torsional  dynamic  loadings  (inertia 
forces,  aerodynamic  forces,  and  fuselage  forces)  on  the  wing 
are  derived. 

(5)  The  equations  of  elastic  deformation — wing  vertical 
motion,  wing  rotation,  and  fuselage  bending — are  given. 

(6)  The  dynamic  loadings  on  the  wing  are  transformed 
into  difference  equations. 

(7)  The  equations  of  elastic  deformation  and  the  difference 
equations  for  loading  are  combined  to  give  the  recurrence 
matrix  equation  for  response. 

In  succeeding  sections  the  initial  response  is  determined, 
the  method  for  evaluating  the  gust  forces  is  shown,  and  the 
method  for  computing  the  loads  and  stresses  is  indicated. 

Assumptions. — In  this  analysis  an  attempt  is  made  to 
obtain  the  simplest  and  most  direct  solution  to  the  problem 
with  a minimum  of  simplifying  assumptions.  The  case 
treated  is  that  of  an  airplane  having  an  essentially  straight 
wing  and  penetrating  a gust  of  known  structure.  The  tail 
is  considered  to  penetrate  subsequently  the  same  gust  as 
does  the  wing.  The  assumptions  made  are  as  folloW’S: 

Assumptions  pertaining  to  elasticity  and  airplane  motion: 

(1)  The  usual  assumptions  of  engineering  beam  theory  are 
made. 

(2)  The  fuselage  is  free  to  pitch  and  move  vertically.  The 
portion  of  the  fuselage  in  front  of  the  elastic  axis  of  the  wing 
is  assumed  for  convenience  to  be  rigid.  The  portion  of  the 
fuselage  rearward  of  the  elastic  axis  is  assumed  flexible,  and 
the  elastic  deflection  is  assumed  to  be  given  by  a single 
modal  function. 

(3)  The  tail  is  assumed  rigid. 

Assumptions  pertaining  to  aerodynamic  forces: 

(1)  Aerodynamic  strip  theory  applies.  Three-dimensional 
effects,  however,  may  be  taken  into  account  approximately 
by  means  of  over-all  corrections.  Some  such  corrections  are 
indicated. 

(2)  The  gust  force  and  forces  due  to  vertical  and  pitching 
motion  are  the  only  tail  forces  considered.  Other  forces  of 
known  character  may  be  included,  however,  if  desired. 
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(3)  Aerodynamic  forces  on  the  fuselage  are  neglected. 

Coordinate  system  and  displacements. — Position  on  the 
airplane  is  denoted  by  an  orthogonal  system  of  axes.  The 
origin  is  at  the  intersection  of  the  wing  elastic  axis  with  the 
plane  of  symmetry  of  the  airplane:  the  t^-axis  runs  positive 
upward,  the  a:-axis  runs  along  the  fuselage  positive  in  the 
rearward  direction,  and  the  7/-axis  runs  span  wise.  The  wing 
semispan  is  considered  to  be  divided  into  sLx,  not  necessarily 
equal,  sections,  with  a station  point  at  the  middle  of  each 
section.  (See  fig.  3.)  More  or  fewer  stations  could  be 
chosen,  but  it  is  believed  that  six  is  a fair  compromise  be- 
tween the  amount  of  labor  involved  in  setting  up  a solution 
and  the  accuracy  desired.  The  interval  between  stations  is 
designated  by  the  number  of  the  station  at  the  outboard  end 
of  the  interval.  Station  0 is  located  near  the  wing  root  and 
generally  may  be  located  where  the  fuselage  intersects  the 
wing.  In  this  way  the  concentrated  forces  of  the  fuselage 
are  allowed  to  act  through  station  0.  The  other  five  stations 
are  then  located  in  any  convenient  manner  so  as  to  fall  at 
concentrated  mass  locations  or  at  points  which  represent  the 
average  of  distributed  masses,  station  5 being  nearest  the  tip. 
The  total  mass  within  a section  is  assumed  to  be  concen- 
trated at  the  station  point,  and  the  average  of  the  section 
geometry  (chord,  elastic  axis  position,  and  so  on)  is  assumed 
to  apply.  In  this  way  the  wing  is  assumed  to  be  a beam 
subject  to  six  load  concentrations  and  as  such  will  have  a 
linear  moment  variation  between  each  station.  The  further 

assumption  is  made  that  the  variation  is  linear  between 

each  station.  With  these  assumptions  for  the  El  variation 
and  concentrated  load  locations,  equations  for  deflection  at 
each  station  point  may  be  derived  (appendix  C)  by  direct 
analytical  treatment. 

The  displacements  of  the  cross  section  at  each  station  of 
the  wing  are  given  as  the  deflection  of  and  rotation  about  the 
wing  elastic  axis  as  shown  in  figure  4.  The  fuselage  dis- 
placements are  shown  in  figure  5 and  are  given  by  the 
equations: 

Wf=  i4;(0)  — v?(0)x  (1 1) 

for  the  forward  section  and 

Wf=w{^)-(p{Q)x-\-Wib  (12) 

for  the  rearward  section.  The  function  W\  is  taken  as  the 
fundamental  mode  of  vibration  of  the  fuselage  and  tail 
assembly,  when  the  fuselage  is  considered  to  be  clamped  as  a 
cantilever  beam  at  the  elastic-axis  location  of  the  wing,  and 

is  given  in  terms  of  a unit  deflection  at  the  —chord  position 

on  the  tail.  With  this  function  to  represent  the  elastic 
deformation  of  the  fuselage  the  deflection  and  angle  of 
attack  of  the  tail  are  found  with  the  aid  of  equation  (12)  to  be 


Wf{x  t)  =w(0)  — ^(0)x,  + 6 (13) 


station  \ 0 12  3 4 5 

Figure  3— Division  of  wing  into  sections. 


Figure  4. —Displacements  of  a wing  cross  section. 


ViO) 


Figure  5.— Coordinate  system  for  fuselage  displacement. 

Aerodynamic  lift  and  moment. — Before  going  into  the 
details  of  the  analysis  it  is  felt  worthwhile  to  define  and 
describe  the  nature  of  the  aerodynamic  forces  to  which  the 
wing  is  subjected.  These  forces  originate  from  two  sources: 
they  arise  directly  from  the  gust  encountered,  and  they  arise 
from  the  ensuing  airplane  motion.  The  equations  for  the 
aerodynamic  lift  and  moment  that  develop  are  herein  set  up 
in  a convenient  form  on  the  basis  of  work  given  in  references 
1 to  4.  In  these  investigations  various  methods  for  separat- 
ing the  lift  forces  have  been  used,  but  the  particular  method 
for  separating  these  forces  is  not  important  so  long  as  they 
are  taken  into  account  properly. 

In  the  present  report  the  aerodynamic  lift  and  moment 
are  considered  to  be  composed  of  two  parts:  one  part,  desig- 
nated as  the  lift  or  moment  due  to  circulation,  which  includes 
all  lift  forces  or  moments  exclusive  of  aerodynamic  inertia 
effects  and  the  other  part,  which  is  due  solely  to  these  inertia 
eflfects.  These  lift  forces  and  moments  can  be  resolved  into 
the  force  systems  acting  on  the  airfoil  as  shown  in  sketch  1 
(forces  due  to  circulation)  and  sketch  2 (inertia  force  and 
moment) . 


where 


Sketch  1. 


2 


Sketch  2. 
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The  force  Lg  is  the  lift  force  developed  'by  the  gust  and 
corresponds  to  the  gust  force  that  would  develop  on  the 
airfoil  considered  rigid  and  restrained  against  vertical  motion. 
All  the  other  forces  occur  as  a result  of  motion  of  the  airfoil. 
These  forces,  as  well  as  the  gust  force,  are  given  for  an 
interval  I of  the  span  by  the  equations:  For  the  forces  due 
to  circulation, 

L,=^mA-irpclU  ^ n-T)dT  (15) 

Jo  Or  * 

L^=m^wpclU  r [Uip-ib+c  (f-f)  ^1  [1  ^)]  dr 

* (16) 

(17) 

and  for  the  inertia  force  and  moment, 

i3_?^’[-«,+(i-a)ii]  (18) 

where 

rriA  factor  which  can  be  used  to  introduce  over-all  com- 
pressibility and  aspect-ratio  corrections;  in  this 
report  the  factor  is  assumed  to  be  given  by 
A 

2 + A^ll  — M^ 

1— $ lift  function  which  denotes  the  growth  of  lift  on 

an  airfoil  following  a sudden  change  in  angle  of 
attack 

^ lift  function  which  denotes  the  growth  of  lift  on  a 

rigid  airfoil  entering  a sharp-edge  gust 
The  functions  1—^  and  \p  and  the  correction  are 
established  as  follows.  In  reference  5,  approximate  equa- 
tions are  derived  which  give  the  lift-coefficient  form  of  the 
growth  of  lift  on  a finite  wing  following  a sudden  change  in 
angle  of  attack  or  due  to  the  penetration  of  a sharp-edge 
gust.  The  equations  may  conveniently  be  considered  as  the 
product  of  a factor,  which  may  be  regarded  as  a lift-curve 
slope,  and  an  unsteady  lift  function,  designated  by  l—^>  for 
the  fimction  due  to  the  angle-of-attack  change  and  by  ^ 
for  the  function  due  to  the  sharp-edge  gust.  These  unsteady 
lift  functions  are  shown  in  figures  6 and  7 and  are  given  by 


the  following  equations:  For  the  1— functions 

(1-^>)^=3=1-0.2836-«-"^o^  (20a) 

(l-^)^  = 6=l-0.361e-«-3s**  (20b) 

1-0. 1656 -«-"'^*-0.335e -"-300*  (20c) 

and  for  the  \(/  functions 

,/^^^3=1-0.6796-0'558^-0;2276-5-2o*  (21a) 

^^^6=l-0.4486-o-^o»_o.2726-o''25»_o.l93e-3-^®*  (21b) 

^^,.,„  = l-0.236e-«°®®*-0.5136-«'"®^'-0.17l6-2-^2,  (21c) 

= 1-0. 5006  “''•'305_o.5006-*  (22) 


Figure  6.— Lift  functions  for  sudden  change  in  angle  of  attack.  (See  equations  (20).) 


Figure  7.— Lift  functions  for  wings  entering  a sharp-edge  gust.  (See  equations  (21) 

and  (22).) 

Equations  (21)  are  based  on  equations  of  reference  5;  whereas 
equation  (22)  is  the  ^ function  that  is  suggested  for  wings  of 
infinite  aspect  ratio  in  reference  3.  Inspection  of  equations 
(20)  shows  that  the  function  for  aspect  ratios  3 and  6 is 
given  by  a single  exponential  term.  It  is  probable  that  the 
4>  function  for  higher  aspect  ratios,  say  10  and  even  20, 
may  also  be  given  to  a sufficient  approximation  by  a single 
exponential  term.  Therefore,  the  assumption  is  made  that 
in  general  may  be  represented  by  an  equation  of  the  form 

4>=ai6“^*  (23) 

Interpolation,  for  example,  of  the  curves  in  figure  6 shows 
that  the  function  for  aspect  ratio  10  might  be  approximated 
by  the  equation: 

^^.10-0.416-°-^^  - (24) 

The  analysis  does  not  necessarily  limit  ^ to  a single  ex- 
ponential term.  Other  terms  could  be  added  with  some 
increase  in  labor,  but  the  degree  of  refinement  obtained 
is  not  expected  to  add  much  to  the  over-all  accuracy  of  the 
solution. 

Although  the  functions  given  by  equations  (20)  to  (22) 
are  known  to  approximate  the  true  functions  quite  well  over 

a large  range  in  5 (s—  — f ),  the  yp  functions  given  by 
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equations  (2 1)  do  not  vanish,  as  bhe}’^  should,  when  t=0.  When 
used  in  the  computational  procedures  given  hereinafter,  these 
functions,  therefore,  are  to  be  taken  as  zero  when  ^=0, 
Another  point  to  note  is  that  the  variable  s is  given  in  terms 
of  a reference  chord  c<,;  thus  this  variable  as  applied  to  the 
wing  is  different,  in  general,  from  the  variable  as  applied 
to  the  tail. 

Examination  of  the  values  of  lift-curve  slope,  which  were 
stated  to  be  present  in  the  equations  taken  from  reference  5, 
reveals  that  they  may  be  approximated  with  good  accuracy 
by  the  product  of  2tt  and  the  often-used  aspect-ratio  cor- 


rection 


A 

A+2 


for  steady  incompressible  flow. 


In  the  present 


report  it  is  assumed  that  compressibility  and  aspect-ratio 
corrections  can  be  made  by  replacing  this  aspect-ratio 
correction  by  a compressible  aspect-ratio  correction  defined 

by  where  A'=A^Jl—M^J  and  by  multiplying  this 


. correction  by  the  Glauert-Prandil  Mach  number  correction 

to  give  the  product  mx.  The  procedure  then  for 

taking  into  account  three-dimensional  and  compressibility 
effects  in  the  present  analysis  is  to  determine  from  the 
forward  speed  and  aspect  ratio  of  the  wing  and  to  use  the 
1 — ^ and  \p  functions,  equations  (20)  to  (24),  for  the  aspect 
ratio  which  is  nearest  that  of  the  wing. 

Some  word  of  explanation  of  equation  (16)  might  he 
worthwhile  at  this  point.  The  4>(^— r)  function  is  associated 
with  the  lift  forces  which  are  due  to  the  wake.  Without  this 
term  the  equation  would  yield  the  steady  lift  corresponding 
to  the  instantaneous  values  of  angle  of  attack  and  vertical 
velocity.  If  equation  (16)  is  integrated  by  parts  and  the 
conditions  are  stipulated  that  Wj  ti?,  <^,  and  i>  are  all  zero  at 
^=0,  the  following  equation  may  be  found: 


Li=pcl%w-{l-^o)Pclw+ficlU^l-^o—^Q-f)^o'j<P+ 

(1  -%)pcH  (|-f ) w${t- T)dr- 

PclU^‘^  r)dT-pcHQ-  if^{t-T)dT  (25) 

where  /3  has  been  introduced  as  a forward-speed  and  aspect- 
ratio  parameter  defined  by  the  equation 

P = mATrpU  (26) 

With  reference  to  equation  (23),  and  4>o  in  equation  (25) 
would  have  the  values 


%=ai 

4>o —\ai 

Co 


The  form  of  Li  given  by  equation  (25)  is  presented  because 
this  form  is  more  convenient  to  use  in  the  present  analysis. 

For  this  analysis  the  total  lift  and  moment  acting  at  the 
elastic-axis  location  are  desired.  For  the  present,  the  total 
lift  L and  moment  M of  the  forces  due  to  circulation  are 
found;  the  inertia  force  and  moment  are  to  be  treated 


separately.  Summation  of  all  the  lift  forces  due  to  circula- 
tion and  summation  of  the  moments  of  these  forces  about 
the  elastic  axis  gives  the  desired  equations  for  the  aero- 
dynamic lift  and  moment  acting  on  the  airfoil  over  an 
interval  I as  follows: 


L—LiALnALg  (27) 

M=(a-|)x.-(f-a)z,+(a-|)i,  (28) 

The  loading  on  the  wing. — The  normal  and  torsional 
dynamic  loads  that  are  held  in  equilibrium  by  the  elastic 
restoring  forces  of  the  wing  may  be  found  by  considering  all 
the  aerodynamic  and  inertia  forces  that  act  on  the  wing. 
The  mass  situated  at  any  station  (see  fig.  4)  can  be  shown  to 
have  an  inertia  normal  force  equal  to 

— mwAme^p 

and  an  inertia  torsional  moment  about  the  elastic  axis  equal 
to 

mew—mk^lp 

If  the  aerodynamic  forces  and  moments  (see  equations  (18), 
(19),  (27),  and  (28))  are  added  to  these  inertia  loadings,  the 
total  normal  and  torsional  loadings  on  the  wing  at  each 
station  are  found  to  be  given,  respectively,  by  the  equations: 

p~  — mw-\-me\p-\-L-\-Lz 

g^  = raew—mk^ipAM—(^—(^  ia-f-Mi 

The  terms  and  Mi  ordinarily  would  appear  with  the  aero- 
dynamic lift  and  moment  values  but  are  treated  separatel}’^ 
so  that  they  can  be  combined  with  the  structural  mass 
terms.  If  use  is  made. of  equations  (18)  and  (19),  the  load- 
ing equations  become 

+ + i (29) 

q = w^w—mk^lp-\-M  (30) 

where 

w=(”i+^) 

The  terms  appearing  with  the  structural  mass  quantities  in 
the  definitions  of  m,  me,  and  mk^  are  the  terms  which  are 
commonly  associated  with  apparent  mass  effects. 

The  value  of  the  shear  forces  Z/  and  the  moment  M/  trans- 
mitted to  the  wing  by  the  fuselage  can  be  foimd  in  the 
following  manner.  From  equations  (11)  and  (12)  the  values 
of  the  inertia  loading  on  the  forward  and  rearward  sections 
of  the  fuselage  can  be  shown  to  be  given,  respectively,  by 
the  equations: 

Vf^—mf[w{Q)  — p{0)x]  (3 1 ) 

p^=  — nif  [ii(0)  — lp{0)x  + d Wx  ] (3  2) 
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Integration  of  these  inertia  loadings  over  the  length  of  the 
fuselage  and  addition  of  the  aerodynamic  tail  load  give 
the  value  of  the  total  load  transmitted  to  the  wing;  one-half 
of  this  load  is  designated  by  Lf  and  is  assumed  to  act  at 
station  0,  the  other  half  being  considered  to  act  through  the 
corresponding  station  on  the  other  half  of  the  wing.  Inte- 
gration of  the  moment  of  the  inertia  loading  about  the 
elastic-axis  location  and  addition  of  the  moment  —2xtLt  of 
the  tail  forces  give  the  total  moment  due  to  the  fuselage; 
one-half  of  the  moment  is  designated  M/  and  acts  at  sta- 
tion 0.  The  values  of  i/  and  Mf  thus  found  can  be  given 
by  the  equations: 

— Mi'i4?(0)-|-M2^(0)— M35+ Zf  (33) 

M^-M2^(0)-M4i5(0)+M55-a:,Z,  (34) 

where  the  M<^s  are  considered  to  be  generalized  masses 
defined  as  follows : 


form,  the  bending  and  rotational  displacements  are  related 
to  the  normal  and  torque  loadings  by  the  well-known 
expressions : 


WT 


(36) 


by  by 


= 2 


(37) 


where  in  this  instance  y and  y are  the  loadings  per  unit 
length  of  beam.  In  addition  to  these  two  equations  which 
are  considered  to  apply  to  the  wing,  an  equation  for  com- 
puting the  elastic  deformations  of  the  fuselage  may  be  found; 
this  equation  may  be  found  in  the  following  manner.  The 
rearward  part  of  the  fuselage  is  considered  to  be  a cantilever 
beam  subjected  to  the  inertia  loading  given  by  equation 
(32)  and  the  tail  force  2Zf.  If  equation  (36)  is  applied 
to  the  fuselage  and  use  is  made  of  equations  (12)  and  (32), 
the  following  equation  for  fuselage  bending  results: 


1 

Mi=-  TTifdx 
1 

M2  — -^  I nifX  dx 

M^~—  mfx‘^dx 
M5  — - I TYlfXWxdx 
m.Wi^dx 


(35) 


The  generalized  mass  constant  Me,  although  not  appearing 
in  equations  (33)  or  (34),  is  included  in  this  group  because 
it  occurs  in  a subsequent  part  of  the  analysis.  In  the 
derivation  of  equation  (34),  the  aerodynamic  moment  of 

the  tail  about  the  tail  i-chord  position  is  neglected  since 

it  is  considered  to  be  small  in  comparison  with  the  value 
XtLt,  The  lift  on  the  tail  Lt  can  be  found  by  application 
of  equation  (27)  to  the  tail  surface.  In  this  case  the 
function  appropriate  to  the  tail  should  be  chosen  and  the 
values  of  displacement  w and  <p  should  be  replaced  by 
Wf{x^  and  at,  the  values  of  deflection  and  angle  of  attack 

at  the  tail  ^-chord  position.  These  values  are  given  b}’' 

equations  (13)  and  (14). 

Matrix  equation  of  equilibrium. — The  problem  of  comput- 
ing the  response  may  be  considered  to  be  one  of  the  deter- 
mination of  the  deflection  and  rotation  of  a beam  which  is 
subjected  to  normal  and  torque  loadings.  In  differential 


[w(0)-^(0)x  + 5W^,]+2i,  (38) 

in  which  Lt  must  be  treated  properly  as  a concentrated  load 
and  If  is  the  bending  moment  of  inertia  of  the  fuselage. 
Since  Wi  represents  a vibration  modal  function,  the  following 
relation  exists: 

where  co/  is  the  frequency  of  vibration  associated  with  Wi. 
Equation  (38)  may  therefore  be  written 

bm  /W/Wi = — Tifif  [w(0) — ^(0)x  -f  5 Wx]  + 2Z, 

Multiplication  of  this  equation  through  by  Wi  and  integration 
between  0 and  Xt  results  in  the  following  equation  for  fuselage 
bending 

o,fmeb=-MM^)  + Meip{0)-Meb^Lt  (39) 

where  M3,  M5,  and  Me  are  defined  by  equations  (35). 

Equations  (36),  (37),  and  (39),  when  the  loadings  given  by 
equations  (29)  and  (30)  are  considered,  are  seen  to  be  rather 
involved  integrodifferential  equations  but  describe  com- 
pletely the  motion  of  the  airplane.  The  problem  is  to  find 
functions  w,  ip,  and  8 which  satisfy  these  equations  and  which 
satisfy  both  the  boundary  conditions  and  the  initial  conditions. 

The  problem  of  finding  the  w and  <p  functions  may  be 
simplified  considerably  by  reducing  the  rather  complicated 
equations  of  motion  to  a simplified  and  sj^stematic  algebraic 
form.  The  first  step  (see  appendix  C)  is  to  replace  the  dif- 
ferential equations  (36)  and  (37)  for  wing  deflection  and  wing 
rotation  by  the  following  simple  matrix  equations: 

[A] 1w|  = |p1  (40) 

[B] \<p\  = h\  (41) 
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The  matrices  Ln  these  equations  are  defined  in  appendix  C 
(see  equations  (C22)  and  (C23)  and  equations  (C29)  and 
(C30),  respectively)  and  have  been  derived  on  the  basis  that 
the  displacements  along  the  semispan  are  given  at  six  stations. 

Equations  (40)  and  (41)  and  the  fuselage  deflection  coeffi- 
cient 8 are  now  combined  in  a single  matrLx  equation  of  the 
form  indicated  as  follows: 


o 

o 

o 

5 

0 

0 [A]  0 

\w\ 

= 

IpI 

r~ 

o 

o 

s 

kl 

kl 

(42) 


This  form  is  chosen  because  it  will  be  useful  subsequently. 
With  the  notation  given  in  appendix  A,  equation  (42)  may^  be 
abbreviated  to  the  form: 


8 


[C] 


U) 


= \P\ 


(43) 


<P 


This  equation  may  be  regarded  as  the  loading  matrix  equa- 
tion of  equilibrium;  it  relates  the  loadings  to  the  displace- 
ments by  linear  simultaneous  equations.  The  boundar}'  con- 
ditions are  automatically  satisfied  when  this  equation  is  used 
because  they  had  to  be  taken  into  account  when  the  sub- 
matrices [A]  and  [5]  were  derived.  Only  the  initial  conditions 
remain  to  be  satisfied  and  these  are  treated  separately  in  a 
subsequent  section. 

Transformation  of  the  loading  equations  into  difference 
form. — The  loading  equations  are  now  simplified  by  replacing 
the  time  derivatives  by  difference  equations.  If  equation 
(5)  is  used  to  replace  the  derivative  in  equations  (29)  and 
(30),  the  values  of  the  loading  at  the  ?ith  time  interval  are 
found  to  be 


7Th  7TIC 

Pn  = 2 (2w„  — 5W„_i  + 4w„_2  — W„-3)H r — + 

€ € 

4^n-2“<Pn-3)  + I^n  (44) 

(2Wn  — 5Wn-l  + ^Wn-2  — Wn-z)  — ^^  (2<Pn  ~ 0(p„-l  + 

(45) 


The  values  Ln  and  Mn  are  found  b}^  determining  the  expres- 
sions for  ii,  ^2,  and  Lg  at  i—nt  (see  equations  (27)  and  (28)). 
Of  these  Lx  is  the  most  complicated,  since  it  (see  equation 
(25))  involves  three  unsteady  lift  integrals  of  the  Duhamel 
type.  Fortunately,  however,  a rather  simple  recurrence 
relation  can  be  developed  which  allows  the  calculation  of  the 
value  of  these  integrals  at  a given  time  interval  directly*  from 
the  value  at  the  previous  time  interval.  This  derivation  is 
presented  in  appendix  D and  is  made  possible  because  the 
4>  function  is  of  an  exponential  form.  (Where  the  ^ fimction 
is  given  by  more  than  one  exponential  term,  a recurrence 

213637—53 11 


relation  for  each  term  may  be  written.)  From  the  derivation 
in  appendix  D,  therefore,  the  value  of  the  three  integi*als  at 
the  Tith  time  interval  may  be  given  as  follows: 

(46) 

where 


Fn-x+gWn-x+g'^n^l 

in  which  g and  g'  are  defined  by*  equations  (A5)  in  appendix 
A.  With  this  expression  to  replace  the  value  of  the  integrals 
in  equation  (25),  the  value  of  may  be  written 

£i„=/3cZ  (^0+1  ^o)  w„  — (l—#o)/3cZw„  + 

m[?7(1-4-o)-^4>o-(4o+|$o)c(|-J)],»,+ 

+ (47) 

With  the  use  of  difference  equation  (4),  this  equation  may 
be  transformed  finally  into  the  form: 


- 1 + - 2 + _ 3 + doV«  + 

di  <pn~\-\-d2  (Pn-zA'dz  <Pn-Z’]rFn  (48) 

where  the  d's  are  defined  in  appendix  A.  Likewise,  from 
equations  (4),  (17),  and  (26),  may  be  written 

i2,j  = 24^  (ll^rt — 18^n-l+9^n-2 — ^V^n-s) 

If  ii„,  Zj,,  and  the  value  Lg^  of  the  gust  force  at  t=U€ 
are  introduced  into  equation  (44),  the  value  of  ^ at  the  Tith 
time  interval  can  be  shown  to  be  given  by  the  equation: 

jP«=»7oWn  + ?7iW?n-l  + ??2‘W;n-2+7?3'W^n-3+T?oVn  + 

’7lV«-l  + ^2Vn-2+»?3Vn-3+^n+Lg,j  (49) 

where  the  ry^s  are  coefficients  which  are  given  by  equations 
(A3)  in  appendix  A.  In  a similar  manner,  the  equation  for 
"g  (equation  (45))  can  be  reduced  to  the  form: 

= V^Wn  + VxWn^lA  V2'^n^2-\-  Vz'^n-Z~\~  ^o'<Pn  + *'lVn-l  + 
*'2Vn-2+J'3Vn-3  + ^Ct’“^^  ^"”^^^”4) 

where  the  v's  are  given  by  equations  (A4)  in  appendix  A. 

The  value  of  aerod}mamic  lift  acting  at  the  tail  ^-chord  Lt 

is  found  most  conveniently  by  applying  equation  (49)  to 
one-half  of  the  tail  surface.  This  application  is  made  by 
modifying  the  rj  coefficients  as  follows:  The  mass  value  in 

is  set  equal  co  zero,  - is  taken  as  c is  replaced  by  Ct,  and 

C 4 
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^cl  is  replaced  by  /3,,  defined  as  the  forward-speed  and 
aspect-ratio  parameter  of  the  tail  by  the  equation: 

Pt—^^A,rpUSt  (51) 

In  addition,  w and  <p  are  replaced  by  the  deflection  and 
rotation  of  the  tail  given  b}'  equations  (13)  and  (14).  With 

these  substitutions  the  value  of  L is  found  to  be 

~/o'“^(0)n+/lW(0)n-l-l-/2W(0)B-2+/3'M^(0)ii-3  + /oV(0)n  + 
//<p(0)h-1+  /2^»’(0)ii-2H"/3^(p(0)n-3+/o5n  4"/l3„_i  + 
j2Sn-2-i~f3Sn-3~\~Pt^~{~Lg^  (52) 

where 

-^.,=e-’’‘'i^,_,+i«;(0)„_.+iV(0)„-.+75n-,  (53) 

'^*'n  OQ6”ha.lf  the  tail  gust  force  at  t=nt  and  the/’s  and  j’s 
are  defined  by  equations  (A7)  and  (All),  respectively,  in 
appendix  A. 

With  equation  (52)  and  difference  equation  (5),  equations 
(33)  and  (34)  for  L/  and  Mf  and  equation  (39)  for  fuselage 
bending  may  be  reduced  readily  to  the  following  form: 

(0)„  -1-  7iW(0)„  _ 1 72W  (0)„  _ 2 -b  73W  (0)„  _ 3 + 7oV  (0)n  + 
7l  V(0)n  + 72  V('0)n  - 2 + Y3  V(0)n  - 3 + Yo^b -f  7 1 5b  - 1 -b 

725B-2+735B-3+l^(B  + -t'3,^  (54) 

Af/„  = /ioW  (0)b + M M0)b  - 1 -b  AI2W  (0)b -2+ M3W  (0)„  _ 3 -b  moV(0)b + 

M 1 V(0)b-  I + M2^^(0)b  - 2 + /*3  V(0)b  - 3 + Fo5b  +7il5B-l-b 
M2S„-2+M3S„.3—x,F,^—x,Lg^^  (55) 

0 =row(0)B  -b  riw(0)B  _ 1 -b?’2w(0)B  -2  -br3’i»(9)B  _ 3 -1-  roV(0)B  -b 

n V(0)„  - 1 -b  r2  V(0)b  - 2 + r3  V(0)„  - 3 -b  ro^B  + r I 5b  - 1 + 

r2S„-2+r3S„.3+F,^+Zg^^  (50) 

where  the  7’s,  ju’s,  and  r’s  are  given  by  equations  (AS)  to  (AlO) 
in  appendix  A. 

The  complete  set  of  loading  equations  as  well  as  the 
fuselage  bending  equations  are  now  available  in  difference 
form.  Equations  (49)  and  (50)  apply  at  each  spanwise 
station  and  in  addition  the  values  of  X/  and  M/  must  be 
introduced  at  station  0.  The  coefficients  1/,  y,  7,  and  so 
forth  are  seen  to  involve  only  the  physical  properties  of  the 
airplane  structure,  the'  forward-speed  and  aspect-ratio 
parameters  given  by  equations  (26)  and  (51),  certain  con- 
stants derived  from  the  unsteady  lift  function,  and  the  time 
interval.  The  time  interval  e that  is  chosen  should  be 
fairly  small  in  comparison  with  the  natural  period  of  the 
fundamental  mode  in  bending  of  the  wing.  To  serve  as  a 
guide  an  interval. chosen  near  1/30  of  the  estimated  period 
of  vibration  of  the  fundamental  mode  appears  to  be  quite 
satisfactory.  Of  course,  some  caution  should  be  observed 


in  the  choice  of  this  interval  if  the  airplane  is  near  a critical 
condition  where  some  mode  other  than  the  fundamental 
may  predominate.  For  example,  if  the  airplane  is  flying 
near  the  flutter  speed,  the  characteristic  frequency  of  the 
response  may  be  near  the  natural  torsional  frequency  of  the 
wing.  The  time  interval  should  be  modified  accordingly. 

Recurrence  matrix  equation  for  response. — Equations  (49), 
(50),  (54),  and  (55)  for  loading,  equation  (56)  for  fuselage 
bending,  and  the  equilibrium  equation  (43)  may  now  be 
combined  to  give  the  recurrence  matrix  equation  for  re- 
sponse. In  order  to  simplify  the  process  of  combining  these 
equations,  only  the  abbreviated  or  symbolic  form  of  the 
matrices  which  occur  are  used.  The  definitions  of  these 
matrices  are  given,  unless  otherwise  stated,  in  a complete 
group  in  appendix  A. 

Application  of  equations  (49)  and  (50)  to  each  of  the  span- 
wise  stations  and  of  equations  (54)  and  (55)  to  station  0 leads 
to  a set  of  loading  equations  which  may  be  put  in  the  matrix 
form  given  by  the  following  equations: 

|pU  = |7o|5B-bl7il5B-i-b|72|5B-2+i73|5B-3+[’7o]Iw|B  + 
hl]kl„_,-b[»?2]k|B_2+h3]|w|n-3+ho']k|B  + 
h/]l^ln-.+  h2']|»’|B-2+h3']k|B-3+||F|-b|X,||  -b 

(571 

l2in  = |Mo|5n  + |Ml|5n-l+|7<2l5n-.2+|M3|5;;_3+[j'o]|'M^|n  + 

[j'l]|'W;|n-l+[l'2]|‘W^|n-2+[^'3]|'W^|n-3+[V]|^|n  + 

[*^/]  ^U-X+[»'2n|^|n-2+[>'3^]|^|n-3  + ^^t“  l]lFI+ 

1-^*1  (58) 

n 

where 

|F|„=e-r«|F|B.,-b[5]H»-i+k']kl«-i  (59) 


i^t)n  — e ’''‘^{Ft)a-l-\-jlOi0)n-i-\-j'<p{0)n-l-\-jSa-i  (60) 

Equations  (57)  and  (58)  and  equation  (56)  may  now  be 
combined  to  form  the  following  matrix  equation: 

0 r Fo  [rd  [ro']~l  S FTi  [nj  5 

= l7o|  ho]  ho'l  |w|  -b  l7i|  hi]  h/]  Im^I  + 

hi  n -ImoI  [ro]  [V]-  \<p\  n .ImiI  [vJ  [v/].  hla-l 


1 0 E,  -b  Xj, 

|1|  [/]  |E|  + |Xd 

l*<l  [®~i] 


(61) 
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For  simplicity,  this  equation  may  be  abbreviated  to  the 
form: 


+ 


8 

8 

8 

8 

• 02 
II 

V) 

+ lSi] 

w 

+ [«2] 

w 

+ [Sz] 

w 

<P 

n 

<p 

n-1 

n-2 

<P 

where 


|F|,=[e]|F|„_.+flFJ 


8 

w 

<P  n-\ 


(62) 


(63) 


and  the  matrix  is  defined  in  the  section  entitled  ^*Der- 
ivation  of  Gust  Forces.” 

Substitution  of  equation  (62)  in  equation  (43)  gives 
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With  the  use  of  the  notations 


and 


[Z?]=[[0]-[S,]] 


(64) 


(65) 
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equation  (64)  may  be  written  simply 

\8\ 


(66) 


From  equation  (68)  the  complete  response  of  the  airplane 
can  be  computed  once  the  character  of  the  gust  is  known. 
The  matrix  of  gust-force  values  \L  g|„  can  be  determined  by 
the  procedure  given  in  the  section  entitled  ‘‘Derivation  of 
Gust  Forces.”  The  initial  conditions  (treated  in  the  follow- 
ing section)  are  used  to  obtain  three  successive  initial  sets  of 
the  displacements.  With  these  sets  of  displacements  the 
next  set  may  be  obtained  by  application  of  equation  (68). 
With  the  newly  found  set  and  the  preceding  sets  of  displace- 
ments, the  next  set  may  then  be  found,  and  so  forth,  until  a 
sufficient  time  history  of  the  displacements  is  found  from 
which  maximum  loading  conditions  may  be  determined. 

The  reason  for  using  the  difference  form  of  the  derivatives 
as  given  by  equations  (4)  and  (5)  might  now  be  given. 
Equation  (64)  may  be  considered  a differential  equation, 
since  the  matrix  [C]  contains  the  spanwise  derivative  matrices 
[A]  and  [5]  and  may  be  likened  to  the  differential  equation 
which  relates  the  load  to  the  deflection  for  a beam.  The 
unknowns  are  the  deflections  at  time  n.  The  right-hand 
terms  correspond  to  the  loading,  the  first  term  being  the  only 
one  which  is  not  kno^vn  since  it  contains  the  unknown  de- 
flection. The  subsequent  inversion  of  the  matrix  [D\  leads 
to,  in  effect,  the  solution  to  this  differential  equation  and,  in 
the  beam  analogy,  corresponds  to  the  integration  of  the 
loading  to  obtain  the  deflection.  When  numerical  methods 
are  used,  the  deflection  may  be  computed  with  good  accuracy 
by  integration  of  the  loading.  On  the  other  hand,  if  the 
difference  equations  which  apply  at  an  interior  ordinate 
had  been  used,  the  matrix  [G]  would  have  appeared  as  an 
operator  on  one  of  the  known  deflections  on  the  right-hand 
side  of  the  equation.  Effectively,  its  operation  would  be  to 
differentiate  a known  deflection,  and  in  the  beam  analogy 
this  operation  corresponds  to  the  attempt  to  obtain  the  load 
which  caused  a given  deflection.  This  process,  however, 
cannot  be  done  with  accuracy  when  numerical  methods  are 
used  because  of  the  difficulty  encountered  in  the  form  of 
small  differences  of  large  numbers.  The  difference  equations 
which  apply  at  an  outer  ordinate  and,  consequently,  lead 
to  an  integration  process,  therefore,  have  to  be  used. 


[D] 


\w 


= \Q\n 


(P\n 


(67) 


Multiplying  through  by  the  reciprocal  of  [D]  gives  finally 
the  equation 

|5| 


\w 


=[D]-^\QU 


<P\n 


(68) 


This  equation  gives  the  displacements  that  apply  at  time  n 
in  terms  of  the  displacements  that  occurred  at  several  pre- 
ceding values  of  time  (see  equations  (63)  and  (66)  for  the 
definitions  of  and  |Q|„). 


DERIVATION  OP  THE  INITIAL  RESPONSE 

As  has  been  mentioned,  some  initial  values  of  deflection 
are  needed  before  equation  (68)  can  be  used.  This  section 
shows  how  these  values  are  obtained.  The  airplane,  just 
before  gust  penetration,  is  considered  to  be  in  level  flight, 
and  all  displacements  which  follow  are  given  relative  to  this 
level-flight  condition.  The  initial  conditions  are  that  the 
vertical  displacements,  vertical  velocity,  wing  rotation,  and 
angular  velocity  are  all  zero.  The  gust  force  can  be  sho\vn  to 
start  from  zero  and,  therefore,  by  Newton^s  second  law  the 
additional  initial  condition  can  be  established  that  the 
acceleration  must  be  zero  at  the  start  of  the  response.  These 
conditions  can  be  satisfied,  and  the  beginning  of  the  response 
can  be  found  by  means  of  the  analysis  which  follows. 
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The  initial  response  is  assumed  to  be  given  in  terms  of 

four  successive  ordinates, denoted  by  Wijthe 

Wo  ordinate  is  considered,  as  in  the  case  of  the  damped  oscil- 
lator, to  locate  the  origin  of  time.  The  first  and  second 
derivatives  at  the  Wq  ordinate  are  given  by  equations  (8) 
and  (9),  respectively.  By  virtue  of  the  initial  conditions 
(the  vanishing  of  the  deflection,  velocity,  and  accelerations 
at  ^=0),  the  ordinate  Wq  and  the  derivatives  given  by  equa- 
tions (8)  and  (9)  must  be  zero;  therefore,  the  ordinates  w^2 
and  w - 1 are  found  to  be  related  to  the  ordinate  Wi  by  the  follow- 
ing relations : 

W-2  = — Swi  (69) 

w^i  = ~Wi  (70) 

These  relations  are  general  and  must  apply  for  deflection 
and  rotation  at  each  of  the  spanwise  stations  and  for  the 
fuselage  deflection  as  well;  that  is,  the  displacements  at 
t=—2e  must  be  minus  eight  times  the  displacements  at  t=e, 
and  the  displacements  at  — e must  be  the  negative  of  those 
at  i=€.  Substituting  these  conditions  in  equation  (64), 
taking  n as  equal  to  1,  and  using  the  condition  that  the  dis- 
placements are  z^o  at  ^=0  give  the  following  matrix 
equation  in  terms  of  the  displacement  at  t=e  alone: 


8 


[[£>]  + [-Sd+8[5'3]] 


w 


(71) 


\<P\i 

The  term  |-F)i  is  zero  and  therefore  does  not  appear  in  this 
equation.  Solution  of  this  equation  gives  the  values  of  the  dis- 
placements that  occur  at  t=e  (n=l). 

The  three  sets  of  initial  displacements  required  to  proceed 
with  equation  (68)  are  thus  known:  the  set  of  deflections 
found  at^=€,  the  zero  set  at  0,  and  the  set  at  — € given 
by  equation  (70),  or  simply  the  negative  of  the  displacements 
which  were  found  at  t=€.  In  the  actual  case  no  displace- 
ments are  present  at  t=—€,  but  these  displacements  may  be 
regarded  as  being  of  a fictitious  nature  the  only  purpose  of 
which  is  to  allow  the  step-by-step  evaluation  of  the  dis- 
placements to  be  started  easily; 

DERIVATION  OF  GUST  FORCES 

The  matrix  which  appears  in  the  response  equation 
(68)  is  derived  as  follows.  From  equation  (15)  and  the 
notation  of  equation  (26),  the  total  gust  force  acting  over  a 
station  section  at  the  nth  time  interval  may  be  given  by  the 
equation 

T”  'dv 

= ^^(n€— r)dr  (72) 


The  integral  in  this  expression  is  also  of  the  Duhamel  type 
and  since  the  function  is  expressed  by  exponential  terms 
(see  equations  (21)  ),  the  integral  maybe  evaluated  quickly 
by  a method  similar  to  that  developed  in  appendix  D.  The 
procedure  of  computing  the  gust  force  by  this  equation 
and  then  the  response  is  not  recommended,  however,  since 
a complete  response  evaluation  would  have  to  be  made  for 
each  gust  considered.  Instead  the  procedure  recommended 
is  to  compute  the  response  due  to  a sharp-edge  gust;  then 


with  this  response  the  response  to  any  gust  may  be  found 
directly  by  superposition. 

Thus  for  the  case  of  a sharp-edge  gust,  equation  (72) 
reduces  simply  to 


Lg^=Pclv^l/n 


(73) 


where  is  the  value  of  the  \p  function  at  t=ne.  This 
equation  when  applied  to  each  of  the  spanwise  stations  leads 
directly  to  the  matrix  equation  for  gust  force: 


CqIoVq 

CihVi 


C^lzVz 


i'n 


(74) 


If  the  gust  is  uniform  in  the  spanwise  direction,  the  v's  in 
this  equation  will  all  be  equal. 

In  a similar  manner,  one-half  the  gust  force  acting  on  the 
tail  due  to  a sharp-edge  gust  may  be  shown  to  be 


(75) 


where  the  gust  gradient  is  assumed  to  be  the  same  as  for 
station  0 and  is  the  value  of  the  xp  function  for  the  tail. 
This  equation  and  equation  (74)  may  now  be  combined  to 
give  the  desired  matrix  \Lg\n  as  follows: 


fitVo  0 


0 pcokvo 

0 PciliVi 
0 /3C2^2^2 

0 
0 
0 


(76) 


In  the  application  of  this  equation  it  should  be  kept  in  mind 
that  Lg^  does  not  begin  to  act  until  the  tail  starts  to  penetrate 
the  gust.  The  time  interval  at  which  penetration  starts 


may  be  taken  as  the  interval  nearest  to  the  quantity 


COMPUTATION  OF  LOADS  AND  STRESSES 


Once  the  time  history  of  the  displacements  has  been  found 
from  equation  (68),  the  normal  or  torque  loading  on  the 
wing  can  be  found  with  little  additional  work.  If  the  nota- 
tion of  equation  (66)  is  used,  equation  (62)  may  be  written 


lPU  = [So] 


-\-\Q\n 


(77) 


This  equation  shows  that  the  loading  matrix  \P\  may  be  foimd 
by  adding  an  easily  computed  matrix  to  the  matrix  |Q|,  the 
value  of  which  will  have  already  been  determined  in  the 
response  calculation.  The  loading  matrix  [Pj  is  remembered 


A RECURRENCE  MATRIX  SOLUTION  FOR  THE  DYNAMIC  RESPONSE  OF  AIRCRAFT  IN  GUSTS 


157 


to  be  defined  in  terms  of  the  normal  and  torque  loadings,  and 
either  of  these  loadings  may  be  found  independently  of  the 
other. 

The  loadings  thus  found  are  considered  to  be  applied 
statically,  and  the  stresses  are  then  found  by  ordinary  static 
means.  Since  the  loadings  can  be  computed  for  any  value 
of  time,  the  complete  stress  history  of  any  point  in  the 
structure  may  be  computed.  In  general,  the  maximum  stress 
at  different  points  in  the  structure  is  expected  to  occur  at 
different  times.  Some  guide  as  to  the  probable  time  of 
occurrence  of  the  most  severe  stress  may  be  had,  however, 
if  the  computed  wing  deflection  is  observed.  It  is  likely 
that  maximum  stress  occurs  in  the  range  where  wing  bending 
appears  to  be  most  pronounced. 

The  acceleration  of  any  point  in  the  structure  may  be 
found,  if  desired,  with  the  aid  of  equation  (5). 

COMPUTATIONAL  PROCEDURE 

The  principal  results  of  the  analysis  presented  in  the 
previous  sections  are  summarized  herein  in  a step-by-step 
form.  Only  those  steps  are  listed  which  actually  have  to  be 
performed  when  a determination  of  structural  response  for 
any  airplane  is  being  made.  In  order  to  conform  with 
standard  aircraft  practice  the  use  of  inch-pound-second 
units  throughout  is  recommended. 

The  steps  are  as  follows: 

Preliminary  steps: 

(1)  The  wing  semispan  is  divided  into  six  sections  and  a 
station  is  located  at  the  middle  of  each  section  (see  fig.  3). 
The  sections  are  proportioned  in  any  convenient  manner  so 
that  certain  stations  will  fall  at  concentrated  mass  locations, 
such  as  engines  or  fuel  tanks.  Station  0 is  located  near 
where  the  fuselage  intersects  the  wing  and  statioi^Sjs  located 
near  the  tip.  The  properties  El,  GJ,  m,  me,  and  mP  are  then 
computed  at  each  station. 

(2)  From  the  El,  GJ,  and  X<  values  determine  the  [A]  and 
[B]  matrices  by  the  method  given  in  appendix  C. 

(3)  Compute  the  gust-force  values  at  the  successive  time 
intervals  for  both  the  wing  and  the  tail.  (See  section 
entitled  ^‘Derivation  of  Gust  Forces.^’)  The  ^ functions 
used  are  taken  from  equations  (21)  or  (22)  for  the  aspect 
ratios  which  are  nearest  to  those  of  the  wing  and  tail,  respec- 
tively. A time  interval  that  appears  satisfactory  is  one  in 
the  neighborhood  of  1/30  of  the  estimated  natural  period 
of  the  fundamental  bending  mode  of  the  wing. 

The  recurrence  equation: 

(4)  With  the  quantities  determined  in  steps  (1)  and  (2), 
determine  the  matrix  elements  given  by  equations  (A3)  to 
(A5)  at  each  of  the  spanwise  stations. 

(5)  Compute  the  fuselage  and  tail  coefficients  given  by 
equations  (A8)  to  (All).  (See  definitions  of  Afi,  M2,  M3, 
M4,  Ms,  and  Me  given  b}^  equations  (35).) 

(6)  With  the  use  of  the  coefficients  determined  in  steps  (4) 
and  (5),  set  up  the  following  matrices:  [D],  [S,],  [S2],  [Sz], 
\R\,  [e],  and  \W\.  These  matrices  are  defined  in  appendix  A 
and  for  the  most  part  are  found  from  simple  diagonal 
matrices  of  the  coefficients  determined  in  steps  (4)  and  (5). 
The  form,  for  example,  of  the  [S]  matrices  is  illustrated  in 
table  1 with  randomly  chosen  numbers.  All  elements  which 


TABLE  L— ILLUSTRATION  OF^THE  [*S]  MATRICES 


"2 

3 

4 

1 

r 

1 

10 

1 

1 

6 

1 

1 

9 

1 

1 

5 

1 

1 

6 

1 

1 

4 

1 

1 

4 

1 

1 

3 

1 

1 

2 

1 

1 

3 

1 

1 

L 

1 1 

-i- 

1 

3 

4 

1 

1 

5 

1 

1 

3 

1 

1 

4 

1 

1 

3 

1 

1 

3 

1 

1 

2 

1 

1 

3 

1 

1 

2 

1 

1 

2 

1 

1 

1 1 

1 1 
1 

are  not  shown  are  zero.  It  may  be  of  interest  to  explain 
briefly  the  significance  of  the  various  terms  that  appear  in 
the  matrix.  In  order  to  facilitate  the  explanation  the 
matrix  has  been  partitioned  into  several  submatrices.  The 
terms  in  the  upper  left-hand  box  are  associated  with  wing 
bending  and  the  airplane  vertical  motion;  whereas  the  terms 
in  the  lower  right-hand  box  are  associated  with  wing  torsion 
and  airplane  pitching.  The  terms  along  the  two  subdiagonals 
serve  to  couple  together  the  bending  and  twisting  action. 
The  terms  in  the  first  row  and  first  column  are  associated 
with  fuselage  bending.  The  omission  of  certain  terms  in  the 
matrix  will  lead  to  the  matrix  which  applies  to  the  more 
simple  type  of  aircraft  motion.  For  example,  for  the  case  in 
which  only  wing  bending  and  vertical  motion  are  to  be 
considered,  computation  of  only  the  terms  which  make  up 
the  upper  left-hand  box  is  sufficient. 

(7)  Determine  the  reciprocal  of  the  [D]  matrix  and  set  up 
the  following  matrix  equation: 


where 


8 

V) 

<P 


= [D]'^\Q\n 


(78) 


8 

8 

8 

- 

\Q\n  = 

1 

[S.] 

w 

+ [5^21 

w 

+ [-S3l 

V) 

+ [^J 

|f|+|x.,1 

<p 

n — 1 

9 

n-2 

<P 

n-3 

n 

in  which 


|Fl„=te]|F|„-,+  fTFJ 


<P 


In-l 


In  these  equations  the  matrices  containing  8,  w,  and  (p  are 
displacement  matrices  and  are  defined  in  appendix  A.  The 
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matrix  |f|  takes  into  account  the  forces  which  develop  due 
to  the  “wake  effect/^  and  \Lg\  is  the  gust-force  matrix  which 
is  derived  in  step  (3).  Equation  (78)  is  seen  to  give  the  dis- 
placements that  occur  at  time  n in  terms  of  the  displacements 
which  occurred  at  the  times  n— 1,  ti— 2,  and  n—S. 

The  initial  response : 

(8)  By  use  of  the  matrices  given  in  step  (6)  and  the  gust 
forces  which  apply  at  n=l,  set  up  the  following  matrix 
equation: 

|5| 


[[^]  + [S2]+8[83]] 


\w\ 


=\R\\Ll 


(79) 


The  term  \F\i  does  not  appear  in  this  equation  because  it  is 
zero. 

(9)  Solve  equation  (79)  for  the  displacements.  Any  con- 
venient method,  such  as  the  Grout  method  (see  reference  6), 
may  be  used.  The  displacements  found  will  be  the  value 
of  displacements  that  apply  at  t=€  or  n=l. 

The  response: 

(10)  The  response  may  now  be  found  by  successive  appli- 
cation of  equation  (78).  The  response  at  n=l  has  been 
found  in  step  (9);  the  response  at  n=2  is  next  to  be  deter- 
mined. The  values  of  the  displacements  in  the  n—2  term 
of  the  response  equation  are  all  taken  to  be  zero  (initial 
condition),  and  the  values  in  the  n—S  term  are  taken  as  the 
negative  of  those  found  in  step  (9) . The  gust  forces  to  use 
are  those  which  apply  at  n=2.  The  deflections  that  apply 
at  71  = 2 are  then  found  by  matrix  algebra.  For  convenience 
the  column  matrix  |Q|  is  evaluated  first,  and  then  multiplica- 
tion of  this  column  matrix  by  the  reciprocal  of  the  [D]  matrix 
gives  the  deflections  at  77=2.  With  the  newly  found  deflec- 
tions at  77=2  and  the  deflections  at  77=1  and  77=0,  the 
deflections  at  77=3  can  be  found,  and  so  forth.  This  process 
is  continued  until  the  wing  bending  appears  to  be  the  most 
pronounced. 

Wing  loading: 

(11)  With  the  deflections  known,  the  value  of  wing  loading 
in  bending  or  in  torsion  can  be  computed  directly  from 
equation  (77).  The  stresses  at  any  point  can  then  be  com- 
puted from  the  wing  loading  by  ordinary  static  means. 
Since  the  loading  may  be  computed  at  any  value  of  time, 
the  complete  stress  history  of  any  point  on  the  structure 
may  be  computed. 

EXAMPLE 

As  an  illustration  of  the  method  of  analysis  given  in  the 
present  report,  the  response  of  a typical  two-engine  airplane 
due  to  a sharp-edge  gust  is  determined.  For  brevity  the 
fuselage  is  assumed  rigid  and  only  vertical  displacement 
and  wing  bending  are  considered.  The  weight  variation 
over  the  wing  semispan  and  the  equivalent-weight  concen- 
trations are  shown  in  figure  8.  In  this  figure  are  shown  also 
the  station  locations  and  the  interval  covered  by  each  station 
section.  The  solution  is  made  for  a forward  velocity  of 
flight  of  about  210  miles  per  hour  and  a gust  velocity  of  10 
feet  per  second.  In  tables  2,  3,  and  4 are  listed,  respectively, 
the  various  physical  characteristics  and  the  factors  which 


Figure  8. — Weight  distribution  and  equivalent  concentrations  for  example  two-engine 

aircraft. 

TABLE  2.— PHYSICAL  CHARACTERISTICS  AND  UNSTEADY 
LIFT  FACTORS  FOR  EXAMPLE  AIRPLANE 


<>' 560 

'•>  154 

E/q  .... 

“5T*  - - 165 

P»lWft* - 0.0765 

U — - 210 

' (in./sec 3700 

p,  in./sec x20 

«»sec ; 0.01 

A5,  half-chords 0.48052 

M. 0.276 

A - - 10 

mA 0.861 

0.001147 

X 0.381 

y - 18.3078 

- 0.832703 

*o=ai 0.361 

*0 - -6.  60912 

'^0 - 120.9983 


TABLE  3.—^  ORDINATES  AND  GUST-FORCE  MATRIX  FOR 
EXAMPLE  AIRPLANE 


n 

(Equation 

(22)) 

n 

(Equation 

(22)) 

0 

0 

10 

0. 72820 

1 

. 22105 

11 

. 74595 

2 

. 36744 

12 

. 76215 

3 

* . 46716 

13 

. 77707 

4 

.53741 

14 

.79086 

5 

.58888 

15 

.80373 

6 

.62830 

16 

. 81574 

7 

.65980 

17 

. 82696 

8 

.68594 

18 

.83748 

9 

.70840 

17. 8404 
15.  7552 
12. 1811 

lig|=120  ipn 

10.  5295 
8. 77455 
7. 01964 

come  from  the  unsteady  lift  function,  the  values  of  the  ^ 
function  and  the  gust-force  matrix,  and  the  matrix  elements 
that  are  required  for  the  solution  (steps  (1)  to  (5)).  The 
function  for  an  aspect  ratio  of  6 was  chosen  (see  equation 
(20b));  and  the  rj/  function  for  an  aspect  ratio  of  infinity 
(equation  (22))  was  used. 
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The  [^]  matrix  as  computed  from  the  values  of  X and  I 
listed  in  table  4 is  shown  in  table  5 (a).  In  the  computation 
of  the  rj  values  sho^vn  in  table  4 for  station  0,  the  fuselage 
was  treated  as  a concentrated  wing  mass.  This  treatment 
is  allowable  since  the  fuselage  is  assumed  rigid  and  further 
saves  the  work  of  computing  the  y values  (see  equations 
(A8)).  The  [[A]  — [So]]  or  [B]  matrix,  which  in  this  case 
applies  only  to  bending  and  vertical  displacement,  is  shown 
in  table  5 (b).  The  equation  which  is  formed  from  equation 
(78)  (step  (7))  and  which  involves  the  reciprocal  of  [B] 
and  the  [Si]  and  [Rj  matrices  is  shown  in  table  6.  The 
equation  for  computing  the  initial  response  (step  (8))  is 
shown  in  table  7. 


The  solution  to  these  equations  is  shown  in  figure  9 in 
which  deflection  in  inches  is  plotted  against  spanwise  station 
points  for  various  intervals  of  time.  For  clarity  the  deflec- 
tions for  the  odd  intervals  have  been  left  oflF.  From  these 
curves  the  consequent  wing  bending  and  the  manner  in 
which  the  airplane  is  swept  upward  by  the  gust  can  be  seen. 
The  time  histories  of  the  loads  (equation  (77))  that  occur 
at  each  of  the  spanwise  stations  are  shown  in  figure  10. 
These  curves  indicate  the  presence  of  some  second-mode 
excitation  in  the  response.  The  stresses  that  occur  at  stations 
0,  1,  and  2 are  shown  in  figure  11.  The  presence  of  second- 
mode excitation  is  not  readily  discernible  from  the  stress 
curves. 


TABLE  4.— MATRIX  ELEMENTS  FOR  EXAMPLE  AIRPLANE 


Station 

X 

I 

c 

1 

^0 

V2 

^3 

g 

0 

0.09 

2700 

154 

101 

-56. 019712X10* 

139.84200  XIO* 

-111.77100  XIO* 

27.93800  XIO* 

17.9752 

1 

. 18 

1870 

136 

101 

-31.  594032 

78. 802027 

-62.951014 

15. 733559 

15.  2697 

2 

. 17 

1100 

118 

90 

-7. 570015 

18. 783512 

-14. 956756 

3. 735946 

12. 2731 

3 

. 16 

520 

102 

90 

-2. 109675 

5. 151851 

-4. 060925 

1. 012428 

10.6091 

4 

. 16 

225 

85 

90 

-1.150062 

2.  773208 

-2. 168104 

.539690 

8.84085 

5 

.16 

67.5 

68 

90 

698450 

1.664566 

-1.291283 

. 320952 

7. 07268 

TABLE  5.— THE  [A]  AND  [D]  MATRICES  FOR  EXAMPLE  AIRPLANE 

(a)  The  [A]  matrix 


82, 192.  75 

-133, 410. 07 

61,949.  726 

-12,  599. 08 

2, 094. 4210 

-237.  6981 

-133,  410.07 

258, 299.  66 

-172, '806. 94 

56, 197. 447 

-9, 339. 8380 

1,059.7383 

61, 959.  73 

-172, 806.94 

194, 219.  495 

-108,  709.  511 

28,  579. 472 

-3, 242.  2365 

-12,  599. 080 

56, 197. 447 

-108,709. 511 

103, 953. 971 

-47, 410. 326 

8, 567. 4988 

2,094. 4210 

-9, 339. 8380 

28,  579. 472 

-47, 410.  326 

36,  607. 4681 

-10,531.197 

-237.  6981 

1, 059.  7383 

-3,  242.  2365 

8,  567.  4988 

-10,  531. 197 

4,  383. 89451 

(b)  The  [D]  matrix 

642,389.82 

-133, 410. 07 

61, 959.  726 

-12,599. 080 

2, 094. 4210 

-237. 6981 

-133, 410. 07 

574, 239. 980 

-172, 806.94 

56, 197. 447 

-9, 339. 8380 

1, 059. 7383 

61, 959.  726 

-172, 806.94 

269, 919.  640 

-108, 709. 511 

28,  579. 472 

-3,  242. 2365 

-12, 599. 080 

56, 197.  447 

-108,  709.  511 

125, 050.  721 

-47,  410. 326 

8,  567. 4988 

2, 094. 4210 

-9,  339. 8380 

28,  579.  472 

-47, 410. 326 

48, 108.0880 

-10,531.197 

-237. 6981 

1, 059. 7383 

-3,  242. 2365 

8,  567.  4988 

-10,  531. 197 

11,368.3945 

where 


in  which 


TABLE  6— RECURRENCE  EQUATION  FOR  RESPONSE  OF  EXAMPLE  AIRPLANE 


w(0) 

0.016448152 

w(l) 

0.  003274436 

w(2) 

1 

-0. 002535913 

w(3) 

“l0,000 

-0. 002352327 

w(4) 

-0. 008291844 

w(5) 

n 

_ 0.0003284241 

0. 003274436 
0.  022344322 
0. 01467594 
0. 002077166 
-0. 002939533 
-0. 002117350 


-0. 002535913 
0.01467594 
0. 069848456 
0. 062468920 
0.02103792 
-0. 009089948 


-0. 002352327 
0.  002077166 
0. 06246892 
0. 19074974 
0. 15523588 
0.  01762344 


-0. 0008201844 
-0.002939533  ' 
0. 02103792 
0. 15523588 
0. 40588417 
0.  26526111 


0. 0003284241 
-0. 002117350 
-0. 009089948 
0.  01762344 
0.  26526111 
1. 10968865  _ 


] 

"139. 84200 

78.802027 

Q 

= 10,000 

18. 783512 

5. 151851 

n 

2.  773208 

1.  664566_ 

w(0) 

wil) 

w{2) 

wiZ) 

w(i) 

w(5) 


"-111.  77100 

w(0) 

"27. 938000 

io(0) 

-62. 951014 

w{l) 

15.  733559 

to(l) 

-14.  956756 

w(2) 

3. 735946 

*0(2) 

-4. 060925 

*0(3) 

1.012428 

*0(3) 

10,000  " * 1 «ii" 

-2. 168104 

to(4) 

0.  53%90 

*0(4) 

-1.291283^ 

*0(5) 

n-2 

0. 320952. 

*0(5) 

n-3 

[F|„=0. 8327031  F|„ 


"17. 9752 

*o(0) 

15.  2697 

to(l) 

1 + 

12. 2731 

*0(2) 

10. 6091 

*0(3) 

8. 84085 

*0(4) 

7. 07268. 

*0(5) 

TABLE  7.— EQUATION  FOR  INITIAL  RESPONSE  OF  EXAMPLE  AIRPLANE 


10,000 


175. 9720 
-13. 34101 
6- 195973 
-1.259908 
0.2094421 
_ -0.02376981 


-13.34101 
120. 3415 
-17.28069 
5. 619745 
-0. 9339838 
0. 1059738 


6^195973 
-17.28069 
41.92278 
-10.87095 
2.857947 
-0. 3242237 


-1.259908 

0. 2094421 

-0.02376981“ 

*0(0) 

17.8404 

5. 619745 

-0. 9339838 

0. 1059738 

*0(1) 

15. 7552 

-10. 87095 

2. 857947 

-0. 3242237 

*0(2) 

= 120(0.  22105) 

12. 1811 

* 16.54357 

-4.  741033 

0. 8567499 

*0(3) 

10. 5295 

-4.  741033 

6.960225 

-1.053120 

*0(4) 

8.77455 

0. 8567499 

-1. 053120 

2.413172  . 

*0(5) 

1 

7. 01964 
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Figure  9. — Response  of  example  airplane  due  to  lO-foot-per-second  sharp-edge  gust. 
17=210  miles  per  hour. 


Figure  11.— Bending  stress  developed  in  example  airplane  due  to  10-foot-per-second 
sharp-edge  gust. 


DISCUSSION 

A method  for  computing  the  stresses  and  structural  action 
of  an  airplane  flying  through  a gust  has  been  given.  The 
method  is  based  on  aerodynamic  strip  theory,  but  over-all 
corrections  for  compressibility  and  three-dimensional  effects 
can  be  made  as  is  indicated  by  a suggested  correction  pro- 
cedure. Some  tail  forces  are  included  in  the  analysis  and 
others  might  equally  well  be  included  if  their  character  is 
known. 

The  analysis  as  given  is  general  enough  to  include  the  wing 
bending  and  twisting  flexibilities  and  the  fuselage  flexibility. 
In  a good  maii}^  cases  that  may  be  considered,  however,  the 
last  two  of  the  flexibilities  may  prove  to  be  of  negligible  im- 
portance. Some  investigators  have  indicated  (see  reference 
1)  that,  unless  the  forward  speed  of  the  airplane  approaches 
the  flutter  or  divergence  speed  of  the  wing,  the  torsional  defor- 
mations do  not  have  to  be  included.  Likewise,  in  cases  in 
which  the  fuselage  is  rather  stiff,  the  effect  of  fuselage  flexi- 
bilit}^  on  the  response  may  be  rather  small.  In  such  cases 
in  which  either  or  both  of  these  flexibilities  may  be  ignored, 
the  analysis  is,  of  course,  simplified  and  shortened.  The 
example  presented  in  the  previous  section  illustrates  this 
point.  In  the  present  state  of  understanding  of  gust- 
response  analysis,  enough  information  is  not  available  to 
indicate  definitely  when  and  when  not  to  include  the  various 
flexibilities  of  the  aircraft  structure.  The  analysis  in  the 
present  report  may  provide  a useful  means  to  assess  their 
importance.  The  extent,  for  example,  to  which  coupling 
exists  between  wing  bending  and  wing  torsion  in  any  par- 
ticular case  may  be  seen  by  comparing  the  displacements 
obtained  from  the  coupling  terms  with  the  displacements 
obtained  from  the  noncoupling  terms. 

Both  the  symmetrical  and  antisymmetrical  types  of  gusts 
can  be  bandied  by  the  analysis  given  in  the  present  report. 
In  general,  the  symmetrical  gust  is  expected  to  produce  the 
most  severe  stress  condition,  and  therefore  only  the  matrices 
which  apply  for  a symmetrical  case  have  been  given.  These 
matrices  were  derived  by  using  the  boundary  conditions  for 
the  symmetrical  deformation  of  a free-free  beam.  The  case 
of  an  antisymmetrical  gust  can  be  treated  by  replacing  these 
matrices  by  the  ones  which  apply  for  the  antisymmetrical 
deformation  of  a free-free  beam.  The  case  of  a general  un- 
symmetrical  gust  can  be  handled  by  first  breaking  the  gust 
into  two  parts — a symmetrical  part  and  an  antisymmetrical 
part — and  then  treating  each  part  independently. 

It  might  be  of  interest  at  this  point  to  compare  briefly  the 
matrix  method  to  a modal-function  solution.  One  of  the 
chief  disadvantages  of  the  modal-function  solution  is  that  the 
modes  and  frequencies  of  natural  vibration  of  the  structure 
have  to  be  computed  in  advance.  Then,  a large  number  of 
integrals  which  involve  these  modes  have  to  be  determined  in 
order  to  set  up  the  problem.  In  the  present  analysis  the 
physical  properties  of  the  airplane  are  used  directly  in  the 
setting-up  of  the  problem.  Further,  in  order  to  make  the 
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modal  solution  practical  the  higher  modes  must  be  dropped 
and  only  the  basic  or  fundamental  modes  can  be  used. 
Hence,  the  success  of  the  analysis  depends  to  a large  degree 
on  how  well  single  modal  functions,  one  mode  each  for  bend- 
ing and  torsion,  can  represent  the  airplane  distortion.  In 
the  analysis  of  the  present  report  the  distortions  are  found  for 
all  practical  purposes  as  the  correct  values  at  a number  of 
spanwise  stations,  at  least  to  within  the  accuracy  to  which  the 
aerodynamic  and  structural  parameters  are  kno^vn.  Also,  in 
this  analysis,  probably  the  most  difficult  operation  is  the 
inversion  of  the  matrix  [Z>],  which  is  actually  not  a very 
involved  operation,  especially  when  done  by  the  quick  and 
systematic  procedure  afforded  by  the  Crout  method  (refer- 
ence 6). 

The  present  report  indicates  the  methods  for  determining 
the  response  for  both  a sharp-edge  gust  and  a gust  of  arbitrary 
shape.  Probably  the  best  approach,  however,  is  to  compute 
only  the  response  for  a sharp-edge  gust,  since  the  response  for 
any  arbitrary  gust  may  thereafter  be  computed  by  means  of 
DuhamePs  integral.  To  follow  such  a procedure  would  also 
save  a great  amount  of  work  in  the  evaluation  of  the  gust 
forces. 

One  of  the  important  features  of  the  method  of  analysis 
presented  is  that  it  is  not  restricted  to  the  gust  problem. 
The  approach  used  may  be  used  to  treat  other  problems  of  a 
similar  nature.  The  landing  problem  can  be  handled  by 
simply  replacing  the  distributed  gust  force  by  the  con- 
centrated landing  forces.  In  the  landing  problem  also,  the 
problem  is  set  up  much  more  easily  since  the  aerodynamic 
terms  do  not  ordinarily  have  to  be  included.  However,  the 


landing  problem  in  which  aerodynamic  forces  are  included 
may  be  solved  by  this  method  if  desired.  The  approach  used 
herein  may  also  be  used  to  solve  the  problem  of  the  release  of 
heavy  objects  such  as  bombs.  This  problem  could  be  consid- 
ered the  inverse  of  the  gust  problem;  a load  is  released  rather 
than  encountered.  Some  maneuvering  problems,  such  as  the 
sudden  deflection  of  the  ailerons,  and  a number  of  other 
transient  problems  might  also  be  treated  by  an  approach 
similar  to  that  given  in  the  present  report. 

CONCLUDING  REMARKS 

A method  for  computing  the  stresses  and  structural  response 
of  an  aircraft  flying  through  a gust  has  been  presented.  The 
method  is  based  on  aerodynamic  strip  theory,  but  compres- 
sibility and  three-dimensional  effects  can  be  taken  into 
account  approximately  by  means  of  over-aU  corrections.  The 
method  takes  into  account  wing  bending  and  twisting 
deformations,  fuselage  deflection,  vertical  and  pitching 
motion  of  the  airplane,  and  some  tail  forces.  A sharp-edge 
gust  or  a gust  of  arbitrary  shape  in  the  spanwise  or  flight 
directions  may  be  treated.  A suggested  computational  pro- 
cedure is  given  to  aid  in  the  application  of  the  method  to  any 
specific  case. 

The  possibilities  of  applying  the  method  to  a variety  of 
transient  aircraft  problems,  such  as  landing,  are  brought  out. 
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APPENDIX  A 

DEFINITIONS  OF  MATRICES  USED  IN  ANALYSIS 


For  convenience  in  presentation,  most  of  the  matrices  and 
matrix  elements  that  are  used  in  the  analysis  are  defined  in 
this  appendix.  The  matrices  are  presented  without  deriva- 
tions, but  their  origin  should  become  evident  by  a study  of 
the  analysis. 

Matrices. — The  various  matrices  that  are  used  in  the 
analysis  are  defined  as  follows  for  the  case  in  which  the  wing 
semispan  is  divided  into  six  sections  (the  elements  which 
are  used  in  the  matrices  being  defined  in  the  subsequent 
section) : 

w(0) 
w(l) 
w{2) 
w(3) 
w(4) 
w(5) 


\v\= 


v’(l) 

^(2) 

^(3) 

^(4) 

v’(5)| 

<p(6)' 


d 

s 

w 

kl 

bl 

0 

bl 

k\ 


[4]] 

[B]] 


See  appendix  C for  definitions. 


[<7]  = 


0 0 0 
0 [A]  0 
Lo  0 [5]J 


[Z?]=[[(7]-[S„]] 


[r>i']  = 


Vi{0)+yi 

' V({1) 

Vi{2) 

vi'd) 

Vi'{2) 

v/m 

Vi'(4d 
Ui'(5)J 
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p(0) 
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p(2) 
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kl 
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>'i(3) 
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0 

It(|= 

0 

0 

0 

Mi 

0 

0 

Im<|  = 

0 

0 

0 

[ri\={_ri  0 0 0 0 Oj 
[r/J  = Lr/  0 0 0 0 OJ 
“ r<  LnJLn'J" 
[S,]=  l7i|  [Vi]  [v/] 

_Im.1  M W]  _ 
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Matrix  elements. — The  matrix  elements  which  appear  in 
the  matrices  defined  in  the  previous  section  are  expressed 
for  convenience  in  terms  of  the  following  common  factors: 


P=mATrpU  ^Q^ai 


(Al) 


in  which  the  last  four  are  associated  with  the  >i>  function  for 
the  wing.  (See  equation  (23) .)  With  these  factors  the  ele- 
ments that  must  be  computed  at  each  spanwise  station  are 
as  follows: 


(1  -^o)  M+ficl  (4>o+i  $0*) 


dl=-  (1— ^>o)  pci 


i$.t7*-($„+|$o*)c(|-^)] 

d/=-f(l-$,)^c^z(|-|) 


(A2) 
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/ 4t/16  I 7 / I 9 o 21 
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J'O 
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2me 
5mk^  . 
^mk 


g=/3cZ4>o«e“'>" 

g'=&cUe-y^  [-Z7^o-^oC  (|-f)] 


(A4) 


(A5) 


The  coefficients  which  must  he  computed  for  the  fuselage 
and  tail  are  expressed  in  part  in  terms  of  the  following 
common  factors: 


1 ^ ■ 

Pi=^  mA,irpUS, 

i^=-ytai, 


7<=—  X< 


J 


(A6) 


in  which  the  last  four  are  associated  with  the  $ functions 
appropriate  to  the  tail.  Also  used  are  the  generalized 
masses  given  by  equations  (35)  and  the  value  61  as  given  in 
equation  (14).  With  these  factors  the  coefficients  for  the 
tail  and  fuselage  are  as  follows: 


(A7a) 
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APPENDIX  B 

DERIVATION  OF  DIFFERENCE  EQUATIONS 


In  this  appendix  the  parabolic  and  cubic  difference 
equations  for  the  first  and  second  derivatives  of  a function 
are  derived. 

Parabolic  equations. — ^For  the  parabolic  difference  equa- 
tion, consider  the  function  shown  in  figure  12(a).  This 
function  is  assumed  to  be  replaced  by  the  arc  of  a parabola 
which  passes  through  the  tliree  ordinates  a,  6,  and  c.  It 
can  be  verified  readily  that  such  a curve  can  be  given  by 
the  equation 


The  first  and  second  derivatives  of  this  equation  at  j/=e  are 
given  by  the  equations 


dyX= 

d^w~[ 

dy^Jv^. 


c — a 

(B2) 

c — 2h-\-a 
,2 

(B3) 

These  equations  are  the  standard  difference  equations  for 
the  first  and  second  derivatives  of  a function.  The  deriva- 
tives are  purposely  taken  at  the  middle  of  the  three  ordinates 
because  the  resulting  equations  are  suitable  for  use  in  the 
simplification  of  many  problems.  If  the  derivative  had 
been  taken  at  an  outer  ordinate,  the  approximation  afforded 
would  not  be  accurate  enough  to  be  useful. 

Cubic  equations. — The  cubic  difference  equations  may  be 
derived  in  a manner  similar  to  that  for  the  parabolic  equa- 
tions. In  this  case  four  successive  ordinates  are  used.  (See 
fig.  12(b).)  The  function  is  replaced  by  a third-degree 
curve  which  is  given  by  the  equation 


Because  of  the  increase  in  accuracy  that  results  from  the 
use  of  a higher-degree  curve,  the  first  and  second  derivatives 
may  be  taken  at  an  outer  ordinate  with  an  accuracy  which 
is  about  equivalent  to  that  given  by  equations  (B2)  and 
(B3) . The  derivatives  at  y = Se  are 

duT\  lid — (B5) 


d^'uT\  2d— 5c~b46 — a 


(B6) 


If  taken  at  the  third  of  the  four  ordinates,  the  derivatives  are 


dvf\  2d+3c— 66  + 0’ 

dt/Jy=2€~ 


(B7) 


d^w~\  _d-2c  + 6 


(B8) 


Equations  (B5)  and  (B6)  are  used  in  the  derivation  of  the 
response  equation  for  an  airplane  in  a gust.  Equations  (B7) 
and  (B8)  are  useful  in  the  derivation  of  the  initial  response. 


(a)  Parabolic, 
(b)  Cubic. 


Figure  12.— Functional  notation  used  in  the  derivation  of  parabolic  and  cubic  difference 

equations. 
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APPENDIX  C 

DERIVATION  OF  MATRIX  EQUATIONS  OF  EQUILIBRIUM 


In  this  appendix  the  matrix  equations 

[A] \w\  = \p\  (Cl) 

[B] \<pMq\  (C2) 

for  symmetrical  bending  and  twisting  of  a free-free  beam 
under  normal  and  torsional  loads  are  derived. 

Bending. — In  accordance  with  the  assumptions  made  in 
this  report  the  wing  semispan  is  considered  to  be  divided  into 
six  sections  with  a station  point  at  the  center  of  each  section 
(see  fig.  3).  The  inertia  force  of  the  mass  and  the  aerody- 
namic force  that  develops  over  each  section  is  in  turn  assumed 
to  be  concentrated  at  the  respective  station  points.  The 
wing  is  thus  effectively  a beam  bending  under  six  concen- 
trated loads  and,  as  such,  will  have  a linearly  varying  mo- 
ment between  each  station.  The  following  general  equation 
for  the  moment  between  the  i and  i+1  stations  may  therefore 
be  written: 

M=ai  + biy  (C3) 

where 

in  which  y(i)  is  the  abscissa  to  the  i station. 

The  wing  is  further  assumed  to  have  a linear  1/EI  varia- 
tion between  stations  with  the  correct  value  of  1/EI  at  each 
station.  This  type  of  variation  would  lead  to  an  El  curve 
which  follows  very  closely  the  true  stiffness  curve  of  the 
wing  and  which  of  course  has  the  correct  values  of  El  at 
each  station.  A general  equation  for  1/EI  may  therefore 
also  be  written;  thus. 


where 


yji)  1 
b\i^i  EI(i-\-l) 


di 


1 


1 

EI(i) 


(C4) 


With  equation  (C3)  and  equation  (C4)  the  well-known 
expression  relating  deflection  to  moment  for  a beam  may  be 
written 


(C5) 


The  deflection  may  be  found  most  conveniently  from  this 
equation  by  use  of  the  engineering  beam  theorem  which 
states  that  the  deflection  of  one  point  on  a beam  relative  to 
the  tangent  of  the  deflection  curve  at  another  point  is  equal 
to  the  moment  about  the  displaced  point  of  the  MjEI 
diagram  between  the  two  points.  In  this  case  symmetrical 
loading  is  being  considered  and  therefore  the  boundary  con- 
dition at  the  center  line  is  that  the  slope  must  be  zero;  the 
deflection  of  each  station  relative  to  this  point  therefore  may 
be  readily  computed.  Fortunately,  because  of  the  conven- 
ient analytical  representation  of  MjEI,  these  deflections  may 
be  found  by  exact  integration.  The  deflection,  for  example, 
at  station  4 due  to  the  MjEI  variation  between  stations  i 
and  id-1  may  be  given  by  the  expression; 


/ 


yii) 


{(ii+  biy){Ci+diy)[y{4)—y]dy 


Consideration  of  all  the  expressions  of  this  sort  leads  to  the 
total  deflection  of  each  station  relative  to  the  wing  center 
line.  From  this  deflection  the  more  useful  deflection  relative 
to  station  0 can  be  readily  determined.  The  values  of  the 
deflection  thus  obtained  are  found  to  be  expressible  by  the 
following  matrix  equation: 


w(l) 

ttii 
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0~ 

M(0) 

w{2) 

®21 

a22 

®23 

0 

0 

Mil) 

w(3) 

EI(0) 

^31 

®32 

<^33 

®34 
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M{2) 

w(4) 

a4i 

(I42 

®43 

®44 

®45- 

Mid) 

w(5) 

<^52 

<^53 

®54 

®66_ 

M(4) 

where  the  matrix  elements  are  defined  by  the  equations: 


an = XqXj Ai 

<^2i=Xo(Xi+X2)+Xi^.Ai-f-X  1X2^1  . 

<*-31— Xo(Xi  + X2+ X3)  + Xi^.4i  -1-Xi(X2+X3)5i 

= X o(X  1 + X2  + X3  + X4)  + X Aj -|- X 1 (X2  + X3  + X4)5i 
<^51  = Xq(X  1 -I- X2 + X3 -|- X4  4 • X5) -J-X A-i + X i(X2+ X3+X4+ X5)  ^ 

(C7a) 


ai2=Xi^(7i 

0,22= X i^Ci  -|-  \1\2D1  “h A2 

®32=  X “b  X i(X2  “h  X3)  Di  "b A2  “b  X2X3JB2  ^ 

®42 = X (7i + X 1 (X2 + X3 -b  X 4)  Di + X2^u42 + X2(Xa  4“  X4)  JB2 

fl'52=Xi^(7i  + Xi(X2+X3-bX4+X5)Z)i-bX2^A2+X2(X3+X4-bX5)52> 

(C7b) 
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®33~  ^2*^2  "I"  ^2^3^2 

®43  = Xj(X3  -i"  X4)  Z?2  -j-  Xa*^3  -}-  \3\iBs 

®53  = X2*C2+  X2(X3  + X^+Xs)  X>2+  X3*^3  + X3(Xi  + Xs)53  ^ 

®34=X3^C3 

®44=X3*C3”l-X3X4Z?3“t-X4^^< 

054=  X3*C3*1-  X3(X4  + Xj)  Z?3  + X4*^4  "I"  X4X5  ^4  , 

®4S=X4*C4 

®5S=X4*C4-|-X4X5Z?4-|-X5^^5  J 

in  which 

A 1 1(0)  . 1 1(0)  1 

R_1  ^(0)  ,1/(0) 

^ 1 7(0)  . 1 J(0)  ^ 

^‘“I2  7(i-l)‘''l2  7(i) 

1 7(0)  1 7(0) 

■^*“6  7(i-l)'^3  7(i)  ^ 
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(C7c) 


(C7d) 


(C7e) 


(C8) 


The  moment  M{5)  does  not  appear  in  equation  (C6)  because  the  boundary  condition  is  used'so  that  the  moment  at  station 
5 is  zero.  For  convenience  equation  (C6)  may  be  given  in  the  abbreviated  form: 


^j(O)  [^^ll  1-^1 


(C9) 


From  the  five  loads  p(l),  2^(2),  p(3),  ^>(4),  and  p(5),  the  moment  at  each  station  may  be  foimd.  The  equations 
relating  the  moments  to  the  loads  can  be  shown  to  be  given  by  the  matrix  equation: 


M(Q) 

Xi  X1+X2  Xt+X2+X3  X1  + X2+X3+X4  X1  + X2+X3+X4  + X5 

p(l) 

M(l) 

0 X2  X2“1“X3  X2“t"X3-hX4  X2“hX3-bX4+X5 
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= b 

0 0 X3  X3+X4  X3+X4+X5 

2>(3) 

M(3) 

0 0 0 X4  X4+X6 

p(4) 

M(4) 

0 

0 

0 

0 
I 

p(5) 

which  can  be  abbreviated  simply 


results  in  the  equation: 


\M\=bm\p\ 


(Cll) 


Substitution  of  equation  (Cll)  into  equation  (C9)  gives 


^[[ff.][H2]]-N=bl 


(CIO) 


(C13) 


Multiplication  through  by  the  reciprocal  of 


EI{0) 


(C12) 

m m 


This  equation  thus  gives  the  loads  in  terms  of  the  deflection 
of  each  station  relative  to  station  0.  In  the  case  under 
consideration,  however,  the  wing  is  a free  body  capable  of 
motion  through  space  and  therefore  to  set  up  properly  the 
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equations  of  motion  the  deflection  must  be  given  relative 
to  a fixed  datum  line.  This  datum  line  is  most  conveniently 
located  as  the  position  of  the  wing  prior  to  action  of  the 
disturbing  loads.  Consideration  of  sketch  3 


will  show  therefore  that  the  following  relation  must  exist: 

w — w—-w{Q) 


Equation  (Cl 7)  is  noted  to  express  all  the  loads  except 
p(0)  in  terms  of -the  six  deflections.  An  additional  equation 
in  which  p(0)  is  expressed  also  in  terms  of  the  deflections 
may  be  established  by  use  of  the  condition  that  all  the  loads 
acting  on  the  wing  semispan  must  add  up  to  equal  zero; 
that  is, 

p(0)  + p(l)  + ^>(2) +p(3)  +p(4) +ii(5)  = 0 (C 1 9) 

This  condition  automatically  satisfies  the  two  boundary 
conditions  that  the  shear  must  be  zero  at  the  tip  and  center 
line  of  the  wing.  Thus  if  the  five  equations  represented  by 
equation  (Cl 7)  are  added,  and  use  is  made  of  equations 
(Cl8)  and  (Cl9),  the  following  equation  results: 

booW{0)  + bo^w{l)  + b 02^(2)  + b 03^(8)  + b oM^)  + b (5) = 2?(0) 

(C20) 

where 

^00=  — (^>oi“h  ^^03+ ^04  + ^05)  (C21) 


(C14) 


Substitution  of  this  equation  into  equation  (Cl 3)  gives 


^ [[ff.]  [ff,]]-V-«>(o)|=bl 
EI{0) 


(Cl  5) 


To  aid  in  the  derivation  — [[i?i][H2]]“^  is  now  written  in 
the  general  form: 

611  612  Jl3  ^^14  ^^15 

bl2  622  &23  ' ^^24  ^25 

^13  ^23  b^o  634  63 


iiaiKii-- 


'13  ^23  t^33  1^34  ^Z5 

b\4  b24  634  bu  bis 

bis  ^25  bzs  bis  b 


55 


(Cl  6) 


Thus  with  this  equation,  equation  (Cl 5)  may  be  trans- 
formed to  the  form: 


where 
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(C17) 


bo2=  — (^>12+  ^>22“h  i^23+  ^>24+  ^25) 

^03=  — (^13 “h  ^23+  ^>33+  ^34+  &3o) 
^04= — (^I4”h  ^24+^^34+644+  645) 
605=  ™ (6 15+  625+635+645+  655) 


(C18) 


This  equation  may  now  be  combined  with  equation  (Cl7) 
to  give  finally 
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(C22) 


This  equation  is  thus  the  desired  matrix  equation  which 
relates  the  normal  loads  to  the  deflection.  If  the  square 
matrix  is  denoted  b}^  [+],  the  equation  may  be  abbreviated 
conveniently  to  the  form 


[A]  \w\-\p\ 


(C23) 


which  is  the  form  used  in  the  text.  (See  equation  (40).) 

As  an  aid  in  computational  work,  a summary  of  the  steps 
involved  in  the  determination  of.[+]  is  given  to  close  this 
section: 

(1)  From  the  I values  at  the  respective  stations,  compute 
the  coefficients  given  by  equations  (C8). 

(2)  With  these  coefficients  determine  the  matrix  elements 
given  by  equations  (C7).  These  elements  form  the  matrix 
[Hi]  which  is  defined  by  equations  (C6)  and  (C9). 

(3)  Multiply  the  [Hi]  matrix  by  the  [H2]  matrix,  which  is 
defined  by  equations  (CIO)  and  Cll).  The  result  should  be 
a symmetrical  matrix;  this  property  serves  as  a very  useful 
computational  check. 

(4)  Invert  the  [ [^^i]  ] niatrix.  This  matrix  should 

also  be  symmetrical.  (The  Crout  method  (reference  6) 
serves  as  a rather  quick  and  useful  means  for  performing  the 
inversion.) 
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(5)  Add  the  columns  of  the  inverted  matrix  and  place  the 
negative  of  these  sums  at  the  top  of  theii*  respective  columns 
such  as  to  form  a new  row  of  matrix  elements.  Then  add 
these  sums  and  place  the  negative  of  the  sum  as  the  first 
matrix  element  of  the  newly  formed  row.  A new  column 
headed  by  this  value  is  thus  in  the  making.  Fill  in  the  re- 
mainder of  the  column  with  the  respective  elements  of  the 
new  row;  that  is,  the  appropriate  values  should  be  insei*ted  to 
make  the  matrix  s}TOmetrical.  This  final  matrix  is  the  de- 
sired [A]  matrix. 

Torsion. — For  the  torsional  case  the  torque  loads  q are 
assumed  to  be  concentrated  at  the  stations  just  as  in  the 
case  for  the  normal  loads  p.  Consideration  then  of  the  fol- 
lowing example  torque  diagram  (sketch  4) 


<L 


^(0)  q(V  g(^J  g(V  g(4)  g(s) 


Sketch  4. 

will  show  that  the  following  equations  must  apply: 

2(0)-  -T(l) 

2(2)=T(2)-T(3) 

2(3)=T(3)-T(4) 

2(4)=T(4)-~T(5) 

2(5)=  T(5) 

where  T(i)  represents  the  total  torque  present  in  the  i interval. 
No  torque  exists  between  the  wing  center  line  and  station  0, 
To  aid  in  the  derivation,  the  assumption  is  made  that 
IjGJ  varies  linearly  between  stations.  A typical  TjGJ 
diagram  between,  say,  the  i — l and  the  i stations  would 
appear  as  in  sketch  5: 


i-t  i 


d T 

From  the  differential  relation  may  be  ob- 

served that  the  change  in  angle  of  twist  between  two  stations 
is  equal  to  the  area  of  the  TjOJ  diagram  between  the  two 
stations;  therefore, 


>p(i) — — 1 ) 


If  the  notation 


1 1 

is  employed,  equation  (C25)  may  be  written 

T(i)=j,y(i)-<p(i-l)] 


(C26) 


(C27) 


Application  of  this  equation  to  each  of  the  spanwise  stations 
gives  the  following  equations  for  T: 

?’(l)=ii[<p(l)— v>(0)]' 

T(2)=jA<p(2)-<p(l)] 

T(3)=jA<Pm-<p(2)]  >■  (C28) 

Substitution  now  of  these  equations  into  equations  (C24) 
gives  the  desired  equations  relating  the  torque  loads  to  the 
angle  of  twist.  The  equations  thus  found  can  be  given  in 
the  matrix  form : 


(ii+i2)  — i2  0 

— j2  (j2  + js)  —jz 


—jz  Uz+Ja)  —Ja 


0 “I  ^(0)  2(0) 

0 ^(1)  2(1) 

0 <p(2)  _ 2(2) 

0 <p{S)  2(3) 


— (jA+jo)  -is  \<pm  g(4) 


0 -is 


which  can  be  abbreviated  to 


isJk(5)l  12(5)1 

(C29) 


the  form  used  in  the  test.  (See  equation  (41).)  Thus  all 
that  is  involved  in  the  computation  of  the  matrix  [B]  is  the 
evaluation  of  the  matrix  elements  by  means  of  equa- 
tion (C26). 


Sketch  5. 


APPENDIX  D 

RECURRENCE  EQUATION  FOR  THE  EVALUATION  OF  DUHAMEL'S  INTEGRAL  INVOLVING  AN  EXPONENTIAL  KERNEL 


The  derivation  of  a rather  simple  reciurence  relation  for 
the  step-by-step  evaluation  of  the  three  unsteady  lift  inte- 
grals appearing  in  equation  (25)  is  presented.  This  deriva- 
tion is  made  possible  because  the  kernels  of  the  integrals  are 
expressible  in  exponential  form. 

From  equation  (23)  the  first  and  second  derivatives  of  the 
$ function  may  be  written 


(Dl) 

Co 

..  4772  -X— < •• 

X*a,e  =4>oC-»‘ 

Co 

(D2) 

where 


4>o=  — 70, 

$o=7*d. 

With  these  equations  the  three  integrals  of  equation  (25) 
may  be  combined  conveniently  into  the  following  single 
integral  denoted  by 

(D3) 

For  convenience  the  notation 

Y = ^^oficlw—^oPclU +ioPcH  0 v>|  (D4) 

is  introduced  and  thus  equation  (D3)  becomes 

or 

Ye'f^dr  (D5) 

Mathematically,  the  integral  in  this  equation  may  be 
interpreted  to  represent  the  area  under  the  function  given 
as  a product  of  Y and  In  accordance  with  numerical 
evaluation  processes,  the  interval  0 to  t may  be  divided  into 
a number  of  time  stations  of  interval  e.  The  product  of 
Y and  may  then  be  found  at  each  of  the  time  stations 
and  from  these  products  the  area  imder  the  curve  may  be 
determined  in  first  approximation  by  the  trapezoidal  method 
of  determining  areas.  Thus,  if  the  time  station  n corresponds 
to  time  t,  the  expression  for  It  may  be  approximated  as 
follows: 

(D6) 


where  Fo  does  not  appear  since  the  initial  conditions  are 
used  that  the  deflection  w and  rotation  <p  are  zero  at  <=0, 
and  therefore  Fo  is  zero.  (See  equation  (D4).)  More  ac- 
curate methods,  such  as  Simpson’s  method,  could  be  used 
for  determining  the  area  under  the  curve,  but  because  of  the 
small  interval  chosen  the  consequent  increase  in  accuracy  is 
negligible.  If  the  notation 

7^„=:€e-^«^[Fie«+F2e’2.q,  . . . (Dj) 

is  introduced,  equation  (D6)  may  be  written  simply 

/n  = F„+|  F„  (D8) 

If  equation  (D5)  is  expanded  similarly,  only  for  an  upper 

limit  of  €,  the  expanded  result  would  be 

I (D9) 

By  analogy  with  equation  (D7),  however, 

• • • + (Diq) 

and  therefore  equation  (D9)  becomes 

V 

+ | Yn-,  (Dll) 

A study  of  equations  (D7)  and  (DlO)  shows  that  the  follow- 
ing relation  must  exist: 

Fn=e-^«Fn-i+€e~^«F„-i  (Dl2) 

Now,  if  equation  (D4)  is  used  to  rewrite  F„  and  Yn^i  in 
equations  (D8)  and  (Dl2),  the  value  of  /„  may  be  given 
finally  by  the  equation: 

In  = F„  (Wn  — ^fich^U^o+C  <Pn  (D 13) 

where 

Fn=e-y'F„.i+'4o(e-r‘Pdw„.i— 

j3cf6e-^‘[c74-„+c(|-“)$o]«»n-i  (D14) 

The  value  of  the  unsteady  lift  integrals  is  thus  given  by 
equation  (Dl3).  As  regards  the  analysis  given  in  the 

present  report,  Wn~i  and  fl'i’e  the  values  of  deflection  and 
rotation  which  have,  say,  just  been  determined  from  the 
recurrence  equation  for  response.  The  value  was  also 
established  and  therefore  can  be  determined  as  a definite 
quantity.  The  value  /„  is  thus  seen  to  be  given  in  terms  of 
the  known  and  in  terms  of  Wn  and  (pn  which  are  the  next 
values  to  be  evaluated  from  the  recurrence  equation. 
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APPENDIX  E 

MATRIX  ALGEBRA  • 

This  appendix  is  written  for  those  not  familiar  with  matrix  notations  or  matrix  methods.  All  the  matrix  algebra  necessary 
for  the  understanding  of  this  report  is  described  hereinafter  by  way  of  examples. 

Matrix  definition. — Some  of  the  basic  types  of  matrices  are  illustrated  by  the  following  arbitrary  matrices  which  are  of 
the  third  order: 

The  column  matrix 

I 21 


1 


l-il 

The  row  matrix 

L 2 

-3 

IJ 

The  square  matrix 

" 2 

-3 
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The  diagonal  matrix 
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0 

— 1_ 

The  identity  matrix 

” 1 

0 

O' 

0 

1 

0 

1 

0 

0 

1_ 

Element  definition. — Each  of  the  terms  that  appear  in  a matrix  is  defined  as  an  element.  Its  position  is  usually 
denoted  in  a row  by  the  number  of  terms  from  the  left  and  in  a column  by  the  number  of  terms  from  the  top. 

Matrix  addition. — ^The  addition  of  two  matrices  produces  a single  matrix.  Addition  is  performed  by  simply  adding 
together  corresponding  elements.  For  example, 
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Multiplication  of  a matrix  by  a scalar  number. — In  the  multiplication  of  a matrix  by  a scalar  number  every  element  in 
the  matrix  is  multiplied  by  the  number.  For  example, 
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Multiplication  of  a column  matrix  by  a row  matrix. — The  product  of  a column  matrix  and  a row  matrix  is  equal  to  the 
sum  of  the  products  of  the  corresponding  elements.  For  example, 

12  -3  IJ  2=(2X2)  + (-3Xl)  + [lX(-4)]=-3 

1 

-4 

Multiplication  of  a column  matrix  by  a square  matrix. — The  multiplication  of  a column  matrix  hy  a square  matrix 
produces  a column  matrix.  Consider  the  following  set  of  three  simultaneous  equations: 

22/1  — 3]/2+  Vz=ai^ 

2/1  + 22/a— 22/3=a2  (El) 

— yi—  2/2  + 32/3  = «3. 

The  procedure  adopted  in  matrix  algebra  is  to  write  these  equations  in  the  matrix  form 


(E2) 


where  the  multiplication  of  the  \y\  column  matrix  by  each  row  in  the  square  matrix  produces  the  respectiv^e  elements 
in  the  |a|  column  matrix.  (See  multiplication  of  a column  matrix  by  a row  matrix.) 

In  order  to  simplify  the  presentation  of  an  analysis,  the  symbolic  or  abbreviated  matrix  form  is  used  quite  often. 
The  symbolic  form  of  equation  (E2)  is  simply 

m \y\  = \a\  (E3) 


The  determination  of  .|a|  by  the  multiplication  of  \y\  by  [h£[  is  illustrated  with  arbitrary  values  of  y,  say  2/i  = 4,  2/2=5, 
and  2/3=6,  by  the  following  equation: 


2-3  in  4 (2X4)  + (-3X5)+  (1X6)  -1  a, 

I 1 2-25=  (1X4)+  (2X5)+(-2X6)  = 2 = as  (E4) 

L-1  -1  3J  6 (~lX4)  + (-lX5)+  (3X6)  9 ag 

Multiplication  of  a square  matrix  by  a square  matrix. — The  multiplication  of  two  square  matrices  produces  a square 
matrix.  Multiplication  is  performed  by  letting  the  niultiplying  matrix  operate,  as  in  the  preceding  section,  on  each 
of  the  successive  columns  in  the  matrix  being  multiplied  to  produce  corresponding  successive  columns  in  the  product 
matrix.  For  example, 


(E5) 


Order  of  multiplication.  In  general  the  commutative  multiplication  law  of  ordinary  algebra  does  not  hold  in 
matrix  methods;  that  is, 

\A\\B\9^\B\\A\ 


Therefore,  whenever  the  product  of  several  matrices  is  indicated,  these  matrices  must  be  multiplied  together  without 
changing  their  order. 
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Matrix  partitioning  and  submatrices. — A matrix  may  be 
partitioned  or  divided  at  will  into  smaller  matrices  For 
example,  the  left-hand  side  of  equation  (E4)  may  be  parti- 
tioned as  follows : 


The  matrices  w^hich  are  formed  by  the  dividing  lines  are 
called  submatrices.  These  submatrices  may  be  treated 
as  though  they  were  elements  when  matrix  operations  are 
performed.  For  example,  with  the  notation 

a = [--3  Ij 


where  [M\~^  is  the  reciprocal,  or  the  inverse,  of  [M]. 

The  reciprocal  of  a matrix  is  found  as  the  matrix  which 
satisfies  either  of  the  equivalent  equations 

[M]-^  [M]  =[/] 

[M] 

where  [/]  is  the  identity  matrix.  For  equations  (E2)  and 
(E3),  the  reciprocal  of  [il/]  is  found  as  the  matrix  which 
satisfies  the  equation 
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6 

the  multiplication  of  the  foregoing  partitioned  matrix  is  as 
follows : 


e 

lb  \ c]\d 

4b  + cd 

If  this  equation  is  considered  in  relation  to  equations  (El), 
(E2),  and  (E5),  the  values  of  bi,  62,  and  63  would  simply  be 
values  of  yu  2/2^  and  yz  which  satisfy  equation  (El)  for 
ai=lj  ao=0,  and  a3=0;  Ci,  C2,  and  C3  would  be  the  values  for 
ai=0,  02=1,  and  O3=0;  and  c/i,  ^2,  and  dz  would  be  the 
values  for  ai  = 0,  O2=0,  and  03=1.  For  this  example,  the 
solutions  are 


_ 1 

®“12  ‘^’“12 


The  reciprocal  of  a matrix  and  the  identity  matrix. — By 
ordinary  algebraic  methods  the  formal  operation  involved 
in  the  solution  for  x of  the  equation 

mx—a 


The  Grout  method  (reference  6)  provides  a very  quick  and 
convenient  method  for  determining  these  solutions. 

The  determination  of  y by  the  operation  [MY~^  on  |a[  is 
illustrated  as  follows  for  a\=  — 1,  U2=2,  and  as=9: 


is  the  multiplication  through  by  the  reciprocal  of  m;  thus, 

x=m~^a 

The  same  formal  operation  may  be  applied  to  matrix  equations . 
For  example,  the  solution  for  \y\  in  equation  (E3)  is  simply 

\y\  = [M]-M 


J_ 

12 
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GO 

4:*- 

— 1 
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— 1 7 5 
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_ 1 5 7_ 

9 

6 

(Ell) 


The  operation  performed  by  this  equation  can  be  seen  to  be 
the  inverse  operation  of  equation  (E4). 
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DYNAMICS  OF  A TURBOJET  ENGINE  CONSIDERED  AS  A QUASI-STATIC  SYSTEM’ 

By  Edwabd  W.  Otto  and  Burt  L.  Taylor.  Ill 


SUMMARY 

A determination  of  the  dynamic  characteristics  of  a typical 
turbojet  engine  with  a centrifugal  compressor,  a sonic-flow 
turbine-nozzle  diaphragm,  and  fixed-area  exhaust  nozzle  is  pre- 
sented. A generalized  equation  for  the  transient  behavior  of 
the  engine  was  developed;  this  equation  was  then  verified  by 
calculations  using  compressor-  and  turbine-performance  charts 
extrapolated  from  equilibrium  operating  data  and  by  experi- 
mental data  obtained  from  an  engine  operated  under  transients 
in  fuel  flow. 

The  results  indicate  that  a linear  differential  equation  for 
engine  acceleration  as  a function  of  fuel  flow  and  engine  speed 
for  operation  near  a steady-state  operating  condition  can  be 
written.  The  coefficients  of  this  equation  can  be  obtained 
either  from  actual  transient  data  or  with  a fair  degree  of  ac- 
curacy from  the  steady-state  performance  maps  of  the  com- 
pressor and  turbine  and  can  be  corrected  for  altitude  in  the 
same  manner  that  steady-state  performance  data  are  corrected. 

INTRODUCTION 

In  a turbojet  engine,  the  various  engine  variables  such  as 
speed  and  thrust  respond  comparatively  slowly  to  changes  in 
fuel  flow — much  more  slowly  than  reciprocating-engine  vari- 
ables such  as  torque  respond  to  changes  in  manifold  pressure. 
Any  control  mechanism  charged  with  the  responsibility  of 
keeping  turbojet-engine  variables  at  a set  value  is  faced 
with  the  problem  of  changing  the  fuel  flow  in  response  to 
errors  in  the  controlled  variable  at  a rate  that  is  fast  enough 
to  bring  the  variable  back  to  the  set  value  as  quickly  as 
possible  but  not  so  fast  that  excessive  turbine  temperatures 
are  encountered.  The  same  problem  is  encountered  when 
the  control  is  asked  to  change  the  speed  or  thrust  from  one 
set  value  to  another.  Thus,  to  insure  the  design  of  a suc- 
cessful control  the  designer  must  have  information  regarding 
the  response  rate  of  the  particular  engine  variable  that  he  is 
interested  in  controlling. 

A study  of  the  dynamic  behavior  of  engine  speed,  made  at 
the  NACA  Lewis  laboratory  in  1948,  is  presented  herein. 

> Supersedes  NACA  TN  2091,  “Dynamics  of  Turbojet  Engine  Considered  as  Quasi-Static 
System”  by  Edward  W.  Otto  and  Burt  L.  Taylor,  ni,  1950. 


This  variable  rather  than  thrust  has  been  studied  because, 
in  the  turbojet  engine,  speed  is  almost  analogous  to  thrust 
and  can  be  more  easily  and  more  accurately  measured.  Ob- 
viousl}^,  other  engine  variables  may  possess  as  many  ad- 
vantages for  use  as  a thrust-control  parameter.  A previous 
investigation  at  this  laboratory  has  indicated,  however,  that 
speed  is  the  best  parameter  available  because  no  other  engine 
variable  exhibits  as  many  advantages  as  does  speed.  At 
the  present  time  speed  is  used  almost  universally  as  a thrust- 
control  parameter  in  turbojet  engines. 

It  was  felt  that  the  needs  of  the  control  designer  would  be 
best  serv’ ed  if  the  dynamic  behavior  of  engine  speed  could  be 
expressed  in  mathematical  form  and  if  altitude  corrections  to 
this  expression  could  be  indicated.  Also  it  is  desirable  to 
know  whether  or  not  the  engine  dynamics  can  be  predicted 
within  reason  from  the  steady-state  performance  charts  of  the 
engine  components.  Accordingly,  the  study  contained  herein 
was  pursued  as  follows:  A differential  equation  relating  speed 
and  fuel  flow  was  derived  by  considering  the  thermodynamic 
and  flow  processes  to  be  quasi-static.  Altitude  corrections 
were  then  applied  to  this  equation  in  the  same  manner  as 
steady-state  altitude  corrections  are  applied.  The  coefficients 
of  the  terms  of  the  differential  equation  were  obtained  by 
plotting  accelerating  torque  as  a function  of  fuel  flow  and 
speed  from  calculations  involving  the  use  of  the  steady-state 
performance  charts  of  the  engine  components.  A typical 
engine  was  then  operated  under  certain  transients  of  fuel 
flow  to  obtain  experimental  data  for  a verification  of  both  the 
differential  equation  derived  and  the  coefficients  obtained 
from  steady-state  component  data. 

ANALYSIS 

In  a turbojet  engine  of  the  type  under  consideration,  an 
increase  in  fuel  flow  at  constant  speed  causes  an  increase  in 
turbine-inlet  temperature,  which  results  in  an  increase  in 
turbine  torque.  The  difference  between  the  turbine  torque 
and  the  torque  absorbed  by  the  compressor  then  accelerates 
the  engine  according  to  the  following  equation: 
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Figure  1.— Typical  configuration  of  turbojet  engine. 


where  a is  the  angular  acceleration,  Q is  the  difference  be- 
tween the  instantaneous  torque  output  of  the  turbine  and  the 
instantaneous  torque  absorbed  by  the  compressor,  and  I is 
the  polar  moment  of  inertia  of  all  rotating  parts.  Thus  the 
effect  of  a change  in  fuel  flow  on  engine  acceleration  is  pro- 
portional to  the  effect  of  a change  in  fuel  flow  on  the  difference 
between  torque  output  of  the  turbine  and  torque  absorbed  by 
the  compressor.  From  a general  consideration  of  the  me- 
chanics of  the  system,  therefore,  a differential  equation  relat- 
ing speed  and  fuel  flow  can  be  written.  This  equation  can 
then  be  correlated  with  data  from  a typical  engine  of  the  type 
under  consideration.  This  procedure  is  demonstrated  with 
an  engine  consisting  of  the  components  shown  in  figure  1. 

DEVELOPMENT  OF  GENERALIZED  ENGINE  EQUATION 

For  the  equilibrium  running  conditions  of  turbojet  engines, 
various  engine  parameters  may  be  represented  by  general 
functional  forms  of  the  one  independent  variable,  effective 
fuel  flow;  that  is,  N=J{Wfie\b),  f-n^),  and  so  forth. 

(All  symbols  are  defined  in  appendix  A.)  The  development 
of  general  functional  forms  relating  the  variables  during 
transient  conditions  of  operation  requires  some  hypothesis 
concerning  the  thermodynamic  and  flow  processes  during 
these  periods.  The  hypothesis  made  herein  is  that  the  proc- 
esses are  quasi-static;  that  is,  they  act  like  a continuous 
series  of  equilibrium  states.  Each  point  of  the  dynamic  state 
is  an  equilibrium  condition  for  the  flow  and  thermodynamic 
processes.  It  follows  that  a point  reached  by  each  component 
of  the  system  during  the  transient  corresponds  to  some  equi- 
librium point  for  that  component.  Furthermore,  the  point 
encountered  by  the  complete  engine,  being  a sum  of  the  com- 
ponents, is  also  some  equilibrium  point  for  the  complete 
engine. 

Without  altering  the  turbojet-engine  geometry,  equi- 
librium operating  points  other  than  the  equihbrium  operating 
conditions  can  be  obtained  only  by  applying  an  outside 


load  to  the  engine.  The  action  of  an  external  load  creates 
an  additional  independent  variable  for  the  dynamic  state. 
This  action  may  be  expressed  in  terms  of  some  engine 
variable,  which  allows  this  variable  to  be  considered  as  the 
additional  independent  variable.  For  transient  conditions 
of  operation,  various  dependent  variables  of  the  engine 
may  therefore  be  considered  as  functions  of  the  effective 
fuel  flow  and  another  engine  variable. 

Because  this  analysis  is  concerned  with  the  transient 
behavior  of  engine  speed,  this  variable  was  chosen  as  the 
additional  independent  variable  for  the  dynamic  state. 
Unbalanced  torque  was  chosen  as  the  dependent  variable 
because  of  its  relation  to  engine  speed.  The  assumed  func- 
tional relation  is  therefore : 


(1) 

This  function  may  be  expanded  about  an  initial  point  i as 
follows: 


Q=mfV„, N) = + 


2! 


2! 


(2) 


When  the  deviation  from  the  point  i is  sufficiently  small,  the 
terms  containing  products  of  higher  derivatives  and  products 
or  powers  of  small  numbers  become  negligible  and  only  the 
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first  three  terms  of  equation  (2)  are  of  significant  value, 
furthermore,  if  the  point  i is  a steady-state  point  o,  the 
initial  value  of  accelerating  torque  Qt  is  zero. 

When  the  deviations  from  the  steady  state  are  denoted 
hy  A,  the  significant  terms  of  equation  (2)  can  be  written  as 

The  accelerating  torque  can  also  be  expressed  as  a function 
of  engine  acceleration  as 

^_Id(N~No)_rd{AN) 

di  di  ^ ^ 


Substitution  of  equation  (4)  in  equation  (3)  and  rearrange- 
ment give 

Equation  (5)  represents  the  dynamic  behavior  of  engine  speed 
in  that  it  gives  engine  acceleration  as  a function  of  fuel  flow 
and  speed. 

A graphical  representation  of  equation  (5)  for  given 
altitude  and  ram  conditions  is  shown  in  figure  2 (a).  The 
Q=0  line  is  the  steady-state  operating  line.  The  slope  of 

any  constant-speed  line  of  figure  2(a)  at  Q=0  is  J 

and  the  slope  of  any  constant-fuel-flow  line  of  figure  2 (a)  at 

Equation  (5)  can  therefore  be  rewritten  as 

jd{AN) 


(w): 


dt 


=aA(Wf‘nb)—b<AN 


(6) 


where  is  the  numerical  value  of  the  slope  of  the  torque- 


fuel-flow  curves  at  constant  speed  and  is  the  numerical 
value  of  the  slope  of  the  torque-speed  curves  at  constant 
fuel  flow. 

Equation  (6)  holds  only  for  constant  altitude  and  ram 
conditions.  Because  speed,  fuel-flow,  and  torque  can  all 
be  corrected  for  altitude,  however,  equation  (6)  can  be 
generalized  to  be  true  for  all  altitude  conditions.  By 
applying  the  standard  corrections  to  the  speed,  fuel-flow, 
and  torque  terms  in  equation  (3),  this  equation  can  be 
rewritten  in  terms  of  corrected  quantities: 


Equation  (4)  may  be  written  as  follows  after  both  sides  of  the 
equation  are  divided  by  62  and  V02  and  terms  are  collected: 


d/AN\ 

82  82 


(8) 


When  equation  (8)  is  substituted  in  equation  (7)  the  following 
equation  results : 


7V»2  d /AA^\ 
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(a)  Engine  variable  imcorrected. 

Figube  2. — Graphical  representation  of  engine  differential  equation  for  condition  of  constant  partials. 
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4-  Corrected  effective  tuef  fiow^  + Corrected  engine  speedy 

(b)  Engine  variables  corrected  to  compressor-inlet  conditions  relative  to  NACA  standard  atmospheric  conditions  at  sea  level. 
Figure  2.— Concluded.  Graphical  representation  of  engine  differential  equation  for  condition  of  constant  partials. 


By  designating  all  the  corrected  quantities  with  a subscript 
c and  by  substituting  the  corrected  curve  slopes  (fig.  2 (b)) 
for  the  partials,  equation  (9)  may  be  written  as 


/y^2  d{^Nc) 
^2  dt 


(10) 


Equation  (10)  represents  the  dynamic  behavior  of  the 
engine  in  terms  of  corrected  engine  variables  at  constant  ram. 

An  examination  of  equation  (10)  reveals  several  pertinent 
facts  concerning  the  behavior  of  engine  acceleration  under 
altitude  conditions.  First,  the  coefficients  a^.c  and  bo,c 
are  corrected  quantities,  which  are  nearly  independent  of 
altitude  although  they  do  depend  on  ram.  Second,  the 
burner  efliciency  affects  the  dynamic  behavior  of  the  engine. 
Burner  eflftciency  may  have  a considerable  effect  on  engine 
acceleration  because  the  efficiency  may  change  substantially 
under  transients  in  fuel  flow.  Last,  equation  (10)  indicates 
that  the  effective  moment  of  inertia  I^B2lh  increases  with 
increasing  altitude.  Thus  the  permissible  termperature- 
limited  acceleration  is  reduced  with  increasing  altitude. 

Equation  (J  0)  may  be  rearranged  into  the  usual  form  for  a 
differential  equation  describing  a simple  first-order  lag  sys- 
tem: 


d(AiVc) 

^2  b dif 


(11) 


With  the  equation  written  in  this  form,  the  coefficient  of 
the  derivative  term  is  the  time  constant  r for  the  system. 
Equation  (11)  shows  that  the  effect  of  increased  altitude  is 
to  increase  the  engine  time  constant  above  its  sea-level  value 
by  the  factor  y^/52*  o 


EVALUATION  OF  ENGINE  CONSTANTS  FROM  STEADY-STATE 
CHARACTERISTICS 

In  order  to  evaluate  the  slopes  and  calculations  were 
made  for  a typical  turbojet  engine  with  a centrifugal  com- 
pressor, a sonic-flow  turbine-nozzle  diaphragm,  and  a fixed- 


area  exhaust  nozzle  by  use  of  the  compressor-performance 
charts  and  the  thermodynamic  relations  in  the  engine.  The 
method  of  making  these  calculations  is  presented  in  ap- 
pendix B and  is  briefly  outlined  as  follows:  At  constant 
ambient  conditions,  the  compressor  torque  and  the  turbine 
torque  were  determined  for  a number  of  combinations  of  the 
parameters,  turbine-inlet  temperature  and  engine  speed — 
parameters  that  are  common  to  both  the  compressor  and 
the  turbine  in  a direct-coupled  engine.  The  calculations 
were  made  by  assuming  constant  compressor  slip  factor, 
burner  efficiency,  fuel-air  ratio,  burner  pressure  ratio,  turbine 
efficiency,  nozzle  efficiency,  and  percentage  accessory  and 
gear  loss.  The  difference  in  torque  between  the  compressor 
and  the  turbine  at  any  speed  was  considered  an  accelerating 
torque,  and  the  parameter  turbine-inlet  temperature  was 
expressed  in  terms  of  fuel  flow.  From  these  data,  acclera- 
tion  could  be  plotted  in  terms  of  engine  speed- and  fuel  flow 
for  a set  of  constant  ambient  conditions.  Because  all  the 
engine  parameters  may  be  corrected  for  altitude,  the  calcu- 
lations were  carried  through  in  terms  of  corrected  quantities. 

The  results  of  these  calculations  for  two  ram  conditions 
corresponding  to  0 and  340  miles  per  hour  at  sea  level  are 
shown  in  figure  3.  The  curves  of  the  left-hand  plot  are 
essentially  straight  lines  with  variable  spacing  that  cross- 
plot to  the  curved  lines  shown  on  the  right-hand  side.  The 
curves  of  the  left-hand  side  are  nearly  straight  lines  because 
of  the  constant  efficiencies  assumed  in  the  calculations.  If 
variable  efficiencies  are  assumed,  the  shape  of  the  curves  will 
be  changed  depending  on, the  variation  of  efficiencies  as- 
sumed. 

For  the  constant  efficiencies  assumed,  the  slope  ao  is  nearly 
constant  over  the  power  range  and  for  large  deviations  from 
the  steady-state  region.  The  slope  bo,  however,  changes 
substantially  over  the  power  range  and  for  large  deviations 
from  the  steady-state  region.  This  change  in  bo  indi^cates 
that  some  of  the  terms  dropped  from  the  expansion  (equa- 
tion (1))  may  have  significant  value,  especially  for  large 
deviations  from  the  steady-state  line. 
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Because  the  product  of  the  moment  of  inertia  and  the 
reciprocal  of  bo  is  the  engine  time  constant,  figure  3 indicates 
thatjthe  engine  time  constant  depends  to  a considerable 


extent  on  the  operating  point  of  the  engine,  which  is  roughly 
defined  by  the  engine  speed  and  altitude.  The  effect  of  ram 
on  both  ao  and  ho  is  rather  small. 


FioUBB  3. — Relation  among  acceleration  or  accelerating  torque,  effective  fuel  flow,  and  engine  speed  corrected  to  compressor-inlet  conditions  relative  to  NAC A standard  atmospheric  conditions 

at  sea  level  as  calculated  from  stead y-state  component  data. 
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EVALUATION  OF  ENGINE  CONSTANTS  FROM  TRANSIENT  DATA 

In  order  to  determine  the  validity  of  the  preceding  analy- 
sis, an  engine  of  the  type  for  which  the  calculations  were 
made  was  operated  under  conditions  in  which  the  fuel  flow 
was  rapidly  changed  through  a series  of  magnitudes  in  order 
to  obtain  as  large  a region  as  possible  of  nonequilibrium 
operation.  In  attempting  to  impose  operation  of  this  nature 
on  the  engine,  it  was  necessary  to  include  components  in  the 
fuel  system  by  means  of  which  the  fuel  flow  could  be  rapidly 
changed  from  one  value  to  another.  The  system  used  con- 
sisted of  two  fuel  lines  from  the  pump  to  the  fuel  manifold 
arranged  in  parallel.  The  regular  engine  throttle  was  in- 
stalled in  one  line  and  another  engine  throttle  in  series  with 
a solenoid  valve  was  installed  in  the  other  line.  With  the 
solenoid  valve  closed,  the  regular  engine  throttle  was  adjusted 
to  give  a selected  lower  engine  speed.  With  the  solenoid 
valve  open,  the  auxiliary  throttle  was  adjusted  to  give  a 
selected  higher  engine  speed.  The  fuel  flows  for  any  two 
steady-state  engine  speeds  could  thus  be  established  and 
nonequilibrium  conditions  were  obtained  by  opening  or  clos- 
ing the  solenoid  valve. 

Fuel  flow  was  measured  by  means  of  a thin-plate  orifice  in 
the  main  fuel  line  with  a differential-pressure  gage  to  measure 
the  pressure  drop  across  the  orifice.  Engine  speed  was 


Figube  4.— Typical  time-domain  curves  of  fuel  flow  and  engine  speed  for  engine  transient 

experiments. 


measmed  by  a standard  electric  tachometer  indicating 
revolutions  per  minute  and  time  was  measured  b}^  a clock 
reading  in  thousandths  of  a minute.  The  data  were  recorded 
simultaneousl}’^  b}^  a motion-picture  camera  at  the  rate  of 
12  frames  per  second.  A preliminary  investigation  of  the 
response  rate  of  the  fuel-flow  and  speed-measuring  instru- 
mentation showed  that  it  was  capable  of  following  much 
more  rapid  rates  of  change  than  those  encountered  during 
the  engine  runs. 

T}^pical  examples  of  the  imposed  transients  of  fuel  flow 
for  accelerations  and  decelerations  together  with  the  resulting 
speed-time  curves  are  sho^vn  in  figure  4.  The  experimental 
data  are  shown  in  figure  5 in  the  same  form  as  the  calculated 
data  in  figure  3 except  that,  for  the  experimental  data,  the  ac- 
tual fuel  flow  is  used  instead  of  the  effective  fuel  flow.  The  left- 
hand  side  of  figure  5 was  obtained  from  the  data  as  follows: 
At  a given  speed,  the  acceleration  and  the  fuel  flow  corre- 
sponding to  the  same  instant  in  time  were  measured.  This 
procedure  was  repeated  for  a number  of  transient  runs 
resulting  from  various  magnitudes  of  fuel-flow  change.  The 
right  half  of  figure  5 was  obtained  by  cross-plotting  the  faired 
curves  of  the  left-hand  side.  The  grouping  of  the  data 
points  from  several  runs  indicates  that  a unique  relation 
exists  among  torque,  fuel  flow,  and  speed,  regardless  of  the 
manner  in  which  the  point  is  reached. 

Near  the  steady-state  region,  the  experimental  data  follow 
the  results  of  the  analysis  and  the  calculations  in  that  the 
slope  ao,c  is  virtually  constant  over  the  power  range  and  the 
slope  bo,c  varies  substantially  over  the  power  range  as  indi- 
cated in  figure  5.  For  accelerations  in  excess  of  about  ±5 
percent  of  rated  speed  per  second,  the  engine  begins  to 
exhibit  large  deviations  from  the  calculated  curves. 

EFFECT  OF  ENGINE  CONSTANTS  ON  CONTROLLED  ENGINE 

In  matching  controls  to  engines,  the  damping  ratio  is  one 
of  the  criterions  used  to  evaluate  the.  degree  of  matching. 
Both  engine  coeflficients  and  control  coefficients  appear  in 
this  damping  term.  For  example,  if  it  is  assumed  that  a 
control  operating  on  speed  error  to  vary  fuel  flow  according 
to  the  following  equation 

W,=jm.-N)dt+e{Ns-N)  + a 


is  applied  to  the  engine  described  by  equation  (11),  the  com- 
bined equation  for  the  system  becomes 


(: 


le.. 


'2 


.(^o.cVb 


N/'+  ,^/e^  AV+ 

/ \(^o,  c Vb  / 

P A?-, = jS  iV, + * + <r  iV/ ' 


where  the  primes . signify  derivatives  with  respect  to  time. 
The  damping  ratio  for  this  expression  is 


(12) 


Thus  if  it  is  desired  to  maintain  a constant  value  of  the  damp- 
ing term,  such  as  critical  damping,  it  is  evident  from  an 
examination  of  equation  (12)  that  if  an  engine  coefficient 
varies,  some  control  coefficient  must  be  varied  in  such  a 
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Figure  6.— Relation  among  acceleration  or  accelerating  torque,  fuel  Oow,  and  engine  speed  corrected  to  compressor-inlet  conditions  relative  to  NACA  standard  atmospheric  conditions  at  sea 

level  as  obtained  from  experimental  data  for  a ram  pressure  ratio  of  1.0 


manner  that  the  damping  ratio  remains  substantially 
constant.  Figures  6 and  7 are  plots  of  and  bo, a respec- 
tively, as  fimctions  of  engine  speed  for  the  calculated  data 
and  the  experimental  data.  The  slope  ao,c  is  virtually 
constant  and  will  have  little  effect  on  the  damping  ratio 
but  bo,c  may  change  the  damping  ratio  considerably  for 
various  operating  points.  If  the  variation  is  considered  too 
great,  it  will  be  necessary  to  vary  a control  coeflScient  to 
compensate  for  the  variation  in  bo,c‘  Figure  7 indicates  that 
bo,c  varies  almost  directly  with  engine  speed,  which  would 
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Figure  6. — Values  of  partial  of  torque  with  respect  to  fuel  Oow  or  effective  fuel  flow  at  steady- 
state  point  plotted  against  engine  speed  corrected  to  compressor-inlet  conditions  relative  to 
NACA  standard  atmospheric  conditions  at  sea  level  for  calculated  and  experimental  data. 


indicate  that  one  method  of  compensating  for  the  variation 
of  bo,c  is  to  vary  a control  coefficient  as  a function  of  engine 
speed. 


8000  9000  f0,000  f/,000  12,000 

Corrected  engine  speed,  rpm 

Figure  7.— Values  of  partial  of  torque  with  respect  to  engine  speed  at  steady-state  pomi 
plotted  against  engine  speed  corrected  to  compressor-inlet  conditions  relative  to  NACA 
standard  atmospheric  conditions  at  sea  level  for  calculated  and  experimental  data. 
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A plot  of  the  corrected  engine  time  constant  as  a function 
of  engine  speed  is  shown  in  figure  8.  The  time  constant  for 
this  engine  varies  through  a 4 to  1 range  over  the  power 
range  of  the  engine. 

DISCUSSION 

In  general,  the  correlation  between  the  calculated  results 
and  the  experimental  results  is  considered  good  and  would 
be  better  if  an  approximation  of  burner  efficiency  were  in- 
cluded in  the  calculations.  This  correlation  indicates  that 
for  an  engine  of  the  type  investigated,  operating  near  the 
steady -state  region,  a good  approximation  of  the  dynamic 
characteristics  can  be  made  as  soon  as  the  component 
characteristics  are  available.  Thus  an  engine  may  be 


Figure  8.— Values  of  corrected  engine  time  constant  at  steady-state  point  plotted  against 
engine  speed  corrected  to  compressor-inlet  conditions  relative  to  NACA  standard  atmos- 
pheric conditions  at  sea  level  for  calculated  and  experimental  data. 


designed,  at  least  to  a certain  extent,  to  have  good  transient 
characteristics  as  well  as  good  steady-state  performance 
characteristics  or  at  least  a compromise  may  be  reached 
between  transient  and  steady-state  performance  if  the  two 
conflict  in  certain  configurations. 

Although  the  correlation  in  the  steady-state  regions  is  good, 
the  correlation  in  the  region  of  large  accelerations  can  be 
regarded  as  only  fair  and  in  the  region  of  large  decelerations 
as  poor.  A possible  explanation  for  the  poorer  correlation 
in  the  accelerating  region  is  that  the  engine  is  approaching 
the  acceleration  blow-out  region  in  the  burners,  which  is  a 
region  of  apparently  low  burner  efficiencies.  Temperature 
data  taken  during  the  experiments  indicated  that  when 
excessive  amounts  of  fuel  were  suddenly  added  combustion 
occurred  through  the  turbine  and  the  tail  cone,  which  would 
result  in  low  burner  efficiencies  during  these  periods. 

The  large  deviations  between  calculated  and  observed 
values  of  deceleration  seem  to  have  no  obvious  explanation. 
The  very  large  decelerations  observed  would  indicate  that 
very  large  reductions  in  torque  output  of  the  turbine  oc- 
curred. These  reductions  can  be  only  partly  accounted  for 
by  the  normal  steady-state  effect  of  a reduction  in  tempera- 
ture on  turbine  torque.  The  reduction  in  temperature  that 
did  occur  may  possibly  have  caused  a rotation  of  the 


turbine-entrance-velocity  vector  relative  to  the  blade  to  a con- 
dition of  negative  angle  of  attack.  Such  a condition  corre- 
sponds to  a high  value  of  turbine-velocity  ratio  for  which 
the  turbine  efficiency  is  rapidly  falling.  The  existence 
of  a negative  angle  of  attack  together  with  the  increased 
air  flow  and  consequently  increased  compressor  torque  that 
results  from  a reduction  in  temperature  at  constant  speed 
could  conceivably  cause  large  decelerating  torques.  The 
existence  of  a negative  angle  of  attack  would  also  explain 
the  position  of  the  sharp  breaks  in  the  curves  of  figure  5, 
because  at  low  speeds  the  steady-state  angle  of  attack 
is  greater  than  at  high  speeds,  which  are  near  the  design 
condition;  therefore  a greater  reduction  in  temperature  at 
constant  speed  is  necessary  to  cause  negative  angles  of 
attack  and  a consequent  sharp  change  in  curve  slope.  The 
preceding  discussion  would  seem  to  indicate'  a possible 
explanation  for  the  sharp  change  of  slope  for  deceleration 
points  but  does  not  explain  the  vertical  parts  of  the  curves, 
which  indicate  that  various  decelerations  occur  with  the 
same  turbine-inlet  temperature.  A check  of  the  data, 
however,  indicated  that  along  the  vertical  part  of  a constant- 
speed  line  of  figure  5 the  deceleration  value  was  consistent 
with  the  rate  of  change  of  fuel  flow;  that  is,  the  deceleration 
value  increased  with  increasing  rates  of  change  of  fuel 
flow.  Thus,  if  the  burner  efficiency  reduced  as  a function 
of  the  rate  of  change  of  fuel  flow  so  that  the  temperature 
was  reduced,  the  vertical  lines  of  figure  5 seem  logical. 

CONCLUSIONS 

The  following  conclusions  are  drawn  from  an  analysis  of 
the  dynamic  behavior  of,  and  from  transient  data  obtained 
from,  a typical  turbojet  engine  with  a centrifugal  compressor, 
a sonic-flow  turbine-nozzle  diaphragm,  and  a fixed-area 
exhaust  nozzle: 

1.  Accelerating  torque  is  a function  of  fuel  flow  and 
engine  speed.  A linear  differential  equation  approximately 
represents  the  transient  behavior  of  the  engine  speed  for 
accelerations  less  than  approximately  5 percent  of  rated 
speed  per  second. 

2.  The  transient  equation  of  the  engine  may  be  obtained 
from  the  steady-state  performance  of  the  engine  components 
to  a degree  of  accuracy  that  will  permit  the  prediciion  of 
the  engine  transient  characteristics  as  soon  as  the  component 
characteristics  are  available. 

3.  A transient  equation  for  engine  speed  may  be  derived 
including  the  effects  of  altitude  by  the  use  of  corrected  engine 
variables  in  the  derivation. 

4.  The  manner  in  which  the  control  constants  should  be 
varied  to  compensate  for  the  changes  in  engine  character- 
istics with  altitude  and  with  engine  speed  may  be  predicted 
fi'om  an  analysis  of  the  combined  engine  and  control  equation. 


Lewis*  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  July  27,  1949, 


APPENDIX  A 


SYMBOLS 


The  follomng  symbols  have  been  used  throughout  this 
report: 

A exhaust-nozzle  area,  sq  ft 

a partial  of  torque  with  respect  to  either  effective  or 
actual  fuel  flow  at  constant  engine  speed 

/ dQ  dQ\ 

\d(W,v,)  dW,J 

b partial  of  torque  with  respect  to  engine  speed  at  con- 
stant values  of  either  actual  or  effective  fuel  flow 

(kS) 

\dNj 

Cp^c  average  specific  heat  for  gas  passing  through  com- 
pressor (assumed  at  0.243  Btu/  (lb)  (°F)) 

Cp.  T average  specific  heat  for  gas  passing  through  turbine 
(assumed  at  0.276  Btu/  (lb)  (®F)) 

Hf  lower  heating  value  of  fuel,  18,400  Btu/lb 
h enthalpy,  Btu/lb 

/ polar  moment  of  inertia  of  rotating  parts,  5.427 

(Ib-ft)  (sec)  (min)  (rad) /revolution 
N engine  speed,  rpm 

Na  set  value  of  engine  speed,  rpm 

P total  pressure,  Ib/sq  ft 

p static  pressure,  Ib/sq  ft 

Q accelerating  torque,  Ib-ft 

Qc  . torque  required  by  compressor,  Ib-ft 


Ib/hr 


(rpm)  (4ec) 


Ib/hr 

rpm 


Qt  torque  output  of  turbine,  Ib-ft 

T total  temperature,  °R 

t time,  sec 

Wa  air  flow,  Ib/sec 

Wf  fuel  flow,  Ib/hr 

Wg  total  gas  flow,  Ib/sec 

a acceleration  of  engine  speed,  rpm/sec 

^ coefficient  of  integral  control  component, 

7 ratio  of  specific  heats 

62  altitude  pressure  ratio,  P2/14.7 

€ coefficient  of  proportional  control  component, 

7?  6 burner  efficiency,  percent 

tjt  turbine  efficiency  (assumed  at  83  percent),  percent 
62  altitude  temperature  ratio,  T2/5I8.6 

<7  coefficient  of  derivative  control  component, 

r engine  time  constant,  sec 

Subscripts: 
c corrected 

1 any  engine  operating  point 

o any  steady-state  operating  point 

0 ambient 

2 compressor  inlet 

3 compressor  outlet 

4 turbine  inlet 

5 turbine  outlet 


APPENDIX  B 


ENGINE-TRANSIENT-CHARACTEBISTIC  CALCULATIONS 


In  general,  the  method  used  to  calculate  the  characteristics 
of  an  engine  operating  under  transient  conditions  involves 
determining  the  difference  between  compressor  torque  and 
turbine  torque  for  assumed  values  of  engine  speed,  turbine- 
inlet  temperature,  ambient  conditions,  and  ram  pressure 
ratio.  Figure  9 is  a chart  of  typical  compressor  character- 
istics obtained  from  unpublished  data.  For  assumed  values 
of  ram  pressure  ratio,  ambient  conditions,  engine  speed,  and 
turbine-inlet  temperature,  corresponding  values  of  com- 
pressor pressure  ratio  and  corrected  air  flow  may  be  deter- 
mined. The  torque  required  by  the  compressor  for  the 
assumed  conditions  may  then  be  calculated  from  the  follow- 
ing equations : 

^=1+0.5079X10-«(^^Y  (B1) 


Qc~Cv,ciT^ — T2) 


Wa(778)(60) 

2tN 


(B2) 


Equation  (Bl)  is  developed  for  an  assumed  shp  factor  of 


0.925  and  a compressor  rotor  diameter  of  2.5  feet.  The 
definitions  of  the  symbols  used  are  given  in  appendix  A. 

The  equation  for  the  torque  output  of  the-  turbine  is 
similar  to  equation  (B2)  in  that  it  involves  the  temperature 
drop  through  the  tm'bine,  the  gas  flow,  and  the  speed.  The 
speed  and  the  gas  flow  are  known  from  the  assumed  condi- 
tions and  the  resulting  compressor  point.  The  temperature 
drop  through  the  turbine,  however,  must  be  determined  for 
the  operating  point.  In  the  absence  of  a complete  turbine- 
performance  map,  general  thermodynamic  relations  defining 
typical  turbine  operation  must  be  utihzed.  A relation  be- 
tween turbine  pressure  ratio  Pa/Ps  and  turbine  temperature 
ratio  is  determined  by  assuming  a constant  tiubine 

eflBciency  as  expressed  by  the  following  equation: 


21.^637—53 13 
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Figure  9.— Compressor  characteristics  corrected  to  compressor-inlet  temperature  and  pressure  relative  to  NACA  standard  atmospheric  conditions  at  sea  level.  Curves  of  constant  ratio  of 
turbine-inlet  temperature  to  compressor-inlet  temperature  for  engine  are  superimposed  on  compressor-characteristic  curves.  (Obtained  from  unpublished  data.) 
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Figure  10.— Relation  between  turbine  total-pressure  ratio  and  total-temperature  ratio  at 
constant  turbine  efficiency  of  0.83. 


For  this  analysis  tjt  was  assumed  at  83  percent,  and  74  was 
assumed  at  1.33.  The  resulting  relation  between  -y/TJT:^ 
and  Pa/Po  is  plotted  in  figure  10. 

Because  critical  flow  exists  in  the  turbine  nozzles  over  the 


power  range,  the  corrected  gas  flow  through  the  turbine 
nozzles  will  have  a constant  value.  For  this  engine,  unpub- 
lished data  have  indicated  that  , the  corrected  gas  flow  will 
have  a value  expressed  by  the  following  equation: 


(Tfe)te)  ^ 


= 41.6  Ib/sec 


(B4) 


This  equation  may  be  expanded  as  follows: 


For  an  effective  exhaust-nozzle  area  of  1.87  square  feet  and 
with  74  assumed  constant  at  1.33,  the  preceding  equation 
becomes 


21.75 


(B5) 


DYNAMICS  OF  TURBOJET  ENGINE  CONSIDERED  AS  QUASI-STATIC  SYSTEM 
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Figure  ll. — Variation  of  exhaust-nozzle  pressure  ratio  with  gas  flow  per  unit  exhaust-nozzle 
area  corrected  to  total  pressure  and  temperature  in  the  exhaust  nozzle  relative  to  NACA 
standard  atmospheric  conditions  at  sea  level.  (Obtained  from  unpublished  data.) 


Figure  12.— Relation  of  exhaust-nozzle  pressure  ratio  and  turbine  total-pressure-  and  tem- 
perature-ratio parameters  for  exhaust-nozzle  area  of  1.87  square  feet. 


From  equation  (B5)  and  figure  11,  which  is  plotted  from 
unpubhshed  data,  values  can  be  obtained  for  a plot  of 
as  a function  of  {PaIP^I  for  an  exhaust-nozzle  area 

of  1.87  square  feet.  This  relation  is  sho^vn  in  figure  12. 


!-6  1.7  L8  L9  2.0  2.2  23  24  2.5 

Turbine  pressure  rafiOy  P^jP^ 

Figure  13. — Relation  between  engine-pressure  ratio  and  turbine-pressure  ratio  for  exhaust- 
nozzle  area  of  1 ,87  square  feet. 

r 

Figures  10  and  12  can  then  be  used  to  obtain  P4/P0  as  a func- 
tion of  P\!P^,  This  relation  is  shown  in  figure  13, 

The  turbine  torque  for  each  condition  for  which  compressor 
torque  was  computed  can  now  be  found.  In  this  analysis, 
it  was  assumed  that  P4/P3  was  constant  at  0.95,  which 
determines  P4  for  each  compressor  point,  and  that  WgjWa 
was  constant  at  1.015,  which  determines  Wg  for  each  compres- 
sor point.  With  the  use  of  the  value  of  P4  obtained  by 
applying  one  of  these  assumed  relations  to  the  value  of  P3 
obtained  from  the  compressor-torque  calculations,  -y/TJT^ 
can  now  be  obtained  through  the  use  of  figures  13  and  10, 
successively.  The  turbine  torque  corresponding  to  the 
assumed  conditions  of  ram  pressure  ratio,  ambient  con- 
ditions, engine  speed,  and  turbine-inlet  temperature  can  then 
be  computed  from  the  following  equation: 


Qt — — T5) 


W,(778)(60) 

2ttN 


(B6) 


The  accelerating  torque  can  then  be  calculated  from  the 
following  equation  in  which  1 percent  of  the  turbine  torque 
or  power  was  assumed  lost  to  the  accessories  and  to  gear 
and  bearing  friction : 

Q=0.99  Qt — Qc~Iot  (B7) 


A plot  of  angular  acceleration  as  a function  of  engine  speed, 
tiu-bine-irdet  temperature,  and  effective  fuel  flow  for 

ram  conditions  corresponding  to  an  airplane  velocity  of  0 
and  340  miles  per  hour  at  sea  level,  corrected  to  NACA 
standard  sea-level  conditions  is  shown  in  figure  14.  The 
effective  fuel  flows  were  obtained  by  use  of  the  following 
equation,  which  assumes  no  time  lag  between  temperature 
and  fuel  flow: 


TT7  Wn{h,-~hz)  3^00 

yyfVb=-  


(B8) 
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The  values  of  and  hz  corresponding  to  the  assumed  tem- 
perature T4  and  the  temperature  Tz  calculated  from  equation 
(Bl)  can  be  found  from  a table  of  enthalpies.  Figure  3 


was  obtained  by  plotting,  the  constant-speed  lines  of  figure 
14  and  then  cross-plotting  to  obtain  the  constant-fuel-flow 
curves. 


(a)  Ram  pressure  ratio,  1.0. 

(b)  Ram  pressure  ratio,  1.2. 

Figure  14.— Relation  among  acceleration,  effective  fuel  flow,  turbine-inlet  temperature,  and  engine  speed  corrected  to  compressor-inlet  conditions  relative  to  NACA  standard  atmospheric 

conditions  at  sea  level  as  calculated  from  steady-state  data. 
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INVESTIGATION  OF  THE  NACA  4-(5)(08)-03  AND  NACA  4-(10)(08)-03  TWO-BLADE  PROPELLERS 
AT  FORWARD  MACH  NUMBERS  TO  0.725  TO  DETERMINE  THE  EFFECTS  OF  CAMBER 

AND  COMPRESSIBILITY  ON  PERFORMANCE  ^ 

By  James  B.  Delano 


SUMMARY 

As  part  oj  a general  investigation  oj  propellers  at  high  forward 
speeds,  tests  of  two-blade  propellers  having  the  NACA 
4r-{5){08)-03  and  NACA  4-{10)  {08)-0S  blade  designs  were  made 
in  the  Langley  8-foot  high-speed  tunnel  through  a range  of  blade 
angle  from  20^  to  60^  for  forward  Mach  numbers  from  0.165 
to  0.70  to  determine  the  efect  of  camber  and  compressibility  on 
propeller  characteristics.  Results  previously  reported  for 
similar  tests  of  a two-blade  propeller  having  the  NACA 
ji-{S){08)-03  blade  design  are  included  for  comparison. 

Blades  of  high  design  camber  were  more  efficient  than  blades 
of  low  design  camber  for  operation  at  high  power  loadings. 
The  blade  of  highest  camber  gave  efficiencies  15  to  25  percent 
higher  than  the  efficiencies  of  the  low-camber  and  medium- 
camber  blades  for  high  power  loadings  at  advance  ratios  cor- 
responding to  take-off  and  climb  at  low  Mach  numbers.  The 
NACA  7t^-{5)  {p8)-D3  propeller  generally  gave  peak  efficiencies 
2 to  5 percent  higher  than  those  for  the  NACA  Jf.-{3){08)-03 
propeller  and  3 to  approximately  12  percent  higher  than  those  for 
the  NACA  4-{iO){08)-03  propeller.  These  higher  efficiencies 
were  due  mainly  to  reduced  compressibility  losses.  At  the 
design  blade  angle  of  J^5^,  the  critical  tip  Mach  number 
"for  maximum  efficiency  was  0.01  higher  for  the  NACA 
4-{5){08)-03  propeller  than  for  the  NACA  4-{3){08)-03  pro- 
peller, which  began  to  show  compressibility  losses  at  a tip  Mach 
number  of  approximately  0.90.  The  NACA  4~C0){08)-03 
propeller  began  to  show  compressibility  losses  at  a tip  Mach 
number  as  low  as  0.70  but,  because  of  the  large  power-absorbing 
capacity  of  this  propeller,  produced  about  46  percent  more 
thrust  than  the  NACA  4~{5){08)-03  propeller  for  a high-speed 
operating  condition  corresponding  to  a tip  Mach  number  of 
0.86,  a forward  Mach  number  of  0.53,  and  an  advance  ratio 
of  2.48. 

INTRODUCTION 

Man}’  airplanes  now  take  off  and  climb  with  propellers 
at  least  partly  stalled,  and  the  tendency  to  use  increasing 
powers  may  aggravate  a condition  that  is  already  serious. 
Flight  at  high  altitudes  also  may  necessitate  propeller 
operation  at  high  lift  coefficients,  which  would  increase 
possible  stall  and  compressibility  effects  and  result  in  a 
reduction  of  propeller  efficiency. 

The  National  Advisoiy  Committee  for  Aeronautics  has 
attempted  to  improve  propeller  performance  by  conducting 
a general  investigation  of  propellers  at  high  forward  speeds. 


This  investigation  included  the  effects  on  propeller  character- 
istics of  compressibilit}^,  blade  solidity,  and  blade-section 
camber.  The  research  program  included  tests  of  propellers 
of  a sufficient  range  of  blade  forms  to  make  possible  the 
study  of  changes  in  blade  shapes  that  might  be  required  as 
a consequence  of  compressibility  effects. 

The  effects  of  compressibility  and  solidity  on  performance 
as  determined  from  tests  of  the  NACA  4-(3)(08)-03  and 
NACA  4-(3)(08)-045  two-blade  propellers  (reference  1) 
constituted  the  initial  phase  of  a general  investigation  of 
propellers  at  high  forward  speeds.  The  effects  of  camber 
and  compressibility  on  performance  as  determined  from 
tests  of  the  NACA  4-(5)(08)-03  and  NACA  4-(10)(08)-03 
two-blade  propellers  constituted  the  second  phase  of  the 
investigation  and  are  presente  d herein.  These  results  are  com- 
pared with  results  of  referenc  » , .for  the  NACA  4-(3)  (08)-03 
propeller,  in  order  to  indicate  the  effects  of  section  design 
camber  for  propellers  operating  over  a wide  range  of 
forward  Mach  number.  These  three  blade  designs  cover 
the  practical  range  of  blade  section  camber. 

SYMBOLS 


B 

number  of  blades 

b 

blade  width,  feet 

blD 

blade  width  ratio 

Cd 

blade-section  profile-di*ag  coefficient 

Cl 

blade-section  lift  coefficient 

^‘d 

blade-section  design  lift  coefficient 

Cp 

power  coefficient  ^^^^3^5^- 

Or 

thrust  coefficient 

maximum  thrust  coefficient 

D 

propeller  diameter,  feet 

G 

Goldstein  tip-correction  factor 

h 

maximum  thickness  of  blade  section,  feet 

hjb 

blade  thickness  ratio 

J 

advance  ratio  (VoInD) 

M 

tunnel-datum  (forward)  Mach  number  (tunnel- 
empty  Mach  number  uncorrected  for  tunnel- 
wall  constraint) 

M, 

helical  tip  Mach  number  1 ) 

n 

propeller  rotational  speed,  revolutions  per  second 

P 

power  absorbed  by  the  propeller,  foot-pounds  per 

second 


I Supersedes  NACA  ACR  L5F15,  “Investigation  of  Two-Blade  Propellers  at  High  Forward  Speeds  in  the  NACA  8-Foot  High-Speed  Tunnel.  Ill— Effects  of  Camber  and  Compressibility 
NACA  4-(5)(08)-03  and  NACA  4-(10)(08)-B3  Blades”  by  James  B.  Delano,  1945. 
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R 

r 

S 

T 

Tc 

V 

Vo 

rjli 

OLi 


power  disk-loading  coefficient  / ~ — — — \ 

y^pvo^sj 


propeller  tip  radius,  feet 
blade-section  radius,  feet 

propeller  disk  area,  square  feet 


propulsive  thrust  of  propeller,  pounds 
thrust  disk-loading  coefficient  ( 


(rv-iT.) 


tunnel-datum  velocity  (tunnel-empty  velocity 
uncorrected  for  tunnel-wall  constraint),  feet 
per  second 

equivalent  free-air  velocity  (tunnel-datum  veloc- 
ity corrected  for  tunnel-wall  constraint),  feet 
per  second 
blade-section  station 

induced  angle  of  attack,  degrees  ^tan"^  4rs^n</>^ 

section  blade  angle,  degrees 

section  blade  angle  at  0.75  tip  radius,  degrees 


7 = tan  ^ degrees 


propulsive  efficiency 

maximum  propulsive  efficiency 
air  density,  slugs  per  cubic  foot 
total  blade-section  solidity  (^6/27rr) 
aerod\Tiamic  helix  angle,  degrees  (</>o+«,) 

</>o  geometric  helix  angle,  degrees  ^tan“^— 


f) 

p 

a 

4> 


APPARATUS,  METHODS,  AND  TESTS 
The  apparatus  and  methods  described  in  reference  1 were 
used  in  the  present  investigation.  The  investigation  was 
conducted  in  the  Langley  8-foot  high-speed  tunnel.  A 
photograph  showing  the  model  setup  is  given  as  figure  1. 

The  blades  of  the  propellers  investigated  were  designed  for 
three-blade  propellers  to  produce  minimum  induced  energy 
losses  (profile  drag  assumed  equal  to  zero)  at  a blade  angle  of 
approximately  45"^  at  the  0.7-radius  station.  The  blade 
sections  are  late-critical-speed  sections  of  the  NACA  16  series 
(reference  2) ; methods  and  principles  emplo3^ed  in  the  design 
of  the  blades  are  discussed  in  reference  3.  The  blades 
differ  only  in  design  camber  and  are  designated  as  NACA 
4-(3)(08)-03  (low  camber,  reference  1),  NACA  4-(5)(08)-03 


Figure  1.— Setup  for  testing  propellers  in  the  Langley  8-foot  high-speed  tunnel. 


(medium  camber),  and  NACA  4-(10)(08)-03(high  camber). 

The  designation  numbers  describe  the  propellers.  The 
number  (or  numbers)  of  the  first  group  is  the  diameter  in 
feet;  the  number  (or  numbers)  of  the  second  group  (enclosed 
within  the  first  set  of  parentheses)  is  the  design  lift  coefficient 
(in  tenths)  of  the  blade  section  at  the  0.7-radius  station; 
the  numbers  of  the  third  group  (enclosed  within  the  second 
set  of  parentheses)  are  the  thickness  ratio  of  the  blade  section 
at  the  0.7-radius  station;  and  the  numbers  of  the  fourth 
group  are  the  blade  solidiU^  expressed  as  the  ratio  of  the 
blade  chord  at  the  0. 7-radius  station  to  the  circumference  of 
the  circle  having  a radius  0.7  of  the  propeller  tip  radius. 
The  NACA  4-(10)(08)-03  propeller  thus  has  a diameter  of 
4 feet  and  the  blade  section  at  the  0.7-radius  station  has  a 
design  lift  coefficient  of  1.0,  a thickness  ratio  of  0.08,  and 
a blade  solidity  of  0.03. 

Blade-form  curves  for  the  propellers  are  presented  in  figure  2. 
A photograph  of  one  of  these  blades  and  a comparison  of 
the  sections  at  the  0. 7-radius  station  are  given  as  figure  3. 

The  range  of  this  investigation  was  the  same,  within  power 
limitations,  as  that  of  reference  1.  The  range  of  blade  angle 
and  tunnel-datum  Mach  number  is  given  in  table  I. 

REDUCTION  OF  DATA 

The  data  have  been  reduced  to  the  usual  thrust  and  power 
coefficients  and  efficiency  and  have  been  corrected  for  the 
propulsive  effects  of  the  cowling  and  spinner  and  for  tunnel- 
wall  constraint.  The  tunnel-wall  constraint  necessitated  a 
velocity  correction  to  free-air  conditions  and  a model-drag 
correction  because  of  the  buo^^anc}^  effect.  The  methods 
involved  in  making  these  corrections  are  discussed  in  refer- 
ence 1. 
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['Chord  line 


(b) 

(a)  Typical  test  blade. 

(b)  Sections  at  0.7  radius. 

FiCfVRE  3.— Typical  test  blade  and  comparison  of  sections  at  0.7  radius. 

Thrust.— The  thrust  coefficient  was  determined  from  the 
propulsive  thrust,  that  is,  the  net  measured  force  minus  the 
drag  of  the  model  without  the  propeller  and  minus  the 
thrust  due  to  the  buoyancy  effect  (see  reference  1). 

Velocity  correction  due  to  tunnel-wall  constraint. — The 
equivalent  free-stream  velocity  corresponding  to  the  thrust 
and  torque  of  the  propeller  measured  at  each  rotational 
speed  differs  from  the  tunnel-datum  velocity  (tunnel  empty) 
because  of  the  flow  constraint  produced  by  the  tunnel  walls. 


TABLE  I.— TEST  RANGE  OF  BLADE  ANGLE  AND  MACH 

NUMBER 


Tunnel- 

datum 

(forward) 

Mach 

number, 

M 

Blade  angle  at  0.75  radiu»!,  fig 
(deg) 

0. 165 

•20 

25 

30 

35 

40 

45 

50 

55 

60 

.23 

•20 

25 

30 

35 

40 

45 

50 

55 

60 

.35 

‘25 

30 

35 

40 

45 

50 

55 

60 

.43 

35 

40 

45 

50 

55 

60 

.53 

40 

45 

50 

55 

60 

.60 

45 

50 

55 

60 

.65 

50 

55 

60 

.675 

50 

55 

60 

.70 

50 

65 

60 

.725 

50 

55 

60 

• Except  for  NACA  4-(10)(08)-03  propeUer. 

k Except  for  NACA  i-(3)(08)-03  and  NACA  4-(5)(08)-03  propellers. 


The  velocity  correction,  which  has  been  applied  to  the  calcu- 
lation of  advance  ratio,  is  presented  in  figure  4 as  the  ratio  of 
free-air  velocity  to  the  tunnel-datum  velocity  (tunnel  empty) 
as  a function  of  the  thrust  disk-loading  coefficient.  The 
tunnel-wall  correction  was  found  to  be  dependent  only  on 
the  thrust  disk-loading  coefficient  for  the  range  of  tunnel 
speed  and  propeller  operation  used  in  this  investigation. 

The  tunnel-datum  Mach  number  has  not  been  corrected 
for  tunnel-wall  constraint.  For  the  range  of  velocity  shown 
in  figure  4,  the  factors  required  to  correct  the  tunnel-datum 
velocity  and  tunnel-datum  Mach  numbers  to  the  free- 
stream  condition  are  essentially  equal. 

RESULTS  AND  DISCUSSION 

The  basic  characteristics  for  the  NACA  4-(5)(08)-03  and 
NACA  4-(10)(08)-03  two-blade  propellers  are  presented  in 
figures  5 and  6,  respectively.  For  each  value  of  the  tunnel- 
datum  Mach  number  the  propeller  thrust  coefficient,  power 
coefficient,  and  efficiency  are  plotted  against  advance  ratio. 
The  variation  of  tip  ^Iach  number  with  advance  ratio  is 
also  included.  As  used  in  this  report,  the  tunnel-datum 
Mach  number  M is  not  corrected  for  the  effects  of  tunnel-wall 
constraint.  The  free-stream  Mach  number  can  be  obtained 
by  applying  the  tunnel-wall  corrections  presented  in  figure  4 
to  the  tunnel-datum  Mach  number.  wSimilarly,  the  corrected 
tip  Mach  number  can  also  be  obtained. 


.04  .06  .12  .16  .20  .24 

Thrust  dish-hading  coefficient,  Tc 


Figure  4.— Tunnel-wall  interference  correction. 
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(a)  M=0.165. 

Figure  5.— Characteristics  for  the  NACA  4-(5)(08)-03  propeller. 
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(b)  M=0.23. 
Figure  5. — Continued. 
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(c)  Af=0,35. 
Figure  5.— Continued. 
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(d)  M=0.43. 
Figure  5.“Continued. 
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(e)  Af=0.53. 
Fioure  5— Continued. 
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(g)  1W=0.65. 
Figure  5— Continued. 
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(i)  M=0.70. 
Figure  5. — Continued. 


201 


INVESTIGATION  OF  EFFECTS  OF  CAMBER  AND  COMPRESSIBILITY  ON  PROPELLER  PERFORMANCE 


^j\f*^9qujnu  Liooyy  c/fj  ^ WoustDijjj 


t?  'iU9!0!jJcfOO  ^snjLii 


0)  Af=  0.726. 
Figure  5.— Concluded. 
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(a)  M=0.165. 

Figure  6— Characteristics  for  the  NAG  A 4-(10)(08)-03  propeller. 


(b)  M=0.23. 
Figure  6— Continued. 
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(c)  JWf=0.35. 
Figure  6.— Continued. 
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(cO  Af=0.43. 
Figure  6. — Continued. 


(c)  M=0.53. 
Figure  6. — Continued. 
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Figure  6.— Continued. 


(g)  M=0.65. 
Figure  6.— Continued. 
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(h)  Af=0.676. 
Figurk  6.— Continued. 
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(j)  31=0.725. 
Figure  C.— Concluded. 
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Eflfect  of  camber  on  thrust  coefficient. — The  primary 
effect  of  using  propeller  blades  of  increased  design  camber 
(increased  design  lift  coefficient)  is  to  increase  the  power 
absorbed  by  the  blades  and  consequent^  to  mcrease  the 
thrust.  A t}^pical  illustration  of  the  increase  in  thi'ust 
produced  b}^  increasing  the  design  camber  is  shown  in  figure  7 
in  which  the  thrust  coefficients  for  the  high-camber,  medium- 
camber,  and  low-camber  propellers  for  a blade  angle  of  45° 
and  a forward  Mach  number  of  0.23  are  compared.  The 
power-coefficient  curves  are  similar  and  hence  are  not  shown. 
For  cases  in  which  take-off  and  climb  performances  are  of 
prime  importance,  the  increased  thimst  produced  b}’'  the 
blades  of  high  design  camber  may  determine  the  design; 
greater  thi'usts  ma}^  be  produced  with  no  increase  in  propeller 
weight.  The  maximum  tlirust  coefficient  and  the  thrust  co- 
efficient for  maximum  efficienc}^  also  increase  with  an  increase 
in  design  camber,  as  shown  in  figures  8 and  9 for  Mach 


Figure  7.— Effect  of  design  camber  on  thrust  coefficient.  Af=0.23;  /So.:4«=45®. 


Figure  9.— Effect  of  design  camber  on  thrust  coefficient  for  maximum  efficiency.  M=0.35. 

numbers  of  0.165  and  0.35,  respective^.  The  percentage  of 
increase  in  thrust  is  less  than  the  percentage  of  increase  in 
corresponding  design  camber.  The  maximum  thrust  coef- 
ficients for  the  medium-camber  propeller  are  7 to  1 1 percent 
greater  than  for  the  low-camber  propeller.  The  maximum 
thrust  coefficients  for  the  high-camber  propeller  are  41  to 
46  percent  greater  than  for  the  low-camber  propeller.  The 
increases  in  thrust  coefficient  for  maximum  efficiency  are 
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much  greater  than  the  increase  in  maximum  thi’ust  coefficient. 
The  thrust  coefficients  at  maximum  efficiency  are  30  to  79 
percent  greater  for  the  medium-camber  propeller  and  105 
to  165  percent  greater  for  the  high-camber  propeller  than  for 
the  low-camber  propeller. 

Operation  at  high  angles  of  attack  may  cause  the  blade 
sections  to  become  stalled  or  nearl}^  stalled  so  that  the  pro- 
peller efficiency  is  decreased  because  of  increased  profile- 
drag  losses.  The  pressure  distribution  over  these  blade 
sections  is  therefore  far  from  optimum  and  has  high  peaks 
that  have  a tendency  to  cause  flow  separation  or  to  initiate 
compressibility  shock.  The  use  of  blades  of  high  design 
camber,  however,  makes  it  possible  for  the  blade  sections  to 
operate  at  high  section  lift  coefficients,  which  are  obtained 
at  angles  of  attack  much  lower  than  for  blades  of  low  design 
camber;  thus,  the  tendency  of  the  flow  to  separate  is  reduced 
and  stalled  conditions  are  largely  eliminated.  Since  the 
pressure  distribution  about  the  sections  may  closely  approxi- 
mate the  design  distribution,  the  profile  drag  and  the  tend- 
ency for  shock  to  be  initiated  are  reduced. 

Effect  of  camber  and  power  loading  on  efficiency. — The 
effect  of  blade  power  loading  on  propeller  efficiency  for  the 
high-camber,  medium-camber,  and  low-camber  propellers  is 
shown  in  figure  10  for  a forward  Mach  number  of  0.165. 
Values  of  the  power  coefficient  of  about  0.10  for  these 
propellers  represent  operation  at  high  lift  coefficients  for 
values  of  the  advance  ratio  corresponding  to  take-off  and 
climb.  For  this  condition,  the  propeller  efficiency  decreases 
very  rapidly  as  the  power  coefficient  is  increased  because  of 
the  increased  profile-drag  losses  and  the  failure  of  the  lift  to 
increase  beyond  the  maximum  section  lift  coefficient  with 
further  increase  of  angle  of  attack.  The  ideal  efficiency 
computed  from  the  momentum  theory  is  also  shown  in  figure 
10  for  comparison.  The  divergence  of  the  measured  effi- 
ciency from  the  ideal  efficiency  emphasizes  the  magnitude  of 
the  profile-drag  and  induced  losses. 

The  effect  of  design  camber  for  constant  values  of  power 
coefficient  is  shown  in  figure  11  for  a forward  Mach  number 
of  0.165.  At  low  advance  ratios  corresponding  to  take-off 
and  climb,  increased  camber  gives  increased  efficiency  at 
high  power  coefficients.  At  these  high  power  coefficients, 
the  high-camber  blade  is  15  to  25  percent  more  efficient  than 
the  low-camber  and  medium-camber  blades.  At  low  ad- 
vance ratios  and  for  low  power  coefficients,  the  high-camber 
blade  is  approximately  5 percent  less  efficient  than  the  low- 
camber  and  medium-camber  blades.  These  variations  em- 
phasize the  necessity  for  choosing  the  correct  blade  camber 
to  meet  operational  requirements.  The  high-camber  blade 
is  generally  more  efficient  than  the  low-camber  and  medium- 
camber  blades  up  to  values  of  the  advance  ratio  approxi- 
mately 10  times  the  value  of  the  power  coefficient.  The 
medium-camber  blade  is  generally  as  much  as  5 percent  more 
efficient  than  the  low^’-camber  blade  for  the  same  operating 


range.  These  results  suggest  that  a satisfactory  compromise 
propeller  may  be  designed  by  proper  selection  of  the  design 
camber. 

Single-station  analysis  of  camber  effects. — In  order  to 
show  the  effect  of  design  camber  and  operating  lift  coeffi- 
cients on  propeller  section  efficiency,  the  results  of  tests  of 
the  NACA  16-series  aii’foil  sections  of  9-percent  thickness 
(reference  2)  were  chosen  as  representative  of  the  section  at 
the  0.7-radius  station.  Since  this  analysis  is  not  an  attempt 
to  explain  or  present  compressibility  effects,  data  at  a Mach 
number  of  0,45  are  used.  It  can  be  shown  that  the  section 
efficiency  is  given  b}^ 


tan  <t>o 

’'~tan  i<l>+y) 


(1) 


Figure  12  shows  the  results  obtained  by  use  of  equation  (1). 
For  a given  operating  lift  coefficient,  the  induced  angle  of 
attack  for  all  the  sections  is  the  same;  hence,  the  efficiency 
shows  the  effect  of  lift-drag  ratio.  The  most  obvious  result 
is  that  the  sections  with  design  lift  coefficients  between  0.3 
and  0.5  are  the  most  efficient,  because  these  sections  have 
the  highest  lift-drag  ratios  at  maximum  efficiency.  For 
sections  with  design  lift  coefficients  of  0.3  and  lower,  the 
maximum  efficiency  'occurs  at  operating  lift  coefficients 
greater  than  the  design  lift  coefficients.  For  sections  with 
design  lift  coefficients  higher  than  0.3,  the  maximum  effi- 
ciency occurs  at  operating  lift  coefficients  lower  than  the 
design  lift  coefficient.  The  maximum  attainable  efficiency 
at  any  blade  operating  lift  coefficient  is  represented  by  the 
envelope  of  the  efficiencies  in  figure  12.  The  greatest  effi- 
ciency attainable  for  operation  at  a given  lift  coefficient 
occurs  when  the  section  has  a design  lift  coefficient  equal  to 
the  operating  lift  coefficient. 

Effect  of  compressibility  on  maximum  efficiency. — The 
envelope  efficiencies  for  the  high-camber,  medium-camber, 
and  low-camber  propellers  are  presented  in  figure  13  for 
forward  Mach  numbers  from  0.23  to  0.70.  The  values  of 
advance  ratio  at  which  propeller  tip  Mach  numbers  of  0.9, 
1.0,  and  1.1  are  reached  are  indicated  by  vertical  dash  lines 
labeled  with  the  value  of  M,.  The  medium-camber  propeller 
gave  the  highest  efficiencies  for  all  advance  ratios  and  for 
forward  Mach  numbers  up  to  0.53.  In  most  cases,  the 
medium-camber  propeller  was  2 to  5 percent  more  efficient 
than  the  low^-camber  propeller.  The  high-camber  propeller 
gave  peak  efficiencies  3 to  approximately  12  percent  lower 
than  those  for  the  medium-camber  propeller;  the  higher 
efficiency  losses  were  due  mainly  to  compressibility  effects. 
At  tip  Mach  numbers  greater  than  approximately  0.90,  the 
low-camber  and  medium-camber  propellers  showed  com- 
pressibility losses.  The  high-camber  propeller,  however, 
showed  an  appreciable  compressibUity  loss  at  a tip  Mach 
number  considerably  below  0.90,  but  the  efficiencies  w’-ere 
still  above  82  percent. 


E fficiency. 
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(a)  Cp=0.05. 

(c)  Cp=0.l5. 

(e)  Cp=0.2o. 
te)  Cp=0.35. 

Figure  U. — Eflect  of  design  camber  and  power  loading  on  efficiency. 


(b)  Cp^O.lO. 
(d)  Cp=0.20. 
(f)  Cp=0.30. 
(h)  Cp=0.40. 
0.165. 
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Fioure  12.— Effect  of  design  camber  on  blade-section  eflicicncy,  from  single-station  analysis  using  NACA  16-series  sections.  -4=0.7:  -^=0.09;  0=44°;  A/=0.45. 
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The  effect  of  compressibility  on  maximum  efficiency  is 
shown  in  figure  14  for  a blade  angle  of  45®,  Maximum 
efficiency  differed  very  little  for  the  low-camber  and  medium- 
camber  propellers  with  critical  tip  Mach  numbers  of  approx- 
imately 0.90  and  0.91,  respectively.  The  high-camber  pro- 
peller begins  to  show  compressibility  losses  at  a tip  Mach 
number  of  0.70,  but  the  rate  of  loss  is  less  than  that  for  the 
low-camber  and  medium-camber  propellers.  The  low  critical 
speed  of  the  propeller  with  the  highest  camber  obviously 
excludes  the  use  of  this  propeller  for  very  efficient  high-speed 
operation.  The  early  compressibility  losses  for  the  high- 
camber  propeller  are  due,  in  part  at  least,  to  the  high  power 
absorbed.  If  the  low-camber  and  medium-camber  propellers 
absorbed  the  same  power  as  the  high-camber  propeller,  these 
propellers  would  have  to  operate  at  high  angles  of  attack;  this 
operation  would  produce  high  pressure  peaks  and  perhaps 
earlier  and  more  extensive  compressibility  losses. 

In  order  for  the  low-camber  and  medium-camber  propellers 
to  absorb  the  same  power  as  the  high-camber  propeller  and 
still  operate  at  high  efficiencies,  a considerable  increase  in 
solidity  would  be  necessary.  The  large  power-absorbing 
capacity  of  the  high-camber  propeller,  however,  makes  it 
useful  for  conditions  of  operation  at  which  large  values  of 
thrust  are  required,  even  at  high  speeds.  For  example,  the 
influence  of  design  camber  on  maximum  efficiency  and  on 
the  power  absorbed  at  maximum  efficiency  is  presented  in 


figure  15  for  an  advance  ratio  of  2.48  at  forward  Mach  num- 
bers of  0.23  and  0.53  (tip  Mach  numbers  of  0.37  and  0.86, 
respectively).  For  these  conditions,  the  high-camber  pro- 
peller shows  a compressibility  loss  of  8 percent.  The  high- 
camber  propeller  absorbs  55  percent  more  power  than  the 
medium-camber  propeller  and  75  percent  more  power  than 
the  low-camber  propeller  at  a forward  Mach  number  of  0.53. 
The  corresponding  differences  in  efficiency  are  reductions  of 
9 and  10  percent,  which  result  in  net  thrust  increases  of  46 
and  65  percent,  respectively,  for  the  high-camber  propeller; 
in  addition,  these  increases  in  thrust  are  obtained  with  no 
increase  in  propeller  weight. 

Effect  of  compressibility  and  power  disk  loading  on  maxi- 
mum efficiency. — The  effects  of  power  disk-loading  coefficient 
Pc  and  compressibility  on  maximum  efficiency  are  shown  in 
figure  16.  The  curve  for  the  ideal  efficiency  obtained  from 
axial-momentum  considerations  is  also  shown.  The  ideal 
efficiency  deviates  from  100  percent  solely  because  of  the 
induced  loss  due  to  increasing  the  axial  velocity  of  the  air  in 
the  slipstream.  The  additional  losses  for  an  actual  pro- 
peller, however,  are  due  to  profile-drag  and  rotational  induced 
losses.  The  induced  losses  for  these  propellers  are  small,  and 
the  differences  shown  between  the  ideal  and  the  measm*ed 
efficiencies  are  principally  due  to  blade  drag  loss.  At  a given 
value  of  the  forward  Mach  number,  increased  values  of  Pc 
correspond  to  loadings  at  low  values  of  the  advance  ratio. 


Maximum  efficiency,  r) 


Power  coefficient, 
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Power  disk-loading  coefficieni,  /J. 


(a)  M=0.23. 

(b)  j\/=0.35. 

(c)  M=0.43. 

(d)  JVf=0.53. 


(e)  Af=0.65. 
(0  Af= 0.675. 
(g)  JVf=0.70. 


Figure  16.— Effect  of  power  disk  loading  and  compressibility  on  maximum  efficiency. 


At  low  values  of  the  forward  Mach  number  (fig.  16  (a)),  for 
example,  the  maximum-efficiency  curves  for  the  three  pro- 
pellers are  parallel  for  high  values  of  and  are  relatively 
close  to  the  ideal-efficiency  curve.  This  agreement  is  ex- 
pected, because  these  propellers  have  approximately  the 
optimum  pitch  distributions  for  these  values  of  Pc  and  be- 
cause the  profile-drag  and  induced  losses  are  not  expected  to 
change  very  much.  Since  at  a constant  forward  Mach  number 
the  high  values  of  Pc  for  each  curve*  correspond  to  opera- 
tion at  the  highest  tip  speeds  for  that  condition,  compressi- 
bility losses  would  appear  at  the  high  values  of  the  power 
disk-loading  coefficient.  No  compressibility  losses  appear 
for  the  low  forward  Mach  numbers.  For  all  propellers, 
large  losses  begin  to  appear  at  a forward  Mach  number  of 
0.53  and  are  most  severe  for  the  low-camber  propeller  and 


least  severe  for  the  medium-camber  propeller.  At  a Mach 
number  of  0.65,  the  high-camber  propeller  appears  to  be  more 
efficient  than  the  other  propellers  for  operation  at  the  high 
power  disk-loading  coefficients.  Of  particular  interest  is  the 
greatly  reduced  range  of  power  disk-loading  coefficient  for 
which  the  maximum  efficiencies  obtained  at  low  Mach  num- 
bers can  be  maintained  at  high  forward  Mach  numbers. 
Similar  results  are  shown  in  reference  1.  At  forward  Mach 
numbers  of  0.53  or  greater,  the  range  of  power  disk-loading 
coefficient  that  gives  high  efficiencies  for  the  low-camber  pro- 
peller is  greatly  reduced  because  of  compressibility  losses. 
Previous  results  (reference  1)  have  indicated  that  the  range 
of  power  disk-loading  coefficient  for  high  efficiency  may  be 
selected  by  change  of  blade  solidity.  The  results  reported 
herein  also  indicate  that  the  same  effect  can  be  produced  by 
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change  of  camber.  This  effect  is  particularly  pronounced 
for  forward  Mach  numbers  of  0.53  and  0.65  (figs.  16  (d)  and 
16  (e)).  The  medium-camber  and  high-camber  propellers 
can  operate  more  efficiently  at  high  values  of  the  power  disk- 
loading coefficient,  but  compressibility  effects  have  con- 
siderably lowered  the  efficiencies.  Changing  the  design 
camber  thus  offers  another  possibility  of  operating  at  high 
power  disk  loadings  without  too  much  loss  in  maximum 
efficiency. 

The  power  disk-loading  coefficient  for  which  low-speed 
efficiencies  may  be  maintained  at  high  speeds  can  also  be 
increased  by  using  a greater  number  of  similar  blades,  as 
was  pointed  out  in  reference  1 . For  operation  at  ver}^  high 
speeds,  particular  consideration  must  therefore  be  given  to  the 
aerodynamic  design.  The  design  of  a propeller  then  ap- 
proaches the  design  for  a specific  condition  of  operation  to 
obtain  liigh  efficiencies  because  of  the  reduced  range  of 
available  power  disk  loading. 

CONCLUSIONS 

Two-blade  propellers  designated  the  NACA  4-(5)(08)-03 
(medium  camber)  and  the  NACA  4-(10)(08)-03  (high 
camber)  propellers  have  been  investigated  in  the  Langley 
8-foot  high-speed  tunnel  tlirough  a range  of  blade  angles 
from  20°  to  60°  for  forward  Mach  numbers  from  0.165 
to  0.70  to  determine  the  effect  of  camber  and  compressibility 
on  propeller  characteristics.  The  results  of  these  tests  and 
comparisons  with  results  obtained  from  previous  tests  of  the 
NACA  4-(3)(08)-03  (low  camber)  propeller  indicated  the 
following  conclusions: 

1.  Propellers  of  high  design  camber  were  more  efficient 
than  propellers  of  low  design  camber  for  operation  at  high 
power  coefficients.  The  propeller  of  highest  camber  gave 
efficiencies  15  to  25  percent  greater  than  the  efficiencies  of 
the  low-camber  and  medium-camber  propellers  for  high 
power  coefficients  at  advance  ratios  corresponding  to  take- 
off and  climb  at  low  Mach  numbers. 

2,  The  medium-camber  propeller  generally  gave  peak 
efficiencies  2 to  5 percent  higher  than  the  low-camber 


propeller  and  3 to  approximately  12  percent  higher  than  the 
high-camber  propeller.  The  high-camber  propeller  was 
operating  at  much  higher  power  coefficients,  which  led  to 
early  compressibility  effects. 

3.  The  critical  tip  Mach  number  for  maximum  efficiency 
at  the  design  blade  angle  of  45°  was  0.01  higher  for  the 
medium-camber  propeller  than  that  for  the  low-camber 
propeller,  wliich  began  to  show  compressibility  losses  at  a 
tip  Mach  number  of  approximately  0.90.  The  high-camber 
propeller,  which  was  operating  at  higher  power  coefficients 
than  the  other  propellers,  showed  the  largest  compressibility 
losses.  The  compressibility  losses  for  the  high-camber 
propeller  began  at  a tip  Mach  number  as  low  as  0.70  but 
efficiencies  of  more  than  82  percent  wei^e  still  maintained. 

4.  For  a forward  Mach  number  of  0.53  and  an  advance 
ratio  of  2.48  (tip  Mach  number  of  0.86),  the  high-camber 
propeller  showed  a compressibility  loss  of  8 percent  in 
maximum  efficiency  but,  because  of  the  large  power-absorbing 
capacity  of  this  propeller,  produced  about  65  percent  more 
thrust  than  the  low-camber  propeller  and  46  percent  more 
thrust  than  the  medium-camber  propeller. 

5.  The  range  of  power  disk-loading  coefficient  over  which 
high  efficiencies  could  be  obtained  was  greatl}^  reduced  at 
high  speeds. 

Langley  Memorial  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  7,  1945. 
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EFFECTS  OF  WING  FLEXIBILITY  AND  VARIABLE  AIR  LIFT  UPON  WING  BENDING  MOMENTS 

DURING  LANDING  IMPACTS  OF  A SMALL  SEAPLANE  ^ 


By  Kenneth  F.  Merten  and  Edgar  B.  Beck 


SUMMARY 

A smooth-water-landing  investigation  was  conducted  with  a 
small  seaplane  to  obtain  experimental  wing-hending-moment 
time  histories  together  with  time  histories  of  the  various  pa- 
rameters necessary  for  the  prediction  of  wing  bending  moments 
during  hydrodynamic  impact.  The  experimental  results  were 
compared  with  calculated  results  which  include  inertia-load 
effects  and  the  effects  of  air-load  variation  during  impact.  The 
resjyonses  of  the  fundamental  mode  were  calculated  with  the  use 
of  the  measured  hydrodynamic  forcing  functions.  From  these 
responses,  the  wing  bending  moments  due  to  the  hydrodynamic 
load  were  calculated  according  to  the  procedure  given  in  R.  c&  M. 
No.  2221.  This  comparison  of  the  time  histories  of  the  experi- 
mental and  calculated  wing  bending  moments  showed  good 
agreement  both  in  phase  relationship  of  the  oscillations  and  in 
numerical  values. 

The  effects  of  structural  flexibility  on  the  wing  bending 
moment  were  large,  the  dynamic  component  of  the  total  moment 
being  as  much  as  97  percent  of  the  static  component.  Ohanges 
in  the  wing  bending  moment  due  to  the  variation  in  air  load  dur- 
ing impact  were  of  about  the  same  magnitude  as  the  static 
water -load  component. 

INTRODUCTION 

Recent  trends  in  the  design  of  aircraft  have  led  to  an 
important  increase  of  the  stresses  produced  in  wings  by  land- 
ing impacts.  Two  significant  factors  contributing  to  these 
increased  stresses  during  landing  are  an  increased  proportion 
of  the  airplane  weight  in  the  wings  and  an  increased  struc- 
tural flexibility,  since,  in  most  cases,  these  factors  have  caused 
the  ratios  of  the  times  to  peak  of  the  applied  landing  loads 
to  the  period  of  the  fundamental  mode  to  approach  a critical 
value. 

Several  simplified  methods  have  been  developed  for  deter- 
mining the  inertia  loads  in  ^ving  structures  during  landing 
impacts,  and  studies  have  been  made  of  the  landing-impact 
inertia  loads  in  simplified  structures  with  the  use  of  the 
principles  of  these  methods.  Although  experimental  investi- 
gations have  been  made  to  determine  the  magnitudes  of 
inertia  doads  in  actual  airplane  structures,  little  correlation 
of  theory  and  experiment  has  been  made  concerning  the 
nature  and  magnitude  of  inertia  loads  in  airplane  wings 
during  actual  landing  impacts. 


Another  aspect  of  the  problem  of  whig  loads  during  land- 
ing is  the  variation  of  air  load  due  to  changes  of  attitude 
and  flight  path  during  impact.  The  importance  of  this 
change  hi  air  load  has  been  the  subject  of  some  speculation 
but  little  investigation. 

In  order  to  evaluate  the  importance  of  the  various  com- 
ponents of  the  load,  including  dynamic  effects  and  variation 
in  air  load,  data  were  obtained  durhig  fuU-scale  landing  tests 
of  a small  seaplane  to  provide  a comparison  of  actual  wing 
loads  with  those  predicted  by  a simplified  method 
(reference  1). 

The  present  report  gives  a comparison  of  the  theoretical 
and  experimental  wing  loads,  in  the  form  of  time  histories  of 
the  wing  bending  moments,  and  discusses  the  contributions 
of  each  of  the  components  of  the  moment  (static  water-load 
moment,  dynamic  water-load  moment,  and  air-load  moment) 
to  the  total.  The  static  and  dynamic  components  of  the 
total  moment  were  calculated  and  combined  according  to 
the  procedure  of  reference  1,  with  the  responses  of  the  funda- 
mental mode  being  calculated  from  the  recorded  time  histories 
of  the  applied  forces.  The  air-load  component  was  calcu- 
lated by  a simplified  method  which  is  described  in  this  report. 

SYMBOLS 

Cl  lift  coefficient 

g acceleration  due  to  gravity  (32.2  ft/sec^) 

L lift,  pounds 

M bending  moment  in  wing,  pound-inches 
n load  factor,  multiples  of  g 
S wing  surface  area,  square  feet 

T duration  of  impact,  seconds 

ti  time  to  peak  of  applied  load,  seconds 
tn  natural  period  of  fundamental  mode,  seconds 
u dynamic  response  factor,  ratio  of  maximum  total 
water-load  wing  bending  moment  to  maximum 
static  water-load  bending  moment 
V velocity  of  seaplane,  feet  per  second 

a angle  of  attack,  degrees 

7 flight-path  angle,  degrees 

A prefix  denoting  change 

p density,  slugs  per  cubic  foot 

r trim  angle,  degrees 


» Supersedes  NACA  TN  2063,  “A  Comparison  of  Theoretical  and  Experimental  Wing  Bending  Moments  during  Seaplane  Landings"  by  Kenneth  F.  Merten,  Jos6  L.  Rodrlguezj 
and  Edgar  B.  Beck,  1950. 
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Subscripts: 

c corrected  for  air  load 
h horizontal 

n normal  to  keel 

0 at  time  of  water  contact 

p parallel  to  keel 

r recorded 

T total 

V vertical 

max  maximum 

APPARATUS  AND  INSTRUMENTATION 

The  airplane  used  in  the  present  investigation  was  a small 
two-engine  seaplane  (fig.  1).  Pertinent  information  about 
the  seaplane  is  given  in  table  I,  and  additional  information 
may  be  obtained  from  reference  2.  The  frequency  and  shape 
of  the  fundamental  wing  bending  mode  were  found  from 
ground  vibration  tests  and  are  given  in  table  II  and  figure  2. 
The  spanwise  weight  distribution  is  also  given  in  table  II. 

The  trim  variation  was  measured  with  a gyroscopic  trim 
recorder  mounted  in  the  cabin  floor.  The  airspeed  was 
measured  with  an  NACA  airspeed  recorder,  pitot-static-tube 
type,  mounted  above  the  cabin.  Accelerations  of  the  center 
of  gravity  ivere  obtained  from  an  NACA  optical-recording 
three-component  accelerometer  mounted  securely  in  the 
fuselage  near  the  center  of  gravity.  The  time  of  contact 
was  determined  from  a water-contact  indicator  located  on 
the  keel  at  the  main  step.  The  hull  immersions  were  deter- 
mined from  pressure  gages  installed  along  the  bottom  of  the 
hull.  The  wing  bending  moments  were  measured  by  means 
of  a strain  gage  mounted  on  the  wing  main  spar  9 inches 
from  the  center  line  of  the  seaplane  (hereinafter  referred  to 
as  station  9). 

The  estimated  accuracies  of  the  experimental  data  based 
on  calibration,  instrument,  and  reading  error  are  as  follows: 


Horizontal  velocit}^  Va,  feet  per  second ’ ±4 

Trim  angle,  t,  degrees ±0.  25 

Load  factor,  n,  multiples  of  g ±0.  2 

Initial  wing  lift,  Lo,  multiples  of  g. ±0.  05 

Total  wing  bending  moment,  Mr,  pound-inches ±0.  05X  10® 


TEST  PROCEDURE 

The  landing-impact  tests  were  made  in  smooth  water. 
During  these  landing  tests,  airspeed,  trim  variation,  center- 
of-gravity  accelerations,  and  wing-spar  bending  moments 
were  recorded.  The  landings  were  made  at  horizontal  veloc- 
ities ranging  from  95.4  to  112.0  feet  per  second,  trim  angles 
ranging  from  3.00®  to  7.83®,  and  initial  flight-path  angles 
rangmg  from  2.0®  to  4.4®.  The  resultiug  maximum  center- 
of-gravity  accelerations  normal  to  the  keel  line  ranged  from 
1.10^  to  1.96^  and  the  duration  of  the  impacts  varied  from 
0.63  to  0.87  second.  The  times  to  peak  of  these  normal 
accelerations  ranged  from  0.10  to  0.36  second.  Values  of 
these  parameters  and  other  pertinent  information  for  all  the 
tests  are  presented  in  to^ble  III. 


Fig  V RE  1.— Seaplane  and  instrumentation. 


Table  I 

GENERAL  INFORMATION  ABOUT  SEAPLANE  USED  IN 
LANDING-IMPACT  INVESTIGATION 


Approximate  flying  weight  during  tests,  lb 19,  200 

Stalling  speed  (flaps  down),  fps 94 

Wing  area,  sqft 780.  6 

First  natural  frequency,  cps 4.  76 

Second  natural  frequency,  cps 13.  0 
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Figure  2.— Experimental  fundamental  bending-mode  shape  of  wing  semispan.  Frequency, 
4.76  cycles  per  second. 


Table  II 

WEIGHT  DISTRIBUTION  AND  UNITIZED  MODE  SHAPE 
FOR  FUNDAMENTAL  BENDING  MODE  (4.76  cps) 

OF  WING  SEMISPAN 


Distance  from 
center  line 
(in.) 

Associated 

station 

weight 

(lb) 

Unitized 
mode  shape 

0 

-0. 045 

31 

881 

-.044 

75 

2, 057 

-.026 

87.7 

5, 076 

-.022 

119 

881 

-.004 

170 

116 

.053 

210 

102 

.110 

250 

88 

.190 

290 

181 

.270 

330 

64 

.370 

370 

53 

.490 

410 

43 

.625 

440 

18 

.730 

477.7 

40 

.860 

516 

1.000 

Total  9, 600  | 

WING  BENDING  MOMENTS  DURING  LANDING  IMPACTS  OF  A SMALL  SEAPLANE 
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Table  III 

FLIGHT  AND  IMPACT  VARIABLES 


Run 

V,, 

(fps) 

(fps) 

^.0 

(fps) 

(fps) 

71b, 

*mma 

T 

(sec) 

ti 

/»/4 

(lb-in.) 

u 

’“0 

(deg) 

(deg) 

"o 

(deg) 

ActntaJ 

(deg) 

(deg) 

1 

103.0 

4. 91 

5.1 

8. 37 

1.96 

2.03 

0.264 

1.90 

0.508 

0. 69 

3.  72 

0. 575X10® 

1.47 

7.83 

1.30 

10.66 

5.20 

4.7 

2 

95.4 

3.55 

3.5 

7.29 

1.21 

1.26 

.181 

1.19 

.259 

.87 

6.28 

.250 

1.23 

6. 01 

5.07 

8.11 

2. 10 

4.2 

3 

100.5 

3. 46 

7.2 

11.29 

1.61 

1.69 

.209 

1.59 

.340 

. 65 

3.43 

.410 

1.53 

5.  72 

5.21 

9.82 

4.  .36 

6.5 

4 

112.0 

3.83 

8.6 

13.64 

1.90 

1.94 

.255 

1.89 

.355 

.63 

1.90 

.483 

1.97 

3.00 

9.  .31 

7. 39 

4.45 

7.0 

5 

105.9 

3.54 

4.4 

8. 10 

1.16 

1.24 

.183 

1. 14 

.285 

.77 

4. 95 

.345 

1.42 

6. 07 

4.28 

8. 45 

3.29 

4.4 

6 

104.1 

3.42 

3.6 

6.90 

1.10 

1. 19 

.208 

1.07 

.310 

.80 

6.85 

.335 

1.13 

7. 39 

3.30 

9. 34 

2. 67 

3.8 

THEdRY 

WILLIAMS’  METHOD 

In  reference  1 a method  was  proposed  for  calculating  the 
dynamic  effect  of  an  impulsive  load  applied  to  an  elastic 
structure.  Basically,  the  method  follows  classical  normal- 
mode vil)ration  theory  by  considering  the  total  response 
of  the  elastic  structure  to  a forcing  function  at  any  instant 
to  be  the  summation  of  the  responses  of  all  of  its  normal 
modes  at  that  instant.  However,  a unique  feature  of  the 
method  is  that  the  total  response  of  each  mode  is  separated 
into  a static  and  a dynamic  component,  and  the  stress  due 
to  the  sum  of  the  static  components  of  the  responses  of  all 
the  modes  is  found  in  one  calculation  b}^  rigid-body  analysis. 
This  stress  is  referred  to  as  the  static-load  stress.  The 
stress  of  each  mode  due  to  its  dynamic  component  of  re- 
sponse is  found  separately.  The  total  stress  is  the  sum  of  the 
static-load  stress  and  the  dynamic  components  of  stress 
for  the  significant  modes.  Time  histories  of  stress  are  found 
in  these  calculations  and  thus  phase  relationships  of  the 
modes  are  considered  when  the  stresses  for  each  mode  are 
added. 

AIR-LOAD  VARIATION 

In  determining  the  effect  of  air-load  variations  on  the 
wing  bending  moment  during  impact,  the  air  load  was 
assumed  to  change  instantaneousl}’'  with  cliange  in  angle  of 
attack  and  the  rate  of  change  in  ah  load  was  assumed  to  be 
slow  enough  to  neglect  excitation  of  structural  dynamic 
response.  Also,  the  ratio  of  ah-load  bending  moment  to 
lift  was  assumed  to  be  constant  for  all  impacts.  On  the 
basis  of  these  assumptions,  the  air-load  moment  at  any  time 
during  the  impact  M was  related  to  the  lift  L and  the  ratio 
of  bending  moment  to  lift  at  time  of  contact  M^jL^  by  the 
following  equation: 


An  average  value  of  obtained  from  the  measured 

values  of  lift  and  moment  at  time  of  contact,  was  used  in 
this  equation.  The  variation  of  lift  L was  determined 
from  time  histories  of  the  angle  of  attack  and  velocity  in 
conjunction  ^vith  a lift  curve  (Cl  plotted  against  a)  determined 
for  the  wing  vdth  flaps  deflected.  This  lift  curve  was 
determined  by  fairing  a line  with  the  slope  of  the  available 
lift  curve  vdthout  flaps  deflected  through  the  values  of 
Cl  computed  for  all  the  impacts  from  the  measured  velocity, 


angle  of  attack,  and  center-of -gravity  acceleration  at  time  of 
contact.  With  the  variation  in  total  ah-load  moment  thus 
determined,  the  change  in  air-load  wdng  bending  moment 
during  impact  AM  was  found  from  the  following  equation: 

AM=Mo— M 

CALCULATIONS  AND  RESULTS 

The  variations  of  the  wing  angle  of  attack  and  velocity 
during  impact  necessary  for  computing  the  changes  in  air-load 
bending  moment  were  determined  for  each  impact  from  the 
recorded  data  in  the  following  manner.  The  accelerations 
normal  and  iiarallel  to  the  keel  line,  obtained  from  the 
three-component  center-of-gravity  accelerometer,  were  plot- 
ted (fig.  3).  After  the  trim-angle  variation  (fig.  4 (a))  was 
taken  mto  account,  these  accelerations  were  resolved  into 
vertical  and  horizontal  components.  Integration  of  the 
time  histories  .of  these  accelerations  over  the  duration  of 
the  impact  produced  time  histories  of  the  changes  in  vertical 
and  horizontal  velocities.  Since  the  vertical  velocity  at  the 
time  of  contact  was  not  accurately  knovm,  the  initial 

■^r  A A . A A 
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(a)  Acceleration  parallel  to  seaplane  keel  line  during  impact. 

(b)  Acceleration  normal  to  seaplane  keel  line  during  impact. 
Fioure  3. — Typical  accelerometer  records  and  fairings. 
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velocity  was  determined  so  that  integration  of  the  time- 
history  curve  over  the  duration  of  the  impact  resulted  in  a 
final  vertical  displacement  of  zero.  (The  duration  of  the 
impact  is  defined  as  the  interval  between  the  time  of  contact 
and  the  time  when  the  center  of  gravity  again  reached  its 
initial  height  above  the  mean  water  line.  The  instant  of 
contact  was  found  from  a water-contact  indicator  on  the 
step  and  the  time  history  of  the  center-of-gravity  displace- 
ment was  determined  from  the  times  of  immersion  and 
emersion  of  the  hull  pressure  gages,  the  fixed  location  of  the 
center  of  gravity  relative  to  the  step,  and  trim-angle  time 
history.)  Integration  of  the  time-history  curve  of  the 
corrected  vertical  velocity  from  time  of  contact  to  the  time 
of  zero  vertical  velocity  determined  the  maximum  displace- 
ment of  the  center  of  gravity.  The  maximum  displacements 
determined  in  this  manner  for  all  the  impacts  agreed  within 
experimental  error  with  the  maximum  displacements  cal- 
culated from  the  hull  pressure  gages.  With  the  use  of  the 
corrected  verticahvelocity  and  horizontal-velocity  time 
histories,  time  histories  of  the  flight-path  angle  y and  the 
resultant  velocity  were  computed.  From  the  time  histories 
of  trim  angle  r (fig.  4 (a))  and  flight-path  angle  y (fig.  4 (b)), 
the  time  history  of  the  angle  of  attack  a was  computed 
(fig.  4 (c)). 

With  the  use  of  the  time  histories  of  angle  of  attack  aod 
resultant  velocity,  the  changes  in  bending  moment  in  the 
wing  at  station  9 due  to  the  changes  in  air  load  were  deter- 
mined for  each  impact  in  the  manner  described  in  the 
section  entitled  “Air-Load  Variation”  and  are  presented  in 
parts  (a)  of  figures  5 to  10. 


(a)  Trim -angle  variation  during  impact 

(b)  Flight-path -angle  variation  during  impact. 

(c)  Angle-of-attack  variation  during  impact. 

Figure  4.— Typical  time  histories  of  pitching  motion  based  on  recorded  and  calculated  data. 


(a)  Components  of  wlng-bending-moment  changes  during  impact. 

(b)  Total  wing  bending  moment  during  impact. 

Figure  5. — Wing-bending-moment  time  histories  during  impact;  run  i. 
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fa)  Components  of  wing-bending-moment  changes  during  impact. 

(b)  Total  wing  bending  moment  during  impact. 

Figure  8.— Wing-bending-moment  time  histories  during  impact;  run  2. 
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(a)  Components  of  wing-bending-moment  changes  during  impact. 

(b)  Total  wing  bending  moment  during  impact. 

Figure  7.— Wing-bending-moment  time  histories  during  impact;  run  3. 


Time,  sec 

(a)  Components  of  wing-bending-moment  changes  during  impact. 

(b)  Total  wing  bending  moment  during  impact. 

Figure  8.— Wing-bending-moment  time  histories  during  impact;  run  4. 
213637—53 16 
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(a)  Components  of  wing-bending-moment  changes  during  impact. 

(b)  Total  wing  bending  moment  during  impact. 

Figure  9.— Wing-bending-moment  time  histories  during  impact;  run  6. 
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(a)  Components  of  wing-bending-moment  changes  during  impact. 

(b)  Total  wing  bending  moment  during  impact. 

Figure  10.— Wing-bending-moment  time  histories  during  impact;  run  6, 
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The  procedure  of  reference  1 was  used  to  compute  the 
bending  moments  because  it  provides  a convenient  means  of 
applying  the  principles  essential  to  a dynamic-loads  analysis 
which  results  in  time  histories  of  the  wing  bending  moments. 
The  forcing  function  for  each  impact  was  determined  from 
the  normal  acceleration  measured  in  the  hull  by  an  accelerom- 
eter located  near  the  seaplane  center  of  gravity.  Because 
of  the  manner  of  connection  between  the  wing  and  hull 
(fig.  1),  the  nieasured  acceleration  was  not  appreciably 
affected  by  the  oscillations  of  the  Aving.  By  including  the 
effect  of  the  varying  wing  lift  on  the  center-of-gravity 
acceleration,  the  acceleration  normal  to  the  keel  line  due 
to  the  hydrodynamic  force  only  was  determined.  From  this 
acceleration  and  the  mass  of  the  seaplane,  the  hydrod3mamic 
forcing  function  was  calculated.  The  dynamic  responses 
of  the  significant  modes  to  this  forcing  fimction  were  computed 
by  a recurrence  method  developed  at  the  Langley  Structures 
Research  Division  in  which  the  actual  forcing  function 
is  used  Avithout  approximation.  Only  the  dynamic  effects 
of  the  fundamental  bending  mode  Avere  included  in  the 
final  results  because  calculations  shoAved  the  dy^namic  effects 
of  the  second  symmetrical  bending  mode  to  be  negligible. 
This  observation  Avas  borne  out  by  the  absence  of  higher 
mode  effects  on  the  strain-gage  records.  The  calculated 
time  histories  of  the  static  Avater-load  and  dynamic  Avater- 
load  components  of  Aving  bending  moment  at  station  9 are 
presented  in  parts  (a)  of -figures  5 to  10.  The  spanAATse 
bending-moment  distribution  for  the  fundamental-mode  Ig 
inertia  loading  calculated  as  set  forth  in  reference  1,  a 
Ig  static  water  loading,  and  a level-flight  loading  are  plotted 
in  figure  11.  The  values  of  the  bending  moment  at  station 
9 used  in  the  application  of  the  method  of  reference  1 Avere 
obtained  from  this  plot. 

These  three  components  of  Aving-bending-moment  changes 
obtained  in  this  manner  for  station  9 AA^ere  combined  and 
added  to  the  AAung  bending  moment  existing  at  the  instant 
of  contact.  This  total  theoretical  wing  bending  moment  is 
presented  in  parts  (b)  of  figures  5 to  10  together  AAuth  the 
Aving-bending-moraent  variation  measured  b3^  the  strain 
gage  at  station  9. 

DISCUSSION 

Comparisons  between  the  total  theoretical  and  experi- 
mental Aving  bending  moments  are  presented  in  parts  (b) 
of  figures  5 to  10.  The  comparisons  are  made  onh^  for  AAung 
station  9 because  the  bending  moments  in  the  outer  AAung 
section  were  so  small  as  to  be  of  the  same  order  as  the 
estimated  error.  Only  the  d3mamic  effects  of  the  funda- 
mental bending  mode  were  included  in  the  final  results 
because  calculations  showed  the  d3mamic  effects  of  the 
second  S3Tnmetrical  bending  mode  to  be  negligible.  This 
negligibility  was  borne  out  by  the  absence  of  higher-mode 
effects  on  the  strain-gage  records.  The  comparisons  shoAV 
the  predicted  values  to  be  in  good  agreement  AAuth  the  experi- 
mental values.  As  can  be  seen  from  the  figures,  the  phase 
relationships  betAA^een  the  theoretical  and  experimental 


1.4  xto^ 


Figure  Level-flight  and  landing-impact  bending  moments. 


values  are  consistentl3^  good,  and  the  maximum  changes 
from  initial  conditions  shoAv  a range  of  error  of  5 to  28  per- 
cent based  on  the  experimental  values  of  the  maximum 
changes  in  AAing  moment.  These  results  indicate  that  Avhen 
the  three  components  of  moment  are  included  in  the  theor3^ 
good  agreement  is  obtained. 

A comparison  of  the  level-flight  bending  moment  and  the 
change  in  bending  moment  due  to  the  heaviest  impact  of 
the  tests  sIioavs  that  the  maximum  change  in  bending  mo- 
ment accompanying  a doAvnAvard  motion  of  the  Aving  AA^as 
approximatel3^  50  percent  of  the  level-flight  moment  (figs.  11 
and  5 (b)).  This  maximum  bending-moment  change  Avas 
produced  by  a 2.03<7  impact.  When  any  differences  in 
the  response  factor  and  an3^  change  in  air-load  bending 
moment  are  neglected,  landings  of  over  \g  Avould  be  required 
for  the  doAAmward  motion  of  the  Aving  merely  to  start  stress 
reversal  in  the  AAung.  Similarl3^,  even  if  the  maximum 
d3'namic  Avater-load  bending  moment  (fig.  8 (a))  caused  by 
a 1.94^  impact  were  to  be  tAvice  as  large  for  a 4^  impact, 
Avere  to  exist  after  the  Avater  load  Avas  removed,  and  Avere  to 
be  superposed  on  a level-flight  moment,  the  moment  pro- 
duced b3'  the  upward  motion  of  the  AAung  Avould  still  be  less 
than  twice  the  level-flight  moment.  Therefore,  the  change  in 
bending  moment  due  to  a landing  impact  is  unimportant 
in  this  seaplane  insofar  as  this  change  will  not  produce 
critical  stresses  at  the  AAung  root.  This  unimportance  may 
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be  largeh’  attributed  to  the  fact  that  the  fundamental 
mode  \g  inertia  loading  is  relatively  small  as  compared 
with  a level-flight  loading  (fig.  11). 

The  effects  of  structural  flexibility  on  the  computed  bend- 
ing moments  can  be  seen  by  comparing  the  static  and  dy- 
namic components  of  the  water-load  bending  moment  in 
parts  (a)  of  figures  5 to  10  and  by  observing  the  djmamic 
response  factors  u in  table  III.  The  d^mamic  overstress 
attributable  to  structural  flexibility  is  the  d^mamic  compo- 
nent of  stress  in  parts  (a)  of  figures  5 to  10  and  is  represented 
in  the  response  factor  u by  the  amount  that  this  factor  differs 
from  unity.  Since  response  factors  as  high  as  1,97  are  ob- 
tained, the  d}Tiamic  overstress  sometimes  contributes  an 
increment  of  stress  almost  as  large  as  the  static  water-load 
stress.  This  observation  is  in  agreement  with  the  results  of 
other  investigators  and  shows  the  necessity  of  using  dynamic 
anabases  in  landing-load  investigations. 

The  change  in  wing  bending  moment  due  to  change  in  air 
load  on  the  wing  is  a function  of  the  changes  in  velocity  and 
angle  of  attack.  (See  the  section  entitled  “Air-Load  Varia- 
tion.'') In  these  tests  the  changes  in  velocity  during  the 
impacts  were  small  (table  III)  and  the  changes  in  air-load 
bending  moment  were  therefore  almost  entirely  attributable 
to  the  changes  in  angle  of  attack.  Since  the  angle  of  attack 
is  a function  of  the  trim  and  flight-path  angles,  large  changes 
in  angle  of  attack  will  occur  when  the  trim  and  flight-path 
angles  change  to  a great  degree.  For  the  relatively  small 
changes  in  trim  angle  and  flight-path  angle  which  occurred 
in  these  tests  (the  maximum  values  being  9.31°  and  7.0°, 
respectively) , air-load  changes  as  large  as  0.2^^  were  computed. 
For  this  airplane,  these  changes  in  air-load  bending  moment 
were  of  about  the  same  magnitude  as  the  bending-moment 
changes  due  to  the  static  component  of  loading  (parts  (a)  of 
figs.  5 to  10)  and  inclusion  of  the  effects  of  air-load  changes 
in  the  calculations  was  therefore  necessary.  For  other  air- 
planes with  structural  and  mass  characteristics  conducive 
to  large  inertia-load  moments,  the  bending-moment  changes 
accompanying  a 0.2^  change  in  air  load  would  be'  small 
relative  to  the  changes  in  bending  moment  caused  by  inertia 
loads.  However,  for  more  severe  changes  in  flight-path 
angle,  w^hich  should  be  considered  in  a design  analysis,  the 
effects  of  the  change  in  air  load  on  the  bending  moment  in 
the  wing  may  still  be  large  enough  to  warrant  consideration 
in  a design  anal}"sis.  Further  investigation  is  necessary  to 
determine  the  importance  of  this  air-load  variation  in  design- 
strength  calculations. 

In  most  landing  tests  the  applied  forcing  functions  are 
not  easily  obtained  from  the  center-of-gravity  accelerations 
because  of  the  superposed  accelerations  caused  by  structural 
oscillations.  But  because  the  fuselage  of  this  airplane  is 
connected  to  the  wing  by  struts  located  near  the  nodal  point 
of  the  fundamental  mode  W'hich  represented  the  greatest 
portion  of  the  wing  bending  and  by  a nonstructural  fairing 
which  neither  transmitted  nor  interfered  \vith  the  Aving  oscil- 
lations, the  accelerometer  in  the  fuselage  was  not  appreciably 
affected  by  the  wing  oscillations  in  these  tests. 


The  calculation  of  the  dynamic  response  of  each  of  the  nor- 
mal modes  of  the  seaplane  involves  solving  for  the  response 
of  an . equivalent  simple  spring-mass  system  to  the  given 
forcing  function.  In  this  calculation  it  is  common  practice 
to  approximate  the  forcing  function  in  order  to  sunplify  the 
computation.  However,  the  responses  used  in  this  report 
were  computed  from  the  actual  forcing  functions  because 
trial  calculations  shoAved  that  errors  as  large  as  20  percent 
in  the  total  response  of  the  simple  spring-mass  system 
could  be  introduced  by  use  of  apparently  good  simple 
approximations. 

CONCLUSIONS 

Experimental  vnng  bending  moments  obtained  from  a 
landing-impact  investigation  with  a small  full-scale  seaplane 
were  compared  with  analytical  results.  The  effects  of  the 
variation  in  air  load  during  the  impacts  w^ere  included  in  the 
analytical  procedure.  The  responses  of  the  fundamental 
mode  were  calculated  from  the  recorded  time  histories  of 
the  applied  hydrodynamic  forces.  For  the  seaplane  tested 
and  the  conditions  of  the  impacts  encountered,  the  following 
conclusions  may  be  drawn: 

1.  Good  agreement  between  measured  and  computed 
wing  bending  moments  was  obtained  when  the  three  com- 
ponents of  the  wing  moment  (static  water-load  moment, 
dynamic  water-load  moment,  and  air-load  moment)  were 
included  in  the  calculations. 

2.  The  effects  of  structural  flexibility  on  the  wing  bending 
moments,  represented  by  the  dynamic  overstress  and  under- 
stress,  were  large,  the  moment  due  to  the  dynamic  component 
of  the  total  response  being  as  much  as  97  percent  of  that 
caused  by  the  static  water-load  component. 

3.  Although  the  changes  in  seaplane  attitude  during  the 
landing  impacts  were  small,  the  variation  in  the  air-load 
component  of  the  total  moment  was  of  about  the  same 
magnitude  as  the  static  water-load  component.  Although 
this  comparison  of  changes  is  not  representative  of  the  rela- 
tive importance  of  the  air-load  variation  in  seaplanes  mth 
structures  conducive  to  large  inertia-load  components,  it 
indicates  the  probable  significance  of  the  effects  of  air-load 
variation  since  large  changes  in  seaplane  attitude  must  also 
be  considered. 
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STUDY  OF  EFFECTS  OF  SWEEP  ON  THE  FLUTTER  OF  CANTILEVER  WINGS* 

By  J.  G.  Barmbt,  H.  J.  Cunningham,  and  I.  E.  Garrick 


SUMMARY 

An  experimental  and  analytical  investigation  oj  the  flutter 
oj  sweptback  cantilever  wings  is  reported.  The  experiments 
employed  groups  oj  wings  swept  hack  by  rotating  and  by 
shearing.  The  angle  oj  sweep  ranged  jrom  0®  to  60^  and 
Mach  numbers  extended  to  approximately  0.85.  A theoretical 
analysis  oj  the  air  jorces  on  an  oscillating  swept  wing  oj  high 
length-chord  ratio  is  developed,  and  the  approximations  in- 
herent in  the  assumptions  are  discussed.  Comparison  with 
experiment  indicates  that  the  analysis  developed  in  the  present 
report  is  satisjactory  jor  giving  the  main  effects  oj  sweep,  at 
least  jor  nearly  unijorm  cantilever  wings  oj  high  and  moderate 
length-chord  ratios.  A separation  oj  the  effects  oj  flnite  span 
and  compressibility  in  their  relation  to  sweep  has  not  been  made 
experimentally  hut  some  combined  eflfects  are  given.  A dis- 
cussion oj  some  oj  the  experimental  and  theoretical  trends  is 
given  with  the  aid  oj  several  tables  and  flgures. 

INTRODUCTION 

The  present  report  is  an  outgrowth  of  the  trend  toward 
the  use  of  su^ept  wings  for  higli-speed  flight  and  presents  the 
results  of  an  analysis  and  of  an  accompanying  exploratory 
program  of  research  in  the  Langley  4.5-foot  flutter  research 
tunnel  on  swept  cantilever  wings.  The  material  was 
assembled  in  a memorandum  form  \viih  a similar  title  in 
1948.  The  chief  purposes  of  the  present  report  are  to 
provide  a more  detailed  exposition  of  the  analysis  and  to 
make  the  main  material  more  generally  available. 

Some  previous  experimental  and  analytical  work  on  swept 
wings  is  mentioned  here.  A preliminary  experimental 
investigation  of  the  effect  of  sweep  on  flutter  has  been  made 
(reference  1)  with  a single,  simple  rigid  \ving  mounted  flexibly 
on  a base  w^hich  could  be  rotated  to  various  desired  sw^eep 
angles.  This  investigation  was  made  at  low'  Mach  numbers 
for  tw'^o  bending- torsion  frequency  ratios  and  at  several 
angles  of  sw^eepback.  Another  investigation  (data  un- 
published) in  which  the  density  of  the  test  medium  was  a 
variable  w^as  conducted  by  D.  Benun  on  the  same  type  of 
rigid,  flexibty  mounted  wing  at  higher  Mach  numbers  and  at 
sweep  angles  of  0°  and  45°.  Other  unpublished  work  on 
swept  wdngs  exists,  but  a search  of  the  available  information 
indicates  a need  for  further  sy^stematic  study^ 


The  experimental  w’^ork  reported  herein  dealt  with  models 
mounted  as  cantilevers  at  their  roots.  These  cantilever 
models  differed  from  the  rigid,  flexibly"  mounted  wdngs, 
w^hich  had  all  bending  and  torsion  flexibility  concentrated 
at  the  root,  and  thus  w’^ere  subject  to  different  root  effects. 
In  order  to  facilitate  analy^'sis  the  cantilever  models  were 
uniform  and  untapered.  The  intent  of  the  experimental 
program  vvas  to  establish  trends  and  to  indicate  orders  of 
magnitude  of  the  various  effects  of  sw^eep  on  flutter  rather 
than  to  isolate  precisely  the  separate  effects. 

The  models  were  swept  back  in  two  basic  manners — 
shearing  and  rotating.  For  the  casq  in  w^hich  the  wdngs 
were  swept  back  by’’  shearing  the  cross  sections  parallel  to 
the  air  stream,  the  span  and  aspect  ratio  remained  constant. 
For  the  other  case,  a series  of  rectangular-plan-form  wings 
were  mounted  on  a special  base  which  could  be  rotated  to 
provide  any"  desired  angle  of  sw^eepback.  This  rotatory^ 
base  w^as  also  used  to  examine  the  critical  speed  of  swept- 
f or  ward  wings. 

Tests  were  conducted  also  on  special  models  that  were  of 
the  “rotated”  type  (sections  normal  to  the  leading  edge 
w^ere  the  same  at  all  sweep  angles)  with  the  difference  that 
the  bases  w^ere  alined  parallel  to  the  air  stream.  Two  series 
of  such  rotated  models  having  different  lengths  w^ere  tested. 

Inasmuch  as  the  location  of  the  center  of  gravity",  the  mass- 
density-  ratio,  and  the  Mach  number  have  important  effects 
on  the  flutter  characteristics  of  unsw^ept  wings,  these  param- 
eters were  varied  for  swept  wings.  In  order  to  investigate 
possible  changes  in  flutter  characteristics  wliich  might  be 
due  to  different  flow  over  the  tips,  various  tip  shapes  were 
included  in  the  experiments. 

In  an  analy-sis  of  flutter,  vibrational  characteristics  are 
very’’  significant;  accordingly",  vibration  tests  were  made  on 
each  model.  A special  study"  of  the  change  in  frequency^ 
and  mode  shape  wdth  angle  of  sweep  was  made  for  a simple 
aluminum-alloys  beam  and  is  reported  in  appendix  A. 

Theoretical  analysses  of  the  effect  of  sweep  on  flutter  exist 
onlys  in  brief  or  preliminarys  forms.  In  England  in  1942, 
W.  J.  Duncan  estimated  by^  certain  dimensional  consider- 
ations the  effect  of  sweep  on  the  flutter  speed  of  certain 
specialized  wing  tyspes.  Among  other  British  workers 
whose  names  are  mentioned  in  connection  wdth  problems 


1 Supersedes  NACA  TN  2121,  “Study  of  Effects  of  Sweep  on  the  Flutter  of  Cantilever  Wrings’'  by  J.  G.  Barmby,  H.  J.  Cunningham,  and  I.  E.  Garrick,  1950. 
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of  flutter  involving  sweep  are  R.  McKinnon  Wood,  A,  R. 
Collar,  and  I,  T.  Minbinnick.  An  account  of  Minhinnick^s 
work  was  given  by  Broadbent  in  reference  2.  In  reference  3 
a preliminary  anah'sis  for  the  flutter  of  sw^ept  wings  in 
incompressible  flow  is  developed  on  the  basis  of  a “strip 
theory”  (with  the  strips  taken  in  the  stream  direction)  and 
is  applied  to  the  experimental  results  of  reference  1.  Exam- 
ination of  the  limiting  case  of  infinite  span  discloses  that 
the  aerodynamic  assumptions  employed  in  reference  3 
are  not  w’’ell-grounded.  Reference  4 adapts  this  strip 
theor}^  to  flexible  wdngs  and  also  presents  an  alternative 
“velocity  component”  treatment  emploAung  other  aerody- 
namic assumptions  wdiich  in  their  end  result  appear  more 
akin  to  those  eniploA^ed  in  the  analysis  of  the  present  report. 
No  definite  choice  is  made  in  reference  4 between  the  two 
methods  although  the  strip-theory  method  is  favored. 

In  the  present  report  a theoretical  analysis  is  developed 
ane^v  and  given  a general  presentation.  Application  of  the 
analj'sis  has  been  limited  at  this  time  chiefly  to  those  calcu- 
lations needed  for  comparison  with  experimental  results. 
A wider  examination  of  the  effect  of  various  parameters 
and  of  additional  degrees  of  freedom  on  the  flutter  character- 
istics is  desirable. 

SYMBOLS 
b 

br 

V 
c 
I 

A 

A 

x' 

y' 

z' 

Z 

V 

h 

e 


Fhiv) 
My'),  Fein) 
t 
0) 


half-chord  of  wing  measured  perpendicular  to 
elastic  axis,  feet 

half-chord  perpendicular  to  elastic  axis  at 
reference  station,  feet 

effective  length  of  wing,  measured  along 
elastic  axis,  feet 

wing  chord  measured  perpendicular  to  elastic 
axis,  inches 

length  of  Aving  measured  along  midchord  line, 
inches 

angle  of  SAveep,  positive  for  SAveepback,  degrees 

geometric  aspect  ratio 


COS 


coordinate  perpendicular  to  elastic  axis  in 
plane  of  wing,  feet 
coordinate  along  elastic  axis,  feet 
coordinate  in  direction  perpendicular  to 
a’'2/'-plane,  feet 

coordinate  of  Aving  surface  in  ^'-direction,  feet 
nondimensional  coordinate  along  elastic  axis 

(y'ln 

coordinate  in  A\find-stream  direction 
bending  deflection  of  elastic  axis,  positive 
doAviiAvard,  feet 

torsional  deflection  of  elastic  axis,  positive 
AAuth  leading  edge  up,  radians 

local  bending  slope  of  elastic  axis  (^^7^ 

local  rate  of  change  of  tAvist 

deflection  function  of  wing  in  bending 
deflection  function  of  Aving  in  torsion 
time 

angular  frequency  of  vibration,  radians  per 
second 


OJa 


ffi2 

fa 

fe 

Jr 

/a 

V 

Ve 

Vn 


Ve 


Fa 

F^ 

/Cn 

<p 

p 

2 

M 

Mcr 


^ea 


^ea 


a 

a+Xa 


m 


K 

la 


angular  uncoupled  bending  frequencA- , radians 
per  second 

angular  uncoupled  torsional  frequenc}^  about 
elastic  axis,  radians  per  second 
first  bending  natural  frequency,  CAxles  per 
second 


second  bending  natural  frequencA-,  cycles 
per  second 

first  torsion  natural  frequencA’*,  cycles  per 
second 


uncoupled  first  torsion  frequency  relative  to 
elastic  axis,  cycles  per  second 
(Xa/TaY 


(Xa/VaY  li\ 

l-'i  ) 


experimental  flutter  frequenc}’',  CA-cles  per 
second 

reference  flutter  frequencj^  cycles  per  second 
flutter  frequenc3’'  determined  by  anah-sis  of 
present  report,  cycles  per  second 
free-stream  velocity,  feet  per  second 
experimental  flutter  speed,  feet  per  second 
component  of  air-stream  velocity  perpen- 
dicular to  elastic  axis,  feet  per  second 
(v  cos  A) 

experimental  flutter  speed  taken  parallel  to 
air  stream,  miles  per  hour 
reference  flutter  speed,  miles  per  hour 
reference  flutter  speed  based  on  A\dng  elastic 
axis,  miles  per  hour  (defined  in  appendix  B) 
flutter  speed  determined  by  theorA^  of  present 
report,  miles  per  hour 

theoretical  divergence  speed,  miles  per  hour 
reduced  frequenc}^  emplo^fing  A^elocitA'  com- 
ponent perpendicular  to  elastic  axis  (co6/y„) 
phase  difference  betAveen  AAung  bending  and 
A\ing  torsion  strains,  degrees 
density  of  testing  medium  at  flutter,  slugs  per 
cubic  foot 

dynamic  pressure  at  flutter,  pounds  per  square 
foot 

Mach  number  at  flutter 
critical  Mach  number 

distance  of  center  of  graAuty  beliind  leading 
edge  taken  perpendicular  to  elastic  axis, 
percent  chord 

distance  of  elastic  center  of  AAung  cross  section 
behind  leading  edge  taken  perpendicular  to 
elastic  axis,  percent  chord 
distance  of  elastic  axis  of  A\ung  behind  leading 
edge  taken  perpendicular  to  elastic  axis, 
percent  chord 


nondimensional  elastic-axis 


position  (1^ 


0 


nondimensional  center-of-gra\rity  position 


mass  of  Avdng  per  unit  length,  slugs  per  foot 
Aving  mass-density  ratio  at  flutter  {irph^jm) 
mass  moment  of  inertia  of  AAung  per  unit  length 
about  elastic  axis,  slug-feet^  per  foot 
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nondimensional  radius  of  gyration  of  wing 


about  elastic  axis 


El  bending  stiffness,  pound-inches-  in  tables, 

pound-feet^  in  analysis 

GJ  torsional  stiffness,  pound-inches-  in  tables^ 

pound-feet-  in  anah'sis 

structural  damping  coefRcient  for  bending 
vibration 

structural  damping  coefficient  for  torsional 
vibration 

P oscillatory  lift  per  unit  length,  positive  down- 

ward (defined  in  equation  (6)) 

Ma  oscillatory  moment  about  elastic  axis,  positive 

leading  edge  up  (defined  in  equation  (7)) 

{ ) a special  bracket  used  to  identify  terms  which 

are  due  solely  to  inclusion  of  the  last  term 
in  equation  (5b) 

In  order  to  preserve  continuity  and  to  facilitate  comparison 
with  previous  work  on  the  unswept  wing,  the  subscript  a 
rather  than  d is  retained  with  certain  quantities  to  refer  to 
the  torsional  degree  of  freedom. 


ANALYTICAL  INVESTIGATION 

GENERAL 

Assumptions. — An  attempt  is  fii*st  made  to  point  out  the 
main  assumptions  w’^hich  seem  to  be  applicable  for  sw^ept 
wings  of  moderate  taper  and  of  high  or  moderate  length- 
chord  ratios. 

(a)  The  assurnptions,  such  as  small  disturbances  and  poten- 
tial hoWy  commonly  employed  in  linearized  treatment  of 
unswept  wings  in  an  ideal  incompressible  fluid  are  made. 

(b)  The  structural  behavior  is  such  that  over  the  main  part 
of  the  wing  the  elastic  axis  ma^^  be  considered  straight.  The 
wing  is  also  considered  sufficiently  stiff  at  the  root  so  that  it 
behaves  as  if  it  w^ere  clamped  normal  to  the  elastic  axis. 
An  effective  length  V needed  for  integration  reasons  may  be 
defined  (for  example,  as  in  fig.  1).  The  angle  of  sw-eepback 
is  measured  in  the  plane  of  the  w-ing  from  the  direction  nor- 
mal to  the  air  stream  to  the  elastic  axis.  All  section  param- 
eters such  as  semichord,  locations  of  elastic  axis  and  center 
of  gravity,  radius  of  gyi’ation,  and  so  forth,  are  based  on 
sections  normal  to  the  elastic  axis. 


(c)  The  aerodynamic  behavior  is  such  that  an\-  section  dy' 
of  the  wdng  normal  to  the  elastic  axis,  taken  in  the  direction 
of  the  component  v cos  A of  the  main-stream  velocity,  gener- 
ates a velocit}"'  potential  associated  wdth  a uniform  infinite 
sw'ept  wing  having  the  same  instantaneous  distribution  over 
the  chord  of  velocity  normal  to  the  wing  surface  as  does  the 
actual  section. 

Additional  remarks  on  these  assumptions  are  appropriate. 
With  regard  to  assumption  (a),  in  accordance  with  lineariza- 
tion of  the  problem,  the  boundary  conditions  are  stated  and 
treated  \vith  respect  to  a reference  surface,  in  this  case  a 
plane,  containing  the  mean  equilibrium  position  of  the  wing 
and  the  main-stream  velocit^^  Furthermore,  incompressible 
flow"  is  assumed  in  order  to  avoid  complexity  of  the  aiial^^sis, 
although  modifications  due  to  Mach  number  effects  can  be 
added.  Such  modifications  ma}"  be  based,  for  example,  for 
wdngs  having  large  fength-chord  ratios,  on  existing  theoretical 
calculations  of  aerodynamic  coefficients  for  subsonic  or  super- 
sonic tw"o-dimensional  flow"  appropriate  to  the  component 
V cos  A.  On  the  other  hand  the  modifications  may  be  partly 
empirical,  especially  for  “ transonic”  conditions  and  for  small 
length-chord  ratios.  The  transonic  conditions  and  the  gen- 
eral aerodynamic  behavior  of  swept  wings  ma}"  depend,  for 
large  length  chord  ratios,  on  the  component  v cos  A,  bu  the 
dependence  may  shift  to  the  stream  velocity  !;for  small  length- 
chord  ratios. 

With  respect  to  assumption  (b),  results  of  analyses  of  and 
experiment  on  unswept  wings  having  low  ratios  of  bending 
frequency  to  torsion  frequency  show  that  small  variations  of 
position  of  the  elastic  axis  are  not  important.  The  assump- 
tion of  a straight  elastic  axis  over  the  main  part  of  a sw"ept 
wing,  similarly,  is  not  critical  for  many  cases.  This  assump- 
tion is  made  for  convenience,  however,  and  modifications^  for 
a cmwed  elastic  axis  can  be  made  when  necessary,  for  example, 
for  plate-like  wings.  Small  differences  in  the  angle  of  sw"eep- 
back  of  the  leading  edge,  quarter-chord  line,  elastic  a.xis,  and 
so  forth,  are  neglected.  The  analysis  could  be  further  modi- 
fied to  take  into  account  variation  of  the  angle  of  sweepback 
along  the  length  of  the  wing. 

Assumption  (c)  implies  that  associated  w"ith  the  action 
of  the  \ving  in  pushing  air  downward  there  is  a noncirculatory 
potential-t}q)e  flow"  similar  to  that  around  sections  of  an 
infinite  flat-plate  w"ing.  Furthermore,  as  in  the  case  of  the 
unsw"ept  airfoil,  a circulatory  potential-t}"pe  flow"  is  generated 
in  w"hich  for  the  sw-ept  airfoil  the  component  v cos  A is 
decisive  in  fixing  the  circulation.  (This  assumption  differs 
‘ from  that  made  in  the  strip  theory  of  references  3 and  4 
w"hich  employs  the  main-stream  velocity  together  with 
sections  of  the  w"ings  parallel  to  the  stream  direction.) 
Effects  of  the  floating  of  the  w"ake  in  the  stream  direction 
rather  than  in  the  dii-ection  of  v cos  A and  induced  effects 
of  variation  of  the  strength  of  the  w"ake  in  the  w"ing-length 
direction  are  neglected,  as  are  three-dimensional  tip  effects. 
For  large  values  of  the  reduced  frequency  a given  segnient 
of  the  w"ing  might  be  influenced  chiefly  by  the  nearby  wake 
and  the  correction  w"ould  be  small.  On  the  other  hand,  for 
small  values  of  kn  a given  segment  might  be  influenced  by  a 
more  widespread  portion  of  the  w"ake;  corrections  for  this 
condition  may  possibly  be  based  on  know"ledge  of  the  static 
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case  (for  example,  slope  of  the  lift  curve).  As  the  angle  of 
sweep  approaches  90°,  obvioush^  the  mechanism  for  the 
generation  of  lift  is  different  from  the  one  postulated  here; 
for  example,  a tip  condition  maj^  replace  the  trailing-edge 
condition  and  considerations  of  very  small  aspect  ratio  arise. 

Basic  considerations. — Consider  the  configuration  shown 
in  figure  1 where  the  vertical  coordinate  of  the  wing  surface 
is  denoted  b}’*  z'  = Z(x\y',t)  (positive  downward).  The 
effect  of  the  position  and  motion  of  the  wing  may  be  given 
b}’’  the  disturbance-velocity  distribution  to  be  superposed 
on  the  uniform  stream  in  order  to  represent  the  condition 
of  tangential  flow  at  the  wing  surface.  This  velocity 
distribution  normal  to  the  surface  (positive  upward)  is,  for 
small  disturbances, 


, , , . dZ  , dZ 

'w;(a:  ,0  = -^+^-^  (la) 

where  f is  the  coordinate  in  the  wind-stream  direction. 
With  the  use  of  the  relation 


dx'  df 


bZ 


bZ 


cos  sin  A 

bx  by' 


the  vertical  velocit}^  at  any  point  is 

bt 


, f , bZ  bZ  . . bZ  . ^ ... 

w{x  ,y  cos  A-f-?;  ^ sin  A (lb) 


Let  the  wing  be  bending  so  that  a segment  dy'  (see  fig.  1)  is 
displaced  from  its  equilibrium  position  b}^  an  incremental 
distance  h (positive  down)  and  also  let  the  wing  segment  be 
twisting  about  the  elastic  axis  through  an  incremental  angle  0 
(positive  leading  edge  up).  The  position  of  each  point  of 
the  segment  may  be  defined,  for  small  deflections,  by 


z~h-\-x' d 


(2) 


The  velocity  distribution  normal  to  the  surface,  equation  (lb), 
consequently  becomes 

' w~h  + x'd  + vd  CO&  A + via  + x'r)  sin  A (3) 


where  is  the  local  bending  slope  of  the  elastic  axis 


and  is  thus  analogous  to  dihedral,  and  where  r 


~ is  the 
by' 


local  change  of  twist  of  the  elastic  axis. 

In  accordance  with  assumption  (c)  the  noncirculatory-flow 
velocity  potentials  associated  with  the  vertical-velocity  dis- 
tribution are  first  needed.  In  equation  (3)  the  terms  involv- 
ing A,  0,  and  c are  constant  across  the  chord,  whereas  those 


involving  B and  r vary  in  a linear  manner.  The  noncircula- 
tor}^  velocity  potentials  as  in  reference  5 and  the  new  poten- 
tials associated  with  <r  and  r are 

'I 


<l)c=Vn<T  tan  Ab^,/l  — x^ 


<t>h=Bb^  -^l—x^ 

<t>T=VnT  tun  Ab^  (f  Vl 


(4) 


where  Vn  = v cos  A and  x is  the  nondimensional  chordwise 
coordinate  measured  from  the  midchord  as  in  reference  5 
and  related  to  the  coordinate  x'  in  the  manner 


The  velocity  potential  for  the  circulatory  flow  associated 
with  the  wake  may  be  developed  on  the  basis  of  assumption  (c) 
and  the  concepts  for  the  infinite  unswept  wing  introduced 
in  reference  5.  (Thus  the  circulatory-flow  pattern  for  a sec- 
tion dy'  of  the  finite  swept  wing  is  to  be  obtained  from  the 
corresponding  flow  pattern  for  an  infinite  uniform  yawed 
wing.  This  mfinite  wing  is  assumed  to  have  undergone  har- 
monic oscillations  for  a long  time ; the  full  wake  is  established, 
remains  where  formed,  and  consequently  is  harmonically 
distributed  in  space.  For  the  infinite  uniform  yawed  wing, 
results  for  the  circulatory  flow  are  like  those  of  reference  5 
with  V replaced  by  the  component  Vn  and  with  the  addition 
of  terms  to  take  care  of  <r  and  r .)  In  particular,  the  strength 
of  the  wake  acting  on  each  section  is  determined  by  the  condi- 
tion of  smooth  flow  (the  velocity  remaining  finite)  at  the  trail- 

ing  edge.  This  condition  is  utilized  in  the  form  ^ (<^>r  + 0v) 

is  equal  to  a finite  quantity  at  the  trailing  edge  (where  0r  is 
the  velocity  potential  due  to  the  vorticity  in  the  wake,  and 
0AT  is  the  total  noncirculatory  velocity  potential),  and  this 
condition  leads  to  a relation  analogous  to  equation  (VII)  of 
reference  5 involving  the  basic  quantity 


Q=h  + VnB+Vn<r  tan  A-\-b  tan  A) 

which  occurs  in  the  terms  associated  with  the  wake.  The  net 
result  of  these  considerations  is  that  the  circulatory-flow 
velocity  potential  may  be  regarded  as  determined. 
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The  pressure  difference  between  upper  and  lower  surfaces  of  the  wing  at  a point  x is  (positive  downward) 


V= 


_ /^<f>  ^<b  ^d>  . \ 

^ V 

where  is  in  general  the  total  potential  (the  sum  of  circulatory-flow  and  noncii’culatory-flow  potentials).  The  last  term  in 
equation  (5a)  is  the  product  of  the  component  of  main-stream  velocit}*  taken  along  the  wing  and  the  lengthwise  change 
in  the  velocity  potential  and  is  often  neglected  even  in  steady-flow  work.  The  question  of  the  retention  or  neglect  of  this 
last  term  seems  partly  dependent  on  the  order  in  which  the  approximations  are  introduced — specificalh^  whether  velocity 
potentials  for  the  whole  flow  pattern  are  found  and  then  the  integrated  forces  are  determined  or  whether  section  forces  are 
first  determined  and  then  integrated.  It  seems  appropriate  to  retain  at  least  the  noncirculator}’’  part  <f>^  of  <t>  in  the  last 
term  of  equation  (5a).  In  view,  however,  of  the  nature  of  the  approximate  treatment  of  the  circulatory  potential  and  of  the 
inherent  shortcomings  of  a strip  analysis,  in  particular  the  neglect  of  lengthwise  variations  in  wake  vortex  strength,  compli- 
cating the  results  by  also  including  <t>r  in  this  term  does  not  appear  worth  while.  (This  neglect  of  <t>r  and  retention  of  <t>N  is 
realized  to  involve  some  inconsistencies  in  that  account  may  not  be  taken  of  other  higher  order  terms  associated  with  length- 
wise variation  of  the  wing  wake,  which  may  be  of  the  same  order  as  terms  retained.)  Thus  equation  (5a)  becomes 

For  harmonic  motion  in  each  degree  of  freedom,  relations  for  the  pressure  may  be  integrated  over  the  chord  to  yield 
expressions  for  the  air  forces  and  moments.  For  the  sake  of  separating  and  identifying  the  terms  in  force  and  moment  ex- 
pressions which  are  due  solely  to  the  inclusion  of  the  last  term  in  equation  (5b),  a special  bracket  { ] is  employed.  Thus 

these  terms  may  be  readily  omitted.  Numerical  checks  among  the  calculations  made  for  the  present  report  showed  the 
effect  of  inclusion  of  the  last  term  in  equation  (5b)  on  the  calculated  results  to  be  quite  small,  even  for  60°  of  sweepback 
within  the  range  of  other  parameters  investigated. 

The  expressions  for  the  aerodynamic  lift  (positive  down)  and  for  the  moment  about  the  elastic  axis  (positive  leading' 
edge  up),  each  per  unit  length  of  the  wing,  are  as  follows: 


P=—’2'KpVnhC  + tan  A+  6 tan  ^^)J~ 

TTph^h-\-Vnd+Vn(^  tau  A -[- { V „ O’  tan  K + Vn^r  tan  A-|-??„2  tan^^V}J+ 
Trpb^a  |^0  + ?;nr  tan  tan  A + ?;„^  tan^  Aj|J 

Ma  = 2irpvnb^  ^ + + tan  A-h&  0+VnT  tau 

irpVnb^  Aj+7rp6^a  + tan  A + 

tan  A+2;„2r  tan  A-h  ^7  tan^  Aj|J—7rp5^  [”^  + 

VnT  tan  tan  A-|-  Vn^  tan^  A^J 


(6) 


(7) 
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C = C{kr)=F{kn)  + iG{kn) 


is  the  function  associated  with  the  wake  developed  hy 
Theodorsen  in  reference  5;  the  reduced  frequency  parameter 
A:„  is  defined  by 


cob cob 

Vn  V COS  A 


(S) 


As  has  already  been  stated,  the  foregoing  expressions  were 
developed  and  appl}-  for  stead}’’  sinusoidal  oscillations, 


The  amplitude,  velocity,  and  acceleration  in  each  degree  of 
freedom  are  related  as  in  the  degree  of  freedom  h ; that  is, 


h=icoh 


h = — co^h 

Expressions  for  force  and  moment. — With  the  use  of  such 
relations,  equations  (6)  and  (7)  may  be  put  into  the  form 


P=  — irpb^co^  (JiBch+OBce) 

Ma  = — 7TP  b^O^  (hBah+OBad) 

where 

Br,n=^  Ach-\-j^  tan  A i ({— 1)  + Acft)  + 


(10a) 

(11a) 


{ 


b b<7  , 2 i I 

h dy' 


m 

Ba=Ac.+^  b tan  A (Ar)  + J j ^ tan^  A (- jj^)] 
Bah=-^  tan  A i ({0-]  + ^*)  + 


{ 


^ 4.  2 K i 


i-m 

Ba0=Aaa+-g  b tan  A (^ar)+  tan^  A (^"1"^'') 


3n  which  the  four  following  coefficients: 

. , 2G..2F 

A^h=  — l—-r — 

ftji  n.ji 


^a«=a+g-(|-a)  [^+g+(i-a)  |^] 

A*=a+(|+a)  (i+a)  (-0 

= -^-(1+0.)  AcH 


are  identical  with  those  used  in  the  case  of  the  unswept  wing. 
Additionally, 

It  is  of  interest  to  note  that  equations  (6)  and  (7)  reduce, 
for  the  case  of  the  wing  in  steady  flow  (A:„  = 0),  to 


P=  — 27TP  6 


I 


d-\-a  tan  A+  t6  tan  A | 


(B)+l-“)+ 

(10b) 

Ma  = 2Trpbhn^  ^(^+<r  tan  A)  ^^+a^+ra6  tan 


^ tan^  b^  tan^  A 
•2  oy'  2 oy 


}] 


+ 


[t  W G+®0  w ^)] 


per  unit  length  of  wing. 

Introduction  of  modes. — Equations  (10a)  and  (11a)  give 
the  total  aerodynamic  force  and  moment  on  a segment  of  a 
sweptback  wing  oscillating  in  a simple  harmonic  manner. 
Relations  for  mechanical  equilibrium  applicable  to  a wing 
segment  may  be  set  up,  but  it  is  preferable  to  bring  in  directly 
the  thi'ee-dimensionabmode  considerations.  (See  for  example, 
reference  6.)  This  end  may  be  readily  accomplished  b}’’ 
the  combined  use  of  Rayleigh  type  approximations  and  the 
classical  methods  of  Lagrange.  The  vibrations  at  flutter 
are  assumed  to  consist  of  a combination  of  fixed  mode  shapes, 
each  mode  shape  representing  a degree  of  freedom  associated 
with  a generalized  coordinate.  The  total  mechanical 
energy,  the  potential  energy,  and  the  work  done  by  applied 
forces,  aerodynamic  and  structural,  are  then  obtained  by  the 
integration  of  the  section  characteristics  over  the  span. 
The  Rayleigh  type  approximation  enters  in  the  representa- 
tion of  the  potential  energy  in  terms  of  the  uncoupled 
frequencies. 

As  is  customary,  the  modes  are  introduced  into  the  problem 
as  varying  sinusoidally  with  time.  For  the  purpose  of  sim- 
plicity of  analysis,  one  bending  degree  of  freedom  and  one 
torsion  degree  of  freedom  are  carried  through  in  the  present 
development.  Actually,  any  number  of  degrees  of  freedom 
may  be  added  if  desired,  exactly  as  with  an  unswept  wing. 
Let  the  mode  shapes  be  represented  by 


h^[Uy')]h 

e=[My^)]e 


(12) 


where  h=hoe^^^  is  the  generalized  coordinate  in  the  bending 
degree  of  freedom,  and  B=^doe^^^  is  the  generalized  coordinate 
in  the  torsion  degree  of  freedom.  (In  a more  general  treat- 
ment the  mode  shapes  must  be  solved,  but  in  this  procedure 
fhiy^)  SLudfeiy')  chosen,  ordinarily  as  real  functions  of  y'. 
Complex  functions  may  be  used  to  represent  twisted  modes.) 
The  constants  ho  and  So  are  in  general  complex  and  thus 
signify  the  phase  difference  between  the  two  degrees  of 
freedom. 
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In  the  subsequent  treatment  the  reader  will  notice  that 
in  some  expressions,  namely  for  force  and  moment,  h and  6 
can  convenient^  and  logically  be  retained  in  their  complex 
form.  In  other  expressions,  notably  for  energy,  one  is 
forced  to  utilize  h and  B as  real  quantities.  Appropriate 
statements  will  be  made  where  necessary. 

For  each  degree  of  freedom  an  equation  of  equilibrium 
may  be  obtained  from  Lagrange^s  equation 


(13) 


where  is  a generalized  coordinate  and  Qi  is  the  correspond- 
ing generalized  force.  The  kinetic  energy  of  the  mechanical 
system  is 


T^\  ^ [j>{y')Vdy'+ 

mxab[f^(y')][jeiy')]dy'  (14) 


modes  the  frequencies  appropriate  to  pure  modes  (obtained 
b}^  proper  constraints)  are  often  used.  On  the  other  hand, 
employment  of  the  normal  or  natural  modes  and  frequencies 
appropriate  to  them,  which  might  be  obtained  by  proper 
ground  test  or  by  calculation,  may  be  preferred.  In  either 
case  the  convenience  of  not  having  cross-stiflFness  terms  in 
the  potential-energy  expression  is  noted. 

Application  is  now  made  to  obtain  the  equation  of  equilib- 
rium in  the  bending  degree  of  freedom.  Equation  (13) 
becomes 


dt\bh) 


(16) 


The  term  represents  all  the  bending  forces  not  derivable 
from  the  potential -energy  function  and  consists  of  the  aero- 
dynamic forces  together  with  the  structural  damping 
forces.  The  virtual  work  8W  done  on  the  wing  by  these 
forces  as  the  wing  moves  through  the  virtual  displacements 
6h  and  86  is 


where  h and  B here  and  in  the  subsequent  equations  (15)  are 
to  be  interpreted  as  real  in  order  that  the  energy  be  always 
positive  (or  zero),  and  for  definiteness  can  be  regarded  as  the 
real  parts  of  and  Boe^^^  respectively;  and  where 
ra  mass  of  wing  per  unit  length,  slugs  per  foot 
la  mass  moment  of  inertia  of  wing  about  its  elastic  axis 
per  unit  length,  slug-feet^  per  foot 
Xab  distance  of  sectional  center  of  gravity  from  the  elastic 
axis,  positive  rearward,  feet 

The  potential  energy  of  the  mechanical  system  may  be 
expressed  in  a foim  not  involving  bending-torsion  cross- 
stiffness terms: 

4'  iW)' 

where 

El  bending  stift’ness,  pound-feet^ 

GJ  torsional  stiffness,  pound-feet^ 

If  Rayleigh  type  approximations  are  used  to  introduce 
frequency,  the  expression  for  the  potential  energy  may  be 
written  in  a more  convenient  form: 

U=l  JJ  mJYdy'+^  lafHy'  (15b) 

Another  expression  for  the  potential  energy  is 

u=\  hY  C,JYdy'+^  e^£'  CafYdy'  (1 5c) 

The  effective  spring  constants  67,  and  Ca  correspond  to  unit 
length  of  wing  and  thus  conform  to  their  use  in  references 
5 to  7.  The  constants  are  effectively  defined  by 


^’CnSYdy' 

r'cjYdy' 

2 Jo 

mJYdy' 

Jo 

These  effective  spring  constants  are  related  to  the  frequencies 
associated  with  the  chosen  modes.  For  so-called  uncoupled 


5W=£'  [(p-  a)  Sh+(]\d^-Oa  ^ ^)5o] dy' 

= £' (P-mo,Y^J,h^f,dy'  Sh+ 

(^da  — bd=Qh&h-\-Q«bO  (17) 

where 

gn  structural  damping  coefficient  for  bending  vibration 
g a structural  damping  coefficient  for  torsional  vibration 

In  this  expression  the  aerodynamic  forces  appropriate^  to^ 
sinusoidal  oscillations  are  used.  The  application  of  the 
structural  damping  as  in  equation  (17)  (proportional  to 
deflection  and  in  phase  with  velocity)  corresponds  to  the 
manner  in  which  it  is  introduced  in  reference  7.  In  accord- 
ance with  the  preceding  development,  the  aerodynamic  and 
structural  damping  forces  and  moments  in  equation  (17) 
are  regarded  as  complex,  but  the  virtual  displacements  8h 
and  8B  should  be  considered  real.  Thus,  the  physically 
significant  part  of  the  resulting  expression  for  vii-tual  work  is 
the  real  part.  Since  the  subsequent  analysis  reverts  to  ex- 
pressions for  forces  and  moments,  no  further  qualifications  on 
the  use  of  h and  B in  their  convenient  complex  forms  are 
needed. 

For  the  half-wing 
QH^£^(P-m<.Y^Jnh)jndy' 

A»)  (tan  A)/a^*+  a (tan* A)y*^|  + 

O’A.crb  (tan  + 

{l(-i^)6Htan>A)y.0l]+|ii(5)W]rf/  (18) 


236 


REPORT  1014 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


where  6,  is  the  semichord  at  some  reference  section.  Performance  of  the  operations  indicated  in  equation  (16)  and  collec- 
tion of  terms  lead  to  the  equation  of  equilibrium  in  the  bending  degree  of  freedom 

(^S[‘ -(5)’» jr  (0 ^ 


(19a) 


where 


m 


K irp  l 


By  a parallel  development  the  equation  of  equilibrium  for  the  torsional  degree  of  freedom  may  also  be  obtained  as  follows: 

-{[^“(?)  Jo  © “io  (^)  (I;)  t&n  HAar)fe^,  dy'- 

{ (0  ^ 1)  "" 


+ . 


(20a) 


where  (radius  of  gyration  of  wing  about  the  elastic  axis). 

Determinantal  equation  for  flutter. — Equations  (19a)  and  (20a)  may  be  rewritten  with  the  use  of  the  nondimensional 


coordinate  rj  They  then  are  in  the  form 


where 


{I1A2  p bj^o)^ — 0 

(A  D2  “h  ^6^2)  7T  P 6 r ^ OJ^  = 0 


(19b) 

(20b) 


^’=[‘  -(5 j<‘ +'<">]  H‘ " (0  ^ ’ (0’^KC)i-‘'’+ 

J^'  ’(0(^-  ^«.)  [n(0]  [F,(„)l  d„ - 6, J^‘  "(|-ytan  HA,r)  [F,(,)]  ^ dr,  + 

Z>,=i^JJ  “(0  1^X01  [^’.(01  d»i  + J‘‘  "(0tan  A (t  daH-^„.)  [F.(0]  ^ dv  + 

[,-(5) V \0‘ 

‘'J.'  ”(0**“  .[."'(0  ‘»”’''(l+0  h w '*'1 

in  which  FA(?j)=y/,(i'77)  and /^e(r;)=yfl(i'97). 

The  borderline  condition  of  flutter,  separating  damped  and  undamped  oscillations,  is  determined  from  the  nontrivial 
solution  of  the  simultaneous  homogeneous  equations  (19b)  and  (20b).  Such  a solution  corresponds  to  the  fact  that  mechan- 
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ical  equUibrium  exists  for  sinusoidal  oscillations  at  a certain  airspeed  and  with  a certain  frequency.  The  flutter  condition 
thus  is  given  by  the  vanishing  of  the  determinant  of  the  coeflScients 


A2 

D2 


B2 

E2 


= 0 


Application  to  the  case  of  uniform,  cantilever  swept  wings  is  made  in  the  next  section. 

APPLICATION  TO  UNIFORM  CANTILEVER  SWEPT  WINGS 

The  first  step  in  the  application  of  the  theory  is  to  assume  or  develop  the  deflection  functions  to  be  used.  For  the  purpose 
of  applying  the  analysis  to  the  wing  models  employed  in  the  experiments  it  appeared  reasonable  to  use  for  the  deflection 
functions,  Fu{ri)  and  the  uncoupled  first  bending  and  first  torsion  mode  shapes  of  an  ideal  uniform  cantilever  beam. 

Although  approximations  for  these  mode  shapes  could  be  used,  the  analysis  utilized  the  exact  expressions  developed  from 
equations  (120)  and  (106d),  respectively,  of  reference  8 by  application  of  appropriate  boundary  conditions. 

The  bending-mode  shape  can  be  written 

Fh{v)=Oi  [c^sh  g|+c  °s  g!  (cos  ^1»;— cosh  /3,T;)-hsinh  -sin’jSiJj  J 

where  ^,=0.5969ir  for  fii-st  bending.  The  torsion  mode  shape  can  be  written 

F*(t;)=  f/2  sin  ^2*7 


where  j32==^  for  first  torsion  and  C^  and  C2  are  constants. 

Zi 


The  integrals  appearing  in  the  determinant  elements  At,  Bt,  Z?2,  and  are 

JJ”  = 1.85546',=' 

“ =0.500062=' 

r'“F),^*du  = 3.71106,* 

Jo 

i 


F.  ^di?  = 0.3 18362" 

dr) 


j: 

j: 


* dri^ 

^ d^F, 


= 1.59266,=' 


dr,  = -1.233762" 


° FiF,dr,= JJ  " F«F;dr,  = -0. 92336162 

^1.0 

Jo 


arj 


Jo 


r ° ^ d-n  = 2.21^20,02 

Jo 


p d^Fe 
^ d^Fn 


Fb 


dr," 


dr,  = -1.47226,6o 


rhe  flutter  determinant  becomes 
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EXPERIMENTAL  INVESTIGATION 

APPARATUS 

Wind  tunnel. — The  tests  were  conducted  in  the  Langley 
4.5-foot  flutter  research  tunnel  which  is  of  the  closed-throat, 
single-return  type  employing  either  air  or  Freon-12  as  a 
testing  medium  at  pressures  vaiAung  from  4 inches  of  mercury 
to  30  inches  of  mercury.  In  Freon-12,  the  speed  of  sound 
is  324  miles  per  hour  and  the  densit^^  is  0.0106  slug  per  cubic 
foot  at  standard  pressure  and  temperature.  The  maximum 
choking  Mach  number  for  these  tests  was  approximate!}" 
0.92.  The  Re3molds  number  range  was  from  0.26X10®  to 
2.6X10®  with  most  of  the  tests  at  Rejmolds  numbers  of  the 
order  of  1.0X10®. 

Models. — -In  order  to  obtain  structural  parameters  re- 
quired for  the  flutter  studies,  different  tji^es  of  construction 
were  used  for  the  models.  Some  models  were  solid  spruce, 
others  were  solid  balsa,  and  many  were  combinations  of 
balsa  with  various  aluminum-allo}^  inserts.  Seven  series  of 
models  were  investigated,  for  which  the  cross  sections  and 
plan  forms  are  shown  in  figure  2. 

Figure  2 (a)  shows  the  series  of  models  wliich  were  swept 
back  by  shearing  the  cross  sections  parallel  to  the  air  stream. 
In  order  to  obtain  flutter  with  these  low-aspect-ratio  models, 
thin  sections  and  relatively  light  and  weak  wood  construction 
were  employed. 


Models  f i-!5 

Sections  poroHef  to  the  oir  stream 
(a)  Sheared  swept  models  with  a constant  geometric  aspect  ratio  of  2.  Series  1. 
Figure  2 —Model  plan  form  and  cross-sectional  construction. 


(b)  Models  swept  back  by  use  of  a rotating  mount.  Series  II. 
Figure  2.— Continued. 


The  series  of  rectangular-plan-form  models  sho\vn  in  figm'e 
2 (b)  were  swept  back  b}^  using  a base  mount  that  could  be 
rotated  to  give  the  desired  sweep  angle.  The  same  base 
mount  was  used  for  testing  models  at  forward  sweep  angles. 
It  is  kno\vn  that  for  forward  sweep  angles  divergence  is 
critical.  In  an  attempt  to  separate  the  divergence  and 
flutter  speeds  in  the  sweepforward  tests,  a D-spar  cross- 
sectional  construction  was  used  to  get  the  elastic  axis  rela- 
tiveh'  far  forward  (fig.  2 (c)). 

Two  series  of  wings  (figs.  2 (d)  and  2 (e))  were  swept  back 
with  the  length-chord  ratios  kept  constant.  In  these  series 
of  models,  the  chord  perpendicular  to  the  leading  edge 
was  kept  constant  and  the  bases  were  alined  parallel  to  the 
air  stream.  The  wings  of  length-chord  ratio  8.5  (fig.  2 (d)) 
were  cut  down  to  get  the  wings  of  length-chord  ratio  6.5 
(fig.  2 (e)).. 

Another  series  of  models  obtained  by  using  this  same 
manner  of  sweep  (fig.  2 (f))  was  used  for  investigating  some 
effects  of  tip  shape. 

Spanwise  strips  of  lead  were  fastened  to  the  models  shown 
in  figure  2 (e)  and  a series  of  tests  were  conducted  with  these 
weighted  models  to  determine  the  effect  of  center-of-gravity 
shift  on  the  flutter  speed  of  swept  vfings.  The  method  of 


Mode/  65  64  63  62 


(d)  Swept  models  having  a length-chord  ratio  of  S.5.  Series  IV. 
Figure  2 — Continued. 
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varying  the  center  of  gravity  is  shown  in  figure  2 (g).  In 
order  to  obtain  data  at  zero  sweep  angle  it  was  necessar}^, 
because  of  the  proximity  of  flutter  speed  to  wing-divergence 
speed,  to  use  three  different  wings.  These  zero-sweep-angle 
wings,  of  8-inch  chord  and  48-inch  length,  had  an  internal 
weight  system. 

The  models  were  mounted  from  the  top  of  the  tunnel  as 
cantilever  beams  with  rigid  bases  (fig.  3).  Near  the  root  of 
each  model  two  sets  of  strain  gages  were  fastened,  one  set  for 
recording  principally  bending  deformations  and  the  other 
set  for  recording  principally  torsional  deflections. 


METHODS 

Determination  of  model  parameters. — Pertinent  geometric 
and  structural  properties  of  the  model  are  given  in  tables  I 
to  Vll.  Some  parameters  of  interest  are  discussed  in  the 
following  paragraphs. 

As  an  indication  of  the  nearness  to  sonic-flow  conditions, 
the  critical  Mach  number  is  listed.  This  Mach  number  is 
determined  by  the  Karmdn-Tsien  method  for  a wing  section 
normal  to  the  leading  edge  at  zero  lift. 

The  geometric  aspect  ratio  of  a wing  is  here  defined  as 

. _ Semispan^  _(/  cos  A)^_  I ^ 

* Plan-form  area  Ic  c ~ 2 


The  geometric  aspect  ratio  Ag  is  used  in  place  of  the  con- 
ventional aspect  ratio  A because  the  models  were  onl}' 
semispan  wings.  For  sheared  swept  wings,  obtained  from  a 
given  unswept  wing,  the  geometric  aspect  ratio  is  constant, 
whereas  for  the  wings  of  constant  length-chord  ratio  the 
geometric  aspect  ratio  decreases  with  cos^A  as  the  angle  of 
sweep  is  increased. 

The  weight,  center-of-gravity  position,  and  polar  moment 
of  inertia  of  the  models  were  determined  by  usual  means. 
The  models  were  statically  loaded  at  the  tip  to  obtain  the 
rigidities  in  torsion  and  bending  GJ  and  EL 

A parameter  occurring  in  the  methods  of  analysis  of  this 
report  is  the  position  of  the  elastic  axis.  A ‘‘section'^  elastic 
axis  located  at  Xea  was  obtained  for  wings  from  each  series 
of  models  as  follows:  The  wings  were  clamped  at  the  root 
normal  to  the  leading  edge  and  at  a chosen  spanwise  station 
Mode/  75  74  73  72 


2 4 SI  aluminum  alloy  slotted 
from  trailing  edge  at  /'  spacing^ 


Lengthwise  balsa  laminations. 


(e)  Swept  models  having  a length-chord  ratio  of  6.5  Series  V. 
Figure  2.— Continued. 


(f)  Models  used  to  investigate  the  effect  of  tip  shape  on  the  flutter  velocity.  Series  VI 
Figure  2.— Continued. 


Model 

A 

(deg) 

91-1,91-2,91-3  • 

0 

92-1,92-2,92-3 

15 

93-1,93-2,93-3 

30 

94-1, 94-2, 94-3 

45 

95-1,95-2,95-3  

60 

* Chord =8",  lead  inside  balsa. 

(g)  Models  used  to  determine  the  effect  of  center-of-gravity  shift  on 
the  flutter  velocity  of  swept  wings.  Series  VII. 

Figure  2.— Concluded. 


Figure  3.— Model  12  in  the  tunnel  tspst  section. 


STUDY  OF  EFFECTS  OF  SWEEP  ON  THE  FLUTTER  OF  CANTILEVER  WINGS 


241 


were  loaded  at  points  lying  in  the  chord  wise  direction.  The 
point  for  which  pure  bending  deflection  occurred,  with  no 
twist  in  the  plane  normal  to  the  leading  edge,  was  determined. 
The  same  procedure  was  used  for  those  wings  which  wpre 
clamped  at  the  root,  not  normal,  but  at  an  angle  to  the 
leading  edge.  A different  elastic  axis  designated  the  ‘Sving^^ 
elastic  axis  and  located  at  x^a  was  thus  determined. 

For  these  uniform,  swept  wings  with  fairly  large  length- 
chord  ratios,  the  wing  elastic  axis  was  reasonably  straight 
and  remained  essentially  parallel  to  the  section  elastic  axis, 
although  it  was  found  to  move  farther  behind  the  section 
elastic  axis  as  the  angle  of  sweep  was  increased.  It  is  real- 
ized that  in  general  for  nonuniform  wings — for  example, 
wings  with  cut-outs  or  skewed  clamping — a certain  degree 
of  cross  stiffness  exists  and  the  concept  of  an  elastic  axis  is 
an  oversimplification.  More  general  concepts  such  as  those 
involving  influence  coefficients  may  be  required.  These 
more  strict  considerations,  however,  are  not  required  here 
since  the  elastic-axis  parameter  is  of  fairly  secondary  impor- 
tance. 

The  wing  mass-density  ratio  k is  the  ratio  of  the  mass  of  a 
cylinder  of  testing  medium,  of  a diameter  equal  to  the  chord 
of  the  wing,  to  the  mass  of  the  wing,  both  taken  for  unit 
length  along  the  wing.  The  density  of  the  testing  medium 
when  flutter  occurred  was  used  in  the  evaluation  of  /c. 

Determination  of  the  reference  flutter  speed. — It  is 
convenient  in  presenting  and  comparing  data  of  swept  and 
unswept  wings  to  employ  a certain  reference  flutter  speed. 
This  reference  flutter  speed  will  serve  to  reduce  variations 
in  flutter  characteristics  which  arise  from  changes  in  the 
various  model  parameters  such  as  density  and  section  proper- 
ties not  pertinent  to  the  investigation.  It  thus  aids  in 
systematizing  the  data  and  emphasizing  the  desired  effects 
of  sweep  including  effects  of  aspect  ratio  and  Mach  number. 

This  reference  flutter  speed  Vr  may  be  obtained  in  the 
follo\\Tng  way.  Suppose  the  wing  to  be  rotated  about  the 
intersection  of  the  elastic  axis  with  the  root  to  a position  of 
zero  sweep.  In  this  position  the  reference  flutter  speed  is 
calculated  by  the  method  of  reference  7,  which  assumes  an 
idealized,  uniform,  infinite  wdng  mounted  on  springs  in  an 
incompressible  medium.  For  nonuniform  wdngs,  a reference 
section  taken  at  a representative  spanvnse  position,  or  some 
integrated  value,  may  be  used.  Since  the  wdngs  used  were 
uniform,  any  reference  section  will  serve.  The  reference 
flutter  speed  may  thus  be  considered  a ‘^section’'  reference 
flutter  speed  and  parameters  of  a section  normal  to  the  lead- 
ing edge  are  used  in  its  calculation.  This  calculation  also 
employs  the  uncoupled  first  bending  and  torsion  frequencies 
of  the  wing  (obtained  from  the  measured  frequencies)  and 
the  measured  density  of  the  testing  medium  at  time  of 
flutter.  The  calculation  \delds  a corresponding  reference 
flutter  frequency  which  is  useful  in  comparing  the  frequency 
data.  For  the  sake  of  completeness  a further  discussion  of 
the  reference  flutter  speed  is  given  in  appendix  B. 

Test  procedure  and  records. — Since  flutter  is  often  a 
sudden  and  destructive  phenomenon,  coordinated  test  pro- 
cedures were  required.  During  each  test,  the  tunnel  speed 
was  slowly  raised  until  a speed  was  reached  for  which  the 


amplitudes  of  oscillation  of  the  model  in  bending  and  torsion 
increased  rapidly  while  the  frequencies  in  bending  and  tor- 
sion, as  observed  on  the  screen  of  the  recording  oscillograph, 
merged  to  the  same  value.  At  this  instant,  the  tunnel 
conditions  were  recorded  and  an  oscillograph  record  of  the 
model  deflections  was  taken.  The  tunnel  speed  was  im- 
mediately reduced  in  an  effort  to  prevent  destruction  of  the 
model. 

From  the  tunnel  data,  the  experimental  flutter  speed  Ve, 
the  density  of  the  testing  medium  p,  and  the  Mach  number  M 
were  determined.  No  blocking  or  wake  corrections  to  the 
measured  tunnel  velocity  were  applied. 

From  the  oscillogram  the  experimental  flutter  frequency 
fe  and  the  phase  difference  <p  (or  the  phase  difference  ± 180°) 
between  the  bending  and  torsion  deflections  near  the  root 
were  read.  A reproduction  of  a typical  oscillograph  flutter 
record,  which  indicated  the  flutter  to  be  a coupling  of  the 
wing  bending  and  torsion  degrees  of  freedom,  is  shown  as 
figure  4.  Since  semispan  wings  mounted  rigidly  at  the  base 
were  used,  the  flutter  mode  may  be  considered  to  correspond 
to  the  flutter  of  a complete  wing  having  a very  heavy  fuselage 
at  midspan — that  is,  to  the  symmetrical  type. 

The  natural  frequencies  of  the  models  in  bending  and 
torsion  at  zero  airspeed  were  recorded  before  and  after  each 
test  in  order  to  ascertain  possible  changes  in  structural  char- 
acteristics. In  most  cases  there  were  no  appreciable  changes 
in  frequencies  but  there  were  some  reductions  in  stiffnesses 
for  models  which  had  been  weakened  by  fluttering  violently. 
Analysis  of  the  decay  records  of  the  natural  frequencies 
indicated  that  the  wing  damping  coefficients  and  Qa 
(reference  7)  were  about  0.02  in  the  first  bending  mode  and 
0.03  in  the  torsion  mode. 

RESULTS  AND  DISCUSSION 

EXPERIMENTAL  INVESTIGATION 

Presentation  of  experimental  data. — Results  of  the 
experimental  investigation  are  listed  in  detail  in  tables  I to 
VII , and  some  significant  experimental  trends  are  illustrated 


Figure  4.— Oscillograph  record  of  model  at  flutter. 
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in  figures  5 to  10.  As  a basis  for  presenting  and  comparing 
the  test  results,  the  ratio  of  experimental  tunnel  stream 
conditions  to  the  reference  flutter  conditions  is  employed  so 
that  the  data  indicate  more  clearly  combined  effects  of  aspect 
ratio,  sweep,  and  Mach  number.  As  previous^  mentioned, 
use  of  the  reference  flutter  speed  Vr  serves  to  reduce  varia- 
tions in  flutter  characteristics  which  arise  from  changes  in 
other  parameters,  such  as  density  and  section  properties, 
which  are  not  pertinent  to  this  investigation.  (See  appen- 
dix B.) 

Some  effects  on  flutter  speed. — A typical  plot  showing 
the  effect  of  compressibility  on  the  flutter  speed  of  wings 
at  various  angles  of  sweepback  is  shown  in  figure  5.  These 
data  are  from  tests  of  the  rectangular-plan-form  models 
(t}^pe  30)  that  were  swept  back  b}^  use  of  the  rotating  mount, 
for  which  arrangement  the  reference  flutter  speed  does  not 
vai'3^  with  either  Mach  number  or  sweep  angle.  Observe 
the  large  increase  in  speed  ratio  at  the  high  sweep  angles. 

The  data  of  reference  1 from  tests  of  a rigid,  flexibly 
mounted  rectangular  model  having  a rotating  base  are  also 
plotted  in  figure  5.  It  can  be  seen  that  the  data  from  the 
cantilever  models  of  the  present  report  which  had  a similar 
method  of  sweep  are  in  conformity  with  the  data  from  the 
flexibly  mounted  model.  This  indicates  that,  for  uniform 
wings  having  the  range  of  parameters  involved  in  these 
tests,  the  differences  due  to  mode  shape  are  not  very  great. 

Figure  6 is  a cross  plot  of  the  data  from  figure  5 plotted 
against  A at  a Mach  number  approximateh'  equal  to  0.65. 
The  data  of  the  swept  wings  of  constant  length-chord  ratio 
and  of  the  sheared  swept  wings  are  also  included  for  comparison. 
The  velocity  ratio  VcIVr  is  relatively  constant  at  small  sweep 
angles  but  rises  noticeably  at  the  large  sweep  angles.  It  is 
pointed  out  that  the  reference  flutter  speed  Vr  may  be 


considered  to  correspond  to  a horizontal  line 


> R 


for  the  rotated  and  constant-length-chord-ratio  wings,  but 
for  the  sheared  wings  this  reference  speed  corresponds  to  a 
curve  decreasing  somewhat  less  rapidly  than  ^Jcos  A as  A 
increases.  (See  appendix  B.) 


The  order  of  magnitude  of  some  tlnee-dimensional  effects 
ma}^  be  [noted  from  the  fact  that  the  shorter  ^vings 

(^=6.5,  fig.  6,  series  have  higher  velocity  ratios  than  the 

longer  wings  ^'^=8.5,  series  IV^  ■ This  increase  ma}^  be  due 

partly  to  differences  in  flutter  modes  as  well  as  aerodjmamic 
effects. 

Some  effects  on  flutter  frequency. — Figure  7 is  a repre- 
sentative plot  of  the  flutter-frequency  data  given  in  table  II. 
The  figure  shows  the  variation  in  flutter-frequency  ratio 
with  Mach  number  for  different  values  of  sweep  angle  for 
the  models  rotated  back  on  the  special  mount.  The  ordinate 
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Figure  6.— Cross  plot  of  ratio  of  experimental  to  reference  flutter  speed  as  a function  of 
sweep  angle  for  various  wings.  Mach  number  is  approximately  0.65. 


Figure  5.— Ratio  of  experimental  to  reference  flutter  speed  as  a function  of  Mach  number 
for  various  sweep  angles  for  series  II  models  (fig.  2 (b))  on  the  rotating  mount. 


Figure  7. — Ratio  of  experimental  to  reference  flutter  frequency  as  a function  of  Mach  number 
for  various  sweep  angles  for  series  II  models  (fig.  2 (b))  on  the  rotating  mount. 
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is  the  ratio  of  the  experimental  flutter  frequency  to  the 
reference  flutter  frequency It  appears  that  there  is  a 
reduction  in  flutter  frequency  with  increase  in  Mach  number 
and  also  an  increase  in  flutter  frequenc}^  with  increase  in 
sweep.  The  data  from  reference  1 show  the  same  trend 
with  increase  in  sweep.  Considerably  more  scatter  may  be 
noted  in  the  frequency  data  than  in  the  speed  data  (fig.  5) 
from  the  same  tests. 

The  results  of  the  tests  for  rotated  wings  with  chordmse 
laminations  (models  40A,  B,  C,  D)  are  given  in  table  II. 
At  sweep  angles  up  to  30®  the  values  of  the  speed  ratio 
VelVa  for  wings  of  this  construction  were  low  (in  the  neigh- 
borhood of  0.9),  and  the  flutter  frequency  ratios  jet  Jr  were 
high  (of  the  order  of  1.4).  As  these  results  indicate  and  as 
visual  observation  showed,  these  models  fluttered  in  a mode 
that  apparently  involved  an  appreciable  proportion  of  the 
second  bending  mode.  The  models  with  spanwise  lamina- 
tions (models  30 A,  B,  C,  D)  also  showed  indications  of  this 
higher  flutter  mode  at  low  sweep  angles;  however,  these 
models  were  able  to  pass  tlirough  the  small  speed  range  of 
higher  mode  flutter  without  sufficiently  violent  oscillations 
to  cause  failure.  At  a still  higher  speed  these  models  with 
spanwise  laminations  fluttered  in  a lower  mode  resembling  a 
coupling  of  the  torsion  and  first  bending  modes.  This 
lower  mode  type  of  flutter  characterized  the  flutter  of  both 
the  sheared  and  constant-length-chord-ratio  models. 

For  those  wing  models  having  the  sheared  type  of  balsa 
construction  (models  22',  23,  24,  and  25),  the  results  are 
more  difficult  to  compare  with  those  of  the  other  models. 
This  difficulty  arises  chiefly  because  the  lightness  of  the 
wood  produced  relativel}^  high  mass-density  ratios  k and 
partly  because  of  the  nonhomogeneity  of  the  mixed  wood 
construction.  For  high  values  of  k the  flutter-speed  co- 
efficient changes  rather  abruptly  even  for  the  unswept  models 
(reference  7).  The  data  are  nevertheless  included  in  table  I. 

Effect  of  shift  in  center-of-gravity  position  on  the  flutter 
speed  of  swept  wings. — Results  of  the  investigation  of  the 
effects  of  center-of-gravity  shift  on  the  flutter  speed  of 
swept  wings  are  illustrated  in  figure  8.  This  figure  is  a 
cross  plot  of  the  experimental  indicated  air  speeds  as  a 
function  of  sweep  angle  for  various  center-of-gravity  posi- 
tions. The  ordinate  is  the  experimental  indicated  air 


speed  V, 


'Vo.( 


which  serves  to  reduce  the  scatter 


.00238 

resulting  from  flutter  tests  at  different  densities  of  testing 
medium.  The  data  were  taken  in  the  Mach  number  range 
between  0.14  and  0.44,  so  that  compressibilit}^  effects  are 
presumably  negligible.  As  in  the  case  of  unswept  wings, 
forward  movement  of  the  center  of  gravity  increases  the 
flutter  speed.  .Again,  the  flutter  speed  increases  mth 
increase  in  the  angle  of  sweep. 

The  models  tested  at  zero  sweep  angle  (models  91-1,  91-2, 
91-3)  were  of  different  construction  from  and  of  larger  size 
than  the  models  tested  at  the  higher  sweep  angles.  Because 
of  the  manner  of  plotting  the  results,  namely  as  experimental 
indicated  airspeed  (fig.  8),  a comparison  of  the  results  of 
tests  at  A=0®  with  the  results  of  the  tests  of  swept  models 


is  not  particularly  significant.  The  points  at  zero  sweep 
angle  are  included,  however,  to  show  that  the  increase  in 
flutter  speed  due  to  a shift  in  the  center-of-gravity  position 
for  the  swept  models  is  of  the  same  order  of  magmtude  as 
for  the  unswept  models.  For  the  unswept  models,  the 
divergence  speed  Vd  and  the  reference  flutter  speed  Vr  are 
fairly  near  each  other,  and  although  the  models  appeared 
to  flutter,  the  proximity  of  the  flutter  speed  to  the  divergence 
speed  may  have  influenced  the  value  of  the  critical  speed. 

The  method  used  to  vary  the  center  of  gravity  (see  fig.  2 (g)) 
produced  two  bumps  on  the  airfoil  surface.  At  the  low 
Mach  numbers  of  these  tests,  however,  the  effect  of  this 
roughness  on  the  flutter  speed  is  considered  negligible.  For 
proper  interpretation  of  figure  8,  the  fact  must  be  kept  in 
mind  that  the  method  of  varying  the  location  of  the  center 
of  gravity  changed  the  radius  of  gyration  and  the  tor- 
sional frequency /a . 

The  effect  of  sweepforward  on  the  critical  speed. — An 
attempt  w’^as  made  to  determine  the  variation  in  flutter  speed 
with  angle  of  sweepforward  by  testing  wdngs  on  the  mount 
that  could  be  rotated  both  backward  and  forward.  As  ex- 
pected, however,  the  model  tended  to  diverge  at  forward 
sweep  angles  in  spite  of  the  relatively  forward  position  of 
the  elastic  axis  in  this  D-spar  wing. 

Figure  9 show^s  a plot  of  the  ratio  of  critical  speed  to  the 
reference  flutter  speed  Vr  against  sweep  angle  A.  Note  the 
different  curves  for  the  sweptback  and  for  the  sweptforward 
conditions  and  the  sharp  reduction  in  critical  speed  as  the 


Figure  S.— Cross  plot  of  flutter  speed  as  a function  of  sweep  angle  for  ^veral  center-of-gravity 
positions.  Series  VII  models  (flg.  2 (g)  ).  Length-chord  ratio  is  approximately  6. 
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Figure  9. — Comparison  of  sweepforward  and  sweepback  tests  on  wings  tested  on  a rotating 
mount.  Series  III  models  (fig.  2 (c)). 


angle  of  sweepforward  is  increased.  The  different  curves 
result  from  two  different  phenomena.  When  the  wing  was 
swept  back,  it  fluttered;  whereas  at  forward  sweep  angles  it 
diverged  before  the  flutter  speed  was  reached.  Superposed 
on  this  plot  for  the  negative  values  of  sweep  are  the  results 
of  calculations  based  on  an  analytical  study  of  divergence 
(reference  9).  Reasonable  agreement  exists  between  theory 
and  experiment  at  forward  sweep  angles.  The  small  differ- 
ence between  the  theoretical  and  experimental  results  may 
perhaps  be  due  to  an  inaccuracy  in  determining  either  the 
position  of  the  elastic  axis  of  the  model  or  the  required  slope 
of  the  lift  curve  or  both. 

The  divergence  speed  Vd  for  the  wing  at  zei^o  sweep  angle, 
as  calculated  by  the  simplified  theory  of  reference  7,  is  also 
plotted  in  figure  9.  This  calculation  is  based  on  the  assump- 
tion of  a two-dimensional  unswept  wing  in  an  incompressible 
medium.  The  values  of  the  uncoupled  torsion  frequency 
and  the  density  of  the  testing  medium  at  time  of  flutter  or 
divergence  are  employed.  Reference  9 shows  that  a rela- 
tively small  amount  of  sweepback  raises  the  divergence  speed 
sharply.  For  convenience,  however,  the  numerical  quan- 
tity Vd  (based  on  the  wing  at  zero  sweep)  is  listed  in  table  I 
for  all  the  tests. 

Effect  of  tip  modifications. — Tests  to  investigate  some 
of  the  over-all  effects  of  tip  shape  were  conducted  and  some 
results  are  shown  in  figure  10.  Two  sweep  angles  and  two 
length-chord  ratios  were  used  in  the  experiments  conducted 
at  two  Mach  numbers.  It  is  seen  that,  of  the  three  tip 
shapes  used,  namely,  tips  perpendicular  to  the  air  stream, 
perpendicular  to  the  wing  leaciing  edge,  and  parallel  to  the 
air  stream,  the  wings  with  tips  parallel  to  the  air  stream  gave 
the  highest  flutter  speeds. 

DISCUSSION  AND  COMPARISON  OF  ANALYTICAL  AND  EXPERIMENTAL 

RESULTS 

Correlation  of  analytical  and  experimental  results  has  been 
made  for  wings  swept  back  in  the  two  different  manners; 
that  is,  (1)  sheared  back  with  a constant  value  of  and 
(2)  rotated  back.  The  two  types  of  sheared  wings  (series  I) 
and  two  rotated  wings  (models  30B  and  SOD)  have  been 
anatyzed. 


Figure  10. — Effect  of  tip  shape  on  the  flutter  speed  of  swept  wings.  Wings  of  length-chord 
ratios  of  7.25  and  11  (fig.  2 (f)).  Series  VI  models. 


Results  of  some  solutions  of  the  flutter  determinant  for  a 
wing  (model  30B)  on  a rotating  base  at  several  angles  of 
sweepback  are  shown  in  figures  11  and  12.  Figure  11  shows 
the  flutter-speed  coefficient  as  a function  of  the  bending-to- 
torsion  frequency  ratio,  and  figure  12  shows  the  flutter  fre- 
quency ratio  as  a function  of  the  bending-to-torsion  frequency 
ratio. 

The  calculated  results  (for  those  Avings  investigated  analyt- 
ically) are  included  in  tables  I and  II.  The  ratios  of  experi- 
mental to  analytical  flutter  speeds  and  flutter  frequencies 
have  been  plotted  against  the  angle  of  sweep  in  figures  13 
to  16.  If  an  experimental  value  coincides  with  the  corre- 
sponding analytical  predicted  value,  the  ratio  will  fall  at  a 
value  of  1.0  on  the  figures.  Deviations  of  experimental  re- 
sults above  or  below  the  anal3^tical  results  appear  on  the 
figures  as  ratios  greater  than  or  less  than  1.0,  respectively. 
The  flutter-speed  ratios  plotted  in  figure  13  for  the  two  ro- 
tated wings  show  veiy  good  agreement  between  analysis  and 
experiment  over  the  range  of  sweep  angle,  0®  to  60°.  Such 
good  agreement  in  both  the  trends  and  in  the  numerical 
quantities  is  gratif^dng  but  probabty  should  not  be  expected 
in  general.  In  view  of  the  discussion  of  the  last  term  in 
equation  (5b)  it  may  be  of  interest  to  mention  that  failure 
to  include  the  terms  arising  from  the  last  term  of  equation 
(5b)  in  the  calculations  for  model  SOB  would  decrease  the 
ratio  VejV\  corresponding  to  A=60°  b}^  about  3 percent. 
The  flutter  frequency  ratios  of  figure  14  obtained  from  the 
same  two  rotated  wings  are  in  good  agreement. 

The  flutter-speed  ratios  plotted  in  figure  15  for  the  two 
types  of  sheared  wings  do  not  show  such  good  conformit}^  at 
the  low  angles  of  sweep,  whereas  for  sweep  angles  be^^ond  45° 
the  ratios  are  considerably^  nearer  to  1.0.  The  sheared  wings 
are  again  observed  to  have  a constant  value  of  Ag  of  2.0 
(aspect  ratio  for  the  whole  Aving  AA^ould  be  4.0).  For  this 
small  value  of  aspect  ratio  the  finite-span  correction  is 
appreciable  at  zero  angle  of  SAveep  and,  if  made,  Avould  bring 
better  agreement  at  that  point.  Anah'sis  of  the  corrections 
for  finite-span,  effects  on  SAA^ept  Avings  requires  further 
consideration. 

Figures  13  and  15  also  afford  a comparison  of  the  behavior 
of  AAungs  SAvept  back  in  tAA^o  manners:  (1)  rotated  back  AAuth 
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constant  length-chord  ratio  but  decreasing  aspect  ratio  (fig. 
13),  and  (2)  sheared  back  with  constant  aspect  ratio  and 
increasing  length-chord  ratio  (fig.  15).  A study  of  these  two 
figures  suggests  that  the  length-chord  ratio  rather  than  the 


aspect  ratio 


Span 
. Area  / 


may  be  the  relevant  parameter  in 


determining  corrections  for  finite  swept  wings.  (Admit- 
tedly, effects  of  tip  shape  and  root  condition  are  also  in- 
volved and  have  not  been  precisely  separated.) 

Figure  16,  which  refers  to  the  sa.me  sheared  wings  as  figure 
15,  shows  the  ratios  of  experimental  to  predicted  flutter  fre- 
quencies. The  trend  is  for  the  ratio  to  decrease  as  the  angle 
of  sweep  increases.  Table  I shows  that  the  flutter  frequency 
/r  obtained  with  Vr  and  used  as  a reference  in  a previous 
section  of  the  report  is  not  significantly  different  from  the 
frequency  /a  predicted  b}^  the  present  anal}"sis. 

A few  remarks  can  be  made  on  estimates  of  over-all  trends 
of  the  flutter  speed  of  swept  wings.  As  a first  consideration 
the  conclusion  may  be  made  that,  if  a rigid  infinite  yawed 
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Figure  12. — Ratio  of  theoretical  flutter  frequency  to  torsional  frequency  as  a function  of  the 
ratio  of  bending  to  torsion  frequency  for  the  rotated  model  SOB  at  two  angles  of  sweep  and 

with  a constant  mass-density  ratio  ^-^—37.8^ . 


Figure  13.— Ratio  of  experimental  to  theoretically  predicted  flutter  speed  as  a function  of 
sw^eep  angle  for  two  rotated  models. 

wing  were  mounted  on  springs  which  permitted  it  to  move 
vertically  as  a unit  and  to  rotate  about  an  elastic  axis,  the 
flutter  speed  would  be  proportional  to  1/cos  A.  A finite 
yawed  wing  mounted  on  similar  springs  would  be  expected 
to  have  a flutter  speed  lying  above  the  curve  of  1/cos  A 
because  of  finite-span  effects.  For  a finite  sweptback  wing 
clamped  at  its  root,  however,  the  greater  degree  of  coupling 
between  bending  and  torsion  adversel}’'  affects  the  flutter 
speed  so  as  to  bring  the  speed  below  the  curve  of  1/cos  A 
for  an  infinite  wing.  This  statement  is  illustrated  in- figure 
17  which  refers  to  a wing  (model  SOB)  on  a rotating  base. 
The  ordinate  is  the  ratio  of  flutter  speed  at  a given  angle  of 
sweep  to  the  flutter  speed  calculated  at  zero  angle  of  sweep. 
A theoretical  curve  is  shown,  together  with,  experimentally 
determined  points.  Curves  of  1/cos  A and  1/Vcos  A are 
sho^^^l  for  convenience  of  comparison.  The  curve  for  model 
SOD  (not  sho^vn  in  figure  17)  also  followed  this  trend  quite 
closely.  The  foregoing  remarks  should  prove  useful  for 
making  estimates  and  discussing  trends  but  are  not  intended 
to  replace  more  complete  calculation.  In  particular,  men- 
tion may  be  made,  for  example,  that  a far-forward  location 
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Figure  14.— Ratio  of  experimental  to  theoretically  predicted  flutter  frequency  as  a function 
of  sweep  angle  for  two  rotated  models. 


Figure  15.— Ratio  of  experimental  to  theoretically  predicted  flutter  speed  as  a function  of 
sweep  angle  for  two  types  of  sheared  models. 

of  section  center  of  gravity  would  lead  to  an  entnely  dif- 
ferent trend.  Moreover,  as  is  apparent  from,  the  anal}^sis, 
the  bending  stiffness  can  play  an  increasing!}’'  significant 
role  with  increase  in  the  angle  of  sweep. 

The  experiments  and  calculations  deal  in  general  with 
wings  having  low  ratios  of  natural  first  bending  to  first 
torsion  frequencies.  At  high  values  of  the  ratio  of  bending 
frequency  to  torsion  frequency,  the  position  of  the  elastic 
axis  becomes  relatively  more  significant.  Additional  calcula- 
tions to  develop  the  theoretical  trends  are  desirable. 

CONCLUSIONS 

In  a discussion  and  comparison  of  the  results  of  an  in- 
vestigation of  the  flutter  of  a group  of  swept  wings,  the 
manner  of  sweep  is  significant.  This  report  deals  with  two 
main  groups  of  uniform,  swept  wings:  rotated  wings  and 
sheared  wings.  In  presenting  the  data,  emplo}unent  of  a 
certain  reference  flutter  speed  was  found  convenient.  The 
following  conclusions  seem  to  apply: 

1 . Comparison  with  experiment  indicates  that  the  analysis 
presented  is  satisfactory  for  giving  the  main  effects  of  sweep, 
at  least  for  nearly  uniform  cantilever  wings  of  moderate 
length-chord  ratios.  Additional  calculations  are  desirable 
to  investigate  various  theoretical  trends. 

2.  The  coupling  between  bending  and  torsion  adversely 
affects  the  flutter  speed.  The  fact,  however,  that  only  a 
part  of  the  forward  velocity  is  aerodynamically  effective 


Figure  16. — Ratio  of  experimental  to  theoretically  predicted  flutter  frequency  as  a function 
of  sweep  angle  for  two  types  of  sheared  wings. 


S^veep  o/79/e,  A,  deg 

Figure  17. — Flutter-speed  ratio  as  a function  of  sweep  angle  for  model  SOB  at  a constant 
mass-density  ratio  ^-^=37.8^,  showing  analytical  and  experimental  results. 

increases  the  flutter  speed.  Certain  approximate  relations 
can  be  used  to  estimate  some  of  the  trends. 

3.  Although  a precise  separation  of  the  effects  of  Mach 
number,  aspect  ratio,  tip  shape,  and  center-of-gravity  posi- 
tion has  not  been  accomplished,  the  order  of  magnitude  of 
some  of  these  combined  effects  has  been  experimentally 
determined.  Experimental  results  indicated  are 

(a)  The  location  of  the  section  center  of  gravity  is  an 
important  parameter  and  produces  effects  for  swept  wings 
similar  to  those  for  unswept  wings  over  the  range  (30  per- 
cent to  70  percent  chord)  of  locations  tested. 

(b)  Appreciable  differences  in  flutter  speed  have  been 
found  to  be  due  to  tip  shape. 

(c)  The  length-chord  ratio  of  swept  wings  is  a more 
relevant  finite-span  parameter  than  is  the  aspect  ratio. 

(d)  Compressibility  effects  attributable  to  Mach  number 
are  fairly  small,  at  least  up  to  a Mach  number  of  0.8. 

(e)  The  sweptforward  wings  could  not  be  made  to  flutter 
but  diverged  before  the  flutter  speed  was  reached. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va,,  September  9,  1948. 


APPENDIX  A 

• THE  EFFECT  OF  SWEEP  ON  THE  FREQUENCIES  OF  A CANTILEVER  BEAM 


Early  in  the  investigation  it  was  decided  to  make  an  experi- 
mental vibration  study  of  a simple  beam  at  various  sweep 
angles.  The  uniform,  plate-like  aluminum-alloy  beam  shown 
in  figure  18  was  used  to  make  the  study  amenable  to  anal3^sis. 
Length-chord  ratios  of  6,  3,  and  1.5  were  tested,  the  length  I 
being  defined  as  the  length  along  the  midchord.  A single  60- 
inch  beam  was  used  throughout  the  investigation,  the  desired 
length  and  sweep  angle  being  obtained  hj  clamping  the  beam 
in  the  proper  position  with  a iK-  by  1}^-  by  14-inch 
aluminum-alloy  crossbar. 

Figures  18  and  19  show  the  variation  in  modes  and  fre- 
quencies with  sweep  angle.  In  most  cases,  an  increase  in 
sweep  angle  increased  the  natural  vibrational  frequencies. 
As  expected,  the  effect  of  sweep  was  more  pronounced  at  the 


A/oofe  for  second  mode 
Node  for  third  mode 


ST  aluminum  alloy 

I 

[ e- — 1 * 

Cross  section. 

Fir.xjRE  X8. — Change  in  nodal  lines  with  sweep  and  length-chord  ratio  for  the  vibration  of 
an  aluminum-alloy  beam. 


smaller  values  of  length-chord  ratio.  The  fundamental  mode 
was  found  by  striking  the  beam  and  measuring  the  frequency 
with  a self-generating  vibration  pick-up  and  paper  recorder. 
The  second  and  third  modes  were  excited  by  light-weight 
electromagnetic  shakers  clamped  to  the  beam.  These  shakers 
were  attached  as  close  to  the  root  as  possible  to  give  a node 
either  predominantly  spanwise  or  chordwise.  The  mode 
with  the  spanwise  node,  designated  second  mode,  was  pri- 
marih^  torsional  vibration,  whereas  the  mode  with  the  chord- 
wise  node,  designated  third  mode,  was  primarily  a second 
bending  vibration. 

The  first  two  bending  frequencies  and  the  lowest  torsion 
frequency,  determined  analytically  for  a straight  uniform 
unswept  beam,  are  plotted  in  figure  19.  Good  agreement 
exists  with  the  experimental  results  for  the  length-chord 
ratios  of  6 and  3,  but  for  a ratio  of  1.5  (length  equal  to  12 
inches  and  chord  equal  to  8 inches)  less  favorable  agreement 
exists.  This  discrepancy  may  be  attributed  to  the  fact  that 
the  beam  at  the  short  length-chord  ratio  of  1.5  resembled 
more  a plate  than  a beam  and  did  not  meet  the  theoretical 
assumptions  of  a perfectly  rigid  base  and  of  simple-beam 
stress  distributions.  The  data  are  valid  for  use  in  comparing 
the  experimental  frequencies  of  the  beam  when  swept  with  the 
frequencies  at  zero  sweep,  which  was  the  purpose  of  the  test. 
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FinuRE  19.— Variation  of  frequencies  with  sweep  and  length-chord  ratio  for  the  vibration 
of  an  aluminum-alloy  beam. 
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APPENDIX  B 

DISCUSSION  OF  THE  REFERENCE  FLUTTER  SPEED 


For  use  in  comparing  data  of  swept  and  unswept  wings,  a 
reference  flutter  speed  Vr  is  convenient.  This  reference 
flutter  speed  is  the  flutter  speed  determined  from  the  simpli- 
fied theory  of  reference  7.  This  theory  deals  with  two- 
dimensional  unswept  wings  in  incompressible  flow  and  de- 
pends upon  a number  of  wing  parameters.  The  calculations 
in  this  report  utilize  parameters  of  sections  perpendicular  to 
the  leading  edge,  first  bending  frequency,  uncoupled  torsion 
frequency,  density  of  testing  medium  at  time  of  flutter,  and 
zero  damping.  Symbolically, 

Fr=  6 Wo  jf  ^ Ky  Xcgj  Xgaj  ^ a J ^ ^ 

Variation  in  reference  flutter  speed  with  sweep  angle  for 
sheared  swept  wings. — The  reference  flutter  speed  is 
independent  of  sweep  angle  for  a homogeneous  rotated  wing 
and  for  homogeneous  wings  swept  back  by  keeping  the  length- 
chord  ratio  constant.  For  a series  of  homogeneous  vdngs 
swept  back  by  the  method  of  shearing,  however,  a definite 
variation  in  reference  flutter  speed  with  sweep  .angle  exists 
since  sweeping  a wing  by  shearing  causes  a reduction  in 
chord  perpendicular  to  the  ^ving  leading  edge  and  an  increase 
in  length  along  the  midchord  as  the  angle  of  sweep  is  in- 
creased. The  resulting  reduction  in  the  mass-density-ratio 
parameter  and  first  bending  frequency  tends  to  raise  the 
reference  flutter  speed,  whereas  the  reduction  in  semichord 
tends  to  lower  the  reference  flutter  speed  as  the  angle  of 
sweep  is  increased.  The  final  effect  upon  the  reference 
flutter  speed  depends  on  the  other  properties  of  the  wing. 
The  purpose  of  this  section  is  to  show  the  effect  of  these 
changes  on  the  magnitude  of  the  reference  flutter  speed  for 
a series  of  homogeneous  sheared  wings  having  properties 
similar  to  those  of  the  sheared  swept  models  used  in  this 
report. 

Let  the  subscript  0 refer  to  properties  of  the  wing  at  zero 
sweep  angle.  The  following  parameters  are  then  functions 
of  the  sweep  angle: 

6 = 6jjCOsA 

^ ^0 

cos  A 


Since  m is  proportional  to  6, 

irpb^ 

K= = #Co  cos  A 

m 

Similarly,  since  I is  proportional  to  6, 

r 0.56  jEI  / r \ / .w 
y — =U'i;o(cos  A)2 

Also,  because /a  is  independent  of  A, 

An  estimate  of  the  effect  on  the  flutter  speed  of  these 
changes  in  semichord  and  mass  parameter  with  sweep  angle 
ma}^  be  obtained  from  the  approximate  formula  given  in 
reference  7, 

This  approximate  anal3^sis  of  the  effect  on  the  reference 
flutter  speed  does  not  depend  upon  the  first  bending  frequency 
but  assumes to  be  small. 

In  order  to  include  the  effect  of  changes  in  bending-torsion 
frequency  ratio,  a more  complete  anal3^sis  must  be  carried 
out.  Figure  20  presents  some  results  of  a numerical  analysis 
based  on  a homogeneous  wing  with  properties  at  zero  sweep 
angle  as  follows: 


3/cg  — 5 0 

6*=  0.333 

a:<.a=45 

(-)=10 

\K/0 

r„^=0.25 

\ 

y„=ioo 

o 

II 

O 

In  figure  20  the  curve  showing  the  decrease  in  Vr  with  A is 
slightly  above  the  V cos  A factor  indicated  b3^  the  approxi- 
mate formula. 

Effect  of  elastic-axis  position  on  reference  flutter  speed. — 

As  pointed  out  in  the  definition  of  elastic  axis,  the  measured 
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Fir.uRE  20.— Variation  in  reference  flutter  speed  with  sweep  for  sheared  wings. 

locus  of  elastic  centers  x^a  fell  behind  the  section  elastic  axis 
for  the  swept  models  with  bases  parallel  to  the  air  stream. 
In  order  to  get  an  idea  of  the  effect  of  elastic-axis  position  on 
the  chosen  reference  flutter  speed,  computations  were  made 
both  of  Vr  and  a second  reference  flutter  speed  Vr  similar 
to  Vr  except  that  Xea  was  used  in  place  of  x^a-  The  maximum 
difference  between  these  two  values  of  reference  flutter  speed 
was  of  the  order  of  7 percent.  Tliis  difference  occurred  at  a 
sweep  angle  of  60®  when  the  wing  elastic  axis  was  farthest 
behind  the  section  elastic  axis.  Thus,  for  wings  of  this  type, 


the  reference  flutter  speed  is  not  very  sensitive  to  elastic-axis 
position.  The  reference  flutter  frequency was  found  in 
conjunction  ^vith  Vr\  The  maximum  difference  between 
Jr  and  Jr^  was  less  than  10  percent.  Thus,  the  convenient 
use  of  the  reference  flutter  speed  and  reference  frequenc}^  is 
not  altered  by  these  elastic-axis  considerations. 
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TABLE  L— DATA  FOR  SHEARED 


Model 

A 

(deg) 

A/ 

A, 

(cps) 

/*j 

(cps) 

/i 

(cps) 

/« 

(cps) 

GJ 

(Ib-in.s) 

El 

(lb-in.2) 

NAG  A 
airfoil 
section 

/ 

(in.) 

(in-) 

b 

(ft) 

Xtt 

(percent 

chord) 

X ta 

(percent 

chord) 

X^a 

(percent 

chord) 

a+Xa 

a 

K 

P 

/ slugs  \ 
\cu  ft/ 

Percent 

Freon 

Spruce  wings 

llA 

0 

2 

45 

272 

108 

107 

15,000 

25, 100 

16-005 

0. 89 

16.0 

8.0 

0.  333 

48.4 

45 

45 

-0.  032 

-0. 10 

0. 232 

13.3 

0. 00287 

95 

llA' 

0 

2 

26 

59 

37 

16-005 

.89 

ifi.  n 

8J) 

^533 

48  4 

26.  6 

26.^ 

~ J)32 

— 468 

396 

17  6 

00217 

0 

IIB' 

0 

2 

29 



61 

43 

16-005 

.89 

16.0 

8.0 

.333 

48.4 

29.7 

29.7 

-.032 

-.406 

!371 

40.5 

! 000943 

88 

12 

15 

2 

43 



103 

103 

14,  400 

54,  700 

16-005.  2 

.88 

16.6 

7.  72 

.321 

48.5 

46.3 

46 

-.03 

-.074 

.23 

5.69 

.00725 

96 

12 

15 

2 

42 



105 
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14, 400 

54  700 

16-005.2 

.88 

16.6 

7,  72 

.321 

48.5 

46.3 

46 

-.03 

-.  074 

.23 

8.47 
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98 

12 

15 

2 

42 
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14,  400 

54,  700 

16-005.2 

.88 

16.6 

7.  72 

.321 

48.6 

46.3 

46 

-.03 

-.074 

.23 

11.2 

.00367 

97 

13 

30 

2 

33 

196 

94 

93 

11,100 

53,  500 

15-005. 8 

.87 

18.2 

6.87 

.284 

48.8 

46.0 

49 

-.024 

-.080 

.23 

7. 15 

.00746 

99 

14 

45 

2 

22 

139 

93 

92 

9,  240 

33, 000 

16-007. 1 

,85 

22.6 

5.62 

.234 

48.8 

46.0 

60 

-.024 

-.aso 

.23 

7.78 

.00720 

85 

14 

45 

2 

21 

136 

92 

91 
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33, 000 

16-007. 1 

.85 

22.6 

5.  62 
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48.8 

46.0 

60 
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94 

16 

60 

2 

12 

68 

93 

93 
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19, 100 
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.81 
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4.0 

. 167 
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46.0 

65 
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92 

15 

60 

2 

12 

67 

93 

93 
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.81 
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4.0 
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46.0 

65 
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-.080 

.23 

14.0 

.00493 

90 

Balsa  wings 


22' 

15 

2 

31 
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63 

61 

16-005.  2 

0.88 

16.6 

7.  72 

0.  321 

48.8 

42.4 

42.4 

-0.  024 
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98 
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15 

2 

31 
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64 

62 

16-005.  2 

.88 
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93 
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31 
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64 
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92 

23 

30 

2 

35 
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89 

89 
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6. 87 
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52 
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.304 
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99 

23 

30 

2 

34 
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89 

89 
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52 
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,304 
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91 

23 

30 

2 

34 
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91 

91 
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.284 
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52 
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89 

23 

30 

2 

34 
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89 

89 
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52 
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90 

24 

45 

2 

19 
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73 

73 
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5.  66 

.236 
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49.0 

57 

-.  06 

-.  02 

.311 
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,00784 

85 

24 

45 

2 

19 
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75 

75 
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16-007. 1 

.85 

21.8 

5.  66 

.236 

47.0 

49.0 

57 

-.06 

-.  02 

.311 

8.40 

. 00339 

93 

24 

45 

2 

19 
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75 

75 

2,810 

10, 800 

16-007. 1 

.85 

21.8 

5.  66 

.236 

47.0 

49.0 

57 

-.06 

-.02 

.311 

13.2 

.00216 

91 

24 

45 

2 

19 
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74 

74 
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10, 800 

16-007. 1 

.85 

21.8 

5.  66 

.236 

47.0 

49.0 

57 

-.06 

-.02 

.311 

29.4 

.000970 

74 

24 

45 

2 

19 

120 

73 

73 

2,810 

10,  800 

16-007. 1 

.85 

21.8 

5.  66 

.236 

47.0 

49.0 

57 

-.06 

-.02 

.311 

30.6 

.000933 

89 

25A 

60 

2 

8.6 

54 

66 

65 

1,950 

6,  470 

16-010 

.81 

32.0 

4.0 

. 167 

46.9 

40.0 

71 

-.062 

-.  20 

.359 

34.6 

. 000954 

88 

25B 

60 

2 

8.6 

48 

70 

68 

5.  500 

16-010 

.81 

32.0 

4.0 

. 167 

46.9 

40,0 

71 

-.062 

-.20 

.359 

9. 36 

.00353 

91 

TABLE  II.— ROTATED 


Model 

A 

(deg) 

■Af 

A. 

(cps) 

/a  2 
(cps) 

ft 

(cps) 

A 

(cps) 

GJ 

(lb-in.2) 

El 

(lb-in.2) 

NAGA 

airfoil 

section 

1 

(in.) 

c 

(in.) 

b 

(ft) 

Xct 

(percent 

chord) 

lea 

(percent 

chord) 

X *o' 

(percent 

chord) 

a-\-Xa 

0 

K 

P 

/slugsX 
\cu  ft/ 

Percent 

Freon 

Lengthwise  laminations 

30A 

0 

6.20 

11.9 

76.0 

90.4 

83.0 

3,  760 



16-010 

0.81  . 

24,8 

4 

0. 167 

46.0 

35 

35 

-0.08 

-0.30 

0.311 

36.8 

0.00220 

0 

30B 

0 

6.20 

12.0 

72,6 

90.0 

88.0 

3,760 

6,  920 

16-010 

.81 

24.8 

4 

. 167 

46.0 

40 

40 

-.08 

-,  20 

.277 

37.8 

. 00214 

0 

30B 

30 

4.65 

12. 1 

73.0 

91.0 

88.8 

3,760 

6,  920 

16-010 

.81 

24.8 

4 

. 167 

46.0 

40 

40 

-.08 

-.20 

.277 

37.7 

.00215 

0 

SOB 

30 

4.65 

12.0 

73.0 

90.0 

88.0 

3,  760 

6, 920 

16-010 

.81 

24,8 

4 

. 167 

46.0 

40 

40 

-.08 

-.20 

.277 

37.8 

.00214 

0 

SOB 

45 

3.10 

U.l 

73.0 

91.0 

88.8 

3,  760 

6,920 

16-010 

.81 

24.8 

4 

. 167 

46.0 

40 

40 

-.08 

-.  20 

,277 

37.8 

.00^14 

0 

30B 

45 

3.10 

12.2 

73.0 

90.0 

88.0 

3,  760 

6,  920 

16-010 

.81 

24.8 

4 

' . 167 

46.0 

40 

40 

-.08 

-.  20 

.277 

37.8 

.00214 

0 

SOB 

60 

1.55 

12.0 

72.5 

90.0 

88.0 

3,760 

6,  9^0 

16-010 

.81 

24.8 

4 

. 167 

46.0 

40 

40 

-.08 

-.  20 

.277 

39.8 

.00204 

0 

30C 

0 

6.  20 

12.2 

69.0 

86.0 

75.8 

4, 000 

6,  950 

16-010 

.81 

24.8 

4 

. 167 

48.5 

39 

39 

-.03 

-.  22 

.292 

40.5 

. 00200 

89 

30C 

0 

6. 20 

12.2 

69.0 

86.0 

75.8 

4,000 

6,  950 

16-010 

.81 

24.8 

4 

.167 

48.5 

39 

39 

-.03 

-.22 

.292 

98.9 

.000820 

86 

30C 

0 

6.  20 

13.3 

70.0 

84.0 

74.2 

4,000 

6, 950 

16-010 

.81 

24.8 

4 

. 167 

48.''5 

39 

39 

-.03 

-.  22 

.292 

92.6 

. 000876 

83' 

30C 

15 

5.78 

12.2 

69.0 

86.0 

76.8 

4,  000 

6,  950 

16-010 

.81 

24.8 

4 

. 167 

48.5 

39 

39 

-.03 

-.22 

.292 

92.6 

. 000870 

81 

300 

30 

4.65 

12.2 

69.0 

86.0 

75.8 

4,000 

6, 950 

16-010 

.81 

24.8 

4 

.167 

48.5 

39 

39 

-.03 

-.22 

.292 

40.0 

.00202 

89 

300 

30 

4.65 

12.2 

70.0 

86.5 

76.2 

4,000 

9, 950 

16-010 

.81 

24.8 

4 

.167 

48.5 

39 

39 

-.03 

-.22 

.292 

81.4 

.000995 

86 

300 

30 

4.65 

12.2 

70.0 

86.5 

76.2 

4, 000 

6,  960 

16-010 

.81 

24.8 

4 

.167 

48.5 

39 

39 

-.03 

-.22 

.292 

80.0 

.00100 

85 

300 

45 

3.10 

12.2 

70.0 

86.5 

76.2 

4, 000 

6,  950 

16-010 

.81 

24.8 

4 

. 167 

48,5 

39 

39 

-.03 

-.22 

.292 

45.2 

.00179 

87 

SOD 

, 15 

5.78 

13.2 

80.2 

87. 1 

82.4 

4,350 

16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

,280 

8.70 

.00933 

99 

SOD 

15 

5.78 

13.2 

80.2 

87. 1 

82.4 

4,350 



16-010 

.81 

24.8 

4 

.167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

8. 72 

.00930 

99 

SOD 

15 

5.78 

13.2 

80.2 

87.1 

82.4 

4,350 



16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

8.  76 

,00927 

99 

SOD 

30 

4.65 

13.5 

81.  7 

92.5 

87.4 

4,350 



16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

8.90 

,00910 

99 

SOD 

45 

3. 10 

13.3 

8(.7 

88.2 

83.4 

4,  350 



16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

8.85 

.00905 

99 

30  D 

60 

1.55 

13.5 

82.0 

90.5 

85.5 

4,350 

”** 

16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

9. 54 

.00852 

. 99 

Chordwise  laminations 

40A 

0 

6.20 

9.4 

57.4 

90.0 

88.4 

3,  540 

5,  250 

16-010 

0.81 

24.8 

4 

0. 167 

46 

40 

40 

-0. 08 

-0.20 

0. 277 

36.5 

0. 00222 

0 

40A 

0 

6.20 

9.6 

57. 1 

91.0 

88.5 

3,540 

5,  250 

16-010 

.81 

24.8 

4 

. 167 

46 

40 

40 

-.08 

-.20 

.277 

24.2 

.00334 

90 

40A 

0 

6.  20 

9.6 

57. 1 

91.0 

88.5 

3,  540 

5,  250 

16-010 

.81 

24.8 

4 

. 167 

46 

40 

40 

-.08 

-.20 

.277 

37.7 

.00215 

89 

40A 

0 

6.20 

9.6 

57.  1 

91.0 

88.5 

3,  540 

5,  250 

16-010 

.81 

24.8 

4 

. 167 

46 

40 

40 

-.08 

-.20 

.277 

75.0 

.00108 

82 

40A 

15 

5.78 

9.3 

55.8 

90.6 

88.2 

3,  540 

5,  250 

16-010 

.81 

24.8 

4 

. 167 

46 

40 

40 

-.08 

-.20 

.277 

35. 1 

.00231 

0 

40A 

30 

4.  65 

9.3 

55.8 

90.6 

88.2 

3,  540 

5,  250 

16-010 

.81 

24.8 

4 

. 167 

46 

40 

40 

-.08 

-.20 

.277 

37.5 

.00216 

0 

40B 

0 

6.  20 

9.5 

55.0 

90.5 

85.5 

3,710 

5, 020 

16-010 

.81 

24.8 

4 

. 167 

49 

40 

40 

-.02 

-.20 

.297 

35.5 

.00228 

0 

400 

0 

6.20 

9.0 

54.4 

61.0 

58.2 

2,  280 

4,350 

16-010 

.81 

24.8 

4 

. 167 

46 

38.5 

38.5 

-.08 

-.23 

.287 

8.74 

.00928 

100 

40D 

0 

6. 20 

9.4 

58.0 

88.9 

84.0 

3,330 

5,  050 

16-010 

.81 

24.8 

4 

. 167 

48 

39,5 

39.5 

-.04 

-.21 

.280 

79.0 

.000969 

84 

40D 

15 

5.78 

9.6 

58.3 

88.9 

84.0 

3, 330 

5, 050 

16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

36.2 

.00212 

89 

40D 

15 

5.78 

9.5 

57.9 

87.5 

82.6 

3,  330 

5, 050 

16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.  5 

-.04 

-.  21 

.280 

80.0 

.000956 

87 

40D 

30 

4.  65 

9.5 

57.5 

89.0 

84.1 

3,  330 

5,  050 

16-010 

.81 

24.8 

4 

, 167  ' 

48 

39.5 

,39.5 

-.04 

-.21 

.280 

88.2 

.000867 

85 

40D 

45 

3. 10 

9.6 

58.3 

88.9 

84.0 

3,  330 

5,  050 

16-010 

.81 

24.8 

4 

. 167 

48 

39.5 

39.5 

-.04 

-.21 

.280 

39. 1 

. 00196 

86 

TABLE  III.— DATA  FOR  MODELS  USED  IN 


Model 

A 

(deg) 

A, 

(cps) 

fh 

(cps) 

fi 

(cps) 

fa 

(cps) 

GJ 

(lb -in  .2) 

El 

(lb-in.2) 

NAG  A 
airfoil 
section 

/ 

(in.) 

c 

(in.) 

b 

(ft) 

X(f 

(percent 

chord) 

Xta 

(percent 

chord) 

Xeo' 

(percent 

chord) 

a+Xa 

a 

r«2 

1 

K 

P 

/ slugs  \ 
\ cu  ft  / 

Percent 

Freon 

50A 

-30 

4. 65 

15 

87 

168 

137 

10, 100 

14, 100 

16-010 

0..81 

24.8 

4 

0. 167 

50 

33 

33 

0.0 

-0. 34 

0.352 

7. 98 

0. 00895 

96 

50A 

-15 

5.  78 

15 

87 

168 

137 

10. 100 

14, 100 

16-010 

.81 

24.8 

4 

.167 

50 

33 

33 

.0 

-.34 

.352 

8.00 

.00892 

96 

50A 

0 

6.20 

15 

87 

163 

133 

10, 100 

14, 100 

16-010 

.81 

24.8 

4 

.167 

50 

33 

33 

.0 

-.34 

.352 

33.1 

.00216 

0 

50B 

0 

6.20 

14 

82 

166 

116 

11,400 

11,900 

16-010 

.81 

24.8 

4 

. 167 

50 

26 

26 

,0 

-.48 

.456 

8.66 

.00823 

99 

SOB 

15 

5.  78 

14 

80 

166 

116 

11,400 

11,900 

16-010 

.81 

24.8 

4 

.167 

50 

26 

26 

.0 

-.48 

.456 

8.58 

.00831 

99 

50B 

30 

4.65 

14 

80 

166 

116 

11,400 

11,900 

16-010 

.81 

24.8 

4 

.167 

50 

26 

26 

.0 

-.48 

.456 

9. 04 

.00787 

99 

50B 

45 

3. 10 

14 

80 

166 

116 

11,400 

11,900 

16-010 

.81 

24.8 

4 

.167 

50 

26 

26 

.0 

-.48 

.456 

9.45 

.00756 

99 
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SWEPT  MODELS— SERIES  I 


/. 

(cps) 

/b 

(cps) 

/a 

(cps) 

A 

/« 

A 

fs 

A 

/a 

(deg) 

Q 

Vsq  nj 

M 

V. 

(mph) 

Vb 

(mph) 

Vb' 

(mph) 

Va 

(mph) 

bua 

V, 

Vb 

V. 

Va 

Vd 

(mph) 

Remarks 

Spruce  wings 

66 

70 

0.62 

0.93 

50 

235 

0.82 

274 

260 

260 

■■■ 

1.80 

1.05 

■■■ 

314 

Tunnel  excitation  frequency,  67  cps. 

42 

40 

1. 12 

1.03 

■■in 

80 

85.0 

.24 

191 

129 

129 

BHM 

3.58 

1.48 

583 

AfnHpi  failPd  / Slotted  4%  inches  from  trailing 
.Model  faiied.|  Slots  uncovered. 

38 

42 

.87 

.91 

um 

170 

70.5 

.74 

262 

197 

197 

4.22 

1.33 

BUS 

183 

64 

70 

.63 

.92 

■iiM 

70 

375 

.64 

218 

176 



1.54 

1.24 

BMiH 

175 

62 

71 

71 

.59 

.87 

0.87 

50 

320 

.71 

245 

206 



205 

1.70 

1.19 

1.20 

217 

Tunnel  excitation  frequency,  61  cps. 

55 

69 

69 

.54 

.80 

.80 

50 

307 

.79 

276 

225 



220 

1.95 

1.23 

1.25 

245 

61 

60 

65 

.66 

1.01 

.94 

70 

334 

.62 

202 

154 



159 

1. 77 

1.31 

1.27 

149 

54 

56 

61 

.59 

.97 

.88 

60 

300 

.56 

196 

134 



166 

2.11 

1.46 

1. 18 

119 

37 

51 

53 

.41 

.72 

.70 

40 

234 

.81 

275 

191 

245 

2.99 

1.44 

1. 12 

187 

37 

53 

58 

.40 

.70 

.64 

40 

265 

.51 

179 

103 

107 

184 

2.71 

1.73 

.97 

105 

36 

51 

55 

.39 

.71 

.65 

30 

264 

.62 

222 

124 

127 

222 

3.35 

-1. 79 

1.00 

122 

Balsa  wings 

46 

48 

46 

48" 

46 

0.82 

.83 

.72 

m 

i.'oe 

.98 

70 

50 

50 

101 

74.7 

54.2 

m 

104 

119 

224 

97,3 

95.0 

167 

— 

'Ve' 

168 

1.25 

1.41 

2.64 

1.07 

1.25 

1.34 

i.’24 

1.33 

79.9 

107 

238 

1 Tunnel  excitation  frequency,  49  cps. 
[Slotted  2He  inches  from  trailing  edge. 

62 

.68 

130 

189 

.42 

142 

137 





1.31 

1.04 

110 

62 

65 

.70 

1.01 

.95 

70 

152 

.62 

212 

176 



175 

1.95 

1.21 

1.21 

180 

Tunnel  excitation  frequency,  61  cps. 

63 

.67 

.96 

60 

171 

.66 

229 

185 





2.07 

1.24 



190 

Tunnel  excitation  frequency,  61  cps. 

65 

.59 

.87 

.82 

90 

152 

.81 

275 

221 



224 

2.53 

1.24 

1.23 

49 

.71 

1.06 

o 

90 

125 

.34 

121 

97.1 





1.63 

1.25 



49 

58 

.65 

1.00 

.84 

40 

.54 

132 



145 

2.35 

1. 37 

1.24 

O 

48 

.60 

.95 

40 

.64 

215 

160 





2.82 

1. 35 



44 

83.5 

.76 

281 

226 





3.  76 

1.25 



34 

43 

45 

.47 

.79 

.75 

'eo' 

78.0 

.81 

277 

226 



252 

3.77 

1.22 

1.10 

232 

- 

29 

37 

40 

.44 

.75 

.72 

10 

76.8 

.79 

272 

161 

169 

278 

5.90 

1.69 

.98 

210 

Model  faUed. 

45 

48 

.... 

— 

73.6 

.41 

139 

93.5 

97.5 

161 

2.85 

1.49 

.86 

115 

Model  failed. 

WINGS— SERIES  II 


(cps) 

/b 

(cps) 

/a 

(cps) 

A 

A 

A 

/« 

A 

/A 

(deg) 

Q 

\sq  (tj 

M 

V. 

(mph) 

Vb 

(mph) 

Vb' 

(mph) 

Va 

(mph) 

g« 

bua 

V, 

Vb 

V, 

Va 

Vd 

(mph) 

Remarks 

Lengthwise  laminations 

■ 

45 

HHI 

70 

127 

0.30 

232 

209 

209 

3. 91 

1.11 

318 

Wing  faUed;  tunnel  excitation  frequency, 

y 

40.7  cps. 

44 

46 

.54 

■ WlM 

60 

121 

.29 

229 

212 

212 

215 

3.64 

1.06 

263 

MM 

47 

47 

.57 

60 

126 

.30 

235 

214 

214 

229 

3.74 

1.03 

266 

44 

47 

.57 

1. 14 

40 

129 

.30 

237 

212 

212 

229 

3.77 

1. 12 

1.04 

263 

HI 

44 

47 

166 

.34 

269 

214 

214 

265 

4.28 

1.26 

1.01 

266 

44 

47 

.62 

1.25 

1.16 

169 

.35 

272 

212 

212 

265 

4. 32 

1.28 

1.02 

263 

mm 

46 

48 

275 

.45 

350 

219 

219 

353 

5.59 

.99 

265 

^\  ing  failed. 

34 

41 

.45 

.83 

30 

104 

.63 

219 

189 

189 



4.05 

1.16 



249 

24 

37 

.32 

.66 

30 

74.4 

.81 

286 

290 

290 



5.29 

.986 



393 

36 

.29 

.59 

30 

79.6 

.82 

288 

270 

270 



5.43 



369 

Wing  failed. 

36 

.36 

.74 

30 

72.5 

.78 

278 

282 

282 



5. 13 

.986 



376 

41 

. .48 

.89 



50 

113 

.65 

226 

187 

187 



4. 18 

1.21 



248  ‘ 

41 

88.1 

.81 

284 

263 

263 



5.22 



355 

38 

.40 

.80 



.30 

88.6 

.81 

289 

260 

260 



5. 32 

1.11 



352 

41 

.53 

.98 

40 

147 

.76 

273 

199 

199 

5.02 

1.37 



265 

51 

51 

.61 

.98 

.98 

50  . 

no 

.31 

104 

100 

100 

ioo 

1.  77 

1.04 

119 

52 

52 

.61 

.98 

HctII 

50 

115 

.32 

107 

100 

100 

101 

1.82 

1.06 

119 

52 

52 

.61 

.98 

50 

121 

.33 

109 

100 

100 

101 

1.85 

1.08 

119 

54 

56 

.61 

.98 

BenI 

40 

150 

.38 

123 

106 

106 

116 

1.97 

1.16 

1.06 

129 

52 

55 

.67 

BItivJ 

60 

178 

.41 

135 

101 

101 

130 

2.26 

1.34 

1.04 

122 

Ih 

53 

57 

.77 

m 

90 

• 

307 

.55 

182 

107 

107 

182 

2.98 

1.00 

130 

B 

Chordwise  laminations 

62  • 

47 

0.70 

1.33 

140 

82.0 

0.24 

188 

211 

211 

2.98 

0.892 

260 

56 

49 

.63 

1.15 

60 

86.7 

.45 

155 

184 

184 



2.45 

.843 

212 

Tunnel  excitation  frequency,  57  cps. 

61 

46 

.69 

1. 33 

70 

69.2 

.50 

172 

215 

215 



2. 72 

,800 



265 

61 

43 

.69 

1.44 

70 

63.6 

.65 

234 

299 

299 



3.70 

.784 



373 

61 

46 

.68 

1.30 

90 

93.9 

.26 

201 

208 

208 



3.19 

.967 



254 

46 

127 

.30 

235 

213 

313 



3.73 

1.10 



263 

Wing  failed. 

61 

45 

.71 

1.37 

10 

77.7 

.23 

178 

191 

191 



2.91 

.932 



247 

Wing  failed. 

29 

36 

.51 

.83 

80 

57.6 

.23 

75.3 

74.5 

74.5 

•1.81 

1. 01 



90.4 

^\  ing  failed. 

62 

40 

.73 

1.54 

30 

52.3 

.62 

221 

281 

281 



3.69 

.787 



370 

Tunnel  excitation  frequency,  61  cps. 

62 

44 

. 74 

1.41 

70 

72.7 

.51 

177 

194 

194 



2.95 

.913 



251 

61 

40 

.74 

1.54 

50 

57.9 

.67 

236 

279 

279 



3. 99 

.846 



367 

65 

40 

.77 

1.63 

60 

79.4 

.82 

290 

298 

298 



4.83 

.973 



392 

32 

44 

... 

.38 

.73 

-- 

80 

138 

.73 

254 

200 

200 

4.24 

1.27 

— 

261 

Wing  failed. 

SWEEPFORWARD  TESTS— SERIES  III 


A 

(cps) 

(cps) 

/a 

(cps) 

A 

A 

A 

/b 

A 

/A 

(deg) 

(si) 

M 

V. 

(mph) 

Vb 

(mph) 

Vb' 

(mph) 

Va 

(mph) 

b<a 

V, 

Vb 

V. 

Va 

Vd 

(mph) 

Remarks 

■ 

98 

[HI 

73.4 

0.26 

86.9 

174 

174 

0.888 

0.498 

294 

Model  diverged. 

98 

BBHB 

107 

.31 

105 

174 

174 

1.075 

.603 

294 

Model  diverged. 

79 

1. 29 

40 

211 

.40 

303 

310 

319 

3.18 

.949 

579 

91 

94 

7S 

Q7 

100 

260 

.52 

170 

172 

172 

2.05 

704 

94 

\j2 

70 

257 

.51 

169 

172 

2,04 

700 

ModelfaUed. 

74 

91 

180 

352 

.61 

202 

179 

179 

2.44 

720 

98 

93 

.84 

^ 

100 

423 

.68 

226 

179 

179 

2.73 

1.265 

736 

252 
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TABLE  IV.— SWEPT  MODELS  OF  A CONSTANT 


Model 

A 

(deg) 

A. 

(cps) 

Ai 

(ops) 

fi 

(cps) 

/« 

(cps) 

GJ 

(Ib-in.s) 

El 

(lb-in.2) 

NACA 

airfoil 

section 

M 

cr 

1 

(in.) 

c 

(in.) 

b 

(ft) 

Xcf 

(percent 

chord) 

X,a 

(percent 

chord) 

Xta 

(percent 

chord) 

a -\-Xa 

a 

62 

15 

7. 95 

4.9 

29.1 

72.5 

71.8 

3,730 

7,820 

16-010 

0.81 

34 

4 

0. 167 

41 

44 

46 

-0.18 

-0. 12 

0. 175 

62 

15 

7.95 

4.9 

29,1 

73.4 

72.5 

3,730 

7, 820 

16-010 

.81 

34 

4 

. 167 

41 

44 

46 

-.18 

-.12 

.175 

62 

15 

7.95 

4.9 

29.1 

73.4 

72.5 

3,730 

7,820 

16-010 

.81 

34 

4 

.167 

41 

44 

46 

-.18 

-.12 

.175 

62 

15 

7.95 

4.9 

29.6 

73.5 

72.7 

3,730 

7,820 

16-010 

.81 

34 

4 

.167 

41 

44 

46 

-.18 

-.12 

.175 

63 

30 

6.38 

4.6 

25.8 

73.5 

73.0 

5,450 

5,870 

16-010 

.81 

34 

4 

.167 

41 

44 

47 

-.18 

-.  12 

.175 

63 

30 

6.38 

3.9 

24.0 

73.0 

72,4 

5,450 

5,870 

16-010 

.81 

34 

4 

.167 

41 

44 

47 

-.18 

-.12 

.175 

63 

30 

6.38 

4.6 

25.8 

73.5 

73.0 

5,450 

5,870 

16-010 

.81 

34 

4 

.167 

41 

44 

47 

-.18 

-.12 

.175 

63 

30 

6.38 

4.0 

24.0 

73.0 

72.4 

5,450 

5,870 

16-010 

.81 

34 

4 

. 167 

41 

44 

47  • 

-.18 

-.12 

.175 

63 

30 

6.38 

4.0 

24.0 

73.0 

72.4 

5,450 

5,870 

16-010 

.81 

34 

4 

.167 

41 

44 

47 

-.18 

-.12 

.175 

64 

45 

4. 75 

4.4 

29.0 

66.0 

65.5 

3,500 

6,080 

16-010 

.81 

34 

4 

.167 

41 

44 

57 

-.18 

-.12 

.175 

64 

45 

4.75 

4.2 

27.0 

66.0 

65.5 

3,500 

6,080 

16-010 

.81 

34 

4 

.167 

41 

44 

57 

-.18 

-.12 

.175 

64 

45 

4.75 

4.2 

27.0 

66.0 

65.5 

3,500 

6, 080 

16-010 

.81 

34 

4 

.167 

41 

44 

57 

-.18 

-.  12 

.175 

64 

45 

4.75 

4. 1 

27.0 

65.0  ! 

64.4 

3, 500 

6,080 

16-010 

.81 

34 

4 1 

. 167 

41 

44 

57 

-.18 

-.12 

.175 

64 

45 

4.75 

4.1 

27.0  1 

65.0 

64.4 

3,500 

* ‘6, 080 

16-010 

.81 

34 

4 

.167  ^ 

41 

44 

57 

-.18 

-.12 

.175 

65 

60 

2. 12 

5.7 

33.4 

77,0 

76.2 

4, 650 

11,  980 

16-010 

.81 

34 

4 

.167 

41 

44 

71 

-.18 

-.  12 

.175 

TABLE  V.— DATA  FOR  SWEPT  MODELS  OF  A 


Model 

A 

(deg) 

Aj 

Ai 

(cps) 

/a  2 
(cps) 

ft 

(cps) 

(c^s) 

GJ 

(!b-in.2) 

El 

(lb-in.2) 

NACA 

airfoil 

section 

1 

(in.) 

c 

(in.) 

b 

(ft) 

Xct 

(percent 

chord) 

X«a 

(percent 

chord) 

X ta 

(percent 

chord) 

0 -f  Ja 

a 

r«2 

72 

15 

6.09 

7.6 

54 

97.3 

96.3 

3,730 

7.820 

16-010 

0.81 

26 

4 

0. 167 

41 

44 

46 

-0.18 

-0. 12 

0. 175 

72 

15 

6. 09 

7.6 

54  c 

97.3 

96,3 

3,730 

7, 820 

16-010 

.81 

26 

4 

.167 

41 

44 

46 

-.18 

-.12 

.175 

73 

30 

4.88 

6.4 

40.0 

98.0 

97.0 

5,450 

5,870 

16-010 

.81 

26 

4 

.167 

41 

44 

47 

-.18 

-.  12 

.175 

73 

30 

4. 88 

6.4 

40.0 

98.0  ; 

97.0 

5,450 

5,870 

16-010 

.81 

26 

4 

.167 

41 

44 

47 

-.18 

-.  12 

.175 

73 

30 

4.88 

6.4 

40.0 

98.0  i 

97.0 

5,450 

5,870 

16-010 

.81 

26 

4 

.167 

41 

44 

47 

18 

-.  12 

.175 

74 

45 

3. 25 

6.5 

40.0 

79.0  I 

78.2 

3,  500 

6,080 

16-010 

.81 

26 

4 

,167 

41 

. 44 

57 

-.18 

-.  12 

.176 

74 

45 

3. 25 

6.7 

39.5 

78.5 

77.7 

3,500 

6,080 

16-010 

.81 

26 

4 

.167 

41 

44 

57 

-.18 

-.  12 

. .175 

74 

45 

3.25 

6.7 

39.5 

78.5 

77.7 

3,500 

6,080 

16-010 

.81 

26 

4 

.167 

41 

44 

57 

-.  18 

-.  12 

.175 

75 

60 

1.65 

7.2 

51.8 

82.4 

81.6 

4,650 

11,  980 

16-010 

.81 

26 

4 

, .167 

41 

44 

71 

-.18 

-.  12 

.175 

75 

60 

1.65 

7.2 

51.8 

84.6 

83.8 

4, 650 

11,980 

16-010 

.81 

26 

4 

.167 

41 

44 

71 

-.  18 

-.12 

.175 

TABLE  VI.— DATA  FOR  TIP- 


Model 

A 

(deg) 

A/ 

(Cps) 

fh^ 

(cps) 

ft 

(cps) 

(C^s) 

GJ 

(lb-in.2) 

El 

(lb-in.3) 

NACA 

airfoil 

section 

' M» 

1 

(in.) 

c 

(in.) 

6 

(ft) 

(percent 

chord) 

Xga 

(percent 

chord) 

X,a' 

(percent 

chord) 

a +Xtt 

a 

Ta 

84-1 

45 

3.63 

10 

60 

133 

104 

16-010 

0.81 

29 

4 

0. 167 

51 

32 

44 

0. 02 

—0.36 

0 378 

84-2 

45 

3.63 

10 

61 

135 

107 

16-010 

.81 

29 

4 

.167" 

51 

32 

44 

.02 

-.36 

.378 

84-3 

45 

3.63 

9.6 

58 

118 

93 

16-010 

.81 

29 

4 

. 167 

51.  5 

32 

44 

.03 

—.36 

.378 

85-1 

60 

2.75 

5.0 

1 32 

92 

72 

10,800 

13. 400 

16-010 

.81 

44 

4 

.167 

50 

32 

58 

.0 

-.36 

.378 

85-2 

60 

2.75 

5.0 

31 

95 

75 

9,850 

12,400 

16-010 

.81 

44 

4 

i .167 

50 

. 32 

58 

.0 

-.36 

.378 

85-3 

60 

2.75 

5.0 

30 

80 

63 

11,200 

16,600 

16-010 

.81 

44 

4 

.167 

51 

32 

58 

.02 

-.36 

.378 

TABLE  VIL— DATA  FOR  MODELS  USED  TO  DETERMINE 


Model 

A 

(deg) 

A. 

Ai 

(cps) 

A 2 

(cps) 

ft 

(cps) 

(cps) 

GJ 

(lb-in.*) 

El 

(lb-in.2) 

NACA 

airfoil 

section 

1 

(in.) 

c 

(in.) 

b 

(ft) 

Xet 

(percent 

chord) 

X,a 

(percent 

chord) 

Xta 

(percent 

chord) 

a -{-Xa 

a 

r«2 

± 

91-1 

0 

6 

4.2 

24 

31 

23 

34, 100 

128, 000 

16-4)10 

48 

8 

0.333 

29.9 

48  ' 

• 48 

-0.402 

-0.04 

0. 307 

17.3 

91-2 

0 

6 

5.5 

36 

43 

43 

41,200 

108,300 

16-010 

48 

8 

.333 

41.0 

43.8 

43.8 

-.18 

-.124 

.179 

41.7 

91-2 

0 

6 

5.5 

36 

43 

43 

41,200 

108, 300 

16-010 

48 

8 

.333 

41.0 

43.8 

43.8 

-.18 

-.124 

.179 

56.4 

91-2 

0 

6 

5.3 

33 

42 

42 

41,200 

108,  300 

16-010 

48 

8 

.333 

41.0 

43.8 

43.8 

-.18 

-.124 

.179 

12.8 

91-2 

0 

6 

5.5 

36 

43 

43 

41,200 

108,  300 

16-010 

48 

8 

.333 

41.0 

43.8 

43.8 

-.18 

-.124 

.179 

95.5 

91-3 

0 

6 

5.0 

30 

40 

40 

28,500 

83,700 

16-010 

48 

8 

.333 

49.0 

.48.4 

48.4 

-.02 

-.032 

.160 

44.3 

91-3 

0 

6 

4.7 

29 

39 

39 

28,500 

83,  700 

16-010 

48 

8 

.333 

49.0 

48.4 

48.4 

-.02 

-.032 

.160 

36.4 

91-3 

0 

6 

4.7 

29 

39 

39 

28,500 

83,  700 

16-010 

48 

8 

.333 

49.0 

48.4 

48.4 

-.02 

-.032 

.160 

48.4 

92-1 

15 

6.09 

8.3 

48 

70 

62 

3,730 

7,820 

Modified 

16-010 

26 

4 

.167 

31.2 

44 

46 

-.376 

-.12 

.298 

77.9 

92-2 

15 

6.09 

8.3 

49 

95 

95 

3,730 

7,820 

Modified 

16-010 

26 

4 

.167 

42.9 

44 

46 

-.142 

-.12 

.136 

76.0 

92-3 

15 

6.09 

8.1 

47 

55 

52 

3,730 

7,820  ■ 

Modified 

16-010 

26 

4 

.167 

54.  5 

44 

46 

.090 

-.12 

.4U 

74.5 

93-1 

30 

4. 42 

6.3 

40 

78 

68 

5,450 

5,870 

Modified 

16-010 

23,6 

4 

.167 

30 

44 

47 

-.40 

-.12 

.310 

78.0 

93-2 

30 

4,42  ■ 

6.8 

44 

99 

99 

5,450 

5,870 

Modified 

16-010 

23.6 

4 

.167 

43 

44 

47 

-.16 

-.12 

.134 

74.0 

93-3 

30 

4. 42 

6.3 

51  . 

54 

50 

5,450 

5,870 

Modified 

16-010 

23.6 

4 

.167 

56 

44 

47 

.12 

-.12 

.428 

73.2 

94^1 

-(-45) 

3.81 

4.5 

26 

38 

35 

2, 120 

4,  520 

Modified 

16-010 

30.5 

4 

.167 

44.5 

56 

-.11 

.12 

.427 

68.2 

94-2 

-(-45) 

3. 81 

4.8 

28 

70 

70 

2, 120 

4,  520 

Modified 

16-010 

30.5 

4 

.167 

57.0 

56 

.14 

. 12 

.134 

68.2 

94-3 

-(-45) 

3.81 

4.6 

28 

40 

38 

2,120 

4,  520 

Modified 

16-010 

30.5 

4 

.167 

69.3 

56 

.386 

.12 

.307 

68.2 

95^-1 

60 

1.65 

5.6 

— 

54 

50 

1,900 

4,560 

Modified 

16-010 

26.4 

4 

.167 

31.4 

22 

41 

-.372 

-.56 

.267 

75.8 

95'-2 

60 

1.65 

5.9 

— 

71 

47 

1,900 

4,560 

Modified 

16-010 

26.4 

4 

.167 

42.8 

22 

41 

-.144 

-.56 

.308 

73.0 

95'-3 

60 

1.65 

5.8 

35 

40 

27 

1,900 

4,560 

Modified 

16-010 

26.4 

4 

.167 

54.3 

22 

41 

.086 

-.56 

.779 

69.0 
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LENGTH-CHORD  RATIO  OF  8.5— SERIES  IV 


P 

/ slugs  \ 

Percent 

Freon 

(cp*s) 

(cps) 

U 

L. 

•P 

(deg) 

M 

V, 

(mph) 

Vb 

(mph) 

Vfi' 

(mph) 

Vt 

bo)a 

V, 

Vb 

Vd 

(mph) 

Remarks 

\ cu  ft  / 

Jtt 

JB 

V sq  ft  / 

13.5 

0. 00925 

99 

22 

35 

0.28 

0.59 

30 

91.8 

0.29 

95.4 

105 

104 

1.85 

0.905 

91.6 

37.6 

.00333 

88 

20 

32 

.28 

.64 

20 

73.7 

.41 

143 

167 

171 

2.76 

.856 

153 

59.5 

.00210 

87 

19 

31 

.26 

.60 

20 

69.7 

.49 

175 

206 



3.37 

.850 

192 

130.0 

.000964 

85 

16 

29 

.22 

.55 

20 

57.5 

.66 

234 

300 



4.50 

.780 

284  . 

15.2 

.00745 

73 

19 

35 

.27 

.56 

180 

98.8 

.29 

111 

111 



2.12 

1.000 

97.6 

26.8 

.00424 

98 

18 

33 

.25 

.56 

110 

78.0 

.38 

129 

142 



2.49 

,908 

128 

46.0 

.00246 

50 

22 

32 

.30 

.69 

180 

82.1 

.40 

176 

183 



3.37 

.962 

170 

53.0 

.00214 

94 

19 

31 

.26 

.61 

140 

74.0 

.52 

179 

195 



3.46 

.918 

180 

98.2 

.00116 

92 

15 

29 

.20 

.50 

120 

62.2 

.64 

222 

262 



4.30 

.848 

246 

50.9 

.00217 

0 

19 

28 

.29 

. 67 

30 

69.6 

.22 

173 

174 

176 

3.69 

.995 

166 

12.1 

.00914 

97 

32 

70.6 

.24 

83.9 

91 

90 

1.80 

.923 

81.3 

No  record. 

41.9 

.00263 

54 

*18" 

29 

’.’27 

’.’61 

■”6 

68.3 

.36 

155 

160 

160 

3.31 

.968 

132 

51.3 

.00215 

92 

17 

27 

.26 

.62 

30 

63.5 

.47 

165 

172 

171 

3.59 

.960 

173 

Record  shown  in  figure  4. 

116,0 

.000953 

86 

16 

25 

.25 

.65 

0 

57.5 

.66 

235 

248 



5. 10 

,948 

260 

44.1 

.00297 

94 

17 

33 

.22 

.51 

0 

172 

.67 

234 

186 

— 

4.29 

1.258 

176 

CONSTANT  LENGTH-CHORD  RATIO  OF  6.5— SERIES  V 


1 

fC 

P 

/slugs  \ 
V cu  ft  / 

Percent 

Freon 

/. 

(cps) 

/» ^ 
(cps) 

/. 

U 

A 

fn 

•P 

(deg) 

Q 

(~) 
V sq  ft  / 

M 

V, 

(mph) 

Vb 

(mph) 

Vb' 

(mph) 

04 

bo)a 

V, 

Va 

Vd 

(mph) 

Remarks 

37.2 

0.00336 

94 

30 

43 

0.31 

0.71 

10 

143 

0.59 

197 

220 

221 

2.88 

0. 895 

201 

81.5 

.00153 

89 

22 

40 

.23 

.55 

0 

109 

.74 

255 

318 

319 

3.73 

.804 

297 

34.7 

.00327 

96 

29 

43 

.30 

.67 

133 

.57 

193 

216 

214 

2.78 

.893 

196 

57.4 

.00198 

95 

24 

41 

.24 

.57 

'so’ 

118 

.69 

234 

273 



3.38 

.853 

252 

108 

.00105 

‘93 

22 

39 

.22 

.55 

90.8 

.82 

280 

363 



4. 05 

.770 

345 

14.2 

.00779 

98 

29 

37 

.37 

.77 

’ o’ 

118 

.35 

118 

115 



2.11 

1.025 

111 

Wing  failed. 

56.0 

.00197 

93 

26 

33 

.33 

.77 

0 

104 

.64 

219 

214 



3.95 

1.023 

218 

120 

.000923 

90 

21 

31 

.28 

.69 

0 

85.5 

.83 

291 

308 



5.24 

.945 

320 

15.8 

.00829 

95 

30 

39 

.47 

.99 

30 

294 

.54 

181 

127 

128 

3.11 

1.425 

113 

\ModeI  damaged  at  root. 

16.7 

.00783 

100 

39 

38 

.46 

.97 

0 

295 

.56 

186 

134 

136 

3.05 

1.386 

122 

/Rear  half  separated  from  base. 

EFFECT  MODELS— SERIES  VI 


1 

K 

P 

/slugs  \ 
\ cu  ft  / 

Percent 

Freon 

/. 

(cps) 

/r  ^ 
(cps) 

f. 

/« 

A 

fR 

<P 

(deg) 

Q 

\ sq  ft  ) 

M 

V, 

(mph) 

Vb 

(mph) 

Vb' 

(mph) 

bua 

V, 

Vb 

Vd 

(mph) 

Remarks 

9. 15 

0. 00781 

99 

75 

76 

0. 65 

0. 89 

50 

339 

0.60 

199 

142 

2.66 

1.40 

253 

/Tip  perpendicular  to  air  stream. 
iModel  faded. 

9.  25 

.00764 

99 

60 

78 

.51 

.70 

0 

382 

.63 

213 

146 

— 

2.80 

1.47 

259 

/Tip  perpendicular  to  leading  edge. 
IModel  failed. 

9.  55 

.00778 

99 

68 







346  * 

.60 

201 

127 



3.02 

.1.58 

229 

/Tip  parallel  to  air  stream. 
IModel  failed. 

34.6 

.00205 

0 

35 

43 

.44 

.72 



225 

.41 

322 

185 

189 

6.24 

: 1.74 

341 

fTip  perpendicular  to  air  stream. 
\Model  failed. 

34.1 

.00208 

0 

27 

46 

.33 

.54 



173 

.35 

278 

189 

196 

6. 21 

1.47 

348 

fTip  perpendicular  to  leading  edge, 
IModel  failed. 

34.5 

.00207 

—X 

0 

22 

38 

.32 

..53 

0 

203 

.39 

304 

159 

159 

6.77 

1.91 

295 

/Tip  parallel  to  air  stream. 
IModel  failed. 

EFFECT  OF  CENTER-OF-GRAVITY  SHIFT— SERIES  VII 


p 

/slugs\ 
\cu  ft/ 

Percent 

Freon 

A 

(cps) 

fR 

(cps) 

1 

*p 

(deg) 

(A) 

M 

V. 

(mph) 

Vb 

(mph) 

Vb' 

(mph) 

04 

btaa 

■ 

Remarks 

0. 00871 

95 

12.5 

15 

0.54 

0.82 

153 

0.37 

127 

231 

231 

3.83 

0. 548 

79.9 

Model  failed. 

.00239 

0 

16 

19 

.37 

.81 

40 

109 

.28 

208 

207 

207 

3.40 

1.000 

192 

.00177 

0 

16 

19 

.38 

.86 

20 

105 

.32 

239 

239 

239 

3.93 

1.000 

224 

.00783 

81 

20 

21 

.47 

.94 

40 

128 

.33 

122 

120 

120 

2.05 

104 

.00105 

0 

15 

18 

.35 

.83 

30 

106 

.40 

303 

308 

308 

4.97 

291 

.00226 

0 

18 

17 

.45 

1.09 

100 

61.5 

.20 

159 

158 

158 

2.78 

EKilH 

157 

.00274 

76 

15 

17 

.39 

.91 

10 

58.4 

.39 

142 

141 

141 

2.54 

1.01 

139 

.00207 

75 

14 

16 

.37 

.89 

0 

57.2 

.44 

163 

161 

161 

2,92 

l.Ol 

161 

.00214 

0* 

26 

36 

.42 

.72 

0 

195 

.38 

293 

415 

422 

6.60 

.706 

245 

. 00219 

0 

22 

36 

.23 

.66 

20 

151 

.33 

255 

258 

257 

3.76 

.990 

251 

.00224 

0 

26 

28 

.49 

.93 

20 

87.5 

.25 

191 

176 

177 

5. 12 

1.09 

237 

.00199 

0 

26 

26 

.39 

.65 



225 

.41 

324 

503 

.... 

6,73 

.645 

267 

.00210 

0 

23 

37 

.23 

.64 

70 

156 

.34 

264 

265 

.... 

3,72 

.997 

257 

.00212 

0 

23 

27 

.45 

.85 

20 

77.2 

.23 

185 

170 

.... 

5.15 

1.09 

231 

.00223 

0 

18 

20 

.51 

.88 

20 

61.0 

.20 

160 

160 

— 

6.38 

1.00 

122 

1 

.00223 

0 

18 

23 

.26 

.78 

— 

62.2 

.21 

162 

139 

.... 

3.24 

1.17 

136 

[•Section  reversed. 

.00223 

0 

17 

16 

.44 

1.04 

40 

39.5 

.17 

129 

93.2 

.... 

4.78 

1.39 

110 

1 

.00201 

0 

24 

27 

.49 

.89 

30 

258 

.44 

345 

279 

300 

5,20 

1.24 

«» 

1 

.00209 

0 

23 

26 

.48 

.86 

20 

212 

.40 

307 

186 

189 

9.15 

1.66 

CD 

[•Slotted  2He  inches  from  trailing  edge. 

.00218 

0 

23 

20 

.84 

i.as 

30 

125 

.30 

234 

121 

123 

12.1 

1.94 

CO 

1 
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ANALYSIS  OF  TURBULENT  FREE -CONVECTION  BOUNDARY  LAYER  ON  FLAT  PLATE  ^ 

By  E.  R.  G.  Eckert  and  Thomas  W.  Jackson 


SUMMARY 

M'ith  the  use  of  Kdr  man's  integrated  momentum  equation  for 
the  boundary  layer  and  data  on  the  wall-shearing  stress  and 
heat  transfer  in  forced-convection  flow a calculation  was  car- 
ried out  for  the  flow  and  heat  transfer  in  the  turbulent  free- 
convection  boundary  layer  on  a vertical  flat  'plate.  The  calcu- 
lation is  for  a fluid  with  a Prandtl  number  that  is  close  to  1 . 

A formula  was  derived  for  the  heat-transfer  coefficient  that 
was  in  good  agreement  with  experimental  data  in  the  range  of 
Crashof  numbers  from  10^^  to  10^^.  Because  of  the  good 
agreement  between  the  theoretical  formula  and  the  experimental 
data,  the  formula  may  be  used  to  obtain  data  for  higher  Grashof 
numbers.  The  calculation  also  yielded  formulas  for  the  mao:- 
imum  velocity  in  the  boundary  layer  and  for  the  boundai^j- 
layer  thickness. 

INTRODUCTION 

Recent  developments  in  the  field  of  gas  turbines  have  re- 
vealed the  need  for  data  on  heat  transfer  in  turbulent  free- 
con  vection  flow  at  veiy  high  Grashof  numbers  (10^^  to 
10^^).  For  example,  in  using  the  method  of  free-convection 
cooling  for  turbine  blades,  the  centrifugal  forces  generate 
a free-convection  flow  of  the  cooling  fluid  in  the  blade  pas- 
sages that  is  within  the  preceding  range  of  Grashof  numbers. 
Free-convection  flow  is  also  superimposed  on  the  flow  of  the 
cooling  air  in  the  hollow  blades  of  air-cooled  gas  turbines 
and  may  influence  considerably  the  heat  transfer  under  cer- 
tain conditions.  The  radial  flow  present  in  the  cooled 
boundary  layers  on  the  outside  of  cooled  turbine  blades  is 
also  of  a type  similar  to  the  free-convection  flow  in  the  blade 
coolant  passages. 

In  order  to  understand  and  to  evaluate  such  cooling  proc- 
esses, information  on  the  heat  transfer,  the  boundary-layer 
thiclaiess,  and  the  velocities  coimected  with  free-convection 
flow  is  necessary.  The  knowledge  of  turbulent  free- 
convection  flow,  however,  is  limited.  Experiments  on  plane 
vertical  surfaces  give  heat-transfer  data  up  to  Grashof 
times  Prandtl  numbei*s  of  10^^  (summarized  in  references  1 
and  2).  Griffiths  and  Davis  (reference  3)  determined,  in 
addition,  temperature  and  velocity  profiles,  Watzinger  and 
Johnson  (reference  4)  measured  heat  transfer  and  temper- 
ature and  velocity  profiles  in  a superimposed  forced-  and 
free-convection  flow  in  a vertical  tube.  Brown  and  Marko 
(reference  5)  show  by  theoretical  considerations  that  a gen- 


eral relation  exists  between  the  Grashof  number  that  chai“ 
acterizes  free-convection  flow  and  the  Reynolds  number  that 
characterizes  forced  flow.  Colburn  and  Hougen  (reference 
6)  derive  a formula  for  the  heat  transfer  in  turbulent  free- 
convection  flow  on  a vertical  plate.  However,  only  the 
laminar  sublayer  in  the  immediate  neighborhood  of  the  wall 
was  investigated  in  reference  6 and  the  thickness  of  this 
sublayer,  made  dimensionless  by  the  shearing  stress  velocity 
and  the  kinematic  viscosity,  was  assumed  to  be  the  same 
as  in  forced  flow.  This  analysis  therefore  gives  no  informa- 
tion on  the  whole  boundaiy-layer  thickness  and  on  the 
velocities. 

The  problem  of  turbulent  free-convection  flow  is  ap- 
proached herein  using  another  method.  Certain  shapes  are 
assumed  for  the  temperature  and  velocity  profiles  in  the 
free-convection  boundary  layer.  In  addition,  an  empirical 
relation  for  the  shearing  stress  on  the  wall  and  a heat- 
transfer  coefficient  derived  from  forced-convection  flow  are 
used  to  estimate  the  boundary-layer  thickness,  the  maxi- 
mum velocity  within  the  boundary  la3^^er,  and  a heat-transfer 
coefficient  for  free-convection  flow.  No  experimental  free- 
convection  measurements  are  used  in  the  calculations. 

SHEARING  STRESS  AND  HEAT  FLOW  IN  FORCED- 
CONVECTION  BOUNDARY  LAYER 

The  relations  for  forced-convection  flow  that  are  needed  in 
the  theoretical  free-convection  calculations  are  compiled  in 
this  section.  It  is  known  that  for  Rejoiolds  numbers  that 
are  not  too  high,  the  velocity  profile  in  a turbulent  boundary- 
layer  on  a flat  plate  can  be  represented  hy  the  equation 


y 

u=u,  [ f 
<0 


1/7 


(1) 


(All  symbols  are  defined  in  the  appendix.)  The  shearing 
stress  on  the  plate  sui^face  in  such  a flow  is  given  by  the 
equation  (reference  7,) 


^ \l/4 


,,-0  0225 


(2) 


This  equation  is  the  relation  for  the  shearing  stress  on  the 
wall  that  is  used  in  the  derivation  of  the  boundary-layer 
equations  for  the  turbulent  free-convection  boundary^'  layer. 
By^  introducing  equation  (1),  the  velocity-  profile,  the  shear- 


1 Supersedes  NACA  TN  2207.  “Analysis  of  Turbulent  Free-Convection  Boundary-  Layer  on  Flat  Plate”  by  E.  R.  G.  Eckert  and  Thomas  W.  Jackson,  1950. 
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ing  stress  can  also  be  expressed  by  the  velocit3’’  Ui  at  the  outer 
edge  of  the  boundar^^  Isijer  and  b}^  the  boundar3^-layer 
thickness  8: 

Tuj=  0.0225  (3) 

For  fluids  or  gases  with  a Prandtl  number  equal  to  1,  the 
temperature  profile  is  similar  in  shape  to  the  velocity  profile. 
When  the  temperatures  ^vithin  the  boundar3^  la3^er  are  meas- 
ured with  the  temperature  outside  the  boimdar3^  layer  as 
reference,  the  expression  for  the  temperature  profile  is 


(4) 


Equation  (4)  is  valid  for  values  of  y less  than  8.  For  larger 
values  of  y,  0=0. 

Re3molds  analogy  between  the  turbulent  exchange  of 
momentum  and  heat  gives  the  relation  (reference  8) 


(5) 


Because  the  temperature  and  velocity  profiles  are  similar  in 
shape  for  a Prandtl  number  equal  to  1,  the  finite  temperature 
and  velocity  differences  at  two  arbitrary  points  in  the  flow 
can  be  introduced  into  the  last  equation  instead  of  the  dif- 
ferentials. Using  the  differences  between  the  wall  and  the 
flow  outside  the  boundary  la3w  and  specifying  the  heat  flow 
and  the  shearing  stress  for  the  position  at  the  wall'give  the 
following  equation: 


Ui 


(6) 


The  introduction  of  the  law  (equation  (3))  for  the  shearing 
stress  into  this  expression  yields  the  following  equation: 

g„=0.0225  gpCpUiBu,  (^^  ' (7) 


which  is  the  boundary-layer  thickness  on  a flat  plate  in 
turbulent  forced-convection  flow  (reference  1,  p.  481),  trans- 
forms equation  (8)  into  the  widely  accepted  formula  for  heat 
transfer  on  a flat  plate  in  the  turbulent  range 

DETERMINATION  OF  TURBULENT  FREE-CONVECTION 
BOUNDARY  LAYER 

DERIVATION  OF  BOUNDARY-LAYER  EQUATIONS 

If  a stationary  plane  vertical  wall  is  heated  to  a tempera- 
ture higher  than  the  surroimdings,  the  layer  of  fluid  adjacent 
to  the  wall  is  heated  by  conduction  from  the  wall.  In  this 
way,  buoyant  forces  are  generated  that  cause  this  layer  to 
flow  in  an  upward  direction.  This  layer  of  fluid  adjacent  to 
the  wall  to  which  the  vertical  motion  is  confined  is  called 
the  free-convection  boundary  layer.  The  boundary  layer 
begins  with  zero  thickness  at  the  lower  end  of  the  vertical 
wall  and  increases  in  thickness  in  the  upward  direction.  At 
a certain  distance  from  the  lower  end  of  the  wall  the  bound- 
ary layer  becomes  turbulent,  depending  on  the  critical 
Grashof  number.  The  distance  measured  vertically  from 
the  lower  end  of  the  wall  is  called  x and  .the  distance  normal 
to  the  wall  y.  In  order  to  determine  the  boundary-layer 
thickness  for  steady  state,  a small  stationary  volume  ele- 
ment in  the  turbulent  region  of  the  boundary  layer  is  con- 
sidered. Figure  1 shows  this  volume  element.  The  dimen- 
sions of  the  element  are  dx  along  the  wall  and  I normal  to 
the  wall.  The  length  I should  be  larger  than  the  boundary- 
layer  thickness  8.  For  two-dimensional  flow,  the  dimension 
of  the  yolume  element  normal  to  the  plane  of  figure  1 may 
be  considered  to  be  1.  The  upward  velocity  of  the  fluid  in 
plane  1~1  at  a distance  y from  the  surface  of  the  wall  is  u. 
Then  the  mass  flow  through  a small  area  with  a width  dy  is 
pu  dy  and  the  flow  of  momentum  in  the  a:-direction  is  pu^  dy. 
The  momentum  flow  in  the  a:-direction  entering  the  volume 
element  through  plane  1-1  is 


Heat  transfer  is  usually  calculated  with  dimensionless  moduli. 
Such  a modulus  is  the  Stanton  number 

St L=o.0225 

Q pCpUidtp 

Experimental  investigations  show  that  for  fluids  with 
Prandtl  numbers  from  approximately  0.5  to  50  (reference  1, 
p.  520)  the  same  relation  holds  when  it  is  multiplied  by  the 
factor 

This  relation  for  the  heat  flow  is  used  in  the  derivation  of 
the  boundaiy-layer  equations  for  the  turbulent  free- 
convection  boimdary  layer. 

Replacing  the  boundary-layer  thickness  & by 

a=0.366a:(— 

\UiX/ 


j^pu^dy 

In  progressmg  to  plane  2-2  the  momentum  flow  changes  by 
^(^J‘pu^dy)dx 

The  mass  flow  entering  the  volume  element  through  plane 
1-1  is  generally  different  from  the  mass  flow  leaving  the 
element  through  plane  2-2.  Therefore  fluid  enters  or  leaves 
the  volume  element  through  the  plane  parallel  to  the  wall 
at  a distance  1.  Because  it  is  assumed  that  the  velocity  in 
the  x-direction  outside  the  boundary  layer  is  so  small  that 
it  can  be  neglected,  no  momentum  in  the  ic-direction  is 
carried  through  the  plane. 

The  rate  of  change  of  momentum  must  be  in  equilibrium 
with  .the  forces  acting  in  the  a:-direction  on  the  fluid  within 
or  on  the  surface  of  the  volume  element  considered.  A shear- 
ing stress  acts  on  the  wall.  The  .force  connected  with 
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this  stress  is  dx.  No  shearing  stress  occurs  on  the  sur- 
face of  the  volume  element  that  is  parallel  to  the  wall  and 
at  a distance  I from  the  wall  because  outside  the  boundary 
layer  the  velocity  in  the  x-direction  is  zero. 

According  to  the  boundary-layer  theory,  the  pressure 
change  can  be  neglected  along  any  normal  to  the  surface. 
A constant  pressure  difference  dp  therefore  exists  between 
planes  1-1  and  2-2.  This  pressure  difference  gives  a force 
on  the  volume  element  of  magnitude  I dp>.  In  addition  to 
the  forces  on  the  surfaces,  there  is  a force  due  to  the  weight 
of  the  fluid  within  the  volume  element 


The  process  of  summing  up  all  the  forces  and  equating 
them  to  the  change  in  momentum  flow  gives  the  momentum 
equation 

pu^dy^dx  — ldp-’(^^  pg  dy^dx  — r^dx 

Because  no  flow  exists  outside  the  boundary  layer,  the 
pressure  difference  between  planes  1-1  and  2-2  is  balanced 
by  the  weight  of  the  fluid  layer  between  the  planes 

dp=p^gdx 

*Wlien  both  sides  of  this  equation  are  multiplied  b}^  I and 
the  right  side  of  the  equation  is  changed  to  the  integral 
form,  the  follovdng  equation  is  obtained 


PiO  dy^  ' 


Introducing  the  preceding  equation  into  the  momentum 
equation  gives 

dx  = g (pj— dx  — Ty,  dx 

Introducing  the  expansion  coefficient  defined  by  the  equa- 
tion 

^ V,  \t-tj 

the  first  term  on  the  right  side  of  the  preceding  equation 
can  be  transformed  into 


g dx^^^p{t—t^dy 


Designating  the  difference  between  the  temperature  t at  the 
distance  y and  the  temperature  outside  the  boiihdaiy 
layer  by  the  follo^ving  exq)ression  is  obtained: 


g dx^^  /3pfl  dy 


In  the  applications  considered,  the  essential  inffuence  of 
the  density  changes  on  the  flow  is  taken  into  account  by  the 
introduction  of  the  expansion  coefficient  The  other  in- 
fluences of  variable  density  on  the  flow  and  the  variation  of 

213637 — 53 18 


the  expansion  coefficient  P with  small  temperature  differences 
are  negligible.  Therefore,  P and  p can  be  assumed  constant 
in  the  preceding  expressions.  The  momentum  equation  for 
the  free-convection  boundary  layer  therefore  becomes 

^j\’dy-sfj‘edy-:^  (10) 

A similar  equation  is  set  up  for  the  heat  flow  through  the 
volume  element  in  figure  1.  The  heat  carried  with  the 
fluid  through  plane  1-1  is 


where  the  enthalpies  c^d  are  measured  from  the  temperature 
outside  the  boundary  layer.  The  specific  heat  and  density 
are  considered  constant. 


Figure  1. — Nomenclature  in  deriving  equations  for  free-convection  boundary  layer. 


The  heat  carried  out  of  plane  2-2  differs  from  that  carried 
into  plane  1-1  by 

The  difference  in  the  heat  flow  through  planes  1-1  and  2-2 
must  come  from  the  surface  and  the  heat  flow  leaving  the 
plate  per  unit  time  and  area  is  therefore 


Equation  (11)  is  the  heat-flow  equation  for  the  free-convection 
boundary  layer. 

Equations  for  the  laminar  free-convection  boundary  layer 
that  are  analogous  to  equations  (10)  and  (11)  were  derived 
and  solved  by  Squire.  (See  reference  9.) 

SOLUTION  OF  BOUNDARY-LAYER  EQUATIONS 

Equations  (10)  and  (11)  are  sufficient  to  calculate  the 
boundary-layer  thickness  d and  the  velocity  u when  the 
shape  of  the  velocity  and  temperature  profiles  within  the 
boundary  layer  and  the  laws  for  the  shearing  stress  and  the 
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heat  flow  on  the  wall  are  known.  It  was  suggested  b}- 
von  Karnito  that  an  approximate  solution  may  be  obtained 
by  introducing  approximate  shapes  for  both  profiles  (ref- 
erence 7).  The  accuracy  of  the  solution  is  better  the  more 
closely  the  assumed  shapes  correspond  to  the  real  profiles. 
The  method,  however,  proved  comparatively  insensitive  to 
changes  in  the  profile  shape. 

As  mentioned  in  the  section  “INTRODUCTION”  some 
information  on  the  shape  of  the  velocity  and  temperature 
profiles  in  turbulent  free-convection  flow  can  be  obtained 
from  reference  3,  In  figure  2,  the  measured  values  of  both 
profiles  in  the  turbulent  range  are  presented  with  the  ratios 
BjSu}  and  ujumax  plotted  against  the  distance  from  the  wall  in 
an  arbitrary  scale.  The  value  Umax  was  determined  by  draw- 
ing curves  thi'ough  the  measured  velocit}^  values  given  in 
table  VI  of  reference  3. 

The  distance  from  the  wall  where  the  curves  ulumax  have 
the  value  0.5  was  arbitrarily  assigned  the  value  1.  The  lines 
in  figure  2 are  the  curves  by  which  the  temperature  and 
velocity  profiles  are  approximated  herein.  These  profiles 
are  presented  in  figure  2 in  such  a way  that  the  velocity  pro- 
file has  the  value  0.5  at  a distance  1 and  the  temperature 
profile  the  value  0.2  at  a distance  0.5  from  the  wall.  An  in- 
dication of  the  shape  of  turbulent  free-convection  flow  pro- 
files can  also  be  obtained  from  the  measurements  by  Watz- 
inger  and  Johnson  (reference  4)  on  mixed  forced-  and  free- 
convection  flow  in  a vertical  tube.  Some  of  these  measured 
profiles  are  presented  in  figure  3. 

Equation  (4),  which  describes  the  forced-convection  tem- 
perature profile,  is  used  for  the  temperature  profile  in  turbu- 
lent free-convection  flow.  The  profiles  of  figure  2 indicate 
that  this  assumption  is  reasonable.  The  velocity  profile  in 
free-convection  flow,  however,  differs  from  the  forced-flow 
profile  by  having  a velocity  of  zero  outside  the  boundaiy 
layer.  Accordingly,  equation  (1)  is  multiplied  by  a function 
of  y/8j  which  brings  the  velocities  back  to  the  value  zero  at 
the  outer  edge  of  the  boundary  layer  where  y=8.  Two 
simple  expressions  that  fulfill  this  condition  and  that  agree 
quite  well  with  the  measured  values  are  plotted  in  figure  2. 

I H 1 1 I I I I I I 1 1 1 1 1 1 


0 12  3 

Distance  from  woU 

Figure  2.— E.\perimental  and  theoretical  velocity  and  temperature  profiles  for  turbulent 
free-convection  flow  on  a flat  plate.  Experimental  data  from  reference  3. 


(a)  Reynolds  number  of  6340  (corresponding  (b)  Rejmolds  number  of  14,200  (corresponding 
to  average  velocity  of  4.7  cm/sec).  to  average  velocity  of  9.4  cm/sec). 

Figure  3.— Temperature  and  velocity  profiles  in  mixed  forced-  and  free-convection 
flow  of  w^ater  in  vertical  tube  Of  50.3  millimeter  (1.98  in.)  diameter.  Data  from  figure  10  of 
reference  4. 

The  velocit}^  profile  that  represents  the  measured  points 
somewhat  better  is  used  in  the  following  calculations: 


Equation  (12)  is  A^alid  for  values  of  y less  than  d.  For  larger 
A-alues  of  y,  u^O.  The  maximum  velocity  u^ax  of  this  profile 
can  be  found  by  differentiating  equation  (12),  giving 

^mox^“d.53l  Ui  (13) 

By  use  of  equations  (4)  and  (12)  and  the  fact  that  u=0  and 
^=0  for  distances  greater  than  d from  the  waU,  the  integrals 
in  the  momentum  and  heat-flow  equations  (equations  (10) 
and  (11))  become 

u^dy  = 0,0o2S 
edy  = 0A2o 

r uddy — 0.03^6  buidm 
Jo 

The  same  value  of  d was  used  for  the  velocity  and  tempera- 
ture profiles.  Calculations  on  forced-convection  heat  trans- 
fer indicate  that  the  same  value  of  8 for  the  velocity  and 
temperature  profiles  can  be  used  for  fluids  that  have  a Prandtl 
number  close  to  1 (reference  8).  For  very  large  or  small 
Prandtl  numbers  in  forced  flow,  the  thickness  of  the  tempera- 
ture boundary  Isiyer  is  considerably  smaller  or  larger  than 
the  thickness  of  the  velocity  boundary  layer.  This  condition 
is  probabl3’^  true  for  free-convection  flow  also. 

In  order  to  solve  boundaiy-layer  equations  (10)  and  (11), 
the  laws  for  the  shearing  stress  on  the  wall  and  the  heat  flow 
must  be  introduced.  It  is  assumed  that,  in  the  layers  very 
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near  the  wall,  the  conditions  are  similar  for  free-  and  forced- 
convection  flow  and  that  the  same  laws  for  the  shearing  stress 
and  the  heat  flow  that  are  used  in  forced-convection  flow  can 
therefore  be  used  in  free-convection  flow.  A similar  assump- 
tion for  the  shearing  stress  was  used  by  von  Karman  to  calcu- 
late the  radial  flow  on  a rotating  disk,  with  satisfactory 
results  (reference  7). 

As  a consequence  of  the  preceding  assumption,  equations 
(2)  and  (8)  will  be  used  for  free-convection  flow.  Very  near 
.the  wall  the  second  term  in  equation  (12)  for  the  free- 
convection-velocity  profile  is  1 and,  therefore,  the  same 
transformation  that  led  in  forced  flow  from  equation  (2)  to 
equation  (3)  can  be  made  for  free-convection  flow.  By  intro- 
ducing the  evaluated  integrals  and  equations  (3)  and  (8), 
the  momentum  and  heat-flow  equations  become 

0.0523  ^ {ui^}~0A25  gPO^d- 0.0225  V f (14) 

0.0366  ^ (uia)  = 0.0225  Ui  (15) 

Equations  (14)  and  (15)  are  total  differential  equations  from 
which  the  two  unknown  values  5 and  Ui  may  be  determined 
as  functions  of  x. 

Equations  (14)  and  (15)  can  be  solved  hy  introducing 

Ui  = CuX^  (16) 

8=Ca^  (17) 

The  introduction  of  these  values  transforms  equations  (14) 
and  (15)  into 

0.0523  {2m+n)  C^^C\x^"^-^”''^=0.125gfieu,C6X^- 

0.0225  ^l/4a.(7m/4)-(n/4)  (ig) 

0.0366  {m+n)Cr,C6 

= 0.0225  (Pr)-2^3  ^l/4^r^3/4^,^-l/42.(3m/4)-(n/4.  (I9) 

Because  equations  (18)  and  (19)  must  be  valid  for  any  value 
of  Xj  the  exponents  of  x must  be  identical,  that  is, 

- , , 7m  n 

2m+n—  1 =7i=— i -T 

4 4 


It  can  be  seen  that  this  condition  is  fulfilled  if 

m=iand»=j^  (20) 

With  these  values  of  m and  equation  (19).  can  be  solved 
for  the  constant  Cu 

0„  = 0.0689  pCr^iPr)-^^^  (21) 

Introducing  this  constant  into  equation  (18)  gives 

Oj*«=0.00338  (1 +0.494(Pr)*/*)  (22) 


(j SO  x^ 

Introducing  the  Grashof  number  Gr='^  — gives  for  the 

velocity 

Ui=1.185  - (6^r)'/2[i_^0.494(Pr)2/3]-i/2  (23) 

X 

and  for  the  boundary-layer  thickness 

6=0.565a:((?r)-'^'0(Pr)'S/'ni  + O.494(Pr)2/3]i/io  (24) 

More  significant  than  the  value  Ui  is  the  maximum  velocity 
V'max  within  the  boundary  la3'Cr.  (See  equation  (13).)  A 
Eeynolds  number  is  obtained  to  make  this  velocity 
dimensionless: 

Pe„„=‘?^=0.636((?r)'/^[H-0.494(Pr)2/«]->/*  (25) 

A more  significant  value  characterizing  the  thickness  of 
the  boundary’'  layer  than  the  value  5 used  up  to  now  is  the 
displacement  thickness  6*,  which  is  defined  for  free-convec- 
tion flow  by  the  equation 


•With  the  use  of  equations  (12)  and  (13)  it  is  found  that 
6*=0.272  5 

The  displacement  thickness  made  dimensionless  by  the 
distance  x from  the  leading  edge  of  the  plate  is  therefore 

^=0.154((?r)-‘/“'(Pr)-«/'*[l+0.494(Pr)2/»]‘/‘® 

The  heat- transfer  coefficient  h=gj6u,  at  the  point  x on 
the  wall  is  found  by  introducing  the  boundary-layer  thick- 
ness 6 and  the  velocity  Ui  into  equation  (8).  Changing  to 
the  usually  presented  Nusselt  number  Nu=hxlk  gives 

iVu=0.0295((7r)2/5(Pr)'/''[l+0.494(Pr)2/3]-2/5  (26) 

In  order  to  compare  this  equation  with  experimental  results, 
it  is  necessary  to  change  from  the  local  heat-transfer  coeffi- 
cient to  the  average  value  along  the  plate.  By  introducing 
the  expression  for  the  Grashof  number  into  equation  (26), 
it  can  be  seen  that  the  local  heat-transfer  coefficient  is  pro- 
portional to  the  power  0.2  of  the  distance  x {h=Ch:xP’^). 
With  the  assumption  that  the  boundary  layer  is  turbulent 
from  the  leading  edge,  the  average  heat-transfer  coefficient 
becomes 

(27, 

In  reality  the  boundary  layer  is  first  laminar  and  only  at  a 
certain  distance  from  the  lower  edge  of  the  plate  does  it 
become  turbulent.  The  preceding  expression  for  the  average 
heat-transfer  coefficient  can  therefore  be  expected  to  repre- 
sent the  true  value  only  at  Grashof  numbers  so  high  that 
the  extent  of  the  laminar  boundaiy  layer  is  small  compared 
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with  the  total  length  x.  This  limit  for  the  Grashof  number 
seems  to  be  near  10^®.  For  Grashof  numbers  higher  than 
this  value,  the  average  Nusselt  number  can  be  calculated 
with  equation  (27) ; therefore, 

A%,,==0.0246(G^r)2/^(Fr)7/''[l+0.494(Pr)2/3]-2/5  (28) 

In  order  to  determine  to  what  extent  the  shape  of  the 
velocity  profile  influences  the  results,  a calculation  was  made 
with  the  second  velocity  distribution  shovm  in  figure  2 : 

<-) 

Only  the  numerical  constants  are  influenced  by  the  change 
in  the  profile  shape.  The  constant  preceding  the  value  (Pr)^^^ 
changes  from  0.494  to  0.342  in  all  equations.  In  addition, 
the  value  0,636  changes  to  0.487  in  the  equation  for  Remax] 
in  the  equation  for  the  value  0.154  changes  to  0.200  and 
in  the  equation  for  Nuac  the  constant  0.0246  changes  to 
0.0198. 

COMPARISON  WITH  EXPERIMENTS 


In  figure  4 the  results  of  experiments  carried  out  in  different 
investigations  (references  1 and  2)  are  plotted  as  the  average 
Nusselt  number  Nuav  against  the  product  Or  Pr,  For  the 


FiouRE  4.— Average  Nusselt  number  for  free-con vection  flows  on  a vertical  plate.  Experi- 
mental data  from  references  1 and  2. 

lower  values  of  Or  Pr  the  experimental  results  quite  accu- 
rately fit  the  equation 

N^„,  = 0.555((?rPr)'/^ 

which  was,  with  a slight  adjustment  of  the  constant,  theo- 
retically derived  for  laminar  free-convection  flow.  The 
experimental  results  in  the  turbulent  range  {Or  Pr=W^  to  10^^) 
may  be  represented  by  the  equation 

Nuav  = 0 . 0 2 1 0 (G^r  Prff^  (3  0) 


The  exponent  of  the  Grashof  number  in  this  equation  is  the 
same  as  that  of  equation  (28)  derived  in  the  previous  section. 
When  equation  (28)  is  transformed  into  the  form  of  equation 
(30)  in  such  a way  that  the  values  of  both  equations  are  the 
same  for  Pr=0.72,  the  constant  of  equation  (28)  becomes 
0.0210.  The  heat- transfer  coeflS.cient  derived  with  equation 
(12)  for  the  velocity  profile  is  in  perfect  agreement  with  the 
experimental  results.  Such  agreement  is  probably  a coinci- 
dence. The  profile  given  by  equation  (29),  which  does  not 
fit  the  velocity  distributions  measured  by  Griffiths  and  Davis 
in  reference  3 as  well  as  does  the  fii'st  profile,  gives  heat- 
transfer  coefficients  that  are  17  percent  lower  than  the 
measured  values. 

The  values  for  the  maximum  vdocity  within  the  boundary 
layer  and  the  boundary-layer-displacement  thickness  agree 
poorly  with  the  values  measured  in  reference  3 in  the  turbu- 
lent range.  Heat-transfer  coefficients  were  not  measured 
therein  on  the  experimental  apparatus  on  which  velocity  and 
temperature  profiles  were  obtained. 

^Vhereas  the  velocity  and  temperature  profile  shapes  as  meas- 
ured in  reference  3 are  typical  of  turbulent  free-convection 
flow,  the  order  of  magnitude  of  these  profiles  appears  to 
be  in  error.  It  can  be  shown  that  there  is  disagreement 
within  the  measured  values  themselves.  The  heat  given  off 
by,  the  plate  to  the  ah  stream  must  be  carried  away  within 
the  boundary  layer.  The  measured  temperature  and  veloc- 
ity profiles  as  well  as  the  measured  maximum  velocity  and 
the  boundary-layer  thickness  vary  little  along  the  plate  in 
the  turbulent  range,  which  means  that  only  a small  part  of 
the  heat  given  off  by  the  wall  is  found  in  the  boundary  layer. 
The  horizontal  dimension  of  the  plate  may  have  been  too 
small  compared  with  the  vertical  length  to  make  the  flow 
in  the  center  part  two-dimensional  and  ah  may  have  flowed 
into  the  boundary  layer  from  the  sides. 

SUMMARY  OF  RESULTS 

With  the  use  of  Karm^n^s  approximate  method,  a calcu- 
lation was  carried  out  for  the  flow  and  heat  transfer  in  the 
turbulent  free-convection  boundary  layer  on  a vertical  flat 
plate.  The  calculation  used  relations  for  the  heat  flow  and 
shearing  stress  on  the  wall  developed  for  forced  turbulent 
flow  and  velocity  and  temperature  profiles  that  approximate 
well  the  shapes  of  profiles  measured  by  Griffiths  and  Davis. 

A formula  was  derived  for  the  heat-transfer  coefficient  that 
was  in  good  agreement  with  measured  values  in  the  range  of 
Grashof  numbers  from  10^°  to  10^^  and  that  can  be  used  to 
extrapolate  the  values  into  the  range  of  higher  Grashof 
numbers.  The  formula  is  valid  for  Prandtl  numbers  that 
are  close  to  1. 

The  calculation  also  yielded  formulas  for  the  maximum 
velocity  in  the  boundary  layer  and  for  the  boundary-layer 
thickness. 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  July  12,  1950,  ■ 
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APPENDIX 

SYMBOLS 


The  follomng  symbols  are  used  in  this  report: 
a thermal  diffusivity,  sq  ft/sec 

Ch  constant  for  variation  of  heat-transfer  coefficient 
vdth 

Cu  constant  for  variation  of  velocity"  Ui  in  boundary  layer 
with  x”* 

Ci  constant  for  variation  of  boundary-layer  thickness 
with 

Cp  specific  heat  at  constant  pressure,  Btu/(lb)  (°F) 

Gr  Grashof  number, 

V 

g acceleration  due  to  gravity,  ft/sec^ 

k heat-transfer  coefficient,  Btu/(sq  ft)  (sec)  (°F) 
k heat  conductivity,  Btu/(ft)  (sec)  (°F) 

I length  (fig.  1),  ft 

m exponent 

h X 

Nu  Nusselt  number, 

n exponent 

Pr  Prandtl  number, 

df  rC 

p pressure,  Ib/sq  ft 

g specific  heat  flow,  Btu/(sec)  (sq  ft) 

Rcmax  Reynolds  number  based  on  maximum  velocity  Umax, 

^max^ 

V 


St  Stanton  number, ■ 

gpCpUiSu, 

t temperature,  ^F 

'll  velocity  component  in  a:-direction,  ft/sec 
Ui  velocity  outside  boundary  layer  of  comparable  forced- 
convection  flow,  ft/sec 

V specific  volume,  cu  ft/lb 

X coordinate  (distance  along  plate  from  starting  point  of 
boundary  layer),  ft 

^ coordinate  (distance  from  wall),  ft 

expansion  coefficient,  1/^F 
b boundary-layer  thickness,  ft 

5*  displacement  thickness  of  boundary  layer,  ft 

B temperature  difference,  °F 

B^  temperature  difference  between  wall  and  fluid  outside 

of  boundary  layer,  °F 
/X  absolute  viscosity,  pv,  Ib-sec/sq  ft 

V kinematic  viscosity,  sq  ft/sec 

p mass  density,  (lb)  (sec^)/ft^ 

T shearing  stress,  Ib/sq  ft 

Subscripts: 

av  average  value 

max  maximum  value 

w on  wall 

b at  outer  edge  of  boundary  layer 
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EFFECT  OF  TUNNEL  CONFIGURATION  AND  TESTING  TECHNIQUE  ON 

CASCADE  PERFORMANCE' 

By  John  R.  Erwin  and  James  C.  Emery 


SUMMARY 

An  investigation  has  been  conducted  to  determine  the  influence 
of  aspect  ratioj  houndary-layer  control  by  means  of  slots  and 
porous  surfaces^  Reynolds  number ^ and  tunnel  end-wall  condi- 
tion upon  the  performance  of  airfoils  in  cascades,  A represent- 
ative compressor-blade  section  (the  NACA  65-{12)10)  of  aspect 
ratios  of  1,2,  and  4 has  been  tested  atlow  speeds  in  cascades  vnth 
solid  and  u/ith  porous  side  walls.  Two-dimensional  flovj  was 
established  in  porous-wall  cascades  of  each  of  the  three  aspect 
ratios  tested;  the  flo%o  was  not  two-dimensional  in  any  of  the 
solid-wall  cascades. 

Turbine-blade  sections  of  aspect  ratio  0.83  were  tested  in 
cascades  with  solid  and  porous  side  walls  and  blade  sections  of 
aspect  ratio  3.33  were  tested  in  cascades  with  solid  walls.  No 
particular  advantage  was  observed  in  the  use  of  porous  vmUs  for 
the  turbine  cascades  tested. 

INTRODUCTION 

Airfoils  are  tested  in  cascades  to  provide  fundamental 
information  for  the  design  of  compressors  and  turbines. 
This  information  can  be  applied  directly  as  basic  data  in 
many  designs.  The  advantage  of  cascade  testing  lies  in  the 
relative  ease  and  rapidity  with  which  tests  can  be  made,  in 
the  elimination  of  thi*ee-dimensional  and  boundary-layer 
effects  not  related  to  section  performance,  and  in  the  much 
more  detailed  information  concerning  section  performance 
which  can  be  obtained  in  comparison  with  that  obtainable 
from  tests  of  rotating  compressors  and  turbines.  Cascade 
results  have  always  contained  inlierent  discrepancies, 
however,  because  the  flow  could  not  be  made  truly  two- 
dimensional.  These  discrepancies  arose  from  the  interference 
and  interaction  of  the  boundar}^  laj^ers  on  the  side  walls  with 
the  flow  about  the  test  airfoils  because  of  the  finite  aspect 
ratios  necessarily  used. 

The  data  reported  in  references  1 and  2 are  in  some  ways 
inconsistent  and,  in  cross-plotting  these  data  for  design 
studies,  irregularities  appear  such  that  the  design  would  be 
indeterminant  within  the  limits  of  requii’ed  accuracy.  These 
UTegularities  have  caused  much  difficulty  to  persons  attempt- 
ing to  interpolate  or  extrapolate  the  data  for  particular 
applications.  Inconsistencies  also  arose  from  the  fact  that 
data  from  the  Langley  5-inch  cascade  tuimel  had  always  been 

* Supersedes  NACA  TN  2028, 


subject  to  operating  technique;  for  example,  much  skill  and 
experience  were  necessaiy  in  adjusting  the  flexible  floors 
correct^  and  data  that  were  repeatable  were  difficult  to 
obtain. 

The  specific  difficulties  that  have  led  to  distrust  of  pre- 
viously obtained  cascade  data  are: 

(1)  As  was  pointed  out  in  reference  3,  the  lift  coefficient 
obtained  by  integrating  the  pressure-distribution  plots  of 
reference  1 did  not  agree  with  that  calculated  from  the 
measured  turning  angle,  when  two-dimensional  flow  was 
assumed. 

(2)  The  fact  that  the  pressure  rise  expected  to  result  from 
the  measured  turning  angle  was  not  obtained  obviously 
should  have  an  effect  on  the  magnitude  of  the  turning  angle; 
therefore,  some  question  arises  as  to  the  validity  of  the  data 
in  references  1 and  2.  The  pressure  distribution  is  also 
affected  in  magnitude  and  in  shape  b}^  the  failure  to  obtain 
the  calculated  pressure  rise. 

(3)  Compressor-blade  sections  of  higher  camber  than  could 
be  satisfactorily  tested  in  the  original  5-inch  cascade  have 
been  successful!}^  used  in  a single-stage  test  blower  (reference  4) . 

These  effects  are  believed  to  be  caused  by  the  interaction 
of  the  tunnel-wall  and  test-blade-surface  boundary  layers 
since  premature  separation  occurs  at  the  juncture  of  the  side 
walls  and  test  blades  and  produces  a large  low-energy  region 
at  the  exit  from  the  cascade.  This  large  wake  acts  as  a 
restriction  on  the  flow,  higher  average  exit  velocities  result, 
and  the  flow  is  not  two-dimensional. 

Two-dimensional  flow  is  believed  to  exist  when  the  follow- 
ing criteria  are  satisfied: 

(1)  Equal  pressures,  velocities,  and  directions  exist  at 
different  spanwise  locations. 

(2)  The  static-pressure  rise  across  the  cascade  equals  the 
value  associated  with  the  measured  turning  angle  and  wake. 

(3)  No  regions  of  low-enei^  flow  other  than  blade  wakes 
exist.  The  blade  wakes  are  constant  in  the  spanwise  direction, 

(4)  The  measured  force  on  the  blades  equals  that  associ- 
ated with  the  measured  momentum  and  pressure  change 
across  the  cascade. 

(5)  The  various  performance  values  do  not  change  with 
aspect  ratio,  number  of  blades,  or  other  physical  factors  of 
the  tunnel  configuration. 


"Effect  of  Tunnel  Conagiiraiion  and  Testing  Technique  on  Cascade  Performance"  by  John  R.  Erwin  and  James  C.  Emery,  1950. 
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Past  attempts  to  establish  two-dimensional  flows  in  cas- 
cades have  utilized  boundary-layer  removal  slots  on  two  or 
all  of  the  tunnel  walls  upstream  of  the  cascade,  and  cascades 
using  blades  of  aspect  ratio  4 or  higher  have  been  constructed. 
The  present  investigation  was  intended  to  determine  the 
value  of  these  methods  and  that  of  a method  believed  to  be 
new — the  use  of  continuous  boundary-layer  removal  through 
porous  surfaces  from  the  cascade  side  and  end  walls.  A rep- 
resentative compressor-blade  section  of  aspect  ratios  of 
1,  2,  and  4 was  tested  at  low  speeds  in  cascades  with  solid 
and  with  porous  side  walls.  This  section  was  tested  over  a 
range  of  Reynolds  number  for  each  of  these  conditions. 
For  comparison,  turbine-blade  sections  in  which  the  flow  is 
characterized  by  a pressure  drop  through  the  test  section 
were  tested  in  cascades  with  solid  and  with  porous  side  walls. 

Wlien  schlieren  or  shadow  photographs  of  flows  through 
cascades  are  desired,  the  use  of  porous  side  walls  would 
be  difficult;  therefore,  several  methods  of  correcting  solid- 
wall-cascade  results  to  the  two-dimensional  case  have  been 
compared  and  their  accuracy  discussed. 

SYMBOLS 

A aspect  ratio,  span  of  blades  divided  by  chord  of  blades 
Cw  wake  coefficient,  coefficient  of  momentum  difference 
between  wake  and  free  stream,  based  on  entering 
velocity 

CV  blade  normal-force  coefficient  based  on  entering 
velocity 

(C^jv’)p  blade  normal-force  coefficient  obtained  by  integra- 
tion of  blade  pressure  distribution 
blade  noimal-force  coefficient  calculated  from  meas- 
ured momentum  and  pressure  changes 
q dynamic  pressure,  pounds  per  square  foot 

R Reynolds  number,  based  on  blade  chord  and  entering 
air  velocity 

V velocity,  feet  per  second 

a angle  of  attack,  angle  between  entering  air  and  chord 
line  of  blade,  degrees 

^ inlet  air  angle,  angle  between  entering  air  and  axis, 
degrees 

6 turning  angle,  angle  through  which  air  is  turned  by 

blades,  degrees 

ff  solidity,  chord  of  blade  divided  by  gap  between  blades 
Subscripts: 

1 upstream  of  cascade 

2 downstream  of  cascade 

I local 

c corrected 

a axial 

m mean  value 

t tangential 

DESCRIPTION  OF  TEST  EQUIPMENT 

The  test  facilities  used  in  this  investigation  were  the 
Langley  5-inch  and  20-inch  cascade  tunnels.  The  5-inch 
cascade  test  section  proper  uses  the  same  design  and,  to  a 
considerable  extent,  the  same  parts  as  the  one  described  in 
reference  1.  A larger  settling  chamber  having  an  area  of  I 


about  25  square  feet  is  used,  however,  and  provides  a ratio 
of  settling-chamber  area  to  test-section  area  of  about  40:1. 
A similar  settling  chamber  is  used  on  the  20-inch  cascade 
with  an  area  ratio  of  only  10:1.  It  is  believed  that,  if  a 
larger  area  ratio  were  used,  this  cascade  would  yield  satis- 
factory entrance  flows  and  less  attention  to  the  flexible-wall 
curvatures  and  suction  pressure  on  the  upstream  slots  would 
be  needed.  A sketch  of  a vertical  cross  section  of  either 
tunnel  is  shown  as  figure  1.  Photographs  of  the  two  tunnels 
are  presented  as  figures  2 and  3. 


Figure  1. — Vertical  cross  section  of  two-dimensional  low-speed  cascade  tunnels. 


Figure  2.— Langley  5-inch  cascade  tunnel  equipped  with  porous  walls. 
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The  porous  surface  is  supported  by  a 120-mesh  screen, 
which  is  in  turn  supported  by  a sheet  of  perforated  metal 
having  K-inch-diameter  holes  with  }i  inch  between  their 
centers  in  all  directions.  (See  fig.  4.)  This  perforated  sheet 
metal  is  available  from  steel  suppliers  as  a standard  item. 
A rigid  frame  of  cellular  construction  is  employed  to  carry 
the  test  airfoils  and  to  minimize  the  bowing  of  the  side  walls 
due  to  the  suction  pressure.  A number  of  different  materials 
were  investigated  for  use  as  porous  surfaces;  the  results  of 
this  study  are  presented  in  a subsequent  section. 

The  consideration  that  determined  the  particular  cascade 
selected  for  detailed  study  was  the  desire  to  have  as  direct 
a comparison  as  possible  with  the  present  blading  in  the 
rotor  of  the  42-inch  test  compressor.  The  NACA  65-(12)10 
compressor-blade  section  as  used  in  this  compressor  has  an 
inlet  angle  of  60°  at  the  mean  diameter  and  a solidity  of 
1.182  and  is  fairly  typical  of  axial-flow  compressor  rotors. 
Because  of  the  geometry  of  the  cascade  tunnel  used,  the 
sections  were  tested  at  a solidity  of  1.  This  cascade  has  a 
relatively  high  static-pressure  rise  and  high  blade  normal- 
force  coefficient,  conditions  which  make  cascade  testing 
difficult. 

In  addition,  some  data  obtained  at  the  less  severe  condition 
of  45°  inlet  angle  are  included  to  provide  a more  complete 
picture  of  the  problem  and  of  the  results  obtained. 

The  cascade  of  airfoils  selected  for  detailed  study  was 
tested  at  low  speed  in  the  following  tunnel  configurations: 

(1)  5-inch,  blade  aspect  ratio  1,  solid-wall  cascade 

(2)  5-inch,  blade  aspect  ratio  1,  porous-wall  cascade 

(3)  5-inch,  blade  aspect  ratio  2,  solid-wall  cascade 

(4)  5-inch,  blade  aspect  ratio  2,  porous-wall  cascade 

(5)  20-inch,  blade  aspect  ratio  4,  solid-wall  cascade 

(6)  20-inch,  blade  aspect  ratio  4,  porous-wall  cascade 

Turning-angle,  pressure-rise,  pressure-distribution,  and 

wake-survey  measurements  were  taken.  For  comparison 
purposes,  results  obtained  by  using  a 42-inch-tip-diameter 
test  compressor  and  a 28-inch-tip-diameter  test  compressor 
are  presented.  All  but  wake-survey  measurements  were 
taken  in  the  42-inch  test  compressor  described  in  reference  5. 
Turning-angle  and  pressure-rise  measurements  were  obtained 
with  the  28-inch  test  compressor  (reference  4). 

The  testing  procedures  used  in  this  investigation  were  the 
same  as  those  reported  in  reference  1.  Most  of  the  tests 
were  made  with  a fixed  entrance  velocity  of  about  95  feet 
per  second  and  with  blades  of  5-inch  chord.  A few  tests 
at  other  speeds  were  made  to  vary  the  Reynolds  number. 
Tests  on  blades  of  aspect  ratio  2 used  airfoils  of  2)^inch 
chords.  With  the  exception  of  tests  run  to  determine 
proper  end  conditions,  cascades  of  seven  blades  were  used 
throughout. 

In  order  to  expedite  plotting  of  test  pressure-distribution 
results,  a constant  entrance  dynamic  pressure  is  normally 
used  in  cascade  testing  at  the  Langley  Laboratory.  Ma- 
nometers scaled  with  values  of  qi/qi  are  used  so  that  no 
computing  is  required  to  make  these  plots.  It  is  therefore 
convenient  to  obtain  force  coefficients  on  the  basis  of  the 
entering  dynamic  pressures.  All  coefficients  presented  herein 
are  so  calculated. 


Figure  3.— Langley  20-inch  cascade  tunnel  equipped  with  porous  walls. 


Figure  4. — Sketch  showing  construction  of  porous  wall. 
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The  static-pressure  rise  across  the  test  section  can  be 
controlled  to  a considerable  extent  b}^  the  quantity  of  flow 
dra\\Ti  tlirough  the  porous  walls.  The  pressure  rise  corre- 
sponding to  two-dimensional  flow  tlu*ough  the  observed  turn- 
ing angle,  when  allowance  for  effective  passage-area  reduc- 
tion due  to  the  observed  wake  is  made,  could  be  established 
by  this  means.  A chart  of  pressure  rise  or,  more  specifically, 
of  ^2/51  was  prepared  for  a range  of  turning  angle  and  wake 
width  for  the  test  inlet  air  angle  and  solidity  (fig.  5).  The 
effect  of  the  blade  wake  on  the  exit  velocity  was  taken  into 
account  by  measuring  the  exit  velocities  and  averaging  the 
values  for  a few  test  points.  A factor,  dependent  upon  the 
wake  width,  was  so  obtained  and  was  applied  in  computing 
values  of  ^2/5^1  for  other  conditions.  This  factor  assumes  that 
wakes  of  similar  width  will  restrict  the  exit  flow  similarly. 
The  validity  of  the  curves  was  later  confirmed  by  detailed 
velocity  calculations  for  maii}^  tests.  For  all  tests  in  which 
continuous  boundary-layer  removal  was  used,  the  pressure 
rise  across  the  cascade  was  set  by  reference  to  the  chart. 
Of  course,  this  method  was  not  applied  to  the  series  in  which 
the  pressure  rise  was  intentionally  made  different  from  the 
two-dimensional  value  in  order  to  examine  the  resulting 
effects. 

RESULTS  AND  DISCUSSION 
GENERAL 

The  investigations  reported  in  references  1 and  2 used  blades 
of  aspect  ratio  1.  The  results  obtained,  although  providing 
useful  information,  failed  to  satisfy  the  criteria  of  two- 
dimensional  flow.  The  Langley  20-inch  cascade  tunnel  was 
constructed  to  permit  l)lade  models  of  aspect  ratio  4 to  be 


Figure  5.— Relation  between  dynamic-pressure  ratio  across  cascade  to  turning  angle.  ^=«60®. 


tested  without  reduction  in  blade  chord  or  test  Re^molds 
number.  The  results  for  blades  of  aspect  ratio  4 indicated 
that  the  static-pressure  rise  obtained  did  not  agree  with  that 
calculated  by  using  the  measured  values  of  turning  angle  and 
b}^  assuming  two-dimensional  flow,  even  though  correction 
was  made  for  the  blade  wake  measured  at  midspan.  Further, 
the  turning  angles  observed  were  quite  different  from  the 
turning-angle  values  obtained  in  the  test  compressors. 
Correcting  the  data  to  account  for  the  constriction  due  to 
separation  near  the  walls  failed  to  produce  corrected  turning 
angles  in  agreement  with  the  values  measured  in  the  test 
compressors.  Wlien  the  data  for  the  5-inch  blades  of  aspect 
ratio  1,  which  agree  with  the  data  for  the  test  compressors, 
were  so  corrected,  however,  the  resultant  values  were  lower 
than  test-compressor  results.  The  values  for  the  normal- 
force  coefficient  for  the  tests  on  blades  of  aspect  ratio  4 
appear  to  be  in  closer  agreement  with  the  values  calculated  on 
a basis  of  two-dimensional  momentum  and  pressure  changes 
when  they  are  plotted  with  corrected  turning  angles  than 
when  the  measured  turning-angle  values  are  used,  but  since 
the  slopes  of  Cn  against  Be  differ,  the  results  are  in  question. 

Thus  it  appears  that  cascades  of  aspect  ratio  4 do  not 
yield  directly  usable  information  even  when  axial-velocity 
coiTections  are  applied.  Because  the  blades  are  not  operat- 
ing under  pressure-rise,  turning-angle,  and  angle-of-attack 
conditions  that  represent  the  two-dimensional  case,  cas- 
cades of  neither  A=\  nor  A=4  provide  the  conditions 
sought.  Furthermore,  large  air  supplies  are  required  for 
high-aspect-ratio  cascades,  particularly  for  high-speed  tests. 
For  these  reasons,  attempts  were  made  to  devise  methods 
that  would  provide  two-dimensional  flows  in  cascades  using 
blades  of  low  aspect  ratio. 

The  interference  and  interaction  of  the  tunnel-side-wall 
boundary  layers  with  the  boundary  layers  of  the  test  airfoils 
were  believed  to  be  the  reason  for  the  flow  not  being  two- 
dimensional.  If  the  side-wall  boundary  layers  could  be 
removed  continuously  through  the  side  walls,  two- 
dimensional  flow  conditions  could  perhaps  be  established.  In 
order  to  examine  this  possibility,  the  Langley  5-inch  and 
20-inch  cascade  tunnels  were  modified  by  replacing  the 
test-section  side  walls  with  a frame  supporting  a perforated 
metal  sheet  and  a porous  material  was  attached  to  this  per- 
forated sheet.  As  illustrated  in  figure  2,  a suction  chamber 
connected  to  a blower  was  provided  on  the  outside  of  the 
test  section,  and  a part  of  the  flow  was  drawn  through  the 
side  wall.  First  tests  using  this  system  indicated  considera- 
ble promise  but  also  indicated  that  the  material  used  for  the 
porous  surface  affected  the  quantity  of  flow  that  had  to  be 
removed  to  establish  two-dimensional  conditions.  For  this 
reason,  a search  for  suitable  porous  materials  was  initiated, 
and  several  materials  were  tested  in  the  5-inch  cascade. 

Other  elements  of  the  tunnel  configuration  that  affect  the 
character  of  the  flow  into  the  cascade  are  the  entrance-cone 
shape,  the  type,  location,  and  number  of  the  wall  slots,  and 
the  treatment  of  the  end  wall.  Only  one  modification  of  the 
circular-arc  entrance-cone  shape  used  on  both  tunnels  was 
tried:  The  20-inch-tunnel  fairings  were  replaced  with  fairings 
of  parabolic  curvature  in  an  attempt  to  eliminate  the  un- 
favorable pressure  gradient  that  existed  with  the  circular-arc 
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cone.  No  measurable  reduction  of  end-wall  boundary-layer 
thickness  was  observed,  however. 

TEST-SECTION  CONDITIONS  FOR  TWO-DIMENSIONAL  FLOWS 

Porous  materials. — Idealh^,  it  would  be  desirable  to  employ 
permeable  surfaces  having  vaiAung  porosity  in  order  to  dis- 
tribute the  boundar}’ -layer  removal  in  a ’manner  related  to 
the  local  boundaiy -layer  thickness.  No  scheme  that  would 
be  practical  for  a series  of  tests  was  evolved  to  accomplish 
this  result.  In  a general  way,  a surface  of  uniform  porosity 
accomplishes  the  desired  result,  for,  where  the  pressure 
recover}’^  has  been  the  greatest,  the  quantit}^  flowing  through 
the  surface  will  be  greatest.  The  regions  of  highest  pressure 
are  unfortunately  not  necessarily  regions  where  the  boundary 
layer  is  thickest  or  most  likety  to  separate;  therefore,  a sur- 
face of  uniform  porosity  is  not  ideal  for  compressor-cascade 
side  walls.  The  surface  porosity  for  these  low-speed 
compressor-blade  tests  was  determined  by  the  requirement 
that  the  suction-chamber  pressure  be  lower  than  the  lowest 
pressure  on  the  test  airfoils.  In  this  condition,  the  flow 
tluough  the  wall  surface  was  eveiy where  outward  from  the 
test  section  to  the  suction  chamber. 

The  fii’st  tunnel  configuration  using  porous  walls  had  a very 
heavy  canvas  as  the  surface.  Because  of  the  appreciable 
roughness  of  this  material,  a very  large  quantity  of  the  main 
flow  had  to  be  removed  through  the  canvas  in  order  to  obtain 
the  pressure  rise  associated  with  the  measured  turning  angle. 
Although  a direct  quantity  measurement  was  not  made,  an 
estimate  based  on  the  suction  pressm*e  used  would  be  that 
an  air  quantity  of  from  20  to  25  percent  of  the  entering  flow 
was  removed  thi-ough  the  walls.  A medium-weight  broad- 
cloth material  having  a fairly  smooth  surface  on  one  side  was 
next  tried.  The  quantity  of  air  removed  was  10.3  percent 
of  the  entering  flow ; this  amount  includes  some  leakage  flow. 
Broadcloth  surfaces  were  used  for  most  of  the  tests  reported 
herein. 

One  test  using  2-ounce  nylon  sailcloth  was  run.  This 
materiar appears  to  have  deshable  smootlmess,  strength,  and 
abrasion-resistance  properties,  but  the  sample  used  was  too 
closely^  woven  for  the  conditions  of  the  test,  A flow  volume 
sufficiently  large  to  produce  the  requhed  pressure  rise  through 
the  cascade  could  not  be  removed  with  the  existing  suction 
blower.  A very  light  parachute  silk  was  also  tried,  but  with 
the  opposite  result — the  porosit}^  was  too  great,  and  several 
laj^ers  would  have  been  requhed  to  obtain  a satisfactoiy  . 
permeable  surface.  This  arrangement  was  considered  im- 
practical for  routine  operations  requiring  many  tunnel 
changes. 

Several  tests  were  run  with  a metal  screen,  made  b\‘  electro-  > 
plating,  as  the  porous  surface.  This  material,  a copper- 
nickel  alloy,  has  a very  smooth,  uniform  surface,  which  is 
much  smoother  than  wu'e  screen  of  similar  mesh  (100),  and 
is  without  the  fuzz  of  cloth.  The  sample  used  had  16- 
percent  open  area.  One  or  two  lay^ers  of  broadcloth  backing 
were  employed  to  produce  the  necessar}^  resistance.  A 
significant  reduction  in  the  porous-wall  air  removal  was 
measured  in  the  tests;  the  ah  removal  dropped  from  the 
previous  value  of  10.3  to  4.5  percent  of  the  main  flow. 
Better  agreement  resulted  between  normal-force  coefficients 


calculated  from  nieasiu*ed  blade  pressure  distributions  and 
those  calculated  by  using  the  momentum  equation.  The 
electroplated  metal  screen  was  rather  expensive,  however. 
A porous  surface  formed  by  hammering  copper  or  bronze 
screen  was  found  to  be  veiy  practical  and  quickh^  made.  This 
technique  is  attributed  to  Mr.  P.  K.  Pierpont  of  the  Langley 
Full-Scale  Research  Division.  By^  var3^ing  the  number  of 
hammering  operations  (each  followed  bj^^  torch  annealing), 
a material  of  requhed  porosit\"  could  be  obtained.  A screen 
successfully^  used  over  a wide  range  of  test  conditions  had 
initial  wire  diameter  of  0.014  inch,  30  mesh,  and  was  ham- 
mered to  a sheet  thickness  of  0.009  inch.  The  normal  flow 
velocity^  plotted  against  pressure  chop  for  this  material  is 
presented  in  figure  6. 

A commercially  available  material,  twill  dutch  double 
weave  filter  cloth,  usually^  woven  of  monel  wire,  having  250 
fill  wires  of  0.008-inch  diameter  per  inch  and  30  warp  wires 
of  0.010-inch  diameter  per  inch  was  found  to  be  very  satis- 
factory when  commercially  calendered  from  the  as-woven 
thickness  of  0.027  inch  to  0.018  inch.  This  filter  cloth  per- 
mitted normal  velocities  at  a given  pressure  drop  similar  to 
those  presented  in  figure  6 for  the  hammered  screen. 

No  comparative  tests  were  run  in  the  20-inch  tunnel,  but 
it  is  believed  that  a similar  reduction  in  porous-wall  air 
removal  coidd  have  been  achieved;  however,  a typical  value 
for  this  removal  in  the  20-inch  tunnel  is  2.9  percent  when 
broadcloth  is  used.  This  percentage  was  so  small  that  at- 
tempts to  reduce  the  amount  seemed  unnecessaiy. 

Slot  configurations. — A series  of  runs  was ‘made  with 
several  combinations  of  tunnel  side-wall  and  end-wall  slots 
in  order  to  produce  uniform  entering  flows  and  to  reduce 
porous-wall  suction-flow  quantity.  The  possibility  of  using 
flush  side-wall  slots  was  considered,  since  flush  side  slots 
would  eliminate  the  width  change  in  the  end  plates  and 
would  increase  the  ease  and  decrease  the  time  of  operation. 
The  tests  were  made  by  using  existing  sharp-edge  protruding 
slots  with  and  without  fairings  in  order  to  vary  the  configura- 
tion and  therefore  these  slots  do  not  represent  optimum  slot 
shapes.  The  side-wall  slots  were  closed  by  fairings  extending 


Figure  6. — Velocity  through  two  porous  materials  as  a function  of  the  pressure  drop. 
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from  the  entrance  cone  to  the  slot;  these  fairings  reduced  the 
tunnel  width  to  a constant  5 inches.  An  increase  of  2 percent 
of  the  main  flow  or  21  percent  of  the  permeable-wall  flow  was 
required  to  establish  the  desired  cascade  pressure  rise. 

The  fairing  was  then  moved  K inch  upstream  to  produce  a 
flush  slot,  and  10,5  percent  of  the  main  flow  was  drawn 
through  the  porous  wall  when  8.8  percent  was  removed 
through  the  flush  slot.  An  increase  in  slot  suction  pressure, 
which  raised  the  slot  flow  to  11.4  percent,  decreased  the 
required  porous-wall  flow  only  slightly  to  10.3  percent  of  the 
main  flow.  Increasing  the  flush-slot  width  to  }i  inch  had  a 
detrimental  effect  on  the  required  flow  through  the  cloth 
wall.  A different  slot  shape  similar  to  that  recommended  in 
reference  6 might  have  improved  the  performance,  but  this 
possibility  has  not  yet  been  investigated.  Flush  slots  parallel 
to  the  cascade  might  be  expected  to  deflect  the  entering  flow 
at  inlet  air  angles  other  than  zero.  In  these  tests,  however, 
this  effect  was  not  measurable  when  the  static-pressure  drop 
through  the  slot  was  less  than  one-half  the  dynamic  pressure 
entering  the  cascade.  For  the  usual  range  of  cascade  inlet 
angles,  no  greater  static-pressure  drop  than  one-half  the 
entering  dynamic  pressure  has  been  found  necessary. 

The  few  tests  run  to  determine  the  end-wall  slot  configura- 
tion indicated  the  same  trends  as  the  side  slots.  The  pro- 
truding slots  were  slightly  more  effective  than  flush  slots,  but 
only  an  insignificant  reduction  in  air  removal  was  gained 
over  the  sealed  or  no-slot  condition.  However,  when  seven 
blades  were  used  with  the  end  blades  serving  as  the  cascade 
boundary,  boundary -layer  removal  was  necessary.  Without 
the  end  slots,  separated  turbulent  flow  occurred  over  the  end 
blades,  and  uniform  entering  conditions  for  the  cascade 
apparently  could  not  be  established. 

Figure  7 shows  the  boundary-layer  profile  measured  at 
several  stations  about  1 chord  upstream  of  the  cascade.  The 
origin  of  each  of  the  small  plots  is  placed  at  the  survey  point. 

It  is  evident  that  the  protruding  slot  produces  a clean  flow 
at  these  locations. 

For  conditions  of  large  inlet  air  angles,  the  side-wall 
length  from  the  entrance  cone  to  the  slot  varies  considerably 
from  one  end  of  the  cascade  to  the  other  (fig.  1),  and  the 
boundary  thickness  varies  in  a similar  manner.  With  a fixed 
slot  width  and  with  essentially  constant  slot-suction-chamber 


Figure  7. — Total-pressure  loss  in  percent  of  entering  dynamic  pressure,  with  and  without 
boundary-layer  slot.  Survey  stations  located  at  origins  of  small  coordinate  axes. 
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pressure,  asymmetrical  flow  in  the  test  section  could  result 
from  the  difference  in  boundary-layer  thickness.  No  diflS- 
culties  encountered  during  the  investigation  reported  herein 
were  traced  to  this  source,  however.  When  testing  at  j8=70®, 
uniform  flow  entering  the  test  section  could  not  be  satisfac- 
torily obtained  with  the  slot  configurations  previously 
described.  Inlet-angle  plates  having  a construction  similar  to 
the  porous-wall  test  section  were  installed  in  place  of  the 
solid  plates  normally  used.  When  a small  quantity  of  flow 
was  drawn  through  the  porous  surface  of  the  inlet-angle 
plates,  uniform  flow  entering  the  test  section  was  readily 
established  at  j8=70°. 

End  conditions. — In  order  to  study  the  effect  of  the  end 
gap  on  the  behavior  of  the  main  flow,  a few  tests  using  five 
blades  were  run  with  varying  end  gaps.  A blade  equipped 
with  orifices  was  placed  nearest  the  end  walls.  As  indicated 
in  figure  8,  in  the  case  of  the  half-gap  end  spacing,  the  last 
blade  did  not  carry  lift  equal  to  that  of  the  central  blade. 
When  the  end  spacing  was  increased  to  a whole  gap,  the  lift 
on  the  end  blade  increased  considerably,  although  not  up  to 
the  value  of  lift  on  the  central  airfoil.  ■ The  important  result, 
however,  is  that  the  change  of  end  gap  had  no  measurable  effect 
on  the  performance  of  the  central  blade.  The  pressure  distri- 
bution, turning  angle,  and  drag  coefficient  remained  as  before. 

Other  investigators  have  used  the  end  blades  in  the  cascade 
as  the  boundary  (reference  7).  In  order  to  examine  the  possi- 
bilities of  this  method,  two  extra  blades  were  installed  in  the 
5-inch  cascade  tunnel.  Runs  were  first  made  with  the  end 
walls  sealed  to  the  end  blades  approximately  at  their  stagna- 


Percenf  chord 

(a)  Approximate  half-gap  end  spacing. 

(b)  Approximate  whole-gap  end  spacing. 

Figure  8.— Effect  of  end  gap  on  the  pressure  distribution  measured  on  the  end  blade. 
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tion  points.  This  s}^stem  provided  too  few  variables,  and 
proper  entering  conditions  could  not  be  established;  in 
addition,  the  end  passages  exhibited  stalling  and  fluctuating 
flows.  The  end  walls  were  moved  outward  about  K inch  for 
the  subsequent  test,  and  a gap  between  the  flexible  end  walls 
and  the  end  blades  resulted.  Attempts  were  made  to  control 
the  entering  static  pressure  and  direction  of  flow  by  bending 
the  end  walls.  Considerable  stalling  continued  to  occur, 
however,  apparently  because  of  the  thick  end-wall  boundar}^ 
layer.  To  investigate  this  possibilit}^  a Ke-inch  protruding 
slot  was  built  into  the  upper  and  lower  end  walls  1 chord 
ahead  of  the  test  blades.  These  slots  were  connected  by 
ducts  to  an  exhauster.  Satisfactory  control  of  entering  con- 
ditions was  possible  by  bending  the  flexible  surfaces.  Some 
operating  time  is  eliminated  with  this  s}^stem  since  it  is  not 
necessary  to  set  the  end  wall  exactly  in  the  direction  of  the 
exit  flow,  and  less  skill  and  time  are  required  in  adjusting 
the  entering  conditions.  However,  the  flow  about  the 
central  blade  appeared  to  be  the  same  as  that  for  the  other 
two  satisfactory  tunnel  configurations. 

The  number  of  blades  required  in  a cascade  appears  to 
be  an  inverse  function  of  the  amount  of  time  and  care  em- 
ployed in  establishing  the  end  conditions.  With  the  flexible 
end  walls  used  in  the  cascades  described  herein,  little  differ- 
ence in  performance  was  noticed  between  similar  configu- 
rations of  five  or  seven  blades.  In  a setup  where  end-wall 
adjustments  are  not  readily  made  or  where  running  time  is 
limited  to  a few  minutes,  significant  differences  in  the  per- 
formance might  be  observed. 

In  tests  of  airfoils  more  highly  cambered  than  the  NACA 
65-(12)10  section  reported  herein,  continuous  boundary- 
layer  removal  on  the  convex  end  wall  has  been  necessary  in 
order  to  prevent  separation  from  this  wall  and  to  permit 
uniform  exit  flow  from  the  cascade.  A porous  surface  be- 
ginning at  the  end-wall  slot,  about  1 chord  upstream  of  the 
blades,  was  extended  through  the  cascade  to  about  1 chord 
downstream  of  the  blades.  Provision  was  made  for  flexing 
this  end  wall  to  the  desired  curvatures.  Although  con- 
tinuous boundary'-layer  removal  might  also  be  desirable  for 
the  concave  end  wall,  the  additional  complexity  is  undesir- 
able. A thin  sheet-brass  end  wall  has  been  found  to  provide 
satisfactory  flows  at  an  inlet  angle  of  60®  and  at  a turning 
angle  of  30®,  which  is  a rather  severe  case. 

COMPARISON  OF  CASCADE  AND  TEST-BLOWER  RESULTS] 

Turning  angle  and  static-pressure  rise. — Results  for  the 
several  cascades  and  test  blowers  investigated  are  given  in 
figures  9 and  10  as  plots  of  turning  angle  against  angle  of 
attack.  All  test  airfoils  are  the  NACA  65-'(12)10  section. 
All  inlet  angles  are  60®  and  aU  solidities  are  unity,  with  the 
single  exception  of  the  42-inch-diameter  test  compressor,  in 
which  a mean  diameter  solidity  of  1.182  existed  and  in  which 
the  inlet  angle  increased  with  angle  of  attack  so  that  jS=60® 
occurred  at  o:=14®.  Turning-angle  corrections  obtained 
from  reference  2 for  varying  inlet  angle  in  the  42-inch  com- 
pressor are  presented.  Because  the  rotor-blade  sohdity  was 
1.182,  the  turning  angles  measured  in  the  42-inch  compressor 
were  predicted  to  be  about  0.4®  higher  than  in  the  28-inch 
test  blower  or  cascades  of  solidity  1 . 


Figure  9. — Effect  of  aspect  ratio  on  turning  angle  for  solid-wall  cascades.  A median  curve 
(dashed  line)  obtained  from  figure  10  is  presented  for  comparison. 


Figure  10.— Effect  of  asi)ect  ratio  on  turning  angle  for  porous- wall  cascades.  Results  from 
two  test  compressors  are  also  given.  Turning-angle  corrections  for  varying  inlet  air  angles 
of  the  42-inch  compressor  are  indicated.  For  the  42-inch  compressor,  ^=56°  at  a=10°  and 
^=64°  ata=18®. 

If  the  results  of  the  solid-wall  cascade  tests  are  compared, 
an  increasing  turning  angle  with  increasing  aspect  ratio  is 
very  evident.  The  results  from  porous  cascades  and  test 
blowers  agree  with  the  data  from  the  solid-waU  cascade  of 
aspect  ratio  1.  This  behavior  is  believed  to  be  due  to 
counteracting  effects.  The  velocities  induced  by  the  trailing 
vortices  due  to  reduced  lift  in  the  tunnel-wall  boundary 
layers  and  the  movement  of  the  waU  boundary  layer  onto 
the  suction  surface  of  the  airfoils  have  an  over-aU  result  of 
reducing  the  blade  lift  and  hence  the  net  turning  angle.  A 
factor  having  an  opposite  effect  is  the  increase  of  axial 
velocity  resulting  from  thickened  wall  boundary  layers  (see 
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reference  3) . That  this  effect  exists  is  evident  dui'ing  opera- 
tion of  the  porous-wall  cascades:  As  the  porous-wall  flow  is 
increased  and  the  pressure  rise  across  the  cascade  is  increased, 
a measurable  reduction  in  turning  angle  takes  place.  Figure 
11  shows  this  effect  for  the  cascade  with  blades  of  aspect 
ratio  4. 

In  a recent  paper  (reference  8),  Hausma-nn  has  presented 
an  analysis  of  the  simplified  trailing-vortex  problem.  In 
the  rather  severe  case  calculated,  the  indication  is  that  the 
turning  angle  would  be  increased  because  of  the  downwash 
associated  with  the  trailing  vortices.  The  opposite  effect  is 
predicted  by  Carter  and  Cohen  in  reference  9.  A discussion 
of  these  counteracting  effects  is  presented  in  a subsequent 
section,  with  the  conclusion  that  no  method  is  now  available 
to  explain  satisfactorily  the  flows  observed  in  the  solid-wall 
cascades. 

The  solid-wall  cascades  studied  failed  to  produce  the 
pressure  rise  associated  with  the  measured  turning  angles 
(fig.  12).  At  low  aspect  ratio  the  three-dimensional  effects 
predominated,  and  low  turning  angles  were  observed.  With 
higher  aspect  ratios,  the  induced  effects  were  of  smaller 
magnitude,  and  more  turning  of  the  flow  resulted.  To 
approach  two-dimensional  flows  in  solid-wall  cascades,  aspect 
ratios  much  greater  than  4 must  be  used. 

Satisfactory  agreement  of  6 with  a and  22/^1  ^vith  6 was 
obtained  between  porous-wall  cascades  of  aspect  ratios  of 


Figure  11— Variation  of  turning  angle  with  variation  in  pressure  rise  as  obtained  in  the 
porous- wall  cascade  of  aspect  ratio  4.  The  calculated  value  for  the  measured  turning  angle 

Q2 

of  20®  (A0=O®)  is  - =0.450;  the  value  measured  with  no  flow  through  the  porous  walls  was 

- =0.630.  a=15.1®. 

Qi 


Figure  12.— Dynamic-pressure  ratio  as  measured  in  the  various  tunnel  configurations  tested. 
The  solid-line  curve  indicates  the  calculated  value  of  gifgi. 


1,  2,  and  4 and  two  test  blowers  at  theii*  mean  diameters. 
The  porous-wall  cascades  appear  to  satisfy  these  criteria  of 
two-dimensionality. 

Passage  wake  surveys. — An  examination  of  the  flow  down 
stream  of  the  cascade  was  made  in  order  to  determine 
how  much  of  the  flow  was  homogeneous.  Total-pressme 
smweys  of  the  test  cascade  were  made  in  the  solid- wall  and 
porous-wall  configurations  with  blades  of  aspect  ratio  1 at 
an  angle  of  attack  of  15.1°.  The  results  are  presented  in 
figure  13.  In  the  solid- wall  case,  a large  region  of  low-energy 
ah',  which  had  its  core  originating  at  the  junction  between 
the  convex  surfaces  of  the  test  airfoil  and  the  tunnel  wall, 
was  observed.  In  reference  9,  a similar  plot  is  presented  for 
a cascade  of  aspect  ratio  2 in  which  similar  results  are 
indicated.  The  percentage  of  the  flow  area  affected  is  less, 
however,  and  a short  region  of  uniform  flow  appears  in  the 
center  of  the  tunnel. 

The  porous-wall  configuration  had  onfy  a relatively  small 
region  of  loss  greater  than  that  of  the  wake  of  the  test  blades. 
The  portion  of  the  wake  unaffected  by  the  spread  near  the 
wall  was  80  percent  of  the  tunnel  vddth.  The  total-pressure- 
loss  values  in  this  “two-dimensional”  wake  were  lower  and 
of  smaller  extent  than  in  the  solid-wall  test. 

A comparison  of  these  plots  illustrates  clearly  how  con- 
tinuous removal  of  the  wall  boundary  la3ws  alters  the  static- 
pressure  rise  across  a compressor  cascade.  With  solid  walls, 
the  large  low-energy  regions  act  to  constrict  the  main  flow 
and  so  reduce  the  effective  flow  area,  so  that  an  increase  in 
the  main  exit  flow  velocity  results.  With  permeable  walls, 
since  the  effective  exit  flow  area  is  much  larger,  the  exit 
velocity  is  smaller  and  the  static-pressure  rise  is  higher. 

Comparison  of  normal-force  coefficients. — One  of  the  im- 
portant criteria  for  two-dimensional  flow  is  that  the  value 
for  the  force  on  the  blades  determined  by  calculation  of  the 
momentum  and  pressure  changes  associated  with  the  meas- 


Figure  13.— Comparison  of  downstream  total-pressure-loss  contours  obtained  in  the  Langley 
5-inch  cascade  tunnel  with  solid  walls  and  with  porous  walls.  A = l;  <r=l;  a=l5.1®.' 
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ured  turning  angle  be  equal  to  the  force  as  determined  b}' 
integration  of  the  sm-face  pressures.  The  ability  of  the 
configurations  used  to  satisfy  this  criterion  is  illustrated  in 
figure  14.  The  solid-wall  cascade  of  aspect  ratio  1 fails 
badly.  The  sohd-wall  cascade  of  aspect  ratio  4 is  better 
but  the  normal-force  coefficient  obtained  from  pressure  dis- 
tributions is  from  7 to  15  percent  low.  The  porous-wall 
cascades  are  clearly  superior  on  this  count,  because  reason- 
able correlation  between  {Cn)p  and  {Ck)m  is  indicated  over 
the  usual  operating  range. 

Figure  15  shows  that  good  agreement  was  obtained  between 
{Cn)^  and  {Cn)m  with  the  porous-wall  cascade  of  aspect 
ratio  1 at  the  lower-pressure-rise  case  of  j8=45°.  No  tests  at 
lower  than  45°  inlet  angle  were  included  in  this  investigation, 
but  it  is  believed  that  satisfaction  of  all  the  criteria  of  tsvo- 
dimensionality  would  be  obtained. 

The  pressure  rise  across  the  cascade  has  an  effect  on  the 
force  normal  to  the  blade.  In  order  to  calculate  this  force, 
the  pressure  rise  must  be  known  or  assumed.  The  calcu- 
lated normal-force-coefficient  curves  of  figures  14  and  15 
were  prepared  by  using  the  pressure  rise  measured  in  the 
porous-wall  cascades.  As  previously  noted,  the  values  of 
^2/(Zi  are  controllable  with  continuous  boundary-la^^er  removal 
and  were  adjusted  to  correspond  to  the  observed  turning 
angle  with  allowance  for  the  observed  wake.  The  calculated 
values  of  presented  are  therefore  believed  to  be  represent- 
ative of  two-dimensional  flow  and  the  most  logical  basis  for 
comparison. 


Figure  14. — Comparison  of  normal-force  coefficient  obtained  in  various  cascades.  Solid-line 
curve  indicates  calculated  values  of  C.v. 


All  interesting  comparison  is  that  of  the  pressui*e-distribution 
normal-force  coefficients  obtained  with  the  42-inch-diameter 
test  compressor,  the  values  calculated  for  the  observed 
turning  angles  and  the  values  obtained  in  solid-wall 
cascade  of  aspect  ratio  1.  This  cascade  might  be  expected 
to  produce  effects  similar  to  the  blower,  if  the  physical 
similarity  were  the  determining  factor,  since  the  test 
compressor  has  blades  of  aspect  ratio  of  about  1,  sohd 
^Svalls,”  and  a solidity  of  1.182.  The  values  of  pre- 
sented in  figure  16  illustrate  that  the  effects  are  not  similar. 
At  the  mean  diameter,  the  <jCn  values  of  the  test  compressor 
match  the  values  calculated  for  the  measured  tiuTiing  angles 
within  the  limits  of  the  measuring  accuracy,  but  the  values 
for  the  solid-wall  cascade  of  aspect  ratio  1 are  great!}'' 
different. 

The  excellent  agreement  between  the  test  compressors 
and  the  porous-wall  cascades  on  turning-angle  {d  against  a), 
normal-force-coefficient  ((CaOp  and  {Ck)m  against  0),  and 
pressure-rise  (22/21  against  d)  relations  probably  results  from 
the  relatively  greater  energy  of  the  boundary  layers  in  the 
compressors  compared  with  the  energy  of  the  boundary 
layer  in  the  cascade  tunnels.  This  energy  difference,  which 
is  due  to  greater  relative  velocities  between  the  boundary 
layer  and  the  running  blades  in  the  compressors  as  compared 
with  the  stationary  blades  in  the  cascade,  is  discussed  in 
reference  3.  The  excellent  agreement  obtained  illustrates 
that  two-dimensional  cascade  data  can  be  used  directly  in 
the  design  of  axial-flow  compressors. 

Spanwise  pressures.^ — One  of  the  characteristics  of  a flow 
constant  in  the  spanvdse  dhection  is  that  equal  pressm'es 
exist  at  one  chordwise  position  at  different  spanwise  loca- 
tions. In  order  to  examine  the  ability  of  the  various  setups 
to  meet  this  requirement,  airfoils  having  static-pressure 
orifices  located  inch  from  the  tunnel  wall  as  well  as  at 
the  usual  center-line  location  were  constructed.  NACA 


Figure  15. — Comparison  of  normal-force  coefficient  obtained  by  Integration  of  blade  pressure 
distribution  and  by  momentum-change  calculations.  /3=45®;  <r=l;  porous  walls. 
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65-(12)10  compressor  blades  of  aspect  ratio  1 were  tested 
at  ^=60°,  with  a solidity  of  1,  with  solid  and  with  porous 
walls.  In  the  solid-wall  case  (fig.  17)  the  pressures  near  the 
wall  are  quite  different  from  those  along  the  tunnel  center 
at  the  various  chord  wise  stations.  In  addition,  the  normal- 
force  coefficient  obtained  by  integrating  the  center-line 
diagram  is  significantly  lower  than  that  calculated  from  the 
measured  turning  angle.  This  fact,  coupled  with  the  dif- 
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Figure  16. — Comparison  of  normal-force  coefficient  measured  in  the  42-inch-diameter  test 
blower  with  that  measured  in  the  solid-wall  cascade  of  A= 1.  The  solid  curve  is  calculated 
from  measured  turning  angle,  the  appropriate  inlet  angle  being  considered. 


Figure  17 —Pressure  distributions  at  two  spanwise  locations  in  the  5-inch  solid- wall  cascade 
of  aspect  ratio  1.  a =14.1®. 


ference  between  the  measured  and  calculated  exit  velocities, 
suggests  that  significant  differences  in  the  pressure  distribu- 
tion would  occur  either  in  the  ideal  two-dimensional  case  or 
in  a compressor  (the  calculated  pressure  rise  has  been  ob- 
tained in  several  test  compressors).  This  possibility  was 
discussed  in  reference  3, 

Pressure  distributions  similar  to  those  for  the  solid-wall 
condition  are  presented  in  figure  18  for  the  porous-wall 
condition.  Excellent  agreement  is  obtained  between  the 
two  diagrams.  The  normal-force  coefficients  obtained  b^^ 
integration  and  by  calculation  agree  within  the  limits  of 
experimental  error. 

For  purposes  of  comparison,  the  center-line  pressure  dis- 
tributions of  figures  17  and  18  have  been  replotted  in  figure 
19.  Although  the  angle  of  attack  and  turning  angle  were 
similar  in  the  solid-wall  test,  it  is  clear  that  the  total  area  is 
considerably  less  and  that  the  pressure  distributions  differ 
from  each  other  in  such  a manner  that  it  would  be  difficult, 
if  not  impossible,  to  devise  a method  for  correcting  the 
solid-wall  test  results  to  agree  with  those  which  would  result 
in  a two-dimensional  flow. 

Similar  agreement  was  obtained  in  porous-wall  tests  at  an 
inlet  air  angle  of  60°  with  a cascade  of  aspect  ratio  4 (fig.  20) 
over  the  test  range  of  angle  of  attack.  It  is  therefore 
believed  that  a reasonably  close  approach  to  two-dimensional 
flow  was  obtained  with  continuous  removal  of  the  tunnel- 
wall  boundary  layers. 

EFFECT  OF  REYNOLDS  NUMBER 

A set  of  2.5-inch-chord  airfoils  was  constructed  to  permit 
cascade  tests  with  blades  of  aspect  ratio  2,  At  the  usual 
test  velocity  of  about  95  feet  per  second,  the  Reynolds 
number  of  this  cascade  would  be  123,000,  a value  presumably 
well  above  the  critical  range  at  which  scale  effects  occur 
(usually  taken  to  be  about  100,000  for  typical  axial-flow 
compressors).  Because  of  the  low  turbulence  level  of  the 
Langley  5-inch  cascade  tunnel,  laminar  separation  existed, 
and  very  poor  performance  was  observed.  (Velocity  varia- 
tion was  0.0004  of  stream  velocity;  however,  in  both  tunnels 
the  turbulence  factor  varied  somewhat  with  the  air  velocity.) 
A series  of  tests  was  therefore  run  in  an  attempt  to  define 
the  critical  Reynolds  number  for  the  test  cascade  in  several 
tunnel  configurations . 

The  2.5-inch-chord  blades  in  the  original  smooth  condition 
were  tested  at  several  values  of  i?  by  increasing  the  test 
entrance  velocity.  In  figure  21,  a leveling  of  the  turning- 
angle  and  drag-coefficient  curves  around  values  of  7? =250,000 
is  indicated  for  these  tests.  Because  the  tunnel  motor  and 
blower  appeared  to  be  operating  at  speeds  above  a safe  limit, 
attempts  were  made  to  simulate  higher  effective  values  of 
R by  introducing  turbulence  into  the  air  stream  and  hj 
using  airfoils  roughened  by  a strip  of  masking  tape  at  the 
leading  edge.  Figure  22  indicates  that  a turning-angle  per- 
formance indicative  of  higher  effective  Reynolds  number  can 
be  obtained  by  the  use  of  roughness.  Some  difficulty  was 
encountered  in  introducing  turbulence  to  the  test  air  stream 
and  still  maintaining  uniform  entering -flow  conditions;  there- 
fore, the  results  are  not  presented  herein.  However,  quali- 
tatively, the  expected  effect  was  observed. 
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Figure  18. — Pressure  distributions  at  two  span  wise  locations  in  the  5-inch  porous- wall 
cascade  of  aspect  ratio  1.  o=14.1®. 


Figure  19. — Comparison  of  test-airfoil  surface  pressure  distributions  measured  along  tunnel 
center  line  with  solid  and  with  porous  walls,  a =14.1°. 


Figure  20. — Comparison  of  pressure  distributions  at  two  span  wise  locations  taken  in  the 
porous- wall  cascade  of  aspect  ratio  4,  at  60°  inlet  angle,  and  with  a solidity  of  1.  a =9®. 


Figure *21  .—Effect  of  Reynolds  number  on  cascade  performance,  a =15.1°. 


Figure  22.— Effect  of  roughness  on  cascade  performance  over  a range  of  Reynolds  numbers. 
Tests  were  made  in  5-inch  solid- wall  cascade  of  aspect  ratio  2. 
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To  make  certain  that  values  of  R above  250,000  would 
produce  only  insignificant  changes  in  performance,  a set  of 
5-inch-chord  airfoils  were  rerun  in  the  5-inch  cascade  with 
solid  walls  at  the  usual  test  velocities  and  at  higher  values. 
These  results  are  included  in  figure  21.  Since  the  aspect 
ratio  of  the  blades  used  in  these  tests  was  unity,  the  turning- 
angle  values  are  not  directly  comparable  with  the  results  of 
the  2.5-inch-chord  tests.  The  indication  is  that  the  critical 
Reynolds  number  is  about  250,000. 

Hot-wire  anemometer  measurements  in  the  20-inch  tunnel 
indicated  that  the  turbulence  factor  of  this  tunnel  was  about 
ten  times  that  of  the  5-inch  tunnel.  To  obtain  further 
information  on  Reynolds  number  effects,  the  test  cascade  was 
rerun  in  the  20-inch  tunnel.  Entering  speeds  above  and 
below  the  usual  value  were  used.  These  results  are  also 
included  in  figure  21.  In  the  Reynolds  number  range 
between  160,000  and  250,000  the  turning-angle  values  for  the 
porous-wall  cascades  of  1 and  .4=4  vary  less  with  I?  than 
do  the  values  for  solid- wall  cascades  of  A— 2.  Apparently, 
continuous  removal  of  the  side- wall  boundary  layer  makes  a 
compressor  cascade  less  sensitive  to  Reynolds  number 
changes. 

A large  variation  in  the  value  of  the  measured  wake 
coefficient  is  noted  at  i?=250,000.  The  section  drag  for  the 
solid-wall  cascade  of  A=\  is  influenced  by  the  blade-wall 
junction  losses,  as  was  shown  in  figure  13.  The  wake  coeffi- 
cients of  the  test  airfoils  of  A— 2 in  the  solid-wall  cascade  and 
A=1  in  the  porous-wall  cascade  are  believed  to  be  greater 
than  those  of  the  airfoils  with  A =4  because  of  the  greater 
turbulence  and  higher  effective  Reynolds  number  in  the 
20-inch  tunnel.  This  trend  is  evident  in  figure  23,  in  which  a 
plot  of  Cw  against  a is  presented  for  several  tunnel  configura- 
tions. The  scatter  of  the  Cw  values  suggests  the  order  of 
accuracy  of  this  measurement. 

Data  taken  at  angles  of  attack  other  than  15.1°  indicate  a 
large  change  in  the  values  of  d$/da  with  R (fig.  24) . Most  of 
these  data  were  obtained  with  the  solid-wall  cascade  with 
blades  of  A~2  over  only  a 4°  range  of  a;  however,  a more 
complete  a range  was  run  in  a porous-wall  cascade  with  blades 
of  A=2  at  i?=  190,000  and  176,000.  The  points  presented  in 
figure  24  are  not  to  be  considered  final,  but  they  do  provide  an 
indication  of  the  trend  to  be  expected. 

The  decrease  of  dSjda  with  R is  believed  to  be  related  to  the 
pressure  gradients  near  the  leading  edge  of  the  convex  surface 
of  the  test  airfoils  and  to  the  extent  of  the  laminar  separation. 
At  lower  angles  of  attack,  the  pressure  recovery  in  the  for- 
ward 35  to  40  percent  chord  is  small  (fig.  20)  and  laminar 
flow  can  exist  for  some  distance  so  that  a relatively  thick 
laminar  boundary  layer  results.  Farther  downstream  a 
rapid  pressure  rise  occurs  and,  at  low  Reynolds  numbei*s,  a 
severe  laminar  separation  takes  place  and  low  lift  and  low 
turning  angles  result.  The  fact  that  severe  separation  occurs 
is  indicated  by  the  high  Cw  values  measured  at  low  Reynolds 
numbers  (fig.  21).  At  higher  angles  of  attack,  the  region 
favorable  to  a laminar  boundary  layer  is  reduced,  so  that 
when  laminar  separation  takes  place  the  separation  is  of 
lesser  extent.  (In  some  cases,  particularly  at  higher  Rey- 
nolds numbers,  the  flow  may  reattach  to  the  surface.)  Thus, 


Figure  23 —Wake  coefficient  of  the  NAG  A 65-(12)10  airfoils  at  /9=60®  and  <r=l  for  various 

angles  of  attack. 


Reynolds  number 


Figure  24.— Effect  of  Reynolds  number  on  curve  of 

as  the  angle  of  attack  is  increased,  a disproportionate  increase 
in  turning  angle  occurs  at  low  Reynolds  numbers.  At  higher 
Reynolds  numbers,  laminar  separation  is  less  likely  to  occur 
so  that  these  effects  are  less  pronounced  and  a lower  value  of 
dd\da  results. 

Attempts  were  made  to  verify  the  apparently  reduced  effect 
of  Reynolds  number  on  porous-wall  cascades  of  aspect  ratios 
1 and  4 by  testing  the  2.5-inch-cliord  airfoils  of  A=2  with 
permeable  walls.  With  the  exhausting  equipment  available, 
it  was  not  possible  to  establish  the  desired  flow  conditions  at 
Reynolds  numbers  above  190,000.  At  this  value,  a turning 
angle  of  19.2°  was  measured  at  15.1°  angle  of  attack,  and 
ddjda  equalled  0.90.  These  results  agree^with  the  previously 
recorded  data. 
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COMPARISON  OF  SEVERAL  METHODS  OF  CORRECTING  TURNING 
ANGLES  TO  THE  TWO-DIMENSIONAL  CASE 

There  are  many  situations  in  which  it  would  be  desirable 
to  use  solid-wall  cascades  if  suitable  means  for  correcting  the 
results  were  available,  as,  for  example,  when  schlieren  photo- 
graphs of  the  flow  are  desired.  Several  methods  for  con- 
verting cascade  and  compressor  results  that  are  not  two- 
dimensional  to  the  two-dimensional  case  were  applied  to  the 
data  from  the  solid-wall  cascade  Avith  blades  of  A= 4.  One 
method  is  based  on  the  discussion  in  reference  3,  in  which  the 
exit  axial  velocity  is  made  equal  to  the  inlet  axial  velocity. 
The  entrance  inlet  angle  and  angle  of  attack  are  assumed  to 
be  unaffected  b}^  the  exit  flow  (fig.  25(a)).  A second 


Figure  25— Velocity  diagrams  illustrating  several  correction[methods. 


method,  based  on  a discussion  in  reference  10,  suggests  that 
the  exit  axial  velocit}’-  be  adjusted  by  one-half  the  difference 
between  inlet  and  exit  values  and  the  corrected  turning  angle 
be  the  difference  between  the  actual  inlet  vector  and  the 
adjusted  exit  vector  (fig.  25(b)).  A third  method  is  to 
average  the  inlet  and  exit  axial  velocities  and  then  to  reduce 
the  averaged  axial  velocity  by  one-half  the  axial-velocity 
increment  due  to  the  wake  to  obtain  the  inlet  axial  velocity. 
The  exit  axial  velocity  would  be  greater  than  the  average 
value  by  one-half  the  wake  increment  (fig.  25(c)).  In  all 
these  methods,  the  change  in  the  tangential  velocity  is 
assumed  to  be  unaffected  by  the  change  in  axial  velocity. 
This  assumption  may  not  be  valid. 

The  turning  angles  measured  in  the  solid-wall  cascade  of 
A=4  have  been  corrected  by  these  three  methods,  and  the 
results  are  presented  in  figure  26.  The  turning  angles 
measured  in  the  solid-wall  cascade  of  A=l,  which  were  in 
good  agreement  with  test-blower  and  porous-wall-cascade 
results  as  indicated  in  figure  9,  are  included  in  figure  26. 
Corrected  values  obtained  by  the  wake-allowance  method 
(method  III),  which  gave  the  smallest  change  for  a given 
axial-velocity  increase,  are  also  included  for  the  A=l  solid- 
wall  case.  The  turning  angles  for  the  A =4  case  as  measured 
were  2°  to  4°  higher  then  the  median  values  of  figure  10. 
The  second  and  third  methods  reduced  these  differences  to 
about  one-half.  The  first  method  yielded  results  in  better 
agreement  'svith  median  curve,  but  the  corrected  values 
tended  to  be  low,  with  a maximum  difference  of  about  1®. 

The  wake-aUowance  method  was  applied  to  the  data  from 
the  solid-wall  cascade  with  blades  of  A=l.  The  corrected 
turning  angles  appear  2°  to  3®  below  the  measured  data 


Figure  26.— Comparison  of  turning  angles  measured  in  the  solid-wall  cascades  of  .4=1  and 
4=4  with  values  corrected  by  several  methods. 
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(or  the  median  curve)  if  tliis  method  is  used  and  would  be 
even  lower  if  the  other  methods  were  used.  Since  the  cor- 
rected turning  angles  for  blades  of  ^=4  tend  to  be  too  high 
and  the  values  for  blades  of  A=l  too  low,  the  conclusion 
might  be  drawn  that  some  combination  of  test  aspect  ratio 
and  correction  method  could  be  obtained  that  would  make 
possible  the  adjustment  of  cascade  data  that  are  not  two- 
dimensional  to  the  two-dimensional  case.  That  such  a 
combination  would  yield  satisfactory  results  over  the  useful 
range  of  inlet  angles,  solidities,  and  cambers  seems  unlikely. 
Consideration  of  correction  attempts  for  aspect  ratios  1 and 
4 indicates  that  a single  simple  method  of  adjusting  measured 
values  for  observed  axial- velocity  changes  is  not  likel}^  to 
be  found.  Apparently  factors  other  than  the  increase  or 
decrease  of  axial  velocity  through  the  cascade  must  be  taken 
into  account.  Undoubtedly  one  of  these  other  factors  is 
the  effect  of  the  flow  induced  by  the  trailing  vortices.  The 
method  of  reference  9 was  used  to  estimate  the  magnitude 
of  these  effects  in  the  solid-wall  cascades  of  A— I and  A=4, 
for  a measured  turning  angle  of  20°.  The  turning  angle  in 
the  cascade  of  A—1  is  decreased  about  2°  by  the  induced 
flow,  whereas  the  turning  angle  for  the  blade  of  A =4  is 
reduced  by  1.7°.  Adding  2°  to  the  corrected  turning  angles 
in  figure  26  would  bring  the  A=l  results  into  closer  agree- 
ment with  the  median  curve.  Adding  1.7°  to  the  A=4 
results,  however,  would  cause  greater  disagreement  between 
the  values  corrected  by  any  of  the  thi*ee  methods  used  and 
the  median  curve  of  figure  10. 

The  values  of  normal-force  coefficient  obtained  by  inte- 
grating the  pressure  distribution  about  the  test  airfoils  have 
been  replotted  with  the  turning  angles  corrected  by  three 
methods  (fig.  27).  The  corrected  ((7Ar)p  curves  intersect  the 
theoretical  curve  within  the  test  range.  The  (Cn)p  curve 
plotted  against  measured  values  of  6 did  not  intersect  the 
theoretical  curve  (fig.  14).  Thus  the  axial-velocity  adjust- 
ment methods  used  might  be  considered  to  improve  the 
agreement  between  measured  and  calculated  normal-force 
coefficients,  but,  because  the  slopes  are  quite  different,  only 
little  improvement  is  gained.  If  the  induced  flows  were 
taken  into  account  by  the  relations  of  reference  9,  the 
various  values  of  dCwlddc  would  be  in  less  agreement  with 
the  theoretical  values,  because  the  reduction  of  turning 
angle  due  to  the  trailing  vortices  increases  with  CV-  Thus 
no  methods  are  at  hand  to  explain  the  observed  flows  in  the 
solid-Avall  cascades. 

TURBINE-BLADE  TESTS 

A turbine  blade  designed  to  operate  at  /3=30°  with  about 
85°  turning  angle,  a pressure-drop,  reaction  condition,  was 
tested  in  the  5-inch  tunnel  in  cascades  of  A =0.83  and  in 
the  20-inch  tunnel  in  cascades  of  A=3.33;  solid  walls  were 
used.  The  curves  of  a against  B are  presented  in  figure  28. 
Little  difference  other  than  experimental  scatter  is  noted. 
Blade-surface  static-pressure  measurements  taken  along  the 
tunnel  center  line  are  shown  in  figure  29.  Greater  differences 
than  can  be  accounted  for  by  inaccuracies  of  measurement 
existed,  but  general  agreement  was  obtained.  Tuft  surveys 
indicated  a collecting  of  low-energy  flow  at  the  juncture  of 


Figure  27.— Comparison  of  normal-force  coefficients  obtained  in  the  solid- wall  cascade  of 
A =4  when  plotted  against  the  measured  turning  angles  and  the  turning  angles  corrected 
by  three  methods. 


Figure  28. — Variation  of  turning  angle  with  angle  of  attack  for  one  turbine-blade  section 
tested  at  aspect  ratios  of  0.83  and  3.33. 


the  convex  surface  of  the  test  blades  and  the  tunnel  side 
walls.  In  these  tests,  even  at  the  lower  aspect  ratio,  this 
condition  seemed  to  have  little  effect  on  the  test  results.  It 
is  therefore  believed  that,  with  usual  pressure-drop  cascades, 
as  with  reaction  turbine  blades,  nozzles,  and  guide  vanes, 
useful  results  can  be  obtained  with  cascades  of  low 
aspect  ratio. 

Another  reaction  turbine  section  designed  for  0=105°  at 
jS=45°  was  tested  in  the  5-inch  tunnel  in  cascades  of  A=0.83 
with  solid  and  with  porous  walls.  Since  the  dynamic  pressure 
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Figure  29 .—Comparison  of  surface  pressure  distributions  of  a turbine  blade  of  aspect  ratio 
0.83  and  aspect  ratio  3.33  in  solid-wall  tunnels. 

at  the  exit  from  the  solid-wall  cascade  was  not  much 
greater  than  that  calculated  for  two-dimensional  flow,  very 
little  air  could  be  drawn  tlirough  porous  walls  without  lower- 
ing the  exit  dynamic  pressure  below  the  desired  value.  With 
this  low  porous- wall  flow  rate,  the  pressure  drop  across  the 
porous  walls  in  use  with  this  test  was  not  sufficiently  great 
to  produce  an  inflow  thi'ough  the  entire  wall.  Therefore, 
the  flow  through  the  cascade  could  not  be  considered  valid. 
Nevertheless,  a turning  angle  only  1°  different  (in  105®) 
was  measured.  This  test  is  at  best  only  indicative  of  the 
effects  of  using  porous  walls  with  turbine  cascades,  but  it 
seems  clear  that  with  pressure-drop  cascades  little  benefit  is 
to  be  gained  through  the  use  of  permeable  side  walls. 

CONCLUSIONS 

The  results  of  an  investigation  to  determine  the  influence 
of  aspect  ratio,  boundary-layer  control  by  means  of  slots 
and  porous  surfaces,  Re^molds  number,  and  tunnel  end-wall 
condition  upon  the  performance  of  airfoils  in  cascades  have 
led  to  the  following  conclusions: 

1.  Conventional  cascades  of  compressor  blades  ^vith  aspect 
ratio  4 do  not  simulate  the  two-dimensional  case.  The 
indication  is  that  very  large  aspect  ratios  would  be  necessar}^ 
to  satisfy  all  criteria  of  two-dimensionality'. 

2.  Because  of  opposing  effects,  the  solid-wall  cascade  of 
aspect  ratio  1 produced  a relation  between  turning  angle 
and  angle  of  attack  for  the  NACA  65-(12)10  compressor 
blade  at  a solidity  of  1 and  an  inlet  air  angle  of  60®  more 
nearly  like  that  of  two  test  blowers  than  that  of  the  solid- 
wall  cascade  of  aspect  ratio  4.  However,  the  normal-force 
coefficients  obtained  from  the  measured  pressure  distributions 
were  significantly  less  than  those  calculated  from  momentum 
and  pressure  changes,  and  the  measured  pressure  rise  across 


the  cascade  was  significantly  less  than  that  associated  with 
the  measured  turning  angle. 

3.  With  continuous  boundary-layer  removal,  cascades  of 
aspect  ratios  1 and  4 produced  curves  of  turning  angle  against 
angle  of  attack  for  the  NACA  65-(12)10  airfoil  very  similar 
to  those  of  two  test  blowers,  when  the  pressure  rise  associated 
with  the  measiu*ed  turning  angle  was  established. 

4.  Much  better  agreement  was  achieved  with  the  porous- 
wall  cascades  between  the  normal-force  coefficients  calcu- 
lated from  momentum  and  pressure  changes  and  those  ob- 
tained by  integration  of  the  measured  pressure  distributions 
than  was  obtained  with  the  solid- wall  cascades. 

5.  With  cascades  having  a decrease  in  static  pressure  in 
the  dovTistream  direction,  as  with  guide  vanes  and  turbine 
blades,  the  use  of  permeable  walls  appears  to  be  of  negligible 
advantage.  With  such  cascades,  solid-wall  tunnel  configu- 
rations having  blades  of  aspect  ratios  of  0.83  and  3.33  pro- 
duced similar  results. 

6.  For  typical  compressor-blade  cascades  in  tunnels  of  low 
turbulence  level,  scale  effects  seem  to  be  negligible  above 
Reynolds  numbers  of  250,000  but  may  be  appreciable  below 
this  value. 

7.  The  porous- wall  technique  as  applied  to  cascades  of 
compressor  blades  makes  practical  the  attainment  of  two- 
dimensional  flows. 


Langley  Aeronautical  Laboratory/' 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  30^  1949. 
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INVESTIGATION  OF  FREQUENCY-RESPONSE  CHARACTERISTICS  OF  ENGINE  SPEED 

FOR  A TYPICAL  TURBINE-PROPELLER  ENGINE  ‘ 

By  BtFRT  L.  Taylor,  III,  and  Frank  L.  Oppenheimer 


SUMMARY 

Experimental  Jrequency-response  characteristics  of  engine 
speed  for  a typical  turbine-propeller  engine  are  presented. 
These  data  were  obtained  by  subjecting  the  engine  to  sinusoidal 
variations  of  fuel  flow  and  propeller-blade-angle  inputs.  Corre- 
lation is  made  between  these  experimental  data  and  analytical 
frequency-response  characteristics  obtained  from  a linear  differ- 
ential equation  derived  from  steady -state  torque-speed  relations. 

The  results  of  this  investigation  indicate  that  engine  speed  is 
a linear  function  of  fuel  flow  and  propeller-blade  angle  for 
limited  variations  of  these  parameters.  Algebraic  expressions- 
approximately  describing  the  frequency-response  characteristics 
of  the  engine  tested  are  primarily  first  order.  Approximate 
frequency-response  characteristics  limited  to  first-order  ejffects 
may  be  calculated  from  solutions  of  a linear  differential  equation 
and  equilibrium  torque  characteristics  of  the  engine  and  the 
propeller. 

INTRODUCTION 

In  order,  to  design  controls  that  will  provide  desirable 
transient  operation,  the  d^niamics  of  the  various  components 
of  the  controlled  system  should  be  kno^vn.  The  most  general 
description  of  the  dynamics  of  any  system  is  the  differential 
equations  of  motion,  but  use  of  the  detailed  and  precise  aero- 
dynamic and  thermodynamic  equations  for  analysis  of  d3- 
namic  behavior  of  a gas-turbine  engine  and  control  system 
presents  insurmountable  problems.  On  the  other  hand,  any 
description  whereby  linear  behavior  of  the  system  com- 
ponents is  assumed  can  be  placed  in  a form  that  is  readih- 
handled  and  productive  of  results.  The  advantages  of  the 
linear  assumption  are  so  far-reaching  that  its  use  is  justified, 
even  where  the  system  is  of  known  nonlinearity  but  where 
high  precision  of  results  is  not  required,  such  as  in  the  inves- 
tigation of  controls  for  gas-turbine  engines. 

In  the  linear  field,  several  descriptive  forms  can  be  used. 
The  most  general  of  these  is  the  frequency  response,  wherebv- 
the  attenuation  and  the  phase  lag  of  steady  sinusoidal  inputs 
are  given  for  the  continuous  frequency  spectrum.  Wlien 
these  data  are  available  for  each  component  of  a closed-loop 
control  S3"stem,  the  time  response  of  the  sy^stem  can  be 
calculated.  employing  techniques  of  analysis  ands}m- 
thesis  described  in  reference  1,  sy^stem  behavior  can  be 
altered  to  obtain  desired  frequencA^-response  characteristics 
and  the  related  time  response. 

A general  investigation  is  in  progress  at  the  NACA  Lewis 
laboratory  to  determine  the  nature  of  the  djmamics  of  gas- 
turbine  power  plants  and  to  devise  and  to  evaluate  methods 
for  describing  this  behavior  in  a form  applicable  to  control 


synthesis  and  analy^sis.  Special  emphasis  has  been  placed 
on  the  determination  of  the  behavior  of  rotative  speed 
because  of  its  importance  in  this  t}^pe  of  engine  for  safet^^ 
and  optimum  operation.  The  results  of  an  investigation  of 
the  frequenc}'-response  characteristics  of  a turbine-propeller 
engine  are  presented  herein.  Experimental  frequency^- 
response  data  were  anal^^zed  to  obtain  the  general  form  and 
nature  of  the  f requeue}' -response  and  dynamic  characteristics 
of  such  engines,  to  verify  the  linear  assumption,  and  to 
obtain  a basis  upon  which  other  descriptive  forms  of  the 
dynamic  behavior  may  be  compared.  One  such  comparison 
is  made  between  the  linear  differential  equation  obtained 
from  equilibrium-torque  curves  and  experimental  frequency- 
response  characteristics. 

For  purposes  of  this  investigation,  the  dynamic  response 
of  engine  speed  to  disturbances  in  fuel  flow  and  propeller- 
blade  angle  for  a typical  turbine-propeller  engine  is  used. 

ANALYSIS 

DEVELOPMENT  OF  LINEAR  DIFFERENTIAL  EQUATIONS 

With  the  hypothesis  that  quasi-static  conditions  exist  in  an 
engine  during  transient  conditions  of  operation,  a differential 
equation  may  be  derived  to  express  the  behavior  of  engine 
speed  as  a function  of  fuel  flow  (reference  2) . An  assumption 
is  made  that  the  torque  output  of  the  engine  is  some  function 
of  only  two  variables,  engine  speed  and  fuel  flow,  for  a given 
condition  of  altitude  and  ram  pressure  ratio.  This  function 
may  be  expanded  and  linearized  so  that  the  following  equa- 
tion approximates  the  behavior  of  engine  speed  for  operation 
in  a small  region 

q,=f,  ) 

> (1) 

l^Q.e=a^W f--bANe  ) 

where  a is  the  partial  derivative  of  engine  torque  with  respect 
to  fuel  flow  and  b is  the  absolute  value  of  the  partial  deriva- 
tive of  engine  torque  with  respect  to  engine  speed.  A delta 
prefix  before  a variable  signifies  deviation  from  the  initial 
operating  point.  (All  symbols  used®  in  this  report  are 
defined  in  the  appendix.) 

In  a similar  manner,  the  torque  absorbed  by  a propeller 
may  be  expressed  as  some  function  of  rotational  speed  and 
blade  angle 


A Qp  = cAjS  dAN  p 
AQp  = cA|3+^  AiV, 


(2) 


1 Supersedes  NACA  TN  2184,  ‘'Investigation  of  Frequency-Response  Characteristics  of  Engine  Speed  for  a Typical  Turbine-Propeller  Engine’'  by  Burt  L.  Taylor,  in,  and  Frant 
L.  Oppenheimer,  1950. 
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where  c is  the  partial  derivative  of  propeller  torque  with 
respect  to  blade  angle  and  d is  the  partial  derivative  of  pro- 
peller torque  with  respect  to  propeller  speed. 

Any  unbalance  between  torque  developed  by  the  engine 
and  torque  absorbed  by  the  propeller  results  in  an  accelera- 
tion. If  the  effective  moment  of  inertia  is  assumed  to  be 
comprised  of  the  propeller  and  the  rotating  parts  of  the 
engine,  the  unbalanced  torque  may  be  expressed  in  terms 
of  engine  speed  and  the  moments  of  inertia  by  the  following 
equation : 

AQe-^=(le  + ^)^Ne  (3) 

If  equation  (2)  is  divided  by  the  gear  ratio  R and  sub- 
tracted from  equation  (1),  the  following  equation  results: 


AQ-^=aAWr-^  AN.  (4) 

Equations  (3)  and  (4)  may  be  combined,  yielding  the  follow- 
ing diflFerential  equation  relating  engine  speed  to  fuel  flow 
and  blade  angle: 

ANe=aAWf—^  AjS  (5) 

If  equation  (5)  is  divided  through  hjNe(max)  and 
and  the  appropriate  terms  are  divided  by 

the  following  dimensionless  equation  expressing 

f{max) 

speed  and  fuel  flow  is  obtained: 


The  form  of  equation  (6)  is  that  of  a first-order  lag,  which 
can  be  written  as  follows: 

r (7) 

IVe(max)  iVg(mox)  rV / (max) 

where  the  dynamic  characteristics  are  entirely  defined  by 
the  time  constant  r and  the  equilibrium  condition  is  defined 
by  Ki  and  K2.  Thus, 


6i  + o?i 


FREQUENCY  RESPONSE 

Frequency-response  characteristics  may  be  calculated  by 
solving  the  differential  equation  describing  a system  sub- 
jected to  sinusoidal  forcing  functions  of  various  frequencies. 
The  same  results  may  be  obtained  by  applying  the  opera- 
tional calculus  to  the  differential  equation.  Thus,  the 
response  of  engine  speed  to  fuel  flow  at  constant  blade  angle 
can  be  expressed  in  terms  of  the  operator  ico  as  follows : 


ANe 

e {max) 

AWf 

f {max) 


(1  d-irco) 


(9) 


TZ  


which  is  obtained  from  equation  (7)  by  replacing  the  first 
derivative  with  respect  to  time  by  (^o?)  and  treating  the 
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results  algebraically.  The  complex  operator  represents  both 
the  ratio  of  the  amplitudes  of  the  engine-speed  and  fuel-flow 
sine  waves  and  the  relative,  phase  angles.  The  amplitude 
ratio  is  the  absolute  value  of  the  complex  function,  as 
follows : 


ANe  i 

ifi 

N e {max) 

AW, 

y 1 -f-  T^oy^ 

IF/(max) 

(10) 


The  angle  by  which  the  engine-speed  sine  wave  lags  the 
fuel-flow  sine  wave  is  as  follows : 


ANe 

The  frequency  response  of  engine  speed  to  blade  angle  at 
constant  fuel  flow  may  be  obtained  by  the  same  procedure, 


ANe 


e (max) 


(iw)-- 


K, 


(1  +‘iT(o) 


ANe 

N g (max) 

A/3 


V 1 + 


ANe 

Ang^^itan-‘(«r) 


(12) 


(13) 


(14) 


APPARATUS  AND  PROCEDURE 

ENGINE  INSTALLATION 

Engine. ^ — The  principal  components  of  the  engine  used 
for  the  investigation  are  an  axial-flow  compressor,  reverse- 
flow  combustion  chambers,  and  a single-stage  direct-coupled 
turbine.  A two-stage  planetary  gear  system  provides  a 
speed  reduction  between  the  turbine  and  the  propeller. 

A 12-foot-l-inch-diameter,  four-bladed  propeller  was  in- 
stalled on  the  engine.  The  pitch-changing  mechanism  is  a 
self-contained  hydraulic  unit  located  in  the  propeller  hub. 
A lever,  or  beta  arm,  on  the  stationary  portion  of  the  hub 
operates  the  hydraulic  control  valves  in  the  rotating  part  so 
that  a linear  relation  exists  between  the  beta  arm  and  the 
blade  angle.  Each  position  of  the  beta  arm  corresponds  to 
a unique  blade  angle  during  steady-state  operation. 

Harmonic- motion  generator. — An  approximation  of  simple 
harmonic  motion  by  the  beta  arm  was  obtained  by  connect- 
ing it  to  a rotating  crank  driven  by  a direct-current  motor 
through  a worm  gear  reduction  unit.  A minimum  ratio  of 
100  : 1 between  the  connecting  rod  and  the  crank  length  made 
the  motion  of  the  beta  arm  vary  less  than  1 percent  from  a 
true  sine  wave.  By  controlling  the  armature  current  and 
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substituting  various  speed  reducers  in  the  harmonic-motion 
generator,  a range  of  frequencies  could  be  obtained.  The 
center  of  amphtude  of  the  sine  wa;ve  could  be  varied  by 
shifting  the  position  of  the  harmonic-motion  generator,  and 
various  amphtudes  could  be  obtained  by  changing  the  crank 
length. 

In  order  to  vary  fuel  flow  sinusoidally,  the  fuel  system  of 
the  engine  was  disconnected  from  the  manifold  and  replaced 
by  an  external  system,  as  shown  in  figure  1.  A line  was 
connected  in  parallel  with  the  main  tlirottle  in  order  to 
obtain  a small  variation  of  fuel  input  about  a center  of 
amplitude  set  by  the  main  throttle.  The  harmonic-motion 
generator  used  in  the  blade-angle  runs  varied  the  flow  in  the 
parallel  line  by  means  of  a linear  valve.  Changes  in  pressure 
drop  across  the  valve  were  too  small  to  have  an  effect  upon 
the  linear  variation  of  flow  during  transient  operation. 

instrumentation 

Steady-state  measurements  were  taken  of  propeller-blade 
angle,  fuel  flow,  engine  torque,  and  engine  speed.  Provisions 
were  made  to  measure  all  of  these  variables  except  the  torque 
during  transient  conditions  of  operation. 

Blade-angle  position  was  measured  by  the  use  of  a potent- 
iometer attached  to  the  propeller  blade  that  varied  the  flow 
of  current  in  an  electric  circuit  in  .direct  proportion  to  the 
blade  position.  For  steady-state  measurements,  the  cur- 
rent was  measured  by  a milliammeter;  during  transient  con- 
ditions the  circuit  was  switched  to  a recording  oscillograph 
element.  A conventional  slip-ring  arrangement  was  used 
to  complete  the  circuit  between  the  potentiometer  on  the 
propeller  hub  and  the  recording  device.  Beta-arm  position 
was  recorded  in  a similar  manner. 

In  order  to  measure,  fuel  flow,  an  A.S.M.E.  orifice  was 
installed  in  the  main  fuel  line  immediately  upstream  of  the 
engine  fuel  manifold,  A bellows-type  differential-pressure 
gage  measured  the  pressure  drop  across  the  orifice  and 
actuated  a small  potentiometer  that  varied  the  current  in  a 
circuit  similar  to  that  used  for  blade-angle  measurement. 
Inasmuch  as  flow  variations  were  small  in  comparison  with 
mean  flow,  the  nonlinear  relation  between  pressure  drop 
and  actual  flow  was  insignificant. 


Motor -driven  crank 
for  sinusoidal  input-; 


282  ■ 


REPOKT  1017 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Sef  zeroing 
voltage-  \ 


Variable 

voltage- 


Galvanometer-^ 


; -d-c.  tachometer 


Galvanometer  - - 


Figure  2.— Schematic  diagrams  of  transient  response  instrumentation. 


The  amplitude  of  the  forcing  function  was  the  same  at  eacii 
operating  condition;  namely,  a blade  angle  of  2°  and  3.9 
percent  of  maximum  rated  fuel  flow.  For  each  run,  oscil- 
lographic records  were  made  of  the  time  variation  of  pertinent 
variables  during  steady-state  sinusoidal  operation.  Typical 
records  of  these  data  are  reproduced  in  figure  3.  The  high 
frequency  variation  of  the  fundamental  waves  in  these  figures 
resulted  from  electrical  and  mechanical  disturbances  to  the 
sensing  elements. 


The  ring  gear  of  the  planetary  reduction  unit  of  the  engine 
is  restrained  by  a self-balancing  hydraulic  system.  The 
torque  output  of  the  engine  was  indicated  by  the  pressure 
required  to  act  on  the  hydraulic  piston  to  maintain  balance. 
This  pressure  was  measured  by  a Bourdon  gage. 

Steady-state  measurement  of  engine  speed  was  accom- 
plished by  means  of  a.  three-phase  tachometer  generator 
and  indicator.  For  recording  transients  in  engine  speed  on 
the  oscillograph,  a direct-current  tachometer  generator  was 
utilized  in  a current-measuring  circuit. 

A 10-cycle-per-second  timing  signal  generated  by  an  audio 
oscillator  was  recorded  on  the  oscillograph  film  to  show  the 
time  variation  of  the  measured  variables.  The  signal  was 
frequently  compared  with  a standard  60-cycle^per-second 
current  on  a cathode-ray  oscilloscope  for  calibration  pur- 
poses. 

Schematic  diagrams  of  the  transient  measurement  circuits 
are  shown  in  figure  2.  Table  I indicates  the  steady-state 
and  transient  characteristics  of  the  instruments  used.  The 
oscillograph  was  used  to  record  only  increments  of  deviation 
from  the  initial  operating  point.  Conventional  steady- 
estate  instruments  were  used  to  measure  the  level  at  which 
the  transient  occurred  .and  to  evaluate  the  increments.  The 
oscillograph  was  calibrated  frequently  during  the  runs  for 
known  values  of  deviation  as  measured  by  the  steady-state 
instruments. 

PROCEDURE 

Frequency-response  runs. — In  order  to  determine  the 
frequency  response  of  engine  speed,  sinusoidal  variations 
were  made  in  propeller-blade  angle  at  constant  fuel  flow 
and  in  fuel  flow  at  constant  blade  angle.  The  frequency 
range  to  be  investigated  was  determined  by  the  following 
considerations:  It  is  shown  in  reference  1 that  for  a first- 
order  system  the  break  frequenc}^  is  inversely  proportional 
to  the  system  time  constant  and  that  an  adequate  frequency 
range  to  describe  the  unit  is  0.1  to  10  times  this  value. 
Therefore,  by  assuming  the  time  constant  to  be  5 seconds  and 
considering  the  engine  primarily  of  first  order,  the  range  of 
descriptive  frequencies  was  defined  to  be  0.02  to  2 radians 
per  second. 

D^mamic  behavior  about  two  equilibrium  running  condi- 
tions of  the  engine  was  investigated.  The  first  condition  was 
65  percent  of  maximum  rated  fuel  flow  and  a blade  angle  of 
18®  (97.5  percent  of  maximum  engine  speed).  The  other 
condition  was  81  percent  of  maximum  rated  fuel  flow  and  a 
blade  angle  of  28°  (92.5  percent  of  maximum  engine  speed). 


HH 


.(a) 


(b) 

(a)  Typical  data  showing  steady-state  sinusoidal  response  of  engine  speed  to  blade  angle. 
Fuel  flow,  81  percent  of  maximum'  rated;  mean  engine  speed,  92.5  percent  of  maximum; 
mean  blade  angle,  28°;  frequency,  0.986  radian  per  second. 

(b)  Typical  data  showing  steady-state  sinusoidal  response  of  engine  speed  to  fuel  flow.  Blade 
angle,  18°;  mean  engine  speed,  97.5  percent  of  maximum;  mean  fuel  flow,  65  percent  of  maxi- 
mum rated;  frequency,  0.873  radian  per  second. 

Figure  3.— Typical  steady-state  sinusoidal  data  for  turbine-propeller  engine. 
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(a)  Amplitude-ratio  relation.  Fuel  flow,  65  percent  of  maximum  rated;  mean  engine  speed, 
97.5  percent  of  maximum;  mean  blade  angle,  18°;  blade-angle  amplitude,  2°. 

(b)  Amplitude-ratio  relation.  Fuel  flow,  81  percent  of  maximum  rated;  mean  engine  speed, 

92.6  percent  of  maximum;  mean  blade  angle,  28°;  blade-angle  amplitude,  2° 

FiouRE  4. — Propeller- blade  angle— engine-speed  relations  at  constant  fuel  flow  obta 

Equilibrium  runs. — Equilibrium  data  required  to  evaluate 
the  constants  of  equation  (6)  were  obtained  by  the  following 
procedure:  For  a set  value  of  fuel  flow,  propeller-blade  angle 
was  adjusted  to  obtain  nine  operating  points  between  85  and 
100  percent  of  maximum  engine  speed.  These  speed  points 
were  used  for  fuel  flows  of  50.0,  57.6,  65,4,  69.1,  77.0,  and  84.5 
percent  of  maximum  fuel  flow  except  when  torque  or  turbine- 
outlet- temperature  limitations  prohibited  operation  through- 
out the  complete  range.  Engine  torque,  engine  speed,  fuel 
flow,  and  blade-angle  measurements  were  taken  at  each 
operating  point. 


(c)  Phase-angle  relation.  Fuel  flow,  65  percent  of  maximum  rated;  mean  engine  speed. 

97.5  percent  of  maximum;  mean  blade  angle,  18°;  blade-angle  amplitude,  2°. 

(d)  Phase-angle  relation.  Fuel  flow,  81  percent  of  maximum  rated;  mean  engine  speed,  92.5 

percent  of  maximum;  mean  blade  angle,  28°;  blade-angle  amplitude,  2°. 

from  experimental  sinusoidal  response  data  for  typical  turbine-propeller  engine. 

RESULTS  AND  DISCUSSION 

EXPERIMENTALLY  DETERMINED  FREQUENCY- 
RESPONSE  CHARACTERISTICS 

Results  of  sinusoidal  inputs. — Results  of  the  sinusoidal 
blade-angle  and  fuel-flow  inputs  as  obtained  from  the  oscil- 
lographic traces  are  shown  in  figures  4 and  5.  Amplitude 
ratio  of  output  to  input  is  presented  on  log-log  coordinates 
as  a function  of  frequenc}^.  Phase-angle  lag  of  the  output 
relative  to  input  is  presented  on  semilog  coordinates  as  a 
function  of  frequency. 

The  form  of  these  frequency-response  curves  indicates  the 
nature  of  the  dynamic  characteristics  of  this  power  plant. 
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The  regularity  of  data  points  indicates  that  the  system 
follows  these  predicted  characteristics  better  than  might  be 
anticipated.  Furthermore,  in  support  of  the  assumptions 
made  for  the  differential-equation  analysis,  the  system 
appears  to  be  primarily  a first-order  lag  system.  Despite 
the  complexity  of  the  physical  system  and  the  processes  per- 
formed in  the  turbine  cycle,  a fairly  simple  mathematical 
form  approximates  the  actual  behavior  of  the  engine. 

Algebraic  form  of  data. — Ks  shown  in  figures  4 and  5, 
although  the  system  is  primarily  first  order,  higher  order 
effects  are  present.  Increased  attenuation  of  the  output 
amplitude  at  phase  shifts  approaching  18.0°  indicates  that  a 
second-order  approximation  may  more  exactly  describe  the 
data.  An  equation  of  the  following  form  has  therefore  been 
fitted  to  the  experimental  data: 

output  K 

input  ~(l  + irico)(l-htT2w) 

The  equation  was  matched  to  the  experimental  data  at  the 
steady-state  point  and  at  phase  shifts  of  45°  and  90°,  thereby 
determining  the  three  variables  of  the  equation,  K,  tj,  and 
t2.  Results  of  these  computations  are  presented  in  column 
3 of  table  II. 


.06,08.1  .2  .2.  .6  .8  i 2 4 


Frequency,  cj,  radionsjsec 

(c)  Phase-angle  relation.  Mean  fuel  flow,  65  percent  of  maximum  rated;  mean  engine  speed, 

97.5  percent  of  maximum;  blade  angle,  18°;  fuel-flow  amplitude,  3.9  percent  of  maximum. 

(d)  Phase-angle  relation.  • Mean  fuel  flow,  81  percent  of  maximum  rated;  mean  engine  speed, 

92.5  percent  of  maximum;  blade  angle,  28°;  fuel-flow  amplitude,  3.9  percent  of  maximum. 
Figure  5. — Concluded.  F uel- flow— engine-speed  relations  at  constant  blade  angle  obtained 

from  experimental  sinusoidal  response  data  for  typical  turbine- propeller  engine. 

A maximum  error  in  the  value  of  the  second  time  constant 
t2  of  0.1  second  could  be  attributed  to  instrument  lags;  the 
numerical  values  for  this  time  constant  t2  are  therefore  pre- 
sented only  to  indicate  the  order  of  magnitude  of  this  second- 
order  effect.  Because  the  fuel-measurement  device  was 
slower  than  the  blade-angle  measurement  circuit,  instru- 
mentation error  would  reduce  the  value  of  t2  in  the  functions 
of  engine  speed  to  fuel  flow  input.  The  opposite  trend  of 
experimental  results  indicates  that  the  second-order  effect  is 
an  engine  phenomenon.  The  fact  that  a ratio  in  the  order 
of  10. T exists  between  the  two  time  constants  ti  and  t2  makes 
the  second-order  effect  negligible  for  many  problems  of  con- 
trol analysis. 

In  order  to  compare  the  form  of  the  algebraic  approxima- 
tions with  the  actual  data,  cross  plots  of  figures  4 and  5 are 
presented  on  figures  6 and  7,  respectively,  together  with 
curves  of  the  algebraic  expressions.  The  calculated  first- 
order  curves  of  figures  6 and  7 will  be  subsequently  discussed 
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(a)  Fuel  flow,  65  percent  of  maximum  rated;  mean  engine  speed,  97.5  percent  of  maximum;  mean  blade  angle,  18®. 

(b)  Fuel  flow,  81  percent  of  maximum  rated;  mean  engine  speed,  92.5  percent  of  maximum;  mean  blade  angle,  28®. 


Figure  6. — Frequency  resixinse  of  engine  speed  to  variations  in  propeller-blade  angle  obtained  from  experimental  data  and  theoretical  calculations  for  typical  turbine-propeller  engine. 
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(a)  Mean  fuel  flow,  65  percent  of  maximum  rated;  mean  engine  speed,  97.5  percent  of  maximmn;  blade  angle,  18®. 

(b)  Mean  fuel  flow,  81  percent  of  maximum  rated;  mean  engine  speed,  92.5  percent  of  maximum;  blade  angle,  28®. 

FiouRE  7.  Frequency  response  of  engine  speed  to  variations  in  fuel  flow  obtained  from  experimental  data  and  theoretical  calculations  for  typical  turbine-propeller  engine. 


Comparison  of  frequency-response  functions.^ — Variation 
of  the  first-order  time  constant  with  operating  conditions 
may  be  of  more  importance  than  the  second-order  effect. 
A comparison  of  first-order  time  constants  in  table  II  shows 
that  these  constants  not  only  vary  with  the  engine-power 
points  but  also  vary  with  the  forcing  function  at  the  same 
power  point.  For  an  exact  description  of  dynamic  behavior 
of  engine  speed,  extensive  data  may  be  required  to  determine 
the  trend  of  transient  characteristics. 

Linearity  of  dynamic  behavior. — For  purposes  of  analysis, 
an  assumption  was  made  that  engine  speed  was  a linear  func- 
tion of  fuel  flow  and  blade  angle  for  small  transients.  In 


order  to  evaluate  this  assumption  from  the  results  of  experi- 
mental data,  the  form  of  the  outputs  recorded  on  oscillograph 
film  was  compared  with  an  analytical  sine  wave.  For  inputs 
resulting  in  engine-speed  changes  of  as  much  as  6 percent  of 
maximum  speed  the  form  of  the  speed  sine  wave  varied 
negligibly  from  an  exact  sine  wave.  Greater  input  ampli- 
tudes resulting  in  larger  speed  oscillations  caused  appreciable 
distortion,  the  effect  being  greater  at  low-power  points.  An 
assumption  of  linearity  is  therefore  justified  only  for  re- 
stricted deviations  on  the  order  of  3 or  4 percent  from  an 
equilibrium  point. 
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(a;  Constant  engine-speed  characteristics. 


(b)  Constant  fuel-flow  characteristics  including  selected  operating  lines. 
(Cross-plotted  from  fig.  8(a).) 


Figure  8.— Relation  between  engine-torque  parameter,  percentage 


of  maximum  engine  speed,  and  percentage  of  maximum  rated  fuel  flow  as  obtained  from  experimental  data  for  typical  turbine- 
propeller  engine. 


ANALYTICALLY  DETERMINED  FREQUENCY-RESPONSE 
CHARACTERISTICS 

Eesults  of  equilibrium  runs. — The  relation  between  steady- 
state  values  of  engine  torque  and  fuel  flow  is  plotted  in  figure 

8 (a)  for  several  values  of  constant  speed.  Cross  plots  for 
lines  of  constant  fuel  flow  are  shown  in  figure  8 (b).  Figure 

9 (a)  is  a plot  of  propeller  torque  against  blade  angle  for 
various  values  of  constant  speed  and  cross  plots  for  lines  of 
constant  blade  angle  are  shown  in  figure  9 (b).  In  order  to 
show  the  equilibrium  running  conditions  about  which  sinu- 
soidal data  were  taken,  two  lines  of  constant  blade  angle, 
18°  and  28°,  are  superimposed  on  figure  8 (b). 

Losses  to  the  accessories  and  the  gear  reduction  unit  were 
neglected  in  calculations  of  propeller  torque. 

Range  of  linearity. — In  the  derivation  of  equations  (1)  and 
(2),  an  assumption  was  made  that  the  relations  presented  in 
figures  8 and  9 may  be  considered  as  straight  lines  for  small 
deviations  from  a given  steady-state  point.  The  actual  data 
indicate  that  this  assumption  is  justified  for  the  engine 
characteristics  over  rather  large  regions,  but  the  propeller 
characteristics  should  be  considered  linear  only  in  very  small 
regions.  Furthermore,  these  engine  data  as  obtained  under 
steady-state  conditions  of  operation  may  not  be  accm^ate 
under  transient  conditions  if  the  turbine  is  required  to  oper- 
ate at  a point  far  from  the  design  condition  (reference  2) . 

Analytical  sinusoidal  response. — Frequency-response  char- 
acteristics of  the  engine  were  calculated  for  operating  points 
at  which  experimental  sinusoidal  data  were  taken.  Values 
of  the  constants  cfi,  6i,  Ci,  and  d\  for  an  operating  condition 
were  obtained  from  the  slopes  of  the  curves  of  figures  8 (a), 
8 (b),  9 (a),  and  9 (b),  respectively.  With  values  so  deter- 
mined, equations  (10),  (11),  (13),  and  (14)  were  evaluated 


for  a range  of  frequencies  coinciding  with  that  used  in  the 
experimental  runs.  Results  of  these  calculations  are  included 
in  figures  6 and  7. 

Algebraic  form  of  analytical  results. — The  algebraic  form 
of  the  first-order  curves  presented  in  figures  6 and  7 is  shown 
in  equations  (9)  and  (12).  These  equations  were  evaluated 
for  the  selected  operating  points  and  the  results  are  presented 
in  column  4 of  table  II. 

For  the  assumptions  made  in  the  analysis,  the  engine  time 
constant  is  independent  of  the  forcing  function,  as  shown  in 
equation  (7).  Variation  of  time  constants  for  the  two  power 
points  results  from  the  nonlinearity  of  torque-speed  charac- 
teristics' of  the  engine  and  the  propeller.  The  magnitude  of 
this  variation  is  sufficient  to  limit  the  utility  of  an  analysis 
in  which  linear  approximations  are  assumed.  For  studies  of 
behavior  within  restricted  regions,  the  analysis  is  satisfactory. 

COMPARISON  OF  DIFFERENTIAL- EQUATION  SOLUTION  WITH 
EXPERIMENTAL  RESULTS 

Comparison  of  form. — Calculated  frequency-response  char- 
acteristics are  similar  to  the  experimental  results  at  low- 
frequency  values,  as  shoAvn  hy  figures  6 and  7.  Because  of 
higher-order  effects  exhibited  by  the  experimental  data, 
deviation  between  the  two  sets  of  cmwes  increases  at  higher 
frequencies.  This  effect  is  particularly  evident  in  the  phase 
shift  occurring  at  high  frequencies.  Presence  of  phase  shifts 
greater  than  90°  in  the  engine  system  may  limit  the  over-all 
loop  gain  for  stability  in  a combined  engine  and  control 
sy^stem.  For  the  usual  case  in  which  the  control  contributes 
at  least  90°  additional  phase  shift  to  the  engine  polar  dia- 
gram, the  gain  at  the  180°  phase  shift  point  has  a definite 
limit  according  to  the  Nyquist  criterion  (reference  1). 
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Figure  9.— Relations  between  propeller-torque  parameter,  percentage  of  maximum  propeller  speed,  and  blade  angle  for  12-foot-l -inch -diameter,  four-bladed  propeller. 


(b)  Constant  blade>angle  characteristics.  (Cross-plotted  from  fig.  9(a).) 

Figure  9.— Concluded.  Relations  between  propeller-torque  parameter,  percentage  of  max- 
imum propeller  speed,  and  blade  angle  for  12-foot-l-inch-diameter,  four-bladed  propeller. 


Comparison  of  numerical  values. — In  general,  the  value  of 
the  experimental  time  constant  is  lower  than  the  value  of  the 
analytical  time  constant  for  a given  power  operating  point. 
The  significance  of  this  variation  depends  on  the  particular 
application  of  the  data;  for  some  problems  of  control  analysis 


a range  of  variation  of  2 to  1 in  the  engine  time  constant 
causes  little  change  in  the  combined  engine-control  system. 
Discrepancies  between  steady-state  gain  values,  analytical 
and  experimental,  can  be  accounted  for  by  the  fact  that  the 
analytical  values  are  calculated  from  slopes  of  equilibrium- 
torque  curves. 

CONCLUSIONS 

From  a sea-level  static  investigation  of  the  frequency- 
response  characteristics  of  a turbine-propeller  engine,  the 
following  conclusions  may  be  drawn: 

1.  Engine  speed  is  a linear  function  of  fuel  flow  and 
propeller-blade  angle  during  transient  operation,  if  deviations 
from  the  equilibrium  operating  point  are  of  the  order  of  3 or  4 
percent. 

2.  The  frequency-response  functions  of  engine  speed  to 
fuel  flow  and  engine  speed  to  blade  angle  are  primarily  first 
order,  but  higher-order  effects  exist. 

3.  A diffei'ential  equation  that  closely  describes  engine 
speed  as  a function  of  fuel  flow  and  blade  angle  can  be  de- 
rived from  steady-state  data. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  March  24,  1950 
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APPENDIX SYMBOLS 

The  following  s}^inbols  are  used  in  this  report: 


ai 


b^ 


Cl 


/i 

/2 


partial  derivative  of  engine  torque  with  respect  to  fuel 
bQe  Ib-ft 
i>W/  Ib/hr 

partial  derivative  of  engine-torque  parameter  with 
respect  to  percentage  maximum  fuel  flow, 


flow, 


aF  <2.  1 

iv/R^^ 

J_ 

sec 


absolute  value  of  partial  derivative  of  engine  torque 

with  respect  to  engme  speed, 

partial  derivative  of  engine-torque  parameter  with 
respect  to  percentage  maximum  engine  speed, 


“ 

^ e(max)^e 

bf 

^^eimax) 

sec 


partial  derivative  of  propeller  torque  with  respect  to 
blade  angle, 

partial  derivative  of  propeller- torque  parameter  with 
respect  to  blade  angle, 

Q. 


> — 


p imax)-^  p' 


’ (sec)  (deg) 


d partial  derivative  of  propeller  torque  with  respect  to 
propeller  speed, 

di  partial  derivative  of  propeller-torque  parameter  with 
respect  to  percentage  maximum  propeller  speed. 


3 r 

— 

M r f 1 j- 

iJR^Jj 

bf  ' 

p{max). 

sec 


fimction  of  Wf^Ne 
function  of  fijNp 


i imaginary  number, 

le  polar  moment  of  inertia  of  rotating  parts  of  engine, 

(lb)  (ft)  (sec)  (rad)  (min)  /revolution 
Ip  polar  moment  of  inertia  of  propeller,  (lb)  (ft)  (sec)  (rad) 
(min)  /revolu  tion 
K arbitrary  constant 

Ki  constant  defining  equilibrium  condition, 

^ _ ai  rpm 

bi  + di  Ib/hr 

K2  constant  defining  equilibrium  condition, 

^ _ Cl  rpm 

^^~bi  + di'  deg 
Ne  engine  speed,  rpm 

Np  propeller  speed,  rpm 

Qe  engine  torque,  Ib-ft 

Qp  propeller  torque,  Ib-ft 

R gear  ratio  of  engine  speed  to  propeller  speed 

Wf  fuel  flow,  Ib/hr 

/3  propeller-blade  angle,  deg 

fia  beta  arm,  used  to  denote  lever  input  to  mechanism 
for  changing  propeller-blade  angle  on  engine  used 
to  run  data 

A deviation  from  initial  operating  point 

r engine  time  constant,  sec 

CO  frequency,  radians/sec 

Subscript: 

max  maximum 
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TABLE  I— STEADY-STATE  AND  TRANSIENT  CHARACTER- 
ISTICS OF  INSTRUMENTS 


Measured  variable 

Steady-state  accuracy 

Transient  characteristics 

1 ® 

Limited  by  oscillograph  ele- 
ment (40  cps) 

Limited  by  oscillograph  ele- 
ment (40  cps) 

10-15  cps 

Beta  arm,  /9« 

Fuel  flow,  Wf 

HTorfi^ie  Q 

2 

1 percent  of  full  travel 

±1  percent  for  full  flow.... 
±1  percent  for  full  scale 

Engine  speed,  N, 

of  1 percent  for  full  scale. 

Limited  by  filter  circuit  (1.59 
cps) 

TABLE  II— FREQUENCY-RESPONSE  FUNCTIONS 


1 

2 

3 

4 

F reque  ocy-res  ponse 
function 

Operating  point 

Algebraic  form  of  frequency-response 
function  from  experimental  data 

Algebraic  form  of  frequency-response 
function  from  calculated  equation 

<0iaz)  /;  \ 

(percent/deg) 

K 

Ki 

U /=65  percent  of  maximum  rated. 
1F/=81  percent  of  maximum  rated. 

(l+iTju)  (l+iVjw) 
-1.06 

(I+ITW) 

-1.06 

(1+13.05  «)(l+i  0.283  «) 
-1.73 

(1+i  3.75  «) 
-1.76 

(l+i3.35«)(l+i  0.185  «) 

(1+i  2.86  «) 

K 

Ki 

\J  

(l+iTjw)(l+irjo)) 

(l+iraj) 

(ma*)  ..  • 

/I  — 

76 

75 

£iWf/Wfl„a.)  ^ 

p — lo  

(1+i  3.32  w)(l+i  0.375  a>) 

(1+i  3.75  «) 

(percent) 

/3  — OCO 

50 

48 

(1+i  2.73  ai)(l+i  0.332  «) 

(1+i  2.86  «) 
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A THEORETICAL  ANALYSIS  OF  THE  EFFECT  OF  TIME  LAG  IN  AN  AUTOMATIC  STABILIZATION 
SYSTEM  ON  THE  LATERAL  OSCILLATORY  STABILITY  OF  AN  AIRPLANE  ‘ 

By  Leonard  Sternfield  and  Ordway  B.  Gates,  Jr. 


SUMMARY 


SYMBOLS  AND  COEFFICIENTS 


A method  is  2>^^^e7ited  jor  determining  the  ejffect  oj  time  lag 
in  an  automatic  stabilization  system  on  the  lateral  oscillatory 
stability  of  an  airplane.  The  method  is  based  on  an  analytical- 
graphical  procedure.  The  critical  time  lag  of  the  airplane- 
autopilot  system  is  readily  determined  from  the  frequency- 
response  analysis. 

The  method  is  applied  to  a typical  present-day  airplane 
equipped  with  an  automatic  pilot  sensitive  to  yawing  accelera- 
tion and  geared  to  the  rudder  so  that  rudder  control  is  applied 
in  proportion  to  the  yawing  acceleration.  The  results  calculated 
for  this  airplane-autopilot  system  by  this  method  are  compared 
with  the  airplane  motions  calculated  by  a step-by-step  procedure. 

INTRODUCTION 

Recent  calculations  and  flight  tests  of  several  aii-planes 
designed  for  operation  in  the  transonic  speed  range  have 
indicated  unsatisfactory  damping  of  the  lateral  oscillation. 
The  results  presented  in  reference  1 show  that  the  oscillatory 
stability  can  be  improved  by  the  use  of  an  automatic  pilot. 
The  calculations  of  reference  1,  however,  were  made  on  the 
assumption  of  an  idealized  control  system  without  lag. 
Reference  2 points  out  that  lag  of  the  type  in  which  the 
amount  of  control  applied  at  a given  instant  is  assumed  to 
be  proportional  to  a deviation  which  existed  at  a fixed  time 
previous  to  the  given  instant  can  be  represented  mathe- 
matically by  use  of  the  lag  operator  where  r,  is 

nondimensional  time  lag  based  on  the  span  and  Di,  is  the 
differential  operator.  Lag  of  this  type  is  generally  referred 
to  as  time  lag.  Reference  2 suggests  that  for  purposes  of 
calculation  the  lag  operator  may  be  approximated  by  three 
terms  of  the  Taylor’s  series  for  This  approximation 

was  used  in  some  recent  calculations  (reference  3)  and  the 
results  were  found  to  be  erroneous  and  misleading.  The 
piu-pose  of  this  report  is  to  present  a satisfactory  method 
for  determining  the  effect  of  time  lag  on  the  lateral  oscilla- 
toiy  stability  based  on  the  exact  expression  of  the  lag 
operator  rather  than  any  approximation.  Some  recent 
analyses  on  the  same  problem,  unknovTi  to  the  authors  at 
the  time  this  problem  was  being  anah^zed,  are  presented  in 
references  4 and  5. 


4> 


V 

V 

y 

p 

2 


b 

s 

w 

m 

9 

P6 

V 


kzQ 


angle  of  roll,  radians 
angle  of  yaw,  radians 
angle  of  sideslip,  radians  (v/V) 
yawing  angular  velocity,  radians  per  second 
{dypldt) 

yawing  angular  acceleration,  radians  per 
second  per  second  {d^\l/ldt^) 
rolling  angular  velocity,  radians  per  second 
{d<t>!dt) 

sideslip  velocity  along  lateral  axis,  feet  per 
second 

airspeed,  feet  per  second 

mass  density  of  air,  slugs  per  cubic  foot 

dynamic  pressure,  pounds  per  square  foot 

wing  span,  feet 
wing  area,  square  feet 
weight  of  airplane,  pounds 
mass  of  airplane,  slugs  {Wjg) 
acceleration  due  to  gravity,  feet  per  second 
per  second 

relative-density  factor  {mjpSb) 
inclination  of  principal  longitudinal  axis  of 
airplane  wdth  respect  to  flight  path,  positive 
when  principal  axis  is  above  flight  path  at 
nose,  degrees 

angle  of  flight  path  to  horizontal  axis, 
positive  in  a climb,  degrees 
radius  of  gyration  in  roll  about  principal 
longitudinal  axis,  feet 

radius  of  gyration  in  yaw  about  principal 
vertical  axis,  feet 

nondimensional  radius  of  gyration  in  roll  about 
principal  longitudinal  axis  ikxjb) 
nondimensional  radius  of  gyration  in  yaw 
about  principal  vertical  axis  {kzjb) 
nondimensional  radius  of  gyration  in  roll 
about  longitudinal  stability  axis 

COS*  sin*  i;) 


J Supersedes  NACA  TN  2005,  ‘‘A  Theoretical  Analysis  of  the  Effect  of  Time  Lag  in  an  Automatic  Stabilization  System  on  the  Lateral  Oscillatory  Stability  of  an  Airplane”  by  Leonard 
Sternfield  and  Ordway  B.  Gates,  Jr.,  1950. 


' 291 


Preceding  Page  Blank 


292 


REPORT  1018 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Kxz 

Ct 

Cl 

Cff 

Cy 

d/3 

P 

"0  50 


Cy 


C.= 


c.= 


c. 


i>Cy 

dC„ 

. rb 

i>Cn 

i>PP- 

bC, 


5^ 

2V 


Cy, 


bCy 


Cy. — 


c. 


2V 
bCy 
^ rb 

bC, 


^ rb 


P 

^"‘r  bSr 

t 

Si, 


D, 

P 

T\I2 

5r 

a 


X — CL-^icOs 

T 


V 

b 


nondiinensional  radius  of  gyration  in  yaw 
about  vertical  stability  axis 

cos=“  ri+Kx^^  sin^  ij) 

nondimensional  product-ofdnertia  parameter 
{(Kz^—Kx^)  sin  1)  cos  ?/) 

trim  lift  coefficient 

. rr^  • ^ /Rolling  moment\ 

rolling-moment  coeuicient  j 

at  • ^ /Yawing  moment\ 

yawing-moment  coemcient^ j 

1 , , , /r>  • ^ /Lateral  force\ 

lateral-force  coemcient  ^ j 


time,  seconds 

nondimensional  time  parameter  based  on  span 
(Vtib) 


differential  operator 


period  of  oscillation,  seconds 
time  for  amplitude  of  oscillation  to  damp  to 
one-half  its  original  value 
deflection  of  control,  radians 
real  part  of  complex  root  of  characteristic 
stability  equation 

angular  frequency,  radians  per  second 


time  lag  between  signal  for  control  and  its 
actual  motion,  seconds 


(t,)c  critical  time  lag 

Ka  maximum  amplitude  of  acceleration  in  yaw 

produced  by  control  deflection  of  unit 

amplitude  ( ~ 

\ I ^T\airvlane 


k 


^r,=-p-  k 

Ka=\ 

iKc\=l- 

fLg 


Ba 


amplitude  of  control-surface  oscillation  pro- 
duced by  autopilot  in  response  to  oscillation 


of  airplane  acceleration 


phase  angle,  radians 

phase  angle  of  lag  of  dr  behind  \j/  when  oscillat- 
ing control  surface,  forces  airplane  to 
oscillate,  radians 

phase  angle  obtained  from  frequency  response 
of  autopilot 


ANALYSIS 

The  investigation  of  the  effect  of  time  lag  on  the  lateral 
oscillation  may  be  conveniently  divided  into  two  parts: 
(a)  determination  of  the  smallest  time  lag  which  would  result 
in  a neutrally  stable  oscillation,  referred  to  as  critical  time  lag, 
and  (b)  the  effect  of  a given  time  lag  on  the  lateral  oscillatory 
stability.  It  is  important  to  know  some  of  the  results  of  the 
analysis  obtained  in  part  (a)  in  order  to  facilitate  the  analysis 
presented  in  part  (b).  Part  (a)  is  based  on  the  frequency- 
response  method  of  analysis  (references  6 and  7),  This 
method  affords  a relatively  simple  means  of  determining  the 
critical  time  lag  of  an  automatic  stabilization  system  and 
thereby  of  establishing  the  range  of  time  lags  for  which  the 
airplane  motion  is  stable.  Part  (b)  treats  the  solution  of  a 
transcendental  equation  by  means  of  an  analytical-graphical 
procedure.  The  analysis  is  presented  for  an  airplane 
equipped  with  an  automatic  pilot  sensitive  to  yawing  ac- 
celeration and"  geared  to  the  rudder  so  that  rudder  control 
is  applied  in  proportion  to  the  yawdng  acceleration,  as  sug- 
gested in  reference  3.  A similar  analysis  is  applicable,  how- 
ever, to  any  automatic  stabilization  system  with  time  lag. 

The  equations  of  motion  used  are  expressed  in  terms  of 
the  nondimensional  time  parameter  based  on  the  span  of  the 

airplane  but  the  results  of  the  calculations  obtained 

in  terms  of  Sj  have  been  converted  from  the  nondimensional 
time  St,  to  time  t in  seconds.  ^Thus  the  discussion  of  the 
results  and  the  figures  included  in  the  report  are  given  in 
terms  of  i. 

DETERMINATION  OF  CRITICAL  TIME  LAG 


The  critical  time  lag  of  a system  is  defined  as  the  time  lag 
that  results  in  a neutrally  stable  or  steady-state  oscillation. 
The  motion  of  the  control  8r  and  the  airplane  acceleration  ^ 
when  a critical  time  lag  exists  are  shown  in  figure  1.  This 


EFFECT  OF  TIME  LAG  IN  A STABILIZATION  SYSTEM  On’^LATERAL  OSCILLATORY  STABILITY  OF  AIRPLANES  293 


at 

Figure  1— The  relationship  between  the  airplane  acceleration  and  the  control  motion  for  the 

Q 

case  of  critical  time  lag.  A/=t=-  ■ 

u 


figure  indicates  that  the  relationship  between  the  time  lag  r 
and  the  phase  angle  0 between  the  motion  of  the  control  and 

Q 

the  airplane  acceleration  can  be  expressed  as  '»'=—•  Since 
T can  be  expressed  as  a function  of  Q,  the  frequency-response 


method  can  be  utilized  to  determine  the  critical  time  lag 
for  a combined  airplane-autopilot  system.  This  method  re- 
quires that  the  frequency-response  curves  be  calcxilated  for 
the  airplane  and  autopilot  separately  and  the  results  analyzed 
to  ascertain  the  conditions  for  neutral  oscillatory  stability 
of  the  airplane-autopilot  system. 

Frequency-response  curves  for  airplane. — The  frequency- 
response  curves  for  the  airplane  are  obtained  from  the  cal- 
culation of  the  steady-state  motion  of  the  airplane  in  response 
to  a sinusoidal  forcing  function  of  unit  amplitude  (see  ref- 
erence 8).  Thus  if 

the  acceleration  of  the  airplane  is 

sin 

The  values  of  (^^4)5,  known  as  the  amplitude  ratio,  and  0^ 
are  obtained  over  the  desired  range  of  angular  frequencies  by 
substituting  iwg  for  Df,  in  the  expression  for  which  is 

derived  from  the  lateral  equations  of  motion.  The  non- 
dimensional  lateral  equations  of  motion,  referred  to  stability 
axes,  for  a given  control  deflection  are 


C,^  D,'^<t>+(2n,KxzD,^-^  a, Z?») 0 

(2n,KxzD,^~C„^D,y+(2^,KzW,'‘-^Cn,D,'j4^-C„^p  = C„,5r 

Cr,  D,-  CyD,- Cl  tan  7)  ^+(2m»Z)»-  Cy)  fi  = 0 


(1) 


c)C  i>c 

The  derivatives  Ci.  and  Cy.  — 

OOr  OOr 


are  usually  very  small  and  therefore  have  been  neglected  in  equations  (1). 


Hence, 


D, 


^ f^bKxzDb^ 


-a. 


D,-Cl  0 2n,D,-Cy, 

A **  ’ 


Ci^ 

2ni,KxzDt,^ — 2 

2i^,Kz^I),^-\CnD,  -Cn, 

-\CyD,-CL 

(2/i>— ^ tan  7 2ftt,Dt,—  Cy^ 

(2) 


After  the  numerator  and  denominator  are  expanded  by  the 
method  of  determinants,  the  expression  for  D^yplbr  results  in 
the  ratio  of  two  polynomials  in  The  substitution  of 

ioj,  for  Dii  in  equation  (2)  gives  a complex  number 
which  may  be  expressed  as  The  amplitude  ratio 


0 

{Ka)„  which  is  equal  to  Ka^>  can  be  determined  from  the 
relation  {Ka),=  The  phase  angle  6^  can  be  de- 

termined  from  the  relation  0^  = tan’"^^* 
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Frequency  response  of  autopilot. — The  frequency  response 
of  the  autopilot  is  obtained  from  the  equation  for  the  control 
motion  with  time  lag^taken  into  account 


dr  = ksDi,^\p{Sb—Ts) 


(3a) 


where  the  term  r^)  signifies  the  fact  that  the  amount 

of  control  applied  at  a given  instant  is  proportional  to  the 
acceleration  at  a fixed  time  r,  previous  to  the  given  instant. 
This  time-lag  eflfect  can  be  expressed  by  the  so-called  lag 
operator  Thus  equation  (3a)  becomes 


Solving  equation  (3b)  for  gives 


(3b) 


(4) 


where 


(ifc),=^Kc=^ 


autopilot 


Substituting  ico*  for  Z>&  in  equation  (4)  results  in  an  amplitude 
ratio  {Kc)s^^y  which  is  independent  of  frequency,  and  a 

fCg 

phase  angle 

Conditions  for  stability. — The  necessary  and  sufficient 
conditions  for  any  one  of  the  oscillatory  modes  to  be  neutrally 
stable  are  that,  at  a particular  frequency,  the  phase  angles 
and  amplitude  ratios  of  the  airplane  and  autopilot  must  be 
equal — that  is,  Qa~^c  and  (/?a)s=  (^c)s-  Even  though 
these  conditions  are  satisfied,  the  resultant  motion  of  the 
airplane  which  is  composed  of  all  the  individual  modes  of 
motion  maybe  unstable  since,  as  is  pointed  out  subsequently, 
an  additional  unstable  oscillatory  mode  may  be  present.  In 
general,  the  condition  which  must  be  satisfied  in  order  that 
all  the  oscillatory  modes  be  stable  is  that,  at  each  angular 


frequency  where  = the  ratio 


{Kc\ 


must  be  less  than  1 


at  that  frequenc3^  The  mathematical  proof  of  this  state- 
ment is  given  in  reference  9. 

Illustrative  example, — The  foregoing  method  is  applied 
to  a typical  present-day  high-speed  airplane  having  the 
characteristics  presented  in  table  I.  The  value  of  the  control- 
gearing ratio  k is  arbitrarily’'  assumed  to  be  0.0427.  (This 
value  of  A:=0.0427  corresponds  to  a rudder  deflection  of  1° 
for  a yawing  acceleration  of  23,4^/sec/sec.)  The  amplitude- 
ratio  and  phase-angle  curves  for  the  airplane,  plotted  as  a 

V 

"function  of  angular  frequency  co,  where  are  pre- 

sented as  solid-line  curves  in  figures  2 (a)  and  2 (b),  respec- 
tively. As  the  frequency  increases  to  infinity,  approaches 
a value  of  15.98  and  6^  approaches  x.  The  dashed  line  in 
figure  2 (a),  which  is  independent  of  frequency,  is  the  ampli- 
tude ratio  of  the  autopilot  Kc.  The  phase-angle  curves  of 
the  autopilot  are  straight  lines  with  slopes  equal  to  r,  where 


r„  and  are  shown  as  dashed  lines  in  figure  2 (b)  for 


several  values  of  r.  Since  the  phase  angle  remains  between 
the  range  of  0 to  ?x,  Bc—to}  continues  to  repeat  itself  when- 
ever ro)^2x.  To  take  account  of  this  fact.  Be  is  plotted  as 
a series  of  parallel  lines  for  each  value  of  r.  Figure  2 (a) 
indicates  that  K^^Kc  at  co=3.8  and  co=8.5.  The  corre- 
sponding values  of  T where  = at  co=3.8  and  o)=8.5  are 
r=1.63  and  r=0.38,  respectivel3^  One  of  the  oscillatory^ 
modes  of  motion  is  thus  neutrally  stable  when  r=1.63  and 
r=0.38.  However,  as  mentioned  previously’-,  the  motion  of 
the  ah'plane  is  neutrally  stable  only  if  all  other  oscillatory 
modes  present  are  stable.  This  condition  is  satisfied  for 
r=0.38,  since  for  each  value  of  a>  where  Ba  = Bc  the  ratio 


■\yhen  t=1.63,  one  of  the  oscillatory^  modes  is 


neutrally  stable  but  the  sy-stem  is  unstable,  because  at  o>=6, 

^A  = ^c  analysis  indicates  that  for  values 

of  15.98,  which  is  the  limiting  value  of  K^,  the  sy-stem 
will  be  unstable  for  any^  infinitesimal  time  lag.  The  reason  for 
the  instability  is  that,  for  any  infinitesimal  time  lag,  the 
value  of  Ba  is  equal  to  Be  at  some  high  frequency  where  it 
K 

can  be  shown  that  1 since  at  the  very  high  frequencies 


Ka (i^A)far-»oo 

Ke  (^^)ttf-^os — ^Kc 

where  and  A^T^  are  small  incremental  values. 


TABLE  I.— STABILITY  DERIVATIVES  AND  MASS  CHAR- 
ACTERISTICS OF  A TYPICAL  PRESENT-DAY  AIRPLANE 


WjS,  lb/ft2 

8,  ft2 

6,  ft 

p,  slugs/ft^ 

F,  ft/sec 

T,  deg 

Cl 



Kx^ 

Kz^ 

Kxz 

J7,  deg 

Ci^y  per  radian _ 
per  radian _ 
Cn^y  per  radian. 
Cn^y  per  radian. 
C'kp  , per  radian. 
Cy^j  per  radian. 
Cy^y  per  radian. 
Cn^y  per  radian. 
Ci^y  per  radian.. 
C„.  , per  radian 

®r 


65 

130 

28 

0.00089 

797 

0 

0.23 
80.7 
0.00967 
0.0513 
-0.00145 
-2.0 
-0.40 
0.08 
— 0.0155 
-0.40 
0 
0 

-1.0 

0.25 

-0.126 

-0.163 
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In  order  to  verify  the  results  predicted  by  the  preceding 
analysis,  motions  of  the  airplane  were  calculated  subsequent 
to  an  initial  disturbance  of  5®  in  sideslip.  The  calculations 
involved  a step-by-step  procedure  based  on  the  Kutta  3/8 
method  (reference  10).  The  results  of  these  calculations  for 
r=0.38  and  r=1.63  are  presented  in  figures  3 and  4,  respec- 
tivel3^  The  solid-line  curve  in  figure  3 was  obtained  by 
using  a time  increment  of  0.095  and  the  motion  is  seen  to  be 
slightly  unstable,  whereas  neutral  stability  is  predicted  by 
frequency-response  analysis  for  r=0.38.  An  additional  cal- 
culation was  made  by  using  a time  increment  of  0.0475, 
represented  by  the  dashed-line  curve  in  figure  3,  and  although 
the  motion  was  still  slightly  unstable,  the  trend  indicated 
by  reducing  the  time  increment  was  such  as  to  make  the 
oscillation  more  nearly  neutrally  stable.  The  airplane  mo- 
tion for  T=  1.63  is  presented  in  figure  4 and,  as  was  predicted, 
the  motion  is  unstable.  A neutrally  stable  oscillation  was 
also  predicted  for  this  value  of  time  lag  but  it  is  apparent 


from  figure  4 that  the  unstable  mode  influences  the  airplane 
motion  more  than  the  neutrally  stable  mode. 

EFFECT  OF  TIME  LAG  ON  LATERAL  OSCILLATORY  STABILITY 

Derivation  of  equations. — The  nondimensional  equations 
of  motion,  referred  to  the  stability  axes,  which  include  the 
effect  of  an  autopilot  applying  rudder  control  in  proportion 
to  the  yawing  acceleration  at  time  r„  are  obtained  by 
combining  equation  (3b)  with  equations  (1).  When 
is  substituted  for  <^,  \poe^^b  for  and  for  in  the  re- 

sultant equation  written  in  determinant  form,  X must  be  a 
root  of  the  characteristic  stability  equation 

^X^+5XH<?X2+Z^X+£+A:,e-"*H^'X'+5'X3-h(7'X2+Z)'X)=0 

(5) 

where  Ay  By  (7,  Z?,  Ey  A'y  B'y  C\  and  Z)'  are  functions  of  the 
mass  and  aerodynamic  parameters  of  the  airplane.  The 


Figure  3. — Effect  of  t=0.38  on  the  motion  of  the  airplane. 


(3,  deg 


EFFECT  OF  TIME  LAG  IN  A STABILIZATION  SYSTEM  ON  LATERAL  OSCILLATORY  STABILITY  OF  AIRPLANES  297 


expressions  for  A,  B,  D,  and  E are  given  in  reference  1 and 
A'  = — 

D'  = Cz.C,fin, 


The  damping  and  period  of  the  lateral  oscillation  in 
seconds  are  given  by  the  expressions 


-0.693  b 
~ a V 


(6) 


where  a and  co,  are  the  real  and  imaginary  parts  of  a complex 
root  of  equation  (5). 

Determination  of  roots  of  transcendental  equation. — The 
characteristic  stability  equation  of  this  system  (equation 
(5))  is  seen  to  be  a transcendental  equation  because  a con- 
stant time  lag  r,  in  the  automatic  stabilization  system  is  rep- 
resented by  the  so-called  lag  operator  It  is  apparent 

that  the  complex  roots  of  such  an  equation  cannot  be  deter- 
mined by  conventional  methods,  A method  of  obtaining 
the  complex  roots  of  this  transcendental  equation  for  a par- 
ticular value  of  r,  is  therefore  presented. 

If  is  substituted  for  X in  equation  (5)  and  the  real 

and  imaginary  quantities  are  separated,  two  equations  in  a 
and  CO,  result: 

e“T*a  = i?^i(a,co,)  (7  a) 

= (7b) 


t sec 

Figure  4.— Effect  of  r=1.63  on  the  motion  of  the  airplane. 


298 


REPORT  1018 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


A simultaneous  solution  of  equations  (7a)  and  (7b)  gives  the 
desired  values  of  a and  w,  which  satisfy  equation  (5).  The 
method  used  to  solve  equations  (7a)  and  (7b)  simultaneously 
is  basically  a graphical  procedure.  For  a series  of  values  of 
the  right-hand  sides  of  equations  (7a)  and  (7b)  are 
plotted  against  a as  illustrated  in  figure  5.  The  solid  lines 
and  dashed  lines  correspond  to  the  functions  Fi{a^o)s)  and 
Foia^cos)^  respectively.  The  variation  of  with  a is  also 
plotted  in  figure  5.  The  exact  values  of  a and  for  which 
Fi(a^o)s)  = F2{ajCJs)=e^'^‘^  are  determined  from  a cross  plot 
of  the  results  of  figure  5 as  sho\vn  in  figure  6.  In  this  figure, 
with  a as  the  abscissa  and  co,  as  the  ordinate,  are  plotted  the 
values  of  a and  which  correspond  to  the  intersection  of 
the  curve  with  the  functions  Fi(a,wa)  and  F2{a,a)s). 
The  solid  curve  in  figure  6 thus  satisfies  the  equation 
e^'^^^=Fi{a,cos)  and  the  dashed  curve  satisfies  the  equation 
e-“^»«=F2(a,co5).  The  values  of  a and  co^  at  the  intersection 
of  these  two  curves  therefore  determine  a root  of  the  char- 
acteristic stability  equation  (equation  (5)).  The  period  and 
damping  of  the  lateral  oscillation  are  determined  from  equa- 
tions (6)  by  using  this  root. 


Figure  5.— The  effect  of  a and  w*  on  the  functions  Fi(a,£«),),  F2(a,u},),  and 


■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

B 

B 

B 

B 

B 

■ 

■ 

B 

H 

m 

B 

S 

■ 

B 

B 

B 

B 

B 

■ 

1 

■ 

■ 

■ 

■ 

■ 

B 

B 

B 

B 

B 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

B 

B 

B 

B 

B 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

B 

B 

B 

B 

B 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

B 

B 

B 

B 

B 

0 -a 

Figure  6.— A cross  plot  of  the  points  of  intersection  of  Fi(a,«,)  and  F2(a,w,)  with  as 
determined  from  figure  5. 


An  alternative  method  for  the  simultaneous  solution  of 
equations  (7a)  and  (7b)  is  to  substitute  1 — 

2 6 

for  e-’’*®  in  each  of  these  equations.  The  calculations  in- 
volved become  considerably  less  laborious  when  this  ap- 
proximation is  made  and  results  obtained  by  using  this  alter- 
native method  have  been  found  to  be  in  excellent  agreement 
wth  results  obtained  from  the  method  described  previously. 
Figure  7 shows  that  for  |T,a|  = l very  close  agreement  is 
obtained  between  the  exact  value  of  and  its  approxi- 
mation by  tliree  and  four  terms  of  the  series  for  In 

actual  practice  the  product  r/t  will  almost  invariably  be 
much  less  than  1.  When  this  substitution  is  made,  both 
equations  (7a)  and  (7b)  become  seventh  degree  in  a for  a 
given  value  of  w,.  Although  these  equations  are  of  high 
degree,  no  serious  problem  is  presented  since  the  values  of 
a desired  must  be  real  and,  in  general,  small;  that  is,  only 
one  or  two  of  the  roots  of  these  high-degree  equations  are 
of  interest.  In  order  to  calculate  the  complex  roots  of 
equation  (5)  for  a particular  value  of  r„  the  following  pro- 
cedure should  be  used.  For  a sequence  of  values  of  oi„ 
compute  a from  equations  (7a)  and  (7b).  The  results  ob- 
tained from  each  equation  may  then  be  plotted  in  a figure 
similar  to  figure  6 and  the  complex  root  of  the  characteristic 
stability  equation  determined  from  the  intersection  of  the 
two  resulting  curves.  If  the  value  of  the  approximate 
series  for  is  in  good  agreement  with  the  exact  value 

of  for  the  a determined  from  the  intersection  of  the 
two  curves,  then  the  complex  root  obtained  is  valid.  A 
point  of  intersection  for  a value  of  a which  would  not  give 
satisfactory  agreement  between  the  approximate  series  and 
might  exist,  however.  If  such  be  the  case,  the  accurate 
point  of  intersection  is  readily  ascertained.  The  estimated 
values  of  a and  u>,  represent  the  point  of  intersection  of 
Fi(a,o},)  or  Fi(a,o),)  with  the  series  approximating 
The  desired  point  is  the  point  of  intersection  of  Fi{a,u,)  or 
F2{a,o),)  with  The  first  step  is  to  evaluate  the  term 

e"’’*®  for  several  values  of  a in  the  vicinity  of  the  estimated 
point  of  intersection.  The  expressions  Fi{a,w,)  and  F2{a,w,) 
are  then  evaluated  for  values  of  w,  slightly  less  than  and 
greater  than  the  estimated  value  of  w,  for  several  values  of 
a in  the  range  of  the  estimated  point  of  intersection.  Thus, 
the  corrected  curves  of  equations  (7a)  and  (7b)  are  obtained 
and  at  their  point  of  intersection,  the  accurate  values  of  a 
and  coj  are  determined. 

A method  for  constructing  curves  of  constant  period 
and  damping  as  a function  of  r,  and  k,  is  presented  in  the 
appendix. 

Range  of  co,  and  a to  be  used  in  the  determination  of  the 
complex  roots  of  the  characteristic  stability  equation. — In 
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Figure  7.— A oomparison  between  and  its  approximation  by  three  and  four  terms  of  the  series  for 


general,  the  anal3^sis  requii'ed  to  determine  the  damping  of 
the  airplane-autopilot  system  would  be  carried  out  for  those 
values  of  r,  that  result  in  a stable  system,  since  the  purpose  of 
equipping  an  airplane  with  an  autopilot  is  to  stabilize  or 
increase  the  damping  of  the  airplane  motions.  The  range 
of  Tg  for  which  the  system  is  stable  is  determined  from  the 
frequencj^-response  curves  of  the  airplane  and  autopilot  as 
indicated  in  the  section  entitled  “Determination  of  Critical 
Time  Lag.’^  Thus,  if  the  system  is  stable,  only  negative 
values  of  a need  be  investigated.  Also,  if  two  stable  oscil- 
latory modes  of  motion  exist,  the  least  stable  one  is  of 
greatest  interest — that  is,  the  complex  root  with  the  smallest 
real  part  is  the  one  of  most  importance. 

The  estimated  range  of  values  for  co,  that  should  be  used 


in  the  analysis  to  determine  the  effect  of  some  particular 
value  of  time  lag,  located  between  r,=0  and  the  critical 
time  lag  (rg)c,  on  the  damping  of  the  oscillation  is  obtained 
from  the  known  values  of  the  frequency  of  the  oscillation  for 
the  cases  where  r,=0  and  Tj=(t,)c.  The  imaginary  part  of 
the  complex  root  of  equation  (5),  which  becomes  a quartic 
equation  when  rg=0,.  gives  the  value  of  co,  for  the  case  of 
Tg=0.  The  value  of  cj,  for  r,— (r,)c  is  determined  from  the 
analysis  presented  in  the  section  entitled  “Determination  of 
Critical  Time  Lag.”  As  mentioned  in  reference  11,  the 
frequency  of  the  oscillation  decreases  as  time  lag  increases; 
thus  for  a value  of  0<^rg<^(Ts)c,  the  estimated  values  of  co, 
should  include  frequencies  greater  than  the  value  of  co,  at 
r£=(r,)c  and  less  than  the  value  of  co,  at  r,=0. 
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Airplane  motions  for  various  values  of  t. — For  purposes  of 
comparison,  the  motion  of  the  airplane  in  sideslip  subsequent 
to  an  initial  displacement  in  sideslip  of  5®  was  calculated,  with 
the  use  of  a step-by-step  procedure,  for  t=0,  0,10,  0.20,  0.25, 
0.287,  and  0.38.  The  results  are  presented  in  figui*es  8 (a) 
to  8 (f) . These  figures  indicate  that  as  r increases  from  0 to 
0.2  the  period  increases  slightly,  whereas  the  damping  is 
markedly  improved.  The  frequency  of  the  oscillation  is 


(a)  Damping. 

(b)  Period. 

Figure  9.— Effect  of  time  lag  on  the  period  and  damping  of  the  lateral  oscillation. 


about  co=3.7.  However,  as  r continues  to  increase,  the 
presence  of  a high-frequency  oscillation  is  noted  in  the  motion 
since  this  oscillation  becomes  less  damped  and  the  low- 
frequency  oscillation  becomes  more  heavily  damped.  (See 
figs.  8 (d)  and  8 (e).)  For  r=0.38,  the  motion  is  neutrally 
stable  at  the  high  frequenc}’’  of  co=8.5  but  the  low-frequency 
oscillation  does  not  appear  in  this  motion  since  it  is  ver^’’ 
well  damped.  In  figures  9 (a)  and  9 (b),  the  period  and 
damping  of  the  lateral  oscillation  for  several  values  of  r, 
calculated  by  the  method  discussed  in  this  report,  are  com- 
pared with  the  period  and  damping  readily  obtained  from  the 
motion  calculations  sho^vn  in  figures  8 (a)  to  8 (f).  The  very 
good  agreement  between  the  results  presented  in  figures 
9 (a)  and  9 (b)  would  probably  be  improved  if  the  increment 
selected  for  the  step-by-step  calculations  were  reduced.  The 
trends  indicated  by  these  results,  however,  are  applicable 
only  to  the  particular  airplane-autopilot  system  considered 
in  this  example  and  may  not  be  generalized  to  any  other 
arbitrary  airplane-autopilot  system. 

CONCLUDING  REMARKS 

A method  is  presented  for  determining  the  effect  of  time 
lag  in  an  automatic  stabilization  system  on  the  lateral 
oscillatory  stability  of  an  airplane.  The  method  is  applied 
to  a typical  present-day  airplane  equipped  with  an  automatic 
pilot  sensitive  to  yawing  acceleration  and  geared  to  the 
rudder  so  that  rudder  control  is  applied  in  proportion  to  the 
yawing  acceleration.  The  results  calculated  for  an  airplane- 
autopilot  system  by  the  method  described  are  in  good 
agreement  with  the  airplane  motions  calculated  by  a 
step-by-step  procedure. 
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APPENDIX 


A METHOD  FOR  CONSTRUCTING  CURVES  OF  CONSTANT  PERIOD  AND  DAMPING  AS  A FUNCTION  OF  r.  AND  h. 


If  an  over-all  picture  is  desired  of  the  effect  of  time  lag 
for  a given  value  of  ks  or  the  effect  of  varying  ks  for  a given 
time  lag,  construction  of  curves  of  constant  period  and  damp- 
ing with  the  use  of  the  following  method  is  recommended. 

The  characteristic  stability  equation  of  the  airplane- 
autopilot  s^^stem  (equation  (5))  may  be  rewritten  in  the 
form: 

If  X=a+'iajj  is  substituted  in  each  side  of  equation  (Al), 
the  condition  that  X be  a root  of  the  characteristic  equation 
is  that  the  complex  number  Ai+iBi  obtained  from  the  left- 
hand  side  must  be  equal  to  the  one  obtained  from  the  right- 
hand  side  A2+iB2.  The  quantities  Ai+iBi  and  A2+iB2 
may  be  represented  by  the  expressions  Rie^^i  and 
respectively.  Therefore,  this  requirement  is  equivalent  to 
saying  that  7?i=i?2  and  ^1=^2  if  X is  to  be  a root  of  equation 
(Al).  If  X=a+ioj,  is  substituted  in  the  right-hand  side, 
the  following  expressions  result: 


where 

and 


ksC  ^*«(cos  TsO>s~i  sin  Ts0^s)=  A2+iB2  = R'2e^^^' 
R2^k,e~^>^ 


cos  ToCOs 


■ Tsaj5  = 27r— 


Therefore,  if  X=a4-'ia?,  is  substituted  in  the  left-hand  side  and 
Ai-\-iBi=Rie^^^  is  obtained,  the  value  of  r required  to  make 
^1—^2  can  be  determined.  Since  t,  is  therefore  determined 
and  a is  fixed,  the  value  of  ks  necessary  to  make  i?i  = jf?2  can 
be  calculated.  Thus  for  these  values  of  ks  and  r„ 

X= 

isarootof  the  transcendental  stability  equation  (equation  (5)). 

For  a given  value  of  a,  the  analysis  may  be  made  through- 
out the  range  of  and  the  corresponding  values  of  k,  and 
Tj  determined.  A curve  representing  this  value  of  a may  then 
be  plotted  as  a function  of  k,  and  t,.  This  procedure  is 
repeated  for  a sequence  of  values  of  a and  the  corresponding 
curves  in  the  k„r,  plane  are  plotted.  Each  point  on  a curve 
of  constant  a represents  a particular  value  of  &>,.  Curves  of 
constant  frequency  may  therefore  be  plotted  by  drawing  a 
curve  through  the  given  value  of  u,  on  each  one  of  the  a 
cm-ves.  The  values  of  a and  u,  are  converted  to  and  P 
by  equations  (6) . The  final  result  would  consist  of  curves  of 
constant  damping  and  curves  of  constant  period  P in  the 
k„T,  plane.  Thus  the  effect  of  time  lag  on  the  lateral  oscil- 
lations for  any  value  of  the  gearing  ratio  k„  or  the  effect  of 
varying  k,  for  any  value  of  time  lag,  may  be  ascertained. 
For  purposes  of  illustration  several  lines  of  constant  and 
P in  the  k,r  plane  were  calculated  for  the  t3q)ical  present- 
day  airplane  described  in  table  I and  are  shown  in  figure  10. 

A cxu’ve  can  be  plotted  in  the  k,,T,  plane  which  divides  the 
quadrant  into  a satisfactory  and  an  unsatisfactory  region 
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T,  sec 

Figure  10.— Several  curves  of  constant  period  and  constant  damping  for  the  typical  present- 
day  airplane  described  in  table  I. 

according  to  any  prescribed  relationship  between  the  period 
and  damping  of  the  lateral  oscillation.  In  order  to  calculate 
this  curve,  several  values  of  a and  co,  that  exactly  satisfy  the 
criterion  should  be  selected  and  substituted  in  equation  (Al). 
The  combination  of  ks  and  is  then  obtained  for  each  set  of 
values  of  a and  co,  and  the  desired  curve  is  plotted  in  the 
kg,Ts  plane. 
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RELATION  BETWEEN  INFLAMMABLES  AND  IGNITION  SOURCES  IN 

AIRCRAFT  ENVIRONMENTS* 

By  Wilfred  E.  Scull 


SUMMARY 

A literature  survey  \oas  conducted  to  determine  the  relation 
between  aircrajt  ignition  sources  and  inflammables.  Available 
literature  applicable  to  the  problem  oj  aircrajt  fire  hazards  is 
analyzed  and  ddscussed  herein.  Data  pertaining  to  the  eflect 
oj  many  variables  on  ignition  temperatures ^ minimum  ignition 
pressures,  minimum  spark-ignition  energies  oj  inflamma- 
bles^ quenching  distances  oj  electrode  configurations,  and  size 
oj  openings  through  which  flame  will  not  propagate  are  pre- 
sented and  discussed.  Ignition  temperatures  and  limits  oj  in- 
flammability oj  gasoline  in  air  in  different  test  environments, 
and  the  minimum  ignition  pressures  and  minimum  size  oj  open- 
ings jor  flame  propagation  in  gasoline-air  mixtures  are  in- 
cluded; inerting  oj  gasoline-air  mixtures  is  discussed. 

The  results  oj  the  survey  indicate  the  possibility  oj  reducing 
aircrajt-flre  hazards  by: 

{!)  Preventing  contact  oj  juels  or  juel  vapors  with  the  hot 
exhaust  surjaces 

{2)  Releasing  an  extinguishing  agent  inside  oj  and  around 
the  exhaust  system  ij  a crash  is  imminent 

{3)  Reducing  the  temperature  oj  the  exhaust  duct  or  gases 
below  the  surjace-ignition  temperatures  oj  gasoline  and  lubri- 
cating oil  in  the  event  oj  a crash 

(Jf)  Increasing  the  surjace-ignition  temperatures  oj  gasoline 
and  lubricating  oil 

{5)  Using  juels  oj  reduced  volatility 

{6)  Eliminating  the  electrical  generating  system  as  an  igni- 
tion hazard  in  the  event  oj  a crash 

(7)  Inerting  the  engine  nacelles  and  wing  compartments. 

INTRODUCTION 

As  a part  of  the  aircraft-fire-research  program,  a literature 
survey  was  conducted  at  the  NACA  Lewis  laboratory  during 
1949-50  to  determme  the  relation  between  inflammables  and 
ignition  sources.  An  effort  has  been  made  to  correlate  the 
limited  data  available  with  the  problem  of  fire  hazards  in  air- 
craft enviroimients.  The  results  of  the  survey  are  presented 
in  three  parts  corresponding  to  the  main  sources  of  ignition 
in  aircraft  envii'onments;  that  is,  heated  surfaces,  electric 
sparks  and  arcs,  and  flames  or  hot  gases. 

The  following  variables  have  been  considered  in  the  igni- 
tion of  fuels  or  fuel  vapors  b}^  the  different  ignition  sources: 


Heated  surfaces 

Electric  sparks  and  arcs 

Flames  or  hot  gases 

Ignition  temperature 
Mixture  composition 
Ignition  lag 
Mixture  velocity 
Mixture  turbulence 
Condition  and  composi- 
tion of  the  ignition 
surface 

Ignition  surface  area 
Fuel  composition 
Mixture  pressure 
Effect  of  diluents 

Type  of  spark 

Minimum  spark-ignition 
energy 

Mixture  composition 
Electrode  spacing 
Electrode  material  and  con- 
figuration 
Spark  potential 
Spark  duration 
Mixture  velocity 
Mixture  pressure 
Mixture  temperature 
Effect  of  diluents 

Mixture  composition 
Mixture  exposure  duration 
Limiting  size  of  openings 
for  flame  propagation 
Size,  shape,  and  material  of 
openings  for  flame  propa- 
gation 

Mixture  pressure 
Mixture  temperature 
Effect  of  diluents 

Although  quantitative  agreement  among  the  large  quanti- 
ties of  data  in  the  hterature  is  not  to  be  expected  because  of 
the  many  different  experimental  techniques  used,  it  is  be- 
lieved that  comparison  of  the  effects  of  the  different  variables 
as  compiled  herein  will  provide  valuable  information  toward 
reducing  aircraft-fire  hazards. 

I— IGNITION  BY  HEATED  SURFACES 

Although  the  data  pertaining  to  the  ignition  of  inflammable 
mixtures  by  heated  surfaces  are  quite  extensive,  little  agree- 
ment exists  in  technique,  terminology,  or  results  of  various 
investigators.  In  the  following  discussions,  an  effort  has 
been  made  to  allow  for  different  experimental  techniques  and 
to  use  a system  of  nomenclature  presently  acceptable  in  the 
combustion  field. 

TERMINOLOGY 

IGNITION  TEMPERATURES 

The  ignition  temperature  of  an  inflammable  mixture  is  the 
minimum  temperature  to  which  the  mixture  must  be  raised 
in  order  that  the  rate  of  heat  loss  from  the  mixture  is  more 
than  balanced  by  the  rate  at  which  heat  is  evolved  from  the 
mixture  b}"'  exothermic  chemical  reaction.  At  this  tempera- 
ture, the  reaction  becomes  self-accelerating  and  the  tempera- 
ture increases  until  self-propagating  inflammation  of  the 
mixture  occurs.  A definite  lag  during  which  the  reaction  is 
self-accelerating  thus  exists,  the  magnitude  of  which  is 
determined  by  the  rapidity  of  acceleration  of  the  reaction 
velocity.  Defined  in  this  manner,  the  ignition  temperature 
of  an  inflammable  is  a mixture  temperature  and  does  not 
necessarily  correspond  to  and  may  be  considerably  lower 
than  the  inflammation  temperature  or  mixture  tempera, ture 
at  the  instantaneous  appearance  of  flame.  The  ignition 
temperature  of  an  inflammable,  therefore,  cannot  be  regarded 


’ Supersedes  NACA  TN  2227,  “Relation  Between  Inflammables  and  Ignition  Sources  in  Aircraft  Environments’'  by  Wilfred  E,  Scull,  1950, 
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as  a physical  constant,  but  must  depend  on  the  experimental 
conditions  under  which  it  is  determmed.  Mixture  composi- 
tion, pressure,  and  temperature  and  the  presence  of  catalysts 
or  inhibitors,  which  accelerate  or  delay  the  reaction,  are 
some  of  the  variables  affecting  the  lag  before  inflammation. 
The  lowest  temperature  at  which  any  quantity  of  inflammable 
will  ignite  is  known  as  the  minimum  ignition  temperature 
of  the  inflammable  for  the  experimental  method  employed. 

Efforts  of  various  investigators  to  determine  the  ignition 
temperatures  of  inflammables  have  resulted  in  different 
methods  of  attaining  the  mixture-  temperature  at  which 
self -accelerating  reaction  begins.  As  a result  of  these  ex- 
perimental methods  and  the  difficulties  of  determining  the 
defined  ignition  temperature,  many  of  the  ignition  tempera- 
tures reported  in  the  literature  are  the  temperatures  of 
heated  elements,  which  raise  the  mixture  temperature  to  a 
level  of  self-accel  era  ting  reaction.  These  heated  element 
temperatures  are  not  necessarily  the  same  as  the  ignition 
temperature  of  the  mixture.  In  general,  the  temperatures 
reported  hereinafter  are  specifically  designated  as  to  the 
tempera  toe  actuall}^  measured. 

The  most  important  methods  emploj^ed  to  determine  the 
ignition  temperatures  are  as  follows: 

(1)  Crucible  methods — static  and  dynamic 

(2)  Dynamic  heated-tube  method 

(3)  Adiabatic-compression  method 

(4)  Bomb  method. 

In  all  these  methods,  various  criterion s have  been  chosen 
as  indications  of  ignition  and  inflammation.  A sudden 
rapid  pressure  rise,  an  increase  in  temperature,  or  both,  have 
been  used  as  indications  of  ignition,  whereas  the  appearance 
of  flame  or  explosive  sounds  have  been  taken  to  indicate 
mixture  inflammation. 

The  crucible  methods  (static  or  dynamic,  depending  on 
whether  the  supporting  atmosphere  in  the  crucible  is  quies- 
cent or  flowing)  appear  to  be  the  most  popular  methods  of 
determining  the  ignition  temperatoes  of  liquid  inflammables. 
Also  known  as  the  oil-drop  methods,  the  crucible  methods 
are  variations  of  a method  described  in  references  1 and  2. 
Essentially,  the  method  consists  in  dropping  a drop  of  the 
inflammable  liquid  through  an  opening  into  a crucible  fitted 
into  a heated  iron  or  steel  block  containing  either  quiescent 
or  flowing  air  or  oxygen.  The  crucible  temperature  and  ig- 
nition lag  are  measured  when  the  droplet  bursts  into  flame. 
A precise  loiowledge  of  the  exact  mixture  composition  at  the 
instant  of  ignition  is  unobtainable.  Furthermore,  the  latent 
heat  of  vaporization  of  the  droplet  must  be  supphed  by  the 
system.  In  these  methods,  experimentally  measured  igni- 
tion temperatures  are  the  temperatures  of  the  heated  crucible 
surfaces  causing  ignition. 

The  dynamic  heated- tube  method,  which  attempts  to 
nullify  the  effect  of  enclosing  surfaces,  is  described  in  refer- 
ence 3.  In  this  method,  the  flowing  inflammable  vapor  and 
the  supporting  atmosphere  are  separately  heated  in  concen- 
tric quartz  or  pyrex  tubes.  The  inflammable  vapor  is  metered 
into  the  supporting  atmosphere  in  the  large  tube  through  a 
small  orifice  in  the  end  of  the  small  tube.  In  this  case,  the 
experimental!}^  measured  ignition  temperature  is  the  mixture 


temperature  at  which  inflammation  occurs  after  a measured 
time  lag.  Such  a method  permits  easy  variation  of  the 
inflammable  over-all  mixture  composition. 

A description  of  the  adiabatic-compression  method  of 
determining  ignition  temperatures  is  given  in  reference  4. 
In  this  method,  the  inflammable  mixture  of  vapor  and  air 
or  vapor  and  oxygen  is  suddenly  compressed.  Ignition 
occurs  after  a lag  depending  on  the  temperature  reached  by 
the  compression  process.  The  ignition  temperature  is  com- 
puted from  the  experimentally  measured  compression  ratio. 
This  method  is  advantageous  in  that  the  mixture  composition 
is  known,  accurate  ignition-lag  measurements  are  possible,  and 
the  relatively  cold  walls  of  the  compression  cylinder  preclude 
any  catalytic  influence.  Disadvantages  of  such  a method 
are  the  large  cooling  losses,  the  difficulty  of  determining  the 
exact  value  of  the  compression  exponent  7,  and,  the  fact 
that  the  experimentally  determined  ignition  temperature 
pertains  to  the  compression  pressure. 

The  bomb  or  heated-chamber  method  of  determining  igni- 
tion temperatures  is  described  in  reference  5.  Essentially, 
the  method  consists  in  introducing  an  inflammable  mixture 
into  an  evacuated  chamber  heated  to  a known  temperature. 
The  experimentally  measured  ignition  temperature  is  taken 
as  the  chamber  temperature  that  causes  ignition  after  a 
measured  ignition  lag.  Disadvantages  of  the  method  are  the 
possible  catalytic  effects  of  the  chamber  surface  and  the  heat 
required  to  increase  the  mixture  temperature  to  the  chamber 
temperature.  Advantages  of  the  method  are  the  knowledge 
of  the  mixture  composition  and  the  ease  with  which  normal- 
length  ignition  lags  can  be  measured.  Very  small  ignition 
lags  are  difficult  to  measure  because  of  the  time  interval  re- 
quired to  admit  the  mixture  to  the  chamber. 

The  results  of  all  these  methods  are  affected  by  the  experi- 
mental conditions  and  characteristics  of  the  inflammables 
investigated.  Some  of  the  factors  significantly  affecting  the 
experimentally  determined  ignition  temperatures  of  inflam- 
mable substances  are: 

(1)  Fuel  composition 

(2)  Fuel-ah  or  fuel-oxygen  ratio 

(3)  State  of  inflammable — vapor  or  liquid 

(4)  Size  of  inflammable  drop 

(5)  Mixture  pressure  and  temperature 

(6)  Relative  stagnation  of  mixture — turbulent  or  quies- 
cent 

(7)  Thermal  conductivity  of  mixture 

(8)  Ignition-lag  period 

(9)  Surface  composition  and  physical  character  of  ignition 
element 

(10)  Surface  area  of  ignition  element 

(11)  Smdace-volume  ratio  of  ignition  chamber 

(12)  Ignition-element  temperature 

(13)  Approach  to  ignition  temperature — from  mixture 
temperatures  above  or  below  ignition  temperature 

(14)  Method  of  introduction  of  inflammable  to  ignition 
element. 

As  a result  of  the  effects  of  these  variables  on  ignition 
temperature,  the  experimentally  determined  ignition  temper- 
ature of  an  inflammable  may  be  different  in  various  sources  of 
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information.  Data  from  the  same  source,  however,  show 
the  trends  and  the  relative  effects  of  different  variables. 

UMITS  OF  INFLAMMABIUTY 

The  limits  of  inflammabihty  of  a mixture,  also  known  as 
the  inflammation  or  explosive  hmits,  are  those  proportions, 
generally  volumetric,  of  fuel  in  air  or  oxygen  that  are  just 
capable  of  self-propagation  of  flame  throughout  the  entire 
mixture  once  inflammation  has  been  initiated  in  a portion  of 
the  mixture.  These  limits  are  generally  determined  for  up- 
ward, continuous  self-propagation  of  a flame  in  a vertical 
tube  of  sufficient  diameter  such  that  the  wall  cooling  effects 
are  negligible.  Mixtures  just  below  the  lower  hmits  or  just 
above  the  upper  limits  of  inflammabihty  may  burn  around 
the  ignition  source,  but  are  incapable  of  propagating  flame 
throughout  the  entire  mixtures.  In  addition,  the  mixture 
volume  must  be  large  enough  that  the  flame  may  still 
propagate  even  after  the  energy  input  required  for  the  initial 
inflammation  has  been  dissipated.  For  any  particular 
inflammable,  the  hmits  of  inflammability  are  affected  by  the 
direction  of  flame  propagation,  type  of  test  apparatus,  the 
amount  of  water  vapor  present  in  the  mixture,  and  the 
mixture  pressure  and  temperature. 

Flame  progress  may  be  assisted  or  retarded  by  convection 
depending  on  whether  the  flame  propagation  is  in  an  upward, 
horizontal,  or  do^\^}ward  direction;  therefore  a statement  of 
the  method  of  observation  of  the  limits  of  inflammabihty  is 
necessary.  GeneraUy,  wider  limits  are  foimd  for  upward  than 
for  downward  flame  propagation  at  atmospheric  pressm^e  and 
temperature.  Data  from  reference  6 indicate  that  the  lower 
and  upper  limits  of  inflammability  of  methane  in  air  at 
atmospheric  conditions,  as  determined  for  upward  flame 
propagation,  are  increased  and  decreased,  respectively, 
approximately  10  percent  for  do\vnward  flame  propagation. 
Values  reported  herein  are  for  upward  flame  propagation 
unless  specified  otherwise. 

The  effect  of  the  type  of  test  apparatus  and  the  method 
of  ignition  used  in  the  determination  of  the  inflammability 
hmits  of  various  mixtures  are  minor.  The  inflammability 
range  of  several  mixtures  increased  with  increasing  tube  di- 
ameter up  to  a tube  diameter  of  2 inches,  because  of  the  de- 
creased cooling  effect  of  the  walls.  At  atmospheric  pressure, 
tube  diameters  greater  than  2 inches  have  very  little  effect 
on  the  hmits.  In  addition,  literature  indicates  (reference  7) 
that  inflammabihty  limits  are  unaffected  by  the  method  of 
ignition — spark,  flame,  or  fusion  of  a platinum  wire. 

The  lower  limit  of  inflammability  of  a mixture  is  only 
slightly  affected  by  the  amount  of  water  vapor  present  in 
the  normal  atmosphere.  Water-vapor  presence  reduces  the 
upper  limit  because  of  displacement  of  oxygen  by  the  water 
vapor.  Because  the  amount  of  oxygen  is  important  in  an 
upper-limit  mlxtm'e,  the  amount  of  inflammable  capable  of 
being  ignited  decreases  with  the  decreased  oxygen  content, 
resulting  in  an  over-all  reduction  of  the  upper  inflammabihty 
limit. 

The  effect  of  varying  mixture  temperatm-e  on  the  do^\Ti- 
ward  propagation  hmits  of  inflammability  of  several  mix- 


tures is  expressed  in  figure  1.  The  upper  and  lower  hmits 
of  inflammabihty  of  the  various  mixtures  decrease  and  in- 
crease, respectively,  approximately  linearly  vdth  decreasing 
mixture  temperatures. 


(a)  Data  from  reference  8. 

(b)  Data  from  references  9 and  10. 

Figure  1. — Effect  of  mixture  temp>eratUTe  on  downward  propagation  limits  of  inflammability 
of  combustible  fuel-air  mixtures  at  atmospheric  pressure. 
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EXPERIMENTAL  RESULTS  IN  PUBLISHED  LITERATURE 

Knowledge  of  the  approximate  temperature  of  heated 
surfaces  capable  of  causing  ignition  is  desirable  because 
ignition  of  fire  in  aircraft  may  be  caused  by  the  exposure  of 
inflammables  to  heated  surfaces.  Published  experimental 
results  for  heated-surface  ignition  indicate  the  effects  of  a 
number  of  different  variable  experimental  conditions.  As 
far  as  possible,  the  results  presented  here  are  accompanied 
by  data  specifying  the  experimental  conditions. 

EFFECT  OF  MIXTURE  COMPOSITION 

Ignition  temp’eratures.- — The  relative  effect  of  mixtm*e 
composition  on  the  surface  ignition  temperatures  of  quiescent 
natural-gas-air  mixtures  ignited  by  single  electrically  heated 
nickel  strips  is  sho^vn  in  figure  2.  The  nickel  strips  of  varying 
wddths  were  mounted  in  the  center  of  a chamber  of  4K-cubic- 
foot  capacity.  The  surface  temperatures  of  the  heated  strips 
were  measured  b}’’  peened-in  thermocouples.  For  the  various 
widths  of  the  heated  ignition  surfaces,  the  surface  ignition 
temperature  of  the  mixture  increases  approximately  linearl}^ 
with  increasing  proportions  of  natural  gas  in  the  mixture 
between  the  limits  of  inflammability.  A few  comparative 
experiments  with  methane  in  place  of  natural  gas  indicated 
that  these  mixtures  ignited  at  approximately  30°  F greater 
surface  ignition  temperatures  than  the  natural-gas-air  mix- 
tures. Other  investigations  (reference  5,  for  example) 
indicated  that  the  ignition  temperatures  of  methane-air  and 
natural-gas-air  mixtures  are  lower  than  those  of  figure  2. 
This  discrepancy  is  explained  in  reference  11  by  the  fact  that 
the  temperature  of  a heated  ignition  surface  is  greater  than 
the  true  ignition  temperature  of  the  mixture.  Although  the 
ignition  temperatures  of  methane-air  and  natural-gas-air 
mixtures  increase  with  increasing  proportions  of  fuel;  the 
ignition  temperatures  decrease  with  increasing  proportions  of 
fuel  for  the  higher  hydrocarbons  of  the  paraffin  series.  The 


Figure  2 —Effect  of  mixture  composition  on  surface  ignition  temperature  of  various  quies- 
cent natural-gas— air  mixtures.  Mixtures  ignited  by  electrically  heated  nickel  strips  cut 
from  same  sheet  of  No.  18  B and  S gage  commercial  nickel;  length  of  strips,  4H  inches. 
(Data  from  reference  11.) 


Figure  3. — Effect  of  mixture  composition  on  chamber  ignition  temperatures  of  various 
fuels  at  atmospheric  pressure  as  determined  by  bomb  ignition  method  except  as  shown. 


chamber  ignition  temperatures  of  mixtoes  of  the  higher 
paraffin  hydrocarbons  and  air  decrease  with  increasing  pro- 
portions of  fuel  within  the  range  investigated  (fig.  3).  It 
might  be  expected  from  figure  3 that  the  ignition  temper- 
atures of  mixtures  of  hydrocarbons  and  air  might  again 
increase  with  increasing  richness  of  the  mixtures.  Although 
data  from  references  13  to  15  are  erratic,  it  has  been  con- 
cluded by  the  authors  that  the  ignition  temperatures  of 
individual  mixtures  of  coal  gas,  benzene,  toluene,  methyl 
alcohol,  S-1  fuel,  and  air,  which  are  approximately  constant 
over  a wide  range  of  fuel-air  ratios,  do  increase  eventually 
with  increasing  ricliness  of  the  mixtures. 

The  ignition  temperatures  of  gasoline  mixtures,  like  the 
ignition  temperatures  of  the  higher  paraffin  hydrocarbons, 
decrease  with  increasing  proportions  of  fuel  within  the  range 
of  data  available  (figs.  4 and  5).  The  effect  of  the  proportions 
of  fuel,  oxygen,  and  nitrogen  on  the  ignition  temperatures  of 
gasoline  mixtures  as  determined  by  the  dynamic  heated-tube 
method  is  shown  in  these  figures.  Similar  results  are  given 
in  reference  13.  Without  exception,  various  fuels  investi- 
gated singly  in  an  engine  at  two  engine  speeds  and  with 
hot-spot  ignition  showed  sharp  increases  in  the  ignition 
temperatures  of  lean  mixtures. 

Zones  of  ignition  and  nonignition. — Two  types  of  ignition 
may  exist  for  the  same  fuel  for  certain  oxygen-fuel  ratios: 
(1)  A low-temperature  ignition  practically  independent  of 
fuel  concentration  or  oxygen-fuel  ratio;  and  (2)  a high- 
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Figure  4. — Variation  of  mixture  ignition  temperature  of  gasoline  with  oxygen-fuel  ratio  for 
constant  proportions  of  fuel.  Method  of  ignition,  dynamic  heated  tube;  diluent  component, 
nitrogen;  supporting  atmosphere  flow,  230  cubic  centimeters  per  minute  at  atmospheric 
pressinre  and  temperature.  (Data  from  reference  16.) 


0 2 4 6 8 lO 


f Gasoline,  percent  volume 

Figure  5. — Variation  of  mixture  ignition  temperature  of  gasoline  with  various  proportions 
of  fuel  for  constant  nitrogen-oxygen  ratios.  Method  of  ignition,  dynamic  heated  tube; 
supporting  atmosphere  flow,  230  cubic  centimeters  per  minute  at  atmospheric  pressure 
and  temperature.  (Data  from  reference  16.) 

temperature  ignition  varying  markedl}^  with  these  variables. 
The  two  t}T)es  of  ignition  for  gasoline-oxygen-nitrogen  mix- 
tures are  indicated  in  figures  4 and  5.  The  ignition  temper- 
ature of  gasoline  in  air  corresponds  to  the  high-temperature 
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Figure  6.— Ignition  characteristics  of  mixtures  of  fuel,  oxygen,  and  nitrogen.  Method  of 
ignition,  dynamic  heated  tube;  supporting  atmosphere  flow,  230  cubic  centimeters  per 
minute  at  atmospheric  pressure  and  temperature.  (Data  from  reference  16.) 


type  of  ignition.  Djoiamic  crucible  tests  reported  hi  refer- 
ence 17  indicate  that  readily  ignited  hydrocarbons,  such  as 
cetane,  heptane,  decane,  and  decahydronaphthalene  exhibit 
zones  of  nonignition  above  the  minimum  ignition  temper- 
atures. Similar  results,  preseixted  in  reference  18,  indicate 
that  mixtures  of  straight-chain  paraffins,  containing  three  or 
more  carbon  atoms  and  air  exhibit  zones  of  nonignition. 
Oxidation-resistant  h}ffirocarbons,  such  as  benzene,  toluene, 
and  2,2,4-trimethylpentane  exhibit  no  nonignition  zone. 
Ignition  and  nonignition  zones  as  determined  b}^  the  d}mamic 
heated-tube  method  are  showm  in  figm^e  6 for  mixtures  of 
gasoline,  normal  octane,  and  isooctane  (2,2,4-trimeth3dpen- 
tane)  with  ox^^^gen  and  nitrogen.  For  a fixed  proportion  of 
inflammable,  the  minimum  mixtui'e  ignition  temperature  is 
independent  of  the  oxj^gen-fuel  ratio.  The  isooctane-oxygen 
mixture  does  not  exhibit  zones  of  ignition  and  nonignition, 
but  the  ignition  temperature  of  the  mixture  decreases  slightly 
with  increasing  ox}' gen-fuel  ratios. 
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Fuel 


Method  of  Re  fer- 


6 Cetane 

(air  flow,  10  ccimin; 
drop  size,  22.6  mg) 
u Heptane 

(air  flow,  125  ccimin; 
drop  size,  1 0.4  mg) 

A Fuel  A I National  Bureau 
V Fuel  Bj  of  Standards 
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Figure  7 —Variation  of  ignition  temperatures  of  various  fuels  in  air  with  ignition  lag.  Ce- 
tane and  heptane  were  ignited  at  atmospheric  pressure. 


Figure  8.— Variation  of  compression  ignition  temperature  of  1.42  percent  by  volume  mixture 
of  n-heptane  and  air  with  ignition  lag.  Method  of  ignition,  adiabatic  compression;  final 
pressure,  176  pounds  per  square  inch  absolute.  (Data  from  reference  4.) 


The  phenomenon  of  zones  of  nonignition  may  be  due  to 
the  occurrence  of  low-temperatme  systems  capable  of  cool- 
flame  initiation.  Kesearch  into  the  slow  combustion  of  the 
higher  hydrocarbons  has  shown  that  slow  combustion  re- 
actions with  accompan3dng  incipient  luminescence  can  be 
initiated  at  300°  to  400°  F (reference  18).  The  luminescence 
increases  with  increasing  temperatures  until  a cool  flame 
appears.  The  cool  flames  move  slowty  about  the  reaction 
chamber,  moving  more  slowl}^  and  becoming  more  diffuse 
with  increasing  temperature  until  they  finallj^  disappear 
leaving  behind  products  of  the  incomplete  combustion 
strongly  aldehydic  or  peroxidic  in  character.  At  still  higher 


Figure  9.— Variation  of  surface  ignition  temperature  of  gasoline  in  flowing  oxygen  with 
ignition  lag  at  atmospheric  pressure.  Method  of  ignition,  dynamic  crucible;  ignition 
surface,  platinum.  (Data  from  reference  20.) 
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Figure  10.— Effect  of  ignition  lag  on  chamber  ignition  temperature  of  aviation  gasoline 
injected  into  quiescent  air,  in  four  different  heated  steel  configurations,  at  atmospheric 
pressure.  (Data  from  reference  12.) 


temperatures,  ignition  and  complete  combustion  of  the  mix- 
ture is  possible. 

EFFECT  OF  VARYING  IGNITION  LAG 

Ignition  lag  of  quiescent  mixtures. — The  ignition  tem- 
perature of  inflammable  mixtures  also  depends  on  the  igni- 
tion lag  or  induction  period  between  introduction  of  the 
mixture  to  the  ignition  source  and  the  first  indication  of 
inflammation.  The  effect  of  ignition  lag  on  the  surface  or 
chamber  ignition  temperature  of  various  mixtures  is  ex- 
pressed in  figures  7 to  10.  The  ignition  temperatures  of  the 
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mflammable  mixtures  decrease  almost  hj-perbolically  with 
increasing  ignition  lags.  The  minimum  ignition  tempera- 
tures of  the  mixtures  occur  when  the  ignition  temperature 
no  longer  decreases  with  increasing  time  lag.  The  effect  of 
ignition  lag  on  the  ignition  temperature  of  a mixture  of 
n-heptane  and  air  as  determined  by  the  adiabatic  compres- 
sion method  is  shown  in  figure  8.  Figure  9 indicates  the 
effect  of  ignition  lag  on  the  surface  ignition  temperature  of 
gasoline  in  flowing  ox^-gen  as  determined  using  the  dynamic 
crucible  method.  The  ignition  temperature  of  gasoline  in 
flowing  oxygen  after  a 1.5-second  lag  is  approximately  608°  F, 
whereas  the  minimum  ignition  temperature,  corresponding 
to  a lag  of  25  seconds,  is  approximate!}’'  544°  F.  The  influ- 
ence of  ignition  lag  on  the  chamber  ignition  temperature  of 
aviation  gasoline  injected  into  four  different  heated  steel 
configurations  is  shown  in  figure  10.  The  minimum  ignition 
temperature  of  aviation  gasoline  as  determined  from  these 
data  is  approximately  455°  F. 

Data,  from  reference  21,  which  illustrate  the  effect  of 
ignition  lag  on  the  ignition  temperature  of  aviation  gasoline 
ignited  by  the  heated  chamber  method  when  the  fuel  (4.2 
percent  by  volume  in  air)  was  injected  from  the  top  into  a 
vertical  steel  cylinder  12  inches  in  diameter  and  12  inches 
in  height,  are  given  in  the  following  table: 


Ignition  lag 
(sec) 

Chamber 

ignition 

temperature 

(“  F) 

7 

600 

12 

670 

672 

450 

Ignition  lag  of  mixtures  ignited  by  heated  spheres  and 
rods. — Ignition  of  inflammable  mixtures  has  also  been 
effected  by  means  of  heated  spheres  shot  into  the  mixture. 
The  effect  of  the  diameter  of  the  heated  sphere  on  the  surface 
ignition  temperatures  of  three  fuel-air  mixtures  ignited  by 
heated  quartz  and  platinum  spheres  shot  into  the  mixtures  at 
an  average  velocity  of  13.1  feet  per  second  is  shown  in  fig- 
ure 11  (a).  Ignition  temperatures  of  the  mixtures  decreased 
with  increasing  sphere  diameter  because  of  the  greater  igni- 
tion area.  The  criterion  for  ignition  used  in  reference  22 
is  the  requirement  that  the  initial  rate  of  heat  production  by 
the  reaction  should  be  greater  than  the  heat  loss  by  conduc- 
tion. Using  this  criterion  the  investigator  concludes  that  the 
following  is  theoretically  true  for  each  initial  sphere  velocity: 

(1) 

a 

where 

A apparent  energy  of  activation  of  mixture 
d diameter  of  sphere 

K constant  characterizing  gas  mixture  and  sphere  material 
72  gas  constant 
To  mixture  temperature 
r,  heated  sphere  temperature 


.(94  .06  .08  .10  .i^  ./4.  .16  .18  .80  .82 

Diomefer  of  heated  sphere in. 

(a)  Experimental  data. 
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(b)  Reduced  data. 

Figure  11.— Effect  of  sphere  diameter  on  surface  ignition  temperature  of  three  fuel-air 
mixtures,  at  atmospheric  pr^sure,  ignited  by  heated  quartz  and  platinum  spheres  shot 
into  mixture  at  average  velocity  of  13.1  feet  per  second.  (Data  from  reference  22.) 


The  data  of  figure  11  (a)  have  been  replotted  in  figure  11  (b). 

The  same  relative  effect  of  velocity  on  the  ignition  tem- 
peratures of  various  inflammable  mixtures  is  indicated  in 
figure  12.  The  ignition  source  is  at  rest  in  this  case  and  the 
mixture  is  in  motion.  The  ignition  temperature  of  the  flow- 
ing mixture  is  the  temperature  of  a rod  situated  in  the  center 
of  a duct  filled  with  flowing  mixture  and  heated  suflSciently 
to  cause  ignition  of  the  mixture.  The  measured  velocity  is 
the  velocity  at  the  center  of  the  duct.  High  mixture  veloci- 
ties correspond  to  short  ignition  lags;  thus,  the  ignition 
temperature  of  an  inflammable  mixture  increases  with 
increasing  velocity  of  the  mixture. 

The  effect  of  variation  of  rod  diameter  on  the  ignition 
temperature  of  the  mixture  is  expressed  m figure  12  (b). 
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V!D(Tr<-To),  i/sec-°R 

(b)  Reduced  data. 


Figure  12.— Variation  of  surface  ignition  temperature  of  various  fuels  in  air  with  gas-stream 
velocity.  Ignition  by  H-inch  heated  stainless-steel  rods.  Mixtures,  stoichiometric  at 
atmospheric  pressure  and  temperature  of  155°  F.  (Data  from  reference  23.) 

O 

For  flowing  mixtures  ignited  by  heated  metal  rods,  the  follow- 
ing equation  (reference  23)  may  be  applied: 

(2) 

where 

B,0  constants 
D heated-rod  diameter 

E energy  of  activation  of  mixture 


R gas  constant 

To  flowing  mixture  temperature 

Tr  heated-rod  temperature 

V velocity  of  mixture  flowing  past  heated  rod 

In  cases  of  ignition  of  inflammable  mixtures  by  both 
heated  spheres  and  heated  rods,  the  ignition  effectiveness 
depends  on  the  temperature  of  the  ignition  source,  the  size 
of  the  ignition  source,  and  the  duration  of  contact  of  the 
mixture  with  the  ignition  souixe.  Factors  related  to  these 
tliree  criterions  of  ignition  effectiveness  are  given  in  equa- 
tion (2),  which  pertains  to  the  ignition  of  flowing  gas  mixtures 
by  heated  metal  rods.  A factor  that  pertains  to  the  dura- 
tion of  contact  of  the  mixture  with  the  ignition  source  is 
lacking  in  equation  (1),  which  involves  the  ignition  of 
quiescent  gas  mixtures  by  heated  spheres  shot  into  a mixture. 
This  omission  appears  to  be  due  to  the  author's  criterion  of 
ignition  (reference  22)  that  recognized  heat  losses  only  by 
conduction. 

Effect  of  turbulence. — Literature  pertaining  to  the  effect 
of  tm’bulence  on  the  ignition  temperatm^e  of  inflammable 
mixtures  is  not  extensive.  The  available  data  contain  no 
quantitative  measurements  of  the  amount  of  turbulence. 
Figure  13,  which  also  includes  the  data  of  figure  2,  indicates 
the  effect  of  gentle  turbulence  excited  by  a small  fan  at  the 
top  of  the  ignition  chamber  on  the  ignition  temperatures 
of  natural-gas-air  mixtures.  Mild  turbulence  of  a mixture 
decreases  the  mixtme  ignition  temperatures.  Subsequent 
investigation  (reference  12),  however,  has  contradicted  this 
result.  When  the  turbulence  is  sufficiently  great,  the 


Figure  13.— Effect  of  mild  turbulence  on  surface  ignition  temperature  of  various  natural- 
gas-air  mixtures.  Mixtures  ignited  by  electrically  heated  nickel  strips  cut  from  same 
sheet  of  No.  18  B and  S gage  commercial  nickel.  Length  of  strip,  4J4  inches,  (Data  from 
reference  11.) 
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ignition  temperatures  are  increased.  According  to  figure  14, 
gentle  stirring  of  an  aviation-gasoline- air  mixture  increases 
the  mixture  ignition,  leniperati^e^gpros^^  30°  F. 

Similar  data  have  been  found  concerning  the  effect  of  mild 
turbulence  on  the  ignition  temperatures  of  stoichiometric 
mixtures  of  methane  and  oxygen,  and  hydi’ogen  and  oxygen. 


Figure  14.— Influence  of  mild  turbulence  on  chamber  ignition  temperature  of  aviation 
gasoline  injected  into  top  of  steel  cylinder,  6 inches  in  diameter  and  36  inches  high,  at 
atmospheric  pressure.  (Data  from  reference  12.) 


EFFECT  OF  SURFACE  CONDITION  AND  COMPOSITION 

Open  plates  in  air. — Various  data  are  available  concerning 
the  ignition  of  fuels  dropped  on  heated  metal  plates  in  open 
air.  Generally,  the  data  indicate  that  the  ignition  temper- 
ature of  an  inflammable  liquid  is  much  higher  when  dropped 
on  a heated  metal  plate  in  air  than  when  dropped  into  a 
heated  metal  tube  that  confines  the  inflammable  mixture 
to  a high-temperature  region,  A comparison  between  the 
ignition  temperatures  of  various  liquid  aircraft  inflammables 
in  these  two  environments  is  included  in  table  I (a).  The 
ignition  temperatures  of  various  inflammable  liquids  dropped 
on  an  electrically  heated  sheet-iron  or  nickel  plate  in  air  are 
presented  in  table  I (b).  According  to  reference  24,  the 
same  results  were  obtained  by  vaporizing  the  liquids  and 
passing  the  vapor  over  the  heated  plates.  Data  from 
reference  25  indicate  that  the  ignition  temperatures  of 
gasoline,  gasoline-benzene  mixtures,  Diesel  fuel,  and  motor 
oil  placed  on  heated  iron  plates  varied  from  1325°  to 
1400°  F,  but  were  lowered  to  1000°  to  1025°  F when 
copper  plates  were  used.  Droplets  of  lubricating  oil  at 
750°  F falling  into  a heated  steel  pipe  were  ignited  at  approx- 
imately 840°  F,  but  Diesel  fuel  at  a temperature  of  425°  F 
under  the  same  conditions  did  not  ignite  below  1200°  F. 
The  low  ignition  temperatures  of  lubricating  oils  are  assumed 
to  be  due  to  the  greater  instability  of  the  complex  molecules. 
Lowering  of  the  ignition  temperatures  of  the  inflammable 
liquids  by  using  copper  plates  may  be  due  to  the  greater 
thermal  conductivity  of  the  copper  and  differences  in  the 
catalytic  activity  of  the  two  surfaces. 

Various  investigators  (reference  26)  have  indicated  that 
heated  surfaces  in  air,  below  temperatures  of  950°  F,  do  not 
present  serious  fire  hazards  when  sprayed  with  small  amounts 
of  oil.  Reference  27  indicates  that  oil  explosions  occur  only 


when  oil  vapor  is  confined  to  a high-temperature  region. 
Drops  of  oil  placed  on  a plate  heated  to  1400°  F would  not 
ignite,  but  oil  vapor  ignited  at  750°  F.  Similar  results  are 
presented  in  reference  26,  which  indicate  that  lubricating 
oils  will  not  spontaneously  ignite  when  dropped  on  either 
bare  open  metal  plates  or  thin  asbestos  mats  heated  to  950°  F . 
Light  fractions,  such  as  gasoline,  immediately  formed  a 
ball  and  gradually  distilled  away.  Heavier  oils  also  vapor- 
ized (probably  accompanied  by  simultaneous  cracking) ; the 
vapors  were  (liluted  by  air  so  quickly  that  no  ignition  could 
occur. 

The  results  of  actual  tests  conducted  with  a Napier  Lion 
reciprocating  engine  are  given  in  reference  12.  Aviation 
gasoline  vapors  confined  within  the  exhaust  pipe  and  exposed 
to  exhaust-pipe  temperatures  of  570°  F ignited  after  a lag  of 
13  seconds.  Outside  the  exhaust  pipe,  aviation  gasoline  did 
not  ignite  below  temperatures  of  850°  F.  Lubricating  oil 
ignited  at  exhaust-pipe  temperatures  of  625°  F.  This  appar- 
ent controversy  over  the  ignition  temperatures  of  oil  or 
gasoline  igniteci  by  heated  surfaces  is  due  to  the  fact  that 
liquid  oils  or  gasolines  falling  on  heated  metal  plates  in  open 
air  are  idealized  experimental  conditions  that  allow  rapid 
diffusion  of  the  inflammable  vapors.  The  higher  ignition 
temperature  for  the  aviation  gasoline  is  probably  due  to  the 
rapid  local  cooling  of  the  exhaust  pipe  in  contact  with  the 
rapidly  evaporating  liquid.  Heated  metal  pipes,  exhaust 
manifolds,  or  enclosed  heated  areas  of  an  aircraft  engine  may 
confine  the  inflammable  vapors  to  high-temperature  regions 
for  ignition-lag  periods  corresponding  to  low-temperature 
ignition. 

Varying  surface  compositions. — The  ignition  temperatures 
of  inflammable  mixtures  ignited  by  heated  surfaces  are 
affected  by  the  composition  and  the  condition  of  the  igni- 
tion surfaces.  The  effect  of  the  composition  of  the  ignition 
surfaces  on  the  surface  ignition  temperatures  of  natural- 
gas-air  mixtures  is  shown  in  figure  15.  The  various  steels, 
copper,  and  Monel  metal  do  not  differ  in  their  ignition 
effectiveness  as  much  as  catalytically  active  platinum  differs 
from  nickel.  The  abnormal  effect  of  molybdenum  is  prob- 
ably associated  with  the  rapid  oxidation  properties  of  the 
metal.  In  all  the  experiments  with  molybdenum  strips, 
dense  clouds  of  oxides  were  formed.  Tungsten,  however, 
which  oxidizes  readily  at  high  temperatui'es,  did  not  oxidize 
vigorously  until  raised  to  temperatures  higher  than  those 
required  for  surface  ignition  of  the  natural-gas-air  mixtures. 
The  following  data,  from  reference  19,  indicate  the  effect  of 
the  ignition-surface  composition  on  the  surface  ignition 
temperatures  of  gasoline  as  determined  in  air  by  the  dynamic 
crucible  method: 
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Figure  15.— Variation  of  surface  ignition  temperatures  of  natural-gas-air  mixtures  with 

percent  of  natural  gas  in  mixture.  Mixtures  ignited  by  electrically  heated  metal  strips. 

Size  of  metal  strips,  4.25  by  0.50  by  0.04  inches.  (Data  from  reference  11.) 

Similar  data  are  contained  in  table  II  concerning  the  effect 
of  ignition-siirface  composition  on  the  ignition  temperatures 
of  liquid  fuels  dropped  into  heated  containers.  In  each  case, 
catalytically  inactive  pyrex  surfaces  ignited  inflammable 
mixtures  at  temperatures  lower  than  those  of  metal  surfaces. 
Discrepancies  in  ignition  temperatures  for  the  same  sub- 
stances in  table  II  are  probably  due  to  different  experimental 
techniques.  Of  the  metal  ignition  surfaces  with  about  the 
same  degree  of  catalytic  activity,  those  surfaces  having  the 
highest  thermal  conductivities  had  the  lowest  ignition  tem- 
peratm-es.  The  effect  of  ignition-surface  composition  on  the 
surface  ignition  temperatures  of  varying  mixtures  of  a stand- 
ard reference  gasoline  and  benzene  in  air  is  indicated  in 
figure  16.  The  ignition  temperatures  of  the  mixtures,  ex- 
cepting approximately  100-percent  benzene,  are  35®  to  155®  F 
greater  for  platinum  surfaces  than  for  quartz  surfaces. 

In  similar  experiments,  the  surfaces  of  greater  catalytic 
activity  or  interstitial  character  must  be  hotter  to  ignite  in- 
flammable mixtures  than  surfaces  of  catalytic  inactivity. 
Some  references  indicate  that  two  types  of  combustion  may 
be  present  in  ignition  by  heated  surfaces  (1)  a flameless,  sur- 
face combustion,  and  (2)  a gaseous  combustion  indicated  by 
a flash.  Combustion  of  a drop  of  liquid  falling  upon  a sur- 
face that  is  not  interstitial  or  porous  in  character  or  that  is 
catalytically  inactive  occurs  mostly  in  the  gaseous  phase  with 
a minimum  of  surface  combustion  occurring.  If  the  surface 
is  highly  catalytic  or  interstitial,  however,  it  may  be  impossi- 
ble for  a flash  to  occur  because  most  of  the  combustion  may 
take  place  on  the  surface.  Apparently,  with  all  factors  con- 
stant except  the  composition  of  the  igniting  surface,  the  sur- 
face ignition  temperature  of  an  inflammable  mixture  increases 
with  increasing  catalytic  activity  or  interstitial  character  of 
the  surface. 


Rapid  diffusion  from  the  flameless  reaction  zones  near  the 
heated  surfaces  may  explain  the  fact  that  higher  surface 
ignition  temperatures  are  required  on  catalytically  active 
surfaces.  Such  rapid  diffusion  may  diminish  the  concentra- 
tion of  fresh  gas  in  the  reaction  zone  below  the  limits  for 
flame  propagation  at  the  surface  temperature. 


Figure  16.— Variation  of  surface  ignition  temperature  of  benzene-gasoline  mixtm*e  in  air 
at  atmospheric  pressure  with  various  fuel  compositions.  Method  of  ignition,  static  cm- 
cible;  ignition  lag,  1 second.  (Data  from  reference  28.) 


The  mixtures  most  difficult  to  ignite  with  the  catalytically 
active  platinum  strips  are  the  mixtures  having  approximately 
stoichiometric  fuel-air  ratios.  With  platinum  ignition  sur- 
faces, the  combustion  products  are  almost  completely 
oxidized,  and  the  greatest  thermal  energy  of  the  reaction 
occurs  with  mixtures  of  approximately  stoichiometric  fuel-air 
ratios.  The  thermal  energy  of  the  reaction  accounts  for  the 
extremely  high  ignition  temperatures  of  near  stoichiometric 
mixtures  of  natural  gas  and  air  ignited  by  heated  platinum 
surfaces.  No  effect  of  surface  composition  on  the  ignition 
temperatures  of  the  three  mixtures  ignited  by  shot-in  spheres 
of  quartz  or  platinum  is  apparent  in  figure  11.  Compared 
with  platinum,  quartz  is  catalytically  inactive.  The  mixture 
composition  in  each  case,  however,  is  less  or  gi-eater  than  the 
stoichiometric  fuel-air  ratio  for  each  particular  mixture;  the 
mixtures  are  probably  too  far  from  the  stoichiometric  fuel-air 
ratios  to  be  greatly  affected  by  the  composition  of  the  ignition 
surface. 

Varying  surface  conditions.— All  the  common  metals 
having  high  melting  points  ignite  inflammable  mixtures  with 
about  equal  facility  except  those  on  the  surface  of  which  scale 
or  ash  is  formed.  This  scale  or  ash  forming  tendency  is 
especially  peculiar  to  iron.  A possible  explanation  is  that 
scale  or  ash  upon  a surface  forms  an  insulating  coating,  which 
requires  the  surface  to  be  heated  to  a much  higher  temper- 
ature for  ignition  than  would  otherwise  be  necessary.  A gas 
film  or  layer  on  the  inside  of  a container  may  act  in  the  same 
manner. 
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According  to  reference  29,  a stoichiometric  mixture  of 
methane  and  air  introduced  into  a silica  cylinder  etched 
inside  with  hydrofluoric  acid  and  maintained  in  a vacuum  for 
15  minutes  ignited  at  1085°  F.  The  same  mixture,  placed  in 
the  cylinder  following  the  evacuation  of  water  vapor  or  carbon 
dioxide  vapor,  ignited  at  1265°  F.  The  surface  ignition 
temperature  of  the  mixture  was  increased  by  the  adsorbed 
film  of  water  vapor  or  carbon  dioxide  vapor. 

EFFECT  OF  VARYING  IGNITION  SURFACE  AREA 

Heated  plates. — Because  the  thermal  energy  required  for 
ignition  of  an  inflammable  mixture  is  essentially  constant, 
increasing  the  area  of  heat  transfer  results  in  a decrease  of  the 
surface  temperature  required  for  ignition  of  an  inflammable 
mixture.  This  effect  on  a quiescent  7-percent  mixture  of 
natural  gas  in  air  ignited  by  electrically  heated  nickel  surfaces 
is  indicated  in  figure  17.  From  figure  17,  it  is  apparent  that 
a minimum  surface  ignition  temperature  exists  for  the 
mixture  and  this  minimum  ignition  temperature  cannot  be 
decreased  by  indefinitely  increasing  the  area  of  the  ignition 
surface. 

Heated  wires. — Very  fine  wires  electrically  heated  to 
incandescence  may  cause  inflammation  of  explosive  mixtures; 
but  ignition  of  a methane-air  mixture  by  an  electrically 
heated  platinum  or  tungsten  wire  is  possible  only  in  a narrow 
range  of  heating  currents.  Below  this  current  range,  flame- 
less surface  combustion  occurs;  above  this  range,  the  wires 
fuse  without  igniting  the  mixture.  According  to  reference  30, 
the  ignition  of  inflammable  mixtures  by  heated  platinum 
wires  is  not  due  to  ionization,  but  to  heat  transfer  alone, 
because  ions  do  not  appear  until  flame  appears  and  no  ions 
are  formed  during  the  flameless  surface  combustion. 

Because  of  heat  generated  on  its  surface  by  flameless 
combustion,  an  electrically  heated  platinum  wire  surrounded 
by  an  inflammable  mixture  has  a higher  temperature  than 
when  surrounded  by  air.  The  mixture  near  the  wire  becomes 
heated  and  convection  currents  are  set  up.  Ignition  of  the 
mixture  occm*s  only  if  a portion  of  the  mixture  remains  in 
contact  with  the  heated  wire  for  a period  of  time  greater 
than  the  ignition  lag.  The  convective  effect  is  greatest 
with  the  mixtures  having  the  highest  thermal  energies;  that 
is,  mixtures  having  compositions  near  stoichiometric  fuel- 


Surfoce  area,  sq  m 


Figure  17. — Effect  of  surface  area  on  surface  ignition  temperature  of  quiescent  7-percent 
mixture  of  natural  gas  and  air.  Ignition  surface,  electrically  heated  nickel.  (Data  from 
reference  11.) 


air  ratios  (reference  31).  Thus  stoichiometric  mixtures 
are  in  contact  with  the  heated  ^vires  for  the  shortest  periods 
of  time  and  consequently  have  higher  ignition  temperatures 
than  mixtm’es  of  other  compositions.  The  ignition  tempera- 
tures of  the  mixtures  decrease  with  increasing  diameter  of 
the  heated  ignition  wires,  because  of  the  greater  ignition  area. 

In  the  investigation  of  flameless  surface  combustion 
reported  in  reference  32,  0.02  to  0.09  cubic  centimeter  of 
hexane,  cyclohexane,  cyclohexene,  and  benzene  were  sepa- 
rately introduced  into  an  air  atmosphere  in  a 400-cubic- 
centimeter  cylinder  heated  to  221°  F that  contained  a 
small  electrically  heated  platinum  wire.  Heating  of  the 
wire  to  572°  F resulted  in  sudden  increases  of  the  wire 
temperature  for  a short  period  of  time  prior  to  inflammation 
of  the  mixtures.  According  to  reference  31,  small,  heated 
tungsten  wires  exposed  to  inflammable  mixtures  are  quickly 
oxidized  and  burst  into  flames  immediately  at  high  wire 
temperatures.  The  ignition  of  the  mixture  is  caused  by 
flames  rather  than  by  a heated  surface. 

Data  obtained  from  reference  33  indicate  that  the  limiting 
minimum  diameters  of  heated  wires  capable  of  igniting 
inflammable  methane-air  mixtures  are  approximately  0.0079 
and  0.0354  inch  for  platinum  and  iron  wires,  respectively. 
For  wires  of  lesser  diameters  than  these,  it  is  assumed  that 
a layer  of  oxygen  molecules  forms  on  the  heated  wire,  and 
thermal  energy  sufficient  to  ignite  the  mLxture  cannot  be 
conducted  through  the  layer.  Even  in  an  unburned  mixture 
of  methane  and  air,  a spiral  piano  wire  heated  to  redness 
has  been  found  to  oxidize. 

Heated  particles. — Ignition  of  inflammable  mixtures  by 
small  heated  spheres  shot  into  the  mixture  has  already  been 
discussed.  Friction  sparks  and  fusion  sparks  both  fall  into 
the  category  of  small  heated  particles. 

According  to  reference  34,  although  natural-gas-air  mix- 
tures can  be  ignited  by  friction  sparks,  it  is  improbable  that 
natural  gas  can  be  ignited  in  the  field  by  friction  sparks. 
Reference  35  indicates  that  explosive  mixtures  of  gasoline 
vapors  and  air  at  atmospheric  pressure  and  temperatures  of 
70°  to  120°  F would  not  ignite  when  exposed  to  sparks  pro- 
duced by  the  impact  breaking  of  piano  wire,  contact  of  two 
pieces  of  hardened  steel,  steel  in  contact  with  a rotating 
emery  wheel,  or  sparks  from  red-hot  steel.  Such  sparks 
ordinarily  lack  the  thermal  energy  required  to  ignite  inflam- 
mable mixtures.  Ordinary  white  friction  sparks  produced  by 
grinding  steel  in  air  are  actually  small  metal  particles,  which 
oxidize  or  burn  in  air  after  being  initially  heated  by  being 
tom  off  in  the  grinding  process.  These  sparks  will  not  ignite 
petroleum  vapors  unless  the  metal  is  held  to  the  wheel  for  a 
long  time  to  preheat  the  metal  and  thereby  increase  the 
thermal  energy  of  the  spark.  AHoy  steel,  in  general,  produces 
red  friction  sparks  of  low  temperature,  whereas  some  special 
alloys  such  as  are  used  in  cigarette  lighters  produce  bright 
white  sparks  capable  of  igniting  gasoline.  Fusion  sparks  are 
small  fused-incandescent  particles  derived  from  metals  con- 
tacting wires  through  which  current  is  passing.  Because  the 
ignition  temperature  of  a mLxture  ignited  by  small  heated 
particles  increases  rapidly  with  decreasing  particle  diameter, 
fusion  sparks  ordinarily  are  very  feeble  ignition  sources. 
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EFFECT  OF  VARYING  FUEL  COMPOSITON 

The  ignition  temperature  of  an  inflammable  mixture  varies 
with  the  type  of  fuel  and  the  amount  of  antiknock  additives 
in  the  fuel.  This  report  is  primarily  concerned  with  the 
effect  of  gasoline  composition  on  ignition  temperatures,  but 
the  effect  of  hydrocarbon  families  in  addition  to  those  that 
appear  in  gasoline  are  also  included. 

The  variation  of  surface  ignition  temperature  with  the 
number  of  carbon  atoms  present  per  molecule  for  different 
hydrocarbon  families  is  shown  in  figure  18.  Under  the  same 
experimental  conditions,  the  ignition  temperatures  of  n-par- 
affln  hydrocarbons  decrease  with  a lengthening  of  the  carbon 
chain,  with  the  shortest  chain  hydrocarbons  having  the 
highest  ignition  temperatures.  Iso-paraflS^ns  have  higher 
ignition  temperatures  than  the  n-paraffins  (fig.  18  (a)).  The 
ignition  temperatures  of  aromatic  hydrocarbons  are  also 
higher  than  those  of  n-paraflins. 

The  surface  ignition  temperatures  of  various  hydrocarbons 
are  expressed  as  functions  of  the  boiling  temjieratures  in 
figure  19.  Although  the  absolute  value  of  the  ignition  tem- 
perature for  the  same  hydrocarbon  differs  with  the  reference. 


(a)  Ignition  temperatures  determined  by  static  crucible  method.  Ignition  surface,  platinum; 
ignition  lag,  1 second;  data  from  reference  36. 

(b)  Data  from  reference  37, 

Figube  18.— Variation  of  surface  ignition  temperatures  of  several  fuels  in  air  at  atmospheric 
pressure  with  number  of  carbon  atoms  per  molecule. 


(a)  Method  of  ignition,  static  crucible;  ignition  surface,  platinum;  ignition  lag,  1 second; 
data  from  reference  36. 

(b)  Data  from  reference  37. 

Figure  19,— Effect  of  boiling  temperature  on  surface  ignition  temperatures  of  several  fuels  in 
air  at  atmospheric  pressure. 

trends  are  similar  for  the  same  hydrocarbon  families.  The 
effect  of  fuel  composition  on  the  surface  ignition  temperatures 
of  mixtures  of  isooctane  and  heptane  ignited  in  air  on  a 
platinum  surface  by  the  static  crucible  method  is  shown  in 
figure  20.  In  reference  38,  it  is  stated  that  no  exact  relation 
exists  between  the  octane  number  and  the  ignition  tempera- 
ture of  a fuel,  but  figure  20  and  table  III  indicate  that  the 
ignition  temperatures  of  unleaded  fuels  generally  increase 
with  increasing  octane  number. 
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Figure  20,— Effect  of  varying  fuel  composition  on  surface  ignition  temperatures  of  n-heptane — 
iso-octane  (2, 2, 4-tri  methyl  pentane)  mixture  as  determined  in  air  at  atmospheric  pressure. 
Method  of  ignition,  static  crucible;  ignition  surface,  platinum;  ignition  lag,  1 second. 
(Data  from  reference  28.) 
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Figure  21,— Effect  of  cetane  number  on  surface  ignition  temperature  of  various  fuels  in  air 
at  atmospheric  pressure.  Cetane  numbers  are  converted  A.8.T.M.-CFR  numbers. 


The  ignition  temperatures  of  unleaded  fuels  in  air  are  also 
generally  increased  by  additions  of  tetraethyl  lead.  Table  IV 
shows  the  effect  of  additions  of  tetraethyl  lead  on  the  ig- 
nition temperatures  of  several  fuels.  A relation  exists  be- 
tween the  cetane  numbers  and  the  surface  ignition  tempera- 
tures of  various  fuels,  as  indicated  by  figure  21.  The  cetane 
numbers  of  the  fuels  were  converted  from  octane  numbers, 
given  in  reference  41,  by  the  method  given  in  reference  42. 
The  ignition  temperatures  of  the  various  fuels  increase  with 
decreasing  fuel  quality  or  cetane  number. 

EFFECT  OF  VARYING  PRESSURE 

Increased  pressure  decreases  the  ignition  temperatures  of 
inflammable  mixtures.  The  effect  of  pressure  on  the  ignition 
temperatures  of  various  hydrocarbons  is  shown  in  figures  22 
to  24.  The  chamber  ignition  temperature  of  gasoline  in  air 


Figure  22.— Effect  of  mixture  pressure  on  mixture  ignition  temperature  of  methane  in  air. 
Method  of  ignition,  dynamic  heated  lube.  (Data  from  reference  3.)'^ 


Figure  23.— Effect  of  mixture  pressure  on  chamber  ignition  temperatures  of  several  fuels  and 
oils  in  air.  Method  of  ignition,  bomb.  (Data  from  reference  43.) 

as  determined  by  the  bomb  method  without  spraying  de- 
creases from  approximately  705°  F at  a pressure  of  2.2  atmos- 
pheres to  approximately  450°  F at  10  atmospheres  (fig.  24). 

EFFECT  OF  DILUENTS 

Figures  4 and  5 indicate  the  effect  of  nitrogen  as  a diluent 
on  the  mixture  ignition  temperatures  of  inflammable  mix- 
tures ignited  by  the  dynamic  heated-tube  method.  The 
ignition  temperatures  of  the  mixtures  increase  with  decreasing 
amounts  of  oxygen.  This  effect  is  in  general  agreement  with 
the  statement  that  the  ignition  temperatures  of  fuels  are 
generally  less  in  oxygen  than  in  air.  In  the  low  ignition- 
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temperature  range  of  figures  4 and  5,  however,  the  effect  of 
inert  gases  is  negligible.  Regardless  of  the  percentage  of 
inert  gas  in  the  mixture,  the  ignition  temperature  in  the  low 
ignition-temperature  range  is  approximately  constant. 

The  ignition  temperatures  and  limits  of  inflammability  of 
gasoline  and  lubricating  oils  are  dependent  on  the  conditions 
and  methods  of  experiment;  these  properties  of  gasolines  and 
lubricating  oils  as  obtained  by  different  investigators  are  in- 
cluded in  tables  V and  VI. 

II— IGNITION  BY  ELECTRIC  SPARKS  AND  ARCS 

A study  of  ignition  of  inflammable  mixtures  by  electric 
sparks  and  arcs  involves  an  understanding  of  the  nomencla- 
ture of  spark-ignition  systems.  Definitions  of  terms  en- 
countered in  the  contemporary  literature,  which  pertain  to 
electric  spark  and  arc  ignition,  are  presented  in  the  following 
paragraphs. 

TERMINOLOGY 

CAPACITANCE  SPARKS 

Capacitance  sparks  are  produced  by  the  discharge  of 
chained  condensers.  According  to  reference  44,  capacitance 


sparks  are  usually  bright,  may  be  of  short  duration,  and 
exhibit  a spectrum  that  corresponds  to  the  spectrum  of  the 
gas  mixture  in  which  the  spark  occui-s.  The  current  in  a 
capacitance  spark  may  be  veiy  lai^e;  however,  the  total 
energy  transferred  in  the  spark  may  be  small  because  of  the 
short  duration  of  the  spark.  The  total  enei'g}'  of  a capaci- 
tance spark,  expressed  as  the  energy  required  in  a circuit  to 
prodiice  the  spark,  is 

E=\C{V^-V,-^)  (3) 

where 

C capacitance  of  discharged  condenser,  farads 
E energy  dissipated  in  spark,  joules 

extinction  potential  remaining  after  spark  has  been  dis- 
sipated because  of  weakening  of  field  and  depletion  of 
ions,  volts 

V2  circuit  potential  immediately  pi’ior  to  spark,  volts 

Generally,  the  extinction  potential  is  so  small  that  it  can 
be  disregarded.  If  V2  is  very  small,  however,  F,  may  be 
important.  Considerable  energy  losses  may  occur  in  the 
electric  circuits  through  skin  effects  in  the  condenser  plates 
and  conductors  especially  if  solid  dielectrics  are  used.  For 
this  reason,  it  has  been  recommended  that  air  condensers 
be  used  in  electric  circuits  to  determine  the  minimum  spark- 
ignition  energies  of  incendiary  capacitance  sparks. 

i 

INDUCTANCE  SPARKS 

Also  known  as  low-tension  sparks,  inductance  sparks  are 
often  obtained  by  breaking  a wire  in  an  inductive  electric 
circuit  or  from  magnetos  or  ignition  coils.  These  sparks  arc 
generally  not  as  bright  in  appearance  as  capacitance  sparks 
and  exhibit  a spectrum  corresponding  to  the  spectrum  of  the 
vapor  of  the  metal  electrodes.  The  duration  of  inductance 
sparks  can  be  relatively  long  compared  with  the  duration  of 
capacitance  sparks;  the  total  electric  energy  transferred  in 
such  sparks  may  therefore  be  large.  Like  the  capacitance 
spark,  the  energy  dissipated  in  an  inductance  spark  is  diffi- 
cult to  measure,  but  can  be  expressed  as, 

E=\Li^  U) 

where 

E energy  dissipated  in  spark,  joules 
i current  in  circuit  prior  to  spark,  amperes 
L inductance  of  electric  circuit,  henrys 

According  to  reference  44,  the  total  energy  dissipated  in 

the  spark  may  be  less  or  greater  than  - Li^.  If  the  spark  is 

extinguished  before  the  available  electromagnetic  energy  is 
dissipated,  the  total  energy  dissipated  in  the  spark  will  be 

less  than  ~ The  total  energy  dissipated  in  the  spark 

may  be  greater  than  ^ L%^  if  the  potential  across  the  break 
is  enough  to  maintain  the  spark. 
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FUSION  SPARKS 

Fusion  sparks  are  small  incandescent  particles  and  are 
treated  in  the  section  Ignition  by  Heated  Surfaces. 

MINIMUM  SPARK-lGNlTlON  ENERGY 

The  minimum  spark-ignition  energ}'  of  an  inflammable 
mLxture  is  the  total  electric  energ}^  stored  in  an  electric  cir- 
cuit at  the  initiation  of  the  weakest  spark  just  capable  of 
ignition  of  the  mixture.  Essentially,  this  energy  is  the  energ}^ 
transmitted  to  the  gas  between  the  electrodes  as  heat  and 
ionization. 

QUENCHING  DISTANCE 

The  quenchmg  distance  of  any  electrode  configuration  is 
the  minimum  electrode  spacing  below  which  the  reaction 
initiated  in  a h\^drocarbon-air  mixture  by  an  incendiary 
spark  is  quenched. 

The  amount  of  energ}^  in  an}’'  of  the  different  type  sparks 


Figure  25. — Effect  of  mixture  composition  on  minimum  spark-ignition  energy  and  quenching 
distance  of  methane-air  mixtures  at  temperature  of  77®  F and  pressure  of  H atmosphere. 
(Data  from  reference  45.) 


is  difficult  to  measiu'e  exactly.  Most  of  the  results  are  there- 
fore reported  as  the  energ}^  required  in  an  electric  circuit 
capable  of  producing  an  incendiar}'  spark.  This  report  is 
concerned  with  the  minimum  spark-ignition  energy  required 
to  ignite  a gasoline-air  mixture  and  the  minimum  electrode 
spacing  below  which  the  reaction  initiated  in  a gasoline-air 
mixture  b}’^  an  incendiar}^  spark  is  quenched.  These  data 
are  not  extensive  in  the  literature;  however,  knowledge  per- 
taining to  the  spark  ignition  of  the  lighter  hydrocarbons  is 
quite  extensive,  and  many  of  these  results  are  included  herein. 

The  spark-ignition  process  has  been  defined  as  an  ioniza- 
tion process,  a thermal  process,  or  a combination  of  the  two 
processes.  Regardless  of  the  definition  of  the  type  of  process, 
the  minimum  spark-ignition  energy  of  an  inflammable  mix- 
ture depends  on  mixture  composition,  pressure,  temperature, 
velocity,  spark  dm*ation,  and  electrode  size,  material,  spac- 
ing, and  configui’ation.  Ignition  lag,  when  applied  to  spark 
ignition,  is  approximately  zero,  because  of  the  high  tempera- 
ture of  the  spark. 


Figure  26. — Effect  of  mixture  composition  on  minimum  spark-ignition  energy  of  benzene-air 
and  natural-gas-air  mixtures  at  room  temperature  and  pressure  of  1 atmosphere.  Spherical 
stainless-steel  electrode  configurations.  (Data  from  reference  46.) 


320 


REPORT  1019 — ^NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


EXPERIMENTAL  RESULTS  IN  PUBLISHED  LITERATURE 

The  ignition  of  fires  in  aircraft  by  electric  sparks  and  arcs 
depends  generall^’^  on  the  energy  available  in  the  spark. 
Whether  the  spark-ignition  energy  is  capable  of  ignition  de- 
pends on  various  experimental  conditions.  The  manner  in 
which  results  are  presented  here  is  similar  to  the  manner  in 
which  heated-surface  ignition  results  were  presented;  that  is, 
the  results  are  accompanied  b}'  data  specifjdng  the  experi- 
mental conditions. 

CAPACITANCE  SPARKS 

Effect  of  mixture  composition. — The  effect  of  mixture 
composition  on  the  minimum  spark-ignition  energy  of  several 
different  quiescent  mixtures  ignited  by  sparks  from  different 
electrode  configurations  is  sho^vn  in  figures  25  and  26.  The 
curve  of  minimum  spark-ignition  energy,  plotted  against 
mixture  composition  for  a methane-air  mixture  at  a temper- 
ature of  77°  F and  a pressure  of  K atmosphere  (fig.  25),  passes 
through  a minimum  of  approximately  1.7  millijoules  at 
approximately  8.4  percent  by  volume  of  methane  in  air, 
when  }i6-inch  stainless-steel  electrodes  embedded  in  1-inch 
glass  disks  are  used.  Similar  values  for  other  mixtures  are 
given  in  the  following  table  for  an  approximate  temperature 
of  77°  F and  pressure  of  1 atmosphere.  Stainless-steel  elec- 
trodes were  used  except  for  methane,  which  was  investigated 
by  using  stainless-steel  electrodes  embedded  in  1-inch  glass 
disks. 


Inflammable 

Mixture 
vapor 
in  air, 
(percent 
by  vol- 
ume) 

Elec- 

trode 

diam- 

eter 

(in.) 

Electrode  configura- 
tion 

Elec- 

trode 

spacing 

(in.) 

Least 

energy 

(milli- 

joules) 

Refer- 

ences 

Benzene 

3.85 

Spherical  . 

0.  05 

0. 4 

46 

Benzene  ... 

3.85 

Yt 

Spherical 

. 05 

1. 7 

46 

Natural  gas 

8.00 

Spherical  . 

. 10 

0^4 

46 

Natural  gas 

8. 40 

Spherical  . 

. 05 

2 0 

46 

Methane.  - 

10.00 

1 He 

Hemispherical 

0.7 

47 

For  each  of  these  inflammable  mixtures,  well  defined  upper 
and  lower  limits  of  inflammability  exist. 

The  data  given  in  the  following  table  (reference  48)  indi- 
cate that  the  minimum  spark-ignition  energies  of  different 
quiescent  hydrocarbon-air  mixtures  at  77°  F and  pressure 
of  1 atmosphere  ignited  by  capacitance  sparks  from  the 
same  electrode  configuration  do  not  differ  greatly: 


Inflammable 

Percent  of 
fuel  in  fuel- 
air  mixture 
by  volume 

Least 

energy 

(milli- 

joules) 

Methane 

8.45 
6.61 
5. 07 
4.53 
3.64 
3. 36 
■ 6. 34 
3. 94 
4.67 
5.30 

0. 28 
. 25 
.26 
.26 
.24 
.25 
.18 
.24 
.21 
.19 

Ethane. 

Propane 

n-Butane 

n-Hexane 

71-Heptane 

Cyclopropane 

Cyclohexane 

Benzene 

Diethyl  ether 

The  effect  of  mixture  composition  on  the  minimum  spark- 
ignition  energies  of  flowing  propane-air  mixtures  at  a pressure 
of  3 inches  of  mercur^^  absolute  is  indicated  in  figure  27.  The 
general  shapes  of  the  curves,  for  the  three  mixture  velocities 
plotted,  are  much  the  same  as  the  shapes  of  cmves  for  various 
quiescent  mixtures. 


Figure  27. — Effect  of  mixture  composition  and  velocity  on  minimum  spark-ignition  energy 
of  flowing  propane-air  mixtures  at  temperature  of  80°  F and  pressure  of  3 inches  mercury 
absolute.  Electrode  spacing,  0.25  inch;  capacitance-spark  duration,  600  to  900  microseconds. 
(Data  from  reference  49.) 

Effect  of  electrode  spacing, — The  effect  of  varying  electrode 
spacings  of  different  electrode  configurations  on  the  minimum 
spark-ignition  energies  of  various  inflammable  mixtures  is 
shown  in  figure  28,  A critical  electrode  spacing  exists  for 
each  electrode  configuration.  The  minimum  spark-ignition 
energy  requii-ed  to  ignite  a mixture  is  approximately  constant 
for  electrode  spacings  greater  than  the  critical  spacing. 
Greatl}^  increased  electrode  spacings  or  spacings  less  than  the 
critical  spacing  increase  the  required  minimum  spark-ignition 
energ}^  of  a mixture.  According  to  reference  45,  the  critical 
electrode  spacing  represents  the  spacing  below  which  the 
chemical  reaction  initiated  by  the  initial  inflammation  is 
quenched  by  the  cooling  effect  of  the  spark  electrodes  and  is 
analogous  to  the  diameter  of  the  largest  tube  through  which 
flame  will  not  propagate.  The  minimum  spark-ignition  en- 
ergies of  a stoichiometric  mixture  of  natural  gas  and  air  are 
approximately  0.45  millijoules  for  electrode  spacings  greater 
than  the  critical  spacing  or  quenching  distance  of  approxi- 
mately 0.08  inch  for  two  electrode  configurations.  When  the 
electrode  spacing  is  decreased  to  less  than  the  quenching  dis- 
tance, the  minimum  spark-ignition  energy  increases  gradually 
if  rounded  electrodes  are  used  and  abruptly  if  rounded  elec- 
trodes embedded  in  glass  are  used.  The  abrupt  change  in  the 
case  of  the  disk  electrode  configuration  may  be  due  to  the 
large  cooling  area  of  the  glass  disks.  The  quenching  distance 
of  one  electrode  configuration  varies  with  composition  of  a 
methane-air  mixture  at  a temperature  of  77°  F and  a pressure 
of  K atmosphere,  as  indicated  in  figure  25.  A quenching 
distance  of  approximately  0.089  inch  exists  for  a glass-disk 
electrode  configuration  igniting  a 9 percent  (by  volume)  mix- 
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ture  of  methane  and  air  at  a temperature  of  77°  F and 
atmospheric  pressure  (reference  50). 

Under  the  same  atmospheric  conditions,  )^-inch  spherical 
stamless-steel  electrodes  and  ^e-inch  hemispherical  brass  - 
electrodes  have  exhibited  quenching  distances  of  approxi- 
mately 0.053  inch  in  the  spark  ignition  of  approximately 
8.5  percent  by  volume  mixtures  of  natural  gas  and  air  and 


Figure  28. — Effect  of  varying  electrode  spacing  on  minimum  spark-ignition  energy  of 
approximately  8.5  percent  by  volume  mixture  of  fuel  and  air  at  atmospheric  pressure  and 
temperature. 

213637—53 


(c)  Fuel,  methane;  data  from  reference  44. 
Figure  28 — Continued. 


methane  and  air,  respectively  (fig.  28  (b)  and  28  (c)). 
Quenching  distances  increase  with  increasing  electrode  size 
and  thermal  conductivity  of  the  electrode  material,  owing  to 
the  increased  cooling  effect.  Increasing  the  electrode  size  and 
electrode  spacing  for  the  same  inflammable  mixture  increases 
the  minimum  spark-ignition  energy  required  to  ignite  the 
mixture,  because  of  the  larger  cooling  area.  For  the  same 
reason,  the  inflammability  range  is  smaller  when  determined 
with  large  electrodes  than  with  small  ones  (fig.  26) . 

Effect  of  electrode  material  and  configuration. — ^With 
the  exception  of  the  relative  effect  of  varying  the  thermal 
conductivit}^  of  the  electrodes,  varying  the  electrode  material 
has  no  significant  effect  on  the  ignition  of  inflammable 
mixtures  by  capacitance  sparks.  Ignition  of  gaseous  mix- 
tures by  sparks  from  platinum,  nickel,  zinc,  aluminum,  lead, 
brass,  and  steel  electrodes  was  unaffected  by  changes  in 
the  electrode  material  (references  44  and  51).  Ignition  of 
the  mature  was  affected  by  the  changes  in  electrode 
configuration. 

Effect  of  spark  potential:— Generally,  the  minimum  spark- 
ignition  energy  of  an  inflammable  mixture  is  practically  in- 
dependent of  the  spark  potential  of  capacitance  sparks.  The 
same  spark-ignition  energy,  regardless  of  the  potential  and 
capacitance  changes  in  the  circuit,  ignites  mixtures  of  the 
same  composition.  Some  references  indicate  that  the  mini- 
mum spark-ignition  energy  required  to  ignite  an  inflammable 
mixture  decreases  with  increasing  spark  potential.  These 
data  are  insignificant  in  accordance  with  the  results  reported 
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in  reference  50.  'WTien  the  sparking  potential  of  capacitance 
sparks  was  varied  from  1.6  to  5.8  kilovolts  the  minimum  spark- 
ignition  energies  required  to  ignite  methane-air  mixtures  was 
relativel}^  imaflFected  by  potential  variations.  Most  of  the 
references  agree  that  it  is  the  electrode  configurations  and 
electrode  spacings  that  determine  the  minimum  spark- 
ignition  energies  of  capacitance  sparks  capable  of  igniting 
inflammable  mixtures. 

Effect  of  mixture  velocity  and  spark  duration. —According 
to  reference  49,  the  minimum  spark-ignition  energy  requhed 
to  ignite  flowing  propane-ah  mixtures  at  low  pressures  in- 
creases approximately  linearly  with  mixtine  velocity.  This 
phenomenon  is  graphically  shovm  in  figure  29  for  a 5.2  per- 
cent by  volume  mixture  of  propane  in  air  at  pressures  of  2,  3, 
and  4 inches  of  mercury  absolute.  The  relatively  high 
ignition  energies  are  due  to  the  very  low  mixture  pressures. 

^linimum  spark-ignition  energies  of  flowing  propane-air 
mixtures  increase  with  spark  duration  as  sliovTi  in  figure  30. 
The  relation  is  not  linear,  being  approximately  of  the  form 

E^Ki^  (5) 

where 

E minimum  spark-ignition  energy 
K constant 
n constant  <1 
t spark  duration 


spacing,  0.25  inch;  capacitance-spark  duration,  600  to  800  microseconds.  (Data  from 
reference  49.) 


Figure  30. — Effect  of  capacitance-spark  duration  on  minimum  spark-ignition  energy  of 
flowing  5.2  percent  by  volume  mixture  of  propane  in  air  at  temperature  of  80°  F.  Electrode 
spacing,  0.25  inch.  (Data  from  reference  49.) 


Electrostatic  sparks. — Electrostatic  sparks  are  a special 
type  of  capacitance  spark.  Electrostatic  charges  capable  of 
spark  production  can  be  accumulated  by  friction,  impact, 
pressure,  cleavage,  induction,  successive  contact  and  separa- 
tion of  unlike  surfaces,  one  of  which  is  generally  an  insulator, 
and  transference  of  mflammable  fluids  and  gases  from  one 
container  to  another.  Air  temperatures  appear  to  have  no 
significant  effects  on  the  charges  accumulated,  but  increasing 
humidity  tends  to  prevent  accumulation  of  high  potential 
electrostatic  charges.  The  potential  of  electrostatic  charges 
accumulated  by  liquids  flowing  in  tubes  decreases  with 
decreasing  liquid  pressures. 

INDUCTANCE  SPARKS 

Effect  of  mixture  composition. — The  effect  of  mixture 
composition  on  the  minimum  spark-ignition  energies  of  in- 
ductance sparks  is  indicated  in  figure  31  for  two  hydrocarbon- 
air  mixtm’es.  Because  the  electric  circuit  inductance  is 
dfficult  to  measure,  the  results  are  expressed  as  the  minimum 
ignition  current  with  a constant  electrode  spacing.  The 
effect  of  mixture  composition  is  approximately  the  same  for 
inductance  sparks  as  for  capacitance  sparks.  Well-defined 
limits  of  inflammability  exist  with  both  types  of  igniting 
spark.  Approximately  0.59  ampere  primary  current  in  the 
inductive  circuit  produces  a spark  capable  of  igniting  an 
8.3  percent  by  volume  mixture  of  methane  in  airr  An  ignition 
current  of  approximately  0.475  ampere  in  the  same  electric 
circuit  will  produce  an  inductive  spark  capable  of  igniting  a 
4.2  percent  by  volume  mixture  of  n-butane  in  air.  These 
data  were  obtained  at  atmospheric  pressure  and  temperature. 
According  to  available  data,  the  ranges  of  inflammability 
determined  for  capacitance  sparks  are  slightly  greater  than 
those  determined  for  inductance  spark  ignition. 

Effect  of  electrode  spacing.— Because  of  the  manner  in 
which  inductance  sparks  often  occur,  few  data  are  available 
that  indicate  the  effect  of  electrode  spacing  on  the  ignition  of 
inflammable  mixtures.  The  variation  of  spacing  of  inductance- 
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Figure  31 —Effect  of  mixture  composition  on  minimum  ignition  currents  of  primary  circuits 
producing  inductance  sparks  capable  of  igniting  methane-air  and  n-butane-air  mixtures  at 
atmospheric  pressure  and  temperature.  Electrode  spacing,  0.0394  inch.  (Data  from 
reference  52.) 

spark  electrode  configurations  with  mixture  composi- 
tion is  indicated  in  figiue  32  as  being  similar  to  the  variation 
with  capacitance-spark  electrode  configurations.  A minimum 
electrode  spacing  of  approximately  0.043  inch  is  indicated  for 
an  8.5  percent  by  volume  mixture  of  methane  in  air  ignited  b}’’ 
inductance  sparks  from  the  particular  electrode  configuration. 

Effect  of  electrode  material. — Unlike  the  effect  of  electrode 
material  on  capacitance-spark  ignition,  the  minimum  spark- 
ignition  energies  of  inflanmiable  mixtures  ignited  by  in- 
ductance sparks  are  affected  by  material  changes  in  the  elec- 
trode configuration.  Ethane-air  and  carbon-monoxide-air 
mixtures  were  ignited  at  atmospheric  temperature  and 
pressui'e  using  electrodes  of  platinum,  nickel,  copper,  alu- 
minum, and  iron  (reference  54).  Decreasing  density  of  the 
electrode  material  generally  increased  the  ignitibility  of  the 
inflammable  mixtures.  The  least  amoimt  of  energy  dissipated 
in  an  inductive  spark  capable  of  igniting  an  inflammable 
mixture  occurs  with  spark  electrodes  of  the  lightest  metal. 


Figure  32.— Effect  of  mixture  composition  on  minimum  spacing  of  electrode  configuration 
producing  inductance  sparks  capable  of  igniting  methane-air  mixtures  at  atmospheric 
pressure  and  temperature.  Electrode  configuration,  0.394-inch-diameter  platinum  disk 
and  sharply  pointed  platinum  cone;  primary  circuit  current,  1.0  ampere.  (Data  from 
reference  53.) 

Effect  of  circuit  inductance  and  potential. — The  energy 
required  for  ignition  of  an  inflammable  mixture  by  inductance 
sparks  depends  on  the  inductance,  the  current,  and  the 
potential  in  the  electric  circuit  prior  to  the  spark.  The 
amount  of  energy  required  to  ignite  the  mixture  is  substan- 
tially constant,  but  larger  amounts  of  energy  may  be  in- 
dicated if  a large  portion  of  the  measured  energy'  is  dissipated 
in  the  inductance  coil  as  core  losses.  The  following  data  from 
reference  55  indicate  the  effect  inductance  and  current  in  an 
electric  cLrcuit  have  on  the  measured  minimum  spark- 
ignition  energy"  required  to  ignite  a mixture  of  coal  gas  and 
air  at  atmospheric  pressure  and  temperature. 


Number 
oflayers  in 
inductance- 
coil 

winding 

Core  of  coil 

Circuit 

inductance 

(henrys) 

Circuit 

current 

(amperes) 

Spark -igni- 
tion energy 
(millijoules) 

14 

Air 

0.01 

0. 35 

0.6 

14 

Straight  iron  bar...  ... 

.07 

. 15 

.8 

1'4 

Rectangular  iron  frame. 

. 56 

.09 

2.3 

Inductance  sparks  from  electric  circuits  of  low  potential 
require  more  measured  spark-ignition  energy  to  ignite  the 
same  inflammable  mixture  than  inductance  sparks  from 
similar  electric  circuits  of  higher  potential,  as  indicated  by 
the  following  data  from  reference  56  for  inductance-spark 
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ignition  of  an  8.5  percent  by  volume  mixture  of  methane  in 
air  at  atmospheric  temperature  and  pressure. 


Circuit 
potential 
(volts  d.  c.) 

Circuit 

inductance 

(henrys) 

Circuit 

current 

(amperes) 

Spark- 

ignition 

energy 

(millijoules) 

4 

0.  02144 

0.  77 

6. 35 

220 

. 02144 

.35 

1.30 

4 

.012  ! 

1.025 

6. 30 

220 

.012  i 

.4 

.96 

effect  on  the  ignition  abUity  of  inductance  sparks.  No 
difference  in  the  ignition  ability  of  alternating  or  direct- 
current  inductance  sparks  has  been  found  by  the  investi- 
gators of  reference  57,  who  ignited  fire-damp — air  mixtures 
at  atmospheric  pressure  and  temperature.  The  following 
data  from  reference  56  indicate  the  negligible  effect  of  current 
type  on  the  incendiarism  of  inductance  sparks  igniting  an 
8.5-percent  (by  volume)  methane-air  mixture  at  atmospheric 
conditions: 


The  amount  of  energy  dissipated  in  an  inductance  spark 
consists  of  two  parts:  the  energy  stored  in  the  electric  circuit 
prior  to  the  spark  and  the  continued  supply  of  energy  from 
the  circuit  potential.  The  amount  of  energy  stored  in  the 
electric  circuit  prior  to  the  inductance  spark  is  the  only 
spark-ignition  energy  measured.  The  spark-ignition  energy 
supplied  by  the  electric  circuit  potential  to  an  inductance 
spark  increases  with  increasing  circuit  potential.  Thus, 
inductance  sparks  from  electric  circuits  of  low  potential 
require  greater  measured  amounts  of  spark-ignition  energy 

than  sparks  from  circuits  of  high  potential  to  ignite 

similar  inflammable  mixtures. 

Effect  of  type  of  current  in  circuit. — The  type  of  current 
in  the  electric  circuit,  alternating  or  direct,  has  no  significant 


Figure  33.— Effect  of  mixture  composition  on  minimum  ignition  pressures  of  methane-air 
mixtures  at  temperatures  of  to  87°  F.  Method  of  ignition,  bomb;  electrode  configuration, 
spark-plug;  electrode  spacing,  0.110  inch;  capacitance-spark  ignition  energy,  8640  mill i joules; 
volume  of  bomb,  750-cubic-centimeters.  (Data  from  reference  58.) 


Type  of  current 

Current 

frequency 

(cps) 

Ignition  current 
(amperes) 

Direct ... 

0.415 

Alternating 

4^}cT6st  values 

Alternating 

200 

EFFECT  OF  GAS  PRESSURES  AND  TEMPERATURES 


The  effects  of  temperature  and  pressure  are  the  same  for 
both  capacitance  and  inductance  sparks;  the  following  dis- 
cussion therefore  applies  to  all  sparks. 

Varying  pressure. — The  ignition  of  inflammable  mixtures 
is  significantly  affected  by  varying  mixture  pressures  and 
temperatures.  The  inflammability  range  of  different  mix- 


rx- Butane  in  n~ butane  - air  mixture,  percent  by  volume 

Figure  34.— Effect  of  mixture  composition  on  minimum  ignition  pressures  of  n-butane-air 
mixtures  at  temperatures  of  73°  to  84°  F.  Method  of  ignition,  bomb;  electrode  configur- 
ation, spark-plug;  electrode  spacing,  0.110  inch;  capacitance-spark  ignition  energy,  8640 
millijoules;  volume  of  bomb,  750-cubic-centimeters,  (Data  from  reference  58.) 
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(b)  Fuel,  100-octane  gasoline;  ignition  by  hydrogen  flame,  electric  spark,  gun  cotton,  or  heated 
platinum  wire;  data  from  reference  7. 

Figure  35.— Effect  of  mixture  composition  on  minimum  ignition  pressures  of  two  fuel-air 

mixtures. 

tiu*es  is  reduced  by  decreasing  mixture  temperatures  and 
pressures.  This  effect  of  mixture  pressure  on  the  hmits  of 
inflammabihty  of  several  inflammable  mixtures  is  sho^\^l  m 
figures  33  to  35.  The  minimum  ignition  pressure  or  the 
minimum  mixture  pressure  of  methane  below  which  ignition 


is  no  longer  possible,  exists  at  mixture  compositions  less 
than  stoichiometric;  reference  58  indicates  that  the  same 
relation  is  true  for  hydrogen.  The  minimum  ignition  pres- 
sures of  heavier  hydrocarbons,  such  as  propane  and  n-butane, 
occur  at  mixture  compositions  greater  than  stoichiometric. 
These  phenomena  may  be  due  to  the  dlffusivity  of  air  being 
less  than  the  diffusivities  of  methane  or  hydrogen,  but  greater 
than  those  of  propane  or  n-butane.  The  minimum  ignition 
pressures  do  not  vary  greatly  for  hydrocarbons  in  the  range 
01  molecular  weights  given  in  the  following  table  taken  from 
reference  58  which  gives  the  minimum  ignition  pressures  of 
hydrocarbon-air  mixtures  as  determined  in  a 750-cubic- 
centimeter  metal  bomb  (mixture  temperature,  75°  to  S5°  F; 
electrode  spacing,  0.110  inch;  capacitance-spark  ignition 
energy,  8640  millijoules). 


Hydrocarbon 

Minimum  ig- 
nition pressure 
(mm  Hg  abs.) 

Hydrogen.. 

11.5 

Methane 

19.0 

Butadiene-1,3 

21.0 

Butenes-2 

29.0 

71- Butane  and  iso-butane 

29.0 

Benzene  - 

28.0 

2, 4- Dime  thy  1-1, 3-pen  tad  iene. 

33.0 

n-Nonane 

33.0 

Various  investigators  have  found  higher  minimum  ignition 
pressures  for  different  hydrocarbons,  as  Indicated  in  figure 
35  (a),  for  natural  gas.  Differences  in  results  are  due  to 
different  experimental  techniques.  Little  data  expressing 
the  effect  of  varying  mixture  pressm’es  and  temperatures  on 
the  incendiary  properties  of  gasoline-air  mixtures  are  avail- 
able. 

According  to  reference  60,  the  minimum  ignition  pressure 
of  various  gasoline-air  mixtures  ignited  in  vessels  of  0.425, 
1.09,  and  125.0  cubic-foot  capacity  by  sparks  or  hot  platinum 
wires  is  33  millimeters  of  mercury  absolute  at  ordinary 
ambient  temperatures.  Close  agreement  with  these  results 
is  evident  in  figure  35  (b) . The  minimum  ignition  pressure  of 
mixtures  of  100-octane  gasoline  and  air  ignited  by  four 
different  methods  at  atmospheric  temperatures  is  35  milli- 


Fi  CURE  36. — Effect  of  mixture  pressure  of  8.5  to  9.5  percent  by  volume  mixture  of  methane  and 
air  at  temperature  of  77°  F on  quenching  distance  of  one  electrode  configuration.  (Data 
from  reference  50.) 
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meters  of  mercury  absolute  for  a 1.75  percent  by  volume 
mixture  of  gasoline  in  air.  The  lower  and  upper  limits  of 
inflammability  of  100-octane  gasoline  and  air  mixtures  are 
relatively  unaffected  by  mixture  pressure  changes  above  60 
and  300  millimeters  of  mercury  absolute,  respectively. 


(a)  w-Butane,  3.5  percent  by  volume. 

(b)  2,2,4-Trimethylpentane,  2.5  percent  by  volume. 

Figure  37.— Effect  of  electrode  spacing  on  minimum  ignition  pressures  of  two  fuel-air  mix- 
tures at  temperatures  of  70°  to  75°  F.  Ignition  by  spark-plug-electrode  configuration  in 
2-inch  inside-diameter  by  3^2-inch  glass  reactor.  (Data  from  reference  58.) 


The  effect  of  pressure  on  the  quencliing  distances  or  elec- 
trode spacings  of  various  electrode  configurations  producing 
incendiary  sparks  is  shown  in  figures  3 6 an  d 3 7 . For  cons  tan  t 
spark-ignition  energies,  the  quenching  distances,  or  electrode 
spacings,  of  incendiary-spark-producing  electrode  configura- 
tions increase  with  decreasing  inllanunable  mixture  pressures. 
This  phenomenon  is  explained  by  assuming  that  a constant 
spark-ignition  energy  can  initially  ignite  a constant  mass  of 
inflammable  mixture.  Thus,  with  decreasing  mixture  pres- 
siu-e,  ignition  of  a larger  volume  of  inflammable  mixture 
occurs,  and  the  electrode  spacing  must  be  increased  to 
accommodate  the  increased  mixture  volume. 

Variation  of  minimum  spark-ignition  energy  with  mixture 
pressure  is  expressed  in  figures  38  to  40.  For  constant 
electrode  spacing,  the  minimum  spark-ignition  energy  of  a 
mixture  increases  with  decreasing  mixture  pressure.  The 
minimum  spark-ignition  energies  of  inflammable  mixtures 
increase  rapidly  near  the  minimum  ignition  pressures  of  the 
mixtures  (fig.  40). 

Varying  temperature. — Varying  the  temperature  of  inflam- 
mable mixtures  from  —50°  to  300°  F has  a small  effect  on  the 
minimum  ignition  pressures  of  the  mixtures  when  ignition  is 
initiated  by  high-energy  capacitance  sparks.  As  indicated 
in  figure  41,  the  minimum  ignition  pressures  of  n-butane-air 
and  isooctane-air  mixtures  decrease  linearly  with  increasing 
mixture  temperatures  when  ignition  is  effected  by  capacitance 
sparks  having  spark-ignition  energies  from  720  to  8640 
millijoules.  The  minimum  ignition  pressures  of  n-butane-air 
and  isooctane-air  mixtures  are  approximately  the  same 
regardless  of  the  spark-ignition  energies  at  mixture  temper- 
natures  of  300°  F. 


Figure  38. — Effect  of  pressure  of  8.5  to  9.5  percent  by  volume  mixture  of  methane  and  air  at 
temperature  of  77°  F on  minimum  spark-ignition  energy  for  one  electrode  configuration. 
(Data  from  reference  50.) 
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Figure  39. — Minimum  spark*igniiion  energy  of  glass-flanged  electrode  configurations  as  functions  of  electrode  spacing  and  pressure  of  9.5  percent  by  volume  mixture  of  methane  and  air  at  tem- 
perature of  77°  F.  (Data  from  reference  50.) 


Figure  40. — Effect  of  mixture  pressures  on  minimum  spark-ignition  energy  of  one  electrode 
configuration.  Electrode  spacing,  0.110  inch;  capacitance-spark  voltage,  600  volts.  All 
mixtures  slightly  richer  than  stoichiometric.  (Data  from  reference  SS.’i 


(a)  2,2,4-Trimethylpentane  in  air,  2.5  percent  by  volume, 
(b)  n-Butane  in  air,  3.5  percent  by  volume. 


Figure  41.— Effect  of  mixture  temperature  on  minimum  spark-ignition  pressures  of  2,2,4- 
trimethylpentane  and  n-butane-<iir  mixtures.  Method  of  ignition,  bomb;  electrode  config- 
uration, spark-plug;  electrode  spacing,  0.110  inch;  volume  of  bomb,  750-cubic-centimeters. 
(Data  from  reference  58.) 
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percent  by  volume 

(a)  Minimum  spark-ignition  energy. 

(b)  Quenching  distance. 

Figure  42 —Effect  of  diluent-gas  addition  on  minimum  spark-ignition  energy  and  quenching 
distance  of  methane-oxygen-4iluent-gas  mixtures  at  temperature  of  IT  F and  pressure  of  1 
atmosphere.  (Data  from  reference  50.) 

EFFECT  OF  DILUENTS 

The  presence  of  diluent  gases  in  an  inflammable  mixture 
exerts  a significant  influence  on  its  electric  spark  ignition. 
Like  heated  surface  ignition,  the  spark-ignition  energy  re- 
quired to  ignite  inflammable  mixtures  containing  large  per- 
centages of  diluents  depends  on  the  absorptive  and  conductive 
powers  of  the  diluents  and  the  proportion  of  inflammable 
gas  to  oxygen.  Figure  42  indicates  the  effect  of  diluents  on 
the  minimum  spark-ignition  energies  and  quenching  dis- 
tances of  methane-oxygen-diluent-gas  mixtures.  In  figures 
42  (a)  and  42  (b),  the  relative  effect  of  the  diluent  gases  is 
the  same.  With  the  exception  of  the  methane-oxygen-argon 
mixtures,  the  minimum  ignition  energies  and  quenching 
distances  increase  with  increasing  diffusivity  of  the  oxygen- 


Figure  43.  Effect  of  diluent-gas  addition  on  minimum  ignition  pressures  of  n-butane- 
oxygen-diluent-gas  mixtures.  Method  of  ignition,  bomb;  electrode  spacing,  0.110  inch; 
capacitance-spark  ignition  energy,  8640  miUijoules;  volume  of  metal  bomb,  750  cubic  centi- 
meters; mixture  temperature,  74°  to  82°  F.  (Data  from  reference  58.) 


Figure  44.— Limits  of  inflammability  of  gasoline  vapor  in  various  air — diluent-gas  atmos- 
pheres. Automobile-exhaust-gas  composition:  nitrogen,  85  percent  by  volume;  carbon 
dioxide,  15  percent  by  volume.  Gasolines  tested:  73,  92,  and  100  octane.  Inflammable 
area  covers  entire  area  inside  largest  curve.  (Data  from  reference  61.) 


diluent-gas  mixtures, 
by 


where 


This  mixture  diffusivity  is  expressed 
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a~ 

pCp 
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Cp  mixture  specific  heat 
k mixture  thermal  conductivity 
a mixture  thermal  diffusivity 
p mixture  density 
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The  minimum  ignition  pressures  of  mixtures  of  n-butane 
and  oxygen,  with  argon,  nitrogen,  carbon  dioxide,  and  hehum 
as  diluents  are  shown  in  figure  43.  For  all  the  inflammable 
mixtures  containing  diluents,  the  mixtures  most  and  least 
ignitible  are  those  containing  argon  and  carbon  dioxide, 
respectively.  The  effect  of  several  diluents  on  the  limits  of 
inflammability  of  individual  mixtures  of  73-,  92-,  and 
100-octane  gasoline  and  air  is  shown  to  be  identical  in  figure  44. 
The  lower  limit  of  inflammability  of  the  mixture  is  relatively 
unaffected,  whereas  the  upper  limit  decreases  approximately 
linearly  with  increasing  amounts  of  diluents  such  as  carbon 
dioxide,  automobile  exhaust  gas,  and  nitrogen.  Mixtures  of 
100-octane  gasoline  and  air  are  rendered  noninflammable  by 
the  addition  of  approximately  28.7,  36.0,  and  42.5  percent  by 
volume  of  carbon  dioxide,  automobile  exhaust  gas,  or  nitrogen, 
respectively.  Halogenated  hydrocarbons  are  more  effective 
than  any  of  these  diluents  in  rendering  gasoline-air  mixtures 
noninflammable. 

Ill— IGNITION  BY  FLAMES  OR  HOT  GASES 

Data  pertaining  to  the  ignition  of  inflammable  mixtures 
by  flames  or  hot  gases  are  not  extensive.  Much  of  the 
available  data  pertain  to  the  ignition  of  gas-air  mixtures 
containing  methane  as  the  chief  inflammable  constituent. 
Whether  the  inflammable  mixtures  will  or  will  not  be  ignited 
by  flames  or  hot  gases  depends  on  mixture  composition, 
duration  of  contact  of  the  mixture  with  the  ignition  source, 
temperature  of  the  ignition  source,  and  size  of  the  ignition 
source,  in  much  the  same  manner  as  ignition  by  heated 
surfaces. 

' EFFECT  OF  VARYING  MIXTURE  COMPOSITION 

The  effect  of  mixture  composition  on  the  limiting  diameters 
of  openings  for  downward  propagation  of  flames  in  methane- 
air  mixtures  is  shown  in  figure  45.  Limiting  diameters  occur 
with  approximately  stoichiometric  compositions.  The  igni- 
tion of  an  inflammable  mixture  by  a flame  can  be  considered 
practically  instantaneous.  Methane-air  mixtures  exposed  to 
flames  0.394,  0.492,  and  0.591  inch  in  length  exhibited  ignition 
lags  of  0.0068,  0.0042,  and  0.0035  second,  respectively;  there- 
fore, even  though  the  ignition  lag  is  practically  zero  for  flame 
ignition,  the  lag  decreases  with  increasing  size  of  the  ignition 
source.  Minimum  ignition  lags  have  been  found  to  occur 
with  approximately  stoichiometric  mixtures. 

LIMITING  SIZE  OF  OPENINGS  FOR  FLAME  PROPAGATION 

The  minimum  quenching  distances  or  the  limiting  diam- 
eters of  tubes  or  holes  in  thin  plates  through  which  a flame 
will  not  propagate  are  expressed  in  figures  45  to  47.  Mini- 
mum limiting  tube  and  thin  plate  opening  diameters  of 
approximately  0.071  and  0.136  to  0.150  inch  occurred  for 
approximately  stoichiometric  mixtures  of  coal  gas  and 
methane  with  air,  respectively.  These  limiting  diameters  for 
the  downward  propagation  of  flame  in  inflammable  mixtures 
were  determined  for  copper  tubes  having  length -diameter 
ratios  l/d  of  10,  and  for  circular  openings  in  thin  copper  foil 
and  mica  plates  having  thicknesses  of  0.0033  inch  and  0.0024 
to  0.0087  inch,  respectively. 

Some  references  (for  example,  references  62  and  67)  indi- 
cate that  the  quenching  of  the  flame  is  due  solely  to  the 


Figure  45.— Fffect  of  mixture  composition  on  limiting  diameters  of  openings  in  copper  and 
mica  plates  and  copper  tubes  for  downward  flame  propagation  in  methane-air  mixtures  at 
atmospheric  pressure.  (Data  from  reference  62.) 


cooling  effect  of  the  unburned  gases  rather  than  a cooling 
effect  due  to  varying  thermal  conductivity  of  the  confining 
material.  Data  from  reference  68  indicate  that  in  addition  to 
this  effect  the  confining  material  and  opening  configuration 
may  affect  the  quenching  distance  by  varying  the  size  of  the 
dead  space  between  the  surface  of  the  flame  and  the  opening 
of  the  enclosure.  The  reduced  inflammability  range  and  the. 
increased  limiting  diameter  of  opening  for  downward  flame 
propagation  determined  with  copper  tubes  instead  of  open- 
ings in  copper  foil  may  be  due  to  an  increase  in  the  size  of  the 
dead  space  caused  by  the  greater  over-all  cooling  effect  of  the 
copper  tubes.  Investigations  conducted  with  the  glass  tubes 
and  the  mica  plates  (references  62  and  63)  gave  approximately 
the  same  results  as  experiments  in  which  copper  tubes  and 
plates  were  used. 

No  data  were  foimd  in  the  survey  of  the  literature  to  indi- 
cate the  limiting  sizes  of  openings  for  propagation  of  flames 
of  gasoline-air  mixtures.  Reference  65,  however,  indicates 
that  the  quenching  of  laminar  oxyhydrogen  flames  by  solid 
surfaces  is  partly  dependent  on  the  factor  k/SO,  where 

C heat  capacity  per  unit  volume  of  unburned  mixture  at 
quenching  temperature 

k thermal  conductivity  of  unburned  mixture  at  quenching 
temperature 

S burning  velocity  of  mixture 


330 


REPORT  1019 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  46.— Limiting  diameters  of  circular  openings  and  limiting  distances  between  plates 
for  downward  propagation  of  flame  in  various  vapor-air  mixtures  at  atmospheric  pressure. 


Figure  47.— Quenching  of  propane-air  flames  at  various  mixture  pressures  and  temperature  of 
75"  F;  downward  flame  propagation.  (Data  from  reference  66.) 


Figure  48.— Quenching  of  propane-air  flames  at  various  mixture  pressures  and  temperature  of 
75°  F.  Downward-flame-propagation  data,  reference  66;  spark-ignition  data,  reference  48. 


Figure  46  was  plotted,  using  values  of  kjSC  calculated  as 
indicated  by  reference  65,  Experimental  data,  which  per- 
tain to  the  limiting  size  of  openings  for  flame  propagation  in 
gasoline-air  mixtures,  are  unavailable  in  the  literature. 
Accordingly,  kjSC  was  calculated  for  a stoichiometric 
n-octane-air  mixture,  which  was  assumed  to  be  approxi- 
mately the  same  as  a stoichiometric  gasoline-air  mixture. 
This  calculated  value  of  kjSC  indicates  (fig.  46)  that  the 
limiting  diameter  of  circular  openings  and  the  limiting 
distance  between  parallel  plates  for  downward  flame  propa- 
gation in  gasoline-air  mixtures  are  approximately  0.13  and 
0.09  inch,  respectiv^ely. 

EFFECT  OF  GAS  PRESSURES  AND  TEMPERATURES 

The  effect  of  mixture  pressure  on  the  quenching  of  propane- 
air  flames  is  indicated  in  figure  47.  The  configuration 
used  consisted  of  a rectangular  opening  in  Ke-inch  copper 
plates.  The  length-width  ratio  of  the  slit  was  always  greater 
than  3,6.  For  all  mixture  pressures  from  0.0832  to  2.77 
atmospheres,  the  minimum  limiting  slit  width  for  downward 
propagation  of  flame  occurs  with  mixtures  slightly  richer 
than  stoichiometric.  As  shown  by  figure  48,  for  any  single 
mixture  composition,  the  dependency  of  the  limiting  slit 
width  on  the  mixture  pressure  is  expressed  approximately 
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by  an  equation  of  the  form 

w—Kp^  (7) 


Propane  in  propone- o/n  mixture,  percent 
by  volume 

Figure  49.— Quenching  of  propane-air  flames  at  various  mixture  temperatures  (gas  and  plates 
at  same  temperature).  Pressure,  14.3  pounds  per  square  inch  absolute;  slit  length-width 
ratio,  >3.6;  slit  jaw's,  fio-inch  copper  plates;  dowmw’ard  flame  propagation.  (Data  from 
reference  66.) 


where 

K.  constant 
n negative  exponent 
p mLxture  pressure 
w slit  width 

The  results  of  investigations  conducted  with  propane-air 
flames  at  atmospheric  pressure  to  determine  the  effect  of 
mixture  temperature  on  the  limiting  slit  width  of  the  quench- 
ing configuration  just  described  are  presented  in  figure  49. 
The  mixture  and  the  plates  forming  the  rectangular  opening 
were  at  the  same  temperature.  For  all  temperatures  from 
80°  to  545°  F,  the  minimum  limiting  slit  width  occurs  with 
mixtures  slightly  richer  than  stoichiometric.  The  limiting 
slit  width  decreases  with  increasing  mixture  temperature. 
Similar  data  for  brass-plate  protective  devices  in  natural- 


Space  between  p/a  fee,  in. 

Figure  50. — Effect  of  plate  temperature  on  performance  of  brass-plate  protective  device 
(plates,  0.09  in.  by  4 in.)  in  inflammable  atmospheres  containing  8.6  to  9.5  percent  by  volume 
natural  gas  in  air.  (Data  from  reference  60.) 
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gas-air  atmospheres  are  given  in  figure  50.  The  limiting 
distance  between  plates  for  a single  mixture  decreases  linearly 
with  increasing  plate  temperature. 

EFFECT  OF  DILUENTS 

The  effect  of  diluents  on  the  limiting  diameter  of  openings 
for  propagation  of  flames  in  methane-oxygen-nitrogen  (air) 
and  methane-oxygen-argon  mixtures  is  shown  in  figure  51. 
The  minimum  limiting  diameters  of  copper  tubes  (length- 
diameter  ratio  = 10.0)  are  0.150  and  0.087  inch,  respectively, 
for  flame  propagation  in  the  methane-air  and  methane- 
oxygen-argon  mixtures.  The  cooling  effect  of  the  unburned 
gases  is  indicated  by  the  smaller  limiting  diameters  of  open- 
ings for  flame  propagation  in  mixtures  having  the  smaller 
heat  capacities  and  thermal  conductivities. 

IV— RELATION  OF  PUBLISHED  DATA  TO  AIRCRAFT- 
FIRE  PROBLEMS 

Fires  in  aircraft  usually  result  from  the  ignition  of  inflam- 
mable vapors  by  heated  surfaces,  hot  (electric)  sparks  and 
arcs,  and  flames  or  hot  gases.  The  source  of  ignition  can 
often  be  definitely  determined  for  fires  during  flight  or  ground 
operation  of  aircraft,  but  the  ignition  source  in  crashes  is 
often  unknown,  because  the  inflammables  may  sometimes 
be  exposed  to  all  the  ignition  sources  simultaneously. 


Figure  51.— Effect  of  diluent-gas  additions  on  limiting  diameters  of  openings  for  flame  prop- 
agation in  methane-oxygen-diluent -gas  mixtures.  Downward  flame  propagation  through 
copper  tubes;  length -diameter  ratio,  10.0;  ratio  of  oxygen  to  diluent,  21:79.  (Data  from 
reference  63). 


IGNITION  BY  HEATED  SURFACES 

Heated  surfaces  are  common  ignition  hazards  in  aircraft 
environments.  According  to  reference  70,  hot  exhaust  ducts, 
combustion  heaters,  carburetor-air  heaters,  overheated  cabin 
superchargers,  moving  parts  overheated  by  friction,  and 
short  circuited  or  malfunctioning  electric  equipment  have 
been  responsible  for  the  heated  surface  ignition  of  fires  in 
airline  aircraft  in  the  decade  prior  to  1947.  Of  these  surface- 
ignition  hazards,  the  exhaust  system  is  a continuous  hazard 
during  operation  of  the  aircraft.  The  other  ignition  sources 
exist  intermittently,  generally  because  of  malfunctioning  or 
mechanical  failure  of  the  particular  component. 

A sm*vey  of  air-transport  crash  records  (reference  71)  indi- 
cates that  the  inflammable  most  frequently  initially  involved 
in  flight  or  gi'ound  fires  and  thus  considered  most  hazardous 
of  the  liquids  carried  in  aircraft  is  gasoline.  Lubricating  oil  is 
not  quite  as  hazardous  as  gasoline  because  of  its  much  higher 
flash  point  and  much  lower  volatility.  Half  the  fires  men- 
tioned in  the  survey  of  flight  fires  involved  either  gasoline  or 
lubricating  oil  as  the  initial  inflammable. 

In  order  to  ignite  any  inflammable  by  a heated  surface, 
the  right  proportions  of  the  inflammable  must  contact  the 
heated  element.  The  temperature  at  which  ignition  occurs 
depends  on  the  length  of  time  the  inflammable  is  in  contact 
with  the  heated  air  or  surface.  According  to  the  aforemen- 
tioned survey,  this  contact  is  brought  about  during  ground 
operation  mainly  by  failure  of  the  fuel  plumbing  system. 
Typical  of  fuel-plumbing-system  failures  are  primer  line  fail- 
ures, primer  leaks,  leaky  hose  connections,  fuel  pump  leak- 
age, and  failure  of  the  carburetor  vent  line.  Serious  accessory 
section  fires  in  radial  engines  are  often  due  to  this  type  of 
failure,  which  allows  inflammable  vapors  or  fluids  to  escape 
and  contact  or  drop  on  the  hot  exhaust  stacks. 

Flight  fires  are  due  primarily  to  engine  failures,  which  * 
usually  are  the  result  of  structural  faults  of  various  com- 
ponents. Engine  failures,  especially  in  radial  engines,  often 
result  in  a rupture  of  the  engine  induction  and  exhaust  sys- 
tems. This  type  of  failure  can  easily  be  brought  about  by 
engine  cylinders  displaced  by  broken  connecting  rods.  When 


Figure  52.— Zones  of  inflammability  of  fuel  in  aircraft  fuel  tanks.  (Data  from  reference  72.) 
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(b)  Fuel,  kerosene. 

Figure  52 —Zones  of  inflammability  of  fuel  in  aircraft  fuel  tanks.  (Data  from  reference  72.) 


Figure  53.— Variation  of  inflammability  of  kerosene  and  two  engine  oils  of  similar  viscosity  but  different  composition  with  altitude  and  temperature.  (Data  from  reference  72.) 


such  a displacement  occurs,  inflammable  fuel-air  mixtures 
and  hot  lubricating  oil  are  exposed  to  hot  surfaces,  which  are 
primarily  components  of  the  exhaust  s}'Stem.  Usuall}^  it  is 
difficult  to  state  whether  inflammation  results  from  ignition 
of  the  gasoline  or  the  lubricating  oil.  Crash  fires  are  gener- 
ally due  to  structural  failure  of  the  engine,  but  are  much  more 
severe  than  flight  fires  in  most  cases. 

In  the  range  of  its  ignition  temperatures  (450®  to  1325®  F), 
gasoline  can  exist  only  in  the  vapor  state.  Any  mixture 


capable  of  flame  propagation  must  lie  within  the  limits  of  in- 
flammability. According  to  figure  52,  aircraft  fuel-tank 
minimum  temperatures  of  —44®  and  108®  F are  explosively 
dangerous  at  sea  level  for  100-octane  aviation  gasoline  and 
kerosene,  respectively.  The  area  marked  ^^equilibrium  con- 
ditions’^ indicates  the  limiting  conditions  at  which  inflamma- 
ble mixtures  exist  in  the  fuel  tank  in  equihbrium  with  the 
fuel.  Breathing,  which  widens  the  Umiting  conditions  for 
gasoline,  is  the  influx  of  air  into  a fuel  tank  during  a descent 


334 


REPORT  1019 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


due  to  increasing  atmospheric  pressure.  For  kerosene, 
which  has  a flash  point  generally  greater  than  ambient  tem- 
peratures, the  ignition  zone  is  widened  b3^  conditions  under 
which  an  ignitible  spray  ma}^  be  formed.  Research  carried 
out  since  the  publication  of  figure  52  (b)  has  shown  that  the 
zone  in  which  spray  ignition  of  kerosene  may  occur  is  known 
to  be  larger  than  reference  72  indicates.  A fuel  mist  or  spra}^ 
ma}"  be  formed  b}^  the  rupture  of  a fuel  tank  hy  a missile  or 
the  rupture  of  a high  pressure  fuel  line  such  as  are  present 
in  turbojet  engines.  Similar  data  are  plotted  in  figure  53  for 
kerosene  and  for  two  lubricating  oils  of  different  composition 
but  of  the  same  viscosity. 

In  an}^  occurrence  of  these  fire  hazards  in  aircraft,  the 
ignition  temperature  and  ignitibility  of  the  fuel  or  lubricating 
oil  will  be  determined  by  conditions  described  in  the  detailed 
discussion  presented  herein.  The  values  of  ignition  temper- 
ature and  ignitibilit}’  defined  by  these  conditions  serve  as 
approximate  indications  of  the  relative  temperatures  at 
which  heated  surfaces  become  practical  hazards  in  aircraft 
environments.  Reference  12  indicates  that  aviation  gasoline 
will  not  ignite  in  air  when  exposed  to  the  outer  surfaces  of 
exhaust  pipes  at  temperatures  below  850®  F.  Injected  into 
air  inside  hot  exhaust  pipes,  aviation  gasoline  ignited  at  duct 
temperatures  as  low  as  536°  F.  Lubricating  oil  on  the  outer 
surfaces  of  exhaust  ducts  ignited  at  a minimum  duct  temper- 
ature of  625°  F.  Thus,  for  complete  immunity  to  fires 
ignited  by  the  components  of  the  exhaust  system,  the  surface 
temperatures  should  not  begreater  than  approximately  500°  F. 
Although  existing  knowledge  does  not  permit  a complete 
description  of  the  components  of  the  exhaust  system  that 
serve  as  ignition  sources,  it  is  presumed  in  this  discussion 
that  the  exhaust  duct,  the  exhaust  valves,  and  the  cylinder 
interiors  are  the  active  components. 

Volatile  fuels  necessary  for  engine  operation  under  a 
variety  of  climatic  conditions  may  be  responsible  for  the 
relative  ignition  hazard  of  present-day  grades  of  gasoline 
used  in  aircraft  operation.  As  the' volatility  of  a fuel  in- 
creases, the  range  in  which  ignition  sources  are  hazardous 
increases.  Fuels  of  low  volatility  would  result  in  more 
diflScult  starting  of  aircraft  engines,  but  would  seemingly 
reduce  the  ignition  hazard  of  fuel  in  aircraft  environments. 

Reduction  of  the  fire  hazard  of  the  exhaust  system  can  be 
accomplished  by  : 

(1)  Keeping  the  inflammables  from  the  hot  surfaces 

(2)  Releasing  some  substance  into  and  around  the  exhaust 
system  in  order  to  prevent  ignition  if  a crash  is  imminent 

(3)  Cooling  the  exhaust  system  below  temperatures 
capable  of  ignition  of  gasoline  or  oil 

(4)  Increasing  the  minimum  ignition  temperature  of  the 
fuel  or  oil  b}^  changing  the  fuel  or  oil  composition  or  by 
change  of  material  used  in  the  construction  of  the  exhaust 
ducts 

(5)  Changing  the  volatility  of  the  fuel. 

An  extinguishing  system  capable  of  spraying  or  flooding  the 
exhaust  ducts  would  aid  in  preventing  combustion  by  simul- 
taneously blanketing  and  lowering  the  temperature  of  the 
heated  surfaces.  According  to  reference  73,  “it  is  most  im- 
portant that  the  extinguishant  should  be  actually  injected 
into  enclosed  hot  spaces  such  as  exhaust  ducts,  long  exhaust 


pipes  or  collector  rings,  turbine  compartments  and  tailpipe 
ducts,  and  combination  heater  chambers. 

The  ignition  temperature  of  gasoline  is  increased  by  the 
addition  of  small  amounts  of  tetraethyl  lead,  benzene,  and 
similar  substances.  Possibly  other  substances  can  be  found 
that  will  increase  the  ignition  temperature  without  reducing 
the  performance  of  the  fuel  in  the  engine. 

Changes  in  the  surface  composition  of  the  exhaust-duct 
material  may  effectiveh^  increase  the  ignition  temperature  of 
the  fuel.  Dependent  upon  the  mixture  composition,  higlily 
catalytic  surfaces  such  as  platinum  must  be  heated  to  tem- 
peratures 300°  to  700°  F greater  than  stainless  steel  to  ignite 
inflammable  mixtures.  Use  of  platinum  is  obviated  b}^  its 
cost  and  therefore  the  aforementioned  comments  are  only  of 
academic  interest. 

Fuel-volatility  changes  apparently  are  desirable  relative  to 
the  fire-hazard  problem.  According  to  tables  III  and  IV, 
the  surface-ignition  temperatures  of  low-volatility  safety 
fuels  do  not  vary  greatly  from  those  of  regular  grades  of 
aviation  gasoline.  Reduced  fuel  volatilitj^  would  not  increase 
the  ignition  temperature  of  the  fuel,  but  would  reduce  the 
volume  in  which  an  ignition  source  is  hazardous. 

IGNITION  BY  ELECTRIC  SPARKS  AND  ARCS 

Sparks  resulting  from  short  circuits  in  wiring  or  from 
failures  of  starters,  magnetos,  or  generators;  sparks  from  the 
continued  functioning  of  nonflameproofed  electric  apparatus; 
sparks  from  the  continued  rotation  of  damaged  parts;  dis- 
charges from  the  brushes  of  rotating  equipment;  sparks  from 
ground  friction;  electrostatic  sparks;  and  electric  arcs  created 
by  the  separation  of  metallic  contacting  portions  of  the 
electric  circuit  such  as  voltage  regulators  may  all  be  regarded 
as  potential  spark-ignition  hazards  in  aircraft. 

Flight  fires  in  transport  aircraft  are  initiated  with  equal 
frequency  b}^  either  electric  sparks  or  the  exhaust  ducts 
(reference  71).  The  damage  incurred  by  the  electric  spark- 
ignited  fires,  however,  was  general^  confined  to  the  electric 
insulation.  In  addition,  reference  74  shows  that  self- 
clearing arcs  are  statistically  more  prevalent  during  the 
breaking  of  a load-carrying  circuit.  The  clearing  time  was 
from  0.05  to  2.5  seconds,  with  a median  value  of  0.6  second. 
Compared  with  the  exhaust  system,  electric  sparks  are 
relatively  short,  minor  ignition  hazards  during  flight  operation. 

High-energy  concentrations  at  short-circuited  points  result 
in  self-clearing  faults,  but  are  generally  accompanied  by  a 
scattering  of  molten  metal  globules  over  a considerable  area. 
Low-energ}^  concentrations  at  short-circuited  points  may  re- 
sult in  a permanent  welded  contact  between  the  conductor 
and  the  airplane  structure.  Self-clearing  faults  are  prob- 
ably more,  dangerous  than  welded  faults  because  the}^  are 
accompanied  b}^  extremely  high  temperatures  and  consider- 
able arcing.  Welded  faults,  however,  may  disrupt  the  entire 
electric  system  and  thus  interfere  with  control  of  the  airplane. 

Continued  rotation  of  generators  is  generally  not  signifi- 
cant in  propeller-t}^pe  aircraft  in  the  event  of  crash.  In 
jet-type  aircraft,  free  running  turbines  may,  however, 
continue  rotation  of  such  parts. 

According  to  the  survey  (reference  71)  of  fires  in  transport 
aircraft,  two  of  the  61  crash  fires  reported  were  initiated  b}’' 
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sliding  friction.  Inasmuch  as  data  indicate  that  friction 
sparks  ordinarily  lack  the  thermal  energy  capable  of  igniting 
inflammable  mixtures,  the  source  of  ignition  of  these  two 
crash  fires  may  have  been  surfaces  heated  to  high  tempera- 
tures by  hiding  friction  rather  than  by  friction  sparks. 

Electrostatic  sparks  generated  in  aircraft  environments 
maj'  be  ignition  hazards.  Electrostatic  charges  having  po- 
tentials of  50  to  2000  volts  have  been  accumulated  in  air  of 
30-  to  51 -percent  liumdity  at  atmospheric  pressure  and  tem- 
peratiu’e  by  benzene  flowing  through  a 0.12-inch  tube  into 
an  insulated  receiver.  The  following  table  from  reference  75 
indicates  the  potentials  of  electrostatic  charges  accumulated 
in  air  of  63-percent  humidity  at  atmospheric  conditions  by 
benzene  flowing  through  tubes  of  diflFerent  materials. 


Tube  material 

Potential  of 
accumulated 
charge 
(volts) 

Iron 

4000 

Brass 

3600 

Aluminum 

2900 

Copper 

2000 

In  air  of  78-percent  humidity,  no  charge  was  accumulated 
when  the  benzene  flowed  under  its  own  pressure,  but  even  a 
slight  increase  in  the  liquid  pressure  resulted  in  an  accumula- 
tion of  a high-potential  electrostatic  charge.  At  liquid  pres- 
sures of  2 to  6 atmospheres,  electrostatic  charges  having 
potentials  of  4000  volts  and  greater  were  accumulated. 
Thus,  unless  the  equipment  is  suitably  grounded,  practically 
any  transfer  of  fuel  in  any  environment  is  hazardous. 

According  to  reference  76,  the  potential  of  the  electrostatic 
charge  accumulated  during  fuel  transference  is  approximately 
the  same  for  any  grade  of  gasoline  or  kerosene,  increases  with 
the  length  of  time  of  the  transferring  operation,  increases 
with  increasing  fuel  velocity,  and  is  relatively  unaffected  by 
atmospheric  conditions  except  that  it  decreases  with  increas- 
ing humidity  of  the  air. 

The  capacitance  of  the  human  body  has  been  determined 
(reference  77)  as  0.0001  to  0.0004  microfarad.  Values  of 
0.00028  to  0.00032  microfarad  were  consistently  obtained  for 
the  capacitance  of  a person  leaning  against  a wall.  An  in- 
dividual charged  to  a potential  of  10,000  volts  would  have 
an  electrostatic  spark  energy  of  15  millijoules.  Because  many 
inflammable  mixtures  have  minimum  spark-ignition  energies 
less  than  15  millijoules,  and  this  amount  of  electrostatic  spark 
energy  is  easily  acquired  b}^  ungrounded  personnel,  equip- 
ment, and  wiring,  grounding  precautions  should  be  taken. 

Most  of  the  sparks  occuiTing  in  aircraft  environments 
ordinarily  contain  many  times  the  energy  required  to  ignite 
inflammable  mixtures.  Sparks  of  this  type  must  be  pre- 
vented from  occurring  in  an  inflammable  atmosphere.  Ac- 
cording to  reference  73,  crash  switches  that  cut  off  or  isolate 
all  electric  equipment  are  a possibility.  Batteries  can  no 
longer  be  regarded  as  the  onl}^  power  source  in  crashed  air- 
planes. Although  the  generators  in  airplanes  powered- by 
reciprocating  engines  would  be  stopped  during  a crash  b}^ 
propeller  stoppage,  free-running  turbines  of  jet-engine  ah- 


craft  may  necessitate  de-energizing  fields  or  short  circuiting 
the  generator  across  its  terminals  if  it  would  aid  in  stopping 
the  turbine.  Isolation  of  the  electric  s^-stem  can  stop  elec- 
tric fuel  pumps  and  close  solenoid  valves  suppl}dng  fuel  to 
combustion  heaters. 

Short-circuit  faults  in  ahcraft  can  probably  be  pro- 
tected by  rapid  acting  selective  fuses  or  circuit  breakers  that 
would  isolate  the  fault  from  the  rest  of  the  circuit.  In  gen- 
eral, fuses  are  less  desirable  than  circuit  breakers  because  of 
their  time-operating  characteristics  and  the  fact  that  they 
must  be  replaced  after  one  operation.  As  indicated  b}'  ref- 
erence 74,  the  isolating  action  must  be  very  quick  because 
the  circuit  voltage  drops  rapidl}^  in  the  faulted  circuit.  This 
drop  in  voltage  could  cripple  the  entire  electric  system  of  the 
aircraft  by  allowing  relays  and  contactors  to  open  because 
of  low  voltage  on  the  closing  coils. 

Improved  design  of  the  load-carr}dng  cables  might  result 
in  reduction  of  the  spark-ignition  hazard.  This  improvement 
might  be  accomplished  by  using  a conduit  containing  the 
electric  leads  embedded  in  a solid  insulating  material. 
Another  possibility  in  the  design  of  the  electric  circuits  is  the 
inclusion  of  mechanically  weak  spots  surrounded  by  inert 
materials  such  as  powders.  During  crashes,  cable  separation 
would  occur  at  the  weak  points  with  the  energy  released  by 
any  sparks  being  dissipated  in  inert  atmospheres. 

IGNITION  BY  FLAMES  OR  HOT  GASES 

Exposure  of  inflammable  vapors  to  flames  or  hot  gases 
constitutes  the  third  important  fire  hazard  in  aircraft  environ- 
ments. Large,  disastrous  fires  may  result  from  the  exposure 
of  inflammable  mixtures  to  exhaust  flames  and  gases  or 
flames  initiated  by  electric  spark  or  heated  surface-ignition 
sources.  Possible  reduction  of  these  ignition  hazards  seems 
more  difficult  than  the  reduction  of  spark  or  heated  surface 
hazards.  Use  of  the  cooled  exhaust  gases  to  inert  engine 
nacelles  and  fuel-tank  compartments  would  prevent  contact 
between  inflammable  mixtures  and  hot  exhaust  gases  or 
flames  during  flight  or  ground  operation.  Simultaiieoush^ 
the  exhaust  gases  would  be  inerting  hazardous  portions  of  the 
plane.  During  a crash,  however,  such  inerting  may  be 
ineffective.  A possible  solution  to  the  problem  of  flames  or 
hot  gases  during  crashes  muj  be  quick  acting,  crash-actuated 
mechanisms  capable  of  flooding  the  engine  and  exhaust 
S3^stem  with  fire  extinguishing  agents. 

CONCLUSIONS 

An  anal^’^sis  of  the  available  literatm'e  included  in  the 
survey  resulted  in  the  following  conclusions: 

The  inflammability  ranges  of  most  lij-drocarbon-aLr  mix- 
tures decreased  with  decreasing  mixture  pressures  and 
temperatures.  The  minimum  spark-ignition  energies  of 
inflammable  mixtures  and  the  quenching  distances  of  elec- 
trode configurations  both  increased  with  decreasing  mixture 
pressures.  As  a result  of  these  effects,  sea-level  pressures  and 
temperatures  of  inflammable  mixtures  were  the  most  critical 
design  considerations,  relative  to  the  reduction  of  fire 
hazards  in  aircraft  environments. 
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Generally,  the  ignition  temperatures  of  hydrocarbons  in  air 
increased  with  different  variables  as  shown  in  the  following 
table: 


Decreasing  variable 

Increasing  variable 

Ignition  lag 

Igniting  surface  area  = 

Fuel  quality  or  cetane  number 
Boiling  point  or  number  of  carbon  atoms  in 
n-paraffins 

Mixture  turbulence 
Mixture  velocity 
Surface  catalytic  activity 
Tetraethyl  lead  additions 

Ignition  temperatures  of  hydrocarbons  were  also  increased 
if  scale  or  ash  existed  on  the  igniting  surfaces  or  if  the  in- 
flammables were  dropped  on  heated  surfaces  in  the  open  air. 
The  ignition  temperatures  of  hydrocarbons  containing  the 
same  number  of  carbon  atoms  were  lowest  for  normal  par- 
affins followed  by  paraffinic  isomers  and  aromatics. 

Gasoline  exhibited  zones  of  ignition  and  nonignition  for 
certain  oxygen-fuel  ratios  much  in  the  same  manner  as  normal 
octane.  The  ignition  temperature  of  gasoline  in  air  depends 
on  the  degree  of  confinement  of  the  mixture  by  the  experi- 
mental apparatus.  Dependent  on  the  experimental  condi- 
tions and  the  degree  of  confinement,  the  ignition  temperatures 
of  gasoline  in  air  may  range  from  450®  to  1325®  F.  The 
lower  and  upper  limits  of  inflammability  of  100-octane  gaso- 
line in  air  at  atmospheric  conditions  were  approximately 
1.40  percent  and  7.40  percent  by  volume,  respectively,  and 
the  minimum  ignition  pressure  was  approximately  35  milli- 
meters of  mercury  absolute.  The  minimum  diameter  of  a 
hole  or  tube  through  which  a gasoline-air  mixture  flame 
would  not  propagate  downwards  was  approximately  0.13 
inch  as  determined  from  interpolation  of  data  of  known 
mixtures. 

Minimum  spark-ignition  energies  of  inflammable  mixtures 
were  greatly  dependent  upon  the  electrode  configurations; 
these  energies  increased  with  increasing  size  of  electrodes 
and  mixture  velocity  and  decreased  with  increasing  electrode 
spacings.  Minimum  spark-ignition  energies  as  low  as 
0.28  millijoule  were  capable  of  ignition  of  methane-air-mix- 
tures'. Electrode  material  had  no  visible  effect  on  mixture 
ignition  by  capacitance  sparks,  but  the  minimum  ignition 
energies  of  inductance  sparks  decreased  with  decreasing 
electrode-material  density.  The  measured  minimum  ignition 
energies  of  inductance  sparks  decreased  with  increasing  spark 
potentials,  and  were  unaffected  by  alternating  or  direct  cur- 
I’ents.  Although  high  humidity  content  of  the  air  tends  to 
prevent  accumulations  of  electrostatic  charges  capable  of 
producing  sparks  having  sufficient  energy  to  ignite  vapor-air 
mixtures,  practically  any  transfer  of  fuel  in  any  environment 
was  hazardous  unless  the  equipment  was  suitably  grounded. 

An  increase  in  the  amount  of  diluent  gases  in  a mixture 
increased  the  ignition  temperature.  In  hydrocarbon-oxygen- 
diluent-gas  mixtures  containing  either  argon,  carbon  dioxide, 
helium  or  nitrogen  as  the  diluent  component,  lowest  values  of 
quenching  distances,  minimum  ignition  energies,  and  mini- 
mum ignition  pressures  were  exhibited  with  inflammable 
mixtures  containing  argon  as  the  diluent  gas.  Highest  values 
of  quenching  distances  and  minimum  ignition  energies  were 
exhibited  with  inflammable  mixtures  containing  helium  as  the 
diluent  gas; -highest  values  of  minimum  ignition  pressures 


were  exhibited  with  inflammable  mixtures  containing  carbon 
dioxide  as  the  diluent.  In  order  to  render  any  mixture  of 
100-octane  gasoline  and  air  noninflammable,  approximately 
42.5,  36.0,  and  28.7  percent  by  volume  of  nitrogen,  automo- 
bile exhaust  gas,  or  carbon  dioxide,  respectively,  were 
necessary. 

Application  of  the  survey  data  to  the  aircraft-fire  problem 
indicated  the  possibility  of  reducing  aircraft-fire  hazards  by 
means  of  the  following  remedial  measures: 

(1)  Prevention  of  contact  of  fuels  or  fuel  vapors  with  the 
hot  exhaust  surfaces 

(2)  Release  of  an  extinguishing  agent  inside  of  and  around 
the  exhaust  system  if  a crash  is  imminent 

(3)  Reduction  of  the  temperature  of  the  exhaust  duct  or 
gases  below  the  surface-ignition  temperature  of  gasoline  and 
lubricating  oil  in  the  event  of  a crash 

(4)  Increase  of  the  surface-ignition  temperatures  of  gaso- 
line and  lubricating  oil 

(5)  Use  of  fuels  of  reduced  volatility 

(6)  Elimination  of  the  electrical  generating  system  as  an 
ignition  hazard  in  the  event  of  a crash 

(7)  Inerting  of  engine  nacelles  and  wing  compartments. 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  February  27,  1950. 
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TABLE  I— SURFACE  IGNITION  TEMPERATURES  OP 
SEVERAL  INFLAMMABLES  IN  AIR 


(a)  Ignition  surfaces,  heated  6-inch-diameter  steel  tube  and  open  steel 
plate  (reference  72) 


Fuel 

Ignition  temperature 
rF) 

Flash 

point 

('‘F) 

Tube 

(•) 

Plate 

Gasoline  (unleaded) __ 

473 

>1238 

-44 

100- Octane  aviation  gasoline  (leaded) _ 

734 

>1238 

-44 

Kerosene 

417 

1202 

108 

Hydraulic  fluid 

455 

752 

302 

Lrubricating oil 

572 

806 

482 

* Heated-surface  ignition  environments. 


(b)  Ignition  surfaces,  heated  nickel  or  iron  plates  (reference  24) 

Plate,  0.5  or  1.0  mm  by  45  mm  by  140  mm;  temperatures  measured  by  iron-constantan 
thermocouple  soldered  to  plate.] 


Fuel 

Surface 

ignition 

temperature 

(OF) 

Benzene .i 

1400 

Toluene 

1409 

Ethyl  alcohol ■ 

1274 

C^iohexane 

1125 

n-Pentane 

1085 

7^Heptane- : 

1058 

7i-Decane ! 

1085 

Rumanian  aviation  gasoline 

1085 

Shale-oil  gasoline 

1040 

Green  mineral  oil 

977 

Dimethylcyclohexene 

833 

TABLE  II— EFFECT  OF  IGNITION-SURFACE  COMPOSITION 
ON  SURFACE  IGNITION  TEMPERATURES  OF  SEVERAL 
FUELS  IGNITED  IN  AIR  BY  STATIC  CRUCIBLE  METHOD 
(a)  Data  from  reference  40 

[All  configurations  are  106-cc  cylinders  except  pyrex  surface,  which  is  125-cc  spherica 
configuration.] 


Fuel 

Surface  ignition  temperature 
(°F) 

Pyrex 

Copper 

Low-carbon 

steel 

Chromium 

n-Hexane - 

479 

510 

516 

513 

71-Heptane 

452 

481 

484 

483 

Isobutyl  alcohol 

825 

861 

902 

. 862 

Gasoline  (Socony) 

497 

534 

550 

559 

(b)  Data  from  reference  36 
[Ignition  volume,  1180  cc;  ignition  lag,  1 sec.] 


Fuel 

Surface  ignition 
temperature 
(°F) 

Platinum 

Pyrex 

7i-Pentane  (technical  grade) 

1074 

1009 

7»-Hexane _.r. 

968 

959 

71-Octane 

856 

815 

Isooctane 

1042 

999 

Isododecane.  

993 

930 

Benzene.-. 

1213 

1144 

Toluene 

1171 

1119 

Mesitylenc 

1150 

1110 

p-Xylene 

1144 

1103 

Methyl  alcohol 

1065  . 

997 

Ethyl  alcohol  (abs.) 

1035 

1011 

n-Propyl  alcohol. 

1004 

979 

Benzyl  alcohol 

936 

829 

Isopropyl  alcohol . 

1148 

990 

Isobutyl  alcohol.  

1008 

972 

Isoamyl  alcohol 

964 

840 

Ethylene  glycol 

972 

855 

1 

TABLE  III— EFFECT  OF  OCTANE  NUMBER  ON  SURFACE  IGNITION  TEMPERATURE  OF  UNLEADED  LIQUID  FUELS 
IGNITED  IN  AIR  BY  DYNAMIC  CRUCIBLE  METHOD  OF  IGNITION  (REFERENCE  78) 


Surface  igni- 
tion temper- 
ature 
(OF) 

Flash 

point 

(°F) 

A.S.T.M.  distillation 
(°F) 

Reid  vapor 
pressure 
(lb  at  100°  F) 

Fuel 

Octane 

number 

Initial 

boiling 

point 

Percentage  evaporated 

(») 

10 

50 

90 

Certified  2,2.4-trimethylpentane___  j 

100 

970 

• 211 

211 

211 

211 

1.5 

Paraffinic  safety  fuel--  

99 

930 

;io 

330 

340 

342 

344 

about  0.1 

Straight-run  gasoline  plus  isooctane  plus 

isopentane  (commercial  blend) 

Diisobutylene  (mixture  of  2 isomers) 

85 

b 84  to  100-1- 
75 

910 

880 

220 

158 

max. 

212 

max. 

257 

max. 

7.0 

max. 

Aromatic  safety  fuel. 

790 

110 

327 

338 

354 

381 

about  0.1 

Straight-run  aviation  gasoline 

74 

830 

158 

max. 

212 

max. 

257 

max. 

7.0 

max. 

Certified  7i-heptane 

0 

490  to  530 
0 790 

209 

209 

209 

209. 

1.6 

» Air-flow  rate,  50  ccymin  at  atmospheric  pressure  and  temperature;  fuel  addition,  0.01  ml  from  pipette  at  2-minute  intervals;  ignition  surface, 
stainless  steel. 

Depends  on  knock  test  method.  ’ 

® Nonignition  zone  from  540  to  760°  F. 
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TABLE  IV— EFFECT  OF  ADDITION  OF  TETRAETHYL  LEAD 
ON  SURFACE  IGNITION  TEMPERATURE  OF  SEVERAL 
FUELS  AS  DETERMINED  BY  DYNAMIC  CRUCIBLE 
METHOD 

(a)  Data  from  references  79  and  17 


Fuel 

Ignition 

temperature 

without 

TEL 

(•’F) 

Ignition 
temperature 
increase  with 
TEL 
(‘F) 

Reference 

Pentane.. 

959 

cc 

. 79 

Isohexane 

977 

»83 

79 

Heptane 

806 

» 149 

79 

Gasoline  (Shell) 

860 

» 148 

79 

Benzene 

1274 

»32 

79 

Cyclohexane 

995 

»49 

79 

Methylcy  clohexane 

878 

• 166 

79 

Cetane 

450 

b482 

17 

n-Heptane 

498 

b341 

17 

Isooctane 

985 

b 92 

17 

Isododecane 

932 

b63 

17 

»0.25  percent  by  volume  TEL  added  (approximately  9.5  cc/gal).  (Air- 
flow rate,  330  cc/min;  fuel  drop  size,  0.012-0.013  cc);  ignition  surface,  iron. 

•>3  cc/gal  TEL  added.  (Air-flow  rate,  54  cc/min;  fuel  drop  size,  8 mg); 
ignition  surface,  stainless  steel. 


(b)  Surface  ignition  temperatures  obtained  from  reference  78 


Fuel 


Ignition  tem- 
perature with- 
out TEL 

(OF) 

(“) 


Ignition 
temperature 
increase  with 
TEL 
(op) 

(■*) 


Flash  point 
(op) 


A.  S.  T.  M.  distillation  (°F) 

Reid  vapor 
pressure 
Ob  at  100®  F) 

Initial  boil- 
ing point 

Percentage  evaporated 

10 

50 

90 

209 

209  . 

209 

209 

1.6 

211 

211 

211 

211 

1.5 

330 

340 

342 

344 

about  0.1 

327 

338 

354 

381 

‘ about  0.1 

158 

212 

257 

7.0 

max. 

max. 

max. 

max. 

158 

212 

257 

7. 0 

max. 

max. 

max. 

max. 

Certified  n-heptane 

Certified  2,2,4-trimethylpentane 

Paraffinic  safety  fuel 

Aromatic  safety  fuel 

Straight-run  aviation  gasoline 

Straight-run  gasoline  plus  ^octane  plus  isopentane 
(commercial  blend) 


490-530 

b 790 

40 

970 

90 

930 

60 

790 

90 

830 

40 

910 

50 

110 

110 


» Air-flowrate,  50  cc/min  at  atmospheric  pressure  and  temperature;  fuel  addition,  0.01  ml  from  pipette  at  2-minute  intervals;  ignition  surface,  stainless  steel:  3 cc/gal 
TEL  added. 

b Nonignition  zone  from  540  to  760®  F. 
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TABLE  V— IGNITION  TEMPERATURES  OF  VARIOUS  FUELS  AND  OILS 

(All  results  from  experiments  conducted  at  atmospheric  pressure  and  temperature  unless  otherwise  noted.) 


Fuel 

Fuel  specification 

Reference 

Ignition 

method 

Ignition 

atmosphere 

Igniting  surface 

Ignition 

lag 

(sec) 

Ignition 

tempera- 

ture 

(°F) 

40 

(0 

Air 

Pyrex . 

b50S 

a?  fl°  A P T ‘ initial  boiling  point,  111°  F 

80 

(*) 

Air 

Pyrex. 

50 

532 

40 

(*) 

Air 

Copper - 

>=534 

40 

(■*) 

Air 

Low  carbon  steel 

C550 

80 

(<*) 

Air 

Pyrex 

6 

554 

40 

(“) 

Air 

Chromium..  

c 559 

80 

(^) 

Air 

Pyrex. 

13 

563 

fifi  8°  A P.  L;  unleaded;  73  octane 

61,81 

Air 

Pyrex. — 

570 

ri3  8°  A.  P.  t.;  boiling  range,  109°-327°  F 

SO 

(•) 

Air - 

Pyrex. 

6-7 

590 

A3  8°  A.  P.  T.;  boiling  range,  106°-525°  F 

80 

(•) 

Air.. 

Pyrex 

8 

594 

80 

fa) 

Air 

Pyrex.  - 

624 

63  8°  A.  P I.;  boiling  range,  109°-327°  F . 

f 80 

(a) 

Air 

Pyrex. . 

4-5 

640 

68.9°  A.  P.  I.;  unleaded;  92  octane.  ___  _ 

61,81 

(*) 

Air 

Pyrex.  . . 

734 

6l'81 

(“) 

Air 

Pyrex 

804 

82 

(‘^) 

Oxygen 

Steel 

545 

Unleaded;  75  octane;  aromatic _ _ 

39 

(**) 

Aif-'l  

790 

39 

(d) 

Air. 

930 

39 

(^) 

Air 

960 

78 

(•*) 

Air 

Steel-- 

<60 

830 

83 

Air_._ 

3 

626 

Ofltjnlinp 

16 

(«) 

Air 

Pyrex.. 

865 

Unleaded;  flash  point,  —44°  F 

72 

(0 

Air 

Steel 

473 

A viRtinri  ga«;olinft 

12 

(0 

Air - 

Steel 

7 

599 

A TTlotlATl  OTACnllAP 

X-eaded'  16fl  netanp.’  flash  point,  — 44°  F 

72 

(0 

Air 

Steel 

734 

AVioLiUU  gcldUiiliv* • 
O^iinlinp. 

25 

(*) 

Air 

Copper 

1004 

rij\<sn1inft 

From  shale  oil  

24 

(*) 

Air 

Iron  or  nickel 

1040 

A viRtiGD  g}«n1inp. 

Rumanian  

24  1 

(k) 

Air 

Iron  or  nickel 

1085 

Dflcnlinp 

Unleaded"  flash  point,  — 44°  F . . 

72 

(0 

Air 

Steel - 

>1238 

A vlafinti  CTfiQnlinp 

T.paded"  Iflfl  octane*  fla.sh  point,  — 44°  F 

72 

(8) 

Air 

Steel 

>1238 

«nLViclvLviil  ^ctSUJlXiC^ • 

Oa^iDlinp. 

25 

(0 

Air 

Iron... 

1328 

Oasoline 

Boiling  range,  100°-400°  F;  flash  point,  — 50°  to 

37, 84  ; 

495 

—45°  F;  specific  gravity,  0.75 

f4a*iGlinp. 

38 

Oxygen 

536 

TIP 

85 

Air : 

608 

rif^cnlinp. 

Shell  

79 

(•*) 

Air,.  ..  

Iron 

860 

'ffp|*n<^pnp. 

Water  white  

39 

i^) 

Air. 

520 

'K'pfntipnp 

Flash  point,  108°  F ' 

72 

(0 

Air 

Steel...  - - 

417 

1^pfrn!p.np. 

Fla.sh  point,  108°  F _ . 

72 

(*) 

Air 

Steel 1 - 

1202 

P<5PT1P. 

Flash  point,  100°-165°  F ...  i 

37. 84 

490 

1 11  Vfcfi /^filler  nil 

.<5  A P-  6^  mid-pnnt.inpnf  <;nlvPTit  PYt.rapted 

39 

(d) 

Air 

750 

./ViiLrl  alt  IliUI  ILFatii-ig  Uii 

T/iibrii’at'Dg  nil 

Flash  point,  >500°  F 

78 

i^) 

Air 

Steel 

<60 

750 

IfUbri'^Rti^g  nil 

Fla.sh  point,  482°  F _ . 

72 

(0 

Air 

Steel 

572 

Tiubri^'ati^p  nil 

Flash  point,  482°  F 

72 

(*) 

Air 

Steel. 

806 

Mavnl 

N S 2135 

86 

(*>) 

Air 

Pyrex. 

685 

T^iirhiinA  InViriPiitiniT  nil 

UpPTl-PUp  flash  point  400®  F 

84 

700 

X Lit  U1U\3  111 UI  iVcMfiiig  Uii«  - - 

• Static  crucible  method.  « Lowest  temperature  measured.  • Dynamic  heated-tube  method.  « Liquid  dropped  on  heated  metal  plate, 

b Average  of  five  trials.  ^ Dynamic  crucible  method.  ^ Liquid  dropped  into  heated  / ron  or  steel  tube  (static).  b asTM  D28&-30. 


TABLE  VI— LIMITS  OF  INFLAMMABILITY  OF  GASOLINES  AND  KEROSENE  IN  AIR 


[All  results  are  from  investigations  conducted  at  atmospheric  pressure  and  temperature  unless  othenvise  noted.) 


Fuel 

Specification 

Reference 

Ignition  source 

Ignition  environment 

Lower 

limit 

(“) 

Upper 

limit 

(») 

87 

Spark  or  flame 

Vertical  tube 

1.40 

6.  90 

Specific  gravity,  0.75;  closed-cup  flash  point,  —50°  to  —45°  F.. 
Unleaded;  100  octane;  66.1°  A.  P.  I.;  RVP,  3.25  Ib/sq  in.  at 
77°  F 

Unleaded;  92  octane;  68.9°  A.  P.  I.;  RVP,  3.52  Ib/sq  in.  at 
77°  F 

Unleaded;  73  octane;  66.8°  A.  P.  I.;  RVP,  3.87  Ib/sq  in.  at 
77°  F 

nin«5Pd-ciip  fla.sh  point,  10n°-16.5°  F_  

37, 84 
61 

1.3 

6.0 

Alcohol  flame.. 

Vertical  tube 

1.45 

7.  40 

OacnlinP 

“61 

Alcohol  flame 

Vertical  tube. 

1.50 

7.60 

Ua^UiiXlC  » ^ . 

Oasnlinp 

61 

Alcohol  flame 

Vertical  tube 

1.50 

7.60 

\J  OOUXXXXC-^  ^ . 

TTpmcpnp 

37, 84 

Alcohol  flame 

Vertical  tube 

1.50 

7. 60 

1.16 

. 6.0 

» Inflammability  limits  are  volumetric  percentages  of  fuel  in  fuel-air  mixture. 
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MEASUREMENTS  OF  AVERAGE  HEAT-TRANSFER  AND  FRICTION  COEFFICIENTS 
FOR  SUBSONIC  FLOW  OF  AIR  IN  SMOOTH  TUBES  AT  HIGH 
SURFACE  AND  FLUID  TEMPERATURES  ^ 

By  Leboy  V.  Humble,  Warren  H.  Lowdermilk.  and  Leland  C.  Desmon 


SUMMARY 

An  investigation  of  Jorced-convection  heat  transfer  and 
associated  pressure  drops  was  conducted  with  air  flowing 
through  smooth  tubes  for  an  over-all  range  of  surface  tempera- 
ture from  to  3050^  R,  inlet-air  temperature  from  555° 
to  i500°  i?,  Reynolds  number  up  to  500, 000 ^ exit  Mach  number 
up  to  1,  heat  flux  up  to  150,000  Btu  per  hour  per  square  foot, 
length-diameter  ratio  from  SO  to  120,  and  three  entrance  con- 
figurations. Most  of  the  data  are  for  heat  addition  to  the  air; 
a few  results  are  included  for  cooling  of  the  air.  The  over-all 
range  of  surface-to-air  temperature  ratio  was  from  O.Jf.6  to  8.5. 

Correlation  of  the  measured  average  heat-transfer  and  friction 
coeflicients  with  heat  addition  by  conventional  methods  wherein 
the  physical  properties  of  the  air  were  evaluated  at  the  average 
air  temperature  resulted  in  considerable  decreases  in  both  the 
Nusseli  number  arid  the  friction  coefficient  at  constant  Reynolds 
number  in  the  turbulent  region,  as  the  ratio  of  surface  tempera- 
ture to  air  temperature  was  increased.  The  eflect  of  surface- 
to-air  temperature  ratio  was  eliminated  by  evaluating  the 
physical  properties  of  air,  including  density,  in  the  Reynolds 
number,  the  Nusselt  number,  and  the  friction  coefficient  at  a 
temperature  higher  than  the  average  air  temperature. 

Correlation  of  the  heat-transfer  coefficients  was  also  affected 
by  increases  in  the  average  air  temperature,  produced  by  in- 
creasing the  inlet-air  temperature,  which  resulted  in  a decrease 
in  the  Nusselt  number.  This  effect  of  temperature  level  was 
reduced  by  using  the  smallest  variation  of  thermal  conductivity 
with  temperature  available  in  the  literature  and  was  eliminated 
when  the  thermal  conductivity  was  arbitrarily  assumed  to 
vary  as  the  square  root  of  temperature. 

INTRODUCTION 

A large  amount  of  data  is  available  in  the  literature  on 
forced-convection  heat  transfer  from  surfaces  to  fluids. 
Most  of  these  data,  however,  have  been  obtained  at  relativ^ely 
low  surface  temperatures  and  heat-flux  densities,  and  do  not 
extend  into  the  range  of  high  temperature  and  flux  that  is 
of  interest  in  many  current  engineering  applications.  In- 
asmuch as  convective  heat  transfer  is  a boundaiy-layer 
phenomenon,  the  severe  temperature  and  velocity  gradients 


in  the  fluid  film  adjacent  to  the  surface  (and  attendant 
variation  in  fluid  properties),  which  accompany  heat  transfer 
at  high  flux  densities,  make  extrapolation  of  existing  data 
for  low  flux  densities  uncertain.  This  possibility  has  been 
previously  recognized;  for  example,  in  references  1 and  2 
it  is  indicated  that  heat  transfer  and  friction  may  depend 
on  both  surface  and  fluid  temperatures. 

An  experimental  investigation  was  undertaken  at  the 
NACA  Lewis  laboratory  during  1948-50  to  obtain  heat- 
transfer  and  related  pressure-drop  information  for  a wide 
range  of  surface  and  fluid  temperatures  and  heat  flux.  As 
part  of  the  general  program,  an  investigation  was  made 
with  air  flowing  through  smooth  tubes.  The  effects  of  such 
variables  as  surface  temperature,  inlet-air  temperature,  and 
tube-entrance  configuration  on  heat  transfer  and  pressure 
drop  have  been  investigated  and  are  reported  in  references 
3 to  6.  The  results  of  references  3 to  6 are  summarized 
herein  and,  in  addition,  previously  unpublished  data  showing 
the  effect  of  tube  length-diameter  ratio  and  inlet-air  tempera- 
ture on  heat- transfer  and  friction  coefficients  at  high  surface 
temperature  and  heat  flux  are  presented.  Most  of  the  data 
are  for  heat  addition  to  the  air;  however,  a few  previously 
unpublished  results  are  included  for  heat  extraction  from 
the  air. 

APPARATUS 

ARRANGEMENT 

A schematic  diagram  of  the  equipment  used  in  the  investi- 
gation is  shown  in  figure  1 (a) . Compressed  air  was  supplied 
through  a pressure-regulating  valve,  cleaner,  and  surge  tank 
to  a second  pressure-regulating  valve  where  the  flow  rate  was 
controlled.  From  this  second  valve,  the  air  flowed  through 
metering  devices  and  a preheater  into  a mixing  tank,  which 
consisted  of  three  concentric  passages  so  arranged  that  the 
air  made  three  passes  through  the  tank  before  entering  the 
test  section.  Baffles  were  provided  in  the  central  passage 
to  insure  thorough  mixing  of  the  air  before  it  entered  the 
test  section.  From  the  test  section  the  air  flowed  through  a 
second  mixing  tank  and  was  discharged  to  the  atmosphere. 
The  test  section,  mixing  tanks,  and  adjoining  piping  were 
thermally  insulated. 


1 Supersedes  NACA  RM  E7L31,  “Heat  Transfer  from  High-Temperature  Surfaces  to  Fluids.  I-Preliminary  Investigation  with  Air  in  Inconel  Tube  with  Rounded  Entrance, 
Inside  Diameter  of  0.4  Inch,  and  Length  of  24  Inches”  by  Leroy  V.  Humble,  Warren  H.  Lowdermilk,  and  Milton  Grele,  1948;  NACA  RM  E8L03,  “Heat  Transfer  from  High-Temperature 
Surfaces  to  Fluids.  II— Correlation  of  Heat-Transfer  and  Friction  Data  for  Air  Flowing  in  Inconel  Tube  with  Rounded  Entrance”  by  Warren  H.  Lowdermilk  and  Milton  D.  Grele,  1949; 
NACA  RM  E50E23,  “Influence  of  Tube-Entrance  Configuration  on  Average  Heat-Transfer  Coefficients  and  Friction  Factors  for  Air  Flowing  in  an  Inconel  Tube”  by  Warren  H.  Lowdermilk 
and  Millon  D.  Grele,  1950;  NACA  RM  E50H23,  “Correlation  of  Forced-Convection  Heat-Transfer  Data  for  Air  Flowing  in  Smooth  Platinum  Tube  with  Long-Approach  Entrance 
at  High  Surface  and  Inlet-Air  Temperatures”  by  Leland  Q.  Desmon  and  Eldon  W.  Sams,  1950. 
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(b)  Typical  test  section  showing  thermocouple  and  pressure-tap  locations. 
Figure  1. — Arrangement  of  apparatus  for  heating  air. 


The  temperature  of  the  air  entering  and  leaving  the  test 
section  was  measured  by  thermocouples  located  downstream 
of  the  mixing  baffles  in  the  entrance  and  exit  mixing  tanks, 
respectively. 

For  the  runs  with  heat  addition  to  the  air,  electric  power 
was  supplied  to  the  test  section  from  a 208-volt,  60-cycle 
supply  line  through  an  auto  transformer  and  a step-down 
power  transformer.  The  low- voltage  leads  from  the  power 
transformer  were  connected  to  flanges  on  the  test  section  by 
flexible  copper  cables.  A voltmeter,  an  ammeter,  and  a 
wattmeter  were  provided  to  measure  the  electric-power 
input  to  the  test  section. 

For  the  runs  with  heat  extraction  from  the  air,  the  electric- 
power  supply  was  disconnected  and  the  test  section  was  sm*- 
rounded  with  a water  jacket.  The  warmed  air  from  the  pre- 
heater was  cooled  in  the  water-jacketed  test  section. 

TEST  SECTIONS 

Most  of  the  investigation  was  conducted  using  test  sections 
fabricated  from  commercial  Inconel  tubing.  The  range  of 
tube-waU  temperature  was  extended  beyond  that  attainable 
with  Inconel  by  using  one  test  section  made  of  platinum 
(reference  6),  which  was  installed  in  a separate  setup  similar 
to  that  shown  in  figure  1 (a).  One  of  the  test  sections  used 


(a)  Long  approach. 

(b)  Right-angle  edge. 

(c)  Bellmouth. 

Figure  2.— Entrances  to  test  sections  . 

for  heating  the  air  is  illustrated  schematically  in  figure  1 (b). 
Flanges  were  attached  to  both  ends  of  the  tube  to  provide 
electric  contact  with  the  power  supply.  The  dimensions  of 
the  various  tubes  used  as  test  sections  in  the  investigation 
were  as  follows: 


Outside-wall  temperatures  were  measured  at  a number  of 
stations  along  the  tube  by  means  of  thermocouples  and  seH- 
balancing  indicating-type  potentiometers.  Chromel-alumel 
thermocouples  were  used  with,  the  Inconel  test  sections,  and 
platinum — platinum-rhodium  thermocouples,  with  the  plati- 
num test  section.  In  general,  at  each  station  along  the  tube, 
two  thermocouples  were  located  diametrically  opposite  and 
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the  average  of  the  two  temperatures  was  taken  as  the  outside- 
wall  temperatui*e  at  the  station.  vStatic-pressure  taps  were 
located  at  intervals  along  each  of  the  Inconel  test  sections. 

Investigations  were  made  witfT'Iieat  addltioh  to  the  air 
using  three  types  of  entrance  on  the  24-inch  Inconel  tube 
(reference  5).  The  entrances,  shovm  in  figure  2,  were 
(a)  long  approach,  (b)  right-angle  edge,  and  (c)  bellmouth. 

The  cooling  data  were  obtained  with  an  Inconel  test  section 
having  a length-diameter  ratio  of  60  and  a bellmouth  en- 
trance. 

PROCEDURE 


The  following  general  procedure  was  used  in  obtaining  the 
experimental  data:  For  the  heating  runs,  the  inlet-air  tem- 
perature was  set  at  the  desired  value,  the  inlet-air  pressure 
was  adjusted  to  give  the  minimum  desired  flow  rate  (mini- 
mum Keynolds  numbei*),  and  the  electric-power  input  was 
adjusted  to  give  the  desired  tube- wall  temperature.  After 
equilibrium  conditions  had  been  attained,  electric-power 
input,  flow  rate,  temperatures,  and  pressures  were  recorded. 
The  air  flow  and  the  power  input  were  then  increased  in 
increments  (to  increase  the  Reynolds  number  while  main- 
taining constant  wall  temperature)  and  data  were  recorded 
after  each  incremental  increase.  The  foregoing  procedure 
was  repeated  for  a range  of  tube-wall  temperatui-e  with  each 
of  the  various  test  sections  and  entrance  configurations. 

For  the  cooling  runs,  the  inlet-air  pressure  was  adjusted  to 
give  the  minimum  desired  aii-flow  rate  at  the  desired  inlet-air 
temperature.  The  water-flow  rate  in  the  water  jacket  was 
set  at  a constant  value.  After  equilibrium  conditions  were 
obtained,  the  data  were  recorded  as  in  the  heating  runs. 
The  inlet-air  pressure  was  then  incrementally  varied  to  cover 
a range  of  Reynolds  number  while  maintaining  constant 
inlet-air  temperature.  The  foregoing  proced  ure  was  repeated 
for  a range  of  inlet-air  temperature. 

The  over-all  range  of  conditions  for  which  data  were  ob- 
tained is  summarized  in  the  following  table : 


Refer- 

ence 

Tube  ma- 
terial 

Length- 

diameter 

ratio 

Entrance 

type 

Maxi- 

mum 

bulk 

Reynolds 

number 

Average 
tube- wall 
tempera- 
ture 

rm 

Inlet-air 

tempera- 

ture 

(°R) 

Maxi- 

mum 

exit 

Mach 

number 

3 

Inconel 

60 

Bellmouth.. 

250,000 

6SO-1700 

535 

1.0 

4 

,_.do 

60 

do...„.. 

500,000 

535-2050 

535 

1.0 

5 

...do 

60 

Long  ap- 
proach, 
right  angle 

375,000 

535-1960 

535 

1.0 

6 

Platinum . 

46 

Long  a p- 
proach 

320,000 

980-3050 

535-1160 

0.6 

(“) 

Inconel 

30 

Bellmouth.. 

390,000 

535-1685 

535 

1.0 

(•) 

(•),  i^) 

...do*. 

120 

do 

282,000 

535-1850 

5.35-1460 

1.  0 

...do. 

60 

do 

250,000 

535-585 

535-1500 

1.0 

» Previously  unpublished. 
»>  Cooling  data. 


The  over-all  range  of  heat-flux  density  encountered  in 'the 
investigation  was  from  500  to  150,000  Btu  per  hour  per 
square  foot  of  heat-transfer  area. 

213037—53 23 


SYMBOLS 

The  following  symbols  are  used  in  the  report: 

Cp  specific  heat  of  air  at  constant  pressure 

(Btu/(lb)  (°F)) 

D inside  diameter  of  test  section  (ft) 

/ average  friction  coefficient 

//,  is  modified  average  friction  coefficient 

G mass  velocity  (mass  flow  per  unit  cross- 

sectional  area)  (lb/(hr)  (sq  .ft)) 
g ’ acceleration  due  to  gravity  (4.17X10® 

ft/lir^) 

h ^ average  heat-transfer  coeflicient  (Btu/(hr) 

(sq  ft)  CF)) 

k thermal  conductivity  of  air  (Btu/(hi’) 

(sqft)  (^F/ft)) 

kt  thermal  conductivity  of  test-section  ma- 

terial (Btu/(hr)  (sq  ft)  (°F/ft)) 

L heat-transfer  length  of  test  section  (ft) 

P absolute  total  or  stagnation  pressure 

(lb/(sq  ft)) 

p absolute  static  pressure  (lb/(sq  ft)) 

At?  over-all  static-pressure  drop  across  test 

section  (lb/(sq  ft)) 

At?/,.  friction  static-pressure  drop  across  test 

section  (lb/(sq  ft)) 

Q rate  of  heat  transfer  to  air  (Btu/hr) 

B gas  constant  for  air  (53.35  ft-lb/(Ib)  (°F)) 

r radius  of  test  section  (ft) 

S heat-transfer  area  of  test  section  (sq  ft) 

T total  or  stagnation  temperature  (°R) 

Tft  average  bulk  temperature,  defined  by 

(Ti+T2)/2,  (°R) 

Tf  average  film  temperature,  defined  b}^ 

(T,+  n)/2,  (°R) 

To.75  average  film  temperature,  defined  by 

T,+0.75  (T,-r,),  (°R) 

To  average  outside- wall  tenyperature  of  test 

section  (°R) 

Ts  average  inside-wall  (surface)  temperature 

of  test  section  (°R) 

t static  temperature  (°R) 

V velocity  (ft/hi-) 

Vav  average  velocity,  defined  by  G/pavj  (ft/lir) 

W air  flow  (Ib/lir) 

X distancedrom  entrance  of  test  section  (ft) 

7 ratio  of  specific  heats  of  air 

fi  absolute  viscosity  of  air  (lb/(hr)  (ft)) 

p . density  of  air  (lb/(cu  ft)) 

Pav  average  density  of  air  defined  by  (P1+P2/) 

R (lb/(cu  ft)) 

Prandtl  number 
Reynolds  number 


Cpplk 

GDIp 

pfVJDjpf 

P^0.75^'V^^/M0.7o 

PsVJDjps 

hDjk 


modified  Reynolds  number 


Nusselt  number 


/ 
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Subscripts: 

1 

2 

i 

o 

b 

j 

0.75 

8 


test-section  entrance 
test-section  exit 
inner  surface  of  test  section 
outer  surface  of  test  section 
bulk  (when  applied  to  properties,  in- 

dicates evaluation  at  average  bulk 
temperature 

film  (when  applied  to  properties,  in- 

dicates evaluation  at  average  film 
temperature  Tf) 

film  (when  applied  to  properties,  in- 

dicates evaluation  at  T0.75) 
surface  (when  applied  to  properties, 

indicates  evaluation  at  average  inside- 
wall temperature  of  test  section  T,) 

METHOD  OF  CALCULATION 


extrapolated  considerably  beyond  the  range  of  experimental 
data  in  the  reference  reports  and  have  been  extrapolated 
stiU  further  in  figure  3 to  cover  the  temperature  range  of  the 
present  investigation.  The  upper  temperature  hmits  of  the 
experimental  data  upon  which  values  of  thermal  conductivity 
from  references  7,  8,  and  10  are  based  are  1050®,  1360°,  and 
1215®  E,  respectively. 

Except  where  otherwise  stated,  the  physical  property  data 
of  references  7 . and  8 are  used  in  the  present  report. 

Determination  of  surface  temperature. — The  average 
outside-wall  temperature  of  the  test  section  was  obtained 
by  measuring  the  area  under  a curve  of  the  temperature 
distribution  (as  obtained  from  thermocouple  readings)  alcng 
the  heat- transfer  length  and  dividing  the  area  by  this  length. 

For  the  heating  runs,  the  average  inside-wall  (surface) 
temperature  T,  was  then  calculated  by  the  following  equation 
(derived  in  reference  11) : 


Physical  properties  of  air. — The  physical  properties  of  air 
used  in  the  present  investigation  are  shown  in  figure  3 as 
functions  of  temperature.  The  solid  curves  are  from  references 
7 and  8,  and  are  in  agreement  ^\^th  the  values  of  reference  9. 
The  dashed  curve  for  thermal  conductivity  is  from  reference 
10.  The  dotted  curve  represents  values  of  thermal  con- 
ductivity assumed  herein  to  vary  as  the  square  root  of  tem- 
perature and  its  use  will  be  discussed  in  a subsequent  section. 
The  thermal  conductivities  from  references  7 to  10  were 


Ts=To 


Q 

2TrLkt{vo^—ri^) 


To  ro^  — Vi^\ 

U 2 ) 


(1) 


In  equation  (1),  the  assumptions  are  made  that  heat  is  gen- 
erated uniformly  across  the  tube-wall  thickness  and  that  the 
heat  flow  from  every  point  in  the  tube  material  is  radially 
inward.  For  the  present  investigation,  the  radial  temperature 
drop  through  the  tube  wall,  calculated  from  equation  (1), 
was  very  small  compared  with  the  difference  between  the 
average  inside-wall  and  the  air  bulk  temperature. 

For  the  cooling  runs,  the  thermocouples  were  imbedded  in 
the  test-section  wall  and  were  assumed  to  measure  the  inside- 
wall temperature,  inasmuch  as  the  calculated  temperature 
drops  through  the  wall  were  small. 

Heat- transfer  coefficients. — The  average  heat-transfer 
coefficient  h was  computed  from  the  experimental  data  by 
the  relation 


WCUT2-T,) 

S{T-T,) 


(2) 


The  use  of  the  total  air  temperature  T&  instead  of  adiabatic 
wall  temperature  was  considered  justified  because  the  differ- 
ence between  these  temperatures  was  small  compared  with 
the  difference  between  the  average  surface  and  air  (or 
adiabatic  wall)  temperatures. 

Correlation  of  the  average  heat-transfer  coefficients  with 
the  pertinent  variables  is  discussed  in  the  section  RESULTS 
AND  DISCUSSION. 

Friction  coefficients. — Friction  data  were  obtained  with 
and  without  heat  transfer.  Average  friction  coefficients  were 
calculated  from  the  experimental  pressure-drop  data  as  fol- 
lows: The  friction  pressure  drop  was  obtained  by  subtracting 
the  calculated  momentum  pressure  drop  from  the  measui^ed 
static-pressure  drop  across  the  test  section.  Thus 


Apf,=Ap~(V2~  V,)=Ap 


G^R  / ^2  \ 

(j  \¥2~¥i) 


Figure  3.— Variation  of  thermal  conductivity,  absolute  viscosity,  specific  heat,  and  Prandtl 
number  of  air  with  temperature. 


(3) 
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where  U and  ^2,  the  absolute  static  temperatiu'es  at  entrance 
and  exit  of  the  test  section,  respectively,  were>  in  general, 
calculated  from  the  measured  values  of  air  flow,  static  pres- 
sine,  and  total  temperature  by  the  following  equation,  which 
is  obtained  by  combining  the  perfect  gas  law,  the  equation  of 
continuity,  and  the  energy  equation: 

(4) 

For  the  bellmouth  entrance,  it  was  found  that  the  entrance 
static  temperature  U could  be  represented  with  sufficient 
accuracy  by  the  relation 


Y— I 
7 


(5) 


In  equation  (5)  the  total  pressure  at  the  test-section 
entrance  P\  was  assumed  to  be  equal  to  the  static  pressure  in 
the  entrance  mixing  tank,  where  the  velocity  was  neghgible. 

Average  friction  coefficients  were  calculated  by  dividing 
the  friction  pressure  drop  by  four  times  the  length-diameter 
ratio  of  the  tube  times  a dynamic  pressure.  The  density  in 
the  dynamic  pressure  was  computed  in  three  ways,  resulting 
in  three  definitions  of  friction  coefficient. 

The  first  of  these  friction  coefficients  was  based  on  a 
density  evaluated  at  the  average  static  pressure  and  tem- 
perature of  the  air  in  the  tube ; thus 


where 


y ^Pfr  _gPaAPf, 

^ A PavVav^  o ^ n2 
2g 

(6) 

1 / Pi  + Pi\ 

(7) 

In  the  other  two  definitions  of  friction  coefficient,  the 
density  was  evaluated  at  the  film  temperature  T;  and  at 
the  average  surface  temperature  resulting  in  equations 
(8)  and  (9),  respectively: 


y*  ^Vfr  / Pav\  e(  \ j 


D 2g 


^ ^Vfr  / Pav\  / 

J^-LpsVJ  \pj^  + 


(8) 


(9) 


2g 

Correlation  of  the  friction  data  is  discussed  in  the  following 
section. 

RESULTS  AND  DISCUSSION 

AXIAL  WALL-TEMPERATURE  DISTRIBUTIONS 

Representative  axial  wall-temperature  distributions 
obtained  with  heat  addition  to  the  air  in  an  Inconel  tube 
having  a length-diameter  ratio  of  60  and  a belhnouth  entrance 


are  shown  in  figure  4.  The  outside-waU  temperature  is 
plotted  against  the  ratio  of  the  distance  from  the  tube 
entrance  to  the  heat-transfer  length  xjL  for  five  different 
rates  of  heat  transfer  to  the  air.  The  rate  of  heat  transfer 
to  the  air,  the  air  flow,  the  average  inside  tube-wall  tem- 
perature, and  the  temperature  rise  of  the  air  are  tabulated. 

The  wall  temperature  increases  almost  linearly  over  the 
major  portion  of  the  tube  length,  and  the  slope  of  this  part 
of  the  curve  increases  with  an  increase  in  rate  of  heat  input. 
The  large  axial-temperature  gradients  at  the  entrance  and 
exit  of  the  test  section  are  the  result  of  conduction  losses 
through  the  electric  connector  flanges  and  cables. 

The  curves  in  figure  4 are  typical;  similar  trends  were 
obtained  with  other  entrances  and  for  other  length-diameter 
ratios. 


1 » — 

Length  of  test  section.  L 

Figure  4. — Representative  outside-wall  temperature  distribution  for  various  amounts  of  heat 
input  to  air.  Reynolds  number,  approximately  140,000;  Inconel  tube;  length-diameter 
ratio,  60;  bellmouth  entrance;  inlet-air  temperature,  535®  R. 


CORRELATION  OF  HEAT-TRANSFER  COEFFICIENTS 


Conventional  correlation  based  on  average  air  tempera- 
ture.— Forced-convection,  turbulent-flow,  heat-transfer  co- 
efficients are  generally  correlated  with  other  pertinent  vari- 
ables by  means  of  the  familiar  relation  in  which  Nusselt 
number  divided  by  Prandtl  number  to  a power  (generally 


0.4) 


hD 


Tim 


is  plotted  agamst  Rejmblds  number  GD/p^ 


and  in  which  the  physical  properties.,  of  the  fluid  (specific 
heat,  viscosity,  and  thermal  conductivity)  are  usually  eval- 
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iiated  at  the  average  fluid  temperature.  Results  obtained 
by  heating  air  flowing  through  an  Inconel  tube  having  a 
length-diameter  ratio  of  60  and  a bellmouth  entrance 
(reference  4)  are  plotted  in  this  manner  in  figure  5 (a). 
The  data  shown  are  for  an  inlet-air  total  temperature  of 
535°  R and  cover  a range  of  Reynolds  number  from  about 
7000  to  500,000.  Included  for  comparison  is  the  average 
line  obtained  by  McAdams  (reference  2)  from  correlation 
of  the  results  of  various  investigators.  The  equation  cor- 
responding to  this  reference  line  is 


(a)  Physical  properties  of  air  evaluated  at  average  bulk  temperature. 

(b)  Physical  properties  of  air  evaluated  at  average  surface  temperature. 

Figure  5.— Conventional  methods  of  correlating  heat-transfer  coefficients.  Inconel  tube; 

length-diameter  ratio,  60;  bellmouth  entrance;  inlet-air  temperature,  535°  R. 


A family  of  parallel  lines  representing  the  various  surface- 
to-air  temperature  ratios  and  having  slopes  of  about  0.8  at 
Reynolds  numbers  above  approximately  25,000  is  obtained. 

The  data  for  low  surface  temperatures  ( 605°  R)  are  in 
reasonable  agreement  with  the  reference  line;  however,  as 
the  surface  temperature  is  raised  the  data  fall  progressively 
below  the  reference  line.  For  example,  at  a Reynolds 
number  of  70,000,  an  increase  in  from  1.1  to  2.5 

(corresponding  to  an  increase  in  surface  temperature  from 
605°  to  2050°  R)  results  in  a decrease  in  the  ordinate 
parameter  of  about  38  percent.  Inasmuch  as  the  corre- 
sponding change  in  Prandtl  number  to  the  0.4  power  is 
small,  about  the  same  percentage  decrease  occurs  in  Nusselt 
number. 

The  results  shown  in  figure  5 (a)  are  typical  of  those 
obtained  with  other  entrance  configurations  and  length- 
diameter  ratios. 

» 

Conventional  correlation  based  on  surface  temperature. — 
The  heat-transfer  data  of  figure  5 (a)  are  replotted  in  fig- 
ure 5(b),  where  in  the  physical  properties  of  the  air  are  evaluated 
at  the  average  inside-wall  temperature  T^.  The  line  repre- 
senting equation  (10),  but  with  the  physical  properties 
evaluated  at  is  included  for  comparison.  The  data  again 
show  a separation  with  surface  temperature  level,  which  in 
this  case  is  greater  than  when  the  properties  are  evaluated 
at  the  bulk  temperature.  The  use  of  any  temperature 
between  these  extremes  would,  of  course,  cause  an  inter- 
mediate amount  of  separation  of  the  data. 

In  references  1 and  12,  heat-transfer  coefficients  were 
predicted  for  fully  developed  flow  of  fluids  having  a Prandtl 
number  of  1.0  in  smooth  tubes.  The  analyses  took  into 
consideration  the  radial  variation  of  fluid  properties  and 
indicated  an  efl’ect  of  surface-to-fluid  temperature  ratio 
analogous  to  that  shown  in  figure  5. 

Effect  of  surface-to-fluid  temperature  ratio. — The  magni- 
tude of  the  effect  on  the  heat-transfer  correlations  of  surface- 
to-fluid  temperature  ratios  greater  than  1.0  is  illustrated 
more  clearly  in  figure  6.  Lines  are  shown  for  which  the  air 
properties  are  evaluated  at  bulk  temperature  film  temper- 
ature Tf,  and  surface  temperature  T^.  The  lines  correspond- 
ing to  evaluation  of  properties  at  and  T,  are  cross  plots 
of  the  data  at  a Reynolds  number  of  100,000  from  fig- 
ures 5 (a)  and  5 (b),  respectively.  The  line  corresponding  to 
evaluation  of  air  properties  at  Tf  was  obtained  from  a plot 
similar  to  those  of  figure  5. 

A series  of  straight  lines  is  obtained,  which  intersect  at 
TJTi,  of  1.0,  at  which  point  the  ordinate  parameter  has  the 
value  predicted  by  equation  (10).  The  lines  have  increas- 
ingly greater  negative  slopes  as  the  temperature  at  which 
the  fluid  properties  are  evaluated  is  increased.  For  example, 
an  increase  in  TJTt,  from  1.0  to  2.5  results  in  a decrease  in 
the  ordinate  parameter  of  about  40  percent  when  the  prop- 
erties are  evaluated  at  T*,  of  48  percent  when  evaluated  at 
77,  and  of  54  percent  when  evaluated  at  T,. 
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Appreciable  error  can  be  made  (fig.  6)  if  conventional  heat- 
transfer  correlation  equations  are  used  to  compute  heat- 
transfer  coefficients  for  surface-to-fluid  temperature  ratios 
appreciably  greater  than  1.0. 

Modified  correlation  based  on  surface  temperature. — 
The  slope  of  the  line  in  figure  6 corresponding  to  evaluation 
of  the  fluid  properties  at  T,  is  —0.8.  The  ordinate  in  this 
case  is  ^ and  the  corresponding  Reynolds 

number  is  defined  by  GDjyL,.  Inasmuch  as  at  T,/ 7*5=  1.0 
equation  (10)  applies,  it  might  be  expected  that  the  effect 
of  could  be  eliminated  by  incorporating  the  term 

(Tft/T,)®  ® in  equation  (10)  with  the  properties  evaluated  at 
T,.  Thus 


number  divided  by  Prandtl  number  to  the  0.4  power  is 
plotted  against  the  modified  Reynolds  number 

The  use  of  the  modified  Reynolds  number  eliminates  the 
trends  with  respect  to  surface-to-bulk  temperature  ratio,  so 
that  for  the  range  of  surface  temperature  and  Reynolds 
number  shown  the  data  can  be  represented  with  good  accu- 
racy by  a single  line.  For  modified  Reynolds  numbers 
above  about  10,000,  the  data  can  be  represented  very  well 
by  equation  (14). 

Effect  of  entrance  configuration. — Heating  data  obtained 
with  an  Inconel  tube  having  a length-diameter  ratio  of  60 
and  both  long-approach  and  right -angle -edge  entrances  are 
shown  in  figure  8.  The  coordinates  are  the  same  as  in  fig- 
ure 7,  and  the  line  representing  the  data  of  figure  7 (bellmouth 
entrance)  is  included  in  the  figure. 


If  the  difference  between  total  and  static  temperatures  is 
neglected. 


and  the  following  relation  is  obtained  by  letting  &: 


Equation  (13)  defines  a modified  form  of  Reynolds  number 
in  which  the  conventional  mass  velocity  G is  replaced  by  the 
product  of  air  density  evaluated  at  the  average  surface  tem- 
perature p,  and  air  velocity  evaluated  at  the  average  bulk 
temperature  Substituting  equation  (13)  in  equation  (11) 
gives 

The  data  of  figure  5 are  replotted  in  figure  7.  Nusselt 


Figure  6.— V’^ariation  of  Nusselt  number  divided  by  Prandtl  number  to  0.4  power  with  ratio 
of  surface-to-bulk  temperature  using  conventional  methods  of  correlating  heat-transfer 
coefficients.  Reynolds  number,  100,000;  Inconel  tube;  length-diameter  ratio,  60;  bellmouth 
entrance;  inlet-air  temperature,  535®  R. 


Figure  7.~Modified  method  of  correlating  heat-transfer  coefficients.  Inconel  tube;  length- 
diameter  ratio,  60;  bellmouth  entrance;  inlet-air  temperature,  535®  R;  physical  properties  of 
air  evaluated  at  surface  temperature. 


The  long-approach  and  bellmouth  entrances  tend  to  pro- 
vide fully  developed  and  uniform  velocity  profiles,  respec- 
tively, at  the  inlet  to  the  test  section.  The  right-angle-edge 
entrance  is  typical  of  most  tube-type  heat  exchangers. 

As  shown  in  figure  8,  the  data  obtained  with  the  long- 
approach  and  right-angle-edge  entrances  can  be  represented 
with  good  accuracy  by  the  line  which  best  fitted  the  data  for 
the  bellmouth  entrance  shown  in  figure  7.  It  may  be  con- 
cluded that  the  average  heat-transfer  coefficient  is  negligibly 
affected  by  the  entrance  configurations  investigated,  at  least 
for  length-diameter  ratios  of  the  order  of  60  or  greater. 

Effect  of  length-diameter  ratio. — Heating  data  obtained 
with  Inconel  tubes  having  length-diameter  ratios  of  30  and 
120  and  with  a platinum  tube  having  a length-diameter 
ratio  of  46  (reference  6)  are  shown  in  figure  9 (a).  The 
coordinates  are  the  same  as  in  figures  7 and  8 and  the  line 
(shown  solid)  representing  the  data  of  figures  7 and  8,  which 
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are  for  a length-diameter  ratio  of  60,  is  included.  The  In- 
conel tubes  had  bellmouth  entrances,  and  the  platinum  tube 
had  a long-approach  entrance ; however,  as  indicated  in  figure 
8,  the  effect  of  entrance  configuration  is  negligible. 

A small  trend  with  respect  to  length-diameter  ratio  is 
evident  in  the  turbulent  region.  The  data  for  length- 
diameter  ratios  less  than  60  tend  to  fall  parallel  to,  but  above, 
the  reference  line,  whereas  the  data  for  a length-diameter 
ratio  of  120  fall  below  the  line.  This  effect  of  length- 


Modified  Reynolds  number^ 

Ms 


Fiouee  8.— Effect  of  entranoe  configuration  using  modified  method  of  correlating  heat- 
transfer  coefficients.  Inconel  tube;  length-diameter  ratio,  60;  inlet-air  temperature,  535°  R; 
physical  properties  of  air  evaluated  at  surface  temperature. 


diameter  ratio  has  been  observed  by  other  investigators  (see, 
for  example,  references  1 and  13)  and  was  accounted  for  by 
including  a power  function  of  the  length-diameter  ratio  in 
the  general  correlation  equation.  The  exponent  0.054  is 
quoted  in  reference  1 and  the  value  0.1  is  quoted  in  refer- 
ence 13.  The  exponent  0.1  applies  best  for  the  present  data 
and  accordingly  the  data  of  figures  7 and  9 (a),  corrected  for 
the  effect  of  length-diameter  ratio,  are  replotted  in  figure  9 (b). 

The  correction  for  length-diameter  ratio  appreciably  im- 
proves the  correlation  for  modified  Reynolds  numbers  above 
approximately  10,000,  and  in  this  region  the  data  can  be 
represented  by  the  following  equation: 


(15) 


The  constant  0.034  is  0.023  (equation  (14))  multiplied  by 
60®  ',  where  60  is  the  length-diameter  ratio  of  the  tube  used 
in  obtaining  the  data  upon  which  equation  (14)  is  based. 

The  data  for  modified  Reynolds  numbers  below  about 
10,000  show  a trend  with  respect  to  length-diameter  ratio 
and  cannot  be  represented  by  a single  line. 


(a)  Uncorrected  for  effect  of  length-diameter  ratio. 

(b)  Corrected  for  effect  of  length-diameter  ratio. 

Figure  9.— Effect  of  ratio  of  length  to  diameter  using  modified  method  of  correlating  heat 
transfer  coefficients.  Inconel  and  platinum  tubes;  inlet-air  temperature,  535°  R;  physical 
properties  of  air  evaluated  at  surface  temperature. 

The  data  shown  in  figure  9 for  the  platinum  tube  {Lj!),  46) 
were  obtained  for  surface  temperatures  up  to  3050°  R and 
surface-to-air  temperature  ratios  up  to  3.5;  it  is  of  interest 
that,  for  this  extended  range  of  temperature,  the  data  are 
correlated  with  negligible  scatter  by  use  of  the  modified 
Reynolds  number. 

Effect  of  air  temperature. ^ — The  data  presented  thus  far 
were  obtained  with  an  inlet-air  temperature  of  about  535°  R. 
A wide  range  of  surface  temperature  and  corresponding 
surface-to-air  temperature  ratio  was  investigated.  In  order 
to  determine  whether  the  correlation  applied  for  a wider 
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range  of  air  temperature,  tests  were  made  in  which  the  inlet- 
air  temperature,  and  hence  average  air  temperature,  was 
varied.  The  results  are  shown  in  figure  10. 

Inspection  of  figure  10  indicates  that  the  ordinate  param- 
eter decreases  as  the  inlet-air  temperature  and  the  corre- 
sponding average  air  temperature  increase.  For  example, 
in  figure  10  (a),  at  a Reynolds  number  of  approximately 
100,000  and  a surface  temperature  of  approximately  1800°  R, 
an  increase  in  inlet-air  temperature  from  535°  to  1460°  R 
(with  a corresponding  decrease  in  from  1.9  to  1.2) 

results  in  a reduction  in  the  ordinate  parameter  of  about  24 
percent.  The  ordinate  parameter  would  decrease  further 
if  the  inlet  temperature  were  increased  until  T^jTi,  was 
approximately  1.0.  At  constant  values  of  the 

ordinate  parameter  varies  approximately  as  temperature 
to  the  —0.2  power. 

As  much  as  one-fourth  of  the  observed  separation  of  the 
data  with  temperature  level  may  be  caused  by  experimental 
error  in  measuring  air  temperature  at  the  high  temperature 
levels.  Inasmuch  as  there  is  a considerable  variation  in  the 
reported  values  of  thermal  conductivity  at  high  tempera- 
ture, as  is  evident  in  figure  3,  the  effect  may  be  partly  or 
entirely  the  result  of  using  improperly  extrapolated  values 
of  thermal  conductivity. 

The  values  of  conductivity  from  references  7 and  8,  which 
have  been  used  thus  far  in  correlating  the  present  data, 
vary  approximately  as  the  0.85  power  of  the  absolute 
temperature.  The  values  from  reference  10  vary  approxi- 
mately as  the  0.73  power  of  the  temperature.  Inasmuch  as 
the  ordinate  parameter  of  figure  10  varies  inversely  as 
conductivity  to  the  0.6  power,  the  conductivity  would  have 
to  vary  as  temperature  to  the  0.85  power  minus  0.2  divided 
by  0.6,  or  to  the  0.5  power,  in  order  to  completely  eliminate 
the  effect  of  temperature  level  in  figures  10  (a)  and  (b). 

Inspection  of  figures  5 and  6 indicates  that  the  use  of 
smaller  values  of  thermal  conductivity  at  high  temperatures 
in  correlation  of  the  data  would  also  result  in  a decrease 
of  the  effect  of  surface-to-air  temperature  ratio,  so  that 
correlation  of  the  data  according  to  equation  (15),  in  which 
the  fluid  physical  properties  and  density  are  evaluated  at  the 
surface  temperature,  would  result  in  an  overcorrection 
of  the  data  with  increasing  values  of  surface-to-air  temper- 
ature ratio.  A relation  of  the  form  of  equation  (15)  can, 
however,  be  used  for  correlation  of  the  data  by  evaluating 
the  fluid  physical  properties  and  density  at  a reference 
temperature  lower  than  the  surface  temperature.  For 
example,  if  conductivity  is  assumed  to  vary  as  temperature 
to  the  0.73  power,  the  effect  of  surface-to-air  temperature 
ratio  can  be  decreased  by  using  a reference  temperature 
To.75  midway  between  7’/®-^^  1^  conductivity  is  assumed 

to  vary  as  the  square  root  of  temperature,  the  effect  can 
be  eliminated  by  using  the  film  temperature  Tf  as  the 
reference  temperature. 

In  order  to  illustrate  the  effect  of  using  smaller  values  of 
thermal  conductivity  at  high  temperatures,  the  data  of 


(a)  Physical  properties  of  air  evaluated  at  surface  temperature;  thermal  conductivity  propor- 

tional to  r*  M;  Inconel  tube;  length-diameter  ratio,  120. 

(b)  Physical  properties  of  air  evaluated  at  surface  temperature;  thermal  conductivity  propor- 

tional to  T»  W;  platinum  tube;  length-diameter  ratio,  46. 

Figure  10.— Effect  of  inlet-air  temperature  using  modified  method  of  correlating  heat-transfer 

coefficients. 


figure  10  (a)  are  replotted  in  figure  10  (c)  using  the  conduc- 
tivity data  of  reference  10,  and  with  the  physical  properties 
and  density  evaluated  at  the  film  temperature  To.ts-  The 
line  representing  equation  (15),  which  for  the  lower  reference 
temperature  becomes 


hP 

^0.75 


= 0.034 


V MO.75  / \ 


0.75  Mo. 75  V'^  ( ^\ 
A:o.75  / \D) 


-0.1 


(15a) 


is  included  for  comparison. 
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(c)  Physical  properties  of  air  evaluated  at  film  temperature  To  rs;  thermal  conductivity 
proportional  to  To-^3;  inconel  tube. 


(d)  Physical  properties  of  air  evaluated  at  film  temperature.  T/;  thermal  conductivity  propor- 
tional to  -)/Yi  Inconel  tube. 

Figure  10.  Concluded.  Effect  of  inlet-air  temperature  using  modified  method  of  correlating 
heat-transfer  coeflicienis. 

For  an  inlet-air  temperature  of  1460"^  K,  a surface  tem- 
perature of  1850°  K,  and  a Keynolds  number  of  85,000, 
the  ordinate  parameter  is  about  15  percent  below  the  refer- 
ence line.  Comparison  of  figures  10  (a)  and  10  (c)  indicates 
that  the  use  of  the  lower  values  of  conductivity  from  refer- 
ence 10  reduces  the  eflPect  of  temperature  level  by  approxi- 
mately one-half,  or  for  constant  values  of  Ts/Tj,,  the  ordinate 
parameter  varies  as  temperature  to  the  —0.1  power. 


The  data  of  figure  10  (b),  although  not  shown,  would 
fall  within  the  total  separation  of  the  data  in  figure  10  (c). 

Figure  10  (d)  is  included  to  illustrate  the  effect  of  using 
still  lower  values  of  thermal  conductivity  at  high  tempera- 
tures. The  data  are  the  same  as  in  figures  10  (a)  and  10  (c), 
but  in  figure  10  (d)  the  conductivity  is  assumed  to  vary  as 
the  square  root  of  temperature  and  the  physical  properties 
and  density  are  evaluated  at  the  film  temperature  Tf. 
The  line  representing  equation  (15),  which  for  the  reference 
film  temperature  Tf  becomes 

is  included  for  comparison. 

In  figure  10  (d)  it  is  indicated  that  both  the  effects  of  air 
temperature  and  surface-to-air  temperature  ratio  are  elimi- 
nated by  use  of  the  assumed  conductivity-temperature  re- 
lation and  by  evaluation  of  the  physical  properties  and 
density  at  the  film  temperature.  The  data  can  be  repre- 
sented with  good  accuracy  by  equation  (15b). 

No  justification  of  the  arbitrarily  assumed^  conductivity- 
temperature  relation  shown  in  figure  3 can  be  given  other 
than  that  it  results  in  the  best  correlation  of  the  data  reported 
herein.  ' 

Effect  of  heat  extraction. — In  reference  12,  it  is  predicted 
that  with  heat  extraction  from  the  air  the  Nusselt  number 
would  increase  as  the  heat-flux  densit}^  increases,  or  as  the 
surface-to-air  temperature  ratio  decreases.  It  was  further 
found  that  the  effect  could  be  eliminated  by  evaluating  the 
ph^^sical  properties  and  density  at  a reference  temperature 
midway  between  and  T*. 

Tests  were  conducted  to  determine  whether  or  not  the 
effect  of  TsjTf,  on  correlation  of  heat- transfer  coefficients 
was  the  same  for  heat  extraction  as  for  heat  addition.  These 
results  were  obtained  with  an  Inconel  tube  having  a length- 
diameter  ratio  of  60  and  a bellmouth  entrance  for  a range 
of  Tg/Tf,  from  0.46  to  0.82.  The  data  are  correlated  in  the 
conventional  manner  in  figm*e  11  using  thermal  conductivi- 
ties from  references  7 and  8 with  the  physical  properties 
evaluated  at  the  average  temperature  Included  is  the 
line  representing  equation  (10)  modified  for  variation  in 
LJDj  which  becomes 

The  effect  of  a decrease  in  TsjTj,  from  0.82  to  0.46  on  the 
correlation  of  the  data  is  negligible,  and  the  data  can  be 
adequately  represented  by  equation  (16). 

The  data  in  figure  11  do  not  necessarily  show  that  no  * 
effect  of  TgjT^  exists  for  cooling  inasmuch  as  the  use  of  a 
smaller  variation  of  conductivity  with  temperature  would 
result  in  an  increase  in  Nusselt  number  for  a decrease  in 
TJTi,  and  hence  introduce  an  effect  of  TJTi,  into  the  data. 
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Reynolds  number, 

Figure  ll. — Conventional  method  of  correlating  heat-transfer  coefRcients  with  heat  e xtrac 
tion  from  air.  Inconel  tube;  length-diameter  ratio,  60;  bell  mouth  entrance. 


The  effects  of  using  smaller  variations  of  conductivity  are 
shown  in  figures  12  (a)  and  12  (b)  with  the  data  based  on 
the  conductivit}’  data  of  reference  10  and  on  the  assumption 
that  conductivity  varies  as  the  square  root  of  temperature, 
respectively.  In  figure  12  (a),  the  data  are  correlated  ac- 
cording to  equation  (15a)  for  heat  addition.  A considerable 
ovcrcorrection  for  the  effects  of  Tj/Ts  is  obtained,  which 
indicates  that  the  effect  of  Ts/Tf,  for  cooling  is  smaller  than 
that  obtained  for  heating.  In  figure  12  (b),  however,  where 
the  data  are  correlated  according  to  equation  (15b)  for  heat 
addition,  the  separation  of  the  data  is  ver}’^  small,  indicating 
that  for  the  assumption  that  conductivity  varies  as  the 
square  root  of  temperature  the  effect  of  Ts/Tf,  is  the  same 
for  both  the  heating  and  cooling  data,  and  that  both  the 
cooling  and  the  heating  data  can  be  represented  by’  equa- 
tion (15b). 

Summary  plots  of  heat-transfer  data. — Heat-transfer  data 
have  been  shown  for  a range  of  Re^molds  number,  surface 
temperature,  inlet-air  temperatiu'e,  entrance  configuration, 
and  length-diameter  ratio,  and  for  heating  and  cooling  of 
the  air.  The  results  are  summarized  in  figure  13,  which 
shows  on  single  plots  data  from  previous  figures,  which 
include  all  the  foregoing  variables. 

The  data  are  correlated  in  figure  13  (a)  by  the  modified 
method  using  the  thermal  conductivity:  data  of  references  7 
and  8 with  the  physical  properties  and  density  evaluated  at 
Tg.  The  line  representing  equation  (15)  is  included  for 
comparison.  As  previously  sho\vn,  all  the  heating  data  ob- 
tained with  an  inlet-air  temperature  of  535°  R regardless  of 
length-diameter  ratio,  sm-face  temperature,  or  entrance  con- 
figuration can  be  represented  with  good  accuracy  by  the 
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(a)  Physical  properties  of  air  evaluated  at  film  temperature  T0.75;  thermal  conductivity 
proportional  to 
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(b)  Physical  properties  of  air  evaluated  at  film  temperature  7>;  thermal  conductivity  pro- 
portional to  ^fr. 

Figure  12.— Modified  method  of  correlating  heat-transfer  coeflicients  with  heat  extraction 

from  air. 


reference  line.  The  high  inlet-air  temperature  data  and  the 
cooling  data  fall  below  the  reference  line,  so  that  equation 
(15)  does  not  apply  with  desirable  accmacy  for  all  the 
conditions  investigated. 

The  data  of  figure  13  (a)  are  replotted  in  figure  13  (b) 
using  the  thermal  conductivity^  data  from  reference  10,  and 
with  the  plwsical  properties  and  density  evaluated  at  T0.75. 
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(a)  Physical  properties  of  air  evaluated  at  surface  temperature  T,\  thermal  conductivity 
proportional  to  To  w. 


(b)  Physical  properties  of  air  evaluated  at  film  temperature  To.7j;  thermal  conductivity 
proportional  to  TO-73. 

Figure  13 —Summary  plot  of  experimental  data  using  modified  method  of  correlating  heat- 
transfer  coefficients. 

The  line  representing  equation  (15a)  is  included.  Trends 
with  temperature  level  and  with  TJTf,  are  reduced  compared 
with  figure  13  (a).  The  high  inlet-air  temperature  data  and 
the  cooling  data  again  deviate  farthest  from  the  reference 
line. 


(e)  Physical  properties  of  air  evaluated  at  film  temperature  7>;  thermal  conductivity  i>ropor- 

tional  to  -y/T. 

Figure  13.— Concluded.  Summary  plot  of  experimental  data  using  modified  method  of 
correlating  heat-transfer  coefficients. 

Figure  13  (c)  shows  the  data  of  figures  13  (a)  and  13  (b) 
replotted  using  the  assumption  that  thermal  conductivity 
varies  as  the  square  root  of  temperature,  and  with  the 
ph^^sical  properties  and  density  evaluated  at  Tf,  The  line 
representing  equation  (15b)  is  included.  The  conductivity- 
temperature  relation  assumed  in  figure  13  (c)  results  in  the 
best  correlation  of  all  the  present  data.  Trends  with  respect 
to  temperature  level  and  with  for  both  heat  addition 

and  heat  extraction  are  almost  completel}^  eliminated  and 
the  data  can  be  represented  by  equation  (15b). 

CORRELATION  OF  FRICTION  COEFFICIENTS 

Friction  coefficients  without  heat  transfer.^ — Average  half- 
friction coefficients  //2  calculated  b^^  equation  (6)  for  flow 
without  heat  transfer  are  plotted  against  Reynolds  number 
GDlix^  in  figure  14  (a).  Included  for  comparison  is  the  line 
representing  the  Karm^n-Nikuradse  relation  between  friction 
coefficient  and  Reynolds  number  for  incompressible  turbulent 
flow,  which  is 

;^=2log(^^8|)-0.8  (17) 

and  the  line  representing  the  equation  for  laminar  flow  in 
circular  tubes,  which  is 

2 GD 


(18) 
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Reasonably  good  agreement  with  the  Karmto-Nikuradse 
line  is  obtained  for  all  five  configurations  in  the  range  of 
Re\molds  number  corresponding  to  turbulent  flow.  It  is  of 
interest  that  the  Karman-Nikuradse  relation,  which  was  de- 
rived for  incompressible  flow,  applies  with  good  accuracy  to 
compressible  flow,  inasmuch  as  the  present  data  cover  a range 
of  tube-exit  Mach  number  up  to  1.0. 

Figure  14  (a)  illustrates  the  agreement  of  the  data  obtained 
in  the  present  investigation  without  heat  transfer  with  the 
results  of  other  investigators,  which  are  in  general  agreement 
with  equations  (17)  and  (18). 

Friction  coefficients  with  heat  addition. — Representative 
friction  data,  obtained  with  heat  addition  to  the  air,  are  shown 
in  figure  14  (b).  Data  for  no  heat  transfer  (7",/T'&,  1.0),  and 
the  Karman-Nikuradse  and  laminar  flow  lines  are  included 
for  comparison.  These  data  are  for  an  Inconel  tube  having  a 
length-diameter  ratio  of  60  and  a bellmouth  entrance,  and 
were  obtained  simultaneously  with  the  heat-transfer  data  of 
figure  5. 

The  data  for  low  surface  temperatures  (T„  605®  and  675°  R) 
agree  fairly  well  with  those  for  no  heat  addition.  As  the 
surface  temperature  is  increased,  however,  //2  decreases  at 
high  Reynolds  numbers  and  stays  the  same  or  increases  at 


(a)  No  heat  transfer;  Inconel  tubes;  inlet-air  temperature,  535°  R. 

(b)  Heat  addition;  Inconel  tube;  length-diameter  ratio,  60;  bellmouth  entrance;  inlet-air 
temperature,  535°  R. 

Figure  14. — Variation  of  average  half-friction  coefficient  with  Reynolds  number. 


(a)  Viscosity  and  density  evaluated  at  surface  temperature  T,. 

Figure  15.— Variation  of  modified  half-friction  coefficient  with  modified  Reynolds  number 
with  heat  addition.  Inconel  tube;  length-diameter  ratio,  60;  bellmouth  entrance;  inlet-air 
temperature,  535°  R. 


low  Reynolds  numbers,  so  that  the  data  cannot  be  repre- 
sented by  a single  line.  These  results  are  typical  of  those 
obtained  with  other  entrances  and  length-diameter  ratios. 

Modified  friction  coefficient. — ^Various  methods  of  defining 
the  Reynolds  number  and  the  dynamic  pressure  on  which  to 
base  the  average  friction  coefficient  were  tried  in  an  attempt 
to  eliminate  the  trends  shown  in  figure  14  (b).  One  such 
method  was  to  base  the  dynamic  pressure  on  a density  evalu- 
ated at  the  surface  temperature  and  a velocity  evaluated  at 
the  average  air  temperature  and  to  plot  the  resulting  friction 
coefficient  against  the  modified  Reynolds  number  psVJ^jiXi, 
The  friction  coefficient  defined  in  the  foregoing  way  is 
given  by  equation  (9). 

The  results  of  this  method  of  correlating  the  friction  data 
are  illustrated  in  figure  15  (a),  where /,/2  is  plotted  against 
P$Vt,Dlps,  The  data  are  the  same  as  in  figure  14  (b),  and 
curves  representing  the  Karman-Nikuradse  and  the  laminar 
flow  equations  are  again  included. 

In  general,  the  friction  coefficient  is  overcorrected  and 
increases  with  an  increase  in  TJTt,  at  constant  modified 
Reynolds  number.  Figure  15  (a)  is  typical  of  the  results 
obtained  with  other  entrances  and  length-diameter  ratios. 

The  friction  factor  was  also  defined  on  the  basis  of  a 
density  evaluated  at  the  film  temperature  Tf  (equation  (8)). 
The  resulting  friction  coefficient  was  then  plotted  against  the 
modified  Reynolds  number  with  the  density  and  viscosity 
evaluated  at  the  film  temperature  Tf,  The  data  of  figure  15  (a) 
are  replotted  in  this  manner  in  figure  15  (b).  The  trends 
with  TJTi,  are  eliminated  for  Reynolds  number  above 
20,000  and  the  data  can  be  represented  with  reasonable 
accuracy  by  the  Karman-Nikuradse  relation  using  modified 
parameters. 
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Effect  of  entrance  configuration. — Friction  data  obtained 
simultanepusl}^  with  the  heat-transfer  data  of  figure  8 using 
an  Inconel  i tube  (length-diameter  ratio,  60)  with  long- 
approach  and  right-angle-edge  entrances  are  sliowui  in  figure 
16  (a).  Data  for  no  heat  transfer  are  included.  At  Re^uiolds 
numbers  above  20,000,  the  data  of  figm^e  16  (a)  are  in  reason- 
able agreement  with  the  Karman  Ime,  which  was  seen  in 
figure  15  (b)  to  fit  the  bellmouth-en trance  data  with  good 
accuracy.  The  data  for  the  right-angle-edge  entrance  fall 
slightl}'  below  the  reference  line.  No;particular  significance 
can  be  attached  to  this  small  deviation,  however,  and  it  is 
felt  that  the  average  friction  coefficients  for  all  thiTe  entrances 
can  be  approximated  with  sufficient  accuracy  at  modified 
Reynolds  numbers  greater  than  about  20,000  by  the  relation 


H^f 

(b)  Viscosity  and  density  evaluated  at  film  temperature  T/. 


Figure  15. — Concluded.  Variation  of  modified  half-friction  coefficient  with  modified  Rey- 
nolds number  with  heat  addition.  Inconel  tube;  length-diameter  ratio,  60;  bellmouth 
entrance;  inlet-air  temperature,  535°  R. 

Effect  of  length-diameter  ratio  and  inlet-air  tempera- 
ture.— Friction  data  obtained  with  heat  addition  to  the  air 
for  length-diameter  ratios  of  30  and  120  and  for  inlet-air 
temperatures  from  535°  to  1460°  R are  shown  in  figure  16  (h). 
The  data  of  figure  16  (b),  which  are  for  a bellmouth 
entrance,  fall  above  the  Karman  line,  whereas  the  bellmouth 
data  in  figure  15  (b),  which  correspond  to  a length-diameter 
, ratio  of  60,  fall  on  the  line.  No  particular  significance  can  be 
attached  to  these  differences,  however,  and  it  is  felt  that  the 
data  for  the  range  of  length-diameter  ratio  and  inlet-air 
temperature  considered  can  be  represented  with  sufficient 
accurac}^  by  equation  (19). 


(a)  Effect  of  entrance  configuration  with  heat  addition.  Inconel  tube;  length-diameter 

" ratio,  60;  inlet-air  temperature,  535°  R. 

(b)  Effect  of  length-diameter  ratio  and  inlet-air  temperature  with  heat  addition.  Inconel 

tubes. 

(c)  Effect  of  heat  extraction.  Inconel  tube;  length-diameter  ratio,  60. 

Figure  16.— Variation  of  modified  half-friction  coefficient  with  modified  Reynolds  number. 

Effect  of  heat  extraction. — Friction  coefficients  obtained 
simultaneously  with  the  data  of  figure  1 1 for  heat  extraction 
from  the  air  are  shown  in  figure  16  (c).  Data  for  no  heat 
transfer  are  included.  The  coordinates  and  the  reference 
line  are  the  same  as  in  figures  15  (b)  to  16  (b).  The  data  can 
be  represented  with  reasonable  accuracy  by  the  reference  line 
for  turbulent  flow. 
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SUMMARY  OF  RESULTS 

The  results  of  tliis  investigation  of  heat  transfer  and 
associated  pressin*e  chops  conducted  with  air  flowing  tlnnugh 
smooth  tubes  for  a range  of  sui*face-to-au*  temperatuiT  ratio 
from  0.46  to  3.5,  surface  temperature  from  535°  to  3050°  R, 
inlet-air  temperature  from  535°  to  1500°  R,  RcAmolds  num- 
ber up  to  500,000,  exit  Mach  nurriber  up  to  1.0,  length- 
diameter  ratio  from  30  to  120,  and  for  three  entrance  con- 
figurations may  be  summarized  as  follows: 

1.  Conventional  methods  of  correlating  average  heat- 
transfer  coefficients,  wherein  specific  heat,  viscosity,  and 
thermal  conductivity  are  evaluated  at  the  average  air 
temperature,  resulted  in  a considerable  and  progressive 
separation  of  the  data  with  increased  surface-to-air  temper- 
ature ratio  for  heat  addition  to  the  air.  Evaluation  of  the 
ph}'sical  properties  at  the  film  or  surface  temperatui*e,  instead 
of  the  bulk  temperature,  aggi*avated  the  separation. 

2.  Satisfactory  correlation  of  heating  data  obtained  with 
inlet-air  temperatures  near  535°  R was  obtained  for  the  range 
of  sui’face  temperature  considered  when  the  Reynolds  number 
was  modified  by  substituting  the  product  of  air  density  evalu- 
ated at  the  surface  temperature  and  velocit^^  evaluated  at  the 
average  total  air  temperature  for  the  conventional  mass  flow 
per  unit  cross-sectional  area,  and  the  properties  of  the  air 
were  evaluated  at  the  average  surface  temperature. 

3.  Correlation  of  the  heating  data  obtained  at  inlet-air 
temperatures  above  535°  R by  the  modified  method  resulted 
in  a decrease  in  Nusselt  number  for  an  increase  in  average 
air  temperature,  which  was  eliminated  by  the  assumption 
that  the  thermal  conductivity  of  air  varies  as  the  square  root 
of  temperature  and  by  the  evaluation  of  the  physical  prop- 
erties of  air  including  density  at  a temperature  midway 
between  air  and  surface  temperatures  instead  of  at  the 
surface  temperature. 

4.  With  the  assumption  that  thermal  conductivity  varies 
as  the  square  root  of  temperature,  data  obtained  for  cooling 
of  the  air  indicated  that  the  effect  of  surface-to-air  temper- 
ature ratio  was  the  same  as  for  heat  addition,  so  that  both 
heating  and  cooling  data  can  be  represented  by  the  same 
equation. 

5.  The  use  of  different  entrances  to  the  test  section  (that  is, 
a long-approach,  a right-angle-edge,  or  a bellmouth  entrance) 
had  negligible  effect  on  average  heat-transfer  coefficients,  at 
least  for  length-diameiter  ratios  of  60  or  greater. 

6.  Variation  in  tube  length-diameter  ratio  had  a relatively' 
small  effect  on  average  heat-transfer  coeflScients,  which  was 
satisfactorily  accounted  for  by  including  a parameter  for 
length-diameter  ratio  in  the  correlation  equation. 

7.  Friction  coeflScients  for  no  heat  transfer,  calculated 
from  a dymamic  pressiue  based  on  an  average  air  density, 
were  in  good  agi*eement  with  those  obtained  by  other  inves- 
tigators. The  coiTesponding  friction  coeflScients  obtained 


\vith  heat  addition  to  the  air  showed  a considerable  effect  of 
surface-to-air  temperature  ratio  for  the  Reynolds  numbers  in 
the  turbulent  region. 

8.  All  the  friction  data  could  be  represented  with  reason- 
able acciuacy  by  the  Karman-Nikuradse  relation  for  incom- 
pressible tiu'bulent  flow  by  using  a friction  coefficient  cal- 
culated from  a dymamic  pressvue  based  on  a density  evalu- 
ated at  the  film  temperature  and  the  modified  Reymolds 
number  in  which  the  density  and  viscosity  were  evaluated  at 
a temperature  midway  between  the  air  and  surface  tem- 
peratures. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  December  31  ^ 1950 
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ANALYSIS  OF  PLANE-PLASTIC-STRESS  PROBLEMS  WITH  AXIAL 
SYMMETRY  IN  STRAIN-HARDENING  RANGE  > 

By  M.  H.  Lee  Wu 


SUMMARY 

A simple  method  is  developed  Jor  solvmg  plane-plastic-stress 
problems  with  axial  symmetry  in  the  strain-hardening  range 
which  is  based  on  the  deformation  theory  oj  plasticity  employing 
the  finite-strain  concept.  The  equations  defining  the  problems 
are  first  reduced  to  two  simultaneous  nonlinear  difierential 
equations  involving  two  dependent  variables:  (a)  the  octahedral 
shear  strain  y and  (b)  a parameter  indicating  the  ratio  of  principal 
stresses.  By  multiplying  the  load  and  dividing  the  radius  by 
an  arbitrary  constant y it  is  possible  to  solve  these  problems 
without  iteration  for  any  value  of  the  modified  load.  The  con- 
stant is  determined  by  the  boundary  condition. 

This  method  is  applied  to  a circular  membrane  under  pressure y 
a rotating  disk  without  and  with  a central  holCy  and  an  infinite 
plate  with  a circular  hole.  Two  materials y Inconel  X and 
1 6-25-6 y the  octahedral  shear  stress-strain  relations  of  which  do 
not  follow  the  power  laWy  are  used.  Distributions  of  octahedral 
shear  strain  y as  well  as  of  principal  stresses  and  strains  y are 
obtained.  These  results  are  compared  with  the  results  of  the 
same  problems  in  the  elastic  range.  The  variation  of  load  with 
maximum  octahedral  shear  strain  of  the  member  is  also 
investigated. 

The  following  conclusions  can  be  drawn: 

1.  Inasmuch  as  the  ratios  of  the  principal  stresses  remain 
essentially  constant  during  loading  for  the  materials  considered, 
the  deformation  theory  is  applicable  to  this  group  of  problems. 

2.  In  plastic  deformation,  the  distributions  of  the  principal 
strains  and  of  the  octahedral  shear  strain  are  less  uniform  than 
in  the  elastic  range,  although  the  distributions  of  the  principal 
stresses  were  more  uniform.  The  stress-concentration  factor 
around  the  hole  is  reduced  with  plastic  deformation,  but  a high 
strain-concentration  factor  occurs. 

3.  For  the  rotating  disk  and  the  infinite  plate  the  deformation 
that  can  be  sustained  by  the  member  before  failure  depends 
mainly  on  the  maximum  octahedral  shear  strain  of  the  material. 

The  added  load  that  the  member  could  sustain  between  the 
onset  of  yielding  ami  failure  depended  mainly  on  the  octahedral 
shear  stress-strain  relations  of  the  material. 

INTRODUCTION 

In  the  design  of  turbine  rotors,  it  is  desirable  to  know  the 
detailed  stress  and  strain  distributions  in  the  strain-hardening 


range  and  the  increase  in  load  that  can  be  sustained  between 
the  onset  of  yielding  and  failure.  It  is  also  desirable  to  know 
the  effects  of  a notch  or  a hole  in  a turbine  rotor  or  other 
macliine  members  that  are  stressed  in  the  strain-hardening 
range.  If  a member  is  thin,  it  can  be  analyzed  on  the  basis 
of  plane  stress.  For  problems  of  this  type  for  ideally  plastic 
material,  Nadai  obtained  solutions  for  a thin  plate  with  a 
hole  and  a flat  ring  radially  stressed  (reference  1),  and 
Nadai  and  Donnell  obtained  a solution  for  a rotating  disk 
(reference  2).  For  materials  having  strain-hardening 
characteristics,  a solution  of  plane-stress  problems  has  been 
obtained  by  Gleyzal  for  a circular  membrane  under  pressure 
(reference  3).  The  concept  of  infinitesimal  strain  was  used 
and  the  solution  was  obtained  by  an  iterative  procedure 
with  a good  first  approximate  solution.  The  plastic  laws 
were  always  satisfied  by  using  a chart  given  in  reference  3. 
In  reference  4,  a trial-and-error  method  is  given  for  a rotating 
disk  with  very  small  plastic  strain,  in  which  the  elastic 
stresses  and  strains  are  used  as  the  first  approximate  values. 
An  experimental  investigation  of  high-speed  rotating  disks 
is  given  in  reference  5 ; distributions  of  plastic  strains  (loga- 
rithmic strains)  for  different  types  of  disk  are  measured. 
Reference  6 gives  an  experimental  investigation  of  the  burst 
characteristics  of  rotating  disks;  stress  at  the  center  of  the 
disk  is  calculated  by  assuming  that  the  material  behaves 
elastically  at  the  burst  speed;  the  average  tangential  stress 
along  the  radius  at  burst  speed  is  also  calculated. 

A simple  method  of  solving  plane-plastic-stress  problems 
with  axial  symmetry  in  the  strain-hardening  range  for  finite 
strains  was  developed  at  the  NACA'Lewis  laboratory  during 
1949-50.  This  method  is  based  on  the  deformation  theory 
of  Hencky  and  Nadai  (references  7 to  9),  which  is  derived 
for  the  condition  of  constant  directions  and  ratios  of  the 
principal  stresses  during  loading.  The  equations  of  equilib- 
rium, strain,  and  plastic  law  are  reduced  to  two  simultane- 
ous nonlinear  differential  equations  involving  three  variables, 
one  independent,  and  two  dependent,  that  can  be  integrated 
numerically  to  any  desired  accuracy.  These  variables  are 
the  proportionate  radial  distance,  the  octahedral  shear 
strain,  and  a parameter  a that  indicates  the  ratio  of  principal 
stresses.  The  magnitude  of  variation  in  calculated  values 
of  the  parameter  a with  change  in  load  directly  indicates 
whether  the  deformation  theory  is  applicable  to  the  problem. 


1 Supersedes  NAG  A TN  2217,  “Analysis  of  Plane-Stress  Problem.^  With  Axial  Symmetry  in  Strain-Hardening  Range”  by  M.  H.  Lee  Wu,  1950. 
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The  method  developed  is  applied  to:  (1)  a circular 
membrane  under  pressiu*e,  in  order  to  compare  results 
obtained  by  this  method  with  those  obtained  by  Gleyzal 
(reference  3);  (2)  rotating  disks  without  and  with  a chcular 
central  hole,  in  order  to  investigate  plastic  deformation  in 
such  disks  and  the  effects  of  the  hole;  and  (3)  an  infinite 
plate  with  a circular  hole  or  a flat  ring  radially  stressed,  in 
order  to  investigate  the  effects  of  the  hole  in  the  strain- 
hardening range. 

In  the  investigation  of  (2)  and  (3),  two  materials,  Inconel 
X and  16-25-6,  with  different  strain-hardening  character- 
istics were  used  in  order  to  determine  the  effect  of  the 
octahedral  shear  stress-strain  curve  on  plastic  deformation. 
The  octahedral  shear  stress  of  these  two  materials  is  not  a 
power  function-of  the  octahedral  shear  strain,  so  that  more 
general  information  can  be  obtained.  Distributions  of 
.stresses  and  strains  of  the  same  problems  in  the  elastic  range 
are  also  calculated  for  purposes  of  comparison. 

Acknowledgment  is  made  to  Professor  D.  C.  Drucker  for 
his  discussion  of  this  work  and  for  his  suggestion  to  examine 
whether  the  logarithmic  strain  could  be  applied  correctly 
to  the  present  problems  and  his  suggestion  to  plot  the 
stress-strain  curves  of  Inconel  X and  16-25-6  on  a logarithmic 
scale  in  order  to  show  that  these  materials  do  not  obey  the 
power  law. 

SYMBOLS 


The  following  symbols  are  used  in  this  report: 

Aj  J5,  (7,  Dj  Ej  F coefficients  of  nonlinear  differential  equa- 

T 

tions;  functions  of  a,  7,  and  ^ 


a 

b 


c 


G,  H,  J,  L 
h 


b init 

K,,  K2 
k 

P 

r 


u 

w 

z 

a 

7 


% 


initial  radius  of  hole 

initial  outside  radius  of  membrane,  rotat- 
ing  disk,  or  flat  ring 

initial  outside  radius  of  plate,  very  large 
compared  with  radius  a 
trigonometric  functions  of  a 
instantaneous  thickness  of  membrane, 
rotating  disk,  or  plate 
initial  thickness  of  membrane,  disk,  or  plate 
arbitrar}^  loading  constants 
constant  having  a dimension  of  length 
pressure  on  membrane 
radial  coordinate  of  undeformed  membrane, 
disk,  or  plate 
arc  length 
radial  displacement 
axial  displacement 
axial  coordinate 

parameter  indicating  ratio  of  principal 
stresses 

octahedral  shear  strain 
logarithmic  strain  (natural  strain),  loga- 
rithm of  instantaneous  length  divided  by 
initial  length  of  element 
angular  coordinate 


P 

cr 


r 

w 

Subscripts: 

h 

c 

0 


1,2,3 
r,  e,  z 


mass  per  unit  volume 

true  normal  stress,  normal  force  per  unit 
instantaneous  area 
octahedral  shear  stress 
angular  velocity 

at  radius  b 
at  radius  c 

at  center  for  member  without  hole;  at 
radius  a for  member  with  concentric 
circular  hole 

principal  directions  in  general 
principal  directions:  radial,  tangential,  and 
axial  directions 


STRESS-STRAIN  RELATIONS  IN  PLASTIC  DEFORMATION 

The  deformation  theory  of  plasticity  for  ideally  plastic 
materials  was  developed  by  Hencky  from  the  theory  of 
Saint  Venant-Levy-Mises  for  the  cases  in  which  the  directions 
and  the  ratios  of  principal  stresses  remain  constant  during 
loading  (reference  7).  Nadai  extended  the  theory  to  include 
materials  having  strain-hardening  characteristics  (references 
8 and  9).  The  conditions  for  the  deformation  theory  have 
been  emphasized  by  Nadai  (reference  9,  p.  209),  Ilyushin 
(references  10  and  11),  Prager  (reference  12),  and  Drucker 
(reference  13).  Experiments  conducted  by  Davis  (reference 
14),  Osgood  (reference  15),  and  others  on  thin  tubes  subjected 
to  combined  loads  with  the  directions  and  the  ratios  of  the 
principal  stresses  constant  throughout  the  tube  and  remaining 
constant  during  loading  show  that  good  results  can  be 
expected  from  the  deformation  theory. 

In  more  recent  experiments  on  thin  tubes  by  Fraenkel 
(reference  16)  and  Davis  and  Parker  (reference  17),  it  has 
been  shown  that  even  with  considerable  variation  of  the 
ratios  of  principal  stresses  during  loading  the  strains  obtained 
from  the  experiments  were  in  good  agreement  with  the  strains 
predicted  by  use  of  the  deformation  theory.  Further, ex- 
perimental investigation  is  needed  to  determine^the  extent 
to  which  the  variation  of  ratios  of  principal  stresses  is 
permissible  with  the  deformation  theory.  However,  when 
the  variation  is  small  (approximately  10  percent  over  the 
strain-hardening  range),  the  deformation  theory  can  be 
expected  to  give  good  results. 

In  the  present  problems  with  axial  symmetiy,  the  direc- 
tions of  the  axes  of  the  principal  stresses  remain  fixed  during 
loading  and  it  is  probable  that  the  ratios  of  principal  strains 
and  of  principal  stresses  also  remain  approximately  constant. 
The  deformation  theory  previously  discussed  is  therefore 
used.  The  stress-strain  relations  are  as  follows: 

€l“h€2“l~€3=0 
O'!  — (72 <^2 — 0’s (73 — (X  i 

€1  €2  €2  €3  C3 — 61 

T = T(y) 


(1) 

(2) 

(3) 
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where 

T [(ffi  — <72)^  + (0-2—  0-3)^+ (ff  3—  <^1^1  (4a) 

7=|[(«.-e2)^-h(*2-«3)H(*3-e,)^''*  (4b) 


From  equations  (1),  (2),  and  (4a)  or  (4b),  the  following 
relations  are  obtained: 


*’=1  7[<^3-|(<r,  + <T2)] 


For  plane-stress  problems  <t3=0.  It  is  convenient  to  use 
cylindrical  coordinates  for  the  problems  considered;  the 
principal  directions  1,  2,  and  3 in  the  preceding  equations 
become  radial,  circumferential,  and  axial  directions,  re- 
spectively. The  equations  thus  become 


and 


obtained 


«r+<9+«z=0 

(la) 

T (<t7— 

(5a.) 

(5b) 

(6a) 

(6b) 

= 1^  ^ ^ (o-r+ ff*)J=  — (<r+ ««) 

(6c) 

are  expressed  in  terms  of  €,  and  e«, 

there  is 

<T,=  2-(26,-|-6,)1 

r 

(7) 

«r,=2^(2e,  + e,)J 

to  the  force  divided  by  the  instantaneous  area  and  the 
strains  are  defined  by  the  following  equation: 


5(.,)^ 


h 


where  Ij  is  the  instantaneous  length  of  a small  element  having 
the  original  length  of  (Z>)o  and  j is  any  principal  direction. 
During  plastic  deformation,  the  plastic  strains  at  a particular 
state  depend  on  the  path  by  which  that  state  is  reached. 
For  the  paths  along  which  the  ratios  of  principal  stresses 
remain  constant  during  loading,  however,  the  octahedral 
shear  stress-strain  relation,  the  value  of  the  octahedral  shear 
strain,  and  the  values  of  the  principal  strains  are  defined  b}’^ 
the  initial  and  final  states  (references  14,  15,  and  reference  9, 
p.  209);  6(ey)  is  then  an  exact  differential  and 


It  should  be  noted  that  the  condition  under  which  equation 
(8)  was  obtained  is  also  one  of  the  conditions  under  which 
the  deformation  theory  is  derived;  as  long  as  the  defoimation 
theory  is  applicable,  equation  (8)  can  also  be  used. 

EQUATIONS  OF  EQUILIBRIUM  AND  STRAINS 
INVOLVING  DISPLACEMENTS 

CIRCULAR  MEMBRANE  UNDER  PRESSURE 

Equations  of  equilibrium  and  equations  of  strain  are  de- 
rived for  a circular  membrane  under  pressure.  The  mem- 
brane considered  is  so  thin  that  bending  stress  can  be 
neglected  (reference  18,  p.  576).  Figure  1 shows  the  mem- 
brane clamped  at  the  rim  and  subjected  to  a pressure  p and 


Figure  1.— Thin  circular  membrane  (under -pressure)  and  its  element  in  deformed  state. 


Because  large  deformations  in  the  strain-hardening  range 
will  be  considered,  the  concept  that  the  change  of  dimension 
of  an  element  is  infinitesimal  compared,  with  the  original 
dimension  of  the  element  is  not  accurate  enough.  Hence, 
the  finite-strain  concept,  which  considers  the  instantaneous 
dimension  of  the  element,  is  used.  (The  equations  of  in- 
finitesimal strains  considered  as  special  cases  of  finite 
strains  are  given  in  appendix  A.)  The  stress  is  then  equal 


a small  element  defined  by  A0  and  As  taken  at  radius  r-\-u 
in  the  deformed  state.  In  the  undeformed  state,  the  same 
element  would  be  at  radius  r and  defined  by  A0  and  Ar.  The 
dotted  lines  represent  an  undeformed  membrane.  The  in- 
stantaneous thickness  of  the  element  and  the  stresses  acting 
on  the  element  are  also  showm  in  the  figure.  Two  principal 
stresses  are  Cr  and  <re,  and  ^ is  the  angle  between  at  and  the 
original  radial  direction. 
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Equations  of  equilibrium. — When  all  the  forces  acting  on 
the  element  in  the  direction  of  are  summed  up,  the  follow- 
ing equation  of  equilibrium  is  obtained: 


Cr{r  + u)hAO—{(Tr+A<Tr)[r-\-u+A{r+u)]Ad{h+Ah)  cos  A<p-\- 


2(t$  As 


(ji+^Ah^s\ 


sm-^  cos  <p—pAs(r~\-u)A0  sin-^=0 


When  A(r-\-u)  approaches  zero  as  a limit,  the  differential 
equation  of  equilibrium  may  be  obtained : 


(r  + w) 


d{<Trh) 

d{r-\-u) 


h{<ye—<Tr) 


(9) 


A cap  of  the  membrane  bounded  by  radius  r+'U  and  the 
forces  acting  on  it  are  shown  in  figure  2.  Summing  up  the 
forces  in  the  z-direction  yields 


taken  at  radius  r+w,  defined  b}^  and  A(r+u),  are  showm  in 
figure  3 with  all  the  external  forces  acting  on  the  element. 


Figure  2.— Cap  of  membrane  with  radius  r + u in  deformed  state. 


Equations  of  strains. — Inasmuch  as  the  element  at  radius 
r,  defined  by  AS  and  Ar  in  the  undeformed  state,  is  moved  by 
the  application  of  pressure  p (fig.  1)  to  radius  r+u  and 
defined  by  AS  and  As,  by  use  of  equation  (8)  the  strains  are 


Summing  up  all  forces  acting  on  the  element  in  the  radial 
direction  yields 

<Tr{r+u)hAd—(ar+A(rr)[r+u+A(r+u)]Ae{h+Ah)+ 
2tTfl[A(r+'w)]  (^h+^Ah^ 
gf  1 t 1 A/  I P7r[(r+Ar)2—7’2]A^ , . 


When  A(r+u)  approaches  zero  as  a limit,  the  following" 
equation  of  equilibrium  is  obtained: 


(r+u) 


di^rh) 

d{r-{-u) 


{<Te—<Tr)h--  po)Vhi„u 


r+u 

r 


dr 

d{r+u) 


(12) 


Equations  of  strains. — The  strains  are 

, _d{r+u) 

^ ~ dr 


(13a) 


(13b) 


«r 


(13c) 


«»  = loge 


r+u 

r 


INFINITE  PLATE  WITH  CIRCULAR  HOLE  OR  FLAT  RING  RADIALLY 
STRESSED 


Then 


e^s 


d(r+u)(  [~  dw 

dr  \ "^L<^(?'+«)J  ) 

r+u 

r 


6^  = 


A 


(lla) 

(llb) 

(llc) 


ROTATING  DISK 

Equation  of  equilibrium. — A disk  of  radius  b and  thickness 
A,  rotating  about  its  axis  with  angular  speed  o>,  and  an  element 


An  infinite  plate  uniformly  stressed  in  its  plane  in  all 
directions  and  having  a circular  hole  is  shown  in  figure  4. 
The  whole  system  is  equivalent  to  a very  large  circular  plate 
of  radius  c with  a small  concentric  circular  hole  radially  sub- 
jected to  the  same  uniform  stress  <x  on  the  outer  boundary. 
The  solution  obtained  for  such  a plate  within  any  radius  b 
can  also  be  considered  as  a solution  of  a flat  ring  with  outer 
radius  b and  inner  radius  a,  that  is,  uniformly  loaded  at  the 
outer  boundary  with  the  radial  stress  <7^,  obtained  in  the 
plate  solution. 

The 'equations  for  this  case  can  be  obtained  in  a manner 
similar  to  the  two  previous  cases,  or  by  simply  setting  dw/dr 
and  w equal  to  zero  in  equations  for  the  membrane,  or  be- 
setting CO  equal  to  zero  in  the  equation  for  the  rotating  disk. 
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By  use  of  the  parameters  r/k  and  cck  instead  of  r and  cu,  a 
simple  direct  solution  is  possible  for  any  arbitrary  value  of 
wk  with  k to  be  determined  by  the  boundary  condition. 

INFINITE  PLATE  WITH  CIRCULAR  HOLE  OR 
FLAT  RING  RADIALLY  STRESSED 

The  equations  of  equilibrium  and  compatibility  for  the 
infinite  plate  with  a circular  hole  or  the  flat  ring  radially 
stressed  are: 


T d(Tr  I T dez  f ^ 


r dee 


(22) 


The  problem  is  defined  by  equations  (22)  together  with 
equations  (la),  (6a),  (6b),  (5b),  and  (3)  (seven  equations 
with  seven  unkno^vns)., 

EQUATIONS  OF  EQUILIBRIUM  AND  COMPATIBILITY  IN 
TERMS  OF  OCTAHEDRAL  SHEAR  STRAIN  AND  PARAM- 
ETER INDICATING  RATIO  OF  PRINCIPAL  STRESSES 

In  the  preceding  section,  displacements  are  eliminated 
from  the  equations,  which  result  in  seven  equations  involving 
the  seven  unknown  quantities  tr^,  cr^,  €r,  ee,  r,  and  7.  The 
quantity  e^  can  be  expressed  in  terms  of  and  ee  (from 
equation  (la)).  Two  of  the  four  unknowns  o-r,  (re,  and  ee 
can  be  eliminated  by  using  equations  (6a)  and  (6b)  or  (7).  The 
quantity  r is  a kno^vn  fimction  of  7 that  is  experimentally 
determined.  The  problem  is  then  reduced  to  one  involving 
three  imknowns.  Obtaining  the  solution  of  the  resulting 
equations  is  not,  however,  a simple  matter;  the  iterative 
process  is  usually  needed. 

It  is  proposed  that  this  can  be  avoided  by  using  the  fol- 
lowing transformation: 


or 


o-0+(r,.=  3 V2t  sin  a 
ae~^  Cr=  cos  a 

o 

(r,.=:.y^r(V3  sin  a— cos  a) 
<re=^^r(^/3  si 


sin  a+cos  a) 


(23) 


Then  <Tr  and  ae  satisfy  equation  (5a),  because  the  yielding 
surfaces  are  ellipses  according  to  the  deformation  theory. 
The  octahedral  shear  stress  r,  a function  of  7,  in  the  preced- 
ing equations  varies  with  r/k  and  also  with  loading.  Such  a 
transformation  has  been  used  for  ideally  plastic  material 
(r= constant)  by  Nadai  in  the  section  “Yielding  in  Thin 
Plate  With  Circular  Hole  or  Flat  Rings  Radially  Stressed’^ 


(reference  1,  p,  189)  and  for  a rotating  disk  (reference  2). 
From  equations  (6a),  (6b),  and  (23),  the  principal  strains 
also  can  be  expressed  in  terms  of  7 and  a : 


€;.=-^(sin  a—Jz  cos  a) 

.2V2 

7 • ! 

€0= — ^(sin  cos  a) 

^12, 


(24) 


The  equations  of  equilibrium  and  compatibility  for  the 
three  problems  considered  herein  are  then  obtained  in  terms 
of  7 and  a in  the  following  form: 


.r  da  . jyV  dy 

Mi) 

da  , dy 


d 


© 


(25) 


where  the  coeflScients  A,  B,  C,  D,  E,  and  F are  functions  of 
a,  7,  and  rjk.  For  the  circular  membrane  under  pressure, 
from  equation  (18), 

A—{-y[^  COS  a+sin  a)  — (V3  sin  a— cos  a)  ^ 

V 2 


-D  f ‘ V /7  7 sin  a\  1 

B=(V3sma-»os«)(_-3^ 

C=2  (cos  a) 


1 


sin  a+cos  a)  7 


rV/  yk  Y 


,1/2 


6r^(V3  sin  a—cos  a)  'AkJ\h,J  J 
D={^|3  sin  a— cos  a)y 
£■=— (V3  cos  a+sin  a) 

F=2-y/2 

( L 6r^(V3  sin  a— cos  a)^V^/  initJ  I 


-|I/2n 


For  the  rotating  disk,  from  equation  (21), 


(26) 


7 cos  a 


^7  cos 
^=(y3  cos  a+sin  a)— (78  sin  a— cos  a) 

^ /y  dr  y sin  a\  1 

5=(V3  sin  a-cos 

(7=2(cos  a)  p(cofc)2  i 

Z)=(V3  sin  a— cos  a)y 
E——{^jS  cos  a+sin  a) 


(27) 
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For  the  infinite  plate  with  a circular  hole,  from  equation  (22), 

/ / — \ / — ♦ \ y cos  a 

A={^j3  cos  a-rsin  a)  — sm  a— cos  a) 

V2 

_ , ^ ^ /7  7 sin  a\  1 

B=  {^IZ  sin  «-cos  a)  (^7  ^/2  ) 7 

<S'  = 2 (cos  a)  ^ ^28) 

D={^l3  sin  a— cos  a)  y 


(Tf—O 


a=^=0.5236 


For  the  infinite  plate  with  a circular  hole, 
when  r/a=l, 

<7r=0 


a=^=0.5236 

o 


E=-(-\l3  cos  a+sin  a) 

With  these  transformations,  the  solution  of  the  problems 
is  reduced  to  simply  a numerical  integration  of  the  two  simul- 
taneous differential  equations  (equations  (25))  involving  the 
two  unknowns  y and  a.  Furthermore,  the  parameter  7, 
being  the  octahedral  shear  strain,  directly  indicates  the 
stage  of  plastic  deformation  at  any  point  under  any  load, 
(In  plastic  problems,  according  to  the  deformation  theor^^, 
the  individual  stress  and  strain  distributions  cannot  give  as 
clear  a picture  of  the  stage  of  plastic  deformation  as  can  the 
octahedral  shear  strain.)  Also,  the  parameter  a indicates 
the  ratio  of  the  principal  stresses  or  strains.  At  any  point, 
if  a remains  constant  during  loading,  the  ratio  of  principal 
stresses  at  that  point  remains  fixed.  The  value  of  a obtained 
at  each  point  in  the  calculation  during  loading  directly  indi- 
cates whether  or  not  the  deformation  theory  is  applicable  to 
the  problem. 

The  value  of  a is  known  at  the  boundaries  or  the  center. 
This  value  can  be  determined  from  equations  (23)  and  (24). 
For  the  circular  membrane  under  pressure, 
when  r/6  = 0, 

<7r=<^e 


when  r/b  — lf 


a=|=1.5708 


«e  = 0 


0:=^  7t=2.0944 

O 

For  the  rotating  disk  without  a hole, 
' whenr/6=0, 

(T  f — (X$ 


a=^=1.5708 


when  r/6  = l, 


<Tr=0 


a=^=0.5236 

D 

For  the  rotating  disk  with  a hole, 
when  r/a  = 1 and  r/6  = 1, 


when  rja  approaches  cja  or  a value  that  is  large  compared 
with  1, 

(Tt=(^6 


a=^=1.5708 

2 


METHODS  OF  NUMERICAL  INTEGRATION 

Two  methods  are  developed  to  solve  the  differential  equa- 
tions (25).  In  the  first  method,  the  differential  equations 
are  numerically  integrated  along  r/fc,  which  is  considered  the 
independent  variable.  (In  the  second  method,  a is  con- 
sidered the  independent  variable.)  Because  many  terms  in 
the  equations  are  trigonometric  functions  of  a,  the  use  of  a 
as  the  independent  variable  considerably  reduces  the  work 
of  computation. 

Numerical  iutegration  with  r/fe  as  independent  variable. — 
Equation  (25)  can  be  written  in  the  following  forms: 


r da 

CE-FB 

~ AE-BB 

r dy 

FA-CD 

EA-BD 

At  any  point,  if  a and  7 are  known, 


da  . dy 
Wfk)  dir/k) 


can  be 


calculated  by  equations  (29).  At  the  boundaries  or  the 
center,  a is  Imown,  but  7 is  determined  by  the  load.  Only 
one  value  (unknown)  of  7 corresponding  to  a particular  load 
exists  on  each  boundary;  therefore  it  is  difiicult  to  start  the 
numerical  integrations  on  the  boundary  with  the  correct 
value  of  7 corresponding  to  a given  load.  Also,  in  plastic 
problems  covering  the  strain-hardening  range,  the  method 
of  superposition  is  invalid.  Usually,  a method  of  iteration 
is  used  to  solve  the  problem  (for  example,  references  3 and  4). 
In  the  method  presented  herein,  an  arbitrary  but  unltnown 
constant  k has  been  introduced  in  equations  (18),  (21),  and 
(22).  For  the  cases  considered,  the  terms  in  the  equations 

that  involve  load  are  always  multiplied  by  r,  so  that  ^ h 
can  be  written  as  ^ ^ ~ )■©  in  equations  (18)  and  (26) 

and  (tor)*  as  (wkY  (7)  in  equations  (21)  and  (27). 
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The  numerical  integration  then  can  be  started  at  the 
inner  boundary  (or  at  the  center  if  there  is  no  circular  hole 
at  the  center)  by  using  the  known  values  of  a desired 

value  of  and  an  arbitrar}’^  value  of  for  the 

membrane  or  of  (cokY  for  the  rotating  disk.  The  numerical 
integrations  can  then  be  carried  out,  obtaining  values  of  a 
and  7 at  different  values  of  r/k^  until  a progressively  reaches 
the  value  that  satisfies  the  outer  boundary  condition. 
Because  the  value  of  r is  known  at  the  boundaries',  the  value 
of  k can  be  determined  for  the  selected  value  of  jo.  The 
number  of  points  and  the  formulas  used  in  the  calculation 
depend  on  the  accuracy  required  (references  19  and  20). 
If  the  formula  for  evaluating  definite  integrals  is  applied 
after  using  the  fonvard  integration  formula  (references  19 
and  20),  great  accuracy  can  easily  be  obtained. 

The  procedure  used  herein  to  obtain  solutions  is  the  same 
for  each  problem.  Calculations  are  started  from  the  inner 
boundary  (or  from  the  center  if  there  is  no  circular  hole  at  the 
center)  with  the  known  value  of  the  desired  value  of 
7o,  and  the  arbitrary  loading  term.  The  parameter  is 
equal  to  tt/2  at  rlb  = 0 for  the  membrane  and  for  the  solid 
rotating  disk  and  is  equal  to  tt/6  at  r/a=l  for  tbe  infinite 
plate  with  a circular  hole  and  for  the  rotating  disk  with  a 

hole.  The  arbitraiy  loading  terms  are  and  (wky  for 

the  membrane  and  the  rotating  disk,  respectively.  Then 
r da  1 ^ r d7  1 

Iwml  Iwm]:  to  a,  and  7.  at  the 

inner  boundary  or  the  center,  are  obtained  from  equations 
(29).  The  following  formulas  for  forward  integration  afe 
used  to  determine  the  fimt  approximate  values  of  a and  7 
at  the  next  point  (ai*  and  71*) : 


dot 


■'(0 


(30a) 


By  substitution  of  aj*  and  71*  into  equation  (29),  approxi- 


mate values  of 


da  n 1 r d7  " 
— and  — 7^ 

L<0j,  L<0: 


are  obtained  and 


the  second  approximate  values  of  and  71  (ai**  and  71**) 
can  be  computed  from  the  following  formulas: 


ai 


,ir/r\  yr\'](r  da  n , r da  n 

“•+2LwrvuJ  rfTr)  r rffe 


(30b) 


The  values  of  a**  and  y**  are  substituted  into  equation  (29) 


again  in  order  to  calculate  the  values  of 

dy 


[t]. 


and 


. By  use  of  the  following  formulas  for  evaluating 


t(0j; 

definite  integrals,  the  volumes  of  ai  and  71  are  calculated: 


1 ( da  n r da  ~1  ^ 

^ ° 2 \kji  \/:/oJ\  d/^^^  l 


(30c) 


This  procedure  is  applied  to  the  next  point,  and  so  forth, 
until  the  value  of  a reaches  the  required  value  of  a^  at  the 
outside  boundary  (a6=2/3  7r  at  r/b  = l for  the  membrane, 
a6=7r/6  at  r/6  = l .for  the  rotating  disk,  and  a6=7r/2  at 
r/a  = c/a  for  the  thin  plate  with  a circular  hole).  Inasmuch  as 


(0....= 


the  loading  terms  are  determined  as  follows: 
For  the  membrane, 

. \h,j  \h,j  \kj 

For  the  rotating  disk, 

{o,by=iu>ky(JJ 

For  the  infinite  plate  with  a circular  hole, 
tc=(rh,  (^^^^==<rhini,e~^'  = <Th.„ue 


(31a) 


(31b) 


(31c) 


or  for  the  flat  ring  radially  stressed  at  the  outside  diameter 

b, 

76  r- 

4 r \ /r+u\  . (Sinat-V3  COS«6) 

2V2  . 

where  tc  and  U are  the  tensions  per  unit  original  circum- 
ferential length  at  r—c  and  r—b,  respectively. 

Numerical  integration  with  a as  independent  variable. — 
Equations  (29)  can  be  written  in  the  following  forms : 


dy  FA-OD 
da  CE^FB 

"^(k)  AE-DBr 
da  CE-BF  k ) 


(32) 


By  use  of  equations  (26)  to  (28)  and  expansion  of 
into  a series,  the  following  equations  are  obtained; 
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For  the  circular  membrane,  from  equations  (26), 

0E-BF=2GJ-^  yl3HJg  (a,  y,  ^ (a,  7)+2V3]  j (a,  y,  ^ 

AF-CD=2  V2L-  2HJy  - 2 yl2Lf,  («,  7)  i («,  7,  p 
AE-BD=-U-J^g(^a,yl^) 

For  the  rotating  disk,  from  equations  (27), 

CE-BF=  -2HL-2yl3HJg(a,  ^)/i  («,  y)  + L^{^Ma,  y) 

AF-CD=  j m^-2^ZHL  [1  - /,  (a,  (a,  7)  j7 

AE-BI>=-U-J^g{a,y,'l^ 

For  the  infinite  plate  with  a circular  hole,  from  equations  (28), 

CE-BF=-2HL-2^^3HJg  (a,  y,^  ^)/.  (a,  7) 

AF-CD=  { SH^-2^[3HL  [1  (a,  7)] } 7 

AE-BD=^-U-J^g0,y,^^) 
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(33) 


(34) 


(35) 


where 
(?  = sin  a 
H=cos  a 

J=  ^ sin  a— cos  a 
L=^  cos  a+sin  a 

^■=(0 


K. 


VI 


^ky 


and 

/i(«,y)  = 


VI  (cos  «)7 

= 1— I Vi  (cos  a)7-|-i  (cos'' a)7*—  . 

/.(«,7)=e“Vl(“->- 

= 1— VI  (cos  a)7+|x|  (cos"  a)7^— 

i VI  ■ ■ ■ 


=^“VI 


(cos  a)7/i(«,  y) 


— ^sin  a 

Ua,y)=e^^ 

-l+(i,in.)T,+i(^si„.)V+ 


7®+  • • • 


/ 7 (1t\ 7 /3  7 Jl! 

\ T (^7/  T 0(7  V 2 ^ sin  a— cos  a ^ \ 2 J 


J 

11/2 


Y z:  /rV  /^Y  I 

^ \ A:  _ 6T^(-y/3  sin  a— cos  aY  \^/  J 

r,  K,  n 

“L  QjArkJUc^nU 

The  symbols  (7,  H,  J,  and  L are  trigonometric  functions  of 
a only;  K\  and  K2  are  arbitrary  loading  constants.  The 
symbols  /i,  /2,  /a,  and  g are  functions  of  a and  7;  j is  a 
function  of  a,  7,  and  rjk. 

For  the  solution  of  an  infinite  plate  with  a circular  hole  a 
is  the  independent  variable.  The  procedure  of  numerical 
integration  is  similar  to  that  used  in  the  method  in  which 
rjk  is  the  independent  variable.  The  first  four  terms  of  the 
series  of  are  used;  the  accuracy  of  the  result  is  the  same 
as  that  of  the  previous  method,  but  computation  is  reduced 
by  one  half. 
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Both  methods  presented  herein  are  used  to  obtain  the  solu- 
tions for  the  given  values  of  The  purpose  of  the  present 
paper  is  to  obtain  solutions  for  the  entire  strain-hardening 
range  and  the  methods  developed  are  very  convenient  for  this 
purpose.  If,  however,  a solution  for  only  a particular  value 
of  loading  is  required,  it  can  be  obtained  by  interpolating 
between  values  obtained  from  two  or  three  solutions  corre- 
sponding to  loading  near  the  specified  value. 


NUMERICAL  EXAMPLES 


Membrane. — In  order  to  compare  the  results  for  the 
circular  membrane  obtained  by  the  method  developed  herein 
with  those  obtained  by  Gleyzal  (reference  3),  one  numerical 
solution  for  infinitesimal  strain  is  calculated  by  using  the  7(7) 
curve  of  the  tensile  test  in  figure  1 of  reference  3.  Inasmuch 
as  reference  3 states  that:  ‘Tor  simplicity,  strain  will  be 
taken  to  mean  conventional  strain  {ds—dSo)ldso  where  ds  and 
dso  are  final  and  initial  arc  length,  respectively.^’,  equations 
(25a)  and  (36)  given  in  appendix  A for  infinitesimal  strain 
are  used.  The  calculation  is  started  at  rjk—Q.OQb,  Values 
of  ao=1.5708,  7o=0.0299,  and  55,920  are  used. 

Rotating  disk.^ — Numerical  solutions  for  the  rotating  disk 


(a)  Linear-scale  plot. 
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for  finite  strain  (equations  (25)  and  (27))  are  calculated. 
The  7(7)  curves  of  two  materials,  Inconel  X and  16-25-6, 
are  plotted  in  figure  5 (a).  These  data  were  supplied  by 
W.F.  Bro^vn,  Jr.,  H.  Schwartzbart,  and  M.  H.  Jones.  The 
same  7(7)  curves  are  plotted  on  logarithmic  coordinates 
in  figure  5 (b).  These  materials,  Inconel  X and  16-25-6, 
for  which  7 is  not  a power  function  of  7,  were  chosen  so  that 
more  general  information  can  be  obtained.  The  given 
octahedral  shear  stress-strain  cmves  (fig.  5)  of  these  two 
materials  have  not  been  corrected  for  the  triaxiality  and 
nommiform  stress  distribution  introduced  by  necking  and 
consequently  do  not  represent  the  exact  stress-strain  relation 
after  necking  of  these  two  materials.  The  solutions  obtained 
from  the  7(7)  curves  of  the  tensile  test  after  necking  can, 
however,  represent  the  solutions  corresponding  to  materials 
having  the  exact  7(7)  curves  shown  in  figure  5 and  for  simplic- 
ity such  materials  are  herein  referred  to  as  “Inconel  X” 
and  “16-25-6”. 

The  calculation  for  the  solid  rotating  disk  is  started  at 
r/A:= 0.005,  as  in  the  case  of  the  membrane. 

Three  solutions  are  also  obtained  for  the  rotating  disk  with 
a central  hole,  using  Inconel  X.  Calculations  are  started 
at  rja—l. 

All  numericah  examples  for  the  rotating  disk  are  given 
in  the  following  table: 


Solid  rotating  disk  | 

Material 

To 

Inconel  X 

0.04 

1X105 

. 1152 

1X105 

.30 

1X105 

16-25-6 

V 04 

1X105 

. 1152 

1X105 

.30 

2.5X105 

Rotating  disk  with  central  hole 

Material 

T* 

Inconel  X 

0.30 

1X10< 

.30 

2X105 

.30 

4X102 

Infinite  plate  with  circular  hole —The  calculations  for 
the  infinite  plate  with  a circular  hole  are  carried  out  for  the 
case  in  which  (7^=0  at  r/a=l.  The  value  of  at  r/a=l 
is  then  equal  to  0.5236.  (When  cr,  is  different  from  0 at 
r/a=l,  the  corresponding  value  of  should  be  used.)  The 
same  materials  as  in  the  previous  problem  are  considered. 
The  numerical  examples  are: 


Material 

To 

Inconel  X 

0.04 

.1152 

.1871 

.30 

16-25-6 

0. 04 

. 1871 

.30 

(b)  Logarithmic-scale  plot. 

Figure  5. — Octahedral  shear  stress-strain  curves. 
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Figure  6. — Variation  of  principal  stresses  with  proportionate  radius  distance. 

RESULTS  AND  DISCUSSIONS 

The  radial  and  circumferential  stresses  ar  and  asy  respec- 
tively, obtained  for  the  circular  membrane  are  plotted  against 
r/b  in  figure  6.  Two  curves,  taken  from  reference  3,  cor- 
responding to  calculations  for  about  the  same  pressm^e  used 
in  the  present  calculation,  are  included  in  the  figure  for  com- 
parison. In  the.  present  calculation,  the  t(7)  curve  given  in 
figure  1 of  reference  3 and  the  same  infinitesimal-strain  defini- 
tion based  on  the  original  dimension  are  used.  The  initial 
thickness  hinu  is  also  used  for  consistency  in  the  calculation 
rather  than  the  instantaneous  thickness  A,  which  is  used  in 
reference  3. 

The  variations  of  a with  the  radius  for  the  rotating  disk 
and  mth  the  radius  for  the  infinite  plate  with  a ciicular  hole 
are  plotted  in  figures  7 (a)  and  7 (b) , respectively,  for  different 
loads  and  materials.  The  variations  of  a with  jo  (or  loading) 
at  various  radii  for  the  rotating  disk  and  the  infinite  plate 
with  a circular  hole  are  plotted  in  figiu’es  8 (a)  and  8 (b), 
respectively.  Similar  curves  for  the  ratio  of  the  principal 
’ stresses  <Trl<re  are  sho^Mi  in  figures  9 (a),  9 (b),  and  10.  Com- 
parison of  figme  7 and  figures  9 (a)  and  9 (b)  shows  that  the 
variations  of  a with  radius  are  very  similar  to  the  variations 
'‘of  <rrl(Te  with  radius,  although  the  relation  between  a and 
(Trjffd  is  not  linear. 

Numerical  examples  for  a membrane  with  a large  strain  are 
not  calculated  herein,  because  the  residt  of  reference  3 is 
sufficient  to  give  an  approximate  variation  of  the  ratios  of 
principal  stresses  along  the  radius  during  loading,  although 
the  infinitesimal-strain  concept  is  used.  The  variations  of 
the  ratio  of  principal  stresses  with  radius  for  different  loads, 
based  on  the  values  of  ar  and  ae  given  in  figiues  8 and  9 of 
reference  3,  are  calculated  and  plotted  on  figiue  9 (c). 


(a)  Rotating  disk. 


(b)  Infinite  plate  with  hole. 

Figure  7. — Variations  of  parameter  a with  proportionate  radius  distance  for  Inconel  X and 

16-25-6. 


The  values  of  ar  are  plotted  against  ae  at  various  radii 
under  different  loads  for  the  rotating  disk  and  the  infinite 
plate  with  a circular  hole  in  figures  11  (a)  and  11  (b).  The 
heav}^  solid  and  dashed  ciuwes  represent  the  values  of  ar 
and  ae  at  different  radii  for  am^^  given  load  and  are  called 
loading  cuiwes.  The  loading  curve  moves  away  from  the 
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Maximum  ocfahedraf  shear  strain.  To 


(a)  Rotating  disk. 

(b)  Infinite  plate  with  hole. 

Figure  S.— Variation  of  parameter  a with  maximum  octahedral  shear  strain  at  different  radii. 

origin  with  increasing  load.  The  light  solid  and  dotted  lines 
connecting  the  different  loading  curves  at  a given  radius  and 
extending  to  the  origin  represent  the  values  of  (Xr  and  ce  at 
different  loads  for  any  given  radius  and  are  called  loading 
paths.  Also  shown  in  the  figures  are  the  yielding  surfaces, 
which  are  ellipses  under  the  deformation  theory. 

A clear  picture  of  the  variation  of  the  ratios  of  principal 
stresses  in  this  group  of  problems  with  different  loads  for 
Inconel  X,  16-25-6,  and  the  material  used  in  reference  3 is 
given  in  figures  7 to  11.  It  is  evident  that  the  ratios  of 
principal  stresses  remain  essentially  constant  during  loading. 


(a)  Rotating  disk. 


Proportionate  radio t distance,  r/a 


(b)  Infinite  plate  with  hole. 

Figure  9.— Variations  of  ratio  of  principal  stresses  with  proportionate  radial  distance. 


The  deformation  theory  is  therefore  applicable  to  this  group_ 
of  problems,  at  least  for  the  materials  considered. 

The  variations  of  7 and  7/7^  with  radius  are  plotted  in 
figures  12  and  13,  respective^,  for  the  rotating  disk  and  the 
infinite  plate  with  a circular  hole.  It  is  interesting  to  note 
that  the  curves  in  figure  13  for  different  loads  for  the  same 
material  are  quite  close  together.  For  different  materials, 
the  curves  of  figures  7 and  9 are  also  close,  but  the  curves  of 
figure  13  are  not  as  close  together. 


Ratio  ot  principal  stresses,.  (Srj^d 
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0 ./  .2  .3  .4  .5  .6  .7  .8  .9  1.0 

Proper fionafs  radial  distance,  r/b 


(c)  Circular  membrane  under  pressure. 

Figure  9.— Concluded.  Variations  of  ratio  of  principal  stresses  with  proportionate 
radial  distance. 


(a)  Rotating  disk.  (b)  Infinite  plate  with  hole. 

Figure  10.— Variation  of  ratio  of  principal  stresses  with  maximum  octahedral  shear  «train  at 

different  radii. 


0 eO  40  60  80  100  120  MO  160  180  200  220  240x10^ 
Radial  stress,  Ib/sg  in. 

(a)  Rotating  disk. 

(b)  Infinite  plate  with  circular  hole. 

Figure  ll. — Loading  curves,  loading  paths,  and  yielding  surfaces. 

The  distributions  of  principal  stresses  and  principal  strains 
along  the  radius  for  the  rotating  disk  and  for  the  infinite  plate 
with  a circular  hole  are  plotted  in  figures  14  and  15,  respec- 
tively, For  comparison,  the  variations  of  <rel {c$)  *,  eel  {ee)  and 
y/yt,  with  radius  for  both  the  elastic  and  the  plastic  range  are 
plotted  in  figures  16  and  17,  (The  equations  for  the  elastic 
case  are  given  in  appendix  B.)  If  only  the  stress  distribu- 
tions for  the  elastic  and  plastic  cases  are  compared  (figs. 

16  (a)  and  17  (a)),  it  is  seen  that  the  stresses  are  more  uniform 
in  the  plastic  state;  but  if  the  distributions  of  the  principal 
strains  and  the  octahedral  shear  strain  for  the  elastic  and  the 
plastic  cases  are  compared  (figs.  16  (b),  16  (c),  17  (b),  and 

17  (c)),  it  is  evident  that  a less-uniform  strain  distribution  is 
obtained  in  the  plastic  state.  It  is  of  special  interest  in  the 
case  of  the  finite  plate  with  a hole  to  note  that  with  plastic 
deformation  the  stress- (tangential  stress)  concentration 
factor  aroimd  the  hole  is  reduced;  instead  there  is  a high 
concentration  in  principal  strain  and  in  octahedral  shear 
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(b)  Infinite  plate  with  hole. 

Figure  12. — Variation  of  octahedral  shear  strain  with  proportionate  radial  distance. 


0^  4 6 610 

Proportionate  radio  I distoncQj  rja 
(b)  Infinite  plate  with  hole. 

Figure  13. — Variation  of  ratio  of  octahedral  shear  strain  to  maximum  octahedral  shear  strain 
with  proportionate  radial  distance. 
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(a)  Rotating  disk.  (b)  Infinite  plate  with  bole. 

Figure  14.— Variation  o(  principal  stresses  with  proportionate  radial  distance. 


strain,  A similar  conclusion  regarding  the  concentration 
factor  around  a chcular  hole  in  a tension  panel  is  given  in 
references  21  and  22. 

The  quantities  and  c0/(€fl)o  along  the 

radius  for  the  rotating  disk  and  (j$I{(t$)o  and  eQl{€e)o  for  the 
infinite  plate  with  a circular  hole  are  plotted  in  figures  18 
and  19,  respectively.  The  curves  representing 
and  €$!{€&)  0 for  Inconel  X and  16-25-6  and  different  values 
of  7g  are  close  together;  but  the  curves  of  <Jel{<Te)o  are  quite 
far  apart  for  the  two  materials,  as  well  as  for  different  values 
of  7g. 

The  relation  between  the  rotating-speed  function  p(a)6)^ 


and  7o  for  the  rotating  disk  and  the  relation  between  the 
tension  per  unit  original  circumferential  length  tbihinu  and 
yo  for  the  infinite  plate  with  a hole  are  plotted  in  figures  20  (a) 
and  20  (b),  respectively.  It  is  shown  in  these  figures  that 
p{o)by  and  tb/himt  increase  considerably  for  Inconel  X and 
increase  only  slightly  for  16-25-6  as  the  value  of  jo  increases 
from  0.04  to  0.30. 

Figures  7,  13,  and  16  to  19  show  that  for  the  plate  with  a 
hole,  the  variations  of  a,  y/jo,  ^rl{^r)o,  and  eel{€B)o  with  radius 
are  essentially  independent  of  the  value  of  yo  for  the  plate 
and  the  7(7)  curve  of  the  material,  at  least  for  the  materials 
considered.  These  results  show  that  the  deformation  that 


Principal  strains,  €j*,  €g  Principal  strains. 
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(a)  Rotating  disk. 


(b)  Infinite  plate  with  hole. 


Figure  15.— Variation  of  principal  strains  with  proporponatc  radial  distance; 


(a)  Variation  of  ratio  of  tangential  stress  to  minimum  tangential  stress  at  outer  radius  with 

proportionate  radial  distance. 

(b)  Variation  of  ratio  of  tangential  strain  to  minimum  tangential  strain  at  outer  radius  with 

proportionate  radial  distance. 

(c)  Variation  of  ratio  of  octahedral  shear  strain  to  minimum  octahedral  shear  strain  at  outer 

radius  with  proportionate  radial  distance. 

Figure  16.— Comparison  of  results  obtained  in  elastic  and  plastic  range  for  rotating  disk. 
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la)  Variation  of  ratio  of  principal  stresses  to  tangential  stress  at  outer  radius  with 
proportionate  radial  distance. 

(b)  Variation  of  ratio  of  principal  strains  to  tangential  strain  at  outer  radius  with  proportionate 

radial  distance. 

(c)  Variation  of  ratio  of  octahedral  shear  strain  to  octahedral  she^  strain  at  outer  radius  with 

proportionate  radial  distance. 

Figure  17.— Comparison  of  results  obtained  in  elastic  and  plastic  range  for  infinite  plate  with 

circular  hole. 
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(a)  Variation  of  ratio  of  tangential  stress  to  tangential  stress  at  inner  radius  with  proportionate 

radial  distance. 

(b)  Variation  of  ratio  of  tangential  strain  to  tangential  strain  at  inner  radius  with  proportionate 

radial  distance. 

Figure  19. — Comparison  of  stress  and  strain  distributions  for  different  materials  and  for 
different  maximum  octahedral  shear  strains  of  infinite  plate  with  circular  hole. 

can  be  accepted  by  the  plate  before  failure  depends  mainly 
on  the  maximum  octahedral  shear  strain  (or  ductility)  of  the 
material,  which  would  not  be  true  if  the  strain  distributions 
were  a function  of  the  t(y)  curve.  For  the  rotating  disk, 


.(a)  Solid  rotating  disk. 

(b)  Flat  ring  radially  stressed. 

Figure  20.— Relation  between  rotating-speed  function  and  maximum  octahedral  shear  strain  ' 
for  disk  and  relation  between  tension  per  unit  original  circumferential  length  for  plate. 

however,  a slight  effect  of  and  the  r(y)  curve  is  apparent 
on  the  strains;  this  effect  seems  to  be  caused  by  the  body- 
force  term  of  the  disk. 

The  stress  distribution  that  will  determine  the  load  which 
a member  can  sustain  is  now  considered.  Figures  16  to  19 
show  that  the  variation  of  (rel{<xe)o  with  radius  depends  on 
the  T{y)  curve  of  the  material  and  on  the  value  of  To  for  the 
member.  Figure  20  indicates  that  the  load  also  depends  on 
the  7(7)  curve.  It  therefore  follows  that  the  added  load 
that  the  member  can  sustain  between  the  onset  of  yielding 
and  failure  depends  on  the  7(7)  curve  of  the  material.  The 
octahedral  shear  (or  effective)  stress  and  strain  curve  of  the 
material  should  be  used  as  a criterion  in  selecting  a material 


Octahedral  shear  strain 
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(d)  Variation  of  principal  strains  with  proportionate  radial  distance. 
Figure  21 —Continued.  Rotating  disk  with  hole.  Inconel  X;  70,  0.3000. 


for  a particular  member  under  a particular  loading  condition, 
because  consideration  of  the  maximum  octahedral  shear 
strain  only  (or  ductility  only)  of  the  material  is  insufficient; 

The  variations  of  a,  7,  <7^,  eg,  and  7/7^  with  radius  for 
three  rotating  disks  with  a hole  are  shown  in  figure  21.  The 
values  of  the  ratios  of  outer  to  inner  radius  hja  of  these  three 
disks  equal  5.32,  12.45,  and  28.12,  These  disks  were  made 
of  Inconel  X and  had  a maximum  octahedral  shear  strain 
Jo  of  0.3  at  the  inner  radius  of  the  disk.  The  tangential 
stress  0-0,  the  tangential  strain  €0,  and  the  octahedral  shear 
strain  7 are  much  less  uniform  for  the  disk  with  a hole  than 
for  a solid  rotating  disk.  The  ratio  of  maximum  to  minimum 
octahedral  shear  strain  70/7&  is  equal  to  7.41  for  a disk  with 
5/a=5.32,  11.75  for  a disk  with  6/a=12.45,  and  14.1  for  a 
disk  with  6/a=28.12;  for  a solid  disk  of  the  same  material, 
the  ratio  70/7&  is  about  5.3. 

The  load,  rotating-speed  function  p(co6)2,  for  disks  of 
Inconel  X reaching  a maximum  octahedral  shear  strain  7^,  of 
0.3  at  the  inner  radius  of  the  disk  and  having  different  ratios 
of  inner  to  outer  radius  ajh  is  represented  by  the  solid  curve 


(e)  Variation  of  ratio  of  octahedral  shear  strain  to  minimum  octahedral  shear  strain  at  outer 
radius  with  proportionate  radial  distance. 

Figure  21.— Concluded.  Rotating  disk  with  hole.  Inconel  X;  70,  0.3000. 


Figure  22.— Variation  of  load  (function  of  speed)  with  ratio  of  inner  to  outer  radius  of  rotating 
disk  with  hole.  Inconel  X;  70 =0.3000. 
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in  figure  22.  The  dashed  curve  in  figure  22  is  obtained  by 
extending  this  solid  curve  toward  a/6=l,  where  the  value  of 
p{(^hy  can  be  determined  by  considering  a rotating  ring  with 
a/6-^1.  The  figure  indicates  approximately  how  the  load 
p((*)by  varies  with  disks  having  different  ratios  of  inner  to 
outer  radius  and  reaching  the  same  maximum  octahedral 
shear  strain  at  the  inner  radius  of  the  disk.  The  value  of 
p(coby  for  a solid  rotating  disk  made  of  Inconel  X with 
Yo=0.3  at  the  center  of  the  disk  is  indicated  in  the  same  figure. 

CONCLUSIONS 

The  results  obtained  for  a membrane,  a rotating  disk 
without  and  with  a hole,  and  an  infinite  plate  with  a hole 
strained  in  the  strain-hardening  range  in  which  the  elastic 
strains  are  negligible  compared  with  the  plastic  strains  for 
Inconel  X and  16-25-6  in  the  absence  of  time  and  tempera- 
ture effects  and  unloading  show  that: 

(1)  The  method  developed  not  only  accurately  solves 
the  plane-plastic-stress  problems  with  axial  symmetry  in  a 
simple  manner  but  also  shows  clearly  the  octahedral  shear 
strain  distribution  and  the  ratio  of  principal  stresses  during 
loading. 

(2)  The  ratio  of  the  principal  stresses  in  the  cases  investi- 
gated remained  essentially  constant  during  loading  and, 
consequently,  the  deformation  theory  is  applicable  to  this 
group  of  problems  for  the  materials  considered. 


(3)  The  distributions  of  principal  strains  and  octahedral 
shear  strains  in  the  plastic  state  are  less  uniform  than  those 
in  the  elastic  state,  although  the  distributions  of  tangential 
stresses  appear  more  imiform  in  the  plastic  state.  The 
stress  concentration  factor  around  a hole  is  reduced  in  the 
plastic  state,  but  instead  there  is  a high  concentration  of 
principal  strain  and  octahedral  shear  strain. 

(4)  The  ratios  of  the  strains  along  the  radius  to  their 
maximum  value  are  essentially'  independent  of  the  value  of 
the  maximum  octahedral  shear  strain  of  the  member  and 
the  octahedral  shear  stress-strain  curve  of  the  material. 
Hence,  the  deformation  that  can  be  sustained  by  the  member 
before  failure  depends  mainly  on  the  maximum  octahedral 
shear  strain  (or  ductility)  of  the  ma  terial. 

(5)  The  stress  distributions  depend  on  the  octahedral 
shear  stress-strain  curve  of  the  material.  Hence,  the  added 
load  that  the  member  can  sustain  between  the  onset  of 
3delding  and  failure  depends  mainly  upon  the  octahedral 
shear  (or  effective)  stress-strain  curve  in  the  strain-hardening 
range  of  the  material. 

Leavis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  February  28^  1950 


APPENDIX  A 


EQUATIONS  OF  EQUILIBRIUM  AND  COMPATIBILITY  FOR 
INFINITESIMAL  STRAIN  IN  TERMS  OF  a AND  y 

The  final  forms  of  the  equilibrium  and  compatibility 
equations  for  small  strains  are  given  in  this  section.  The 
concept  of  infinitesimal  strain  is  defined  as  follows:  The 
changes  of  dimensions  are  small  compared  with  the  original 
dimensions  but  are  large  enough  so  that  the  elastic  strain 
can  be  neglected.  The  equations  presented  can  be  obtained 
either  by  direct  derivation  as  was  done  previously  or  by 
reducing  the  equations  for  finite  strains  through  expanding 
the  terms  in  series  and  neglecting  the  small  terms. 

For  infinitesimal  strain,  the  coeflScients  (functions  of  a and  y) 
Ay  By  Cy  Dy  Ey  Rnd  F of  equations  (25)  are  each  denoted  by 
a superscript  prime  but  the  coeflicients  (functions  of  a and  7) 
are  simpler  than  those  for  large  strain. 


dot  I -ppf  r dy 


(25a) 


For  the  circular  membrane  under  pressure, 
A'=  V3  cos  a+sin  a 

B'  =( V3  sin  a— cos  a)—  ^ 

T dy 

C'  =2  cos  a 


Z)'  = (V3  sin  a— cos  o^y 
— (^/3  cos  a+sin  a) 


F'  =2  V3t  cos  <^+“0 


'pk  r 

hinit  k 


Lt(V3  sin  a— cos  a)j 


(36) 


For  the  rotating  disk, 

A'=  V3  cos  a+sin  a 
B'=(V3  sin  a— cos  a) 

r dy 

sin  a— cos  a)y 
— cos  a+sin  a) 

F'  = 2^fS  (cos  a)7  ^ 

For  the  infinite  plate  with  a circular  hole, 


(37) 


A'—  V3  cos  a+sin  a 

5'=(V3  sin  a— cos  a)  — ^ 
T dy 

C'  — 2 cos  a 
H'=(V3  sin  tt“Cos  a) 

S'=  — (-^/3.  cos  a+sin  a) 

F'  = 2-v/3  (cos  a)  7 


(38) 


For  small  strains,  the  coefficients  A',5',  C",  D\E'y  and  F' 
are  used  in  equation  (29)  instead  of  A,  B,  Cy  Dy  Ey  and  F^ 
respectively. 
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APPENDIX  B 


EQUATIONS  FOR  ROTATING  DISK  AND  INFINITE  PLATE 
WITH  CIRCULAR  HOLE  IN  ELASTIC  RANGE 

ROTATING  DISK 

For  a solid  rotating  disk  with  the  radial  stress  at  the 
periphery  (r—b)  equal  to  zero,  the  principal  stresses  can  be 
expressed  by  the  following  equations  (reference  23,  p.  68) : 


3 ■I"*’  212  l+3l'  2^2 

<r«=— ^ g — po}  r 


1 


(39) 


where  v is  Poisson’s  ratio.  At  r—b, 


Dividing  equation  (39)  by  (cr») » yields 
<Tr  3- 


2(1 
3 + 


(<T«)s  2(1- 


%b-(m 


(39a) 


The  stress-strain  relations  of  plane-stress  problems  in  the 
elastic  range  are: 


2(1  + ?')  2(1  + 1')  2 I 2\l/2  />ii\ 

7=  ^ r = - ^ ~Y  (41) 

Substitute  equations  (39)  in  equation  (41)  to  obtain: 

_V2(1  + V),  212X 

12£^(3  + v)^'’"*^ 

[(3  + r)*- 4(1  + r)(3  + r)  (jJ + (7  + 2 7 (4 1 a) 


or 


7s  2(1  — r) 

[(3  + r)»-4(l  + ,.)(3+r)  (^^y+(7  + 2p+7j^)  (41b) 

The  value  of  Poisson’s  ratio  v for  the  two  materials  are: 
j'=0.29  for  Inconel  X (reference  24) 

?'=0.286  for  16-25-6  (reference  25) 

INFINITE  PLATE  WITH  CIRCULAR  HOLE 

For  a uniformly  loaded  infinite  plate  with  a circular  hole, 
the  principal  stresses  are  (reference  23,  p,  56) : 


o',=^+2C 


0-6  = 


-A 


2C 


(42) 


{(^T—vae) 

€0=4^  {<y6—V<Jr) 


y 


J 


(40) 


where  E is  the  modulus  of  elasticity  in  tension  and  com- 
pression. 

Substituting  equations  (39)  into  equations  (40)  yields: 


or 


•'-8$  (1 -X3  + -)(-»’»’)  [l  (£ 

+ “ It;  (0  ] 

6,  3 + .r  S{l  + u)/rVl  1 

{ee\  2 L 3 + pAmJ 

ee  3+^ri  l + ^'/^Vn 

2 L 3 + AmJ 


K40a) 


(40b) 


The  equations  for  the  octahedral  shear  stress  and  strain 
given  by  equations  (4a),  (4b),  and  (oa)  can  be  applied  to  both 
the  elastic  and  the  plastic  ranges,  but  equation  (5b)  can  be 
applied  only  in  the  plastic  range.  The  octahedral  shear 
strain  in  the  elastic  range  can  be  calculated  by  equation  (4b) 
or  by  using  the  following  equation: 


where  A and  C are  arbitrary  constants.  For  the  plate  con- 
sidered herein,  the  boundary  conditions  are: 

(Tr=0  at  r=a 

ar=(<Xr)t>  atr=5 


These  boundary  conditions  are  used  to  determine  the 
arbitrary  constants  A and  (7,  which  yield 


(42a) 


(42b) 
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Substituting  equations  (42a)  into  equations  (40)  juelds 
1 + 


or 


©■ 

1 


Cr 


©■  ©■ 


V > 


(43) 


[a-')+a+<|)’](3 

^ (1  — +(1  + 1/) 

Substituting  equations  (42a)  into  equation  (41)  yields 


(43a) 


or. 
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TEMPERATURE  DISTRIBUTION  IN  INTERNALLY  HEATED  WALLS  OF  HEAT 
EXCHANGERS  COMPOSED  OF  NONCIRCULAR  FLOW  PASSAGES  ^ 

By  E.  R.  G.  Eckert  and  George  M.  Low 


SUMMARY 

In  the  walls  of  heat  exchangers  composed  of  noncircular 
passages^  the  temperature  varies  in  the  circumferential  direction 
because  of  local  variations  of  the  heat-transfer  coefficients.  A 
prediction  of  the  magnitude  of  this  variation  is  necessary  in  order 
to  determine  the  region  of  highest  temperature  and  in  order  to 
determine  the  admissible  operating  temperatures. 

A method  for  the  determination  of  these  temperature  distri- 
butions and  of  the  heat-transfer  characteristics  of  a special  type 
of  heat  exchanger  is  developed.  The  heat  exchanger  is  composed 
of  polygonal  flow  passages  and  the  passage  walls  are  uniformly 
heated  by  internal  heat  sources.  The  coolant  flow  within  the 
passages  is  assumed  to  be  turbulent.  The  circumferential 
variation  of  the  local  heat-transfer  coefficients  is  estimated  from 
flow  measurements  made  by  Nikuradse^  postulating  similarity 
between  velocity  and  temperature  fields.  Calculations  of  tem- 
perature distributions  based  on  these  heat-transfer  coefficients 
are  carried  out  and  results  for  heat  exchangers  with  triangular 
and  rectangular  passages  are  presented. 

INTRODUCTION 

The  conventional  recuperative  type  of  heat  exchanger 
consists  of  passages  for  two  liquids  or  gases  separated  by  a 
heating  surface.  Heat  from  an  outside  source  is  carried  with 
a fluid  flowing  through  one  of  the  passages  and  is  transferred 
in  the  heat  exchanger  to  a second  fluid  flowing  through  the 
other  passage.  Very  often  such  a heat  exchanger  is  com- 
posed of  a large  number  of  tubes,  with  the  two  liquids  flowing 
inside  and  over  the  outside  of  the  tubes,  respectively. 

The  regenerative  type  of  heat  exchanger  has  passages  for 
one  fluid  only.  During  the  heating  period,  heat  from  an 
outside  source  is  carried  to  the  heat  exchanger  by  a hot  fluid 
and  is  stored  within  the  soUd  walls  of  the  passages.  This 
heat  is  then  given  off  to  a cold  fluid,  wliich  passes  through 
the  heat  exchanger  during  the  cooling  period. 

In  this  report,  a heat  exchanger  is  considered  that  differs 
from  the  regenerative  type  only  by  the  fact  that  the  heat  is 
generated  b}-  heat  sources  within  the  passage  walls  and  is 
transferred  to  a coolant  flowing  continuously  through  the 
passages.  The  passage  walls  of  this  heat  exchanger  are 
assumed  to  be  flat  plates  assembled  to  form  a honeycomb; 
thus  the  flow  passages  formed  in  this  manner  have  a polygonal 
cross  section.  A cross-sectional  view  of  a typical  heat  * 

» Supersedes  NACA  TN  2257,  “Temperature  Distribution  in  Internally  Heated  Walls  of  1 
Low,  1951. 


exchanger  of  this  type  is  showm  in  figm*e  1.  The  exchanger 
is  composed  of  a number  of  plates  a,  wliich  form  the  coolant 
passages  b.  The  flow  of  the  coolant  is  normal  to  the  cross 
section  showm.  High  temperatures  may  be  anticipated  near 
the  corners  c of  the  passages,  inasmuch  as  the  rate  of  heat 
transfer  there  is  expected  to  be  poor.  A theoretical  inves- 
tigation of  the  temperature  distribution  in  such  a heat 
exchanger  was  made  at  the  NACA  Lewis  laboratory  during 
1950  and  is  presented  herein. 

The  basis  for  this  investigation  is  a knowledge  of  local 
heat-transfer  coefficients  in  passages  of  noncircular  cross 
section.  Some  information  is  available  on  the  average 
heat-transfer  coefficients  in  such  tubes  (references  1 and  2). 
The  result  of  these  investigations  is  essentially  that  the  ex- 
pressions derived  for  the  heat-transfer  coefficients  in  circular 
tubes  apply  for  other  cross  sections  as  well,  provided  the 
diameter  is  replaced  by  the  hydraulic  diameter.  (The 
hydrauhc  diameter  is  defined  as  four  times  the  cross-sectional 
flow  area  divided  by  the  circumference  of  the  passage.) 

A knowledge  of  local  heat-transfer  coefficients  in  noncir- 
cular passages  is  important  not  only  in  the  present  problem, 
but  also  for  several  other  engineering  problems,  such  as  the 
determination  of  local  temperatures  in  the  walls  of  air-cooled 
turbine  blades.  No  information  on  local  heat- transfer 
coefficients  was  found  in  the  available  hterature,  however. 
These  values  are  therefore  estimated  from  flow  measure- 
ments made  by  Nikuradse  (reference  3)  on  the  basis  of  the 
similarity  between  temperature  and  velocity  fields. 


Fioube  1. — Cross  section  through  typical  heat  exchanger  composed  of  noncircular  flow 

pass'ages. 
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SYMBOLS 

The  following  symbols  are  used  in  this  report: 

A cross-sectional  flow  area  (sq  ft) 

A*  ratio  of  wall  area  to  flow  area  (dimensionless) 

C ^ internal  circumference  of  passage  (ft) 

C*  CJD  (dimensionless) 

c,  specific  heat  at  constant  pressure,  Btu/(lb)  (°F) 

D hydraulic  diameter,  ^A/Cy  (ft) 

g acceleration  due  to  gravity  (ft)/(sec^) 

h local  heat-transfer  coefficient,  Btu/(sec)  (sq  ft)  (°F) 

. 1 

h average  heat- transfer  coeflScient,  ^ I h dxy 

Btu/(sec)  (sq  ft)  (°F) 

A*  hjh  (dimensionless) 

k thermal  conductivity  of  wall  material, 

Btu/(sec)  (ft)  (°F) 

thermal  conductivity  of  coolant,  Btu/(sec)  (ft)  (®F) 
k * kjkg  (dimensionless) 

N residual  value  (dimensionless) 

Nu  Nusselt  number,  ThDjkgy  (dimensionless) 

n coordinate  normal  to  passage  wall  (ft) 

n*  njD  (dimensionless) 

Pr  Prandtl  number,  i^/or,  (dimensionless) 

p pressm’e  (lb)/(sq  ft) 

2 ^ local  rate  of  heat  transfer,  hBy  Btu/(sec)  (sq  ft) 

2*  /t*  (dimensionless) 

R radial  coordinate  (ft) 

Re  Reynolds  number,  uDjvy  (dimensionless) 

r rate  of  internal  heat  generation,  Btu/(sec)  (cu  ft) 

5 wall  thickness  (ft) 

s*  sjD  (dimensionless) 

T local  total  temperature  of  coolant,  °F 

Tb  bulk  total  temperature  of  coolant,  °F 

T*  TkjrD^  (dimensionless) 

t local  wall  temperature,  °F 

i*  ikjrD'^  (dimensionless) 

Uy  V velocity  components  in  x-  and  p-direction,  re- 

spectively (ft/sec) 

Xy  p,  e Cartesian  coordinates 

z*  xjD  (dimensionless) 

y*  yID  (dimensionless) 

z*  zjD  (dimensionless) 

a thermal  diffusivity,  kgjpgcpy  (sq  ft)/(sec) 

)3  angle  subtended  by  two  adjacent  sides  of  polygonal 

passage  (deg) 

A increment  of  length  (ft) 

A * A/Z?  (dimensionless) 

6.  increment  or  diflPerence 

€h  turbulent  diffusivity  of  heat  (sq  ft) /(sec) 

tM  turbulent  diffusivity  of  momentum  (sq  ft) /(sec) 

6 temperature  difference,  t-Tsy  °F 

6*  dkjrD'^  (dimensionless) 

V kinematic  viscosity  (sq  ft) /(sec) 

p mass  density  (lb)  (sec-)/(ft^) 

Tu>  local  wall  shear  stress  (lb)/(sq  ft) 


Subscripts: 

c conditions  for  equivalent  circular  tube 

m conditions  at  center  of  flow  passage 

n conditions  normal  to  passage  wall 

5 conditions  at  wall  surface 

Superscript: 

* dimensionless  quantity 

ASSUMPTIONS 

If  this  analysis  were  to  be  made  without  any  simplifying 
assumptions,  the  simultaneous  solution  of  the  equations  of 
motion  of  the  coolant  and  of  the  heat  flow  in  the  coolant  and 
in  the  passage  walls  would  be  required.  The  following  as- 
sumptions are  made  in  order  to  make  these  equations 
amenable  to  solution  without  seriously  curtailing  the  results 
of  the  analysis: 

(1)  The  Prandtl  number  of  the  coolant  used  in  the  heat 
exchanger  is  in  the  neighborhood  of  1.  This  condition  is 
well  fulfilled  by  gases  and  by  water  above  a temperature  of 
200°  F,  excluding  the  neighborhood  of  the  critical  point. 

(2)  The  passages  of  the  heat  exchanger  are  long  enough  so 
that  in  the  cross  section  investigated  the  flow  is  fully  devel- 
oped, which  means  that  the  velocity  profile  does  not  change 
its  shape  in  the  direction  of  the  tube  axis. 

(3)  The  rate  of  heat  generation  in  the  walls  of  the  heat 
exchanger  is  uniform.  As  a consequence  of  this  condition, 
the  temperature  within  the  coolant  and  the  walls  increases 
linearly  in  a downstream  direction  provided  the  flow  is  ther- 
mally developed.  For  a fluid  with  a Prandtl  number  of  1, 
the  points  of  thermal  and  velocity  development  in  a tube 
practically  coincide  provided  that  the  heating  of  the  tube 
starts  at  the  entrance  section. 

(4)  The  temperature  gradient  along  the  tube  axis  is  as- 
sumed small  as  compared  with  the  gradients  in  any  cross 
section  of  the  passage. 

(5)  The  thermal  conductivity  of  the  solid  material  is  large 
as  compared  with  the  thermal  conductivity  of  the  coolant. 
This  condition  is  always  fulfilled  for  metal  walls  regardless 
of  the  type  of  coolant  used  provided  that  assumption  (1) 
applies  and  for  nonmetallic  walls  if  the  coolant  is  a gas. 
For  the  case  of  nonmetallic  walls  and  liquid  coolants,  the 
applicability  of  the  calculations  presented  in  this  report  must 
be  checked  in  each  individual  case.  Furthermore,  the  tem- 
perature differences  within  the  passage  wall  at  any  one  cross 
section  are  postulated  to  be  small  as  compared  with  the 
temperature  differences  between  the  wall  and  the  core  of 
the  coolant.  As  a consequence  of  the  assumption  listed  in 
this  paragraph,  the  heat  transport  within  the  coolant,  normal 
to  the  tube  axis  and  parallel  to  the  walls,  is  small  as  com- 
pared with  the  heat  conduction  within  the  walls  and  may 
therefore  be  neglected.  The  heat  transport  within  the 
coolant,  normal  to  the  tube  axis  and  normal  to  the  walls, 
is  of  course  taken  into  account. 

(6)  The  turbulent  diffusivity  of  momentum  €m  and^thatof 
•heat  are  equal. 
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FLOW  IN  TUBES  WITH  NONCIRCULAR  CROSS  SECTION 

A thorough  investigation  of  the  flow  through  tubes  with 
noncircular  cross  sections  was  made  by  Nikuradse  (refer- 
ence 3).  This  investigation  is  used  in  the  present  report 
as  the  basis  for  estimating  local  heat-transfer  coeflScients. 

The  flow  of  water  through  tubes  of  several  different  shapes, 
as  shown  in  figure  2,  was  investigated  in  reference  3.  Three 
of  the  tubes  had  triangular  cross  sections;  an  equilateral 
triangle,  an  isosceles  right  triangle,  and  a right  triangle  with 
the  sides  enclosing  the  90°  angle  having  a ratio  of  1 to  2.32. 
One  tube  had  a trapezoidal  cross  section  and  two  tubes  were 
circular  with  one  and  two  grooves,  respectively.  In  a second 
report,  Nikuradse  investigated  tubes  with  a rectangular  cross 
section;  however,  only  a summary  of  this  report  is  available 
(reference  4) . The  hydraulic  diameter  of  the  passages  varied 
from  0.3  to  0,6  inch  and  the  length-to-hydraulic-diameter 
ratio  varied  from  100  to  200.  The  Reynolds  number  based 
on  the  hydraulic  diameter  and  the  mean  velocity  ranged 
from  77,000  to  120,000.  Because  it  is  Imown  that  the  shape 
of  a turbulent  velocity  profile  changes  only  slightly  with 
Reynolds  number,  the  results  of  the  calculations  should  be 
applicable  for  a fairly  large  range  of  Reynolds  number  in 
the  turbulent  region.  The  velocity  profiles  were  measured 


Figure  2 —Cross  sections  of  passages  investigated  in  reference  3. 


Figure  3.— Velocity  contours  in  triangular  passage  as  measured  in  reference  3.  Reynolds 

number,  81,000. 


with  a small  total-head  tube  in  a cross  section  near  the 
downstream  end  of  the  tube. 

Results  of  reference  3 for  the  isosceles  right  triangle  are 
shown  in  figures  3 to  5.  Similar  results  for  all  other  cross 


Figure  4.— Secondary  flow  in  triangular  passage  deduced  from  measurements  of  reference  3. 


Figure  5.— Shear  stress  distribution  on  circumference  of  triangular  passage  as  determined 

in  reference  3. 
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sections  can  be  found  in  the  original  report.  In  figure  3 the 
lines  of  constant  velocity  are  presented  as  contour  lines. 
These  contoui's  are  indented  near  the  center  of  each  side  of 
the  passage.  The  conclusion  of  reference  3 is  that  these 
indentations  indicate  a secondar^^  flow  normal  to  the  main 
flow  direction.  A qualitative  sketch  of  this  secondar^^  flow 
is  presented  in  figure  4.  Prandtl  (reference  5)  has  ascribed 
the  secondar}^  flow  to  a tm^bulent  mixing  motion  within  the 
' fluid,  which  is  more  intense  in  the  direction  parallel  to  the 
wall  than  normal  to  it.  This  secondary  flow  tends  to  equal- 
ize the  velocities  and  temperatures  within  any  cross  section 
of  a noncircular  tube  and  is  therefore  favorable  for  the  simi- 
larity consideration  that  ^vill  be  used  to  deduce  the  tempera- 
ture field  from  the  measured  velocity  field.  On  the  other 
hand,  because  no  quantitative  knowledge  of  the  secondaiy 
flow  exists,  an  exact  theoretical  calculation  of  the  tempera- 
tm*e  field  in  noncircular  passages  is  impossible.  The  local 
wall  shear  stresses  were  computed  by  Nikuradse,  using  the 
measured  velocity  profiles  together  with  the  assumption  that 
the  Blasius  pipe  resistance  law  of  the  turbulent  velocity 
profile  for  circular  tubes  applies  also  for  noncircular  passages 
on  normals  to  the  walls  (fig.  5).  A check  by  Nikuradse  of 
the  calculated  average  shear  stresses  against  the  measured 
pressure  drop  showed  good  agreement. 

SIMILARITY  BETWEEN  VELOCITY  AND  TEMPERATURE 
PROFILES  FOR  Pr=l 

It  is  well  known  that  the  velocity  and  temperature  profiles 
in  the  boundary  layer  of  a fluid  with  a Prandtl  number  of  1 
are  similar  in  shape  in  the  absence  of  a pressure  gradient. 
This  similarity  is  immediately  apparent  from  a comparison 
of  the  momentum  and  energy  equations  of  the  boundary 
layer  for  two-dimensional  steady  flow  along  a flat  plate 
(reference  6) : 

■ i]  ® 

where  T represents  the  total  temperature,  the  Prandtl  num- 
ber is  equal  to  1,  and  the  specific  heat  is  constant.  The 
effect  of  internal  friction  on  the  temperature  profile  is  taken 
into  account  by  basing  equation  (2)  on  the  total  temperature. 

Because  it  is  assumed  that  the  turbulent  diffusivity  of 
momentum  €m  and  of  heat  are  equal,  equations  (1)  and 
(2)  are  similar.  The  solutions  of  the  equations,  namety, 
the  velocity  and  temperature  profiles,  are  therefore  also 
similar,  provided  the  boundary  conditions  are  similar.  The 
boundary  conditions  for  the  velocity  field  on  a flat  plate  are 
that  the  velocity  is  0 along  the  wall  and  has  a constant  value 
outside  the  boundary  laj^er.  Similar  boundary  conditions 
for  the  temperature  field  are  that  the  temperature  is  constant 
both  along  the  wall  .and  in  the  main  stream. 

It  is  therefore  evident  that  similarity  between  velocity 
and  temperature  profiles  in  the  boundary  layer  over  a flat 


plate  exists  in  an  exact  mathematical  sense.  The  same  is 
not  true,  however,  for  full3^  developed  pipe  flow.  The  bal- 
ance of  the  forces  and  of  the  heat  energy  on  a stationary 
annular  volume  element  with  a radius  i?,  thickness  dR,  and 
length  (in  the  direction  of  the  tube  axis)  dz,  leads  to  the 
foUo\\dng  equations  for  fulty  developed  flow  in  a circular 
tube: 


i ^ ^ (4) 


where  the  heat-conduction  term  in  the  2-dhection  is  neglected 
in  equation  (4).  It  is  apparent  that  equations  (3)  and  (4) 
are  not  similar,  even  if  the  viscosity  and  diffusivity  terms  in 
the  two  equations  are  equal.  The  following  type  of  anal^^sis 
can  be  made,  however: 

The  turbulent  diffusivity  of  momentum  can  be  cal- 
culated from  equation  (3),  provided  that  the  velocity  profile 
u=f{R)  and  the  pressure  drop  dpjdz  are  experimentally 
Imown.  If  it  is  again  assumed  that  €m  and  €h  are  equal,  the 
temperature  profile  can  then  be  calculated  from  equation  (4). 
Such  an  analysis,  based  on  constant  property  values  and  with 
internal  friction  neglected,  was  carried  out  hy  Latzko  (refer- 
ence 7).  The  results  of  this  analysis  were  used  to  calculate 
the  relation  between  the  temperatures  and  the  velocities  for 
hydrod^mamically  and  thermally  developed  flow  of  a fluid  with 
Pr^l.  Figure  6 represents  a plot  of  the  local  temperature- 
difference  ratio  {T—ts)l{T„—ts)  against  the  local  veloc- 
ity ratio  ujum^  It  can  be  seen  that  this  relation  is  very 
nearly  linear.  This  linearity  means  that  the  velocity  and 
temperature  profiles  are  similar  as  far  as  practicality  is  con- 


Figure  6 —Relation  between  local  temperatures  and  local  velocities  in  fully  developed  tur- 
bulent region  of  circular  tube.  Based  on  reference  7. 
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cerned,  even  though  they  are  not  similar  in  a strict  mathe- 
matical sense.  Most  of  the  recent  theoretical  investigations 
of  turbulent  heat  transfer  are  therefore  based  on  the  assump- 
tion of  similarity  between  these  profiles  for  a fluid  with  a 
Prandtl  number  of  1. 

It  is  known  that  the  full}^  developed  turbulent  velocity 
profile  in  a circular  tube  is  such  that  the  essential  part  of  the 
velocitj^  change  from  0 at  the  wall  to  a maximum  value  at  the 
center  occurs  in  a narrow  strip  around  the  periphery  of  the 
tube.  The  investigations  of  references  3 and  4 show  that  this 
condition  is  also  true  for  tubes  of  polygonal  cross  section,  as 
long  as  the  included  angles  between  two  adjacent  passage 
walls  are  not  very  small.  Nikuradse further  shows  that  thelaw 
for  the  velocit}^  variation  on  a normal  to  the  wall  established 
for  turbulent  flow  in  circular  tubes  holds  also  for  the  non- 
circular passages  in  this  region  of  essential  velocity  variation. 
It  can  therefore  be  expected  that  the  similarity  between 
temperature  and  velocity  profiles  wiU  also  be  fulfilled  reason- 
ably well  on  normals  to  the  walls  for  nonchcular  tubes  and 
fluids  ^vith  a Prandtl  number  of  1,  although  a balance  of  forces 
and  energies  similar  to  equations  (3)  and  (4)  shows  that  the 
similarity  cannot  exist  exactly  in  regions  very  close  to  the 
corners. 

An  immediate  result  of  the  similarity  between  velocity  and 
temperature  profiles  is  the  fact  that  the  local  wall  shear  stress 
determined  by  the  velocity  gradient  at  the  wall  is  propor- 
tional to  the  local  heat-transfer  coefficient  determined  by  the 
temperature  gradient  at  the  wall.  (The  same  result  can  be 


obtained  from  Keynolds^  analog}’^.)  The  proportionality  of 
these  values,  together  with  the  knowledge  that  the  average 
heat-transfer  coefficients  for  circular  and  noncircular  tubes 
with  the  same  hydi’aulic  diameter  are  equal,  can  be  used  to 
obtain  local  heat-transfer  coefficients  in  noncircular  tubes 
from  the  wall-shear-s tress  data  of  references  3 and  4.  A 
generalization  of  this  result  is  possible  because,  for  a given 
Re^molds  number,  the  shear  stress  distribution  in  the  vicinity 
of  a corner  of  the  passage  depends  primarily  on  the  conditions 
near  that  corner  and  not  on  the  shape  of  the  passage. 

The  local  heat-transfer  coefficients,  as  presented  in  figure  7, 
were  obtained  by  correlating  the  results  of  references  3 and  4. 
In  this  figure  the  ratio  A*  of  the  local  heat-transfer  coefficient 
to  the  mean  value  is  plotted  against  the  dimensionless 
distance  from  the  corner  x*.  The  included  angle  of  two 
adjacent  passage  walls  is  the  parameter  for  the  cmwes.  Some 
of  these  corner  angles  were  represented  on  more  than  one  of 
the  cross  sections  investigated  in  reference  3,  and  for  these 
angles  the  curves  of  h*  against  x*  agree  reasonably  well. 

The  application  of  figure  7 can  best  be  explained  with  the 
aid  of  an  example.  Suppose  it  is  desired  to  find  the  distribu- 
tion of  h*  over  the  short  leg  of  an  isosceles  right  triangle,  as 
shown  in  figm*e  8.  The  two  ends  of  the  curve  can  imme- 
diately be  transposed  from  figmn  7.  The  remainder  of  the 
cm*ve  is  then  extrapolated  so  that  the  area  under  the  curve 
divided  by  length  AB  is  equal  to  1.  This  procedure  gives  a 
reasonably  good  approximation  as  long  as  the  maximum 
value  of  A*  is  not  considerably  greater  than  1. 
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DIMENSIONLESS  VARIABLES 


With  the  distribution  of  the  local  heat-transfer  coefficient 
around  the  circumference  of  the  passages  estabhshed,  the 
only  problem  remaining  to  be  solved  is  the  calculation  of  the 
heat-conduction  process  witliin  the  passage  walls.  Before 
this  problem  is  taken  up,  an  investigation  is  made  to  deter- 
mine the  dimensionless  moduli  on  which  the  temperature 
distribution  in  a heat  exchanger  of  the  type  under  considera- 
tion depends.  This  investigation  may  be  useful  as  a basis 
for  experimental  investigations.  None  of  the  simplifying 
assumptions,  as  summarized  previously,  is  necessary  for  the 
development  in  this  section  of  the  report. 


The  heat  conduction  witliin  the  sohd  walls  of  a heat  ex- 
changer with  internal  heat  generation  is  described  by  Pois- 
son’s equation 


k 


0 


(5) 


The  number  of  parameters  for  this  equation  can  be  reduced 
by  the  use  of  the  following  dimensionless  values: 
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With  these  values,  equation  (5)  can  be  rewritten 


-1  = 0 


(7) 


The  temperature  field  that  results  under  the  influence  of  the 
internal  heat  generation  in  the  sohd  walls  depends  on  how 
the  heat  is  transferred  from  the  wall  surfaces  to  the  coolant. 
The  heat  must  be  conducted  within  the  solid  material  to  the 
simface  and  from  there  into  the  coolant.  Along  the  surface, 
•therefore,  the  folloAving  boundary  condition  exists: 


where  n represents  the  direction  normal  to  the  surface.  In 
terms  of  dimensionless  variables,  this  equation  becomes 


\hn*), 

FiflURE  8. — Determination  of  local  heat-transfer  coefficients  in  triangular  heat-exchanger 

passage. 


The  heat  transfer  within  the  coolant  by  conduction  and 
convection  is  governed  by  an  energy  equation  similar  to 
equation  (4)  and  the  flow  of  the  coolant  is  determined  by  a 
momentum  equation  (similar  to  equation  (3))  and  the  cor- 
responding continuity  equation.  Textbooks  on  heat  transfer 
(for  example,  reference  8)  shoAv  that  the  dimensionless  tem- 
perature described  by  the  energy  equation  of  the  coolant 
depends,  for  low-velocity  flow  and  constant  property  values, 
on  the  Reynolds  number  Re  and  the  Prandtl  number  Pr.  At 
liigh  velocities  and  variable  property  values,  there  is  an 
additional  influence  of  the  Mach  number  and  other  dimen- 
sionless expressions  characterizing  the  temperature  depend- 
ency on  the  property  values.  By  neglecting  the  last- 
mentioned  influences  and  summarizing  all  the  factors  that 
influence  the  heat  floAv  in  the  solid  material  and  in  the 
coolant,  a functional  relation  of  the  following  type  can  be 
deduced: 

e*=f(Re^  Pr,  A:*,  x*,  ^/*,  (10) 

where  the  temperature  difference  0*  is  introduced  because 
only  temperature  differentials  appear  in  the  equations.  The 
function  / as  expressed  by  this  equation  depends  on  the 
geometric  configuration  of  the  heat-exchanger  passages. 

When  it  can  be  assumed  that  the  heat-transfer  process  from 
the  walls  to  the  coolant  is  not  influenced  by  the  temperature 
distribution  within  the  wall,  the  number  of  factors  influenc- 
ing the  problem  can  be  considerably  reduced.  This  assump- 
tion is  made  throughout  the  calculations  in  this  report  and 
seems  reasonable  as  long  as  previously  mentioned  assump- 
tion (5)  holds.  In  this  case  equation  (8)  can  be  replaced  by 

where  is  a known  function  of  the  floAv  parameters.  By 
introducing  the  ratio  h*  of  the  local  heat-transfer  coefficient 
to  the  value  averaged  over  the  circumference  of  the  passage 
and  the  Nusselt  number  Nu—KDIkg  based  on  this  average 
value,  and  by  changing  to  the  temperature  difference  9, 
equation  (11)  can  be  transformed  to 

The  dimensionless  temperature  within  the  solid  walls  of  the 
heat  exchanger  is  determined  by  equations  (7)  and  (12)  and 
can  be  presented  as  a function  of  the  following  kind: 

e*=f(Nu^,x*,y\z*^  ■ (13) 

This  dimensionless  temperature  difference  depends  only  on 
the  dimensionless  local  coordinates  and  on  the  parameter 
h/^ 

Nup*  Temperature  distributions  and  heat- transfer  char- 
acteristics for  any  given  geometric  configuration  are  therefore 
presented  as  a one-parameter  family  of  curves. 
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CALCULATION  OF  TEMPERATURE  DISTRIBUTIONS  WITHIN 
PASSAGE  WALLS 

The  problem  of  calculating  temperature  distributions  within 
the  passage  walls  can  be  classified  in  two  general  categories, 
depending  on  the  relative  thickness  of  these  walls.  If  the 
dimensionless  waU  thickness  s*  (see  fig.  8)  is  small  as  com- 
pared with  the  length  of  a wall  AB,  the  temperature  differ- 
ences in  the  direction  normal  to  the  waU  surface  are  small  as 
compared  with  the  temperature  difference  in  the  direction  x* 
paraUel  to  the  sirrface.  Only  the  temperature  differences  in 
this  paraUel  direction  need  therefore  be  considered.  Here- 
inafter this  special  case  of  the  problem  is  referred  to  as  the 
“one-dimensional  problem.”  On  the  other  hand,  if  s*  be- 
comes large,  the  heat  flow  in  both  thea;*  and  s*  directions  must 
be  considered.  This  second  and  more  general  problem  is 
referred  to  as  the  “two-dimensional  problem.” 

One -dimensional  problem. — Consider  a thin  plate  of 
thickness  s that  is  a section  of  the  heat-exchanger  passage 
walls.  Heat  is  generated  uniformly  throughout  the  plate 
at  a rate  r.  The  local  plate  (or  wall)  temperature  t is  assumed 
to  be  varying  in  the  x-direction  onlj^.  The  bulk  temperature 
of  the  coolant  is  and  the  thermal  conductivities  of  the  wall 
and  coolant  are  k and  kg^  respectively.  The  local  coeflScients 
of  heat  transfer  to  the  coolant  above  and  below  the  plate  are 
denoted  b}^  h and  h',  as  sho\vQ  in  the  following  sketch: 


* I 


dx*^ 


s*k* 


Nue*+1  = 0 


(16> 


This  equation  expresses  the  dimensionless  wall  temperature 
0*  as  a function  of  the  dimensionless  coordinate  x*  and  a 
single  parameter  (h*+h'*)Nuls*k*,  For  any  given  geo- 
metric configuration  (which  determines  h*  and  h'*  as  func- 
tions of  X*),  the  dimensionless  wall  temperature  is  a function 
only  of  the  average  Nusselt  number  the  dimensionless 
waU  thickness  s*,  and  the  ratio  of  the  thermal  conduc- 
tivities k*. 

In  general,  equation  (16)  must  be  solved  by  numerical 
means  inasmuch  as  h*  and  h'*  are  experimentally  determined 
functions  of  x*.  Several  numerical  methods  of  solution  can 
be  applied  and  two  of  these  are  considered  here.  The  relaxa- 
tion method  (see,  for  example,  reference  2,  pp.  365-379,  or 
reference  9)  has  the  advantage  that  it  is  easy  to  apply  and 
that  computational  errors  are  immediately  apparent.  A 
second  method  of  solution,  based  on  the  Runge-Kutta 
method  (reference  10)  is  presented  in  the  appendix.  This 
method  is  preferable  when  results  of  high  accuracy  are 
desired.  It  is  less  convenient,  however,  than  the  relaxation 
method  because  computational  errors  are  much  more  difficult 
to  detect. 

For  the  purpose  of  solving  equation  (16)  by  the  relaxation 
method,  the  equation  is  first  expressed  in  finite-difference 
form.  Consider  a grid,  or  net  of  points,  placed  into  the  waU, 
any  two  adjacent  points  being  separated  by  a small  but 
finite  distance  A*,  as  indicated  in  the  following  sketch: 
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The  heat  balance  for  an  element  of  volume  with  the 
dimensions  dx  and  s and  of  unit  depth  is 


where 


Q+  Qi=  Q'-\~  Qa+  Qa 


(14) 


Qi=rsdx 

Qa+Qa'={h+h^)(t--Ts)dx 

With  the  preceding  values  of  Q,  equation  (14)  becomes 
dH  h-\-h\ 


dx^ 


(15) 


The  second  derivative  of  6*  at  an  arbitrary  point  0 can  be 
expressed  in  terms  of  the  temperatures  6*  at  this  point  and 
the  two  adjacent  points  as  follows: 


/d0*\  _ei*-6o* 

/de*\ 

\dx*Jo~  A* 

o\dx*A 

*2' 


' i*l\dxVo  o\dxVj 


dx 


(17) 


With  this  value  for  the  second  derivative,  equation  (16) 
becomes 

0*+e,*-e,*  [2+^(A*+;^'*)„a«]+a«=o  (i8) 


Equation  (15)  can  be  expressed  in  terms  of  dimensionless 
variables  as 


The  relaxation  method,  used  for  solving  this  equation,  is 
subsequently  discussed. 
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Two-dimensional  problem. — Consider  a slab  of  homogene- 
ous solid  material  with  unit  thickness,  as  shovm  in  the 
following  diagram; 


Heat  is  again  generated  within  the  material  at  a uniform 
rate  r.  The  heat  balance  for  an  element  of  volume  with  the 
dimensions  dx  and  dy  and  of  unit  depth  is 

Qy+  Qi  = Qx^  Qy  (19) 

constant  flow  of  heat  through  the  slab  normal  to  the 
plane  of  the  preceding  sketch  does  not  influence  this  heat 
balance.  Local  deviations  from  this  constant  flow  of  heat 
are  neglected. 

The  individual  terms  in  equation  (19)  are 


where  n is  the  direction  normal  to  the  surface.  Equation  (22) 
can  again  be  written  in  terms  of  the  dimensionless  variables 


Nuh^ 


(23) 


Equation  (21)  together  with  boxmdary  condition  (23)  full}’’ 
describes  the  two-dhnensional  problem.  All  physical  vari- 
ables are  again  grouped  into  a single  parameter  h*  Nufk*, 
which  appears  in  the  boundary  condition.  In  order  to  apply 
the  relaxation  method  of  solution  to  these  expressions,  they 
are  first  converted  to  difference  equations. 

For  this  purpose  a rectangular  grid  is  placed  mto  the  slab, 
as  indicated  in  the  following  diagram : 


by^by 


Q/=  — kdx(^^ 

Qi  — rdxdy 

Equation  (19)  can(therefore  be  written 

r 

'dx^^'by^~~  k 

Or,  in  terms  of  the  dimensionless  variables, 

c)a:*2‘+’d2/*2’-  1 


(20) 


(21) 


If  the  slab  is  bounded  by  a coolant  whose  bulk  temperature 
is  Tb  and  if  the  local  surface  heat-transfer  coefficient  at  a 
point  s on  the  surface  is  h,  the  boundary  condition  at  that 
point  33 

k{^=-h{,t-Ts).  (22) 


Adjacent  net  points  are  separated  by  a distance  A*.  The 
derivatives  of  0*  at  an  arbitrary  point  0 can  be  expressed  in 
terms  of  the  temperature  function  at  surrounding  points. 
Thus  the  first  derivatives  are 


and  the  second  derivatives  become 


i9i*  + 03*-2C 

5^*2^  A*2 


^2^*  _ 6»2*  + i94*-20o* 

With  these  values,  equation  (21)  becomes 

01*  4_  02*  + 03*  + 04*  - 4 c + A*'=  0 (2  4) 


The  boundary  condition  can  be  evaluated  by  assuming  that 
points  1,  0,  and  3 lie  on  the  surface  of  the  walk  Point  4 then 
lies  in  the  stream  and  its  temperature  must  be  expressed  by 
the  normal  derivative  at  point  0. 

/c)0*\  ^ 04*~0o* 

K^yVr  A* 
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or,  with  the  use  of  the  value  of  bd*/by*  as  given  by  equation 
(23), 

= (25) 

Along  the  boundaiy,  therefore,  the  following  equation 
applies : 

ei*+e,* + 0,*-do*  (3 A*)+A*'= 0 (26) 

Equation  (24)  together  with  boundary  condition  (26)  can 
again  be  solved  by  means  of  the  relaxation  method. 

Solution  by  relaxation  method. — heat  exchanger  com- 
posed of  a large  number  of  rectangular  passages  will  be  dis- 
cussed. The  walls  of  the  heat  exchanger  are  made  of  a 
homogeneous  material  in  which  heat  is  generated  at  a uni- 
form rate  Figure  9 represents  a cut  through  the  heat 
exchanger  so  that  the  flow  of  coolant  is  in  a direction  normal 
to  the  cut.  In  the  discussion  that  follows,  it  is  assumed  that 
the  geometry  of  the  configuration  is  given  in  the  dimensionless 
system  of  coordinates. 

A complete  discussion  of  the  relaxation  method  is  not 
presented  herein,  inasmuch  as  it  is  generally  available 
elsewhere.  (See,  for  example,  reference  9.)  The  essential 
features  of  the  method  can  be  outlined  as  follows: 

Suppose  it  is  desired  to  solve  a given  finite-difference 
equation  over  a certain  area  of  integration.  The  equation 
is  of  the  following  type: 

/(0*)=O  ' (29) 

The  solution  of  equation  (29)  must  also  satisfy  prescribed 
conditions  at  the  boundary  of  the  area  of  integration. 

Fhst,  it  is  necessary  to  select  a number  of  net  points  cover- 
ing the  entire  area  of  integration.  The  distance  A*  between 
net  points  is  arbitrary,  with  the  accuracy  of  the  final  solution 
increasing  as  the  distance  between  points  i§  decreased. 
Next,  values  of  6*  are  assumed  at  each  net  point.  If  by 
chance  these  assumed  values  of  are  the  correct  values, 
then  they  satisfy  the  appropriate  finite-difference  equation 
at  all  net  points. 

In  general,  however,  the  assumed  values  of  the  function  do 
not  satisfy  the  difference  equation  and  the  left  side  of  equa- 
tion (29)  is  equal  to  some  residual  value  N instead  of  zero. 
At  any  given  net  point  6*  must  then  be  adjusted  in  order  to 
make  vanish  at  that  point.  This  adjustment  of  0*  also 
changes  the  residuals  at  adjacent  net  points.  However, 
if  this  process  of  adjustment  is  started  at  the  point  at  which 
the  absolute  value  of  N is  greatest  and  is  then  repeated  for 
points  at  which  the  value  of  the  residual  is  successively  less, 
the  correct  values  of  6*  for  the  entire  net  eventually  are 
obtained. 

In  applying  this  method  to  the  heat  exchanger  under 
consideration,  it  is  fii'st  assumed  that  the  wall  thickness  s* 
is  small,  so  that  the  one-dimensional  solution  applies. 


r -Cooling  passages 


□ 


Figure  9.— Thick-walled  heat  exchanger  with  rectangular  passages.  (Shaded  region  is 
considered  in  calculations.) 


C 0 A 


Figure  10.— Thin- walled  heat  exchanger  with  rectangular  passages.  (Calculation  is  confined 

to  region  ABC.) 


Figure  ll. — Relaxation  net  for  rectangular  thin-walled  heat  exchanger. 


The  actual  configuration  to  be  discussed  is  sho^vn  in  fig- 
ure 10.  Because  points  A,  B,  and  C are  points  of  sym- 
metry, only  the  region  bounded  by  these  points  need  be 
considered.  Furthermore,  the  distribution  of  temperature  is 
also  symmetric  about  point  O with  respect  to  AO  and  OC. 
An  enlarged  view  of  the.  section  under  consideration  is 
represented  in  figime  11. 

The  section  has  been  subdivided  into  a number  of  net 
points  ct,  6,  c,  . . . A,  each  separated  by  a distance  A*  from 
adjacent  points.  The  first  step  in  the  analysis  is  the  assump- 
tion of  temperatures  at  all  net  points,  which  can  be  done  by 
setting  up  a balance  between  the  total  heat  produced  mthin 
the  walls  and  the  total  outflow  of  heat  from  the  walls.  In 
terms  of  the  dimensionless  variables,  this  heat  balance 
becomes 

0*{h*+h'*)dx*=^l  (30) 


If,  for  the  initial  assumption,  \ and  is  constant, 

the  following  expression  is  obtained: 


e*= 


*k* 

2Nu 


(31) 


The  value  of  0*  given  by  equation  (31)  is  assumed  to  exist 
at  all  net  points.  The  appropriate  difference  equation  at 
points  6,  c,  dy  f,  and  g is  (from  equation  (18)) 
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0.*  + ej*-0o*[2+^(/t*  + A'*)oA*^]+A**=iVo  (32) 

where  the  subscript  0 refers  to  the  point  at  which  the  equa- 
tion is  to  be  applied  and  subscripts  1 and  2 refer  to  adjacent 
points.  At  point  a,  which  is  influenced  by  three  points,  the 
follo^ving  equation  is  required: 

[3  (33) 

At  point  e,  which  is  a point  of  S3^mmetry,  the  follo^^^ng 
expression  applies: 

2ea*-e*^2  + ~(h*+h'*)A*^'j+A*^=Ne  (34) 

A similar  expression  applies  at  point  h.  With  these  equa- 
tions, the  residuals  N are  calculated  at  each  net  point.  The 
point  at  which  N has  the  largest  absolute  value  is  then 
selected  and  6*  at  that  point  is  adjusted  so  that  the  residual 
vanishes.  The  effect  of  this  adjustment  on  the  residuals  at 
adjacent  points  is  calculated  with  the  aid  of  the  appropriate 
finite-difference  equation. 

The.  process  is  repeated  for  the  spoint  at  which  the  next 
largest  value  of  the  residual  appears.  Eventualh^,  if  the 
process  is  repeated  often  enough,  the  residuals  at  all  net 
points  approach  zero.  The  final  adjusted  values  of  6*  then 
satisfy  the  appropriate  equations  at  all  net  points. 

These  values  of  should  also  satisfy  the  heat  balance  as 
given  by  equation  (30).  This  equation  can  therefore  be 
used  to  check  the  validity  of  the  final  temperature  distribu- 
tion. If  the  check  is  unsatisfactory,  it  is  necessary  to 
continue  the  solution  of  the  finite-difference  equations  by 
using  a smaller  net  spacing. 

The  same  heat-exchanger  configuration  is  now  investigated 
without  making  the  assumption  that  the  wall  thickness  is 
small.  The  two-dimensional  equations  are  therefore  applied. 
An  enlarged  view  of  the  shaded  portion  of  figure  9 is  shown 
in  figure  12.  The  lines  CD,  FG,  and  GA  are  lines  of  sym- 
metry, and  there  is  no  flow  of  heat  across  these  lines.  The 
temperature  distribution  along  line  DEF  will  be  symmetric 
about  point  E,  but  there  will  be  a flow  of  heat  across  this 
line.  A large  number  of  net  points  are  selected  to  cover  the 
entire  section  of  the.  configuration  shown  in  figure  12.  (Only 


Figure  12.— Relaxation  net  for  rectangular  thick-walled  heat  exchanger. 


a few  of  these  points  are  presented  in  the  fig.)  An  initial 
value  for  the  temperature  along  lines  AB  and  BC  is  obtained 
by  setting  up  a balance  between  the  total  heat  produced 
within  the  section  and  the  flow  of  heat  to  the  gas.  In 
terms  of  the  dimensionless  variables,  this  heat  balance 
becomes 

1 r^*  A*  k* 

M.  (35) 

If,  for  the  initial  assumption,  A*  = l and  6*  is  constant, 
then  the  following  expression  for  0*  is  obtained: 


4 Nu 


(36) 


. It  can  now  be  assumed  that  the  temperature  as  given  by 
equation  (36)  exists  along  the  surface  of  the  wall  and  that 
a somewhat  higher  temperature  exists  at  internal  points. 
The  assumed  temperatures  are  then  adjusted  by  means  of 
the  relaxation  method. 

The  appropriate  finite-difference  equation  for  internal 
points,  such  as  point  e,  is  written  as  follows: 

e,*+er*+en*  + e/-4de+A*^=Ne  (37) 

For  points  along  the  boundary,  such  as  point  b,  the  equation 
is 

0*  + 0e* +0*-0*(s+^  h*A*^  +A*^=Nt  (3  8) 


and  for  points  on  a line  of  symmetry,  such  as  point/, 

e*  + 2ee*  + di*-Ad/+A*^=Nf  ’ (39) 

The  appropriate  equation  for  points  along  DEF  can  be 
determined  by  taking  advantage  of  the  antisymmetry  about 
this  line.  At  point  Ar,  for  instance,  the  equation  becomes 

6,*  + 6,*  + C + 6j*^4  6,^ + AT,  (4  0) 

Expressions  of  the  type  (37)  to  (40)  apply  at  all  net  points. 
The  method  of  determining  the  actual  temperature  distribu- 
tion is  the  same  as  the  method  outlined  in  the  previous 
section. 

The  final  temperatures  along  the  surface  of  the  wall  can 
be  checked  with  the  aid  of  equation  (35).  If  the  check 
is  unsatisfactory,  a finer  net  spacing  is  required. 

RESULTS 

One-dimensional  solution. — The  one-dimensional  solution 
was  applied  to  heat  exchangers  composed  of  rectangular  and 
triangular  passages,  respectively.  In  each  case  the  passages 
were  staggered  in  order  to  minimize  the  expected  hot  spots. 

The  rectangular  configuration  is  represented  by  figure  10. 
The  height-to-^vidth  ratio  of  each  passage  in  this  configura- 
tion is  1 to  5.  Figure  1 represents  the  triangular  configura- 
tion. Each  passage  in  this  configuration  is  an  isosceles 
right  triangle. 
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Figure  13.— Temperature  distribution  for  passage  of  thin-walled  triangular  heat  exchanger 

(fig.  1). 

It  has  previously  been  stated  that,  for  each  configuration, 
the  temperature  distribution  in  the  passage  walls  is  a function 
only  of  the  parameter  Nujs'^k'^.  Accordingly,  temperature 
distributions  were  calculated  for  several  values  of  this  param- 
eter, ranging  from  0.1  to  100.  This  range  of  values  is 
believed  to  include  all  values  actually  encountered. 

Temperatui’e  distributions  were  calculated  according  to  the 
method  outlined  in  the  previous  section  of  this  report  and 
were  then  checked  by  equation  (30).  Local  rates  of  heat 
transfer  q*  = h*6*  were  calculated  for  this  purpose.  Accord- 
ing to  equation  (30),  the  mean  value  of  q*  when  multiplied 
by  2Nulk*s*  should  equal  1.  Because  the  finite-difference 
method  of  solution  is  essentially  an  approximate  method,  the 
results  were  not  expected  to  be  exact.  AU  results  presented 
in  this  section  of  the  report,  however,  were  held  to  an  error 
of  less  than  6 percent.  The  final  temperatures  were  multi- 
plied b}’'  a constant  scale  factor  in  order  to  satisf}’’  equation 
(30)  exactly. 

Temperature  distributions  and  local  rates  of  heat  transfer 
are  presented  for  the  triangular  heat  exchanger  in  figures  13 
and  14  and  for  the  rectangular  heat  exchanger  in  figures  15 


and  16.  In'  the  temperatoe  plots  (figs.  13  and  15),  the 
tempera tiu’e  difference  {I—Tb)  is  referred  to  the  temperature 
difference  (i— Tb)c  for  a thin-walled  circular  tube  with  the 
same  h3^draulic  diameter  and  an  internally'  heated  wall  with 
the  same  physical  properties.  The  temperature  difference 
for  the  circular  tube  is  given  in  the  nondimensional  form  by 
equation  (31).  Similarh^,  the  ordinate  in  figures  14  and  16 
refers  the  rate  of  heat  transfer  q to  the  rate  of  heat  transfer 
from  the  wall  of  a tliin  circular  tube  qc.  It  is  believed  that 
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Figure  15. — Temperature  distribution  for  passage  of  thin-walled  rectangular  heat  exchanger 

(fig.  10). 


the  interpretation  of  the  temperature  and  heat-transfer 
curves  is  simplified  b}-  this  final  change  of  ordinates.  Tem- 
perature distributions  for  the  triangular  configm’ation  are 
sho^vn  in  figm^e  13.  These  curves  are  presented  for  values 
of  Nuls^k"^  of  0.1,  1.0,  10,  and  100.  As  was  expected,  the 
temperatures  peak  near  the  corners  of  the  passage.  The 
largest  temperature  differences  are  encountered  for  large 
values  of  the  parameter  A large  value  of  this 

parameter  indicates  a low  conductivity  of  the  wall  material 
or  a small  wall  thickness.  Both  of  these  conditions  are 
conducive  to  low  rates  of  heat  exchange  within  the  wall. 
Local  rates  of  heat  transfer  corresponding  to  the  temperature 
distributions  just  discussed  are  presented  in  figure  14. 

Temperature  and  heat- transfer  curves  for  the  I'ectangular 
configuration  are  shown  in  figures  15  and  16.  The  results  for 
this  configuration  are  similar  to  those  for  the  triangular 
configuration. 

In  order  to  determine  when  the  one-dimensional  solution 
can  be  used,  it  is  necessary  *to  obtain  some  information  on 
the  temperature  difference  that  exists  across  the  passage 
walls  on  normals  to  the  surfaces  and  to  compare  this  tem- 
perature difference  with  the  temperature  differences  along 
the  surfaces.  An  estimate  of  the  temperature  difference 
dtn  across  the  wall  may  be  obtained  by  calculating  this  value 
for  a flat  plate.  The  result  of  this  calculation  is 

(41) 

The  equation  can  be  changed  to  the  dimensionless  values 
to  yield 

This  temperature  difference  can  again  be  referred  to  the 
temperatme  difference  (t—Ts^  as  folloAvs: 


8tn  s^Nu 

(t-Ts)r 


The  one-dimensional  solution  apphes  as  long  as  this  value  is 
small  as  compared  wfith  the  temperatm^e  differences  presented 
in  figm'es  13  and  15. 

Two-dimensional  solution. — The  two-dimensional  solution 
for  the  temperature  field  wdthin  the  heat  exchanger  depends 
on  two  parameters;  namely,  the  dimensionless  wall  thickness 
s*  and  the  value  iVu  h*/k*.  In  addition,  the  time  required 
to  obtain  the  solution  for  a special  case  is  much  longer  than 
for  the  one-dimensional  solution.  Only  one  example  was 
therefore  calculated;  namely,  the  temperature  distribution 
wdthin  the  walls  of  a heat  exchanger  composed  of  rectangular 
passages,  as  shown  in  figure  9.  The  ratio  of  the  two  side 
lengths  of  the  rectangle  is  1 to  5.  The  ratio  of  the  hydraulic 
diameter  to  the  short  side  of  this  passage  is  1.67  and  the 
dimensionless  wall  thickness  is  0.6.  Figure  17  presents  the 
results  of  the  calculation  using  the  relaxation  method  with  a 
network  of  88  points.  Lines  of  constant  temperature  (iso- 
therms) are  shown  within  the  portion  of  the  heat-exchanger 
walls  that  is  shaded  in  figure  9.  As  may  be  seen,  the  heat 
flow  within  this  wall  is  rhainly  in  the  direction  normal  to 
the  wall  sui'faces.  The  maximum  temperature  differences  on 
any  normal  to  the  suifface  are  not  very  different  from  the 
value  in  a flat  plate  as  calculated  in  equation  (42).  The 
temperature  differences  along  the  surface  of  the  wall  are 


Length  rofio^ 

Figure  16.— Local  rate  of  heat  transfer  from  passage  of  thin-walled  rectangular  heat  exchanger 

(fig.  10). 
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Figure  17 —Isotherms  in  internally  heated  walls  of  thick-walled  rectangular  heat  exchanger. 
(Shaded  portion  of  fig.  9 shown.)  Nuls*k*,  10.0;  ratio  of  flow  area  to  toal  area,  0.416; 
s*,  0.6;  y*l^\ 


appreciably  smaller  than  the  temperature  differences  across 
the  wall.  The  values  of  the  one-dimensional  solution  cannot 
therefore  be  expected  to  apply  to  this  case.  Actually,  the 
temperature  difference  found  in  figure  17  along  the  surface 
of  the  wall  is  considerably  greater  than  for  the  corresponding 
one-dimensional  case.  In  addition,  heat  is  generated  within 
the  corner  area  of  the  rectangular-wall  configmation  and  has 
to  be  conducted  away  along  comparatively  long  paths.  An 
additional  temperature  increase  can  therefore  be  found 
within  this  corner  area. 

CONCLUSIONS 

A method  to  calculate  the  temperature  distribution  in  a 
heat  exchanger  composed  of  noncircular  flow  passages  with 
internally  heated  walls  has  been  presented. 

Local  heat-transfer  coefficients  along  the  circumference  of 
the  heat-exchanger  passages  were  obtained  from  flow 
measurements  made  by  Nilmradse,  assuming  similarity  be- 
tween the  velocity  and  temperature  fields.  The  heat-transfer 
coefficients,  as  detennined  in  this  manner,  decrease  sharply 
near  the  corners  of  the  passages  and  vanish  at  the  corners. 
This  decrease  becomes  more  pronounced  as  the  corner  angle 


is  increased.  Near  the  corners  these  coefficients  are  es- 
sentially' influenced  only  by  the  magnitude  of  the  included 
angle  of  the  corner. 

It  was  shown  that  the  dimensionless  temperature  distribu- 
tion within  the  passage  walls  depends  on  a single  parameter, 
provided  the  dimensionless  wall  thickness  is  small.  Numeri- 
cal evaluations  for  triangular-  and  rectangular-passage  con- 
figurations for  a wide  range  of  the  aforementioned  parameter 
were  carried  out.  The  results  of  these  evaluations  are  pre- 
sented so  that  temperature  differences  arising  in  the  walls  of 
heat  exchangers  with  the  investigated  passage  shapes  for  any 
condition  within  the  range  of  practical  interest  can  be  read 
off  one  of  several  curves.  These  curves  show  a temperature 
increase  near  the  corners  of  the  passages.  This  increase 
becomes  more  pronounced  for  high  Nusselt  numbers  based 
on  the  average  heat-transfer  coefficient,  for  low  wall-thickness 
ratios,  and  for  low  ratios  of  the  conductivity  of  the  wall  to 
the  conductivity  of  the  coolant. 

The  dimensionless  temperature  distribution  for  thick- 
walled  heat  exchangers  depends  on  the  wall-thicloiess  ratio 
in  addition  to  the  property  parameter.  Because  the  time 
required  to  calculate  temperature  distributions  in  the  whole 
field  of  interest  determined  by  the  two  parameter  is  prohibi- 
tive, only  a specific  example  was  evaluated  numerically. 
The  method  of  calculation  is  presented  in  great  detail,  how- 
ever, so  that  evaluations  for  other  interesting  cases  can  be 
carried  out. 


Lewis  Flight  Propulsion  Labor.vpory 

N.A.TIONAL  Advisory  Committee  for  Aeronautics 
Clevel.xnd,  Ohio,  October  4,  1950 


APPENDIX 

SOLUTION  BY  RUNGE-KUTTA  METHOD 


Equation  (16)  is  of  the  followong  form: 

^-/(x*)fl*+l=0  (Al) 

The  boundary  conditions  are 


where  a and  h are  points  of  s3onmetr3^ 

In  general,  a solution  of  equation  (Al)  could  be  obtained 
b3^'  assuming  an  initial  value  of  6*  at  point  a in  addition  to 
the  first  of  the  boundary  conditions  (A2)  and  b3^'  working  the 
solution  toward  point  b using  a numerical  method  of  inte- 
gration. If  the  boimdary  condition  at  point  b is  not  satisfied, 


the  solution  has  to  be  repeated  with  a new  initial  value. 
This  trial-and-error  process  is  tedious  and  can  be  avoided 
b3^  splitting  equation  (Al)  in  such  a manner  as  to  keep  an 
undetermined  constant  c in  the  solution.  This  constant  is 
finally  determined  b3^  satisf3nng  the  second  boundary  con- 
dition. Let 

e*  = di*  + c62*  (A3) 

0,*+l=O 

) e,  -0 

where 


0,*(a)=O  0,*(a)=l 
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These  expressions  still  satisfy  equation  (Al)  and  the  first 
of  the  boundary  conditions  (A2),  After  the  solutions  for 
6i*  and  62*  have  been  numerically  obtained,  the  constant  c 
is  determined  so  that  the  boundary  condition  at  point  b is 
fulfilled;  thus 


The  final  temperature  distribution  is  given  by  equation  (A3). 

The  temperature  distribution  in  a thin-walled  heat  ex- 
changer with  triangular  passages  was  calculated  in  this 
manner  (for  Nu/s*k*=10)  and  was  compared  with  the  cor- 
responding curve  in  figure  13.  The  Runge-Kutta  method 
(reference  10)  was  used  for  the  numerical  integration.  This 
particular  comparison  showed  diflFerences  of  2.2  percent  of 
the  temperature  ratio  near  the  comers  of  the  passages  and 
smaller  deviations  elsewhere.  The  temperature  curves  are 
uncertain  to  the  same  order  of  magnitude,  however,  because 


of  the  freedom  in  the  extrapolation  of  the  heat-transfer- 
coeflicient  curves.  The  simpler  relaxation  method  is  there- 
fore regarded  satisfactory  for  the  present  purpose. 
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DIFFUSION  OF  CHROMIUM  IN  ALPHA  COBALT-CHROMIUM  SOLID  SOLUTIONS  ^ 

By  John  W.  Weeton 


SUMMARY 

Diffusion  of  chromium  in  a cohalt-chromium  solid  solutions 
was  investigated  in  the  range  0 to  Ifi  atomic  percent  at  tempera- 
tures of  1360^,  1300^,  1150^,  and  1000^  C.  The  diffusion 
coefficients  were  found  to  be  relatively  constant  within  the  com- 
position range  covered  by  each  specimen. 

The  activation  heat  of  diffusion  was  determined  to  he  63ff00 
calories  per  mole.  This  value  agrees  closely  with  the  value  of 
63,400  calories  per  mole  calculated  by  means  of  the  Dushman- 
Langmuir  eguation.  The  exponential  eguation  relating  diffu- 
sion coefficient  D to  temperature  T is  as  follows: 

63,600 

Z)  = 0.4436 

where  R is  the  gas  constant. 

When  compared  with  the  diffusion  data  previously  obtained 
by  other  investigators  for  most  alloy  systems,  the  diffusion  rates 
of  chromium  in  a cobalt-chromium  were  found  to  he  low; 
considerably  higher  temperatures  were  required  to  produce 
diffusion  coefficients  of  the  same  order  of  magnitude  as  were 
previously  found  for  most  substitutional  alloys.  This  behavior 
is  congruous  with  the  fact  that  cobalt-chromium  based  alloys 
such  as  Haynes  Stellite  21  have  good  high-temperature  charac- 
teristics. 

Chromium  diffusivity  from  a cobalt-chromium  alloys  into 
pure  cobalt  is  greater  than  chromium  diffusivity  from  high- 
chromium  a-olloys  to  low-chromium  a-olloys  for  all  concentra- 
tion gradients  studied, 

INTRODUCTION 

Several  important  high-temperature  alloys  (Ha^mes  Stel- 
lite 21,  X-40,  61,  and  422-19)  consist  primaril}^  of  cobalt 
and  chromium;  Ha3^nes  Stellite  21  has  been  one  of  the  most 
extensively^  used  turbojet-blade  alloys  in  the  United  States. 
Because  of  the  importance  of  cobalt-chromium  based  alloys 
and  because  diffusion  controls  many  reactions  within  solid 
metals,  an  investigation  was  conducted  at  the  NACA  Lewis 
laboratory  to  determine  the  diffusion  coefficients  of  chromium 
into  a cobalt-chromium  solid  solutions,  to  determine  the 
dependence  of  these  coefficients  on  concentration,  and  to 
evaluate  the  basic  constants  Q and  A in  the  exponential 
equation  relating  temperature  and  diffusion  (reference  1) 

D=^Ae 

where 

A constant,  (cmVsec) 

D diffusion  coefficient,  (cni7sec) 

Q activation  heat  of  diffusion,  (cal/mole) 

B gas  constant,  (cal/(mole)  (®K)) 

T temperature,  (®K) 

The  method  employ^ed  consisted  in  pressure-welding  cobalt 
and  cobalt-chromium  bars  unlike  in  composition,  annealing 


these  joined  bars  at  constant  temperatures  to  cause  an  inter- 
diffusion of  atoms,  and  determining  the  distribution  of 
chromium  through  the  diffusion  zones  thus  formed  by 
machining  and  chemically  analy^zing  several  successive 
turnings  through  this  zone. 

Diffusion  coefficients  were  determined  for  11  specimens  at 
the  nominal  temperatures  and  composition  ranges  shown  in 
the  following  table: 

CHROMIUM  CONTENT  OF  WELDED  SPECIMENS 
(ATOMIC  PERCENT) 


1360®  C 

1300®  C 

1150®  C 

1000°  C 

Speci- 

men 

. Composition 

Speci- 

men 

Composition 

Speci- 

men 

Composition 

Speci- 

men 

Composition 

L#ow- 

Cr 

half 

High- 

er 

half 

Low- 

er 

half 

High- 

er 

half 

Low- 

er 

half 

High- 

er 

half 

Low- 

er 

half 

High- 

er 

half 

1 

2 

11 

0 

9.60 

0 

22.20 
28. 06 
28.  00 

3 

4 

5 

10 

0 

9.60 

9.98 

0 

28.00 

41.15 
39.20 

28.15 

6 

7 

13. 15 
0 

38.65 
28.06  1 

8 

9 

0 

9.80 

24. 92 
39.  97 

With  the  exception  of  specimens  1 and  2,  which  were 
originally  intended  for  annealing  at  900°  C,  the  specimens 
were  made  to  cover  most  of  the  range  of  the  a field  in  the 
cobalt-chromium  equilibrium  diagram  (fig.  1). 


Chromium,  atomic  percent 


Figure  1. — Cobalt-chromium  equilibrium  diagram  from  reference  2,  Also  drawn  are  com- 
position ranges  at  annealing  temperatures  used  in  this  investigation. 


1 Supersedes  NACA  TN  2218,  “Diffusion  of  Chromium  in  a Cobalt- Chromium  Solid  Solutions”  by  John  W.  Weeton,  1950. 
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Diffusion  coefficients  were  calculated  by  the  Grube  method 
(reference  3),  although  the  Matano  method  (reference  3) 
was  also  used  in  two  cases. 

APPARATUS  AND  PROCEDURE 

Materials. — Cobalt  rondels  and  electrolytic  chi'omiuni  of 
liigh  purity  were  used  as  raw  materials.  Spectrographic  and 
wet  chemical  anal^^ses  were  made  of  the  rondels.  Colori- 
metric analyses,  made  for  elements  that  were  shown  to  be 
present  b}^  the  spectrograph  but  were  not  detectable  by  wet 
chemical  methods,  are  less  than  0.01  percent.  The  results  of 
the  analysis  of  cobalt  rondels  and  of  an  analysis  of  electrol^^tic 
chromium  made  by  the  supplier,  the  Bureau  of  Mines,  are 
given  in  the  following  table: 

IMPURITIES  IN  COBALT  AND  CHROMIUM 


Cobalt  rondels 
(percent) 

Electrolytic 

chromium 

(percent) 

Ni 

0. 38 

Fe  0.31 

Fe 

.30 

0 .17 

Cu 

.08 

Mn 

< 

.01 

Sn 

< 

.01 

Ag 

< 

.01 

Pb 

< 

.01 

Ti 

< 

.01 

V 

< 

.01 

C 

».  14, . 20 

“ Determined  by  commercial  laboratory. 


It  will  be  shown  that  the  carbon  content  was  considerably 
reduced  during  melting. 

Melting  and  casting. — Cobalt  and  cobalt-clmomium  melts 
of  nominally  0,  10,  25,  and  35  percent-b3^-weight  chromium 
(0,  11,  27,  and  38  atomic  percent)  were  made  in  zirccnium 
silicate  crucibles,  using  a 100-kilowatt,  9600-cycle-per-second 
induction  unit.  The  rondels  were  first  melted  with  no 
protective  atmosphere  and  were  held  at  temperatures  of 
1593°  to  1649°  C (2900°  to  3000°  F)  for  5 to  10  minutes  to 
burn  out  the  carbon.  As  a result  of  tliis  procedure,  the 
carbon  was  reduced  to  less  than  0.06  percent  in  most  cases, 
but  the  oxide  content  of  the  metal  was  probably  increased. 

Where  chromium  additions  were  required,  an  atmosphere 
of  argon  was  kept  over  the  surface  of  the  melt  from  the  time 
the  addition  was  made  until  the  pouring  time,  a total  period 
of  10  to  20  minutes.  Chromium  was  not  charged  with  the 
cobalt  because  chromium  prevents  oxidation  and  removal 
of  almost  all  the  carbon. 

Castings  were  made  in  copper  molds  and,  except  for  the 
heads,  were  shaped  like  truncated  cones  4 inches  long,  IK 
inches  in  diameter  at  the  top,  and  % inch  in  diameter  at  the 
bottom.  Chemical  analyses  made  from  both  ends  of  the 
castings  containing  chromium  indicated  that  the  churning 
action  of  the  induction  current  produced  an  excellent  degree 
of  chemical  homogeneit}- ; differences  in  chromium  anal^^ses 
made  from  the  large  and  the  small  ends  of  castings  ranged 
from  0,02  to  0.15  percent. 

Heat  treatment  prior  to  forging. — As  a precautionary 
measure,  the  samples  containing  chromium  were  soaked  at 
1176°  to  1231°  C (2150°  to  2250°  F)  for  K hour  and  then 
oil-quenched.  This  treatment  was  intended  to  reduce  the 


possibility  of  cracldug  the  samples  if  insufficient  soaldng 
time  were  allowed  prior  to  forging. 

Forging. — The  tapered  castings,  which  wore  forged  at  a 
commercial  laboratory,  were  upset  one  or  two  times  and  were 
fullered  out  to  an  approximately  uniform  diameter  of  1 inch. 
The  reduction  in  length  occurring  when  the  castings  were 
upset  varied  from  approximately  20  to  50  percent.  Forging 
at  temperatiu’es  from  982°  to  1093°  C (1800°  to  1900°  F) 
reduced  the  gi'ain  size  from  grains  as  large  as  % inch  to 
smaller,  more  uniformly  shaped  grains  that  varied  from 
A.  S.  T.  M.  grain  size  5 to  small  macroscopic  grains  approxi- 
mately Yq4.  inch. 

Homogenizing  heat-treatment. — The  samples  containing 
chromium  were  annealed  at  1204°  C (2200°  F)  for  3 hours  in 
a helium  atmosphere  for  fiu*ther  homogenization.  Results 
presented  herein  indicate  that  this  treatment  does  little  more 
than  stress-relieve  the  specimens. 

Machining  of  bars  to  be  welded. — Cylinders  % inch  in 
diameter  and  1%  to  2%  inches  in  length  wave,  machined  from 
the  forged  bars.  Both  ends  of  these  cylinders  were  surface 
ground  to  produce  flatness  and  one  end  of  each  bar  was  then 
lapped  by  a gage-block  manufacturer  until  it  could  be 
'S\Yung^^  to  another  bar. 

Welding  of  dissimilar  bars  or  cylinders. — ^Lapped  speci- 
' mens  of  unlike  compositions  were  placed  in  the  holders  shown 
in  figure  2.  The  upper  holder  was  bolted  to  a 120,000-poimd 
tensile  machine  and  the  lower  one  was  placed  on  the  table  of 
the  machine.  A load  of  5000  pounds  was  applied  after  the 
cylinders  were  centered  in  an  induction  coil  and  the  holders 
were  alined.  The  specimens  were  heated  with  a portable, 
35-kilowatt,  360,000-cycle-per-second,  spark-gap  induction 
unit. 


Figure  2. — Pressure-welding  apparatus. 
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During  the  heat-up  time,  which  varied  from  % to  IK 
minutes,  the  tendency  for  the  load  to  increase  as  thermal 
expansion  of  the  cylinders  took  place  was  reduced  by  the 
tensile-machine  operator,  who  kept  the  pressure  reasonably 
constant  (within  ±200  pounds).  Because  a skin  effect  could 
be  produced  by  raising  the  specimen  temperature  too  rapidly, 
the  power  to  the  induction  machine  was  turned  on  and  off 
to  allow  an  even  heat  distribution  across  the  weld  surface. 
^^^len  the  temperature,  which  was  read  with  an  optical 
pyi'ometer,  reached  a point  between  982°  and  1038°  C (1800° 
to  1900°  F),  the  load  was  reduced  to  4000  pounds  to  prevent 
excessive  bulging.  This  load  was  maintained  dm*ing  the 
welding  period  of  to  2)2  minutes  at  1121°  to  1204°  C 
(2050°  to  2200°  F).  Bulging  was  kept  at  a minimum  to 
prevent  curving  of  the  interface.  Uneven  heating  or  mis- 
alinement  of  specimens  caused  bent  or  distorted  welds. 
Satisfactory  welds  were  strong  enough  to  be  hammered  and 
bent. 

Fii*st  welding  attempts  were  unsuccessfid  because  the 
surfaces  were  not  lapped  to  a gage-block  finish  and,  as  a 
result,  considerable  oxides  were  formed  in  the  welds.  An 
attempt  was  also  made  to  suiround  the  apparatus  shown 
in  figure  2 with  a vacuum-tight  shell  into  which  argon  or 
helium  could  be  bled  during  welding.  However,  in  spite  of 
insulating  the  container  and  the  coil  from  the  work,  exten- 
sive arcing  in  these  atmospheres  prevented  welding.  This 
method  was  then  abandoned  in  favor  of  the  one  used. 

Metallographic  examination  after  welding. — Flat  planes 
were  gi*ound  lengthwise  on  the  welded  specimens  for  metallo- 
graphic examination  (fig.  3).  In  the  etched  and  unetched 


Figure  3.— Pressure-welded  specimens  with  flat  planes  polished  for  metallographic 
examination. 


conditions,  the  weld  interfaces  were  examined  for  oxides, 
weld  curv-ature,  and  other  imperfections.  Examples  of 
satisfactory  and  unsatisfactory  welds  are  shown  in  figure  4. 
Diffusion  zones  formed  during  welding  were  measured  with 
a micrometer  eyepiece  and  a research  metallograph.  The 
thickness  of  these  zones,  ranging  from  less  than  0.0001  to 

0.00046  inch  (<0.00254  to  0.0117  mm),  were  considered 
negligible  (fig.  4 (b)). 


Machining  prior  to  anneal. — Specimens  1)4  inches  long  and 
to  inch  in  diameter,  which  included  the  weld  inter- 
face, were  turned  from  the  welded  specimens.  Care  was 
exercised  during  machining  to  make  certain  that  the  axes 
of  these  cyhnders  were  perpendicular  to  the  weld  interfaces. 

Calibration  of  instruments. — The  thermocouple  wiiTS  used 
during  the  diffusion  anneal,  subsequently  to  be  described, 
were  taken  from  a coil  calibrated  by  the  National  Bureau  of 
Standards.  The  potentiometer  used  to  read  the  temperature 
was  calibrated  at  the  Lewis  laboratory. 

Diffusion  anneal. — 

1.  Furnaces:  Most  of  the  specimens  were  annealed  in  a 
furnace  using  silicon  carbide  heating  elements  controlled  by 
a self-balancing,  self-standardizing,  indicating  pyrometer. 
The  furnace,  an  eight-element  unit,  and  the  controller  were 
wired  so  that  four  elements  cycled  on  and  off  while  the  other 
four  received  power  at  all  times.  A zirconium  silicate  tube 
was  placed  in  the  furnace  as  shown  in  figure  5.  The  speci- 
mens to  be  annealed  were  placed  in  a porous-brick  holder 
along  with  a platinum — platinum-rhodium  thermocouple. 
A period  of  1 to  3 hours  was  i equired  to  stabilize  the  furnace 
temperature  after  loading.  Fluctuations  of  more  than 
±4°  C (±7.2°  F)  were  rare  and  were  of  short  duration.  Time- 
temperature  plots  were  made  for  all  of  the  specimens  except 
those  annealed  at  1000°  C for  87.7  days.  A typical  time- 
temperature  plot  for  specimen  4 is  shown  in  figure  6.  The 
plots  were  integrated  with  a planimeter  to  find  a weighted 
average  temperature,  which  was  then  coirected  for  the 
thermocouple  wire  calibration  and  converted  to  °C  (table  I). 

Specimens  8 and  9,  which  were  annealed  at  1000°  C,  were 
first  annealed  for  a month  in  the  silicon-carbide-eloment 
furnace  and  then  transferred  to  a platinum-wound-resistance 
furnace.  This  furnace  and  a commercial  light-beam- 
galvanometer-type  photoelectric-cell  controller  were  located  in 
a room  kept  at  constant  temperature.  Except  for  a temporary 
breakdown,  the  furnace  was  controlled  within  ±4°  C 
(±7.2°  F). 

2.  Atmospheres:  During  loading  of  the  furnace,  a large 
quantity  of  argon  was  blown  thi'ough  the  tube  to  prevent 
oxidation  of  the  specimen.  The  gas  flow  was  decreased  after 
the  stopper  was  sealed  in  the  loading  end  of  the  zirconium 
silicate  tube.  The  argon  flow  was  completely  shut  off,  the 
rubber  tube  to  the  bubble  jar  was  clamped  shut,  and  the 
zirconium  silicate  tube  and  the  argon  line,  including  the 
drying  towers,  were  evacuated  by  a pump  capable  of  evacu- 
ating the  system  to  a pressm*e  of  1 millimeter  of  mercury 
when  no  leaks  were  present.  Tliis  evacuation  seated  the 
rubber  stopper  and  made  it  possible  to  locate  any  leaks  in  the 
thermocouple  and  the  stopper  seals.  Argon  was  then  bled 
into  the  evacuated  zirconium  silicate  tube,  which  was  then 
re-evacuated.  This  procedure  was  repeated  five  times  to 
flush  the  tube.  The  vacuum  pump  was  then  closed  and 
argon  was  allowed  to  pass  thiough  the  system  and  out  of 
the  bubble  jar. 

Specimens  3 and  4 were  placed  in  the  furnace  without  the 
aid  of  the  vacuum  pump  but  upon  removal  after  annealing 
were  appreciably  scaled  (table  I).  After  the  system  was 
evacuated,  the  drying  towers  (commercial  metallic  towers) 
were  found  to  be  leaking.  Laboratory-type  glass  drying 
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(b) 

(a)  Unsatisfactory  weld  interface.  Etchant,  none;  magnification.  X750.  Examination  of  unetched  polished  flat  plane  shows  almost  unbroken  oxide  layer  in  interface. 

(b)  Satisfactory  weld  interface.  Etchant,  10-percent  nitric  acid  in  ethyl  alcohol;  magnification,  X750.  Examination  of  heavily  etched  surface  reveals  approximately  half  of  diffusion  zone 
(distance  between  dark  area  and  weld  interface,  approximately  0.00012  in.  (0.0028  mm)  wide)  caused  by  welding.  Etchant  has  attacked  only  cobalt  half  of  weld. 


Figure  4.— Appearance  of  satisfactory  and  unsatisfactory  welds.  (Magnification  increased  10.4  percent  in  printing.) 


towers  were  then  installed  and  scaling  was  somewhat 
reduced.  As  an  added  precaution  in  annealing  specimens 
1,  2,  5,  and  8 to  11,  a mixture  of  hydrogen  and  helium, 
rather  than  argon,  was  passed  tlirough  the  zirconium  silicate 
tube  for  a few  hours  after  the  system  was  sealed  in  order  to 
scavenge  oxygen  from  the  bricks  inside  the  tube.  Aigon  was 
used  after  the  hydrogen-helium  purge  and  scaling  was  de- 
creased to  a negligible  amount,  especially  when  it  is  con- 
sidered that  loading  and  unloading  the  furnace  could  account 
for  almost  all  the  scale  indicated  for  these  specimens 
(table  I). 


Examination  and  reduction  of  diameter  after  anneal. — 
After  the  anneal,  flat  surfaces  for  metallographic  examination 
were  again  gi-ound  on  the  specimens  so  that  an  estimate  of 
the  reduction  in  diameter  needed  to  eliminate  surface  effects 
could  be  made.  In  most  cases,  to  %2  inch  of  metal  was 
removed.  Flat  surfaces  were  again  ground  and  examined 
(fig.  7),  and  where  surface  scaling  was  appreciable  a thin 
turning  was  chemically  analyzed  for  comparison  with  the 
original  analyses.  Oxide  accumulations  in  the  interface  zone 
were  also  observed  (fig.  8).  The  specimens  were  heavily 
etched  and  approximate  measurements  of  total  diffusion 
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zones  were  made  with  a micrometer  eyepiece.  This  measure- 
ment was  made  to  determine  the  number  of  machining  cuts 
required  to  cover  the  diffusion  zone. 

Machining  successive  layers  through  diffusion  zone. — 
Before  machining  successive  layers  through  the  diffusion 
zone,  excess  metal  was  removed  from  the  low-chromium  half 
of  the  specimen  to  establish  a reference  sirrface  from  which 
cuts  for  analyses  were  made.  From  0.1  to  0.125  inch  (2.54 
to  3.175  mm)  of  metal  was  left  between  the  weld  interface 
(determined  metallographically)  and  the  reference  sui’face. 
Tungsten  carbide  cutting  tools  were  used  for  all  machining 
operations, 

A series  of  turnings  was  made  across  the  entire  cross  section 
starting  at  the  reference  surface  perpendicular  to  the  axis  of 
the  cylinder.'  After  each  turning,  the  distance  machined  was 
measured  and  the  chips  were  gathered  for  chemical  analysis. 
The  cuts  farthest  from  the  interface  were  0.010  inch  thick 
(0.254  mm);  cuts  were  reduced  to  a thickness  from  0.003  to 
0.005  inch  (0.0762  to  0.127  mm)  in  the  diffusion  zone.  In 
all  the  specimens  except  specimen  3,  the  entire  zone  was 
covered  by  the  smallest  cuts  made. 

Tlu*ee  methods  of  machining  successive  cuts  through  the 
diffusion  zone  were  used.  In  the  fii*st  method,  used  for 
specimens  2 to  7,  the  cylinders  with  machined  reference 
surfaces  were  chucked 'in  a large  rigid  lathe.  The  head  of 
this  lathe  contained  a large  cast-ii*on  face  plate  that  was 
machined  for  use  as  a surface  plate.  All  cuts  less  than 
0.007  inch  thick  were  measured  from  the  siu’face  plate  with 
a smiace  dial  gage  that  could  be  read  to  0.0001  inch  and 
estimated  to  0.00001  inch.  Thus,'  removing  the  work  from 
the  chuck  after  each  cut  was  unnecessary.  A calibration 
of  the  dial  showed  that  cuts  of  0.003  inch  needed  no  correc- 
tions and  that  cuts  of  0.005  inch  were  in  error  by  as  little 
as  0.00006  inch,  or  approximately  1 percent.  If  human 
errors  are  taken  into  consideration,  the  maximum  machining 
errors  were  believed  to  be  no  more  than  2 percent.  These 
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Figure  6. — Typical  time-temperature  plot  for  diffusion-amieal  period  in  annealing  furnace 
(specimen  4),  Temperatures  have  not  been  corrected  with  platinum — platinum-rhodium 
wire  calibration. 


dial  connections  were  considered  negligible  and  have  been 
omitted  in  the  calculations. 

The  second  method,  similar  to  the  preceding  one,  was 
used  for  specimens  1,  8,  and  9.  The  chips  were  machine  off 
with  a high-precision  vertical  jig  borer  (SIP  Hydrostatic-7), 
which  was  kept  in  an  air-conditioned  room,  and  a cali- 
brated surface  gage  was  used  to  measure  the  cuts.  Ma- 
chining errors  were  measured  with  a micrometer  and  were 
determined  by  comparing  the  total  amount  of  metal  removed 
after  making  all  the  necessary  cuts  with  the  sum  of  all  the 
small  cuts  measured  with  the  surface  dial  gage.  In  specimen 
8,  with  a total  of  48  cuts,  the  error  was  0.25  percent,  whereas 
in  specimen  9,  the  enur  was  2 percent  in  the  same  number 
of  cuts. 

The  third  method,  used  for  specimens  10  and  11,  was  the 
most  accurate  as  well  as  the  most  complicated.  The  vertical 
jig  borer  was  again  used,  but  the  thickness  of  each  cut  was 
measured  by  an  electronic  height  gage  that  measured  the 
differences  in  height  between  stacks  of  gage  blocks  and  the 
specimen  surface  to  0.00001  inch.  As  a further  assurance 
that  no  discrepancies  would  occur,  a height  gage  (surface 
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(a)  Scale  present  after  an  anneal  of  several  days.  Scaling  occurred  chiefly  during  loading  and 

unloading  of  annealing  furnace. 

(b)  Specimen  machined  to  smaller  diameter  than  specimen  in  flgure  7 (a).  Another  flat 
has  been  ground  for  metallographic  examination  and  turnings  have  been  taken  from  lower 
portion  for  chemical  analysis. 


plate  checker)  was  also  used  in  conjunction  with  the  elec- 
tronic gage.  With  this  gage,  it  was  possible  to  measure  the 
over-all  height  of  the  specimen  to  0.00001  inch  after  each 
layer  was  machined  off.  Differences  in  over-all  height  were 
compared  with  the  thickness  of  each  cut  as  measured  with 
the  electronic  height  gage  and  the  stacks  of  gage  blocks. 
In  the  two  specimens  so  machined,  the  eiTor  was  0 percent 
in  36  cuts  for  specimen  11  and  0.025  percent  in  32  cuts  for 
specimen  10. 

Chemical  analyses. — At  least  two  and  usually  tliree 
analyses  by  a persulfate-oxidation  method  were  made  at  the 
Lewis  laboratory  for  every  sample  machined  from  the 
diffusion  zone. 

Methods  of  calculating  diffusion  coefficients. — The  diffu- 
sion coefficients  for  all  specimens  were  calculated  by  the 
Grube  method  (reference  3).  In  addition,  calculations  using 
the  Matano  method  (reference  3)  were  made  for  specimens 
3 and  5.  The  Matano  method  was  not  used  tliroughout 
because  it  was  extremely  time  consuming  and  the  results 
closely  paralleled  those  calculated  by  the  Grube  method. 

The  metric  system  was  used  in  plotting  concentration- 
penetration  curves  and  diffusion  coefficients  were  calculated 
in  this  system  to  conform  with  previous  work.  The  data 
points  were  plotted  at  distances  halfwa}^  between  successive 
cuts,  which  were  measured  from  a reference  plane.  Leveling- 
off  points  of  the  curves  were  drawn  from  mathematical 
averages  of  several  data  points,  some  of  which  are  not  shown 
in  the  figures. 

Diffusion  coefficients  were  calculated  from  the  concentra- 
tion-penetration curves  using  the  following  equation  (Grube 
method): 


where 

C 

Co 


C-Co_l 
C,-Co  2 


chromium  concentration,  atomic  percent 
chromium  concentration  of  low-chromium  bar, 
atomic  percent 


Cl  chromium  concentration  of  high-chromium  bar, 

atomic  percent 

X 


""  2^t 

D diffusion  coefficient,  (cmVsec) 

X distance  from  Grube  interface,  (cm) 

t time,  (sec) 


Positive  values  were  used  for  calculations  made  from  the 
high-chromium  portions  of  the  concentration-penetration 
curves  to  the  right  of  the  Grube  interface,  whereas  negative 
values  were  used  for  calculations  made  from  the  low- 
chromium  portions  of  the  curves  to  the  left  of  the  Grube 
interface. 

The  Grube  interface  is  the  distance  in  the  diffusion  zone 
at  which  the  concentration  is  halfway  between  the  lower  and 
upper  concentrations  Cq  and  (7i,  respectively  (figs.  9 (d) 
and  9 (f)). 

Let 


H 


Figure  7.— Specimen  after  diffusion  anneal. 
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Figure  8.— Central  portion  of  diffusion  zone  of  specimen  10.  Annealed  7.17  days  at  1297®  C;  etchant,  5-percent 
nitric  acid  in  ethyl  alcohol  followed  by  aqua  regia  in  glycerine;  magnification,  XIOO.  Photograph  shows 
accumulation  of  oxides  near  center  of  diffusion  zone.  (Magnification  increased  6.2  percent  in  printing.) 


Then 


^=|[i±hm] 


The  value  of  co  may  be  obtained  from  probability"  tables  and 
inasmuch  as 

X 


then 


2\Dt 
.2  1 


D=—  — 

0)^  At 

The  final  equation  indicates  that  D is  very  sensitive  to  x, 
the  machined  distance. 

RESULTS 

Concentration-penetration  curves  of  all  specimens  are 
plotted  in  figure  9.  Several  of  these  curves,  such  as  those  for 
specimens  3,  4,  7,  8,  and  10  (figs.  9 (d),  9 (e),  9 (i),  9 (j),  and 
9 (g),  respectively)  are  very  symmetrical.  When  data  from 
these  curves  are  plotted  on  a probability  graph  in  the  form 
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(a)  Specimen  1;  annealed  at  1360°  C for  3.384X10*  seconds  (3.92  days).  Data  to  left  of  bracket 
are  inaccurate  because  (rf  quench  crack  that  formed  after  diffusion  took  place. 
Fioubb  9.— Concentration-penetration  curves. 


Distance  from  reference  surface,  mm 
(b)  Sjiecimen  2;  annealed  at  1360®  C for  3.384X10*  seconds  (3.92  days). 


(c)  Specimen  11;  annealed  at  1360®  C for  3.321X10*  seconds  (3.84  days). 
Fiqurb  9. — Continued.  Concentration-penetration  curves. 
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(d)  Specimen  3;  annealed  at  1303°  C for  3.522X10*  seconds  (4.08  days). 


(e)  Specimen  4;  annealed  at  1298°  C for  6.216X10*  seconds  (7.19  days). 


Distance  from  reference  surface^  mm 
(0  Specimen  5;  annealed  at  1299°  C for  9,549X10*  seconds  (11.05  days). 


(b 
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■%30- 
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^22- 
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Distance  from  reference  surface^  mm 

(h)  Specimen  6;  annealed  at  1150°  C for  1.0446X10*  seconds  (12.09  days). 


(])  Specimen  8;  annealed  at  1000°  C for  7.664X10*  seconds  (87.70  days). 

Figure  9.— Concluded. 


(g)  Specimen  10;  annealed  at  1297°  C for  6.198X10*  seconds  (7.17  days). 


(i)  Specimen  7;  annealed  at  1151°  C for  2.152X10*  seconds  (24.91  days). 


(k)  Specimen  9;  annealed  at  1000°  C for  7.664X10*  seconds  (87.70  s^iep). 
Concentration-penetration  curves. 
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{C—Cq)I(C\‘~Cq)  against  the  distance  from  the  Grube  inter- 
face, approximately  straight  lines  are  obtained  (fig.  10).  In 
these  cases,  the  diffusion  coeflicient  D is  almost  invariant  with 
the  concentration  (7.  The  curves  pass  tlirough  the  point 

Other  curves,  such  as  that  for  specimen  5 (fig.  9 (f)),  bend 
slightl}^  from  a smooth  curve  in  the  upper  right,  or  high- 
chromium  portions,  of  the  diffusion  curves.  These  bends  also 
show  up  in  the  probability  plots  (fig.  10  (f)).  Deviations  from 


Disfdnce  from  Gruhc  interface  , mm 
(a)  Specimen  1;  annealed  at  1360®  C for  3.92  days. 


(c)  Specimen  11;  annealed  at  1369°  C for  3.84  days. 


smooth  concentration-penetration  curves  and  from  straight 
lines  in  the  probability  plots  could  be  a function  of  concen- 
tration. The  deviations,  however,  are  believed  to  be  caused 
by  oxide  segregations  that  may  have  been  present  in  the 
high-cliromium  half  of  the  welded  specimens  before  the 
diffusion  anneal  or  that  may  have  formed  during  the  anneal- 
ing by  migrations  of  oxides  that  were  originally  randomly 
scattered  throughout  the  matrix  of  the  metal.  The  metal- 
lographic  examinations  and  the  smooth  lower  portions  of 
most  of  the  curves  indicate  that  migration  is  the  most  prob- 
able case. 


(b)  Specimen  2;  annealed  at  1360°  C for  3.92  days. 


(d)  Sp>ecimen  3;  annealed  at  1303°  C for  4.08  days. 


Figube  10.— Plots  of  (C— Co)/(Ci-‘Co)  against  distance  from  Grube  interface. 
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(e)  Specimen  4;  annealed  at  1298»  C for  7.19  days.  (D  specimen  5;  annealed  at  1299-  C for  11.05  days. 


(g)  Specimen  10;  annealed  at  1297®  C for  7.17  days. 

Figure  lO.— Continued.  Plots  of  (C-Co)/(Ci 

Diffusion  coefficients  calculated  by  the  Grube  method  from 
the  concentration-penetration  curves  are  plotted  against  con- 
centration in  figure  11.  Values  of  diffusion  coefficients  ob- 
tained from  the  extreme  ends  of  the  diffusion-penetration 
curves  and  from  portions  near  the  Grube  interfaces  were 
omitted  from  the  plot  because  they  are  inherently  inaccurate. 
The  degree  of  reproducibility  of  data  appears  good,  as  shown 
in  the  cases  of  specimens  3 and  10,  and  4 and  5,  which  were 
annealed  at  1300° ±3°  C. 

Specimens  1 and  2,  prior  to  annealing  at  1360°  C,  were 
annealed  at  900°  C for  several  weeks.  Meanwliile,  diffusion 


(h)  Specimen  6;  annealed  at  1150°  C for  12.09  days. 

-Co)  against  distance  from  Grube  interface. 

coefficients  were  obtained  at  1300°  and  1150°  C and  rough 
calculations  from  these  preliminary  data  showed  that  an  an- 
nealing time  of  about  8 years  at  900°  C would  be  required  to 
produce  a diffusion  zone  comparable  in  thickness  to  the 
smallest  zone  obtained  at  the  higher  temperatures.  Inasmuch 
as  the  annealing  time  at  900°  C was  insignificantly  small,  the 
specimens  were  reannealed  at  1360°  C to  obtain  additional 
data.  Because  the  specimens  were  originally  intended  for 
heat  treatment  at  900°  C,  the  composition  range  covered  by 
specimens  1 and  2 is  small  compared  with  what  would  be 
possible  at  1360°  C. 
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(i)  Specimen  7;  annealed  at  1151°  C for  24.91  days. 


0)  Specimen  8;  annealed  at  1000°  C for  87.7  days. 


Figure  10.— Continued.  Flots  of  (C— Co)/(Ci— Co)  against  distance  from  Grube  interface. 


Figure  10.— Concluded.  Plots  of  (C— Co)/(Ci— Co)  against  distance  from  Grube  interface. 
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Figure  ll. — Diffusion  coefficients  against  concentration.  (Data  to  left  of  8 atomic  percent 
not  plotted  for  specimen  1 because  of  quench  crack  that  formed  after  diffusion  took  place.) 
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The  upper  half  of  the  curve  of  specimen  1 (fig.  9 (a))  is 
satisfactory  and  calculations  were  made  from  it  by  the  Grube 
method.  The  lower  portion,  however,  was  inaccurate  as  a 
result  of  a quench  crack  formed  by  cooling  the  specimen  in  an 
air  blast  as  it  was  removed  from  the  annealing  furnace. 

The  composition  of  specimen  9 extends  into  the  a+y  field 
(fig.  1),  but  because  it  is  close  to  the  a-phase  boundary,  onl}^ 
a small  percentage  of  y would  be  present.  Since  the  7-phase 
was  not  observed  during  the  met  allograph  ic  examinations, 
the  calculated  diffusion  coefficients  would  therefore  be  rea- 
sonably accurate. 

In  spite  of  several  metallographic  inspections,  a strip  of 
oxide  Yz2  inch  deep  extending  halfway  about  the  periphery 
of  specimen  11  was  noticed  as  it  was  being  machined. 
Approximate!}’’  5.4  percent  of  the  area  of  the  interface  was 
blocked.  Inasmuch  as  this  area  is  a small  portion  of  the 
total  area,  the  data  for  specimen  11  were  not  discarded. 

A plot  of  diffusion  coefficients  against  concentration  (fig. 
12)  shows  the  small  differences  between  values  determined 
by  the  Grube  and  the  Matano  methods. 

The  relation  between  diffusion  coefficients,  and  reciprocal 
temperatures  are  shown  in  figure  13.'  The  upper  and  lower 
curves  are  plotted  from  data  obtained  for  16-atomic-percent 
chromium  because  these  values  are  close  to  averages  of  the 
flat  portions  of  the  curves  of  figure  11.  The  upper  curve 
represents  diffusion  coefficients  obtained  from  specimens  of 
cobalt  welded  to  cobalt-chromium  alloys,  whereas  the  lower 
curve  represents  alloys  approximately  9-  to  14-atomic- 
percent  chromium  welded  to  alloys  of  approximately  28-  to 
41 -atomic-percent  chromium. 


Figure  12 —Comparison  of  diffusion  coefficients  calculated  by  the  Grube  and  Matano 

methods. 

By  use  of  the  dashed  curve,  which  was  drawn  halfway 
between  the  upper  and  lower  solid  curves  in  figure  13,  and 
of  the  exponential  equation  (reference  1) 

D=Ae  . 

the  activation  heat  of  diffusion  Q and  the  constant  A were 
determined  to  be 

0=63,600  (cal/mole) 

^=0.443  (cmVsec) 

The  value  of  Q was  determined  from  the  slope  of  the  dashed 
curve  because 

2.303  (log  ^1— log  ^a)_  Q 
11  R 

TrT, 


and  A was  determined  from^the  preceding  exponential  equa- 
tion, using  the  value  of  Q obtained  and  values  of  D and  1/T 
chosen  from  the  dashed  curve. 

The  diffusion  behavior  of  chromium  in  a cobalt-chromium 
alloys  may  be  compared  with  that  of  other  metal  systems 
in  figure  14,  where  values  from  the  dashed  curve  of  figure 
13  are  replotted  for  the  comparison.  The  curves  for  the 
other  alloy  systems  were  taken  from  the  graphs  of  references 
3 to  9. 

DISCUSSION  OF  RESULTS 

Diffusion  coefficients  are  relatively  constant  within  the 
concentration  ranges  of  each  specimen.  Appreciable  differ- 
ences between  diffusion  coefficients,  however,  were  obtained 
from  specimens  of  pure  cobalt  welded  to  a cobalt-chromium 
alloys  and  specimens  of  low-chromium  a-alloys  welded  to 
high-chromium  a-alloys  at  each  nominal  annealing  tempera- 
ture; the  diffusion  coefficients  for  specimens  of  pure  cobalt 
welded  to  a cobalt-chromium  alloys  were  larger  (figs.  11 
and  13), 

The  differences- in  diffusion  coefficients  are  not  the  results 
of  such  experimental  variables  as: 

(1)  Differences  in  sources  of  materials  because  single 

supplies  of  cobalt  and  chromium  were  used  in 
this  study 

(2)  Differences  in  annealing  temperatures  because  speci- 

mens 1 and  2 and  specimens  8 and  9 were  annealed 
together  at  identical  temperatures  and  the  remain- 
ing specimens  were  annealed  at  temperatures 
very  close  to  the  desired  nominal  temperatures 

(3)  Differences  due  to  the  closeness  of  the  high- 

chromium  specimens  to  the  a-y  region  because 
specimens  1 and  2 were  well  within  the  a region 

A somewhat  similar  observation  may  be  made  from  figure 
14,  where  curves  4 and  5 represent  the  diffusion  of  pure 
copper  into  pure  gold,  and  copper  from  a gold-copper  alloy 
into  gold,  respectively. 

The  experimental  data  give  additional  confirmation  to  the 
Dushman-Langmuir  equation 


where 

D 

Q 

N 

h 

5 

(to 

R 

T 


0 

D=^-j-5^e 

Nh 


diffusion  coefficient,  (cmVsec) 
activation  heat  of  diffusion,  (cal/mole) 
Avogadro^s  number 
Planck’s  constant,  (cal-sec) 


distance  of  closest  approach  of  atoms, 

lattice  parameter 

gas  constant,  (cal/ (mole)  (®K)) 

temperature,  (°K) 


(cm) 


The  following  value  of  Q has  been  calculated  by  arbitrarily 
selecting  a point  on  the  dashed  curve  of  figure  13  to  obtain  a 
D value  for  a given  temperature: 


Q=63,400  (cal/mole) 
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Values  used  in  the  calculation  are  as  follows: 

Z)  = 6X10~“  (cm^sec) 

o^=7.1X10-^ 

cif,=3.54XiO"®  (cm)  (reference  10) 

The  value  of  Q compares  favorabl}^  with  the  value  of  (2= 
63,600  (cal/mole)  obtained  from  the  slope  of  the  dashed  curve. 

The  diffusion  rates  of  chromium  in  a cobalt-chromium 
were  ver}-  low  compared  mth  those  of  most  alloy  systems 
for  which  diffusion  data  had  been  previously  obtained.  For 


example,  it  can  be  determined  from  figure  14  that  a high 
temperature  (1031®  C)  is  required  to  produce  log  — H 

for  chromium  in  cobalt,  whereas  annealing  temperatures  of 
362®,  628®,  and  784®  C are  required  for  Mg  in  M,  Zn  in  Cu, 
and  Pt  in  Au,  respective!}^.  The  sluggishness  of  diffusion  is 
congruous  with,  the  fact  that  cobalt-chromium  base  alloys 
have  good  high-temperature  characteristics. 

The  activation  heat  of  diffusion  for  chromium  in  a cobalt- 
chromium  alloys  is  greater  than  that  for  most  s}^stems  pre- 
viousl}'  investigated,  with  tungsten  alloA-s  being  the  chief 
exceptions  (reference  11).  Higher  activation  heats  of 
diffusion  show  up  in  the  form  of  steeper  slopes  on  the  curve 
of  log  D against  ] /®K  (fig.  14). 


Tempera  fure^  ®C 


Figure  13.— Diffusion  coefficients  against  1/®K.  Diffusion  coefficients  were  plotted  from  data  for  16-atomic-percent  chromium. 
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Temperature^  "C 


eO  19  /8  17  f6  15  14  !3  12  H /O  9 8 7 6 5 dxiO'* 

1/°K 


Figure  14.— Comparison  of  diffusion  behavior  of  chromium  in  a cobalt-chromium  alloys  with  other  substitutional  solid-solution  alloys. 


SUMMARY  OF  RESULTS 

Diffusion  of  chromium  in  a cobalt-chromium  solid  solu- 
tions was  investigated  at  temperatures  of  1360^,  1300®, 
1150®,  and  1000®  C and  the  following  results  obtained: 

1.  The  exponential  equation  relating  diffusion  coefficient 
D and  temperature  T is  as  follows: 

63,600 

Z)  = 0.443e 

where  R is  the  gas  constant.  The  activation  heat  of  diffu- 
sion is  63,600  calories  per  mole. 

2.  When  compared  with  the  diffusion  data  previous!}' 
obtained  by  other  investigators  for  most  alloy  systems,  the 
diffusion  rates  of  chromium  in  a cobalt-chromium  were 
found  to  be  low;  considerably  higher  temperatures  were 
required  to  produce  diffusion  coefficients  of  the  same  order 


of  magnitude  as  were  previously  found  for  most  substitu- 
tional alloys. 

3.  Diffusion  coefficients  are  relatively  constant  within  the 
concentration  ranges  covered  by  each  specimen. 

4.  Chromium  diffusivity  from  a cobalt-chromium  alloys 
into  pure  cobalt  is  greater  than  chromium  diffusivity  from 
high-chromium  a-alloys  to  low-chromium  a-alloys  for  all 
concentration  gradients  studied. 

5.  The  results  of  this  investigation  are  further  confirma- 
tion of  the  Dushman-Langmuir  equation.  The  value  for 
the  activation  heat  of  diffusion  calculated  from  this  equation 
agrees  closely  with  the  experimentally  determined  value 
(63,400  cal/mole  as  calculated  against  63,600  cal/mole  ob- 
tained from  experimentation), 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for.  Aeronautics 
Cleveland,  Ohio,  June  23,  1950 
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TABLE  I— ANNEALING  DATA 


Specimen 

Weighted 

average 

annealing 

temperature 

C) 

Annea 

(days) 

ing  time 

(sec) 

Approximate 
thickness  of 
scale  formed 
during  annealing 
(in.) 

1 

1360.4 

3.917 

3. 384X10» 

0.002 

2 

1360.4 

3. 917 

.3. 384X10i 

.002 

3 

1302.  9 

4.08 

3.  .522X10* 

Mo 

4 

1297.8 

7. 194 

6.  216X10* 

H2 

5 

1299.2 

11.05 

9.  549X10* 

<.001 

6 

1149.7 

12.09 

1.0446X10* 

.010 

7 

11.50.  5 

24.907  i 

2.152X10* 

8 

1000.3 

87. 704  1 

7. 664X10* 

.001-.  002 

9 

1000.3 

87.  704 

7.664X10* 

.001-.  002 

10 

1296.9 

7. 174 

6. 198X10* 

.002 

11 

1368.9 

3.844 

3,321X10* 

.003 
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CALCULATION  OF  THE  LATERAL  CONTROL  OF  SWEPT  AND  UNSWEPT  FLEXIBLE 

WINGS  OF  ARBITRARY  STIFFNESS  ‘ 

By  Franklin  W.  Diederich 


SUMMARY 

r 

A method  similar  to  that  oj  NACA  Rep.  1000  is  presented 
for  calculating  the  ejffectiveness  and  the  reversal  speed  of  lateral- 
control  devices  on  swept  and  unswept  wings  of  arbitrary  stiff- 
ness. Provision  is  made  for  using  either  stiffness  curves  and 
root-rotation  constants  or  structural  influence  coefficients  in  the 
analysis.  Computing  forms  and  an  illustrative  example  are 
included  to  facilitate  calculations  by  means  of  the  method. 

The  effectiveness  of  conventional  aileron  configurations  and 
the  margin  against  aileron  reversal  are  shown  to  be  relatively 
low  for  swept  wings  at  all  speeds  and  for  all  wing  plan  forms 
at  supersonic  speeds. 

INTRODUCTION 

Adequate  lateral  control  constitutes  one  of  the  more 
significant  design  requirements  for  airplanes.  The  ability 
of  the  aiiplane  to  enter  a roll  is  determined  by  the  control 
power  and  is  measured  by  the  maximum  available  rolling 
moment  resulting  from  lateral-control  deflection.  A meas- 
ure of  the  degree  of  lateral  maneuverability  is  the  helix 
angle  at  the  wing  tips  corresponding  to  the  highest  rate  of 
roll;  the  lateral  maneuverability  depends  both  on  the  control 
power  and  the  damping  in  roll. 

The  control  power  and  the  damping  in  roll  are  aftected 
by  structui’al  flexibility.  Control  deflection  ordinarily  gives 
rise  to  aerodynamic  loads  which  tend  to  deform  the  wing 
structure  in  such  a way  as  to  reduce  the  loads  on  it  and  thus 
to  reduce  the  control  power.  If  the  dynamic  pressm*e  of 
the  ail’  stream  is  sufficiently  high,  the  amoimt  of  lift  which 
results  from  the  structiu*al  deformation  may  be  sufficient  to 
nullify  the  effect  of  the  control  deflection.  The  speed  and 
dynamic  pressiu*e  corresponding  to  this  condition  are  known 
as  the  aileron  reversal  speed  or  reversal  dynamic  pressure, 
since  at  a slightly  higher  d}mamic  pressure  a control  deflec- 
tion in  a given  direction  would  result  in  a rolling  moment 
in  a duection  opposite  to  that  of  the  moment  on  a similar 
rigid  wing. 

The  present  report  is  concerned  with  an  analysis  of  these 
problems  for  swept  and  unswept  vdngs  of  arbitrar}’'  stiffness. 
The  method  is  based  on  the  analysis  of  loading  of  flexible 
wings  presented  in  reference  1 . Since  suitable  aerodynamic 
influence  coefficients  are  not  yet  available  for  antisymmetric 


lift  distributions,  aerodynamic-induction  effects  on  the  lift 
distribution  are  taken  into  account  only  as  an  over-all 
correction  and  as  a slight  reduction  of  the  load  at  the  tip, 
as  m reference  1.  The  method  is  formulated  in  such  a 
manner,  however,  that  aerodynamic  influence  coefl^cients 
may  easily  be  included  as  soon  as  they  become  available. 

The  numerical  analysis  required  in  any  given  practical 
case  constitutes  an  extension  of  the  calculations  outlined  in 
reference  1.  The  computing  forms  for  the  additional  calcu- 
lations required  for  an  analysis  of  lateral-control  effective- 
ness or  reversal  are  included  in  the  present  report.  Theff 
use  is  described  in  the  section  entitled  ^^Application  of  the 
Method,^^  which  may  be  read  Avithout  reference  to  the 
derivation  of  the  method.  The  material  presented  m refer- 
ence 1 which  is  pertinent  to  the  present  analysis  is  included 
herein.  As  an  example  illustrating  the  method,  the  lateral- 
control  effectiveness  and  reversal  of  the  wing  considered  in 
reference  1 are  analyzed  in  this  report.  The  reversal  speeds 
of  several  wings  derived  from  this  wing  by  shifting  the 
elastic  axis  and  rotating  the  wing  are  calculated  to  demon- 
strate some  general  effects  of  sweep  on  the  aileron  reversal 
speed. 

SYMBOLS 

aspect  ratio 

aeroelastic  matrices  defined  by  equations  (7) 
and  (10) 

auxiliary  aeroelastic  matrices  defined  b.y 
equations  (8)  and  (11) 

aileron-reversal  matrix  defined  by  equation  (18) 
section  aerodpiamic  center,  measured  from 
leading  edge,  fraction  of  chord 
wing  span,  inches 

\ving  span  less  fuselage  width,  inches 
chord  measm*ed  parallel  to  the  air  stream, 
inches 

average  wing  chord,  inches  (S/6) 
section  lift  coeflficient  {Ijgc) 
section  lift-curve  slope,  per  radian 
section  pitchuig-moment  coefficient  referred 
to  quarter-chord  point 
wing  lift-curve  slope,  per  radian 


» Supersedes  NACA  RM  LSH24a,  “Calculation  of  the  Effects  of  Structural  Flexibility  on  Lateral  Control  of  Wings  of  Arbitrary  Plan  Form  and  Stiffness”  by  Franklin  W.  Diederich, 
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GJ 

[II  in 

[III  [in 

[III  [in\ 

[in\ 
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I 

Mo 

pb 

w 

a 

9* 


9 

9 


t 


effective  lift-curve  slope  for  twist  distribu- 
tions, per  radian 

, 02  • . /Rolling  moment\ 

rolling-moment  coemcient  ^ / 

matrix  converting  torques  due  to  distributed 
loads  to  torques  due  to  concentrated  torques 
matrix  converting  bending  moments  due  to 
distributed  loads  to  bending  moments  due 
to  concentrated  loads 

section  center  of  pressure  due  to  aileron  de- 
flection measured  from  leading  edge  of 
chord,  fraction  of  chord 
bending  stiffness  in  planes  perpendicular  to 
the  elastic  axis,  pound-inches  ^ 
location  of  elastic  axis  measured  from  leading 
edge,  fraction  of  chord 

dimensionless  distance  along  chord  from 
reference  axis  to  section  aerod^mamic  center 
(e-a) 

dimensionless  distance  along  chord  from 
reference  axis  to  section  center  of  pressure 
due  to  aileron  deflection  (cpi  — e) 
factor  proportional  to  the  rolling-moment 
coefficient  due  to  aileron  deflection  defined 
by  equation  (16) 

torsional  stiffness  in  planes  perpendicular  to 
the  elastic  axis,  pound-inches  ^ . 
integrating  matrices  for  single  integration  from 
tip  to  root 

integrating  matrices  for  double  integration 
from  tip  to  root 

first  rows  of  matrices  [/']  and  [//'],  respectively 
integrating  matrix  defined  by  equation  (14) 
dimensionless  parameter 

\(EI)r  ei^Cr  COS^A  J 
wing  lift-curve-slope  ratio 
running  air  load  per  unit  length  perpendicular 
to  the  plane  of  symmetry,  pounds  per  inch 
free-stream  Mach  number 


wing-tip  helix  angle 
root-twist  constants 

djmamic  pressure,  pounds  per  square  inch 
dimensionless  d^mamic  pressure 
^ 9_(b'l2yei^  cy  cos 


c 


(GJ)r 

reduced  dynamic  pressure  (^Cl^ 


dimensionless  d3Tiamic  pressure 
S(^72)^Cr  tan  A 


c 


{EI)r  cos  A 


) 


s 

t 


V) 

Ws, 

V 


0C6 


5 


e 

V 

A 


[^p] 


total  wing  area  includmg  part  of  wing  covered 
by  fuselage,  square  inches 
trace  of  matrix  [Ar]^ 

running  torque  due  to  ah  load  about  axes 
perpendicular  to  the  plane  of  symmetry, 
inch-pounds  per  inch 
fuselage  width,  inches 

distance  between  the  effective  root  and  the 
innermost  complete  section  of  the  torsion  box 
perpendicular  to  the  elastic  axis,  inches 
lateral  ordinate  measured  from  plane  of 
s^^mmetry,  inches 

angle  of  attack  due  to  structural  deformation, 
radians 

angle  of  attack  equivalent  to  unit  aileron 

aileron  deflection  measured  in  planes  parallel 
to  the  direction  of  flight,  radians 
moment-arm  ratio  (62/^1) 
lateral  distance  from  wing  root,  inches 
angle  of  sweepback  (measured  to  the  reference 
axis  unless  specified  otherwise),  degrees 
influence-coefficient  matrix  for  wing  twist  in 
planes  parallel  to  the  air  stream  due  to 
concentrated  unit  loads  applied  at  the 
reference  axis,  radians  per  poimd 
influence-coefficient  matrix  for  wing  twist  in 
planes  parallel  to  the  air  stream  due  to  con- 
centrated unit  torques  applied  in  planes 
parallel  to  the  air  stream,  radians  per  inch- 
pound 


Subscripts: 
c/2 
D 
fw 
i 
0 

V 
R 

Rq 

T 

rw 
sub 
spr 
w 
8 

Matrix  notation: 


midchord 
divergence 
flexible  wing 
inboard  end  of  aileron 
outboard  end  of  aileron 
damping  in  roll 
reversal 

reversal  of  unswept  wing 

at  root  or  effective  root 

rigid  wing 

subsonic 

supersonic 

wing  exclusive  of  fuselage 
due  to  (unit)  aileron  deflection 


{ } column  matrix 

I J row  matrix 

[ ] square  matrix 

1 1 diagonal  matrix 
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[ 

m 


[ii'i  = 


double  transpose  of  a matrix:  first  about  the 
principal  diagonal,  then  about  the  other 
diagonal 
unit  matrix 
0 0 0 0.  . " 

1 0 0 0.  . 

1 0 0 0.. 

1 0 0 0.  . 

1 0 0 0.  . 


DERIVATION  OF  THE  METHOD 

ASSUMPTIONS 

The  assumptions  made  in  reference  1 are  that  all  deforma- 
tions and  angles  of  attack  are  small  and  that  the  wing 
deformations  either  are  known  in  the  form  of  structural  in- 
fluence coefficients  or  can  be  calculated  from  simple  beam 
theory  in  conjunction  with  rotations  of  a flexible  root.  In 
addition  the  assumption  is  made  in  the  present  report  that 
the  angle  between  the  aileron  and  the  wing  is  constant  along 
the  span  of  the  aileron  and  that,  in  the  absence  of  suitable 
aerodynamic  influence  coefficients,  aeroelastic  effects  due  to 
aileron  deflection  can  be  calculated  on  the  basis  of  a modified 
strip  theory. 

AIR  LOADS 

The  lift  on  a wing  section  of  unit  width  parallel  to  the 
direction  of  flight  may  be  expressed  in  terms  of  the  loading 
coefficient  ccilcj  as 

(» 

In  the  case  of  a wing  at  zero  angle  of  attack  with  ailerons 
deflected  the  lift  may  be  considered  to  consist  of  two  parts : 
one  due  to  structural  deformation  and  one  due  to  aileron 
deflection.  The  loading  coefficients  for  these  two  parts  are 
best  treated  separately. 

The  part  of  the  lift  due  to  the  antisymmetric  structural 
twist  can  be  written  in  terms  of  the  local  values  of  twist  as 

\^\=CLjQa]{a.}  (2) 

in  terms  of  suitable  antisymmetric  aerodynamic  influence 
coefficients  [Qa],  Since  no  such  coefficients  are  available  at 
present,  modified  strip  theory  may  be  used,  as  in  reference  1, 
with  some  saving  in  labor  but  at  some  sacrifice  in  accuracy. 
With  this  modified  strip  theory 


where  for  subsonic  speeds  the  approximate  value  of  effective 
lift-curve  slope  Cl  mav  be  obtained  from  the  equation 

_ A cos  A 
'“A+4cosA 


and  for  supersonic  speeds, 


Cl 


4 cos  A(j/2 
VMo^  cos^  Ac/2  — 1 


Ci^  being  the  lift-curve  slope  of  the  section  perpendicular  to 
the  quarter-chord  line  at  a Mach  number  equal  to  Mq  cos  A. 

The  lift  due  to  aileron  deflection  should  be  calculated  by 
a fairly  accurate  method  (see  references  2 and  3).  This  lift 
distribution  may  be  expressed  as 


wliei'e  the  coefficients 


are  the  values  of  Ci  calculated 


for  a unit  effective  aileron  deflection  as8  and  divided  by  Cl„  . 

The  cornbined  lift  due  to  twist  and  aileron  deflection  is 
then 


[l]=<lCrCL^ 


{ a,}  + «a6 


(4) 


The  torque  per  unit  width  of  span  is  the  product  of  the  lift 
per  unit  width  and  the  local  moment  arm.  For  the  lift 
due  to  twist  the  moment  arm  is  eiC]  for  the  lift  due  to  aileron 
deflection  the  moment  arm  is  — 62c.  (See  fig.  1.)  Conse- 
quently, the  torque  may  be  wTitten  as 


where  e is  the  ratio  of  the  moment  arms  62! e\. 


THE  AEROELASTIC  EQUATION 

Method  employing  stiffness  curves. — The  lifts  and 
torques  per  unit  width  given  in  the  preceding  section  can 
be  integrated  to  obtain  bending  moments  and  accumulated 
torques  about  axes,  perpendicular  and  parallel  to  the  plane 
of  symmetry  and,  hence,  about  axes  perpendicular  and 
parallel  to  the  elastic  axis.  Integration  of  these  torques 
and  moments  ^fields  the  twists  and  local  dihedrals,  which 
can  be  combined  to  yield  the  desired  angle  of  attack  due  to 
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^Aerodynamic  center 
Elastic  axis 


,Center  of  pressure  due 
to  oiieron  deflection 


Figure  l— Definition  of  geometrical  parameters  used  in  the  analysis. 


at  the  tip  is  known;  otherwise,  matrices  [/']  and  [//']  may 
be  used  in  supersonic  flow  also  as  a fair  approximation. 

Method  employing  structural  influence  coefficients. — If 
the  angle-of-attack  changes  due  to  unit  concentrated  normal 
loads  and  torques  [$7.]  and  [<i>2-]  have  been  determined  in 
static  tests  of  the  actual  structui-e  or  calculated  bj'  a method 
such  as  that  of  reference  4,  the\^  ma.y  be  used  in  an  aero- 
elastic  analysis  in  the  manner  indicated  in  reference  1.  The 
pertinent  aej-oelastic  equation  for  the  lateral-control  problem 
is 

fell  (9) 

where  [A^]  is  the  aeroelastic  matrix  defined  in  reference  1 as 
[-4t]=[c^  c,  [$,]  [(73']  gy  ]+  [$7.]  [C/]  (10) 

[^4^]  is  an  auxiliary  aeroelastic  matrix  defined  , 

im=e,M^r]  [C,’]  (0]  [*]-[<i.,]  [(7/j  [0  (11) 


structural  deformation  (See  reference  1.)  The  result- 
ing equation  is 

{a,}  = K2*|[^l{a,}-a56[I]|0-|  I (6) 

where  /c,  the  ratio  of  the  effective  to  the  actual  wing  lift- 
cmwe  slope,  is 

_ A+2  cos  A 
A-\-4a  cos  A 


for  subsonic  flow  and  has  a value  of  1 for  supersonic  flow, 
g*  is  the  dimensionless  dynamic  pressure,  [A]  is  the  aero- 
elastic matrix  defined  in  reference  1 (for  subsonic  flow)  as 


[^]  Qj  ~j+  ^)[h'] 


‘"''Ul 

(7) 

and  [A]  is  an  auxiliaiw  aeroelastic  matrix  defined  (for  sub- 
sonic flow)  by 


— fel/]"  Q [I'll 

L L El  I 672  cos^V 


q*  i.s  the  reduced  dynamic  pressure  defined  by 

and  the  load-conversion  matrices  [(73']  and  [Ct]  are  defijied 
and  givoi  in  reference  1. 

SOLUTION  OF  THE  AEROELASTIC  EQUATION 

Calculation  of  the  control  effectiveness. — The  aero- 
dynamic  loading  corresponding  to  a given  aileron  deflection 
at  a given  d3mamic  pressure  can  be  obtained  by  vu-iting 
equation  (6)  or  equation  (9)  in  the  form 


[[ll-Kg*[A]]{a,}  = -«2*«36[A] 


(12) 


Once  the  right-hand  side  of  equation  (12)  is  evaluated  it  may 
be  regarded  as  a set  of  knowns  which  in  conjunction  witir 
the  coefficients  of  the  matrix  [[1]— k2*[^]]  permits  a solution 
for  the  unknowns  { } . The  loading  corresponding  to 
{«,}  ma\'  then  be  obtained  from  ecpiation  (4)  and  hence  the 
net  rolling  moment  due  to  aileron  deflection  and  the  result- 
ing wing  deformations: 


Rolling  moment =2  (y)  (13) 

M'hei*e 


tan 


+ 


e.  j, ,77-1  [£-| 

(8) 


For  supersonic  flow,  matrices  [7]  and  [77]  are  used  instead 
of  matrices  [7'j  and  [77'j,  provided  that  the  decrease  in  lift 


[777]  = [777] +1^177]  (14) 

As  indicated  in  reference  1,  the  solution  of  the  set  of  simul- 
taneous equations  represented  by  equation  (12)  may  be 
carried  out  by  any  conventional  method  of  solving  simul- 
taneous equations  or  by  an  iteration  procedure;  the  choice 
of  method  depending  primarily  on  the  preference  of  the 
computer. 

Calculation  of  the  aileron  reversal  speed. — The  aileron 
reversal  speed  can  be  obtained  by  calculating  the  rolling 
moment  due  to  aileron  deflection,  as  indicated  in  the 
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preceding  paragraph,  and  plotting  it  against  the  speed  or 
d}Tiamic  pressure.  The  value  or  values  of  the  speed  or 
djTiamic  pressure  for  which  the  rolling  moment  is  zero 
constitute  the  aileron  reversal  speeds  or  djmamic  pressures. 
However,  a more  direct  procedure,  similar  to  that  used  to 
find  the  divergence  speed  in  reference  1,  can  be  derived  as 
follows. 

The  term  equation  (12)  can  be  expressed  in 

terms  of  {a,}  by  means  of  equations  (4)  and  (13)  since  at  the 
aileron-reversal  condition  the  rolling  moment  is  equal  to 
zero.  'Hence, 


The  values  of  ««  and  cpi  are  best  obtained  from  experi- 
mental section  data  at  the  appropriate  Mach  number  Mq  cos  A. 
These  values,  in  terms  of  commonly  available  quantities,  are 

dci 

~dd 

da 


and 


C2?6  = 0.25 


db 

dci 

db 


or 


a«6=  — 


Multiplying  both  sides  of  this  equation  by 


[II'ol 

'L£ 

j{“j} 

Hi 

where 


yields 

(15) 

(16) 


Substitution  of  equation  (15)  in  equation  (12)  yields 

= (17) 

where  the  aileron-reversal  matrix  [^1^]  is  defined  by 

-(18) 


The  value  of  the  dimensionless  djmamic  pressure  /eg*  at  re- 
versal can  be  found  by  iterating  equation  (17)  or  by  expand- 
ing the  determinant  of  the  matrix  [ll]  — and  setting 
the  resulting  poljoiomial  in  /eg*  equal  to  0,  as  described  in 
reference  1. 


APPLICATION  OF  THE  METHOD 

SELECTION  OF  THE  PARAMETERS 

The  geometric  and  structmal  parameters  used  in  the  cal- 
culation of  the  lateral-control  effectiveness  and  related  aero- 
elastic  properties  of  a vnng  are  the  same  as  those  used  in  the 
calcidations  of  the  aerodynamic  loading  described  in  reference 
1.  If  the  root-rotation  constants  are  different  for  s^nninetric 
and  antisjTnmetric  loadings,  those  for  antisAonmetric  loadings 
should  be  used  for  calculating  the  [A]  matrix  used  in  this 
report.  Similarly,  the  section  lift-curve  slope,  wing  lift-ciu’ve 
slopes,  and  local  aerodjmamic-center  values  are  chosen  for 
the  Mach  number  of  interest,  as  described  in  reference  1, 
except  for  the  calculation  of  the  aileron  reversal  speed,  as 
discussed  in  the  section  entitled  ^^Calculation  of  the  Aileron 
Reversal  Speed.” 

213637 — 53 28 


Theoretical  thin-airfoil  values  of  these  parameters  are  given 
in  figiu*e  2 for  subsonic  and  supei-sonic  speeds.  Insufficient 
information  exists  at  present  to  permit  an  accurate  correction 
of  these  data  for  finite-span  effects  in  all  cases.  In  a quali- 
tative sense,  the  section  value  of  a^  is  known  to  be  a useful 
approximation  to  the  actual  value  required  in  the  calculations 
of  this  report,  except  for  wings  of  very  low  aspect  ratio,  for 
which  the  value  of  a^  tends  to  be  somewhat  larger  than  the 
section  value. 

The  values  of  cp^  on  a wing  tend  to  be  further  rearward 
than  the  values  obtained  from  section  data  at  subsonic 
speeds.  The  finite-span  values  may  be  estimated  by  calcu- 
lating lift  distributions  for  a given  aileron  deflection  both  by 
unmodified  strip  theory  and  by  a rational  finite-span  method, 
such  as  that  of  reference  2 or  of  reference  3;  if  the  local  lift 
given  by  strip  theory  is  assumed  to  act  at  the  section  value  of 
cp^j  and  if  the  difference  in  the  lifts  given  by  the  two  theories 
is  assumed  to  act  at  the  local  aerodynamic  center,  the  chord- 
wise  location  of  the  resultant  of  these  two  forces  may  be 
considered  to  be  the  tlu-ee-dimensional  value  of  cp^.  On  the 
basis  of  this  approximation  62=— ei  at  all  points  on  the  wing 
not  covered  by  the  aileron. 


Figure  2. — Theoretical  thin-airfoil  values  of  the  aileron  force  parameters. 
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The  values  of  required  in  this  report  may  also  be 

obtained  for  subsonic  speeds  b}’'  the  methods  of  references 
2 or  3 b}’’  calculating  spanwise  lift  distributions  in  the  form 

^ for  ai5=l  and  multiplying  the  results  b}^  — A 

simpler  but  less  accurate  wa}^  of  estimating  these  values 
consists  in  using  the  modified  strip  theory,  which  is  also  used 
in  this  report  for  the  calculation  of  the  lift  due  to  structural 
deformations,  until  suitable  aerodynamic  influence  coeffi- 
cients are  available.  This  approximation  implies  that  the 

elements  of  ^ stations  not  covered  by  the 

aileron  and  1 for  stations  covered  by  the  aileron.  Howevei’, 
in  order  to  take  into  account  the  location  of  the  inboard  and 
outboard  extremities  of  the  aileron  with  the  relatively  few 
stations  used  in  the  analysis,  equivalent  values  of  have 
to  be  used.  These  values,  referred  to  as  equivalent  5 values, 
are  given  in  figure  3.  They  are  intended  to  give  a rounded- 

off  distribution  of  ^'ffiich  has  approximately  the 

same  area  and  the  same  moment  about  the  root  as  the 
unmodified  strip-theory  distribution.  The  equivalent  6 
values  of  figure  3 pertain  to  actual  values  of  equal  to  1 ; 


they  apply  to  ailerons  which  extend  from  to  the  tip  but 

can  be  combined  to  apply  to  any  aileron  configuration. 
Several  examples  are  listed  in  the  following  table  for  the  six- 
point  method,  the  values  of  being  1 and  the  equivalent 


V i 

values  being  read  from  figure  3(a)  as  0.716  for 


and  as  0.293  for 


Vi 

6'/2 


= 0.95: 


Aileron 

ends 

Case  1 

Case  2 

Case  3 

Case  4 

Case  5 

Vi 

672 

0.  55 

0. 95 

0.  55 

0 

0 

Vo 

b'n 

1.00 

1.00 

.95 

1.00 

.55 

V 

672 

jcL  j according  to  modified  strip  theory 

Case  1 

Case  2 

Case  3 

Case  4 

Case  5 

0 

0 

0 

0 

1 

1 

.20 

0 

0 

0 

1 

1 

.40 

0 

0 

0 

1 

1 

.60 

.716 

0 

.716 

1 

.284 

.80 

1 

0 

1 

1 

0 

.90 

' 

.293 

.707 

1 

0 

The  values  of  case  3 are  obtained  from  those  of  cases  1 and 
2 and  the  values  for  case  5,  from  the  ones  of  cases  1 and  4. 


CALCULATION  OF  THE  MATRICES 

A brief  introduction  to  matrix  methods  is  given  in  the 
appendix  of  reference  1;  a fuller  treatment  is  given  in  refer- 
ence 5,  The  numerical  constants  required  in  the  method  of 
this  report  are  given  in  reference  1 and  in  the  present  report 
for  6-point  and  10-point  solutions.  The  elements  of  the 
matrices.  [/]  and  [/']  are  given  in  table  I and  those  of  the 
matrices  [//]  and  [//'],  in  table  II.  The  matrix  [/]"  is 
essentially  the  double  transpose  of  the  matrix  [7]  and  its 
elements  are  given  in  table  III.  If  the  structural  influence- 
coefficient  method  is  used,  the  required  matrices  [Cz']  and 
[C^']  may  be  obtained  from  reference  1. 

The  matrix  [A]  is  calculated  as  described  in  reference  1 
and,  if  desired,  by  means  of  the  computing  forms  given  in 
reference  1.  The  steps  in  the  computation  may  be  sum- 
marized as  follows: 


Step 

Operation 

® 

® 

(E /),  [®l 

w, 

I'*'! 

® 

[®l+[@]+[®] 

® 

in  I 

® 

[®][®] 

® 

*[®l 

® 

*'/2 

672«i/r  C0S»A  ^ 

[®)-[®] 

Lil 

® 

[®][@] 

@ 

Ml=[®]-[@] 

where  the  notation  [©],  for  instance,  refers  to  the  matrix 
calculated  in  step  7.  For  supersonic  speeds  four  additional 
steps  are  required: 


0 

0 

[®]  [0] 

0 

0 

M|  = [0]-[0] 

Equivalent  value  of  6 
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(a)  Six-point  method. 

(b)  Ten  point  method. 


Fir.uRE  3.— Equivalent  values  of  3. 
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To  proceed  with  the  calculation  of  lateral  control  and  of 
the  aileron  reversal  speed,  the  auxiliary  aeroelastic  and  the 
aileron-reversal  matrices  are  then  calculated  as  shovTi  in 
table  IV;  the  numbering  of  the  steps  indicated  in  the  upper 
left  corner  of  each  block  is  a continuation  of  the  numbering 
of  the  steps  required  to  calculate  the  matrix  [A].  The 
auxiliary  aeroelastic  matrix  is  obtained  in  step  15  and  the 
aileron-reversal  matrix,  in  step  20.  The  value  of  g required 

in  step  16  is  obtained  by  postoultiplying  the  row 

obtained  in  the  step  immediately  above  step  16  by  the 

column  ■ Or  the  other  hand,  the  square  matrix  of 

step  18  is  obtained  b}^  ^remultiplying  the  row  matrix  [®J, 

which  is  the  same  row  matrix  — multiplied  by 

( c ) ^ 

by  the  column  \ v • 

A separate  set  of  calculations  from  step  14  to  step  20, 
inclusive,  has  to  be  performed  for  subsonic  and  supersonic 
speeds;  the  steps  for  supei'sonic  speeds  can  be  labeled  steps 
14a  to  20a  to  follow  the  pattern  set  in  reference  1.  For  a 
10-point  solution,  forms  similar  to  those  of  table  IV  can 
easily  be  drawn  up.  For  the  influence-coeflScient  method  a 
set  of  computing  instructions  and  computing  forms  can  be 
based  on  equations  (10)  and  (11)  in  the  same  way  as  the 
instructions  and  forms  discussed  in  this  section  are  based  on 
equations  (7),  (8),  and  (18). 

Special  cases  arise  when  any  or  all  of  the  values  of  ei  or  of 
62  are  zero.  If  only  is  zero,  the  value  of  e\  at  some  other 
point  can  be  used  as  a reference  throughout  the  analysis  and 
the  parameter  q*  can  be  redefined  accordingly.  The  first 
column  of  the  matrix  [@]  is  calculated  in  this  case  by  multi- 
plying the  first  column  of  the  matrix  [0]  [/']  by  the  ratio  of 
the  value  62^  to  the  reference  value  of  6i.  Similarly,  if  some 
other  value  of  6i  is  zero,  say  the  nth  along  the  span,  ei^  is 
used  as  a reference  but  the  nth  column  of  [@]  is  calculated 
by  multiplying  the  nth  column  of  the  matrix  [0]  [!']  by 

— ( , where  62  and  are  the  values  of  C2  and  c at  the 

^1,.  \ ^r/ 

nth  station. 

If  61  is  zero  along  the  entire  span,  some  of  the  computing 
instructions  given  in  this  report,  as  well  as  the  ones  given  in 
reference  1,  must  be  modified  somewhat.  In  table  VI  (a) 

of  reference  1 the  matrix  L?a)i  can  be  entered  in  the 

space  provided  for  the  matrix.  Some  of  the  in- 

structions of  table  VI(b)  of  reference  1 and  table  IV  of  this 
report  are  then  modified  as  follows: 


Step  6 

Step  9 
Step  10 


4$  (1)1 


{EI)r  We 

{GJ)r  b'l2  tan  A ^ 

[©]-[(D] 


Step  11 

As  is 

Step  12 

Omit 

Step  13 

[^].,=o=[@]  [®] 

Step  14 

COS*  A (EI)r  1 
b'/2  {QJ)e  tan  A 

Step  15 

l^]  = [®]-[®] 

All  other  instructions  are  unaffected. 

If  62  is  zero  along  the  span,  table  IV  of  this  report  may  be 
modified  as  follows : 

Step  15  [A]  = [@] 

Step  14  may  be  omitted  in  this  case;  all  other  steps  in  table 
IV  are  unaffected. 

Similar  modifications  must  also  be  made  if  the  influence- 
coeflicient  method  is  used. 

CALCULATION  OF  THE  AILERON  REVERSAL  SPEED 

The  matrix  [Ar]  is  iterated  in  table  V (a)  to  calculate  the 
critical  value  of  the  parameter  kq*  and  hence  the  critical 
speed.  The  calculation  has  to  be  performed  once  for  sub- 
sonic speeds  and,  if  the  airplane  is  to  fly  at  transonic  and 
supersonic  speeds,  once  for  supersonic  speeds.  From  these 
critical  values,  from  the  definition  of  the  parameters  k and  $*, 
and  from  the  lift-curve  slope  the  dynamic  pressure  required 
for  aileron  reversal  qR  may  be  calculated  and  plotted  as  a 
function  of  Mach  number.  If  the  actual  dynamic  pressure 
for  the  altitudes  of  intei’est  is  also  plotted  on  the  same  chart, 
the  lowest  intersection  of  the  reversal  with  a true-dynamic- 
pressure  line  will  give  the  reversal  Mach  number  and  dynamic 
pressure  at  the  altitude  of  the  true-dynamic-pressure  line. 

The  matrices  [Ar]  calculated  for  the  special  cases  men- 
tioned in  the  preceding  section  do  not  all  yield  the  critical 
value  of  the  parameter  Kq*.  When  the  value  of  6i  is  zero  at 
the  root'  the  critical  value  of  the  parameter  Kq*  based  on  the 
reference  value  of  6i  will  be  obtained.  If  e\  is  zero  at  some 
other  point  along  the  span  or  if  62  is  zero  along  the  entire 
span,  critical  values  of  the  parameter  Kq*  will  be  obtained. 
In  the  case  where  ei  is  zero  along  the  entire  span,  iteration 
of  the  matrix  [Ar]  calculated  by  following  the  instructions 
of  the  preceding  section  will  yield  the  value  of  the  parameter 
Kq  at  reversal. 

In  some  of  these  special  cases,  and  possibl}’'  in  other  cases 
as  well,  the  iteration  procedure  may  not  converge.  In 
those  cases  the  lowest  value  of  the  parametei's  (Kq*)R  or 
(/eg) ft  is  imaginary,  so  that  there  is  no  physical  reversal  speed 
corresponding  to  this  value,  and  the  wing  under  considera- 
tion is  likely  to  be  safe  against  reversal  (in  the  speed  range 
under  consideration).  If  the  lowest  value  of  the  parameter 
Kq*  has  the  sign  opposite  to  that  of  the  value  of  eij.  (or  the 
other  value  of  ei  used  as  a reference)  or  if  the  critical  value  of 
Kq  has  the  sign  opposite  to  that  of  the  sweep  angle  A,  the 
reversal  dynamic  pressure  is  negative.  In  that  case  the 
wing  also  is  likely  to  be  safe  against  reversal,  since  a negative 
dynamic  pressure  cannot  be  obtained  at  any  real  speed. 
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However,  if  the  wing  is  to  operate  at  dynamic  pressures 
which  correspond  to  values  of  kq*  or  much  larger  than  the 
absolute  values  of  the  critical  values  obtained  by  iteration, 
the  next  higher  eigenvalues  of  the  aileron-reversal  matrix 
may  have  to  be  calculated  by  a method  such  as  that  given 
in  reference  5,  page  143.  If  the  next  higher  eigenvalue  is 
real  and  of  appropriate  sign,  it  defines  the  critical  aileron 
reversal  speed. 

Instead  of  iterating  the  matrix  [Aj^  to  calculate  the 

determinant  of  the  matrix  [[ll  — 1 may  be  expanded 
and  equated  to  zero,  as  noted  in  reference  1.  The  result  is 
an  equation  of  the  type 

• • • +a(Kq*)+i=o 

where  n is  the  order  of  the  matrix — that  is,  6 or  10  in  the 
case  of  a 6-point  or  10-point  solution,  respectively.  Solution 
of  this  equation  yields  n values  of  Kq*;  the  lowest  real  value 
with  the  appropriate  sign  is  the  one  that  defines  the  critical 
reversal  speed.  Instead  of  actually  expanding  the  determi- 
nant, however,  the  coefficients  Ci,  (?2,  • • • can  be 
obtained  in  terms  of  the  traces  of  the  powers  of  the  maxtrix 
[Ar]j  the  trace  of  a matrix  being  the  sum  of  the  elements  on 
its  principal  diagonal,  and  the  ?ith  power  of  the  matrix 
[An]  being  the  matrix  obtained  by  multiplying  [^^1  by 
itself  n— 1 times.  If  $m  is  the  trace  of  [Ar]”*j  then 

Ci  = — Si 


If  the  same  values  of  /eg*  are  selected  as  were  used  in  the 
calculation  of  the  aerodynamic  loading  by  the  method  of 
reference  1,  the  [lll~/fg*[^]]  matrix  is  aheady  available. 
If,  in  addition,  Crout^s  method  of  solving  simultaneous 
equations  has  been  used  to  solve  the  simultaneous  equations, 
part  of  the  auxihary  matrix  is  also  available  so  that  calcu- 
lation of  the  as  values  for  the  aileron  loading  requires  very 
little  time.  However,  the  iterative  solution  does  not  have 
this  advantage. 

In  some  of  the  special  cases  discussed  in  the  preceding 
sections,  care  must  be  taken  to  use  the  proper  parameters  m 
conjunction  with  the  matrices  calculated  for  these  special 
cases.  In  the  case  where  ei^  is  zero,  the  values  of  must 
be  based  on  the  reference  value  of  ei  selected  in  calculating 
the  matrix;  in  the  case  where  ei  is  zero  along  the  entire  span, 
the  parameter  Kq  must  be  used  instead  of  /eg*  in  table  V (b). 

The  resulting  a,  values  may  be  added  algebraically  to  the 

I ; multiplied  by  ^ and  as  indicated  in 

steps  4,  5,  and  6 of  table  V(b),  and  plotted  over  the  span 
to  yield  the  net  aerodynamic  load  distribution  ( 

( ' ^fw 

which  pertains  to  a unit  value  of  a^S  on  the  flexible  wing. 
The  rolling-moment  coefficient  due  to  this  forcing  loading 
(over  both  wings)  may  be  obtained  from  a dimensionless 
form  of  equation  (13) 


values  of 


Cl 

C. 


C2^-\iCiSi  + S2) 

Cz=  “-g  (C'2Sl+  CiS2  + Sz) 

Cn— (C^n~l^l4"  C^n-2^2'h  • • • “I"  1 "t“^n) 

71/ 

Unless  certain  types  of  automatic  computing  macliinery 
are  available,  the  iteration  procedure  is  generally  preferable 
to  the  procedure  based  on  the  expansion  of  the  determinant. 


This  coefficient,  which  is  a direct  measure  of  the  rolling 
power,  is  seen  to  be  dependent  only  on  g/gz?  (except  for  the 

factor  Cl  ^ since  —=r‘^-%r~  is  constant  for  a 

“e/  qn  )d 

given  speed  range. 

The  rolling  maneuverability  depends  not  only  on  the 
rolling  power  but  also  on  the  damping  in  roll.  The  rate  of 
roll  per  unit  aileron  deflection  (measured  in  a plane  parallel 
to  the  plane  of  symmetry)  is  given  by 


CALCULATION  OF  CONTROL  POWER  AND  MANEUVERABILITY 


The  calculation  of  the  twist  distribution  for  a given 
aileron  deflection  may  be  carried  out  in  table  V (b),  which  is 
similar  to  table  VI  (b)  of  reference  1.  The  matrix  [[Ij  — Kg*[-^]] 


is  entered  at  the  left, 


and  the  column 


is 


enter- 


ed at  the  right.  This  column  is  ^^remultiphed  by  the 
[A]  matrix  obtained  in  step  15  or  step  15a  and  is  entered  in 
the  second  column  at  the  right,  which  in  turn  is  multiplied 
by  — /tg*  to  yield  the  third  column.  The  simultaneous 
equations  with  the  coefficients  at  the  left  and  the  knowms  at 
the  right  (the  third  column)  are  then  solved  for  the  unknown 
as  values.  If  preferred,  an  iterative  solution  of  the  type 
discussed  in  reference  1 may  be  used  instead  of  Grout’s 
method  (reference  6)  for  which  table  V is  set  up.  A computing 
form  similar  to  that  of  table  VII  (c)  of  reference  1 may  be 
used  for  this  purpose. 


(20) 


where  Ci^  is  the  forcing  coefficient  calculated  from  equation 
(19)  (if  the  contributions  of  the  pressures  on  the  fuselage  are 
neglected)  and  Oi^  is  the  damping  coefficient  calculated  from 

equation  (19)  with  a column  of  values  of  calculated 

y 

* by  the  method  of  reference  1 for  a case  where  If 

modified  strip  theory  is  used,  the  desired  column  is 


J c Lcr  I 


{{“«}+{«.}  } 


where  a,  is  the  structural  deformation  associated  with  the 
given  values  of  a„. 
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ILLUSTRATIVE  EXAMPLE 

The  method  described  in  the  preceding  sections  has  been 
used  to  analyze  the  lateral  maneuverability  of  the  wing  con- 
sidered in  the  illustrative  example  of  .reference  1.  The  re- 
quired additional  parameters  of  this  wing  are  presented  in 
table  VI  (a),  which  follows  the  form  of  table  IV  (a).  Modi- 
fied strip  theory  has  been  used  for  calculating 

equivalent  value  of  8 at  the  station 
from  figure  3 for  the  given  values  of 


Rl. 


The 


=0.4  is  obtained 


and  The 


V 

672“ 

Vi 

672  672 

auxiliary  aeroelastic  matrix  for  the  subsonic  case  has  been 
calculated  by  following  the  form  of  table  IV(b);  the  re- 
sulting matrix  is  shown  in  table  VI  (b). 

The  aileron-reversal  matrix  for  the  subsonic  case  is  calcu- 
lated by  means  of  the  form  of  table  IV  (c).  Several  of  the 
steps,  as  well  as  the  result,  are  shown  in  table  VI  (c)  for  the 
subsonic  case.  In  these  calculations  the  contribution  of  the 
matrix  [/'ij  to  the  matrix  [//'oj  has  been  neglected,  so  that 
the  matrix  has  been  used  instead  of  the  matrix  [//'oJ, 
a procedure  which  is  not  recommended  in  general.  Iteration 
of  the  aileron-reversal  matrix  (by  means  of  the  form  of  table 
V(a)  or  otherwise)  yields  a value  of  (/cg;*)«=2.364.  A 
similar  calculation  for  supei*sonic  speeds  yields  a value  of 
(#cg*)ie=0.1280.  From  these  two  values  and  the  definition 
of  the  parameters  k and  q*  the  dynamic  pressure  required  for 
reversal  has  been  calculated  and  is  plotted  against  Mach 
number  in  figure  4.  Also  shown  in  figure  4 for  comparison 
are  the  dynamic  pressures  required  for  divergence  as  well  as 
the  actual  dynamic  pressures  at  sea  level  and  at  an  altitude 
of  25,000  feet.  Where  the  dynamic  pressure  required  for 
reversal  is  less  than  the  actual  dynamic  pressure,  the  aileron 
control  is  reversed.  For  the  example  wing,  reversal  is  likely 
to  occur  at  a Mach  number  of  approximately  1.3  at  sea  level. 

The  aerodynamic  loading  due  to  aileron  deflection  has 
been  calculated  by  means  of  the  form  of  table  V(b).  For  the 
subsonic  case  and  for  k^*=0.552  the  [[1]  — Kq"^[A]]  matrix  is 
that  shown  in  table  X(b)  of  reference  1.  The  thi*ee  columns 
to  be  entered  at  the  right  of  table  V(b),  as  well  as  the  four 
columns  obtained  at  the  bottom  of  table  V(b),  are  as  follows; 


® 

© 

© 

14:1. 

rai®i 
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1 

0 

0 

0 

0 

. 1890 

-.  1043 
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1 
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® 
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.599 

.473 

.661 

-.3392 

.435 

.344 

.552 

-.4477 

.379 

.300 

.523 

-.4773 
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Figure  4. — Effect  of  Mach  number  on  the  divergence  and  aileron -reversal  dynamic  pressures 
of  the  example  wing. 


The  lift  distribution  due  to  aileron  deflection 


( CCi  ) _Cr  1 C 

.1(0 

obtained  by  using  the  modified  strip- theory  values  of 


is  plotted  in  figure  5.  For  the  flexible  wing  the  lift  distribu- 
tions due  to  the  calculated  twist  distributions,  such  as  the 
one  shown  in  the  next  to  the  last  column  of  the  foregoing 
tabulation,  must  be  added  algebraically  to  the  lift  distribu- 
tion due  to  aileron  deflection.  This  addition  is  best  per- 
formed by  first  plotting  the  lift  distributions  due  to  twist 
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Case 

Q/QD 

qIqr 

Condition 

1 

0 

0 

Subsonic 

2 

-0.25 

0.234 

Subsonic 

3 

-0.^ 

0. 467 

Subsonic 

4 

-0.50 

0.  577 

Supersonic 

5 

-1.00 

1. 154 

Supersonic 

Figure  5. — Loading  of  example  wing  with  aileron  deflected. 


separately  and  then  adding  them  point  for  point  to  the  lift 
distribution  due  to  aileron  deflection.  The  net  distributions 
obtained  in  this  manner  for  several  cases  are  shown  in  figure 

o.  The  distribution  for  case  5 ^supersonic speeds,  — 1 .00^ 

indicates  that  the  wing  is  operating  at  a speed  above 
its  reversal  speed;  from  the  given  values  of  and  tlie 

dynamic  pressure  for  the  case  of  -^=  — 1.00  can  be  seen  to 

exceed  by  15.4  percent  the  dynamic  pressure  required  for 
aileron  reversal. 

The  rolling-moment  coefficient  is  obtained  from  equation 
(19)  or  by  adding  the  moments  corresponding  to  the  aileron- 
distribution  curve  and  the  twist  curve  algebraically.  (As 
stated  previously,  the  contribution  of  [/'ij  to  [//'oj  bas 
been  neglected  in  these  calculations.)  The  ratio  of  the 
flexible-wing  rolling-moment  coefficient  obtained  in  this 
manner  to  the  corresponding  rigid-wing  rolling-moment 
coefficient  is  plotted  in  figure  6 (a)  against  the  ratio  — 
for  the  rigid  wing  the  value  of  Ci^  at  subsonic  speeds  is 


and  at  supersonic  speeds  is 


The  lateral  maneuverability  is  calculated  by  means  of  equa- 
tion (20)  with  the  damping  coefficients  calculated  in  reference 


(a)  Variation  with  dynamic  pressure  ratio. 

(b)  Variation  with  Mach  numberand  altitude. 

Figure  6.— Control  power  and  effectiveness  of  example  w'ing. 


1 and  is  also  plotted  in  figure  6 (a)  as  a fraction  of  the  rigid- 
wing  value,  which  at  subsonic  speeds  is 

and  at  supersonic  speeds  is 

Both  the  maneuverability  and  the  control  power  become 

zero  at  a value  of  —=  — 0.87,  which  is  the  ratio  of  the  re- 
q,D 

versal  to  the  divergence  dynamic  pressure  at  supersonic 
speeds,  as  is  shown  in  figure  4. 

Since  the  ratio  qlq^o  has  been  determined  as  a function  of 
altitude  and  Mach  number  in  figure  4,  the  parameters  of 
figure  6 (a)  can  be  plotted  as  functions  of  altitude  and  Mach 
number,  as  has  been  done  in  figure  6 (b).  The  maneuverabil- 
ity and,  to  a lesser  extent,  the  control  power  are  relatively  low 
at  supersonic  speeds,  particularly  at  low  altitudes.  Since  at 
high  speeds  even  a small  value  of  pi>/2F  implies  a fairly  large 
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value  of  the  rate  of  roll  p,  this  situation  is  not  necessarily 
alarming.  The  wing  in  question  should  have  adequate 
control  at  all  speeds  for  altitudes  greater  than  about  20,000 
feet. 

DISCUSSION 

The  method  of  this  report  is  based  in  essence  on  a numer- 
ical integration  by  means  of  matrices  of  the  differential 
equations  of  structural  equilibrium.  The  actual  stiffness 
distributions,  root  rotations,  and  the  lift  and  pitching- 
moment  distributions  of  the  undeformed  wing  can  be  taken 
into  account  as  accurately  as  they  are  known.  The  commonly 
made  simplification  of  treating  the  wing  as  an  aggregate  of 
constant-chord  segments  with  all  flexibility  concentrated  at 
the  ends  and  all  forces  at  the  midpoint  of  the  segments 
is  not  resorted  to  in  this  report.  No  time-consuming 
graphical  integrations  nor  trial  and  error  procedures  are 
used.  The  aileron  reversal  speed  is  calculated  by  means  of 
an  iteration,  but  each  cycle  of  this  iteration  consists  of  a 
single  matrix  multiplication  so  that  the  entire  procedure  is 
straightforward  in  application,  and  usually  the  results 
converge  rapidly.  If  preferred,  the  iteration  procedure  can 
be  replaced  by  an  expansion  of  the  determinant  of  the 
matrix  [[11  — as  outlined  in  this  report. 

The  purpose  of  this  section  is  to  discuss  the  assumptions 
and  limitations  of  the  method  of  this  report  and  to  indicate 
the  effect  of  certain  design  variables  on  the  aileron  reversal 
speed  by  means  of  the  results  of  a few  calculations  for  the 
example  wing  and  some  others  related  to  it. 

ASSUMPTIONS  AND  LIMITATIONS  OF  THE  METHOD 

The  discussion  of  the  aerodynamic  and  structural  assump- 
tions in  reference  1 is  also  pertinent  to  the  analysis  of  this 
report.  This  discussion  may  be  summarized  as  follows;  All 
angles  of  attack,  structural  deformations,  and  control 
deflections  must  be  sufficiently  small  to  give  rise  only  to 
linear  aerodynamic  and  structural  forces.  When  structural 
influence  coeflicients  are  used,  no  further  assumptions  are 
necessary  concerning  the  structural  deformations;  when  the 
stiffness  curves  are  used,  elementary  beam  theory  as  cor- 
rected by  root  rotations  must  be  applicable.  If  elementary 
beam  theory  is  inapplicable — that  is,  if  shear  deformations, 
shear  lag,  and  ben  ding- torsion  interaction  cannot  be  neg- 
lected— a more  refined  method  than  elementary  beam  theory, 
such  as  the  method  of  reference  4,  can  be  used  to  calculate 
structural  influence  coefficients  which  can  be  used  in  the 
method  of  the  present  report.  When  suitable  aerodynamic 
influence  coefficients  are  available,  no  further  assumptions 
need  be  made  concerning  the  aerodynamic  forces;  if  no  such 
coefficients  are  available,  the  assumption  must  be  made  that 
modified  strip  theory  is  sufficiently  accurate  to  calculate  the 
aeroelastic  effects  of  interest. 

In  the  present  report  additional  aerodynamic  assumptions 
must  be  made,  primarily,  because  although  accurate  aero- 
dynamic information  can  be  used  in  the  method  of  this  report 
such  information  is  not  available  in  many  instances.  For 
instance,  no  suitable  aerodynamic  influence  coefficients  are 
available  as  yet  for  antisymmetric  lift  distributions  so  that 
modified  strip  theory  has  to  be  used  for  the  lift  due  to 


structural  deformation.  For  the  lift  due  to  aileron  deflection, 
which  is  used  in  the  form  of  the  coefficients  ( 7^^  ^ the  best 

available  information  should  be  used;  for  unswept  wings  of 
moderate  or  high  aspect  ratio  the  method  of  reference  2 gives 
accurate  results,  and  for  swept  wings  or  wings  of  low  aspect 
ratio  the  method  of  reference  3,  with  certain  modifications 
explained  in  reference  6,  may  be  used  to  calculate  the  desired 
coefficients.  However,  information  concerning  the  param- 
eters as  and  cps  for  wings  of  finite  span  is  very  meager;  the 
suggested  means  of  estimating  them  give  results  which  must 
be  used  with  some  caution.  If  experimental  results  are 
available  for  these  parameters,  they  can,  of  course,  be  used  in 
this  method. 

Modified  strip  theory  should  not  in  general  be  used  to 
calculate  the  coefficients  ( 7^  ) > as  \vas  done  in  the  illustra- 

five  example.  If  it  is  desired  to  use  this  approximation,  the 
equivalent  d values  of  figure  3 may  be  used  to  obtain  a 
suitable  fairing  of  the  lift-distribution  curve  at  the  aileron 
ends.  However,  these  equivalent  values  are  premised  on  the 
use  of  the  [/']  and  [//']  matrices  and  should  not  be  employed 
for  any  other  purpose  than  that  indicated  herein. 

Two  additional  structural  assumptions  are  also  made  in 
this  report.  In  the  first  place,  the  angle  6 between  the  wing 
and  the  aileron  is  assumed  to  be  constant  along  the  span. 
This  assumption  appears  to  have  been  made  in  almost  all  of 
the  published  investigations  into  the  problem  of  lateral- 
control  reversal  and  appears  to  have  yielded  satisfactoiy 
results;  the  shorter  the  aileron  and  the  greater  the  number 
of  points  at  which  the  aileron  is  supported  and  at  which  its 
hinge  moment  is  taken  out,  the  more  nearly  true  is  the 
assumption.  Also,  the  control  linkage  is  assumed  to  be 
stiff  so  that  the  aileron  angle  for  a given  stick  displacement 
is  independent  of  the  dynamic  pressure.  However,  in  order 
to  account  for  the  control-linkage  deflection,  it  is  necessarj^ 
only  to  calculate  the  ratio  of  the  true  aileron  angle  at  a given 
dynamic  pressure  to  that  at  zero  dynamic  pressure  for  the 
same  stick  position.  The  calculated  control  moment  and 
maneuverability  must  then  be  reduced  by  this  factor  to  get 
values  of  these  quantities  for  a given  stick  displacement. 
Since  deformations  of  the  control  linkage  only  affect  the 
aileron  effectiveness,  they  have  no  bearing  on  the  reversal 
speed.  On  the  other  hand,  these  deformations  may  lead  to 
aileron  divergence  for  wings  with  heavily  overbalanced 
ailerons.  This  problem,  as  well  as  the  problem  of  wing- 
aileron  divergence,  has  not  been  considered  in  the  present 
analysis. 

The  fuselage  and  tail  do  not  contribute  any  appreciable 
amounts  to  either  the  control  or  the  damping  moment  so 
that  their  effects  may  ordinarily  be  neglected  for  the  purpose 
of  lateral-control  calculations.  Similarly,  the  effect  of  wing 
camber  docs  not  enter  into  the  problem,  because  the  onl}^ 
important  effect  of  camber  is  to  give  the  flexible  wing  a sym- 
metrical hft  distribution  if  it  is  set  at  the  angle  of  attack 
which  would  give  zero  lift  for  the  rigid  vdng;  this  s3onmetrical 
lift  distribution  has  no  effect  on  the  lateral-control  problem. 
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As  in  reference  1,  the  effects  of  the  inertia  loading  on  the 
aerodynamic  loading  have  not  been  considered  explicitly  in 
the  analysis  of  this  report.  As  pointed  out  in  reference  1, 
however,  the  structural  deformations  due  to  the  inertia  load- 
ing may  be  calculated  conveniently  by  means  of  the  integrat- 
ing matrices  and  then  be  considered  as  part  of  the  geometrical 
angles  of  attack.  This  procedui’e  may  be  apphed  in  the 
case  of  a rolling  wing  to  determine  the  change  in  rolling 
moment  for  a unit  rolling  acceleration  at  any  given  Mach 
number  and  dynamic  pressure.  This  rolling  moment  must 
be  taken  into  account  in  estimating  the  rolhng  accelerations 
due  to  a given  forcing  moment  at  any  time  before  the  steady- 
roU  condition  is  reached. 

At  transonic  speeds  there  is  considerable  uncertainty 
in  the  aerodynamic  parameters.  The  control  power  is 
directly  proportional  to  the  value  of  the  parameter 


which  may  be  quite  low  in  the  transonic  region 


due  to  the  fact  that  the  aileron  is  located  in  a region  of  sepa- 
rated flow.  The  method  of  tliis  report  is  applicable  to  this 
case  if  the  value  of  is  known  for  the  rigid  wing  and  if  the 
aerod^mamic  forces  due  to  aileron  deflection  and  due  to 
twist  can  be  superimposed  hneaiiy.  If,  for  instance,  the 
decrease  in  this  parameter  due  to  flow  separation  is  40  per- 
cent at  a given  Mach  number  and  if  the  loss  in  control  power 
due  to  wing  flexibility  amounts  to  20  percent,  then  the  total 
loss  is  52  percent.  However,  the  loss  in  maneuverabihty 
due  to  the  decrease  in  Ci^  may  be  much  less  than  the  loss  in 
control  power,  since  a decrease  in  Ci^  is  usually  accompanied 
by  a decrease  inc/^  and  and  hence  in  the  coeflScient  of 
damping  in  roll. 

Should  the  value  of  the  parameter  Ci^  decrease  to  zero  or 
reverse,  aileron  reversal  will  occur.  This  type  of  revei-sal  is 
altogether  different  from  the  type  of  reversal  discussed  in 
this  report  since  it  is  due  entirely  to  aerodynamic  action, 
whereas  the  reversal  of  concern  in  this  report  is  due  to  aero- 
elastic  action.  Both  types  of  reversal  are  largely  independent 
of  each  other;  aerodynamic  reversal  is  likely  to  occur  at  a 
given  Mach  number  regardless  of  the  stiffness  of  the  wing, 
whereas  aeroelastic  reversal  will  occur  ordinarily  at  a 
different  speed  which  is  unaffected  by  the  aerodynamic 
effectiveness. 


EFFECTS  OF  SOME  DESIGN  VARIABLES  ON  THE  AILERON  REVERSAL 

SPEED 

vSome  general  effects  of  sweep  and  of  the  moment  arms 
and  eo  on  the  aeroelastic  reversal  speed  may  be  of  interest. 
The  ratio  of  the  reversal  parameter  (/cg*)/2  of  a given  wing 
to  that  of  the  unswept  wing  obtained  b}'  rotatuig  the  given 
wing  {Kq*)R^  is  showm  in  figure  7 (a)  plotted  against  a func- 
tion of  the  sweep  angle  for  subsonic  and  supersonic  speeds; 
the  two  curves  were  obtained  b}^  considering  the  wing  of  the 
illustrative  example  to  be  rotated  in  such  a manner  as  to 


keep  the  parameters 


Cl  Cr  cos^A 


and  as 


well  as  the 


672  {GJ)r 

chord,  stiffness,  and  moment-arm  distributions  ei  and  €2 
constant. 


(a)  Effect  of  sweep  on  reversal  parameter  {kq*)r. 

(b)  Effect  of  moment-arm  ratio  < on  reversal  parameter  {kq*) for  unswept  wings. 
Figure  7.— Effects  of  sweep  and  moment-arm  ratio  on  reversal  speed. 


Both  sweepback  and  sweepforward  apparently  tend  to 
decrease  the  reversal  parameter  and  hence  the  reversal  speed. 
At  supersonic  speeds  or,  more  specifically,  at  small  values  of 
62  Cr  cos^A  /(^T); 


the  parameter 


V: 


the  reversal  speed  for  the 


672  - ^ {GJ)r 

sweptforward  wing  is  somewhat  lower  than  that  of  the 
sweptback  wing;  whereas  at  higher  values  of  the  parameter 
the  variation  of  the  reversal  speed  with  the  sweep  parameter 

aT 


l^r  ■ 


is  ftiore  nearly  symmetrical  wdth  respect  to 


tan  A 

the  zero-sweep  case.  There  are  some  indications  that  this  be- 
havior is  not  tj^pical  of  all  wings  but  rather  is  due  to  the  fairly 
large  variation  of  the  values  of  61,  62,-  ^md  € over  the  span 
of  the  example  wing.  In  general  it  appears  that,  for  small 

e2^Cr  cos^A 


values  of  the  moment-arm  parameter 


672 


4 


\EI)r 

(OJ)r’ 


the  variation  of  the  reversal  speed  with  the  sweep  parameter 
tan  A 


V: 


XGJ)r 


(JEI)r 


should  be  nearly  symmetrical  and  that,  for 


large  values  of  the  moment-arm  parameter,  the  reversal 
speed  should  tend  to  be  lower  for  sweptback  wings  than  for 
sweptforward  \vings. 

The  variation  of  the  reversal  speed  of  an  unswept  wung 
with  the  moment-arm  ratio  is  shovm  in  figure  7 (b)  for  wings 
which  have  the  same  distributions  of  the  parameters 
and  62/^2^  along  the  span  but  have  different  values  of  and 
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The  parameter  is  plotted  against  the  ratio 

where  the  value  of  e is  selected  at  the  midaileroii  station. 
It  is  seen  that  the  plot  is  linear  for  both  the  subsonic  and 
supersonic  case.  The  difference  in  these  cases  is  due  to 
the  different  variations  of  6i  and  62  along  the  span;  if  the 
variations  were  the  same  or  if  ei  and  €2  were  constant  along 
the  span,  the  two  lines  of  figure  7 (b)  would  coincide.  Since 

the  reversal  parameter  {Kq*)R^  is  proportional  to  and 

since  the  reversal  dynamic  pressure  is  directly  proportional 
to  the  reversal  parameter  and  inversely  proportional  to  the 
value  (by  definition  of  the  parameter  it  follows 

that  the  reversal  dynamic  pressure  is  approximately  propor- 
tional to  the  ratio  — 7 — From  figure  1 it  is  seen  that 

the  siun  of  ei  and  62  represents  the  distance  from  the  aero- 
d3mamic  center  to  the  center  of  pressure  of  the  lift  due  to 
aileron  deflection  and  is  independent  of  the  location  of  the 
elastic  axis.  This  fact  corroborates  the  commonly  made- 
observation  that  the  reversal  speed  is  independent  of  the 
location  of  the  elastic  axis  in  the  case  of  unswept  wings. 

The  control  power  and  maneuverability  cannot  be  related 
to  the  structural  and  geometric  parameters  in  as  relatively 
simple  a manner  as  the  reversal  speed.  The  control  power 
is  a fimction  of  both  the  ratio  q/qn  and  the  ratio  it 

normally  decreases  with  q/qR,  the  rate  of  decrease  being 
slow  at  first  and  then  more  rapid  for  positive  values  of 
qn/qD  (which  would  generally  be  obtained  for  unswept  and 
sweptforward  wings)  and  being  rapid  at  first  and  then  slower 
for  negative  values  of  (which  would  general!}^  be 

obtained  for  sweptback  wings).  The  variation  of  the 
maneuverability  should  generally  be  similar  to  that  of 
the  control  power  since  the  damping  coefficient  decreases 
(or  in  the  case  of  unswept  and  sweptforward  wings  increases) 
steadily  with  q/qo  and  is  independent  of  QR/qD- 

From  the  calculations  for  the  example  wings  it  appears 
that  the  control  power  and  maneuverability  of  sweptback 
wings -tend  to  be  relatively  low,  particularly  at  supersonic 
speeds.  A combination  of  high  sweep  and  large  moment 
arm  62  may  lead  to  an  undesirably  low  maneuverability. 
Of  course,  any  increase  in  the  purely  aerodynamic  effec- 
tiveness of  the  aileron-airfoil  combination  results  in  a 
proportional  increase  in  the  lateral-control  effectiveness. 
At  supersonic  speeds  aa  is  proportional  to  the  aileron-chord 
ratio  cjcj  so  that  an  increased  aileron  chord  results  in 
greater  maneuverability;  at  subsonic  speeds  an  increase 
in  the  aileron  chord  is  less  effective.  Another  obvious 
means  of  raising  the  reversal  speed  and  of  increasing  the 
control  power  is  to  increase  either  the  torsional  stiffness 
or  the  bending  stiffness  of  the  structure.  In  some  cases, 
llo^yever,  the  increase  of  the  reversal  parameter  (Kg*)^?  due 


to  a change  in  the  parameter  tan  A 


(see  fig.  7 (a)) 


produced  by  a decrease  in  the  torsional  stiffness  {GJ)  r may 


be  so  rapid  as  to  cause  a net  increase  in  the  reversal  speed. 

If  the  sweep,  the  moment  arm  e^,  the  stiffness,  and  the 
aileron  eff'ectiveness  cannot  be  changed  sufficiently  to 
increase  the  maneuverability,  it  may"  be  necessary  to  resort 
to  uncoventional  control  devices.  Leading-edge  ailerons, 
for  instance,  have  negative  values  of  the  moment  arm  62, 
so  that  wings  equipped  with  them  tend  to  reverse  at  very 
liigh  speeds,  if  at  all.  This  type  of  configuration  has  the 
additional  advantage  of  relatively  high  effectiveness  at 
transonic  speeds.  The  effectiveness  of  leading-edge  ailerons 
at  subsonic  speeds  is  so  low,  however,  that  they  would  have 
to  be  used  in  conjunction  with  trailing-edge  ailerons  to 
assure  satisfactory  lateral  control  at  low  subsonic  speeds; 
fiuthermore,  they  pose  some  other  aerodynamic  as  well  as 
structural  and  mechanical  problems.  Similarly^',  from  an 
aeroelastic  point  of  view  spoilers  appear  attractive  because 
they  tend  to  have  small  or  negative  values  of  62,  but  they 
also  pose  certain  design  problems.  Consequently,  both 
these  devices  require  careful  consideration  before  they  are 
used  to  alleviate  aeroelastic  difficulties  in  any  specific  case. 

CONCLUDING  REMARKS 

A method  has  been  presented  for  calculating  the  effective- 
ness and  the  speed' of  reversal  of  lateral  control  as  well  as  of 
the  aerodynamic  loading  and  the  rolling  moment  produced 
b}’"  aileron  deflection  on  swept  flexible  wings  of  arbitrary 
stiffness. 

It  has  been  shown  that  the  aileron  reversal  speed  decreases 
with  both  sweptback  and  sweptforward  wings  and  that  the 
effectiveness  of  conventional  aileron  configurations  on  swept- 
back wings  at  supersonic  speeds  tends  to  be  relatively  low. 
The  control  effectiveness  and  the  resulting  maneuverability 
of  the  airplane  may  be  increased  by  varying  some  of  the 
design  parameters  such  as  the  structural  stiffness  and,  if 
necessary,  resorting  to  unconventional  control  devices,  such 
as  leading-edge  ailerons  or  spoilers. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  April  5,  1951, 
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TABLE  I— VALUES  OF  THE  INTEGRATING  MATRICES  (/]  AND  [/'] 

(a)  Six-Point  Solution 

(/]  l/'J 


V 

t/12 

0 

.2 

.4 

.6 

,8 

.9 

1.0 

■ 

0.26667 

.2 

-.01667 

.13333 

.15000 

.26667 

.10000 

.13333 

.03333 

.4 

0 

0 

.06667 

.26667 

.10000 

.13333 

.03333 

.6 

0 

0 

-.01667 

.13333 

.11667 

.13333 

.033^ 

.8 

0 

0 

0 

0 

.03333 

.13333 

.03333 

.9 

0 

0 

0 

0 

-.00833 

.06667 

.04167 

1.0 

0 

0 

0 

i 

0 

0 

0 

0 

V 

672 

0 

.2 

.4 

.6 

.8 

.9 

0 

0.06667 

0.26667 

0. 13333 

0. 26667 

0.09333 

0. 15085 

.2 

-.01667 

.13333 

.15000 

.26667 

.09333 

.15085 

.4 

0 

0 

.06667 

.26667 

.09333 

.15085 

.6 

0 

0 

-.01667 

.13333 

.11000 

.15085 

.8 

0 

0 

0 

0 

.02667 

,15085 

.9 

0 

0 

0 

0 

-.01886 

.09333 

(b)  Ten-Point  Solution 

[/'] 


V 

672 

0 

. 1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

0 

0.03333 

0.13333 

0.06667 

0. 13333 

0.06667 

0.13333 

0.06667 

0. 13333 

0.06000 

0.15085 

.1 

-.00833 

.06667 

.07500 

.13333 

.06667 

.13333 

.06667 

.13333 

.06000 

.15085 

.2 

0 

0 

.03333 

.13333  . 

.06667 

. 13333 

.06667 

.13333 

.06000 

.15085 

.3 

0 

0 

-.00833  ' 

.06667 

.07500 

. 13333 

.06667 

.13333 

.06000 

.15085 

.4 

0 

0 

0 

0 

.03333 

. 13333 

.06667 

.13333 

.06000 

.15085 

.5 

0 

0 

0 

0 

-.00833 

.06667 

.07500 

.13333 

.06000 

, .15085 

.6 

0 

0 

0 

0 

0 

0 

.03333 

.13333 

.06000 

.15085 

.7 

0 

0 

0 

0 

0 1 

0 

-.00833 

.06667 

.06833 

.15085 

.8 

0 

0 

0 

0 

0 

0 

0 

0 

.02667 

.15085  , 

.9 

0 

0 

0 

0 

0 

0 

0 

0 

-.01886 

.09333 
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TABLE  IL— VALUES  OF  THE  INTEGRATING  MATRICES  (//]  AND  [//'] 

(a)  Six-Point  Solution 

[//]  [//'] 


672 

0 

.2 

A 

.6 

.8 

.9 

1.0 

0 

0 

0.06333 

0.05333 

0. 16000 

0. 08000 

0. 12000 

0.03333 

.2 

-.00167 

.01000 

.02500 

. 10667 

.06000 

.09333 

.02667 

.4 

0 

0 

0 

.05333 

.04000 

.06667 

.02000 

.6 

0 

0 

-.00167 

.01000 

. 01833 

.04000 

.01333 

.8 

0 

0 : 

0 

0 

0 

.01333 

.00667 

.9 

0 

0 

0 

0 

-.00042 

. 00250 

.00292 

1.0 

0 

0 

0 

0 

0 

0 

0 

672 

0 

.2 

.4 

.6 

.8 

.9 

0 

0 

0. 05333 

0.05333 

0. 16000 

0. 07314 

0. 13792 

.2 

-.00167 

.01000 

.02500 

.10667 

.05448 

. 10775 

.4 

0 

0 

0 

.05333 

. 03581 

.07758 

.6 

0 

0 

-.00167 

. 01000 

.01548 

.04741 

.8 

0 

0 

0 

0 

-.00152 

. 01724 

.9 

0 

0 

0 

0 

-.00108 

.00419 

(b)  Ten-Point  Solution 

[W] 


V 

672 

0 

.1 

.2 

.3 

.4 

.5 

♦ 

.7 

.8 

.9 

0 

0 

0.013333 

0. 013333 

0. 040000 

0.026667 

0. 066667 

0. 040000 

0. 093333 

0. 046476 

0. 137920 

. 1 

-.000417 

.002500 

. 006251 

. 026667 

. 020000 

. 053333 

. 033333 

.080000 

. 040476 

.122835 

.2 

0 

' 0 

0 

. 013333 

. 013333 

. 040000 

. 026667 

. 066667 

. 034477 

. 107750 

.3 

0 . 

0 

-.000417 

. 002500 

. 006251 

. 026667 

.020000 

. 05,3333 

.028476 

, 092665 

.4 

0 

0 

0 

0 

0 

. 013333 

. 013333 

. 040000 

. 022476 

. 077580 

. 5 

0 

0 

0 

0 

-.000417 

. 002500 

. 006251 

. 026667 

. 016477 

. 062495 

.6 

0 

0 

0 

0 

0 

0 

0 

. 013333 

. 010476 

1 . 047410 

.7 

0 

0 

0 

0 

0 

0 

-.000417 

. 002500 

. 004060 

1 . 032325 

.8  . 

0 

0 

0 

0 

0 

0 

0 

0 

-.001523 

. 017240 

.9 

0 

0 

0 

0 

0 

0 

0 

0 

-.001077 

.004190 

TABLE  III— VALUES  OF  THE  INTEGRATING  MATRIX  [If 

(a)  Six-PoiNT  Solution 


V 

672 

0 

.2 

.4 

.6 

.8 

.9 

0 

0 

0 

0 

0 

0 

0 

.2 

- . 08333 

. 1.3333 

-.  01667 

0 

0 

0 

.4 

. 06667 

. 26667 

. 06667 

0 

0 

0 

.6 

. 06667 

. 26667 

. 15000 

. 13333 

-.01667 

0 

.8 

..06667 

. 26667 

. 13333 

. 26667 

. 06667 

0 

.9 

. 06667 

. 26667 

. 13333 

. 26667 

. 10833 

. 06667 

(b)  Ten-Point  Solution 


V 

672 

0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

.1 

.04167 

.06667 

-.00833 

0 

0 

0 

0 

0 

0 

0 

.2 

.03333 

. 13333 

. 03333 

0 

0 

0 

0 

0 

0 

0 

.3 

.03333 

.13333 

.07500 

. 06667 

-.008,3.3 

0 

0 

0 

0 

0 

.4 

.03333 

, 1.3333 

. 06667 

. 1,3333 

.03333 

' 0 

0 

0 

0 

0 

.5 

.03333 

. 13333 

. 06667 

. 13333 

.07500 

. 06667 

-.00833 

0 

0 

0 

.6 

. 03333 

. 13333 

. 06667 

. 13333 

. 06667 

. 13333 

. 03333 

0 

0 

0 

. 7 

. 03333 

. 13333 

. 06667 

. 1333,3 

.06667 

. 13333 

.07500 

.06667 

-.00833 

'o 

.8 

.03333 

. 13333 

. 06667 

. 13333 

.06667 

: . 13333 

.06667 

.13333 

. 03333 

0 

.9 

.033.33 

. 1,3333 

. 06667 

.13333 

.06667 

j . 13333 

.06667 

. 13333 

.07500 

. 06667 
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TABLE  IV.— FORM  FOR  COMPUTATION  OF  AUXILIARY  AEROELASTIC  AND  AILERON-REVERSAL  MATRICES 

(a)  Parameters  Pertinent  to  Lateral-Control  Calculations 


(b)  Calculation  of  the  Auxiliary  Aeroelastic  Matrix 
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TABLE  V.—FORM  FOR  SOLUTION  OF  AEROELASTIC  EQUATION  FOR  LATERAL  CONTROL 


(a)  Reversal 


(b)  Control  Power 


[A«] 

V 

672 

0 

.2 

.4 

.6 

.8 

.9 

0 

0 

0 

0 

0 

0 

0 

.2 

c 

.4 

.6 

.8 

1 

.9 

M 

Cl) 

(2) 

(3) 

(4) 

(5) 

(6) 

0 

0 

0 

0 

0 

0 

0 

.2 

.3000 

.4 

.5000 

.6 

.7000 

.8 

.9000 

.9 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

: 1.0000 

672 

(1) 

(2) 

(3) 

(4) 

(5) 

(ft) 

0 

0 

0 

0 

0 

0 

0 

.2 

.4 

.6 

i 

.8 

.9 

i 

V 

672 

0 

.2 

.4 

.6 

.8 

.9 

0 

1.0000 

0 

0 

0 

0 

0 

.2 

.4 

.6 

.8 

.9 

® 

Ri 

CT|®| 

-««*f®l 

Auxiliary  Matrices 


0 

1.0000 

0 

0 

0 

0 

0 

.2 

.4 

.6 

.8 

,9 

in't\ 

1 

U/'.]|®l  = 

® 

© 

® 

Final 

matrix 

^1®! 

Uli®i 

l®l+l“.l 

l«.l 
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TABLE  VI.— COMPUTATION  OF  AUXILIARY  AEROELASTIC  AND  AILERON-REVERSAL  MATRICES  FOR  THE  EXAMPLE 

W'ING  AT  SUBSONIC  SPEEDS 


(a)  Parameters  Pertinent  to  Lateral-Control  Calculations 


V-  — 0 4.^ 

672 


672 


= 1.000 


aa  = 0.547 


V 

672 

cVh 

«2 

£ 

0 

0 

0.250 

-0.2020 

-1.0000 

.2 

0 

.250 

-.1990 

-1.0000 

.4 

.265 

.458 

.0111 

.0563 

.6 

1.000 

.458 

.0136 

.0701 

.8 

1.000 

.458 

.0160 

.0833 

.9 

1.000 

.458 

.0173 

.0906 

(b)  Calculation  of  the  Auxiliary  Aeroelastic  Matrix 


® 

C4]=[®l+[@]  . 

V 

672 

0 

.2 

.4 

.6 

.8 

.9 

0 

0 

0 

' 0 

0 

0 

0 

.2 

.00414 

-.00671 

. 02541 

.08337 

. 03542 

.06348 

.4 

.00774 

-.02181 

.04563 

. 21248 

.09966 

. 18577 

.6 

.00774 

-.02181 

.04041 

.29601 

. 17065 

. 34430 

.8 

.00774 

-.02181 

. 03443 

. 31802 

. 20199 

. 49812 

.9 

.00774 

-.02181 

. 03443 

. 31802 

.19534 

.54309 
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EXPERIMENTAL  AND  THEORETICAL  STUDIES  OF  AREA  SUCTION  FOR  THE  CONTROL 
OF  THE  LAMINAR  BOUNDARY  LAYER  ON  AN  NACA  64A010  AIRFOIL  ‘ 


By  Albert  L.  Bras  low,  Dale  L.  Burrows,  Neal  Tetervin,  and  Fioravante  Visconti 


SUMMARY 

A low-turbulence  wind-tunnel  investigation  was  made  oj  an 
NACA  64 AO  10  airjoil  having  a porous  surface  to  determine 
the  reduction  in  section  total-drag  coefficient  that  might  be  ob- 
tained at  large  Reynolds  numbers  by  the  use  of  suction  to 
produce  continuous  inflow  through  the  surface  of  the  airfoil 
(area  suction).  In  addition  to  the  experimental  investigation, 
a related  theoretical  analysis  was  made  to  provide  a basis  of 
comparison  for  the  test  results. 

Full-chord  laminar  flow  was  maintained  by  application  of 
area  suction  up  to  a Reynolds  number  of  approximately  20X10^. 
At  this  Reynolds  number,  combined  wake  and  suction  drags  of 
'the  order  of  38  percent  of  the  drag  for  a smooth  and  fair  NACA 
64AOIO  airfoil  without  boundary -layer  control  were  obtained. 
The  minimum  experimental  values  of  suction-flow  coefficient  for 
l^ull-chord  laminar  flow  were  of  the  same  order  of  magnitude  as 
the  theoretical  values  and  decreased  with  an  increase  in  Reynolds 
number  in  the  same  manner  as  the  theoretical  values.  It  seems 
likely  from  the  results  that  attainment  of  full-chord  laminar  flow 
by  means  of  continuous  suction  through  a porous  surface  will  not 
be  precluded  by  a further  increase  in  Reynolds  number  provided, 
that  the  airfoil  surfaces  are  maintained  sufficiently  smooth  and 
fair  and  provided  that  outflow  of  air  through  the  surface  is 
prevented. 

Although  area  suction  was  able  to  overcome  the  destabilizing 
effiects  of  an  adverse  pressure  gradient  such  as  that  which  occurs 
over  the  rear  portion  of  an  airfoil,  area  suction  does  not  appear 
to  stabilize  the  boundary  layer  completely  for  relatively  large  dis- 
turbances such  as  those  which  might  be  caused  by  protuberances 
that  have  a height  comparable  to  the  boundary-layer  thickness. 

INTRODUCTION 

o 

The  stability  theory  for  the  incompressible  laminar 
boundary  la^^er  is  an  analysis  of  the  damping  or  amplifica- 
tion of  vanishingl}^  small  two-dimensional  aerod3mamicalh' 
possible  disturbances  in  the  boundary  la}'er  (reference  1). 
A possible  definition  in  the  ph}^sical  sense  of'  a small  dis- 
turbance is  one  that  does  not  produce  transition  from  laminar 
to  turbulent  flow  at  its  origin  in  contrast  A\fith  a large 


disturbance,  which  does  cause  immediate  transition.  Small 
disturbances  ma}’’  either  amplify  as  they  progress  dowm- 
stream  and  eventually  grow  large  enough  to  cause  turbulence 
or  the}'  may  be  damped  and  cause  no  change  in  the  dowm- 
stream  flow;  if  small  disturbances  of  all  frequencies  are 
damped  rather  than  amplified,  the  laminar  boundar}^  layer 
is  considered  stable  (reference  2). 

Theoretical  investigations  have  been  made  of  the  character- 
istics of  flows  past  a flat  plate  through  which  there  is  a small 
normal  velocity  and,  in  addition,  the  stability  theory  has 
been  used  to  calculate  the  stability  of  the  laminar  boundary 
layer  for  this  type  of  flow.  Examples  of  some  of  this  theo- 
retical work  can  be  found  in  references  3 to  7 and  in  British 
work  (not  generally  available).  The  results  of  these  analy- 
ses indicate  that  a small  normal  velocity  into  the  surface 
at  all  points  along  the  sm’face  has  a large  stabilizing  effect  on 
the  laminar  layer.  Inasmuch  as  there  appear  to  be  no  data 
that  show  this  effect  experimentally,  an  investigation  of  the 
effect  of  area  suction  on  the  boundary-layer  stability  is  being 
made  in  the  Langley  low-turbulence  pressure  tunnel.  Three 
suction  arrangements  were  investigated  on  an  NACA  64A010 
airfoil  that  had  porous  sintered-bronze  surfaces.  Measure- 
ments were  made  up  to  a Reynolds  number  of  approximately 
20X10®  and  included  wake  drags,  suction-flow  quantities, 
suction  losses,  and  a few  boundary-layer  velocity  profiles. 

In  order  to  provide  a basis  of  comparison  for  the  measured 
suction  flows,  the  stabihty  of  the  laminar  boundary  layer 
was  calculated  for  two  important  cases  of  chordwise  suction 
distribution  for  the  test  airfoil.  Theoretical  results  are  also 
presented  for  a flat  plate  with  uniform  suction.  The  calcu- 
lations were  made  by  combining  Schlich tinges  theory  for  the 
computation  of  the  laminar  boundary  layer  (reference  8) 
with  Lin^s  theory  for  the  determination  of  the  stability  of  the 
laminar  velocity  profile  (reference  1).  Suction  quantities 
necessary  to  keep  the  boundary  layer  neutrally  stable  at  all 
points  along  the  airfoil  chord  were  calculated  for  Rexmolds 
niunbers  of  6X10®,  15X10®,  and  25X10®.  The  minimum 
suction  quantities  required  to  keep  the  boundary  layer  stable 
were  obtained  also  for  the  case  where  the  inflow  velocity 
is  constant  over  the  entire  surface. 


* Supersedes  NAC.A  TN  1905,  “Experimental  and  Theoretical  Studies  of  .Area  Suction  for  the  Control  of  the  Laminar  Boundary  Layer  on  a Porous  Bronze  N.AC  A 6AA010  Airfoil”  by  Dale 
L.  Burrows,  Albert  L.  Braslow,  and  Neal  Tetervin,  1949,  and  NACA  TN  2112,  “Further  Experimental  Studies  of  -Area  Suction  for  the  Control  of  the  Laminar  Boundary  Layer  on  a Porous 
Bronze  NACA  64A010  Airfoil”  by  Albert  L.  Braslow  and  Fioravante  Visconti,  1950. 
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SYMBOLS 

«0 

section  angle  of  attack 

c 

airfoil  chord 

b 

span  of  porous  surface 

X 

distance  along  chord  from  leading  edge  of  airfoil 

s 

distance  along  surface  from  leading  edge  of 

airfoil 

y 

distance  normal  to  surface  of  airfoil 

Po 

free-stream  mass  density 

Uo 

free-stream  velocity 

3o 

free-stream  dynamic  pressure  PotV^ 

u 

local  velocity  parallel  to  surface  at  outer  edge 

of  boundary  layer 

U 

local  velocity  parallel  to  surface  and  inside 

boundary  layer 

Q 

total  quantity  rate  of  flow^  through  both  airfoil 

surfaces 

suction-flow’  coefficient 

Ho 

free-stream  total  pressure 

Hi 

total  pressure  in  model  interior 

p 

local  static  pressure  on  airfoil  surface 

s 

airfoil  pressure  coefficient 

R 

free-stream  Reynolds  number  based  on  airfoil 

chord 

Cp 

suction-air  pressure-loss  coefficient 

section  wake-drag  coefficient 

c.. 

section  suction-drag  coefficient  {CqCp) 

section  total-drag  coefficient  + 

b* 

displacement  thickness  ^ j ^1  ) 

e 

momentum  thickness  p^l— 

R.=^ 

V 

V 

kinematic  viscosity 

velocity  through  airfoil  surface  (for  suction. 

^?o<0;  for  blow  ing,  Co>0) 

Ap 

static  pressure  drop  across  porous  surface 

porosity  factor,  length^  0^1 

p 

absolute  viscosit}^ 

t 

thickness  of  porous  material 

2=^^^  (reference  8) 

G 

function  of  k and  ki  (reference  8) 

a jT 

k=z 

di 

c 

(reference  8) 

(reference  8) 

(reference  8) 

K profile  shape  parameter  (reference  8) 

= ^ (reference  8) 

0\ 

6i  measure  of  boundaiy -layer  thickness  (refer- 

ence 8) 

Uc  velocity  of  disturbance  in  boundary  layer 

value  of  R^*  at  which  disturbance  is  neither 
damped  nor  amplified 

MODEL 

l^hotographs  of  the  3-foot-chord  by  3-foot-span  model 
mounted  in  the  Langley  lo\v- turbulence  pressure  tunnel  are 
presented  as  figure  1.  The  model  was  formed  to  the  NACA 
04 AO  10  profile,  ordinates  for  which  are  presented  in  refer- 
ence 9.  The  theoretical  pressure  distribution  of  this  airfoil 
at  zero  angle  of  attack  is  presented  in  figure  2. 

A sketch  showing  the  details  of  the  model  construction  is 
presented  as  figure  3.  The  model  was  constructed  wdth  two 
hollow^  cast-aluminum  end  sections  which  were  machined  to 
contour  and  connected  to  an  under-contour  hollow^  center 
casting  that  served  as  a base  support  for  the  bronze  skin. 
The  skin  w^as  directly  supported  on  a chordw  ise  arrangement 
of  ^Wnch  spamvise  rods  which  were  attached  to  the  under- 
contour casting.  The  chordw  ise  locations  of  these  rods  are 


(a)  Leading  edge. 


r 

L-5570^^ 

(b)  Trailing  edge. 

Figure  1.— NACA  64.\010  airfoil  model  with  porous  sintered-bronze  surface  mounted  for 
area-suction  studies  in  Langley  low-turbulence  pressure  tunnel. 
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shown  as  figure  4.  This  arrangement  of  support  rods,  in 
which  the  rods  made  essentially  line  contact  with  the  skin, 
was  intended  to  provide  as  much  open  area  as  possible  on  the 
inner  side  of  the  skin  so  that  very  little  of  the  skin  would  be 
blanked  off  from  the  suction  flow.  The  center  casting  was 
perforated  with  1-inch  holes  over  the  center  portion  and 
1-inch  shts  at  the  model  leading  and  trailing  edges  to  provide 
a passageway  for  the  air  from  the  skin  into  the  inner  chamber 
of  the  hollow  casting.  This  model  configuration  is  herein 
referred  to  as  configuration  1. 

The  model  was  made  such  that  the  chordwise  flow  could 
be  altered  by  installing  orifices  in  the  model  base  casting  as 
shown  in  figure  4.  Flow  between  compartments  formed  by 
the  K-inch  rods  could  be  prevented  by  sealing  the  rods  to 


Figure  2.— External-pressure  and  suction-pressure  distributions  for  porous  bronze  NACA 
64A010  airfoil  model.  aosO**. 


the  skin  with  rubber  cement.  The  model  arrangement  with 
orifices  and  compartment  seal  is  referred  to  herein  as  con- 
figuration 2.  A photograph  which  shows  model  configura- 
tion 2 with  the  skin  removed  is  shown  as  figure  5. 

For  configurations  1 and  2,  the  upper  and  lower  surfaces 
of  the  13-inch  center  section  of  the  span  were  constructed 
from  a continuous  sheet  of  porous  sintered  bronze  with  a 
single  spanwise  joint  at  the  model  trailing  edge,  which  was 
fastened  only  at  the  spanwise  edges  to  K-inch  inner  end 
plates;  consequently,  a 12-inch  span  of  the  skin  was  left  open 
to  suction.  In  order  to  prevent  outflow^  from  the  upper  and 
lower  leading-edge  compartments,  the  leading-edge  skin  of 
configuration  2 was  saturated  wdth  lacquer  for  a distance  of 

1 inch  ^^=0.028^  from  the  leading  edge  on  both  upper  and 

low^er  surfaces. 

A third  suction  arrangement  w^as  investigated  (configura- 
tion 3)  wherein  the  orifices  in  the  model  base  casting  were 
removed  and  a low^-porosity  skin  was  installed.  Flow^  be- 
tween compartments  was  not  prevented  by  seahng  the  rods 
to  the  skin.  Two  bronze  sheets  were  used  to  form  the  center 
part  of  the  airfoil  surfaces  from  the  trailing  edge  to  the 
2-percent-chord  station.  A sheet  of  duralumin  w^as  formed 
around  the  leading-edge  contour  and  butted  to  the  bronze. 
The  skin  was  fastened  at  the  butt  joint  in  addition  to  being 
fastened  along  the  spanwise  edges  to  the  %-inc\i  inner  end 
plates;  the  leading  edge  was  glazed  and  faired  wdth  hard- 
drying  putty  up  to  the  5-percent-chord  station. 

The  same  sintered-bronze  sheet  was  used  in  configurations 
1 and  2 and  was  fabricated  of  spherical  bronze  powder  that 
w^as  specified  to  be  small  enough  to  pass  through  a 200-mesh 
screen  but  too  large  to  pass  through  a 400-mesh  screen. 
The  thickness  of  the  sheet  was  found  to  vary  about  ±0.010 
inch  from  a mean  of  0.080  inch.  The  sintered-bronze  sheets 
of  configuration  3 w'ere  approximately  0.090-inch  thick  and 


Figure  3.— Construction  of  porous  bronze  NACA  64A010  airfoil  model. 
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Figure  4. — Chordwise  locations  of  support  rods  and  throttling  orifices  of  porous  bronze  NACA  64A010  airfoil  model. 


Figure  5.— NACA  64 AGIO  airfoil  model  with  porous  siiitered-bronze  surface  removed. 


were  fabricated  of  spherical  bronze  powder  which  was  small 
enough  to  pass  through  a 400-mesh  screen. 

The  porosity  of  the  sintered-bronze  material  was  such 
that  the  flow  quantity  varied  directly  with  the  pressure  drop, 
as  is  characteristic  of  dense  Alters.  With  air  at  standard 
conditions  the  measured  porosity  of  the  skin  of  configurations 
1 and  2 and  the  skin  of  configuration  3 was  such  that  an 
apphed  suction  of  0.06  and  of  1.84  pounds  per  square  inch, 
respectively,  induced  a velocity  of  0.5  foot  per  second  through 
the  material;  these  values  amount  to  porosity  factors  equal 


to  1.44X10“^°  and  0.0525X10“^°  square  foot  which  are 
independent  of  the  material  thickness  and  the  viscosity  and 
density  of  the  flow  medium  provided  that  the  flow  through 
the  material  is  purely  viscous.  The  outer  surfaces  of  the 
sintered  bronze  were  sanded  to  reduce  local  surface  irregular- 
ities with  a resultant  decrease  in  porosity  at  local  points 
because  of  a smearing  over^^  of  metal  particles.  Frequent 
vacuum  cleaning  of  the  surfaces  eliminated  large  changes  in 
the  porosity  with  time  because  of  dust  clog. 

Photomicrographs  of  the  sanded  skin  of  configurations  1 
and  2 are  presented  as  figure  6 to  give  a visual  indication  of 
the  porosity.  Figure  6(a)  is  representative  of  about  80 
percent  of  the  sanded  surface.  Figures  6 (b)  and  6 (c)  indi- 
cate the  amount  by  which  the  metal  was  smeared  as  a result 
of  excessive  sanding  on  poorly  sintered  areas.  Less  sanding 
was  required  for  the  skin  used  on  configuration  3 inasmuch 
as  the  original  surface  texture  was  much  better  than  that  of 
configurations  1 and  2.  Porosity  measurements  made  after 
sanding,  however,  indicated  that  the  average  porosity  for  the 
whole  airfoil  was  not  affected  appreciably  by  the  sanding 
operations. 

As  a result  of  a low  modulus  of  elasticity  of  the  material 
and  the  variations  in  thickness,  the  airfoil  contour  of  con- 
figurations 1 and  2 as  tested  was  quite  wavy.  Absolute 
variations  from  the  true  profile  were  not  measured ; however. 
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(a)  Representative  of  approximately  80  percent  of  total  area. 
Figure  6.— Photomicrographs  of  sanded  sintered-bronze  surface  as  tested. 


a relative  waviiiess  survey  was  made  at  various  spanwise 
stations  with  a three-point  indicating  mechanism  (fig.  7).  An 
estimate  of  the  degree  of  waviness  of  the  bronze  surface  may 
be  obtained  by  comparing  the  profiles  for  the  bronze  surface 
with  the  profiles  of  the  cast-aluminum  end  sections;  the 
profiles  of  the  end  sections  varied  no  more  than  ±0.003  inch 
from  the  true  airfoil  profile.  No  waviness  survey  was  made 
on  model  configuration  3 ; however,  the  surfaces  were  some- 
what smoother  and  fairer  than  the  surfaces  of  configurations 
1 and  2. 

APPARATUS  AND  TESTS 

The  model  was  tested  in  the  Langley  low-turbulence  pres- 
sure tunnel  and  was  mounted  as  showm  in  figure  1.  A 
detailed  description  of  this  tunnel  is  given  in  reference  10. 
Flow  measurements  for  the  suction  air  were  made  by  means 
of  an  orifice  plate  in  the  suction  duct.  The  suction  flow 
was  taken  through  one  of  the  model  end  plates  and  was 
regulated  by  varying  the  blow'er  speed  and  the  diameter  of 
the  orifice  w±ich  w^as  used  to  measure  suction  flow\ 

A static-pressure  tube  was  used  to  measure  the  suction 
pressure  in  the  inner  compartment  of  the  center  casting. 
Since  the  velocity-  was  low,  the  measured  static  pressure 
w^as  very  nearly  equal  to  the  total  pressure.  These  data 
w'ere  used  to  obtain  the  total  pressure  lost  by  the  suction 
air  in  passing  from  the  free  stream  to  the  inner  chamber  of 
the  model  and  were  also  used  to  give  an  indication  of  outflow’ 
w±ich  occurred  when  the  pressure  inside  the  model  was 
greater  than  the  lowest  pressure  on  the  airfoil  surface. 
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(b)  Representative  of  approximately  19  percent  of  total  area. 
Figure  6.— Continued. 
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(c)  Representative  of  approximately  1 percent  of  total  area. 

Figure  6.— Concluded. 


Surface  gage  reading,  djc  ' Surface  gage  reading,  djc 


STUDIES  OF  AEEA  SUCTION  FOR  CONTROL  OF  THE  LAMINAR  BOUNDARY  LAYER  ON  AN  NACA  64 AO  10  AIRFOIL  439 


Figure  8.— Spanwise  variation  of  section  wake-drag  coefficient  on  porous  bronze  NACA 
54A010  airfoil  model  for  three  Reynolds  numbers  and  suction-flow  coefficients.  ao=0®; 
configuration  3. 


For  configurations  1 and  3,  the  skin  was  the  only  resistance 
to  the  suction;  that  is,  air  passages  between  the  skin  and  the 
inner  chamber  were  large  enough  to  make  the  internal  losses 
low  in  comparison  with  the  pressure  drop  through  the  skin. 
The  use  of  flow-control  orifices  in  each  compartment  of  con- 
figuration 2 had  the  disadvantage  that  any  one  set  of  orifices 
such  as  shown  in  figure  4 was  able  to  produce  a near-miiform 
chordwise  inflow  distribution  only  at  free-stream  Re^molds 
numbers  below  the  design  value,  which  for  this  case  was 
6.0X10®.  No  attempt  was  made  to  measure  the  flow  in 
each  compartment  because  of  the  exploratory  nature  of  the 
tests.  To  obtain  an  indication  of  outflow  through  the  skin, 
however,  the  suction  pressure  was  measured  in  compartment 
5 under  the  upper-surface  skin  (fig.  4).  Because  of  the 
peculiarities  of  the  throttling  system,  calcidations  indicated 
that  compartment  5 would  be  the  most  critical  to  outflow. 

Spanwise  surveys  of  section  wake-drag  coeflScient  over  the 
part  of  the  model  covered  with  the  porous  skin  indicated 
appreciable  variations  in  wake  drag.  Examples  of  these 
variations  arc  shown  in  figure  8 for  configuration  3.  The 
large  variations,  occurring  only  over  the  outer  portions  of 
the  bronze  skin,  were  due  to  disturbances  originating  at  or 
near  the  junctures  between  the  bronze  skin  and  the  solid 
model  end  sections;  over  a spanwise  region  of  approximate!}' 
4 inches  at  the  center  of  the  bronze  skin,  the  measured  wake- 
drag  coefficients  were  rather  constant.  The  wake  drags  and 
boundary-layer  measurements  presented  herein  were  ob- 
tained at  the  center  region  of  the  model  and  are  believed  to 
correspond  to  the  true  two-dimensional  conditions  and  to  be 
essentially  uninfluenced  by  the  flow  disturbances  outside 
this  region.  All  wake  drags  were  measured  with  a survc}^ 
rake  located  at  about  70  percent  of  the  chord  behind  the 
model  trailing  edge.  Boundary-la3’'er  measurements  were 
obtained  with  a conventional  multitube  ‘^mouse^’  (reference 
11)  located  on  the  center  line  of  the  upper  surface  of  con- 
figuration 1 at  83  percent  of  the  chord.  Station  0.83c  was 
the  most  rearward  position  at  which  the  mouse  could  be 
mounted  conveniently.  The  tests  were  made  for  ReAUiolds 
numbers  up  to  19,8X10®  and  for  suction-flow  coeflicients  up 
to  0.01  with  the  model  set  at  zero  angle  of  attack. 


RESULTS  AND  DISCUSSION 


THEORETICAL 

In  order  to  provide  a standard  of  comparison  for  the  ex- 
perimental results,  the  characteristics  of  the  lammar  bound- 
ary layer  were  calculated  for  flow  into  the  surface  of  the 
NACA  64A010  airfoil  at  an  angle  of  attack  of  0°.  The 
minim imi  suction  quantities  necessary  to  keep  the  laminar 
boundary  layer  neutrally  stable  over  the  entire  surface  at 
Reynolds  munbers  of  6X10®,  15X10®,  and  25X10®  were 
computed.  The  stabilit}'  of  the  boundary  layer  was  also 
investigated  for  cases  in  which  the  velocity  through  the 
surface  was  ever^^vhere  the  same. 

The  boundary-layer  velocity  profiles  and  thicknesses  were 
calculated  by  the  Scldichting  method  (reference  8),  an  ap- 
proximate method.  The  velocity  profiles  of  the  Scldichting 
method  are  a single-parameter  family  of  curves  for  which  the 
parameter  depends  on  the  velocity  of  flow  into  the  surface, 
the  pressure  gradient  along  the  surface,  the  boundary-layer 
thickness,  and  the  kinematic  viscosity  of  the  fluid.  The 
single-parameter  family  of  velocity  profiles  is  used  with  the 
boimd ary-layer-momentum  equation  to  obtain  a first-order 
differential  equation.  In  the  calculations,  the  differential 
equation  of  reference  8 was  integrated  by  Euler’s  step-by- 
step  method.  In  the  process  of  integrating  the  differential 
equation,  the  boundary-layer  profiles  and  boundary-layer 
thicknesses  are  found  at  each  point  along  the  wing  surface. 
The  lengths  of  the  steps  in  the  integration  process  were 
about  the  same  for  all  the  calculations  and  were  so  small  that 
halv^ing  them  made  no  important  difference  for  the  no-suction 
case  and  a ReAUiolds  number  of  25X10®. 

d 2 

111  order  to  begin  the  calculation,  the  value  of  the  rate 

of  change  of  a representative  boundary-layer-thickness 
parameter,  'at  x=0  (reference  8)  was  taken  as  zero.  This 
d 2 

value  of  was  found  from  the  equation 


/'d^UIUo\  i>G  , j-^- 

( dz\  _ \ dale‘s  ) 'bk'  dsje^^  bki 

\Wc)^~  dUIUof  dg\  /,  bO  1 

L V 2 bki 


whicli  was  obtained  applj'ing  L’Hospital’s  Rule  to  the 

d 2 

equation  for^^;  equation  (30)  of  reference  8.  In  order  to 

continue  the  calculations  as  far  as  the  trailing  edge  of  the 
airfoil,  it  was  necessary  to  modify  slightly  the  Schlichting 
method  by  extrapolation  of  the  curves  in  figures  5 and  6 of 
reference  8 beyond  the  value  of  k for  which  the  Schlichting 
method  breaks  dowm.  The  recommendation  of  reference  8 
that  separation  be  assumed  to  exist  when  k equals  —0.0682 
was  ignored  in  order  to  avoid  the  contradiction  that  the 
boiindaiy-la}'er  profile  can  become  more  convex  and,  at  the 
same  time,  approach  separation. 
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Liu’s  approximate  formula  (reference  1)  was  used  to  cal- 
culate the  Reynolds  number  ^5%,  at  which  am^  SchJichting 
velocity  profile  is  neutrally  stable.  The  stability  theory  as 
originally  derived  assumed  that  the  boundary-layer  thick- 
ness and  velocity  distribution  did  not  vaiy  with  distance 
along  the  siu-face,  Pretsch  (reference  12),  however,  showed 
that  the  rates  of  variations  in  the  thickness  and  velocity 
distribution  which  normally  occur  can  have  only  a second- 
order  effect  on  the  stability.  Lin’s  stability  theory  may  be 
used,  therefore,  to  calculate  the  stability  of  boundary  layers 
in  the  presence  of  pressm’e  gradients.  When  combined 
with  the  Schlichting  method,  Lin’s  formula  becomes 


I 


l-K 


where  Uc  is  equal  to  the  value  of  u for  wliich 


and  where  the  subscript  1 denotes  ^^at  surface.”  The  applica- 
tion of  Lin’s  formida  to  the  Schlichting  profiles  results  in  the 
curve  of  figure  9 which  shows  the  variation  of  the  critical 
Reynolds  number  with  change  in  the  Schlichting 

velocity-profile  shape  parameter  K.  In  figure  10  are  shown 
velocity  profiles  for  three  values  of  K. 


Figure  9,— Theoretical  variation  of  critical  boundary-layer  Reynolds  number  with 
boundary-layer  shape  parameter. 


A special  procedure  was  used  to  calculate  the  distribution 
of  the  velocity  of  flow  tlu'ough  the  sinface  that  was  necessary 
to  keep  the  boundar}^  layer  neutrally  stable,  . For 

these  cases,  suction  was  begun  at  the  first  station  at  wliich 
the  boundary  layer  would  become  unstable  without  suction. 
The  special  method  depends  on  the  fact  that  the  condition 
of  neutral  stability,  can  be  written  as 


or 


where  and  (j>  are  functions  only  of  K.  The  numeri- 


cal value  of  the  function  <t>{K)  depends  on  With  a 

Uq 

known  value  of  2 at  the  station  at  which  suction  begins,  K 


can  be  found  from  the  value  of  ^ ^[^  ^^R’  All  the  ciuanti- 

ties  necessary  to  proceed  to  the  next  station  by  the  step- 
by-step  integration  process  can  be  calculated  once  K is  de- 
termined. The  calculation  of  these  quantities  provides  the 
value  of  the  local-suction- velocity  ratio  VqIUq. 

In  figure  11  are  presented  the  curves  of  iSj*  and  as 
determined  from  the  calculation  for  the  suction  flow  required 
to  keep  the  boundary  layer  neutrally  stable  at  all  points  on 
the  airfoil  at  a Reynolds  number  of  15X 10®.  The  calculated 


ylG 

Figure  10.— Several  boundary-layer  profiles  for  values  of  shape  parameter  K as  calculated 

by  Schlichting. 
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Chordwise  disiance  along  surface,  s/c 

I ire  11— Theoretical  chordwise  variation  of  boundary-layer  Reynolds  number  on  the 
NACA  64A010  airfoil  for  \ R=15.0X108;  Cq =0.00040.'?;  ao=0°. 
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variation^  of  VqIUq  over  one  surface  is  shown  in  figure  12. 
The  suction  flow  required  to  keep  the  boundary  layer  neu- 
trally stable  decreases  slowly  as  the  region  of  falling  pressure 
on  the  airfoil  surface  is  travei'sed.  When  the  region  of  rising 
pressure  is  entered,  the  required  suction  rises  rapidly  and 
continues  to  increase  to  the  trailing  edge.  The  summary  of 
the  results  of  the  computations  for  the  -minimum  suction 
quantities  is  presented  in  figure  13. 

In  figure  14  are.  presented  curves  of  and  Bi*  for  cases 
where  VqIXJ^  is  the  same  over  the  entire  surface.  The  figures 
illustrate  that  by  a sufficient  increase  in  the  value  of  the 

suction  parameter  ^ the  position  at  which  the  boundaiy 

layer  first  becomes  unstable  on  the  NACA  64A010  airfoil 


Figure  12. — Theoretical  chordwise  variation  of  minimum  suction  velocity  ratio  required 
to  produce  neutral  stability  at  all  points  along  the  chord  of  the  NACA  64A010  airfoil. 
R=15.0XI0fl;  ao=0°;  Cg=0.000405. 
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Figure  13.— Theoretical  variation  of  free-stream  Resmolds  number  with  minimum  suction- 
flow  coefiicient  required  to  produce  full-chord  laminar  stability. 
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can  be  made  to  jump  from  the  trailing  edge  to  the  region 
near  the  leading  edge.  It  may  be  of  interest  to  note  from 
figure  14  (a)  that  the  Reynolds  number  can  be  increased  con- 
siderably and  that  the  suction  coefficient  can  be  decreased 
appreciably  without  exposing  much  of  the  trailing  surface 
to  turbulent  flow. 

The  curves  of  and  R^*  can  be  found  at  any  Reynolds 
number,  when  they  are  known  at  one  Reynolds  number  and 

one  value  of  by  noting  that  if  ^ 4R  does  not  vaiy 

with  Eeynolcls  number  then  the  curve  is  mdependent 
of  Reynolds  number  and 


Rj*2 


IR^. 

\Ri 


(1) 


Thus,  for  a given  distribution  of  ^ -^IR,  which  results  in  a 
fixed  distribution  of  the  i?j.  curve  for  the  same  distribu- 
tion of  -4R  but  some  other  R can  be  found  by  equation  (1). 

At  some  value  of  R,  Rf  will  touch  and  yet  not  cross 
the  Ri.„  curve  at  only  one  point.  (See  fig.  14.)  This 


(a)  Critical  point  near  trailing  edge;  ~^^[R=\.2b. 

(b>  Critical  point  near  leading  edge;  -^\/R=l.50. 

Figure  14. — Theoretical  chordwise  variation  of  boundary-layer  Re3molds  number  and 
critical  boundary-layer  Reynolds  number  for  the  NACA  64A010  airfoil  at  three  free-stream 
Reynolds  number.s  for  constant  chordwise  inflow  velocity.  ao=0°. 
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procedure  results  in  one  point  on  the  curve  of  figure  13 
which  shows  the  variation  of  B with  the  minimum  Cq  required 
to  produce  full-chord  laminar  stability.  Other  points  on  the 
curve  of  figure  13  may  be  found  by  application  of  the  fore- 
going procedure  to  other  choices  of  ^ 4B  which  result  in 
other  distributions. 

Because  the  first  theoretical  studies  of  the  effects  of  suction 
on  boundar^^-layer  stability  were  made  for  the  flow  over  a 
flat  plate,  it  was  thought  of  interest  to  include  the  curve  for 
the  flat  plate  in  figiu'c  13  wherein  it  is  illustrated  that  no 
suction  is  required  to  keep  the  flow  stable  on  a flat  plate  when 
the  Reynolds  number  is  sufficientl}’^  low.  This  result  is  in 
contrast  to  that  for  the  airfoil  which,  because  of  the  adverse 


pressure  gradient  over  its  rear  portion,  requires  suction  at  all 
Re^molds  numbers  to  maintain  laminar  flow  to  the  trailing 
edge.  Figure  13,  however,  indicates  the  rather  surprising 
result  that  in  order  to  keep  full-chord  laminar  flow  at  large 
Re^molds  numbers  the  NACA  64A010  airfoil  requires  smaller 
values  of  Cq  than  are  required  for  a flat  plate.  This  outcome 
seems  reasonable  because,  near  the  leading  edge  where  both 
the  flat  plate  and  the  airfoil  become  critical  at  high  Reynolds 
numbers,  the  airfoil  profits  from  the  existence  of  a favorable 
pressure  gradient  which  increases  the  critical  boundary-layer 
Re^molds  number  and  decreases  the  actual  boundar3^-layer 
Reynolds  number  over  that  of  the  flat  plate  for  the  same 
free-stream  Re>molds  number. 


(a)  Wake  drag. 

(b)  Suction  drag  and  total  drag. 

Figure  15.— Variation  of  section  drag  coefficients  with  suction-flow  coefficient  for  porous  bronze  NACA  64A010  airfoil  model.  -^=7.2X1CT»;  ao=0®;  conflguration  1. 
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EXPERIMENTAL 

CONFIGURATION  I 

Wake  drag, — ^The  variation  of  section  wake-drag  coefficient 
with  suction-flow  coefficient  is  shown  in  figure  15(a)  for 
Reynolds  numbers  up  to  16,7X10®  for  configuration  1.  The 
static  pressure  in  the  interior  of  this  model  arrangement  was 
ever3^vhere  the  same. 

At  a Rejmolds  number  of  3.0X10®  the  section  wake-drag 
coefficient  for  Cq>0.0028  was  constant  and  equal  to  about 
0.0008.  For  a Reynolds  number  of  5.9X10®  and  for 
Cq>0.0050  the  wake-drag  coefficient  remained  practically^ 
constant  at  0.0005.  The  wake  drag  at  Reymolds  numbers 
of  9.0X10®,  12.0X10®,  and  16.7X10®,  however,  decreased 
steadily’’  with  increase  in  Cq  but  never  became  less  than  the 
lowest  drags  obtained  at  a Reynolds  number  of  5.9X10®, 
even  for  a suction-flow  coefficient  as  high  as  0.010. 

The  rapid  increase  of  that  occurred  with  decreasing  Cq 
for  values  of  Cq  slightly  less  than  0.0024  at  a Reynolds  num- 
ber of  3.0X10®  and  for  values  of  Cq  less  than  about  0.0048 
at  a Reymolds  number  of  5.9X10®  was  caused  by  a rapid 
forward  shift  of  the  point  of  transition  from  laminar  to  turbu- 
lent flow.  The  curves  in  figure  16  show  that  at  83  percent 
of  the  chord,  at  a Reynolds  number  of  6.0 X 10®,  the  boundary 
lay^er  on  the  upper  surface  was  laminar  for  a Cq  of  0.0048  but 
was  turbulent  for  only  a slightly  lower  Cq  of  0.0046.  Other 
boundary’’-layer  survey^'s,  not  presented  herein,  indicated  that, 
whenever  a rapid  increase  in  drag  coefficient  accompanied  a 
small  decrease  in  flow  coefficient,  the  boundary’’  layer  changed 
rapidly  from  laminar  to  turbulent  over  a large  portion  of  the 
surface. 

Outflow  through  the  surface  occurred  when  the  static  pres- 
sure inside  the  skin  was  greater  than  the  minimum  static 
pressure  on  the  outside  of  the  airfoil.  The  curves  of 
against  Cq  are  shown  in  figure  15  (a)  as  dash  lines  when 
outflow  occurred  locally  and  as  solid  lines  when  inflow 
occurred  over  the  whole  ahfoil.  At  Reynolds  numbers  of 
3.0X10®  and  5.9X10®  the  values  of  minimum  Cq  required  to 
prevent  outflow  are  seen  to  be  very  near  the  value  of  Cq  at 
which  the  drag  changes  rapidly.  It  seems  probable  that  out- 
flow produced  the  rapid  forward  shift  of  the  transition  point 


Figure  16.— Boundary-layer  surveys  for  two  values  of  suction-flow  coeflScient  at  station 
0.83c  on  upper  surface  of  porous  bronze  NACA  64 AGIO  airfoil  model.  Configuration  1; 
R=6.0X10«;  ao=0®. 


at  least  for  Reynolds  numbers  up  to  5.9 X 10®.  From  the  plots 
of  against  Cq  the  lowest  Cq  for  which  no  outflow  occurred 
at  each  Reynolds  number  is  seen  to  increase  with  increasing 
Reynolds  number.  This  increase  of  the  minimum  value  of 
Cq  with  Reynolds  number  is  a result  of  the  linear  variation  of 
flow  velocity  through  the  sintered  bronze  with  pressure  drop 
across  the  surface;  the  minimum  Cq  for  no  outflow  increases 
with  the  free-stream  Reynolds  number.  A more  detailed 
treatment  of  this  subject  is  presented  in  appendix  A. 

Wake-drag  measurements  for  Reynolds  numbers  of  9 .0  X 10®, 
12.0X10®,  and  16.7X10®  as  shown  in  figure  15  (a)  indi- 
cated that  laminar  flow  was  probably  not  maintained  over 
the  complete  chord  of  the  model.  The  gradual  decrease  of 
wake-drag  coefficient  with  increasing  flow  coefficient  may 
have  been  caused  either  by  a gradual  rearward  movement  of 
the  transition  point  with  increasing  flow  coefficient  or  by  a 
mere  reduction  in  the  size  of  the  turbulent  boundary  layer. 
The  extreme  thinness  of  the  boundary  layer  at  these  high 
Reynolds  numbers  prevented  an  accurate  determination  of 
its  shape  even  near  the  trailing  edge.  It  should  be  noted  that 
full-chord  laminar  flow  was  not  maintained  even  though  the 
suction  pressures  were  sufficient  to  prevent  outflow.  The- 
oretical calculations  for  a Reynolds  number  of  16.7X10®  for 
the  configuration  and  inflow  distribution  tested  indicated 
that  the  laminar  boundary  layer  should  have  been  very 
stable. 

The  basis  for  a possible  explanation  of  the  transition 
difficulties  at  the  higher  Reynolds  number  is  indicated  in 
reference  13.  It  is  shown  therein  that  the  presence  of  a 
surface  projection  will  cause  premature  transition  of  a 
laminar  boundary  layer  when  the  Reynolds  number  based  on 
the  height  of  the  projection  and  the  velocity  at  the  top  of  the 
projection  exceeds  a critical  value  that  is  dependent  on  the 
geometry  of  the  projection. 

Although  the  numerous  protuberances  on  the  bronze  skin 
were  sanded  to  very  small  dimensions,  calculations  indicated 
that  the  relatively  large  amount  of  suction  near  the  leading 
edge  of  the  model  so  thinned  the  boundary  layer  (especially 
at  the  higher  Reynolds  numbers)  that  even  the  particles 
forming  the  material  probably  projected  completely  through 
the  boundary  layer.  Because  of  the  high  velocity  at  the  top 
of  the  particles  at  the  high  Reynolds  numbers,  it  seems 
entirely  possible  that  the  critical  Reymolds  number  for  the 
roughness  was  exceeded  in  spite  of  its  small  height,  and  thus 
large  disturbances  were  introduced  into  the  boundary-layer 
flow.  The  relatively  high  drag  coefficients  measured  under 
such  conditions  of  roughness  show  that  the  suction-type 
profile  is  not  stable  to  sufficiently  large  disturbances.  The 
relative  stability  of  the  suction- tyrpe  and  no-suction- type 
profiles  to  finite  disturbances  is  an  important  problem  for 
future  research. 

The  difficulties  associated  with  obtaining  low  drag  at  high 
values  of  the  Reynolds  number  are  seen  from  the  foregoing 
discussion  to  result  from  nonuniformity  of  the  chord  wise 
inflow  distribution  (excessive  suction  near  leading  edge) 
and  from  the  surface  irregularities  of  the  material.  If  the 
Reynolds  number  is  increased  by  increasing  the  value  of 
Uojv  while  the  size  of  the  model  is  held  constant,  the  inflow 
distribution  becomes  increasingly  nonunifonn  (see  equation 
(A4),  appendix  A)  and  the  ratio  of  the  size  of  the  roughness 
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to  the  boundaiy -layer  thiclmess  increases.  Both  of  these  ef- 
fects are  unfavorable  for  obtaining  low  drag  at  high  Reynolds 
numbers.  On  the  other  hand,  if  Cr,Jt  is  held  constant  (no 
change  in  the  type  of  material  used)  and  if  the  Reynolds 
number  is  increased  by  mcreasing  the  chord  of  the  model, 
the  inflow  distribution  will  remain  imchanged  but  the  ratio 
of  the  size  of  the  roughness  to  the  boundary-layer  thickness 
will  vary  in\'ersely  as  the  square  root  of  the  Reynolds  num- 
ber. For  this  reason,  it  seems  likely  that  favorable  results 
can  be  obtained  more  easily  with  a large  model  than  with  a 
small  one. 

Total  drag. — The  measiuTd  pressure-loss  coefficient  for 
the  suction  air  was  used  to  calculate  the  section  suction-drag 
coefficient  and  the  results  are  shown  in  figure  15  (b).  The 
suction-drag  coefficient  based  on  the  model  chord  was  cal- 
culated as  CpXCg,  which  is  the  drag  equivalent  of  the  power 
required  to  pump  the  suction  air  back  to  free-stream  total 
pressure.  (See  appendix  B.)  In  this  method  of  calculating 
suction  drag,  the  over-all  pumping  efficiency  is  considered 
to  be  equal  to  that  of  the  main  propulsive  system. 

As  may  be  seen  in  figure  15  (b),  the  variation  of  Ca,  was 
assumed  to  be  linear  with  Cq  for  all  Reynolds  numbers 
because  of  the  small  variation  in  Cp  which  averaged  about 
1.32.  Inasmuch  as  there  is  no  induced  drag  on  a two- 
dimensional  model,  the  total  drag  is  the  sum  of  the  suction 
and  wake  drags.  As  shown  in  figure  15  (b),  the  minimum 
total  drag  at  a Reynolds  number  of  3.0X10®  occurred  at  a 
Cq  of  about  0.0024,  which  was  slightly  less  than  the  mini- 
mum Oq  required  to  prevent  outflow;  the  minimum  total- 
drag  coefficient  of  0.0042  is  an  inappreciable  improvement 
over  0.0043,  the  drag  coefficient  of  a solid  NACA  64A010 
airfoil  with  a smooth  and  faired  surface  at  a Reynolds  num- 
ber of  3.0X10®  (shown  in  figure  15  (b)  as  taken  from  refer- 
ence 9).  The  porous  model,  however,  did  not  have  a com- 
pletely smooth  and  faired  surface,  and  a test  made  with  the 
surface  sealed  resulted  in  a no-suction-drag  coefficient  of 
approximately  0.0052.  The  value  of  0.0052  is  probably 
somewhat  low  inasmuch  as  the  surface  was  sealed  with 
external  applications  of  water  glass  and  wax;  as  a result, 
the  surface  texture  was  unavoidably  improved  over  that  for 
the  unsealed  condition  although  the  waviness  of  the  surface 
was  probably  not  affected.  * The  no-suction-drag  coefficient, 
therefore,  would  probably  be  somewhat  greater  than  0.0052 
but  less  than  0.0092,  the  value  for  the  extreme  condition  of 
standard  leading-edge  roughness  on  the  solid  airfoil  (refer- 
ence 9).  The  minimum  total-drag  coefficient  increased  with 
increasing  Reynolds  number  with  the  result  that,  at  a 
Reynolds  number  only  slightly  greater  than  3.0X10®,  no 
decrease  in  total  drag  was  obtained  by  suction.-  A large 
proportion  of  the  total  drag  consisted  of  suction  drag  because 
of  the  excessive  amounts  of  air  required  at  the  leading-edge 
and  trailing-edge  surfaces  of  the  airfoil  in  order  to  prevent 
outflow  at  the  minimum  pressure  point. 


The  total  amount  of  air  that  needs  to  be  withdrawn  in 
order  to  prevent  outflow  can  be  greatly  reduced  by  applying 
suction  separately  to  small  portions  of  the  airfoil  surface. 
This  purpose  was  accomplished  by  dividing  the  underskin 
region  into  separate  compartments  (coiffiguration  2)  as 
described  previously  in  the  section  entitled  “Model.” 

CONFIGURATION  2 

Wake  drag. — Wake-drag  tests  made  on  the  compart- 
mented  model  (configuration  2)  previous  to  the  tests  re- 
ported herein  indicated  that  the  nose  should  be  sealed  for 
about  1 inch  back  from  the  leading  edge  (fig.  4)  in  order  to 
obtain  low  drags  at  reasonable  suction  coefficients.  The 
character  of  the  flow  at  the  leading  edge  before  the  nose  was 
sealed  was  not  clearly  established,  but  early  transition  prob- 
ably occurred  because  of  excessive  local  outflow  near  the 
nose  where,  the  external-pressure  variation  oyer  the  first 
compartment  was  very  large.  A better  imdei*standing  of 
these  outflow  difficulties  may  be  gained  from  the  discussion 
on  compartmentation  in  appendix  A. 

As  shown  in  figure  17  (a),  the  section  wake-drag  coeffi- 
cient for  the  model  with  sealed  nose  and  compartments  was 
less  than  0.0010  (for  Reynolds  numbers  as  high  as  7.8X10®) 
for  suction-flow  coefficients  that  ranged  from  0.0015  at  a Rey- 
nolds number  of  3.0X10®  to  about  0.0035  at  a Reynolds 
number  of  7.8X10®.  At  a Reynolds  number  of  9.1X10® 
the  wake  drag  remained  greater  than  0.0030  even  for  flow 
coefficients  as  high  as  0.0040.  Failure  to  obtain  lower  wake 
drags  was  believed  to  result  from  the  presence  of  outflow. 
Although  no  outflow  and  low  wake  drags  might  have  been 
obtained  at  higher  suction-flow  coefficients,  the  total  drag 
would  not  have  been  reduced  because  of  the  excessive  suc- 
tion drags  that  would  have  resulted  from  the  large  suction 
quantities. 

A comparison  of  figuiTS  15  (a)  and  17  (a)  indicates  that 
for  equal  Reynolds  numbers  the  minimum  suction-flow 
coefficients  for  which  low  wake  drags  were  obtained  for  the 
compartmented  model  were  about  one-third  of  those  re- 
quired for  configm*ation  1.  The  largest  Reynolds  number 
at  which  low  drag  occurred  was  also  extended  by  compart- 
menting.the  model.  Thus,  low  wake  drags  might  be  ob- 
tained at  Reynolds  numbers  higher  than  7.8X10®  and  at 
suction-flow  coefficients  lower  than  0.0035  if  the  chordwise 
distribution  of  suction  were  further  controlled. 

Total  drag. — Throughout  the  low-drag  range  the  average 
total-pressure  loss  in  the  suction  air  for  the  compartmented 
model  corresponded  to  an  average  pressure-loss  coefficient 
of  about  1.40.  This  average  loss  coefficient  was  used  to 
compute  the  suction-drag  coefficient  that  could  be  expected 
for  an  airfoil  compartmented  in  the  same  manner  as  the 
model  tested.  The  sum  of  the  wake  and  suction  drags  is 
shown  in  figure  17  (b).  At  Reynolds  numbers  of  3.0 X 0® 
and  5.9X10®  the  minimum  was  about  0.0028. 
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higher  Reynolds  numbers  the  minimum  Cdr  was  larger  less  than  the  drag  coefficient  for  the  porous  bronze  model 
because  of  the  larger  Cq  necessary  for  low  wake  drags.  ' with  the  skin  entii-ely  sealed  to  suction. 

In  spite  of  the  larger  Cq  at  a Reynolds  number  of  7.8X10®,  The  over-all  gain  in  compartmenting  the  model  may  be 
the  minimum  total-drag  coefficient,  0.0048,  was  only  slightly  seen  by  comparing  the  total  drags  in  figures  15  (b)  and  17  (b) 
greater  than  the  drag  coefficient  for  the  smooth  solid-surface  from  which  it  is  seen  that  at  a Reynolds  number  of  5.9X10® 

model  of  the  same  contour  (reference  9)  and  somewhat  the  total  drag  of  the  compartmented  model  (configuration  2) 


0 .00!  ,002  .003  .004  .005  .006  .007  .008  .009  .010 

Suction-flow  coefficient^  Cq 

(a)  Wake  drag. 

(b)  Suction  drag  and  total  drag. 
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Figure  17.— Variation  of  section  drag  coefficients  with  suction-flow  coefficient  for  porous  bronze  N.'VCA  fUAOlO  airfoil  model.  ^=7.2X1(T*;  ao=0°;  configuration  2. 
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was  only  40  percent  of  that  for  the  imcompartmented  model 
(configuration  1).  In  an  attempt  to  improve  f mother  the 
chordwise  inflow  distribution  and  thus  to  obtain  full-chord 
laminar  flow  and  reductions  in  total  drag  at  larger  values 
of  the  Reynolds  number,  the  model  was  equipped  with  a 
porous  sintered-bronze  surface  of  much  lower  porosity 
(configm'ation  3)  as  described  previously  in  the  section 
entitled  ‘^Modeh” 

CONFIGURATION  3 

Wake  drag, — The  leading  edge  of  this  model  configui^ation 
was  sealed  to  the  5 -percent-chord  station,  which  is  approxi- 
mately the  chordwise  station  ahead  of  which  no  suction  is 
required  theoretically  to  maintain  the  boundary-layer 


Reynolds  number  less  than  the  critical  value  for  all  test 
Reynolds  numbers  anticipated  (figs.  11  and  14).  The 
section  wake-drag  coefficients  are  plotted  against  suction- 
flow  coefficient  in  figui'e  18  (a)  for  Reynolds  numbers  from 
5.9X10®  to  19.8X10®.  The  static  pressme  in  the  interior 
of  this  model  arrangement  was  everywhere  the  same  as  it 
was  for  the  case  of  configuration  1. 

The  variation  of  drag  coefficient  with  suction-flow  coeffi- 
cient Cq  is  similar  for  all  Reynolds  numbers  investigated; 
that  is,  an  abrupt  decrease  in  drag  coefficient  to  a value 
of  about  0.0008  occius  at  some  critical  value  of  Cq  dependent 
upon  the  Reynolds  number  and  is  followed  by  a much 
more  gradual  decrease  with  an  increase  in  Cq.  Full-chord 


(a)  Wake  drag. 

(b)  Total  drag  and  suction  drag. 

Ct 

Figube  18.— Variation  of  section  drag  coefficients  with  suction-flow  coefficient  for  porous  bronze  NAG  A 64  AGIO  airfoil  model.  —^2.33X10"“;  ao=0®;  configuration  3. 
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laminar  flow  is  indicated  for  all  values  of  wake-drag  co- 
efficient of  about  0.0008  or  less,  inasmuch  as  boundary- 
layer  profiles  measm^ed  during  tests  of  configuration  1 
indicated  that  the  boundary  layer  changed  rapidly  from 
turbulent  over  a large  portion  of  the  airfoil  to  laminar  over 
virtually  the  full  chord  whenever  a large  decrease  in  drag 
accompanied  a small  increase  in  flow  coefficient.  The 
gradual  reduction  in  drag  with  a further  increase  in  Cq 
above  the  value  at  wliich  the  large  drag  change  occurs 
corresponds  only  to  a progressive  thinning  of  the  full-chord 
laminar  boundary  layer.  For  the  tests  of  configmations 
1 and  2,  the  sudden,  forward  movement  in  point  of  transition 
from  laminar  to  tmffiulent  flow  with  a small  decrease  in  Cq 
was  caused  by  outflow  of  air  through  the  surface  when  the 
static  pressure  inside  the  skin  was  greater  than  the  minimum 
static  pressure  on  the  outside  of  the  airfoil.  For  the  tests 
of  configuration  3,  however,  the  skin  was  dense  enough  so 
that  no  outflow  of  air  occurred  for  all  values  of  Cq  investigated 
at  Reynolds  numbers  up  to  at  least  15X10®. 

The  probable  cause  of  the  rapid  increase  in  drag  and 
corresponding  forward  movement  of  transition  observed  in 
the  tests  of  configuration  3 at  Re^molds  numbers  up  to 
15X10®  is  revealed  b}^  a comparison  of  the  values  of  Cq  at 
which  the  rapid  drag  rises  occurred  (fig.  18  (a))  with  the 
minimum  theoretical  values  of  Cq  requhed  to  keep  the 
laminar  boundary  layer  stable.  The  experimental  values  of 
Cq  at  which  the  rapid  drag  rises  occurred  for  configuration  3 
are  plotted  in  figure  13  for  ease  of  comparison.  The  mini- 
mum experimental  values  of  Cq  for  full-chord  laminar  flow  are 
of  the  same  order  of  magnitude  as  the  theoretical  values  and 
decrease  with  an  increase  in  Re^molds  number  in  the  same 
manner  as  the  theoretical  up  to  a Reynolds  number  of 
15X10®.  No  outflow  of  air  is  knovui  to  have  existed  up  to  a 
Reynolds  number  of  15X10®  and  because  of  the  sealed  nose 
which  prevented  excessive  suction  at  the  leading  edge  and 
the  especially  smooth  surface  of  this  model  configuration,  it 
is  believed  that  roughness  did  not  cause  transition  at  the  low 
values  of  Cq]  therefore,  the  sudden  drag  rise  probably  oc- 
curred when  the  suction  became  insufficient  (at  least  over  a 
portion  of  the  airfoil  chord)  to  stabilize  the  laminar  boundary 
layer.  At  a Re^molds  number  of  19.8X10®  outflow  of  air 
rather  than  insufficient  suction  is  likely  to  have  caused  the 
rapid  drag  rise  with  a decrease  in  Cq.  For  the  porous  bronze 
skin  used  in  the  tests  of  configuration  3,  a value  of  Cp  equal 
to  1.32  was  measured  at  a value  of  Cq  of  about  0.0007  at 
a Reynolds  number  of  19.8X10®.  The  minimum  local 
pressure  on  the  airfoil  exterior  when  mounted  in  the  wind 
tunnel  corresponds  to  a value  of  pressure  coefficient  S equal 
to  about  1.31.  Inasmuch  as  Cp  decreases  with  a decrease  in 
Cq,  a value  of  Cq  slightly  lower  than  0.0007  would  result  in 
outflow  of  air  through  the  surface  and  forward  movement  in 
transition  from  laminar  to  turbulent  flow. 

The  maximum  Reynolds  number  at  which  recorded  data 
were  obtained  was  19.8X10®.  During  the  tests,  however, 
at  a value  of  Cq  less  than  0.001,  full-chord  laminar  flow  was 
maintained  up  to  a Reynolds  number  of  about  24X10®  as 
evidenced  by  a visual  observation  of  the  drag  manometer 
which  indicated  values  of  the  drag  coefficient  of  about 
0.0006.  Unfortunately,  however,  a sudden  change  in  the 
model  occurred  before  any  data  could  be  recorded.  It  was 


found  that  the  bronze  skin  had  buckled  to  such  an  extent 
that  it  was  impossible  to  repeat  the  full-chord  laminar-flow 
tests  at  Re^uiolds  numbers  somewhat  lower  than  20X10®, 
although  before  the  skin  took  the  permanent  set,  repetition 
of  the  low-drag  results  could  be  made. 

Total  drag. — The  dashed  curve  of  figure  18  (b)  represents 
the  variation  of  with  Cq  for  an  assumed  constant  value  of 
Cp  equal  to  1.32.  This  value  of  Cp  was  chosen  in  order  to 
present  an  indication  of  the  minimum  suction-drag  coefficient 
requued  to  maintain  full-chord  laminar  flow  at  any  value  of 
the  suction-flow  coefficient  and  Re3molds  number.  As 
pointed  out  in  the  previous  section  entitled  “Wake  drag”  a 
value  of  Cp  slightl}^  lower  than  1.32  would  result  in  outflow  of 
air  through  the  siu*face  near  the  0.40c  position  and  a forward 
movement  in  the  position  of  transition.  The  curves  of  sec- 
tion total-ffiag  coefficient  plotted  against  Cq  (fig.  18  (b))  are 
the  sums  of  the  suction  and  wake  drags.  The  minimum 
section  total-drag  coefficient  decreased  with  an  increase  in 
Reynolds  number  because  of  the  decrease  in  Cq  required  to 
obtain  low  wake  drags.  At  a Reynolds  number  of 
19.8X10®  the  minimum  Cdj.  was  0.0017  as  compared  with  a 
value  of  about  0.0045  (estimated  from  data  of  reference  14) 
for  an  NACA  64A010  airfoil  without  boundary-layer  control 
at  a Reynolds  number  of  20X10®. 

COMPARISON  BETWEEN  THEORY  AND  EXPERIMENT 

The  theoretical  variations  of  i?a*,  and  %/Uo  with 

sjc  cannot  be  compared  with  experiment  because  local  inflow 
velocities  and  boundaiy-la^’^er  velocity  profiles  were  not 
measured.  The  theoretical  total-suction  quantities  can, 
however,  be  compared  with  the  total-suction  quantities  at 
the  loiees  of  the  curves  of  wake-drag  coefficient  against 
suction-flow  coefficient. 

The  following  table  contains  the  results  of  the  comparison 
between  theory  and  experiment: 


R 

..Minimum  values  of  C«  for  laminar  stability 

Theoretical 

Experimental 

Neutral 

stability 

Constant 

inflow 

Con  fi  mira- 
tion 1 

Configura- 
tion 2 

Configiira- 
tion  3 

3.0X10* 

5,9 

7.6 

7.8 

9.0 

12.0 

15.0 

19.8 

0. 00056 
.00051 
.00051 
.00048 
.00044 
.00041 
.00037 

0. 00132 
.00096 
.00084 
.00083 
.00077 
.00067 
.00060 
.00054 

0. 0028 
.0048 

.0100 

0.0015 

.0015 

.0024 

.0034 

0.00096 

.00067 

.00063 

.00064 

Although  the  chordvvise  inflow  distribution  for  configura- 
tion 3 was  more  uniform  than  for  either  of  the  previous  con- 
figurations and  although  the  minimum  experimental  values  of 
Cq  for  laminar  stability  agree  very  closely  with  the  theoretical 
values  of  Cq  for  a constant  chordwise  inflow,  the  close  agree- 
ment cannot  be  construed  as  a quantitative  check  of  the 
theory  inasmuch  as  it  is  known  that  the  experimental  chord- 
wise  inflow  distribution  was  not  constant. 

As  shown  in  the  table  the  minimum  experimental  values  of 
Cq  for  low  wake  drags  for  configurations  1 and  2 were  appre- 
ciably greater  than  the  theoretical  values  and  also  increased 
with  an  increase  in  free-stream  Reynolds  number  in  contrast 
to  the  trend  indicated  by  the  theory.  This  experimental 
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variation  of  minimum  Cq  with  Reynolds  number  for  con- 
figurations 1 and  2 was  shown  previously  to  be  a result  of 
outflow  of  air  through  the  surface  and  the  fact  that  the  mini- 
mum Cq  for  incipient  outflow  increases  with  the  Reynolds 
number.  (See  appendix  A.)  ^Vhen  it  became  possible  to 
attain  lower  values  of  Cq  for  incipient  outflow  at  a given 
Reynolds  number  by  means  of  the  dense  skin  of  configuration 
3,  the  minimum  values  of  Cq  became  of  the  same  order  of 
magnitude  as  the  theoretical  values  and  had  the  same  trend 
with  Reynolds  number  as  predicted  by  theory;  that  is,  the 
minimum  Cq  decreased  with  an  increase  in  Reynolds  number 
up  to  the  maximum  test  Reynolds  number  at  which  outflow 
of  ah  once  again  prevented  a further  decrease  in  Cq  for  full- 
chord  laminar  flow.  It  appears,  therefore,  that  the  theo- 
retical concepts  with  regard  to  area  suction  are  valid;  the 
Reynolds  number  itself,  then,  should  not  be  a limiting  param- 
eter in  attainment  of  full-chord  laminar  flow  provided  that 
the  airfoil  surfaces  are  kept  sufficiently  smooth  and  fair  and 
provided  that  outflow  of  air  through  the  surface  is  prevented: 

Quantitative  information  on  the  effects  of  surface  rough- 
ness or  fairness  on  the  stability  of  the  laminar  boundary 
layer,  however,  is  not  yet  available  although  some  indications 
of  adverse  effects  of  roughness  on  the  ability  to  maintain  full- 
chord  laminar  flow  were  discussed  previously.  Another  in- 
dication of  the  adverse  effects  of  surface  roughness  was 
obtained  during  a preliminary  test  run  on  configuration  1 
before  the  model  surfaces  were  sanded. 

For  this  condition,  numerous  protuberances  existed  of 
suflficient  magnitude  to  cause  premature  transition  of  the 
boundary  layer  at  a Reynolds  number  as  low  as  3.0X10®. 
It  is  possible,  however,  that  the  excessive  suction  at  and  near 
the  model  leading  edge  may  have  unduly  decreased  the 
boundary-layer  thickness  relative  to  the  size  of  the  projec- 
tions ; thus,  the  sensitivity  of  the  boundary  layer  to  tlie  existing 
disturbances  was  unnecessarily  increased.  This  explanation, 
as  discussed  previously,  was  prompted  by  the  work  of 
reference  13.  Although  surface  roughness  did  not  appear  to 
cause  transition  on  the  sealed-nose  configurations  (configura- 
tions 2 and  3)  for  the  combinations  of  Reynolds  numbei's 


and  flow  rates  that  were  tested,  it  is  believed  that  with  other 
combinations  of  Reynolds  numbers  and  suction  rates  (at 
least  for  the  same  model)  the  boundary  layer  could  become 
thin  enough  to  allow  the  surface  roughness  to  cause  transition. 
More  information  on  the  effects  of  a|*ea  suction  on  the  stabil- 
ity of  the  laminar  boundary  layer  in  the  presence  of  surface 
disturbances  is  still  required  before  it  can  be  determined 
whether  area  suction  can  be  made  practical  for  the  control 
of  the  laminar  boundary  layer. 

CONCLUDING  REMARKS 

Results  were  presented  of  a low- turbulence  wind-tunnel 
investigation  of  an  NACA  64 AO  10  airfoil  with  porous  surfaces 
of  sintered  bronze.  Full-chord  laminar  flow  was  maintained 
by  the  application  of  area  suction  up  to  a Reynolds  number 
of  19.8X10®.  At  a Reynolds  number  of  19.8X10®,  the 
total-drag  coefficient  (wake  drag  plus  the  drag  equivalent 
of  the  suction  power  required)  was  equal  to  0.0017  as  com- 
pared with  an  estimated  value  of  0,0045  for  a smooth  and 
fair  NACA  64A010  airfoil  without  boundary-layer  control  at 
a Reynolds  number  of  20X10®.  The  minimum  experi- 
mental values  of  suction-flow  coefficient  for  full-chord  laminar 
flow  were  of  the  same  order  of  magnitude  as  the  theoretical 
values  and  decreased  with  an  increase  in  Reynolds  number 
in  the  same  manner  as  the  theoretical  values.  It  seems  likely 
from  the  results  that  attainment  of  full-chord  laminar  flow 
by  means  of  continuous  suction  through  a porous  surface 
will  not  be  precluded  by  a further  increase  in  Reynolds  num- 
ber provided  that  the  airfoil  surfaces  are  maintained  suffi- 
ciently smooth  and  fair  and  provided  that  outflow  of  air 
through  the  surface  is  prevented.  Further  research  is 
required,  however,  to  determine  quantitatively  the  effect  of 
finite  disturbances  on  the  stability  of  suction- type  velocity 
profiles. 
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APPENDIX  A 


SINTERED-BRONZE  SUCTION  REQUIREMENTS  FOR  THE  CASE  OF  INCIPIENT  LOCAL  OUTFLOW 


Several  important  conclusions  may  be  drawn  from  a study 
of  the  conditions  that  cause  local  outflow  through  a porous 
sintered-brpnze  sheet  installed  on  an  airfoil  as  a boundary- 
layer  suction  surface.  Outflow  occurs  through  any  point  on 
the  skin  where  the  local  static  pressure  on  the  inside  of  the 
skin  is  greater  than  the  local  external  static  pressure  despite 
the  existence  of  a difference  in  pressures  at  all  other  points 
such  as  to  produce  inflow.  An  internal  pressure  just  low 
enough  to  prevent  outflow  at  some  critical  point  produces  an 
average  value  of  area  suction-flow  coefficient  which  depends 
on  the  porosity  characteristics  of  the  material. 

For  a given  type  of  sintered  bronze,  the  velocity  into  the 
surface  varies  directly  as  the  pressure  drop  across  the  surface 
and  inversely  as  the  thickness  of  the  sheet  and  the  absolute 
viscosity  of  the  fluid;  thus, 


Vo 


lit 


(Al) 


A dimensional  analysis  will  show  that  the  factor  has  the 
dimensions  of  length^  This  length  is  related  to  the  effective 
diameter  of  the  passages  leading  through  the  material.  So 
long  as  the  flow  is  of  the  purely  viscous  type,  the  value  of 
for  a specific  piece  of  porous  material  may  be  expected  to  be 
independent  of  the  physical  characteristics  of  the  fluid  passing 
through  the  material — that  is,  the  viscosity  and  density. 

Inasmuch  as  the  suction-drag  coefflcient  increases  directly 
as  the  suction-flow  coefficient  Cq  (see  appendix  B),  it  is  of 
interest  to  note  the  manner  in  which  the  porosity  relation, 
equation  (Al),  affects  the  minimum  Cq  necessary  to  prevent 
outflow.  The  average  area  suction-flow  coefficient  for  both 
sides  of  a tAvo-dimensional  airfoil  may  be  written  as 


where  the  quantity  of  suction  air  is  obtained  by  integrating 
the  inflow  velocity  Vq  over  both  upper  and  lower  surfaces  as 
indicated  by  the  line  integral  sign.  The  inflow  velocity  given 
by  equation  (Al)  may  be  re\ratten  as 
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where  Hi  is  equal  to  the  internal  static  pressure  because  the 
internal  velocity,  and  therefore  the  dynamic  pressure,  is 
extremely  low.  The  two  relations  in  equation  (A3), 

^ and  are  the  suction  pressure-loss  coefficient 

go  go 

and  the  external  airfoil  pressure  coefficient,  respectively. 
The  inflow  velocity  at  any  point  is  now 


Vo 


lit 


or 

The  suction-flow  coefficient  for  the  whole  wing  can  Jiow  be 
written  as 

(A5) 


It  may  be  seen  by  equation  (A5)  that,  if  conditions  of  airfoil 
pressure  coefficient  and  suction  pressure-loss  coefficient  re- 
main fixed  for  a given  porous-skin  model  wherein  Cpo,  and  c 
are  fixed,  the  value  of  Cq  to  be  associated  with  a given  value  of 

^((7p— S)(Z^  will  vary  linearly  with  R,  Thus,  for  the  out- 
flow value  of  the  integral  where  Cp  equals  S at  some  point 
on  the  airfoil  and  is  higher  at  all  other  points,  the  value  of 
Cq  corresponding  to  outflow  will  increase  linearly  with  increas- 
ing Rj  a result  approximately  in  agreement  with  experimental 
results. 

In  order  to  have  like  test  conditions  for  like  Reynolds  num- 
ber as  p,  Uoj  c,  and  y.  are  varied,  it  is  necessary  that  c^Jt 
vary  directly  with  c.  When  models  of  different  chords  are 
geometrically  similar  to  the  extent  that  t is  proportional  to  c, 
then  Cpo  must  vary  dhectly  as  This  result  would  be  ex- 
pected since  it  means  that  the  effective  diameter  of  the  pas- 
sage must  vary  directly  as  the  chord;  that  is,  the  geometrical 
similarity  must  include  the  detailed  geometry  of  the  structure 
of  the  porous  material,  as  well  as  the  over-all  dimensions  of 
the  model. 

For  like  airfoils  of  different  chords  covered  with  the  same 
porous  material,  equation  (A4)  indicates  that  the  inflow 
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, distribution  at  any  chordwise  position  is  unchanged  if  B is 
proportional  to  c — that  is,  if  tf^jv  is  a constant.  Thus,  if 
the  game  airfoil  profile  were  used  throughout  the  span  of  a 
tapered  \ving  and  the  wing  were  entirely  covered  %vith  the 
same  porous  material,  the  inflow  distribution  would  be  similar 
for  all  sections  of  the  tapered  wing  for  the  convenient  condi- 
tion of  a constant  suction  pressure  within  the  \ving. 

Compartmentation  of  an  area-suction  model  can  be  used  as 
a method  for  improving  the  chordwise  inflow  distribution  so 
that  excessive  suction  flows  ^vill  not  occur  at  any  point,  but, 
if  this  method  is  used,  each  compartment  must  be  considered 
as  a source  of  outflow.  The  flow  removed  through  each  com- 
partment can  be  decreased  by  decreasing  the  pressure  drop 
across  the  porous  surface  with  a throttling  device;  and  thus 
the  effective  Cp  based  on  the  static  pressure  in  the  compart- 
ment becomes  less  for  no  outflow  than  the  Cp  that  would  be 
required  at  the  point  of  maximum  S on  the  airfoil.  (See 
fig.  2.)  The  net  result  of  compartmenting  the  whole  airfoil  is 


that  for  no  outflow  the  sum  of  the  incremental  values  of  Cq  for 
each  compartment  will  be  less  than  the  minimum  Gq  required 
for  no  outflow  for  the  uncompartmented  model;  further- 
more, the  greater  the  number  of  compartments,  the  greater 
is  the  decrease  in  the  value  of  total  Cq  for  incipient  outflow. 
The  end  point  of  more  and  more  compartments  is  that  the 
chordwise  inflow  distribution  can  be  set  to  any  value  desired. 
The  greatest  difficulty  in  compartmenting  is  experienced 
at  and  near  the  nose  where  even  very  small  compartments 
must  combat  a very  high  chordwise  change  in  pressure  drop 
and  thus  of  inflow  distribution  because  of  large  variations 
in  the  external  pressure.  Inasmuch  as  extreme  compart- 
mentation may  result  in  an  immense  construction  problem, 
it  may  be  more  desirable  to  provide  a skin  which  has  a 
chordwise  variation  of  porosity  that  will  produce  the  desired 
inflow  distribution.  Such  a skin  could  be  obtained  by  a 
chordwise  variation  of  either  the  thickness  or  the  density  of 
the  material. 


APPENDIX  B 

DETERMINATION  OF  SUCTION-DRAG  COEFFICIENT 


If  it  is  assumed  that  the  suction  ah'  is  pumped  back  to 
free-stream  total  pressure  by  a blower  and  duct  system 
which  together  have  an  efficiency  of  then  the  power  re- 
quired may  be  vTitten  as 

Vs 

where  Ht  is  the  average  total  pressure  of  the  suction  as 
measured  at  a point  under  the  surface  of  the  wing  and  TIq 
is  the  free-stream  total  pressure. 

If  the  flow  quantity  is  expressed  as  the  suction-flow 
coefficient 

p Q 

Uobc 


If  this  amount  of  power  were  to  be  supplied  by  the  airplane 
propulsive  system  of  efficiency  then  the  equivalent  drag 
to  be  associated  with  this  power  could  be  vu-itten  as 


or 

c,^bcqo=^  (B2) 

where  the  equivalent  drag  is  expressed  in  terms  of  a suction- 
drag  coefficient  based  on  the  az'ea  of  the  wing. 

Equations  (Bl)  and  (B2)  permit  the  suction-drag  coeffi- 
cient to  be  expressed  as 


and  the  total  pressure  defect  is  expressed  as  a pressure-loss 
coefficient 

^ Ho-Hi 


then  the  power  may  be  written  as 


P 


Cq  JJ^c 

Vs 


(Bl) 


Crf  — CqCp  — 

* . Vs 

On  the  condition  that  the  blower  system  operates  as  efficiently 
as  the  propulsive  system,  the  suction-drag  coefficient  reduces 
to 


~ Cq  Cp 


(B3) 
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NACA  INVESTIGATION  OF  FUEL  PERFORMANCE 
IN  PISTON-TYPE  ENGINES 

By  Henry  C.  Barnett 

PREFACE 

It  is  generally  recognized  that  the  piston-type  engine  will  continue 
to  play  an  important  role  in  air  transportation  for  an  indefinite  period 
in  spite  of  the  intensive  effort  now  being  devoted  to  gas-turbine  power 
plants.  For  this  reason,  past  researches  conducted  in  piston  engines 
are  still  of  interest  in  the  solution  of  current  problems  relating  to  such 
engines.  In  order  to  simplify  the  task  of  using  the  data  from  previous 
investigations,  an  effort  has  been  made  to  compile  a portion  of  these 
data  into  a single  reference  source. 

This  particular  report  is  a compilation  of  many  of  the  pertinent 
research  data  acquired  by  the  National  Advisory  Committee  for 
Aeronautics  on  fuel  performance  in  piston. engines.  The  original  data 
for  this  compilation  are  contained  in  many  separate  NACA  reports 
which  have  in  the  present  report  been  assembled  in  logical  chapters 
that  summarize  the  main  conclusions  of  the  various  investigations. 
Complete  details  of  each  investigation  are  not  included  in  this  sum- 
mary^; however,  such  details  may  be  found,  in  the  original  reports  cited 
at  the  end  of  each  chapter. 
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CHAPTER  I 

HIGH-SPEED  PHOTOGRAPHIC  STUDIES  OF  KNOCKING  COMBUSTION 

By  C.  David  Miller* 


At  the  Summer  Meeting  of  the  Society  of  Automotive 
Engineers  in  1946,  Mr.  C.  David  Miller  of  the  NACA 
presented  a paper  entitled  “Roles  of  Detonation  Waves  and 
Autoignition  in  Spark-Ignition  Engine  Knock  as  Shown  by 
Photographs  Taken  at  40,000  and  200,000  Frames  per 
Second.”  This  paper  was  a summary  of  the  NACA  high- 
speed photographic  studies  of  combustion  in  engine  cylin- 
ders and  it  is  reproduced  substantially  in  its  original  form 
as  chapter  I of  this  report.  The  same  material,  under 
the  title  given  above,  was  previously  published  in  the  Trans- 
actions of  the  Society  of  Automotive  Engineers  in  January, 
1947. 

The  National  Advisory  Committee  for  Aeronautics  has 
been  using  high-speed  motion-picture  photography  in  re- 
search over  a period  of  more  than  20  years  and  has  applied 
this  method  to  the  study  of  combustion  within  engine  cy- 
linders since  1933.  By  the  early  part  of  1936  it  had  become 
apparent  that  commercially  available  cameras  were  not  fast 
enough  for  the  study  of  engine  combustion,  particularly  for 
the  study  of  spark -ignition  engine  knock.  For  this  reason 
work  was  begun  at  Langley  Field  early  in  1936  on  the  de- 
velopment of  a high-speed  camera  using  a newly  invented 
optical  system  (reference  1).  This  camera,  w^hich  was  fully 
described  in  reference  2,  wdll  be  referred  to  throughout  this 
paper  as  the  high-speed  camera.  It  was  operated  success- 
fully at  40,000  photographs  (or  frames)  per  second  on  its 
first  test  late  in  1938  and  has  been  used  since  that  time 
principally  in  the  study  of  knock  in  the  spark-ignition  en- 
gine at  Langley  Field,  Va.,  and  at  Cleveland,  Ohio.  It  was 
soon  found,  however,  that  even  40,000  frames  per  second 
was  inadequate  for  the  study  of  spark-ignition  engine  knock, 
and  work  was  begun  in  1939  at  Langley  Field  on  the  devel- 
opment of  a still  faster  camera.  This  development  was 
based  on  another  optical  system  (invented  early  in  1939) 
entirely  unlike  that  of  the  high-speed  camera  developed  in 
the  years  1936  to  1938.  (See  reference  3.)  Construction 
of  a camera  incorporating  the  new  optical  system  was  com- 
pleted in  1941.  This  camera  will  be  referred  to  throughout 
this  paper  as  the  ultra-high-speed  camera.  The  ultra-high- 
speed  camera  could  not  be  operated  satisfactorily  according 
to  the  original  design.  The  difficulties  were  not  directly  as- 
sociated with  the  optical  system  of  the  camera  but  wdth 
incidental  mechanical  details.  Development  of  the  design, 
continued  since  1941,  has  not  yet  been  completed.  One 


photograph  of  the  phenomenon  of  spark-ignition  engine 
knock,  ho\vever,  was  secured  with  the  ultra-high-speed 
camera  at  Cleveland  at  the  rate  of  200,000  frames  per  sec- 
ond. It  is  believed  that  pictures  can  eventually  be  ob- 
tained with  this  camera  at  a speed  several  times  greater  than 
200,000  frames  per  second. 

Results  of  the  research  work  done  with  the  high-speed 
camera  and  the  ultra-high-speed  camera  have  been  reported 
on  a restricted  basis  during  the  war  years  except  for  one 
paper  (reference  4)  presenting  a small  amount  of  work  on 
diesel  combustion.  A report  on  spark-ignition  engine  com- 
bustion printed  in  1941  (reference  5)  presented  preliminary 
results  and  showed  that  the  knock  reaction  occurred  in  less 
than  50  microseconds,  and  that  this  reaction  may  be  pre- 
ceded by  much  slower  exothermic  end-gas  reactions.  Ref- 
erence 6 printed  in  1942  included  additional  preliminary  re- 
sults and  included  indications  that  the  knock  reaction  may 
sometimes  originate  at  a point  outside  of  the  end  gas  and 
that  the  knock  reaction  may  be  preceded  by  mild  vibrations 
which  become  manyfold  intensified  at  the  instant  of  knock. 
In  references  5 and  6,  the  characteristic  reaction  occupying 
less  than  50  microseconds  as  seen  in  the  photographs  was 
more  or  less  assumed  to  be  the  knock  reaction  on  the  basis 
of  the  general  appearance  of  the  motion  pictures.  In  ref- 
erence 7,  issued  in  1943,  this  characteristic  reaction  was 
definitely  shown  to  begin  simultaneously,  within  25  micro- 
seconds, with  the  onset  of  violent  knocking  gas  vibrations 
as  shown  by  a piezoelectric  pressure  pickup  exposed  to  the 
end  gas  in  the  combustion  chamber.  Reference  7 included 
additional  indications  that  the  knock  reaction  does  not  nec- 
essarily originate  in  the  end  gas.  Reports  released  in  1944 
showed  that  the  knock  reaction  instantly  rendered  a large 
part  of  the  unreleased  energy  of  combustion  chemically  un- 
available (reference  8),  revealed  several  definite  facts  about 
the  previously  noted  preknock  vibrations,  and  showed  the 
development  of  several  types  of  preknock  end-gas  auto- 
ignition as  weU  as  autoignition  in  a lai^e  end-gas  volume 
practically  without  any  resultant  knock  (reference  9).  In 
1946  a report  was  released  presenting  analyses  of  some  of 
the  high-speed  pictures  indicating  knocking  detonation-wave 
velocities  ranging  from  one  to  two  times  the  speed  of  sound 
in  the  burned  gases  (reference  10),  and  ultra-high-speed 
photographs  taken  at  200,000  frames  per  second  have  been 
released  confirming  the  detonation-wave  character  of  knock 
with  a wave  speed  of  6800  feet  per  second  (reference  11). 

455 


•Now  with  BatteUe  Memorial  Institute. 


456 


REPORT  102  6 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


It  is  the  purpose  of  the  present  paper  to  oflfer  a unified  report 
of  the  facts  concerning  spark-ignition  engine  knock  that 
have  been  previously  reported  on  a restricted  basis  and  to 
include  as  an  introduction  to  the  unified  report  the  results 
of  a literature  study  which  the  author  believes  support  the 
new  concept  of  knock  that  he  and  his  coworkers  have  ob- 
tained from  the  high-speed  pictures.  A synopsis  of  the 
unified  report  has  also  been  prepared  in  the  foiTn  of  a motion- 
picture  film  (reference  12).  For  a general  history  of  the 
application  of  photographic  methods  to  engine  combustion, 
see  references  4,  10,  and  11. 

Knock,  one  of  the  most  serious  limitations  on  the  per- 
formance of  the  present-day  reciprocating  aircraft  engine, 
has  been  plaguing  the  designers  and  users  of  spark-ignition 
engines  in  general  at  least  since  1880,  when  Clerk  sup- 
pressed extremely  violent  knock  by  the  use  of  water  (refer- 
ences 13  and  14).  Knock  has  been  the  subject  of  intensive 
research  by  groups  in  various  countries  for  about  25  years. 

The  past  researches  on  knock  have  uncovered  an  immense 
amount  of  information,  not  only  concerning  the  basic  nature 
of  knock  but  also  concerning  the  question  of  what  to  do 
about  it.  The  information  available  on  the  basic  nature  of 
knock  has  led  most  writers,  at  least  in  the  United  States,  to 
accept  the  autoignition  theory  in  preference  to  all  others. 
(Though  many  writers  refer  to  knock  as  “detonation,”  they 
do  not  mean  to  imply  that  they  believe  knock  is  caused  by  a 
detonation  wave.)  Only  a few  dissenters  (references  14  to  19) 
have  questioned  the  adequacy  of  the  autoignition  theory.* 
The  photographs  obtained  with  the  high-speed  camera  and 
the  ultra-high-speed  camera  have  forced  the  author  and  his 
.coworkers  to  join  the  ranks  of  the  dissenters. 

The  available  information  on  what  should  be  done  about 
knock  is  outside  the  scope  of  this  paper  and  is  so  well  known 
that  it  needs  no  review  here.  The  available  information  is 
undoubtedly  accurate  as  far  as  it  goes  and  is  so  extensive  that 
many  practical  workers  with  engines  and  fuels  even  discount 
the  need  for  definite  knowledge  as  to  what  knock  is. 

Aside  from  the  fact  that  any  kind  of  knowledge  concerning 
any  process  of  nature  rarely  proves  in  the  end  to  be  of  no 
practical  value,  some  urgent  reasons  exist  for  determining 
exactly  what  knock  is.  Probably  the  most  important  reason 
is  associated  with  the  fact  that  little  is  definitely  known  even 
about  the  harmfulness  of  knock.  As  will  be  shown  in  this 
paper,  there  are  probably  more  than  one  and  perhaps  even 
more  than  two  phenomena  that  are  regarded  as  knock  when 
they  occur  in  the  combustion  chamber.  In  view  of  the 
possibility  that  these  phenomena  may  not  all  be  harmful,  it 
seems  urgently  desirable  to  learn  which  are  harmful  and  how 
to  distinguish  between  one  of  the  phenomena  and  another. 
As  was  pointed  out  by  Boerlage  in  1937  (reference  19), 
the  noise  of  knock  cannot  be  regarded  too  seriously  until 
the  harm  done  has  been  demonstrated  to  be  proportional  to 
the  noise.  In  order  to  distinguish  between  the  forms  of 
knock  and  to  know  which  are  harmful  and  which  are  not, 
the  logical  first  step  appears  to  be  that  ot  learning  what  the 
phenomena  are  and  under  what  conditions  the  various 
phenomena  occur. 


Other  reasons  for  seeking  the  true  explanation  of  knock 
are  the  possible  saving  of  much  labor  involved  in  developing 
and  testing  ideas  based  on  a possibly  false  conception  of  the 
nature  of  knock,  acquisition  of  additional  fundamental 
knowledge  concerning  chemical  laws  that  might  prove  useful 
in  other  fields,  and  the  possibility,  however  remote,  that 
some  new  and  simpler  solution  to  the  knock  problem  might 
be  suggested. 

Next  to  autoignition,  the  detonation-wave  theory  probably 
is  generally  regarded  as  the  most  plausible  of  the  many 
theories  that  have  been  advanced  to  explain  knock.  Study 
of  the  photographs  taken  at  40,000  frames  per  second  over 
a period  of  6 years  has  convinced  the  author  that  a detona- 
tion wave,  or  some  phenomenon  very  much  like  a detonation 
wave,  actually  is  involved  in  the  type  of  knock  most  fre- 
quently encountered  in  the  modern  aircraft  engine.  Auto- 
ignition also  appears  to  be  often  involved  in  knock.  A com- 
bined autoignition  and  detonation-wave  theory  has  been 
proposed  (reference  10)  on  the  basis  of  a study  of  the  high- 
speed photographs  and  the  available  literature  concerning 
knock. 

The  autoignition  and  detonation-wave  theories  of  knock 
are  actually  in  agreement  in  many  respects.  According  to 
either  theory  knock  occurs  only  after  the  flame  has  traveled 
from  the  spark  plug  through  most  of  the  fuel-air  mixture  at 
speeds  ranging  from  below  50  feet  per  second  to  several 
hundred  feet  per  second,  depending  on  engine  speed,  fuel- 
air  ratio,  and  a number  of  other  variables.  This  speed  of 
50  to  several  hundred  feet  per  second  is  a low  speed  from  the 
standpoint  of  tendency  to  produce  shock;  it  is  the  normal  rate 
of  burning  in  nonknocking  operation.  Again  according  to 
either  theory,  the  shock  known  as  knock  is  produced  by  the 
sudden  inflammation  of  the  end  gas,  the  gas  that  has  not 
yet  been  ignited  at  the  time  knock  occurs  by  the  normal 
travel  of  the  flame  from  the  spark  plug. 

If  the  end  gas  is  considered  as  being  divided  into  a very 
large  number  of  extremely  small  cells  or  increments,  it  is  clear 
that  no  great  shock  will  result  from  the  burning  of  the  indi- 
vidual increments  at  widely  different  times,  however  fast  the 
burning  of  each  increment  may  be,  and  it  is  also  clear  that 
shock  will  not  result  from  the  simultaneous  burning  of  all  the 
increments  unless  each  increment  goes  through  the  burning 
process  within  an  extremely  small  time  interval.  Shock  will 
result,  according  to  either  theory,  onl}^  if  each  increment 
burns  within  a very  small  time  interval  and  all  increments 
burn  at  the  same  time  within  a very  small  limit.  If  these 
two  conditions  are  satisfied,  then  the  end  gas  does  not  have 
time  to  expand  during  the  burning  of  the  increments  and  a 
very  high  pressure  is  produced  in  the  end  gas  relative  to  the 
gas  in  the  other  parts  of  the  chamber.  The  subsequent 
expansion  of  the  end  gas  sets  up  a violent  vibration  or  system 
of  standing  waves  throughout  the  entire  contents  of  the  com- 
bustion chamber.  Such  a system  of  standing  waves  was 
shown  to  be  the  cause  of  audible  knock,  at  least  under  certain 
conditions,  by  the  researches  reported  by  investigators  at  the 
Massachusetts  Institute  of  Technology  and  at  General 


♦Since  the  presentation  of  this  paper  in  June  1946.  prior  opposition  to  the  autoignition  theory  by  several  others  has  come  to  the  author's  attention. 
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Motors  between  1933  and  1939  (references  20  to  23).  Slow- 
motion  pictures  of  these  vibrations  taken  at  40,000  frames 
per  second  were  first  presented  at  an  SAE  meeting  in  March 
1940  (reference  23).  * 

The  only  point  of  difference  between  the  autoignition  and 
detonation-wave  theories  is  in  the  means  of  s^mchronizing 
the  ignition  of  the  end-gas  increments,  that  is,  the  mecha- 
nism that  causes  all  end-gas  increments  to  burn  at  the  same 
time  within  a small  enough  limit  to  cause  shock. 

The  argument  presenting  the  synchronizing  mechanism 
of  the  autoignition  theor}^  is  as  foUow^s:  Each  end-gas  incre- 
ment vnll  burn  explosively  when  it  attains  some  certain 
combination  of  temperature  and  density  (or  the  equivalent 
of  some  particular  temperature-densit}^  histor\%  as  suggested 
by  Leary  and  Taylor  of  M.  I.  T.  in  reference  24).  All  end- 
gas  increments  are  adiabaticall}-  compressed  at  the  same  time 
and  at  the  same  rate  by  the  expansion  of  the  burning  gas 
behind  the  flame  front.  All  increments  of  end  gas  should, 
therefore,  reach  the  critical  combination  of  temperature  and 
density  at  which  they  will  explode  at  the  same  time. 

In  an  analysis  of  the  synchronizing  mechanism  of  the  auto- 
ignition theory,  it  should  be  considered  that  the  compression 
of  the  end  gas  by  the  burning  gases  is  accomplished  by  an 
infinite  series  of  sound  waves.  A given  condition  of  tem- 
perature and  density'  should,  therefore,  be  expected  to  travel 
through  the  end  gas  from  the  burning  zone  at  the  speed  of 
sound.  The  combination  of  temperature  and  density  in  an}^ 
end-gas  increment  may  be  expressed  as  some  function  F, 
so  defined  that  each  end-gas  increment  will  explode  when 
F—Fct^^,  the  term  6 representing  an  element  of  uncertaint}’’ 
due  to  random  variation  in  the  behavior  of  the  end-gas 
increments  or  to  random  inliomogeneities.  The  value  of  F 
in  each  end-gas  increment  will  increase  b}"  an  amount  equal 
to  26  in  some  time  interval  r.  Now  if  r is  not  greater  than 
the  order  of  the  time  interval  r'  required  for  a sound  wave  to 
pass  through  the  unignited  end  gas,  then  it  should  be  ex- 
pected that  autoignition  would  take  place  as  an  explosive 
reaction  traveling  through  the  unignited  end  gas  at  least  at 
the  speed  of  sound.  It  would  not  take  place  as  a simulta- 
neous reaction  throughout  the  end  gas.  The  explosive  reac- 
tion would  constitute  some  kind  of  explosive  wave,  if  not 
an  actual  detonation  wave.  This  wave  might  travel  too 
slowly  to  produce  shock  and  to  be  regarded  as  a true  detona- 
tion wave.  Obviously,  however,  the  less  shock  the  wave 
produced  the  less  the  knocking  sound  heard  outside  the 
engine. 

If  r is  assumed  to  be  much  greater  than  the  order  of  t', 
then  autoignition  should  be  expected  to  develop  homogene- 
ousl}^  throughout  the  end  zone.  The  pressure  built  up  b}-  the 
combustion  of  the  end  gas,  however,  is  relieved  also  b}-  an 
infinite  series  of  sound  waves.  Consequently^  if  r is  many^ 
times  greater  than  the  order  of  a time  interval  t"  required 
for  a sound  wave  to  pass  through  the  autoigniting  end  gas, 
the  pressure  in  the  end  gas  would  be  relieved  many^  times 
during  the  process  of  autoignition  and  shock  would  not  occur. 

The  magnitude  of  the  time  interval  r apparently-  must 


lie  witliin  a range  somewhat  greater  than  t but  not  many 
times  greater  than  t"  if  knock  is  to  be  caused  by^  a homogene- 
ous autoignition  of  the  end  gas.  Above  this  range  of  values 
for  r no  shock  can  occur;  below  this  range  of  values  the  auto- 
ignition must  occur  as  something  similar  to  a detonation 
wave,  and  becoming  more  and  more  like  a detonation  wave 
as  the  knock  intensity^  increases.  (Knocks  of  different  in- 
tensity^ can  occur  with  the  same  end-zone  volume  according 
to  unpublished  NACA  photographic  records.)  The  time 
interval  r"  is  a variable  for  different  stages  of  the  homogene- 
ous autoignition  process  and  reaches  a value  much  less  than 
r'  during  the  later  stages  of  the  pix)cess.  The  range  of  values 
of  r greater  than  r'  but  not  many^  times  greater  than  r" 
must,  therefore,  be  quite  narrow. 

Autoignition,  either  as  a detonation  wave  or  as  a homogene- 
ous reaction  with  r slightly^  greater  than  r',  seems  a very 
plausible  symclironizing  mechanism.  Before  it  is  accepted 
conclusively^,  however,  the  available  evidence  should  be  care- 
fully^ studied  as  to  whether  it  actually'  is  an  adequate  syn- 
chronizing mechanism.  The  evidence  should  also  be  investi- 
gated as  to  whether  autoignition  of  the  individual  gas 
increments  proceeds  to  completion  within  a short  enough 
time  interval  to  produce  shock.  A considerable  amount  of 
evidence  exists  against  autoignition  as  the  sole  cause  of  the 
standing  waves  of  knock  on  both  counts,  as  will  be  shown  in 
the  later  parts  of  this  paper. 

The  symchronizing  mechanism  postulated  by^'  the  detonation- 
wave  theoiy  is  an  intense  compressive  shock  wave  that 
travels  tlu-ough  the  end  gas  at  supersonic  velocity^.  Each 
gas  increment  is  ignited  probably^  by  the  combination  of  the 
sudden  intense  compression  occurring  in  the  shock  front,  the 
action  of  chain  carriers  in  the  shock  front,  and  the  radiation 
of  heat  from  the  shock  front.  The  entire  combustion,  or 
some  definite  stage  of  the  combustion,  of  each  gas  increment 
is  presumed  to  occur  in  the  shock  front  and  to  release  a large 
amount  of  energy^  immediately^  behind  the  shock  front.  The 
enei'gy  released  by^  the  gas  increments  immediately^'  behind 
the  shock  front  maintains  the  high  pressure  required  to 
propagate  the  shock  front  through  the  charge.  Such  a 
phenomenon,  being  an  intense  shock  wave,  would  obviously 
set  up  vibration  of  the  gases  throughout  the  combustion 
chamber.  If,  as  the  author  holds,  simple  homogeneous 
autoignition  can  no  longer  be  accepted  as  the  sole  cause  of 
the  knocking  gas  vibrations,  the  detonation  wave  appears  to 
be  the  only^  remaining  plausible  explanation  that  has  been 
suggested.  The  detonation  wave,  however,  may’'  be  only 
the  end  result  of  a comparatively’'  slow  homogeneous  end-gas 
auto  ignition  or  the  detonation  wave  may  act  as  the  initiator 
of  a very-  rapid  homogeneous  combustion  which  in  its  turn 
sets  up  the  violent  gas  vibrations.^ 

A literature-based  argument  in  favor  of  a combined 
detonation- wave  and  autoignition  theory’’  of  knock  will  be 
found  in  the  first  part  of  the  section  called  ^‘Discussion  and 
Analy’^sis,”  and  the  unified  report  of  the  findings  obtained 
from  the  high-speed  and  ultra-high-speed  photographs  will 
be  found  in  the  second  part  of  the  same  section. 
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DEFINITION  OF  TERMS 

Thi'oughout  the  present  paper  the  following  terms  are 
used  with  the  meanings  indicated: 

1.  Knock:  Any  type  of  reaction  occurring  within 

combustion-chamber  contents  and  producing  objectionable 
noise  outside  the  engine,  but  not  including  the  phenomenon 
of  early  combustion  caused  by  too  early  spark  timing  or  b3' 
early  ignition  from  a hot  spot. 

2.  Explosive  knock  reaction:  A specific  reaction  observed 
in  NACA  photographs  of  knocking  combustion  taken  at 
40,000  frames  per  second,  usually  appearing  instantaneous 
when  the  photographs  are  projected  at  the  normal  rate  of 
16  frames  per  second  and  coinciding  chronologically  ^vith 
the  onset  of  gas  vibrations  as  seen  in  the  photographs.  (This 
reaction,  being  regarded  as  one  form  of  knock,  will  sometimes 
be  referred  to  simply  as  “knock”  when  the  context  makes 
the  meaning  clear.) 

3.  Flame  front:  The  continuous!}^  changing  surface  that 
separates  uninflamed  parts  of  the  cylinder  charge  from  the 
burning  parts  of  the  charge  that  have  been  ignited  by  the 
advance  of  the  flame  from  the  spark  plug. 

4.  Autoignition:  Spontaneous  burning  in  any  part  of  the 
cylinder  charge  not  caused  by  a spark,  by  contact  with  a 
flame  front,  or  by  contact  with  a hot  spot,  and  including  not 
only  the  initiation  of  burning  but  the  entire  process  of 
burning  resulting  from  the  spontaneous  ignition. 

5.  Shock  wave:  An  intense  compressive  wave  traveling 
through  gas  at  supersonic  velocity,  the  front  of  such  wave 
constituting  an  abrupt  increase  or  practical  discontinuity  in 
temperature,  density,  and  velocity  of  the  gas. 

6.  Detonation  wave:  A type  of  wave  often  observed  in 
long  tubes  consisting  of  a shock  wave  traveling  through  a 
gas  or  a gas  mixture  and  causing  a reaction  of  the  gas  in  the 
shock  front,  such  reaction  releasing  energy  immediately 
behind  the  shock  front,  the  energy  so  released  serving  to 
maintain  the  pressure  needed  behind  the  shock  front  to 
propagate  the  wave. 

DISCUSSION  AND  ANALYSIS:  LITERATURE-BASED  ARGUMENT  FOR 
COMBINED  DETONATION-WAVE  AND  AUTOIGNITION 
THEORY  OP  KNOCK 

Autoignition  theory. — The  autoignition  theory  of  knock 
was  suggested  by  Ricardo  in  1919  (reference  25).  Midgley 
in  1920  declined  to  accept  the  autoignition  theory  and  held 
to  the  detonation-wave  theory  (reference  14).  A year  later 
Woodbury,  Lewis,  and  Canby  of  the  du  Pont  laboratories 
(reference  26)  presented  streak  photographs  of  combustion 
in  a bomb,  taken  by  the  method  of  Mallard  and  Le  Chatelier 
(reference  27),  and  drew  conclusions  favoring  the  autoigni- 
tion theory.  These  du  Pont  investigators  seem  to  have 
regarded  the  detonation-wave  theory  as  the  one  having  had 
general  credence  up  to  that  time.  From  an  analysis  of  their 
streak  photographs  and  from  consideration  of  various  facts 
reported  by  previous  investigators,  they  concluded  that  “the 
possibility  of  detonation  under  such  conditions  [conditions 
existing  in  the  engine  cylinder]  appears  exceedingly  remote.” 
After  mentioning  that  detonation  is  set  up  in  a closed  cylinder 
of  small  dimensions  only  with  great  diflSculty,  they  further 


stated:  “On  the  other  hand,  autoignition  of  the  high-density 
gases  ahead  of  the  flame  front  occurs  over  a wide  range  of 
fuel  mixtures  and  conditions  [in  their  tests]  and  gives  a 
sudden  development  of  pressure  similar,  in  our  opinion,  to 
that  characteristic  of  a knocking  explosion.  It  is  possible 
that  this  autoignition  may  set  up  detonation  [a  detonation 
wave]  in  some  cases,  thereby  acting  as  an  intermediate  stage 
in  knocking.  Our  experiments  have  not  been  carried  to  a 
definite  conclusion,  and  present  data  do  not  warrant  presen- 
tation of  autoignition  as  a positive  explanation  for  knocking. 
It  is  our  feeling,  however,  that  information  at  hand  favors 
more  strongly  the  theory  of  autoignition  of  the  high-density 
gases  ahead  of  the  flame  front  than  that  of  detonation  [the 
detonation  wave].” 

Actual  motion  pictures  of  knocking  combustion  were  first 
published  in  1936  by  Withrow  and  Rassweiler  of  General 
Motors  Corp.  (reference  28).  These  excellent  photographs, 
taken  at  the  rate  of  2250  frames  per  second,  showed  the 
development  of  autoignition  in  the  end  gas  and  greatly 
increased  the  already  existing  confidence  in  the  autoignition 
theory.  They  were  taken  at  too  low  a rate  to  show  a detona- 
tion wave,  however,  even  though  such  a wave  might  actually 
have  occurred  after  the  autoignition  that  was  photographed. 

The  autoignition  theory,  with  the  additional  assumption 
of  preflame  chain  reactions,  has  the  advantage  of  explaining 
and  correlating  many  of  the  known  facts  concerning  knock. 
During  the  period  of  1939  to  1945,  however,  urgent  need  for 
a modification  of  the  simple  autoignition  theory  of  knock 
was  shown  by  photographs  of  knocking  combustion  taken  at 
the  rate  of  40,000  frames  per  second  with  the  NACA  high- 
speed motion-picture  camera.  The  first  of  these  photographs, 
presented  in  references  23  and  5,  showed  a reaction  completed 
in  50  microseconds  or  less.  The  authors  believed  that  this 
reaction  was  the  true  knock  reaction  because  they  could  see 
in  the  projected  motion  pictures  that  this  reaction  occurred 
at  the  same  time  as  the  beginning  of  the  violent  vibration  of 
the  gases,  which  by  then  had  come  to  be  regarded  as  an 
indication  of  knock.  Later  NACA  tests  (reference  7)  showed 
that  this  extremely  quick  reaction  did  occur  simultaneously 
with  the  beginning  of  the  vibrations.  Serruys  had  previously 
(in  1932)  concluded  that  knock  generally  occupies  a time 
interval  less  than  100  microseconds  in  reference  29  and,  in 
1933,  on  a basis  more  in  harmony  with  the  standing-wave 
concept  of  knock,  in  reference  30.  Considerations  presented 
in  the  present  paper  have  caused  the  author  to  abandon  the 
exclusiveness  of  the  concept  “true  knock  reaction.”  The 
reaction  will  hereinafter  be  referred  to  as  the  “explosive 
knock  reaction.” 

The  need  for  a modification  of  the  autoignition  theory  of 
knock  lies  in  the  fact  that  the  evidence  available  in  the 
literature  indicates  autoignition  requires  for  its  completion 
a time  interval  of  an  entirely  higher  order  than  the  50  micro- 
seconds involved  in  the  explosive  knock  reaction,  even  under 
conditions  of  severity  approaching  those  of  the  modern  air- 
craft engine.  The  previously  mentioned  photographs  by 
Withrow  and  Rassweiler  (reference  28)  clearly  show  brightly 
luminous  autoignition  occupying  a time  interval  of  the  order 
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of  1000  microseconds.  NACA  high-speed  photographs  have 
shown  autoignition  flames  slowl}^  propagating  themselves 
from  point  to  point  throughout  the  end  gas  before  the 
explosive  knock  reaction  occurs  (reference  9);  and  another 
NACA  high-speed  photograph  has  shown  autoignition  devel- 
oping slowly  and  simultaneoush^  in  all  parts  of  the  end  gas 
before  the  occurrence  of  the  explosive  knock  reaction  (refer- 
ence 5).  These  two  types  of  autoignition  shovm  in  the 
NACA  high-speed  photographs,  preceding  the  explosive 
knock  reaction,  occupied  time  intervals  ranging  from  500 
to  1250  microseconds.  Streak  photographs  were  published 
as  early  as  1911  b}^  Dixon  and  coworkers  (references  31  and 
32)  showing  slow  autoignition  in  glass  tubes  resulting  from 
quick  compression.  This  autoignition  progressed  at  a rate 
comparable  with  the  rates  of  the  autoignitions  showm  b}^ 
Withrow  and  Rassweiler  and  by^  the  NACA  investigators. 

The  evidence  showing  that  autoignition  occupies  a time 
interval  of  a higher  order  than  50  microseconds  is  not  the 
only  reason  for  believing  simple  autoignition  to  be  an  inade- 
quate explanation  of  knock.  Many  investigations  have 
shown  that  autoignition  can  occur  without  causing  marked 
gas  vibrations,  which  are  probabl}^  the  best  known  charac- 
teristic of  knock  in  the  present-day  spark-ignition  engine. 
These  gas  vibrations,  if  the}’'  occur,  are  visible  in  streak 
photographs  taken  by  the  method  of  Mallard  and  Le  Cha teller 
(reference  27)  as  a series  of  bright  bands  extending  across  the 
photograph  in  a direction  perpendicular  to  the  direction  of 
film  movement.  The  gas  vibrations  also  cause  oscillations 
in  pressure-time  records. 

Some  excellent  streak  photographs  presented  by  Withrow 
and  Boyd  (reference  33)  are  examples  of  nonvibratory  auto- 
ignition in  the  engine  cylinder.  These  General  Motors 
investigators  stated  that  both  the  pressure-time  records  and 
the  flame  traces  show  that  the  autoignition  required  2°  to  5° 
of  crankshaft  rotation  (400  to  1000  microsec)  for  its  comple- 
tion. Figures  11  to  16  of  their  work  clearly  show  the  flame 
front  traversing  the  greater  part  of  the  chamber  at  the 
normal  rate  and  show  the  end  gas  then  being  consumed  at  a 
much  higher  rate.  All  of  these  figures  except  figure  14, 
however,  reveal  not  the  slightest  indication  of  gas  vibrations. 
It  is  difiicult  to  conclude  from  the  printed  picture  of  figure  14 
whether  there  is  any  evidence  of  vibrations.  Moreover,  the 
pressure- time  records  of  figm’es  11  to  16  of  reference  33  show 
no  evidence  of  gas  vibrations.  Though  audible  gas  vibra- 
tions probably  did  not  occur  in  those  tests,  some  kind  of 
disturbing  noise  surel}’’  must  have  occurred,  as  is  discussed 
in  the  present  paper  under  “Detonation-Wave  and  Auto- 
ignition Theories  Combined.'' 

Withrow  and  Bo}^d  did  not  comment  on  the  absence  of  gas 
vibrations  in  their  tests.  Up  to  about  the  time  of  the  ^vritLng 
of  their  paper  (1931),  gas  vibrations  do  not  seem  to  have  been 
regarded  as  a usual  feature  of  knock.  The  only  recognized 
criterion  of  knock  as  seen  in  pressure-time  records  appears  to 
have  been  simpl}’'  a sharp  increase  in  the  rate  of  pressure  rise. 
In  1932  Rassweiler  aud  Withrow  (reference  34)  presented 
streak  photographs  clearly  showing  the  gas  vibrations;  and 
in  1934  (reference  21)  they  showed  that  the  vibrations  as 


seen  in  the  photographs  coincided,  cycle  by  cycle,  with 
fluctuations  shown  in  the  pressure-time  records. 

Woodbury,  Levds,  and  Canby  in  1921  did  not  regard  the 
gas  vibrations  as  being  associated  with  knock,  for  in  the 
previously  quoted  passage  (reference  26)  they  concluded  on 
the  basis  of  their  own  experiments  that  autoignition  of  the 
high-density  gases  ahead  of  the  flame  front  gives  a sudden 
development  of  pressm^e  similar,  in  their  opinion,  to  that 
characteristic  of  a knocking  explosion.  The  pressure-time 
traces  presented  for  the  cases  of  autoignition  referred  to 
showed,  in  general,  no  gas  vibrations  but  only'  a sharp  increase 
in  rate  of  pressure  rise  near  the  end  of  combustion.  Almost 
without  exception  the  streak  photographs  also  showed  no 
trace  of  gas  vibrations;  the  exception  was  with  ether-air 
mixtures.  With  initial  temperature  of  150°  C and  initial 
pressure  of  65  pounds  per  square  inch,  neither  the  flame  trace 
nor  the  pressure-time  trace  for  an  ether-air  mixture  showed 
any  sign  of  gas  vibrations,  whereas  with  the  same  initial 
temperature  and  with  initial  pressure  of  75  pounds  per  square 
inch,  both  the  flame  trace  and  the  pressure- time  trace  showed 
the  gas  vibrations  with  agreement  in  frequency.  The  change 
that  occiuTed  in  the  phenomena  studied  in  a bomb  by  these 
investigators,  when  passing  from  65  to  75  pounds  per  square 
inch  with  ether-air  mixture  at  150°  C,  appears  to  correspond 
to  the  change  in  the  recognized  criterion  of  spark-ignition 
engine  knock  that  developed  in  the  early^  1930's. 

No  particular  note  appears  to  have  been  made  in  the 
literature  of  the  change  in  the  recognized  criterion  of  knock 
that  developed  in  the  early  1930's.  Sufiicient  data  do  not 
appear  to  be  available  to  explain  the  change  or  to  indicate 
whether  it  was  a real  change  caused  by  altered  engine  design 
and  altered  fuels  or  an  apparent  change  developing  with  the 
seciuring  of  more  extensive  data. 

In  1939  Boyd  (reference  35)  compared  a streak  photograph 
of  autoignition  without  gas  vibrations  (fig.  10  of  reference  35, 
same  as  fig.  16  of  reference  33)  and  a streak  photograph  of 
autoignition  with  gas  vibrations  (fig.  12  of  reference  35,  same 
as  fig-  10  of  reference  34).  He  very^  reasonably  regarded  the 
case  of  liis  figure  12  as  involving  a much  more  violent  Icnock 
than  the  case  of  his  figure  10.  Examination  of  his  figures 
10  and  12,  however,  discloses  that  the  end  zone  was  of  nearly 
the  same  size  in  the  two  cases  at  the  time  the  autoignition, 
or  knock,  occurred.  The  comparison  therefore  indicates 
that  the  violence  of  knock  or  at  least  the  violence  of  the  gas 
vibrations  is  not  dependent  on  the  size  of  the  auto  igniting  end 
zone.  Moreover,  NACA  high-speed  photographs  have 
shown  plainly  visible  gas  vibrations  in  cases  where  the  end 
zone,  if  any^  existed  at  the  time  of  start  of  the  gas  vibrations, 
was  too  small  even  to  be  seen  in  the  photographs  (references 
6 and  7). 

Other  streak  photographs  showing  autoignition  without 
trace  of  gas  vibrations  may  be  found  in  papers  by  General 
Motors  investigators  (references  36  to  38).  The  most  striking 
examples  of  this  phenomenon,  however,  are  to  be  found  in  the 
work  of  Duchene  (reference  39).  In  this  work  many  streak 
photographs  are  presented  of  combustion,  with  spark  ignition, 
in  a bomb  equipped  with  a piston  providing  compression  by 


460 


REPORT  1026 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


a blow  from  a heavy  pendulum.  Many  of  these  flame  traces 
show  a sudden  darkening  extending  entirely  across  the  trace, 
which  Duchene  considered  as  indicative  of  a detonation  wave. 
Only  three  of  the  records,  however,  21,  35,  and  36,  show  any 
trace  of  gas  vibrations.  In  most  cases  the  darkening  is  quite 
diffuse  instead  of  practically  instantaneous,  as  it  should  be  if 
caused  by  a detonation  wave.  The  records  all  distinctly  show 
slow  autoignition  preceding  the  sudden  darkening.  The  frac- 
tion of  the  total  charge  involved  in  the  nonvibratory  auto- 
ignition in  the  different  records  covers  the  entire  range  from 
near  zero  to  practically  the  entire  charge.  Gas  vibrations 
should  not,  of  course,  be  expected  from  simultaneous  auto- 
ignition of  the  entire  charge  at  constant  volume.  Records 
23,  28,  29,  and  31  of  Duchene's  work,  however,  clearly  show 
autoignition  of  about  half  the  contents  of  the  chamber 
without  any  trace  of  vibrations. 

The  inadequacy  of  simple  autoignition  as  an  explanation 
of  the  phenomenon  of  knock  has  been  clearly  recognized  by 
some  investigators.  In  1928  Maxwell  and  I^ieeler  in  refer- 
ence 15  reported  frequently  observing  autoignition  flame, 
with  50-50  mixtures  of  pentane  and  benzene  in  a bomb, 
starting  from  the  far  end  of  the  cylinder  and  progressing  back 
to  meet  the  spark  flame.  They  reported  that  explosions  in 
which  this  phenomenon  occurred  were  no  louder  than  usual 
and  that  the  pressure  records  showed  no  unusual  features. 
They  concluded,  in  consequence,  that  such  an  ignition  of 
unburnt  residual  mixture  is  not  likely  to  be  the  cause  of  a 
pinking  explosion  in  an  engine  cylinder.  In  reference  16  the 
same  investigators  stated:  ^‘Our  objection  to  the  'autoigni- 
tion’ theory  is  that,  when  such  ignitions  occur  during  an 
explosion  in  a closed  cylinder  (for  example,  figs.  2 and  5),  the 
explosion  is  no  more  violent  than  in  their  absence.  Moreover, 
what  we  have  termed  a 'pink’  in  our  cylinder,  because  it  so 
closely  resembles  the  pink  in  an  engine  cylinder,  is  obtained 
most  commonly  without  the  occurrence  of  'autoignition.’  ” 

In  1935  Egerton,  Smith,  and  Ubbelohde  (reference  17),  in 
discussing  the  work  of  other  investigators,  stated:  " 'Autoig- 
nition,’ that  is,  ignition  in  a region  of  the  gas  prior  to  the 
arrival  of  the  flame  front,  was  observed  both  in  the  knocking 
zone  and  elsewhere,  but  does  not  necessarily  give  rise  to  the 
knocking  type  of  combustion,  though  it  was  supposed  that 
the  high  rate  of  combustion  in  the  knocking  zone  was  due  to 
autoignition  within  it.” 

In  1936  Boerlage  (reference  19),  in  discussing  the  results  of 
his  own  streak  photographs,  stated:  "What  surprised  us, 
however,  in  the  results  obtained  with  the  test  engine,  was  the 
relatively  slow  character  of  the  combustion  due  to  autoigni- 
tion. The  development  of  the  second  center  of  ignition  was 
at  all  points  similar  to  the  progression  of  the  primary  flame 
due  to  the  spark.  The  'simultaneous’  combustion  of  the  'end 
gas,’  which  we  have  believed  responsible  for  the  knock,  thus 
seems  to  be  reduced  to  the  rather  calm  development  of  a 
secondary  center  of  ignition.”  He  further  stated:  "*  * * 

the  velocity  of  the  secondary  flame  front  is  practically  equal 
at  each  instant  to  that  of  the  primary  flame  front.  We  have 
never  been  able  to  make  out  any  speed  equal  to  the  speed' of 
sound,  but  at  most,  speeds  of  150  meters  per  second,  and 


these  only  in  the  case  of  excessive  detonation  (knock).  In  the 
case  of  slight  detonation  (knock)  the  speeds  do  not  attain 
even  half  this  figure.  * * * The  pressure  diagrams  show 

only  moderate  pressure  rises,  and  this  is  still  another  indirect 
proof  of  the  fact  that  the  speeds  of  the  flames  are  relatively 
low  and  remain  much  below  the  speed  of  sound.  We  have 
not  succeeded  in  demonstrating  the  existence  of  extreme 
local  pressures.” 

The  investigations  mentioned  have  shown  beyond  possible 
doubt  that  autoignition  can,  and  in  many  cases  actually  does, 
occur  too  slowly  to  cause  the  gas  vibrations  characteristic  of 
knock.  This  fact  does  not  prove  that  autoignition  cannot, 
under  any  conditions,  occur  quickly  enough  to  cause  the  gas 
vibrations.  It  does,  however,  preclude  the  possibility  of 
regarding  the  occurrence  or  nonoccurrence  of  autoignition  as 
a criterion  for  the  occurrence  or  nonoccurrence  of  the  type  of 
knock  characterized  by  gas  vibrations,  A different  criterion 
must  be  sought,  either  the  occurrence  of  autoignition  at  a 
rate  above  some  critical  value  or  the  occurrence  of  some  other 
phenomenon. 

Indeed  the  criterion  of  autoignition  at  a rate  above  some 
critical  value  seems  to  be  precluded  by  some  of  the  NACA 
photographs  (references  5 and  9),  for  in  those  cases  slow 
autoignition  was  seen  to  occur,  followed  by  the  much  faster 
reaction  that  set  up  the  gas  vibrations.  In  this  connection  it 
should  be  noted  that  some  investigators  (references  24  and 
40)  have  regarded  the  apparent  autoignition  shown  in  one  of 
the  NACA  papers  (reference  5)  as  a preflame  reaction.  The 
slow  apparent  auto  ignitions  shown  in  reference  9,  however, 
are  more  difficult  to  explain  as  preflame  reactions  because 
they  propagate  themselves  from  point  to  point  in  the  same 
manner  and  at  about  the  same  speed  as  a normal  flame. 

The  available  literature,  as  reviewed  in  this  section,  points 
to  the  conclusion  that  some  phenomenon  other  than  simple 
autoignition  must  be  sought  as  the  cause  of  the  gas  vibrations 
associated  with  knock  in  the  modern  spark-ignition  engine. 

Detonation-wave  theory. — Prior  to  the  NACA  investiga- 
tions that  will  be  summarized  in  the  present  paper  the  oc- 
currence of  a detonation  wave  in  a bomb  or  a knocking  engine 
had  not  been  supported  by  any  such  abundance  of  direct 
experimental  evidence  as  the  occurrence  of  autoignition. 
This  fact  is,  of  course,  readily  explained  by  the  consideration 
that  the  detonation  wave,  being  a many  times  faster  phe- 
nomenon than  autoignition,  requires  very  much  more  power- 
ful methods  for  its  detection.  A very  important  considera- 
tion in  favor  of  the  detonation  wave  as  the  explanation  of 
gas  vibrations  is  the  unquestionable  fact  that  it  would  cause 
gas  vibrations  if  it  did  occur,  whereas  it  has  been  shown  that 
simple  autoignition  does  not  necessarily  cause  the  vibrations 
when  it  occurs. 

Many  writers  have  long  been  strongly  opposed  to  the 
detonation-wave  theory  of  knock,  principally  because  it  is 
very  difficult  to  set  up  detonation  waves  in  containers  as 
small  as  an  engine  cylinder,  or  indeed  in  hydrocarbon-air 
mixtures  at  all,  and  because  many  variables  have  unlike 
effects  on  the  tendency  of  a combustible  charge  to  knock 
in  an  engine  and  to  develop  a detonation  wave  in  a tube. 
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In  1936  the  Russian  investigators  Sokolik  and  Voinov 
(reference  18)  furnished  direct  experimental  evidence  of 
propagated  combustion,  as  contrasted  with  the  concept  of 
simultaneous  auto  ignition,  traveling  through  the  end  zone 
in  a knocking  engine  at  the  correct  speed,  to  be  regarded  as 
a detonation  wave.  This  evidence  is  in  the  form  of  streak 
photographs  for  which  a sufficiently  high  film  speed  was  used 
to  resolve  the  slope  of  the  luminosity  front  developed  by  the 
detonation  wave.  It  is  unfortunate  that  this  work  has  not, 
in  the  past  few  years,  received  more  careful  consideration. 
The  photographs  of  Sokolik  and  Voinov  were  taken  through 
' a narrow  window  extending  across  the  combustion  chamber 
in  the  direction  of  the  flame  travel.  The  results  show  the 
flame  traversing  the  greater  pai  t of  the  chamber  at  a mean 
velocity  usually  less  than  20  meters  per  second,  then  travers- 
ing the  remaining  part  of  the  chamber  at  a velocity  of  the 
order  of  2000  meters  per  second. 

The  photographs  of  Sokolik  and  Voinov  are,  of  course, 
open  to  the  criticism  that  they  show  the  performance  of 
only  a narrow  zone  in  the  combustion  chamber.  For  this 
reason,  the  illusion  of  a detonation  wave  traveling  at  2000 
meters  per  second  could  have  been  caused  by  a much  slower 
auto  ignition  traveling  through  the  end  gas  at  a considerable 
angle  to  the  visible  zone.  Such  an  illusion  should  not  be 
, expected  to  be  consistent  throughout  many  records.  Sokolik 
and  Voinov,  however,  do  not  state  how  many  records  they 
studied. 

NACA  high-speed  motion  pictiu*es  of  knock  in  references 
1 6,  7,  and  11  have  suggested  that  the  explosive  knock  reaction 

I does  not  necessarily  originate  in  the  flame  front  but  that  it 
originates  at  random  anywhere  within  the  normal  flame  or 
j the  ail  to  igniting  end  gas.  For  this  reason  NACA  investiga- 
i tors  have  been  slow  to  accept  the  results  of  Sokolik  and 
[ Voinov  as  having  general  validity,  suspecting  that  some 
difference  in  test  conditions  may  have  caused  a type  of  knock- 
‘ ing  phenomenon  to  occur  in  their  work  different  from  any 
knocking  phenomenon  that  has  been  found  in  the  NACA 
investigations. 

The  new  evidence  for  the  occurrence  of  a detonation  wave 
in  the  knocking  engine,  based  on  the  high-speed  and  ultra- 
high-speed  photographs  of  references  10  and  11  will  be  dis- 
cussed in  the  second  part  of  the  section  called  ^‘Discussion 
and  Analysis.” 

Intermediate  flame  velocity. — Intermediate  between  the 
slow  autoignition  found  by  various  investigators  and  the 
detonation-wave  velocity  determined  by  the  Russian  investi- 
j gators  in  reference  18  is  thefindingby  Schnauffer  (reference  41) 

I of  a speed  of  265  to  300  meters  per  second  for  the  travel 
of  a flame  through  the  end  zone  in  knock.  Schnauffer  made 
this  determination  by  means  of  ionization  gaps  mounted  in 
different  parts  of  the  combustion  chamber.  The  ionization 
current  across  the  successive  gaps  was  amplified  and  used  to 
light  neon  bulbs.  The  time  interval  between  the  lighting  of 
the  successive  bulbs  was  measured  by  the  record  of  the  bulbs 
on  a photosensitive  drum  rotating  at  high  speed. 

^ Flame  travel  at  265  to  300  meters  per  second  through  an 
end  zone  2 to  3 centimeters  long  would  be  almost  fast  enough 
to  satisfy  the  50-microsecond  limitation  imposed  b}-  the 


NACA  photographs  (reference  5),  and  such  a rate  of  flame 
travel  might,  therefore,  very  well  be  regarded  as  a satis- 
factory cause  of  the  explosive  knock  reaction.  Note  should 
be  made,  however,  that  the  speed  of  265  to  300  meters  per 
second  has  not  been  verified  by  other  investigators. 
Schnauffer  did  not  indicate  how  many  ionization  gaps  were 
used  in  the  actual  knocking  zone  to  determine  the  velocity 
of  265  to  300  meters  per  second.  Examination  of  the  pattern 
of  the  gap  locations  as  shown  in  the  figures  of  his  paper  in- 
dicates either  that  the  velocity  was  determined  from  the  time 
interval  between  ionization  of  only  two  gaps  or  that  the 
distance  over  which  the  velocity  was  measured  was  much 
greater  than  2 or  3 centimeters,  in  which  case  the  50-micro- 
second limitation  was  not  satisfied.  Measurement  of  rate 
of  flame  travel  on  the  basis  of  the  time  interval  between 
ionization  of  two  gaps  would  not  be  valid  in  case  of  any  type 
of  greatly  accelerated  reaction  in  the  end  gas.  In  such  a 
case  the  normal  flame  travel  through  an  indeterminate  frac- 
tion of  the  distance  between  the  last  two  gaps  would  be 
erroneously  treated  as  the  flame  travel  across  the  entire 
distance;  the  result  would  be  a meaningless  velocity. 

In  Schnauffer's  paper  oscillograph  records  were  shown  for 
the  ionization  currents  produced  both  by  the  normal  flame  and 
the  knock  reaction  in  the  end  zone.  The  oscillograph  records 
for  the  two  types  of  combustion  look  very  much  alike.  Hast- 
ings has  shown  in  reference  42,  with  the  vibratory  type  of 
knock,  that  the  total  time  interval  throughout  which 
ionization  currents  are  measurable  in  the  end  gas  is  only  a 
small  fraction  of  the  time  interval  throughout  which  the 
ionization  currents  are  measurable  in  the  earlier-burned 
parts  of  the  cylinder  charge.  The  similarity  in  the  oscillo- 
graph traces  of  Schnauffer^s  work  therefore  indicates  that 
he  was  dealing  wdth  simple  autoignition,  not  vibratory 
knock. 

Nature  of  gas  vibrations. — Many  investigators  have  shown 
the  occurrence  of  gas  vibrations  in  bombs  and  in  engine 
cylinders,  both  by  photography  and  by  pressure- time  records. 
Wien  the  vibrations  w^ere  fii*st  observed  on  indicator  records 
of  engine  combustion,  the  question  w-as  raised  whether  they 
w^ere  not  natural  vibrations  of  the  indicator  set  up  by  the 
blow^  of  loiock.  Undoubtedly  in  many  cases  of  simple  auto- 
ignition this  explanation  w^as  correct.  In  this  connection  the 
observation  by  Schnauffer  in  1931  (reference  43)  is  of 
interest.  With  the  ionization-gap  method  he  found  ap- 
parently simultaneous  ignition  of  end  gas  amounting  to 
approximately  50  percent  of  the  entire  cylinder  charge; 
the  indicator  record  show^ed  no  vibrations  but  only  a sharp 
increase  in  rate  of  pressure  rise,  vSehnauffer  commented: 
“Figures  4 and  5 show^  that  wdth  a pressure  indicator  suffi- 
ciently free  of  inertia  it  is  very  \vell  possible  to  record  the 
knocking  blow^  without  the  appearance  of  pressure  oscilla- 
tions. It  is  thereby  demonstrated  that  the  oscillations  are 
not  pressure  oscillations.”  Wien  Withi'ow^  and  Rassw^eiler 
in  1934  (reference  21)  show^ed  a precise  agreement  betw^een 
the  oscillations  recorded  by  an  indicator  and  the  bright 
bands  on  a streak  photograph  of  the  combustion,  it  was  no 
longer  possible  to  doubt  the  validity  of  the  vibrations 
recorded  by  the  best  indicators. 
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Examination  of  the  published  records  of  gas  vibrations  in 
bombs  and  in  engine  cylinders  reveals  that  with  com- 
paratively slow-burning  mixtures,  such  as  are  used  in  the 
spark-ignition  engine,  these  vibrations  are  generally  of  two 
types:  With  the  first  type  the  first  cycle  of  vibration  re- 
corded has  a larger  amplitude  than  any  of  the  later  vibra- 
tions and  the  decay  of  the  vibrations  is  gradual;  with  the 
second  type  both  the  buildup  and  the  decay  of  the  vibrations 
are  gradual.  A detonation  wave,  by  definition,  would  cause 
the  first  type  of  vibration  but  not  the  second.  With  auto- 
ignition ruled  out  as  a cause  of  the  first  type  of  vibration, 
the  detonation  wave  is  probably  the  only  known  physical 
phenomenon  that  could  cause  it.  This  type  of  vibration 
will,  therefore,  be  referred  to  hereinafter,  for  convenience, 
as  the  “detonation  wave^’  type  of  vibration.  The  many  in- 
vestigations that  have  shown  the  detonation-wave  type  of 
gas  vibration  in  bombs  or  engine  cylinders,  either  photo- 
graphically or  by  means  of  pressure  indicators,  include 
some  of  those  previously  mentioned  (references  5 to  7, 
18,  21,  26,  30,  34,  35,  and  38),  as  well  as  investigations 
by  Souders  and  Brown  (fig.  6 of  reference  44),  Boerlage, 
Broeze,  van  Driel,  and  Peletier  (reference  45),  and  Rothrock 
and  Spencer  (reference  46). 

The  type  of  vibration  having  a gradual  buildup  obviously 
requires  a gradual  feeding  in  of  energy  over  a period  of  many 
cycles.  This  gradual  feeding  in  of  energy  could  occur  only 
if  the  vibrations  themselves  affected  the  local  rates  of  com- 
bustion, or  energy  release,  in  such  manner  as  to  speed  up 
the  combustion  in  the  high-pressure  regions  relative  to  the 
low-pressure  regions.  Such  an  effect  would  cause  any  slight 
accidental  vibration  to  become  self-amplifying.  The  cause 
of  an  accidental  vibration  is  not  hard  to  find.  Ignition  at  a 
point  in  a vessel  will  unavoidably  send  forth  a pressure 
wave  which,  after  reflection  from  the  far  wall,  will  return 
to  the  point  of  ignition  and  may  speed  up  the  combustion 
upon  its  arrival.  Souders  and  Brown  at  the  University  of 
Michigan  (reference  44)  found  that  a very  pronounced 
occurrence  of  this  type  of  vibration  could  be  eliminated  by 
shortening  their  spark  commutator  contact  so  as  to  decrease 
the  intensity  of  the  pressure  disturbance  at  ignition.  The 
type  of  gas  vibration  having  a gradual  buildup  will  be 
referred  to  hereinafter  as  the  “vibratory  combustion”  type 
of  vibration. 

The  possibility,  of  course,  exists  that  the  inertia  and 
damping  characteristics  of  a pressure  indicator  might  cause 
it  to  indicate  a gradual  buildup  of  vibrations  even  though 
the  gas  vibrations  actually  were  of  the  detonation-wave 
type,  particularly  in  cases  where  the  vibration  frequency  is 
nearly  the  same  as  the  natural  frequency  of  the  indicator. 
The  failure  of  such  spurious  records  to  occur  in  practice, 
however,  is  indicated  by  the  fact  that  all  the  records  to 
be  found  in  the  literature  fall  very  distinctly  into  the 
detonation-wave  or  the  vibratory-combustion  type;  there  is 
apparently  no  middle  ground.  A middle  ground  would  be 
expected  when  the  detonation-wave  type  of  vibration  is 


modified  by  a pressure  indicator  with  only  slightly  too  much 
inertia  to  produce  a faithful  record. 

The  vibratory-combustion  type  of  vibration,  as  should  be 
expected,  generally  occurs  in  fairly  long  cylindrical  bombs, 
in  which  the  natural  frequency  is  comparatively  low  and  the 
total  time  of  flame  travel  is  comparatively  long.  Under  such 
conditions  this  type  of  vibration  may  occur  without  any 
evidence  of  autoignition,  hot-spot  ignition,  or  any  other  type 
of  combustion  except  the  normal  flame  from  the  igniting 
spark,  as  in  the  previously  mentioned  work  at  the  University 
of  Michigan  (figs.  5,  7,  and  13  of  reference  44). 

Gas  vibrations  of  the  vibratory-combustion  type  in  bombs 
have  also  been  shown  by  Hunn  and  Brown,  Kirkby  and 
Wheeler,  Loren tzen,  Duchene,  Wawrziniok,  and  Kochling 
in  references  47,  48,  49,  39,  50,  and  51,  respectively.  The 
photographs  by^  Kirkby  and  Wlieeler  show  how  the  vibra- 
tory combustion  requires  a bomb  of  considerable  length. 
Lorentzen  pointed  out  that  the  vibrations,  which  he  appar- 
ently believed  were  caused  by  the  same  phenomenon  as 
knock  in  the  engine  cylinder,  could  not  have  been  caused 
by  detonation  because  they  set  in  before  the  attainment  of 
maximum  pressure.  The  vibrations  shown  by  Duchene 
(records  21,  35,  and  36)  are  of  particular  interest  because 
they  developed  long  after  the  charge  had  been  completely 
inflamed,  yet  appear  to  have  been  built  up  gradually.  The 
work  by  Wawrziniok  showed  gradual  buildup  not  only  of 
the  vibrations  in  a bomb  but  also  of  the  air  vibrations  out- 
side a knocking  engine.  It  is  possible,  however,  that  the 
forced  vibrations  of  the  engine  walls  built  up  gradually 
even  with  a detonation-wave  type  of  gas  vibration  in  the 
combustion  chamber.  The  gradual  buildup  of  the  air 
vibrations  in  this  case  was  very  rapid  as  compared  with 
the  buildup  of  the  gas  vibrations  in  the  bomb;  in  fact,  this 
case  seems  to  be  the  middle  ground  that  is  lacking  in  indicator 
records  exposed  directly  to  gas  vibrations  within  the  com- 
bustion chamber. 

The  work  of  Maxwell  and  Wlieeler  (references  15,  16, 
and  52)  seems  unique  in  the  fact  that  they  appear  to  have 
encountered  both  vibratory  combustion  and  the  detonation- 
wave  type  of  vibration  in  the  same  explosion,  and  the  one 
occurring  just  before  the  end  of  the  flame  travel  and  the 
other  just  after  the  flame  front  reached  the  far  wall  of  the 
bomb.  There  seems  to  be  no  reason,  however,  why  the 
two  types  of  vibration  should  not  occur,  one  after  the  other 
in  the  same  combustion  cycle.  Moreover,  two  independent 
vibrations,  each  of  the  detonation-wave  type,  can  be  set 
up  one  after  the  other  in  the  same  combustion  cycle,  as  has 
been  shown  in  reference  9. 

The  excellent  streak  photographs  b}^  Pa^onan  and  Titman 
(reference  53)  are  probably  not  pertinent  to  the  present 
discussion  because  they  involve  only  much  faster-burning 
mixtures  than  are  ordinarily  used  in  spark-ignition  engines. 
Inasmuch  as  pressure- time  records  are  not  included  with 
the  photographs  by  Pa^unan  and  Titman,  any  discussion 
of  the  type  of  vibration  set  up  by  the  phenomena  shown 
in  those  pictures  would  be  only  speculation. 
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Detonation-wave  and  autoignition  theories  combined, — 
The  foregoing  discussion  clearl^^  indicates  a need  for  some 
kind  of  combination  of  the  detonation -wave  and  autoignition 
theories  of  knock,  inasmuch  as  the  occurrence  of  both 
autoignition  and  an  apparent  detonation  wave  has  been 
demonstrated  in  the  knocking  engine.  The  combined 
theory  proposed  herein  involves  an  affirmative  decision  on 
the  controversial  question  as  to  whether  afterburning  takes 
place  in  a volume  of  gas  for  a considerable  time  after  the 
flame  front  has  passed  through  that  volume  of  gas,  or  after 
the  entire  volume  of  gas  has  become  inflamed  through 
autoignition.  For  the  purpose  of  this  discussion  ^‘after- 
burning'' will  be  understood  to  mean  continued  oxidation 
of  combustible  or  any  other  reaction  that  causes  continued 
spontaneous  expansion  of  gases  or  pressure  increase  at 
constant  volume. 

If  the  concept  is  accepted  of  a bod}^  of  end  gas  inflamed 
throughout  its  entire  volume  by  autoignition,  then  it  would 
seem  reasonable  that  under  severe  conditions  such  an  in- 
flamed body  of  gas  might  be  highly  susceptible  to  the  prop- 
agation of  a detonation  wave  and  that  a detonation  wave 
traveling  through  the  inflamed  body  of  gas  might  be  the 
immediate  result  of  autoignition.  Such  a high  suscepti- 
bility to  the  detonation  wave  might  be  caused  not  onl}^  by 
the  high  temperature  within  the  inflamed  gases  but  by  high 
concentrations  of  molecular  fragments  that  might  be  of 
importance  in  the  propagation  of  the  detonation  wave. 
If  the  possibility  is  accepted  of  a detonation  wave  traveling 
through  a body  of  gas  previously  inflamed  by  autoignition, 
it  seems  almost  necessary  also  to  accept  the  possibility  of 
such  a wave  traveling  through  a body  of  gas  in  which  after- 
burning is  taking  place  behind  the  normal  flame  front.  In 
this  manner  a detonation  wave  could  develop  without 
I autoignition  after  the  entire  contents  of  the  combustion 
chamber  had  been  ignited  b}^  the  normal  flame  front.  Larger 
[ volumes  of  inflamed  gas  at  any  one  instant  would  be  expected, 

I however,  with  autoignition  than  without  autoignition; 
therefore,  a detonation  wave  should  be  expected  to  develop 
principally  in  the  autoigniting  end  gas  rather  than  in  after- 
burning gas  behind  the  flame  front. 

Concerning  the  possibility  of  burning  after  passage  of  the 
flame  front  through  a body  of  gas,  Withrow  and  Rassweiler 
in  reference  36  concluded  that  the  spectrum  of  the  after- 
glow emitted  by  such  supposedly  afterburning  gas  is  the  same 
as  that  emitted  during  the  CO-O2  reaction  and  caused  by 
active  CO,  O2,  CO2,  or  O3  molecules.  They  suggested  that 
the  H2+C02<=^C0+H20  reaction  is  in  equihbrium  after 
the  flame  front  has  passed  and  that  the  afterglow  is  due 
to  a readjustment  of  the  equilibrium  when  the  pressure 
and  consequent!}^  the  temperature  are  increased.  They 
remarked:  “The  distribution  of  intensity  of  the  afterglow 
throughout  the  combustion  chamber  accords  well  with  the 
idea  that  the  emission  is  by  carbon  dioxide  heated  by  the 
increase  in  pressure  brought  about  by  combustion  of  the 
rest  of  the  charge." 

The  suggestion  that  afterglow  is  entirely  caused  by  read- 
justment of  equilibrium  due  to  compression  does  not  seem 


compatible  with  the  results  of  Stevens'  work  at  the  National 
Bureau  of  Standards  with  a soap-bubble  bomb  in  wliich 
no  appreciable  compression  of  the  earlier-burned  gas  by  the 
later-burned  gas  was  possible.  Some  of  Stevens'  streak 
photographs  show  very  considerable  afterglow  (references 
54  to  56).  On  the  other  hand  two  of  his  photographs 
(references  57  and  58)  show  only  the  trace  of  the  luminous 
flame  front  without  afterglow. 

Other  sound  explanations  of  the  afterglow  may  exist 
independent  of  the  concept  of  afterburning,  but  the  possibil- 
ity of  other  explanations  only  precludes  use  of  the  afterglow 
as  support  for  the  afterburning  hypothesis;  that  is,  the 
possibility  of  such  explanations  may  not  be  regarded  as 
evidence  against  afterburning. 

Lewds  and  von  Elbe  in  reference  59  have  regarded  Stevens' 
results  (references  56  and  57)  as  evidence  against  the  concept 
of  afterbiuning,  stating  “ * * * thousands  of  explo- 
sions * ♦ * failed  to  reveal  the  slightest  indication  of 

further  expansion  of  the  burned  sphere  after  the  flame  had 
traveled  across  the  entire  gas  mLxtm'e."  If  close  measure- 
ments are  made  on  figure  2 of  Stevens'  1923  repoi^t  (refer- 
ence 54)  and  figure  2 of  his  1930  report  (reference  56)  it  seems 
questionable  whether  a positive  statement  can  be  made  that 
these  figures  show  not  even  the  slightest  continued  expansion 
of  the  luminous  zone  after  the  constant- velocity  expansion  of 
the  spherical  shell  of  flame  had  come  to  an  end.  (The  end 
of  the  cons t an t-velo city  expansion  of  the  flame  shell  seems 
to  be  the  only  means  of  determining  from  the  photographs 
when  the  flame  “had  traveled  across  the  entire  gas  mixture.") 
In  one  of  the  flame  traces  of  figure  4 of  reference  58  in  which 
the  afterglow  is  absent,  continued  expansion  is  plainly  visible 
after  completion  of  the  constant-velocity  expansion  of  the 
flame  shell.  The  printed  reproductions  of  photographs  in 
reference  55  show  the  flame-front  trace  too  indistinctly  for 
judgment  on  continued  expansion  after  completion  of  the 
constant-velocity  expansion.  Figure  2 of  reference  54  shows 
luminosity  fading  progressively  from  the  outer  edge  of  the 
luminous  sphere  toward  the  center  after  some  slight  expan- 
sion has  possibly  taken  place;  the  progressive  fading  is 
probably  caused  by  rapid  cooling  of  the  outer  shell  of  hot 
gases  after  the  combustion  is  nearly  complete.  Figure  4 of 
a report  by  Randolph  and  Silsbee  (reference  60),  obtained 
with  the  same  Bureau  of  Standards  apparatus  as  used  by 
Stevens,  shows  continued  expansion  most  distinctly  after 
completion  of  the  constant-velocity  expansion.  A considera- 
tion that  must  always  be  given  attention  in  Stevens'  photo- 
graphs, as  Avell  as  in  all  photographs  taken  by  flame  radia- 
tions, is  the  fact  that  these  photographs  may  not  represent 
the  true  flame  front  because  of  low  luminosity  in  the  early 
stages  of  burning  and  because  of  the  finite  exposure  time 
required  to  make  a record  on  the  photosensitive  material. 

The  experimental  work  reported  and  the  arguments 
advanced  by  Lewis  and  von  Elbe  in  reference  59  were  con- 
cerned mainly  with  the  question  of  whether  combustion  in  a 
cons  tan  t-volume  bomb  is  complete  at  the  time  peak  pressure 
is  reached  and  not  with  the  question  of  whether  peak  pressure 
is  reached  at  the  instant  the  flame  front  has  passed  through 
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the  last  increment  of  gas.  The  afterburnmg  requu'ed  by  the 
proposed  combined  detonation-wave  and  aiitoignition  theory 
would  cover  a time  interval  of  an  enthely  lower  order  than 
that  considered  in  the  question  of  whether  combustion  is 
complete  at  the  instant  of  maximum  pressure.  The  onl}^ 
consideration  offered  by  Lewis  and  von  Elbe,  other  than  the 
photographs  of  Stevens,  that  would  have  a bearing  on  the 
question  of  afterburning  on  the  smaller  time  scale  is  the 
suggestion  that  with  afterburning  the  sharp  breaks  obtained 
with  fast-burning  mLxtures  between  the  rising  pressure  curve 
and  the  cooling  curve  would  not  occur.  By  the  same  token 
it  might  be  suggested  that  the  extremely  flat  pressure  maxima 
of  slower-burning  mixtures,  such  as  shown  in  figure  16  of 
reference  7,  would  not  occur  if  there  were  no  afterburning. 

Probabl}^  the  strongest  experimental  evidence  against 
afterburning  is  the  worlc  presented  in  papers  by  General 
Motors  mvestigators.  Tests  with  a sampling  valve  (refer- 
ence 61)  showed  that  free  oxygen  disappeared  from  the 
charge  immediately  after  passage  of  the  flame  front,  but  this 
evidence  is  open  to  the  question  of  whether  biuming  was  not 
completed  after  the  gases  were  removed  from  the  combustion 
chamber  b}^  the  sampling  valve.  The  General  Motors  in- 
vestigators also  checked  flame-front  positions  as  shown  by 
high-speed  motion  pictures  against  pressure  rise  obtained 
from  indicator  records.  (See  references  62  to  64.)  The 
results  indicated  completion  of  burning  at  the  flame  front, 
with  some  exceptions  in  reference  64.  This  evidence  is  open 
to  the  previously  mentioned  objection  that  the  photographs 
ma}^  not  show  the  true  flame  front.  The  agreement  between 
flame-front  positions  as  shown  by  the  photographs  and  as 
calculated  from  the  pressure  records  on  the  assumption  of 
complete  combustion  in  the  flame  front  ma}^  be  a coincidence 
or  the  greater  part  of  the  combustion  ma}^  actuall}^  be  com- 
pleted in  a very  small  part  of  the  deep  combustion  zone. 

That  the  General  Motors  photographs  ma}^  not  actuall}^ 
have  recorded  the  true  flame  fronts  is  indicated  b}^  some  of 
the  NACA  schlieren  photographs  of  reference  7.  In  this 
work  it  was  shown  that  peak  pressure  was  reached,  at  top 
center,  veiy  nearly  at  the  same  time  that  the  schlieren  flame 
pattern  completely  disappeared  from  the  high-speed  motion 
pictures,  or  about  10°  of  crank  angle  at  500  rpm  after  the 
flame  front  had  completely  filled  the  chamber.  This  finding 
that  peak  pressure  at  constant  volume  coincides  with  the 
final  fadeout  of  the  schlieren  flame  pattern  is  supported  by 
the  previous  demonstration  of  the  same  fact  in  a bomb  by 
Lindner  (reference  65). 

Other  evidence  in  favor  of  the  concept  of  afterburning  has 
been  furnished  by  various  investigators.  The  ionization 
records  obtained  by  Hastings  (reference  42)  showed  ioniza- 
tion persisting  over  20°  to  30°  of  crank  angle  at  2000  rpm 
with  normal  combustion.  With  his  records  of  ionization  in 
the  end  zone  during  knock,  the  persistence  had  only  a 
fraction  of  that  magnitude.  He  attributed  the  difference  to 
the  much  faster  combustion  in  the  end  zone  during  knock. 
It  is  of  interest,  in  Hastings'  records  of  ionization  with  normal 
combustion,  that  the  ionization  did  not  decrease  steadily 
after  passage  of  the  flame  front  but  irregularly  with  even 
several  sharp  increases  in  ionization  after  the  original  passage 
of  the  flame  front. 


Souders  and  Brown  (reference  44)  with  their  streak  photo- 
graphs and  simultaneous  pressure  records  of  combustion  in 
a constant-volume  bomb  noted  an  appreciable  increase  in 
pressure  after  the  flame  front  reached  the  end  of  the  bomb. 
Marvin  and  Best  (reference  66),  observing  flame  strobo- 
scopicaUy  through  small  windows  mounted  in  a cylinder 
head,  reported  pressure  rise  after  complete  inflammation  of 
the  charge  with  very  low  compression  ratios.  Wavuziniok 
in  reference  55  found  maximum  pressure  developing  in  his 
bomb  considerably  after  the  flame  front  had  ionized  a gap 
at  the  end  of  the  bomb.  In  this  case  the  ionization  gap 
was  located  at  the  most  distant  position  in  a hemispherical 
end  of  the  bomb  so  that  error  due  to  curvature  of  flame 
front  was  minimized;  yet  the  lag  between  ionization  of  this 
gap  and  peak  pressure  was  about  20  percent  of  the  total 
burning  time.  Marvin,  Caldwell,  and  Steele  (reference  67) 
observed  that  total  radiation  from  burning  gases  increased 
after  inflammation  throughout  a time  interval  equivalent 
to  about  20°  of  crankshaft  rotation  at  600  rpm. 

Bureau  of  Standards  investigators  (reference  68),  taking 
streak  photographs  of  combustion  in  a spherical  bomb, 
suspended  fine  grains  of  gunpowder  at  various  points  on  a 
diameter  of  the  bomb  by  means  of  human  hairs.  With 
central  ignition,  the  brilliantly  burning  grains  of  gunpowder 
continued  to  move  toward  the  center  of  the  bomb  for  some 
time  after  the  flame  reached  the  wall  of  the  bomb.  This 
experiment  seems  to  be  particularly  strong  evidence  of 
afterburning, in  the  outer  parts  of  the  bomb. 

Lewis  and  von  Elbe  have  done  work  determining  the 
tempera tiue  zones  in  burner  flames  in  reference  69.-  Much 
uncertainty  would  be  involved,  however,  in  applying  the 
results  to  the  much  different  conditions  existing  in  engine 
combustion. 

In  a discussion  of  combustion  in  a turbulent  stream 
(reference  70)  Shelkin  has  drawn  a model  of  flame  structure 
that  might  well  apply  under  the  highly  turbulent  conditions 
existing  during  combustion  in  the  engine  cylinder.  Accord- 
ing to  this  model,  the  turbulence  in  the  flame  front  causes 
the  flame  to  advance  in  microscopic,  or  near-microscopic, 
tongues.  The  structure  behind  the  flame  front  is  cellular; 
the  cell  walls  constitute  burning  gas  and  the  interiors  of  the 
cells  constitute  unignited  gas.  According  to  this  model,  the 
unignited  gas  within  each  cell  is  gradually  consumed  as  the 
flame  front  progresses  beyond  the  cell.  With  this  structure, 
in  the  microscopic  sense  the  burning  zones  might  all  be  very 
tliin;  in  the  microscopic  sense  a deep  afterburning  zone  would 
exist  beyond  the  flame  front.  In  any  event,  the  preponder- 
ance of  experimental  evidence  available  at  this  time  appears 
to  favor  the  existence  of  a rather  deep  zone  of  combustion 
behind  the  flame  front  in  the  engine  cylinder,  though  the 
main  part  of  the  combustion  may  take  place  only  within  a 
small  part  of  this  zone.  "V\^ether  the  combustion  zone  is 
cellular  on  the  microscopic  scale  or  only  on  a submicroscopic 
molecular  scale  does  not  seem  important  in  the  presentation 
of  the  combined  theory  of  knock.  In  either  case  there  is  a 
possibility  that  the  gases  in  the  combustion  zone  may  be 
peculiarly  susceptible  to  the  propagation  of  a detonation 
wave,  and  the  available  evidence  on  this  point  should  be 
carefully  considered. 
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The  concept  of  aiitoignition  followed  by  the  development 
of  a detonation  wave  was  given  passing  attention  in  the 
previously  quoted  remarks  of  Woodbury,  Lewis,  and  Canby 
in  reference  26.  Among  the  streak  photographs  of  auto- 
ignition resulting  from  quick  compression  of  the  charge  in 
a glass  tube  presented  hj  Dixon  and  his  coworkers  (refer- 
ences 31  and  32)  were  included  some  records  of  what  they 
believed  to  be  detonation  waves.  Dixon  and  his  coworkers 
pointed  out  the  fact  that  the  development  of  the  detonation 
wave  was  always  preceded  by  autoignition  at  some  point 
within  the  charge.  The  concept  of  the  development  of  a 
detonation  wave  in  autoigniting  end  gas  has  also  been  sug- 
gested by  Boerlage  and  van  Dyck  in  reference  71.  They^ 
pointed  out  that  “simultaneous  combustion^^  at  the  begin- 
ning should  be  considered  as  a slow  pressure  rise  in  compari- 
son with  “true  detonation”  but  that  it  ultimately  may  have 
the  same  character.  The  reverse  concept,  autoignition 
triggered  by  a shock  wave,  has  been  suggested  by  Dreyhaupt 
in  reference  72. 

The  concept  of  autoignition  followed  by  the  development 
of  a detonation  wave  is  consistent  with  the  high-speed 
motion  pictures  presented  in  various  NACA  reports  (refer- 
ences 5 to  9)  if  the  explosive  knock  reaction  is  considered  to 
be  a detonation  wave.  In  these  photographs,  in  most  cases 
where  end  gas  was  visible  at  the  time  of  the  explosive  knock 
reaction,  this  reaction  has  been  preceded  by  some  form  of 
apparent  autoignition.  In  one  case  the  apparent  auto- 
ignition developed  at  definite  centers  within  the  end  gas  and 
spread  out  in  all  directions  from  those  centers  to  fill  the  end 
zone  before  the  explosive  knock  reaction  occurred.  (See 
fig.  10  of  reference  9 on  preknock  vibrations.)  In  another 
case  the  autoignition  began  at  the  chamber  wall  and  propa- 
gated throughout  the  end  zone  before  the  explosive  knock 
reaction  occurred.  (See  fig.  12  of  reference  9.)  In  this  case 
the  visible  explosive  knock  reaction  was  light.  In  other 
cases  the  autoignition  developed  uniformly  and  simultane- 
ously throughout  the  end  zone  before  the  explosive  knock 
reaction  occurred.  (See  fig.  5 of  the  preliminary  report, 
reference  5.)  In  yet  other  cases  autoignition  was  not  clearly 
viable  in  the  photographs  but  a visible  vibration  of  the  gases 
of  the  detonation-wave  type  was  set  up  before  the  explosive 
knock  reaction  occiuTed  (reference  9).  The  occurrence  of  a 
visible  vibration  before  the  explosive  knock  reaction  is  an 
effect  apparently  not  frequently  encountered.  It  appears 
likely  that  this  phenomenon  is  comparable  with  the  explosive 
knock  reaction  in  speed  and  it  may,  therefore,  be  a mild 
detonation  wave  followed  later  by  the  development  of  a 
many-times  more-powerful  detonation  wave. 

The  evidence  of  the  NACA  high-speed  schlieren  photo- 
graphs of  references  5 to  9 is  open  to  the  criticism  that  the 
end-zone  reactions  shown  before  knock  may^  not  represent 
true  flame  because  the  schlieren  sj^stem  may’^  reveal  reactions 
much  less  intense  than  flame  combustion.  The  same 
phenomenon  has  been  shown,  however,  in  photographs 
exposed  by  direct  flame  radiation  presented  by  Rotlirock 
and  Spencer  (reference  46).  With  18-  and  30-octane  fuels 
at  a compression  ratio  of  7,  photographs  taken  at  about 
2000  frames  per  second  (fig.  7 of  the  report  by  Rothi’ock  and 
Spencer)  showed  autoignition  in  the  end  gas  one  frame  before 
the.  development  of  the  brilliant  illumination  caused  by 


knock.  In  the  same  paper  Rotlirock  and  Spencer  showed 
that  this  brilliant  illumination  coincided  chronologically 
with  the  beginning  of  the  gas  vibrations. 

The  concept  of  a detonation  wave  set  up  in  afterburning 
gases  behind  the  normal  flame  front  has  been  proposed 
previously  by  Max^vell  and  Wheeler  in  references  15,  16, 
and  52.  In  streak  photographs  of  combustion  in  a bomb 
with  knocking  fuels  they  found  only  very  faint  afterglows 
behind  the  flame  front  during  the  travel  of  the  flame  thi'ough 
the  bomb.  After  the  flame  had  traveled  completely  through 
the  charge  they  observed  an  extremely  high-speed  travel  of 
a more  brilliant  glow  through  the  chamber.  With  non- 
knocking fuels,  however,  the  afterglow  behijid  the  normal 
flame  front  was  brilliant.  They  reported  invariably  a 
correlation  between  the  pinking  tendencies  of  fuels  and  the 
lack  of  brilliancy  in  the  afterburning,  and  they  reported 
that  the  addition  of  ethyl  ether  or  amyl  nitrate  to  a fuel 
decreased  the  brilliance  of  the  afterglow,  and  that  decom- 
posed tetraethyl  lead  increased  the  brilliance  of  the  afterglow. 
These  investigators  concluded  in  part  that  the  tendency  to 
knock  was  dependent  on  slow  afterburning,  leaving  sufficient 
energy  behind  the  flame  front  to  maintain  a shock  wave 
(detonation  wave)  set  up  by  collision  of  the  flame  front  with 
the  chamber  wall.  Loren tzen  in  reference  49  found  evidence 
from  experiments  with  a combustion  bomb  that  he  believed 
supported  the  theory  proposed  by  MaxAvell  and  Wheeler. 
The  finding  that  knocking  fuels  show  less  brilliant  afterglows 
than  nonknocking  fuels  has  been  verified  by  Duchene 
(reference  39)  and  by  Rothiock  and  Spencer  (reference  46). 
Rothrock  and  Spencer  have  also  presented  in  figure  12  of 
the  same  paper  2000-frame-per-second  motion  pictures  of 
combustion  of  65-octane  gasoline  in  which  the  combustion 
chamber  was  entirely  inflamed  before  the  occurrence  of 
knock,  as  indicated  by  very  brilliant  reilluminatioivof  the 
entire  chamber.  In  figure  4 of  one  of  the  NACA  reports 
(reference  6)  a knocking  reaction  is  seen  to  have  occurred 
not  only  after  complete  iiiflammation  of  the  cylinder  charge 
but  even  so  late  that  the  schlieren  combustion  pattern  was 
almost  gone. 

The  combined  detonation-wave  and  autoignition  theory, 
to  be  complete,  must  account  for  the  fact  that  combustion 
cycles  involving  nothing  more  than  simple  autoignition  have 
been  found  by  General  Motors  investigators  in  references  33, 
36,  and  37  and  have  been  regarded  by  those  investigators  as 
knocking  cycles.  It  is  clear  that  gas  vibrations  can  cause 
forced  vibrations  of  the  combustion-chamber  walls  of  the 
same  frequency  as  the  gas  vibration’s  and  thus  cause  a high- 
pitched  ping.  As  gas  vibrations  apparently  did  not  occur 
.in  the  combustion  cycles  reported  in  those  papers,  however, 
the  question  naturally  arises  as  to  the  cause  of  the  knock 
that  was  heard.  The  only  possible  answer  appears  to  be 
that  the  knocking  sound  was  due  to  natural  vibrations  of 
engine  parts. 

The  autoignition  that  occurred  in  the  General  Motors 
investigations  has  been  seen  to  requue  a period  of  approxi- 
matel}’^  one-thousandth  part  of  a second  for  its  completion. 
The  sharp  increase  of  pressui^e  in  the  combustion  chamber 
within  the  period  of  one-thousandth  part  of  a second  could 
set  up  natural  vibrations  in  some  of  the  stressed  engine 
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parts.  The  enei'gy  imparted  to  the  natural  vibrations  by 
the  autoignition  would,  in  general,  be  greater  in  the  case  of 
low-frequency  vibration  than  in  the  case  of  high-frequency 
vibration.  The  influence  of  vibration  frequency  on  the 
energy  imparted  to  the  vibration  b}^  the  autoignition  could 
be  determined  mathematical!}^  only  if  definite  information 
were  available  as  to  the  rate  at  which  energy  is  released  by 
autoignition  at  each  instant  thi'oughout  the  autoignition 
process.  Though  no  such  information  is  available,  the 
experimental  evidence  at  least  indicates  that  energy  is 
released  by  the  autoignition  in  such  a manner  that  it  does 
not  excite  appreciable  vibration  of  the  gases.  It  may, 
therefore,  be  reasonably  assumed  that  the  autoignition 
would  excite  natm*al  vibrations  of  the  stressed  engine  parts 
only  in  such  modes  as  have  a natiual  frequency  considerably 
less  than  the  natural  frequency  of  the  vibrating  gases. 

The  suggestion  that  knock  is  due  to  vibration  of  engine 
parts  caused  by  autoignition  and  that  pink  is  caused  by 
gas  vibrations  had  previously  been  made  by  Boerlage  and 
his  CO  workers  (references  19,  45,  and  71). 

Summary  of  literature-based  argument  for  combined 
knock  theory. — The  following  facts  appear  to  be  supported 
by  the  weight  of  experimental  evidence: 

1.  Autoignition  of  comparatively  large  bodies  of  end  gas 
occurs  too  slowly  under  certain  conditions  to  produce  audible 
gas  vibrations. 

2.  Under  suitable  conditions  one  or  both  of  two  types  of 
gas  vibration  may  occur,  the  detonation-wave  type  and  the 
vibratory-combustion  type. 


3.  Either  type  of  gas  vibration  may  occur  independently 
of  autoignition,  but  under  some  conditions  the  detonation- 
wave  type  of  gas  vibration  tends  to  occur  very  soon  after 
slow  autoignition  has  taken  place. 

4.  Under  suitable  conditions  apparent  detonation  waves 
can  develop  in  the  engine  cylinder. 

5.  Under  a wide  range  of  conditions,  either  combustion 
continues  for  a distance  sometimes  as  great  as  several  inches 
behind  the  flame  front  or  some  adjustment  of  equilibrium 
takes  place  tlmough  the  same  distance,  resulting  in  increased 
pressme,  continued  ionization,  and  continued  emission  of 
light. 

The  foregoing  facts,  supported  by  the  experimental  evi- 
dence, suggest  the  following  explanation  of  knock  in  the 
spark-ignition  engine: 

(a)  Knock  of  a comparatively  low  pitch  is  caused  by 
simple  autoignition  of  end  gas  at  a rate  too  slow  to  produce 
audible  gas  vibrations. 

(b)  Knock  involving  both  low-  and  high-pitched  tones 
may  be  caused  by  autoignition  followed  by  the  development 
of  a detonation  wave  in  the  autoignited  gases. 

(c)  Knock  of  high  pitch  may  be  caused  by  a detonation 
wave  in  afterburning  gases  behind  the  flame  front.  This 
detonation  wave,  having  originated  in  the  afterburning  gases 
behind  the  flame  front,  may  also  pass  through  unignited 
end  gas. 

This  explanation  of  knock  harmonizes  with  the  findings 
of  the  NAG  A photographic  knock  investigations  that  will 
be  summai'ized  in  the  second  part  of  this  section. 


Figure  l-l.— Old  combustion  apparatus. 
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Figtre  1-2.— Full-view  combustion  apparatus. 


REPORT  OF  FINDINGS  OF  NACA  PHOTOGRAPHIC  KNOCK  INVESTIGATIONS 

Apparatus  and  operating  conditions. — The  high-speed 
motion  pictures  presented  and  discussed  herein  have  in 
part  been  selected  from  previously  published  data  (refer- 
ences 5 to  11)  obtained  with  the  high-speed  and  ultra-high- 
speed motion-picture  camera  (references  1 to  3)  and  the 
NACA  combustion  apparatus.  Most  of  the  work  was  done 
with  the  old  combustion  apparatus  described  in  references 


5 and  46.  A small  part  of  the  work  was  done  with  a newer 
combustion  apparatus.  A diagrammatic  sketch  of  the  old 
combustion  apparatus  is  shown  in  figure  I-l;  the  newer 
apparatus  in  figure  1-2.  The  old  combustion  apparatus  is 
a single-c^dinder  engine  of  5-inch  bore  and  7-inch  stroke, 
with  glass  windows  in  the  cylinder  head  and  a glass  mirror 
on  the  piston  top,  as  shown  in  the  figure.  The  visible  part 
of  the  combustion  chamber  is  4^  inches  long,  as  shown  at 
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frame  G-20  in  figure  1-3.  The  newer  combustion  appara- 
tus (fig.  1-2)  was  designed  to  provide  a view  of  the  enthe 
combustion  chamber.  This  engine  has  a bore  of  4}^  inches 
and  a 7-inch  stroke.  Aii*  for  combustion  is  forced  into 
the  c^dinder  tlnough  ports  uncovered  b}^  the  piston  at  the 
bottom  of  its  stroke  and  escapes  tluwigh  other  ports  on 
the  opposite  side  of  the  cylinder.  The  pressiu-e  before  the 
start  of  compression  in  this  engine  is  controlled  by  means 
of  the  back  pressure  applied  outside  the  escape  ports. 

The  optical  arrangements  for  schlieren  photography  (ref- 
erences 5 and  11)  vdll  not  be  redescribed  herein,  except  to 
state  that  with  each  of  the  combustion  apparatus  the  schlieren 
photogi*aphs  were  taken  b}^  externally  supplied  light  pro- 
jected into  the  combustion  chamber  through  the  glass  win- 
dows and  then  reflected  back  out  tlnmigh  the  glass  windows 
to  the  high-speed  camera  by  the  mirror  on  the  piston  top. 

In  all  the  investigations  in  which  the  combustion  apparatus 
has  been  used,  the  engine  has  been  driven  by  an  electric 
motor  and  operated  under  its  own  power  for  only  one  com- 
bustion cycle  in  each  run;  in  each  case  the  entire  series  of 
photographs  was  taken  during  the  single  combustion  cycle. 
Solid  injection  of  fuel  was  used  and  fuel  was  injected  only  for 
the  single  power  cycle.  With  the  old  combustion  apparatus 
the  fuel  was  injected  on  the  inlet  stroke;  with  the  newer  full- 
view  apparatus  it  was  injected  early  in  the  compression 
stroke.  The  engines  were  heated  prior  to  the  motoring 
period  and  kept  hot  during  the  motoring  period  by  the 
circulation  of  heated  glycerin  through  the  coohng  passages  of 
cylinder  and  head.  All  of  the  investigations  have  been  made 
with  glycerin  temperature  approximately  at  250®  F leaving 
the  cylinder  and  head.  The  investigations  have  all  been  made 
with  an  engine  speed  of  approximately  500  rpm.  Spark 
timings  and  spark-plug  positions  were  selected  to  produce 
knock  at  top  center  mth  the  end  gas  usually  well  within  the 
field  of  view.  Other  engine  operating  conditions  and  the 
fuels  used  wiU  be  stated  in  the  discussions  of  the  individual 
tests.  Atmospheric  intake  was  always  used  with  the  old 
combustion  apparatus. 

Normal  nonknocking  combustion. — Figure  1-3  of  this 
paper  is  a reproduction  of  figm^e  3 of  the  preliminary  report 
(reference  5).  This  figure  shows  the  normal  process  of 
smooth  nonknocking  combustion.  Only  one  spark  plug  was 
used,  in  E position.  (See  fig.  I-l.)  The  injection  valve 
was  in  J position.  (See  fig.  I-l.)  The  fuel  was  S-1  refer- 
ence fuel;  spark  timing,  20®  B.  T.  C.;  compression  ratio,  7.0; 
and  fuel-air  ratio,  approximately  0.08. 

Throughout  this  paper  the  individual  frames  of  figure  1-3 
and  other  figures  will  be  referred  to  as  frame  A-1,  meaning 
the  first  frame  of  row  A,  frame  D-8,  meaning  the  eighth 
frame  of  row  D,  and  so  on.  The  order  in  which  the  pictiu*es 
were  taken  is  from  left  to  right  through  the  fii'st  row,  frame 
A-1  through  frame  A-20,  then  from  left  to  right  through  the 
second  row,  frame  B-1  through  B-20,  and  so  on. 

In  the  fii’st  few  frames  of  row  A of  figure  1-3  the  flame 
from  the  igniting  spark  is  just  coming  into  view.  A large 
black  spot  appears  at  the  upper  left-hand  corner  of  each  of 
these  frames.  Tliis  large  dark  spot  is  due  to  an  imperfection 
in  the  scldieren  system  and  has  nothing  to  do  with  the  com- 
bustion. The  flame  coming  into  view  in  these  frames  is 
barely  visible  as  a small  dark  spot  at  the  central  upper  edge 


of  each  frame.  The  increase  in  size  of  the  flame  between 
one  frame  and  the  next  is  extremely  small  because  the  time 
interval  involved  is.  only  1/40,000  second,  that  is  25  micro- 
seconds. The  flame  very  gradually  grows  larger  throughout 
the  first  five  rows  of  frames,  A to  E.  In  frame  E-10  the 
flame  has  grown  until  it  covers  almost  the  upper  half  of  the 
frame  as  a dark  mottled  cloud.  Although  these  photographs 
are  actually  positive  prints,  the  flame  is  seen  as  a dark  mottled 
cloud  because  of  its  effect  on  the  externally  supplied  fight. 
The  photographs  were  taken  too  fast,  and  the  lens  aperture 
was  too  small,  for  the  flame  to  be  photographed  by  the  fight 
radiated  by  it.  The  burning  region  appears  to  scatter  the 
externally  supplied  light  so  that  it  does  not  get  through  to 
the  camera  lens.  The  burning  region  consequently  shows 
up  as  a dark  cloud  in  contrast  mth  the  areas  where  no  com- 
bustion is  proceeding.  The  externally  supplied  light  passes 
tlu'ough  the  nonburning  areas  uninterrupted  to  the  camera 
lens  and  causes  a fairly  uniform  white  appearance  of  these 
areas  in  the  positive  prints.  For  reasons  that  will  be  ex- 
plained it  is  believed  that  all  of  the  dark  mottling  visible  in 
the  upper  half  of  frame  E-10  is  indicative  of  continuing  com- 
bustion. In  this  frame,  therefore,  the  apparent  depth  of  the 
flame  in  the  direction  of  flame  travel  is  approximately  2 
inches.  It  is  not  known  to  just  what  extent  this  apparent 
depth  is  real  and  to  what  extent  it  is  caused  by  tonguing  of 
the  flame.  To  explain  the  apparent  depth  entirely  on  the 
basis  of  flame  tonguing,  however,  would  require  a quite 
illogical  assumption  that  the  flame  is  always  much  more 
extensively  tongued  in  the  planes  that  camiot  be  seen  in  the 
photographs  than  in  the  plane  that  is  seen  in  the  photographs. 
(The  distance  tlirough  the  combustion  chamber  in  the  fine 
of  sight  from  the  surface  of  the  mirror  on  the  piston  top  to 
the  under  surface  of  the  inner  glass  window  is  approximately 
1 in.)  The  appearance  of  frame  E-10  of  figure  1-3  is  quite 
typical  of  this  stage  of  combustion  in  all  photographs  taken 
under  the  same  conditions.  The  leading  edge  of  the  flame 
as  seen  in  frame  E-10  is  somewhat  irregular  but  does  not 
show  any  such  pronounced  tonguing  as  would  be  required  to 
explain  the  presence  of  mottling  tliroughout  the  entire  area 
behind  (above)  the  flame  front. 

In  the  frames  of  rows  F,  G,  and  H the  flame  front  slowly 
advances  downward  to  a position  (in  frame  H-20)  about 
two-thirds  of  the  way  across  the  chamber  from  the  point  of 
ignition.  At  the  same  time  the  dark  mottling  disappears 
tlu'oughout  most  of  the  area  behind  (above)  the  flame  front, 
so  that  in  frame  H-20  the  apparent  combustion  zone  ex- 
tends only  a short  distance  backward  from  the  flame  front. 
This  narrowing  of  the  combustion  zone  as  the  flame  front 
travels  tlnough  the  central  part  of  the  chamber  is  also 
typical  of  the  photographs  taken  under  these  conditions. 
In  the  frames  of  rows  I to  M the  flame  front  slowly  completes 
its  travel  to  the  extreme  end  (lower  end)  of  the  combustion 
chamber.  After  the  flame  front  reaches  the  extreme  end 
of  the  chamber  in  frame  M-20,  the  mottled  combustion 
zone  gradually  dissolves  in  the  frames  of  rows  N,  O,  and  P, 
leaving  a clear  white  field  throughout  the  entire  area  of  the 
chamber  in  frame  P-20. 

It  may  be  noted  that  the  dark  spot  which  was  visible  in 
the  upper  left-hand  corners  of  the  early  frames  of  row  A is 
not  visible  in  the  frames  of  row  P.  This  spot,  caused  by 
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imperfection  of  the  optical  system,  moved  about  because  of 
rocking  of  the  piston  at  top  center  and  had  moved  com- 
pletely out  of  the  field  of  view  in  the  frames  of  row  P. 

From  the  standpoint  of  a study  of  knock,  the  most  im- 
portant feature  of  the  normal  combustion  photographs  of 
figure  1-3  other  than  the  apparent  depth  of  the  combustion 
zone  is  the  fact  that  all  stages  of  the  combustion  process 
appear  slow  and  smooth.  When  the  photographs  are  pro- 
jected on  a motion-picture  screen  the  entire  process  is 
slowed  down  so  that  it  resembles  the  motion  of  a storm 
cloud.  After  the  combustion  is  completed  and  the  mottled 
zone  has  faded  out  the  gases  in  the  combustion  chamber  are 
very  quiescent,  a condition  contrasting  decidedly  with  the 
appearance  after  a knocking  combustion. 

Nonknocking  combustion  with  preignition  from  hot  spot. — 
Figure  1-4,  a reproduction  of  figure  7 of  reference  5,  shows  a 
combustion  process  with  the  same  fuel  and  the  same  engine 
operating  conditions  as  those  of  figure  1-3  but  with  ignition 
from  a hot  spot  as  well  as  from  the  spark  plug.  The  spark 
plug  was  again  in  E position  (see  fig.  I-l),  but  an  electrically 
heated  coil  was  inserted  by  means  of  a special  plug  at  F 
position  (see  fig  I-l)  and  the  current  through  this  coil  was 
adjusted  to  such  a value  that  the  cod  would  ignite  the  fuel- 
air  mixture  at  an  earlier  time  than  the  igniting  spark  at  the 
plug  in  E position. 

When  the  camera  shutter  opened  for  the  shot  of  figure 
1-4,  in  the  first  few  frames  of  row  A,  the  flame  from  the  hot 
spot  had  already  come  well  into  the  field  of  view.  The 
flame  from  the  spark  plug  comes  into  view  in  the  later 
frames  of  row  E and  the  earher  frames  of  row  F,  visible  at 
the  top  of  each  frame  as  a whitish  spot.  In  this  case  the 
flame  shows  up  white  by  contrast  with  the  dark  spot  caused 
by  the  imperfection  of  the  schheren  system.  Wlien  the 
flame  gets  well  out  into  the  white  part  of  the  field  of  view 
in  row  J it  again  shows  up  as  a dark  mottled  region  as  in 
figure  1-3.  The  flame  from  the  spark  plug  and  the  flame 
from  the  hot  spot  merge  in  the  frames  of  rows  J and  K and 
the  mottled  combustion  zone  very  gradually  dissolves  in 
the  frames  of  rows  L to  P.  In  this  case  in  the  frames  of  row 
P the  dark  spot  at  the  upper  left-hand  corners  of  the  frames, 
caused  by  imperfection  of  the  schheren  system,  is  still 
visible.  Again  it  has  no  significance  relative  to  the  com- 
bustion process. 

From  examination  of  the  photographs  of  figure  1-4  as 
stills,  as  well  as  from  observation  of  these  photographs  as  a 
motion  picture  projected  on  the  screen,  it  must  be  con- 
cluded that  the  entire  combustion  process  is  just  as  smooth 
and  gradual  as  with  the  normal  nonknocking  combustion 
process  of  figure  1-3.  After  the  mottled  combustion  zone 
has  faded  out  the  gases  again  appear  very  quiescent,  in  con- 
trast with  the  appearance  after  a knocking  combustion. 
The  photographs  of  hot-spot  ignition  clearly  show  that  this 
type  of  ignition  is  not  a direct  cause  of  knock. 

Preliminary  view  of  knock. — Figure  1-5  of  this  paper  is 
the  same  as  figure  5 of  reference  5 and  the  same  as  figure  2 
of  reference  10.  The  combustion  process  shown  in  this 


figure  involves  one  of  the  most  violent  knocks  ever  photo- 
graphed. The  engine  operating  conditions  were  the  same 
as  those  for  the  normal  nonknocking  combustion  process 
shown  in  figure  1-3.  Instead  of  S-1  fuel,  however,  a blend 
consisting  of  50  percent  S-1  and  50  percent  M-2  reference 
fuels  was  used. 

The  flame  from  the  igniting  spark  comes  into  view  in 
figure  1-5  in  the  later  frames  of  row  C,  visible  at  the  top  of 
each  frame  as  a dark  mottled  cloud.  The  flame  progresses 
downward  through  the  field  of  view  in  the  frames  of  rows 
D to  K in  the  same  smooth  gradual  manner  as  in  figure  1-3. 
In  the  frames  of  rows  J and  K the  flame  front  becomes  much 
more  irregular  than  in  the  case  of  figure  1-3,  but  this  irregu- 
larity is  considered  to  be  no  greater  than  is  occasionally 
observed  with  nonknocking  combustion  and  is  not  thought 
to  be  significant  relative  to  the  knock  phenomenon.  In  the 
frames  of  row  L and  the  earlier  frames  of  row  M the  end 
gas,  the  area  ahead  of  (below)  the  flame  front,  gradually 
turns  dark.  By  the  time  of  exposure  of  frame  M-10  the 
end  gas  has  become  so  dark  that  it  can  no  longer  be  distin- 
guished from  the  combustion  zone  behind  (above)  the  spark- 
ignited  flame  front.  This  darkening  of  the  end  gas,  which 
occurs  gradually  throughout  the  frames  of  row  L and  the 
earher  frames  of  row  M , is  believed  to  be  indicative  of  at 
least  the  early  stages  of  an  autoignition  process.  In  frame 
M-10,  where  no  line  of  demarcation  can  be  discerned 
between  the  end  gas  and  the  burning  gases  ignited  by  the 
normal  flame  travel,  the  photographs  at  least  indicate  that 
the  end  gas  is  burning  just  as  truly  as  the  gases  behind  the 
flame  front.  The  explosive  knock  reaction  that  sets  up-  the 
knocking  gas  vibrations,  however,  has  not  yet  begun  to 
develop  in  frame  M-10.  The  first  evidence  of  this  explosive 
reaction  appears  in  frame  M-1 1 as  a white  streak  along  the 
lower  right  edge  of  the  frame  and  as  a shght  blurring  of  the 
dark  combustion  zone.  In  the  next  frame,  M-1 2,  the  explo- 
sive knock  reaction  has  progressed  through  the  entire  field  of 
view  and  has  given  a fairly  uniform  white  appearance  to  the 
entire  field.  (The  whitened  area  below  the  lower  right  edge 
of  frame  M-1 2 is  due  to  a pocket  of  gas  )U  inch  thick  between 
the  glass  window  and  the  metal  surface  of  the  cylinder  head. 
This  pocket,  caused  by  the  window  gasket,  is  completely 
explained  in  reference  5.) 

At  the  time  of  writing  of  reference  5 the  reaction  occurring 
during  the  exposure  of  frames  M-1 1 and  M-1 2 was  confi- 
dently believed  to  be  the  explosive  knock  reaction  because 
the  projected  motion  pictures  clearly  showed  that  the  gas 
vibrations  began  at  the  same  time  as  the  whitening  of  the 
field  of  view  in  frames  M-1 1 and  M-1 2,  Moreover,  a 
violent  explosion  could  be  observed  in  the  motion  pictures  in 
the  general  vicinity  of  the  end  gas  at  the  same  time  that  this 
whitening  occurred.  A more  rigid  proof  that  blurring  of 
the  combustion  zone  such  as  occurs  in  frfiime  M-1 1 of  figure 
1-3  coincides  chronologically  with  the  onset  of  violent  gas 
vibrations  will  be  discussed  later  in  this  paper.  A discus- 
sion of  the  nature  of  the  reaction  occurring  in  frames  M-11 
and  M-1 2 will  also  appear  later  in  the  paper. 
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Figure  1-4.— High-speed  photographs  of  nonknocking  combustion  in  spark-ignition  engine  with  preignition  from  hot  spot.  Fuel,  S-1;  compression  ratio,  7.0;  fuel-air  ratio,  about  0.08;  atmos- 
pheric intake;  spark  plug  at  top;  hot  spot  at  bottom;  spark  timing,  20°  B.  T.  C. 
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Figtre  1-5— High-speed  photographs  of  combustion  with  violent  knock  in  spark-ignition  engine.  Fuel,  50  percent  8-1  with  50  ijercent  M-2;  compression  ratio,  7.0;  fuel-air  ratio, about O.C 

atmospheric  intake;  one  spark  plug;  spark  timing,  20°  B.  T.  C. 
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As  previously  mentioned,  many  readers  of  reference  5 
have  been  entirely  unconvinced  that  the  darkening  of  the 
end  gas  prior  to  the  development  of  the  explosive  knock 
reaction  in  frames  M-fT  ancT  IVt^T2^ctaaHy'is  autoignition. 
This  author  has  held  the  view  that  this  darkening  must  be 
regarded  as  autoignition  because  there  has  seemed  to  be 
no  satisfactory  definition  of  the  distinction  between  preflame 
and  flame  reactions  in  a gradual  process  occupying  a total 
time  interval  of  less  than  1/1000  second  (frames  L-1  to 
M-10).  In  all  human  experience  with  flame  the  preflame 
reactions  have  been  separated  from  the  flame  reactions  by 
a sudden  great  increase  in  the  rate  of  reaction,  intensity  of 
light  radiation,  rate  of  heat  release,  and  so  oii.  The  tirne 
interval  involved  in  the  actual  transition  from  ’preflame  to 
flame  reactions  has  never  been  specified  and  has,  in  effect, 
been  regarded  as  instantaneous  because  of  the  absence  of 
any  method  of  measuring  the  interval.  The  reaction  occur- 
ring in  frames  M-1 1 and  M-1 2 could  be  regarded  as  marking 
the  transition  from  preflame  to  flame  reactions,  but  so  to 
regard  this  reaction  would  be  entirely  arbitrary  and  would 
be  only  the  result  of  an  illogical  extrapolation — ^an  extra- 
polation in  the  sense  that  we  think  because  a sharp  dividing 
line  appeal's  to  exist  between  preflame  and  flame  reactions 
when  we  “see  slowly’’  a sharp  dividing  line  must  also  be 
found  to  exist  when  we  “see  fast.” 

Qualitatively  it  could  be  said  that  any  reaction  is  pro- 
ceeding at  a very  high  rate  when  it  produces  as  much  optical 
change  iii  1/10,000  second  as  can  be  seen  between  the  end 
gas  as  it  appears  in  frame  M-7  and  the  end  gas  as  it  appears 
in  frame  M-10.  An  investigation  is  being  conducted  by 
G.  E.  Osterstrom  of  the  NACA  technical  staff  to  determine 
whether  the  light  radiations  from  the  end  gas  before  the 
explosive  knock  reaction  are  suflScient  to  be  measurable. 
This  investigation  involves  taking  simultaneous  schlieren 
photographs  and  direct  flame  photographs  with  a definitely 
established  chi'onological  relationship  of  the  individual 
frames  of  one  series  of  photographs  to  the  individual  frames 
of  the  other  series.  The  preliminary  indications  are  that  the 
radiation  from  the  end  gas  prior  to  the  explosive  knock 
reaction  is  sometimes  sufficient  to  photograph  at  40,000 
frames  per  second  with  the  high-speed  camera.  Even  if  the 
rate  of  reaction,  intensity  of  light  radiation,  and  rate  of  heat 
release  in  the  end  gas  could  be  accurately  determined, 
however,  for  aU  of  the  time  intervals  covered  by  frames 
L-1  to  M-10,  it  would  still  not  be  possible  to  classify  the 
reactions  as  preflame  or  flame  reactions  unless  quite  arbitrary? 
values  were  set  for  these  quantities  above  which  the  reactions 
would  be  regarded  as  flame  reactions. 

A possible  logical  dividing  fine  between  preflame  and 
flame  reactions  on  the  basis  of  the  thermal  theory  of  auto- 
ignition is  the  condition  of  more  rapid  release  of  heat  by  the 
autoigniting  gases  than  normal  dissipation  of  heat  from 
those  gases,  at  constant  volume.  Anather' dividing  line, 
based  on  the  chain-reaction  theory,  is  the  condition  of 
more  rapid  formation  of  chain  carriers  by  chain-branching 
reactions  than  destruction  of  carriers  by  chain-breaking 
reactions.  Measurements  indicate  that  the  normal  flame 


front  did  not  make  any  additional  progress  into  the  end 
gas  between  frames  M~1  and  M-10  of  figure  1-5.  Further- 
more, many  photographs,  have  been  obtained  in  which  the 
normal  flame  front  as  seen  in  the  projected  photographs  was 
actually  pushed  backward  by  the  end  gas  a number  of  frames 
prior  to  the  development  of  the  explosive  knock  reaction. 
Because  of  this  fact,  the  dividing  line  on  the  basis  of  thermal 
theory  must  have  been  passed  at  about  frame  M-1  in 
figure  1-5,  so  that  the  end-gas  reaction  between  frames 
M-1  and  M-10  would  have  to  be  regarded  as  flame  reaction, 
unless  it  is  assumed  that  the  end  gas  is  being  heated  by 
radiation  and  conduction  from  the  burning  gases  more 
rapidly  than  the  average  of  the  other  gases  in  the  chamber 
including  the  burning  gases  themselves.  There  is  no 
indication,  of  course,  as  to  where  the  dividing  line  based 
on  chain-reaction  theory  would  be  drawn  relative  to  the 
frames  of  figure  1-5. 

In  .view  of  the  necessarily  arbitrary  nature  of  any  distinc- 
tion between  preflame  and  flame  reactions  in  frames  L-1 
to  M-10  of  figure  1-5,  the  fact  that  the  end  gas  does  some- 
times emit  sufficient  hght  to  photograph  by  direct  flame 
photography  at  40,000'  frames  per  second  prior  to  the  explo- 
sive knock  reaction,  and  the  fact  that  preknock  radiations 
from  the  end  gas  have  been  photographed  at  a lower  speed 
by  other  investigators  (reference  46),  the  reaction  visible  in 
the  end  gas  throughout  frames  L-1  to  M-10  of  figure  1-5 
and  similar  reactions  visible  in  other  figures  will  be  referred 
to  throughout  this  paper  as  simply  “autoignition.”  The 
reaction  of  frames  M-11  and  M-1 2 will  be  shown  later 
to  be  a detonation  wave  and  may  be  regarded  as  autoignition 
only  in  the  sense  that  it  develops  during  a process  of  auto- 
ignition and  that  its  development  may  be  influenced  by  the 
autoignition  process. 

The  frames  following  M-1 2 in  figure  1-5  show  the  develop- 
ment of  an  extreniely  brilliant,  intermittent  luminosity 
reaching  peaks  in  frames  M-1 6,  N-1,  N-6,  0-1,  and  so  on, 
and  the  development  of  an  intense  smoke  cloud  in  the  lower 
parts  of  the  frames  of  rows  P,  Q,  and  R.  The  brilhant 
luminosity  and  smoke  formation  will  be  discussed  further 
under  “Chemical  Nature  of  Explosive  Knock  Reaction.” 
The  extremely  violent  vibration,  or  bouncing,  of  the  gases 
that  is  seen  when  frames  M-1 2 to  R-18  are  projected  on  the 
screen  as  a motion  picture  cannot  be  seen  in  visual  examina- 
tion of  the  photographs  in  the  printed  figures.  This  effect 
is  suggestive  of  a pot  of  stiff  jelly  that  has  been  severely  jolted 
and  is  characteristic  of  aU  of  the  photographs  of  knocking 
combustion  obtained  with  the  high-speed  camera. 

Chronological  relation  between.;s'chlieren  photographs  and 
records  of  cylinder  pressure.— In^the  photographs  of  figure 
1-5  the  occurrence  of  knock  is  very  definitely  visible  in 
frames  M-11  and  M-1 2.  In  cases  of  much  fighter  knocks, 
however,  the  occurrence  of  the  knock  may  be  detected  in  the 
photographs  only  as  a slight  blurring  of  the  dark  mottled 
combustion  zone.  This  blurring  is  often  not  visible  in  the 
printed  reproductions  of  the  photographs,  because  of  inevi- 
table loss  of  detail,  but  can  be  seen  on  careful  inspection  of 
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the  original  negatives.  Inasiruch  as  the  slight  blurring  of 
the  combustion  zone  could  not  be  assumed  without  proof  to 
be  identical  with  the  occurrence  of  knock,  one  of  the  early 
investigations  (reference  7)  was  directed  toward  the  estab- 
lishment of  a definite  chronological  relationship  between  this 
blur  and  the  beginning  of  the  violent  gas  vibrations  associated 
with  knock.  Incidental  to  this  relation,  some  investigation 
was  also  made  into  the  chronological  relation  between  the 
final  fadeout  of  the  schlieren  combustion  pattern  and  the 
attainment  of  peak  pressure  with  nonknocking  combustion. 


One  of  the  high-speed  photographic  shots  used  in  the  estab- 
lishment of  the  chronological  relationship  is  reproduced  as 
figure  1-6  of  this  paper  (fig.  1 1 of  reference  7).  Three  spark 
plugs  were  used  in  E,  F,  and  G positions  (see  fig.  I-l),  a 
quartz  piezoelectric  pickup  was  used  in  opening  J,  and  the 
injection  valve  was  in  opening  H.  The  spark  timing  at  the 
plugs  in  E and  F positions  was  22°  B.  T.  C.  The  timing  at 
the  plug  in  G position  was  earlier  (29°  B.  T.  C.)  because  it 
was  desired  to  focus  the  end  zone  at  the  diaphragm  of  the 
piezoelectric  pickup  in  opening  J.  and  to  do  so  required  a 


Figure  1-6.— High-speed  photographs  of  knocking  combustion  in  spark-ignition  engine  with  timing  sparks  in  row  A.  Fuel,  80  percent  S-1  with  20  percent  M-2;  compression  ratio,  7.4;  fuel, 
air  ratio,  about  0.08;  atmospheric  intake;  three  spark  plugs;  spark  timing,  for  left-hand  plug.  29°  B.  T.  C..  for  other  two  plugs,  22°  B.  T.  C.;  B.  blurring  caused  by  knock. 
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much  longer  travel  for  the  flame  from  G position  than  for 
the  flames  from  E and  F positions.  The  fuel  was  a blend  of 
80  percent  S-1  and  20  percent  M-2  reference  fuels;  com- 
pression ratio  7.4;  and  fuel-air  ratio,  approximately  0.08. 

The  flames  from  the  tliree  igniting  sparks  come  into  view 
in  the  fram.es  of  rows  A to  E of  figm*e  1-6.  By  the  fram^es 
of  row  I the  flames  have  completely  merged  and  have  sur- 
rounded a small  body  of  end  gas  in  the  immediate  vicinity 
of  the  piezoelectric  pickup  diaphragm.  In  the  first  nine 
frames  of  row^  J autoignition  takes  place  in  the  end  gas,  and 
in  frame  J-10  knock  occurs,  as  indicated  by  the  blurring 
and  lightening  of  the  combustion  zone  in  the  region  desig- 
nated B. 

In  row  A the  film  perforations  are  included  in  the  figure. 
(The  perforations  were  trimmed  from  the  reproductions  used 
for  the  other  rows.)  In  the  taking  of  the  pictures  the  film 
was  placed  around  the  inside  of  a drum  in  a continuous  circle 
consisting  of  372  frames.  Of  the  372  frames,  168  are  omitted 
from  the  figure  after  frame  J-18  (or  before  frame  A-1  and  28 
are  omitted  as  indicated  in  row  A.  A specially  designed 
spark  plug  in  the  camera  produced  a timing  mark  in  the 
perforation  strip  at  frame  A-10  at  about  the  time  of  the 
beginning  of  combustion.  The  same  spark  plug  produced 
another  timing  mark  at  frame  A-2,  339?2  framies  later,  after 
the  combustion  and  knock  were  completed.  These  two 
timing  sparks  have  been  used  in  the  determination  of  the 
chronological  relationship  between  the  photographs  of  figure 
1-6  and  the  corresponding  pressure  record  of  figure  1-7. 

In  figure  1-7  the  trace  designated  A is  an  actual  photo- 
graph of  a trace  produced  on  the  screen  of  a cathode-ray 
oscilloscope  during  the  exposure  of  the  photographs  of  fig- 
ure 1-6.  The  horizontal  plates  were  used,  as  usual,  to  produce 
a time  sweep.  Two  independent  voltages  were  applied  to 
the  vertical-plate  circuit:  a sm.all  alternating  voltage  pro- 
duced by  a 4000-cycle-per-second  oscillator,  and  the  voltage 
produced  by  the  piezoelectric  pickup  in  opening  J of  the 
cylinder  head.  The  trace  designated  B in  figure  1-7  is  an 
actual  photograph  of  the  trace  produced  on  another  cathode- 
ray  oscilloscope  screen  during  the  exposure  of  the  photo- 
graphs of  figure  1-6.  In  the  case  of  trace  B,  however,  only 
the  voltage  from  the  4000-cycle-per-second  oscillator  was 
applied  to  the  vertical-plate  circuit. 

The  electric  conduit  that  supplied  the  sparking  voltages 
to  the  spark  plug  in  the  camera  was  coupled  capacitatively 
with  the  vertical  deflection-plate  circuits  of  both  oscillo- 
scopes. This  coupling  produced  the  breaks  designated  F in 
the  two  oscillograph  traces  at  the  time  of  the  first  timing 
spark  (see  frame  A-10  of  fig.^I-6)  and  the  breaks  designated 
J at  the  time  of  the  second  timing  spark  (frame  A-2  of 
fig.  1-6).  The  break  designated  K in  figure  1-7  was  caused 
by  the  first  shock  on  the  diaphragm  of  the  piezoelectric 
pickup  at  the  time  of  beginning  of  the  gas  vibrations  in  the 
combustion  chamber. 

The  point  in  the  high-speed  camera  at  which  the  timing 
marks  were  produced  and  the  point  in  the  camera  at  which 


the  end  gas  was  photographed  are  separated  by  a distance 
of  approximately  34%  frames.  Because  of  this  separation, 
necessitated  by  mechanical  considerations,  the  breaks  F in 
the  oscillograph  traces  of  figure  1-7  occured  196)4  (not  162) 
frames  before  the  development  of  the  knocking  blur  at  B 
in  frame  J-10  of  figure  1-6.  Likewise,  the  breaks  J in  figure 
1-7  occured  143  (not  177%)  frames  after  the  development  of 
the  knocking  blur.  In  trace  B of  figure  1-7,  between  breaks 
F and  J,  32.8  oscillator  cycles  were  counted  (reference  7); 

339.5 

there  were  therefore  ^2  g 10.35  motion-picture  frames 


per  oscillator  cycle.  (The  second  oscilloscope  was  provided 
solely  because  in  many  cases  the  disturbances  in  trace  A 
caused  by  the  knocking  gas  vibrations  were  so  violent  that 
it  was  not  possible  to  count  oscillator  cycles  between  breaks 
F and  J in  trace  A.)  Nineteen  oscillator  c^^cles  were  counted 
(reference  7)  on  trace  A of  figure  1-7  between  the  break  F 
and  the  break  K;  the  knocking  break  K therefore  occurred 
approximately  196)4  frames  after  the  first  timing  spark. 
This  value  agrees  exactly  with  the  196)4  frames  that  separated 


Figure  1-7.— Composite  pressure-time  and  oscillator  trace  A and  separate  oscillator  trace  B 
for  combustion  process  of  figure  1-6.  F,  breaks  caused  by  first  timing  spark  (frame  A-10  of 
fig.  1-6);  J,  breaks  caused  by  second  timing  spark  (frame  A-2  of  fig.  1-6);  K,  break  caused  by 
start  of  knock  (frame  J-10  of  fig.  1-6);  piezoelectric  pickup  in  opening  J.  (See  fig.  I-l.) 


the  first  timing  spark  chronologically  from  the  knocking 
blur  in  frame  J-10  of  figure  1-6.  (The  picture-taking  rate  is 
known  from  camera-acceleration  data  to  be  constant  within 
a very  small  fraction  of  1 percent  over  the  period  of  time 
involved  in  the  determination,  and  the  frequency  of  the 
oscillator  output  is  believed  to  be  similarly  constant  over  the 
very  short  time  interval  involved.) 

In  eight  cases  with  the  end  zone  in  contact  with  the 
diaphragm  of  the  piezoelectric  pickup  the  knocking  blur 
was  found,  by  the  method  used  with  figures  1-6  and  1-7,  to 
coincide  chronologically  with  the  start  of  the  violent  gas 
vibrations  within  one-half  motion-picture  frame.  In  16 
cases  where  the  end  gas  was  on  the  opposite  side  of  the 
chamber  from  the  piezoelectric  pickup,  the  same  method 
indicated  that  the  knocking  blur  preceded  the  start  of  the 
violent  gas  vibrations  by  4 ±1)4  motion-picture  frames,  the 
value  of  four  motion-picture  frames  being  accounted  for  by 
the  time  required  for  the  knocking  disturbance  to  travel  at 
the  speed  of  sound  from  the  end  gas  to  the  diaphragm  of  the 
piezoelectric  pickup. 
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FiorRE  1-8.— High-speed  phetographs  of  nonknocking  combustion  in  spark-ignition  engine  with  timing  sparks  in  rows  D and  J.  Fuel,  S-1;  compression  ratio,  7.4;  fuel-air  ratio,  about  0.08; 
atmospheric  intake:  four  spark  plugs;  spark  timing,  for  left-hand  plug,  29°  B.  T.  C.,  for  other  three  plugs,  22°  B.  T.  C.  Frames  1 to  19  selected  as  point  of  final  fadeout  of  schlieren  iiat- 
tem. 


/ 


"-B 

Figure  1-9.— Pressure-time  record  A for  nonknocking  combustion  process  of  figure  8 and  sepa- 
rate oscillator  trace  B.  E and  G,  breaks  caused  by  ignition  sparks;  F,  break  caused  by  first 
timing  spark  (frame  J-18  of  fig.  1-8);  J,  break  caused  by  second  timing  spark  (frame  D-12  of 
fig.  1-8);  H,  point  of  peak  pressure;  piezoelectric  pickup  in  opening  I.  (See  fig.  I-l.) 


A somewhat  similar  but  less  accurate  method  of  determin- 
ing the  chronological  relationship  is  illustrated  by  figures  1-8 
and  1-9  (same  as  figs.  15  and  16  of  reference  7)  as  applied 
to  the  significance  of  the  mottled  combustion  pattern  in  the 
schlieren  pictures.  Figure  1-8  is  a shot  of  normal  nonknock- 
ing combustion.  Engine  operating  conditions  were  the  same 
as  with  the  combustion  of  figure  1-6  except  that  the  piezo- 
electric pickup  was  placed  in  opening  I (see  fig.  I-l)  and  an 
additional  spark  plug  replaced  the  piezoelectric  pickup  at 
opening  J.  The  fuel  was  S-1  reference  fuel.  Ninety-five 
frames  were  omitted  from  figure  1-8  after  frame  J-22  (or 
before  frame  A-1),  3 frames  were  lost  at  the  splice  at  frame 
J-2,  and  61  frames  were  omitted  as  indicated  in  row  J. 
The  first  timing  spark  was  exposed  before  the  camera  began 
taking  pictures,  at  frame  J-18,  and  the  second  timing  spark 
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was  exposed  549  frames  later,  after  the  camera  had  ceased 
taking  pictures,  at  frame  D-1 2. 

The  first  and  second  timing  sparks  caused  the  breaks  F 
and  J,  respectively,  in  the  pressure-time  trace  A in  figure  1-9. 
With  this  method  the  4000-cycle-per-second  oscillator  record 
was  not  superposed  on  the  pressure-time  record.  Only 
one  oscilloscope  was  used.  After  the  pressure-time  record 
was  exposed,  simultaneously  with  the  exposure  of  the  high- 
speed photographs,  the  piezoelectric  pickup  was  immediately 
discomiected  from  the  vertical-plate  circuit  of  the  oscillo- 
scope, the  4000-cycle-per-second  oscillator  was  coimected 
to  the  vertical-plate  circuit,  and  a second  time  sweep  of 
the  oscilloscope  beam  was  produced,  giving  the  trace  B 
in  figure  1-9.  The  trace  B was  used  solely  as  a measure  of 
the  nonlinearity  of  the  time  sweep  of  the  oscilloscope.  Lines 
corresponding  to  constant  voltage  on  the  horizontal  deflection 
plates  were  drawn  through  trace  B from  breaks  F and  J in 
trace  A and  also  from  the  point  H in  trace  A,  which  was  con- 
sidered to  be  the  point  of  maximum  pressure,  as  shown  by 
trace  A.  By  simple  proportionality  the  point  H in  trace  A 
of  figure  1-9  was  found  to  coincide  chronologically  with  the 
exposure  of  frame  J-4  of  figure  1-8  (with  due  allowance  for 
the  34H  frame  correction  previously  mentioned).  Upon 
careful  examination  of  the  original  negatives  of  figure  1-8, 
frame  1-19  was  selected  as  the  point  of  final  fadeout  of  the 


mottled  combustion  zone;  the  difference  between  times  of 
exposure  of  frames  1-19  and  J-4  is  250  microseconds,  or  only 
0.75°  of  crankshaft  rotation. 

In  five  cases  similar  to  that  of  figiu*os  1-8  and  1-9  the 
final  fadeout  of  the  schheren  combustion  pattern  in  the 
photographs  was  found  to  precede  peak  pressure  by  0.3  ±0.7° 
of  crankshaft  rotation.  As  explained  in  reference  7,  peak 
pressure  and  the  fadeout  of  the  schlieren  combustion  pattern 
were  so  close  to  top  center  that  no  correction  was  required 
for  piston  motion.  In  47  cases  where  the  method  of  figures 
1-8  and  1-9  was  applied  to  knocking  combustion,  with  the 
end  zone  on  the  opposite  side  of  the  chamber  from  the  piezo- 
electric pickup,  the  knocking  blur  was  found  to  precede  the 
start  of  the  violent  gas  vibrations  by  8±6  motion-picture 
frames,  as  compared  with  4±U^  motion-picture  frames  in 
the  16  cases  in  which  the  method  of  figures  1-6  and  1-7  was 
used.  The  method  of  figures  1-8  and  1-9  is  inherently  less 
accurate  than  that  of  figures  1-6  and  1-7,  the  principal 
sources  of  error  probably  being  lack  of  reproducibility  of  the 
time  sweep  of  the  oscilloscope  and  some  slight  interaction 
between  the  vertical-  and  horizontal-plate  circuits  of  the 
oscilloscope.  The  comparison  of  the  two  methods  indicates 
that  the  method  of  figures  1-8  and  1-9  is  reproducible  within 
±0.5°  of  crankshaft  rotation  and  that  it  has  a constant  error 
of  about  0.6°  of  crankshaft  rotation.  Applying  the  indi- 
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Fioube  I-IO.— High-speed  photographs  of  homogeneous  end-gas  autoignition  preceding  knock  in  spark-ignition  engine.  Fuel,  M-2;  compression  ratio,  7.0;  fuel-air  ratio,  about  0.08;  atmos- 
pheric intake;  four  spark  plugs;  spark  timing,  for  left-hand  plug,  27°  B.  T.  C.,  for  other  three  plugs,  20°  B.  T.  C.;  A,  regions  where  burning  is  complete;  B,  blurring  caused  by  knrjck. 
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FIGURE  I- 11. -High-speed  photographs  of  homogeneous  autoignition  throughout  large  volume  of  end  gas  before  knock  in  spark-ignition  engine.  Fuel,  M-4;  compression  ratio,  8.7;  fuel-air 
ratio,  about  0.17;  inlet-air  temperature,  445°  F;  inlet-air  pressure,  atmospheric;  four  si>ark  plugs;  spark  timing,  20°  B.  T.  C. 


cated  correction  for  tlie  constant  error  results  in  the  finding 
that  peak  pressure  preceded  the  final  fadeout  of  the  mottled 
combustion  zone  by  0.3  ±0.7°  of  crankshaft  rotation.  The 
0.7°  variation  from  the  mean  is  almost  within  the  demon- 
strated inaccuracy  of  the  method.  It  is  doubtful  whether 
the  point  of  peak  pressure  could  be  selected  more  accurately 
than  within  0.3°  of  crankshaft  rotation  in  traces  like  that  of 
figure  1-9. 

From  the  investigation  summarized  here  (reference  7)  two 
conclusions  appear  justified:  first,  that  the  characteristic 
knocking  blur  seen  in  the  high-speed  photographs  does  repre- 
sent the  reaction  that  sets  up  the  violent  gas  vibrations 
associated  wdth  knock  and,  second,  that  the  mottled  com- 
bustion zone  does  represent  continuing  combustion,  at  least 
so  far  as  the  termination  of  combustion  is  concerned.  The 
second  conclusion  as  applied  to  combustion  in  a constant- 
volume  bomb  was  previously  reached  by  Lindner  (refer- 
ence 65). 

Six  types  of  end-gas  autoignition. — The  high-speed  photo- 
graphs have  revealed  six  different  t}^pes  of  autoignition  in 
the  end  gas.  Some  of  these  types  may  be  interrelated; 
others  seem  to  be  quite  distinct.  The  type  of  autoignition 
that  will  occur  under  conditions  sufficiently  severe  appears 
to  depend  largely  upon  the  fuel  used,  although  the  scope  of 


the  investigations  has  not  been  sufficient  to  rule  out  all  other 
factoi*s  entirely  as  affecting  the  type  of  autoignition  that  wdll 
occur.  Some  other  types  of  autoignition  have  been  follow^ed 
by  the  explosive  knock  reaction  in  all  of  the  NACA  tests 
where  they  occurred;  other  types  have  been  followed  by  the 
explosive  knock  reaction  in  some  cases,  in  other  cases  not. 

The  homogeneous  type  of  autoignition  (occurring  simul- 
taneously and  uniformly  throughout  the  entire  body  of  end 
gas)  is  observed  in  frames  L-1  to  M-10  of  figure  1-5  and  in 
frames  J-1  to  J-9  of  figure  1-6.  This  type  of  autoignition 
is  also  well  shown  in  frames  G-1  to  G-1 1 of  figure  I-IO,  a 
reproduction  of  figure  7 of  reference  6.  (Four  spark  plugs 
w^ere  used  for  the  combustion  process  of  fig.  I-IO.  The 
injection  valve  was  in  position  H of  fig.  I-l.  The  fuel  w^as 
M-  2 reference  fuel,  the  spark  timing  20°  B.  T.  C.  for  the 
plugs  in  E,  F,  and  J positions  and  27°  B.  T.  C.  for  the  plug 
in  G position,  compression  ratio  7.0,  and  fuel-air  ratio  ap- 
proximately 0.08.)  The  explosive  knock  reaction  occurs  in 
the  area  designated  B in  frame  G-1 2 of  figure  I-IO.  The 
white  regions  designated  A in  frame  G-10  of  the  figure  are 
the  regions  in  which  combustion  is  complete;  they  should 
not  be  confused  wdth  the  end  zone  which  is  visible  as  a white 
area  in  frame  G-1  but  which  has  become  completely  dark 
in  frame  G-10. 
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Practically  homogeneous  autoignition  is  seen  in  figure  I-ll 
throughout  an  end  zone  very  much  larger  than  the  end  zones 
of  figures  1-5,  1-6,  and  I-IO.  The  full-view  combustion 
apparatus  was  used  for  the  photographs  of  figure  I-ll. 
These  photographs  were  obtained  in  a recent  investigation 
conducted  by  H.  L.  Olsen  of  the  XACA  technical  staff,  as 
were  all  photographs  of  combustion  in  the  full-view  appara- 
tus presented  later  in  this  paper.  Four  spark  plugs  were 
used  in  the  combustion  process  for  this  figure;  the  flames 
from  three  of  the  plugs  made  considerable  progress  through 
the  gases  before  the  fii*st  frame  of  the  series  was  taken, 
whereas  the  flame  from  the  fourth  spark  plug  develops  very 
slowly  throughout  the  frames  of  rows  A to  D of  the  figure. 
The  positions  of  the  four  spark  plugs  are  shown  as  B,  C,  E, 
and  F at  frame  A-1  of  the  figure,  corresponding  to  the  same 
lettered  positions  in  figure  1-2.  The  injection  valve  was  in 
position  A (see  fig.  1-2);  the  fuel  was  M-4  reference  fuel; 
spark  timing,  20°  B.  T.  C.;  compression  ratio,  approximately 
8.7;  fuel-air  ratio,  about  0.17;  inlet-air  temperature,  445°  F; 
and  inlet-air  pressure,  atmospheric.  (Fuel-air  ratio  was 
adjusted  approximately  to  maximum  knock  value;  the  ab- 
normally high  value  of  0.17  was  required  probably  because 
of  incomplete  fuel  vaporization  obtained  with  injection  on 
the  compression  stroke.) 


More  than  half  the  total  volume  of  the  combustion 
chamber  is  involved  in  the  autoignition  that  developed  in 
the  case  of  figure  1-11.  The  autoignition  is  first  visible  as 
a wisp  of  mottled  gas  indicated  by  the  arrow  in  frame  C-1. 
In  all  the  frames  of  rows  C and  D mottling  appears  through- 
out the  entire  area  of  the  end  gas,  and  between  frames  E-1 
and  E-7  the  entire  end  gas  becomes  very  dark.  The  first 
evidence  of  the  explosive  knock  reaction  appears  in  frame 
E-8  and  the  combustion  is  completed  by  frame  F-4.  The 
knock  in  this  case  was  extremely  heavy.  The  pressure-time 
trace  from  reference  12  (not  reproduced  in  this  paper)  indi- 
cated a very  considerable  pressure  rise  caused  by  the  homo- 
geneous autoignition  before  the  development  of  the  explosive 
knock  reaction. 

Homogeneous  autoignition  has  always  been  followed  by 
the  explosive  knock  reaction  in  the  XACA  tests.*  In  some 
cases,  however,  the  knock  has  been  quite  light  in  spite  of  a 
very  large  homogeneously  igniting  end  zone,  and  cases  will 
be  presented  in  which  heavy  knock  has  developed  in  the 
burning  gases  alongside  of  a large  end-zone  area  in  which 
no  autoignition  has  taken  place. 

A second  type  of  end-gas  autoignition,  which  might  be 
termed  ^‘pinpoint''  autoignition,  is  shown  in  figures  1-12 
to  1-15.  Figure  1-12  is  reproduced  from  reference  9.  In  the 
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Figvbe  1-12.— High-speed  photographs  of  piipoint  end-gas  autoignition  preceding  knock  in  spark -ignition  engine.  Fuel,  S-1  with  200  ml  amyl  nitrate  per  g*illon;  compression  ratio,  7.1; 
fuel-air  ratio,  about  0.08;  atmospheric  intake:  two  spark  pings;  spark  timing,  at  G position  (fig.  I-l);  27®  B.  T.  C.,  at  F position,  20®  B.  T.  C.;  B,  luminosity  caused  by  knock. 

*Since  the  writing  of  this  paper  a photograph  ha^  been  obtained  by  Q.  E.  Osterstrom.  SXCK,  with  n-heptane  fuel,  shewing  homogeneous  autngnition  throughout  a third  of  the 
combust icn-chamter  volume  without  any  evidence  of  the  explosive  knock  reaction  either  in  the  photographs  or  in  the  rressurc-time  record. 
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Fiot’RE  I 13.  nigh-speed  photographs  of  pinpoint  end-gas  autoignition  without  knock  in  spark-ignition  engine.  Fuel,  benzene;  compression  ratio,  9.0;  inlet-air  temperature,  425“  FI 
. inlet-air  pressure,  atmospheric;  four  spark  plugs;  spark  timing,  21®  B.  T.  C. 
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Figi  re  I-14.-High-speed  photographs  of  pinpoint  end-gas  autoignition  foilowed  by  very  light  knock  in  spark-ignition  engine.  Fuei,  triptane;  compression  ratio,  9.0;  fuel-air  ratio,  about  0.22; 
inlet-air  temperature,  312®  F;  inlet-air  pressure,  20  pounds  per  square  inch;  four  spark  plugs;  sj^ark  timing,  18°  B.  T.  C. 
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Figure  1-15. — High-speed  photographs  of  pinpoint  end-gas  autoignition  followed  by  violent  knock  in  spark-ignition  engine.  Fuel,  S-4;  compression  ratio,  9.0;  fuel-air  ratio,  about  0.25;  inlet- 
air  temperature,  446°  F;  inlet-air  pressure,  18.5  pounds  per  square  inch  absolute;  four  spark  plugs;  spark  timing,  18°  B.  T.  C. 


case  of  figure  1-12,  taken  with  the  old  combustion  apparatus, 
only  two  spark  plugs  fired.  The  spark  plug  in  G position 
(see  fig.  I-l)  was  timed  at  27°  B.  T.  C.;  that  in  F position 
at  20°  B.  T.  C.  The  injection  valve  was  in  H position.  The 
fuel  was  S-1  reference  fuel  with  admLxtm'e  of  200  ml  amyl 
nitrate  per  gallon.  The  compression  ratio  was  7.1  and  the 
fuel-air  ratio  approximately  0.08.  The  dark  frames,  D-5  to 
D-16,  in  figure  1-12  should  be  disregarded;  their  appearance 
was  caused  by  faulty  processing  of  film.  The  pinpoint 
autoignition  begins  to  develop  in  the  later  frames  of  row  F 
as  very  small  l)lack  dots  distributed  throughout  the  end  gas. 
Throughout  frames  G-1  to  G-10  these  black  dots  gradually 
grow  larger  until  they  completely  fill  the  end  zone.  The 
explosive  knock  reaction  is  first  visible  at  B in  frame  G-1 1 
and  has  spread  throughout  the  entire  visible  part  of  the 
chamber  in  frame  G-1 2.  The  knock  in  this  case  appears  to 
have  been  violent. 

The  combustion  processes  of  figures  1-13,  1-14,  and  1-15 
were  fired  in  the  full-view  combustion  apparatus  with  four 
spark  plugs  timed  at  21°,  18°,  and  18°  B.  T.  C.,  respectively. 
In  each  case  the  injection  valve  was  in  position  A (fig.  1-2) 
and  the  compression  ratio  in  each  case  was  9.0.  The  inlet- 
air  temperatures  were  425°,  312°,  and  446°  F,  and  the 
absolute  inlet-air  pressures  atmospheric,  20,  and  18.5  pounds 
per  square  inch,  respectively.  The  fuel-air  ratios  for  figures 
1-14  and  1-15  were  about  0.22  and  0.25,  respectively.  The 
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fuel-air  ratio  for  the  case  of  figure  1-13  is  not  known  even 
to  an  approximation,  but  it  is  thought  not  to  be  greatly 
different  from  the  values  for  the  other  figures  because  the 
flame  speeds  are  of  the  same  order.  The  fuels  for  the  three 
cases  were  benzene,  triptane,  and  S-4  reference  fuel,  respec- 
tively. In  each  of  these  three  cases  the  pinpoint  autoignition 
is  clearly  visible  in  the  end  gas  (rows  D and  E of  fig.  1-13, 
rows  B,  C,  and  D of  fig.  1-14,  and  rows  B to  E of  fig.  1-15). 
In  many  cases  the  first  visibility  of  the  pinpoints  is  indicated 
by  a small  arrow.  Careful  measurements  show  that  each 
pinpoint  grows  at  the  rate  that  should  be  expected  if  the 
flame  spread  out  in  all  directions  from  a point  origin  at  the 
same  speed  as  that  of  the  normal  flames  traveling  from  the 
igniting  sparks.  In  the  case  of  benzene  (fig.  1-13)  the  pin- 
point autoignition  does  not  result  in  even  the  shghtest  gas 
vibrations.  The  projected  motion  pictures  appear  smooth 
throughout  the  entire  process.  The  combustion  zone  fades 
out  very  gradually  throughout  the  frames  of  rows  F,  G,  and 
H ; this  very  gradual  fadeout  is  typical  of  nonknocking  com- 
bustion and  is  never  seen  after  occurrence  of  an  explosive 
knock  reaction  of  any  appreciable  violence.  The  pressure- 
time record  (fig.  1-16  (a))  shows  not  the  shghtest  evidence 
of  gas  vibration.  (All  the  pressure-time  traces  of  fig.  1-16 
were  obtained  from  a piezoelectric  pickup  in  position  D, 
fig.  1-2.)  In  the  case  of  triptane  (fig.  1-14)  the  develop- 
ment of  the  pinpoint  autoignition  and  the  gradual  fadeout 
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(c)  Indicator  card  for  combustion  process  of  figure  1-15,  showing  extremely  violent  gas 

vibrations. 

Figure  1-16.— Pressure-time  records. 


of  the  combustion  zone  is  quite  similar  to  the  benzene  case 
except  that  an  extremely  light  knock  develops  at  about 
frame  G-6.  The  knock  at  frame  G-6  cannot  be  detected 
by  visual  examination  of  the  figure  i)ut  is  seen  when  the 
photographs  are  projected  as  a motion  picture.  Also  the 
pressure-time  record  (fig.  1-16  (b))  shows  very  light  gas 
vibrations  starting  at  the  point  of  peak  pressure.  In  the 
case  of  S-4  reference  fuel  (fig.  1-15)  the  pinpoint  autoignition 
develops  in  frames  B-1 1 to  E-8  and  a violent  explosive 
knock  reaction  develops  in  frames  E-9  and  E-10.  Upon 
careful  examination  unignited  end-gas  areas  may  still  be 
seen  in  frames  E-8  and  E-9.  Some  of  these  unignited  end- 
gas  areas  still  appear  white  in  frame  E-10;  it  appeal's  if  the 
gas  in  these  regions  ever  burned  it  did  so  in  a very  short 
interval  relative  to  the  photographic  exposure  time  of  25 
microseconds.  The  pressure-time  lecord  for  the  case  of 
S-4  reference  fuel  (fig.  1-16  (c))  shows  very  violent  knock 
occurring  at  a time  when  the  heat  release  from  the  normal 
combustion  was  still  rapid. 

Figures  1-12  to  1-16  do  not  indicate  that  pinpoint  auto- 
ignition is  in  any  way  related  to  the  explosive  knock  reaction; 
this  type  of  autoignition  may  occur  with  or  without  the 
explosive  knock  reaction  and,  as  shown  by  the  previous 
figures,  the  explosive  knock  reaction  may  occur  without 
pinpoint  autoignition. 

A third  type  of  end-gas  autoignition,  perhaps  fundamen- 
tally identical  with  honogeneous  autoignition,  is  the  two- 
stage  type  seen  in  figure  1-17.  This  combustion  process  was 


FiorRE  1-17.— High-speed  photographs  of  two-stage  end-gas  aatoignition  followed  by  heavy  knock  in  spark-ignition  engine.  Fuel,  M-4;  compression  ratio,  7.0;  inlet  air  temperature, 

F;  inlet-air  pressure,  atmospheric;  four  spark  plugs;  spark  timing,  21°  B.  T.  C. 
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fired  in  the  full-view  combustion  apparatus  with  four  spark 
plugs  timed  at  21°  B.  T.  C.  The  injection  valve  was  in 
position  A (fig.  1-2);  the  fuel  was  M-4  reference  fuel;  com- 
pression ratio,  7.0;  inlet-air  temperature,  398°  F ; and  inlet-air 
pressure,  atmospheric.  The  fuel-air  ratio  is  not  known  but 
is  believed  to  be  quite  lean — near  the  lower  limit  of  flamma- 
bility. The  spark  plug  at  F position  (frame  A-1)  apparently 
did  not  fire.  The  flame  from  C position  is  quite  indistinct 
in  the  frames  of  rows  A and  B,  but  becomes  quite  sharply 
defined  in  rows  C and  D.  The  flames  from  B and  E positions 
are  sharply  defined  throughout  rows  A to  D.  The  indistinct 
appearance  of  the  flame  from  C position  in  the  first  two  rows 
of  the  figure  may  be  an  indication  that  this  flame  is  a border- 
line case  between  autoignition  and  normal  propagated  flame. 
A definite  case  of  this  type  will  be  presented  later  in  this 


secure  better  photographs  of  the  phenomenon  because  of  the 
danger  of  serious  damage  to  the  combustion  apparatus. 
This  photographic  shot  was  taken  just  after  a series  of  shots 
with  straight  M-4  reference  fuel.  The  ^1-4  reference  fuel 
was  removed  from  the  fuel  system  and  replaced  \vdth  benzene. 
The  engine  operating  conditions  were  then  changed  to  values 
calculated  to  produce  e.xtensive  autoignition  with  straight 
benzene  fuel.  The  fii*st  combustion  cycle  after  the  change  of 
operating  conditions  resulted  in  the  photographs  of  figure  1-18. 
It  appears  that  some  M-4  fuel  was  trapped  in  the  injection 
valve  and  the  actual  fuel  for  the  combustion  process  of  this 
figure  was  probably  (‘ither  straight  M-4  or  a blend  of  M-4 
with  a small  amount  of  benzene.  Four  spark  plugs  were 
used  for  this  combustion  process,  timed  at  20°  B.  T.  C.  The 
injection  valve  was  in  position  A (fig.  1-2) ; the  compression 


Figure  1-18.— High-speed  photographs  of  runaway  flame  preceding  violent  knock  in  spark-ignition  engine.  Fuel,  M-4;  compression  ratio,  9.0;  fuel-air  ratio,  about  0.17;  inlet-air  temperature, 

415°  F;  inlet-air  pressure,  15.5  ix)unds  per  square  inch  absolute;  four  spark  plugs;  spark  timing,  20°  B.  T.  C. 


section.  At  about  frame  D-6  in  figure  1-17  definite  auto- 
ignition begins  to  develop  as  a wisp  of  mottled  gas,  indicated 
by  the  arrow  in  this  frame.  The  wisp  indicated  in  frame 
D-6  serves  as  a boundary  line  in  (he  following  frames  between 
homogeneously  autoigniting  gases  and  nonautoigniting  gases. 
The  gases  to  the  right  of  this  wisp  autoignite  in  frames  D-7 
to  E-5.  The  gases  to  the  left  of  the  wisp  show  no  evidence 
whatever  of  au(oignition  between  the  frames  D-7  and  E-5. 
The  gases  to  the  left  of  the  wisp  do  autoignite,  however,  in 
frames  E-6  to  E-8.  The  beginning  of  a violent  explosive 
knock  reaction  is  apparent  in  frame  E-9. 

A fourth  type  of  end-gas  autoignition  appears  in  figure  1-18 
as  a wild  runaway  flame.  Because  of  an  accident  the 
photographs  of  this  figure  were  taken  under  uniquely  severe 
conditions  for  the  fuel  used.  No  attempt  w^as  made  to 


ratio  was  9.0;  fuel-air  ratio,  about  0.17;  inlet-air  temperature, 
415°  F";  and  absolute  inlet-air  pressure,  15.5  pounds  per 
square  inch. 

Because  of  the  v’eiy  severe  conditions  the  charge  was 
apparently  ready  to  autoignite  at  the  time  the  camera  shutter 
opened  for  the  photographs  of  figure  1-18.  The  entire  com- 
bustion process,  including  the  explosive  knock  reaction,  took 
place  within  16  motion-picture  frames  after  the  camera 
shutter  started  to  open.  For  this  reason,  the  frames  do  not 
become  well  illuminated  until  about  the  middle  of  row  B, 
at  which  time  the  camera  shutter  was  open  sufficiently  to 
produce  fair  pictures.  The  spark-plug  positions  are  indi- 
cated at  frame  A-1 . At  frame  A-7  the  flames  from  B and 
F positions  are  fairly  visible.  The  flames  from  C and  E 
positions  cannot  be  seen  in  the  printed  reproduction  of 
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Figure  1-19.  High-speed  photographs  of  development  of  preknock  autoignition  flame  at  far  wall  of  chamber  in  spark-ignition  engine.  Fuel,  S-2  with  400  ml  amyl  nitrate  per  gallon;  compres- 
sion ratio,  7.1;  fuel-air  ratio,  about  0.08;  atmospheric  intake;  one  spark  plug;  spark  timing,  20°  B.  T.  C. 
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Figure  1-20. — High-speed  photographs  of  vibratory  combustion  preceding  knock  in  spark-ignition  engine.  Fuel,  M-2  with  200  ml  TEL  per  gallon;  compression  ratio,  7.1;  fuel-air  ratio, 
about  0.08;  atmospheric  intake;  four  sparkplugs;  spark  timing,  for  left-hand  plug,  27°  B.  T.  C.,  for  other  three  plugs,  20°  B.  T.  C.;  B,  blurring  caused  by  knock. 


frame  A-7,  but  both  of  these  flames  can  be  seen  on  careful 
inspection  of  the  original  negative.  At  frame  B-1  the  flame 
from  B position  breaks  loose  and  it  travels  all  the  way  across 
the  chamber  in  frames  B-1  to  C-1  at  a speed  of  1900  feet 
per  second.  The  explosive  knock  reaction  occurs  after  this 
flame  has  completed  its  travel  across  the  chamber  at  frame 
C-2,  as  shown  by  the  sudden  whitening  of  the  entire  chamber. 
In  frame  B-7,  after  the  runaway  flame  has  nearly  completed 
its  travel  across  the  chamber,  the  flame  from  E position  may 
be  clearly  seen  still  apparently  under  complete  control. 

When  the  photographs  of  figure  1-18  are  projected  as  a 
motion  picture  the  phenomenon  seen  in  row  B of  the  figure 
has  every  appearance  of  a very  fast  propagated  flame.  On 
close  inspection  of  the  still  photographs,  however,  it  is  found 
that  the  leading  edge  of  this  flame  is  never  sharply  defined 
and  the  phenomenon  appears  to  be  in  fact  a multistage 
autoignition  process,  similar  to  the  phenomenon  of  figure  1-17 
but  occurring  in  many  more  than  two  stages.  This  plie- 
nomenon  is  regarded  as  a borderhne  case  between  homoge- 
neous autoignition  and  a detonation  wave.  The  occurrence 
of  the  explosive  knock  reaction  at  frame  C-2  of  the  figure 
will  be  further  discussed  in  a later  section. 

A fifth  type  of  end-gas  autoignition  is  shown  in  figure  1-19, 
same  as  figure  13  of  reference  9.  This  combustion  process 


was  fired  in  the  old  combustion  apparatus  with  one  spark 
plug  in  E position  (fig.  I-l)  timed  at  20®  B.  T.  C.  The 
injection  valve  was  in  H position,  the  fuel  was  S-2  admixed 
with  400  ml  amyl  nitrate  per  gallon,  compression  ratio  7.1, 
and  fuel-air  ratio  about  0.08.  In  this  case  the  autoignition 
occurred  as  a flame  developing  at  the  far  wall  of  the  chamber 
and  propagating  out  from  the  wall  to  meet  the  spark-ignited 
flame.  A slight  mottling  near  the  far  wall  of  the  chamber 
(lower  edge  of  the  chamber  as  seen  in  the  photographs) 
develops  in  the  frames  of  row  K of  the  figure.  Also,  in  the 
later  frames  of  row  K,  a few  centers  of  pinpoint  autoignition 
develop  near  the  far  wall  of  the  chamber.  In  the  frames  of 
row  L additional  pinpoints  of  autoignition  develop  and  a 
definite  flame  propagation  begins  to  proceed  out  from  the 
far  wall.  This  orderly  autoignition-flame  propagation  pro- 
ceeds throughout  the  entire  end  gas  in  the  frames  of  row 
M,  and  in  the  frames  of  row  N the  mottled  combustion  zone 
gradually  fades  out.  \\lien  the  photographs  are  observed 
as  motion  pictures  only  a very  light  explosive  knock  reaction 
is  seen  in  the  frames  of  row  N ; this  reaction  is  so  light  that  it 
cannot  be  identified  as  being  associated  with  any  particular 
motion-picture  frame.  The  type  of  autoignition  shown  in 
figure  1-19  may  be  a special  case  of  pinpoint  autoignition. 

The  sixth  type  of  autoignition,  an  example  of  which 
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Fiotjbe  1-21. — Apparent  flame-front  velocities  during  period  of  preknock  vibration  in  spark 

ignition  engine. 

occurred  in  the  combustion  process  of  figure  1-20,  is  detect- 
able only  through  the  slight  preknock  vibration  which  it 
imparts  to  the  gases.  Figure  1-20  is  a reproduction  of  figure 
2 of  reference  9.  For  this  combustion  process  four  spark 
plugs  were  used,  timed  at  20°  B.  T.  C.  in  E,  F,  and  J positions 
(fig.  I-l)  and  at  27°  B.  T.  C.  in  G position.  The  injection 
valve  was  in  H position,  the  compression  ratio  was  7.1,  and 
the  fuel-air  ratio  about  0.08.  The  fuel  was  M-2  reference 
fuel  with  an  extremely  high  concentration  of  tetraethyl 
lead — 200  ml  per  gallon.  Some  pinpoint  autoignition  may 
be  seen  in  the  photographs,  originating  at  centei-s  indicated 
by  the  arrows  at  frames  F-10  and  F-14.  No  other  visual 
evidence  of  autoignition  appears,  however,  and  when  the 
explosive  knock  reaction  begins  at  B in  frame  G-7  some 
apparently  unignited  end  gas  is  still  visible  at  the  lower  right 
corner  of  the  chamber.  In  the  original  work  (reference  9) 
flame  areas  were  measured  on  greatly  enlarged  copies  of 
the  individual  frames  of  the  figure  with  a polar  planimeter. 
The  results  showed  that  the  end  gas  suddenly  expanded  at 


about  frame  E-1  of  figure  1-20,  and  that  between  frames 
E-1  and  G-7  at  least  tkree  cycles  of  vibration  of  the  gases 
occurred.  The  measurements  indicated  that  the  amplitude 
of  the  vibrations  did  not  increase  (in  fact,  usually  diminished) 
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F inuBE  1-22.— Actual  pressure-time  records  showing  increase  in  number  of  cycles  of  preknock 
vibration  with  increasing  tetraethyl  lead  concentration  in  fue’. 
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after  the  first  cycle,  from  which  fact  it  was  concluded  that 
a mild  explosive  reaction  occurred  in  the  end  gas  at  about 
frame  E-1.  When  the  photographs  of  figure  1-20  are  pro- 
jected as  a motion  picture,  four  cycles  of  vibration  of  the 
gases  are  easily  observed  before  the  explosive  knock  reaction 
at  frame  G-7;  they  are  observed  as  a backward  and  forward 
motion  of  the  flame  fronts. 

Figure  1-21  shows  the  preknock  vibration  determined 
from  planimeter  measurements  of  flame  areas  for  different 
concentrations  of  tetraethyl  lead.  A similar  variation  in 
number  of  cycles  of  preknock  vibration  with  varying  tetra- 
ethyl lead  concentration  is  shown  by  the  actual  pressure- 
time records  of  figure  1-22,  obtained  with  a piezoelectric 
pickup  in  opening  I of  the  cylinder  head  (fig.  I-l).  The  time 
interval  involved  in  the  preknock  vibration  was  found  to 
increase  linearly  with  the  tetraethyl  lead  concentration  up 
to  200  ml  per  gallon,  the  highest  concentration  used. 

Explosive  knock  reaction  without  end-gas  autoignition. — 
^lany  high-speed  photographs  have  been  obtained  like  the 
ones  of  figure  1-23,  in  which  the  end  gas  appeared  to  be 
entirely  consumed  by  the  normal  flames  some  tiT.e  berore 
the  occurrence  of  the  explosive  knock  reaction.  Tnis  figure 
is  a reproduction  of  figure  6 of  reference  6.  Four  spark 


plugs  were  used  for  this  combustion,  timed  at  20°  B.  T.  C. 
at  E,  F,  and  J positions  (fig.  I-l)  and  at  27°  B.  T.  C.  at 
G position.  The  injection  valve  was  at  position  H,  the 
fuel  was  a blend  of  50  percent  95-cc^ane  garoline  with 
50  percent  M-2  reference  fuel,  compression  ratio  7.0,  and 
fuel-air  ratio  about  0.08.  The  last  visible  end  gas  disappears, 
because  of  normal  flame  travel,  at  about  frame  G-1 7.  The 
explosive  knock  reaction  occurs  at  B in  frame  H-7,  11  frames 
after  the  disappearance  of  the  last  visible  end  gas.  Other 
photographs  have  been  obtained  in  which  a mild  explosive 
knock  reaction  occurred  not  only  after  the  disappearance  of 
the  last  visible  end  gas  but  even  after  the  entire  schlieren 
combustion  pattern  had  almost  faded  out  (reference  6). 

The  cases  cited  are  not  good  proof  that  the  explosive 
knock  reaction  can  occur  without  autoignition  because  of  the 
possible  existence  of  unignited  gas  pockets  in  front  of  or  be- 
hind the  burning  gases;  such  pockets  could,  of  course,  not 
be  seen  in  the  photographs.  Photographs  have  been  ob- 
tained, however,  in  which  unignited  end  gas  may  actually  be 
seen  at  the  time  the  explosive  knock  reaction  occurs  and  the 
unignited  end  gas  does  not  appear  to  play  a part  in  the  ex- 
plosive knock  reaction.  Comment  has  already  been  made 
concerning  the  presence  of  unignited  end  gas  in  one  part  of 
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figure  1-23.— High-speed  photographs  showing  apparent  complete  merging  of  flames  before  knock  in  spark-ignition  engine.  Fuel,  50  percent  ®5-octane  gasoline  with  50  percent  M-2,  con^ 
pression  ratio,  7.0;  fuel-air  ratio,  about  0.08;  atmospheric  intake;  four  spank  plugs;  spark  timing,  for  left-hand  plug,  27°  B.  T.  C.,  for  other  three  plugs,  20°  B.  T.  C.;  A,  completely  burned 
ngions;  B,  blurring  c*au.sed  by  knock. 
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Figure  I 24.  High-speed  photographs  of  occurrence  of  violent  knock  in  spark-ignition  engine  while  unignited  end  gas  is  still  visible.  Fuel,  S-4;  compression  ratio,  9.0;  fuel-air  ratio,  about  0. 13- 
mlet-air  temperature,  310°  F;  inlet-air  pressure,  15.5  pounds  per  square  inch  absolute;  four  spark  plugs;  spark  timing,  18°  B.  T.  C. 


frame  G-7  of  figure  1-20  at  the  same  time  tiiat  the  ex- 
plosive knock  reaction  begins  in  another  part  of  the  same 
frame.  A more  striking  example  of  tins  phenomenon  ap- 
pears in  figure  1-24.  Four  spark  plugs  were  used  in  the  case 
of  figure  1—24,  timed  at  18°  B.  T.  C.  The  injection  valve 
was  in  position  A (fig.  1—2);  the  fuel  wasS— 4 reference  fuel; 
compression  ratio,  9.0;  fuel-air  ratio,  about  0.13;  inlet-air 
temperature,  310°  F;  and  absolute  inlet-air  pressure,  15.5 
pounds  per  square  inch.  In  frame  F-2  of  this  figure  a fair- 
sized  white  unignited  end  zone  is  visible,  slightly  below  the 
center  of  the  chamber,  roughly  in  the  shape  of  a T lying  on 
its  side.  The  explosiv^e  knock  reaction  begins  in  frame 
F-3,  as  indicated  by  the  blurring  of  the  dark  mottled  com- 
bustion zone.  This  dark  mottled  combustion  zone  en- 
croaches somewhat  upon  the  unignited  end  gas  in  frame 
F— 3,  but  most  of  the  end  gas  visible  in  frame  F— 2 remains 
unignited  in  frame  F-3  in  spite  of  the  effect  of  the  e.xplosive 
knock  reaction  on  the  actual  combustion  zone  in  frame  F-3. 
Moreover,  tfie  end  gas  that  appears  white  and  unignited  in 
frame  F-3  still  appears  white  in  frames  F-4  and  F-5,  in 
which  the  explosive  knock  reaction  is  completed.  If  this 
body  of  end  gas  ever  did  burn  it  must  have  done  so  in  a time 
interval  much  shorter  than  the  25-microsecond  exposure 
time  of  the  individual  frames  of  the  figure,  or  it  would  have 


shown  the  characteristic  dark  mottled  appearance  of  burn- 
ing gas  in  one  of  the  frames  of  the  figure. 

The  appearance  of  frames  F— 2 to  F— 5 of  figure  1—24  indi- 
cates that  the  explosive  knock  reaction  developed  in  the 
dark  mottled  combustion  zone  and  that  its  effect  on  the 
unignited  end  gas,  if  it  had  any  such  effect,  was  only  inci- 
dental. In  reference  7 it  was  concluded  that  the  explosive 
knock  reaction  develops  only  in  gases  that  have  been  pre- 
viously ignited  either  by  normal  flame  travel  or  by  auto- 
ignition. Photographs  were  presented  in  the  same  paper 
indicating  that  the  origin  of  the  explosive  knock  reaction 
was  not  necessarily  in  the  same  location  as  the  last  gas  to  be 
ignited. 

Physical  nature  of  explosive  knock  reaction  as  indicated 
by  high-speed  photographs.— From  a study  of  photographs 
taken  at  40,000  frames  per  second  the  author  of  this  paper 
has  concluded  (reference  10)  that  the  explosive  knock  re- 
action is  a type  of  detonation  wave  traveling  through  the 
unburned,  or  incompletely  burned,  gases  at  a speed  ranging 
approximately  from  one  to  two  times  the  speed  of  sound  in 
the  burned  gases.  An  e.xample  of  a detonation  wave  moving 
at  a speed  twice  that  of  sound  in  the  burned  gases  is  found 
in  frames  M— 11  and  M— 12  of  figure  1—5.  As  previously 
noted,  tlie  explosive  knock  reaction  in  this  case  is  first  visible 
as  a white  streak  along  the  lower  right  edge  of  frame  M-1 1 


NACA  INVESTIGATION  OF  FUEL  PERFORMANCE  IN  PISTON-TYPE  ENGINES 


489 


and  as  a slight  blurring  of  the  combustion  zone  in  the  same 
frame.  The  next  frame,  M-12,  has  been  rendered  wliite 
throughout  by  the  knock  reaction.  As  explained  in  refer- 
ence 10,  it  is  believed  justifiable  to  disregard  the  blurring  of 
the  mottled  combustion  zone  in  frame  M-1 1 and  to  use  the 
appearances  of  brilliant  luminosity  as  a measure  of  the  speed 
of  the  knock  disturbance.  On  such  a basis,  the  superficial 
impression  obtained  from  frames  M-1 1 and  M-1 2 of  figure 
1-5  is  that  the  knock  disturbance  started  at  the  lower  right 
edge  of  the  chamber  and  spread  very  rapidly  throughout 
the  charge  from  the  point  of  origin.  \Mien  the  photographs 
are  analyzed,  however,  with  proper  allowance  for  the  focal- 
plane-shutter  effect  of  the  camera  (reference  1),  it  is  found 
that  the  travel  of  the  knock  disturbance  as  shown  by  frames 


tive  to  the  combustion-chamber  image  as  the  leading  edge 
of  the  focal-plane-shutter  slit  of  the  camera  exposing 
frame  M-1 2. 

Figures  1-25  and  1-26  are  reproductions  of  portions  of  a 
motion-picture  animation  (reference  12)  created  for  the  pur- 
pose of  demonstrating  the  manner  of  exposure  of  frames 
M-1 1 and  M-1 2 of  figure  1-5.  Figure  1-25  shows  this 
author’s  conception  of  what  actually  happened  during  the 
exposure  of  the  two  frames.  In  this  figure  the  focal-plane 
shutter  is  assumed  to  have  been  removed  from  each  of  the 
still  cameras.  The  frames  of  the  figure  show  what  would 
have  been  seen  on  the  film  in  each  of  the  two  cameras  if  the 
film  and  the  image  appearing  upon  it  could  have  been  photo- 
graphed at  the  rate  of  about  180,000  frames  per  second. 


Figure  1-25.— Animation  showing  detonation- wave  travel  as  it  might  appear  on  film  in  two  still  cameras  if  film  and  image  were  photographed  at  about  180,000  frames  per  second.  Develop- 
ment of  detonation  wave  in  frames  B-2  to  B-8  of  this  figure  corresponds  chronologically  with  exposure  of  frames  M-11  and  M-1 2 of  figure  1-5. 


M-11  and  M-1 2 was  actually  in  a direction  opposite  to  the 
superficially  apparent  direction. 

An  optical  effect  equivalent  to  that  of  the  high-speed 
camera  would  be  obtained  if  frames  M-11  and  M-1 2 of 
figure  1-5  were  exposed  by  two  independent  still  cameras 
using  focal-plane  shutters,  provided  the  following  three  con- 
ditions were  satisfied:  first,  the  width  of  the  slit  aperture 
in  each  of  the  focal-plane  shutters  must  be  equal  to  half  the 
frame  spacing,  or  about  7/10  the  width  (not  the  length)  of 
the  combustion  chamber  as  seen  in  the  photographs,  second, 
each  focal-plane-shutter  slit  must  travel  a distance  equal 
to  its  own  width  in  1/40,000  second  in  a direction  from  left 
to  right,  as  seen  in  figure  1-5  (that  is,  in  the  direction  away 
from  the  previously  exposed  frames  toward  the  frames  yet 
to  be  exposed  as  seen  in  the  figure),  and  third,  the  trailing 
edge  of  the  focal-plane-shutter  sht  of  the  camera  exposing 
frame  M-1 1 must  at  all  times  be  in  the  same  position  rela- 


The  frames  are  arranged  in  three  rows  of  eight  frames  each. 
Each  frame  includes  two  images  of  the  combustion  chamber; 
the  lower  of  the  two  images  is  the  one  seen  on  the  film  in 
the  camera  exposing  frame  M-11,  the  upper  of  the  two 
images  is  the  one  seen  on  the  film  in  the  camera  exposing 
frame  M-1 2.  Inasmuch  as  the  focal-plane  shutters  have 
been  removed  from  the  cameras,  and  the  cameras  are  still 
cameras  of  the  most  elementary  type  the  same  image  ap- 
pears on  the  film  in  both  cameras  at  all  times.  Throughout 
the  frames  of  row  A and  the  first  frame  of  row-  B the  film  in 
each  camera  is  being  exposed  to  an  image  just  like  that  of 
frame  M-10  (fig.  1-5),  At  frame  B-2  (fig.  1-25)  a detona- 
tion wave  originates  at  the  lower  left  corner  of  the  visible 
portion  of  the  chamber  as  indicated  by  the  two  white  arrows 
in  this  frame.  This  w ave  travels  across  the  chamber  through 
the  dark  mottled  combustion  zone  as  seen  on  the  film  in 
each  of  the  tw’o  cameras  between  frames  B-2  and  B-8.  (The 
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detonation-wave  front  has  been  made  straight  for  simplicity 
of  construction  of  the  animation;  approximately  the  same 
offect  would  have  resulted  if  the  detonation-wave  front  had 
been  spherical.)  The  gases  behind  the  detonation-wave  front 
are,  of  course,  incandescent  and  the  entire  area  that  was 
formerly  the  dark  mottled  combustion  zone  consequently  ap- 
pears brilliant  white  in  all  of  the  frames  after  the  detonation- 
wave  front  has  completed  its  travel  (frames  B-8  to  C-8). 

Figure  1-26  is  an  animation  of  the  same  kind  as  figure 
1-25  but  shows  the  motion  of  the  focal-plane  shutter  in  each 
of  the  two  cameras  as  well  as  the  progress  of  the  detonation 
wave.  In  frame  A-1  of  figure  1-26  the  focal-plane-shutter 
sht  that  will  provide  the  exposure  for  the  lower  photograph 
(frame  M-1 1 of  fig.  1-5)  may  be  seen  just  to  the  left  of  the 
combustion-chamber  image  as  a tall  narrow  rectangle.  Part 
of  the  focal-plaiie-shutter  sht  of  the  upper  camera  may  also 
be  seen  in  the  upper  part  of  frame  A-1 , with  its  leading  edge 
exactly  in  line  with  the  trailing  edge  of  the  focal-plane- 
shutter  slit  of  the  lower  camera.  Throughout  the  frames  of 
row  A the  two  focal-plane-shutter  slits  may  be  seen  to  move 
from  left  to  right  relative  to  the  combustion-chamber  images. 

The  lower  focal-plane-shutter  slit  begins  to  pass  across  the 
lower  combustion-chamber  image  at  frame  A-5.  In  this 
same  frame  the  trailing  edge  of  the  lower  focal-plane-shutter 
slit  and  the  leading  edge  of  the  upper  focal-plane-shutter 


sht  are  each  indicated  by  a white  arrow  and  will  be  seen  to 
be  in  line  with  each  other  as  in  all  other  frames  of  the  figure. 
The  focal-plane  shutters  are  assumed  to  be  constructed  of  a 
dark  material  that  does  not  reflect  fight  well;  the  combustion- 
chamber  image  consequently  appears  gray  in  all  areas  where 
it  falls  on  the  focal-plane-shutter  material.  In  frames 
A-5  to  A-8,  however,  part  of  the  fight  that  forms  the  lower 
combustion-chamber  imiage  passes  through  the  focal-plane- 
shutter  slit  and  falls  on  the  photosensitive  film;  this  film, 
being  a bright  material  that  reflects  fight  well,  causes  the 
part  of  the  image  formed  upon  it  to  appear  brilliant  white  in 
the  animation.  Hence,  in  frames  A-5  to  A-8  the  brilliant 
white  part  of  the  picture  shows  the  portion  of  the  lower  image 
uncovered  by  the  focal-plane-shutter  slit  at  each  instant. 

The  lower  focal-plane-shutter  slit  continues  to  pass  across 
the  lower  combusion-chamber  image  from  left  to  right  in 
frames  B-1  to  B-8.  At  frame  B-8  this  slit  has  passed  all  the 
way  across  the  lower  image  and  the  exposure  of  that  image  is 
completed.  The  upper  focal-plane-shutter  slit  begins  to 
pass  across  the  upper  combustion-chamber  image  at  frame 
B-2,  with  its  leading  edge  still  exactly  in  fine  with  the  trailing 
edge  of  the  lower  focal-plane-shutter  slit.  The  upper  slit 
completes  its  travel  across  the  upper  combustion-chamber 
image  at  frame  C-5,  at  which  time  the  exposure  of  this 
image  is  complete. 


Figure  1-26. — Animation  showing  travel  of  both  detonation  wave  and  focal-plane-shutter  screen  in  two  still  cameras  as  they  might  appear  if  photographed  at  about  180,000  frames  per  second. 

Frames  B-2  to  B-8  of  this  figure  correspond  chronologically  with  exposure  of  frames  M-11  and  M-1 2 of  figure  1-5. 
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In  frames  B-2  to  B-7  of  figure  1-26  the  detonation-wave 
front  may  be  seen  traveling  across  the  upper  combustion- 
chamber  image  fii*st  just  a little  behind  (as  indicated  by  upper 
white  arrow  in  frame  B-2)  and  later  just  a httle  ahead  of  the 
leading  edge  of  the  upper  focal-plane-shutter  slit  (as  indicated 
by  the  white  arrows  in  frames  B-5,  B-6,  and  B-7),  but  always 
quite  close  to  the  leading  edge  of  the  upper  sht.  In  the  same 
frames  (B-2  to  B-7)  the  detonation-wave  front  may  be  seen 
traveling  across  the  lower  combustion-chamber  image  at  all 
times  quite  close  to  the  trailing  edge  of  the  lower  focal-plane- 
shutter  sht,  first  a little  behind  (as  indicated  by  lower  white 
arrow,  frame  B-2)  and  later  a little  ahead  (as  indicated  by 
black  arrows  in  frames  B-5,  B-6,  and  B-7).  As  both  lower 
and  upper  combustion-chamber  images  (frames  M-11  and 
M-12  of  figure  1-5)  are  exposed  entirely  by  light  that  passes 
through  the  upper  and  lower  focal-plaiie-shutter  slits, 
respectively,  during  theii*  travel  across  the  images,  it  is  clear 
from  frames  B-2  to  B-7  of  figure  1-26  that  the  upper  image 
(frame  M-12  of  fig.  1-5)  when  finally  developed,  will  show 
incandescence  over  the  entire  area  of  the  combustion  chamber, 
whereas  the  lower  image  (frame  M-1 1 of  fig.  1-5)  will  in  the 
main  show  the  same  dark  mottled  combustion  zone  that  is 
seen  in  frame  M-10  of  figure  1-5.  The  only  effect  the 
detonation  wave  will  have  upon  the  lower  combustion- 
chamber  image  (frame  M-1 1 of  fig.  1-5),  as  finally  developed, 
will  be  produced  by  that  part  of  the  detonation  wave  which 
travels  across  the  chamber  ahead  of  the  trailing  edge  of  the 
lower  focal-plane-shutter  slit  in  frames  B-4  to  B-7  of 
figure  1-26.  Examination  of  frames  B-4  to  B-7  shows  a very 
small  triangular  region  of  luminosity  of  gradually  increasing 
size  (indicated  by  black  arrows  in  frames  B-5,  B-6,  and  B-7) 
progressing  along  the  lower  right  edge  of  the  chamber  from 
left  to  right.  This  very  small  triangular  area  of  luminosity 
would,  in  the  final  developed  photograph,  produce  the  white 
streak  along  the  lower  right  edge  of  the  chamber,  with 
gradually  increasing  bi*illiance  toward  the  right,  that  is 
observed  in  frame  M-11  of  figure  1-5. 

In  the  exposure  of  frames  M-11  and  M-12  of  figure  1-5, 
the  focal-plane-shutter  slits  moved  at  a speed  of  256  feet 
per  second.  The  linear  dimensions  of  the  actual  combustion 
chamber  were  21.5  times  as  large  as  those  of  the  combustion- 
chamber  image  formed  on  the  film.  The*  detonation  wave 
that  produced  the  effect  seen  in  frames  M-11  and  M-12  of 
figure  1-5,  in  the  manner  illustrated  in  figures  1-25  and  1-26, 
must,  therefore,  have  traveled  across  the  combustion  chamber 
at  a speed  greater  than  6500  feet  per  second  (with  due  allow- 
ance for  the  fact  that  the  detonation-wave  front  traveled 
in  a direction  at  an  angle  to  the  direction  of  motion  of  the 
focal-plane  shutter.) 

If  the  explosive  knock  reaction  had  occurred  simultaneously 
thi'oughob  t the  end  gas,  as  commonly  supposed,  its  luminosity 
would  simply  have  recorded  the  relative  positions  of  the 
trailing  edges  of  the  upper  and  lower  focal-plane-shutter 
slits,  consequently  the  luminosity  as  seen  in  frame  M-12 
of  figure  1-5  would  have  extended  farther  to  the  left  than 


the  luminosity  as  seen  in  frame  M-11  by  an  amount  not 
greater  than  the  width  of  the  focal-plane-shutter  slit.  The 
fact  that  the  luminosity  visible  in  frame  M-12  extends  to 
the  left  of  the  luminosity  visible  in  frame  M-1 1 by  an  amount 
greater  than  the  width  of  the  focal-plane-shutter  slit  pre- 
cludes the  possibility  that  the  luminosity  developed  simul- 
taneously throughout  the  chamber:  No  satisfactory  ex- 

planation of  the  appearance  of  frames  M-11  and  M-12  of 
figure  1-5  has  been  advanced  other  than  the  explanation 
illustrated  in  figures  1-25  and  1-26.  If  due  consideration  is 
given  to  the  fact  that  the  luminosity  visible  throughout 
frame  M-12  is  quite  uniform,  and  is  less  than  the  saturation 
limit  of  the  photosensitive  film,  it  would  seem  that  each  part 
of  frame  M-12  must  have  had  about  the  same  exposure  to 
the  detonation  luminosity  and  the  conditions  governing  the 
exposure  of  the  two  frames  (M-11  and  M-12)  would,  there- 
fore, seem  to  be  mathematically  determinate.  For  these 
reasons  the  author  believes  that  the  explanation  illustrated 
in  figures  1-25  and  1-26  is  the  only  reasonable  explanation 
of  the  appearance  of  these  frames. 

The  effect  of  the  focal-plane  shutters  of  the  high-speed 
camera  on  apparent  velocities  of  detonation  waves  is  easily 
shown  (reference  10)  to  comply  with  the  following  equation: 


v + V'  cos  a 

where  V is  the  actual  speed  of  the  wave,  v the  speed  of  the 
focal-plane  shutter  slits,  F'  the  apparent  velocity  of- the  wave 
(progress  of  the  wave  between  two  successive  frames,  as 
recorded  photographically,  divided  by  nominal  time  between 
exposures  of  the  successive  frames),  and  a the  angle  between 
the  dii’ection  of  motion  of  the  detonation-wave  front  and  the 
diicction  of  motion  of  the  focal-plane-shutter  slits.  (Due 
regard  must  be  had  for  the  signs  of  F,  F',  and  a,  as  explained 
in  reference  10.)  Application  of  this,  equation  to  the  case  of 
figure  1-27  has  given  propagation  speeds  in  the  neighborhood 
of  4500  feet  per  second  to  tlxe^points  2?i,  p2?  • • 2^8  fi'om  the 

point  of  origin  of  the  .knock  disturbance  (calculated  to  be 
at  the  intersection  of  line  C-C  with  lines  C'-C'),  (Fig.  1-27 
is  the  same  as  fig.  7 of  reference  10.  The  complete  photo- 
. graphic  series  and  complete  treatment  are  presented  in  the 
original  paper.  The  complete  photographic  series  of  this 
combustion  process  also  appears  as  fig.  8 in  reference  5. 
The  engine-operating  conditions  for  this  figure  were  the  same 
as  for  fig.  1-4  of  the  present  paper.) 

No  correcting  equation  is  required  to  determine  the  true 
detonation-wave  velocity  from  figure  1-28,  because  the  front 
of  the  detonation  wave  may  be  located  in  three  successive 
frames  of  this  figure  at  points  2?i7,  pis,  and  ^19  (wave  front 
position  indicated  b}^  a bright  spot  at  ^,9)  along  a line  D-D, 
which  is  at  right  angles  to  the  direction  of  motion  of  the 
focal-plane  shutter.  The  complete  treatment  of  this  case 
(reference  10)  yields  a value  between  3250  and  3400  feet 
per  second  for  the  speed  of  the  detonation  wave.  (Fig.  1-28 
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Figure  1-27. — High-speed  photographs  of  development  of  incandescent  spots  caused  by  detonation  wave  in  knocking  spark-ignition  engine.  Fuel,  50  percent  S-1  with  50  percent  M-2;  com 
pression  ratio,  7.0;  fuel-air  ratio,  about  0.08;  atmospheric  intake;  spark  plug  at  top;  hot  spot  at  bottom;  spark  timing,  20°  B.  T.  C.;  detonation-wave  speed,  about  4500  feet  per  second. 


Figure  1-28. — High-speed  photographs  of  development  of  luminous  area  and  incandescent  spots  caused  by  detonation  wave  in  knocking  spark-ignition  engine.  Fuel,  M-1;  compression  ratio, 
7.0;  fuel-air  ratio,  about  0.08;  atmospheric  intake;  four  spark  plugs;  spark  timing,  for  left-hand  plug,  27°  B.  T.  C.,  for  other  three  plugs,  20°  B.  T.  C.;  detonation-wave  speed,  about  3300  feet 
per  second. 


is  the  same  as  fig.  13  of  reference  10.  Additional  frames 
of  the  series  are  shown  in  fig.  12  of  that  paper  as  well  as  in 
fig.  10  of  reference  6.  The  engine-operating  conditions  were 
the  same  as  for  fig.  I -10  of  the  present  paper  except  that 
M-1  reference  fuel  was  used.) 

Application  of  the  correcting  equation  to  the  explosive 
knock  reactions  seen  in  frame  G-1 2 of  figure  I-IO  and  frames 
G-1 1 and  G-1 2 of  figure  1-12  has  yielded  values  in  the 
neighborhood  of  6000  and  3600  feet  per  second,  respectively 
(reference  10).  The  correcting  equation,  as  well  as  the 
qualitative  treatment  illustrated  in  figures  1-25  and  1-26, 


yields  a value  of  about  7300  feet  per  second  for  the  reaction 
that  occurred  between  frames  C-1  and  C-2  of  figure  1-18 
after  the  runaway  flame  had  completed  its  travel  across  the 
chamber.  Between  these  two  frames  the  entire  combustion 
chamber  changed  from  a fairly  uniform,  dark  mottled  con- 
dition to  a fairly  uniform  white  condition.  (This  change 
was  more  evident  on  the  original  negative  than  it  is  in  the 
printed  reproduction.  The  entire  series  of  photographs  was 
badly  underexposed  and  in  cop3dng  some  of  the  contrast 
between  frames  C-1  and  C-2  was  lost  in  order  that  the  frames 
of  rows  A and  B might  be  brought  out  more  clearly.)  A 
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uniform  change  throughout  the  combustion  chamber  from 
a dark  mottled  condition  to  a white  condition  beUyeen  one 
frame  and  the  next  corresponds  to  an  infinite  apparent 
detonation- wave  speed,  that  is,  an  infinite  value  of  V'. 
With  an  infinite  value  of  V'  the  correcting  equation  indicates 
that  the  actual  detonation-wave  velocity  is  equal  to  the 
focal-plane  shutter  velocity,  and  in  the  same  direction. 
Consideration  of  figure  1-26  indicates  that  a uniform  change 
throughout  the  combustion  chamber  would  be  produced  if 
the  detonation  wave  traveled  across  the  chamber  in  the  same 
direction  and  at  the  same  speed  as  the  focal-plane-shutter 
slit  rather  than  at  a slight  angle  to  the  direction  of  motion 
of  the  slit  and  at  a slightly  higher  speed.  (The  white  streak 
along  the  lower  right  edge  of  the  chamber  in  frame  M-1 1 of 
fig.  1-5  would  have  been  absent  if  the  detonation- wave  front 
had  not  overtaken  the  trailing  edge  of  the  lower  focal-plane- 
shutter  slit  at  about  frame  C-19  in  fig.  I-*26  and  had  not 
traveled  across  the  chamber  slightly  ahead  of  this  trailing 
edge  in  frames  C-19  to  D-21 ; the  combustion  zone  would 
have  been  uniformly  dark  in  frame  M-1 1 (fig.  1-5)  and  uni- 
formly white  in  frame  M-1 2.)  For  the  case  of  figure  1-18 
the  focal-plane-shutter  slits  traveled  at  251  feet  per  second 
in  a direction  approximately  opposite  to  the  travel  of  the 
runaway  flame  in  frames  B-1  to  C-1 . The  actual  linear 
dimensions  of  the  combustion  chamber  were  29.2  times  as 
great  as  the  dimensions  of  the  combustion-chamber  image. 
The  appearance  of  figure  1-18,  therefore,  indicates  that  after 
the  runaway  flame  completed  its  travel  through  the  end  gas 
in  one  direction  at  about  1900  feet  per  second  a detonation 
wave  passed  through  the  gas  in  the  opposite  direction  at 
about  7300  feet  per  second. 

Confirmation  of  detonation-wave  aspect  of  knock  by  ultra- 
high-speed  photographs. — Only  one  motion  picture  of  the 
Imock  phenomenon  taken  with  the  ultra-high-speed  camera 
(reference  3)  is  available.  This  one  motion  picture,  however, 
taken  at  the  rate  of  200,000  frames  per  second,  is  confirma- 
tory of  the  conclusions  reached  from  study  of  the  high-speed 
photographs  taken  at  40,000  frames  per  second.  It  has  not 
been  possible  to  take  more  than  a very  few  photographic 
sliots  with  the  ultra-high-speed  camera  because  the  high- 
speed rotating  part  of  the  camera,  operating  in  a high  vacuum, 
spatters  oil  on  the  94  glass  lenses  of  the  camera  to  such  an 
extent  that  the  lenses  become  inoperative  after  only  a few 
runs.  Of  5 or  6 shots  that  were  actually  taken  at  200,000 
frames  per  second,  only  one  happened  to  be  taken  at  the 
right  time  to  cover  the  knock  phenomenon.  Further  devel- 
opmental work  on  the  ultra-high-speed  camera,  which  is  still 
proceeding,  has  been  directed  toward  elimination  of  the 
oil-spattering  problem. 

The  ultra-high-speed  photographs  are  shown  as  a series 
of  20  still  pictures  in  figure  1-29.  The  combustion  process 
for  this  series  of  photographs  was  fired  in  the  old  combustion 
apparatus  with  one  spark  plug  in  G position  (fig.  I-l).  at 


27°  B.  T.  C.  The  injection  valve  was  at  opening  J (fig.  I-l) ; 
the  fuel  was  a blend  of  70  percent  S-3  with  30  percent  M-2 
reference  fuels;  compression  ratio,  7.0;  and  fuel-air  ratio, 
about  0.08.  Figure  1-29  was  previously  published  as  figure  4 
in  reference  11  and  was  discussed  in  that  paper  more  exten- 
sively than  it  will  be  here. 

Before  frame  A-1  of  figure  1-29  was  exposed  the  flame  had 
traveled  all  the  way  across  the  chamber  in  the  direction  of 
the  arrow  that  has  been  drawn  in  this  frame.  The  whitish 
area  in  frames  A-1  to  A-5,  designated  B in  frame  A-3,  rep- 
resents the  region  in  which  combustion  is  complete.  The 
dark  (nearly  black)  areas  in  these  frames,  designated  F in 
frame  A-3,  are  the  dark  mottled  combustion  zone  that  has 
become  quite  famihar  in  the  high-speed  photographs  of  the 
earlier  figures.  The  series  of  figure  1-29  did  not  begin  early 
enough  to  determine  whether  any  autoignition  occuixed  in 
this  combustion  process,  but  at  least  at  the  time  of  exposure 
of  frame  A-1  the  entire  charge  was  ignited  with  the  exception 
of  possible  small  pockets  in  front  of  or  behind  the  flame.  The 
boundary  between  the  dark  and  the  light  areas,  designated 
R in  frame  A-2  of  the  figure,  is  the  rear  edge  of  the  combustion 
zone — not  the  flame  front. 

The  ultra-high-speed  camera  does  not  have  the  focal- 
plane-shutter  effect  of  the  high-speed  camera,  but  has  in 
effect  a conventional  between-the-lens  type  of  shutter.  The 
exposure  time  of  each  frame  is  roughly  the  same  as  the  time 
between  successive  frames,  5 microseconds,  although  there  is 
a slight  overlapping  of  exposures,  as  specified  in  reference  11. 
The  series  of  figure  1-29  is,  therefore,  truly  representative 
of  events  as  they  occurred  in  the  combustion  chamber. 
Examination  of  frames  A-1  to  B-1  of  the  figure  reveals  no 
appreciable  change  of  conditions.  Frames  A-2,  A-4,  and 
B-1  are  much  more  sharply  defined  than  frames  A-1,  A-3, 
and  A-5.  This  effect,  however,  is  introduced  by  the  camera 
and  has  no  significance  relative  to  the  burning  processes. 
This  alternate  blurring  of  frames  can  be  eliminated  in  further 
work  with  the  camera.  The  fii*st  significant  change  in 
appearance  of  the  photographs  occurs  in  the  area  desig- 
nated by  the  two  arrows  in  frame  B-2.  This  light  area  is 
not  present  in  any  of  the  preceding  frames.  If  this  area  in 
frame  B-2  is  compared  with  the  same  area  in  frame  B-1 , more 
difference  will  be  noted  than  in  a like  comparison  of  frame 
B-1  with  frame  A-1 , five  frames  preceding.  In  frames  B-3 
and  B-4,  the  effect  of  the  knock  spreads  considerably  in  all 
directions  from  the  point  of  origin.  The  location  of  the 
point  of  origin  at  the  rear  edge  of  the  combustion  zone  is 
strikingly  confirmatory  of  the  conclusion  reached  from  study, 
of  the  40,000-frame-per-second  photographs  that  the  ex- 
plosive knock  reaction  apparently  originates  in  the  burning 
gases  rather  than  in  the  unignited  end  gas. 

Frames  B-1  to  B-5  of  figure  1-29  are  reproduced  in  figure 
1-30.  In  figure  1-30,  however,  a black  line  (Rb-i)  has  been 
drawn  in  frame  B-1  reinforcing  the  boundary  line  between 
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Figure  1-29.  Ultra-bigh-speed  photographs  (200,000  frames  per  sec)  of  phenomenon  of  knock  in  spark-ignition  engine.  Fuei,  70  percent  S-3  with  30  percent  M-2;  compression  ratio.  7.0;  fuel 

air  ratio,  about  0.08;  atmospheric  intake;  one  spark  plug  in  G position  (fig.  I-l);  spark  timing,  27“  B.  T.  C. 
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the  dark  combustion  zone  on  the  right  and  the  white  burned 
region  on  the  left.  In  frames  B-2  to  B-5  of  this  figure  the 
same  black  line  has  been  constructed  in  each  frame,  not 
marking  the  boundary  between  burned  and  unburned  as  it 
appears  in  frames  B-2  to  B-5  but  the  boundary  as  it  appeared 
in  frame  B-1 . In  each  of  the  frames  B-2  to  B-5  two  hori- 
zontal black  lines  have  been  drawn  marking  the  upper  and 
lower  extents  of  the  knocking  reaction  in  each  frame  as 
indicated  by  the  whitening  of  the  combustion  zone  to  the 
right  of  the  boundary  line  Rb-i*  Distances  between  the 
horizontal  lines  have  been  designated  in  each  frame  as  /2,  /a, 
and  so  on.  Treating  the  difference  between  successive 
values  of  / as  representing  the  combined  upward  and  down- 
ward travel  of  the  knocking  disturbance  between  successive 
frames  (/i  assumed  equal  to  zero),  the  following  values  have 
been  obtained  for  the  speed  of  the  knock  disturbance  ac- 
cording to  the  equation: 


Velocity  of  knocking 
disturbance 

Frames  (fllsec) 

1 to  2 9200 

2 to  3 4200 

3 to  4 6900 

4 to  5 1200 

The  average  of  the  first  three  values  is  nearly  6800  feet 
per  second,  which  is  of  the  same  order  as  the  higher  speeds 


determined  from  the  high-speed  photographs  and  the  speed 
of  2000  meters  per  second  determined  by  Sokohk  and 
Voinov  in  reference  18. 

After  frame  B-4  of  figure  1-29  the  ultra -high-speed  photo- 
graphs no  longer  show  a high  speed  of  propagation  of  the 
knock  reaction.  The  portion  of  the  black  combustion  zone 
that  is  still  visible  in  frame  B-5  gradually  disintegrates 
throughout  the  frames  of  rows  C and  D,  leaving  a great 
many  black  dots  and  streaks,  which  will  be  discussed  later. 
It  is  thought  either  that  the  areas  that  still  appear  black  in 
frame  B-5  represent  gases  that  were  not  in  a sufficiently 
advanced  state  of  combustion  to  be  detonable  or  that  they 
represent  a high  concentration  of  carbon  particles  resulting 
from  the  knock  reaction. 

Chemical  nature  of  explosive  knock  reaction.-  -The  high- 
speed and  ultra-high -speed  photographs,  because  of  their 
inherent  nature,  should  not  be  expected  to  yield  much  in- 
formation concerning  the  chemical  nature  of  the  explosive 
knock  reaction.  Two  indications  have  been  obtained,  how- 
ever, that  may  be  of  the  most  fundamental  importance  rela- 
tive to  the  chemical  nature  of  the  reaction;  first,  the  indica- 
tion that  the  reaction  results  in  a definite  loss  of  chemical 
energy  that  would  otherwise  be  available,  and  second,  the 
indication  that  free  carbon  is  released  by  the  explosive  knock 
reaction.  Both  of  these  indications  forcibly  recall  the  opin- 
ion expressed  by  Midgley  in  1920  (reference  14)  that  the 
knocking  detonation  wave  burns  only  the  hydrogen  in  the 
hydrocarbon  molecule  and  releases  free  carbon. 


Figure  1-30.— Frames  from  figure  1-29  outlining  actual  detonation* wave  travel.  Detonation-wave  speed,  about  6800  feet  per  second  both  upward  and  downward  from  point  of  origin. 
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Figure  1-31. — Pressure-time  records  for  two  combustion  cycles  showing  power  gain  secured 
by  quenching  end  zone  with  water  to  avoid  knock. 


In  figure  1-31  are  reproduced  actual  photographs  of  two 
pressure- time  records  obtained  with  the  cathode-ray  oscil- 
loscope and  a quartz  piezoelectric  pickup  placed  at  the 
knocking  zone  in  the  combustion  apparatus.  The  manner 
of  obtaining  these  pressure- time  records  was  fully  explained 
in  reference  8.  ‘ The  two  traces  were  taken  imder  identical 
engine-operating  conditions,  and  with  ,the  same  fuel  (M-3 
reference  fuel),  except  that  water  was  injected  into  the  end 
gas  for  the  “quenched^^  trace.  High-speed  photographs  were 
obtained  (not  reproduced  here)  showing  that  the  spatial 
distribution  of  the  injected  water  coincided  fairly  well  with 
the  remaining  combustion  zone  at  the  time  of  knock.  As 
may  be  observed  in  the  figure  the  injected  water  almost 
eliminated  the  violent  knock  that  occurred  with  the  un- 
quenched combustion.  It  is  also  clear  from  the  figure  that 
the  elimination  of  the  knock  resulted  in  a very  marked 
increase  in  pressure,  not  only  late  in  the  expansion  stroke 
but  even  immediately  after  the  occurrence  of  the  knock. 
The  comparative  traces  of  figure  1-31  are  typical  of  many 
tests  in  which  the  quenched  and  unquenched  combustion 
cycles  followed  each  other  in  close  succession,  and  in  which 
the  order  of  taking  the  quenched  and  unquenched  cycles  was 
repeatedly  reversed. 

In  the  ultra-high-speed  photographs  of  figure  1-29,  a 
large  number  of  small  black  spots  develop  in  the  frames  of 
row  C,  'both  in  the  dark  combustion  zone  and  in  the  gas 
that  was  completely  burned  before  the  beginning  of  the 
knock  development.  In  the  frames  of  row  D these  black 
spots  draw  out  into  long  narrow  streaks  in  the  direction  of 
the  mass  motion  of  the  gases.  Two  black  spots  (Ci  in 
frame  B-1)  are  visible  in  the  burned  gas  before  the  start  of 
knock  development,  but  a very  great  increase  in  the  num- 
ber of  black  spots  immediately  after  the  inception  of  the 
explosive  knock  reaction  is  manifest.  Some  of  the  spots, 
such  as  C2  in  frame  B— 5,  are  visible  in  the  burned  gas  within 
10  microseconds  after  passage  of  the  knock  disturbance 
through  the  location  of  the  spots.  A number  of  spots  are 
also  visible  in  the  combustion  zone  in  frame  B-5  less  than  10 
microseconds  after  passage  of  the  knock  disturbance. 

Black  spots  and  streaks  similar  to  those  seen  in  figure  1-29 
may  be  seen  in  frames  J-1 1 and  J-13  of  the  high-speed 
photographs  presented  in  figure  1-6.  The  counterpart  of 
the  black  spots  and  streaks  of  frames  D-1  to  D-5  of  figure 
1-29  and  frames  J-1 1 to  J-1 3 of  figure  1-6  is  seen  in  the 


white  streaks  visible  in  the  frames  of  figure  1-27,  which  were 
used  to  determine  the  detonation-wave  speed  in  the  neigh- 
borhood of  4500  feet  per  second  from  that  figure.  The 
streaks  were  probably  highly  incandescent  in  all  cases 
(figs.  1-6, 1-27,  and  1-29).  With  the  ultra-high-speed  photo- 
graphs the  exposiu*e  time  was  so  short  and  the  lens  aperture 
was  sufficiently  small  so  that  the  incandescence  of  the  streaks 
did  not  photograph.  The  streaks  were  photographed  as 
black  streaks  because  they  were  opaque  to  the  externally 
supplied  light  by  which  the  photographs  were  obtained.  In 
the  case  of  figure  1-27  the  externally  supplied  fight  was  much 
less  intense  and  the  exposure  time  was  five  times  greater; 
consequently,  the  incandescence  of  the  streaks  was  photo- 
graphed and  the  streaks  show  up  white  against  the  less 
intense  background  of  externally  supplied  light.  The  fact 
that  the  spots  are  black  in  frames  J-1 1 to  J-1 3 of  figm^e  1-6 
indicates  that  these  spots  were  much  less  incandescent  than 
in  the  case  of  figure  1-27  obtained  under  the  same  photo- 
graphic conditions.  The  streaks  have  probably  been  lost  in 
many  of  the  photographs  because  their  incandescence  has 
closely  matched  the  brilliance  of  the  externally  supplied  light. 

The  facts  that  approximately  circular  black  spots  ap- 
peared in  the  frames  of  row  C in  figure  1-29  and  that  these 
black  spots  smeared  out  into  streaks  in  the  direction  of  gas 
motion  in  the  frames  of  row  D indicate  that  the  material 
forming  these  black  spots  had  considerable  inertia.  Appar- 
ently the  inertia  was  sufficient  so  that  the  material  of  the 
black  spots  did  not  go  along  with  the  gases  in  their  mass 
motion:  the  result  was  either  that  the  particles  were  physi- 
cally smeared  out  into  streaks  or  the  particles  caused  the 
precipitation  of  additional  material  from  the  gases  flowing  by. 

Three  properties  of  the  material  of  the  black  streaks  are, 
therefore,  indicated  by  figures  1-27  and  1-29;  first,  the 
material  is  incandescent,  second,  the  material  is  opaque, 
third,  the  material  is  a solid  (indicated  by  its  inertia). 
No  substance  is  knowm  to  this  author  that  could  be  formed 
from  the  gases  present  in  the  combustion  chamber  and  which 
would  exhibit  the  three  properties  stated  at  the  temperature 
of  the  gases  in  the  knocking  engine  except  free  carbon.  It 
is,  of  course,  well  known  that  excessive  free  carbon  is  formed 
in  knocking  explosions ; the  smokiness  of  the  exhaust  is  often 
used  as  a measure  of  knock.  Large  quantities  of  free  carbon 
are  deposited  on  the  windows  of  the  combustion  apparatuses  ' 
by  a single  knocking  combustion  cycle,  as  compared  with  no 
noticeable  carbon  deposit  by  a single  nonkiiocking  combus- 
tion cycle  with  the  same  fuel-air  ratio. 

The  black  spots  and  streaks  observed  in  figures  1-6  and 
1-29,  and  the  corresponding  incandescent  spots  in  figure  1-27, 
might  be  held  tg  be  different  phenomena.  A high-speed 
photograph  has  been  obtained,  however,  in  which  a very 
large  spot  appears  opaque  immediately  after  the  passage  of 
the  explosive  knock  reaction,  but  later  becomes  incandescent. 
Some  of  the  frames  of  this  high-speed  photograph  appear  in 
figure  1-32."^  The  engine-operating  conditions  and  the  fuel 
for  the  combustion  process  of  this  figure  were  the  same  as  in 
the  case  of  figure  1-28.  At  frame  A-1  of  figure  1-32,  the 
normal  travel  of  the  flames  has  passed  through  most  of  the 
chamber;  a fair-sized  end  zone  of  irregular  shape  still  exists 
in  the  central  portion  of  the  visible  part  of  the  chamber. 
The  end  gas  is  consumed  by  the  normal  travel  of  the  flam.es 
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Figure  1-32— High-speed  photographs  showing  formation  of  black  carbon  cloud  immediately  after  knock  in  spark-ignition  engine  and  later  reversal  of  carbon  cloud  from  black  to  white.  Fuel, 
M-1;  compression  ratio,  7.0;  fuel-air  ratio,  about  0.08;  atmospheric  intake;  four  spark  plugs;  spark  timing,  for  left-hand  plug,  27®  B.  T.  C.,  for  other  three  plugs,  20®  B.  T.  C. 


between  frames  A-1  and  C-3.  The  explosive  knock  reaction 
begins  at  frame  C-4,  as  indicated  by  blurring  of  parts  of  the 
mottled  combustion  zone.  A large  black  spot  is  very 
evident  in  frames  C-7  to  C-13  of  the  figure.  Careful 
inspection  of  frames  C-5  and  C-6  reveals  that  this  black 
spot  was  beginning  to  develop  in  these  frames.  Between 
frames  D-1  and  D-4  the  black  spot  becomes  incandescent;  in 
frame  D-4  most  of  the  spot  is  sufficiently  incandescent  to 
match  the  other  parts  of  the  combustion  chamber.  (Non- 
uniform  illumination  of  the  chamber  by  the  externally 
supphed  light  is  the  probable  reason  why  the  lowest  20  per- 
cent of  the  chamber  is  much  less  brilliant  than  the  upper 
parts  of  the  chamber  in  these  frames.)  In  frames  D-5  and 
D-6  the  formerly  black  spot  becomes  sufficiently  incandescent 
so  that  it  stands  out  whiter  than  the  surrounding  gases. 
Between  frames  D-6  and  F-1 3 parts  of  this  formerly  black 
spot  become  more  and  more  white  as  compared  with  the 
other  gases  in  the  chamber;  other  parts  of  the  spot  apparently 
cool  again  and  become  dark.  There  is,  of  course,  some 
gradual  change  of  shape  of  the  spot  throughout  these  frames. 

Frames  D-6  to  about  F-8  of  figure  1-32  have  been  re-etched 


by  the  engraver  to  bring  out  the  whiteness  of  the  carbon 
cloud  in  contrast  with  the  surrounding  gases  that  are  only 
slightly  less  white.  This  re-etching  has  been  done  only  in 
order  to  m&ke  the  printed  reproduction  look  as  nearly  as 
possible  like  the  original  untouched  photograph  in  print. 
Similarly,  it  was  necessary  to  re-etch  several  other  illustra- 
tions to  emphasize  details  that  are  clearly  visible  in  the 
photographs  but  that  would  have  been  quite  hazy  because 
of  the  half-tone  screen  used  in  the  engraving  process. 

The  small  spots  seen  in  figures  1-27  and  1-29,  and  the 
large  spot  in  figure  1-32,  are  probably  not  the  only 
aspect  of  the  free  carbon  released  by  the  explosive  knock 
reaction.  Most  of  the  photographs  of  heavy  knock  have 
shown  a very  great  increase  in  the  general  luminosity  of  the 
chamber  at  the  time  of  the  explosive  knock  reaction,  amount- 
ing in  many  cases  to  perhaps  a hundredfold  increase.  This 
uniform  increase  in  luminosity  is  probably  due  to  finely 
divided  free  carbon.  The  change  is  by  no  means  limited  to 
the  end  gas;  it  appears  to  occur  throughout  the  chamber  and, 
if  it  is  concentrated  anywhere,  it  is  concentrated  at  the 
chamber  walls  rather  than  in  the  end  gas.  This  fact, 
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together  with  certain  other  features  of  figure  1-29  (sec 
reference  11),  suggests  that  the  explosive  knock  reaction 
may  travel  through  the  burned  gases  in  the  same  manner  as 
the  burning  gases ; such  a revolutionary  conclusion  probably 
should  not  be  taken  very  seriously,  however,  until  consider- 
ably more  evidence  is  available. 

Summary  of  findings  of  NACA  photographic  knock  in- 
vestigations.— The  findings  of  the  NACA  photographic 
knock  investigations  at  speeds  of  40,000  and  200,000  frames 
per  second  over  the  period  from  1939Ho  1946  may  be  sum- 
marized as  follows : 

1.  The  photographs  have  shown  thtgt-  normal  nonknocking 
combustion  involves  an  entirely  smooth  travel  of  the  flames 
through  the  combustion  chamber  and  a smooth  gradual 
fadeout  of  the  combustion  zones  ‘after  completion  of  the 
flame  travel  through  the  chamber. 

2.  The  photographs  have  indicated  that  normal  com- 
bustion involves  a zone  of  continuing  combustion  behind 
the  flame  front  with  a depth  measured  in  tenths  of  an  inch; 
the  combustion  zone,  however,  may  have  a cellular  structure. 

3.  The  photographs  have  shown  that  preignition  from  a 
hot  spot  is  not  a direct  cause  of  knock  and  that  the  flame 
from  a hot  spot  is  similar  to  the  flame  from  a spark  plug. 

4.  Vibratory  knock  has  been  shown  to  involve  an  extremel}^ 
fast  reaction,  termed  the  explosive  knock  reaction^^  herein, 
which  develops  suddenl}^  after  a period  of  normal  burning. 
This  reaction  involves  a time  interval  not  greater  than  50 
microseconds. 

5.  The  explosive  knock  reaction  has  been  shown  to  begin 
within  25  microseconds  of  the  same  time  as  the  violent  knock- 
ing vibrations  shown  b,y  a piezoelectric  pickup  placed  in  the 
end  zone  of  the  combustion  chamber. 

6.  The  photographs  have  indicated  that  the  explosive 
knock  reaction  originates  onl}^  in  a portion  of  gas  that  is 
already  ignited,  either  by  normal  flame  travel  or  by  auto- 
ignition. 

7.  The  photographs  have  shown  a number  of  different 
types  of  end-gas  autoignition,  some  of  which  appear  always 
to  be  followed  b}^  the  explosive  knock  reaction  and  some  of 
Ndiich  may  occur  without  being  followed  by  the  explosive 
knock  reaction.  The  photographs  have  also  shown  cases 
of  the  explosive  knock  reaction  not  preceded  by  an}^  form  of 
autoignition. 

8.  Analysis  of  the  photographs  taken  at  40,000  frairies  per 
s3Cond  has  indicated  that  the  explosive  knock  reaction  is  a 
t}^pe  of  detonation  wave  traveling,  under,  different  conditions, 
at  speeds  ranging  approximately  from  3000  to  6500  feet  per 
second  or  from  about  one  to  two  times  the  speed  of  sound  in 
the  burned  gases. 

9.  The  propagation  speed  of  the  order  of  6500  feet  per  second 
for  the  explosive  knock  reaction  has  been  confirmed  b}^  the 
one  series  of  photographs  obtained  at  200,000  frames  per 
second. 

10.  A definite  loss  of  chemical  energy  that  would  otherwise 
have  been  available  has  been  shown  to  result  from  the  ex- 
plosive knock  reaction. 

11.  The  photographs  have  shown  that  free  carbon  is  re- 
leased in  both  the  burning  and  the  burned  gases  within  10 
microseconds  after  passage  of  the  detonation  wave  associated 
with  the  explosive  knock  reaction. 


The  indications  of  the  high-speed  and  ultra-high-speed 
photographs  do  not  harmonize  with  the  simple  autoignition 
theory  of  knock  or  with  the  simple  detonation-wave  theory. 
They  appear  rather  to  support  the  combined  detonation- 
wave  and  autoignition  theory  proposed  in  the  literature  dis- 
cussion that  forms  the  fii'st  part  of  this  paper. 
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CHAPTER  II 

CORRELATIONS  OF  KNOCK-LIMITED  PERFORMANCE  DATA 


If  mechanical  limitations  are  disregarded,  the  power  output 
of  an  engine  can  be  increased  by  varying  an}-  one  of  several 
operating  conditions  until  the  knock  limit  of  the  fuel  is 
I'eached.  Once  this  limit  is  encountered,  further  efforts  to 
increase  the  power  will  result  in  overheating  of  the  engine  and 
prolonged  operation  imder  these  knocking  conditions  may 
result  in  damage  to  the  engine.  For  these  reasons,  much 
research  has  been  conducted  to  extend  knowledge  of  the 
nature  of  knock  and,  through  application  of  this  knowledge, 
to  eliminate  knock  as  an  obstacle  ^to  greater  engine  power. 

Knock  itself  is  fundamentally  related  to  the  following 
events  that  occur  in  the  engine  cylinder  after  induction  of  the 
fuel-air  charge: 

1.  The  fuel-air  mixture  (charge)  is  taken  into  the  cylinder 
at  a given  temperature  and  pressure. 

2.  Compression  of  the  charge  begins  as  the  piston  moves 
upward.  During  this  compression  the  volume  occupied  by 
the  charge  decreases,  the  pressure  increases,  and  the  tempera- 
ture increases.  The  total  temperature  increase  includes  the 
temperature  rise  resulting  from  an  amount  of  heat  transferred 
from  the  hot  cylinder  walls. 

3.  Ignition  of  the  charge  takes  place  at  some  point  before 
the  pis.ton  reaches  top  center.* v - 

4.  From  the  point  of  ignition  the  burning  charge  moves 
across  the  cylinder  and  the  flame  front  compresses  the  un- 
burned portion  of  the  charge,  as  illustrated  in  figure  II- 1. 
The  arcs  emanating  from  the  spark  represent  progressive 
positions  of  the  flame  front. 

5.  The  density  and  the  temperatme  in  the  unburned 
portion  of  the  charge  increase  as  the  flame  front  progresses. 


Successive  positions 
of  flame  front  --n 


Unburned 

charge 


Figure  I I-l.— Schematic  diagram  of  travel  of  flame  front  across 


6.  For  a given  fuel,  a unique  combination  of  density  and 
temperatm'e  may  occur  and  at  this  point  the  unburned  por- 
tion of  the  charge  will  spontaneously  ignite  (ch.  I)  with 
considerable  violence  to  j^roduce  the  phenomenon  called 
knock. 

Rothrock  and  Biermaini  (reference  1)  assume  density  and 
temperature  to  be  the  physical  properties  of  the  combustion 
gas  that  determine  whether  or  not  the  fuel  will  knock.  For 
each  gas  density,  a gas  temperature  exists  at  which  the 
unburned  portion  of  the  charge  ahead  of  the  flame  front 
will  ignite  spontaneously.  This  combination  of  density  and 
temperature  may  or  may  not  be  reached,  depending  upon  the 
controlled  and  uncontrolled  factors  of  engine  operation . 
These  factors  are  listed  in  reference  1 as  follows: 

(a)  Chemical  composition  of  fuel 

(b)  Fuel-air  ratio 

(c)  Exhaust-gas  dilution 

(d)  Humidity 

(e)  Compression  ratio 

(f)  Inlet-air  temperature 

(g)  Inlet-air  pressure 

(h)  Wall  temperature  of  combustion  chamber  and  cylinder 

(i)  Spark  advance 

(j)  Engine  speed 

(k)  Engine  dimensions 

(l)  Combustion-chamber  form 

If,  as  pointed  out  in  reference  1,  man 3^  combinations  of 
density  and  temperature  exist  at  which  a fuel  will  knock, 
it  is  impossible  to  express  the  knock  limit  of  a fuel  adequately 
by  testing  that  fuel  at  only  one  set  of  engine  operating  condi- 
tions. Each  fuel  must  be  tested  under  a variety  of  conditions 
in  order  to  establish  the  absolute  relation  between  knock- 
limited  density  and  temperature.  This  relation  will  be  the 
same  regardless  of  the  engine  in  which  it  is  determined. 


SYMBOLS 


The  following  s}Tiibols  are  used  in  this  chapter: 
a,  h coefficients  in  specific-heat  (constant  volume) 

equation  for  charge 

Cp  specific  heat  of  mixture  at  constant  volume, 

Btu/(lb)/°F 


/ 

H 
. i 
J 
K 
m 
n 


fuel-air  ratio 
fimctions 

heat  content  per  pound  of  mixture,  Btu/(lb) 
intake  cycles  per  minute  ^ 
mechanical  equivalent  of  heat,  778  (ft-lb)/Btu 
constant 

molecular  weight  of  charge 
moles  of  gas  present  in  cylinder 
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P 
R 
r 
T 
T' 

AT 

Vc 

V. 

w 

z 

7 
P 

Subscripts: 

b burned  mixture  at  top  center 

c compression 

e effective 

k in  knocking  zone  (end  gas)  immediately  preceding 

knock 

0 inlet  air 

CORRELATIONS  BASED  UPON  END-GAS  CONDITIONS 

The  last  portion  of  the  charge  to  burn,  which  under  proper 
conditions  of  density  and  temperature  ignites  spontaneously, 
is  commonly  designated  the  end  gas.  The  space  occupied 
by  this  gas  is  called  the  end  zone.  From  the  conventional 
thermodynamic  equations,  expressions  are  derived  in  refer- 
ence 1 for  determination  of  the  end-gas  density  and  tempera- 
ture. The  compression  of  the  fresh  charge  admitted  to  the 
cylinder  occurs  in  two  steps:  (1)  .the  charge  is  adiabatically 
compressed  by  the  piston  until  ignition  takes  place;  and  (2) 
the  unburned  charge  ahead  of  the  flame  front  is  assumed  to 
be  adiabatically  compressed  by  both  the  piston  and  the 
flame  front  until  knock  occurs,  or 
Step  (1): 

7-1 

Io_ 

Tc 

Step  (2) : 

#-(#)  ’■ 

where 

To,Po  inlet-air  temperature  and  pressure,  respectively 

temperature  and  pressure,  respectively,  after  com- 
pression by  piston 

temperature  and  pressure,  respectively,  in  knocking 
zone  immediately  preceding  knock 
y ratio  of  specific  heat  at  constant  pressure  to  specific 
heat  at  constant  volume 


pressure,  (lb)/(sq  in.) 

universal  gas  constant,  (ft-lb)/(mole)(°R) 

compression  ratio 

temperature, 

mean  temperature  throughout  combustion  cham- 
ber just  before  knock,  *^R 
temperature  rise  of  cylinder  contents  due  to 
constant-volume  burning, 

^earance  volume,  (cu  in.) 
displacement  volume,  (cu  in.) 
specific  volume,  (cu  ft/lb) 
gas  flow,  (lb)/cycle 

factor  replacing  — 

y — 1 

ratio  of  specific  heats 
combustion  efficiency 
density,  (lb)/(cu  in.) 


Combining  steps  1 and  2 yields 

■ (1) 


This  equation  expresses  the  temperature  in  the  knocking 
zone.  The  expression  for  density  of  the  unburned  charge 
ahead  of  the  flame  front  is  given  by  the  equation 


(2) 


where 

pjfc  gas  density  in  knocking  zone  immediately  preceding 
knock 
K constant 

Equations  (1)  and  (2)  are  the  same  as  those  of  reference  2 
except  that  density  has  been  used  instead  of  pressure. 

These  equations  show  that  if  an  engine  is  operated  at  con- 
ditions of  incipient  knock  and  is  measured,  the  density 
and  the  temperature  may  be  calculated.  Accurate  measure- 
ments of  Pfc,  however,  are  very  difficult;  therefore,  the  cal- 
culations as  well  as  experimentation  can  be  simplified  by 
expressing  the  density  and  the  temperature  in  terms  of  more 
easily  determined  factors.  For  example,  equation  (2)  can 
be  written 


If  Pc  and  Tc  are  the  compression  pressure  and  temperature, 
respectively,  and  T'  is  the  mean  temperature  throughout  the 
combustion  chamber  just  before  knock  occurs,  the  density 
Pk  is  expressed  by 


Kp,^ 


PoT' 

ToTc 


1 


Because 

H H 

T'=Tc+-=Tovy-^+^ 

and 


1 


where  ’ 

H heat  content  per  pound  of  mixture 
Cp  specific  heat  of  mixture  at  constant  volume 
T compression  ratio  of  engine 
then 


Similarly, 


1 


II 

1— A 

+ ^ \ 

(3) 

' c,Tor>-7 

n=Tor^-’( 

1+  ® 

(4) 

' C.Torr-7 

/ 
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End- gas  temperature^  absolute  ' 


Figure  II-2— Effect  of  estimated  end-gas  temperature  on  maxinium  permissible  density 
factor  for  leaded  and  unleaded  isooctane  in  flat-disk  combustion  chamber.  Engine  speed, 
2500  rpm;  improved  cooling  in  cylinder  head;  fuel-air  ratio,  0.081.  (Fig.  2of  reference  1.) 


In  the  evaluation  (reference  1)  of  equations  (3)  and  (4), 
was  estimated  as  0.25  Btu  per  pound  per  °F,  y as  1.29,  and 
H as  1160  Btu  per  pound  of  mixture.  The  quantity  H was 
estimated  by  the  following  expression: 


H~~ 


18,0007?com/ 


1 +/ 

where 

7/com  combustion  efficiency 
i fuel-air  ratio 

The  combustion  efficiencies  used  in  reference  1 were  obtained 
from  reference  3. 

The  application  of  the  foregoing  relations  is  illustrated  in 
figure  II-2.  These  data  were  obtained  at  an  engine  speed  of 
2500  rpm  and  a fuel-air  ratio  of  0.081.  Although  the  data 
represent  several  compression  ratios  and  several  inlet-air 
temperatures,  a single  curve  is  obtained  for  each  fuel.  For 
the  range  of  values  .examined  in  reference  1,  the  value  of 
J_ 

/ H 

( Id — rp  ) at  an  inlet-air  temperature  of  120°  F varied 

from  a value  of  3.82  at  a compression  ratio  of  6.5  to  a value  of 
3.62  at  a compression  ratio  of  8.75.  It  was  therefore  assumed 
that  the  density  factor  (equation  (3))  could  be  expressed  by 
vPqITo,  Similarly,  the  end-gas  temperature  T*  could  be 
expressed  by  In  reference  1,  is  also  eliminated 

from  the  term  for  Tk  because  the  data  justified  the  omission. 
Proper  consideration  of  equation  (3),  however,  does  not  sup- 
port the  elimination  of  from  equation  (4). 


The  omission  of  the  terms 


and  ^1 


H 


CvTory 


from 


equation  (4)  permits  the  use  of  Tq  in  place  of  T*.  A compari- 
son of  several  fuels  on  this  basis  is  shown  in  figure  II-3.  The 
curves  for  the  fuels  tend  to  converge  at  high  inlet-air  tempera- 


tures, which  indicates  that  for  some  temperature  it  is  con- 
ceivable that  this  particular  group  of  fuels  might  have  the 
same  knock-limited  performance.  This  trend  is  due  to  the 
similarity  of  the  fuels  used.  As  will  be  shown  later  in  this 
chapter,  the  curves  for  various  fuels  are  not  ordinarily  so 
similar. 

Because  the  density  and  temperature  relations  vary  with 
fuel-air  ratio  (reference  1),  Taylor,  Leary,  and  Diver  (refer- 
ence 4)  obtained  additional  data  to  improve  the  accuracy  of 
the  expressions  in  reference  1 and  specifically  to  investigate  ' 
further  the  influence  of  fuel-air  ratio.  In  addition,  an  effort 
is  made  to  determine  the  effect  of  exhaust-gas  dilution  on  the 
compression  ratio  for  incipient  detonation.  As  a further 
refinement  of  the  end-gas  conditions,  allowance  is  made  for 
variation  of  specific  heats  and  chemical  equilibrium  of  the 
charge  before  and  after  combustion  with  temperature,  pres- 
sure, and  fuel-air  ratio.  The  procedure  used  for  computing 
end-gas  temperatures  in  reference  4 is  as  follows ; ‘ 

A point  is  first  selected  on  the  compression,  stroke  of  an 
indicator  diagram  and  the  specific  volume  Vg  of  the  charge 
is  computed.  The  temperature  To  is  then  computed' from 
the  following  relation: 


rp  P(>Vs 

^ R 

where 

R gas  constant,  1544/m 
m molecular  weight  of  charge 


Figure  II-3.— Effect  of  inlet-air  temperature  on  maximum  permissible  density  factor  for 
series  of  fuel  blends  in  fiat-disk  combustion  chamber.  Engine  speed,  2500  rpm;  fuel-air 
ratio,  0.081.  (Fig.  4 of  reference  1.) 
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Figure  II-4.— Comparison  of  effect  of  end-gas  temperature  on  maximum  permissible  end- 
gas  density  as  determined  by  methods  of  references  1 and  4.  (Fig.  24  of  reference  4.) 

The  end-gas  temperature  Tk  is  calculated  from  the  equa- 
tion for  Tjk  taken  from  reference  5. 

log  r*=log  T,+  ^ log  ^ ^ (n-To) 

(a+f)j  2.30  («+f) 

(5) 

where 

a,  h coefficients  in  specific-heat  equation  at  constant  volume 
for  charge 

J mechanical  equivalent  of  heat,  778(ft-lb)/Btu 

A comparison  of  the  end-gas  calculations  from  references 
1 and  4 is  shown  in  figure  II-4.  The  results  of  these  refer- 
ences are  in  agreement  as  to  the  variation  of  end-gas  density 
with  end-gas  temperature,  but  the  order  of  variation  of  end- 
gas  density  with  fuel-air  ratio  at  any  given  end-gas  tempera- 
ture is  reversed  by  the  two  methods  of  calculation.  An 
additional  analysis  by  Rothrock  cited  in  reference  4 attrib- 
utes the  apparent  reversal  of  the  effect  of  the  fuel-air  ratio 
to  the  difference  between  the  measured  maximum  pressures 
of  reference  4 and  the  computed  maximum  pressures  of 
reference  1. 

The  studies  of  reference  4 were  made  at  constant  engine 
speed  and  therefore  do  not  consider  the  effect  of  time  or 
rate  of  combustion  on  knock.  In  a subsequent  investiga- 
tion, Leary'  and  Taylor  (reference  6)  attempt  to  explain  the 
significance  of  time  in  engine  detonation  by  the  use  of 
indicator  .diagrams  obtained  during  knock  tests.  As  a result 
of  these  studies,  the  investigators  conclude  that  higher 
maximum  permissible  pressures  can  be  used  in  an  engine 
if  the  rate  of  compression  of  the  end  gas  is  increased.  This 
conclusion  led  to  the  development  of  an  experimental  com- 


,02 ,04  .06  .08  .10  .12  J4  .16  J8 

Fuehair  ratio,/ 


(a)  Variable  fuel-air  ratio.  Compression  ratio,  11,7.  (Fig.  32  of  reference  8.) 

Figure  II-5. — Comparison  of  isooctane,  100-octane  gasoline,  triptane,  and  benzene  with 
respect  to  variation  in  ignition  delay.  Initial  pressure,  14.7  pounds  per  square  inch  abso- 
lute; initial  temperature,  149®  F;  compression  time,  approximately  0.006  second. 

pression  machine  (reference  7)  for  use  in  studies  of  fuel 
knocking  characteristics. 

The  first  results  obtained  in  the  compression  machine  are 
reported  in  reference  8 as  an  explanation  of  differences  in 
knocking  characteristics  of  fuels.  Ignition  delay  as  a func- 
tion of  fuel-ah  ratio  is  shown  in  figure  II-5  (a)  for  four 
fuels.  When  the  curves  for  isooctane  (2,2,4-trimethyl- 
pentane)  and  100-octane  gasoline  are  compared,  the  ignition 
delay  of  the  gasoline  is  seen  to  be  greater  than  that  of  iso- 
octane at  fuel-air  ratios  greater  than  0.085.  The  reverse  is 
true  at  fuel-air  ratios  below  0.085.  On  the  basis  of  these 
results,  it  is  suggested  (reference  8)  that  the  knock-limited 


(b)  Variable  compression  ratio.  Fuel-air  ratio,  stoichiometric.  (Fig.  33  of  reference  8.) 

Figure  II-5.— Concluded.  Comparison  of  isooctane,  100-octane  gasoline,  triptane,  and  ben- 
zene with  respect  to  variation  in  ignition  delay.  Initial  pressure,  14.7  pounds  per  square 
inch  absolute;  initial  temperature.  149®  F;  compression  time,  approximately  0.006  second. 
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performance  of  these  fuels  may  be  similar;  that  is,  isooctane 
would  be  higher  than  100-octane  gasoline  at  low  fuel-air 
ratios  but  lower  than  gasoline  at  high  fuel-air  ratios.  This 
belief  was  confirmed  by  supercharged  knock  tests.  If  igni. 
tion  delay  were  the  only  criterion  of  knock,  it  could  be 
concluded  from  figure  II-5  (a)  that  triptane  (2,2,3-trimethyl - 
butane)  has  the  highest  antiknock  performance  with  benzene 
next  in  order;  however,  the  authors  of  reference  8 contend 
that  this  result  may  not  be  true  inasmuch  as  the  pressure- 
time  curve  during  the  delay  period  is  also  of  considerable 
importance. 

Ignition  delay  as  a function  of  compression  ratio  is  shown 
in  figure  II-5  (b).  The  delay  period  decreases  as  the 
compression  ratio  increases.  The  ignition  delays  for  triptane 
are  higher  than  those  of  isooctane  and  100-octane  gasoline 
over  the  entire  range  of  compression  ratios.  Benzene  has 
ignition  delays  greater  than  those  of  triptane  at  compression 
ratios  below  10.5,  but  over  the  entire  compression-ratio 
range  the  pressure-time  records  of  reference  8 for  benzene 
always  indicate  a smoother  reaction  than  that  of  triptane. 
From  this  relation  it  may  be  surmised  that  the  high-  antiknock 
characteristics  of  benzene  are  attributable  to  the  slow  pres- 
sure rise  during  combustion  of  the  end  gas  rather  than  to 
the  long  ignition  delay  periods. 

The  correlations  of  end-gas  conditions  proposed  in  refer- 
ences 1 and  4 do  not  account  for  variations  of  fuel-air  ratio 
(fig.  II-4);  consequently,  the  end-gas  density-temperature 
relations  are  rederived  in  reference  9 with  this  factor  taken 
into  consideration.  The  following  equations  are  proposed 
in  reference  9 : 

"The  density  of  the  charge  after  adiabatic  compression  by 
the  piston  is 


W 


Pc 


Vc 


(6) 


where 

Pc  density  after  compression 
W weight  of  gas  inducted  per  cycle 
Vc  clearance  volume 

The  temperature  of  the  charge  after  compression  is 


Tc=Tovy-^ 


(7) 


The  state  of  the  gases  before  burning  in  .the  cylinder  when 
the  piston  is  at  top  center  may  be  expressed  by  the  ideal  gas 
equation, 

PcVc=nRTc  (8) 

where 

Pc  compression  pressure 
n moles  of  gas  present  in  cylinder 
R universal  gas  constant 

The  state  of  the  gases  at  top  center  after  burning  is 


Combining  equations  (8)  and  (9)  gives 


Pc  Tc 


(10) 


The  end  gas  is  adiabatically  compressed  during  constant- 


volume  combustion 

II 

\Tc  J 

(11) 

and 

\ 

- 

Pfc,  g / 

Pc  * 

. Tc) 

(12) 

where- 

Pk.e  effective  end-gas  pressure  at  instant  before  knock 
Tjk.e  effective  end-gas  temperature  at  instant  before  knock 
effective  end-gas  density  at  instant  before  knock 

The  term  “effective’^  was  used  in  reference  9 in  referring  to 
the  end-gas  quantities  (subscript  k,e)  inasmuch  as  these 
quantities  are  based  upon  an  idealized  air-cycle  analysis  and 
are  therefore  not  the  same  as  the  actual  values. 

As  the  flame  front  moves  across  the  cylinder,  the  unburned 
gas  (assumed  to  be  small)  is  compressed  and  knock  occurs 
just  before  completion  of  combustion  of  the  entire  charge. 

In  equation  (11),  P*  can  be  substituted  for  Pk,e 


Pc\  Tc  ) 


(13) 


Combining  equations  (10)  and  (13)  yields 

(14) 

however, 

T,=  Tc+^T  (15) 

where 

AP  temperature  rise  of  cylinder  contents  due  to  constant- 
volume  burning 
' Therefore, 

r,,«=T,(i+^"  (16) 


In  reference  9,  a relation  is  assumed  to  exist  between  effec- 
tive end-gas  density  and  effective  end-gas  temperature  at  the 
incipient-knock  condition;  this  relation  includes  the  effects  of 
variations  of  fuel-air  ratio,  compression  ratio,  and  inlet-air 
teiriperature: 

P&.e— Pl(P*,  e)  (17) 


P i,V c- — TiRTb 

where 

Pft  pressure  of  burned  mixture  at  top  center 
Pft  temperature  of  burned  mixture  at  top  center 


(9) 


Combining  equations  (12)  and  (17)  yields 


(.18) 
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or 

(19) 

Ti, 

Replacing  by  its  equivalent  in  equation  (16)  and  letting 
1 

Z equal  pdTc'^'^  gives 

Z=F,[r.(l+^)'']  (20) 

The  constant-volume  temperature  rise  during  burning  AT 
is  dependent  upon  factors  such  as  fuel-air  ratio  and  pressure 
and  temperature  of  the  charge  before  burning.  Of  these 
factors,  fuel-air  ratio  is  the  most  important  one  affecting 
AT;  therefore,  AT  is  considered  (reference  9)  to  be  a function 
of  fuel-air  ratio  alone.  At  some  reference  fuel-air  ratio,  AT 
can  be  taken  as  a constant.  In  reference  9,  a fuel-air  ratio 
of  0.08  is  selected.  A representative  value  (4040®  F)  of  AT 
is  chosen  from  reference  10  to  be  used  in  the  correlation  of 
the  experimental  data  of  reference  9. 

The  constant-volume  temperature  rise  due  to  combustion 
becomes 

Ar=4040T3(/)  (21) 

where  / is  fuel-air  ratio. 

Substituting  this  value  of  AT  into  equation  (20)  gives 

Z=F,\^Tc  ' I (22) 


_| , 1_ 1 
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Figure  II-6. — Effect  of  compression-air  terapierature  and  fuel-air  ratio  on  knock-limited 
values  of  factor  Z for  AN-F-2S  fuel  in  CFR  engine.  Engine  speed,  1800  rpm;  coolant 
temperature,  250®  F;  spark  advance,  30®  B.  T.  C.  (Fig.  4 of  reference  9;  data  calculated 
from  reference  10.) 

213637—53 33 


Figure  H-7.— Effect  of  fuel-air  ratio  on  function  of  fuel-air  ratio  for  eight  fuels  in  supercharged 
C FR  engine.  (Fig.  5 of  reference  9.) 


By  use  of  equations  (6),  (7),  (12),  (16),  and  (21),  the  fol- 
lowing expressions  may  be  \vritten  for  Tk.e  and  ps.«: 


Tk.k= 


4040  Fs(J)~\ 


-1 

7 


(23) 


(24) 


Equations  (23)  and  (24)  can  be  solved  for  T*,e  and  pk,e  if 
Fzij)  is  knovm.  The  utility  of  these  equations  for  correlation 
of  engine  variables  depends  upon  whether  a single  curve 
results  between  Ta;.^  and  p^.e,  when  To,  r,  or  / is  varied  and 
also  upon  the  accuracy  with  which  can  be  evaluated. 

In  order  to  determine  F^{f),  values  of  Z are  computed 

(reference  9)  from  experimental  data  obtained  in  a CPR  test 

engine  with  AN-F-28  (28-R),  a 100/130  grade  aviation 

1 

gasoline.  The  values  of  Z are  computed  from  pJT^-^  and 
a constant  7 of  1.4  is  used.  The  computed  values  are  then 
plotted  against  Tc  as  shovm  in  figure  II-6.  The  experimental 
data  upon  which  this  figure  is  based  covered  a range  of  com- 
pression ratios  from  5 to  10  at  a constant  inlet-air  tempera- 
ture of  250®  F and  a range  of  inlet-air  temperatures  from 
100®  to  350®  F at  a compression  ratio  of  8.  A constant 
engine  speed  of  1800  rpm,  a coolant  temperature  of  250®  F, 
and  a spark  advance  of  30®  B.  T.  C.,  were  maintained  in  aU 
cases. 

At  constant  Z (fig.  II-6),  a new  value  of  Tc  exists  for  each 
fuel-air  ratio  and  the  right  side  of  equation  (22)  is  constant 
regardless  of  fuel-air  ratio;  consequently,  the  following 
equation  may  be  written: 
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(a)  Fuel,  AN-F-28. 

(b)  Fuel,  triptane  plus  4 ml  TEL  per  gallon. 

Figure  II-8. — Variation  of  knock-limited  effective  end-gas  density  with  knock-limited 
effective  end-gas  temperature  for  changes  in  fuel-air  ratio,  inlet-air  temperature,  and 
compression  ratio.  Inlet-air  pressure  varied  to  maintain  incipient  knock.  (Fig.  6 of 
reference  9;  data  calculated  from  reference  12.) 
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Figure  11-9. — Effect  of  change  in  knock-limited  effective  end-gas  temperature  on  knock - 
limited  effective  end-gas  density  for  eight  fuels.  (Fig.  8 of  reference  9.) 
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4040  F,if)T 
Tc  _ 


y-i 


= Tc. 


4040\ 

Tc,  0.08/ 


(25) 


The  left  side  of  this  equation  applies  for  an^^  fuel-ah  ratio, 
whereas  the  right  side  applies  only  to  the  previously  men- 
tioned reference  fuel-air  ratio  of  0.08,  where  Fs(J)  has  been 
taken  as  1.0.  By  substitution  of  different  values  of  Tc  from 
figure  II-6  into  the  left  side  and  the  value  of  Tc  for  a fuel-air 
ratio  of  0,08  in  the  right  side  of  equation  (25)  it  is  possible 
to  solve  for  FaC/). 

Values  of  F^ij)  are  determined  in  reference  9 for  seven 
other  fuels  and  the  results  are  plotted  in  figure  II-7.  The 
curve  on  this  figure  represents  the  mean  of  the  data.  Obvi- 
ously the  relation  between  F^if)  and  / varies  with  the  fuel 
used  and  for  this  reason  the  use  of  the  mean  curve  is  not 
recommended  unless  data  for  a specific  fuel  are  unavailable. 
By  means  of  the  F^if)  curves  (fig.  11-6)  for  each  fuel, 
values  of  and  pk.e  are  calculated  (reference  9)  from 
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Figure  II-IO.— Effect  of  compression  ratio  and  inlet-air  temperature  on  knock-limited  per- 
formance of  diisopropyl  plus  4 ml  TEL  per  gallon. 


equations  (23)  and  (24),  In  general,  the  correlations  were 
quite  satisfactory,  as  illustrated  by  figure  II-8  (a).  The 
poorest  correlation  was  found  for  triptane  (fig.  II-8  (b)), 
particularly  at  low  values  of  Tk,e)  however,  good  correlation 
could  not  be  expected  in  this  case  because  of  the  tendenc3’^  of 
the  fuel  to  preignite,  (See  ch.  IV.)  A comparison  of  the 
knock-limited  effective  density-temperature  curves  for  the 
fuels  investigated  is  presented  in  figure  II-9. 

In  order  to  determine  the  accurac}^  of  the  curves  of 
against  the  authors  of  reference  9 calculated  the  knock- 
limited  air  flow  Wa  (equation  (24))  from  Tt-,t — Pk,e  curves 
based  upon  the  mean  and  individual  F^ij)  cinves  of  fig- 


ure II-*?.  The  results  of  this  comparison  are  presented  in 
the  following  table: 


Fuel 

Mean  error  in  calculated  knock-limited 
charge  flow  (percent) 

Variable  inlet-air 
temperature 

Variable  compression 
ratio 

Individual 

Fi(f) 

Mean 

Fi(J) 

Individual 

Fzif) 

Mean 

Fz(f) 

AN-F-28  (28-R).--. 

3.f. 

4.2 

4.  6 

5.5 

Aviation  alkylate 

2.9 

6.4 

3.9 

5.4 

S reference 

2.7 

7.  6 

3.7 

7.0 

Diisopropyl 

3.7 

5.0 

4.0 

3.9 

Triptane 

8.6 

24.4 

6.6 

22.4 

Cyclo  pentane 

7.3 

7.2 

7.5 

8.6 

Cyclohexane 

5.1 

7. 4 

7.2 

9.0 

Triptene 

6.0 

8.5 

6.2 

6.6 

As  would  be  expected,  the  least  error  in  the  calculated  air 
flow  resulted  from  use  of  the  curves  of  T;t,e  against  based 
upon  the  individual  Fz  (J)  curves.  Diisopropyl  at  variable 
compression-ratio  conditions  and  c}^clopentane  at  variable 
inlet-air-temperature  conditions  appear  to  be  exceptions, 
but  the  difference  in  mean  error  is  small  between  the  air 
flows  computed  from  individual  or  mean  Fz  (J)  curves. 


(b)  Knock-limited  air  flow. 

Figure  II-IO.— Concluded.  Effect  of  compression  ratio  and  inlet-air  temperature  on 
knock-limited  performance  of  diisopropyl  plus  4 ml  TEL  per  gallon. 
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Compression  ratio  (inlef-air  temperature,  650°¥)  ’ 

Figure  II-ll— Effect  of  compression  temperature  on  knock-limited  compression-air  density 
for  diisopropyl  plus  4 ml  TEL  per  gallon.  (Fig.  16  of  reference  12.) 


CORRELATIONS  BASED  UPON  COMPRESSION  CONDITIONS 

The  calculation  of  end-gas  temperatures  and  densities 
described  in  the  foregoing  section  is  sufficiently  complicated 
and  uncertain  to  make  it  desirable  to  use  some  simple 
method  of  data  correlation.  One  such  method,  based  upon 
compression  conditions,  is  proposed  in  reference  11.  The 
method  does  not  correlate  all  the  variables  of  engine  opera- 
tion such  as  spark  advance,  engine  speed,  or  fuel-air  ratio, 
but  is  useful  in  explaining  the  effects  of  compression  ratio 
and  inlet-air  temperature  on  fuel  performance. 

In  this  method,  a relation  is  assumed  to  exist  between 
compression  conditions  before  ignition  occurs  and  end-gas 
conditions  after  ignition  occurs;  therefore,  calculated  com- 
pression densities  and  temperatures  ma}^  be  used  in  place  of 
end-gas  densities  and  temperatures. 

The  compression  density  ma}^  be  calculated  as  follows: 


_Wo_Wo(r—l) 

iV,  iVa 

where 

Wo  inlet-air  flow,  (Ib/min) 
i intake  cycles  per  minute 


(26) 


Vc  clearance  volume,  (cu  in.) 

Va  displacement  volume,  (cu  in.) 

The  calculation  of  compression  temperature  (reference  11) 
neglects  the  effects  of  fuel  vaporization,  heat  transfer  to  the 
cylinder  walls,  fuel-air  ratio,  and  preflame  reactions;  how- 
ever, the  correlations  obtained  with  an  adiabatic-compression 
formula  justif}’'  these  omissions. 


T^=Tory-^  (27) 

In  order  to  verify  this  method  of  correlation,  knock- 
limited  performance  data  were  obtained  for  a number  of 
fuels  in  references  11  and  12.  These  data  resulted  from 
tests  in  which  all  operating  conditions  except  compression 
ratio  were  held  constant.  The  tests  were  then  repeated  with 
all  variables  except  inlet-air  temperature  constant.  An  il- 
lustration of  the  engine  data  for  a single  fuel  is  presented  in 
figure  II~10.  Compression  densities  and  temperatures  cal- 
culated from  data  in  these  figures  are  shown  in  figure  II-l  1 . 
Comparisons  of  several  fuels  (reference  13)  are  shown  in 
figure  11-12. 

The  curves  shown  in  these  figures  illustrate  the  relative 
sensitivities  of  fuels  to  changes  of  temperature  and  compres- 
sion ratio  and  also  may  be  used  to  describe  the  popular 
terms  ''mild”  and  "severe”  conditions.  For  example 
(fig.  11-12  (a)),  an  increase  in  compression  ratio  or  inlet-air 
temperature  causes  an  increase  in  compression  temperature 
and  a decrease  in  knock-limited  performance  as  indicated 
by  the  low  compression  densities.  Any  combination  of 
engine  operating  variables,  such  as  spark  advance,  inlet-air 
temperature,  compression  ratio,  and  engine  speed,  that 
tends  to  produce  exceptionally  low  knock-limited  compres- 
sion densities,  is  commonly  termed  a ‘^severe”  condition. 
Conversely,  ^ mild”  conditions  tend  to  produce  high  knock- 
limited  compression  densities. 

The  type  of  curve  shown  in  figure  11-12  (a)  has  also  been 
used  to  express  the  term  ^^temperature  sensitivity.”  Al- 
though no  universally  accepted  definition  of  temperature 
sensitivity  has  been  devised,  the  authors  of  reference  12  sug- 
gest that  the  compression-density — temperature  plot  offers 
a more  generall}^  applicable  definition  than  any  other  yet 
devised.  The  slope  of  the  curve  of  compression  density 
plotted  against  compression  temperature  would  offer  a 
measurement  of  temperature  sensitivity.  Calculations  of 
these  slopes  for  the  fuels  investigated  in  reference  12  indi- 
cated that  the  temperature  sensitivities  of  isooctane,  avia- 
tion gasoline,  an  aviation  alkylate,  and  diisopropyl  (2,3- 
dimeth}dbutane)  were  very  nearly  independent  of  engine  con- 
ditions. The  temperature  sensitivity  of  triptane  decreased 
as  the  severity  of  the  engine  conditions  decreased;  the  tem- 
perature sensitivities  of  cyclopentane,  cyclohexane,  triptene, 
(2,3,3-trimethylbutene-l),  and  toluene  increased  as  the 
severity  of  the  engine  conditions  decreased. 


Density,  />= > (bjcu  in. 
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Figure  11-12.— Temperature-density  relations  for  various  fuels  in  CFR  engine.  Engine  speed, 
1^  rpm;  coolant  temperature,  250°  F;  spark  advance,  30°  B.  T.  C.  (Fig.  7 of  reference  13.) 
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Figure  11-13 —Temperature-density  relations  for  two  fuels  in  B-2600  cylinder.  Engine 
speed,  2100  rpm;  spark  advance,  20®  B.  T.  C.;  rear  spark-plug-bushing  temperature,  450®  F. 
(Fig.  8 of  reference  13.) 

The  data  presented  in  figure  11-12  were  obtained  in  a 
CFR  engine  that  is  designed  to  permit  variation  of  com- 
pression ratio.  In  order  to  determine  if  the  compression- 
density — temperature  correlation  would  hold  for  full-scale 
engines,  similar  tests  were  made  in  an  experimental  engine 
employing  a single  cylinder  from  an  aircraft  engine.  The 
compression  ratio  was  varied  by  using  pistons  of  different 
displacement  in  the  cylinder.  The  results  of  these  runs 
(reference  13)  are  shown  in  figure  11-13. 

Inasmuch  as  the  correlation  is  satisfactory  for  full-scale 
engines  (fig.  11-13),  the  experimental  evaluation  of  engines 
or  fuels  can  be  minimized.  For  example,  investigation  of 
the  effect  of  compression  ratio  on  knock-limited  performance 


in  full-scale  multicylinder  engines  is  impractical  because  of 
the  cost,  time,  and  effort  involved  in  changing  pistons. 
Curves  like  those  of  figure  11-13,  however,  can  be  established 
with  relative  ease  by  varying  inlet-air  temperature.  From 
the  curve  so  established,  the  effect  of  compression  ratio  on 
knock-limited  compression  density  can  be  calculated  from 
assumed  compression  temperatures. 

Although  the  simplicity  of  the  compression-density — 
temperature  correlation  is  greater  than  that  of  the  end-gas 
correlations  presented  in  the  preceding  section  of  this  chap- 
ter, the  end-gas  method  has  the  obvious  advantage  of  com- 
pensating for  variations  in  fuel-air  ratio  as  well  as  for  com- 
pression ratio  and  inlet-air  temperature. 
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CHAPTER  m 

ANTIKNOCK?  PERFORMANCE  SCALES 


For  many  j^ears  the  efforts  of  investigators  in  the  field  of 
fuel  research  have  been  directed  toward  the  development  of 
suitable  scales  for  measuring  the  knocking  characteristics 
of  fuels.  As  a result  of  these  efforts,  a number  of  scales  have 
been  studied,  but  only  a few  have  passed  beyond  the  stage  of 
tentative  acceptance.  The  emphasis  in  this  development 
has  generally  been  placed  upon  one  objective — that  the 
method  permit- the  assignment  of  a numerical  antiknock 
value  to  each  fuel  and  that  the  rating  so  determined  be 
reasonabh’^  constant  regardless  of  the  engine  or  operating 
condition  used. 

The  achievement  of  this  objective  has  been  hindered  be- 
cause the  many  fuels  suitable  for  aviation  use  vary  widely  in 
their  response  to  changes  in  engine  conditions  and  also  be- 
cause the  rating  scales  currently  used  are  unsatisfactory  for 
rating  fuels  in  the  high  performance  range.  As  a result  of 
these  difficulties,  attention  has  been  turned  in  recent  years 
to  the  problem  of  establishing  a rating  scale  that  will  permit 
determination  of  ratings  for  high-performance  fuels.  An 
effort  has  been  made  in  these  studies  to  select  reference  fuels 
that  will  respond  to  changes  in  engine  conditions  in  a manner 
similar  to  that  of  service  fuels.  The  material  in  this  chapter 
is  given  in  greater  detail  in  reference  1, 

DEVELOPMENT  OF  FUEL-RATING  SCALES 

Octane  scale.— One  of  the  earliest  and  the  most  enduring 
knock-rating  scales  is  the  familiar  octane-number  scale  pro- 
posed by  Edgar  (reference  2)  in  1927.  This  scale  is  based  on 
two  reference  fuels,  isooctane  (2,2,4-trimethylpentane)  and 
7i-heptane,  suggested  because  isooctane  knocked  less  and 
?i-heptane  more  than  any  other  fuels  then  known.  In  this 
system,  isooctane  is  arbitrarily  assigned  a rating  (octane 
number)  of  100  and  n-heptane,  a rating  of  0.  The  char- 
acteristic shape  of  curves  representing  the  octane  scale  is 
shown  in  figure  III-l  from  data  obtained  in  the  A.  S.  T.  M, 
Superchai’ge  engine  (A.  S.  T.  M.  designation  D909-47T). 

The  octane  scale  is  restricted  to  the  determination  of  rat- 
ings for  fuels  producing  knock-limited  power  equal  to  or  less 
than  that  of  isooctane  and  equal  to  or  greater  than  that  of 
n-heptane.  At  the  lower  end  of  the  scale,  the  limitation 
offers  no  serious  obstacle  because  interest  in  fuels  with 
greater  knocking  tendencies  than  n-heptane  is  purely  aca- 
demic, On  the  other  hand,  the  upper  or  isooctane  end  of  the 
scale  offers  a very  serious  obstacle  inasmuch  as  many  pure 
hydrocarbons  and  commercial  blending  stocks  are  kno\vn  to 
exceed  the  knock-limited  power  output  of  isooctane. 

In  addition  to  being  limited  in  use  to  fuels  having  anti- 
knock values  between  those  of  n-heptane  and  isooctane,  the 
octane  scale  fails  to  provide  numerical  ratings  that  remain 


constant  from  engine  to  engine  or  from  one  condition  to 
another.  That  is,  a fuel  having  an  octane  number  of  80  in 
one  engine  may  have  an  octane  number  of  90  in  another 
engine.  Investigation  has  sho^vn,  however,  that  the  ratings 
of  paraffinic  fuels,  with  the  exception  of  certain  highly 
branched  isomers,  tend  to  remain  more  nearly  constant  from 
engine  to  engine  than  do  widely  different  types  of  hydro- 
carbon within  the  range  of  performance  covered  by  the 
octane  scale  (reference  3).  This  fact  can  be  attributed  to 
the  differences  in  sensitivities  of  various  fuels  to  changes  in 
operating  conditions.  Inasmuch  as  the  rating  fuels  (iso- 
octane and  n-heptane)  are  paraffinic,  these  fuels  would  be 
expected  to  respond  to  changes  in  operating  conditions  in 
much  the  same  manner  as  a paraffinic  test  fuel.  If,  on  the 
other  hand,  the  test  fuel  contains  large  concentrations  of 
aromatic,  cycloparafl^nic,  or  olefinic  compounds,  the  re- 
sponse to  variations  in  operating  conditions  would  differ 
greatly  from  the  behavior  of  the  parafldnic  rating  fuels. 


Figure  m-1.— Octane  scale  determined  on  A.  S.  T.  M.  Supercharge  engine  at  standard 
conditions.  Oompression  ratio,  7.0;  engine  speed,  ISOO  rpm;  inlet-air  temperature  ,225°  F 
coolant  temperature,  375°  F;  spark  advance,  45°  B.  T.  C.  (Fig.  1 of  reference  1.) 
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Lead  scale. — When  fuels  with  knock  ratings  that  exceeded 
the  upper  limit  of  the  octane  scale  were  first  considered  for 
service  use,  it  became  apparent  that  the  octane  scale  was  no 
longer  adequate  for  rating  aviation  fuels;  consequently,  the 
the  search  began  for  a performance  scale  that  would  ac- 
commodate the  high-performance  fuels  used  in  modern  air- 
craft power  plants.  In  order  to  meet  this  problem,  it  was 
decided  that  fuels  exceeding  the  performance  of  isooctane 
should  be  matched  against  isooctane  to  which  had  been 
added  a given  amount  .of  tetraethyl  lead.  (See  fig.  III-2.) 
The  procedure  for  rating  fuels  by  the  lead  scale  is  the  same 
as  that  used  for  the  octane  scale;  that  is,  the  knock  intensity 
of  the  test  fuel  is  determined  in  a standard  engine  at  standard 
conditions  and  the  knocking  tendencies  of  blends  of  iso- 
octane and  tetraethyl  lead  are  compared  with  those  of  the 
test  fuel  until  one  blend  is  found  to  give  a knock  intensity 
equal  to  that  of  the  test  fuel. 

Performance-number  scale. — Neither  the  octane  scale 
nor  the  lead  scale  permitted  the  assignment  of  a numerical 
rating  indicative  of  the  power  output  of  a fuel,  and  in  an 
effort  to  circumvent  this  difficulty  a scale  of  performance 
numbers  was  adopted.  The  performance  scale  (fig.  III-3) 
represents  an  approximate  average  of  the  knock-limited  per- 
formance as  determined  in  several  different  engines  at  differ- 


Fioure  1II-2.— Lead  rating  scale  determined  on  A.  S.  T.  M.  Supercharge  engine  at  standard 
conditions.  Compression  ratio,  7,0;  engine  speed,  1800  rpm;  inlet-air  temperature,  225°  F; 
coolant  temperature,  375°  F;  spark  advance,  45°  B.  T.  C.  (Fig.  2of  reference  1.) 


ent  operating  conditions  for  isooctane  containing  various 
amounts  of  tetraethyl  lead.  Although  empirically  deter- 
mined, this  scale  has  proved  useful  in  expressing  fuel  ratings 
and  in  correlating  performance  of  fuels  in  different  engines, 
but  it  still  does  not  provide  an  absolute  measure  of  power 
output. 

The  performance-number  scale  does  not  alter  the  procedure 
for  rating  fuels  b}^  use  of  leaded  isooctane  (lead  scale)  but 
does  change  the  method  of  reporting  the  rating.  For  ex- 
ample, if  a test  fuel  is  found  to  give  knock-limited  per- 
formance equal  to  isooctane  plus  2.0  ml  TEL  per  gallon  in 
any  engine  at  any  condition,  its  rating  is  reported  as  138 
performance  number.  (See  fig.  III-3.) 

The  performance  scale  as  originall}^  adopted  was  intended 
for  use  only  with  fuels  having  ratings  above  an  octane  number 
of  100  by  the  A.  S.  T.  M.  Supercharge  method.  General 
acceptance  of  the  scale  soon  led  to  expression  of  ratings  b}^ 
the  A.  S.  T.  M.  Aviation  method  (A.  S.  T.  M.  designation 
D614-47T)  in  terms  of  performance  numbers  and  later 
resulted  in  extension  of  the  scale  below  a performance  number 
of  100. 

Proposed  rating  scales. — One  limitation  of  the  octane 
scale  and  the  lead  scale  is  that  the  service  fuels  containing 
an  approximately  constant  amount  of  tetraethyl  lead  (3.0  to 
4.6  ml/gal)  must  be  matched  against  unleaded  rating  fuels  or 
against  rating  fuels  having  variable  concentrations  of  lead. 
This  limitation  is  inherently  related  to  the  problem  of  fuel 
sensitivity  to  changes  in  operating  conditions  in  that  tetra- 
ethyl lead  affects  the  sensitivity  of  the  fuel  to  which  it  is 
added. 

In  order  to  minimize  this  effect  on  fuel  ratings,  investi- 
gators in  the  field  have  proposed  rating  scales  in  which  the 
reference  fuels  contain  a constant  amount  of  tetraethyl  lead 
in  the  range  of  concentrations  found  in  service  fuels.  Some 
of  these  schemes  recommend  the  addition  of  a third  com- 
ponent, such  as  an  aromatic,  in  the  reference  fuel  blend  in 
order  to  produce  reference  fuels  having  sensitivities  more 
nearly  equal  to  service  fuels. 
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EVALUATION  OF  PROPOSED  FUEL-RATING  SCALES 

On  the  basis  of  studies  made  the  Coordinating  Kesearch 
Council  (reference  4),  it  was  proposed  that  triptane  (2,2,3- 
trimetli3dbutane)  and  n-heptane  be  adopted  as  the  reference 
fuels  for  a new  rating  scale.  Both  fuels  were  to  contain  3.78 
ml  TEL  per  gallon.  The  studies  on  which  this  proposal  was 
based  were  conducted  in  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M. 
Supercharge  fuel-rating  engines  at  standard  operating  condi- 
tions. In  order  to  extend  -the  data  of  the  Coordinating 
Kesearch  Council  be^’^ond  standard  operating  conditions,  an 
investigation  of  the  proposed  rating  scale  over  a range  of 
engine  conditions  was  conducted  b}"^  the  NACA  and  is 
reported  in  reference  1.  The  results  of  this  investigation  of 
triptane  and  n-heptane  were  compared  with  results  obtained 
under  similar  test  conditions  for  cmrent  rating  scales  and 
other  proposed  scales. 

The  effects  of  var^dng  engine  conditions  were  simulated  by 
varying  inlet-air  temperature  from  100°  to  300°  F in  the 
A.  S.  T.  M.  Supercharge  engine.  The  combinations  of 
reference  fuels  investigated  were: 

1.  Isooctaiie  and  7i-heptane 

2.  Isooctane  (containing  0 to  6 ml  TEL/gal) 

3.  Isooctane  and  n-heptane  (both  containing  3.78  ml 
TEL/gal)  0 


TABLE  III-l.— SERVICE  AND  SERVICE-TYPE  FUELS  “ 


Fuel 

Nominal  per- 
formance grade 
lean/rich  ^ 

AN-F-26  - 

76/88 

100/130 

100/140 

115/145 

120/150 

130/160 

1*35/175 

140/200 

146/175 

153/192 

An-F-28  (28-R)  

Special  blend  number  1 (SB-1)  (23  percent  benzene-|-34  percent  virgin 
base  stock+43percent  alkylate+4  ml  TEL/gal) 

(33-R)  

Special  blend  number  2 (SB-2)  (43  percent  diisopropyl+12  percent 

virgin  base  stock-f45  percent  alkylate+4  ml  TEL/gal) 

Special  blend  number  3 (SB-3)  (34  percent  diisopropyl+12.5  percent 
hot-acid  octane+41.5  percent  alkylate+12  percent  isopentane+4  ml 
TEL/gal)  - -- 

Special  blend  number  4 (SB-4)  (55  percent  diisopropyl+8  percent 
triptane+29  percent  alkylate-f  8 percent  isopentane+4  ml  TEL/gal). 

Special  blend  number  5 (SB-5)  (62  percent  diisopropyl+19  percent 
triptane+1 1 percent  alkylate+8  percent  isopentane+4  ml  T EL/gal) . 

RAFD-52  (45  percent  S reference  fuel+45  percent  diisopropyl+10 
percent  isopciitane+4  6 ml  TEL/gal)  

RAFD-53  (45  percent  S reference  fuel+45  percent  triptane+10  per- 
cent isopentane+4  6 ml  TEL/gal)-  

a Reproduced  from  reference  1. 

• b Lean  ratings  by  A.  S.  T.  M.  Aviation  method  are  intended  to  be  indicative  of  "cruise” 
performance.  Rich  ratings  by  A.  S.  T.  M.  Supercharge  method  are  intended  to  be  indicative 
of  take-ofT  performance.  (See  reference  5.) 


4,  Triptane  and  7i-heptane  (both  containing  3.78  ml 
TEL/gal) 

5.  Triptane  and  isooctane  (both  containing  3.78  ml 
TEL/gal) 

In  order  to  compare  the  merits  of  the  various  rating  scales, 
several  service  and  service-t3^pe  fuels  were  included  in  the 
investigation.  (See  table  III-l.)  In  choosing  these  par- 
ticular fuels  and  blends,  an  efiFort  was  made  to  cover  a wide 
range  of  performance  numbers  both  rich  and  lean.  Inspec- 
tion properties  for  these  fuels  are  presented  in  table  III-2. 

Although  complete  knock-limited  mLxture-response  curves 
were  obtained  in  the  A.  S.  T.  M.  Supercharge  engine,  the 
anal3^sis  of  results  presented  (reference  1)  is  restricted  to  two 
fuel-air  ratios,  0.065  and  0.11.  Examples  of  data  at  these 
two  fuel-air  ratios  are  shovni  in  figure  III-4. 

The  points  on  the  curves  in  these  figures  are  cross-plotted 
from  mixture-response  curves. 

Antiknock  ratings  made  by  the  A.  S.  T.  M.  Aviation 
method  for  the  various  reference-fuel  blends  are  presented 
in  table  III-3. 

Comparisons  among  various  reference  scales. — In  fig- 
ure III-5  the  various  reference  scales  are  compared  at  standard 
A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  operating 
conditions.  It  is  seen  in  figure  III-5  (a)  that  for  A.  S,  T.  M. 
Aviation  conditions  the  data  for  leaded  blends  of  isooctane 
and  7i-heptane  fall  on  a 45°  line,  which  indicates  that  the 
A.  S.  T.  M.  Aviation  (lean)  rating  of  isooctane  containing 
3.78  ml  TEL  per  gallon  is  equal  to  that  of  triptane  containing 
the  same  quantity  of  tetraethyl  lead.  Conversely,  data  at 
A.  S.  T,  M.  Supercharge  (rich)  conditions  (fig.  III-5  (b)) 
show  that  for  equal  knock-limited  indicated  mean  effective 
pressures  more  isooctane  is  required  than  triptane  in  leaded 
blends  with  7i-heptane.  In  figure  III-5  (b)  it  is  shown  that 
between  80  and  84  percent  triptane  in  a blend  with  /i-heptane 
(leaded)  would  be  required  to  equal  the  upper  limit  (161) 
of  the  current  performance  scale. 

An  additional  observation  can  be  made  from  figure  III-5: 
namely,  that  for  A.  S.  T.  M.  Aviation  conditions  the  two- 
component  reference-fuel  systems  with  constant  tetraethyl- 
lead concentrations  are  related  by  straight  lines,  whereas 
at  A.  S.  T.  M.  Supercharge  conditions  definite  curvature  is 
obtained. 


TABLE  III-2.— INSPECTION  DATA  FOR  SERVICE  AND  SERVICE-TYPE  FUELS  “ 


Fuel  designaiion 

AN-F-2G 

AN-F-2S 

(23-R) 

AN-F-33 

(33-R) 

SB-1 

SB-2 

SB-3 

SB-4 

SB-5 

RAFD-52 

RAFD-53 

A.  S.  T.  M.  distillation: 

Initial  boiling  point,  (°F) 

136 

104 

96 

1*>2 

122 

106 

124 

120 

140 

10  percent  eva{X)rated,  (°F) 

160 

145 

134 

136 

144 

134 

136 

136 

142 

168 

ISO 

192 

197 

143 

160 

160 

14S 

144 

160 

138 

50  percent  evaporated,  (®F)  

190 

209 

217 

152 

170 

170 

152 

14S 

166 

190 

90  percent  evaix>r at ed,  (°F) 

236 

27S 

274 

224 

242 

240 

224 

ISO 

204 

200 

End  point,  (°F)  ...  

320 

338 

349 

342 

350 

340 

342 

290 

236 

232 

Residue,  percent  - 

0.9 

0.9 

1.0 

O.S 

1.0 

1.0 

1.2 

0.9 

1.0 

0.4 

Los^,  percent  - - 

1. 1 

1.0 

1.2 

1.3 

0.  5 

1.2 

0.6 

1.0 

0.  06 

TEL  content,  (ml/gal) 

4.  95 

4.36 

4.53 

4. 02 

4.17 

4.39 

4.  11 

3.96 

4.  52 

4.69 

Copper  dish  gum,  (mg/100  ml) 

6.9 

2.9 

5 

10.  1 

0.8 

6.3 

1.  5 

16.6 

1. 1 

3.3 

Freezing  i)oint,  (®F)  

<-76 

<-76 

<-76 

-36.4 

<-76 

<-76 

<-76 

< — 76 

<-76 

<-76 

Hvdrogen-carbon  ratio 

0. 177 

0. 174 

0.182 

0.156 

0. 192 

0.  IS9 

0. 194 

0. 191 

0.  1S7 

0.  ISS 

Net  heat  of  combustion,  (Btu/lb) 

19,  103 

18,700 

18,900 

IS.  517 

19,  196 

19, 155 

19, 330 

19.  2S6 

19.  247 

19.373 

• Table  II  of  reference  1. 
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(a)  Fuel-air  ratio,  0.065  (b)  Fuel-air  ratio,  0.11. 

Figube  III-4.— Variation  of  knock -limited  performance  of  unleaded  blends  of  isooctane  and 
n-heptane  with  inlet-air  temperature.  Compression  ratio,  7.0;  engine  speed,  1800  rpm; 
coolant  temperature,  375®  F;  spark  advance,  45°  B.  T.  C,  (Fig.  5 of  reference  1.) 


(blends  con  fain  3.76  ml  TEL  f gal) 

(a)  Engine,  A.  S.  T.M.  Aviation. 

(b)  Engine,  A.  S.  T.  M.  Supercharge;  fuel -air  ratio,  0,11. 

Figure  III-5.— Relations  among  various  rating  scales.  Compression  ratio,  7.0;  engine 
speed,  1800  rpm;  inlet-air  temperature,  225°  F;  coolant  temperature  375°  F;  spark  advance, 
45°  B.  T.  C.;  fuel-air  ratio,  0.11.  (Fig.  15  of  reference  1.) 
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(b)  Fuel-air  ratio,  0.11. 

Figure  II 1-6.— Variation  of  temperature  sensitivity  with  knock-limited  pierformance  for 
various  reference-fuel  blends  in  A.  S.  T.  M.  Supercharge  engine.  Compression  ratio,  7.0; 
engine  speed,  ISOO  rpm;  inlet-air  temperature,  225°  F;  coolant  temperature,  375°  F;  spark 
advance,  45°  B.  T.  C.  (Fig.  16  of  reference  1.) 


TABLE  III-3'— A,  S.  T,  M.  AVIATION  RATINGS 
FOR  REFERENCE-FUEL  BLENDS  » 


Composition,  percent  by  volume  b 

A.  S.  T.  M.  Aviation  Rating 

n-Heptane 

Isooctane 

Triptane 

Octane  number 
or  isoootane-i- 
TEL 

Performance  * 
number 

100 

0 

47 

SO 

20 

60 

60 

40 

76.3 

54 

40 

60 

85.3 

65. 5 

20 

80 

.14 

105 

0 

100 

3.78 

151.3 

80 

20 

4.0 

152.5 

60 

40 

4.0 

152.5 

40 

60 

4.0 

152.5 

20 

80 

4.4 

154.5 

0 

100 

3.6 

150.5 

80 

20 

62 

60  ■ 

40 

76.8 

54.5 

40 

60 

90.8 

7.5.3 

20 

80 

.85 

123 

a Table  III  of  reference  1. 
b All  blends  contained  3.78  ml  TEL/gal. 


Temperature  sensitivity  of  reference  fuels. — As  a measure 
of  the  temperature  sensitivity  of  the  reference-fuel  combi- 
nations, the  slopes  of  curves  similar  to  those  in  figure  III-4 
for  all  the  reference-fuel  combinations  were  computed  at 
an  inlet-air  temperature  of  225°  F (standard  A.  S.  T.  M. 
Supercharge  conditions)  and  plotted  against  the  knock- 
limited  mean  effective  pressures  at  the  same  temperature. 
These  plots  were  made  for  fuel-air  ratios  of  0.065  and  0.11 
and  are  shown  in  figure  III-6.  A single  curve  was  drawn 
thi’ough  each  set  of  points  (lean  and  rich)  to  illustrate  the 
variation  of  temperature  sensitivity  with  knock-limited  per- 
formance for  the  various  reference-fuel  blends.  The  different 
portions  of  the  curve  determined  by  individual  reference-fuel 
combinations  are  also  indicated  on  figure  III-6. 

Above  the  upper  limit  of  the  current  performance-number 
scale  (fig.  III-6),  the  sensitivity  increases  rapidly  as  the 
knock-limited  indicated  mean  effective  pressure  increases. 
If  this  trend  is  generally  true  for  service-type  fuels,  it  is 
apparent  from  this  figure  that  such  fuels  having  high  knock 
limits  should  be  matched  against  leaded  blends  of  triptane 
and  isooctance  or  triptane  and  n-heptane  in  order  to  have 
reference  fuels  and  service  fuels  of  comparable  sensitivity. 
For  lower  performance  fuels,  however,  any  of  the  reference 
scales  indicated  would  be  suitable  from  sensitivity  considera- 
tions. 

Temperature  sensitivity  of  service-type  fuels. — The  effects 
of  inlet-air  temperature  on  the  knock-limited  performance  of 
the  service-type  fuels  (table  III-l)  were  also  investigated  in 
the  A.  S.  T.  M.  Supercharge  engine.  The  slopes  of  the 
temperature-sensitivity  curves  (reference  1)  were  computed 
at  225°  F and  plotted  in  the  same  manner  described  for 
figure  III~6.  The  result  is  shown  in  figure  111-7  with  the 
curves  from  figure  III-6  reproduced  for  comparison. 

The  points  representing  service  fuels  (fig.  III-?)  lie  pri- 
marily above  the  curves  established  for  the  reference  fuels. 
This  divergence  is  attributed  to  the  fact  that  the  service  fuels 
are  blends  containing  a number  of  different  components; 
whereas  the  reference-fuel  blends  are  composed  of  only  two 
components.  Insofar  as  a perfect  rating  scale  is  concerned, 
the  ideal  condition  would  be  for  the  service-fuel  data  to  fall 
directly  on  the  reference-fuel  curve. 
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Knock-iimifed imep  at  fbjsq  in, 

(a)  Fuel-air  ratio,  0.065. 


Knock-limited  imep  at  225^Y^  Ibjsq  in. 


(b)  Fuel-air  ratio,  0.11. 

Figure  III-7.— Comparison  among  the  temperature  sensitivities  of  reference-fuel  blends  and 
service-type  fuels  in  A.  S.  T.  M.  Supercharge  engine.  Compression  ratio,  7.0;  engine  speed, 
18(X)  rpm;  inlet-air  temperature,  225°  F;  coolant  temperature,  375°  F;  spark  advance,  45° 
B.  T.  C.  (Fig.  18  of  reference  1.) 


(a)  Performance-number  scale. 

(b)  Leaded  isooctane-n-heptane  and  leaded  triptane-isooctane  scales. 

(c)  Leaded  triptane-n -heptane  scale. 

Figure  III-S.— Effect  of  inlet-air  temperature  on  antiknock  ratings  of  service-type  fuels  in 
A.  S.  T.  M.  Supercharge  engine  at  rich  fuel-air  ratio.  Compression  ratio,  7.0;  engine  speed, 
1800  rpm;  coolant  temperature,  375°  F;  spark  advance,  45°  B.  T.  C.;  fuel -air  ratio,  0.11. 
(Fig^20  of  reference  1.)  • 
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TABLE  III-4.— A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE  RATINGS  OF  SERVICE  AND 
SERVICE-TYPE  FUELS  IN  TERMS  OF  SEVERAL  REFERENCE-FUEL  COMBINATIONS  “ 


A.  S.  T. 

M.  Supercharge  rating  at  fuel-air  ratio  of  0.065 

A.S.T. 

M.  Supercharge  rating  at  fuel-air  ratio  of  0.1 1 

Fuel  designation 
and  nominal  grade 

Rating  scale 

A.  S.  T.  M. 
Aviation  rating 

Inlet-air  temperature,  °F 

Inlet-air  temperature,  °F 

100° 

150° 

225° 

250° 

300° 

100° 

150° 

225° 

250° 

300° 

AN-F-26 

C76/88) 

Imep 

ON 

*91 

134 

95 

114 

94 

94 

95 

88 

95 

79 

97 

159 

97 

163 
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78 
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16 

**  Imep,  knocfe-limitcd  indicated  mean  effective  pressure;  ON,  octane  number;  PN,  performance  nuinber;.LlH.  blend  of  isooctane  and  n-heptane  containing  3.78  ml  TEL/gal,  LTH,  blend  of 

triptane  and  n-heptane  containing  3.7S  ml  TEL/gal;  LTI,  blend  of  triptane  and  isooctanc  containing  3.78  ml  TEL/gal.  fmm 

^ e Octane  numbers  and  performance  numbers  obtained  by  the  standard  A.  S.  T.  M.  Aviation  rating  procedure.  Ratings  m terms  of  other  scales  estimated  from  g.  5(  ). 


Because  this  situation  is  improbable,  the  next  best  solution 
must  be  for  reference-fuel  blends  and  service  fuels  to  have 
sensitivities  of  approximately  the  same  magnitude  at  the 
same  knock-limited  performance  levels.  The  attainment  of 
this  characteristic  can  be  approached  b}^  the  use  of  either 
the  joint  reference  scale,  leaded  triptane-isooctane  and  leaded 
isooctane-n-heptane,  or  by  the  leaded  triptane-7i-heptane 
scale  (fig.  III-7). 

In  evaluating  the  merits  of  a rating  scale,  however,  three 
factors  other  than  temperature  sensitivity  must  be  con- 
sidered, namely  that  the  scale  should: 

(1)  Be  a continuous  scale 


(2)  Involve  a minimum  number  of  reference  fuels 

(3)  Cover  the  complete  range  of  knock-limited  perform- 
ance likely  to  be  encountered  with  a variety  of  service  fuels. 

In  figures  III-6  and  III-7,  it  has  been  shown  that  both  the 
leaded  triptane-n-heptane  scale  and  the  joint  scale  of  leaded 
isooctane-Ti-heptane  and  leaded  triptane-isooctane  have  the 
last  of  these  characteristics.  Only  the  leaded  triptane- 
n-heptane  scale,  however,  possesses  the  first  two  character- 
istics as  well;  consequent!}^,  this  scale  appears  to  be  the  most 
practical  choice.  The  problem  of  availability  of  reference 
fuels  is  obviously  important  but  is  beyond  the  scope  of  the 
investigation  reported  in  reference  1. 


Knock- Umi fed  imep  Ibjsq  in. 
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Figure  III-9. — Maximum  knock-limited  mean  effective  pressures  attainable  for  various  fuels  by  A.  S.  T.  M.  Supercharge  method  without  encountering  preignition.  Compression  ratio, 
7.0;  engine  speed,  1800  rpm:  inlet-air  temperature,  225°  F;  coolant  temperature,  375°  F;  spark  advance,  45°  B.  T.  C.  (Fig.  21  of  reference  1.) 
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Ratings  of  service-type  fuels. — The  10  service-type  fuels 
were  assigned  ratings  in  terms  of  the  5 reference  scales 
examined  in  this  investigation.  These  ratings  are  given  in 
table  III-4  for  standard  A.  S.  T.  M.  Aviation  conditions  and 
for  A.  S.  T,  M.  Supercharge  conditions  at  five  inlet-air 
temperatures  and  two  fuel-air  ratios.  The  ratings  in  this 
table  were  determined  for  comparing  the  constancy  of  the 
assigned  ratings  b3^  the  different  rating  scales  over  a range 
of  conditions  established  by  varying  inlet-air  temperature. 
This  comparison  is  presented  in  figure  III-8  for  the 
A.  S.  T.  M.  Supercharge  engine  at  a fuel-air  ratio  of  0.11. 

These  figures  alone  cannot  serve  as  a basis  for  choosing 
the  best  reference  scale  because  the. constancy  of  an  assigned 
rating  from  one  set  of  operating  conditions  to  another  is 
largely  dependent  upon  the  relative  sensitivities  of  reference 
fuels  and  test  fuels  previously  discussed. 

Limitations  of  reference  scales.— In  the  preceding  dis- 
cussion, it  has  been  stated  that  in  many  cases  knock-limited 
indicated  mean  effective  pressures  were  not  obtained  for 
some  of  the  higher-performance  service- type  and  reference 
fuels  investigated  in  the  A.  S.  T.  M.  Supercharge  engine. 
The  attainment  of  complete  data  for  high-performance  fuels 
was  hampered  throughout  the  investigation  by  the  tendency 
of  these  fuels  to  preignite  in  the  A.  S.  T.  M.  Supercharge 
engine.  The  engine  operator  at  all  times  obtained  as  much 
of  the  mixture-response  curve  as  possible  before  the  start  of 
preignition  (see  ch,  IV);  for  some  fuels,  however,  points 
richer  than  a fuel-air  ratio  of  about  0.08  could  not  be  taken. 
Inasmuch  as  the  peaks  of  the  curves  were  not  obtained, 
ratings  could  not  be  made  in  the  fuel-air-ratio  range  char- 
acteristic of  the  standard  A.  S.  T.  M.  Supercharge  method. 

Preignition  occurred  with  the  high-performance  fuels  re- 
gardless of  the  condition  of  the  engine;  changing  the  type 
of  spark  plug  failed  to  prevent  preignition. 

Preignition  was  encountered  so  frequently  that  earl}^  data 
obtained  in  the  NACA  laboratories  were  examined  in  order 
to  define  the  range  of  indicated  mean  effective  pressure  in 
which  preignition  is  likel}^  to  occur  in  the  A.  S.  T.  M.  Super- 
charge engine.  The  results  of  this  stud}^  are  presented  in 
figure  III-9,  together* with  data  from  the  present  investiga- 
tion. Each  point  on  this  plot  represents  the  richest  point 
of  a mixture-response  curve  that  could  be  obtained  before 
the  occurrence  of  preignition.  It  is  seen  in  figure  III-9  that 
with  several  fuels  it  was  possible  to  reach  preignition-free 
performance  at  indicated  mean  effective  pressures  greater 
than  400  pounds  per  square  inch;  however,  a number  of 
fuels  preignited  at  levels  below  400  down  to  about  258 
pounds  per  square  inch.  In  most  cases,  the  limiting  fuel-air 
ratios  were  leaner  than  the  fuel-air-ratio  range  in  which 
A.  S.  T.  M.  Supercharge  ratings  are  usually'  made. 


Inasmuch  as  preignition  imposes  a very  real  limit  on  an 
A.  S.  T.  M.  Supercharge  rating  scale  at  a rich  fuel-air  ratio, 
the  maximum  indicated  mean  effective  pressures  that  can 
be  obtained  with  current  and  proposed  reference  scales  are 
indicated  in  figure  III-9.  The  difference  between  scales  is 
about  75  pounds  per  square  inch  indicated  mean  effective 
pressure;  the  adoption  of  either  reference  scale  utilizing 
triptane  as  one  of  the  components  will  thus  extend  the  range 
in  which  ''direct-match”  ratings  can  be  made  b}^  about  75 
pounds  per  square  inch.  Even  then  there  will  be  some 
fuels  (as  indicated  b}^  preignition  test  points  in  fig.  III~9) 
that  cannot  be  rated  in  this  range.  In  fact,  only  three  of 
the  five  service-type  fuels  exceeding  a performance  number 
of  161  could  be  rated  (shown  as  solid  lines  between  fuel-air 
ratios  of  0.10  and  0.12  in  fig.  III-9).  The  remaining  two 
fuels  having  performance  numbers  over  161  preignited  at 
fuel-air  ratios  leaner  than  0.08  (indicated  by  the  square  data 
points  on  fig.  III-9). 

If  the  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge 
engines  are  to  continue  in  use  as  the  standard  fuel-rating 
engines,  the  advantages  to  be  gained  b}’'  the  adoption  of 
new  reference-fuel  s}^stems  utilizing  triptane  are  clearty 
questionable,  as  pointed  out  b}^  the  authors  of  reference  1. 
The  present  scale  of  performance  numbers  has  been  shown 
to  permit  ratings  for  fuels  up  to  a performance  number  of  161 
in  the  A.  S.  T.  M.  Aviation  engine;  triptane  plus  3.78  ml 
TEL  per  gallon,  which  represents  the  maximum  perform- 
ance of  either  of  the  proposed  reference-fuel  combinations, 
permits  ratings  only  up  to  a performance  number  of  151. 
Moreover,  in  the  A.  S.  T.  M.  Supercharge  engine  the  tenden- 
cies of  many  high-performance  service-type  fuels  and  high- 
performance  reference-fuel  blends  to  preignite  makes  the 
advantage  of  extending  the  range  in  which  ratings  can  be 
made  in  this  engine  somewhat  uncertain. 
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CHAPTER  IV 
PREIGNITION 


Over  a period  of  years  research  directed  toward  increasing 
engine  power  has  been  paralleled  by  research  in  engine  cool- 
ing. This  pattern  of  investigation  arises  from  the  occurrence 
of  mechanical  failures  in  engine  cylinders  when  certain 
established  temperature  limits  are  exceeded.  Opinions  vary 
as  to  the  principal  danger  of  high  cylinder  temperatures; 
however,  final  cylinder  failure  obviously  results  from  high 
temperatures,  high  pressures,  or  both  (reference  1).  The 
initial  cause  of  failure  may  be  knock,  preignition,  or  failure 
of  sealing  devices,  such  as  piston  rings  and  valves,  but  the 
sequence  in  which  the  events  leading  up  to  failure  occur  will 
var}'  with  operating  conditions,  design  features,  and  fuel. 

In  an  effort  to  clarif}-  the  exact  roles  played  by  these  factors 
in  service  operation,  this  chapter  presents  a discussion  of 
NACA  investigations  in  which  the  characteristics  of  pre- 
ignition  are  studied  and  the  relation  of  preignition  and  knock 
to  engine  temperatures  is  analyzed. 

CHARACTERISTICS  OF  PREIGNITION 

Preignition  and  knock. — A hot  spot  in  an  engine  cylinder 
may  cause  ignition  of  the  fuel-air  charge  in  the  cylinder  prior 
to  ignition  by  the  spark  plug.  This  phenomenon  is  known 
as  preignition.  Preignition  and  knock  are  separate  phenom- 
ena, as  indicated  by  Roth  rock  and  Biermann  (reference  2). 
If,  as  suggested  by  this  investigation,  the  occurrence  of 
knock  depends  upon  the  density  and  the  temperature  of  the 
last  portion  of  the  charge  to  burn,  it  is  reasonable  to  assume 
that  preignition  which  causes  the  end  gas  to  burn  nearer  top 
center  also  tends  to  promote  fuel  knock,  whereas  preignition 
which  causes  the  end  gas  to  burn  well  before  top  center  may 
lessen  the  possibility  of  fuel  loiock.  In  reference  1,  this 
theory  is  thus  concluded  to  provide  one  explanation  of  why 
preignition  is  often  accompanied  by  knock  and  why,  in  other 
cases,  in  which  preignition  may  be  severe  enough  to  cause 
immediate  engine  failure,  fuel  knock  may  not  be  present.  A 
specific  case  of  this  nature  is  reported  in  reference  3. 

Run-away  and  stable  preignition. — Run-away  and  stable 
preignition  are  defined  by  Hundere  and  Bert  (reference  4)  in 
terms  of  the  rate  of  increase  of  the  hot-spot  temperature  and 
the  required  temperature  for  surface  ignition.  If,  for  example, 
the  hot-spot  temperature  increases  much  more  rapidly  than 
the  required  surface  temperature  for  ignition,  run-away 
preignition  occurs.  ^^Tien  this  situation  exists,  the  ignition 
of  the  fuel -air  charge  ma\'  advance  more  and  more  until 
ignition  takes  place  in  the  intake  duct;  a backfire  then  occurs. 

On  the  other  hand,  stable  preignition  is  obtained  when  the 
required  surface  temperature  for  ignition  increases  more 
rapidly  than  the  actual  hot-spot  temperature.  A point  is 
then  reached  where  the  required  temperature  and  the  actual 
temperature  are  equal,  and  stable  ignition  occurs.  In  this 
case,  the  ignition  system  may  be  inoperative  and  the  engine 
will  operate  normally;  ignition  is  then  accomplished  solel}"  by 
the  hot  spot  in  the  cylinder. 
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Preignition  characteristics  vaiy  with  fuel  type;  for  some 
fuels,  such  as  benzene,  preignition  may  become  severe 
enough  to  wreck  an  engine  CAdinder  so  quickly  that  no  ap- 
preciable increase  in  tempera tuz'e  or  decrease  in  engine  output 
can  be  observed. 

EFFECTS  OF  ENGINE  VARIABLES  ON  PREIGNITION 

An  investigation  reported  b}'  Corrington  and  Fisher 
(reference  5)  was  undertaken  to  obtain  information  on  the 
behavior  of  an  engine  during  preignition  operation.  Spark 
plugs  of  various  heat  ranges  were  used  as  sources  of  pre- 
ignition  in  most  of  the  tests  of  reference  5.  In  some  cases, 
however,  preignition  was  excited  by  exhaust  valves.  A valve 
having  a badly  corroded  head  was  installed  in  place  of  the 
Nichrome  coated  valves  normally  employed;  cold-operating 
spark  plugs  were  used. 

Preignition  was  excited  at  various  fuel-air  ratios,  power 
levels,  engine  speeds,  and  mixture  temperatures. 

The  investigation  reported  in  reference  5 was  made  in  a 
single,  liquid-cooled  engine  cylinder.  The  setup  consisted 
of  a multicylinder  engine  block  mounted  in  such  a manner 
that  an}^  one  cylinder  could  be  used.  Details  of  the  installa- 
tion and  the  methods  of  instrumentation  are  described  in 
references  5 and  6. 

ReproducibiUty  of  preignition  runs. — Cylinder  design  and 
the  location  and  heat  capacity  of  the  preignition  source  are 
factors  that  influence  the  behavior  of  an  engine  during  pre- 
ignition operation.  Reproducibility  of  preignition  data  will 
be  imperfect,  however,  even  if  these  factors  and  all  operating 
conditions  are  held  constant.  For  the  studies  in  which  spark 
plugs  initiated  preignition  (reference  5),  the  cause  of  ir- 
reproducibility  was  the  time  required  for  the  preignition  to 
advance  from  normal  spark  timing  to  a point  about  60° 
B.  T.  C.  On  occasional  cycles,  a run  would  start  with 
ignition  a few  degrees  early.  The  -ignition  time  became 
earlier  as  the  cycles  with  early  ignition  occurred  more  fre- 
quently. C^dinder  temperature  rose  slowly  during  this 
period  of  operation.  When  the  ignition  time  had  advanced 
to  about  60°  B.  T.  C.,  the  preignition  process  was  greatly 
accelerated  and  successive  runs  were  fairly  reproducible. 
The  time  required  was  30  to  60  seconds  for  preignition  to 
become  advanced  to  this  critical  value  (60°  B.  T.  C.).  It  is 
suggested  in  reference  5 that  this  variation  in  time  to  reach 
the  critical  value  may  result  either  from  changes  in  condition 
of  the  spark  plug  due  to  deposits  and  corrosion  or  errors  in 
setting  the  engine  conditions. 

Typical  preignition  runs. —Data  from  typical  preignition 
runs  are  shown  in  figure  IV-1.  The  location  of  the  zero 
point  on  the  abscissa  has  no  significance  inasmuch  as  the 
curves  were  adjusted  on  the  time  scale  so  that  the  points 
coincided  where  preignition  became  rapidly  accelerated. 
This  arrangement  eliminates  the  period  of  poor  reproduci- 
bility from  consideration. 


imepy  Ibfsq  in.  Time  of  ignition^  deg  B.  TC. 
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Fiotre  I V-2— Full-scale  single-cylinder  test-engine  induction  system.  (Fig.  2 of  reference  5.) 


'J'he  curves  in  figure  IV-1  represent  the  averages  of  the 
individual  runs  and  may  be  considered  typical  of  engine 
operation  during  preignition  at  a given  set  of  conditions. 
All  curves  discussed  in  succeeding  paragraphs  have  been 
obtained  in  the  same  manner  from  several  runs  at  each 
operating  condition. 

The  preignition  run  in  figure  IV-1  was  terminated  by  back- 
firing, as  was  true  for  most  of  the  runs  conducted  in  reference 
5.  Backfiring  occurs  when  the  time  of  ignition  is  considerably 
earlier  than  that  at  which  the  intake  valves  close  (118° 
B.  T.  C.).  The  flame  cannot  pass  into  the  induction  system 
unless  a pressure  rise  occurs  sufficient  to  slow  down  or  to 
reverse  the  flow  tlu-ough  the  intake  valves. 

After  a backfire,  the  fuel-air  charge  in  the  vaporization 
tank  (fig.  IV -2)  burned  and  the  resulting  pressure  rise  caused 
reversal  of  the  air  flow  at  the  tank  entrance.  Because  the 
fuel  was  injected  at  this  point,  the  flame  burned  out  quickly. 
Combustion  in  the  C}dinder  was  reestablished  after  about  1 
second,  but  the  preignition  source  was  sufficiently  hot  to 
cause  early  ignition  again.  Backfiring  continued  at  intervals 
until  a change  in  the  operating  conditions  cooled  the  pre- 
ignition SOIUTC. 

At  high  power  output  and  fuel-air  ratios  leaner  than  0.095, 
preignition  caused  backfiring.  Preignition  was  stable  at 
richer  mixtures  and  ignition  occurred  near  bottom  center. 

Effect  of  fuel-air  ratio  on  preignition. — Fuel-air  ratio,  be- 
cause of  its  influence  on  combustion  temperatures  and  rate 


of  burning,  is  one  of  the  important  variables  to  be  considered 
during  preignition  operation.  The  effect  of  fuel-air  ratio  on 
preignition  is  illustrated  in  figure  IV-3.  As  seen  in  figure 
IV-3,  the  time  of  ignition  at  the  lean  fuel-air  ratio  (0.070) 
advanced  to  about  220°  B.  T.  C.  (40°  B.  B.  C.)  about  7 
seconds  after  the  start  of  the  rapidly  advancing  preignition 
period.  The  time  of  ignition  at  the  start  of  this  period  was 
about  48°  B.  T.  C.  At  the  rich  fuel-air  ratio  (0.099),  the 
time  of  ignition  advanced  less  rapidly  than  at  the  lean  fuel-air 
ratio  and  became  stable  at  about  150°  to  160°  B.  T.  C.  No 
backfire  occurred  at  the  rich  fuel-air  ratio. 

The  increase  in  peak  pressure  was  about  20  percent  at  the 
lean  fuel-air  ratio  and  25  percent  at  the  rich  fuel-air  ratio; 
according  to  reference  5,  however,  these  increases  are  in 
doubt  because  of  scatter  in  the  experimental  data. 

The  power  output  (fig.  IV-3)  dropped  sharply  during  the 
period  of  preignition.  During  the  same  period  the  cylinder- 
head  temperatures  increased  sharply.  As  pointed  out  in 
reference  5,  the  piston  temperature  might  be  expected  to 
follow  curves  similar  to  those  shown  for  the  cylinder-head 
temperature  with  the  possibility  that  the  temperature  rise 
might  be  even  greater. 

Effect  of  power  output  on  preignition. — The  effect  of 
engine  power  level  on  preignition  is  shown  in  figure  IV-4. 
In  order  to  obtain  these  data,  it  was  necessary  (reference  5) 
to  use  spark  plugs  of  three  different  heat  ranges.  The  results 
of  these  tests  indicate  that  the  time  before  backfiring  increased 
as  the  power  level  decreased.  This  result  is  consistent  with 
the  decrease  in  cyclic  temperatures  as  the  power  decreased,  as 
indicated  by  the  cylinder-head  temperatures  (fig.  IV-4). 
The  percentage  increase  in  peak  cylinder  pressures  increased 
as  the  power  level  decreased. 


Figure  IV'-3. — Efifect  of  fuel-air  ratio  on  engine  behavior  during  preignition.  Compression 
ratio,  6.65;  engine  speed,  3000  rpm;  mixture  temperature,  175°  F;  coolant  temperature, 
250°  F;  spark  advance:  inlet,  28°  B.  T.  C.;  outlet.  34°  B.  T.  C.;  preignition  source,  spark 
plug  in  exhaust  side.  (Fig.  5 of  reference  5.) 
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Figure  IV-4.— Effect  of  power  output  on  engine  behavior  during  preignition.  Compression 
ratio,  6.65;  engine  speed,  3000  rpm;  mixture  temperature,  175®  F;  coolant  temperature, 
.250®  F;  spark  advance:  inlet,  28®  B.  T.  C.;  outlet,  34®  B.  T.  C.;  fuel-air  ratio,  0.070;  pre- 
ignition source,  spark  plug  in  exhaust  side.  (Fig.  6 of  reference  5.) 
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Figure  I V-5.— Effect  of  engine  speed  on  engine  behavior  during  preignition.  Compression 
ratio,  6.65;  mixture  temperature,  175®  F;  coolant  temperature,  250®  F;  spark  advance: 
inlet,  28®  B.  T.  C.;  outlet,  34®  B.  T.  C.;  fuel-air  ratio,  0.070;  preignition  source,  spark  plug 
in  exhaust  side.  (Fig,  8 of  reference  5.) 

Effect  of  engine  speed  on  preignition. — Preignition  data 
obtained  at  two  engine  speeds  are  shown  in  figure  IV-5. 


Figure  I V-6.— Effect  of  mixture  temperature  on  engine  behavior  during  preignition.  Com* 
pression  ratio,  6.65;  engine  speed,  3000  rpm;  coolant  temperature,  250®  F;  spark  advance: 
inlet,  28®  B.  T.  C.;  outlet  34®  B.  T.  C.;  fuel-air  ratio  0.070;  preignition  source,  spark  plug 
in  exhaust  side.  (Fig.  9 of  reference  5.) 
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Figure  IV^-7.— Effect  of  preignition  source  on  engine  behavior  during  preignition.  Com* 
pression  ratio,  6.65;  engine  speed,  3000  rpm;  mixture  temperature,  175®  F;  coolant  tempera- 
ture, 250®  F;  spark  advance:  inlet,  28®  B.  T.  C.;  outlet,  34®  B.  T.  C.;  fuel-air  ratio,  0.070. 
(Fig.  10  of  reference  5.) 


These  two  runs  were  made  at  about  the  same  power  level. 
Backfires  were  encountered  in  both  cases  at  about  the  same 
time  of  ignition  (195®  B,  T.  C,). 

The  peak  cylinder  pressure  increased  about  15  and  25 
percent  at  engine  speeds  of  2000  and  3000  rpm,  respectiveh^ 
This  difference  can  be  parth’^  explained  by  the  increase  in  the 
heat  transferred  per  cycle  at  the  lower  engine  speed.  (See 
reference  5.)  The  cylinder-head-temperature  rise  (fig.  IV-5) 
was  less  at  the  lower  speed  because  backfiring  occurred  sooner. 
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Effect  of  mixture  temperature  on  preignition.— Little 
difference  was  found  in  the  preignition  behavior  of  the 
engine  that  could  be  attributed  to  the  influence  of  mixture 
temperature  (fig.  IV-6).  At  a mixture  temperature  of 
175°  F,  the  peak  pressures  were  higher  than  at  275°  F. 
The  time-of-ignition  curve  at  275°  F is  incomplete  because 
of  difficulties  with  instrumentation.  (See  reference  5.) 


(a)  Piston  failure.  Clearance  between  top  of  piston  skirt  and  cylinder  barrel,  0.004  inch 
less  than  normal;  imep,  271  pounds  per  square  inch;  fuel-air  ratio,  0.098. 

Figure  I V-8.— Exhaust-side  view  of  pistons  after  preignition  runs.  (Fig.  12  of  reference  5.) 


(b)  Piston  failure.  Clearance  between  top  of  piston  skirt  and  cylinder  barrel,  normal  (0.021 
in.);  imep,  364  pounds  per  square  inch;  fuel-air  ratio,  0.094. 

Figure  I V-8.— Continued.  Exhaust-side  view'  of  pistons  after  preignition  runs.  (Fig.  12 

of  reference  5.) 


(c)  Piston  failure.  Clearance  betw’een  top  of  piston  skirt  and  cylinder  barrel,  0.005  inch 
greater  than  normal;  imep,  364  pounds  per  square  inch;  fuel-air  ratio,  0.094. 

Figure  I V-8.— Continued.  Exhaust-side  view'  of  pistons  after  preignition  runs.  (Fig.  12 

of  reference  5.) 


(d)  Undamaged  piston.  Clearance  betw  een  top  of  piston  skirt  and  cylinder  barrel,  0.013 
inch  greater  than  normal;  imep,  392  pounds  per  square  inch. 

Figure  IV-8.— Concluded.  Exhaust-side  view  of  pistons  after  preignition  runs.  (Fig.  12 

of  reference  5.) 

Effect  of  ignition  source  on  preignition. — In  order  to 
evaluate  the  effect  of  ignition  source  on  preignition,  two  runs 
were  made  that  employed  a hot  spark  plug  in  one  case  and 
a hot  exhaust  valve  in  the  other.  The  resulting  data  are 
shown  in  figure  IV-7.  Preignition  advanced  more  slowly 
with  the  exhaust  valve  as  the  source;  however,  backfire  was 
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(a)  Exhaust  valve  after  run  of  figure  IV-8  (b).  (Fig.  14  of  reference  5.) 

Figubk  IV-9. — Damage  to  engine  components  during  piston  failures  in  preignition  nms. 


encountered  sooner  when  the  spark  plug  initiated  the  preig- 
nition. The  peak-pressure  increase  and  the  power  decrease 
were  greater  when  the  spark  plug  served  as  the  source  of 
preignition. 

Types  of  failure  caused  by  preignition. — Typical  examples 
of  piston  failures  are  shown  in  figure  IV-8.  These  failures 
occurred  in  runs  with  reduced  piston  cooling  and  at  generally 


higher  power  levels  than  those  of  the  runs  described  in  the 
preceding  paragraphs. 

The  first  failure  (fig.  IV-8  (a))  resulted  from  a run  in 
which  the  clearance  between  piston  and  cylinder  was  about 
0.004  inch  less  than  normal  (0.021  in.)  for  the  engine.  In 
this  case  the  piston  seized  and  the  side  of  the  piston  melted. 
With  normal  clearance  (fig.  IV-8  (b))  a higher  power  level 
was  necessary  to  cause  failure.  This  failure  differed  from 
the  failure  shown  in  figure  IV-8  (a)  in  that  local  melting 
took  place  in  the  center  of  the  piston  crown.  The  failure 
shown  in  figure  IV-8  (c)  resulted  from  a run  with  the  clear- 
ance 0.005  inch  greater  than  normal.  More  local  melting 
in  the  center  of  the  piston  crown  was  found  with  this  clear- 
ance than  was  found  in  the  run  with  normal  clearance 
(fig.  IV-8  (b)).  In  the  last  run  (fig.  IV-8  (d)),  the  clearance 
was  increased  0.013  inch  greater  than  normal  and  seizure 
and  subsequent  failure  were  not  experienced  at  the  power 
level  investigated. 

Examples  of  failures  to  other  cylinder  parts  are  shown  in 
figure  IV-9.  The  exhaust  valve  (fig.  IV-9  (a))  burned 
during  the  run  in  which  the  piston  failure  in  figure  IV-8  (b) 
was  encountered.  The  valve  failure  is  attributed  (reference  5) 
to  particles  of  aluminum  or  other  substance  lodging  be- 
tween the  valve  and  the  valve  seat.  The  cylinder  barrel 
(fig.  IV-9  (b))  was  damaged  when  the  piston  shown  in  figure 
IV-8  (c)  failed.  The  hot  gases  caused  burning  through  the 
barrel  into  the  coolant  passage. 


(b)  Cylinder  barrel  after  run  of  figure  IV-8  (c).  (Fig.  15  of  reference  5.) 

Figure  IV-9.— Concluded.  Damage  to  engine  components  during  piston  failures  in  pre- 
ignition runs. 
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(a)  Finned  hot  spot.  (Fig.  2 of  reference  10.) 

(b)  Open-tube  hot  spot.  (Fig.  3 of  reference  10.) 

Figure  IV-11. — Hot  spots  employed  in  preignition  studies. 

PREIGNITION  CHARACTERISTICS  OF  FUELS 

The  nature  of  preignition  and  the  behavior  of  an  engine 
during  preignition  operation  has  been  discussed;  the  influence 
of  fuels  on  preignition  is  now  considered.  The  fundamental 
relations  that  govern  the  preignition  of  fuels  are  studied  in 
references  7 to  9.  The  results  as  cited  by  Male  and  Evvard 
(reference  10)  indicate  that  the  hot-spot  ‘Threshold’^  tem- 
perature required  to  produce  preignition  is  relatively  insensi- 
tive to  fuel  composition.  The  ability  of  a fuel  to  heat  an 
engine  hot  spot  to  the  preignition  temperature  by  normal 
or  surface  combustion,  however,  was  found  dependent  upon 


Figure  IV-12.  Preignition  limits  of  fuels  in  suptTcharged  CFR  engine.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  inlet-air  temperature,  100°  F;  coolant  temperature,  250°  F; 
spark  advance.  32°  B.  T.  C.;  preignition  source,  finned  hot  spot.  (Fig.  4 of  reference  10.) 


fuel  composition,  operating  conditions,  and  design  of  engine 
and  hot  spot. 

The  investigation  reported  in  reference  10  was  intended  to 
demonstrate  the  preignition-limited  performance  of  several 
fuels.  A later  investigation  reported  by  Male  (reference  11) 
illustrates  how  the  preignition-limited  performance  of  fuels 
is  affected  by  engine  operating  conditions.  Both  these  in- 
vestigations were  conducted  on  small-scale  engines. 

Preignition  limits  of  several  fuels. — For  the  study  of  pre- 
ignition-limited performance  of  fuels  (reference  10),  a super- 
charged CFR  engine  with  an  aluminum  piston  and  a sodium- 
cooled  exhaust  valve  were  used.  The  intake  valve  was 
shrouded  (180°  shroud)  and  was  installed  as  shown  in  figure 
IV-10.  According  to  reference  10,  the  shrouded  valve  aids 
in  isolating  the  effects  of  preignition  from  the  effects  of  knock. 
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Figure  IV-13— Preignition  limits  of  fuels  in  supercharged  CFR  engine.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  inlet-air  temperature,  225°  F;  coolant  temperature, 
250°  F;  spark  advance,  20°  B,  T.  C.;  preignition  source,  open-tube  hot  spot.  (Fig.  5 of 
reference  10.) 

This  fact  is  substantiated  by  unpublished  data  showing  that 
a shrouded  intake  valve  decreases  the  sensitivity  of  thermal- 
plug  temperatures  to  knock.  In  order  to  follow  the  changing 
pressure  diagram  during  preignition  and  to  detect  knock,  a 
magnetostriction  pickup  unit  was  used  in  conjunction  with 
a cathode-ray  oscilloscope.  The  position  of  this  pickup 
unit  is  shovm  in  figure  IV-10.  (See  reference  10.) 

The  two  types  of  hot  spot  used  in  reference  10  are  shovoi  in 
figure  IV-11.  For  tests  in  which  the  finned  hot  spot  (fig. 
IV-11  (a))  was  used,  the  inlet-ah  temperature  was  100®  F 
and  the  spark  advance  was  32®  B.  T.  C.  The  inlet-air 


temperature  was  225®  F and  the  spark  advance  20®  B.  T.  C. 
for  the  tests  in  which  the  open-tube  hot  spot  (fig.  IV-11  (b)) 
was  used. 

Preignition-limited  performance  data  for  five  fuels  at  two 
sets  of  engine  conditions  are  shown  in  figures  IV-12  and 
IV-13.  In  general,  the  curves  of  preignition-limited  indi- 
cated mean  effective  pressure  have  similar  shapes  with  the 
minimum  power  points  occurring  at  fuel-air  ratios  richer 
than  stoichiometric.  Between  fuel-air  ratios  of  about  0.070 
to  0.085  the  relative  performance  of  the  fuels  in  order  of 
decreasing  performance  was 

S reference  fuel +4  ml  TEL/gal  " 

AN-F-29  (100/140  grade) 

S reference  fuel 

Benzene 

Diisobutylene 

The  over-all  spread  in  indicated  mean  effective  pressure  for 
the  five  fuels  was  greater  in  figure  IV-13  than  in  figure  IV-12. 
This  difference  and  the  change  in  order  .of  benzene  and 
diisobutylene  at  mixtures  richer  than  0.085  is  attributed 
(reference  10)  to  differences  in  the  hot  spots,  or  conditions, 
or  both. 

In  figures  IV-12  and  IV-13,  the  reproducibility  of  preig- 
nition data  is  demonstrated  by  check  points  on  the  curve 
for  unleaded  S reference  fuel.  The  deviations  of  the  data 
points  from  the  faired  curve  are  about  the  same  as  those 
found  in  determinations  of  knock-limited  performance. 

At  constant  inlet-air  pressures,  the  maximum  thermal- 
plug  temperatures  were  determined  for  the  fuels  (reference  10). 
This  step  was  considered  necessary  because  the  ability  of  a 
fuel  to  increase  general  engine  temperatures  might  affect  the 
preignition  characteristics  of  the  fuel.  Preignition-limited 
fuel-air  ratios  (fig.  IV-12)  and  thermal-plug  temperatures 
at  corresponding  inlet-air  pressures  are  shown  in  the  follow- 
ing table: 


Fuel 

Inlet-air  pressure,  in.  Hg  abs 

20 

30 

40 

Thermal- 
plug 
temper- 
ature » 
(°  F) 

Preig- 

nition- 

limited 

fuel-air 

ratio 

Thermal- 
plug 
temper- 
ature » 
(°  F) 

Preig- 
nition- 
limited 
fuel-air 
ratio  b 

Thermal- 
plug 
temper- 
ature “ 
F) 

Preig- 
nition- 
limited 
fuel-air 
ratio  ^ 

Benzene 

561 

0.123 

669 

0. 135 

761 

0.141 

Diisobutylene 

541 

.106 

649 

.123 

735 

.133 

S reference  fuel i 

529 

.093 

631 

. 110 

715 

.118 

AN-F-29 

637 

.089 

641- 

. 114 

728 

.125 

S reference  fuel+4  ml  i 

TEE 

529 

• 631 

.108 

715 

.118 

• Observed  at  fuel-air  ratio  for  maximum  thermal-plug  temperature, 
b Data  taken  from  fig.  IV-12. 


It  was  concluded  (reference  10)  from  these  data  that 
thermal-plug  temperatures  do  not  offer  a dependable  basis 
for  establishing  fuel  preignition  ratings.  This  conclusion 
was  drawn  from  the  investigations  of  S reference  fuel  in 
which  it  was  found  that  the  same  thermal-plug  temperatures 
were  obtained  with  and  without  tetraethyl  lead,  although 
the  preignition-limited-performance  curves  were  different 
(fig.  IV-12). 
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The  presence  of  tetraethyl  lead  in  S reference  fuel  ap- 
pears (fig.  IV-12)  to  increase  the  preignition-limited  per- 
formance. A similar  investigation  in  which  triptane  was 
used  showed  the  same  trend  (fig.  IV-14).  Also  shown  in 
figure  IV-14  is  a curve  representing  the  preignition-limited 
performance  of  AN-F-28  (28-R)  aviation  gasoline.  The 
preignition-limited  performance  of  this  fuel  is  very  nearly 
the  same  as  that  of  triptane  containing  4 ml  TEL  per  gal- 
lon. This  result  is  of  interest  inasmuch  as  .the  knock- 
limited  performance  of  triptane  is  considerably  greater  than 
that  of  AN-F-28  fuel  under  most  operating  conditions. 
(See  ch.  II.)  A curve  for  S reference  fuel  is  included  in 
figure  IV-14  for  comparison.  This  curve  was  determined  at 
the  time  of  the  triptane  and  AN-F— 28  runs  and  is  slightly 
different  from  the  S reference  fuel  curves  in  figures  IV-12 
and  IV-13. 

Preignition  limits  of  aromatic  amines. — The  effects  of  six 
aromatic  amines  on  the  preignition-limited  performance  of 
AN-F-28  (28-R)  fuel  were  investigated  in  reference  12. 


.04  .05  .06  .07  .08  .03  .10  .If  ./2 

Fud-air  ratio 


Figure  I V-14.— Comparison  of  preignition  limits  of  triptane  (leaded  and  unleaded)  with 
preignition  limits  of  other  fuels  in  supercharged  CFR  engine.  Compression  ratio,  7.0; 
engine  speed,  1800  rpm;  inlet-air  temperature.  225°  F;  coolant  temperature,  250°  F;  spark 
advance,  20°  B.  T.  C.;  preignition  source,  open-tube  hot  spot.  (Fig.  6 of  reference  10.) 


(a)  Diisobutylene. 

(b)  Benzene. 

(c)  S reference  fuel. 

Figure  IV-15. — Effect  of  compression  ratio  on  preignition  limits  in  supercharged  CFR 
engine.  Engine  speed,  1800  rpm;  inlet-air  temperature,  225°  F;  coolant  temperature,  250° 
F;  spark  advance,  20°  B.  T.  C.;  preignition  source,  open-tube  hot  spot.  (Fig.  14  of 
reference  11.) 

In  this  study,  blends  of  AN-F-28  (28-R)  fuel  containing  2 
percent  by  weight  of  the  following  amines  were  prepared  and 
tested:  xylidines,  cumidines,  N-methylxylidines,  N-methyl- 
cumidines,  N-methylaniline,  and  N-methyltoluidines.  A 
CFR  engine  was  used  for  these  experiments.  Pertinent 
details  of  the  setup  have  been  mentioned  in  connection  with 
the  runs  shown  in  figures  IV-12  to  IV-14.  A more  com- 
plete description  is  presented  in  reference  1 1 . 
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(a)  Di isobutylene. 

(b)  Benzene. 

(c)  S reference  fuel. 

FinuRE  lV-16.— Effect  of  spark  advance  on  preignition  limits  in  supercharged  CFR  engine. 
Compression  ratio,  7.0;  engine  speed,  1800  rpm;  inlet-air  temperature,  225®  F;  coolant  tem- 
perature, 250®  F;  preignition  source,  open-tube  hot  spot.  (Fig.  15* of  reference  11.) 

The  results  of  the  investigation  of  reference  12  are  pre- 
sented in  the  following  table  in  the  form  of  ratios  of  pre- 
ignition-limited indicated  mean  eflfective  pressures  of  the 
six  blends  to  that  of  AN-F-28  (28-R)  fuel.  This  basis  of 
comparison  was  chosen  in  order  to  eliminate  effects  of 
day-to-day  variations  in  performance  of  the  engine  as  well 
as  differences  arising  from  changes  in  the  hot  spot. 


(a)  Diisobutylene. 

(b)  Benzene. 

(c)  S reference  fuel. 

Figure  IV-l 7.— Effect  of  inlet-air  temperature  on  preignition  limits  in  supercharged  CFR 
engine.  Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  250®  F; 
spark  advance,  20®  B.  T.  C.;  preignition  source,  open-tube  hot  spot.  (Fig.  16  of  reference  1 1.) 


Aromatic  amine  added  to 
AN-F-28  (2S-R)  (2  percent 

by  weight) 

Fuel-air  ratio 

0.06 

U.07 

0. 08 

0.09 

0. 10 

imep  ratio 

None 

1.00 

1.00 

1.00 

1.00 

1.00 

N-methylaniline 

1.02 

.98 

.99 

.99 

1.01 

Nmiethyltoluidines 

.91 

.92 

.94 

.97 

.99 

Xylidines 

.96 

. 95 

.96 

1.00 

1.02 

N-methvlxylidines 

.98 

.98 

.98 

.99 

1.00 

Cumidines 

.98 

.91 

.91 

.91 

.91 

N-methylcumidines 

.92 

.90 

.96 

.97 

.99 

• Ratio  of  imep  of  blend  to  imep  of  28-R  fuel. 


Of  the  aromatic  amines  examined  in  reference  12, 
N-methylaniline  and  N-meth3^1xylidines  had  the  highest 
preignition  limits;  however,  within  the  experimental 
accuracy  of  these  tests,  the  preignition  limits  of  these  two 
aromatic  amines  appear  to  be  equal  to  the  preignition  limit 
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(a)  Diisobutylene. 

(b)  Benzene. 

(c)  S reference  fuel. 

FifiURE  I V-IS.— Effect  of  coolant  temperature  on  preignition  limits  in  supercharged  CFR 
engine  Compression  ratio,  7.0;  engine  speed,  1800  rpm;  inlet-air  temperature,  225®  F; 
spark  advance,  20°  B.  T.  C.;  preignition  source,  open-tube  hot  spot.  (Fig.  17  of  reference  11.) 


(a)  Diisobutylene. 

(b)  Benzene. 

(c)  S reference  fuel. 

Figure  I V-19.— Effect  of  engine  speed  on  preignition  limits  in  supercharged  CFR  engine. 
Compression  ratio,  7.0;  inlet-air  temperature,  225°  F;  coolant  temperature,  250°  F;  spark 
advance,  20°  B.  T.  C.;  preignition  source,  open-tube  hot  spot.  (Fig.  18  of  reference  11.) 

of  the  base  fuel,  AN-F-28  (28-R).  At  lean  fuel-air  ratios, 
the  remaining  aromatic  amines  lowered  the  preignition  limit 
of  AN-F-28  (28-R)  fuel  about  2 to  10  percent.  At  rich 
fuel-air  ratios,  the  cumidines  lowered  the  preignition  limit  of 
AN-F-28  (28-R)  fuel  about  9 percent,  whereas  the  other 
aromatic  amines  had  little  or  no  effect  on  the  base  fuel. 

EFFECT  OF  ENGINE  VARIABLES  ON  PREIGNITION-LIMITED  PERFORMANCE 

The  influence  of  engine  operating  variables  on  preignition- 
limited  performance  is  illustrated  in  reference  11.  The 
study  was  made  in  a supercharged  CFR  engine;  the  follow- 
ing three  fuels  were  used:  S reference  fuel,  diisobutylene, 
and  benzene.  The  hot  spot  was  an  open-tube  type.  (See 
fig.  IV-11  (b).) 
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Effect  of  compression  ratio  on  preignition  limit. — The 
variation  of  preignition-limited  indicated  mean  effective 
pressure  with  compression  ratio  is  shown  in  figure  IV-15. 
For  the  three  fuels  examined,  the  preignition-limited  per- 
formance decreased  as  the  compression  ratio  increased. 
At  the  stoichiometric  fuel-air  ratio,  this  change  for  the 
fuels  varied  between  approximately  7 and  12  pounds  per 
square  inch  per  unit  change  in  compression  ratio.  The 
decrease  in  preignition  limits  may  be  attributed  to  the 
increase  in  cyclic  temperatures  as  the  compression  ratio  is 
increased. 

Effect  of  spark  advance  on  preignition  limit. — In  figure 
IV-16,  the  preignition-limited  indicated  mean  effective 
pressure  is  seen  to  decrease  as  the  spark  was  advanced. 
Among  the  fuels  this  decrease  was  about  0.5  to  4 pounds  per 
square  inch  per  degree  of  spark  advance  at  stoichiometric 
mixtures.  The  magnitude  of  this  spread  in  indicated  mean 
effective  pressure  among  the  fuels  results  from  the  fact  that 
the  sensitivity  of  diisobutylene  to  changes  of  spark  advance  is 
so  different  from  the  sensitivity  of  the  other  fuels  (fig.  IV-16). 

Effect  of  inlet-air  temperature  on  preignition  limit. — The 
effect  of  inlet-air  temperature  on  preignition-limited  perform- 
ance is  illustrated  in  figure  IV-17.  The  slopes  of  the  curves 
for  the  three  fuels  are  very  similar.  At  stoichiometric 
mixtures,  the  decrease  in  preignition-limited  indicated  mean 
effective  pressure  in  these  experiments  was  about  0.1  to 
0.3  pound  per  square  inch  per  ®F.  Here  again  the  decrease 
in  preignition  limits  can  be  attributed  to  increased  cyclic 
temperatures. 

Effect  of  coolant  temperature  on  preignition  limit. — The 
effect  of  coolant  temperature  on  preignition  limits  of  the 
three  fuels  was  determined  by  using  three  different  coolants 
in  an  evaporative  cooling  system.  The  coolants  used  were 
water,  ethylene  glycol,  and  a mixture  of  water  and  ethylene 
glycol.  The  results  of  these  tests  are  shown  in  figure  IV-18. 

As  shown  in  figure  IV-18,  the  preignition-limited  perform- 
ance decreased  as  the  coolant  temperature  was  increased; 
however,  as  emphasized  in  reference  11,  the  effect  is  not 
solely  a temperature  effect  but  includes  also  the  effect  of 


differences  in  heat- transfer  characteristics  of  the  three 
coolants. 

Effect  of  engine  speed  on  preignition  limit. — The  results 
of  runs  in  which  the  effect  of  engine  speed  on  preignition- 
limited  performance  were  investigated  are  shown  in  figure 
IV-19.  Many  of  these  curves,  especially  those  near  stoich- 
iometric mixtures,  pass  through  a minimum.  At  the 
stoichiometric  mixture,  minimum  values  of  preignition- 
limited  indicated  mean  effective  pressure  were  found  at 
engine  speeds  between  1500  and  2100  rpm. 
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CHAPTER  V 


HYDROCARBONS  AND  ETHERS  AS  ANTIKNOCK  BLENDING  AGENTS 


Improvements  in  aircraft  power  plants  during  the  past  30 
years  have  resulted  in  demands  for  fuels  of  increasingly  high 
antiknock  performance.  This  trend  has  necessitated  a 
thorough  investigation  of  possible  high-antiknock  com- 
pounds that  may  or  may  not  occur  naturally  in  petroleum. 
The  task  of  surveying  an  endless  procession  of  possible  fuel- 
blending agents  has  fallen  to  the  petroleum  industry  and 
interested  research  groups.  Through  the  combined  efforts 
of  the  organizations  concerned,  a large  quantity  of  data  has 
been  amassed.  These  data  permit  an  accurate  appraisal  of 
the  merits  of  many  chemical  compounds  heretofore  given 
little  more  than  cursory  consideration  as  fuel-blending 
agents. 

As  a participant  in  this  field  of  research,  the  NACA  in  1937 
sponsored  a project  by  the  National  Bureau  of  Standards  for 
the  preparation  of  1-liter  quantities  of  selected  paraffins  and 
olefins.  The  engine  evaluation  of  the  antiknock  qualities  of 
these  compounds  was  first  conducted  under  the  sponsorship 
of  the  American  Petroleum  Institute  (API)  and  the  results  of 
this  work  have  been  reported  by  Lovell  (reference  1).  In 
addition,  the  API  has  sponsored  a synthesis  program  con- 
ducted at  the  laboratories  of  Ohio  State  University.  All 
these  programs  have  been  continued  up  to  the  present  and 
were  augmented  during  1942-47  by  additional  synthesis  and 
engine  evaluation  at  the  NACA  Lewis  laboratory. 

The  synthesis  project  at  the  National  Bureau  of  Standards 
has  been  devoted  to  compounds  in  the  paraffinic  and  olefiiiic 
classes;  the  synthesis  project  at  the  NACA  Lewis  laboratory 
has  been  devoted  to  compounds  in  the  aromatic  and  ether 
classes;  and  the  synthesis  program  at  Ohio  State  University 
has  been  devoted  to  compounds  in  these  and  other  classes. 

The  engine  evaluation  of  pure  compounds  sponsored  by 
the  API  was  conducted  in  laboratories  of  the  General 
Motors  Corp.  and  the  Ethyl  Corp.  The  engine  evaluation 
of  blends  reported  in  this  chapter  was  conducted  at  the 
NACA  Lewis  laboratory. 

Results  of  the  NACA  study  of  paraflSns,  olefins,  aromatics, 
and  ethers  are  published  in  a number  of  reporbjs  (references  2 
to  14) ; each  report  contains  data  for  several  compounds  on 
factors  such  as  blending  characteristics,  temperature  sensi- 
tivity, lead  response,  and  relation  between  molecular 
structure  and  antiknock  ratings.  In  the  succeeding  sections 
of  this  chapter  the  effects  of  molecular  structure  on  these 
factors  of  performance  are  discussed. 

ENGINES  AND  EXPERIMENTAL  CONDITIONS 

The  engine  evaluation  of  the  antiknock  characteristics  of 
organic  compounds  was  conducted  in  four  test  engines:  (1) 
a CFR  engine  conforming  to  specifications  for  the  A.  S.  T.  M. 
Aviation  method  (D614-47T)  for  rating  fuels;  (2)  CFR 
engine  conforming  to  specifications  for  the  A.  S.  T.  M. 
Supercharge  method  (D909-47T)  for  rating  fuels;  (3)  an 
engine  having  a displacement  of  17.6  cubic  inches  (about 
half  that  of  a CFR  engine)  and  popularly  known  as  the  17.6 


engine;  and  (4)  a full-scale  air-cooled  aircraft  cylinder 
mounted  on  a CUE  crankcase. 

'The  17.6  and  A.  S.  T.  M.  Supercharge  engines  were 
equipped  with  dual  fuel  systems,  one  line  for  the  ‘hvarm-up 
fueP^  and  one  for  the  test  fuel.  Knocking  was  detected  in 
both  engines  by  means  of  a cathode-ray  oscilloscope  in  con- 
junction with  a magnetostriction  pickup  unit. 

The  full-scale  single-cylinder  test  engine  was  fitted  with 
baffles  and  cooling  air  was  directed  toward  the  cylinder  in 
order  to  simulate  cooling  conditions  in  flight.  Further 
details  of  the  full-scale  installation  are  given  in  reference  2. 

Pertinent  operating  conditions  for  the  various  engines  are 
presented  in  table  V-1.  The  17.6  engine  was  operated  at 
two  inlet-air  temperatures,  100°  and  250°  F,  in  order  to 
obtain  an  indication  of  the  sensitivity  of  fuels  to  changes  in 
temperature.  ^¥hen  the  inlet-air  temperature  was  varied, 
all  other  conditions  were  held  the  same  as  shown  in  table  V-1 . 


TABLE  V-1. —ENGINE  OPERATING  CONDITIONS 


Condition 

Engine 

17.6  . 

A.  ?.  T.  M. 
A viation 

A.S.T.M. 

Super- 

charge 

Full-scale  single 
cylinder 

Simulated 

take-off 

Simulated 

cruise 

Compression  ratio 

7.0 

Variable 

7.0 

7.3 

7.3 

Inlet-air  temperature,  °F  .. 

100 

125 

225 

250 

210 

250 

Inlet-mixture  temperature, 

220 

Inlet-air  pressure 

Variable 

Atmospheric 

Variabh; 

Variable 

Variable 

Fuel-air  ratio 

Variable 

*^0.07 

Variable 

Variable 

Variable 

Speed,  rum 

ISOO 

1200 

1800 

2500 

2000 

Spark  advance,  deg  B.  T.  C.. 

30 

35 

45 

20/20 

20/20 

Coolant  temperature,  ®F 

212 

374 

375 

Cooling-air  temperature, 
op 

85 

85 

“ Approximate. 

b Cooling-air  flow  was  determined  by  running  engine  at  brake  mean  effective  pressure  of 
140  Ib/sq  in.  and  fuel-air  ratio  of  O.IO  and  by  adjusting  air  flow  until  temperature  of  rear  spark* 
plug  bushing  was  3G5°  F. 

The  conditions  shown  in  table  V-1  for  the  A.  S.  T.  M. 
Aviation  and  A.  S.  T,  M.  Supercharge  engines  are  standard 
for  these  engines  when  antiknock  ratings  are  being  de- 
termined. As  indicated  in  table  V-1,  the  A.  S.  T.  M. 
Aviation  engine  is  a nonsupercharged  engine  in  which  the 
compression  ratio  is  varied  in  order  to  determine  the  knock 
limit  of  a given  fuel  at  a lean  fuel-air  ratio  with  all  conditions 
other  than  compression  ratio  held  reasonably  constant.  On 
the  other  hand,  the  A.  S.  T.  M.  Supercharge  engine  is 
operated  with  all  conditions  except  inlet-air  pressure  and 
fuel-air  ratio  held  constant.  Knock  limits  are  determined 
by  varying  the  manifold  pressure  until  knocking  occurs. 
Although  the  fuel-air  ratio  can  be  varied  for  this  engine, 
antiknock  ratings  are  made  at  a rich  fuel-air  ratio,  usually 
about  0.11.  The  A.  S.  T.  M.  Aviation  method  (lean  ratings) 
may  thus  be  indicative  of  fuel  performance  at  cruise  condi- 
tions; whereas  the  A.  S.  T.  M.  Supercharge  method  (rich 
ratings)  may  be  indicative  of  take-off  performance. 


532 


NACA  USrVESTIGATION  OF  FUEL  PERFORMANCE  IN  PISTON-TYPE  ENGINES 


533 


The  full-scale  engine  conditions  were  proposed  by  the 
Coordinating  Research  Council  in  an  effort  to  standardize 
full-scale  single-cylinder  experimental  engine  operation 
throughout  the  country.  During  the  early  stages  of  the 
NACA  investigation,  fuels  were  investigated  in  the  full-scale 
single-cylinder  engine  (quantity  permitting),  but  these 
methods  were  later  abandoned  when  it  became  apparent 
that  the  small-scale  engine  adequately  described  the  fuel 
performance. 


COMPOUNDS  INVESTIGATED 

The  compounds  investigated  included  13  branched  paraf- 
fins, 5 branched  olefins,  27  aromatics,  and  22  ethers.  The 
paraffins  and  olefins  examined  were  in  the  C5  to  Cg  molecular- 
weight  range;  the  aromatics  were  in  the  Ce  to  C12  range; 
and  the  ethers  were  in  the  C4  to  Cu  range. 

The  individual  compounds,  together  with  physical  prop- 
erties determined  by  the  National  Bureau  of  Standards  or 
the  NACA  Lewis  Laboratory,  are  listed  in  table  V-2. 


TABLE  V-2.— PHYSICAL  PROPERTIES 


(a)  ParaflBns  and  olefins.* 


Paraffins  and  olefins 

Formula 

FreezinR  point 

Boiling  point 

Density  at 
20®  C 
(gram/ml) 

Refractive 

index 

rc) 

(OF) 

rc) 

n« 

D 

Paraffins 

2- Methyl  butane - - 

C«Hi2 

-159. 890 

82.14 

27. 854 

0. 61967 

1.  35373 

C#Hi4 

-99.  73 

121.54 

49.  743 

0. 64917 

1.36876 

-128.41 

136.38 

57.  990 

. 66164 

1.  37495 

CtHi# 

-24. 96 

177. 57 

80. 871 

0.69002 

1.38946 

2i3-bimethy  Ipentane 



193. 62 

89.  79 

. 69512 

1.  39200 

CsHis 

-112.  27 

229. 72 

109.  844 

0. 71605 

1.  40295 

-100.  70 

238. 57 

114.  763 

. 72620 

1.40752 

2’3i4-Trimethyipentane.  - 

-109.  210 

236.25 

113.470 

. 71905 

1.40422 

CjHio 

-9.9 

284.41 

140.  23 

0.  7566 

1. 4234 

-121.6 

271.42 

133.  01 

.7390 

1.4146 

-66.  54 

252.  10 

122.  28 

.7196 

1,4068 

-102.1 

286.  77 

141.54 

.7547 

1.4220 

278.  11 

136.  73 

.7379 

1.4137 

Olefins 

2,3-Dimethyl-2-pentene - 

C7H11 

-119 

207 

97 

0.728 

1.421 

CsHi6 

241.27 

116.26 

0.  7434 

1. 4275 

-93.5 

214. 59 

101.44 

.7150 

1.4086 

-106.  4 

220.84 

104.91 

.7212 

1.4160 

234 

112 

.739 

1.423 

“Data  from  reference  15. 


(b)  Aromatics. 


Aromatic 

Formula 

Freezing  point 

Boiling  point 

Density  at 

Refractive 

(°C) 

(°F) 

rc) 

(gram/ml) 

index  nJJ 

Benzene 

5.49 

176.2 

80.1 

0. 8789 

1.  5012 

Methylbenzene - - 

CtHs 

-95.  014 

231.1 

110.6 

0. 8670 

1.  4967 

CsHio 

-95.  025 

276.8 

136.0 

0. 8672 

1.4960 

-25.  34 

291.9 

144.4 

.8799 

-48.  31 

282.4 

139, 1 

.8642 

1.4971 

l*4*Dimethylbenzene - 

13.  25 

281.1 

138.4 

.8610 

1.4960 

CjHij 

-99.  61 

318.7 

159.3 

0. 8620 

1.4920 

-96.16 

306.3 

152,4 

.8621 

1.4913 

-80, 94 

329.2 

165. 1 

.8807 

1.5045 

-95.  62 

322.3 

161.3 

.8645 

1.4965 

l-Methyl-4-ethyl benzene  - 

-63.60 

323.6 

162.0 

.8611 

1.4951 

1 2 3-Tri  methyl  benzene  --  

-25. 97 

349.0 

176. 1 

.8945 

1.5137 

] 7 4-T’rimf'thylhen7.pne  _ _ 

-44.23 

336.7 

169.3 

.8758 

1.5048 

1 ^3,5-Trimeth  ylbenzene - 

-44.85 

328.8 

164.9 

.8650 

1.4990 

7I-Rllt,ylbpn7pne  - . _ _ 

CioHh 

^88.19 

361.8 

183.2 

0. 8603 

1.  4898 

Isobutyli^nZrOne  - - - - - 

-51.87 

342.0 

172.2 

.8527 

1.4860 

jTff-Butylbenzenp  - - 

-75.  73 

343.9 

173.3 

.8620 

1.4900 

f^Tf-Butylbpnzpnp,  ...  . _ - 

-57,  96 

336.6 

169.2 

.8665 

1.4925 

l-Methyl-4-isopropylbenzene  - - - - - - 

-68.  39 

351.0 

177.2 

.8568 

1.4906 

1 2-Diethylbenzene  - 

-32.  05 

361.8 

183.2 

.8797 

1.5032 

1 3-Diethylbenzene  - 

-84.64 

358. 9 

181.6 

.8643 

1.4955 

1 4-Diethylbenzene  - 

-43.  31 

362.  7 

183.7 

.8621 

1.4948 

l’3-Dimethyl-5-ethylbenzene - - 

-84.43 

362. 5 

183.6 

.8647 

1.  4980 

l-MethyI-3-fcrf-butylbenzene  . - - 

CiiHi* 

-41,53 

0.8658 

1.  4945 

1-MethyM-f^rf-butvlbenzene  . 

-52.  73 

.8612 

1.4919 

1 -Methyl-3, 5-diethylbenzene - 

-74.01 

.8633 

1.4969 

1 ^ rip tbvl benzene  

CijHis 

-66.  44 

420.6 

215.9 

0.8620 

1 1.4957 

1 
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TABLE  V-2.— PHYSICAL  PROPERTIES— Concluded 
(c)  Ethers. 


Ether 

Formula 

Freezing:  point 

Boiling  point 

Density  at 
20°  C 
(gram/ml) 

Refractive 

(°C) 

CF) 

(°C) 

index  n^ 

Methyl  fcri-butyl  ether . _ _ 

-109.00 

130.3 

54.63 

0.  7403 

1.3689 

EthylYcri-butyf ether ___  

CeHiiO 

-94.  44 

161.5 

71.93 

1.  3756 

IsopropyWeri- butyl  ether 

-S8. 10 

189.4 

87.  42 

.7413 

1.3800 

Methyl  phenyl etlier  (anisole) . 

CtHsO 

CsHioO 

CsHioO 

CgHioO 

CgHioO 

CiiHieO 

C9H12O 

C9H12O 

CioHuO 

CsHioO 

CioHmO 

C5H10O 

CtHhO 

CgHieO 

CgHuO 

C10H12O 

C^HgO 

CfiHi20 

C7H14O 

-37. 16 

308.5 

153.63 

.9939 

1.5170 

Ethyl' phenyl' ether  (phene tole) 

-29.49 

337.9 

169.  95 

.9651 

1.  5075 

Methyl  p-tolyl  ether  (p-methylanisole) 

-32.  20 

350.0 

176.  69 

.9701 

1.  5123 

o-Met'hylanis"o!e. * L.. 

-34.  21 

341.3 

171.81 

.9796 

1.  5178 

m-Methylanisole . 

-56.  05 

349.8 

176.53 

.9716 

1.5137 

p-terf-Butylanisole . ...  

19. 11 

433.7 

223.  IS 

.9383 

1.5030 

«-Propyl  phenyl  ether 

-27.  09 

372.8 

189.  31 

.9475 

1.  5012 

Isopropyl  phenyl  ether 

-33.  05 

350. 1 

176.  73 

. 9405 

1 . 4975 

ferf-Butyl  phenyl  ether _ . 

-IS.  38 

a 369 

“ 187 

.9247 

1.  4880 

Methyl  benzyl  ether _ , ... , . . . 

-53. 11 

337.8 

169.9 

".9630 

1.5019 

Isopropyl  benzyl  ether. , L 

—67. 18 

379 

a 193 

.9214 

1.  4859 

Methyl  me thallyl  ether 

-113.15 

152.3 

66.  86 

.7772 

1.3941 

Isopropyl  methallyl  ether •. 

217.8 

103.  20. 

. 7753 

1.4012 

^cr^-Butyl  methallyl  ether 

-85.  69 

» 237 

a 114 

.7853 

1. 4083 

Dimethallyl  ether 

-57.  72 

273.9 

134.40 

.8131 

1.  4285 

Phenyl  methallyl  ether 

-33.  32 

410 

« 210 

.9634 

1.5157 

Methyl  cyclopropyl  ether 

109.8 

43.  20 

.7839 

1.  3799 

Methyl  cyclopentyl  ether i 

-135.  03 

221.  7 

105.39 

.8625 

1.4205 

Methyl  cyclohexyl  ether 

-74.  39 

272. 0 

133.  35 

. 8756 

1.  4346 

» Approximate  value  (decomposed  on  atmospheric  boiling). 


BASE  FUELS 

Inasmuch  as  limited  quantities  of  the  compounds  were 
available,  aU  tests  were  conducted  on  blends  rather  than  on 
the  pure  compound.  By  this  procedure,  considerable  in- 
formation could  be  obtained  with  a relatively  small  quantity 
of  a given  compound.  The  pure  fuels  were  investigated  in 
blends  with  two  base  fuels,  one  of  which  was  S reference  fuel. 
The  other  was  a blend  of  85  percent  (by  volume)  S reference 
fuel  and  15  percent  M reference  fuel.  This  blend  contained 
4.0  ml  TEL  per  gallon.  For  all  practical  purposes,  S refer- 
ence fuel  is  pure  isooctane  and  M reference  fuel  is  a straight- 
run  stock  of  about  20  octane  number  (A.  S.  T.  M,  Motor 
method).  Use  of  this  base  blend  was  discontinued  during 
the  investigation  and  a blend  of  87 K percent  S reference  fuel 
and  12}^  percent  7i-heptane  was  substituted.  This  blend, 
too,  contained  4.0  ml  TEL  per  gallon. 

The  performance  rating  of  the  leaded  blend  of  S and  M 
reference  fuels  was  about  113/108,  whereas  the  rating  of  the 
leaded  blend  of  S reference  fuel  and  n-heptane  was  about 
120/112. 

PRESENTATION  OF  DATA 

The  antiknock  performance  data  for  all  blends  and  base 
fuels  are  presented  in  appendix  A,  tables  A-1  to  A-8.  In 
many  cases  the  performance  values  have  been  adjusted  to 
compensate  for  differences  in  the  base  blend  used.  Where 
these  adjustments  have  been  made,  the  values  will  obviously 
disagree  with  values  reported  in  references  2 to  14 ; however, 
for  the  purposes  herein,  the  data  as  a whole  have  been  placed 
on  a more  uniform  basis. 

The  previously  mentioned  adjustments,  in  effect,  permit 
treatment  of  the  data  as  if  only  two  base  fuels  had  been  used, 
namely,  isooctane  (leaded  and  unleaded)  and  a leaded  blend 
of  isooctane  and  n-heptane. 

RELATION  BETWEEN  MOLECULAR  STRUCTURE  AND 
ANTIKNOCK  CHARACTERISTICS 

A large  part  of  past  research  relating  to  molecular  struc- 
ture and  antiknock  behavior  has  been  summarized  by  Lovell 
(reference  1)  and  by  Lovell  and  Campbell  (reference  16). 


In  both  these  investigations,  an  attempt  was  made  to  secure 
generalizations  that  would  assist  in  the  prediction  of  relative 
antiloiock  values  from  molecular  structures.  The  past 
studies  have  on  the  whole  been  very  successful  in  this  respect. 
As  this  particular  phase  of  fuel  research  has  progressed,  how- 
ever, the  basic  knowledge  of  engine  performance  has  ad- 
vanced; consequently,  exceptions  to  these  generalizations 
can  and  do  exist  by  virtue  of  diflferences  in  engines  and  engine 
operating  conditions.  That  is,  the  relative  antiknock 
characteristics  of  a given  group  of  fuels  can  be  changed  con- 
siderably by  altering  the  engine  or  experimental  conditions. 

As  a result,  the  concept  of  “severe”  and  “mild”  engine 
conditions  has  been  devised  as  an  aid  in  evaluating  the  merits 
of  different  fuels.  A severe  condition  is  one  in  which  con- 
trolled conditions  such  as  inlet-air  temperature,  coolant 
temperature,  compression  ratio,  spark  advance,  and  engine 
speed  combine  in  their  effects  to  make  a fuel  knock  more 
readily.  (See  ch.  II.)  In  reference  14,  the  various  engine 
operating  conditions  used  in  the  NACA  investigation  _of 
ethers  are  alined  into  a relative  order  of  severity.  This  same 
order  of  severity  is  used  in  the  present  discussion  and  is 
presented  in  table  V-3. 


TABLE  V-3.— DEGREE  OF  SEVERITY^  OF  VARIOUS 
OPERATING  CONDITIONS 


Engine 

Mixture 

condition 

Degree  of  severity 

A.  S.  T.  M.  Aviation 

Lean 

Severe. 

Moderate  to  severe. 
Moderate, 

Do. 

Do. 

Do. 

Moderate  to  mild. 
Do. 

Do. 

Mild. 

Full-scale  take-ofl 

. .do 

A.  S.  T.  M.  Supercharge 

Full-scale  take-off  

Rich 

___do 

Full-scale  cruise 

Lean 

17,6  (inlet-air  temperature,  250°  F)  

Full-scale  cruise 

do 

Rich 

--do 

Lean 

Rich 

17.6  (inlet-air  temperature,  250°  F).  

17.6  (inlet-air  temperature,  100°  F) 

17.6  (inlet-air  temperature,  100°  F)  _ 

Because  of  this  so-called  severity  concept,  any  statement 
to  the  effect  that  one  fuel  performs  better  than  another  fuel 
has  little  significance  unless  it  is  true  for  all  operating  condi- 
tions or  restricted  to  one  operating  condition.  For  this 
reason,  the  emphasis  in  an  investigation  of  the  type  reported 


NACA  INVESTIGATION  OF  FUEL  PERFORMANCE  IN  PISTON-TYPE  ENGINES 


535 


(a)  Engine,  A.  S.  T.  M.  Aviation. 

Figure  V-l. — Knock-limited  performance  of  paraffins  in  blend  with  mixed  base  fuel  consist- 
ing of  87.5  percent  isooctane  and  12.5  percent  «-heptane-f4  ml  TEL  per  gallon. 

herein  must  be  placed  upon  the  trends  in  the  relation  between 
structure  and  knock  rating  that  appear  to  apply  under  most 
conditions. 

Paraffins. — Data  were  obtained  for  13  paraffinic  hydro- 
carbons in  leaded  blends  with  the  mixed  base  fuel.  Inas- 
much as  the  quantities  of  hydrocarbon  were  somewhat 
limited,  all  the  paraffins  were  compared  only  at  the  25-percent 
(by  volume)  concentration  level  and  only  at  standard 
A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  conditions 
(appendix  A,  table  A-1  (a)).  The  data  for  these  blends  are 
shown  in  figure  V-l . 

This  figure  illustrates  the  relation  between  molecular 
structure  and  antiknock  performance  for  the  paraffins 
investigated.  The  lines  joining  the  various  data  points  are 
shown  merely  to  define  the  paths  followed  by  compounds  in 
an  homologous  series.  An  increase  of  one  carbon  atom  on 
the  abscissa  of  these  figures  is  equivalent  to  a molecular- 
weight  increase  equal  to  the  molecular  weight  of  a CH2 
group. 

At  the  A.  S.  T.  M,  Aviation  conditions  (fig.  V-l  (a)), 


(b)  Engine,  A.  S.  T.  M.  Supercharge. 

Figure  V-l.— Concluded.  Knock-limited  performance  of  paraffins  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane-{-4  ml  TEL  per 
gallon. 

seven  of  the  paraffinic  hydrocarbons  raised  the  knock- 
limited  performance  of  the  base  fuel.  The  increases  varied 
between  2 and  15  performance  numbers  with  2, 2, 3 -trimethyl - 
butane  (triptane)  having  the  highest  rating.  This  result 
indicates  that  under  severe  conditions,  represented  by  the 
A.  S.  T.  M.  Aviation  (lean)  method,  triptane  has  outstanding 
antiknock  characteristics. 

Insofar  as  the  effect  of  molecular  structure  on  antiknock 
characteristics  is  concerned,  three  trends  have  been  empha- 
sized (references  1 and  16).  The  first  trend  is  concerned 
with  centralization  of  the  molecule.  For  example,  2, 2,3,3 - 
tetramethylbutane  is  a more  centralized  or  compact  molecule 
than  2,2,3-trimethylpentane  and  should  therefore  have  a 
higher  antiknock  rating.  The  second  trend  shows  the  effect 
of  adding  methyl  (CHg)  groups  to  a molecule  in  order  to 
form  successive  members  of  an  homologous  series.  The 
addition  of  a methyl  group  to  increase  the  branching  tends 
to  produce  a compound  having  a higher  antiknock  rating; 
however,  the  position  in  which  the  group  is  added  to  the 
molecule  will  influence  the  rating  of  the  new  compound. 
This  effect,  based  on  A.  vS.  T.  M.  Aviation  antiknock  ratings 
for  the  blends  examined  in  the  present  investigation,  is 
illustrated  as  follows: 


C C 

C-i'C-C-C  (performance  number,  130) 


C C 

C-C-C-C-C  (performance  number,  118) 


\ . 
\ 


C C 

C-C-C-C-C  (performance  number,  124) 


s,  C C C 

\ I I I 

C-C-C-C-C  (performance  number,  122) 
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The  third  trend  is  concerned  with  the  increase  in  length  of  a carbon  side  chain  or  the  primary  carhon  chain  of  a molecule. 
The  effect  of  such  an  addition  is  to  decrease  the  antiknock  rating  as  illustrated  by  the  following  examples: 

C 

C C C C i C 

C-A-i-i-C  (performance  number,  122)  —*  C-i-i-i-C  (performance  number,  115) 

C C C C 

c-i-i-c  (performance  number,  129)  — > C-  i-A-C-C  (performance  number,  118) 


-Q 

^/50\ 

I 

f/40\ 
0) 
a 

<D 

e- 


130 


e 

.1 


noi 

106 


In  general,  the  trends  reported  in  references  1 and  16  and 
discussed  in  the  preceding  paragraph  (fig.  V-1  (a))  appear  to 
be  valid  at  mild  or  moderate  engine  operating  conditions. 

At  severe  operating  conditions,  however,  exceptions  do  occur 
as  regards  centralization  of  the  molecule  or  increased  branch- 
ing in  the  molecule. 

At  the  A.  S.  T.  M.  Supercharge  conditions,  which,  as 
indicated  in  table  V-3,  are  of  moderate  severity,  the  NACA 
data  (fig.  V-1  (b))  agree  substantially  with  the  results  found 
by  Lovell  (reference  1).  In  this  case  (fig.  V-1  (b)),  12  of  the 
13  paraffinic  hydrocarbons  investigated  raised  the  knock- 
limited  performance  of  the  base  fuel;  the  increases  were  in 
the  range  of  2 to  44  performance  numbers.  The  antiknock 
rating  of  the  blend  containing  2,2,3,3-tetramethylperitane 
was  the  highest  obtained  and  the  triptane  blend  was  next. 

In  order  to  illustrate  the  fact  that  increased  centralization 
of  the  molecule  does  not  always  result  in  high  antiknock 
values,  the  A.  S.  T.  M.  Aviation  ratings  are  plotted  against 
-the  A.  S.  T.  M.  Supercharge  ratings  for  five  nonanes  blended 
•with  the  mixed  base  fuel  in  figure  V-2.  If,  in  this  figure, 

2,2,3,3-tetramethylpentane  is  considered  the  most  compact 
molecule  and  2,2,4,4-tetramethylpentane  the  least  compact, 
then  it  is  apparent  (because  the  correlating  line  has  a negative  slope)  that  increasing  compactness  may  improve  antiknock 
perfoimance  under  one  set  of  conditions  and  depreciate  antiknock  performance  at  other  conditions.  As  previously  men- 
tioned, the  addition  of  methyl  groups,  that  is,  increased  branching,  does  not  alwa^'S  result  in  improved  performance.  This 
fact  is  illustrated  by  the  following  A.  S.  T.  M.  Aviation  ratings: 

C C C 

c-A-A-J 
/ A 


85-percenf 
A.SXM.  Supe 

I'by  volur 
r charge 

r?e)  btenc 
fuet-oir 

^ri  1 

rofio^  C 

m 

C c 1 

^ c-c-c-c-c 

::  c 
N 

\ 

c 

c c c ^ 
>c-c-c-c 

c c 

C-C-( 

1 

c 

c 

i 

c 

C C ( 

1 t 

-C-C-( 

>c 

c 

1 

c-c-c-c-c 
C 1 c 

o 

108  no  m n4  ne 

A.S.T.M.  Aviation  pQrformonce  number 


lie 


Figure  V-2— Relation  between  A.  S.  T.  M.  Supercharge  and  A.  S.  T.  M.  Aviation  per- 
formance  numbers  of  nonanes  in  blend  with  mixed  base  fuel  consisting  of  87.5  percent 
isooctane  and  12.5  percent  n-heptane-}-4  ml  TEL  per  gallon. 


c c c 


-C-C  (performance  number,  118) 


II! 

)-C-C“C-C  (performance  number,  122) 


It  is  emphasized,  however,  that  these  exceptions  appear  to 
exist  at  severe  operating  conditions  as  exemplified  by  the 
A.  S.  T.  M.  Aviation  engine. 

Olefins. — Five  olefins  were  examined  in  leaded  blends 
with  the  mixed  base  fuel  at  standard  A.  S.  T.  M.  Aviation 
and  A.  S.  T.  M.  Supercharge  conditions  (appendLx  A,  table 
A-1  (a)).  The  concentration  of  olefin  in  each  blend  was 
25  percent  by  volume. 

The  data  obtained  are  somewhat  limited  insofar  as  the 
relation  between  molecular  structure  and  antiknock  value  is 
concerned;  however,  comparisons  can  be  made  with  refer- 
ences 1 and  16  to  determine  further  the  consistency  of  trends 
noted  by  previous  investigators.  Lovell  (reference  1)  found 
that  for  branched  aliphatic  compounds  if  the  parent  paraffin 
hydrocarbon  had  a high  antiknock  value  the  introduction  of 
a double  bond  would  decrease  the  antiknock  value.  This 


^ C C C 

\ I I I 

C-C-C~C-C  (performance  number,  110) 

C 

trend  is  supported  by  the  following  data  from  the  present 
investigation  (appendix  A,  table  A-1  (a)): 


Paraffin 

Performance  number  of 
25-perccnt  blend  » 

Performance  number  of 
25-percent  blend  » 

A.  S.  T.  M. 
Aviation 

A.  S.  T.  M. 
Supercharge 

Olefin 

A.  S.  T.  M. 
Aviation 

A.  S.  T.  M. 
Supercharge 

c c 

c-c-c-c-c 

118 

114 

c c 
1 1 

c-c=c-c-c 

100 

117 

G C C 
1 1 1 

c c c 

1 i i 

C-C-C-C-C 

122 

132 

1 1 * 

c-c=c-c-c 

101 

104 

c c 

i 1 

c-6-c-c-c 

1 

c c 

130 

141 

c-c=c~c-c 

106 

108 

I 

c 

. 1 
c 

* Al!  blends  were  leaded  to  4 ml  TEL/gal. 
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Figure  V-3.— Knock-limited  performance  of  aromatics  in  biend  with  mixed  base  fuei  con- 
sisting of  87.3  percent  fsooctane  and  12.5  percent  n-heptane-|-4  mi  TEL  per  gaiion. 

In  the  foregoing  examples,  the  double  bond  in  the  olefin  ap- 
peared in  the  2 position  and,  with  one  exception,  the  ratings 
for  the  olefins  are  lower  than  those  of  the  corresponding 
paraffins.  The  one  exception  is  shown  for  the  A.  S.  T.  M. 
Supercharge  ratings  of  2,3-dimethylpentane  and  2,3-dimethyl- 
2-pentene  where  the  olefin  has  an  antiknock  rating  three 
performance  numbers  higher  than  the  paraffin. 

Of  the  five  olefins  investigated,  only  two,  2,4,4-trimethyl- 
1-pentene  and  2,4,4-trimethyl-2-pentene,  indicate  the  effect 
of  the  position  of  the  double  bond  on  antiknock  perfor- 
mance. For  the  engines  and  the  conditions  examined  (ap- 
pendix A,  tables  A-1  (a)  and  A-5  (a)),  the  ratings  of  these 
two  compounds  appear  to  be  the  same  at  the  more  severe 
conditions.  At  milder  conditions,  the  2,4,4-trimethyl-2- 
pentene  has  lower  ratings  than  2,4,4-trimeth3d-l-pentene. 
This  trend  is  contrary  to  the  trend  found  for  straight-chain 
olefins  but  is  in  agreement  with  data  for  branched-chain 
olefins  (reference  1). 

Aromatics. — The  most  complete  set  of  antiknock  per- 
formance data  obtained  in  the  present  investigation  resulted 
from  engine  studies  made  with  27  aromatic  hj^drocarbons  in 
blends  with  selected  base  fuels.  On  the  basis  of  these  data, 
the  relations  between  molecular  structure  and  antiknock 
value  and  the  influence  of  engine  operating  conditions  on 
these  relations  for  the  aromatics  can  be  readily  seen. 

The  relation  between  structure  and  antiknock  perfor- 
mance for  a series  of  n-alkvlbenzenes  at  a lean  fuel-air  ratio 


I I I Engine  \ \ 

— O A S.T.M.  Supercharge  ~ p 
□ Full-scale  single  cylinder 

- (take-off)  -f 

O Full-scale  single  cylinder 

I (cruise) I . . I ■ I 1 


25-fDercenf  (by  volume)  blends 
Fuel -air  ratio,  0.1 ! I I 


6 7 8 9 10 

Number  of  carbon  atoms  in  molecule 


C C-C  c-c-c  c-c-c-c 

0 6 6 6 6 
(b)  n-Alkylbenzenes;  rich  conditions. 

Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane-1-4  ml  TEL  per 
gallon. 

is  shown  in  figure  V-3  (a).  In  this  figure  it  was  necessary  to 
use  performance  numbers  for  the  A.  S.  T.  M.  Aviation 
engine,  inasmuch  as  knock-limited  indicated  mean  effective 
pressures  are  not  measured  on  this  engine.  The  first  three 
carbon  atoms  added  to  the  side  chains  of  the  aromatic 
compounds  successively  increased  the  blend  knock  limits. 
The  addition  of  a fourth  carbon  atom  to  the  side  chain 
caused  a sharp  drop  in  performance  at  the  full-scale  single- 
cylinder cruise  condition  and  a slight  drop  in  the  A.  S.  T.  M. 
Aviation  engine. 

More  specifically,  the  data  in  figure  V-3  (a)  indicate  that, 
for  the  full-scale  single-cylinder  cruise  condition,  the  25- 
percent  benzene  blend  has  a knock  limit  20  percent  higher 
than  the  base  fuel ; toluene  is  28  percent  higher;  ethylbenzene, 
35  percent  higher;  n-propyl benzene,  47  percent  higher; 
whereas,  n-butylbenzene  is  only  11  percent  better  than  the 
base  fuel.  At  the  other  experimental  conditions  (fig.  V-3  (a)), 
the  trends  are  the  same  but  the  magnitude  of  the  increases 
is  less.  In  fact,  under  simulated  full-scale  take-off  condi- 
tions the  benzene  blend  is  lower  in  performance  than  the 
base  fuel,  which  is  represented  by  the  ratio  1.0.  In  the 
A.  S.  T.  M.  Aviation  engine,  the  base  fuel  has  a perfor- 
mance number  of  120  and,  with  the  exception  of  n-propyl- 
benzene,  all  the  aromatic  blends  have  performance  numbers 
lower  than  120.  This  depreciation  in  performance  is 
characteristic  of  aromatics  at  conditions  as  severe  as  those 
encountered  in  the  A.  S.  T.  M.  Aviation  engine. 

Figure  V-3  (b)  is  similar  to  figure  V-3  (a)  except  that  the 
fuel-air  ratio  is  rich  and  the  A.  S.  T.  M.  Supercharge  (rich) 
rating  method  has  replaced  the  A.  S.  T.  M.  Aviation  (lean) 
rating  method.  The  trends  shown  are  somewhat  different 
from  those  in  figure  V-3  (a),  but  the  similarity  between  the 
A.  S.  T.  M.  Supercharge  data  and  the  full-scale  data  is 
apparent.  At  the  conditions  investigated,  the  first  addition 
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(c)  Butylbenzenes;  lean  conditions. 

Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per 
gallon. 


of  a carbon  atom  to  the  benzene  ring  produces  a sharp  im- 
provement in  performance;  the  next  addition  results  in  a 
decrease  except  for  the  A.  S.  T.  M.  Supercharge  data,  which 
are  imchanged;  the  next  addition  slightly  increases  the  per- 
formance ; and  the  addition  of  the  fourth  carbon  atom  to  the 
side  chain  results  in  a very  sharp  decrease  in  knock  limit,  as 
found  at  the  lean  conditions  (fig.  V-3  (a)). 

The  change  in  performance  accompanying  changes  in 
molecular  weight  in  an  homologous  series  is  illustrated  in 
figures  V-3  (a)  and  V-3  (b).  The  effect  of  different  isomeric 
structures  on  performance  when  the  molecular  weight  is  un- 
changed is  shown  in  figure  V-3  (c).  For  this  example,  the 
four  butylbenzenes,  n-butylbenzene,  isobutylbenzene,  sec- 
butylbenzene,  and  <er^-butylbenzene,  were  chosen.  At  the 
two  17.6  engine  conditions  and  the  A.  S.  T.  M.  Aviation 
condition,  changing  from  the  normal  to  the  iso,  the  secondary, 
and  the  tertiary  structures  progressively  improves  the  per- 
formance. Under  simulated  full-scale  cruise  conditions,  the 
isobutylbenzene  is  slightly  better  than  the  sec-butylbenzene, 
but  the  small  difference  in  antiknock  value  is  probably 
insignificant. 

Data  for  the  four  butylbenzenes  at  a rich  fuel-air  ratio  are 


(d)  Butylbenzenes;  rich  conditions. 


Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mi.xed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  7i-heptane-|-4  ml  TEL  per 
gallon. 

presented  in  figure  V-3  (d).  The  trends  shown  in  this  figure 
are  similar  to  those  found  in  figure  V-3  (c). 

Generally  speaking,  in  figures  V-3  (a)  to  V-3  (d),  the 
trends  in  performance  of  the  aromatic  blends  in  the  standard 
A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  engines 
were  similar  to  those  in  the  other  engines.  This  similarity 
among  engines,  however,  is  not  always  observed  over  wide 
ranges  of  operating  conditions.  Nevertheless,  the  compari- 
son of  performance  characteristics  of  the  organic  compounds 
throughout  the  remainder  of  this  chapter  will  be  based 
primarily  upon  the  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M. 
Supercharge  engine  data  because  these  data  were  obtained 
in  engines  currently  accepted  as  standards  for  rating  fuels. 

The  knock-limited  performance  of  dimethylbenzenes 
(xylenes)  is  illustrated  in  figure  V-3  (e).  In  both  engines, 
the  1,3-dimethylbenzene  blend  gave  higher  performance  than 
either  1,2-  or  1, 4-dime thylbenzene.  The  1 ,4-dimethylben- 
zene  has  an  antiknock  rating  only  slightly  less  than  that  of 
1,3-dimethylbenzene  but  still  considerably  higher  than  that 
of  1,2-dimethylbenzene. 

The  trends  shown  in  figure  V-3  (f)  for  the  methylethyl- 
benzenes  are  the  same  as  those  shown  in  figure  V-3  (e)  for 
the  dimethylbenzenes;  that  is,  l-methyl-3-ethylbenzene  is 
appreciably  better  than  1-methy  1-2-ethylbenzene  and  slight^ 
better  than  the  l-methyl-4-ethylbenzene.  A similar  result 
was  obtained  for  the  diethylbenzenes  (fig.  V-3  (g)). 

The  antiknock  performance  of  disubstituted  compounds  is 
illustrated  in  figures  V-3  (e)  to  V-3  (g).  Figure  V-3  (h) 
illustrates  antiknock  trends  for  trisubstituted  compounds. 
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Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mi.xed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  7?-hcptane+4 ’ml  TEL  per 
gallon. 


I I ^Engine  | 

— o A.S.T.M.  Aviofion  — 
D A.S.  T.M.  Supercharge 

I I I ' I I 


25~percenf  (by  volume)  blends 
A.  S.  T.  M.  Supercharge 
I fuehair  rafiOi  O.U  \ 


c 


(0  Methylethylbenzenes. 

Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane-}-4  ml  TEL  per 
gallon. 


The  1,2,4-trimethylbenzene  blend  has  a slightly  higher  knock 
limit  than  the  1,2,3-trimethylbenzene  blend  in  the  A.  S.  T.  M. 
Superchai^e  engine  but  has  a slightly  lower  knock  limit  in 
the  A.  S.  T.  M.  Aviation  engine.  The  1,3,5-trimethylben- 
zene  is  considerably  better  than  either  of  the  other  tri- 
methylbenzenes. 

The  relative  antiknock  characteristics  of  all  the  aromatic 
h^'drocarbons  examined  are  presented  in  figure  V-3  (i)  at 


c 

(g)  Dietbylbenzenes. 

Figure  V-3. — Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  7j-heptane+4  ml  TEL  per 
gallon. 


(h)  Trimethylbenzenes. 

Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per 
gallon. 


A.  S-  T.  M‘  Aviation  lean  conditions.  About  15  aromatics 
improved  the  knock-limited  performance  of  the  base  fuel. 
These  particular  blends  fall  \vitbin  a range  about  seven 
performance  numbers  above  the  base  fuel.  From  these  data 
at  lean  conditions,  1,3,5-trimethylbenzene  and  tert-hntyl- 
benzene  appear  to  be  the  most  desirable  aromatics  in  the 
25-percent  blends  investigated. 


Number  o~f  carbon  atoms  in  molecule 


(i)  Aromatics;  lean  conditions. 

Figure  V-3.— Continued.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per 
gallon. 

The  aromatic  blends  are  compared  at  A.  S.  T.  M.  Super-  tions  of  aromatics  to  the  base  fuel  caused  considerable  irn- 
charge  rich  conditions  in  figure  V-3  (j).  In  contrast  to  the  provement  in  A.  S.  T.  M.  Supercharge  performance,  from 

A.  S,  T.  M.  Aviation  data  (fig,  V-3  (i)),  the  25-percent  addi-  a performance  number  of  112  for  the  base  fuel  to  about  176 


Performance  number 
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0)  Aromatics;  rich  conditions. 

Figube  V-3.— Concluded.  Knock-limited  performance  of  aromatics  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per 
gallon. 
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(a)  alkyl  ethers;  lean  conditions. 


Figure  V-4.  Knock-limited  performance  of  ethers  in  blend  with  mixed  base  fuel  consisting 
of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per  gallon. 


Figure  V-4.— Continued.  Knock-limited  performance  of  ethers  in  blend  with  mixed  base 
fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n -heptane -j-4  ml  TEL  per  gallon. 

for  the  best  aromatic.  These  results  are  consistent  with 
results  obtained  by  other  investigators  in  that  aromatics  in 
fuel  blends  generally  offer  considerable  advantage  at  rich 
fuel-air  ratios  but  only  moderate  improvement  or  even  de- 
preciation at  lean  fuel-air  ratios  under  severe  operating  con- 
ditions. The  1,3,5-trimethylbenzene  and  ^eri-butylbenzene 
blends,  which  have  good  antiknock  characteristics  at  A.  S.T.M. 


(c)  Phenyl  alkyl  ethers. 


Figure  V-4.— Conti riued.  ivnock-Umited  performance  of  ethers  in  blend  with  mixed  base 
fuel  consi.sting  of  S7.5  percent  isooctane  and  12.5  percent  n-heptane-f-4  ml  TET.  per  gallon. 
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(d)  Anisoles. 

Figure  V-4.— Continued.  Knock-limited  performance  of  ethers  in  blend  with  mixed  base 
fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  7i-heptane+4  ml  TEL  pc-r  gallon. 

Aviation  conditions  (fig.  V-3  (i)),  were  still  relatively  high 
in  performance  at  rich  conditions  (fig,  V-3  (j))  but  were 
exceeded  by  other  aromatics.  Among  these  high-perform- 
ance aromatics  were  l,3-dimethyl-5-ethylbenzene,  1-methyl- 
3, 5-diethylbenzene,  l-methyl-4-^eri-butylbenzene,  and  1,3,5- 
triethylbenzene. 

In  the  aromatic  data  just  discussed,  only  one  trend 
appears  worthy  of  mention,  namely,  that  meta  structural 
arrangements  are  equal  to  or  slightly  better  than  para 
arrangements  in  antiknock  performance  and  both  arrange- 
ments are  considerably  better  than  the  ortho  structural 
arrangement.  In  one  case  (fig.  V-3  (j)),  however,  the  para 
arrangement  was  better  than  the  meta  arrangement  as 
shown  by  comparison  of  1 -method- 3 -ier^-butylbenzene  and 
l-methyl-4-^6r^-butylbenzene.  Essentially  the  same  trend 
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(e)  Methallyl  ethers. 

Figure  V-4.— Continued.  Knock-limited  performance  of  ethers  in  blend  with  mixed  base 
fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane-|-4  ml  TEL  per  gallon. 
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(g)  Ethers;  lean  conditions. 

Figure  V-4.— Continued.  Knock-limited  perfonnance  of  ethers  in  blend  with  mixed  base 
fuel  consisting  of  87.5  percent  isooctane  and  12..5  percent  n-heptane-}-4  ml  TEL  per  gallon. 
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(f)  Anisole  and  three  methyl  cycloalkyl  ethers. 

Figure  V-4.— Continued.  Knock-limited  performance  of  ethers  in  blend  with  rai.xed  base 
fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per  gallon. 


(h)  Ethers;  rich  conditions. 

Figure  V-4. — Concluded.  Knock-limited  performance  of  ethers  in  blend  with  mi.xed  base 
fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  r»-heptane-l-4  ml  TEL  per  gallon. 
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is  reported  in  reference  1 for  the  relation  among  ortho, 
meta,  and  para  compounds. 

For  the  paraffins  (fig.  V-1),  increasing  the  length  of  the 
primary  carbon  chain  resulted  in  a decrease  in  the  anti- 
knock performance;  however,  for  the  aromatics  (fig.  V-3  (a) 
and  V-3  (b)),  an  increase  in  length  of  a carbon  side 
chain  is  beneficial  up  to  a certain  point,  but  further  addi- 
tions to  the  side  chain  are  detrimental  to  the  antiknock 
performance. 

Ethers. — The  antiknock  characteristics  of  three  alkyl 
ethers  are  illustrated  in  figures  V-4  (a)  and  V-4  (b)  for  lean 
and  rich  fuel-am  ratios,  respectively.  At  lean  conditions 
(fig.  V-4  (a))  in  the  A.  S.  T.  M.  Aviation  engine,  isopropyl 
i^r^-butyl  ether  was  appreciably  liigher  in  antiknock  value 
than  either  methyl  or  ethyl  ^^r^-butyl  ether.  Ethyl  tert- 
butyl  ether  appears  to  be  slightly  higher  than  methyl  terU 
butyl  ether  in  this  engine.  In  the  17.6  engine  (fig.  V-4  (a)) 
at  both  conditions,  the  results  obtained  for  the  three  alkyl 
ethers  were  directly  opposite  to  those  found  in  the  A.S.  T.  M. 
Aviation  engine.  Methyl  ^eri-butyl  ether  was  equal  to  or 
better  than  ethyl  ^6r^-butyl  ether  and  both  were  appreciably 
better  than  isopropyl  ^6r^-butyl  ether.  This  trend  was  found 
also  at  the  rich  conditions  shown  in  figure  V-4  (b). 

The  antiknock  characteristics  of  five  phenyl  alkyl  ethers 
are  shown  in  figure  V-4  (c) . In  both  engines  methyl  phenyl 
ether  and  ^er^-butyl  phenyl  ether  gave  the  lowest  performance 
numbers.  The  remaining  tliree  ethers  were  about  equal  in 
performance  in  both  engines.  A comparison  of  figures 
V-4  (a)  and  V-4  (c)  shows  that  the  phenyl  alkyl  ethers 
investigated  have  considerably  poorer  antiknock  character- 
istics than  do  the  tertAyuiyl  alkyl  ethers  at  A.  S.  T.  M. 
Aviation  conditions. 

The  effects  of  ortho,  meta,  and  para  structural  arrange- 
ments on  the  antiknock  performance  of  phenyl  alkyl  ethers 
are  illustrated  in  figure  V-4  (d).  The  basic  ether  for  this 
particular  example  is  methyl  phenyl  ether  (anisole),  which 
is  shown  on  the  left  side  of  the  figure.  The  addition  of  a 
carbon  atom  to  the  benzene  ring  to  form  o-methylanisole 
caused  a decrease  in  performance.  Adding  a carbon  atom 
in  the  meta  or  para  position  to  form  m-methylanisole  and 
p-methylanisole  slightly  increased  the  antiknock  perfor- 
mance. In  each  engine,  m-methylanisole  and  2^-methyl- 
anisole  were  about  equal  in  performance  number  and  both 
were  considerably  better  than  o-methylanisole.  This  result 
was  similar  to  that  obtained  for  the  aromatics  (figs.  V-3  (e) 
to  V-3  (g)). 

Several  ethers  containing  olefinic  radicals  are  shown  in 
figure  V-4  (e).  Isopropyl  methallyl  ether  and  ^er^-butyl 
methallyl  ether  blends  had  the  highest  performance  numbers 
of  this  group  of  compounds  and  phenyl  methallyl  ether 
the  lowest.  At  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Super- 
charge conditions,  phenyl  methallyl  ether  was  the  poorest 
of  the  22  ethers  examined. 


Hydrogenating  the  benzene  nucleus  of  anisole  to  give 
methyl  cyclohexyl  ether  is  shown  in  figure  V-4  (f)  to  produce 
a large  drop  in  performance  number.  Of  the  three  methyl 
cycloalkyl  ethers  shown,  all  of  which  were  relatively  low, 
methyl  cyclopropyl  ether  was  the  highest  at  A.  S.  T.  M. 
Supercharge  conditions  and  methyl  cyclopentyl  ether  was 
highest  at  A.  S.  T.  M.  Aviation  conditions. 

The  relative  antiknock  characteristics  of  all  the  ethers 
investigated  are  presented  in  figure  V-4  (g)  at  A.  S.  T.  M. 
Aviation  (lean)  conditions.  Under  these  conditions  only 
the  tlu*ee  ^eri-butyl  alkyl  ethers  raised  the  knock  limit  of  the 
base  fuels.  The  maximum  improvement  in  performance 
number  was  29  and  was  obtained  with  isopropyl  tert- 
butyl  ether. 

The  antiknock  characteristics  of  all  the  ethers  investigated 
are  compared  in  figure  V-4  (h)  at  A.  S.  T.  M.  Supercharge 
(rich)  conditions.  Twelve  of  the  ethers  improved  the  per- 
formance of  the  base  fuel;  the  greatest  increase  in  knock- 
limited  performance,  about  63  performance  numbers,  was 
obtained  with  methyl  tertA)\xtj\  ether.  Comparison  of 
figures  V-4  (g)  and  V-4  (h)  clearly  shows  that  nine  of  the 
phenyl  alkyl  ethers  have  much  better  antiknock  character- 
istics at  rich  mixtures  than  at  lean  mixtures.  It  is  also 
apparent  that  the  methyl  cycloalkyl  ethers  show  little 
promise  as  antiknock  blending  agents  at  the  A.  S.  T.  M. 
Aviation  and  A.  S.  T.  M.  Supercharge  conditions. 

Comparison  of  classes  of  compounds —As  a matter  of 
interest,  the  isomers  having  the  highest  antiknock  ratings 
in  figures  V-1,  V-3  (i),  V-3  (j),  V-4  (g),  and  V-4  (h)  have 
been  plotted'  in  figure  V-5.  The  performance  numbers 
have  been  plotted  against  boiling  points  in  order  to  illustrate 
the  most  promising  antilmock  compounds  in  the  boiling 
range  of  commercial  gasolines.  Comparison  of  the  curves 
in  figure  V-5  is  not  strictly  valid,  inasmuch  as  all  the  isomen; 
in  a given  group  of  compounds  have  not  been  studied. 
Within  the  limitations  of  the  investigation,  however,  these 
two  figures  do  illustrate  how  the  antiknock  characteristics 
of  the  better  paraffins,  aromatics,  and  ethers  compare. 

When  the  boiling  range  of  aviation  gasoline  is  assumed  to 
be  100^  to  338^  F,  it  is  seen  (fig.  V-5  (a))  that  for  A.  S.  T.  M. 
Aviation  lean  conditions  the  C5  and  C&  paraffins  have  the 
highest  performance  numbers  in  the  boiling  range  from  80° 
to  120°  F.  In  the  boiling  range  between  130°  and  about 
300°  F,  the  ethers  have  the  highest  performance  numbers. 
Above  300°  F the  highest  performance  numbers  were  obtained 
with  the  aromatic  blends. 

At  A.  S.  T.  M.  Supercharge  conditions  (fig.  V-5  (b)),  the 
paraffin  blends  had  the  highest  performance  numbers  in  the 
range  of  boiling  temperatures  from  80°  to  120°  F.  Above 
120°  F the  ethers  had  the  highest  antiknock  ratings  up 
to  a boiling  temperature  of  220°  F,  At  higher  boiling 
ternperatures  the  aromatics  exhibited  superior  antiknock 
characteristics. 


NACA  INVESTIGATION  OF  FUEL  PERFORMANCE  IN  PISTON-TYPE  ENGINES 


545 


(a)  Engine,  A.  S.  T,  M.  Aviation, 

Figure  V-5. — Comparison  of  isomers  having  highest  antiknock  values  in  blend  with  mixed 
base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane-f-4  ml  TEL  per 
gallon. 


BLENDING  CHARACTERISTICS 

In  the  preceding  section,  the  discussion  of  structui*al 
trends  was  based  on  studies  in  which  25  percent  of  a given 
compound  was  blended  with  a selected  base  fuel.  On  the 
basis  of  such  studies,  it  can  be  concluded  that  one  compound 
is  better  than  another  or  that  all  compounds  aline  themselves 
in  an  order  of  antiknock  performance  that  is  influenced  b\^ 
engine  operating  conditions.  This  situation  is  complicated, 
however,  in  that  the  relative  order  of  antiknock  value  of  a 
series  of  compounds  at  a fixed  engine  condition  is  influenced 
by  the  concentration  of  the  compound  in  the  blends  upon 
which  such  an  investigation  is  based.  In  other  words,  one 
compound  could  be  better  than  another  if  both  were  com- 
pared in  25-percent  blends  but  the  reverse  could  be  true  if 
both  were  compared  in  50-percent  blends. 

Blending  characteristics  of  various  potential  aviation-fuel 
blending  agents  have  been  the  subject  of  considerable  investi- 
gation. A portion  of  the  more  recent  findings  in  such  studies 
is  reported  in  references  17  to  20.  The  results  of  these  investi- 
gations show  conclusively  that  compounds  differ  radicalh^ 
in  theh  blending  behavior  as  regards  antiknock  performance. 

Paraffins. — The  blending  characteristics  of  paraffinic  fuels 
at  rich  fuel-air  ratios  may  be  expressed  b}'  the  following 
equation  (see  chapter  VIII): 


where 


_1__M  , ^ , 


(1) 


Pb  knock-limited  indicated  mean  effective  pres- 

sure of  blend 

Pi,P5,P3,  . . . knock-limited  indicated  mean  effective  pres- 
sures of  components  1,2,3,  . . .,  respectively 

The  application  of  this  equation  to  data  in  the  present 
investigation  is  illustrated  in  figiun  V-6  (a)  for  the  A.  S.  T.  M. 
Supercharge  engine.  The  ordinate  of  this  figure  is  a reciprocal 
scale  and  the  abscissa  is  linear.  For  the  fuels  shovn, 
2,2,3,4-tetrametlndpentane,  2,3,3,4-tetramethylpentane,  and 
2,2,3-trimethylbutane,  the  blending  relation  with  the  base 
fuel  is  linear  up  to  a concentration  of  50  percent  added 
paraffin.  Knock-limited  indicated  mean  effective  pressures 
(fig.  V-6  (a))  for  2,2,3,4-tetramethylpentane  and  2,3,3,4- 
tetramethylpentane  are  from  reference  12.  Similar  data 
for  2,2,3-trimeth}dbutane  are  from  reference  11. 

Although  data  for  these  fuels  at  lean  fuel-au  ratios  are  not 
showm  herein,  an  examination  of  such  data  indicated  that  the 
blending  relation  is  nonlinear.  The  authors  of  reference  17 
attribute  this  fact  to  the  variation  of  the  end-gas  tempera tiu-e 
from  one  blend  to  another.  That  is,  for  a system  in  which  a 
paraffinic  blending  agent  is  blended  with  a paraffinic  base 
stock,  the  relation  between  the  reciprocal  of  the  knock- 
limited  performance  and  the  composition  will  be  linear  if  the 
end-gas  temperature,  or  a wall  temperature  closeh'  related 
to  the  end-gas  temperature,  is  held  constant  for  each  blend 
tested. 

Olefins, — Blending  data  for  two  olefins  (reference  12)  are 
showm  in  figure  V-6  (b)  for  the  A.  S.  T.  M.  Supercharge 
engine  operating  at  a rich  fuel-air  ratio.  In  this  case,  olefinic 
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respectively,  in  blend 

2UiC37~53 36 


Figure  V-5.— Concluded.  Comparison  of  isomers  having  highest  antiknock  values  in  blend 
with  mixed  base  fuel  consisting  of  87.5  percent  isooctaiie  and  12.5  percent  n-heptane-f4  ml 
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Figure  V-6.— Knock-limited  performance  of  blends  with  mixed  base  fuel  consisting  of  87.5 
percent  isooctane  and  12.5  percent  »-heptane-|-4  ml  TEL  per  gallon. 


blending  agents  are  blended  with  a paraffinic  base  fuel  and  the 
resulting  relation  between  the  reciprocal  of  the  knock-limited 
performance  and  composition  is  nonlinear.  The  blending 
equation  (1)  is  based  upon  one  assumption,  that  for  the 
equation  to  apply  the  blends  should  be  tested  at  a constant 
percentage  of  excess  of  fuel  or  air.  The  differences  between 
stoichiometric  fuel-air  ratios  for  olefins  and  paraffins,  how- 
ever, do  not  appear  sufficient!}^  great  to  explain  the  non- 
linearity of  this  blending  curve. 

Aromatics.^ — The  blending  relations  for  the  aromatic  hydro- 
carbons (fig.  V-6  (c)),  like  those  of  the  olefins  (fig.  V-6  (b)), 
were  found  to  be  nonlinear  in  the  A.  S.  T.  M.  Supercharge 
engine  at  rich  mixtures.  With  the  exception  of  1,2-dimethyl- 
benzene  and  1,2,4-trimetbylbenzene,  all  the  aromatics  in- 
creased the  knock-limited  performance  of  the  base  fuel  at 
the  concentration  investigated. 

It  has  previouslv’^  been  mentioned  that  the  concentration 
level  at  which  compounds  are  examined  may  have  consider- 
able effect  on  the  relative  order  of  antiknock  rating,  as  shown 


in  figure  V-6  (c)  for  isopropylbenzene.  For  example,  a blend 
of  50  percent  b}^  volume  of  isopropylbenzene  has  the  second 
highest  antilvnock  rating  of  the  aromatics  investigated;  at 
concentrations  below  35  percent  by  volume,  however,  the 
performance  of  isopropylbenzene  is  exceeded  by  that  of 
1,3-dimethylbenzene,  1,3-diethylbenzene,  l-ethvl-4-meth3d- 
beiizene,  and  ?i-prop3dbenzene. 

This  result  can  perhaps  be  seen  a little  more  clearh^  in 
figiu*e  V-7  (b),  in  which  the  blending  data  for  the  A.  S.  T.  M. 
Supercharge  engine  are  illustrated  b}’^  a bar  chart.  The 
hydrocarbons  are  listed  on  this  chart  in  order  of  decreasing 
antiknock  ratmg,  as  determined  b}"  the  50-percent  blends. 
At  loAver  concentrations,  however,  the  bars  indicate  a different 
order  of  rating. 

At  A.  S.  T.  M.  Aviation  conditions  (fig.  V-7  (a)),  the 
variation  of  knock-limited  performance  with  composition 
was  foimd  to  be  different  from  that  obtamed  at  A.  S.  T.  M. 
Supercharge  conditions  (figs.  V-6  (c)  and  V-7  (b)).  For 
example,  the  data  presented  in  figure  V-7  (a)  indicate  that 
the  knock-limited  performance  of  the  base  fuel  is  decreased 
as  the  concentration  of  aromatic  is  increased.  Moreover,  in 
figure  V-7  (a)  the  aromatics  do  not  rate  in  the  same  order 
at  all  concentrations. 

Ethers. — Blending  data  for  six  ethers  determined  at 
A.  S.  T.  M.  Supercharge  conditions  are  shown  in  figure 
V-8  (b).  Methyl  ieri-but3d  ether  and  ethyl  tert-hiityl  ether 
have  the  highest  antiknock  characteristics  of  the  six  ethers  at 
all  concentrations.  Isoprop3d  tert-h\ii\\  ether  is  also  better 
than  the  three  aromatic  ethers  at  a concentration  of  50 
percent;  however,  at  concentrations  below  about  20  percent, 
isoprop3d  ^er^-but3d  ether  is  lower  than  an}^  of  the  other  ethers. 

The  etbei's  shown  in  figure  V-8  (b),  like  the  olefins  and 
aromatics,  do  not  follow  the  reciprocal  blending  relation 
defined  b}^  equation  (1). 
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Figure  V-6.— Continued.  Knock-limited  performance  of  blends  with  mixed  base  fuel 
consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptanc-(-4  ml  TEL  per  gallon. 


Figure  V-6. — Concluded.  Knock-limited  performance  of  blends  with  mixed  base  fuel 
consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL  per  gallon. 
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Figure  V-7.— Concluded,  Comparison  of  knock-limited  performance  of  aromatic  blends 
with  mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  «*heptane+4  ml 
TEL  per  gallon. 
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Figure  V-8. — Concluded.  Comparison  of  knock-limited  performance  of  ether  blends  with 
mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane+4  ml  TEL 
per  gallon. 


The  blending  relations  for  the  ethers  in  figure  V-8  (b) 
were  investigated  at  A.  S.  T.  M.  Aviation  conditions  and 
the  results  obtained  are  presented  in  figure  V-8  (a).  At 
these  conditions,  the  three  ^eri-hiityl  alkAd  ethers  all  improved 
the  knock-limited  performance  of  the  base  fuel ; the  improve- 
ment became  greater  as  concentration  was  increased. 
On  the  other  hand,  the  three  aromatic  ethers  decreased  the 
performance  of  the  base  fuel;  the  decrease  became  greater 
as  the  concentration  was  increased. 

TEMPERATURE  SENSITIVITY 

In  order  to  determine  the  effects  of  changes  of  inlet-air 
temperature  on  knock-limited  performance,  most  of  the 
h}Tlrocarbons  and  ethers  were  evaluated  in  the  17.6  engine 
at  inlet-air  temperatures  of  100®  and  250®  F.  These  tests 
were  made  with  each  compound  in  20-percent-by-volume 
blends  with  isooctane.  The  final  blends  were  evaluated  at 
both  temperatures  in  the  unleaded  state  and  with  4 ml  TEL 
per  gallon.  (See  appendix  A,  tables  A-3  and  A-4,  respec- 
tively.) The  greatest  portion  of  the  temperature-sensitivity 
studies  of  this  investigation  was  conducted  on  blends  with 
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isooctane.  A few  experiments,  however,  were  made  in  which 
the  compounds  were  blended  with  the  mixed  base  fuel. 
(See  appendix  A,  table  A-5.) 

The  term  ^^temperature  sensitivity^^  has  been  given 
several  definitions  b}^  investigators  in  the  field  of  fuel  re- 
search; however,  none  of  these  definitions  has  been  wholly 
satisfactoiy.  Perhaps  the  data  offering  the  most  scientific 
approach  to  such  a definition  are  reported  in  references  21 
to  24,  but  the  emphasis  in  these  references  is  placed  upon 
engine  severity  rather  than  the  more  restricted  idea  of 
temperature  sensitivity;  that  is,  engine  severity  is  a more 
inclusive  term  that  considers  other  factors  of  engine  perform- 
ance such  as  compression  ratio,  spark  advance,  engine  speed, 
and  cooling,  as  well  as  inlet-air  temperature. 

Considerable  experimental  data  are  required  in  order  to 
evaluate  full}^  the  engine  severity  as  described  in  references 
21  to  24  and  in  most  cases  during  the  present  investigation 
the  available  quantities  of  the  pure  fuels  were  too  small  for 
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Figure  V-9.— Continued.  Temperature  sensitivity  of  blends  with  isooctane.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C. 


extensive  studies.  For  this  reason,  the  sensitivity  studies 
of  these  fuels  to  changes  of  engine  conditions  were  restricted 
merel}’’  to  measurements  of  the  effect  of  inlet-air  temperature 
on  knock-limited  performance.  In  so  doing  it  was  necessary 
to  establish  arbitraril}^  a definition  for  temperature  sensi- 
ti\dty.  This  term  is  defined  by  the  following  equation: 

knock-limited  imep  of^blend  (inlet  air  at  100°  F) 
knock-limited  imep  of  base  fuel  (inlet  air  at  100°  F) 
knock-limited  imep  of  blend  (inlet  air  at  250°  F) 
.knock-limited  imep  of  base  fuel  (inlet  air  at  250°  F) 

The  term  'Telative'^  is  used  in  this  definition  as  the  equation 
essentially  describes  the  temperature  sensitivity  of  the  blend 
relative  to  that  of  the  base  fuel.  This  definition  is  the  same 
as  that  used  in  references  5 to  11  and  13.  The  base  fuels 
used  in  this  stud}'  were  paraffins  and  do  not  show  high 
temperature  sensitivity. 

Temperature  sensitivities  computed  by  this  equation  for 
all  the  compounds  in  the  present  investigation  are  presented 
in  appendix  A,  table  A-6.  In  the  discussion  of  temperature 
sensitivity  in  the  following  paragraphs  and  in  the  subsequent 
discussion  of  lead  susceptibility,  it  should  be  remembered 
that  the  data  v^ere  obtained  over  a long  period  of  time  Wid 
reproducibility  errors  tlierefore  exist.  Although  no  extensive 
reproducibility  data  were  obtained,  a few  such  runs  indicated 
that  relative  temperature  sensitivities  computed  by  the 
equation  and  relative  lead  susceptibilities  computed  by  a 
similar  equation  may  be  in  error  by  ±0.05. 

Paraffins. — The  temperature  sensitivities  of  unleaded  and 
leaded  paraffinic  fuel  blends  in  the  17.6  engine  at  two  fuel-air 
ratios  are  compared  in  figures  V-9  (a)  and  V-9  (b).  Of  the 
paraffinic  blending  agents  investigated  (references  12  and  13), 
the  three  nonanes,  2,3,3,4-tetramethylpentane,  2,2,3,4- 
tetramethylpentane,  and  2,2,3,3-tetramethylpentane,  appear 
to  be  most  sensitive  to  changes  of  inlet-air  temperature  at 
the  lean  fuel-air.  ratio  in  unleaded  blends  (fig.  V-9  (a)). 
At  the  rich  fuel-air  ratio,  however,  the  differences  in  tempera- 
ture sensitivities  among  the  paraflB.ns  are  small. 

In  figures  V-9  (a)  and  V-9  (b),  the  paraffins  are  listed  in 
the  same  order.  Inspection  of  these  plots  illustrates  that 
tetraethyl  lead  affects  temperature  sensitivity.  For  example, 
in  figures  V-9  (a)  and  V-9  (b)  the  order  of  temperature 
sensitivities  of  the  various  paraffins  is  obviously  different  at 
both  fuel-air  ratios. 

As  previously  mentioned,  a few  of  the  compounds  in  this 
investigation  were  examined  in  blends  with  the  mixed  base 
fuel.  In  the  investigation  of  reference  13,  paraffinic  and 
olefinic  blending  agents  in  blends  with  the  mixed  base  fuel 
were  subjected  to  variations  of  compression  ratio.  ^Vlien 
these  data  are  computed  in  the  manner  explained  in  references 
23  and  24,  it  is  possible  to  compare  over  a reasonably  wide 
range  the  influence  of  engine  severity  on  knock-limited  per- 
formance. This  effect  is  determined  by  computation  of 
compression-air  densities  and  compression  temperatures  at 
the  knock  limit;  the  main  assumption  is  that  these  factors 
are  related  in  some  manner  to  end-gas  densities  and  temper- 
atures that  cannot  be  directly  measured  (reference  21).  The 
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(c)  Aromatics;  unleaded. 

Figure  V-9— Continued.  Temperaturesensitivity  of  blends  with  isooctane.  Compression 
ratio,  7,0;  engine  si^eed,  1800  rpm;  coolant  temperature.  212®  F:  spark  advance,  30°  B.  T.  C. 
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Figure  V-9.— Continued.  Temperature  sensitivity  of  blends  with  isooctane.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature.  212°  F:  spark  advance,  30°  B.  T.  C. 
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(d)  Aromatics;  leaded  to  4 ml  TEL  per  gallon. 

Figure  V-9.— Continued.  Temperature  sensitivity  of  blends  with  isooctane.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C. 
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Figure  V-9. — Concluded.  Temperature  sensitivity  of  blends  with  isooctane.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C. 
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compression-air  densities  and  temperatures  are  calculated 
by  the  following  equations: 


(3) 

where 

Pc  compression-air  density,  pounds  per  cubic  inch 
intake-air  flow,  pounds  per  minute 
r compression  ratio 
i intake  cycles  per  minute 
Vd  engine  displacement  volume,  cubic  inches 
Tc  compression-aii'  temperature, 

To  intake-air  temperature,  °R 

7 ratio  of  specific  heat  of  charge  at  constant  pressure  to 
that  at  constant  volume  (assumed  to  be  1.4) 

Although  the  data  in  reference  13  were  determined  by 
varying  the  compression  ratio,  it  is  apparent  from  the  equa- 
tion of  compression  temperature  that  the  effect  of  varying 
the  compression  ratio  is  equivalent  to  that  of  varying  the 
intake-air  temperature. 

The  sensitivities  of  two  paraffinic  fuels  (reference  13)  are 
shown  in  figures  V-10  (a)  and  V-10  (b)  at  two  fuel-air  ratios 
in  a modified  A.  S.  T.  A4.  Supercharge  engine.  The  two 
paraflin  blends  are  more  sensitive  than  the  base  fuel  to  changes 
of  compression  ratio  or  intake-air  temperature,  as  indicated 
by  the  slopes  of  the  curves  in  figures  V-10  (a)  and  V-10  (b). 
The  two  paraffin  blends  had  lowei*  knock  limits  than  the 
base  fuel  at  severe  conditions  (high  compression  tempera- 
tures), but  higher  limits  at  mild  conditions  (low  compression 
temperatures). 

Olefins. — Plots  similar  to  those  in  figures  V-10  (a)  and 
V-10  (b)  are  shown  in  figures  V-10  (c)  and  V-10  (d)  for 


(a)  ParafiTins;  lean  conditions. 


Figure  V-IO. — Effect  of  compression  temperature  on  compression-air  density  for  blends  with 
mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent  n-heptane-f4  ml 
TEL  per  gallon.  Compression  ratio,  variable;  engine  speed,  1800  rpm;  inlet-air  tempera- 
ture, 250®  P.;  coolant  temperature,  250°  F;  spark  advance,  30°  B.  T.  C. 


three  olefins  in  blends  with  the  mixed  base  fuel  (reference  13). 
At  both  fuel-air  ratios,  the  three  olefin  blends  were  more 
sensitive  to  a change  of  engine  severity  than  the  base  fuel. 
At  the  severe  conditions  the  tliree  olefin  blends  had  lower 
knock  limits  than  did  the  base  fuel,  but  at  milder  conditions 
the  olefin  blends  had  higher  knock  limits. 

Aromatics. — The  temperatiu'e  sensitivities  of  aromatic 
blends  determined  in  the  17.6  engine  are  shown  in  figures 
V-9  (c)  and  V-9  (d).  The  aromatics  are  listed  in  figure  V-9  (c) 
in  the  order  of  decreasing  sensitivity  at  the  rich  fuel-air 
ratio.  As  in  the  case  of  paraffins  (figs.  V-9  (a)  and  V-9  (b)), 
the  sensitivities  were  inconsistent  from  one  fuel-air  ratio  to 
another.  Aloreover,  the  sensitivities  were  influenced  by 
tetraethyl  lead. 

The  most  sensitive  aromatics  at  the  rich  fuel-air  ratio 
(fig.  V-9  (c))  were  1,3-dimethyl  benzene,  l-methyl-4-isoprop}d- 
benzene,  and  ^e/^-butAd benzene;  whereas  at  the  lean  fuel-air 
ratio,  a number  of  aromatics  had  high  sensitivities.  In 
leaded  blends  (fig.  V^-9  (d)),  the  diflerences  in  relative  tem- 
perature sensitivity  among  the  aromatics  were  not  great  at 
the  rich  fuel-air  ratio,  but  at  a lean  fuel-air  ratio  appreciable 
difi‘erences  occurred.  At  the  lean  fuel-air  ratio,  a number  of 
the  aromatics  had  sensitivities  20  to  25  percent  greater  tlian 
the  sensitivity  of  the  base  fuel. 

It  has  been  shown  herein  that  1,3,5-trimethylbenzene  and 
^er^-butylbenzene  liad  higher  performance  numbers  than  tlie 
other  aromatics  investigated  at  the  lean  condition  of  the 
A.  S.  T.  AI.  Aviation  method  (fig.  Y~Z  (i)).  For  this  reason 
the  temperature  sensitivities  of  these  two  aromatics  are  of 
particular  interest.  These  two  aromatics  in  unleaded  blends 
have  temperature  sensitivities  equal  to  or  greater  than  sensi- 
tivities of  tlie  other  aromatics  investigated  at  the  lean  fuel- 


(b)  Para  (fins:  ricli  conditions. 

Figure  V-lO.— Continued.  Effect  of  compression  temperature  on  compression -air  density 
for  blends  with  mixed  base  fuel  consisting  of  87,5  percent  isooctane  and  12.5  percent 
7t-heptane-f-4  ml  TEL  per  gallon.  Compression  ratio,  variable;  engine  speed,  1800  rpm; 
inlet-air  tempemture,  2,50°  F;  coolant  temperature,  250°  F;  spark  advance,  30°  B.  T.  C. 
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Figure  V-lO— Continued.  FiTecl  of  compression  tempomturc  on  compression-air  density 
for  blends  with  mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent 
7i-heptane+4  ml  TEL  per  gallon.  Compression  ratio,  variable;  engine  speed,  1800  rpm; 
inlet-air  temperature,  250®  F;  coolant  temperature,  250°  F;  spark  advance,  30°  B.  T,  C. 


Figure  V-IO.— Continued,  Effect  of  compression  temperature  on  compression-air  density 
for  blends  with  mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent 
«-heptane4-4  ml  TEL  per  gallon.  Compression  ratio,  variable;  engine  speed,  1800  rpm; 
inlet-air  temperature,  250°  F;  coolant  temperature,  250°  F;  spark  advance,  .30°  B.  T.  C. 

air  ratio  (fig.  V-9  (c)).  On  the  other  hand,  the  leaded  blends 
shown  in  figure  V-9  (d)  indicate  that  the  temperature  sen- 
sitivity of  <€ri-butylbenzene  is  reduced  considerably,  whereas 
1,3,5-trimethylbenzene  is  still  quite  sensitive. 

Similarl}’,  among  the  better  aromatics  at  A.  S.  T.  M. 
Supercharge  conditions  (fig.  V-3  (j))  were  l,3-dimetli3d-5- 
ethylbenzene,  l-methyl-3, 5-diethylbenzene,  l-methyl-4-^e/’^ 


Figure  V-10.— Continued.  Effect  of  compression  temperature  on  cornpresslon-air  density 
for  blends  with  mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent 
w-heptane-b4  ml  TEL  per  gallon.  Compression  ratio,  variable;  engine  speed,  1800  rpm; 
inlet-air  temperature,  250°  F;  coolant  temperature,  250°  F;  spark  advance,  30°  B.  T.  C. 


Figure  V-IO. — Concluded.  Effect  of  compression  temperature  on  compression-air  density 
for  blends  with  mixed  base  fuel  consisting  of  87.5  percent  isooctane  and  12.5  percent 
n-heptaneT4  ml  TEL  per  gallon.  Compression  ratio,  variable;  engine  speed,  1800  rpm; 
inlet -air  temperature,  250°  F;  coolant  temperature,  2.50°  F;  spark  advance,  30°  B.  T.  C. 

butyl  benzene,  and  1,3, 5- triethylbenzene.  As  indicated  in 

figure  V— 9 (c)  for  unleaded  blends  at  a rich  fuel -air  ratio, 
these  four  aromatics  show  only  moderate  temperature  sen- 
sitivity varying  between  1.0  and  1,05.  In  leaded  blends 
(fig.  V-9  (d))  and  at  a rich  fuel-ah  ratio,  the  four  aromatics 
stUl  exhibited  only  moderate  temperature  sensitivity  var\dng 
between  1.0  and  1.05. 
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(a)  Lean  conditions. 

(b)  Rich  conditions. 


Figure  V-ll.— Comparison  of  isomers  having  highest  temperature  sensitivities  in  blend  with 
isooctane.  Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212®  F; 
spark  advance,  30°  B.  T.  C. 

Compression-air  density-temperature  relations  were  deter- 
mined for  several  aromatics  and  are  reported  in  reference  10. 
The  relation  obtained  for  three  of  the  aromatics  is  presented 
in  figures  V-10  (e)  and  V-10  (f)  in  order  to  illustrate  the 
nature  of  the  results.  As  indicated  by  the  slopes  of  the 
curves  in  these  figures,  the  sensitivities  of  the  aromatic 
blends  are  somewhat  greater  than  the  sensitivitv  of  the  base 
fuel. 

Ethers. — Temperatui'e  sensitivities  determined  for  six 
ethers  are  shown  in  figures  V-9  (e)  and  V-9  (f).  The  ethers 
(unleaded  blends)  are  listed  in  figure  V-9  (e)  in  the  order  of 
decreasing  sensitivity  at  the  rich  fuel-air  ratio  (0.11);  at  this 
fuel-air  ratio  the  three  aromatic  ethers  appear  to  be  more 

Fuel- air  ratio 
O.OG5 

I I .// 


sensitive  to  temperature  changes  than  do  the  ^eri-but\d 
alkyl  ethers,  ^vith  the  possible  exception  of  methyl  ier^-butyl 
ether.  At  the  lean  fuel-air  ratio  (0.065),  anisole  appears  to 
be  the  most  sensitive  of  the  ethers;  however,  vnth  considera- 
tion for  the  estimated  reproducibility  of  these  data  there  may 
be  little  real  difference  in  the  sensitivities  of  the  six  ethers 
sho^\m. 

In  leaded  blends  (fig.  V-9  (f)),  the  aromatic  ethers  are 
perhaps  more  temperature-sensitive  than  the  ier^butyl 
alkyl  ethers  with  the  possible  exception  of  metlnd  tert-huty\ 
ether  at  the  lean  fuel -ah'  ratio.  At  the  rich  fuel-air  ratio, 
anisole  and  ^>-metli}danisole  show  the  highest  sensitivities; 
however,  the  experimental  accmacy  may  minimize  the  ap- 
parent differences  shown  on  the  figures. 

Comparison  of  classes  of  compounds. — The  temperature 
sensitivities  of  the  various  classes  of  compounds  are  compared 
in  figure  V-ll.  The  procedure  used  in  preparing  these  plots 
\vas  the  same  as  that  used  for  figure  V— 5. 

In  figine  V-ll  at  two  fuel-ah  ratios,  the  low-boiling  ethers 
have  the  greatest  temperature  sensitivities  in  the  boiling 
range  of  100°  to  175°  F.  Above  175°  F the  aromatics  are 
more  sensitive  than  the  other  classes  examined.  In  the 
boiling  range  from  300°  to  350°  F,  however,  the  ethers  have 
temperature  sensitivities  comparable  to  those  of  the 
aromatics. 

LEAD  SUSCEPTIBILITY 

Lead  susceptibilities  of  the  various  organic  compounds 
investigated  were  determined  in  the  17.6  engine  by  comparing 
unleaded  blends  (20  percent  by  volume)  with  blends  con- 
taining 4 ml  TEL  per  gallon.  Data  were  obtained  at  two 
inlet-air  temperatures,  100°  and  250°  F.  (See  appendix  A 
table  A-7.) 

Lead  susceptibilit}^,  or  lead  response,  is  usually  defined  as 
the  increase  in  octane  number  or  power  output  resulting  from 
the  addition  of  a given  quantity  of  tetraethyl  lead  to  a fuel. 
For  the  present  investigation,  however,  lead  susceptibilit}^  is 
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(a)  Paraffins;  inlet-air  temperature,  100°  F. 

Figure  V-12.— Lead  susceptibility  (4  ml  TEL/gal)  of  blends  with  isooctane.  Compression 
ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C. 
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(b)  Paraffins;  inlet-air  temperature,  250°  F. 

Figure  V-12.— Continued.  Lead  susceptibility  (4  ml  TEL/gal)  of  blends  with  isooctane. 
Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance 
30°  B.  T.  C. 
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Figure  V-12.— Continued.  Lead  susceptibility  (4  ml  TEL/gal)  of  blends  with  isooctane. 
Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance, 
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Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance, 
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Figure  V-12.— Continued.  Lead  susceptibility  (4  ml  TEL/gal)  of  blends  with  isooctane. 
Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance, 
30°  B.  T.  C. 
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(a)  Lean  conditions. 

(b)  Rich  conditions. 

Rigure  V-13.— Comparison  of  isomers  having  highest  lead  susceptibility  in  blends  with 
isooctane.  Compression  ratio,  7.0;  engine  speed,  1800  rpm;  inlet-air  temperature,  100°  F; 
coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C. 

expressed  in  a manner  similar  to  that  used  for  temperature 
sensitivity: 

(knock-limited  imep  of  blend + 4 ml  TEL/gal 
knock-limited  imep  of  base  fuel + 4 ml  TEL/gal 
knock-limited  imep  of  blend + 0 rnl  TEL/gal 
knock-limited  imep  of  base  fuel  + 0 ml  TEL/gal 

As  in  the  foregoing  discussion  of  temperature  sensitivity, 
the  estimated  accuracy  of  these  ratios  is  about  ±0.05. 

Paraffins. — The  lead  susceptibilities  of  six  paraffinic 
blends  are  shown  in  figures  V-12  (a)  and  V-12  (b).  In 
figure  V-12  (a)  (inlet-air  temperature,  100°  F),  the  fuels  arc 
arranged  in  order  of  decreasing  response  at  the  rich  mixture. 
At  this  condition,  2,4-dimethyl-3-ethylpentane  exhibits  the 
greatest  susceptibility  to  tetraethyl  lead,  but  at  the  lean 
fuel-air  ratio,  2,3-dimethylpentane,  2,2,3-trimethylbutane, 
and  2,2,3,4-tetrameth3dpentane  have  the  best  response. 
The  lead  susceptibility  is  appreciably  influenced  b}^  fuel-air 
ratio. 

In  figure  V-12  (b)  (inlet-air  temperature,  250°  F),  the  fuels 
are  listed  in  the  same  order  as  that  of  figure  V-12  (a),  but 
little  or  no  difference  in  lead  susceptibility  is  apparent  at  the 
rich  fuel-air  ratio  except  in  the  case  of  2,2,3-trimeth3dbutane. 
At  the  lean  fuel-air  ratio,  2,2,3,4-tetrameth}dpentane  and 
2,3,3,4-tetrameth3dpentane  had  the  highest  lead  suscepti- 
bilities. 

Olefins.^ — A limited  amount  of  data  was  obtained  in  the 
17.6  engine  to  show  the  lead  susceptibility  of  olefins  in  20- 


percent-by-vohime  blends  with  isooctane.  (See  appendix  A, 
table  A-7  (a).)  For  convenience,  a portion  of  these  data  is 
summarized  in  the  following  table: 


Olefin 

I^ead  susceptibility  of  20-per- 
cent olefinic  blends  relative 
to  isooctane 

Inlet-air  temperature  (°F) 

250 

100 

Fuel-air  ratio 

0.005 

0.11 

0.005 

0.11 

2.3-tl  i mctbyl-2-pentenc 

0.  95 

1.00  ■ 

1.00 

0.95 

2,3,4-trimethyl-2-pentene. _ . 

1.05 

1.05 

1.05 

1.05 

3,4,4-trimetliyl-2-penlene-. 

1.00 

1.00 

1.05 

1.00 

Aromatics. — In  figures  V-12  (c)  and  V-12  (d),  the  lead 
susceptibilities  of  aromatic  blends  are  shown.  The  blends 
in  figure  V-12  (c)  are  listed  in  order  of  decreasing  response 
at  the  rich  fuel-aii*  ratio.  At  this  ratio,  the  data  indicate  that 
l-metli3d-4-eth3dbenzene  is  the  aromatic  most  susceptible  to 
additions  of  tetraeth3d  lead.  This  particular  aromatic  also 
had  the  greatest  response  at  the  lean  fuel-air  ratio.  From 
figures  V-12  (c)  and  V-12  (d),  lead  susceptibility  is  obviously 
affected  b3^  fuel-air  ratio. 

At  the  higher  inlet-air  temperature  (fig.  V-12  (d)),  the 
trend  in  lead  susceptibility  differs  from  that  observed  at 
100°  F (fig.  V-12  (c))  for  the  aromatics.  For  the  rich  fuel- 
air  ratio  (fig.  V-12  (d)),  tln-ee  of  the  aromatics,  l-metli3d- 
4-eth3dbenzene,  l,3-dimeth3dbenzene,  and  l-meth3d-4- 
isoprop3dbenzene,  appear  to.be  the  most  susceptible.  At 
the  lean  fuel-air  ratio,  however,  ^eri-butylbenzene  is  con- 
siderabl3^  more  susceptible  than  the  other  aromatics. 

Ethers. — Lead  susceptibilities  of  the  ether  blends  are 
presented  in  figures  V-12  (e)  and  V-12  (f).  At  an  inlet-air 
temperature  of  100°  F (fig.  V-12  (e)),  meth3d  ^eri-butyl  ether 
and  ^-metlndanisole  have  the  greatest  lead  susceptibilities 
at  the  lean  fuel-air  ratio*  At  the  rich  fuel-air  ratio,  meth3d 
tert-hwtyl  ether  has  the  highest  susceptibilit3^  with  anisole  and 
^-metlndanisole  next. 

At  an  inlet-ah  temperature  of  250°  F (fig.  V-12  (f)),  the 
three  tert-butyl  alk3d  ethers  have  the  highest  susceptibilities 
at  the  lean  fuel-air  ratio.  The  three  aromatic  ethers  and 
methyl  ^er^-butyl  ether  e.xhibit  the  highest  susceptibilities  at 
the  rich  fuel-air  ratio. 

Comparison  of  classes  of  compounds. — In  figure  V-13, 
the  lead  susceptibilities  are  plotted  against  boiling  points  for 
the  isomers  having  highest  lead  susceptibilities  in  each  class 
of  compounds.  At  both  lean  (fig.  V-13  (a))  and  rich  (fig. 
V-13  (b))  fuel-au*  ratios,  the  low-boiling  ethers  appear  to 
be  most  susceptible  to  tetraeth3d  lead  in  the  boiling  range 
from  125°  to  160°  F.  Above  160°  F,  the  aromatics  show 
the  greatest  lead  response. 

CONCLUDING  REMARKS 

On  the  basis  of  an  investigation  of  the  ty^pe  reported 
herein,  it  is  difficult  to  draw  au3^  specific  conclusions,  inas- 
much as  antiknock  characteristics  are  influenced  b3^  man3" 
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factors.  The  relative  order  of  antiknock  ratings  of  a series 
of  compounds  is  influenced  b}'  engine  conditions;  by  the- 
tetraethyl  lead  content;  and  b}’  the  concentration  of  blending 
agent  in  the  base  fuel  with  which  a comparison  is  made. 
With  consideration  for  these  factors,  ^£ri-but\dbenzenc, 
method  and  ethyl  tert’-hutyl  ethers,  2,2,3-trimeth3dbutane, 
and  several  nonanes  were  among  the  best  compounds  in 
their  respective  oi-ganic  classes.  This  selection  was  based 
upon  temperature  sensitivity  and  lead  susceptibilikF  as  well 
as  antiknock  value. 

In  an  effort  to  generalize  the  data  obtained  in  this  investi- 
gation, the  subsequent  conclusions  are  expressed  in  toj'ins  of 
the  relation  of  various  performance  factors  to  the  gasoline 
boiling  range  as  influenced  I)}'  the  classes  of  organic  com- 
pounds investigated.  Furthermore,  these  conclusions  must 
necessarih'  be  restricted  to  the  limitations  of  this  investi- 
gation and  therefore  cannot  be  applied  without  exception. 

Antiknock  ratings. — In  the  low-boiling  gasoline  range,  the 
highest  antiknock  ]*atings  are  among  the  more  volatile 
paraffins  and  ethers.  In  the  intermediate  gasoline  range, 
the  ethers  excel  ; in  the  high-boiling  range  tlie  aromatics  have 
the  highest  antiknock  ratings. 

Temperature  sensitivity. — In  the  low-boiling  gasoline 
range,  the  data  are  incomplete  as  regards  temperature  sensi- 
tivity, but  there  are  indications  that  the  volatile  ethers  are 
more  sensitive  to  temperature  changes  than  are  the  paraffins 
or  aromatics.  In  the  intermediate  and  high -boiling  ranges 
of  gasoline,  the  aromatics  are  more  sensitive  to  temperature 
than  the  paraffins  and  the  ethers.  Moreover,  the  aromatics 
that  have  the  highest  antiknock  ratings  are  also  sensitive 
to  temperature. 

Lead  susceptibility. — In  the  low-boiling  gasoline  range, 
the  data  are  incomplete  as  regards  lead  susceptibility,  but 
there  are  indications  that  the  more  volatile  ethers  are  more 
susceptible  to  additions  of  tetraethyl  lead  than  arc  the 
paraffins  and  the  aromatics.  In  the  intermediate  and  high- 
boiling  ranges  of  gasoline,  the  aromatics  show  greater  lead 
susceptibility  than  either  the  paraffins  or  the  ethers. 
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CHAPTER  VI 


AROMATIC  AMINES  AS  FUEL  ADDITIVES 


In  addition  to  those  fuel  components  that  may  be  classified 
in  the  broad  category  of  blending  agents,  there  are  other 
compounds  known  as  fuel  additives.  These  compounds  are 
generally  distinguished  by  their  chemical  dissimilarity  to  the 
constituents  normally  found  in  petroleum  and  by  their  pro- 
nounced eflFect,  when  present  in  even  small  concentrations, 
on  certain  fuel  characteristics.  An  optimum  concentration 
of  additive  for  over-all  fuel  performance  can  usually'  be  found 
that  best  satisfies  all  requirements  of  the  fuel;  that  is,  the 
concentration  of  additive  that  will  yield  maximum  improve- 
ment in  a given  fuel  characteristic  may  have  a deleterious 
eflPect  on  another  equally  important  characteristic  so  that  a 
compromise  must  be  made. 

By  far  the  most  important  of  the  fuel  additives  are  the 
so-called  antiknock  do'pes.  Tetraethyl  lead  (ch.  VII),  one  of 
the  most  widely  publicized  additives  in  use  today,  is  known 
primarily  for  its  knock-suppressing  qualities.  The  critical 
shortages  of  tetraethyl  lead  and  the  high-antiknock  blending 
agents  during  World  War  II  stimulated  the  search  for  other 
compounds  that  might  be  of  value  as  antiknock  agents.  The 
NACA  participated  in  this  search  for  new  antiknock  addi- 
tives, and  a summarization  of  that  survey  of  the  aromatic 
amines  is  presented  in  this  chapter. 

Although  the  studies  of  the  NACA  placed  greatest  empha- 
sis on  the  antiknock  qualities  of  the  aromatic  amines,  other 
properties  were  investigated  to  determine  the  useful  concen- 
trations that  could  be  employed.  These  properties  included 
low-temperature  solubility  measurements  and  determinations 
of  the  gasoline-water  distribution  coefficients.  In  addition, 
new  methods  of  analysis  were  devised  to  determine  the 
quantities  of  amines  present  in  prepared  fuels.  Such  ana- 
lytical methods  are  necessary  for  purposes  of  fuel  inspection 
because  the  use  of  additives  is  controlled  by  specifications. 

ANTIKNOCK  EVALUATION  OF  AROMATIC  AMINES 

Engines  and  test  conditions. — Two  small-scale  engines  and 
one  full-scale  single-cylinder  test  engine  were  used  in  the 
evaluation  of  the  antiknock  characteristics  of  aromatic 
amines.  One  small-scale  engine  was  a CFR  engine  that 
conformed  to  the  A.  S.  T.  M.  Supercharge  method  for  knock 
rating  except  for  the  fuel  system  and  the  method  of  knock 
detection.  The  fuel  system  was  arranged  so  that  fuel  was 
circulated  through  a primary  pump,  a fuel  cooler,  and  back 
into  the  injection  pump  gallery.  Knock  was  detected  by  a 
magnetostriction  pickup  unit  in  conjunction  with  a cathode- 
ray  oscilloscope.  Incipient  detonation  was  taken  as  the 
criterion  of  knock. 

As  pointed  out  in  chapter  II,  antiknock  behavior  at  one 
condition  of  engine  operation  does  not  afford  a satisfactory 
basis  for  estimation  of  performance  at  another  condition  or 
in  another  engine.  For  this  reason,  the  following  three  sets 
of  conditions  were  chosen  for  the  small-scale  engine  evalua- 
tion of  the  aromatic  amines. 


Inlet-air 

temperature 

r F) 

Spark  advance 
(°  B.  T.  C.) 

Coolant 

temperature 

Ff) 

A.  S.  T.  M.  Supercharge  standard 
conditions 

225 

45 

375 

Condition  A 

250 

250 

Condition  B 

150 

30 

250 

The  engine  speed  of  1800  rpm  and  compression  ratio  of  7.0 
were  held  constant  throughout  the  investigation. 

Of  these  three  sets  of  conditions,  the  A.  S.  T.  M.  Super- 
charge condition  is  considered  to  be  the  most  severe  by 
virtue  of  the  advanced  spark  and  high  coolant  temperature; 
condition  A is  somewhat  milder;  and  condition  B is  the 
mildest  of  the  three.  Additional  runs  were  made  in  the 
second  CFR  engine,  which  was  equipped  to  conform  to 
specifications  of  the  A.  S,  T.  M.  Aviation  method  for  knock 
rating. 

At  each  of  these  conditions,  2-percent  (by  weight)  blends 
of  the  aromatic  amines  were  examined  with  AN-F-28  (28-R) 
fuel  as  the  base  fuel.  In  order  to  eliminate  reproducibility 
errors,  the  straight  base  fuel  and  the  base  fuel  containing 
amine  were  compared  on  the  same  day.  The  selection  of 
2 percent  amine  as  the  only  concentration  to  be  investigated 
was  determined  primarily  by  the  quantities  of  amines  avail- 
able. 

The  full-scale  engine  investigation  was  conducted  in  an 
air-cooled  aircraft  cylinder  mounted  on  a Cooperative  Uni- 
versal Engine  (CUE)  crankcase.  The  auxiliary  apparatus 
used  in  these  tests  was  similar  to  that  described  in  reference  1 
except  that  a heat  exchanger  was  installed  in  the  cooling-air 
line  to  control  the  cooling-air  temperature;  the  exhaust 
system  was  so  modified  that  the  engine  could  be  operated 
either  at  atmospheric  or  reduced  exhaust  pressure. 

The  cooling-air  flow  was  determined  for  each  run  by  oper- 
ating the  engine  at  a brake  mean  effective  pressure  of  140 
pounds  per  square  inch  and  a fuel-air  ratio  of  0.10  and  b}^ 
adjusting  the  damper  valve  in  the  cooling-air  line  until  a 
rear-spark-plug-bushing  temperature  of  365°  F was  reached. 
The  cooling-air  pressure  drop  across  the  cylinder  was  main- 
tained constant  for  each  run. 

Mixture-response  curves  were  determined  at  two  operating 
conditions:  (1)  simulated  cruise  conditions  recommended  b}^ 
the  Coordinating  Research  Council  (CRC),  which  specify  an 
engine  speed  of  2000  rpm,  an  inlet-air  temperature  of  210°  F, 
a spark  advance  of  20°  B.  T.  C.,  and  atmospheric  exhaust 
pressure;  and  (2)  a modification  of  these  CRC  conditions 
that  consisted  of  an  advance  spark  setting  of  30°  B.  T.  C. 
and  a reduced  exhaust  pressure  of  15  inches  of  mercury 
absolute.  The  exhaust  pressure  of  15  inches  of  mercury  was 
chosen  in  view  of  earlier  test  results  (reference  2)  in  which  a 
critical  relation  was  shown  to  exist  between  manifold  and 
exhaust  pressures  and  knock-limited  power  in  the  lean  region 
where  the  manifold  pressure  is  within  10  and  —5  inches 
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TABLE  VT-1.— ANTIKNOCK  EFFECTIVENESS  OF  AROMATIC  AMINE  ADDITIONS  TO  AN-F-28  (28-R)  FUEL  IN 

SMALL-SCALE  (CFR)  ENGINE  CYLINDER  » 


imep  of  aromatic  amine  plus  28-R 

Relative  power=- 

imep  of  28-R 

Fuel-air  ratio 

A.  S.  T.  M. 

• 

Aromatic  amine  (2-peroent  addition  to 

n 

0.07 

0.09 

0.11 

Aviation 

28-R  fuel) 

ratings 

Condition 

Condition 

Condition 

Condition 

A.  S.  T.  M. 

A 

A.  S.  T.  M. 

B 

A.  S.  T.  M. 

A 

B 

A.S.  T.  M. 

A 

B 

• 

Supercharge 

Supercharge 

Sui^ercharge 

Supercharge 

1 Base  fuel  (28-R)  

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

100 

2 Aniline. 1 

1.00 

1.03 

1.  13 

.97 

1.07 

1.15 

1.03 

1.12 

1.15 

1.09 

1.11 

1. 14 

105 

.93 

1. 11 

1. 10 

.99 

1.15 

1.13 

1.05 

1.15 

1.11 

1.14 

1.12 

1.10 

4 N-Ethylaniline  ..  

.91 

.99 

1.04 

.97 

1.04 

1.04 

1.04 

1.05 

1.05 

1.01 

1.04 

1.04 

102 

1.03 

96 

1.00 

1.03 

.98 

1.06 

1.06 

.96 

l.GS 

1.04 

1.02 

1.02 

1.06 

100 

.96 

1.01 

.95 

.95 

.99 

.96 

1.00 

1.01 

1.01 

1.04 

1.01 

.91 

1.00 

1.03 

.90 

.94 

l.Ol 

.91 

1.00 

1.01 

1.01 

1.01 

1.01 

8 N-fcrf-Butylaniline 

.97 

1.02 

1.01 

.84 

1.00 

l.OI 

.97 

1.00 

1.01 

1.02 

.99 

1.02 

100 

.99 

1.01 

.93 

1.00 

.98 

.99 

.99 

1.00 

10  N,N-Diethylaniline 

1.00 

1.01 

.98 

.98 

.99 

1.00 

.99 

1.00 

1.03 

1.01 

.88 

1.03 

1.01 

.92 

1.03 

1.04 

.99 

1.08 

1. 10 

1.07 

1.09 

1. 15 

.98 

1. 15 

1.09 

.96 

1.16 

1.09 

1.05 

1.08 

1. 10 

1.09 

1.06 

1.11 

1.03 

1.08 

1.02 

1.06 

1.13 

1.11 

1.09 

1. 13 

1. 12 

1.11 

1.14 

1.11 

14  o-Ethylaniline  - ..  . 

1.00 

1.01 

1.04 

1.00 

1.03 

1.01 

.92 

1.  05 

1.04 

1.00 

1.04 

1.07 

100 

.97 

1. 10 

1. 12 

.97 

1.13 

1.12 

1.04 

1.12 

1.14 

1.09 

1.  13 

1. 12 

101 

10  o-Isopropylaniline 

.92 

.99 

1.00 

.93 

.98 

1.03 

.90 

1.01 

1.06 

.97 

1.01 

1. 05 

100 

17  p-Isopropylaniline 

1.00 

1.09 

1. 16 

1.00 

1.08 

1.16 

1.02 

1.11 

1.13 

1.11 

1. 16 

1, 12 

104 

18  p-^erf-Butylaniline 

1.06 

1.02 

1.09 

1.03 

1.02 

1.11 

1.08 

1.07 

1.08 

1.11 

1. 12 

1. 10 

19  2,4-Xylidine.  

.93 

1.04 

1. 13 

.92 

1.03 

1.14 

.99 

1.12 

1. 13 

1.05 

1. 12 

1.12 

102 

20  2,5-Xylidine 

.98 

1.01 

1. 12 

-.81 

1.07 

1.12 

.97 

1.10 

1.09 

1.10 

1.07 

1. 11 

100 

21  2,6-Xylidine.- 

. 95 

1.04 

1.07 

1.00 

1.03 

1.11 

1.06 

1.10 

1. 10 

1.07 

1. 16 

1.  12 

99.5 

22  2,4-Diethylaniline - 

.87 

.98 

1.04 

.92 

.92 

1.04 

.93 

1.03 

1.03 

.98 

1.06 

1.  03 

23  2-Mcthyi-5-isopropvlaniline 

.86 

1.10 

1. 11 

.86 

1.00 

1.12 

.95 

1.07 

1. 12 

1. 11 

1. 11 

1. 12 

24  2,4,6-Trimethylaiiiline 

.88 

1.16 

1.06 

.92 

1.07 

1.05 

.98 

1.08 

1.08 

1.05 

1.10 

1.11 

97. 5 

25  N-Methyl-o-toluidine  

.97 

1.07 

1.08 

. 95 

1.07 

1.07 

. 95 

1.10 

1.09 

1.02 

1. 11 

1.14 

100 

26  N-Methyl-p-toluidine 

.98 

1.13 

1. 16 

.91 

1.07 

1.17 

1.  05 

1.20 

1.19 

1. 19 

1. 18 

1. 15 

100 

27  N*Mcthyl-p-€thylaniline 

.97 

1.14 

1.13 

.98 

1.18 

1.16 

1.06 

1. 14 

1.12 

1. 14 

1. 15 

1. 13 

28  N*Methyl-p-isopropyianiline 

.95 

1. 15 

1.11 

1.05 

1.17 

1.14 

1.08 

1.14 

1.12 

1. 15 

1. 11 

1. 14 

102 

29  N-Methyl-p-ieri-Butylaniline 

30  N-Ethyl-p-toluidine 

1.00 

1.00 

1.11 

1.04 

1. 12 
1.07 

.91 

.98 

1.13 

1.06 

1. 14 
1.06 

1.02 

.99 

1. 16  ■ 
1.04 

1.10 

1.07 

1. 14 
1.02 

1. 12 
1.04 

1. 10 
1.06 

100 

102 

31  N*Isopropyl-p-toluidine  

.89 

.99 

1.00 

.87 

.99 

1.00 

.88 

1.01 

1.03 

.96 

1.02 

1.03 

104 

32  N-Isopropyl-p*isopropylaniline 

1.00 

1.00 

1.00 

.99 

1.02 

1.03 

1.00 

1.01 

1.02 

1.00 

1.03 

1.03 

.33  N*Metbyl-2,4-xylidine 

.98 

1.07 

1.08 

1.00 

1.08 

1.09 

1.00 

1.09 

1.06 

1.04 

1. 15 

1.04 

101 

34  N,N’ , Dimethyl-  2 -methyl-  5 -isopropyl- 
aniline 

.97 

.97 

1.01 

.95 

.97 

.98 

.94 

.98 

.99 

.97 

.99 

1.00 

96 

35  N,N’ -Dimethyl-2, 4, 6-trimethylaniline.. 

.97 

1.04 

.98 

. 95 

.98 

.98 

.88 

.96 

.97 

.94 

.97 

.98 

93 

36  N,N-Diraethyl-p-phenylenediamine-.. 

37  N,N'-Dimothyl-p-phenylenediamine  «- 

38  N,N-Dicthyl-p-phenvlenediamine 

.97 

1. 12 
1.15 
1. 11 

.... 

.89 

1.13 

1.13 

l.ll 

.99 

i.  18 
1.  22 

.... 

1. 16 

1. 16 

.98 

i.'io 

.89 

i.*i9 

1. 10 

1.  17 

i.'i9 

1. 16 

i.i: 

i.’ii 

99 

39  Diphenylamine 

1. 10 

1. 11 

1. 10 

1.07 

1.08 

1.08 

1.09 

1. 10 

1 1.1, 

1 i.n 

1.  15 

1. 10 

120 

40  Mcihyldiphenylamine ... 

1.00 

1.  06 

1. 16 

i.io 

1.01 

1.04 

1.04 

1.01 

1 1.00 

1 1.01 

1.01 

1.07 

101 

41  o-Methoxyaniline  

.76 

1.00 

1.00 

.74 

.91 

1 1.01 

1 .80 

[ 1.01 

1 1.03 

1 .99 

1.03 

1.04 

! 

1 

» Data  from  references  2 to  C. 
b Performance  numbers, 
c 1.76  percent  amine  added. 

mercury  of  the  exhaust  pressure.  The  spark  advance  of 
30°  B.  T.  C.  was  chosen  because  of  the  interest  in  aircraft- 
engine  operation  at  advanced  spark  under  cruise  conditions. 

In  the  full-scale  engine  studies,  2 -percent  (by  weight)  amine 
blends  with  AN-F-28  fuel  were  also  used. 

Knock -limited  performance. — ^In  order  to  present  the  most 
rehable  comparison  of  the  man}^  amines  examined,  the  anti- 
knock ratings  of  all  blends  are  expressed  as  power  ratios 
(references  3 to  7).  The  small-scale  engine  results  shown  in 
table  VI-1  (except  for  S.  T.  M.  Aviation  results)  are 
therefore  expressed  as  the  quotient  of  the  knock-limited 
indicated  mean  effective  pressure  (imep)  of  the  amine  blend 
divided  b}^  the  knock-limited  indicated  mean  effective  pres- 
sure of  the  base  fuel  (AN-F-28).  By  this  method  the 


influence  of  day-to-day  variations  in  engine  reproducibility 
is  reduced  to  a minimum  because  each  blend  was  examined 
on  the  same  day  as  the  base  fuel. 

The  data  from  table  VI- 1 have  been  plotted  in  figure  VI-1 
to  illustrate  the  relations  that  exist  between  antiknock 
effectiveness  and  molecular  structure.  Because  the  A.  S.  T.  M. 
Supercharge  method  is  a rich-mixture  rating  method,  only 
the  data  at  a fuel-air  ratio  of  0.11  have  been  considered  in 
this  analysis. 

Fuel  sensitivity  (ch.  II)  is  an  obstacle  to  the  development 
of  an}^  rigid  generalizations  between  chemical  structure  and 
performance.  For  example,  in  figure  VI-1  (a)  at  A.  S.  T.  M. 
Supercharge  conditions,  it  is  seen  that  15  aromatic  amines 
have  antiknock  values  equal  to  or  greater  than  aniline.  At 
condition  A (fig.  VI-1  (b)),  17  aromatic  amines  are  equal  to 
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(a)  A.  S.  T.  M.  Supercharge  standard  conditions. 

Figure  VI-l— Antiknock  effectiveness  of  2-percent  aromatic  amine  blends  with  AN-F-2S 
(2S-  R)  fuel.  Fuel-air  ratio,  O.ll. 


or  greater  than  aniline,  but  at  condition  B (fig.  VI-l  (c)), 
onl}^  5 compounds  arc  equal  to  or  greater  than  aniline. 
Purel}"^  from  consideration  of  nominal  engine  operating  con- 
ditions it  will  be  recalled  that  the  A.  S.  T.  M.  Supercharge 
condition  is  probably  the  most  severe,  with  condition  B the 
mildest,  and  condition  A intermediate.  It  is  obvious,  then, 
that  some  risk  is  involved  in  a statement  that  any  single 
amine  is  alwa\'S  better  than  aniline.  In  fact,  N-methAd-^)- 
toluidine  is  the  only  compound  that  did  exceed  aniline  in 
antiknock  A^alue  at  all  three  conditions,  and  at  condition  B 
the  margin  of  superiorit}"  was,  for  all  practical  purposes, 
negligible. 

On  the  basis  of  the  data  contained  in  figures  VI-l, 
however,  two  generalizations  can  be  made  with  regard  to 


(b)  A.  S.  T.  M.  Supercharge  modified  A conditions. 

I iGURE  VI-l.  Continued.  Antiknock  effect! v^eness  of  2-percent  aromatic  amine  blends  with: 
AN-?"-28  (28-R)  fuel.  Fuel-air  ratio,  0.11. 

structural  trends.  The  fii*st  of  these  is  as  follows:  When 
one  hydrogen  atom  in  the  — NH2  group  oj  any  given  primary 
aromatic  amine  is  replaced  by  an  alkyl  grouj),  the  greatest  in- 
crease or  least  decrease  in  antiknock  value  from  that  of  the 
primary  amine  will  result  when  the  alkyl  substituent  is  Or 
methyl  radical  This  statement  is  supported  by  the 

following  data: 


Aromatic  amine  i 

Relative  Power 

A.  S.  T.  M. 
Sui>ercharge 

Condition  A 

Condition  B 

Aniline i 

1.09 

1. 11 

1. 14 

N-Methylaniline 

1. 14 

1. 12 

1 10 

N-Ethylaniline. 

1.01 

1.04 

1.04 

N-Propylaniline 

1.02 

1.02 

1.06 

N-Butylaniline 

1.01 

1.01 

1.01 

N-Isopropylaniline 

1.01 

1.04 

1.01 

N-/cr^Butylaniline 

1.02 

.99 

1.02 

7>-Toluidine 

I.ll 

1. 14 

1. 11 

N-Methyl-p-toluidine 

1.19 

1. 18 

1. 15 

N-Ethyl-p-toluidine 

1.02 

1.04 

1.06 

N-Tsopropyl-p-toluidine 

.96 

1.02 

1.03 

p-Isopropylaniline 

1.11 

1.16 

1. 12 

N-Methyl-p-isopropylaniline 

1.15 

1. 11 

1. 14 

N-lsopropy  1 -p-iso  pro  pyl  a n i line 

1.00 

1.03 

1.03 

Relative  power imep  (aromatic  am  me  + 28~R)limep(2B~R) 
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Number  of  carbon  atoms 


(c)  A.  S.  T.  M.  Supercharge  modified  B conditions. 

Figure  Vl-l.— Concluded.  Antiknock  effoctiveness  of  2-percent  aromatic  amine  blends  with 
AN-F-2S  (28-R)  fuel.  Fuel-air  ratio.  O.ll. 


For  each  of  these  three  series  of  compounds,  the  antilmock 
values  of  the  three  primaiy  amines  considered  as  bases 
(aniline,  2^-toluidine,  and  p-isoprop3daniline)  were  increased 
more  the  substitution  of  a metbjd  radical  for  one  of  the 
Iwdrogen  atoms  attached  to  the  nitrogen  than  by  substitu- 
tion of  au}^  other  radical.  For  the  two  cases  where  the  per- 
formance decreased  (N-methylaniline  at  condition  B and 
N-meth\d-2?-isoprop\daniline  at  condition  A),  the  decrease  in 
performance  was  less  with  the  methyl  radical  than  with  any 
of  the  other  radicals  examined. 

The  influence  of  replacing  a hydrogen  atom  attached  to  the 
nitrogen  with  an  aromatic  radical  was  investigated  for  onl}^ 
one  compound;  however,  in  this  one  case  the  aromatic  radical 
appeared  approximate!}'  equal  in  effectiveness  to  a methyl 
radical,  as  shown  by  the  following  table: 


Relative  Power 

Aronmtic  amine 

A.  S.  T.  M. 
Supercharge 

Condition  A 

Condition  B 

Aniline 

1.09 

1. 11 

1.14 

N-Methylaniline i 

1.14 

1. 12 

1. 10 

Diphcnylamine 

1.11 

1. 15 

1. 10 

The  second  generalization  of  the  data  can  be  made  with, 
reference  to  hydrogen  substitutions  on  the  aromatic  ring: 
The  addition  of  an  alkyl  radical  to  the  aromatic  ring  of  an 
aromatic  amine  is  more  effective  insofar  as  antiknock  value  is 
concerned  when  the  addition  is  made  in  the  para  position  rather 


Figure  VI-2.—.\pparatus  for  determination  of  cloud  point.  (Fig.  1 of  reference  9.) 


560 


REPORT  1026 — ^NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


TABLE  VI-2— ANTIKNOCK  EFFECTI\^ENESS  OF  AROMATIC-AMINE  ADDITIONS  TO  AN-F-28  (28-R)  FUEL  IN  A 

FULL-SCALE  AIR-COOLED  AIRCRAFT  ENGINE  CYLINDER  ‘ 

For  each  compound  there  are  two  rows  of  values.  The  first  row  is  imcp,  Ib/sq  in.;  the  sewnd  is  imep  ratio,  which  is  the  ratio  of  the  imep  of  98  percent  28-R  fuel  plus  2 percent  aromatic  amine 

T.A  fn^  irrmT\  /\f  OC—T?  7 r r 


Aromatic  amine  (2-percent  addition  to  28-R) 

Relative  power  (engine  speed,  2000  rpm;  inlet-air  temperature,  210°  F;  compression  ratio,  7.3) 

Spark  advance,  20°  B.  T.  C.;  exhaust  pressure,  29±0.5  in. 
Hg  abs. 

Spark  advance,  30°  B.  T.  C.;  exhaust  pressure,  15  in. 
Hg  abs. 

Fuel-air  ratio 

Fuel-air  ratio 

0.C65 

0.07 

0.08 

0.09 

0.10 

0.065 

0.07 

0.08 

0.09 

0.10 

Base  fuel  (28-R) 

141 

1.00 

155 

1.00 

209 

1.00 

235 

1.00 

253 

1.00 

166 

1.00 

179 

1.00 

203 

1.00 

226 

1.00 

236 

1.00 

N-Metliylxylidines  (mixed  isomers) 

164 

1.16 

193 

1.25 

, 222 
1.06 

256 

1.09 

283 
1. 12 

173 

1.04 

184 

1.03 

209 

1.03 

232 

1.03 

249 

1.06 

N-Methylcumidines  (mixed  isomers). 

195 

1.38 

208 

1.34 

245 

1.17 

272 

1.16 

290 

1.15 

182 

1.10 

194 

1.08 

220 

1.08 

245 

1.08 

259 

1.10 

N-Methyltoluidines  (75  percent  p-,  25  percent  o-). _ 

195 

1.38 

216 

1.39 

244 

1.17 

275 

1.17 

288 
1.  14 

178 

1.07 

187 

1.05 

204 

1.01 

239 

1.06 

200 

1.10 

Xylidines  (mixed  isomers) 

172 

1.22 

192 

1.24 

230 

1.10 

257 

1.09 

280 

1.11 

173 

1.04 

184 

1.03 

214 

1.05 

237 

1.05 

257 

1.09 

Cumidines  (from  refinery  cumene — mixed  isomers) 

184 

1.30 

200 

1.29 

237 

1.13 

257 

1.09 

282 

1.11 

173 

1.04 

188 

1.05 

215 

1.00 

232 

1.03 

250 

1.06 

N-Metbylaniline... 

192 

1.36 

210 

1.36 

240 

1.15 

269 

1.14 

290 

1,15 

181 

1.09 

190 

1.06 

218 

1.07 

240 

1.06 

262 
1. 11 

* Reference  8. 
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Figure  VI-3— Solubility  of  aromatic  amines  in  grade  65  base  stock  with  aromatic  hydro- 
carbons extracted.  (Fig.  2 of  reference  O.") 


than  in  the  ortho  or  meta  positions.  This  statement  is  based 
on  the  following  data : 


Aromatic  amine 

Relative  Power 

A.  S.  T.  M. 
Supercharge 

Condition  A 

Condition  B 

Aniline. 

1.09 

1. 11 

1 14 

o-Toludine 

1.07 

1.09 

1. 15 

771-Toluidine 

1.09 

1-.06 

1. 11 

p-Toluidine . 

1.11 

1.14 

1.11 

N-Methylaniline 

1.14 

1. 12 

1. 10 

N-Methyl-o-toluidine 

1.02 

1.11 

1. 14 

N-Methyl-p-toluidine 

1.  i9 

1.18 

1.15 

Aniline 

1.09 

1. 11 

1. 14 

o-Ethylaniline 

1.00 

1.04 

2.07 

p-Ethylaniline 

1.09 

1.13 

1.12 

Aniline 

1.09 

1.11 

1. 14 

o-Isopropylaniline 

.97 

1.01 

1.95 

p-Isopropylaniline 

1.11 

1.16 

1.12 

The  small  number  of  A.  S.T.  M.  Aviation  ratings  (table  VI-1) 
does  not  justify  inclusion  as  supporting  data  for  the 
foregoing  generalizations.  It  is  interesting  to  note,  however, 
that  the  addition  of  diphenylamine  improved  the  perform- 
ance of  the  base  fuel  by  15  performance  numbers  more  than 
any  of  the  other  aromatic  amines  for  which  A.  S.  T.  M. 
Aviation  ratings  were  obtained. 

One  additional  observation  to  be  made  from  the  data  of 
table  VI-1  concerns  the  replacement  by  alkyl  radicals  of 
both  hydrogen  atoms  attached  to  the  nitrogen,  that  is, 

- NHs  - NHR^  - NRo 

As  shown  by  the  following  comparisons,  the  replacement  of 
one  hydrogen  atom  by  an  alkyl  radical  is  more  effective  for 
mamtaining  or  improving  the  antiknock  value  of  the  starting 
compound  than  replacement  of  both  hydrogen  atoms : 
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Relative  Power 

Aromatic  aminp 

A.  S.  T.  M. 
Supercharge 

Condition  A 

Condition  B 

Aniline 

1.09 

1.11 

1.14 

N-Methylaniline 

1.14 

1.12 

1.10 

N, N-Dimethylaniline 

---- 

.99 

1.00 

Aniline 

1.09 

1.11 

1.14 

N-Ethylaniline... 

1.01 

1.04 

1.04 

N, N-Diethylaniline,,  , 

1.00 

1.03 

1.01 

Suitable  quantities  of  the  pure  aromatic  amines  used  in 
the  small-scale  engine  studies  were  not  available  for  the 
full-scale  engine  investigation  (reference  8) ; therefore,  a few 
isomeric  mixtures  were  examined.  The  results  of  these 
tests  are  presented  in  table  VI- 2. 

The  data  show  that  all  the  aromatic  amines  increased  the 
knock-limited  performance  of  the  base  fuel  at  both  full-scale 
engine  conditions  throughout  the  fuel-air  ratio  range.  At 
both  sets  of  engine  conditions  and  lean  and  rich  fuel-air 
ratios,  the  blends  of  N-me'thylcumidines,  N-methyltoluidines, 
and  N-methylaniline  were  about  equal  in  knock-limited 
performance,  and  all  three  wei  e superior  to  the  other  blends 
tested. 

When  the  severity  of  the  test  conditions  was  changed  by 
advancing  the  spark  and  reducing  the  exhaust  piessure, 
contrary  effects  were  noted  for  the  several  blends.  In  every 
case  the  rich-mixtiu-e  (fuel-air  ratio,  0.10)  knock-limited 
performance  of  the  several  fuels  was  decreased  by  the  change 
of  conditions.  The  lean-mixture  (fuel-air  ratio,  0.065)  per- 
formance of  28-E  fuel  and  the  blend  containing  N-methjd- 
xylidines  was  increased,  whereas  the  blend  containing  xyli- 
dines  remained  about  the  same.  The  percentage  improve- 
ment in  the  knock-limited  performance  of  the  base  fuel 
resulting  from  addition  of  the  amines  was  less  at  the  con- 
dition of  advanced  spark  and  reduced  exhaust  pressure  than 
at  the  other  condition. 


TABLE  VI-3.— PHYSICAL  PROPERTIES  OF 
AROMATIC  AMINES  • 


Aromatic  amine 


Aniline 

N-Methylaniline 

N-Ethylaniline 

N-Propylaniline 

N-Butylanilinc - 

N-Isopropy  laniline 

N-(«r<-Buty  laniline 

N,  N-Dimethylaniline 

N,  N-Diethylaniline 

o-Toluidine 

m-Toluidine 

p-Toluidine 

N-Methyl-p-toluidine 

N-Methyl-o-toluidine 

N-Methyltoluidines  (60  percent  p-,  40 
percent  o-) 

N-Methyltoluidines  (80  percent  p*,  20 
percent  o-) 

N-Ethyl-p-toluidine. 

N-Isopropy  I-p-toluidine 

o-Ethylaniline 

p-Ethylaniline 

N-Methyl-p-ethylaniline.  

N-Methylethylaniline,  mixed  isomers 

(from  chloroethylbenzenes) 
p-fcrf-Butylaniline 

o-Isopropylaniline 

p-Isopropylaniline 

N-Methy  tp-isopropy  laniline 

N-Isopropy  1-p-isopropy  laniline. 

2,4,6-Trimethylaniline 

Cumidines  (from  synthetic  cumenes) 

Cumidines  (from  refinery  cumenes) 

N-Methylcumidines  (from  bromocume- 
nes) 

N*Methyl-p-ffrt-butylaniline 

o-Methoxyaniline 

Xylidines  (commercial) 

2.4- Xylidine 

2.5- Xylidine 

2.6- Xylidine-- 

N-Methyl-2,4*xylidine 

N-Methylxylidines  (from  bromoxylenes).. 

2,4-Diethylaniline 

2-Methyl*5-isopropylaniline 

N,NDimelhyl-2-methyl-5-isopropylaniline. 

N,N-Dimethyl-2,4,6-trimethylaniline 

Pseudocumidine  (technical) 

Dipheny  lamine - 

p-Pheny  lenediaraine 

N-Methyl-p-phenylenediamme 

N,N-Dimethyl-p-pbenylenediamine 

N,N-Dlethyl-p-phenylenediamine 

N,N'-Dimethyl-p-phenylenediamine 

N-Methyldiphenyiamine 


Boiling  range  ^ (®C) 

Index  of 
refrac- 
tion ng 

Density 

(grams/ 

ml) 

184-184.5 

1.5853 

1.0220 

195-196 

1.5704 

.9860 

203-204 

1. 5538 

,9607 

220.5-223.5 

1.5425 

.9448 

240.0-240.5 

1.5339 

.9323 

206.5-209 

1.5404 

.9374 

95  at  16  mm 

1.5270 

.9244 

192.5-193.5 

1.6580 

.9564 

215-217 

1.6418 

.9347 

198.5-201.5 

1.5718 

.9989 

202.5-203.5 

1.5674 

.9893 

« 44.0-44.4 

209-211 

1.5570 

.9610 

206.5-207.5  * 

1.6646 

.9763 

208.5-215 

1.6600 

.9668 

210-213 

1.5590 

.9638 

217-220 

1.5439 

.9441 

222-223 

1.5319 

.9238 

211 

1.5602 

.9810 

216 

1.6547 

.9672 

227.5 

1.5485 

.9485 

222.5-230.5 

1.5493 

.9503 

96.5-98.0  at 

1.5388 

.9446 

5-6  mm 

219-220 

1.5484 

.9643 

225.5-226.5 

1.5432 

.9514 

240 

1.5390 

.9347 

246-247 

1.5209 

.9075 

110.0  at  15  mm 

1.5502 

.9615 

225-226 

1.6448 

.9536 

220-241 

1.5434 

.9531 

237.5-241.5 

1.5390 

.9366 

245.5-249.5 

1.5348 

,9305 

224-225 

1.5750 

1.0931 

216-219.5 

1.5601 

.9771 

215.0-215.5 

1.5591 

.9751 

216 

1.5596 

.9755 

216-217 

1.5616 

.9768 

221-222 

1.5542 

.9582 

220-227 

1.5540 

.9586 

241-242 

1.5433 

.9511 

240-242 

1.5408 

.9436 

84  at  5 mm 

1,5124 

.9028 

213.5 

1. 5116 

.9066 

225-241 

1. 5568 

.9720 

« 52.9-53.6 

e 140.0-142.0 

121  at  5 mm 

1.621 

108-111  at  4-5  mm 

117  at  2.5  mm 

117  at  1 mm 

295-296 

1. 6224 

1.0527 

* Table  I of  reference  9. 

b Boiling  range  at  7G0  mm  Hg  except  where  noted. 

« Melting  point  measured  for  this  solid  rather  than  boiling  range. 


PHYSICAL  PROPERTIES  OF  AROMATIC  AMINES 

Of  the  physical  properties  examined  in  the  NACA  investi- 
gation of  aromatic  amines,  low-temperature  solubility  and 
gasoline-wat-er  distribution  coeflScients  received  the  greatest 
attention.  The  low-temperature  solubility  characteristics 
are  of  primary  importance  because  of  specification  require- 
ments that  the  additives  must  remain  in  solution  at  the  lowest 
temperatures  encountered  in  service.  Current  fuel  specifica- 
tions limit  the  fr.eezing  point  to  a maximum  of  —76°  F 
(—60°  C).  Gasoline- water  distribution  coefficients  are  of 
interest  because  of  the  wide  usage  of  water-distribution 
storage  systems.  In  such  s}^s terns  the  additive  may  be 
extracted  from  the  fuel  by  diffusion  when  fuel  and  water  are 
in  intimate  contact. 

Ph\"sical  properties,  other  than  low-temperature  solubilit}- 
and  gasoline-water  distribution  coefficients,  were  determined 
for  the  amines  examined  and  are  presented  in  table  VI-3. 

Low-temperature  solubility. — Solubilities  of  42  aromatic 
amines  in  blends  with  gasoline  were  measured  at  tempera- 
tures as  low  as  —85°  F (—65°  C)  and  at  concentrations  as 
high  as  10  percent  by  weight  (reference  9).  The  solubilities 
of  aromatic  amines  are  appreciably  affected  by  the  compo- 


sition of  gasoline  to  which  the  addition  is  made;  therefore, 
three  different  base  gasolines  were  used : 

1.  Grade  65  gasoline  from  which  aromatic  hydrocarbons 
were  successively  extracted  with  10-percent  fuming  sulfuric 
acid  and  silica  gel. 

2.  Extracted  grade  65  gasoline  to  which  was  added  15 
percent  by  volume  of  an  aromatic  mixture  of  5 parts  xylene, 
2 parts  cumene,  and  1 part  toluene. 

3.  Different  batches  of  typical  current  aviation  gasoline, 
AN-F-28  (Amendment  2)  fuel  containing  12  to  20  percent 
aromatic  hydrocarbons  by  volume. 

The  apparatus  for  determination  of  low-temperature  sol- 
ubilities of  the  amines  is  shown  in  figure  VI-2.  Briefly^,  the 
procedure  used  in  reference  9 to  determine  the  solubility 
consisted  in  slowl}’^  cooling  and  stirring  the  gasoline-amine 
sample  in  the  sample  tube  until  the  amine  separated  as  a 
cloud  from  the  gasoline;  the  temperature  at  which  the  cloud 
foimed  was  recorded.  The  sample  was  then  slowty  warmed 
until  the  amine  went  into  solution  and  the  cloud  disappeared; 
the  temperature  was  again  recorded.  These  two  tempera- 
tures were  averaged  to  give  the  incipient-separation  temper- 
ature or  cloud  point.  Cloud  points  were  reproducible  to 
within  ±1.5°  C. 
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TABLE  VT-4.— SOLUBILITY  OF  AROMATIC  AMINES 
IN  THREE  AVIATION  FUELS  AT  -00°  C • 

[Percentages  by  weight) 


Aromatic  amine 


Lromatic- 
ree  grade 
65 

Aromatic* 
free  grade 
65  plus  15 
percent  by 
volume 
aromatics  »> 

AN'-F-2 

<0.5 

0.5 

3.6 

12(-62®  C) 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

4.7 

9.8 

8-3 

>10 

>10  - 

>10 

1.3 

4.2 

4.4 

<0.5 

2. 6 

3.6 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

0.9 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

<0.5 

<0.5 

<0.5 

3.7 

>10 

>10 

4.  6 

11. 1 

9. 1 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

>10 

<0.5 

<0. 5 

•=<0.5 

«<0.5 

«<0.5 

•=<0.5 

^<0.5 

<=<0.5 

<0.5 

<0.5 

<0.5 

<0.5 

<0.5 

3.3 

>10 

>10 

Aniline. 

N-Methylaniline 

N-E  thy  lani  line 

N-Propylaniline _ 

N-Isopropylaniline _ 

N'ffirt-Butylaniline 

N,N-Dimethylaniline 

N,N-Diethylaniline 

o-Toluidine.- •_ 

7»-Toluidine 

N-Methyl-p-toluidine 

N-Methyl-o-toluidine 

N-Methyltoluidines  (from  chlorotoluenes)... 

N-Ethyl-p-toluidine 

N -Isopropy  1-p-toluid  ine 

o-Ethylaniline 

N-Methyi-p-ethy  laniline J 

N-Methylethylaniline,  mixed  isomers  (from 

chloroethylbenzenes) 

o-Isopropylaniline 

p-Isopropylaniline 

N -M  eth  y 1-p-isopr  opylani  line 

N-Isopropyl-p-isopropylaniline 

Cumidines  (from  synethetic  cumenes) 

Cumidines  (from  refinery  cumenes) 

N-Methylcumidines  (from  bromocumenes).. 

N-Methyl-p-icr<-butylaniline 

2-Methoxj'aniline 

Xylidines  (commercial)  (reference  10) 

2,  6-Xylidinc 

N-Methyl-2,4-xylidine 

N-Methyixylidines  (from  bromoxjdenes) 

2,4-  D ieth  y laniline 

2-Methyl-5-isopropylaniline i 

N,N-Dimethyl-2-methyl-5-isopropylaniline.- 

N,N-Dimethyl-2,4,6-trimethylaniline 

Pseudocumidine  (technical) 

Diphenylamine 

p-Phenylenediamine 

N-Methyl-p-pheneylenediamine 

N,  N-D  im  ethy  1-p-  Ph  eny  lene  d iamine 

N,N-Diethyl-p-phenylenediamine 

N,N'-Dimethyl-p-phenylenediamine 

N-Mcthyldiphenylamine 


a Table  II  of  reference  9. 

b Aromatic  mixture  consisted  of  five  parts  xylene,  two  parts  cumene,  and  one  part  toluene, 
c Solubility  at  room  temperature. 
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Tigure  VI-4.— Solubility  of  aromatic  amines  in  blend  of  85  percent  extracted  grade  Go  base 
stock  and  15  percent  (by  volume)  of  aromatic  mixture  consisting  of  5 parts  .xylene,  2 parts 
cumene,  and  1 part  toluene.  (Fig.  3 of  reference  9.) 


Figure  V 1-5.— Solubility  of  aromatic  amines  in  AN'-F-28,  Amendment-2,  fuel.  (Fig.  4 of 

reference  9.) 


The  solubilities  of  the  amines  in  the  aromatic-free  gasoline, 
in  the  gasoline  of  15 -percent  aromatic  content,  and  in  the 
AN-F-28  fuel  are  presented  in  figures  VI~3,  VI-4,  and  VI-5, 
respectively.  The  amines  that  were  soluble  to  at  least  10 
percent  by  weight  at  —76°  F (—60°  C)  in  each  of  the  gaso- 
lines are 

N -Ethylaniline 

N -Propylaniline 

N ^Isopropylaniline 

N-^er^-Butylaniline 

N ,N-Diethylaniline 

N-Methyl-p-toluidine 

N-Methyl-o  -toluidine 

N-Methyltoluidincs  (from  chlorotoluenes) 

N-Ethyl-p-toluidine 

N -Isopropyl-p-  toluidine 

N-Methyl-p-ethylaniline 

N-Methylethylaniline,  mixed  isomers  (from  chloroeth^d- 
benzenes) 
o-Isopropylaniline 
p-Isopropylaniline 
N -Me  thyl-p-isopi'opylaniline 
N -Iso  propyl-p-isopropy  lanilme 
Cumidines  (from  synthetic  cumenes) 

Cumidines  (from  refineiy  cumenes) 

N-Methylcumidines  (from  bromocumenes) 

N -Me  thyl-p-^6ri-bu  tylaniline 
N -Me  thy  1-2 ,4-xy  lidine 
N-Methylxylidines  (from  bromoxylenes) 
2,4-Diethylaniline 
2-Methyl-5-isopropylaniline 
N,N-Dimethyl-2-methyl-5-isopropylaniline 
N,N-Diethyl-2,4,6-trimethylaniline 
Pseudocumidine  (technical) 


NACA  INVESTIGATION  OF  FUEL  PERFORMANCE  IN  PISTON-TYPE  ENGINES 


563 


At  room  temperature,  N-methyl-^-plieny^lenediamine  and 
?)-phenylenediamine  were  less  than  0.5  percent  (by  weight) 
soluble  in  the  test  gasoline;  no  additional  solubility^  data  were 
taken  for  these  compounds.  At  room  temperature,  N,N'- 
dimethyl-2>-phenylenediamine  was  soluble  to  the  extent  of  1 
to  2 percent  by  weight  but  was  too  unstable  to  permit  accur- 
ate measurement  of  solubility  b}^  the  method  emploj^ed. 
N,N-Diethyl-p-phenylenediamine  was  tested  only  in  the 
aromatic-free  gasoline. 

WTien  figures  VI-3  and  VI-4  are  compared,  it  is  seen  that 
composition  of  the  base  fuel  greatly  influenced  the  solubil- 
ities of  the  amines.  The  addition  of  15  percent  aromatics  to 
the  aromatic-free  gasoline  approximate^  doubled  or  tripled 
the  amine  solubility.  Solubilities  in  AN-F-28  fuel  (fig. 
VI-5)  were  about  the  same  as  those  in  the  gasoline  containing 
15  percent  aromatics.  Representative  samples  of  AN-F-28 
fuel  contained  12  to  20  percent  (by  volume)  aromatics. 

A summary  of  the  solubilities  of  the  amines  at  —76°  F 
(—60°  C)  in  the  diflerent  test  gasolines  is  presented  in  table 
VI-4.  The  results  were  obtained  by  interpolating  or  extra- 
polating the  experimental  data.  The  data  obtained  for 
commercial  xylidines  (reference  10)  are  included  for  com- 
parison. 

The  solubility  of  an  aromatic  amine  in  the  aromatic-free 
gasoline  at  —76°  F (—60°  C)  may  be  taken  as  an  indication 
of  the  maximum  concentration  in  which  the  amine  could  be 
added  to  current  aviation  fuels  on  the  basis  of  solubility 
alone.  The  aromatic  hy'drocarbons  present  in  most  of  the 
wartime  aviation  fuels  provided  a margin  of  safety  in  pre- 
venting this  concentration  of  amine  from  separating  at 
-76°  F (-60°  C). 

Gasoline-water  distribution  coefficients. — If  a fuel  con- 
taining an  additive  such  as  an  aromatic  amine  is  stored  in 
contact  with  water  for  an  extended  period  of  time,  a certain 
amount  of  the  additive  will  be  extracted  by  the  water.  An 
anal}^sis  of  a fuel-storage  system  in  which  this  extraction 
might  occur  was  made  by  Olson  and  Tischler  (reference  11) 
in  order  to  develop  an  expression  from  wliich  the  loss  of 
amine  to  water  could  be  approximated.  Storage  systems  of 
this  type  have  been  variousl}^  termed  “overwater  storage 
systems,  water-displacement  storage  systems,  and  aqua 
storage  systems. 

As  pointed  out  in  reference  11,  it  is  unlikety  that  a single 
expression  can  be  written  for  use  under  all  conditions  en- 
countered in  practice,  but  certain  assumptions  permit  a 
mathematical  derivation  of  an  equation  tliat  covers  a wide 
range  of  situations.  In  the  operation  of  a tank  utilizing  the 
water-displacement  principle,  fuel  is  removed  from  the  tank 
by  adding  water  at  the  bottom  of  the  tank.  Fuel  is  added 
to  the  tank  by  removal  of  storage  water  from  the  tank. 
Two  phases,  one  of  gasoline  and  one  of  water,  exist  in  the 
tank,  which  is  full  of  liquid  at  all  times. 

The  following  assumptions  are  made  in  reference  11  in 
determining  the  expressions  for  concentration  of  additive  in 
fuel  stored  over  water  at  any  volume  of  fuel: 

1.  When  equilibriimi  conditions  are  reached,  tlic  distribu- 
tion law  applies  to  the  additive;  nainety,  the  ratio  between 
the  concentrations  of  the  additive  m the  two  phases  of  the 
gasoline-water  system  is  constant  at  constant  temperature. 


The  ratio  is  described  as  the  distribution  coeflScient  and 
defined  as 


additive  concentration  in  gasoline  phase 
additive  concentration  in  water  phase 


This  constant  must  be  experimentally  determined  for  each 
additive.  It  varies  with  temperature  of  the  fuel  and  water 
and  with  the  nature  of  the  fuel.  Any  variation  in  the  dis- 
tribution coeflicient  caused  by  additive  concentration  may 
be  assumed  negligible  in  the  range  of  concentrations  produced 
by  the  distribution  process. 

2.  The  volume  of  the  additive  itself,  when  present  to  the 
extent  of  2 or  3 percent  or  less,  is  negligible  b}^  comparison 
with  the  volumes  of  gasoline  and  water.  The  equilibrium 
concentration  is  the  minimum  concentration  of  additive  in 
the  fuel  at  the  volume  in  question. 

The  following  symbols  are  used  in  the  analysis  of  refer- 
ence 1 1 : 


K gasoline-water  distribution  coefficient  (experimentally 
determined) 

X concentration  of  additive  in  gasoline  before  addition  or 
removal  of  portion  of  fuel 

X'  concentration  of  additive  in  gasoline  after  addition  or 
removal  of  portion  of  fuel  (at  equilibrium) 

V volume  of  storage  tank 

Vg  volume  of  fuel  in  tank  before  addition  or  removal  of 
portion  of  fuel 

Vg  volume  of  fuel  in  tank  after  addition  or  removal  of 
portion  of  fuel 

volume  of  water  in  tank  before  addition  or  removal  of 
portion  of  fuel 

volume  of  water  in  tank  after  addition  or  removal  of 
portion  of  fuel 

Vf  volume  of  fuel  added  or  withdrawn  {V f=Vg'  —Vg) 

Y concentration  of  additive  in  water  added  or  withdrawn 
Z concentration  of  additive  in  fuel  added  or  withchawn 

Because  the  manner  in  which  an  overwater-storage  system 
is  operated  is  one  of  the  most  important  variables  influencing 
the  additive  concentration  in  the  stored  fuel,  two  cases  rep- 
resenting two  veiy  different  operating  procedures  have  been 
studied: 

Case  1. — The  first  case  applies  to  successive  additions  or 
withdrawals  of  fuel  stored  in  contact  ^with  water  when  an 
appreciable  period  of  time  has  elapsed  between  eacli  addition 
or  withdrawal. 

In  order  to  approximate  this  situation  it  is  assumed  that 
during  the  actual  addition  or  withdmwal  of  fuel,  no  additive 
is  transferred  between  the  gasoline  and  water  phases  but 
that  equilibrium  distjibution  of  additive  between  the  two 
phases  is  attained  during  the  period  between  successive  ad- 
ditions or  withdrawals  of  fuel.  This  assumption  is  based 
on  the  slowness  of  the  rate  of  diffusion  of  additive  between  the 
two  phases.  The  following  equation  will  agree  more  closeh’ 
with  the  actual  situation  the  longer  the  period  between  ad- 
ditions or  withdrawals  of  fuel: 


(A'T/+ZF,)+(^ 


FF,)=Z'(F*+  Vr)+~iV^-  V,) 


(1) 
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This  equation  may  be  expressed  in  words  as  follows: 

(Quantity  of  additive  in  gasoline  after  addition  or  withdrawal 
of  fuel  but  before  equilibrium)  + (quantity  of  additive 
in  water  after  addition  or  ^^dthdrawal  of  fuel  but  before 
equilibrium)  = (quantity  of  additive  in  gasoline  after  equi- 
librium) + (quantity  of  additive  in  water  after  equilibrium) . 

Expanding  and  collecting  terms  gives 

KXV,+KZVr^XV^-KYVr 


If  fuel  is  displaced  from  the  tank  by  fresh  water,  Z—X, 
Y=0,  F/=  F/  and  K.  Then 


/V^+KV/\ 

\VJ+KV,'J 


(3) 


Case  2. — The  second  case  applies  to  successive  small  with- 
drawals of  fuel  over  an  appreciable  length  of  time.  For  this 
approximation,  equilibrium  distribution  of  additive  is  as- 
sumed to  exis.t  between  gasoline  and  water  at  all  times.  An 
equation  of  this  sort  permits  evaluation  of  additive  concen- 
tration under  circumstances  where  withdrawals  of  fuel  have 
been  small,  compared  with  the  tank  capacity,  but  veiy  num- 
erous. Equation  (4)  may  thus  be  considered  as  the  result  of 
applying  the  equations  of  case  1 to  an  infinite  number  of 
steps,  with  equilibrium  established  between  each  step. 


Let  AF,=  F/-  F^,  and  A F.=  VJ- F. 

Then, 

Z'  F/+^^=Z'-AZ(  TV-A  V,)+ 

+ (4) 

or,  in  words, 

(Quantit}^  of  additive  in  fuel  stored  over  water)  -|-  (quantit}^ 
of  additive  in  water)  = (quantity  of  additive  in  stored 
fuel  before  removal  of  small  increment)  + (quantity  of 
additive  in  water  before  addition  of  increment  of  fresh 
water)  + (quantity  of  additive  removed  in  small  incre- 
ment of  fuel) . 

By  removing  second-order  differentials,  equation  (4)  can 
be  expanded  and  simplified: 


-^X'AVr,=(KV/+  V,/)AX 
But  ~AF«,— AFg  and  F«,'=F“  Fg';  therefore, 
AA"_  AFg 

X'-V/{K-1)+V 


(5) 


(6) 


By  integration  from  any  concentration  X and 
Z'  and  Fg', 


rv/{K^i)+v'f-^ 

_V,{K~l)+vj 


volume  Fg  to 


(7) 


TABLE  VI-5.— STORAGE-SYSTEM  INVESTIGATION 


Sample  taken  • 

May  27 

June  7 

June  19 

July  3 

July  13 
1943 

Fuel  in  tank  before  re- 

8105 

8105 

6105 

2105 

1105 

moval  of  batch,  gal. 

Water  in  tank  before  re- 

16, 895 

16, 895 

18, 895 

22, 895 

23,895 

moval  of  batch,  gal. 

Fuel  removed,  gal 

(fuel  placed  in 

2000 

4000 

1000 

1105 

Xylidines,  grams/100  ml 

storage  sys- 
tem) 

1.05 

(‘») 

f 0.94 

\ 0.825 

0.815 

(electrometrically) 

.98 

U -SB 

/ .83 

.82 

Equilibrium  concentra- 

Mean 1.01 

do.  900 

A . 826/ 
\ .82 
*0.886 

} 1 

0.825  1 

(“) 

0.806 

tion,  X'  (equation  (2) ) 

a Analysis  indicated  under  each  date  is  prior  to  removal  from  the  storage  tank  of  the  quan- 
tity of  fuel  indicated  under  that  date, 
b Sample  was  inadvertently  mixed  with  some  xylidine-free  fuel. 

0 The  fuel  stored  over  water  gave  a negligible  decrease  in  knock  rating  when  compared 
with  the  original  hatch  of  fuel. 

d Sample  calculation  for  run  on  June  7:  Because  the  tank  contained  no  fuel  prior  to  the 
addition  of  the  8105  gallons  on  May  27,  Vg~0,  X=0,  and  Y=0;  therefore,  from  equation  (2) 
(17)  (1.01)  (8105) 

(17)  (8105)-h 25, 000-8105 


=0.900  (equilibrium  concentration  attained  on  standing), 
e Sample  calculation  for  run  on  June  19:  In  this  case,  Z=X  and  y=0.  Equation  (2)  there- 
fore becomes  equation  (3)  and 


0.900 


/(16,895+(17)  (6105) 
\(18,895-|-(17)  (6105) 


) 


=0.886 
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Figure  VI-6.— Additive  concentration  in  gasoline  stored  over  water  for  distribution  coeffi- 
cient of  20.  (Fig.  1 of  reference  11.) 


In  full-scale,  overwater-storage  tests  of  x^ffidine-bleiided 
fuel,  8105  gallons  of  aviation  fuel  were  stored  in  a tank  of 
25,000-gallon  capacit}'  and  immediately  sampled  and  ana- 
lyzed. The  stored  fuel  (containing  xylidines)  was  sampled 
and  analj^zed  periodically,  and  part  of  the  fuel  was  removed. 
This  process  is  a batch  process;  therefore,  equation  (2)  is 
.applicable.  This  test  provides  an  evaluation  of  the  equation 
for  the  particular  conditions. 

With  the  assumption  of  an  average  temperature  of  65^  F 
for  the  tank  contents  and  fuel  displacement  with  fresh  water, 
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a volume  distribution  coefficient  of  17  was  selected  for 
xylidines  (reference  12).  The  results  of  the  full-scale, 
water-s3^stem  test  and  the  equilibrium  concentration  calcu- 
lated from  equation  (2)  are  compared  in  table  VI-5.  The 
calculated  results  agree  well  with  the  experimental  data  for 
this  particular  test. 

Normally  anticipated  additive  concentration  in  fuel  stored 
over  water  is  sho\vn  in  figure  VI-6  for  three  different  types  of 
tank  operation.  A volume  distribution  coefficient  of  20  is 
assumed,  inasmuch  as  experimental  values  range  from  13  to 
26  for  xylidines  (reference  12). 

The  topmost  curve  of  figure  VI-6  represents  fuel  displaced 


from  a full  tank  in  successive  small  increments  over  a period 
of  time  sufficiently  long  for  equilibrium  to  exist  con  tinuousl3^ 
Equation  (7)  applies  for  this  case.  The  second  curve  illus- 
trates the  variation  in  concentration  to  be  expected  if  fuel  is 
displaced  from  a full  tank  in  successive  quantities  with 
equilibrium  existing  between  withdrawals.  Equation  (2) 
applies  for  this  case.  The  lower  curve  illustrates  the  con- 
centration to  be  expected  if  fuel  is  displaced  from  a full 
tank  in  a single,  fairh'  rapid  operation  with  equilibrium 
established  only  after  the  withdrawal;  it  also  illustrates  the 
change  in  concentration  resulting  from  the  addition  of  a 
batch  of  fuel  to  a tank  containing  additive-free  water. 


FiGiTRE  V 1-7 .“Maxi mum  possible  loss  of  additive  from  fuel  stored  over  water.  A value  for  distribution  coefficient  is  required  for  particular  system,  but  plot  is  independent  of  original  concentra 

tion  of  additive,  nature  of  fluids,  or  temperature.  (Fig.  2 of  reference  13.) 
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Generali}^  speaking,  the  loss  of  an  additive,  such  as 
xylidines,  with  a distribution  coefficient  of  about  20  will  not 
be  severe.  The  greatest  loss  will  occur  when  the  tank 
contains  a ratio  of  xylidine-free  water  to  fuel  greater  than 
about  4:1  (reference  11). 

It  is  emphasized  that  the  equations  presented  in  the  fore- 
going paragraphs  apply  only  to  the  extent  that  the  assump- 
tions hold  for  a particular  application.  In  practice,  factors 
such  as  temperature,  var^dng  gasoline-water  interface  area, 
and  frequenc}^  and  quantity  of  additions  or  withdrawals  will 
influence  the  results. 

As  previously  stated,  the  evaluation  of  loss  of  additive  to 
water  in  a water-displacement  fuel-storage  system  is  de- 
pendent on  the  distribution  coefficient  K for  the  particular 
additive  under  consideration.  Olson,  Tischler,  and  Good- 
man (reference  13),  and  Goodman  and  Howard  (reference  14) 
have  determined  distribution  coefficients  lor  45  aromatic 
amines. 

The  base  gasoline  used  in  determining  the  distribution 
coefficients  was  an  aromatic-extracted  grade  65  gasoline  to 
which  was  added  15  percent  (by  volume)  of  an  aromatic- 
hydrocarbon  mixture  consisting  of  five  parts  xylene,  two 
parts  cumene,  and  one  part  toluene.  Blends  of  1,  3,  and 
6 percent  (by  weight)  aromatic  amine  in  this  base  fuel  were 
examined.  Earlier  data  on  xylidines  (reference  12)  show 
that  temperature  is  the  most  significant  variable  affecting  the 
distribution  coefficient;  consequent!}^,  measurements  were 
made  at  40°  and  100°  F.  The  distribution  coefficients  for 
the  amines  are  shown  in  table  VI-6. 

The  effect  of  the  distribution  coefficient  in  loss  of  additive 
to  water  in  a water-displacement  system  is  illustrated  in 
figure  VI-7  (reference  13).  This  figure  was  prepared  by  use 
of  the  previously  discussed  equations  (reference  11)  and  is 
independent  of  the  original  additive  concentration,  the 
nature  of  the  two  fluids,  or  the  temperature.  Figure  VI-7 
shows  the  minimum  possible  additive  concentration  in  the 
fuel  remaining  in  the  tank  after  part  of  the  fuel  is  displaced 
from  a full  tank  with  amine-free  water.  The  greatest  amine 
loss  will  occur  if  the  fuel  is  removed  in  a single  batch;  how- 
ever, this  seldom  occurs  in  practice.  A lower  loss  of  additive 
than  indicated  in  figure  VI-7  will  result  if  removal  of  the 
stored  fuel  is  stepwise. 

Methods  of  analysis  for  aromatic  amines. —For  a period 
of  about  2 years  the  NACA  used  spectrophotometric  meas- 
urements of  the  ultraviolet  absorption  of  aromatic  amines  in 
the  analysis  for  presence  of  amines  in  gasoline  and  water. 
This  method  of  analysis  has  been  reported  in  detail  by 


Tischler  and  Howard  (references  15  and  16).  The  spectro- 
photometric method  is  more  accurate  than  titration  methods 
and  has  proved  to  be  applicable  to  quantitative  determina- 
tion in  hydrocarbon  solutions  of  all  monoaryl  amines  tested 
in  the  NACA  laboratories. 
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, TABLE  VT-6.— DISTRIBUTION  COEFFICIENTS  OF  AROMATIC  AMINES  • 


0 

Aromatic  amine 

Original  con- 
centration in 
fuel  (percent 
by  weight) 

Temperature,  ° F 

40 

100 

Concentration 
in  water  at 
equilibrium 
(percent  by 
weight) 

Distribution 
coefficient  on 
weight  basis 

Distribution 
coefficient  on 
volume 
basis  *».« 

Concentration 
in  water  at 
equilibrium 
(percent  by 
weight) 

Distribution 
coefficient  on 
weight  basis 

A'tfi 

Distribution 
coefficient  on 
volume 
basis 

A',«i 

Aniline 

1 

0.405 

1.48 

l.OS 

0.287 

2.50 

1.76 

3 

1.200 

1.53 

1. 12 

.850 

2.57 

1.81 

C 

2.178 

1.84 

1.35 

1.557 

2.94 

2.07 

N-Methylanilinc 

1 

0.041 

23 

17 

0. 029 

34 

24 

3 

.112 

26 

19 

.076 

39 

27* 

6 

.195 

30 

22 

. 141 

41 

29 

N-Ethylanlline 

1 

0. 014 

70 

51 

0.009 

no 

7^ 

3 

.043 

69 

51 

.026 

115 

50 

6 

.074 

80 

59 

.050 

120 

So 

N-Propylaniline 

1 

0.003 

300 

220 

0.002 

500 

350 

3 

.009 

330 

240 

.007 

400 

280 

6 

.019 

320 

230 

.013 

460 

320 

N-Butylaniline 

1 

0. 002 

500 

370 

0.001 

700 

3 

,005  ■ 

600 

440 

.004 

G 

.009 

700 

500 

.007 

900 

630 

N-Isopropylaniline 

1 

0. 016 

62 

45 

0.012 

82 

53 

3 

.04S 

62 

45 

.034 

87 

61 

6 

.099 

60 

44 

.064 

93 

65 

N-<?rt-Butylaniline 

1 

0. 010 

100 

73 

0.005 

140 

3 

120 

88 

.014 

150 

6 

.043 

140 

105 

.023 

260 

110 

N,  N-Diraethylaniline 

1 

0.003 

300 

220 

0.003 

300 

IHH 

3 

330 

240 

.003 

6 

.0,7 

350 

260 

.014 

N,  N-Dietbylaniline 

1 

2000 

1500 

0.0003 

2000 

3 

3000 

2000 

4000 

6 

4000 

3000 

8000 

o-Toluidine I.. 

1 

0.150 

5. 63 

4.16 

0.096 

9.4 

6.6 

3 

.415 

6.24 

4. 58 

.267 

7.2 

6 

.705 

7.  62 

11.6 

8.2 

m-Toluidine _.l 

1 

0.154 

5.51 

8.6 

5.  7 

6. 37 

.282 

9.7 

6.8 

.7,7 

7.47 

5.47 

.505 

11.0 

7.  7 

p-Toluidine 

0.196 

4.12 

.3. 02 

0.123 

7.2 

5.1 

.571 

4.30 

3. 15 

.352 

7.6 

5.4 

6 

.569 

9 7 

6.8 

N-Methyl-p-toluidine 

1 

49 

36 

0.  013 

76 

54 

3 

54 

40 

.036 

82 

58  ^ 

6 

.099 

60 

44 

.066  * 

90 

63 

N-Methyl-o-roluidine 

1 

0.021 

47 

34 

0.  on 

94 

66 

3 

.045 

66 

43 

.029 

74 

6 

.078 

76 

56 

.051 

115 

80 

N*Methyltoluidlnes  (60  percent  p-,  40  percent  o-) 

1 

0.029 

34 

25 

49- 

35 

3 

.074 

40 

29 

.051 

53 

41 

6 

.129 

46 

34 

.091 

65 

46 

N-Methyltoluidines  (SO  percent  p-,  20  percent  o-) 

• 1 

0.022 

45 

33 

0.015 

65 

46 

3 

.053 

56 

41 

.038 

79 

56 

6 

.091 

65 

48 

.064 

93 

65 

N-Ethyl-p-toluidine 

1 

0.004 

250 

180 

0.003 

300 

210 

3 

.010 

300 

220 

.008 

260 

6 

.017 

350 

260 

.015 

400 

2S0 

N-Isopropyl-p-toluidine 

1 

0.007 

140 

105 

0.005 

200 

140 

3 

.020 

150 

110 

.014 

210 

150 

6 

.035 

170 

125 

.022 

270 

190 

o-Etbylaniline 

1 

0.054 

IS 

13 

30 

21 

3 

.146 

15 

33 

23 

6 

.244 

24 

18 

39 

27 

p-Etbylaniline 

1 

14 

10 

0.040 

24 

17 

3 

.171 

17 

12 

.105 

23 

20 

6 

.238 

20 

15 

. 180 

33 

23 

568 
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TABLE  VI-6— DISTRIBUTION  COEFFICIENTS  OF  AROMATIC  AMINES— Continued 


Aromatic  amine 

Original  con- 
centration in 
fuel  (percent 
by  weight) 

Temperature,  °F 

40 

100 

Concentration 
in  water  at 
equilibrium 
(percent  by 
w'eight) 

Distribution 
coefficient  on 
weight  basis 

K„, 

Distribution 
cefficient  on 
volume 
basis 

Concentration 
in  water  at 
equilibrium 
(percent  by 
weight) 

Distribution 
coeflacient  on 
weight  basis 

Distribution 
coefficient  on 
volume 
basis  «•»* 

K,.i 

N-Methylethvlanilines---  ..  . . 

1 

0.006 

155 

115 

0.005 

200 

140 

3 

.017 

180 

130 

.oil 

270 

190 

6 

.030 

200 

145 

.025 

240 

170 

N-Methyl-p-ethvlaniline 

1 

0.006 

160 

115 

0.003 

300 

210 

3 

.015 

200 

145 

.010 

300 

210 

6 

.028 

210 

155 

.018 

330 

230 

p-fer/-Butvlaniline 

1 

0.008 

120 

88 

0.005 

200 

140 

3 

.021 

140 

105 

.014 

210 

150 

6 

.035 

170 

125 

.027 

220 

155 

o-Isopropylaniline 

1 

0.021 

47 

34 

0.010 

100 

70 

3 

.053 

56 

41 

.030 

100 

70 

6 

.090 

66 

48 

.053 

115 

80 

p-Isopropylaniline 

1 

0.021 

47 

34 

0.012 

82 

58 

3 

.048 

62 

45 

.033 

90 

63 

6 

.077 

77 

56 

.059 

100 

70 

X-Methyl-p-isopropylaniline., _ 

1 

0.003 

300 

220 

0.001 

1000 

700 

3 

.006 

500 

370 

.004 

800 

550 

6 

-.009 

700 

500 

.008 

800 

550 

2,4,6-Trimethylaniline . __  

1 

0.013 

76 

56 

0.007 

140 

100 

3 

.036 

82 

60 

.021 

140 

100 

6 

.065 

91 

67 

.040 

150 

^ 105 

Cumidines  (from  synthetic  cumene) 

1 

0.021 

47 

34 

0.013 

76 

54 

3 

.059 

51 

37 

.037 

80 

56 

6 

.100 

59 

43 

.066 

90 

63 

X-Methylcumidines 

1 

0.009 

110 

81 

0.003 

300 

210 

3 

.020 

150 

...110 

.010 

300 

210 

6 

.035 

170 

125 

.019 

320 

230 

2-Metho.\yaniline 

I 

0.183 

4. 48 

3.28 

0.129 

6.8 

4.8 

3 

.491 

5. 15 

3.  77 

.350 

7.6 

5.4 

6 

.846 

6.  21 

4.  54 

.632 

8.6 

6.1 

Xylidines  (technical).  . . 

1 

0.050 

19 

14 

0.033 

29 

20 

3 

.143 

20 

15 

.083 

35 

25 

6 

.260 

22 

16 

.157 

37 

26 

2,4-Xylidine 

1 

0.053 

18 

13 

0.031 

31 

22 

3 

.142 

20 

15 

.089 

32 

23 

6 

.257 

.22 

16 

.170 

34 

24 

2,5-XyIidine  

1 

0.048 

20 

15 

0.029 

33 

23 

3 

.132 

22 

16 

.085 

34 

24 

6 

.225 

26 

19. 

.149 

39 

27 

2,6-XvIidine 

1 

0.063 

15 

11 

0.040 

24 

17 

3 

.173 

16 

12 

.109 

27 

19 

i 6 

.290 

20 

15 

.190 

31 

22 

X -Meth yl-2,4-xyl idine  ...I 

1 

0.009 

110 

81 

0.005 

200 

140 

3 

.018 

165 

120 

.012 

250 

175 

6 

.028 

210 

155 

.017 

350 

250 

N-Methylxylidines 

1 

0.010 

100 

73 

0.005 

200 

140 

3 

.021 

140 

105 

.013 

230 

160 

6 

.039 

150 

110 

.024 

250 

175 

2,4-Diethylaniline _ 

1 

0.005 

200 

145 

0.003 

300 

210 

3 

.014 

210 

155 

.008 

370 

260 

6 

.026 

230 

170 

.014 

430 

300 

2-Methyl-5dsopropylan  iline 

1 

0.008 

120 

88 

0.005 

200 

140 

3 

.023 

130 

95 

.014 

210 

150 

6 

.037 

160 

115 

.026 

230 

160 

Pseudocumidine  (technical) 

1 

0.036 

27 

20 

0.022 

45 

32 

3 

.103 

28 

21 

.060 

49 

34 

6 

.172 

34 

25 

.108 

55 

39 

Standard  water  solutions  of  the  following  amines  could  not  be  prepared  because  of  the  very  low  water  solubility  of  the  amine: 

N-Methyl-p-ier^butylaniline 

N-Isopropyl-p-isopropylaniline 

N,  N-Dimethyl-2-methyl-5-isopropylaniline 

N,  N-Dimethyl-2.4,6-trimethylaniIine 

Diphenylamine 

N-Methyl-diphenylamine, 

•»  Data  from  references  13  and  14. 

Density  of  gasoline  solution  at  40°  F,  0.732  gram/ml. 

" Values  for  Ktoi  were  computed  by  multiplying  corresponding  K . values  by  density  of  gasoline  solution. 

4 Density  of  gasoline  solution  at  100°  F,  0.704  gram/ml. 


CHAPTER  VII 

TETRAETHYL  LEAD  AS  A FUEL  ADDITIVE 


For  years  tetraethyl  lead  Pb(C2H5)4  has  been  eonsidered 
the  most  effective  practical  additive  for  suppressing  knock  in 
conventional  spark-ignition  engines.  In  comparison  with 
the  additive-type  compounds  discussed  in  chapter  VI,  tetra- 
ethyl lead  is  considerably  more  effective.  An  investigation 
reported  by  Calingaert  (reference  1)  indicates  that  the  knock- 
suppressing tendency  of  tetraethyl  lead  is  118  times  greater 
than  that  of  aniline. 

On  the  basis  of  cost  and  antiknock  effectiveness  alone, 
tetraethyl  lead  is  far  more  desirable  than  any  known  blend- 
ing agent,  because  so  little  is  required  in  a fuel  to  equal  the 
antiknock  effectiveness  of  a much  larger  volume  of  blending 
agent.  Deleterious  effects  may,  however,  occur  in  engines 
when  fuels  containing  high  concentrations  of  tetraethyl  lead 
are  used.  These  harmful  effects  have  necessitated  strict 
regulations  on  the  quantity  that  can  be  tolerated  in  fuels 
for  various  types  of  service. 

In  general,  fuels  used  in  commercial  aviation  contain 
smaller  quantities  of  tetraethyl  lead  than  those  used  in  mili- 
tary aircraft.  At  the  outbreak  of  World  War  II,  Army- 
Navy  aviation-fuel  specifications  permitted  tetraethyl  lead 
in  quantities  less  than  3.0  ml  per  gallon.  This  limit  was 
later  raised  to  4.0  ml  per  gallon;  as  critical  shortages  of  more 
desirable  blending  agents  occurred,  the  limit  was  again 
raised  to  4.6  ml  per  gallon.  Upon  one  occasion  during  the 
war,  continued  shortages  of  fuel  stocks  and  the  need  for 
much  higher  performance  fuels  resulted  in  considerable  ex- 
perimentation with  fuels  containing  6.0  ml  per  gallon. 

PROCESS  OF  LEAD-DEPOSIT  ACCUMULATIONS  ON 
AIRCRAFT-ENGINE  SPARK  PLUGS 

As  noted  in  reference  2,  one  of  the  disadvantages  of  tetra- 
ethyl lead  as  an  antiknock  agent  for  aircraft  fuels  is  its 
characteristic  of  depositing,  either  as  metallic  lead  or  as  a 
compound,  on  combustion-chamber  surfaces  during  engine 
operation.  Such  deposits  on  spark  plugs  cause  ignition 
failures  both  by  bridging  the  electrode  gaps  and  by  forming 
conducting  paths  across  the  insulator  surfaces  and  are  sus- 
pected of  lowering  preignition  ratings  of  spark  plugs  (ch.  IV) 
and  contributing  to  erosion  of  spark-plug  electrodes.  For 
these  reasons  lead  deposition  on  spark  plugs  constitutes  a 
flying  hazard,  increases  time  and  cost  of  engine  maintenance, 
and  limits  the  use  of  tetraethyl  lead  in  fuels. 

The  investigation  described  in  reference  2 illustrates  the 
characteristics  of  the  progressive  build-up  of  spark-plug 
deposits.  In  order  to  determine*  the  progressive  accumula- 
tion of  deposit  on  spark  plugs,  each  spark  plug  was  weighed 
periodically  throughout  a series  of  test  runs  in  a OFR  engine 
at  constant  operating  conditions.  Additional  runs  were 
made  in  a single  c\dinder  of  a full-scale  liquid-cooled  air- 
craft engine.  Three  different  types  of  spark  plug,  <lesig- 
nated  A,  B,  and  C,  were  used. 
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Variation  of  deposition  with  time. — The  results  of  a de- 
posit test  in  the  CFR  engine  for  a type  A spark  plug  are 
shown  in  figure  VII-1.  The  condition  of  large  total  deposit 
was  simulated  without  the  necessity  of  excessive  operating 
periods  by  increasing  the  tetraethyl  lead  content  of  the  fuel 
to  34  ml  per  gallon. 

The  accumulation  of  deposit  increases  with  operating, 
time  (fig.  \TI-1),  but  the  rate  of  deposition  decreases.  After 
completion  of  this  test,  an  effort  was  made  to  operate  the 
engine  with  the  coated  spark  plug,  but  the  test  was  unsuc- 
cessful because  of  short  circuiting. 

Effect  of  power  level  on  deposition.— Operating  conditions 
affect  the  accumulation  of  deposits  on  spark  plugs,  as  illus- 
trated in  figure  VII-2.  Failure  of  the  spark  plug  during 
the  low-power  run  occurred  shortly  after  14  hours  of  opera- 
tion because  of  the  formation  of  a small  bead  of  lead  deposit 
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Running  time,  hr 

Figure  VII-l.— Lead  deposition  for  type  A spark  plug  in  CFR  engine  with  AN-F-28fuel 
leaded  to  34  ml  TEL  per  gallon.  Compression  ratio,  6.65;  engine  speed,  1800  rpm;  imep, 
82  pounds  per  square  inch;  fuel-air  ratio,  0.10;  inlet-air  temperature,  85°  F;  coolant  tem- 
perature, 212°  F;  spark  advance,  45°  B.  T.  C.  (Fig.  1 of  reference  2.) 


on  an  electrode  gap.  A photograph  of  the  spark  plug  in 
this  case  is  shown  in  figure  VH-3. 

Accumulation  of  deposit  masses. — Spark-plug  deposition 
for  a type  B spark  plug  in  the  full-scale  single-cylinder  test 
engine  is  s1io\\ti  in  figure  VII-4  (reference  2).  The  spark 
plug  was  located  in  the  exhaust  position  and  the  engine  was 
operated  under  simulated  cruise  conditions.  The  fuel  con- 
tained 18  ml  TEL  per  gallon.  During  this  test  the  condi- 
tion of  the  plug  was  photographically  recorded  at  various 
time  intervals  (fig.  VII-5).  As  shown  in  these  photographs, 
the  deposit  existed  during  operation  in  the  form  of  molten 
globules,  which  changed  position.  The  changes  in  position 
are  attributed  to  the  influence  of  gravitation  and  molecular 
forces  and  forces  arising  from  gas  flow  in  the  combustion 
chamber  (reference  2).  The  concent ratiofi  of  deposit  near 
the  lowest  point  of  the  spark-plug  cavity  became  more  pro- 
nounced as  the  deposit  increased. 
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Figure  VII-2— Effect  of  power  level  on  lead  deposition  for  type  C spark  plug  in  CFR  engine 
with  AN-F-28  fuel  leaded  to  4.6  ml  TEL  per  gallon.  Compression  ratio,  6.65;  fuel-air 
ratio,  0.10;  inlet-air  temperature,  90°  F;  coolant  temperature,  212°  F;  spark  advance,  45° 
B T C.  (Fig.  2 of  reference  2.) 


Figure  \TI-3.— Type  C spark  plug  with  lead  in  left  gap.  Failure  of  plug  occurred  after  14 
hours  operation  at  low  fxiwer  in  CFR  engine.  (Fig.  3 of  reference  2.) 

As  pointed  out  in  reference  2,  observation  of  deposits  on 
many  spark  plugs  indicates  that  these  deposits  may  vary 
considerably  in  characteristics  and  appearance  under  dif- 
ferent conditions.  Consequently,  no  particular  deposit  can 
be  considered  typical.  Deposits  similar  to  those  in  figure 
VII-5  have  been  observed  on  badly  fouled  spark  plugs  from 
service  engines. 

Deposit  losses. — From  the  data  discussed  in  the  foregoing 
paragraphs,  it  was  concluded  (reference  2)  that  the  manner 
in  which  the  rate  of  deposition  varies  (figs.  VII-1,  VII-2, 
and  VII-4)  suggests  that  the  net  rate  is  the  result  of  deposi- 
tion (possibly  at  constant  rate)  and  loss  of  deposit  at  a rate 


Figure  VH-l.— Lead  deposition  for  type  B spark  plug  in  exhaust  position  of  liquid-cooled 
aircraft  cylinder  with  AN-F-28  fuel  leaded  to  18  ml  TEL  per  gallon.  Engine  speed,  2000 
rpm;  inlet-air  pressure,  30  inches  of  mercury  absolute;  fuel-air  ratio,  0.10;  inlet-air  temper- 
ature, 85°  F;  coolant  temperature,  250°  F.  (Fig.  4 of  reference  2.) 
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Figure  VII-5.— Accumulation  of  lead  deposits  on  type  B spark  plug  in  exhaust  position  of 
liquid-cooled  aircraft  cylinder.  (Fig.  5 of  reference  2.) 


6 hours 


that  increases  as  the  total  deposit  increases.  In  order  to 
test  this  conclusion,  a spark  plug  was  operated  in  the  CFR 
engine  on  S reference  fuel  containing  6 ml  TEL  per  gallon. 
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After  7%  lioui’s  of  operation,  the  deposit  weight  was  found  to 
be  159  milligrams.  The  spark  plug  was  then  replaced  with- 
out cleaning  and  operated  for  1 hoiu^  under  the  same  condi- 
tions but  with  xmleaded  S reference  fuel.  At  the  end  of  1 
hour  the  deposit  weight  had  decreased  to  112  milligrams,  a 
decrease  of  30  percent.  A similar  test  on  another  spark 
plug  resulted  in  a 35-percent  weight  loss. 

Significance  of  deposit  weights. — A spark  plug  may  fail 
electricall}^  when  a deposit  of  sufficient  electric  conductance 
to  prevent  sparking  is  formed  between  the  spark-plug  shell,  or 
a ground  electrode,  and  the  center  electrode.  A ver\^  small 
quantity  of  deposit  may  cause  failure  if  the  deposit  directly 
bridges  the  electrode  gap.  (See  fig.  VII-3.)  There  is 
evidence,  however,  that  gap  bridging  is  not  the  most  com- 
mon type  of  failure  of  spark  plugs  incorporating  large  nickel 
or  tungsten  electrodes.  In  the  more  usual  case  of  failure 
b}^  conduction  along  deposits  on  the  insulator,  relativety 
large  quantities  of  deposit  are  necessaiy  before  short  ch- 
cuiting  occurs.  The  amount,  distribution,  and  conduc- 
tivity of  the  deposit  determine  the  path  of  short  circuiting. 
From  the  photographic  evidence  in  figure  VII-5  it  was 
concluded  (reference  2)  that,  aside  from  certain  concen- 
trating influences  such  as  the  force  of  gravity  and  large 
temperature  differences,  the  deposit  distribution  is  primarily 
a matter  of  chance.  The  amount  of  deposit  and  the  chemical 
or  ph^mcal  properties  of  the  deposit  can  then  be  considered 
as  factors  determining  the  probability  of  faUme.  The 
actual  failiu*e,  however,  is  dependent  upon  the  distribution 
of  deposit. 

ETHYLENE  DIBROMIDE  IN  TETRAETHYL  LEAD  FLUID 

One  of  the  principal  causes  of  exhaust-valve  failure  in 
reciprocating  engines  has  been  found  to  be  corrosion  and 
collapse  of  the  valve  croxvm  at  excessively  high  operating 
temperatures  (reference  3).  Anatysis  of  deposits  on  exhaust 
valves  has  shown  conclusively  that  all  the  lead  present  in 
the  fuel  has  not  been  properly  scavenged  fi“om  the  c^dinder. 
This  fact  supports  the  conclusion  of  Banks  (reference  4) 
and  Hives  and  Smith  (reference  5)  that  hot  corrosion  of 
exhaust  valves  is  a result  of  the  action  of  lead  oxide  deposited 
on  the  valve  head  during  operation  with  leaded  fuel. 

In  order  to  minimize  the  imdeshable  lead  deposits,  eth}- 
lene  dibromide  is  added  to  the  tetraetli3d  lead  before  addition 
to  the  fuel.  The  eth^dene  dibromide  reacts  with  lead  in  the 
CAdinder  during  combustion  to  form  volatile  compounds 
that  ma}^  be  easil3^  scavenged  with  the  exhaust  gases.  The 
mixtm'e  of  eth3dene  dibromide  and  tetraeth3d  lead  (and  small 
quantities  of  d3^e  and  kerosene)  prior  to  addition  to  the  fuel 
is  called  tetraeth3d  lead  fluid.  The  fluid  cmTentl3^  used  in 
aii'craft  fuels  contains  0.96  gram  of  etli3dene  dibromide  per 
ml  TEL.  This  quantity  of  eth3dene  dibromide  is  the  amount 
theoreticall3^  required  to  combine  with  all  the  lead  in  the 


mixture.  Such  a mixture  of  the  dibromide  and  tetraeth^d 
lead  is  popularh^  knowm  as  a 1-T  (one-theoiy)  mLx. 

An  investigation  (reference  6)  was  conducted  to  determine 
the  influence  of  excess  eth3dene  dibromide  on  the  degree  of 
valve-cro\m  corrosion  occurring  during  engine  operation. 
The  effects  resulting  from  use  of  1-T  and  2-T  mixes  were 
compared.  Because  the  use  of  excess  etlndene  dibromide 
could  conceivabh^  reduce  the  knock-limited  perfQrmance  of 
the  leaded  fuel,  studies  of  knock-limited  performance  were 
included. 


Effect  on  exhaust-valve  corrosion. — Results  of  valve- 
corrosion  tests  in  a full-scale  air-cooled  aircraft  C3dinder  are 
summarized  in  the  following  table  (reference  6): 


Fuel 

& 

Length  of  run 
(hr) 

Weight  loss  of  valve 

TEL 

(ml/gal) 

Mi.x 

Total 

(granjs) 

Rate 

(gram/hr) 

Rate  (percentage  of 
loss  with  1-T  mix) 

4.53 

1-T 

22 

5. 18 

0. 235 

100 

2-T 

16^4 

1.97 

. 119 

51 

f).0 

1-T 

18 

1 3.17 

0. 176 

100 

2-T 

18 

I .53 

1 .029 

16 

■AN-F-28  (28*R)  was  used  as  base  fuel.  This  fuel  contained  about  4.53  ml  TEL/gal. 


For  the  tests  in  which  the  concentration  of  tetraethyl  lead 
was  4.53  ml  per  gallon,  the  exhaust- valve  temperatiu’e  was 
held  at  approximate^  1200°  F.  When  the  concentration  was 
increased  to  6.0  ml  per  gallon,  however,  the  combustioh-aii* 
inlet  temperature  was  reduced  to  95°  F as  compared  with 
150°  F for  the  test  with  the  fuel  of  lower  tetraetlnd  lead 
concentration.  This  change  caused  a lower  exhaust-valve 
temperature  and  probabl3'  accounts  for  the  reduction  in 
amount  of  valve  corrosion  in  the  test  of  fuel  with  6.0  ml 
TEL  per  gallon. 

Comparative  photographs  of  the  valves  from  the  tests 
just  described  are  showm  in  figures  VII-6  and  VII-7. 

Effect  on  lead  deposition. — Because  of  corrosion  of  the 
valve  crown  it  was  difficult  to  deteimine  quantitativel3^  the 
effect  of  eth3dene  dibromide  on  deposits.  (See  reference  6.) 
For  this  reason,  the  measurement  of  deposits  was  confined 
to  the  piston  crowm  and  the  spark  plugs.  In  the  test  with 
the  fuel  containing  4.53  ml  TEL  per  gallon,  the  rate  of  lead 
deposition  on  the  piston  croxvm  vnth  the  2-T  mix  was  about 
73  percent  of  the  rate  during  the  test  with  the  1-T  mix. 

The  effect  of  eth3dene  di bromide  on  spark-plug  deposits 
was  also  determined  for  fuel  containing  6.0  ml  TEL  per 
gallon ; these  results  are  showm  in  the  following  table; 


Spark  plug 

Mix 

Weight  of 
deposit 
(gram) 

Reduction  in 
deposit 
(percent) 

Front 

1-T 

0. 083 

0 

2-T 

.021 

75 

Rear 

1-T 

0. 109 

0 

2-T 

.014 

87 
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(a)  Valve  after  22  hours  of  operation  with  1-T  mix,  (b)  Valve  after  16^>i  hours  of  opt*ralioii  with  2-T  mix. 

Figure  VII-6.— Effect  of  excess  ethylene  dibromide  on  exhaust  valves  in  air-cooled  aircraft  cylinder  with  fuel  leaded  to  i.oS  ml  TEL  i>er  gilloti,  (Fig.  1 of  reference  6.) 


Effect  on  knock-limited  power. — When  the  ethylene 
dibromide  concentration  was  increased  to  the  equivalent  of 
a 2-T  mix,  there  was  apparently  no  effect  on  the  knock  limit 
over  the  range  of  conditions  investigated  in  the  full-scale 
air-cooled  cylinder  (tig.  VI 1-8).  (See  references  6 and  7.) 


Other  tests  were  made  to  evaluate  the  effects  of  ethylene 
dibromide  on  knock-limited  power  in  a CFR  test  engine 
operating  at  conditions  specified  for  the  A.  S.  T.  M.  Super- 
charge method;  the  results  are  prc^sented  in  table  VII-1. 


(a)  Valve  after  18  hours  operation  with  1-T  mix.  (b)  Valve  after  18  hours  operation  with  2-T  mix. 

Figure  VII-7.— Effect  of  excess  ethylene  dibromide  on  exhaust  valves  in  air-cooled  aircraft  cylinder  with  fuel  leaded  to  6.0  ml  TEL  jier  gallon,  (Fig.  2 of  reference  6.) 
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TABLE  VII-L— EFFECT  OF  ETHYLENE  DIBROMIDE  IN 
LEADED  AND  UNLEADED  S REFERENCE  FUEL  ON 
KNOCK-LIMITED  POWER 


[Where  two  values  are  given  in  the  table  for  the  same  determination,  the  second  value  was 
obtained  from  a check  run.] 


Leaded  S reference  fuel 

Ethylene  dibromide 
in  S reference  fuel 
+6  ml  TEL  (ml/gal) 

Relative  power  » 

Fuel-air  ratio 

0. 062 

0. 070 

0. 090 

0.110 

2.67  (1-T)._. 

1.00 

1.00 

1.00 

1.00 

0(0-T) 

0. 98 

1.00 

1.01 

1.01 

1.00 

4.01  (1.5-T) 

1.01 

.99 

1.01 

1.00 

1.01 

.98 

1.01 

1.00 

5.34  (2-T) 

0. 92 

0.91 

0. 94 
.95 

0.  95 
.93 

Unleaded  S reference  fuel 

Ethylene  dibromide 
in  unleaded  S 
reference  fuel 
(ml/gal) 

Relative  power  ^ 

F uel-air  ratio 

0.062 

0.070 

0.090 

0.110 

0 

1.00 

1.00 

1.00 

1.00 

2.67 

0.98 

0.96 

0.  94 
.96 

0. 97 
.98 

5.34 

0. 97 

0.  92 

0. 92 
.94 

0.  97 
.96 

%*  imep  (S+6  ml  TEL+test  concentration  of  ethylene  dibromide.) 
imep  (S+6  ml  TEL+2.67  ml  ethylene  dibromide  (1-T)) 
Umep  (S+test  concentration  of  ethylene  dibromide) 
imep  (S) 


Figure  VII-8. — Effect  of  excess  ethylene  dibroraide  on  knock-limited  performance  in  air- 
cooled aircraft  cylinder.  Engine  speed,  2200  rpm;  inlet-air  temperature,  250®  F;  spark 
advance,  20°  B.  T.  C.  (Fig.  3 of  reference  6.) 


Increasing  the  eth}'lene  dibromide  concentration  from  0 to 
5.34  ml  per  gallon  decreased  the  knock-limited  power  of  the 
leaded  and  unleaded  S reference  fuel  about  the  same  amount, 
6 to  9 percent  dependiug  upon  the  fuel-air  ratio.  Changing 
the  concentration  of  ethylene  dibromide  from  0 to  2.67  to 
4.01  ml  per  gallon  had  no  effect  on  the  knock-limited  per- 
formance of  the  leaded  fuel;  however,  a change  of  0 to  2.67 
ml  per  gallon  decreased  the  knock-limited  power  of  the  un- 
leaded fuel  a maximum  of  about  6 percent. 

LEAD  SUSCEPTIBILITY 

The  lead  susceptibility  or  lead  response  of  a fuel  is  defined 
as  the  increase  in  knock-limited  performance  of  the  fuel  re- 
sulting from  the  addition  of  a given  quantity  of  tetraethyl 
lead.  In  1943  the  NACA  conducted  an  analysis  of  existing 
data  on  pure  hydrocarbon  fuels  to  determine  the  manner  in 
which  the  lead  susceptibility  is  influenced  by  fuel  type,  engine 
type,  and  engine  operating  conditions.  This  analysis  (refer- 
ences 8 and  9)  was  based  on  data  obtained  from  the  American 
Petroleum  Institute  (API)  Hydrocarbon  Research  Project. 

DATA  FROM  SUPERCHARGED  ENGINES 

In  cooperation  Avith  the  API,  the  Eth}d  Corporation  in- 
vestigated the  lead  susceptibility  of  many  pure  compounds. 
These  data  were  determined  in  a small-scale  engine  having  a 
displacement  of  17.6  cubic  inches. 

Paraffins. — Examination  of  the  Ethyl  Corp.  data  demon- 
strated that  the  lead  susceptibilit}'  could  be  represented  as 
a straight  line  by  plotting  the  knock-limited  indicated  mean 
effective  pressures  of  the  pure  fuels  against  the  knock-limited 
indicated  mean  effective  pressures  of  the  leaded  fuels  (refer- 
ence 8).  By  this  method,  data  for  paraffinic  fuels  were 
plotted  as  shown  in  figure  VII-9  (a).  It  is  obvious  in  this 
figure  that  the  fuel  which  has  the  highest  permissible  indi- 
cated mean  effective  pressure  in  the  pure  state  has  the  great- 
est lead  response.  The  percentage  increase  in  indicated 
mean  effective  pressure  for  1.0  ml  TEL,  however,  is  constant 
regardless  of  the  permissible  indicated  mean  effective  pres- 
sure. Heron  and  Beatt}^  (reference  10)  found  this  fact  to 
be  true  for  6.0-ml  additions  of  tetraetliAd  lead. 

The  susceptibilit}’’  of  isooctane  to  various  quantities  of 
tetraeth}d  lead  is  shown  in  figure  VII-9  (b).  Because  it  was 
believed  that  the  lead  susceptibility  of  all  paraffins  might  be 
represented  by  a chart  similar  to  figure  VII-9  (b),  a later  in- 
vestigation (reference  9)  was  made  with  blends  of  two  paraf- 
finic fuels  (S  and  M reference  fuels)  containing  up  to  8.0  ml 
TEL  per  gallon,  This^stud}^  was  made  in  a supercharged 
CFR  engine  modified  as  described  in  reference  11. 

Data  from  reference  9 are  plotted  in  figure  VII-10.  These 
plots  are  based  on  results  reported  b}-  Heron  and  Beatty 
(reference  10)  which  indicate  that  for  supercharged  tests  a 
linear  relation  exists  between  the  reciprocal  of  the  knock- 
limited  indicated  mean  effective  pressures  and  blend  compo- 
sition. (See  chapter  VIII.) 
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(a)  Paraffins.  (Fig.  10  of  reference  8.) 

(b)  Isooctane  (2,2.4-trimethylpentane).  (Fig.  11  of  reference  8.) 

Figure  VII-0.— Lead  susceptibility  of  various  fuels  in  17.6  engine.  Compression  ratio,  5.6; 
engine  speed,  900  rpm;  approximate  fuel-air  ratio,  0.07;  inlet-air  temperature,  225°  F;  coolant 
temperature,  300°  F. 

The  lines  of  constant  tetraethyl  lead  concentration  in  these 
figures  can  be  represented  by  the  equation  of  an  equilateral 
hyperbola: 

P(A—N)=B  (1) 

where 

P knock-limited  indicated  mean  efl*ective  pressure 
A constant 


(a)  Fuel-air  ratio,  0.07.  (b)  Fuel-air  ratio,  0.10. 

Figure  VII-IO.— Lead  susceptibility  of  blends  of  S and  M reference  fuels  in  CFR  engine. 
Compression  ratio,'  7.0;  engine  speed,  2000  rpm;  inlet-air  temperature,  250°  F;  coolant  tem- 
perature, 250°  F;  spark  advance,  35°  B.  T.  C.  (Fig.  6 of  reference  9.) 


Knock’- limited  imep^of  leaded  fuel^  Ibfsq  in. 
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(a)  Fuel-air  ratio,  0.07.  (b)  Fuel-air  ratio,  0.10. 

Figure  VII-ll.— Lead  susceptibility  of  paraffinic  fuels  in  CFR  engine.  Compression  ratio, 
7.0;  engine  speed,  2000  rpm;  inlet-air  temperature,  250®  F;  coolant  temperature,  250®  F; 
spark  advance,  35®  B.  T.  C.  (Fig.  7 of  reference  9.) 


volume  percentage  of  S reference  fuel  in  M reference  fuel 
B slope 

The  asymptotes  of  the  li3^perbola  represented  equation  (1) 
are  zero  and  A.  The  constant  A is  independent  of  tetraeth}d 
lead  concentration  and  fuel-air  ratio  and  is  equal  to  145  (the 
intersection  of  the  curves  with  the  abscissa). 

In  figures  VII-ll,  the  data  from  figure  VII-10  have  been 
converted  to  plots  of  the  knock-limited  indicated  mean 
effective  pressure  of  the  clear  fuel  against  the  knock-limited 
indicated  mean  effective  pressure  of  the  leaded  fuel.  This 
type  of  plot  has  an  advantage  over  that  of  figure  VII-10  in 
that  the  lead  susceptibility  can  be  represented  hy  a linear 
elation  without  the  use  of  a reciprocal  scale. 

A scale  representing  antiknock  ratings  in  terms  of  octane 
numbers  and  leaded  isooctane  has  been  added  to  figure 
VII-ll.  This  scale  corresponds  to  the  ordinate  values  of 
knock-limited  indicated  mean  effective  pressure;  that  is,  a 
90-octane  fuel  whether  clear  or  leaded  (fig.  VII-ll  (a))  has 
a knock-hmited  indicated  mean  effective  pressure  of  85 
pounds  per  square  inch  under  the  conditions  presented. 
With  the  addition  of  this  scale,  the  chart  may  be  used  to 
obtain  either  the  knock-limited  indicated,  mean  effective 
pressure  or  the  octane  rating  of  a paraffinic  fuel  containing 
various  quantities  of  tetraethyl  lead.  Only  the  unleaded 
fuel  need  be  tested  in  order  to  estimate  the  lead  response 
for  any  concentration  of  tetraethyl  lead. 

The  estimation  of  lead  susceptibility  according  to  the 
foregoing  procedure  is  of  value  in  the  study  of  paraffinic  fuels 
in  which  the  quantity  of  fuel  available  for  testing  is  limited. 
In  such  cases  the  rating  of  the  clear  fuel  can  be  determined 
by  a standard  rating  method  such  as  the  A.  S.  T.  M.  Super- 
charge rating  method,  and  the  rating  of  the  test  fuel  plus 
various  amounts  of  tetraethyl  lead  can  be  approximated 
from  a chart  previously  established  for  the  selected  rating 
method. 

Cycloparaffins  and  olefins. — Insufficient  data  exist  to 
establish  definitely  the  susceptibilities  of  the  cycloparaffins 
(fig.  VII-12  (a))  and  olefins  (fig.  ^TI-12  (b)).  When  figures 
VII-9,  VII-12  (a),  and  VII-12  (b)  are  compared,  the  order 
of  lead  response  for  the  paraffins,  cycloparaffins,  and  olefins 
is  found  to  be  as  follows : 


Hydrocarbons 


Percentage  increase  imep 


(ml  TEL/gal) 


1.0 

2.0 

3.0 

4.0 

5.0 

6.0 

Paraffins 

26 

36 

46 

51 

57 

61 

O.  \rnl  r<i  ffi  Q 

23 

14 

» Olefins 

‘ Percentage  increase  in  imep  for  olefins  was  estimated  from  diisobutylene. 


DATA  FROM  NONSUPERCHARGED  ENGINES 

The  relation  between  critical  compression  ratio  and 
A.  S.  T.  M.  Motor  method  octane  number  can  be  represented 
by  the  equation  for  a hyperbola.  (See  fig.  VII-13.)  The 
curve  in  this  figure  was  calculated  from  figure  1 of  reference  12, 
which  shows  the  relation  between  height  of  compression 
chamber  and  A.  S.  T.  M.  Motor  method  octane  number. 


o 
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Figure  VII-12. — Lead  susceptibility  of  various  fuels  in  17.6  engine.  Compression  ratio,  5.6; 
engine  speed,  900  rpm;  appro.ximate  fuel-air  ratio,  0.07;  inlet-air  temperature,  225®  F;  coolant 
temperature,  300®  F.  (Fig.  13  of  reference  8.) 


The  equation  for  the  curve  in  figure  VII-13  is 

(i?-3.3)  (125-A^i)=125  (2) 

where 

R critical  compression  ratio 

A^i  A.  S.  T.  M.  Motor  method  octane  number 

The  asymptotes  for  the  curve  are  critical  compression  ratio, 
3.3  and  A.  S.  T.  M.  Motor  method  octane  number,  125.  As 


Figure  VII-13. — Variation  of  critical  compression  ratio  with  octane  number  for  A.  S.  T,  M. 
Motor  method,  (Fig.  3 of  reference  8.) 


(a)  Octanes.  (Fig.4  of  reference  8.) 

Figure  VIl-14.— Lead  susceptibility  of  various  fuels  based  on  A.  S.  T.  M.  Motor  ratings. 


pointed  out  in  reference  8,  these  asymptotes  will  vary  with 
engine  operating  conditions. 

The  curve  just  discussed  is  related  to  a linear  method  used 
by  Heron  and  Beatty  (reference  10)  to  express  lead  suscepti- 
bility (gain  of  octane  number  per  ml  TEL).  The  method 
is  illustrated  in  figure  VII-14  (a)  for  data  obtained  by  the 
API.  The  relation  between  figures  VII-13  and  VII-14  (a) 
may  be  shown  by  extending  the  lines  in  figure  VII-14  (a) 
until  the}'  intersect.  This  intersection  occurs  at  an  octane 
number  of  125.  If  both  scales  of  figure  VII-14  (a)  were  con- 
verted to  critical  compression  ratios,  the  point  of  intersection 
of  the  curves  would  be  at  a compression  ratio  of  3.3.  These 
two  points  of  intersection  are  the  asymptotes  of  figure  VII-13. 


Crificol  compression  ratio  of  leaded  fuel 
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(b)  Paraffins.  Tetraethyl  lead  content,  1.0  ml  per  gallon.  (Fig.  19  of  reference  8.) 

(c)  Paraffins.  Tetraethyl  lead  content,  3.0  ml  per  gallon.  (Fig.  20  of  reference  8.) 

(d)  Cyclopentane  derivatives.  (Fig.  21  of  reference  8.) 

(e)  Cyclohe.xane  derivatives.  (Fig.  22  of  reference  8.) 

(f)  Octenes.  (Fig,  23  of  reference  8.) 

(g)  Octenes.  (Fig.  24  of  reference  8.) 

Figure  VII-14.— Concluded.  Lead  susceptibility  of  various  fuels  based  on  A.  S.  T.  M.  Motor  method  ratings. 

13G37 — 53 88 
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Figure  VII-15. — Variation  ol  K with  tetraethyl  lead  concentration.  (Fig.  25  cf  reference  8.) 


Figure  VII-16. — Variation  of  compression  ratio  with  tetraethyl  lead  concentration.  (Fig. 

26  of  reference  8.) 


Figure  VII-17. — Variation  of  power  increase  with  tetraethyl  lead  concentration  for 
reference  fuel  as  determined  by  A.  S.  T.  M.  Supercharge  method.  (Fig.  10  of  reference  9.) 

By  the  use  of  critical  compression  ratios,  an  analysis 
similar  to  that  used  for  supercharged  test  engine  data  has 
been  made  (reference  8).  As  shown  in  figures  VII-14  (b) 
and  VII-14  (c),  the  lead  response  of  the  parafl[ins  may  be 
represented  by  single  straight  lines  for  1.0  and  3.0  ml  TEL, 
respectively.  The  equation  for  these  straight  lines  of  con- 
stant tetraethyl  lead  concentration  is 

(K-l)  (3) 

where 

El  critical  compression  ratio  of  leaded  fuel 
B critical  compression  ratio  of  pure  fuel 
K slope  of  line  of  constant  tetraethyl  lead  concentration 

The  c^'cloparaffins  (figs.  VII“14  (d)  and  VII-14  (e))  may 
also  be  represented  by  single  straight  lines.  The  lead 
susceptibility  of  the  olefins  (figs.  VII-14  (f)  and  VII-14  (g)) 
is  apparently  affected  by  the  position  of  the  double  bond  and 
therefore  a single  line  cannot  be  used  to  represent  the  class 
as  a whole. 

For  each  class  of  hydrocarbons  a different  value  of  K will 
be  obtained  (equation  (3)).  The  values  of  K determined 
for  the  data  presented  in  this  analysis  are  as  follows: 


Hydrocarbon 

Slopes  of  lead  susceptibility 
curves 

For  1.0  ml 

For  3.0  ml 

Paraflfins-.  . 

1.34 

1.57 

CycloparafHns._  

1.24 

1.41 

Octene-2 

1.22 

1.33 

Octcne-l_  

1.13 

1.30 

Knock- limited  imep  of  leaded  t'uel,  Ibjsq  in. 
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(a)  Fuel-air  ratio,  0,07-  (b)  Fuel-air  ratio,  0.10. 

Figure  VII-18— Effect  of  inlet-air  temperature  on  lead  susceptibility  of  S reference  fuel  in 
CFR  engine.  Compression  ratio,  7.0;  engine  speed,  2000  rpm;  coolant  temperature,  250®  F; 
spark  advance,  35®  B.  T,  C.  (Fig.  11  of  reference  9.) 


280i 


O 40  80  120  160  200  240 

Knock- limited  imep  of  .clear  fue!^  ib/aq  in, 

(a)  Fuel-air  ratio,  0,07.  (b)  Fuel-air  ratio,  0.10. 

Figure  VII-19, — Effect  of  spark  advance  on  lead  susceptibility  of  S reference  fuel  in  CFR 
engine.  Compression  ratio,  7.0;  engine  speed,  2000  rpm;  inlet-air  temperature,  250®  F; 
coolant  temperature,  250°  F.  (Fig.  12  of  reference  9.) 
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Because  K is  the  slope  of  the  line  of  constant  tetraethyl 
lead  concentration,  it  is  necessary  to  determine  the  lead 
response  of  only  one  compound  in  a particular  hydrocarbon 
classification  in  order  to  estimate  the  lead  response  of  other 
compounds  of  the  same  type  from  their  pure  ratings.  The 
variation  of  K with  tetraethyl  lead  concentration  is  shown 
in  figure  VII-15. 

Unlike  supercharged  data  in  which  the  percentage  increase 
in  power  is  constant  for  a given  quantity  of  tetraethyl  lead 
regardless  of  the  pure  fuel  rating,  the  percentage  increase  in 
critical  compression  ratio  for  a given  quantity  of  tetraethyl 
lead  varies  with  the  pure  fuel  ratings.  This  variation  is 
illustrated  for  the  paraffins  by  the  curves  in  figure  VII-16. 

EFFECTS  OF  ENGINE  CONDITIONS  ON  LEAD 
SUSCEPTIBILITY 

Fuel-air  ratio. — The  effects  of  fuel-air  ratio  on  lead  suscep- 
tibility are  readily  seen  in  figure  VII-17.  Curves  from  the 
standard  reference  fuel  framework  for  the  A.  S.  T.  M. 
Supercharge  rating  engine  were  used  in  preparing  this  plot. 
It  is  emphasized  that  the  effects  shown  will  vary  considerably 
from  one  engine  or  condition  to  another. 

Tnlet-air  temperature. — The  lead  susceptibility  from  tests 
at  different  inlet-air  temperatures  is  presented  in  figure 
VII-18  at  two  different  fuel-air  ratios.  For  the  range  of 
inlet-air  temperatures  examined,  the  lead  susceptibility  of  S 
reference  fuel  was  constant;  that  is,  the  percentage  increase 
of  knock-limited  indicated  mean  effective  pressure  caused 
by  the  addition  of  a given  amount  of  tetraethyl  lead  was 
the  same  regardless  of  the  inlet-air  temperature. 

Spark  advance. — Tests  made  on  S reference  fuel  clear  and 
with  2 ml  TEL  per  gallon  at  spark  advances  of  20°  and  35° 


B.  T.  C.  are  shown  in  figure  VII-19.  These  data  indicate 
that  the  lead  suceptibility  of  S reference  fuel  is  independent 
of  variations  of  spark  advance. 
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CHAPTER  Vin 

ANTIKNOCK  BLENDING  CHARACTERISTICS  OF  FUELS 


For  many  yearn  it  has  been  known  that  all  hydrocarbons 
do  not  exhibit  the  same  antiknock  blending  characteristics. 
Lovell  and  Campbell  (reference  1)  illustrated  this  fact,  and 
Smittenberg  et  al  (reference  2)  likewise  clearly  demonstrated 
that  the  antiknock  characteristics  of  fuel  blends  depend 
upon  the  nature  of  the  components  in  the  blend. 

An  investigation  was  initiated  in  1943  by  Sanders  (refer- 
ence 3)  to  ascertain  the  possibility  of  developing  a method 
for  predicting  the  knock  limits  of  fuel  blends  under  super- 
charged and  nonsupercharged  engine  operating  conditions. 
In  the  original  phases  of  this  analysis,  results  of  critical- 
compression-ratio  (nonsupercharged)  rating  methods  rather 
than  results  of  supercharged  methods  were  emphasized 
because  more  complete  data  were  available  and  the  analysis 
required  was  more  detailed. 

SYMBOLS 

The  following  symbols  are  used  in  this  chapter: 


A,B  constants  characteristic  of  fuels 

a,6,c  constants 

F = - B2R2) + B2R2 

6 =A^i(J5i-52)+  B2=N,B,+  {1-N,)B2 

H height  of  compression  chamber,  inches 

k quantity  of  knock-producing  agent  generated  per 

unit  mass 

N mass  fraction 

P knock-limited  indicated  mean  effective  pressure 

R compression  ratio 

W,X^Y  constants  in  hyperbolic  blending  relation 
jS  blending  constant 

p density 

Subscripts:  ' ' * 

a value  of  subscript  1 at  asymptote 

b blend 

cr  critical 

d pertaining  to  knock  agent  produced  under  condi- 

tions at  which  blend  will  knock 
i isooctane 

m pertaining  to  knock-producing  agent  at  condition 

of  incipient  knock 
t total 

1,2,3,....  pertaining  to  components  1,2,3...  in  fuel  blend 


DERIVATIONS  OF  BLENDING  EQUATIONS 


The  derivations  developed  in  reference  3 require  a clear 
understanding  of  the  principles  of  knock  testing  by  super- 
charged and  nonsupercharged  methods.  In  supercharged 
engine  tests,  all  conditions  except  inlet-air  pressure  and  fuel- 
air  ratio  are  held  constant.  Fuel-air  ratio  may  or  may  not 
be  constant  depending  upon  the  operating  technique  em- 
ployed. Inlet-air  pressure  is  increased  until  a predetermined 


standard  knock  intensity  is  observed.  The  knock-limited 
indicated  mean  effective  pressure  or  the  density  of  air  in  the 
cylinder  charge  may  be  used  as  a measure  of  the  knock  limit 
of  the  fuel  being  tested. 

In  nonsupercharged  engine  tests,  all  conditions  except 
compression  ratio  are  held  constant.  The  compression  ratio 
is  increased  until  the  standard  knock  intensity  is  reached. 
The  compression  ratio  at  this  intensity  is  the  measure  of  the 
knock  limit  and  is  generally  termed  critical  compression 
ratio.  Changes  of  inlet-air  pressure  do  not  affect  any  of 
the  cyclic  temperatures;  however,  an  increase  of  compression 
ratio  increases  the  temperature  at  the  end  of  compression, 
the  combustion  temperature,  and  the  end-gas  temperature. 
The  primary  difference  betvv’^een  nonsupercharged  and  super- 
charged engine  methods  thus  lies  in  the  fact  that  knock 
limits  in  nonsupercharged  engines  are  measured  at  varying 
end-gas  temperatures,  whereas  in  supercharged  engines 
knock  limits  are  determined  at  the  same  end-gas  temperature. 
(See  reference  4.) 

In  order  to  derive  the  desired  blending  equations,  certain 
assumptions  were  made  in  reference  3 regarding  the  mecha- 
nism of  knock : 

(1)  Knock  results  from  the  reaction  of  some  intermediate 
products  during  combustion,  and  the  nature  of  these  products 
as  well  as  the  reaction  between  them  is  the  same  regardless 
of  the  fuel  used.  This  assumption  is  introduced  in  order 
that  the  knocking  properties  of  fuels  may  be  treated  as 
additive  properties. 

' (2)  Knock  occurs  when  the  mass  of  knock-producing 

agents  per  unit  volume  reaches  a given  value  at  any  end-gas 
temperature. 

(3)  At  any  one  end-gas  temperature  and  for  any  one  fuel 
component,  the  mass  per  unit  volume  of  the  knock-producing 
agent  evolved  by  that  component  is  dhectly  proportional  to 
the  mass  of  the  component  per  unit  volume;  or,  as  stated  in 
reference  3,  a unit  mass  of  a particular  component  will  gen- 
erate a certain  mass  of  knock-producing  agent  regardless  of 
the  other  components  in  the  blend. 

(4)  In  order  to  consider  the  differences  in  knock  limits  of 
the  blend  components,  it  is  assumed  that  for  any  one  end-gas 
temperature,  the  mass  per  unit  volume  of  the  knock- 
producing  agents  is  a function  of  the  molecular  structure 
of  the  fuel. 

(5)  During  combustion  the  temperature  increase  for  all 
fuels  or  blends  under  consideration  is  the  same.  On  the 
basis  of  this  assumption  it  is  possible  to  relate  fuel  knock 
limits  to  engine  compression  density  and  temperature  instead 
of  end-gas  densit}’’  and  temperature.  Many  hychocarbons 
of  interest  fulfill  this  condition,  but  some  classes  of  fuels, 
such  as  alcohols  and  ethers,  do  riot  (reference  3). 

The  initial  step  in  the  derivation  of  the  desired  equation  is 
justified  by  assumptions  (1)  and  (2). 
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Pm— P1  + P2+P3+  ...  (1) 

where 

Pm  mass  per  unit  volume  of  knock-producing 

agent  at  condition  of  incipient  knock 
Pi  7 P2,  p3,  . . . mass  per  unit  volume  of  knock  agent  pro- 
duced by  each  component  under  conditions 
. at  which  the  blend  will  knock 
It  has  been  stated  previously  that  the  end-gas  tempera- 
tures are  constant  for  supercharged-engine  tests  but  vary 
with  the  critical  compression  ratio  of  the  fuel  in  nonsuper- 
charged-engine  tests;  therefore,  from  assumptions  (3)  and  (4) 
the  following  relations  hold  for  supercharged  tests: 

o 

p 1 =:  A:  1 p tNi 

p^=k.2  PiN2 

Pz  — ^zPtN:^ 

where 

Nij  Noj  Nz  mass  fractions  of  components  1,  2,  3,  respec- 
tively, in  fuel  blend 

Pt  total  mass  of  fuel  per  unit  volume 

ki,  At2,  h quantity  of  knock-producing  agent  generated 
per  unit  mass  by  components  1,  2,  3,  respec- 
tively 

When  the  pure  compound  1 is  tested,  the  knock-limited 
density  of  fuel  in  the  charge  is  pt,t  and 


Therefore, 

Pm 

and 

Pi=—  PtN, 
Pt.l 

Similarly, 

P2=-^  PtN, 

Pt,  2 

and 

Pm  -XT. 

P3= PtA's 

Pt.Z 

Substituting  these  values  of  pi,  po,  pg,  . . . in  equation  (1) 
yields 


and 


P,N^+■^  p,N2+-^  p,N^+  . . . 
Pt.l  Pt.2  Pt.3 


Pt  Pt.l  Pt.2  Pt.Z 


(3) 


As  limited  by  the  assumptions,  equation  (3)  is  a blending 
equation  applicable  to  supercharged-engine  data.  Because 
the  compression  ratio  and  fuel-air  ratio  must  be  the  same  for 
the  various  components  in  a given  application  of  this  equa- 
tion, knock-limited  inlet-air  densities  may  be  used  instead  of 
the  fuel  densities  for  values  of  p^,  pt.u  Pt.27  Pt,z  • • . With 
this  substitution,  equation  (3)  may  be  expressed  in  words  as 


follows:  The  reciprocal  of  the  knock-limited  inlet-air  density 
of  a fuel  blend  tested  by  a supercharged-engine  method  is  the 
weighted  average  of  the  reciprocals  of  the  knock-limited 
inlet-air  densities  of  the  pure  components. 

Indicated  mean  effective  pressure  is  proportional  to  inlet- 
air  density;  therefore,  it  can  be  substituted  in  equation  (3) 
for  density : 


where 

P. 


P.  Pl^P2“^P3^ 


(3b) 


knock-limited  indicated  mean  effective  pressure 
of  fuel  blend 


Pi,  P2,  P3  knock-limited  indicated  mean  effective  pressures 
of  components  1,  2,  3,  respectively,  when  tested 
individually 

For  nonsupercharged  tests,  the  charge  density  at  the  end 
of  compression  is  proportional  to  the  compression  ratio. 
By  use  of  an  equation  similar  to  equation  (2),  pi  was  related 
to  tlie  compression  ratio  instead  of  the  mass  of  fuel  per  unit 
volume  (reference  3).  The  value  of  kx,  however,  varies  with 
compression  ratio  because  the  compression  temperature 
varies  with  compression  ratio.  In  order  to  account  for  the 
variation  of  ti,  the  following  relation  was  assumed  (reference  3) 
between  pi  and  compression  ratio  R : 


Pi  = (A.1+ PiP)A^i  (4) 

where 

Aij  Bx  constants  characteristic  of  fuel  1 
Similarly, 

P2=  (^2“t"P2P)A^2 

and 

Pz~  (Az-\-BzR)A^s 

where 

A2,  P2,  Azj  P3  constants  characteristic  of  fuels  2 and  3 
Substituting  these  values  in  equation  (1)  gives 

p„,=Nx  (Ax+BxR)+N2  {A2+B2R)+N,  (A,+BsR)+  ...  (5) 

The  value  of  Ax  may  be  determined  by  letting  A^i  = l,  A^2=0, 
A^3=0,  and  R=Rx,cr  where  Rx.ct  is  the  critical  compression 
ratio  of  fuel  1 when  tested  individually. 


pm~Ax-\-BxRx,cr 

Ax  Pm  BxR’X  ,cr 

Likewise, 

^2  Pm  B2R2.CT 

and 

Az  = Pm  B^R2,ct 

Substituting 

in  equation  (5)  gives 

0^ 

NiBxRx,  ctA N2B2R2,  cr + NsB^R^  CT 

. . . 

As  limited  by  the  assumptions,  equation  (6) 

As  limited  by  the  assumptions,  equation  (6)  is  the  blending 
equation  applicable  to  nonsupercharged-engine  data. 
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In  this  equation  Bg,  -Bg  . . . are  defined  as,  blending 
constants  and  each  fuel  has  a blending  constant  that  is  inde- 
pendent of  the  other  fuels  in  the  blend  and  is  determined  by 
the  critical  compression  ratio  of  the  fuel  and  the  rate  of 
change  of  knock  limit  with  inlet-air  temperature. 

For  two-component  blends,  iV2=l— M and  equation  (6) 
may  be  written  as 

„ cr-B,R,,  cr)  + BA,  cr 

na-b,)+b, 


Equation  (7)  is  the  equation  of  an  equilateral  hyperbola 
asymptotic  to 


and 


iV=rAo=iV„,. 


Bi-B, 

B\Ri — B2R2 

B,-B2 


^Ra 


where 

Na,\  value  of  at  asymptote 

Ra  value  of  R at  asymptote 

The  asA'mptotic  form  of  equation  (7)  is 


{R-Ra){Na-m=Na{R2-Ra)  (8) 

According  to  reference  3,  it  is  unnecessary  to  know  the 
absolute  values  of  the  constants  in  equations  (6)  and  (7),  but 
the  relative  values  must  be  known;  that  is,  one  component 
msiy  be  assigned  an  arbitrary  value  of  the  constant,  thereby 
fixing  the  values  of  the  constants  for  all  other  components 
tested  at  the  same  conditions.  Values  of  B for  other  com- 
ponents may  be  found  by  determining  the  critical  compres- 
sion ratio  of  the  pure  component  and  of  one  blend  of  the 
component  with  another  component  for  wliich  the  blending 
constant  is  known.  With  these  values  the  equation  can  be 
solved  for  the  value  of  the  unknown  blending  constant.  When 
the  relative  values  of  B have  been  determined  for  all  com- 
pounds, the  knock  limits  of  all  blends  may  be  computed  from 
the  blending  equation. 

GRAPHICAL  SOLUTION  OF  BLENDING  EQUATION  FOR 
NONSUPERCHARGED-ENGINE  DATA 

A gi’apliical  method  was  suggested  in  reference  3 for  deter- 
mination of  the  blending  characteristics  of  fuels  when  tested 
in  nonsupercharged  engines.  Equation  (7)  may  be  put  into 
the  following  form: 

F=R6  (9) 

where 

N,  {BA  - B2R2) + B2R2 

and 

G=N,{B,-B2)+B2^NA  + {1-N,)B2 


If  R is  held  constant,  F is  proportional  to  G.  In  figure  VIII-1 , 
the  value  of  F has  been  plotted  against  the  value  of  G for 
values  of  R between  2 and  15.  Inasmuch  as  G is  actuaUy 
the  weighted  average  value  of  Bi  and  Bo,  the  abscissa  of 


Figure  \TII-1.— Blending  chart  for  A.  S.  T.  M.  Motor  method.  (Fig.  1 of  reference  3.) 

figure  VIII-1  has  been  marked  G or  B.  All  potential  fuel 
components  whose  critical  compression  ratios  and  blending 
constants  are  known  may  be  plotted  on  this  chart. 

A straight  line  joining  the  points  for  any  two  components 
represents  all  blends  of  the  two  components.  This  relation  is 
true  because  F and  G are  linear  functions  of  Ni  and,  conse- 
quently, F is  a linear  function  of  G.  A point  representing 
any  blend  of  the  two  components  divides  the  line  in  the  same 
ratio  as  that  in  which  the  components  exist  in  the  blend.  For 
example,  a blend  containing  60  percent  2,2,4-trimethylpen- 
tane  (isooctane)  and  40  percent  n-heptane  will  be  on  the  line 
joining  the  points  for  the  two  components  and  will  be  60  per- 
cent of  the  distance  from  7i-heptane  to  2,2,4-trimeth}dpentane. 

EXPERIMENTAL  VERIFICATION  OF  BLENDING  EQUATIONS 

Heron  and  Beatty  (reference  5)  have  sho^\^l  that  if  the 
reciprocal  of  the  knock-limited  indicated  mean  effective  pres- 
sm*es  of  blends  of  isooctane  and  ?? -heptane  is  plotted  against 
the  percentage  of  isooctane  in  the  blends,  a straight  line  \\nll 
result.  This  fact  substantiates  equation  (3)  for  supercharged- 
engine  data.  The  data  obtained  in  reference  5 are  sho\vn  in 
figure  VIII-2  (a). 
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(a)  17.6  engine.  Compression  ratio,  5.6;  engine  speed,  900  rpm;  inlet*air  temperature,  225°  F; 
coolant  temperature,  300°  F;  spark  advance,  20°  B.  T.  C.  (Fig.  2 of  reference  3.) 

Figure  VIII-2.— Effect  of  blend  composition  on  knock-limited  performance. 

Further  verification  of  this  relation  is 'presented  in  figure 
VIII-2  (b),  which  shows  data  for  S and  M reference  fuel 
blends  investigated  in  reference  3. 

Data  obtained  in  references  2 and  6 were  used  in  refer- 
ence 3 for  verification  of  the  blending  equation  developed  for 
nonsupercharged  engine  tests.  The  blending  equation  for 
?^-heptane  and  isooctane  under  A.  S.  T.  M.  Motor  method 
conditions  is  shown  in  reference  2 to  be 

where 

Ni  isooctane  in  blend,  percent 
H height  of  compression  chamber,  inches 

The  value  of  Ni  is  given  on  a volumetric  basis  in  reference  2 
but,  since  the  densities  of  the  two  components  are  about  the 
same,  N may  be  used  as  the  mass  fraction.  The  length  of  the 
engine  stroke  was  4.5  inches;  therefore,  the  relation  between 
R and  H can  be  expressed  as  follows: 


R 


4.5+H 

H 


Combining  equations  (10)  and  (11)  gives 
(i2-3.3)(125-iV<)  = 125 


(11) 


(12) 


The  equilateral  hyperbola  represented  by  equation  (12)  is 
asymptotic  to  jB=3.3  and  iVt=125.  The  relation  between 
R and  Ni  is  shown  in  figure  VIII-3(a).  Inasmuch  as  the 


(b)  CFR  engine.  Compression  ratio,  7.0;  engine  speed,  2000  rpm;  inlet-air  temperature, 
250°  F;  coolant  temperature,  250°  F;  spark  advance,  35°  B.  T.  C.  (Fig.  3'of  reference  3.) 
Figure  VIII-2. — Concluded.  Effect  of  blend  composition  on  knock-limited  performance. 


(a)  A.  S.  T.  M.  Motor  method.  (Fig.  4 of  reference  3.) 

Figure  VIII-3. — Blending  characteristics  of  2,2,4-trimethylpentane  and  n-heptane. 
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(b)  A.  S.  T.  M.  Motor  method;  reciprocal  plot.  (Fig.  5 of  reference  3.) 

Figure  VIII-3.— Continued.  Blending  characteristics  of  2,2,4-trimethylpentane  and 

w-heptane. 


(c)  A.  S.  T.  M.  Research  method;  reciprocal  plot.  (Fig.  6 of  reference  3.) 

Figure  VIII-3. — Concluded.  Blending  characteristics  of  2,2,4-trimethylpentane  and 

n-heptane. 

components  of  this  system  are  n-heptane  and  isooctane,  iV 
is  equivalent  to  octane  number.  (See  ch.  III.)  The  cm’ve 
in  figure  VIII-3  (a)  is  drawn  from  equation  (12),  whereas 
the  data  points  shown  are  taken  directly  from  reference  2. 
The  data  from  figure  VIII-3  (a)  were  replotted  (reference  3) 


Percent  by  vo/ume 


Figure  VIII-4.— Verification  of  hyperbolic  blending  relation  for  knock  ratings  of  fuel 
blends  by  A.  S.  T.  M.  Motor  method.  fFig.  7 of  reference  3.)  Equation  of  hyperbola: 
(R-X)(F-N)  = 1F. 


as  shown  in  figure  VIII-3  (b)  as  confirmation  of  the  hyper- 
bolic blending  relation. 

Sirhilar  data  for  the  A.  S.  T.  M.  Research  method  were 
reported  by  Brooks  (reference  6)  and  are  plotted  in  figure 
VIII-3  (c).  Here  again  the  relation  is  linear,  but  the  inter- 
cepts are  120  and  1.53  as  compared  with  125  and  1.0  for  the 
A.  S.  T.  M.  Motor  method  shown  in  figure  VIII-3  (b).  The 
equation  for  the  A.  S.  T.  M.  Research  method  data  is 

(R-4.2)(120-AO  = 78.3  (13) 

From  the  foregoing  comparison  of  the  A.  S.  T.  M.  Motor 
and  Research  methods,  it  was  concluded  (reference  3)  that 
the  asymptotes  of  the  blending  hyperbola  change  with  chang- 
ing engine  conditions. 

Blending  relations  for  other  two-component  blending 
systems  are  shown  in  figure  VIII-4.  The  data  for  these 
systems  were  taken  from  reference  2.  Three  two-component 
systems  investigated  in  reference  2 did  not  follow  the  hyper- 
bolic relation.  These  systems  are  shown  in  figure  VIII-5. 
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Figure  VIII-5— Blending  characteristics  of  diisobutylene,  benzene,  and  toluene  in  «-heptane 
by  A.  S.  T.  M.  Motor  method.  (Fig.  6 of  reference  3.) 


E Exhaust  end  zone 

F Thermocouple  to  measure  temperature  of 
combustion-chamber  wall  at  exhaust  end 
zone 

G Piston 

Figure  VIII-6. — View  of  combustion  chamber  showing  location  of  thermocouple  in  end 
zone.  (Fig.  1 of  reference  8.) 


A Intake  valve 
B Rear  spark  plug 
C Exhaust  valve 
O Front  spark  plug 


In  connection  with  the  system  of  blends  of  7i-heptane  and 
benzene  (fig.  VIII-5),  it  was  found  that  up  to  a concentration 
of  90  percent  benzene  a hyperbolic  relation  is  valid,  but 
the  value  for  pure  benzene  does  not  follow  the  relation  (refer- 
ence 3).  In  explanation  of  this  discrepancy  it  should  be 
noted  that  the  authors  of  reference  2 expressed  the  belief  that 
the  knock  rating  of  pure  benzene  might  be  in  error. 

In  order  to  illustrate  the  invariance  of  the  blending 
constant,  a series  of  calcidations  was  made  involving  several 
hydrocarbons  (reference  3).  The  constants  evolved  in  these 
calculations  have  been  plotted  on  figure  VIII-1.  Values  for 
cyclopentane  and  n-propyl benzene  were  computed  from  data 
reported  in  reference  7. 

APPLICABILITY  OF  EQUATIONS  TO  DIFFERENT  BLENDING  AGENTS 
AND  ADDITIVES 

The  preliminary  data  used  in  support  of  the  derivation 
developed  in  the  foregoing  pages  were  admittedly  meager; 
consequently,  an  extensive  investigation  was  initiated  to 
determine  the  general  applicability  of  the  blending  equation. 
In  the  course  of  this  investigation  a number  of  fuels  of  various 
types  were  studied  under  different  engine  operating  condi- 
tions in  supercharged  engines.  The  results  of  this  investiga- 
tion are  reported  in  the  succeeding  paragraphs. 

Paraffins. — The  base  fuels  used  in  this  phase  of  the  study 
were  an  alkylate  blending  agent  and  a virgin  base  gasoline. 
The  blending  agents  examined  were: 

Triptane  (2,2,3-trimethylbutane) 

Isopentane  (2-methylbutane) 

Diisopropyl  (2,3-dimethylbutane) 

Neohexane  (2,2-dimethylbutane) 

Hot-acid  octane 

.\11  blending  agents  and  base  stocks  contained  4.0  ml  TEL 
per  gallon.  Inspection  data  for  these  fuels  are  included  in 
appendix  A,  table  A-9.  (See  references  8 and  9.) 

The  experimental  studies  of  these  fuels  were  made  in  a 
single  air-cooled  aircraft  cylinder  mounted  on  a CUE  crank- 
case. This  apparatus  is  described  in  detail  in  reference  9 
with  the  exception  of  a special  thermocouple  embedded  in 
the  cylinder  head  about  he  inch  from  the  combustion- 
chamber  wall  at  a position  estimated  to  be  very  near  the 
exhaust  end  zone  (fig.  VIII-6).  The  temperature  at  this 
thermocouple  was  held  constant  by  means  of  an  automatic 
potentiometer  regulator  that  controlled  cooling-air  flow 
across  the  cylinder.  This  instrumentation  is  consistent  with 
the  assumption  made  in  reference  3 that  for  the  blending 
equation  to  be  applicable  to  supercharged  engine  data  the 
cyclic  and  end-gas  temperatures  must  be  held  constant. 

In  figure  VIII-7,  a portion  of  the  data  determined  in  the 
investigation  of  reference  8 is  shown.  The  ordinate  scales 
of  these  figures  are  inverted  reciprocal  scales.  When  plotted 
in  this  manner,  the  data  should  fall  on  a straight  line  if  the 
results  are  applicable  to  equation  (3b).  It  is  apparent  in 
these  figures  that  the  paraffinic  fuels  examined,  with  the 
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(a)  Fuel-air  ratio,  0.067. 

(b)  Fuel-air  ratio,  0.10, 


Fir, UR E VIII-7. — Blending  characteristics  of  parafBns  in  virgin  base  stock  leaded  to  4 ml 
TEL  per  gallon  in  full-scale  air-cooled  aircraft  cylinder.  Compression  ratio,  7,7;  engine 
speed,  2000  rpm;  spark  advance,  20°  B.  T.  C.;  inlet  mi.xture  temperature,  350°  F;  e.xhaust 
back  pressure,  atmospheric.  (Data  taken  from  reference  8.) 

exception  of  neohexane  at  the  lean  fuel-air  ratio,  are  in  accord 
with  the  blending  equation  for  supercharged-engine  data. 

These  data  were  obtained  at  a spark  advance  of  20®  B.  T.  C., 
a condition  considered  to  be  relatively  mild;  consequently, 
additional  tests  were  made  at  a more  severe  condition  (spark 
advance,  30®  B.  T.  C.).  The  results  of  these  advanced  spark 
studies  are  essentially  the  same  as  those  shown  in  figure 
VIII-7 ; that  is,  the  relation  between  the  reciprocal  indicated 
mean  effective  pressure  and  composition  was  linear.  In  tliis 
case,  however,  data  for  neohexane  followed  the  relation  at 
both  lean  and  rich  mixtures.  (See  reference  8.) 

Aromatics.^ — Experimental  verification  of  the  blending 
relation  for  aromatic  fuels  proved  to  be  diflFicidt  inasmuch  as 
pm*e  aromatics  have  exceptionally  high  knock  limits  and  are 
prone  to  preignite.  (See  reference  10.)  Despite  these  ob- 
stacles, however,  a reasonable  quantity  of  data  was  obtained 
to  determine  the  limitations  of  this  class  of  compounds.  In 
pursuing  this  phase  of  the  investigation,  no  effort  was  made  to 
attain  the  knock  limit  of  the  pure  aromatics.  Instead,  each 
aromatic  was  blended  with  a paraffinic  base  stock  and  the 
concentration  was  increased  imtil  the  power  level  was  con- 


Cychparaffin,  percent  by  weight 


(b)  Cycloparaffins  in  virgin  base  stock. 


Methytoydopenfane^  percent  by  weight 


(c)  Methylcyclopentnne  in  aviation  alkylate. 

Figure  VIII-S.— Blending  characteristics  of  various  fuels  leaded  to  4 ml  TEL  per  gallon  in 
full-scale  air-cooled  aircraft  cylinder.  Compression  ratio,  7.3;  engine  speed,  2250  rpm; 
spark  advance,  20°  B,  T.  C.;  inlet  mixture  temperature,  240°  F;  end-zone  temperature, 
400°  F;  exhaust  back  pressure,  15  inches  of  mercury  absolute;  fuel-air  ratio,  0.10.  (Data 
taken  from  reference  10.) 


sidered  too  liigh  to  warrant  further  increases.  Results  of 
these  tests  are  shown  in  figure  VIII-8  (a).  Here  it  is  seen 
that  the  relation  between  composition  and  reciprocal  indi- 
cated mean  effective  pressure  is  nonlinear. 
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benzene)  in  btend 


Figure  VIII-9. — Blending  characteristics  of  benzene,  virgin  base  stock,  and  aviation  alkylate 
in  full-scale  air-cooled  aircraft  cylinder.  Concentration  of  benzene  in  all  blends,  25  percent 
by  volume;  compression  ratio,  7.7;  engine  speed,  2000  rpm;  spark  advance,  20°  B.  T.  C.; 
inlet  mixture  temperature,  240°  F;  end-zone  temperature,  350°  F.  (Fig.  3 (b)  of  reference  11.) 


A modification  of  equation  (3b)  is  proposed  in  reference  9 in 
order  to  account  for  fuel  components  that  do  not  follow  the 
linear  blending  relations. 

p P\N P2N2B2-V PzN^B^Ar  ...  . . 

NyB,+N2B,+N^B,^  . . . 

Another  form  of  equation  (14)  is  (reference  9) 

iVi^l  + Ar2^2  + A^3/^3+  • • ■ N\^i  N2P2  , Nz^Z  I /I 

n 

Pu  P2,  iSa,  . . . blending  constants  related  to  constants 

B2,  Bzj  . . . by  the  following  equations: 

^l  = PyBl 

^2~P2B2 


Pz  — PzBz 


Both  equations  (14)  and  (15)  are  equal  to  equation  (3b)  when 
or  P\B\=P2B2=PzBz, 

Performance  data  for  aromatic  fuels  were  employed 
(reference  10)  to  determine  the  validity  of  equation  (15). 
From  the  analysis  it  was  concluded  that  the  equation  does 
not  apply  over  the  entire  range  of  composition;  that  is,  the 
blending  constant  for  a given  aromatic  varies  somewhat. 

From  a practical  point  of  view,  however,  marketed  aviation 
fuels  seldom  contain  concentrations  of  aromatics  in  excess  of 
25  percent  (generally  much  less),  and  for  a limited  range  of 
concentration  it  is  believed  that  equation  (15)  may  be  useful. 
Evidence  to  support  this  belief  is  shown  in  figure  VIII-9. 

It  is  seen  in  this  figure  that  the  blending  relations  are 
linear  for  a 25-percent  concentration  of  benzene  in  blends  of 
alk}date  and  virgin-base  stock.  Similar  results  were  ob- 
tained with  toluene,  mixed  xylenes,  and  cumene  (reference 
11).  On  the  basis  of  figure  V-6  (c)  described  in  chapter  V 
it  is  doubtful  if  the  relations  would  be  linear  for  concentra- 
tions much  greater  than  25  percent. 

Cycloparaffins. — The  results  of  tests  with  cyclop araffinic 
fuels  are  shown  in  figure  VIII-8  (b).  As  in  the  case  of  the 


aromatic  fuels,  the  cycloparaffinic  fuels  examined  failed  to  fol- 
low the  blending  relation  in  the  form  of  either  equation  (3  b) 
or  equation  (15). 

One  result  of  imusual  interest  was  found  in  the  cyclo- 
paraffinic investigation  of  reference  10.  (See  fig.  VIII-8  (c).) 
In  this  figure  it  is  seen  that  methylcyclopentane,  when 
blended  with  alkylate,  produced  intermediate  blends  having 
higher  knock  limits  than  either  of  the  pure  components. 
This  was  also  true  for  other  cycloparaffins  in  blends  with 
different  base  stocks.  (See  reference  10.) 

Special  additives.— The  influence  of  special  additives  (for 
example,  tetraethyl  lead  and  xylidines)  on  the  applicability 
of  the  blending  equation  is  discussed  in  reference  9.  In 
brief,  the  effect  of  such  additives  is  essentially  the  same  as 
the  effect  of  low  concentrations  of  aromatics  mentioned  in 
connection  with  figure  VIII-9.  That  is,  the  blending  equa- 
tion applies  so  long  as  the  concentration  of  such  additives 
in  the  major  blend  components  is  constant. 

PREPARATION  OF  BLENDING  CHARTS 

In  the  preceding  sections  of  this  chapter,  a blending 
equation  has  been  described  and  its  limits  of  applicability 
have  been  shown  by  experimental  data.  The  remainder  of 
this  chapter  is  devoted  to  an  analysis  that  will  illustrate  the 
practical  use  of  this  equation.  Specifically,  the  purpose  of 
this  analysis  is  to  illustrate  the  preparation  of  performance 
charts  from  which  blends  of  any  desired  lean  and  rich  anti- 
knock ratings  can  be  selected.  These  charts  are  based 
entirely  upon  the  A.  S.  T.  M.  Aviation  (lean)  and  A.  S.  T,  M. 
Supercharge  (rich)  knock  rating  methods.  Experimental 
data  upon  which  the  charts  are  based  may  be  found  in 
appendix  A,  table  A-10.  (See  reference  12.) 

Performance  numbers.^ — The  scale  of  performance  num- 
bers for  fuel  knock  rating  terminates  at  161.  (See  ch.  III.) 
It  was  therefore  necessary  to  extrapolate  the  scale  in  order 
to  evaluate  blends  that  would  have  antiknock  ratings  in 
excess  of  161  by  the  A.  S.  T.  M.  Supercharge  method.  Tliis 
extrapolation  was  made  by  plotting  the  performance  num- 
bers against  knock-limited  indicated  mean  eflFective  pressures 
from  a reference-fuel  framework  given  in  reference  13.  The 
rating  scale  thus  developed  is  shown  in  figure  VIII-  10 
Although  a definite  break  in  this  curve  occurs  at  a perform- 
ance number  of  130,  the  curve  appears  to  be  linear  between 
130  and  160.  On  the  assumption  that  this  linear  relation  is 
true,  a straight  line  was  drawn  through  the  points  at  130 
and  161  and  extended  to  a performance  number  of  200. 

Ternary  blends. — As  an  example  of  the  preparation  of  a 
performance  chart,  consider  first  that  it  is  desired  to  know 
the  A.  S.  T.  M.  Aviation  and  the  A.  S.  T.  M.  Supercharge 
performance  numbers  of  all  possible  ternaiy  blends  of  hot- 
acid  octane,  an  aviation  alkylate,  and  a virgin  base  stock. 
A plot  of  composition  against  the  reciprocal  of  the  knock- 
limited  indicated  mean  effective  pressure  for  binary  blends 
of  any  two  of  these  fuels  will  result  in  a straight  line.  The 
three  binary  combinations  of  these  materials  are  sliown  in 
figure  VIII-11. 
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In  the  next  operation,  lines  of  constant  performance  num- 
ber are  drawn  on  the  plot  (shown  as  dashed  lines  on  fig. 
VIII-11).  These  lines  are  established  by  reading  values  of 
indicated  mean  effective  pressure  at  equal  increments  of 
performance  number  in  figure  VIII-10.  The  data  as  shown 
in  figure  VIII-11  comprise  the  basic  information  needed  to 
establish  A.  S.  T.  M.  Supercharge  rating  lines  on  the  final 
chart  for  multicomponent  blends. 

For  convenience  in  relating  composition  and  knock- 
limited  performance  of  ternary  fuel  blends,  all  performance 
charts  in  this  investigation  were  prepared  on  triangular 
coordinate  paper.  The  equation  of  a straight  line  on  tri- 
angular coordinate  paper  is  of  the  form 


a = bNi  + cN'2 + 

where 

aj  bj  c constants 

A^i,  N2,  Nz  concentration  of  components  1,  2,  and  3 in 


Figure  VIII-10.— Relation  between  performance  number  and  knock-limited  indicated  mean 
effective  pressure  by  A.  S.  T.  M.  Supercharge  method.  Fuel-air  ratio,  0.11.  (Fig.  1 of 
reference  12.J 


ternary  blend.  Any  equation  relating  knock-limited  per- 
formance and  blend  composition  that  can  be  reduced  to  this 
form  can  be  represented  by  a straight  line  of  constant  per- 
formance on  triangular  coordinate  paper.  Equation  (3b) 
can  be  reduced  to  tliis  form  b}^  multiplying  through  by  any 
one  of  the  performance  values  Pi,  P2,  or  P3. 

The  performance  chart  for  the  system  of  hot-acid  octane, 
aviation  alkylate,  and  virgin  base  stock  is  shovm  in  figure 
VIII-12  (a).  Lines  of  constant  performance  number  in  this 
figure  were  determined  by  noting  the  intersections  of  the 
constant  performance  lines  (fig.  VIII-11)  with  the  blending 
lines.  For  example,  the  150-performance-number  line  in 
figure  VIII-11  intei'sects  the  blending  line  of  hot-acid  octane 
and  aviation  alkylate  at  a composition  of  32  percent  hot-acid 
octane  and  68  percent  alkylate  and  intersects  the  blending 
line  of  hot-acid  octane  and  virgin  base  stock  at  a composition 


Figure  VIII-11. — A.  S.  T.  M.  Supercharge  blending  characteristics  of  hot-acid  octane, 
aviation  alkylate,  and  virgin  base  stock  leaded  to  4 ml  TEL  per  gallon.  Fuel-air  ratio, 
0.11.  (Fig.  2 of  reference  12.) 


of  67  percent  hot-acid  octane  and  33  percent  virgin  base 
stock.  These  two  compositions  were  plotted  on  figure  VIII- 
12  (a)  and  joined  by  a straight  line.  Any  point  on  this  line 
represents  a blend  of  hot-acid  octane,  alkylate,  and  virgm 
base  stock  that  will  give  a performance  number  of  150  in  the 
A.  S.  T.  M.  Supercharge  engine  at  a fuel-air  ratio  of  0.11. 
All  other  lines  in  figure  VIII-12  (a)  were  established  in  the 
same  manner. 

The  lines  in  figure  VIII-12  (a)  are  parallel,  which  is  true 
when  curves  of  the  type  shown  in  figure  VIII-1 1 are  linear. 
On  the  basis  of  data  presented  earlier  in  this  chapter  it 
appeal's  that  most  paraffinic  fuels  do  blend  linearly.  Even 
though  certain  constituents,  such  as  the  aromatics  or  ethers, 
do  not  blend  linearly  in  combination  wdth  paraffinic  base 
fuels,  the  procedure  just  outlined  for  the  preparation  of 
perfomiance- number  charts  is  not  altered.  In  such  cases. 
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Hof -odd  octane  mf  TELIgo/ 


Figure  VIII-12.— Blending  charts  for  hol-acid  octane,  aviation  alkylate,  and  virgin  base  stock. 


Hof -acid  octane  ^4  m/  ^ TEL/gaf 


(b)  A.  S.  T.  M.  Aviation  method.  (Fig.  5 of  referenee  12.) 

Figure  VIII-12.— Continued.  Blending  charts  for  hot*acid  octane,  aviation  alkylate,  and  virgin  base  stock. 
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Hof- acid  octane  -y4  m!  TEL/go! 


Figure  VlII-12.— Concluded.  Blending  charts  for  hot*acid  octane,  aviation  alkylate,  and  virgin  base  stock. 


Figure  VIII-13.  A.  S.  T.  M.  Aviation  blending  characteristics  of  hot-acid  octane,  aviation 
alkylate,  and  virgin  base  stock  leaded  to  4 ml  TEL  per  gallon.  t,Fig.  4 ol  reference  12.) 


however,  the  charts  prepared  are  subject  to  some  error  that 
arises  from  the  assumption  that  curves  of  constant  perform- 
ance number  on  triangular  coordinate  paper  are  linear. 
Moreover,  a nonlinear  relation  in  a plot  of  the  type  shovm  in 
figure  VIII-1 1 results  in  a variation  of  slope  with  performance 
number  on  the  final  triangular  plot. 


The  procedure  used  for  determining  the  lines  of  constant 
A.  S.  T.  M.  Aviation  performance  numbers  for  blends  of  the 
same  fuels  used  in  preparing  figure  VIII-12  (a)  differs  from 
that  used  for  A.  S.  T.  M.  performance  in  that  performance 
numbers  are  plotted  directly  against  composition  on  linear 
coordinate  paper  and  an  estimated  “best^^  curve  is  dravm 
through  the  data  points  to  determine  the  binary  blending 
relations  shown  in  figure  VIII-13.  There  is  nothing  to 
justify  the  use  of  this  empirical  method  for  dealing  with 
A.  S.  T.  M.  Aviation  ratings  other  than  the  fact  that  the  end 
result  agrees  reasonably  well  with  the  experimental  results. 
One  or  two  exceptions  to  this  method  will  be  pointed  out 
later. 

The  composition  at  the  intersections  of  a given  constant 
performance  line  with  the  blending  lines  (fig.  VIII-13)  wei^e 
plotted  on  triangular  coordinate  paper  and  joined  by  straight 
lines.  Tlie  resulting  performance  lines  are  shown  in  figure 
VIII-12  (b).  The  final  chart  (fig.  VIII-12  (c))  was  obtained 
b5"  superimposing  figure  VIII-12  (b)  on  figure  VIII-12  (a). 
Additional  charts  are  shown  in  appendix  B,  figures  B-1  and 
B-2  for  other  blending  agents  and  base  stocks.  (All  blends 
contained  4 ml  TEL/gal.) 

In  appendix  B,  figure  B-1  (e)  represents  the  system  of 
blends  for  cumene,  virgin  base,  and  alk^date;  the  lines  show- 
ing A.  S.  T.  M.  Supercharge  performance  numbers  were 
determined  by  plotting  peak  knock-limited-power  values 
rather  than  power  values  at  a fuel-air  ratio  of  0.11.  This 
deviation  from  the  procedure  used  for  all  other  charts  was 
necessitated  by  the  fact  that  most  of  the  mixture-response 
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Figure  VIlI-14  — A.  S.  T.  M.  Supercharge  mixture-response  curves  for  blends  of  cumene 
and  virgin  base  stock  leaded  to  4 ml  TEL  per  gallon.  (Fig.  9 (a)  of  reference  12.) 


curves  for  the  cumene  blends  intersected  at  fuel-air  ratios 
between  0.10  and  0.11.  (See  fig.  VIII-14.)  The  fuel-air 
ratio  for  peak-knock-limited  power  varied  between  0.115  and 
0.132  for  the  cumene  blends.  No  chart  was  prepared  for 
blends  of  cumene,  aviation  alkylate,  and  one-pass  catalytic 
stock  because  rich-mixture  peaks  were  not  obtained  for  a 
sufficient  number  of  the  binary  blends  of  cumene  and  one- 
pass  catalytic  stock. 

For  the  charts  representing  blends  of  xylenes  (appendix  B, 
figs.  B-1  (f)  and  B-2  (g)),  A.  S.  T.  M.  Aviation  perfomiance 
lines  were  omitted.  This  omission  arises  from  the  fact  that 
the  curve  of  composition  against  performance  number  for 
binary  blends  of  xylenes  and  aviation  alkylate  passed  through 
a minimum.  (See  fig.  VIII-15.) 

In  general,  data  obtained  on  the  A.  S.  T.  M.  Aviation 
engine  for  the  aromatic  blends  could  not  be  handled  with 
complete  satisfaction  by  the  empirical  procedure  previously 


Figure  VIlI-15. — A.  S.  T.  M.  Aviation  blending  characteristics  of  mixed  xylenes  and  aviation 
alkylate.  (Fig.  10  of  reference  12.) 


explained.  For  this  reason  the  accuracy  of  the  lines  of 
constant  A.  S.  T.  M.  Aviation  performance  shown  for  the 
aromatic-parafl&nic  systems  is  questionable. 

Quaternary  blends. — The  performance  charts  presented 
in  the  preceding  section  are  of  interest  primarily  from  con- 
sideration of  maximum  knock-limited  performance  attainable 
with  various  combinations  of  fuel  blending  agents  and  base 
stocks.  On  the  other  hand,  producers  of  aviation  fuel  are 
interested  in  the  maximum  knock-free  power  attainable  with 
a finished  blend  that  meets  physical-property  specifications 
for  aviation  fuels.  Accordingly,  several  charts  have  been 
prepared  to  illustrate  how  physical  properties  might  be 
taken  into  consideration.  In  these  examples  the  only 
physical  property  considered  is  the  Reid  vapor  pressure. 
Current  aviation  fuel  specifications  preclude  the  use  of 
fuels  Ifaving  vapor  pressures  in  excess  of  7 pounds  per  square 
inch. 

In  order  to  prepare  these  charts,  adjustments  in  Reid 
vapor  pressures  of  the  main  components  were  made  by 
adding  isopentane,  which  in  the  pure  state  has  a vapor 
pressure  of  about  20  pounds  per  square  inch.  The  addition 
of  isopentane  to  adjust  the  vapor  pressure  of  the  components 
in  a system  such  as  that  shovm  in  figure  VIII-16  will  neces- 
sarily affect  the  maximum  knock-free  power  attainable 
because  of  the  performance  rating  of  isopentane  relative  to 
the  ratings  of  the  other  components  in  the  system,  as  showoi 
in  table  VIII-1. 


TABLE  VIII-1.— A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPER- 
CHARGE PERFORMANCE  RATINGS  AND  REID  VAPOR 
PRESSURES  FOR  VARIOUS  AVIATION-FUEL  COMPONENTS 


Blending  agent 

Reid  vapor 
pressure 
(Ib/sq  in.) 

Per  forma  n( 

A.  S.  T,  M. 
Aviation 

:e  number  » 

A.  S.  T.  M. 
Supercharge 

Isopentane.  

19.6 

133 

ci44 

Neohexane  - 

9.7 

161 

159 

Methyl  <6rt-butyl  ether 

8.8 

>161 

>200 

Diisopropyl-  

7.4 

142 

202 

Virgin  base  stock 

5.9 

73 

94 

Alkylate 

4.7 

119 

137 

Benzene _ __ 

3.5 

^68 

>200 

Triptane  . 

3.0 

149 

>200 

Hot-acid  octane 

2.7 

127 

197 

Toluene 

1. 1 

118 

>200 

Mixed  xylenes 

.5 

124 

>200 

Cumene 

.3 

85 

>200 

“ Performance  numbers  are  for  pure  blending  agent  containing  4 ml  TEL/gal. 
b Performance  numbers  over  IGl  are  extrapolated  (fig,  VlII-10).  Ratings  are  for  fuel-air 
ratio  of  0.11. 

0 Extrapolated  from  experimental  data  for  blends  containing  up  to  60  percent  isopentane. 

**  Assumed  to  be  the  same  as  the  rating  for  unleaded  benzene. 
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Trip  tone  + 4 mi  TEL  jgo  f 
!45k 


^ S.  T M.  Supercharge 

performance  number 

A.  S.  T M.  Aviation 

performance  number 


Virgin  base 
•¥4  mi 
TELjgal 


200%, 

m 

180 


140 


Alkylate 
+4  m! 
TELIgal 


Figure  VIII-i6,~Blending  chart  for  triptane,  aviation  alkylate,  and  virgin  base  stock  by  A,  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  methods.  (Fig.  7 (a)  of  reference  12.)  A.  S.  T.  M. 

Supercharge  fuel-air  ratio,  0.11 . 


In  figure  VIII-16,  for  example,  a blend  of  58.5  percent 
triptane,  30.5  percent  alkylate,  and  11  percent  virgin  base 
stock  has  a lean-rich  perfoiinance-number  rating  of  135/200 
and  a Eeid  vapor  pressure  of  approximately  3.5  pounds  per 
square  inch.  In  order  to  obtain  the  same  performance 
(135/200)  with  a blend  of  triptane,  alkylate,  and  virgin  base 
stock  that  has  been  isopentanized  to  a Reid  vapor  pressure 
of  7 pounds  per  square  inch  (maximum  permitted),  a blend 
of  55  percent  triptane,  17  percent  alkylate,  7 percent  virgin 
base  stock,  and  21  percent  isopentane  could  be  used.  The 
addition  of  isopentane  has  thus  effectively  decreased  the 
quantity  of  triptane  needed  to  obtain  the  135/200  perform- 
ance rating.  Isopentane  has  better  performance  character- 
istics than  the  alkylate  or  the  virgin  base  stock  used,  as  well 
as  a higher  Reid  vapor  pressure  than  the  other  three  con- 
stituents in  the  blend.  (See  table  VIII-1.) 

It  must  be  emphasized  that  the  preceding  example  is  given 
merely  as  an  illustration  of  a fuel  characteristic  other  than 
antiknock  quality  that  must  be  considered  for  a finished  fuel 
blend.  This  example  is  not  intended  to  imply  that  the 
preparation  of  fuel  blends  with  Reid  vapor  pressures  adjusted 
to  meet  specifications  will  necessarily  produce  blends  that 
will  meet  all  other  pertinent  specifications. 

Several  performance  charts  for  quaternary  blends  con- 
taining isopentane  were  prepared  for  comparison  with  the 


charts  previously  described  for  ternary  blends.  In  each  of 
the  quaternary  systems  the  vapor  pressure  was  adjusted  to 
7 pounds  per  square  inch.  Three  assumptions  were  made 
in  the  preparation  of  these  charts : 

(1)  The  relation  between  composition  and  Reid  vapor 
pressure  is  linear  for  binary  blends  of  isopentane  with 
another  paraffinic  fuel. 

(2)  The  relation  between  composition  and  the  reciprocal 
of  the  A.  S.  T.  M.  Supercharge  (rich)  knock-limited  indicated 
mean  effective  pressure  is  linear  for  binary  blends  of  iso- 
pentane with  another  paraffinic  fuel. 

(3)  The  relation  between  composition  and  the  A.  S.  T.  M. 
Aviation  performance  niunber  is  linear  for  binary  hlends  of 
isopentane  with  another  paraffinic  fuel. 

On  the  basis  of  the  available  data,  assumption  (3)  appears 
to  be  valid  for  only  a few  cases.  For  tliis  reason  the 
A.  S.  T.  M.  Aviation  performance  lines  on  the  charts  for 
quaternary  blends  may  be  in  error. 

As  an  example  of  the  preparation  of  the  performance 
chart  for  a quaternary  system,  assume  that  it  is  desired  to 
isopentanize  the  blends  represented  by  figure  VIII-16.  The 
grst  step  in  this  problem  is  to  determine  the  amount  of 
isopentane  to  be  added  to  each  of  the  pure  components 
to  obtain  a Reid  vapor  pressure  of  7 pounds  per  square  inch 
and  to  determine  the  resultant  lean  and  rich  performance- 


/ 


NACA  ES- VESTIGATION  OF  FUEL  PERFORMANCE  IN  PISTON-TYPE  ENGINES 


595 


number  ratings  for  these  blends.  Tliis  information  as  deter- 
mined from  the  foregoing  assumptions  and  table  VIII-1  is 
presented  in  the  following  table: 


Fuel  blend 

A.  S.  T.  M. 

Aviation 

performance 

number 

A.  S.  T.  M. 
Supercharge  in- 
dicated mean 
effective 
pressure 
Ob/sq  in.) 

76  percent  triptane  24  percent  isopentane  -f  4 ml 
TEL/gal 

145 

455 

85  percent  alkylate  + 15  percent  isopentane  + 4 ml 
TEL/gal - 

121 

200 

92  percent  virgin  base  + 8 percent  isopentane  + 4 ml 
TEL/gal - 

78 

142 

The  triangular  chart  shown  in  figure  VIII-17  (a)  was 
obtained  by  treating  these  three  blends  (all  of  wliich  have 
Reid  vapor  pressures  of  7 Ib/sq  in.)  as  separate  components 
by  the  procedure  used  in  preparing  figure  VIII-16.  Any 
point  on  figure  VIII-17  (a)  represents  the  A.  S.  T.  M. 
Aviation  and  the  A.  S.  T.  M.  Supercharge  performance 
nmnber  of  a quaternary  blend.  The  actual  quantity  of  each 
component  in  the  blend,  however,  cannot  be  readily  de- 
termined from  the  chart  because  the  percentages  given  on 
the  altitudes  of  the  triangle  show  only  the  amounts  of  the 
binary  blends  at  the  vertexes.  For  this  reason,  the  grid  of 
the  chart  was  so  adjusted,  as  shown  in  figure  VIII-17  (b), 
that  the  quantity  of  any  one  of  the  four  components  in  the 
blend  could  be  read  directly  from  the  chart. 

As  an  illustration  of  the  method  for  determining  the  com- 


position of  a fuel  in  figure  VIII-17  (b),  suppose  that  it  is 
desired  to  prepare  a blend  of  triptane,  aviation  alkylate, 
virgin  base  stock,  and  isopentane  having  a lean-rich  rating 
of  130/180.  The  concentrations  of  triptane,  alkylate,  and 
virgin  base  in  the  blend  having  the  desired  rating  can  be 
read  directly  from  the  altitudes  of  the  triangle  in  the  manner 
used  in  previous  charts.  These  concentrations  are  48,  19, 
and  13  percent,  respectively^.  The  concentration  of  iso- 
pentane can  be  determined  by  subtracting  the  sum  of  the 
percentages  of  the  other  components  from  100. 

Performance  charts  for  other  quaternaiy  systems  are  pre- 
sented in  figure  VIII-18.  The  experimental  value  for  the 
Reid  vapor  pressure  of  diisopropyl  (table  VIII-1)  is  7.4; 
however,  in  preparing  figures  VIII-18  (b)  to  VIII-18  (d),  a 
value  of  7.0  was  assumed  for  tliis  fuel. 

Accuracy  of  performance  charts. — The  acciuacy^  of  the 
charts  was  determined  by  selecting  ternary  or  quaternary 
blends  from  the  various  charts  and  testing  these  blends  by 
the  standard  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Super- 
charge procedures.  Inasmuch  as  the  rich  ratings  shown  on 
the  charts  were  estimated  at  a fuel-air  ratio  of  0.11,  the 
check  ratings  were  determined  at  tliis  same  fuel-air  ratio. 

The  check  blends  tested  are  shown  with  theii*  ratings  in 
table  VIII-2.  These  blends  are  also  shown  on  the  various 
charts  (appendix  B and  figs.  VIII-12  (c),  VIII-16,  and 
VIII-18  (a)  to  VIII-18  (c))  by  the  symbols.  The  fuel 
numbers  shown  adjacent  to  each  of  the  symbols  on  the 
charts  correspond  to  the  fuel  numbers  given  in  this  table. 


Triptane  .+4  m!  TELjgaf 


Hot -odd  octane 
+ 4/7?/ 

TEL ! go! 


(a)  Blends  of  triptane,  aviation  alkylate,  hot-acid  octane,  and  isopentane. 

Figure  VIII-18.— Blending  charts  for  quaternary  blends  by  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  methods,  Reid  vapor  pressure,  approximately  7 pounds  per  square  inch; 
A.  S.  T.  M.  Supercharge  fuel-air  ratio,  0.11.  (Fig.  12  of  reference  12.)  Percentage  isopentane  can  be  determined  by  subtracting  sum  of  percentages  of  other  components  from  100. 
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Tripfone  +4  ml  TEL/ gal 


Figure  VIII-18. — Continued.  Blending  charts  for  quaternary  blends  by  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  methods.  Reid  vapor  pressure,  approximately  7 pounds  per 
square  inch;  A.  S.  T.  M.  Supercharge  fuel-air  ratio,  0.11.  (Fig.  12  of  reference  12.)  Percentage  isopentane  can  be  determined  by  subtracting  sum  of  percentages  of  other  comi)onents 
from  100. 


Tripfone  +4  m!  TEL/qof 


(c)  Blends  of  triptane,  hot-acid  octane,  diis9propyl,  and  isopentane. 

Figure  VIlI-18. — Continued.  Blending  charts  for  quaternary  blends  by  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  methods.  Reid  vapor  pressure,  approximately  7 pounds  per 
square  inch;  A.  S.  T.  M.  Supercharge  fuel-air  ratio,  0.11.  (Fig.  12  of  reference  12.)  Percentage  isopentane  can  be  determined  by  subtracting  sum  of  percentages  of  other  components 
from  100. 


Observed  performance  number 
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Diisopropyl  +4  ml  TEL j gal 


Figure  VIII-18. — Concluded.  Blending  charts  for  quaternary  blends  by  A.  S.  T.  M,  Aviation  and  A.  S.  T.  M.  Supercharge  methods.  Reid  vapor  pressure,  approximately  7 pounds  per 
square  inch;  A.  S.  T,  M.  Supercharge  fuel-air  ratio,  0.11.  (Fig.  12  of  reference  12.)  Percentage  isopentane  can  be  determined  by  subtracting  sum  of  percentages  of  other  components 
from  100. 


Figure  VIII-19. — Comparison  of  estimated  and  observed  knock-limited  performance  ratings 
determined  by  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  methods.  A.  S.  T.  M. 
Supercharge  fuel-air  ratio,  0.11.  (Fig.  13  of  reference  12.) 


All  the  data  in  table  VIII-2  are  presented  in  figure  VIII-19 
to  show  the  relation  between  estimated  and  observed  per- 
formance numbers.  For  the  25  blends  shown  in  figure 
VIII-19;  the  average  deviation  from  the  match  line  was  3.1 
performance  numbers  for  the  lean  ratings  and  1.5  for  the 
rich  ratings. 

In  consideration  of  the  accuracy  of  the  charts  it  must  be 
emphasized  that  the  "previously  mentioned  discrepancies 
noted  in  the  lean  ratings  of  binary  blends  containing  aro- 
matics are  responsible  for  some  of  the  large  deviations  in 
table  VIII-2. 

Discussion  of  performance  charts. — The  performance 
charts  prepared  in  connection  with  this  chapter  can  be  used 
for  certain  general  comparisons  of  paraffins,  aromatics,  and 
ethers.  In  figure  VIII-16,  for  example,  at  the  point  repre- 
senting a blend  of  80  percent  aviation  alkylate,  20  percent 
vhgin  base  stock,  and  4 ml  TEL  per  gallon,  the  lean-rich 
rating  is  110/122.  If  a straight  line  is  followed  from  this 
point  toward  the  triptane  vertex  until  20  percent  triptane 
has  been  added,  the  rating  becomes  118/145.  The  addition 
of  20  percent  triptane  to  the  base  blend  has  thus  increased 
the  lean  i*ating  of  the  base  blend  by  8 performance  numbers 
and  the  rich  rating  by  23.  If,  however,  the  chart  for  ben- 
zene (appendix  B,  fig,  B-1  (d))  with  the  same  base  stocks 
is  examined,  it  is  seen  that  a 20-percent  addition  of  benzene 
changes  the  rating  of  the  starting  blend  from  110/122  to 
106/146.  The  addition  of  20  percent  benzene  has  therefore 
decreased  the  lean  rating  by  4 performance  numbers,  whereas 
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TABLE  VlII-2.— A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPER- 
CHARGE PERFORMANCE  RATINGS  OF  TERNARY  AND 
QUATERNARY  FUEL  BLENDS 


[The  following  abbreviations  are  used  throughout  the  table:  VBS  for  virgin  base  stock; 
alkylate  for  aviation  alkylate;  one-pass  stock  for  one-pass  catalytic  stock;  and  MTB  ether 
for  methyl  ferf-butyl  ether] 


Fuel  • 

File  Icomposition  * 

Performan 

A.  S.  T.  M. 
Aviation 
ratings 

[?e  numbers 

A.  S.  T.  M. 
Supercharge 
ratings  b 

Esti- 

mated 

Ob- 

served 

Esti- 

mated 

Ob- 

served 

Ternary  blends 

A-477- . 

59%  hot-acid  octane4-25%  VBS-{-16% 

alkylate 

112 

110 

150 

149 

A-187.. 

11%  hot-acid  octane-|-48%  VBS-}-41% 

alkylate 

98 

90 

no 

111 

A-233-. 

20%  triptane-l-5%  VBS-f  75%  alkylate 

126 

126 

150 

151 

A-235.. 

29%  triptane+20%  VBS-l-5i%  alkylate... 

119 

120 

150 

151 

A-234.. 

38%  triptane-{-35%  VBS-f 27%  alkylate... 

114 

115 

150 

150 

A-466.- 

43%  triptane-f-28%  VBS-f 29%  alkylate... 

119 

116 

160 

158 

A-48l._ 

12%  triptane-l-14%  VBS-f74% alkylate... 

116 

117 

140 

142 

A-486.- 

13%  triptane+61%  VBSd-26%  alkylate... 

95 

93 

110 

112 

A^78-- 

43%  diisopropyH12%  VBS-}-45%  al- 

kylate 

123 

122 

150 

150 

A-524.. 

34%  diisopropyl+52%  VBS-}- 14%  al- 

kylate . 

103 

101 

120 

121 

A-483.. 

50%  neohexane+14%  VBS+30%  alkylate. 

131 

324 

140 

140 

A-523,. 

12%  neohexane+43%  VBS+45%  alkylate. 

102 

103 

no 

111 

A-482- 

23%  benzene-1-34%  VBS+43%  alkylate... 

97 

100 

140 

i:i9 

A-522- . 

47%  benzenc-|-41%  VBS-f  12%  alkylate.. . 

87 

77 

160 

154 

A-184._ 

14%  tolucne-(-54%  VBS-j-32%  alkylate.... 

92 

97 

130 

130 

A-521 . . 

23%  toluene-fl7%  VBS+60%  alkylate.... 

107 

106 

160 

156 

A-520.. 

33%  MTB  .ether-1-55%  VBS-[-12%  al- 

kylate 

106 

108 

160 

154 

A-539.. 

6%  MTB  ether-f  59%  VBS-|-35%  alkylate. 

94 

99 

no 

111 

A-470-- 

55%  hot-acid  octane-fl3%  one-pass 

stock -f 32%  alkylate 

118 

118 

160 

159 

A-471.. 

35%  triptane-}-45%  one-pass  stock -1-20% 

alkylate 

108 

111 

160 

159 

A-480._ 

20%  triptane-fl6%  one-pass  stock-}-64% 

alkylate 

117 

112 

150 

150 

A-555.. 

39%  di isopropyl -f 24%  one-pass  siock-j- 

37%  alkylate ...  ..  ...  ... 

118 

115  1 

150 

150 

Quaternary  blends 

A^72_- 

19%  triptane-|-10%  hot-acid  octane-f 

52.5%  al  kylate -h  18. 5%  isopentane 

128 

131 

160 

157 

A^74_. 

11.5%  triptane-f25.5%  dii.sopropyl-f- 

.’50.5%  alkylate-fl2.5%  isopentane 

130 

136 

160 

159 

A-473.. 

34%  diisopropyl-f  12.5%  hot-acid  oc. 

tane-{-41.5%  alkylate-fl2%  isopentane*. 

129 

131 

159 

159 

* Each  fuel  contains  approximately  4 ml  TEL/gal. 
b Ratings  made  at  fuel-air  ratio  of  0.11. 


the  rich  rating  has  been  increased  by  24.  From  this  com- 
parison it  follows  that  in  this  example  the  aromatic  (benzene) 
and  the  paraffin  (triptane)  are  equally  effective  for  increas- 


ing the  A.  S.  T.  M.  Supercharge  (rich)  performance  but  that 
triptane  is  more  effective  than  benzene  for  improving  lean 
performance. 
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CHAPTER  IX 
FUEL  VOLATILITY 


A number  of  problems  arise  from  the  influence  of  fuel 
volatility  on  engine  and  aircraft  performance.  Among  these 
are  vapor  lock,  mixture  distribution,  ease  of  starting,  cold 
weather  operation,  and  vaporization  loss.  In  order  to  per- 
mit reasonable  control  of  these  factors,  fuel  specifications 
include  provisions  for  regulation  of  volatility.  The  particu- 
lar limits  established  on  the  volatility  characteristics  of  fuels 
are  based  on  numerous  laboratory  investigations  and  con- 
siderable service  experience.  Some  of  the  laboratory  re- 
searches on  volatility  characteristics  of  fuel  are  described  in 
this  chapter. 

MIXTURE  DISTRIBUTION 

In  multicylinder  engines  an  important  requisite  of  good 
performance  is  uniform  distribution  of  the  fuel-air  charge  to 
the  individual  cylinders.  However,  design  factors  relating 
to  engine  induction  systems  (for  example,  intake  manifolds, 
carburetoi*s,  and  superchargers)  tend  to  make  the  problem 
of  distribution  one  of  varying  significance  with  each  particu- 
lar engine.  Aside  from  the  undesirable  effect  on  general 
engine  operation,  nonuniform  distribution  increases  fuel  con- 
sumption and  cooling  requirements  and  decreases  over-all 
knock  limits.  For  a given  engine  and  a fuel  of  given  vola- 
tility, the  mixture  distribution  is  affected  by  over-all  fuel-air 
ratio  of  the  engine,  engine  speed,  supercharger  gear  ratio, 
charge  weight  flow  or  engine  power,  throttle  setting,  and 
combustion-ail-  inlet  temperature.  The  investigation  of  refer- 
ence 1 illustrates  the  degree  to  which  these  engine  variables 
may  affect  mixture  distribution. 

Distribution  of  fuel-air  mixture  to  the  various  cylinders  was 
determined  by  exliaust-gas  analysis  (reference  2)  by  an  im- 
proved sampling  technique  reported  by  Cook  and  Olson 
(reference  3).  The  engine  used  was  an  18-cylinder,  double- 
row, radial  air-cooled  engine  installed  on  a test  stand  and 
fitted  witli  a flight  cowling.  (See  fig.  IX-1.)  The  engine 
was  equipped  with  a single-stage  supercharger  with  low  and 
high  gear  ratios  of  7.6  and  9.45,  respectively.  Additional 
installation  details  may  be  found  in  reference  1 . 

The  carburetor-deck  pressure  was  maintained  atmospheric 
and  the  tlu-ottle  setting  was  varied  to  maintain  fixed  power 
for  the  tests  in  which  the  over-all  fuel-air  ratio,  the  engine 
speed,  the  power,  or  the  intake-air  temperature  was  varied. 
(See  reference  1.)  The  results  therefore  show  the  effect  of 
both  the  variable  under  investigation  and  the  associated 
variation  of  throttle  setting  and  are  representative  of  normal 
sea-level  performance.  ^\Tien  the  engine  power  and  speed 
were  varied,  one  of  the  most  important  influences  on  mixture- 
distribution  changes  was  the  variation  in  throttle  angle  re- 
sulting from  atmospheric  carburetor-deck  pressure.  During 
the  tests  of  varying  throttle  setting,  the  carburetor-deck 
pressure  was  changed  to  maintain  constant  power;  operation 
at  altitude  was  thereby  simulated. 


Figure  IX-1.— Installation  of  test  engine  and  cowling.  (Fig.  1 of  reference  1.) 


Effect  of  over-all  fuel-air  ratio  on  mixture  distribution. — 
In  figure  IX-2  the  influence  of  over-all  fuel-air  ratio  on  dis- 
tribution is  illustrated.  It  is  readily  seen  in  this  figure  that 
the  distribution  is  best  at  lean  fuel-air  ratios.  The  difference 
between  the  richest  and  the  leanest  cylinders  at  an  over-all 
fuel-air  ratio  of  0.101  is  reduced  from  0.032  to  0.003  at  an 
over-all  fuel-air  ratio  of  0.059.  This  general  trend  was  found 
to  be  true  at  all  operating  conditions,  although  the  magnitude 
of  the  differences  varied.  The  trend  is  attributed  to  the 
fact  that  more  nearly  complete  fuel  evaporation  occurs  at 
low  fuel  flows  where  the  irregularities  of  distribution  caused 
by  the  concentration  of  fuel  droplets  are  reduced.  (See 
reference  1.) 


2 4 6 e m 12  14  16  Id 

Cylinder 

Figure  IX-2.— Variation  of  mixture  distribution  with  over-all  fuel-air  ratio.  Engine  speed. 
1600  rpm;  engine  power,  800  brake  horsepower;  low  supercharger  gear  ratio.  (Fig.  7 (a) 
of  reference  1.) 
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(a)  Engine  power,  800  brake  horsepower;  over-all  fuel-air  ratio,  0.106. 

(b)  Engine  power,  1000  brake  horsepower;  over-all  fuel-air  ratio,  0.110. 

Figure  IX-3.— Variation  of  mi.\ture  distribution  with  engine  speed.  (Fig.  9 of  reference  1.) 


CyfindGr 

Figure  IX^.— Variation  of  mixture  distribution  with  supercharger  gear  ratio.  Engine 
speed,  2000  rpm;  engine  power,  800  brake  horsepower.  (Fig.  10  (a)  of  reference  1.) 


Figure  IX-5. — Variation  of  mixture  distribution  with  engine  power.  Engine  speed,  2200 
rpm;  over-all  fuel-air  ratio,  0.089;  low  supercharger  gear  ratio.  (Fig.  1 1 (b)  of  reference  1 .) 
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PiCfURE  IX-6. — Variation  of  mixture  distribution  with  throttle  setting.  Over-all  fuel-air 
ratio,  0.100:  low  supercharger  gear  ratio.  (Fig.  12  (a)  of  reference  1.) 

Effect  of  engine  speed  on  mixture  distribution. — The  re- 
sults of  tests  at  low  supercharger  gear  ratio  indicated  that 
the  variation  of  mixture  strength  between  the  richest  and 
the  leanest  cylinders  is  not  appreciably  affected  by  changes 
of  engine  speed  between  1600  and  2400  rpm  (fig.  IX~3) 
despite  the  accompanying  variation  in  throttle  angles.  The 
general  shape  of  the  distribution  patterns  does  vary  some- 
what. For  example,  in  figure  IX-3  two  peaks  may  be  seen 
occurring  in  the  neighborhood  of  cylinders  10  and  16  at  low 
engine  speed.  The  peak  near  cylinder  1 6 is  diminished  whereas 
that  near  cylinder  10  becomes  more  prominent  as  the  speed 
increases.  At  high  speeds  each  of  the  maximum  points  tends 
to  move  to  the  adjacent  cylinder  in  a direction  opposite  that 
of  the  impeller  rotation,  that  is,  from  cylinders  10  and  16  to 
cylinders  8 and  14,  respectively. 

Effect  of  supercharger  gear  ratio  on  mixture  distribution. — 
The  effect  of  supercharger  gear  ratio  on  mixture  distribution 
is  shown  in  figure  IX-4.  At  the  high  supercharger  gear  ratio, 
the  mixture  distribution  was  considerably  improved  over  the 
distribution  at  low  gear  ratio.  It  was  suggested  in  reference 
1 that  the  more  nearly  uniform  mixture  distribution  at  the 
higher  impeller  speeds  was  due  to  the  higher  combustion-air 
temperature  and  the  resulting  bhtter  evaporation  of  the  fuel 
passing  through  the  supercharger  as  well  as  from  the  more 
thorough  mixing  at  the  diffuser  entrance.  It  should  be  re- 
called, however,  that  in  the  preceding  discussion  no  effect 
on  mixture  distribution  was  found  when  the  impeller  speed 
was  increased  by  increasing  engine  speed  at  constant  super- 
charger gear  ratio. 

213637 — 53 30 
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Figure  IX-7. — Variation  of  mixture  distribution  with  carburetor-deck  temperature.  Engine 
speed.  2200  rpm;  engine  power,  1000  brake  horsepower;  approximate  over-all  fuel-air  ratio, 
0.100;  low  supercharger  gear  ratio.  (Fig.  14  of  reference  1.) 


Figure  IX-8.— Effect  of  fuel-air  ratio  on  fuel  consumption  at  various  engine  speeds.  Engine 
power,  800  brake  horsepower;  low  supercharger  gear  ratio.  (Fig.  17  of  reference  1.) 


Effect  of  variation  of  power  on  mixture  distribution. — 

Mixture-distribution  curves  for  various  values  of  brake 
horsepower  are  shown  in  figure  IX-5  for  an  over-all  fuel-air 
ratio  of  0.089.  The  differences  in  mixture  strength  between 
the.  richest  and  leanest  cylinder  are  not  greatly  affected  by 
power  level.  Similar  results  were  obtained  at  over-all  fuel- 
air  ratios  leaner  and  richer  than  0.089. 

Effect  of  throttle  setting  on  mixture  distribution. — Tests 
were  conducted  at  different  throttle  settings  to  determine  the 
change  in  mixture  distribution.  The  results  obtained  at  one 
fuel-air  ratio  are  shown  in  figure  IX-6.  The  most  significant 
differences  in  the  distribution  pattern  were  observed  at  the 
low  power  conditions.  At  800  brake  horsepower,  for  example, 
cylinder  14,  the  leanest  cylinder  at  sea-level  throttle  setting, 
became  the  richest  cylinder  at  wide-open  throttle. 

Although  the  mixture  distribution  patterns  were  different 
at  the  various  power  levels  and  throttle  settings,  no  trend  of 
improvement  in  distribution  was  apparent. 
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Figure  IX-9— Relation  between  over-all  fuel-air  ratio  and  fuel-air  ratio  of  leanest  cylinder, 
(Fig.  16  of  reference  1.) 


Effect  of  combustion-air  temperature  on  mixture  distri- 
bution.-— Mixture  distribution  patterns  for  carburetor-deck 
temperatures  of  45°,  90°,  and  134°  F are  shown  in  figure 
IX-7.  The  general  shapes  of  the  curves  in  this  figure  are 
similar,  but  the  differences  between  the  richest  and  leanest 
cylinders  decrease  with  increasing  carburetor-deck  temper- 
ature. This  trend  may  be  attributed  to  increased  fuel 
evaporation  at  the  higher  temperatures  and  the  resulting 
better  mixing  of  fuel  and  air. 

Effect  of  mixture  distribution  on  fuel  consumption. — In  a 
multicylinder  engine,  operation  with  nonuniform  distribu- 
tion results  in  higher  fuel  consumption.  The  relation  be- 
tween brake  specific  fuel  consumption  and  fuel-air  ratio 
(fig.  IX-8)  is  such  that  the  over-all  brake  specific  fuel  con- 
sumption for  nonuniform  mixture  distribution  is  necessarily 
greater  than  that  for  uniform  distribution.  Calculations 
(reference  1)  indicated,  however,  that  the  difference  is  more 
pronounced  when  the  poor  distribution  is  obtained  at  a lean 
over-all  fuel-air  ratio.  If  mixture  distribution  is  uniform, 
the  brake  specific  fuel  consumption  of  the  entire  engine  is 
the  same  as  that  of  each  cylinder  inasmuch  as  the  fuel-air 
ratio  for  each  cylinder  is  equal  to  that  of  the  engine  average. 

If  the  extent  to  which  the  over-all  fuel-air  ratio  may  be 
reduced  is  (because  of  detonation  or  cooling)  determined  by 
the  leanest  cylinder,  the  effect  of  nonuniform  mixture  dis- 
tribution is  important.  The  relation  between  the  fuel-air 
ratio  of  the  leanest  cylinder  and  the  over-all  fuel-air  ratio  is 
presented  in  figure  IX-9.  Also  shown  is  the  curve  represent- 
ing uniform  distribution.  At  any  given  value  of  the  abscissa 


the  difference  between  the  two  curves  represents  the  increase 
in  over-all  fuel-air  ratio  required  by  nonuniform  distribution 
to  attain  a given  value  of  fuel-air  ratio  for  the  leanest  cylinder. 

Inasmuch  as  the  mixture  distribution  is  more  nearly  uni- 
form at  low  over-all  fuel-air  ratios  (fig.  IX-2),  the  differences 
between  the  over-all  fuel-air  ratio  and  that  of  the  leanest 
cylinder  (fig.  IX-9)  decrease  with  decreasing  mixture 
strength. 

IMPROVEMENT  OF  MIXTURE  DISTRIBUTION  BY  MECHANICAL  CHANGES 

One  approach  to  the  problem  of  elimination  of  nonuniform 
distribution  is  through  the  use  of  improved  induction  devices 
to  permit  introduction  of  more  nearly  vaporized  fuel  to  the 
intake  manifold.  An  investigation  (reference  4)  conducted 
by  the  NACA  during  World  War  II  was  concerned  with  the 
development  of  an  injection-type  impeller  that  would  im- 
prove the  uniformity  of  fuel-air  mixture  and  thus  promote 
more  uniform  distribution  to  the  engine  cylinders. 

Injection  impeller. — The  variation  in  fuel-air  ratio  among 
the  engine  c^dinders  is  influenced  by  centrifugal  and  gravita- 
tional separation  of  fuel  droplets  from  the  air  as  well  as  by 
coarse,  nonuniform  injection  of  fuel  into  the  air  stream. 
Consequently,  an  improvement  in  distribution  can  be 
achieved  by  injecting  the  fuel  at  a point  where  the  fuel 
droplets  are  least  likely  to  separate  from  the  combustion 
air  and  at  the  same  time  by  eliminating  the  coarse  droplets 
present  in  the  charge-air  stream. 

The  impeller  developed  in  reference  4 was  designed  to 
avoid  the  causes  of  nonuniform  distribution  by  injecting 
fuel  near  the  impeller  outlet,  where  elbow  and  carburetor 
disturbances  are  at  a minimum  and  where  high  velocity  and 
turbulent  conditions  might  be  utilized  to  reduce  the  effect 
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of  gravitational  forces  and  to  provide  better  mixing  and 
fuel  evaporation.  The  impeller  (fig.  IX— 10)  is  a centrifugal 
impeller  modified  to  act  as  a fuel  distributor  as  well  as  a 
supercharger.  The  fuel  passages  discharge  from  a centrally 
located  supph^  chamber  into  the  air  passages  at  a point 
sufficient!}^  near  the  impeller  tip  to  avoid  fuel  impingement 
on  the  stationary  shi*oud.  Fuel  is  discharged  with  a centrifu- 
gal force  that  exceeds  the  gravitational  forces;  consequently, 
a uniform  peripheral  fuel  discharge  from  the  impeller  is 
attained. 

Metered  fuel  passes  from  the  carbui'etor  to  a stationary 
nozzle  ring,  instead  of  feeding  to  the  conventional  carburetor 
spra}^  bar,  and  is  delivered  from  the  ring  into  a collector  cup 
that  rotates  with  the  impeller.  Between  the  nozzle  ring 
and  the  collector  cup  is  an  air  gap  which  eliminates  surging 
in  the  system.  The  fuel  flows  by  centrifugal  action  through 
the  collector  cup  and  the  impeller  transfer  passages  to  the 
fuel-distribution  annulus.  From  the  annulus  the  fuel  is 
thrown  tluuugh  the  radial  holes  into  the  air  stream, 

A comparison  of  the  mixture  distribution  resulting  from 


Figure  IX-12.—Effect  of  injection  impeller  on  mixture  distribution  of  engine  at  reduced 
fuel  flows.  (Fig.  7 of  reference  4.) 


a standard  carburetor  spray  bar  with  that  from  the  injection 
impeller  is  presented  in  figure  IX— 11.  A summary  of  the 
data  from  this  figure  is  given  in  table  IX-1. 

At  1200,  1500,  and  1700  brake  horsepower  (table  IX-1), 
the  mixture  spread  was  considerably  less  with  the  injection 
impeller  than  with  the  standard  carburetor  spray  bar;  how- 
ever, at  2000  brake  horsepower  the  improvement  was  less 
noticeable.  The  poorer  showing  at  2000  horsepower  is 
attributed  in  reference  4 to  the  fact  that  the  impeller  does 
not  operate  as  satisfactorily  at  the  higher  fuel  flows,  whereas 


TABLE  IX-1.— EFFECT  OF  INJECTION  IMPELLER  ON 
MIXTURE  DISTRIBUTION  ® 


Fuel-air  ratio 

Brake  horsepower 

1200 

1500 

1700 

2000 

Method  of  fuel 
injection 

Stand- 

ard 

spray 

bar 

Injec- 

tion 

impel- 

ler 

Stand- 

ard 

spray 

bar 

Injec- 

tion 

impel- 

ler 

Stand- 

ard 

spray 

bar 

Injec- 
tion 
impel- 
ler . 

Stand- 

ard 

spray 

bar 

Injec- 

tion 

impel- 

ler 

Maximum 

0.079 

0.076 

0. 102 

0.098 

0. 103 

0.098 

0. 109 

0.110 

Minimum 

0.061 

0.070 

0.076 

0.088 

0.085 

0.092 

0.095 

0.098 

Spread-- 

0.018 

0.006 

0.026 

0.010 

0. 018 

0.006 

0.014 

0.012 

• Reproduced  from  reference  4. 
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the  spray  bar  apparentl}^  provides  better  mixture  distribu- 
tion at  the  higher  flows. 

A comparison  of  the  mixture  distribution  at  reduced  fuel 
flows  for  the  injection  impeller  with  the  mixture  distribution 
at  higher  fuel  flows  for  the  standard  spray  bar  is  showm  in 
figure  IX-12.  A summary  of  the  data  from  this  figure  is 
given  in  table  IX-2, 

For  1500  and  2000  brake  horsepower  (table  IX-2),  the 
variations  in  mixture  distribution  with  the  impeller  at 
reduced  fuel  flows  are  much  smaller  than  the  variations  at 
higher  fuel  flows  (table  IX-1).  At  1700  brake  horsepower 
the  variations  are  greater.  On  the  basis  of  these  data  it 
was  suggested  (reference  4)  that  the  ability  of  the  injection 
impeller  to  overcome  the  effects  of  gravitational  and  centrifu- 
gal fuel  separation  is  inhibited  at  high  powers  and  fuel  flows 

TABLE  IX-2.— EFFECT  OF  INJECTION  IMPELLER  ON  MIX- 
TURE DISTRIBUTION  AT  REDUCED  FUEL  FLOWS  “ 


Fuel-air  ratio 


Brake  horsepower 

1500 

1700 

2000 

Method  of  fuel  injection 

Standard 

spray 

bar 

Injection 

impeller 

Standard 

spray 

bar 

Injection 

impeller 

Standard 
spray 
bar  . 

Injection 

impeller 

Maximum 

0. 102 

0. 077 

0. 103 

0. 094 

0. 109 

0. 090 

Minimum  

0.076 

0. 071 

0.085 

0,083 

0.095 

0. 084 

Spread 

0.026 

0.006 

0. 018 

0.011 

0.014 

0. 006 

* Reproduced  from  reference  4. 


by  some  design  factor,  the  effects  of  which  are  eliminated  at 
reduced  values  of  fuel  flow. 

EFFECTS  OF  THREE  FUEL-INJECTION  METHODS  ON  MIXTURE 
DISTRIBUTION  WITH  LOW-VOLATILITY  FUEL 

In  order  to  compare  the  effects  of  three  methods  of  fuel  in- 
jection on  engine  performance,  an  investigation  (reference  5) 
was  conducted  utilizing  low-volatility  fuel  (so-called  safety 
fuel).  Low-volatility  fuel  has  long  been  considered  as  a 
substitute  fuel  for  conventional  aviation  gasoline  to  reduce 
the  fire  hazard  in  aircraft.  Conventional  gasoline,  because 
of  its  high  vapor  pressure  (Reid  vapor  pressure,  7 Ib/sq  in.), 
is  much  more  easily  vaporized  in  an  induction  system  than 
is  low-volatility  fuel  (Reid  vapor  pressure,  0.1  Ib/sq  in.); 
consequently,  safety  fuel  offers  a more  rigid  test  of  injection 
methods.  Physical  properties  for  gasoline  and  low-vola- 
tility fuel  (reference  5)  are  compared  in  the  following  table: 


Property 

- -1 

Gasoline 

Low-volatility 

fuel 

Grade 

100/130 

106/139 

Tetraethyl  lead  content,  ml/gal 

4.  55 

4.63 

Flash  point,  close  cup,  °F 

Distillation  range,  °F: 

Below  — 30 

122 

Initial  boiling  point 

108 

320 

10-percent  evaporated 

141 

334 

50-percent  evaporated 

205 

346 

90-percent  evaporated - 

255 

362 

Final  boiling  point 

332 

;i84 

Freezing  point,  °F 

Below  —76 

Below  —76 

Reid  vapor  pressure,  Ib/sq  in 

7 

0. 1 

Residue,  copper  dish,  mg/100  ml — 

2.0 

• 2.0 

Accelerated  gum  content,  mg/100  ml 

2.3 

2.0 

Accelerated  gum  precipitate,  mg/100  ml 

0.2 

0.6 

Sulfur  content,  percent 

0.012 

0.0001 

Heating  value,  Btu/lb - 

18740 

18650 

Hydrogen-carbon  ratio 

0. 166 

0. 165 

Specific  gravity  at  60°  F 

0.  719 

0.  782 

% diom. 


(a)  Standard  Bar 


(b)  Impinging-Jets  Bar. 

Figure  IX-13. — Comparison  of  standard  nozzle  bar  with  impinging- jets  nozzle  bar.  (All  dimensions  given  in  inches.)  (Fig.  3 of  reference  5.) 
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Previous  investigations  (references  6 and  7)  have  shown 
that  low-volatility  fuel  can  be  utilized  successfully  in  recip- 
procating  engines  by  direct  injection  into  the  c}dinders. 
However,  the  complexities  of  a direct  injection  system  can 
be  avoided  by  better  atomization  of  fuel  and  injection  into 
the  manifold.  Aside  from  the  injection  impeller  discussed 
in  the  preceding  paragraphs,  the  NACA  has  investigated 
the  impinging-jets  nozzle  bar  as  a means  of  achieving  better 
fuel  atomization.  With  the  injection  impeller,  finely 
dispersed  fuel  enters  the  combustion-air  stream  near  the 
impeller  exit,  whereas  the  impinging-jets  nozzle  bar  in- 
troduces the  finely  atomized  fuel  into  the  air  stream  immedi- 
ately after  the  carburetor.  A standard  nozzle  bar  and 
the  impinging-jets  bar  are  compared  in  figure  IX-13.  In 
the  standard  bar  are  located  24  orifices  as  compared  to  32 
for  the  impinging-jets  bar.  The  orifices  in  the  standard 
bar  are  larger  and  the  fuel  is  discharged  in  less  than  half 
the  length  of  the  bar.  These  factors  result  in  poorer  atom- 
ization and  only  partial  coverage  of  the  combustion-air 
duct.  The  orifices  in  the  impinging-jets  bar  are  at  right 
angles  to  each  other  and  the  sprays  impinge  to  form  finely 
atomized  fuel. 


(a)  Engine  speed,  2000  rpm;  engine  power,  1200  brake  horsepower;  approximate  average 

fuel-air  ratio,  0.070. 

(b)  Engine  speed,  2100  rpm;  engine  power,  1400  brake  horsepower;  approximate  average 

fuel-air  ratio,  0.082. 

Figure  lX-14. — Comparison  of  mixture  distribution  obtained  with  various  methods  of  fuel 
injection.  Combustion-air  temperature,  100®  F.  (Fig.  6 of  reference  5.) 


In  order  to  evaluate  the  three  methods  of  injecting  low- 
volatilit}’^  fuel,  a standard  mixture-distribution  pattern  was 
selected.  This  pattern  was  produced  at  various  powers  by 
injection  of  gasoline  through  the  standard  nozzle  bar. 
Comparisons  of  mixture-distribution  patterns  for  the  three 
methods  of  injecting  low-volatilit}’^  fuel  with  the  pattern  for 
the  standard  gasoline  test  are  shown  in  figure  IX-14.  The 
spreads  in  fuel-air  ratio  obtained  in  the  standard  engine 
were  0.017,  0.024,  0.021,  and  0.023  at  1200,  1400,  1600, 
and  1800  brake  horsepower,  respectively. 

At  1200  brake  horsepower  (fig.  IX-14(a))  the  injection 
impeller  gave  a distribution  pattern  similar  to  that  of  the 
standard  engine;  the  over-all  spread  in  fuel-air  ratio  was 
slightly  less  than  that  of  the  standard  engine.  The  other 
methods  gave  patterns  somewhat  different  from  those  of 
the  standard  engine  in  that  the  over-all  spreads  in  fuel-air 
ratio  were  greater. 

At  1400  brake  horsepower  (fig.  IX-14(b))  the  injection 
impeller  again  gave  better  distribution  with  low- volatility 
fuel  than  the  standard  engine  did  with  gasoline;  however, 
the  impinging-jets  bar  was  worse  than  the  standard  engine. 


(c)  Engine  speed,  2200  rpm;  engine  power,  1600  brake  horsepower;  approximate  average 

fuel-air  ratio,  0.087. 

(d)  Engine  speed,  2300  rpm;  engine  power,  1800  brake  horsepower;  approximate  average 

fuel-air  ratio,  0.091. 

Figure  I X-l 4. —Concluded.  Comparison  of  mixture  distribution  obtained  with  various 
methods  of  fuel  injection.  Combustion-air  temperature.  100®  F.  (Fig.  6 of  reference  5.) 
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Similar  results  were  obtained  at  brake  horsepowers  of  1600. 
and  1800  (figs.  IX-14(c)  and  IX-14(d)).  Complete  data 
were  not  obtained  at  1800  brake  horsepower  inasmuch  as 
this  power  was  unattainable  with  either  the  standard  nozzle 
bar  or  . the  impinging-jets  bar.  ^ 

It  can  be  concluded  from  the  foregoing  data  that  the 
mixture-distribution  patterns  produced  by  the  injection 
impeller  with  low- volatility  fuel  are  better  than  those  found 
with  a standard  nozzle  bar  and  gasoline  as  a fuel. 

EFFECTS  OF  FUEL  VOLATILITY  ON  ENGINE  PERFORMANCE 

The  effect  of  fuel  volatility  on  engine  performance  was 
investigated  by  White  and  Engelman  (reference  8).  Four 
fuels  were  tested  over  a range  of  inlet-air  temperatures 
between  46°  F and  72°  F,  In  general  the  results  of  this 
study  were  inconclusive;  however,  the  following  summary 
is  offered. 

The  fuel  having  the  lowest  90-percent  point  (A.  S.  T.  M. 
Distillation  Procedure  D86-40)  gave  the  best  power  and 
fuel  economy.  Differences  in  performance  among  the  other 
fuels  were  relatively  slight  and  could;  not  be  attributed  to 
differences  in  volatility.  The  90-percent  points  of  the 
four  fuels  were  255°,  270°,  295°,  and  306°  F.  The  most 
volatile  fuels  were  found  to  give  more  uniform  mixture 
distribution. 

FUEL  VAPOR  LOSS  FROM  AIRCRAFT  FUEL  TANKS 

The  development  of  high-altitude,  long-range  aircraft 
has  resulted  in  considerable  concern  over  the  loss  of  fuel 
vapor  through  fuel  tank  vents  during  flight.  The  loss  of 
fuel  represents  an  increase  in  the  fuel  consumed  during 
flight  and  thus  causes  a reduction  in  cruising  range  and  load- 
carrying capacity. 


The  variables  affecting  fuel  vapor  loss  were  evaluated  in 
a series  of  simulated-flight  tests  (reference  9).  A small 
fuel  tank  on  a bench-test  installation  (fig.  IX-15)  was 
employed  to  facilitate  instrumentation  and  handling  of 
the  equipment  during  the  tests.  A similar  apparatus  was 
installed  in  a tmn-engine  airplane  in  order  to  correlate 
simulated-flight  data  with  actual-flight  data;  (See  fig. 
IX-16.)  Details  of  the  apparatus  may  be  found  in 
reference  9. 

Effect  of  rate  of  climb  on  fuel  vapor  loss. — The  fuel  in  the 
tank  (fig.  IX-15)  was  subjected  to  simulated  flights  at  rates 
of  climb  of  1000,  2000,  and  4000  feet  per  minute  to  an  altitude 
of  40,000  feet;  the  results  are  shown  in  figure  IX-17.  These 
data  are  replotted  in  figure  IX-18  with  fuel  vapor  loss  as  a 
function  of  altitude.  At  any  given  altitude  the  loss  increased 
only  slightly  with  increased  rate  of  climb  for  the  rates  tested; 
however,  the  losses  due  to  foaming  at  the  higher  rates  of 
climb  when  the  fuel  tank  is  filled  close  to  capacity  were  not. 
investigated. 

Effect  of  altitude  on  fuel  vapor  loss.^ — The  variation  of  fuel 
vapor  loss  with  altitude  in  figure  IX-18  is  linear  above  some 
critical  altitude  (the  theoretical  altitude  at  which  fuel  vapor 
loss  begins) . For  this  linear  portion  of  the  curve  the  following 
formula  was  derived  (reference  9) : 

r^Z-Z, 

1.9 

where 

L fuel  vapor  loss,  percent 
Z altitude,  in  1000  feet 

Zc  critical  altitude,  in  1000  feet  (intersection  of  linear 
portion  of  loss-against-altitude  curve  with  base  line, 
fig.  IX-18) 
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Figure  IX-15.— Bench-test  installation  for  determination  of  fuel  vapor  loss  under  simulated  flight  conditions.  (Fig.  1 of  reference  9.) 
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<•  - - Shielded  total- 


Effects  of  initial  fuel  temperature  on  fuel  vapor  loss. — 
The  effect  of  initial  fuel  temperatiu*e  on  fuel  vapor  loss  is 
shown  in  figure  IX-19.  These  results  were  obtained  from 
simulated  flight  tests  in  which  the  condition  of  climb  to 
30,000  feet  was  investigated  for  each  of  the  initial  fuel 
temperatures  shown  on  the  figure.  These  data  have  been 
replotted  in  figure  IX-20  to  illustrate  the  variation  of  fuel 
vapor  loss  at  the  end  of  climb  with  initial  fuel  temperature. 
Above  a fuel  temperature  of  about  70®  F the  loss  varies 
linearly  with  fuel  temperature.  It  was  suggested  in  reference 
9 that  the  fuel  vapor  loss  during  climb  to  an  altitude  of 


30,000  feet  at  initial  fuel  temperatures  above  70®  F could 
possibly  be  predicted  from  the  following  equation: 

L=K(T-Tc) 

where 

L fuel  vapor  loss,  percent 

T initial  fuel  temperature,  ®F 

Tc  temperature  above  which  loss  varies  linearly  with 
temperature  (intersection  of  linear  portion  of  curve  in 
fig.  IX-*20  with  abscissa),  ®F. 

K constant  (0.18  percent  per  ®F,  from  fig.  IX-20) 
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Figure  IX-17.— Fuel  vapor  loss  during  simulated  flights  to  40,000  feet  at  various  rates  of 
climb.  (Fig.  7 of  reference  9.) 


Figure  IX-18.— Variation  of  fuel  vapor  loss  with  altitude  during  simulated  flights  at  various 
rates  of  climb.  (Fig.  8 of  reference  9.) 


Effect  of  fuel  weathering  on  fuel  vapor  loss. — Several  suc- 
cessive standard  simulated  flights  were  made  on  the  same 
tank  of  fuel  in  order  to  determine  the  effect  of  weathering  on 
vapor  loss.  (See  fig.  IX-21.)  In  this  particular  test  the  total 
volume  loss  of  fuel  resulting  from  the  three  simulated  flights 
was  about  20  percent.  The  effects  of  such  losses  on  fuel 
properties  are  discussed  later  in.  this  chapter. 

Effects  of  fuel  agitation  on  fuel  vapor  loss. — An  attempt 
was  made  in  reference  9 to  determine  the  effects  of  agitation 
on  vapor  loss.  The  effects  of  low-amplitude  vibrations  were 
investigated  by  vibrating  the  tank  vertically  during  a 
simulated  flight.  The  tank  was  vibrated  at  frequencies  of 
168  and  120  cycles  per  second  at  amplitudes  of  0.0009  and 
0.0018  inch,  respectively.  An  air-operated  vibrator  attached 
to  the  tank  was  used  for  this  purpose.  This  type  of  vibration 
had  no  significant  effect  on  fuel  vapor  loss. 

The  effect  of  turbulence  on  vapor  loss  was  investigated 
(reference  9)  by  use  of  a three-bladed  propeller  installed  in 
the  tank.  This  mechanism  simulated  the  turbulence  arising 
from  use  of  submerged  fuel  booster  pumps.  Two  series  of 
tests  were  made:  one  in  which  the  fuel  was  thrust  downward, 
and  another  in  which  the  fuel  was  thrust  upward.  The  results 
are  shown  in  figure  IX-22.  For  the  range  of  speeds  investi- 
gated the  fuel  vapor  loss  increased  with  speed  irrespective  of 
the  direction  of  thrust. 

A third  method  of  agitation  was  investigated  in  which  the 
fuel  tank  was  oscillated  to  simulate  sloshing  of  the  fuel  during 
flight.  The  tank  was  rocked  through  an  angle  of  5°  at  rates 


Figure  IX-19. — Variation  of  fuel  vapor  loss  with  initial  fuel  temperature,  during  simulated 
flight.  (Fig.  11  of  reference  9.) 


Figure  IX-20.— -Variation  of  fuel  vapor  loss  at  end  of  climb  period  with  initial  fuel  temper* 
alure  during  simulated  flight.  (Fig.  12  of  reference  9.) 


of  40  and  60  cycles  per  minute.  Fuel  vapor  loss  was  increased 
(fig.  IX-23)  by  this  method  of  agitation. 

Flight  correlation. — A comparison  was  made  between  the 
flight  and  bench-test  apparatuses  used  for  determination  of 
fuel  vapor  loss.  (See  reference  9.)  The  flight  paths  followed 
in  these  tests  are  shown  in  figure  IX-24.  In  both  cases  the 
initial  fuel  temperature  was  108°  F.  The  fuel  vapor  loss 
resulting  from  each  of  the  two  methods  is  shown  in  figure 
IX-25.  The  difference  in  vapor  loss  measured  by  the  two 
methods  was  about  0.06  percent. 

EFFECT  OF  FUEL  VAPOR  LOSS  ON  INSPECTION 
PROPERTIES  OF  AVIATION  FUELS 

The  effects  of  fuel  vapor  loss  on  the  properties  of  two 
typical  service  fuels  (AN-F-28  (28-R)  and  AN-F-33  (33-R)) 
were  investigated  in  reference  10.  These  fuels  were  weathered 
in  a simulated-altitude  apparatus  shown  diagrammatically 
in  figure  IX-26.  This  apparatus  represents  an  improvement 
over  the  apparatus  described  in  the  preceding  section  of  this 
chapter.  (See  fig.  IX-15.) 
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Figure  IX-21.— Fuel  vapor  loss  during  successive  standard  simulated  flights  with  given 
fuel  sample.  (Fig.  13  of  reference  9.) 


Figure  IX-22.— Fuel  vapor  loss  at  end  of  standard  simulated  flight  with  induced  fuel  tur- 
bulence produced  by  rotating  propeller  with  blade  angle  at  30®,  (Fig.  17  of  reference  9.) 


Figure  IX-23.— Fuel  vapor  loss  during  standard  simulated  flight  with  fuel  tank  oscillated 
through  angle  of  5®.  (Fig.  18  of  reference  9.) 


The  fuels  were  weathered  during  a simulated  flight  con- 
Bisting  of  climb  at  a rate  of  1000  feet  per  minute  to  an 
altitude  of  30,000  feet.  The  altitude  of  30,000  feet  was 
maintained  for  approximately  10  minutes  after  the  end  of 
the  climb.  Because  fuel  vapor  loss  is  dependent  on  the 
temperature  (fig.  IX-19)  of  the  fuel  in  an  airplane  tank  at 
the  time  of  take-off,  two  initial  fuel  temperatures  (90®  and 
130®  F)  were  used  in  the  weathering  tests  of  each  fuel. 

The  data  obtained  from  the  weathering  tests  indicated 
that  with  28-R  about  3.6  percent  (by  weight)  of  the  fuel  was 
lost  during  a simulated  flight  in  which  the  initial  fuel  temper- 
213637—53 40 


* Figure  IX-24. — Flight  paths  followed  for  both  simulated  and  actual  flight  tests.  (Fig.  19 

of  reference  9.) 


Figure  IX-25.— Fuel  vapor  loss  during  simulated  and  actual  flights.  (Fig.  20  of  reference  9.) 

Initial  fuel  temperature,  108°  F. 

ature  was  90®  F.  For  an  initial  temperature  of  130®  F the 
loss  was  about  12.8  percent.  With  33-R  the  losses  were 
about  3.5  and  14.3  percent  at  temperatures  of  90®  and  130®  F, 
respectively. 

Inspection  data  for  both  weathered  and  unweathered  fuel 
samples  are  shown  in  table  IX-3.  The  data  in  this  table 
show  that,  as  a result  of  the  weathering  loss,  the  distillation 
temperatures  were  increased  and  the  Reid  vapor  pressures 
decreased.  The  greatest  increase  in  distillation  temperature 
occurred  in  the  low  temperature  range.  Specific  gravities, 
aromatic  concentrations,  and  tetraethyl  lead  concentrations 
were  increased. 

If  the  data  for  the  weathered  samples  are  compared  with 
the  specification  limits,  it  is  seen  that  the  samples  of  28-R 
and  33-R  fuels,  weathered  from  an  initial  temperature  of 
90®  F,  meet  the  requirements  with  the  exception  of  lead 
concentrations.  The  50-percent-evaporated  temperature  for 
33-R  is  about  3®  higher  than  permitted,  but  this  difference  is 
within  the  precision  of  the  A.  S.  T.  M.  ^distillation  procedure. 

For  an  initial  fuel  temperature  of  130®  F the  weathered 
sample  of  28-R  still  meets  the  requirements  with  the  excep- 
tion of  tetraethyl  lead  concentration,  whereas  33-R  is 
unacceptable  because  of  the  high  50-percent-evaporated 
temperature  as  well  as  the  high  tetraetli3d  lead  concentration. 
Both  weathered  samples  have  a Reid  vapor  pressure  of  4.6 
pounds  per  square  inch,  which  is  a lower  value  than  that  of 
most  aviation  fuels.  Under  current  aviation-fuel  specifica- 
tions, a low  Reid  vapor  pressure  is  permissible  as  long  as  the 
low-end  distillation  temperatures  are  within  the  specified 
limits. 
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TABLE  IX-3.— INSPECTION  DATA  FOR  WEATHERED  AND  UNWEATHERED  SAMPLES  OF  28-R  AND  33-R  FUELS  * 


28-R 

33-R 

AN-F-28 

specifications 

Un  weath- 
ered 

Weathered 

AN-F-33 

specifications 

Unweath- 

ered 

Weathered 

b90°  F 

b 130°  F 

b90°  F 

b 130°  F 

Tetraethyl  lead,  ml/gal 

4. 6 (max.) 

4.61 

4. 81 

5. 49 

4. 6 (max.) 

4.53 

4.72 

5.29 

Specific  gravity  60°/60®  F 

0.  725 

0.729 

0.  739 

0.708 

0.710 

0.  718 

Reid  vapor  pressure,  Ib/sq  in 

7. 0 (max.) 

6.6 

6.0 

4.6 

7. 0 (max.) 

6.6 

5.9 

4.6 

Aromatics,  precent  by  yolume 

15. 1 

15.3 

17.7 

7.7 

9.3 

A.  S.  T.  M.  distillation 

Percentage  evaporated 

Temperature,  ° F 

0..._ 

109 

108 

10 . 

167  (max.) 

137 

142 

160 

167  (max.) 

134 

140 

163 

40 .. 

167  (min.) 

194 

200 

213 

167  (min.) 

196 

204 

220 

221  (max.) 

213 

217 

225 

221  (max.) 

219 

224 

232 

284  (max.) 

274 

276  ' 

283 

275  (max.) 

‘272 

274 

279 

End  point-  

356  (max.) 

322 

326 

330 

356  (max.) 

344 

349 

Sum  of  10- and  50-percent  points 

307  (min.) 

350 

359 

385 

307  (min.) 

353 

364 

395 

Residue,  percent . 

1. 5 (max.) 

0.6 

0.6 

0.4- 

1. 5 (max.) 

0.9 

0.9 

0.8 

Loss,  percent 

1. 5 (max.) 

1.4 

1.4 

0.8 

1.  5 (max.) 

1.1 

1.1 

0.7 

® Table  I of  reference  10. 

b Temperature  of  fuel  at  start  of  simulated  flight. 


Figure  IX-26.— Simulated-altitude  bench-test  installation  for  determination  of  fuel  vapor  loss.  (Fig.  1 of  reference  10.) 
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In  an  earlier  investigation  (reference  11)  an  equation  was 
derived  to  permit  estimation  of  fuel  vapor  loss  b}'  change  in 
specific  gravity. 

L=K{A~Ao) 

where 

L percentage  fuel  loss 

A final  specific  gravity  of  fuel  at  20®  C (68®  F) 

^0  initial  specific  gravit}’  of  fuel  at  20®  C (68®  F) 

K constant,  characteristic  of  each  fuel 

The  values  of  the  constant  were  evaluated  (reference  11) 
for  the  six  fuels  used  in  this  study  and  were  plotted  against 
the  initial  specific  gravity  (.4o)  in  figure  IX-27. 

EFFECT  OF  FUEL  VAPOR  LOSS  ON  KNOCK-LIMITED  PERFORMANCE 

The  A.  S.  T.  M.  Aviation  (lean)  and  A.  S.  T.  M.  Super- 
charge (rich)  antiknock  ratings  Tor  . 28-11  j-and  33-R  are 
shown  in  the  following  table  (reference  10),  Two  rows  of 
ratings  are  given  for  each  fuel.  The  first  row  is  milliliters 
of  tetraethyl  lead  per  gallon  in  S reference  fuel  and  the 
second  row  is  performance  number.  The  A.  S.  T.  M. 
Aviation  ratings  determined  for  unweathered  28-R  and 
33-R  are  higher  than  the  nominal  ratings  for  these  fuels. 


Fuel 

Condition 

A.  S.  T.  M. 
Aviation 
rating 

A.S.T.  M. 
Supercharge 
rating 

28-R 

Nominal  rating 

0 

1.28 

100 

130 

' 2S-U 

Un  weathered 

0. 08 

1.31 

103 

130 

2S-R 

Weathered  (•90®F) 

0. 10 

1.31 

104 

130 

28-R 

Weathered  (•  130®  F) 

0.  07 

1.52 

103 

133 

33-R 

Nominal  rating 

0.47 

2.  78 

115 

145 

33-R 

U n weathered  

0.G8 

2.  68 

120 

144 

.33-R 

Weathered  (•90®F) 

0.  75 

2. 67 

121 

144 

a3-R 

Weathered  (»130®  F) 

0.  75 

2.  02 

121 

146 

•Temperature  of  fuel  at  start  of  simulated  flight. 


The  data  indicate  that  the  loss  of  fuel  vapor  resulting 
from  weathering  has  little  or  no  effect  on  the  ratings  of  the 
two  fuels.  If  the  changes  in  ratings  can  be  assumed  to  be 
significant,  the  A.  S.  T.  M.  Aviation  and  A.  S.  T,  M.  Super- 
charge performance  numbers  of  both  fuels  increase  slightly. 
These  comparisons  should  be  valid  inasmuch  as  the  data 
were  obtained  on  the  same  operating  day. 
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CHAPTER  X 

INTERNAL  COOLING 


Over  a period  of  years,  improvements  in  fuel  performance 
have  made  it  necessary  to  improve  engine-cooling  facilities 
in  order  to  take  full  advantage  of  power  potentialities  of  a 
given  fuel.  Cooling  studies  (reference  1)  indicate  that  more 
and  more  heat  must  be  disposed  of  through  the  engine  walls 
as  the  specific  power  output  of  the  engine  is  increased.  If 
adequate  cooling  is  assumed  to  be  solely  dependent  on  heat 
transfer  through  the  cylinder  walls,  the  search  for  better 
engine  cooling  is  a continuing  process  accompanying  the 
ever-increasing  antiknock  quality  of  conventional  fuels. 
Although  these  comments  pertain  primarily  to  air-cooled 
engines,  the  same  might  be  said  of  liquid-cooled  engines  in 
regard  to  radiator  size  and  cooling  drag. 

Complete  dependency  on  heat  transfer  through  cylinder 
walls  for  adequate  cooling  can,  however,  be  avoided  by  a 
method  commonly  called  interruil  cooling.  Internal  cooling 
may  be  defined  as  the  injection  of  an  auxiliary  liquid  into 
the  fuel-air  charge  at  some  point  before  the  engine  intake 
port.  A desirable  liquid  for  internal  cooling  should  have  a 
high  latent  heat  of  vaporization,  since  the  more  heat  ex- 
tracted from  the  charge  fuel-air  mixture,  the  greater  the 
cooling  attained.  The  reduction  in  temperature  of  the 
mixture  achieved  by  the  use  of  an  internal  coolant  will 
result  in  lower  cylinder  temperatures  and  will  extend  the 
knock-free  performance  range.  In  addition  to  the  advan- 
tage of  increased  permissible  power,  two  other  goals  in  the 
use  of  internal  coolants  are  savings  in  fuel  and  savings  in 
total  liquid  consumption. 

Each  of  these  objectives  may  be  sought  in  itself  by  disre- 
garding changes  in  the  other  two  or  it  may  be  sought  in  com- 
bination with  one  or  both  of  the  others  in  an  effort  to  balance 
advantages  against  disadvantages.  The  most  outstanding 
advantage  of  internal  cooling  is,  however,  the  increase  in 
knock-limited  or  cooling-limited  power  that  it  makes 
possible. 

\Miere  gasoline  shortages  exist  because  of  out-of-the-way 
destinations  of  transport  airplanes  or  because  of  air  routes 
requiring  transportation  by  air  of  the  gasoline  used,  the 
possibility  of  savings  in  gasoline  is  particularly  pertinent. 
Such  savings  may  result  from  the  use  of  internal  cooling 
rather  than  fuel  enrichment  to  suppress  knock  at  high 
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Fir.i'RE  X-1.— Intake  manifold  with  water  spray  bars  in  position.  (Fig.  1 of  reference  4.) 
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power  output.  In  this  case  water  would  be  the  most  effi- 
cient internal  coolant  if  freezing  temperatures  were  not  en- 
countered in  the  internal-coolant  system.  Temperatures 
below  freezing  would  necessitate  either  the  addition  of  a 
freezing-point  depressant  or  the  use  of  a lagged  or  heated 
water  system.  Special  cases  and  requirements  must  ob- 
viously determine  which  of  these  methods  is  most  advan- 
tageous. 

The  material  that  appears  in  the  succeeding  portions  of 
this  chapter  considers  only  the  case  of  internal  cooling  where- 
in the  coolant  is  injected  at  some  point  in  the  intake-air  sys- 
tem of  the  engine.  Water  injection  was  treated  briefly  in 
chapter  I,  however,  where  it  was  found  that  knock  could  be 
suppressed  in  an  engine  by  injection  of  water  directly  into 
the  combustion  end  >one.  This  method  was  suggested  as 
a means  of  economi  ing  on  the  quantity  of  coolant  that 
might  be  required  to  reduce  knock. 

EFFECT  OF  INTERNAL  COOLANTS  ON  ENGINE  PERFORMANCE 

Several  investigations  (references  2 to  4)  have  been  con- 
ducted by  the  NACA  in  which  the  effectiveness  of  internal 
cooling  with  respect  to  knock-limited  and  temperature- 
limited  performace  has  been  illustrated.  In  one  of  these 
investigations  (reference  4)  a V-type  12-cylinder  liquid- 
cooled  aircraft  engine  was  used  as  the  test  engine. 

Water  was  continuously  injected  through  12  spray  bai*s 
inserted  into  the  intake  manifolds  through  holes  drilled  in 
the  top  of  the  manifolds  about  1 inch  back  from  the  faces  of 
the  manifold  mounting  flanges,  as  shown  in  figure  X-1. 
The  spray  bars  (fig.  X-2)  were  of  ^^2-inch-diameter,  stainless 
steel  tubing  about  2)^.  inches  long  with  six  holes,  each  0.016 
inch  in  diameter,  arranged  in  two  rows  of  three  holes  each,  to 
spray  water  directly  into  each  intake  port.  Water  was 
applied  to  the  spray  bars  by  individual  lines  from  a tank, 
which  was  kept  under  pressure  with  compressed  air. 


Fir.uRE  X-2.— Closeup  of  water  spray  bar  inst*rted  in  intake  manifold.  (Fig.  2 of  reference  4.) 
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Wit  h this  injection  system,  knock-limited  performance 
data  were  obtained  at  carburetor-air  temperatures  of,  158°, 
101°,  and  50°  F (fig.  X-3).  In  figure  X-3  (a)  the  peaks  of 
the  knock-limited -brake  horsepower  curves  occur  at  succes- 
sivel}^  leaner  mixtures  as  the  water-fuel  ratio  is  increased. 
At  a water-fuel  ratio  of  0.6,  a rapid  decrease  in  knock-limited 
power  was  found  as  the  fuel-air  ratio  was  increased  beyond 
about  0.092.  Similar  results  were  found  at  the  other  car- 
buretor-air temperatures;  however,  at  a carburetor-air  tem- 
perature of  50°  F (fig.  X-3  (c))  the  sharp  decline  in  knock- 
limited  brake  horsepower  at  a water-fuel  ratio  of  0.6  occurred 
at  fuel-air  ratios  greater  than  0.08. 

At  the  three  carburetor-air  temperatures  investigated,  the 
brake  specific  fuel  consumption  was  lower  with  water  injec- 
tion than  without  at  fuel-air  ratios  leaner  than  0.092.  This 


(a)  Carburetor-air  temperature,  158°  F.  (Fig.  4 of  reference  4.) 

Figure  X-3. — Knock-limited  performance  with  water  injection.  V-type  12-cyIinder  liquid- 
cooled  engine;  fuel,  AN-F-2S,  Amendment-2;  engine  speed,  3000  rpm. 


(b)  Carburetor-air  temperature,  101°  F.  (Fig.  5 of  reference  4.) 

Figure  X-3.— Continued.  Knock-limited  performance  with  water  injection.  V-type 
12-cylinder  liquid-cooled  engine;  fuel,  AN-F-28,  Amendment-2;  engine  speed,  3000  rpm. 


reduction  is  caused  partly  by  increased  mechanical  efficiency 
of  the  engine  at  the  liigh  power  outputs  attainable  with 
water  injection. 

Cross  plots  of  the  data  in  figure  X-3  are  shown  in  figure 
X-4  for  two  fuel-air  ratios.  With  the  exception  of  the  data 
at  0.095  fuel-air  ratio  and  50°  F carburetor-air  temperature, 
increases  of  water-fuel  ratio  resulted  in  increases  of  knock- 
limited  brake  horsepower.  For  the  excepted  data,  water- 
fuel  ratios  greater  than  0,45  resulted  in  a decrease  of  knock- 
limited  power. 

The  effect  of  internal  cooling  on  c}^linder-head  tempera- 
tm*es  was  also  observed  in  reference  4 . The  average  cylinder- 
head  temperatures  for  the  engine  are  shown  in  figure  X-5  as  a 
function  of  water-fuel  ratio  and  knock-limited  power.  It  is 
apparent  in  this  figm'C  that  as  the  water-fuel  ratio  increases, 
the  power  increases  continuously;  however,  the  cylinder- 
head  temperatures  pass  through  a maximum.  The  water- 
fuel  ratio  at  which  this  maximum  occurs  increases  as  the 
carburetor-air  temperature  increases. 
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(c)  Carburetor-air  temperature,  50®  F.  (Fig.  6 of  reference  4.) 

Fir.URE  X -3.— Concluded.  Knock-limited  performance  with  water  injection.  V-type 
12-cylinder  liquid-cooled  engine;  fuel,  AN-F-28,  Amendment-2;  engine  speed,  3000  rpm. 

Effect  of  internal  cooling  on  fuel  consumption. — Under 
high-power  cruise  operation,  over-all  fuel  enrichment  may 
be  necessary  in  order  to  prevent  an  increase  in  cylinder  tem- 
peratures beyond  the  specified  maximum.  This  practice  ob- 
viously results  in  higher  fuel  consumption  than  would  ordi- 
narily be  desired  in  the  interest  of  range  considerations. 
However,  the  same  end  result  can  be  achieved  by  adding 
additional  fuel  only  to  the  hottest  cylinders. 

This  fact  is  substantiated  by  results  obtained  in  an  unpub- 
lished NACA  investigation  conducted  in  an  air-cooled  engine. 
The  results  indicated  that  lower  brake  specific  fuel  consump- 
tions could  be  obtained  at  high  cruising  power,  with  no  in- 
crease in  maximum  rear-spark-plug-gasket  temperatures,  by 
injecting  additional  fuel  to  the  hottest  cylinders  and  operating 
the  engine  in  automatic-lean  mixture  setting  instead  of  the 
automatic-rich  mixture  setting  usually  recommended.  The 
fuel  savings  varied  between  6 and  10  percent  for  two  engines 
tested  in  flight  and  one  engine  tested  in  an  altitude  wind 
tunnel.  It  was  found,  however,  that  little  or  no  fuel  saving 


is  realized  when  additional  fuel  js  supplied  to  the  hot  cylinders 
imless  the  temperature  spread  among  the  cylinders  before 
enrichment  is  very  large. 

Another  investigation  conducted  in  an  air-cooled  engine 
(reference  5)  showed  that  further  gains  in  fuel  economy 
could  be  achieved  by  using  water  instead  of  fuel  to  cool  the 
hottest  cylinders.  In  this  particular  study,  it  was  found  that 
the  use  of  water  instead  of  excess  fuel  to  maintain  engine 
temperature  limits  at  powers  normally  requiring  a fuel-air 
ratio  of  about  0.09  resulted  in  a decrease  of  approximately 


Figure  X-4.— Variation  of  knock-limited  brake  horsepower  with  water-fuel  ratio  for  three 
carburetor-air  temperatures  and  two  fuel-air  ratios.  V-type  12-cylinder  liquid-cooled 
engine;  fuel,  AN-F-28,  Amendment-2;  engine  speed,  3000  rpm.  Cross  plot  from  figure 
X-3.  (Fig.  14  of  reference  4.) 

26  percent  in  brake  specific  fuel  consumption  with  an  in- 
crease of  about  3 percent  in  brake  specific  liquid  consiunption. 

It  is  obvious  from  the  foregoing  discussion  that  water 
injection  in  aircraft  engines  permits  temperature-limited 
cruising  powers  to  be  reached  at  reduced  engine  speeds  and 
increased  brake  mean  effective  pressures  with  fuel-air  mix- 
tures very  near  that  for  maximum  economy.  Furthermore, 
significant  improvements  in  fuel  consumption  can  be  at- 
tained without  appreciable  increases  in  over-all  liquid  con- 
sumption. 
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These  findings  have  been  further  substantiated  by  a study 
reported  in  reference  6 in  which  it  was  found  that  for  typical 
air-cooled  aircraft  engines  operating  under  cruising  conditions 
in  which  overheating  is  ordinarily  prevented  by  enriching 
the  fuel-air  mixture  to  the  entire  engine,  the  fuel  consump- 
tion may  be  reduced  7 to  87  percent  by  adding  water  or  fuel 
to  only  the  overheated  cylinders. 

Effect  of  internal  cooling  on  spark-advance  requirements. — 
Internal  cooling  can  also  be  utilized  to  take  advantage  of 
gains  that  may  be  achieved  by  retarding  the  spark  timing 
of  an  engine.  This  fact  was  demonstrated  in  an  investiga- 
tion (reference  7)  conducted  in  a liquid-cooled  single-cylinder 
test  engine.  Two  positions  were  used  for  the  injection  of 


Figure  X -5.— Variation  of  average  cylinder-head  temperature  with  water-fuel  ratio  at  knock- 
limited  power  for  three  carburetor-air  temperatures.  V-type  12-cylinder  liquid-cooled 
engine;  fuel,  AN-F-28,  .\mendment-2;  engine  speed,  3000  rpm.  (Fig.  13  of  reference  4.) 
Numbers  on  curves  are  values  of  knock -limited  brake  horsepower. 

internal  coolant:  position  A before  the  vaporization  tank 
and  position  B at  the  intake  elbow.  In  both  positions  the 
coolant  was  discharged  downstream.  The  positions  of 
injection  are  illustrated  in  figure  X-6. 

The  effect  of  internal-coolant — fuel  ratio  on  spark  advance 
for  peak  power  is  shown  in  figure  X-7.  For  both  types  of 
injection,  the  spark  advance  required  for  peak  power  was 
greater  when  the  coolant  was  injected  before  the  vaporiza- 
tion tank  than  at  the  injection  elbow;  however,  the  difference 
was  small  when  a 50  : 50  mixture  of  water  and  ethyl  alcohol 
was  used  as  the  coolant.  This  result  indicates  that  the 
water,  when  injected  before  the  vaporization  tank  and 
allowed  to  mLx  thoroughly  with  the  fuel-air  mixture,  slowed 
the  flame  speed  more  than  when  injected  at  the  intake  elbow. 


Figure  X-6.— Induction  system  used  with  multicylinder-block  adapsation  to  CUE  crank- 
case showing  two  positions  of  internal-coolant  nozzle.  (Fig.  2 of  reference  7). 


The  flame  speed  was  slowed  to  about  the  same  degree 
regardless  of  injection  position  for  the  50  : 50  mixture  of 
water  and  ethyl  alcohol. 

At  the  same  internal-coolant — fuel  ratios  (fig.  X-7)  and  for 
the  same  coolant  injector  location,  the  water — ethyl-alcohol 
mixture  retarded  burning  less  than  the  injection  of  pure 
water.  This  difference  can  be  attributed  to  the  fact  that 
the  alcohol  is  a fuel  and  as  such  is  contributing  to  the  com- 
bustion process. 

In  figure  X-8  is  illustrated  the  effect  of  internal-coolant — 
fuel  ratio  on  the  mixture  temperatures  corresponding  to  the 
data  of  figure  X-7.  The  data  for  figure  X-8  represent 
the  case  in  which  the  coolants  were  injected  ahead  of  the 
vaporization  tank.  The  mixture  temperature  decreased 
until  the  fuel-air  mLxture  became  saturated  and  for  further 
additions  of  coolant  beyond  this  point  the  mLxture  tempera- 
ture remained  constant.  In  a similar  manner,  the  power  at 
peak-power  spark  advance  increased  because  of  the  increased 
charge  weight  inducted  into  the  cylinder  until  the  internal- 
coolant — fuel  ratio  for  saturation  was  reached,  at  wliich 
point  the  power  leveled  off.  (See  fig.  X-9.)  Beyond  the 
point  of  complete  saturation  the  additional  cooling  of 
the  mixture  must  occur  after  the  intake  valves  close,  which 
makes  it  impossible  to  increase  engine  power  through  an 
effect  on  air  flow.  Further  additions  of  coolant  caused  a 
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Figure  X-7. — Effect  of  internal  coolant-fuel  ratio  on  spark  advance  for  peak  power  for  two 
internal  coolants  and  tvro  positions  of  injection.  Single-cylinder  adaptation  of  multicyl- 
inder engine  to  CUE  crankcase;  compression  ratio,  6.65;  engine  speed,  3000  rpm;  fuel-air 
ratio  0.08;  inlet-oil  temperature,  185°  F;  outlet-coolant  temperature,  250°  F;  inlet-air  tem- 
perature, 250°  F;  inlet-air  pressure,  50  inches  of  mercury  absolute.  ^ (Fig.  11  of  reference  7.) 


decrease  in  the  power  obtainable  at  peak-power  spark 
advance  because  some  heat  of  vaporization  was  extracted 
from  the  air  during  the  compression  stroke;  decreased  c^^cle 
efficiency  resulted.  The  power  increase  at  peak-power  spark 
advance  was  small  when  coolant  was  injected  at  the  intake 
elbow  (fig,  X-9)  because  so  little  time  was  available  for 
charge  cooling  before  the  intake  valves  closed. 

The  percentage  loss  in  power  at  various  values  of  spark 
advance  over  that  obtained  b}^  using  peak-power  spark  ad- 
vance is  shown  in  figure  X-10  for  each  internal-coolant — 
fuel  ratio  investigated.  The  data  in  this  figure  indicate  that 
operation  with  normal  spark  timing  at  a given  coolant-fuel 
ratio  and  position  of  injection  results  in  a power  loss  approxi- 
mately twice  as  high  for  water  as  for  the  mixture  of  water 
and  eth3d  alcohol, 

USE  OF  INTERNAL  COOLING  FOR  INCREASED  TAKE-OFF  POWER 

In  1944  an  analysis  was  made  by  the  NACA  to  evaluate 
the  use  of  internal  cooling  as  a means  of  increasing  take-off 
power.  This  study  (reference  8)  was  made  for  four  airplanes 
to  determine  the  effects  of  a 25-percent  increase  in  take-off 
power  on  the  take-off  load  of  the  airplane.  The  operating 


characteristics  of  the  airplanes  considered  are  presented  in 
the  following  table: 


Airplane 

i 

Normal 

take-off 

horse- 

power 

Normal  fuel 
capacity 

Gross 

weight 

of 

airpkne 

Ob; 

(gal) 

(lb) 

Heavy  bomber 

4800 

2000 

1700 

2000 

1433 

210 

301 

344 

8598 

1260 

1806 

2064 

41,000 
11,870 
15,364 
12, 577 

Pursuit..  ___  

Torpedo  bomber. 

Shipboard  fighter 

For  these  airplanes  the  estimated  increase  in  take-off  load 
for  a 25-percent  increase  in  take-off  power  is  as  follows: 


Airplane 

Load 

increase 

(percent) 

Load 

increase 

(lb) 

Usable 

load 

increase 

(lb) 

Usable 
load 
(gal  of 
gasoline) 

Percentage 
increase 
(gal  of 
gasoline) 

Heavy  bomber 

11.5 

4710 

3631 

427 

30 

Pursuit  

12.0 

1430 

1097 

129 

65 

Torpedo  bomber 

10.5 

1610 

1300 

153 

51 

Shipboard  fighter 

10.5 

1^20 

1037 

122 

36 

Figure  X-8. — Effect  of  internal  coolant-fuel  ratio  on  mixture  temperature  for  two  internal 
coolants  injected  before  the  vaporization  tank.  Single-cylinder  adaptation  of  multicylinder 
engine  to  CUE  crankcase;  compression  ratio,  6.65;  engine  speed,  3000  rpm;  fuel-air  ratio, 
0.03;  inlet-oil  temperature,  185°  F;  outlet^olant  temperature,  250°  F;  inlet-air  temperature, 
250°  F;  inlet-air  pressure,  50  inches  of  mercury  absolute.  (Fig.  12  of  reference  7.) 
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Figure  X-9. — Effect  of  internal  coolant-fuel  ratio  on  engine  power  at  spark  advance  for 
peak  power  for  two  internal  coolants  and  two  positions  of  injection.  Single-cylinder  adap- 
tation of  multicylinder  engine  to  CUE  crankcase;  compression  ratio,  6.65;  engine  speed, 
3000  rpm:  fuel-air  ratio,  0.08;  inlet-oil  temperature,  185°  F;  outlet-coolant  temperature, 
250°  F;  inlet-air  temperature,  250°  F;  inlot-air  pressure,  50  inches  of  mercury  absolute.  (Fig. 
13  of  reference  7.) 

The  data  presented  in  the  foregoing  table  indicate  that 
marked  increases  in  the  usable  load,  or  in  this  usable  load 
translated  into  gallons  of  gasoline,  may  be  achieved  through 
use  of  internal  cooling  for  25-percent  increased  take-off  power. 
These  numerical  estimates  are  necessarily  dependent  upon 
the  assumed  values  for  man}’'  factors.  For  example,  these 
particular  calculations  include  the  following  assumptions; 

(1)  that  0.78  pound  of  coolant  per  pound  of  fuel  is 
required  to  produce  a 25-percent  increase  in  take-off 
power.  This  quantity  of  coolant  is  about  45  percent 
higher  than  is  indicated  by  experimental  data  in 
order  to  provide  a factor  of  safet}^  in  the  calculations. 

(2)  that  sufficient  coolant  is  provided  for  5-minute 
operation 

(3)  that  the  increase  in  propeller  weight  for  the  addi- 
tional power  output  is  about  100  pounds 

(4)  that  the  coolant  system  exclusive  of  the  tank  weight 
is  about  75  pounds. 


(a)  Water. 

(b)  50:50  Water-ethyl  alcohol. 

Figure  X-10.— Loss  in  power  incurred  by  operating  without  peak-power  spark  advance  for 
several  internal  coolant-fuel  ratios  and  for  two  positions  of  injection.  Single-cylinder 
adaptation  of  multicylinder  engine  to  CUE  crankcase;  compression  ratio,  6.65;  engine  speed, 
3000  rpm;  fuel-air  ratio,  0.08;  inlet-oil  temperature,  185°  F;  outlet-coolant  temperature, 
250°  F;  inlet-air  temperature,  250°  F;  inlet-air  pressure,  50  inches  of  mercury  absolute.  (Fig, 
14  of  reference  9.) 

Other  details  of  the  estimates  may  be  found  in  reference  8. 

In  addition  to  the  gains  in  usable  load,  certain  gains  may 
be  realized  in  rate  of  climb  and  take-off  run.  The  increase 
of  25  percent  in  take-off  power  indicated  an  increase  in  rate 
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of  climb  from  3100  to  4100  feet  per  minute  up  to  an  altitude 
of  12,000  feet  for  the  pursuit-type  airplane  and  1600  to  2200 
feet  per  minute  for  the  torpedo  bomber.  The  estimated 
take-off  distances  for  the  four  airplanes  are  as  follows: 


Airplane 

Normal  take-off 
distance 
(It) 

Takc-nff  dis- 
tance 25-percent 
increase  in 
take-off  power 
(ft) 

Heavy  bomber 

1700 

1300 

Pursuit 

1300 

1000 

Torpedo  bomber ... 

3^0 

200 

Shii)board  fichter.  .... 

350 

250 

(a)  Air  at  different  humidities  into  supercharger. 

(b)  Dry  air  into  supercharger. 

Figure  X-ll.— Relation  between  outlet-air  temperature  from  supercharger  and  final  tem- 
perature of  air  when  sufficient  cooling  water  is  inducted  for  saturation  of  air.  Water 
inducted  as  a liquid  at  60®  F.  (Fig.  7 of  reference  9.) 

PRACTICAL  ASPECTS  OF  INTAKE-AIR  COOLING  BY  WATER  INJECTION 

Inasmuch  as  the  application  of  internal  cooling  to  aircraft 
would  necessaril}^  require  the  installation  of  additional  equip- 
ment, consideration  has  been  given  to  means  by  which  in- 
ternal cooling  might  be  applied  without  significant  increase  in 
aircraft  weight.  Calculations  have  been  made  (reference  9) 
to  determine  the  extent  to  which  the  engine  intake  air  is 
cooled  by  water  injection.  The  results  of  these  calculations, 


presented  in  figure  X-ll,  indicate  that  the  degree  of  cooling 
achieved  by  water  injection  is  sufficient  to  permit  the  elimi- 
nation of  normal  intercooling  and  after-cooling  in  the  super- 
charger. Consequently,  the  weight  of  equipment  necessary 
for  internal  cooling  might  be  offset  b}’^  the  elimination  of  the 
supercharger  intercooler  or  aftercooler. 

Further  calculations  reported  in  reference  9 indicate  that 
the  water  to  be  used  as  internal  coolant  can  be  obtained  by 
recovery  from  the  exhaust  gas.  Sufficient  water  can  be 
recovered  from  50  percent  of  the  exhaust  gas  to  provide  an 
inducted  water-fuel  ratio  of  0.5. 

EVALUATION  OF  VARIOUS  LIQUIDS  AS  INTERNAL  COOLANTS 

As  part  of  the  problem  of  applying  internal  cooling  to 
aircraft,  extensive  investigations  have  been  conducted  to 
evaluate  the  performance  of  various  liquids  as  internal  cool- 
ants. One  such  investigation,  reported  in  reference  10, 
compares  the  performance  of  (1)  water,  (2)  methyl  alcohol 
and  water,  (3)  ammonia,  metlwl  alcohol,  and  water,  (4) 
monomethylamine  and  water,  (5)  dimethylamine  and  water, 
and  (6)  trimethylamine  and  water.  These  studies  were 
made  on  a high-speed  supercharged  CFR  engine  which  is 
described  in  detail  in  reference  10.  The  internal  coolant 
was  continuoush^  injected  at  room  temperature  into  the 
injection  elbow  just  above  the  fuel  injection  nozzle  and 
parallel  to  the  air  Ro\\\ 

The  results  of  the  investigation  summarized  in  table  X-1 
indicate  that  when  water  is  used  as  an  internal  coolant  the 
greatest  improvement  in  knock-limited  performance  of 
AN-F-28  fuel  is  achieved  at  lean  fuel-air  ratios.  The  mix- 
ture of  methyl  alcohol  and  water  is  a slightly  better  coolant 
than  water  at  lean  mixtures  but  considerably  better  at  rich 
mixtures.  As  pointed  out  earlier  in  this  chapter,  the  methyl 
alcohol  is  a fuel  and  as  such  contributes  to  the  combustion 
process  as  well  as  the  cooling.  Of  the  coolants  listed  in 
table  X-1,  mixtures  of  water  with  monomethylamine  or 
dimethylamine  showed  the  greatest  improvements  in  the 
knock-limited  performance  of  AN-F-28;  the  increases  in 

TABLE  X-1.— IMPROVEMENT  IN  KNOCK-LIMITED  ENGINE 

PERFORMANCE  OF  AN-F-28  FUEL  ACHIEVED  BY  IN- 
TERNAL COOLING 


(CFR  engine;  compression  ratio,  7.0;  engine  speed,  2500  rpm;  inlet-air  temperature,  250®  F; 
inlet-coolant  temperature,  250®  F;  spark  advance,  30®  B.  T.  C.]. 


Internal  coolant  (0.5  Ib/ib  fuel) 

Relative  power  ratio 
imcp  (fuel  internal  coolant) 

imep  (fuel  alone) 

Fuel-air  ratio 

0.05 

0.06 

0.08 

0.09 

None 

1.00 

1.00 

1.00 

1.00 

Water 

1,  14 

1.52 

1.41 

1.28 

Methylalcohol  and  water  (70:30  by  volume) 

1.51 

1.59 

1.80 

1.75 

Monomethylamine  and  water  (32:08  by 
weight) 

1.98 

* 1.81 

• 1.86 

•1.83 

Dimethylamine  and  water  (26:74  by  weight). 

1.82 

1.78 

1.98 

* Afterfiring  encountered. 
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knock-limited  indicated  mean  effective  pressure  ranged  be- 
tween 78  and  98  percent  for  different  fuel-air  ratios.  The 
use  of  trimethylamine-water  solution  as  an  internal  coolant 
lowered  the  knock-limited  performance  of  AN-F-28. 

The  addition  of  anliydrous  ammonia  to  the  solution  of 
methyl  alcohol  and  water  before  injection  (reference  10) 
reduced  the  knock-inliibiting  effects  of  the  solution  of  methyl 
alcohol  and  water  and  promoted  afterfiring.  Afterfiring 
also  occurred  when  monomethylamine-water  solution  was 
used  as  an  internal  coolant  (table  X-1). 

The  effect  of  inlet -air  temperature  on  the  knock-limited 
performance  of  the  internal  coolants  discussed  previously  is 
also  reported  in  reference  10.  A summary  of  these  data 
(table  X-2)  shows  that  the  addition  of  water  reduced  the 
temperature  sensitivity  of  AN-F-28  fuel.  The  other  cool- 
ants appeared  to  increase  the  sensitivity  at  lean  fuel-air 
ratios  but  decreased  the  sensitivity  at  rich  fuel-air  ratios. 

Perhaps  the  most  impressive  example  of  the  advantages 
found  for  the  internal  coolants  evaluated  in  reference  10  is 
the  knock-limited  performance  of  monomethylamine-water 
mixture  at  an  inlet-air  temperature  of  150°  F.  This  par- 
ticular internal  coolant,  when  added  to  AN-F-28  fuel,  al- 
lowed a knock-limited  power  of  1.96  horsepower  per  cubic 
inch  of  cylinder  displacement  (imep  of  620  Ib/sq  in.)  at  a 
fuel-air  ratio  of  0.049.  The  corresponding  indicated  specific 
fuel  and  liquid  consumptions  were  0.37  and  0.55  pound  per 
horsepower-hour,  respectively. 

The  investigations  reported  in  reference  10  were  conducted 
in  an  engine  installation  in  which  the  range  of  operation  was 
limited  to  a fuel  How  of  30  pounds  per  hour  and  an  inlet-air 
pressure  of  150  inches  of  mercury  absolute.  Because  of  the 
continued  interest  in  monomethylamine  and  dimethylamine 
as  internal  coolants,  the  installation  was  later  revised  to 
extend  the  range  of  operation  to  a fuel  flow  of  80  pounds  per 
hour  and  an  inlet-air  pressure  of  225  inches  of  mercury 
absolute.  Following  these  revisions  the  tests  with  mono- 
meth3damine  and  dimethylamine  were  resumed;  however, 
two  engine  cylinders  were  cracked  when  the  knock-limited 
performance  with  tlie  internal  coolants  reached  a level  of  700 

TABLE  X-2.— EFFECT  OF  INLET-AIR  TEMPERATURE  ON 
KNOCK-LIMITED  ENGINE  PERFORMANCE  OF  AN-F-28 
FUELUSEDIN  CONJUNCTION  WITH  INTERNAL  COOLANTS 

ICFR  engine;  compression  ratio,  7.0;  engine  speed,  2500  rpm;  inlet-coolant  temperature, 
2.50°  F;  spark  advance,  30°  B.  T.  C.] 


Internal  coolant  (0.5  Ib/lb  fuel) 

Imcp  at  inlet-air  temperature  of  1,50°  F 
Imep  at  inlet-air  temperature  of  250°  F 

Fuel-air  ratio 

0.05 

0.06 

o.os 

0.09 

None 

1.24 

1.46 

1.32 

1.20 

Water 

— 

1.23 

1. 11 

1.09 

Methyl  alcohol  and  water  (70:30  by  vol- 
ume)   

1.46 

1.  57 

1.23 

1.13 

Monomethylamine  and  water  (32:0S  by 
weight)  - 

1.43 



Dimethylamine  and  water  (2ii:74  by 

1.42 

* 1.  51 



* Afterfiring  encountered  at  inlet-air  temperature  of  150°  F. 


TABLE  X-3.— KNOCK-LIMITED  RELATIVE  POWERS  RE- 
SULTING FROM  THE  USE  OF  INTERNAL  COOLANTS 
WITH  AN-F-28  (AMENDMENT  2)  FUEL 


[CFR  engine;  compression  ratio,  7.0;  engine  speed,  2500  rpm;  inlet-air  temperature,  250°  F; 
coolant  temperature,  250°  F;  spark  advance,  30°  B.  T.  C.J 


Weight  of 
coolant 
per  pound 
of  fuel 
(lb) 

Imep  (fuel-f  internal  coolant) 
Imep  (fuel  alone) 

Internal  coolant 

Fuel-air  ratio 

n 

0.05 

0.05 

0.07 

0.08 

0.09 

0.10 

None 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

Water 

0.25 

1.25 

1.21 

1.21 

I.IG 

1.08 

.50 

-- 

1.48 

1.48 

1.37 

1.24 

1.13 

Monomethylamine  and  water 

0.25 

1.78 

1.46 

1.66 

1. 75 

1.70 

i.eo 

(32:68  by  weight) 

. 50 

2.22 

2. 16 

2. 18 

2.17 

2. 14 

2. 18 

Dimethylamine  and  water  (27:73 

0.25 

1.72 

1.42  i 

1.51 

1.59 

1.57 

1.55 

by  weight) 

.50 

1.62 

1.61  1 

2. 02 

2.16 

2.24 

2.33 

. 75 

1.89 

1.97  i 

2.  fO 

2.83 

3. 32 

. --- 

» Any  contribution  of  the  amines  to  the  energy  of  combustion  was  entirely  neglected  in 
computing  fuel  flows. 


pounds  per  square  inch.  In  order  to  resume  the  investiga- 
.tion,  a specially  designed  CFR  cylinder  was  obtained  to 
permit  studies  at  the  exceptionally  high  powers  attained  with 
monomethylamine  and  dimethylamine.  The  investigation 
was  again  resumed  and  virtually  completed  before  the  next 
engine  failure  occurred. 

In  the  extended  study  of  the  two  internal  coolants  (refer- 
ence 11)  tests  were  conducted  over  a wider  range  of  fuel-air 
ratio  and  at  higher  ratios  of  coolant  to  fuel.  The  results 
are  summarized  in  table  X-3.  It  is  seen  in  this  table  that 
the  amines  are  considerably  better  than  water  as  internal 
coolants.  Of  the  two  amines  examined,  monomethylamine 
is  superior  to  dimethylamine  at  coolant-fuel  ratios  of  0.25; 
however,  at  a coolant-fuel  ratio  of  0.50,  monomethylamine  is 
better  than  dimethylamine  at  lean  fuel-air  ratios  but  slightly^ 
poorer  at  rich  fuel-air  ratios.  It  is  of  interest  to  note  that 
the  injection  of  0.75  pound  of  dime thylamine-wa ter  solution 
per  pound  of  fuel  permitted  the  attainment  of  a knock-limited 
indicated  mean  effective  pressure  of  967  pounds  per  square 
inch,  corresponding  to  3.05  indicated  horsepower  per  cubic- 
inch  displacement,  at  a fuel-air  ratio  of  0.092.  Failure  of  a 
cylinder  stud  terminated  the  tests  at  this  point;  however, 
after  an  overhaul  the  tests  were  again  resumed  and  the 
cylinder  wall  failed  at  an  indicated  mean  effective  pressure  of 
895  pounds  per  square  inch  during  a test  with  dimetliylamine- 
water  solution  at  a coolant-fuel  ratio  of  0.75. 

During  the  investigation  reported  in  reference  11  a run 
was  made  to  determine  the  influence  of  exhaust  back  pressure 
on  the  knock-limited  performance  when  dimeth^damine-water 
solution  was  used  as  an  internal  coolant.  The  results  indi- 
cated that  increases  in  exhaust  back  pressure  had  little  or 
no  effect  on  the  performance  at  fuel-air  ratios  leaner  than 
0.095.  At  richer  fuel -air  ratios  serious  decreases  in  power 
output  were  encountered  and  engine  operation  was  quite 
rough. 

An  examination  of  the  data  in  reference  1 1 indicated  that 
for  certain  power  levels  in  the  rich-mLxture  range  the  follow- 
ing combinations  of  internal  coolants  resulted  in  the  lowest 
indicated  specific  liquid  consumptions: 
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Imep  range 
(Ib/sq  in.) 

Corresponding 
minimum 
isle  range 
(Ib/hp-hr) 

Internal  coolant 

Internal 
coolant- 
fuel  ratio 

Below  220 

220  to  370 

370  to  440 

440  to  960 

0.44  to  0.53 .... 

0.53  to  0.63 

0.P3  to  0.71.... 
0.71  to  1.10.... 

None  - 

Monomethylamine  solution 

Dimethylamine  solution 

Dimethylamine  solution 

0.25 

.50 

.75 

The  success  of  aliphatic  amines  as  internal  coolants, 
reported  in  references  10  and  11,  led  to  further  studies  with 
other  amines  reported  in  reference  12,  The  additional 
amines  evaluated  were  ethylenediamine,  diethylamine,  tri- 
ethylamine,  and  butylamine.  The  results  of  the  investiga- 
tion (reference  12)  are  summarized  in  table  X-4. 

It  is  apparent  in  table  X-4  that  of  all  the  amines  tested 
monomethylamine  and  dimethylamine  still  offer  the  greatest 
possibilities  as  internal  coolants,  although  ethylenediamine 
does  permit  higher  knock-free  power  at  lean  fuel-air  ratios. 

In  the  investigation  (reference  12)  an  effort  was  made  to 
reach  the  highest  possible  knock-limited  indicated  mean 
effective  pressure  with  dimethylamine.  At  a fuel -air  ratio 
of  0.093  and  a coolant-fuel  ratio  of  0.75,  a knock-limited 
indicated  mean  effective  pressure  of  1024  pounds  per  square 
inch  was  attained.  No  engine  failure  occurred  but  this 
test  was  limited  by  the  available  intake-air  supply. 

TABLE  X-4.— RELATIVE  KNOCK-LIMITED  POWERS  RE- 
SULTING FROM  USE  OF  INTERNAL-COOLANT  ADDITIVES 
IN  WATER  AT  COOLANT-FUEL  RATIO  ,OF  0.50 


fCFR  engine;  fuel  AN-F-28,  Amendment-2;  compression  ratio,  7,0;  engine  speed,  2500  rpm; 
inlet-air  temperature,  250°  F;  spark  advance,  30°  B.  T.  C.;  jacket  temperature,  250°  F] 


Internal -coolant  additive 

Additive 
in  coolant 
solution 
(percent 
by  weight) 

Imep  (fuel-f  water+additive) 
Imep  (fuel+water  alone) 

Fuel-air  ratio  • 

0. 05 

0. 06 

0.07 

0.08 

0.03 

0, 10 

None - 

0 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

Monomethylamine. I 

32 

1.64 

1,32 

1.32 

1.42 

1.91 

2.  42 

Dimethylamine 

26 

1,54 

1.41 

1.46 

1.82 

2. 08 

2.  58 

Ethylenediamine. _.  ...  

25 

1.81 

1.61 

1.38 

1.44 

1.45 

1.42 

Diethylamine 

25 

1.09 

0.  86 

0. 77 

0.92 

0.96 

1.07 

Triethyiamine 

25 

0.  92 

0.71 

0,80 

0. 84 

0.83 

Butylamine 

25 

1.02 

0.82 

0.90 

0.93 

0.93 

0. 90 

»The  amines  were  not  considered  as  fuels  and  their  heals  of  combustion  were  neglected  in 
computing  the  fuel-air  ratios. 


In  a later  investigation  (reference  13)  the  following  com- 
pounds were  evaluated  as  internal  coolants;  however,  none 
were  found  to  be  as  effective  as  monomethylamine,  di- 
methylamine, and  ethylenediamine: 

Alkyl  amines: 

Isopropylaminc 
Isobutylamine 
tert-R  u ty  lamine 
Monoamylamine 
Alkanolamines : 

Ethanolamine 
Diethanolamine 

2-Amino-2-methyl-l-propanol 
Amides : 

Formamide 


Amides — Continued 
N -Ethylformamide 
N -Ethylacetamide 
N -E  thylpro  pidnamide 
N -N -Dimethylformamide 
N,N  -Diethylacetamide 
Heterocyclic  compounds: 

2,2  -Dime  thyle  thy  lenimine 

Morpholine 

Pyridine 

2 - Methylpy  ridine 

3- Methylpyridine 

4- Methylpyridine 

2, 6-Dime  thylpy  ridine 
2-Vinylpyridine 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  May  15,  1951. 
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APPENDIX  A 

ADDITIONAL  DATA  ON  PERFORMANCE  OF  VARIOUS  FUELS 

TABLE  A-1.— A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE  PERFORMANCE  NUMBERS  OF  LEADED  AND  UNLEADED 
BLENDS  WITH  ISOOCTANE  AND  WITH  MIXED  BASE  FUEL  CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE 
AND  12.5  PERCENT  n-HEPTANE  • 

(a)  Paraflins  and  olefins. 


Performance  number 

A.  S.  T. 

M.  .Aviation  method 

A.  S.  T.  M.  Supercharge  method 
(F//4=0.11) 

Paraffins  and  olt  flns 

Formula 

Unleaded 

4 ml  TEL/gal 

4 ml  TEL/gal 

Volume  percent  paraffin  or  olefin  in  blend  with 
isooctane 

Volume  percent  paraffin  or  olefin  in  blend  with  mixed  base  fuel 

10 

20 

10 

20 

10 

25 

50 

10 

25 

50 

1 Paraffins 

2-Methylbutane  « 

CjHti 

1 

128 

115 

121 

130 

C«Hi4 

129 

117 

122 

129 

2,3-Dimethylbutane  « 

129 

117 

130 

147 

C7H,« 

101 

104 

151 

151 

124 

135 

142 

127 

146 

200 

2,3-  Dimethylpentane - 

88 

145 

118 

114 

CsHjs 

130 

123 

141 

174 

124 

127 

138 

166 

2,3,4-Trimethylpentane  « 

122 

118 

132 

147 

C9H20 

84 

128 

107 

127 

156 

>230 

2 2,3,4-Tfttramethylpentane 

96 

96 

145 

133 

120 

118 

111 

125 

141 

175 

118 

111 

no 

108 

93 

93 

137 

131 

117 

110 

106 

125 

143 

192 

86 

140 

115 

- 

127 

2, 3-Dime  thyl-2-pentene- 


2.3.4- Trimethyl♦2♦pentene--- 

2.4.4- Trimethyl-l-pentene 

2.4.4- Trimethyl-2-pentene 

3.4.4- Trimethyl-2-pentene.- . 


Olefins 


CtHh 


CgHu 


78 

108 

100 

117 

80 

77 

127 

113 

*113 

101 

77 

112 

104 

77 

105 

131 

146 

159 

108 

115 

119 

103 

96 

""■92” 

133 

120 

114 

106 

88 

118 

108 

93 

(b)  Aromatics. 


Aromatic 


Benzene. 


Methylbenzene. 


Kthytbenzene 

1 .2-  Dimethy  Ibenzene . 

1 .3-  D imethylbenzene . 

1.4- Dimethylbenzene. 


7i-Propylbenzene 

Isopropylbenzene 

l-Methyl-2-ethyIbenzene. 

l-Methyl-3-ethylbenzene. 

l-Methyl-4-ethylbenzene. 

1.2.3- Trimethylbenzene._ 

1 .2.4- Trimethylbenzene . . 

1.3.5- Trimethylbenzene.. 


7i-Butylbenzene 

Isobutylbenzene 

i fc-Butylbenzene 

icrf-Butylbenzene 

l-Methyl-4-isopropyl  benzene. 

1 .2-  Diethylbenzene 

1 .3-  Diethylbenzene 

1 .4-  Diethylbenzene 

l,3-Dimethyl-5-€thylbeDzene. 


l-MethyI-3-/€r<-butylbenzene.. 
1 -Meth  yl-4-^cri-bu  t yl  benzene. 
l-Methyl-3,5-diethylbenzene . . 


1,3,5-Triethylbenzene - 


Performance  number 


Formula 


C«H« 


CtHs 


CjH.o 


C»Hu 


CjoHu 


A.  S.  T.  M.  Aviation  method 


A.  S.  T.  M.  Supercharge  method 

(FM=0.U) 


Unleaded 


4 ml  TEL/gal 


V'clume  percent  aromatic  in  blend  with  isooctane 


20 


96 


92 


97 

93 

100 


96 


96 

'91* 


96 

97 


96 


95 


93 


86 

95 


85 

87 


89 

93 

93 
99 
95 
84 
92 

94 

95 


10 


136 

150 

148 


146 


141 

150 


146 

151 


CuHu 


CuHis 


93 

97 

95 


20 


139 


138 

118 


138 


124 

142 


115 

121 


138 

142 


125 


136 

140 


4 ml  TEL/gal 


Volume  percent  aromatic  in  blend  with  mixed  base  fuel 


10 


121 


121 


120 

113 

125. 

125 


126 

122 


122 


113 

123 


118 

120 

123 

125 

126 


25 


116 


119 

105 

123 

122 


122 

122 

107 

124 

120 

105 

101 

127 


118 

119 

122 

127 

123 

107 

123 
119 

124 


141 

142 
140 


93 


T 


140 


125 
124 

126 


122 


50 


97=b6 


113 


106 

84 

122 


118 


111 

116 

112 

126 

113 


10 


125 


128 


130 
104 

131 
130 


127 

133 


134 


107 

137 


123 

125 

125 

135 

•130 

'136* 


25  . 


50 


140 


175 


155 

101 

166 

164 


152 

153 
124 
168 
160 
104 
113 
168 


135 

144 

147 

162 

158 

124 

165 

163 

171 


176 

171 


170 


>290 


>260 

112 

297 

>300 


205 

284 


214 


147 

>300 


156 

174 

177 

287 

223 

'^6* 


imep  of  blend 


» Performance  numbers  greater  than  161  were  determined  as  follows: 

performance  number= isooctane+6  ml  TEL/gal 
b A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Supercharge  performance  numbers  of  mixed  base  fuel,  120  and  112,  respectively. 

« A.  S.  T.  M.  Sui>ercharge  data  for  compound' determined  at  an  industrial  laboratory;  A.  S.  T.  M.  Aviation  data  determined  at  NACA  Lewis  laboratorj . 
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TABLE  A-].— A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE  PERFORMANCE  NUMBERS  OF  LEADED  AND  UNLEADED 
BLENDS  WITH  ISOOCTANE  AND  WITH  MIXED  BASE  FUEL  CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE 
AND  12.5  PERCENT  n-HEPTANE  •— Concluded 


(c)  Ethers. 


Ether 

Formula 

Performance  number 

A.  S.  T.  M.  Aviation  method 

A.  S.  T.  M.  Supercharge  method 
(F/A^OM) 

Unleaded 

4 ml  TEL/gal 

4 ml  TEL/aal 

Volume  percent  aromatics  in  blend  with  isooctane 

Volume  percent  ether  in  blend  wit  h mixed  base  fuel  i> 

10 

20 

10 

20 

10 

25 

50 

10 

25 

50 

Methyl  t«rt-butyl  ether 

EthyWcrt-butyl  ether..  ... 

Isopropyl  fcrf-butyl  ether 

Methyl  phenyl  ether  (anisole) 

Ethyl  phenyl  ether  (phenetole) 

Methyl  p-tolyl  ether  (p-methylanisole) 

■m-Methylanisole 

CiHuO 

CeHnO 

C7H,60 

CiHgO 

CiHioO 

CgHioO 

CgHioO 

CgHioO 

CiiHigO 

CjHijO 

CgHijO 

CioHhO 

CgHioO 

CioHhO 

C10H12O 

C5H10O 

C7H14O 

CgHi*0 

CgHiiO 

CaHsO 

CgHisO 

CtHhO 

CgHgO 

100 

100 

103 

93 

99 

99 

102 

104 

104 

90 

97 

99 

149 

157 

160 

141 

140 

144 

153 

161 

161 

121 

120 

133 

134 

140 

137 

118 

120 

120 

143 

144 
149 
107 
111 
112 
no 

82 

110 

no 

no 

107 

104 

119 

48 

93 

106 

106 

77 

76 

80 

68 

100 

150 

150 

160 

94 

100 

100 

137 

132 
126 
125 
128 

133 

175 

150 

150 

142 

146 
145 

147 
94 

147 

149 

150 
137 
111 
140 

64 

92 

102 

109 

90 

94 

83 

79 

131 

250 

185 

185 

137 

137 

136 

0*  Me  thy  Ian  i sole 

p-icrf-Butylanisole 

7i-Propyl  phenyl  ether...  

Isopropyl  phenyl  ether 

fcrt-Butyl  phenyl  ether 

Methyl  benzyl  ether 

Isopropyl  benzyl  ether 

Phenyl  methallyl  ether 

Methyl  methallyl  ether 

Isopropyl  methallyl  ether. 

«cr«-Butyl  methallyl  ether 

Dimethallyl  ether 

Methyl  cyclopropyl  ether . 

Methyl  cyclopentyl  ether 

Methyl  cyclohexyl  ether 

Propylene  oxide 

j 

• ' 

a Performance  numbers  greater  than  161  were  determined  as  follows: 


performance  number=161— 


imep  of  blend 


h A a rr  A.T  A ^ A c , imep  of  isooctaiie+6  ml  TEL/gal 

A.  53.  i . M Aviation  and  A.  S.  T.  M.  Supercharge  performance  numbers  of  mixed  base  fuel,  120  and  112,  respectively 
o Approximate  value.  ’ ^ 


TABLE  A-2,— A.  S.  T.  M.  SUPERCHARGE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  R.ATIOS  OF  BLENDS 
WITH  MIXED  BASE  FUEL  CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  .AND  12.5  PERCENT  n-HEPTANE-|-4 
ML  TEL  PER  GALLON 


[Standard  conditions] 
(a)  ParaflHns  and  olefins. 


Paraffins  and  olefins 

Formula 

Imep  ratio  * . 

Volume  percent  added  paraflBn  or  olefin  in  blend  with  mixed  base  fuel 

10 

25 

50 

Fuel-air  ratio 

0.065 

0.07 

0. 085 

0. 10 

0.11 

0.  065 

0. 07 

0.  OSo 

0.10 

0. 11 

0.  065 

0.  07 

0,  085 

0. 10 

0.11 

Paraffins 

' 

2.2.3- Trimethylbutane 

2.3- Dimethylpentane 

C-H,e 

1.02 

• 1.05 

1.08 

1.09 

1. 11 

1.12 

.96 

1.21 

.96 

1.26 

.98 

1.29 

1.00 

1.30 

1.00 

1.49 

1.51 

1.66 

1.73 

1.74 

2.2.3.3- Tctramethylpentane 

2.2.3.4- Tetramethylpentane 

2.3.3.4- Tetramethylpentane. 

2.4- DimethyI-3-ethy!pentane... 

C«H20 

o.'oo 

.95 

6.’93 

.94 

i,'04 

1.03 

i.‘08 

1.09 

i.  io 
1. 11 

0.  83 
.85 
.87 
1.05 

0.83 

.88 

.84 

1.05 

1.06 

1.05 

1.06 
1.07 

1.31 

1.19 

1.23 

1.09 

1.39 

1.24 

1.28 

1.10 

o.’so 

. 75 

6.' 75 
.70 

o.’ss 

1.06 

i.’ie 

1.50 

i.*59 
1.  76 

Olefins 

2,3-Dimetbyl*2'pentene. .. 

C:Hi4 

— 

— 

— 



0.  75 

0. 79 

0.88 

0.95 

1.02 

2.3.4- Trimcthyl'2-pentene j 

3.4.4- Trimethyl-2-pentene ..j 

CgHifl 

0.84 

.87' 

0.82 

.87 

0.  92 
1.00 

1.00 

1.02 

1.00 

1.03 

0.69 

.75 

0.67 

.73 

0.72 

.79 

0.86 

.91 

0.93 

.97 

0.  59 
.66 

0.  50 
.59 

0.  48 
.59 

0. 58 
,72 

0.67 

.84 

knock-Iimhed  imep  of  blend  with  4 ml  TEL/gal 
knock-limited  imep  of  mixed  ba.se  fuel  with  4 ml  TEL/gal 
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TABLE  A-2.—A.  S.  T.  M.  SUPERCHARGE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  BLENDS 
WITH  MIXED  BASE  FUEL  CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  AND  12.5  PERCENT  n-HEPTANE  + 4 
ML  TEL  PER  GALLON— Concluded 

[Standard  conditions] 


(b)  Aromatics. 


Aromatic 

Formula 

Iraep  ratio 

a 

Volume  percent  aromatic  in  blend  with  mixed  base  fuel 

10 

25 

'50 

Fuel-air  ratio 

0.005 

0.07 

0.  085 

0.10 

0.11 

0.  065 

0. 07 

0.085 

0.10 

0.11 

0. 065 

0. 07 

0.085 

0. 10 

0.11 

Benzene. 

CiUt 

1.03 

1.01 

1.04 

1.05 

1.07 

1.06 

1. 10 

1.12 

1. 15 

1. 19 

0.  74 

0.  73 

1.23 

1.39 

1.51 

Methylbenzene 

CtHs 

1.01 

1.05 

1.08 

1.10 

1. 13 

1.00 

1.04 

1.18 

1.29 

1.37 

0. 84 

0.99 

1.27 

2.  43 

.... 

Ethylbenzene. 

CsHio 

1.06 

1.07 

1. 11 

1. 12 

1.14 

1.02 

1.08 

1.21 

1.29 

1.37 

0.99 

1.07 

1.  44 

1.71 

1,2-Dimethylbenzene. ... 

.95 

.94 

.95 

.92 

.91 

.76 

.80 

.89 

.91 

.91 

.68 

.73 

. 87 

.95 

1.00 

1 ,3-Limethyl  benzene 

.93 

1.02 

1.12 

1.15 

1.16 

.82 

.98 

1.33 

1.45 

1.51 

.80 

.92 

1.72 

2.  36 

2.70 

1,4-Dimethylbenzene 

1.04 

1.07 

1. 10 

1.10 

1. 11 

1.01 

1.09 

1.2S 

1.39 

1.50 

.94 

1.03 

1.  57 

2. 83 

— 

«-Propylbenzene 

0.94 

0.99 

1.08 

1.10 

1.11 

0.  94 

1.08 

1.24 

1.30 

1.38 

0.  73 

0.  78 

1.18 

1.  37 

1.86 

Isopropylbenzene 

1.14 

1.13 

1.13 

1.11 

1.12 

1.05 

1.07 

1.14 

1.23 

1.30 

.93 

1,02 

1.41 

1.92 

2.58 

l-Methyl-2-ethylbenzene 











.86 

.91 

1.03 

1.08 

1.09 

— 

— 

— 

— 

— 

l-Methyl-3*ethylbenzene 











1.11 

1. 14 

1.28 

1.40 

1. 47 

— 

— 

— 

— 

— 

l-Methyl-4-cthyl  benzene 

1. 01 

1.04 

1. 11 

1. 15 

1.15 

.98 

1.01 

1.21 

1.34 

1.43 

.93 

.98 

1.27 

1.  51 

1.93 

1,2, 3-Trimethyl  benzene 











.82 

.85 

.90 

.93 

.94 

— 

— 

— 

— 

— 

1 ,2,4-Trimethyl  benzene 

.92 

.95 

.98 

.98 

.97 

.81 

.85 

1.02 

1.03 

1.02 

.81 

.83 

1.04 

1.21 

1.34 

1 ,3,5-Trimethylbenzone 

1.09 

1.10 

1.13 

1. 16 

1.18 

.94 

.95 

1.26 

1.39 

1.49 

1.02 

1.04 

1.61 

'2. 86 

— 

w-Butylbenzene 

CioHh 

0.95 

1.00 

1.04 

1.07 

1.08 

0. 87 

0.  96 

1.12 

1.16 

1.18 

0.77 

0.91 

1.23 

1.34 

1.42 

Isobutyl  benzene ...  

.95' 

1.04 

1.09 

1.09 

1.11 

.81 

.97 

1.20 

1.25 

1.30 

.90 

1.02 

1.28 

1.44 

1.59 

jtfc-Butylbenzene.-  

1.01 

.99 

1.03 

1.07 

1.09 

1.03 

1.01 

1.14 

1.25 

1.31 

.98 

.97 

1. 17 

1.43 

1.63 

tert-Butylbenzene 

1.06 

1.06 

1. 10 

1.  14 

1. 15 

1.12 

1.17 

1.31 

1.42 

1.47 

1.06 

1. 13 

1.46 

2.28 

2.58 

l-Methyl-4-isopropyibenzene 

1.01 

1.06 

1. 12 

1.  15 

1.15 

.91 

1.03 

1.23 

1.34 

1.43 

. 77 

.87 

1.35 

1.84 

2.03 

1,2-Diethylbenzene 









.93 

.96 

1. 01 

1.04 

1. 07 

— 

— 

— 

— 

— 

1,3-DiethyIbenzene 

1.04 

1.09  I 

1. 18 

1.18 

1.19 

.99 

1.07 

1.28 

1.42 

1.51 

.82 

.86 

1.23 

1.81 

2.09 

1,4- Diethyl  benzene...  





1 





1. 10 

1.13 

1.22 

1.34 

1.45 



— 

— 

— 

— 

1 ,3-Dimethyl-5-ethylbenzene 

— 

----  : 

.... 

— 

1.07 

1.11 

1.28 

1.41 

1.49 

.... 

.... 

— 

— 

l-Methyl-3-^crt-butylbenzene 

CuHi6 

1.10 

1.15 

1.28 

1.40 

1.49 









l-Methyl-4-ter/-butyl  benzene 











1. 11 

1.  14 

1.28 

1.43 

1.53 

— 

— 

— 

— 

— 

l-Methyl-3,  5-diethylbcnzene 

— 

.... 

— 

1.10 

1. 15 

1.27 

1.39 

1.50 

.... 

— 

.... 

— 

— 

1 ,3,5-Ti  icthylbenzene 

CisHis 

.... 

.... 

.... 

.... 

1.07 

1. 11 

1.25 

1.40 

1.5.  1 .... 

— - 

624 


REPORT  1026 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


TABLE  A-3.— 17.6  ENGINE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  UNLEADED 

BLENDS  WITH  ISOOCTANE 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212®  F;  spark  advance,  30®  B.  T.  C.] 

^ (a)  Paraffins  and  olefins. 


Paraffins  and  olefins 

Formula 

Imep  ratio  » 

Inlet-air  temperature,  250°  F 

Inlet-air  temperature,  100°  F 

Volume  percent  added  paraffin  or  olefin  in  blend  with  isooctane 

10 

25 

50 

Fuel-air  ratio 

0. 065 

0. 07 

0.  085 

0, 10 

0.11 

0,065 

0.  07 

0. 085 

0. 10 

0.11 

0. 065 

0.07 

0.085 

0.10 

0.11 

Paraffins 

2.2.3- Trimethylbutane : 

2.3- Dimethylpentane _ 

CiHifl 

1.02 

1.02 

1.03 

1.09 

1. 10 

1.08 

.95 

1.07 

.96 

1.09 

.94 

1.17 

,94 

1.20 

.94 

1.16 

.93 

1. 15 
.93 

1,21 

.95 

1.20 

.94 

1.20 

.93 

2.2.3.3- Tetramethylpentane 

2.2.3. 4- Tetramethylpentane 

2.3.3.4- Tetramethylpentane 

2.4- Dimethyl-3-ethylpentane 

CsHjo 

5.“  96 
.97 

6.'^ 

.98 

i'oi 

1.03 

V.'n 

1.06 

1A3 

1.13 

1.12 

,91 

.95 

.99 

1. 14 
.91 
.96 
1.00 

1.20 

1.00 

1.07 

1.00 

1,32 

1.15 

1.16 
1.01 

1.31 

1.22 

1.27 

1.00 

1.23 

1.09 

1.17 

1.03 

1.22 
1. 10 
1.19 
1.02 

1.27 
1. 15 
1.22 
1.02 

1. 27 
1.21 
1.27 
.98 

1.27 

1.22 

1.27 

.97 

Olefins 

2,3-Dimethyl-2-pen  tene ... 

CiHh 

— 

— 







0.  99 

0.99 

1.01' 

1.09 

1. 15 

1. 14 

1.12 

1. 17 

1.23 

1.27 

2.3.4- Trimethyl-2-pentcne 

3.4.4- Trimethyl-2-pentene 

C8Ht6 

0. 90 
.96 

0. 90 
.98 

0. 89 
.99 

0.91 

1.00 

0. 96 
1.05 

0.  79 
.93 

0. 79 
.94 

0. 78 
.94 

0. 82 
.98 

0. 89 
1.06 

0.  95 
1.05 

0. 96 
1.04 

0. 96 
1.08 

0.99 
1. 16 

1.02 

1.20 

(b)  Aromatics. 


Aromatic 


Formula 


Imep  ratio  « 


Inlet-air  temperature,  250°  F 


Inlet-air  temperature,  100°  F 


Volume  percent  aromatic  in  blend  with  isooctane 


10 


25 


50 


Fuel-air  ratio 


0.  065 

0.  07 

0. 085 

0.10 

0.11 

0.  065 

0.  07 

0. 085 

0. 10 

0. 11 

0.  065 

0.07 

0.085 

0. 10 

0.11 

Benzene.— 

CeHs 

1.00 

1.01 

1.02 

1.03 

1.04 

1.00 

1.01 

1.02 

1. 10 

1. 17 

1.08 

1.06 

1.08 

1. 12 

1. 15 

Methylbenzene.. 

CiHs 

1.04 

1.02 

1.05 

1.08 

1.11 

1.04 

1.02 

1.11 

1.21 

1,26 

1.  05 

1.07 

1. 18 

1.21 

1.24 

Ethylbenzene 

CsHio 

1.02 

1.02 

1.04 

1.11 

1. 16 

1.02 

1.00 

1.07 

1.21 

1.31 

1. 19 

1.21 

1.28 

1.35 

1.36 

1 ,2-Dimethylbenzene 

.95 

.95 

.93 

.97 

1.00 

.90 

.89 

.87 

.93 

.99 

.97 

.98 

1.00 

1.02 

1.06 

1.3-Dimethyl  benzene 

.97 

.98 

1.03 

1.07 

. 1.08 

.93 

.94 

1.08 

1.14 

1.18 

1.14 

1.15 

1.22 

1.35 

1.40 

1,4-Dimethyl  benzene 

1.01 

■ 1.01 

1. 10 

1, 12 

1.14 

1.04 

1.04 

1. 16 

1.28 

1.38 

1. 15 

1.20 

1.29 

1.34 

1.40 

«-Propyl  benzene. 

C«Hi2 

0.  99 

0.99 

1.00 

1. 10 

1. 16 

0.  99 

0.99 

1.02 

1.15 

1.23 

1.14 

1. 14 

1. 19 

1.30 

1,32 

Isopropylbenzene. ..  

1.01 

1.00 

1.09 

1.14 

1. 16 

1.05 

.98 

1.07 

1.20 

1.29 

1. 15 

1.20 

1.29 

1.32 

1.34 

l-Methyl-2-ethylbenzene 











1.03 

1.01 

1.03 

1.07 

1.10 

1.03 

1.04 

1.09 

1,08 

1. 10 

l-Metbyl-3-ethylbenzene 

. 

. 

1. 11 

1.11 

1.  21 

1.29 

1.33 

1.28 

1.31 

1.39 

1.41 

1.43. 

1-M  ethyl-4-ethylbenzene 

1.00 

1.00 

1.05 

1.08 

1.09 

1,00 

1.00 

1. 11 

1.14 

1, 18 

1.01 

1.03 

1. 11 

1. 17 

1.21 

1 ,2,3-Trimethylbenzene 

. 

.97 

.97 

,99 

1.00 

1.02 

1.04 

1,03 

1.05 

1.07 

1.09 

1,2,4-Trimethylbenzene 

.91 

.93 

.95 

.99 

1.01 

.87 

.86 

.91 

.96 

1.05 

.96 

.95 

1. 02 

1.07 

1. 10 

1,3,5-Trimcthylbenzene 

.96 

.98 

1.03 

1. 15 

1.21 

.91 

.95 

1.08 

1.27 

1.42 

1. 15 

1. 16 

1.31 

1.48 

1.51 

n-Butylbenzene. . 

CioHh 

0.  95 

0. 98 

0.  97 

0.99 

1.02 

0. 93 

0.  96 

0.  96 

0.  99 

1.04 

1.04 

1.05 

1.08 

1. 10 

1.09 

Isobutylbenzene 

.98 

.98 

.99 

1.02 

1.07 

.97 

.94 

.96 

1.03 

1.11 

1. 10 

1. 11 

1. 15 

1. 19 

1.20 

«rc-Butylbenzene.  

.98 

1.00 

1.05 

1.08 

1. 10 

.98 

.99 

1.08 

1.16 

1.26 

1.14 

1. 12 

1. 19 

1.23 

1.23 

fcrf-Butylbenzene 

.98 

1.00 

1.05 

1.12 

1, 19 

.95 

.95 

1.08 

1. 15 

1.27 

1.24 

1.23 

1.32 

1.41 

1.43 

' l-Methyl-4-isopropylbenzene 

.98 

.99 

1.04 

1.07 

1.12 

.94 

.95 

1.02 

1. 10 

1.20 

1. 14 

1. 14 

1.21 

1.33 

1.37 

1,2-Diethylbenzene 







.. 



1.03 

1.01 

1.03 

1.08 

1. 11 

1.04 

1.06 

1. 11 

1. 11 

1. 12 

1 ,3-Diethylbenzene. . 

1.01 

1.01 

1.05 

1. 12 

1. 19 

1.05 

1.04 

1. 11 

1.24 

1.38 

1.27 

1.27 

1.39 

1.46 

1.49 

1 ,4-Diethylbenzene 











1. 11 

1.12 

1.23 

1.34 

1.41 

1.32 

1.33 

1.41 

1.44 

1;  41 

1 ,3-Dimethyl-5-ethylbenzene 

.... 

.... 

.... 

.... 

.... 

1.10 

1.07 

1. 17 

1.24 

1.29 

1.24 

1.26 

1.31 

1.35 

1.32 

l-Methyl-3-ferf-butylbenzene 

CiiHie 

1. 16 

1.16 

1.26 

1.36 

1.37 

1.30 

1.33 

1.37 

1.39 

1.38 

l-Methyl-4-ferf-butylbenzene 









1.12 

1.14 

1.22 

1.31 

1.37 

1.31 

1.32 

1.37 

1.40 

1.38 

l-Methyl-3, 5-diethylbenzene 

— - 

.... 

.... 

.... 

1. 10 

1. 11 

1.23 

1.36 

1.44 

1.30 

1.36 

1.48 

1. 51 

1. 51 

1,3,5-Triethylbenzene | 

C12H18 

.... 

.... 

.... 

.... 

.... 

1,09 

1.09 

1.19 

1.31 

1.42 

1.35 

1.37 

1.46 

1.50 

1.48 

, knock-limited  imcp  of  blend 

a Imep  ratio 7—p — rrir' 7~- 1 

knock-limUed  imep  of  isooctane 
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TABLE  A-3.-^17.6  ENGINE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  UNLEADED 

BLENDS  WITH  ISOOCTANE— Concluded 


(Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212®  F;  spark  advance,  30®  B.  T.  C.] 

(c)  Ethers, 


Imep  ratio  » [ 

Inlet-air  temperature,  250°  F Inlet-air  temperature.  100°  F | 

! 

Volume  percent  ether  in  blend  with  isooctane  j 

Ether  Formula [ 

10  20  20  1 


Fuel-air  ratio 


0.0f)5 

0.  07 

0.085 

0.10 

0. 11 

0.065 

0.07 

0. 085 

0. 10 

0.11 

0.065 

0.  07 

0. 085 

0.10 

0.11  1 

t 

Methyl  /crt-butyl  ether 

CjHijO 

1.06 

1.07 

1. 10 

1.16 

1. 16 

1. 15 

1.14 

1.20' 

1.34 

1.38 

1.26 

1.28 

1.35 

1.37 

1.35 

Ethyl  fcrt-butyl  ether 

CfiHiiO 

1.14 

1. 15 

1. 19 

1.20 

1.21 

1.24 

1.25 

1.28 

1.37 

1.45 

1.33 

1.32 

1.31 

1.35 

1.37 

! Isopropyl  /€rf-butyl  ether 

CtHioO 

1.11 

1.11 

1. 12 

1.15 

1. 14 

1. 19 

1. 19 

1.21 

1.27 

1.30 

1.29 

1.29 

1.27 

1, 27 

1.26 

Methyl  phenyl  ether  (anisole) 

CtHsO 

1.06 

1.05 

1.07 

1.10 

1. 15 

1.13 

1.10 

1.09 

1.20 

1.32 

1.28 

1.27 

1.26 

1.31 

1.34 

! Ethyl  phenvl  ether  (phenetole) 

CgHioO 

1.12 

1. 11 

1.11 

1.16 

1. 18 

1.27 

1.24 

1. 17 

1.31 

1.40 

1.40 

1.37 

1.33 

1.41 

1.41 

Methyl  p-tolyl  ether  (p-methylanisole)... 

CgHioO 

1.12 

1 

1.09 

1. 12 

1.18 

1.21 

1.20 

1.14 

1. 17 

1.28 

1.38 

1.29 

1.29 

1.34 

1.42 

1.44 

• Imep  ratio 


knock-limited  imep  of  blend 
knock-limited  imep  of  isooctane 


TABLE  A-4.— 17.6  ENGINE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  BLENDS 

WITH  ISOOCTANE-f4  ML  TEL  PER  GALLON 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.] 


(a)  Paraffins  and  olefins. 


Paraffins  and  olefins 

Imep  ratio 

• 

Inlet-air  temperature,  250®  F 

• 

Inlet-air  temperature,  100° 

F 

Volume  percent  added  paraffin  or  olefin  in  blend  with  isooctane 

r urmuia 

10 

20 

20 

Fuel-air  ratio 

0. 065 

0. 07 

0.085 

0.10 

0.11 

0. 065 

0.07 

0.  085 

0. 10 

0.11 

0.065 

0.  07 

0.  085 

0.10 

0.11 

Paraffins 

2,2,3-Trimethylbutane.- 

C;H,«  1.05 

1.06 

1.09 

1.10 

1.10 

1. 13 

1. 16 

1.22 

1,23 

1.24 

1.20 

1.18 

1.22 

1.20 

1.19 

2, 3- Dimethyl  pentane 

— - 

— - 

.... 

.... 

.96 

.97 

.98 

.96 

^.95 

.96 

.97 

,97 

.96 

.95 

2,2,3,3-Tetramethylpentane - 

C«H}o  

1.19 

1.18 

1.31 

1.34 

1.32 

1.23 

1,26 

1.28 

1.29 

1.29 

2, 2,3. 4-Tetramethyl  pentane 

1.02 

i.03 

1.04 

i.09 

i.ii 

1.04 

1.06 

1.10 

1.19 

1.23 

1.17 

1.18 

1.21 

1.21 

1.19 

2,3,3,4-Tetramethylpentane 

1.05 

1.05 

1.09 

1.14 

1.17 

1.10 

1.10 

1.15 

1.24 

1.27 

1.17 

1.18 

1.20 

1.20 

1.19 

2,4-Dimethyl-3-ethylpentane 

— 

.... 

— 

— 

1.01 

1.01 

1.02 

1.01 

.99 

1.00 

1.01 

1.01 

1.01 

1.00 

Olefins 

2,3-Dimethyl-2-pentene 

CtHm 





... 



0.  96 

0.95 

1.00 

1.13 

1.16 

1.14 

1. 14 

1.19 

1.24 

1.23 

2,3,4-Trimethyl-2-pentene 

CgHu  0.91 

0.91 

0.89 

0.94 

0.  97 

0.81 

0.81 

0.78 

0.85 

0.92 

0.99 

1.00 

1.00 

1.06 

1.09 

3,4,4-Trimethyl-2-pentene 

.96 

.96 

.97 

1.01 

1.05 

.93 

.92 

.92 

.99 

1.07 

1.10 

1. 10 

1.10 

1.15 

1.18 

knock-limited  imep  of  blend  with  4 ml  TEL/gal 
knock -limited  imep  of  isooctane  with  4 ml  TEL/gal 
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TABLE  A-4.— 17.6  ENGINE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  BLENDS 

WITH  ISOOCTANE-l-4  ML  TEL  PER  GALLON— Continued 

Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212®  F;  spark  advance,  30°  B.  T.  C,] 

(b)  Aromatics. 


Aromatic 

Imep  ratio 

ft 

Inlet-air  temperature,  250°  F 

Inlet-air  temperature,  100®  F 

Formula 

Volume  percent  aromatic  in  blend  with  isooctane 

10 

20 

20 

Fuel-air  ratio 

0. 065 

0.  07 

0.  085 

0. 10 

0.11 

0.  065 

0.07 

0.085 

0.10 

0.11 

0. 065 

0. 07 

0. 085 

0. 10 

0.11 

Benzene 

CeH# 

1.00 

1.02 

1.06 

1.08 

1.09 

0. 99 

1.04 

1.10 

1.14 

1.17 

1.11 

1.11 

1.17 

1.21 

1.23 

Methylbenzene 

C:Hg 

LOl 

1.03 

1.04 

1.05 

1.10 

1.05 

1.07 

1.11 

1.19 

1.26 

1.13 

1.17 

1.23 

1.29 

1.31 

Ethylbenzene 

CgHio 

1.07 

1.07 

1.08 

1.10 

1.13 

1.14 

1.17 

1.22 

1.31 

1.36 

1.29 

1.33 

1.36 

1.37 

1.38 

1 ,2- Dimethyl  benzene 

.89 

.91 

.88 

.87 

.86 

,77 

.82 

.84 

.83 

.82 

.81 

.82 

.84 

.86 

.87 

1 ,3-Dimethylbenzene 

1.07 

1.09 

1, 13 

1.19 

1.23 

1.12 

1.16 

1.29 

1.41 

1.46 

1.28 

1.29 

1.44 

1.48 

1.51 

1,4-Dimethylbenzenc 

1.04 

1.08 

1.12 

1.14 

1.16 

1.05 

1. 13 

1.23 

1.34 

1.41 

1.23 

1.28 

1.42 

1.47 

1.48 

n-P  ropylbenzene 

CgHij 

1.05 

1.05 

1.09 

1.14 

1.16 

1.11 

1.13 

1.21 

1.29 

1.33 

1.34 

1.38 

1.42 

1.36 

1.31 

Isopropylbenzene 

1.04 

1.10 

1.12 

1.16 

1.20 

1.10 

1.12 

1.19 

1.31 

1.38 

1.33 

1.35 

1.35 

1.38 

1.41 

l-Methyl-2-ethylbenzene-  



.96 

1.00 

1.03 

1.01 

.98 

1.00 

1.00 

1.01 

1.00 

.99 

l-Methyl-3-ethylbenzene  

1.26 

1.32 

1.39 

1.46 

1.46 

1.42 

1.46 

1.62 

1.48 

1.47 

1 - Met  hy  1-4-ethyl  benzene  

1.03 

i.04 

1.14 

1.17 

1.20 

1,11 

1,12 

1.21 

1.33 

1.41 

1.34 

1.35 

1.45 

1.42 

1.41 

1,2,3-Trimethylbenzene.--  

.83 

.87 

.90 

.89 

.91 

.87 

.88 

.90 

.93 

.94 

1,2,4-Trimethylbenzene_ 

.91 

.94 

.97 

.95 

.94 

.85 

.88 

.95 

.94 

.94 

.88 

.90 

.94 

.94 

.95 

1,3,5-Trimethylbenzene ...  . . 

1.00 

1.03 

1.12 

1.16 

1. 17 

1.02 

1.07 

1.24 

1.40 

1.47 

1.26 

1.29 

1.49 

1.55 

1.55 

n- Butyl  benzene 

CioHh 

1.01 

1.03 

1.04 

1.03 

1.06 

1.02 

1.04 

1.07 

1.10 

1.11 

1.10 

1.11 

1.12 

1.14 

1,14 

Isobutyl  benzene 

1.09 

1.08 

1.09 

1.14 

1.15 

1.14 

1.15 

1.18 

1.25 

1.29 

1.20 

1.22 

1.23 

1.25 

1.24 

aec-Butylbenzene 

1.09 

1.08 

1,08 

1.14 

1.17 

1.16 

1.13 

1.20 

1.29 

1.35 

1.26 

1.28 

1.30 

1.31 

1.31 

ferf-Butylbenzene. 

1.12 

1. 12 

1.12 

1.16 

1. 18 

1.32 

1.30 

1.31 

1.36 

1.41 

1.37 

1.36 

1.39 

1.41 

1.42 

1-  Methyl-4-isopropylbenzene 

1.08 

1.08 

1. 13 

1.17 

1.19 

1.12 

1.13 

1.22 

1.39 

1.45 

1.30 

1.32 

1.42 

1.42 

1.43 

1 ,2-Diethylbenzene 

■ 

1.00 

1.03 

1.07 

1.11 

1. 10 

1.11 

1.10 

1.11 

1.10 

1.08 

1,3-Diethylbenzene 

1.08  i 

1.  li 

1.18 

1^22 

i.'25 

1.17 

1.25 

1.32 

1.48 

1.54 

1.45 

1.47 

1.53 

1.53 

1.53 

1,4-Diethylbenzene.- 

....  1 



1.25 

1.27 

1.32 

1.42 

1.45 

1.40 

1.47 

1.53 

1.49 

1.47 

l,3-Dimethyl-5-ethylbenzeiie- 

-- 

.... 

.... 

.... 

1.17 

1.24 

1.35 

1.38 

1.38 

1.39 

1.46 

1.53 

1.46 

1.43 

l-Methyl-3-fcrf-butylbenzene 

CiiHi# 

1.22 

1.24 

1.32 

1.41 

1.42 

1.36 

1.40 

1.45 

1.47 

1.45 

l-Methyl-4-tcrf-butyIbenzene 



1.23 

1.25 

1.32 

1.36 

1.36 

1.37 

1.40 

1.44 

1.45 

1.45 

l-Methyl-3, 5-diethylbenzene ... 

.... 

.... 

.... 

.... 

1.22 

1.25 

1.36 

1.44 

1.50 

1.47 

1.54 

1.59 

1.56 

1.54 

1,3,5-Triethylbenzene 

C12H1S 

.... 

.... 

....  , 

1.20 

1.24 

1.36 

1.49 

1.  51 

1.49 

1.58 

1.59 

1.53 

1.53 

» Imep  ratio= 


knock-limited  imep  of  blend  with  4 ml  TEL/gal 
knock-limited  imep  of  isooctanc  with  4 ml  TEL/gal 


TABLE  A-4.— 17.6  ENGINE  KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  BLENDS 

WITH  ISOOCTANE  + 4 ML  TEL  PER  GALLON— Concluded 


[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212®  F;  spark  advance,  30°  B.  T.  C.] 

(c)  Ethers. 


Ether 

Formula 

Methyl  ferf-butyl  ether . ... 

CsHuO 

Ethyl  <^rf-butyl  ether 

C«HmO 

Isopropylirri-butyl  ether.  __  

CiHieO 

Methyl  phenyl  ether  (anisole) 

CrHsO 

Ethyl  phenyl  ether  (phenelole) _ _ 

CgHioO 

Methyl  p-tolyl  ether  (p-methylanisole).,. 

CgHioO 

Imep  ratio  » 

Inlet-air  temperature,  250®  F 

Inlet-air  temperature,  100®  F 

Volume  iiercent  ether  in  blend  with  isooctane 

10 

20 

20 

Fuel-air  ratio 

1.14 

1. 15 

1.13 

1.07 

1. 11 

1. 12 


0.065  0.07  0.085  0.10  0.11  0,065  0.07  0.085  0.10  0.11  0.065  0.07  0.085  0.10  0.11 


1.15 

1.13 
1.11 

1.07 
1.09 

1. 12 


1.19 

1. 12 

1.13 

1.07 
1.  15 

1.16 


1.21 
1. 15 
1.15 

1. 13 
1.18 
1.  26‘ 


1.22 

1.15 

1.15 

1.16 
1.18 
1.29 


1.  26 

1.41 

1.32 

1.16 
1.28 

1.16 


1,26 
1.39 

1.27 

1. 14 
1.25 

1, 17 


1.32 

1.37 

1.24 
1. 11 
1.29 

1.25 


1.42 

1.37 

1.27 

1.26 

1.39 

1.36 


1.43 

1.36 

1.27 

1.37 
1.45 
1.43 


1.41 

1.41 

1.33 

1.34 
1.44 
1.43 


1.43 

1.42 
1.35 

1.33 

1.43 
1.41 


1.45 
1.  40 
1.31 

1.33 

1.43 
1.  40 


1.47 

1.37 

1.27 

1.39 

1.44 

1.45 


1.46 

1.33 

1.24 

1.40 

1.45 

1.48 


• Imep  ration 


knock-limited  imep  of  blend  with  4 ml  TEL/gal 
knock-limited  imep  of  isooctane  with  4 ml  TEL/gal 
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TABLE  A-5.— KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  BLENDS  WITH  MIXED  BASE  FUEL 
CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  AND  12.5  PERCENT  n-HEPTANE-F4  ML  TEL  PER  GALLON 

(a)  Paraffins  and  olefins;  25  volume  percent  blends. 

(For  17.6  engine:  compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.  For  full-scale  single-cylinder  at  simulated  take-off:  compression 
ratio,  7,3;  engine  speed,  2500  rpm;  inlet-air  temperature,  250°  F;  spark  advance,  30°  B.  T.  C.;  cooling-air  flow  such  that  rear-spark-plug-bushing  temperature  equals  365°  F at  140  bmep  and 
0.10  fuel-air  ratio.  For  full-scale  single-cylinder  engine  at  simulated  cruise:  same  conditions  as  for  take-off  except  for  engine  speed,  2000  rpm;  inlet-air  temperature,  210°  F.] 


Paraffins  and  olefins 

Formula 

Imep  ratio  » 

17.6  engine 

Full-scale  single-cylinder  engine 

Inlet-air  temperature,  250°  F 

Inlet-air  temperature,  100°  F 

Simulated  take-off  conditions 

Simulated  cruise  conditions 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

Paraffins 

2-Methylbutane 

CsHi: 









.... 

.... 

.... 

.... 

.... 

.... 

1.07 

1.05 

1.14 

1.10 

1.09 

1. 10 

1. 12 

1. 14 

1.11 

1.07 

2,2-Dimethylbutane. 

CcHh 

1.13 

1. 10 

1.08 

1.07 

1.05 

1. 10 

1.13 

1.10 

1.07 

1.07 

2,3-Dimethylbutane 

— 

— 

— 

— 

.... 

.... 

.... 

— 

— 

1.27 

1.25 

1.19 

1.12 

1.10 

1.27 

1.26 

1.19 

1.13 

1.08 

2,2,3-Trimethylbu  tane 

CrHii 

1.24 

1.24 

1.32 

1.30 

1,28 

1,28 

1.29 

1.31 

1.31 

1.28 

1.39 

1.31 

1.34 

1.28 

1.27 

1.35 

1.31 

1.26 

1.30 

1.25 

2,3-Dimethyl^ntane 

1.03 

1.03 

1.05 

1.04 

1.02 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

2,2,3-Trimethylpentane 

CsHjg 

1.26 

1.22 

1.27 

1.25 

1.23 

1.27 

1.26 

1.26 

1.28 

1.24 

2,3,3-Trimethyli)entane 

1.26 

1.21 

1.22 

1.21 

1.20 

1. 19 

1.20 

1.18 

1.22 

1.21 

2,3,4-Trimcthyli'x?ntaiie ___ 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

1.15 

1.06 

1.16 

1.17 

1.15 

1.17 

1. 16 

1.17 

1.18 

1. 14 

2,2,.3,3-Tetramethylpentane 

CsHm 

1.26 

1.26 

1.35 

1.39 

1.37 

2,2,3,4-Tetramcthylpentane 

1.12 

1.10 

1.16 

1.23 

1.26 

i.M 

1.21 

i.24 

i.24 

i.24 

i.^ 

i.26 

i.^ 

i.^ 

2,2,4.4-TetramethyIpcntano 

i.ii 

1.06 

0.^ 

O.M 

i.02 

1.05 

1.03 

.98 

1.00 

1.00 

2,3,3,4-Tetramethylpcntane-_  . _ 

i.  13 

i.ii 

i.l9 

i.^ 

1.30 

i.22 

i.22 

i.^ 

i.30 

i.28 

1.21 

1.15 

1.  21 

1.27 

1.28 

2,4-Dimethyl-3-ethylpcntane 

1.04 

1.06 

1.08 

1.08 

1.07 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

— - 

Olefins 

2,3-Dimethyl-2-pentene 

CtHu 

1.03 

1.07 

1.12 

1.16 

1.20 

2,3.4-Trimethyl-2-pentene--- 

CsHie 

.94 

.94 

.94 

.99 

1.05 

i.  12 

i.  ii 

i.  ii 

i.ii 

i.  ie 

0.  95 

0.  96 

1.05 

1.00 

1.04 

2,4,4-TrimethyM-pentene 





















i.oi 

1.01 

1.14 

i.32 

i.37 

1.26 

1.23 

1.31 

1.35 

1.33 

2,4,4-Trimethyl-2-penteiie 



- - - 

- __ 

1.06 

1.01 

1.08 

1.12 

1.21 

1.25 

1.20 

1.17 

1. 12 

1.15 

3,4,4-Trimeth  j1-2-pentcne 

.99 

1.01 

1.04 

1.10 

1. 13 

1.25 

1.22 

i.20 

i.^ 

i.  25 

.... 

— - 

— 

— 

1.18 

1.12 

1.17 

1. 13 

1. 12 

(b)  Aromatics 


Imep  ratio  * 

17.6  engine 

Full-scale  single -cylinder  engine 

Aromatic 

Formula 

Inlet-air  temperature,  250°  F 

Inlet-air  temperature,  100°  F 

Simulated  take-off  conditions 

Simulated  cruise  conditions 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

O.U 

Benzene.-- 

Calle 

1.04 

1.08 

1. 15 

1.22 

1.28 

1.18 

1.21 

1.23 

1.27 

1,28 

0. 97 

0.93 

1. 14 

1.19 

1.20 

1.20 

1.19 

1.17 

1.23 

1.25 

Methy  Ibenzene 

CiHs 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

1.10 

1.12 

1.41 

1.40 

1.38 

1.28 

1.30 

1.41 

1.49 

1.42 

Ethylbenzene-  

Csllio 

1.12 

1.22 

1.33 

1.36 

1.34 

1.35 

1.39 

1.45 

1.39 

1.35 

1 ,2-Dimethylbenzene-. 

0.81 

6.84 

6.89 

6.6i 

6.  92 

6.  89 

6. 66 

6.6i 

6.92 

6.6i 

.77 

.71 

.98 

.99 

.99 

.77 

.82 

.98 

.99 

.98 

l,3-Dimethylbenzene.-_ 

1.21 

1.22 

1.46 

1.53 

1.54 

1.34 

1.38 

1.51 

1.56 

1.57 

. 













1 ,4-Dimethylbenzenc. 

— 

— 

— 

.... 

— 

— 

.... 

i.i9 

1.2i 

1.55 

i.64 

1.64 

1.23 

1.31 

1.68 

1.62 

1.58 

72- Propy  Ibenzene 

CbTI,,  1 

1.22 

1.24 

1.31 

1.31 

1.34 

1.34 

1.36 

1.39 

1.38 

1.40 

1.47 

1.45 

1.48 

1.40 

1.38 

Isopropylbenzene.  - 

1.25 

1.27 

1.40 

1.45 

1.48 











i.25 

i.27 

i.39 

1.  47 

i.is 

1.40 

1.36 

1.52 

1.48 

1.41 

l-Methyl-2-ethyl-benzene 

1.02 

1.06 

1.09 

1.06 

1.05 





























1 -Me  thy  1-3-ethylbenzene 

1.34 

1.43 

1.54 

1.56 

1.57 









_ . 

_ . 













l-Methyl-4-ethylbenzene 

1.05 

1.09 

1.25 

1.41 

1.48 

1.33 

1.33 

1.59 

1.59 

1.58 

1.19 

1.18 

1.59 

1.62 

1.58 

1.53 

1.52 

1.65 

1.66 

1.56 

1,2, 3-Trimethyl  benzene 

.94 

.94 

.99 

.98 

.99 











1 ,2,4-Triraethylbenzene 

.86 

.92 

1.01 

1.03 

1.05 

.96 

.99 

i.oi 

i.04 

i.06 

.88 

.87 

1.11 

1.10 

1.10 

.74 

.87 

i.a5 

1.08 

1.07 

1,3,5-Trimethylbenzene 

1.13 

1.22 

1.45 

1.58 

1.66 

.... 

.... 

.... 

.... 

1,19 

1.25 

1.63 

1.72 

.... 

1.34 

1.39 

1.54 

1.62 

1.64 

72-ButyIbenzenc 

C ioHh 

1.03 

1.04 

1.12 

1.16 

1.18 

1.13 

1.14 

1.17 

1.18 

1.19 

1.11 

1. 10 

1.20 

1.22 

1.19 

Isobutvlbenzene 

1.09 

1.13 

1.18 

1.23 

1.26 

1.27 

1.27 

1,29 

1.27 

1.25 

1.35 

1.31 

1.35 

1.34 

1.31 

«c- Butyl  benzene 

1.22 

1.22 

1.27 

1.33 

1.41 

1.31 

1.32 

1.36 

1.40 

1.40 

1.16 

1.11 

1.41 

1.35 

1.38 

1.34 

1,34 

1.37 

1.38 

1.35 

fcrf-Butylbenzene 

1.24 

1 22 

1.34 

1.41 

1.44 

1.46 

1.52 

1.54 

1.64 

1.54 

1,24 

1.30 

1.50 

1.53 

1.52 

1.49 

1.49 

1.57 

1.55 

1.49 

1 -Methy  1-4-isopropylbenzene 

1.23 

L23 

1.36 

1.44 

1.49 

1.41 

1.44 

1.51 

1.53 

1.53 







1.51 

1.51 

1.60 

1,52 

1.52 

1,2-Diethylbenzene - 

1.07 

1.11 

1.14 

1.14 

1.13 



_ .. 

- -- 













. 









— 

1,3-Diethylbenzene 

1.25 

1.26 

1.43 

1.48 

1.51 

1.47 

1.48 

1.57 

1.60 

1.60 

1.26 

1.41 

1.71 

1.62 

1.54 

1.67 

1.71 

1,78 

1.63 

1.55 

1, 4-Diet  hyl  ben  zene.. 

1.43 

1.50 

1.57 

1.55 

1.52 























1, 3- Dimethy  1-5-ethylbenzene 

1,36 

1.45 

1.49 

1.49 

1. 47 

— 

.... 

— 

— 

.... 

.... 

.... 

— 

.... 

— 

— 

— 

— 

l-Methyl-3-<tfrf-butylbenzenc  

CiiHit 

1.40 

1.44 

1.52 

1.55 

1.50 

.... 



l-Methyl-4-ferf-butylbenzenc 

1.44 

1.49 

1.57 

1.59 

1.  57 







! 















— 

— 

— 

l-Methyl-3, 5-diethylbenzene 

1.44 

1.50 

1.65 

1.71 

1.69 

i 

— 

— 

.... 

.... 

.... 

— 

.... 

— 

.... 

— 

.... 

— 

1,3,5-Triethylbenzene.  

j CijHis 

1.44 

1.51 

1.62 

1.63 

1 .... 

.... 

.... 

.... 

— 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

.... 

• Imep  ratio= 


knock-limited  imep  of  blend  with  4 ml  TEL/gal 

knock-limited  imep  of  mixed  base  fuel  with  4 ml  TEL/gal 
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TABLE  A- 5.— KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRESSURE  RATIOS  OF  BLENDS  WITH  MIXED  BASE  FUEL 
CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  AND  12.5  PERCENT  n HEPT.ANE-f4  ML  TEL  PER  GALLON— Concluded 

(c)  Ethers. 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.] 


Ether 

Formula 

Volume 
percent 
ether  in 
blend 

1 

7.6  Engine  imep  ratio 

Inlet-air  temperature 
(*^F) 

100 

250 

Fuel-air  ratio 

0. 065 

0.  07 

0.  085 

0. 10 

0.11 

0.065 

0. 07 

0. 085 

0. 10 

0.11 

Methyl  f erf -butyl  ether 

CsHuO 

10 

1.18 

1.17 

1. 17 

1. 18 

1.16 

1.14 

1.14 

1. 15 

1. 15 

1.13 

Ethyl  ferf -butyl  ether 

C«HhO 

1. 11 

1.  11 

1. 10 

1.09 

1.06 

1.11 

1.12 

1.13 

1. 13 

1. 13 

Isopropyl  f erf -butyl  ether ... 

CiHieO 

1.11 

1.  11 

1. 11 

1.10 

1. 11 

1.13 

1. 13 

1. 10 

1.10 

1.11 

Methyl  phenyl  ether  (anisole) 

CtHsO 

1.18 

1.20 

1.17 

1. 18 

1.18 

1.11 

1.11 

1.12 

1. 15 

1. 16 

Ethyl  phenyl  ether  (phenetole) 

CgHioO 

1.17 

1.16 

1. 16 

1. 17 

1. 17 

1.15 

1. 14 

1.11 

1, 12 

1.15 

Methyl  p-tolyl  ether  (p-methylanisole) 

CgHioO 

1.18 

1.15 

1. 18 

1.19 

1.20 

1.15 

1.15 

1.19 

1.19 

1.20 

Methyl  ferf-butyl  ether 

C5H12O 

25 

1.51 

1.50 

1.50 

1.53 

1.  51 

1.45 

1.43 

1.49 

1.52 

1.51 

Ethyl  ferf-butyl  ether 

CftHnO 

1.44 

1.43 

1.41 

1.36 

1.32 

1.47 

1.45 

1.38 

1.39 

1.39 

Itopropyl  ferf -butyl  ether. 

CiHieO 

1.36 

1.37 

1.38 

1.35 

1.33 

1.33 

1.33 

1.31 

1.31 

1.31 

Methyl  phenyl  ether  (anisole) : 

C7H8O 

1.46 

1.48 

1.45 

1.50 

1.54 

1.31 

1.29 

1.27 

1.36 

1.41 

Ethyl  phenyl  ether  (phenetole) 

CgHioO 

1.57 

1.55 

1.54 

1.55 

1.56 

1.39 

1.34 

1.30 

1.37 

1.43 

Methyl  p-tolyl  ether  (p-methylanisole) 

CgHioO 

1.55 

1.50 

1.52 

1.59 

1.65 

1.38 

1.33 

1.37 

1.44 

1.52 

Methyl  ferf-butyl  ether 

C5H12O 

50 

2.28 

2.31 

2. 56 

2. 59 

2.40 

2.  07 

1.84 

2.28 

2.46 

2.  44 

Ethyl  ferf -butyl  ether 

CeHnO 

2.  27 

2.  35 

2.  28 

2. 14 

2. 02 

1.99 

1.88 

1.76 

1.90 

2.  01 

Isopropyl  ferf -butyl  ether 

C7H16O 

2. 14 

2. 16 

2. 10 

2. 00 

1.98 

2.00 

1.98 

1.88 

1.90 

1.95 

Methyl  phenyl  ether  (anisole) 

CtHbO  • 

2. 63 

2. 72 

1.  71 

1.  50 

1.  41 

1.  74 

2. 07 

■ Ethyl  phenyl  ether  (phenetole) 

CgHioO 

2.80 

2.  61 

2.63 

2 72 

1.  77 

1 64 

1’  52 

1'  99 

2 22 

Methyl  p-tolyl  ether  (p-methylanisole) 

CgHjoO 

2.71 

2.42 

2.74 

2.96 

1.43 

1.28 

1.24 

L40 

L65 

knock-limited  imep  of  blend  with  4 ml  TEL/gal 

knock-limited  imep  of  mixed  base  fuel  with  4 ml  TEL/gal 


TABLE  A-6.— 17.6  ENGINE  TEMPERATURE  SENSITIVITY  OF  BLENDS  RELATIVE  TO  ISOOCTANE  AND  MIXED  BASE  FUEL 
CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  AND  12,5  PERCENT  n-HEPTANE  + 4 ML  TEL  PER  GALLON 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.] 

(a)  Paraffins  and  olefins. 


Paraffins  and  olefins 


Formula 


Relative  temperature  sensitivity  » 

20  volume  percent  added  paraffin  or  olefin  in  blend  with  isooctane 

25  volume  percent  added  paraffin  or 
olefin  in  blend  with  mixed  base  fuel 

Unleaded 

4 ml  TEL/gal 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0/1 0 

0.11 

0.065 

0.07 

0.085 

0.10 

o.n 

0.065 

0.07 

0.085 

0.10 

0.11 

Paraffins 

2,  2,  3-Trimethyl butane . 

C7H16 

1.05 

1.05 

1.10 

1.05 

1.00 

1.05 

1.00 

1.00 

1.00 

0.95 

1.05 

1.05 

1.00 

1.00 

1.00 

2,3-Dimethylpentane.-- 

1.00 

.95 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

-- 

.... 

.... 

2,  2,  3,  3-Tetramethylpentane--- 

CsHjo 

1.10 

1.05 

1.05 

0. 95 

0. 95 

1.05 

1.05 

1.00 

0.95 

0.95 

2,  2,  3,  4-Tetramethylpentane.- 

1.20 

1.  20 

1.15 

1.05 

1.00 

1. 10 

1.10 

1.10 

1.00 

.95 

i.05 

1.16 

i.05 

1.00 

1.00 

2,  3,  3,  4-Tetramethylpentane- 

1.25 

1.25 

1. 15 

1.10 

1.00 

i.a5 

1.05 

1.05 

.95 

.95 

1.10 

1.10 

1.05 

1.00 

1.00 

2,  4- Dimethyl-3-ethyl pentane 

1.05 

1.00 

1.00 

1.00 

.95 

1.00 

1.00 

1.00 

1.00 

1.00 

.... 

.... 

Olefins 

2,  3-Dimethyl-2-pentene 

C7H14 

1. 15 

1. 15 

1. 15 

1.15 

1.10 

1.20 

1.20 

1.20 

1. 10 

1.01 









CgHie 

1 20 

1 20 

1 25 

1 20 

1 1-5 

1 20 

1 25 

1 30 

1 25 

1 20 

1 20 

1 20 

1 20 

1 15 

3,  4,  4-T  rime  thy  1-2-pen  tene 

1.15 

1.10 

1.15 

1.20 

1. 15 

1^20 

L20 

L20 

L 15 

L 10 

L25 

L20 

L15 

L 10 

1.10 

• Relative  temperature  sensitivity— 


imep  ratio  of  blend  (inlet-air  temperature,  100°  F) 
imep  ratio  of  blend  (inlet-air  temperature,  250°  F) 
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TABLE  A-6.— 17.6  ENGINE  TEMPERATURE  SENSITIVITY  OF  BLENDS  RELATIVE  TO  ISOOCTANE  AND  MIXED  BASE  FUEL 
CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  AND  12.5  PERCENT  n-HEPTANE  + 4 ML  TEL  PER  GALLON— Continued 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.] 

(b)  Aromatics. 


Aromatic 


Formula 


Relative  temperature  sensitivity  » 


20  volume  percent  aromatic  in  blend  with  isooctane 


25  volume  percent  aromatic  in  blend 
with  muted  base  fuel 


Unleaded 


4 ml  TEL/gal 


Fuel -air  ratio 


0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

Benzene.. 

C«H, 

1.10 

1.05 

1.05 

1.00 

1.00 

1.10 

1.05 

1.05 

1.05 

1.05 

1. 15 

1.10 

1.05 

1,05 

1.00 

Methylbenzene 

C7H1 

1.00 

1.05 

1.05 

1.00 

1.00 

1.10 

1.10 

1.10 

1.10 

1.05 

Ethylbenzene 

CgHio 

1.15 

1.20 

1.20 

1.10 

1.05 

1.15 

1.15 

1.10 

1.05 

1.00 





1,  2-Dime thylbenzene 

1. 10 

1.10 

1.15 

1.10 

1.05 

1.05 

1.00 

1.00 

1.05 

1,05 

1, 10 

1.05 

1.00 

1.00 

1.00 

1,  3-Dimethylbenzene.- 

1.25 

1.20  • 

1.15 

1.20 

1.20 

1.15 

1.10 

1.10 

1.05 

1.05 

1.10 

1. 15 

1.05 

1.00 

1.00 

1,  4-Dimethyl  benzene 

1.10 

1.15 

1.10 

1.05 

1.00 

1.15 

1.15 

1,15 

1. 10 

1.05 

.— 

.... 

.... 

»-Propyl  benzene. 

C9H1S 

1.15 

1.15 

1.15 

1.15 

1.05 

1.20 

1.20 

1.15 

1.05 

1.00 

1. 10 

1. 10 

1.05 

1.05 

1.05 

Isopropylbenzene. 

1.10 

1.20 

1.20 

1.10 

1.05 

1.20 

1.20 

1.15 

1.05 

1.00 











l-Methyl-2-ethylbenzene 

1.00 

1.05 

1.05 

1.00 

1.00 

1.05 

1.00 

1.00 

1.00 

1.00 









l-Methyl-3-ethylbenzene 

1. 15 

1.20 

1.15 

1.10 

1.05 

1.15 

1.10 

1.10 

1.00 

1.00 

. 







l-Methyl-4-ethylbenzene. 

1.00 

1.05 

1.00 

1.05 

1.05 

1.20 

1.20 

1.20 

1.05 

1.00 

1.25 

1.20 

1.25 

1.15 

1.05 

1,  2,  3-Trimethylbenzene 

1.05 

1.05 

1.05 

1.05 

1.05 

1.05 

1.00 

1.00 

1.05 

1.05 







1,  2,  4-Trimethylbenzene 

1.10 

1. 10 

1.10 

1.10 

1.05 

1.05 

1.00 

1.00 

1.00 

1.00 

1. 10 

1. 10 

1.05 

i.oo 

i.60 

1,  3,  5-Trimethylbenzene 

1.25 

1.20 

1.20 

1. 15 

1.05 

1.25 

1.20 

1.20 

1. 10 

1.05 

. ---- 

.... 

.... 

.... 

.... 

n-Butylbenzene 

CioHh 

1. 10 

1.10 

1.10 

1.10 

1.05 

1.10 

1.05 

1.05 

1.05 

1.05  1 

1. 10 

1.10 

1.05 

1.00 

1.00 

Isobutylbenzene . 

1.15 

1.20 

1.20 

1.15 

1. 10 

1.05 

1.05 

1.05 

1.00 

.95  ' 

1. 15 

1. 10 

1.10 

1.05 

i.oo 

«€C-Butyl benzene.-  ..  . 

1.15 

1.15 

1.10 

1.05 

1.00 

1.10 

1.15 

1. 10 

1.00  ! 

.95 

1.05 

1.10  1 

1.05  ; 

1.05 

1.00 

ferf-Butylbenzene ... 

1.30 

1.30 

1.  20 

1.25 

1. 15 

1.05 

1.05 

1.05 

1.05 

1.00 

1.20 

1.25  1 

1. 15 

1. 10 

1.05 

l-iVrpthyl-4-isnpropyIhpnzpnp 

1.  20 

1.  20 

1.  20 

1.20 

1. 15 

1. 15 

1. 15 

1. 15 

1.  00 

1.  00 

1. 15 

1. 15 

1. 10 

1.  05 

1.  05 

1,2-Diethylbenzene 

1.00 

1.05 

1.10 

1.00 

1.00 

1.10 

1.05 

1.05 

1.00 

1.00 

1,  3-Diethylbenzene 

1.20 

1.20 

1.25  ! 

1.20 

1.10 

1.25 

1.20 

1. 15 

1.05 

1.00 

1.15 

i.'io 

i.To 

i.’05 

1,  4-Diethylbenzene 

1.20 

1.20 

1.15 

1.10 

1.00 

1. 10 

1. 15 

1.15 

1.05 

1.00 











1,  3-Dimethyl-5-ethylbenzene 

1.15 

1.15 

1.15 

1.10 

1.05 

1.20 

1.20 

1.15 

1.05 

1.05 

— - 

.... 

.... 

.... 

l-MethyI-3-fcrf-butylbenzene 

C11H19 

1.10 

1.15 

1.10 

1.00 

1.00 

1.10 

1. 15 

1. 10 

1.05 

1.00 

l-Methyl-4-ferf-butyl  benzene 

1.15 

1.15 

1. 10 

1.05 

1.00 

1. 10 

1. 10 

1.10 

1.05 

1.05 











l-Methyl-3,  5-diethylbenzene 

1.20 

1.20 

1.20 

1.10 

1.05 

1.20 

1.25 

1.10 

1.10 

1.00 

---- 

.... 

.... 

.... 

.... 

1,  3-5-Triethylbenzene 

CijHis 

1.25 

1.25 

1.25 

1.15 

1.05 

1.25 

1.25 

1.10 

1.00 

1.00 

.... 

.... 

.... 

.... 

» Relative  temperature  sensitivity  = 


imep  ratio  of  blend  (inlet-air  temperature,  100°  F) 
imep  ratio  of  blend  (inlet-air  temperature.  250°  F) 


TABLE  A-6.— 17.6  ENGINE  TEMPERATURE  SENSITIVITY  OF  BLENDS  RELATIVE  TO  ISOOCTANE  AND  MIXED  BASE  FUEL 
CONSISTING  OF  87.5  PERCENT  (BY  VOLUME)  ISOOCTANE  AND  12.5  PERCENT  n-HEPTANE4-4  ML  TEL  PER  GALLON— 
Concluded 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.J 

(c)  Ethers. 


Relative  temperature  sensitivity  » 


Ether  in  blend  with  mixed  base  fuel,  percent  by  volume 

20 

-- 

10 

25 

50 

Ether 

Formula 

- 

• 

Unleaded 

4 ml  TEL/gal 

Fuel-air  ratio 

0.065 

0.07 

0. 085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0. 085 

0.10 

0. 11 

0.065 

0.07; 

i 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0. 10 

0.11 

Methyl  ferf-butyl  ether 

CsHijO 

1.10 

1. 10 

1.15 

1.05 

1.00 

1.10 

1.15 

1.10 

1.05 

1.00 

1.05 

1.05 

1.00 

1.00 

1.00 

1.05 

1.05 

1.00 

1.00 

1.00 

1.10 

1.25 

1.10 

1.05 

1.00 

Ethyl  f«rf-butyl  ether 

CjHmO 

1.05 

1.05 

1.00 

1.00 

.95 

1.00 

1.00 

1.00 

1.00 

1.00 

I.OO 

I.OO 

.95 

.95 

.95 

1.00 

1.00 

1.00 

1.00 

.95  i 

1. 15 

1.25 

1.30 

1.10 

1.00 

Isopropyl  iert-butyl  ether 

CtHuO 

1.10 

1.10 

1.05 

1.00 

.95 

1.00 

1.05 

1.05 

1.00 

.95 

1.00 

1.00 

1.00 

1.00 

1.00 

1-05 

1.05 

1.05 

1.05 

1.00  j 

1.05 

1. 10 

1.10 

1.05 

1.00 

Methyl  phenyl  ether  (anisole) . . 

CrHgO 

1.15 

1.15 

1.15 

1.10 

1.00 

1.15 

1.15 

1.20 

1.10 

1.05 

1.05 

1.10 

1.05 

1.05 

1.00 

1. 10 

1. 15 

1.15 

1. 10 

1. 10 

1.50 

1,30 

Ethyl  phenyl  ether  (phene- 

CgHtoO 

1.10 

1.10 

1.15 

1. 10 

1.00 

1.15 

1.15 

1.10 

1.05 

1.00 

1.00 

1.00 

1.05 

1.05 

1.00 

1. 15 

1.15 

1.20 

1.15 

1, 10 

1.  70 

1.70 

1.35 

1.20 

tole). 

Methyl  p-tolyl  ether  (p-meth- 

CgHjoO 

1.05 

1.15 

1.15 

1.10 

1.05 

1.25 

1.20 

1.10 

1.05 

1.05 

1.00 

1.00 

1.00 

1.00 

1.00  i 

1.10 

1.15 

1.10 

1.10 

1.10 

2.10 

1.95 

1.95 

1.80 

ylanisole) 

1 

Relative  temperature  sensitivity = 


imep  ratio  of  blend  (inlet-air  temperature,  100°  F) 
imep  ratio  of  blend  (inlet-air  temperature,  250°  F 
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TABLE  A-7.— 17.6  ENGINE  LEAD  SUSCEPTIBILITY  OF  BLENDS  RELATIVE  TO  ISOOCTANE 

[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.] 

(a)  Parallins  and  oloiins. 


Paraffins  and  olefins 


Formula 


Relative  lead  susceptibility  » 


Inlet*air  temperature,  250°  F 

Inlet-air  temperature,  100°  F 

Volume  percent  paraflin  or  olefin  in  blend  with  isooctane 

10 

20 

20 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

Parafi^ 

2,  2,  3-Trimethylbutane. 

CtHi# 

1.05 

. 1.05 

1.05 

1.00 

1.00 

1.05 

1.10 

1.10 

1.05 

1.05 

1.05 

1.05 

1.00 

1.00 

1.00 

2,  3-Dimethylpentane 

.... 

.... 

-r” 

.... 

.... 

1.00 

i.po 

1.05 

1.05 

1.00 

1.05 

1.05 

1.05 

1.00 

1.00 

2,  2,  3,  3-TetramethyIpentane_ 

CeHjo 

1.05 

1. 05 

1.10 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

2,  2,  3,  4-Tetramethylpentane 

1.05' 

1.05 

i.05 

i.66 

i.66 

1.15 

1.15 

1.10 

1.05 

1.00 

1.05 

1.05 

1.05 

1.00 

1.00 

2,  3,  3,  4-Tetramethylpentane. 

1.10 

1.05 

1.05 

1.10 

1.05 

1.15 

1.15 

1.05 

1.05 

1.00 

1.00 

1.00 

1.00 

.95 

.95 

2,  4-Dimethyl-3-ethylpentane 

— 

— 

— 

— 

— 

1.05 

1. 00 

1.00 

1.00 

1.00 

.95 

1.00 

.95 

1.00 

1.05 

Olefins 

2,  3-t>imethyl-2-pentene 

C7H11 

— 

— 

.... 

— 

— 

0.95 

0.95 

1.00 

1.05 

1.00 

1.00 

1.00 

1.00 

1.00 

0.95 

2,  3,  4-TrimethyI-2-pentene_ 

CsHi# 

1.00 

1.00 

1.00 

1.05 

1.00 

1.05 

1.05 

1.00 

1.05 

1.05 

1.05 

1.05 

1.05 

1.05 

1.05 

3,  4,  4-Trimethyl-2-pentene 

1.00 

1. 00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.05 

1.05 

1.00 

1.00 

1.00 

• Relative  lead  susceptibility 


imep  ratio  of  blend  with  4 ml  TEL/gal 
"imep  ratio  of  blend  with  0 ml  TEL/gal* 


TABLE  A-7.— 17.6  ENGINE  LEAD  SUSCEPTIBILITY  OF  BLENDS  RELATIVE  TO  ISOOCTANE— Continued 


[Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212°  F;  spark  advance,  30°  B.  T.  C.} 


(b)  Aromatics. 


Aromatic 

Formula 

Relative  lead  susceptibility  » 

Inlet-air  temperature,  250°  F 

Inlet-air  temperature,  100°  F 

Volume  percent  aromatic  in  blend  with  isooctanc 

10 

20 

20 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

0.11 

Benzene 

CeH# 

1.00 

1.00 

1.05 

1.05 

1.05 

1.00 

1. 05 

1.10 

1.05 

1.00 

1.05 

1.05 

1. 10 

1.10 

1.05 

Methylbenzene 

C:He 

0.95 

1.00 

1.00 

0.95 

1.00 

1.00 

1.05 

1.00 

1.00 

1.00 

1.10 

1. 10 

1.05 

1.05 

1.05 

Ethylbenzene 

1,  2-DimethyIbenzene 

1,  3-Dimethyl  benzene 

1,  4-Dimethylbenzene 

CsHio 

1.05 
.95 
1. 10 
1.05 

1.05 
.95 
1.  10 
1.05 

1.05 
.95 
1.  10 
1.00 

1.00 
.90 
1. 10 
1.00 

0.95 
.85 
1. 15 
1.00 

1.10 

.85 

1.20 

1.00 

1.15 

.90 

1.25 

1.10 

1.15 

.95 

1.20 

1.05 

1.10 

.90 

1.25 

1.05 

1.05 

.85 

1.25 

1.00 

1.10 
• .85 

1.10 
1.05 

1.10 

.85 

1.10 

1.05 

1.05 

.85 

1.20 

1.10 

1.00 
.85 
1.  10 
1.10 

1.00 
.80 
1.  10 
1.05 

n-Propylbenzene 

Isopropylbenzene 

l-Methyl-2-ethylbenzene  

l-Methyl-3-ethylbenzene 

l-Methyl-4-ethyl  benzene 

1,  2,  3-Trimethylbenzene 

1,  2,  4-Trimethyl  benzene 

1,  3,  5-Trimethylbenzene  

CgHij 

1.05 

1.05 

i.'65 

i.‘66 

1.05 

1.05 

1.10 

i."65 

i.'66 

1.05 

1.10 

1.05 

i.’i6 

i.'66 
1. 10 

1.05 

1.00 

Lie 

P5 

LOO 

1.00 

1.05 

i.'i6 

'.'95 

.95 

1.10 
1.05 
.95 
1.15 
1. 10 
.85 
1.00 
1.10 

1.15 

1.15 

1.00 

1.20 

1.10 

.90 

1.00 

1.15 

1.20 
1.10 
1.00 
1.15 
1.  10 
.90 
1.05 
1.15 

1.10 
1.10 
.95 
1. 15 
1.15 
.90 
1.00 
1.10 

1.  10 
1.05 
.90 
1.10 
1.20 
.90 
.90 
1.05 

1.20 
1. 15 
.95 
1.  10 
1.35 
.85 
.90 
1.  10 

1.20 
1. 15 
.95 
1.  10 
1.30 
.85 
.95 
1. 10 

1.20 
1.05 
.90 
1. 10 
1.30 
.85 
.90 
1.15 

1.05 

1.05 

.90 

1.05 

1.20 

.85 

.90 

1.05 

1.00 

1.05 

.90 

1.05 

1.15 

.85 

.85 

1.05 

n-Butylbenzene 

Isobutyl  benzene 

«cc-Butyl  benzene 

fert-Butylbenzene 

l-Methyl-4-isopropylbenzene.  

1 , 2-D iethylbenzene 

1,  3-Diethylbenzene 

1,  4-Diethylbenzene 

1,  3-Dimethyl-5-ethylbenzene 

CioHh 

1.05 

1.10 

1.10 

1.15 

1.10 

i.'05 

1.05 
1.10 
1. 10 
1. 10 
1.10 

i.i6 

1.05 

1. 10 

1.05 

1.05 

1.10 

i.'i6 

1.05 
1.10 
1.05 
1.05 
1. 10 

' 1.  lO 

1.05 

1.05 

1.05 

1.00 

1.05 

i.'65 

1. 10 
1.20 
1.20 
1.40 
1.20 
.95 
1.10 
1.15 
1.05 

1.10 
1.20 
1.15 
1. 35 
1.20 
1.00 
1.20 
1.15 
1.15 

1.  10 
1.25 
1.10 
1.20 
1.20 
1.05 
1.20 
1.10 
1.15 

1.  10 
1.20 
1.10 
1.20 
1.25 
1.00 
1.20 
1.05 
1.10 

1.05 
1.15 
1.05 
1.10 
1.20 
1.00 
1.  10 
1.05 
1.05 

1.05 
1.  10 
1.10 

1.10 
1.15 
1.05 
1.  15 
1.05 

1.10 

1.05 
1.  10 
1.15 
1.10 
1.15 
1.05 
1.15 
1.10 
1.15 

1.05 
1.05 
1.10 
1.05 
1.15 
1.00 
1.10 
1.10 
1.  15 

1.05 

1.05 

1.05 

1.00 

1.05 

1.00 

1.05 

1.05 

1.10 

1.05 

1.05 

1.05 

1.00 

1.05 

.95 

1.05 

1.05 

1.10 

l-Methyl-3-ferf-butylbenzene 

l-Methyl-4-ferf-butylbenzene 

l-Methyl-3,  5-diethylbenzene 

C11H16 

— 

:::: 

' — 

— 

1.05 

1.10 

1.10 

1.05 
1.  10 
1.15 

1.05 

1.10 

1.10 

1.05 

1.05 

1.05 

1.05 

1.00 

1.05 

1.05 
1.05 
1.  15 

1.05 

1.05 

1.15 

1.05 

1.05 

1.10 

1.05 

1.05 

1.05 

1.05 

1.05 

1.00 

1,  3,  5-Triethylbenzene-- 

CijHis 

.... 

... 

-- 

.... 

1.10 

1.15 

1.15 

1.15 

1.05 

1.10 

1.15 

1.05 

1.00 

1.05 

• Relative  lead  susceptibility 


imep  ratio  of  blend  with  4 ml  TEL/gal 
imep  ratio  of  blend  with  0 mo  TEL/gal 
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TABLE  A-7.— 17.6  ENGINE  LEAD  SUSCEPTIBILITY  OF  BLENDS  RELATIVE  TO  ISOOCTANE— Concluded 

(Compression  ratio,  7.0;  engine  speed,  1800  rpm;  coolant  temperature,  212®  F;  spark  advance,  30®  B,  T.  C.] 

(c)  Ethers- 


Ether 


Methyl  <tfri-butyl  ether 

Ethyl  i€ri-butyl  ether 

Isopropyl  ttfri-butyl  ether 

Methyl  phenyl  ether  (anisole) 

Ethyl  phenyl  ether  (phenetole) 

Methyl  p-tolyl  ether  (p-methylanisole).., 


Formula 


Relative  lead  susceptibility  » 

1 

Inlet-air  temperature,  250°  F | 

Inlet-air  temperature,  100°  F 

Volume  percent  ether  in  blend  with  isooctane 

10 

20 

20 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0.10 

0.11 

0.065 

0.07 

0.085 

0.10 

O.Il 

1 

0.065 

0.07 

0.085 

0.10 

0.11 

CsHisO 

1. 10 

1.05 

1. 10 

1.05 

1.05 

1. 10 

1.10 

1. 10 

1.05 

1.05 

1. 15 

1. 10 

1. 10 

1.05 

1. 10 

CttHnO 

1.00 

1.00 

.95 

.95 

.95 

1. 15 

1. 10 

1.05 

1.00 

.95 

1.05 

1.05 

1.05 

1.00 

.95 

CrHisO 

1.00 

1.00 

1.00 

1.00 

1.00 

1. 10 

1.05 

1.00 

1.00 

1.00 

1.05 

1.05 

1.05 

1.00 

1.00 

CtHsO 

1.00 

1.00 

1.00 

1.00 

1.00 

1.05 

1.05 

1.00 

1.05 

1.05 

1.05 

1.05 

1.05 

1.05 

1.05 

CsHioO 

1.00 

1.00 

1.05 

1.00 

1.00 

1.00 

1.00 

1.  10 

1.05 

1.05 

1.05 

1.05 

1. 10 

1.00 

1.00 

CgHioO 

1.00 

1.05 

1.05 

1.05 

1.05 

.95 

1.05 

1. 05 

1.05 

1.05 

1. 10 

1.10 

1.05 

1.00 

1.05 

imep  ratio  of  blend  with  4 ml  TEL/gal 


- Relative  lead  susceptibility =.^^p  ^lend  with  0 ml  TEL/gal 


TABLE  A-8.— FULL-SCALE  SINGLE-CYLINDER  ENGINE 
KNOCK-LIMITED  INDICATED  MEAN  EFFECTIVE  PRES- 
SURE RATIOS  OF  ETHER  BLENDS  WITH  MIXED  BASE 
FUEL  CONSISTING  OF  87.5  PERCENT  (BY  VOLUME) 
ISOOCTANE  AND  12.5  PERCENT  n-HEPTANE-|-4  ML  TEL 
PER  GALLON 

[Full-scale  cruise  conditions;  compression  ratio,  7.3;  engine  speed,  1800  rpm;  inlet-air  tem- 
perature, 210®  F;  spark  advance,  30®  B.  T.  C.;  cooling-air  flow  such  that  rear-spark-plug- 
bushing temperature  equals  365°  F at  140  bmep  and  0.10  fuel-air  ratio] 


Imep  ratio  “ 

Ether 

Formula 

10  volume  percent  ether  in  blend  with 
mixed  base  fuel 

Fuel-air  ratio 

0.065 

0.07 

0.085 

0.10 

0.11 

Methyl  i«rf-butyl  ether 

CsHiaO 

1.27 

1.  21 

1.24 

1.25 

1. 19 

Ethyl  ^<rf-butyl  ether 

CflHuO 

1.19 

1. 16 

1. 19 

1.16 

1. 11 

Isopropyl  ftfrt-butyl  ether 

C:HiflO 

1.17 

1.16 

1.15 

1.15 

1. 14 

Methyl  phenyl  ether  (anisole).. 

CtHsO 

1.11 

1.08 

1.08 

1.11 

1.11 

Ethyl  phenyl  ether  (phenetole) . 
Methyl  p-tolyl  ether  (p-methyl- 

CgHioO 

1.13 

1.11 

1.11 

1.15 

1. 12 

anisole). 

CgHioO 

1.20 

1.16 

1.15 

1.17 

1. 19 

» Imep  ratio= 


knock-limited  imep  of  blend  with  4 ml  TEL/gal 
knock-limited  imep  of  mixed  base  fuel  with  4 ml  TEL/gal’ 
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TABLE  A-9— INSPECTION  DATA  FOR  PURE  FUEL  STOCKS  AND  FUEL  BLENDS 


Tho  following  abbrovintions  aro  iisod  throughout  the  table:  VBS  for  virgin  base  stock;  alkylate  for  aviation  alkylate;  one-pass  stock  for  one-pass  catalytic  stock;  and  MTB  ether  for  methyl 

<rrf-butyl  ether.l 


I'uel 

Fuel  oom  posit  ion 

A.  S.  T.  M.  distillation  date 

Speciflegravity  al60°  F 

Cop|)er  dish  gum  (ing/- 
100  ml) 

Reid  vapor  pressure 
(Ib/sq  in.) 

Aromatics  • (percent  by 
volume) 

Freezing  point  (°F) 

Hydrogen -carbon  ratio 

Net  heat  of  combustion 
(Btu/lb) 

Refractive  index  nrj  at 
68®  F 

Bromine  number  (cg/g) 

Olefins  ^ (percent  by 
weight) 

Components 

TEL  concentra- 
tion (ml/gal) 

Initial  boiling 
point  (®F) 

10%  point  (®F) 

u. 

0 

1 
f 

50%  point  (°F) 

90%  point  (°F) 

Final  boiling 
point  (°F) 

Sum  of  10  and 
50%  points  (®F) 

Cm 

K 

a 

3 § 
2 
o 

Loss  (percent) 

A-202 

VBS... 

0 

114 

145 

172 

180 

229 

298 

325 

0.4 

1.1 

0.  713 

None 

5.9 

7.3 

Below  —76 

0.175 

19,000 

1.3988 

2.8 

1.7 

A -118 

50%  alkylate+50%  VBS 

4.04 

112 

150 

188 

200 

254' 

336 

350 

0.7 

1.1 

0.  707 

5.9 



1.3957 





A-203 

Alkylate 

0 

113 

160 

215 

226 

272 

364 

386 

.5 

1.0 

.698 

2 

4.7 

None 

Below  —76 

0.189 

19,100 

1.3928 

0.2 

0. 1 

A-132 

30%  one-pass  stock+70%  VBS.. 

4.08 

112 

140 

170 

182 

251 

319 

322 

0.5 

1.3 

0.  723 

6.0 

1.4043 



A-116 

50%  one-pass  stock -}-50%  VBS.. 

4.06 

103 

134 

170 

184 

269 

321 

318 

.5 

1.0 

.727 

7.1 

1.  4080 

— 

— 

A-I19 

80%  one-pass  stock-{-20%  VBS._ 

4.05 

116 

130 

171 

190 

285 

326 

320 

.4 

1.4 

.735 

7.4 

— 

1. 4l41 

— 

A-122 

30%  one-pass  stock +70%  alky- 

late 

3. 96 

no 

147 

202 

218 

272 

345 

365 

0.6 

1.  2 

0.  718 

5. 8 

1.  4005 

— 

— 

A-117 

50%  one-pass  stock+50%  alky- 

late 

4.00 

105 

140 

194 

213 

280 

341 

353 

. 5 

1.0 

.721 

— 

6.  5 

1. 4051 

— 

— 

A-121 

80%  one-pass  stock+20%  alky- 

late 

4.04 

106 

131 

181 

204 

288 

334 

335 

. 7 

1.3 

. 732 

7.  2 

1.  4123 

— 

— 

A-204 

•One-pass  stock 

0 

105 

128 

170 

193 

287 

332 

321 

.5 

1.0 

.739 

7.9 

24.8 

Below  —76 

0.155 

18.700 

1.4177 

30.4 

17.6 

A-136 

20%  triptane+80%  VBS 

4. 10 

124 

150 

172 

178 

218 

299 

328 

0.7 

0.8 

0.  712 

6.0 

Below  —76 

1.  3969 



A-137 

40%  triptane-j-60%  VBS 

4.05 

128 

156 

172 

177 

205 

287 

333 

.6 

.6 

.707 

5.  3 ’ 

Below  —76 

1.  3953 

— 

— 

A-138 

60%  triptane-f-40%  VBS 

4.08 

142 

162 

174 

176 

194 

274 

338 

.7 

.5 

.704 

4.5 

c Below  —76 

— 

1.  3938 

— 

A-272 

20%  triptane+80%  alkylate 

(^) 

122 

164 

202 

210 

259 

346 

374 

0.9 

0.6 

0.701 

4,4 

Below  —76 



... 

A-273 

40%  triptane+60%  alkylate 

(J) 

130 

167 

192 

198 

251 

335 

365 

.7 

. .8 

.701 

4.1 

Below  —76 

— 

— 

A-274 

60%  triptane+40%  alkylate 

(<^) 

144 

169 

183 

188 

230 

326 

357 

.8 

.7 

.700 

4.0 

Below  —76 

— 

— 

A-275 

80%  triptane-|-20%  alkylate 

(«*) 

158 

172 

178 

180 

202 

296 

352 

.8 

. 2 

.699 

3.6 

Below  —76 

— 

--- 

A-276 

20%  triptane+80%  one  pass- 

stock  - 

(“) 

107 

136 

172 

186 

281 

321 

322 

0.4 

1.4 

0.  734 

6.7 

Below  —76 





A-277 

40%  triptane+60%  one-pass 

stock 

(<*) 

120 

147 

174 

183 

275 

320 

330 

.9 

.9 

.725 

5,9 

Below  —76 

— 

— 

A-278 

60%  triptane+40%  one-pass 

128. 

156 

174 

179 

234 

316 

335 

.4 

.6 

.716 

5. 1 

Below  —76 





A-279 

80%  triptane+20%  one-pass 

stock 

(‘^) 

141 

166 

177 

179 

196 

304 

345 

. 5 

. 5 

.710 

4.2 

Below  —76 

— 

— 

A-206 

Triptane... 

o' ' 

172 

174 

174 

174 

.175 

180 

348 

.4 

.8 

.694 

1 

3.0 

-18 

0.191 

*19.^ 

1.3896 

— 

--- 

A-397 

20%  diisopropyl+80%  VBS 

(<*) 

120 

143 

160 

168 

224 

287 

311 

0.9 

0.8 

0.  705 

6.6 

— 

--- 

A-398 

40%  diisopropyl-j-60%  VBS 

fd) 

123 

138 

151 

156 

214 

285 

294 

.7 

1.  5 

. 695 

5*  8 

— 

— 

A-399 

60%  diisopropyl+40%  VBS 

(<^) 

128 

138 

146 

148 

197 

258 

286 

.9 

1. 1 

.686 

5*  H 

— 

— 

A-400 

80%  diisopropyl+20%  VBS 

(‘‘) 

130 

136 

140 

142 

16.5 

254 

278 

.7 

1.0 

.677 

7.0 

— 

--- 

A-405 

20%  diisopropyl+80%  alkylate.. 

(■1) 

120 

151 

187 

202 

263 

344 

353 

1.1 

0.7 

0.695 

5.5 

— 

A-406 

40%  diisopropyl+60%  alkylate .. 

(«i) 

120 

140 

155 

162 

252 

330 

302 

1.2 

.3 

.687 

6.3 

— 

— 

A-407 

60%  diisopropyI+40%  alkylate.. 

127 

140 

150 

156 

246 

322 

296 

1.1 

.6 

.681 

6.4 

— 

— 

A-408 

80%  diisopropyl-f-20%  alkylate.. 

(«i) 

130 

136 

141 

143 

208 

295 

279 

1.0 

.6 

.675 

6.8 

— 

--- 

A-401 

20%  diisopropyl+80%  one-pass 

stock 

(‘^) 

112 

132 

157 

172 

287 

322 

304 

0.  5 

1.  5 

0.  728 

6.9 



— 

— 

A-402 

40%  diisopropyl+60%  one-pass 

stock 

W 

117 

133 

150 

157 

277 

321 

290 

.8 

.9 

. 713 

7.1 

— 

— 

A-403 

60%  diisopropyl+40%  one-pass 

stock 

121 

133 

143 

147 

257 

315 

280 

.4 

1.2 

.698 

7,  2 

• i*  « 

A-404 

80%  diisopropyl+20%  one-pass 

stock 

127 

134 

138 

140 

169 

305 

274 

. 7 

.7 

.683 

7.  3 

— 

A-433 

Diisopropyl : 

0 

132 

134 

135 

135 

135 

136 

269 

None 

1.2 

.666 

None 

7.4 

Below  -76- 

0.196 

19,100 

— 

— 

--- 

A-411 

20%  neohexane +80%  VBS 

(“) 

118 

138 

157 

165 

227 

289 

303 

0.9 

0.9 

0.  705 

7.0 

— 

A-412 

40%  neohexane-f60%  VBS 

(‘I) 

118 

133 

145 

151 

219 

285 

284 

.8 

.9 

.694 

7.5 



— 

— 

A-413 

60%  neohexane+40%  VBS 

113 

127 

135 

138 

201 

266 

265 

.6 

1.3 

.683 

8. 1 

— 

— 

A-414 

80%  neohexane-f-20%  VBS 

(<») 

118 

128 

126 

128 

161 

241 

251 

.9 

1.1 

.672 

9.1 

i 

— 

A-415 

20%  neoheiane+80%  alkylate... 

(d) 

116 

146 

183 

203 

265 

345 

349 

1.1 

0.8 

0. 693 

5.9 

A^16 

40%  neohexane+60%  alkylate... 

(“) 

117 

134 

157 

169 

257 

332 

303 

1.2 

.8 

.686 

— 

6.0 

— 

— 

A-417 

60%  neoheiane-f-40%  alkylate... 

. 

116 

125 

136 

142 

247 

322 

267 

1.1 

1. 1 

.677 

7.9 

— 

— 

— 

— 

A-418 

80%  neoheiane-f-20%  alkylate... 

(d) 

116 

122 

127 

129 

220 

290 

251 

.9 

1.4 

.670 

8.8 

— 

--- 

A-420 

20%  neoheiane+80%  one-pass 

stock 

(•*) 

107 

127 

151 

167 

283 

323 

294 

0.6 

1.3 

0.  728 

7.9 

— 

— . 

A-421 

AQ%  neohcxane+60%  one-pass 

stock . 

no 

125 

140 

148 

275 

318 

273 

,5 

1.4 

.712 

8.3 

— 

— 

A-^22 

60%  neohexane+40%  one-pass 

stock  ..  ..  ..  .. 

(d) 

112 

121 

130 

134 

259 

313 

255 

.5 

1.  2 

.696 

8.5 

— 

— 

A-423 

80%  neohexane +20%  one-pass 

stock 

116 

120 

125 

126 

181 

302 

246 

.6 

1.6 

.678 

9.1 

! 

■ — 

A-500 

Neohexane.-  

0 

119 

120 

120 

120 

121 

123 

240 

None 

1.2 

.658 

1 

9.7 

0.197 

19,100 

i 

; --- 

A-123 

20%  isopentane+80%  VBS 

4.06 

102 

122 

148 

160 

224 

297 

282 

0.7 

1.3 

0.702 

9.3 

1.3907 

i 

... 

A-124 

40%  isopentane+60%  VBS 

4.06 

96 

108 

124 

134 

216 

291 

242 

.7 

2.8 

.679 

11.8 

1.  3822 

; 

A-134 

60%  isopentane-|-40%  VBS 

4. 16 

90 

98 

106 

no 

200 

266 

208 

.8 

2.4 

.664 

14.4 

— 

1. 3732 

: 

A-375 

20%  isopentane+80%  alkylate.. 

(^) 

104 

127 

175 

208 

262 

344 

335 

0.9 

2.0 

0.  687 

8.4 

1 

— 

I -- 

A-376 

40%  isopentane-f60%  alkylate.. 

{•*) 

97 

no 

134 

154 

256 

335 

264 

.7 

1.4 

.673 

11.6 

— 

--- 

A-388 

20%  isopentane+80%  one-pass 

stock  

(<*) 

102 

118 

146 

167 

288 

322 

285 

0.4 

2.4 

0.  720 

9.9 

- - * - 



A-389 

40%  isopentane+60%  one-pass 

! 

stock 

(**) 

96 

106 

121 

129 

278 

318 

235 

.6 

2.1 

.699 

1 12.5 



— 

A-209 

Isopentane 

0 

80 

82 

85 

86 

90 

92 

168 

None 

3.5 

.624 

None 

19.6 

Below’  —76 

0.202 

19,100 

1.3M4 

— 

... 

A-139 

20%  hot-acid  octane +80%  VBS. 

4. 10 

118 

154 

184 

193 

232 

298 

347 

0.5 

1.0 

0.  715 

5 

5.8 

1.3992 

... 

A-140 

40%  hot-acid  octane+60%  VBS. 

4.04 

123 

166 

198 

206 

234 

290 

372 

.6 

1.3 

.716 

6 

5.0 

1.3997 

' 

— 

A-141 

60%  hot-acid  octane+40%  VBS. 

4.02 

122 

176 

209 

216 

234 

272 

392 

.7 

.5 

.715 

6 

4.3 

1.4002 

— 

... 

A-367 

20%  hot-acid  octane+80%  alky- 

late 

O') 

112 

169 

218 

225 

259 

341 

394 

1.2 

0.6 

0.  703 

4.4 

A-368 

40%  hot-acid  octane+60%  alky- 

late  

(*') 

124 

184 

223 

227 

253 

342 

411 

.8 

1.2  i 

.707 

3.8 





A-369 

60%  hot-acid  octane+40%  akly- 

late 

(^) 

132 

193 

224 

226 

243 

315 

419 

.8 

1.5 

.710 

3.1 





A-370 

80%  hot-acid  octane+20%  alky- 

late...   

(<*) 

144 

208 

224 

225 

239 

279 

433 

.8 

1.4 

.714 

2.9 

— 

See  footnotes  at  end  of  table. 
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TABLE  A-9.— INSPECTION  DATA  FOR  PURE  FUEL  STOCKS  AND  FUEL  BLENDS— Continued 


Fuel 

Fuel  composition 

A.  S.  T.  M.  distillation  date 

Sjxjcific  gravity  at  60°  F 

Copper  dish  gum  (mg/- 
100  ml) 

Reid  vapor  pressure 
(Ib/sq  in.) 

Aromatics  » (percent  by 
volume) 

Freezing  point  (°F) 

.2 

1 

s 

1 

o 

>» 

Net  heat  of  combustion 
(Btii/lh) 

H 

.Ho 

c 

Bromine  number  (cg/g) 

£ 

SB 

^ <s 
C 

c 

s 

o 

Components 

TEL  concentra- 
tion (ml/gal) 

Initial  boiling 
point  (°F) 

10%  point  (°F) 

407o  point  (°F) 

50%  point  (°F) 

F 

1 

<35 

sc 

c 

“St 

it 

Sum  of  10  and 
50%  points  (°F) 

Residue  (i>er- 

cent) 

Loss  (percent) 

A-371 

20%  hot-acid  octane  *f  80%  one- 

pass  stock 

('*) 

114 

142 

189 

208 

282 

322 

350 

0.4 

1.4 

0.  737 

6.5 

A-372 

40%  hot-acid  octane-f60%  one- 

(•*) 

124 

155 

206 

218 

269 

321 

373 

.6 

1.4 

.732 



5.5 





A-373 

60%  hot-acid  octane-{-40%  one- 

pass  stock 

115 

165 

215 

222 

250 

310 

387 

.8 

1.1 

.727 

4.5 

A-374 

80%  hot-acid  octane -f 20%  one- 

pass  stock 

(•*) 

129 

195 

222 

224 

240 

294 

419 

. 7 

.5 

.722 

3.6 

A-205 

Hot-acid  octane.. 

0 

174 

216 

224 

224 

230 

257 

440 

.6 

.9 

.715 

6 

2.7 

None 

Below  —76 

0. 188 

19, 200 

1.4009 

2.6 

1.7 

A-148 

20%  mixed  xylenes+80%  VBS... 

4.07 

116 

152 

191 

203 

272 

296 

355 

0.4 

0.6 

0.  746 

5.3 

26. 4 

Below  —76 

1.4180 

A-144 

40%  mixed  xylenes+60%  VBS... 

(d) 

122 

167 

215 

232 

277 

288 

399 

.3 

.5 

.775 

4.2 





A-445 

60%  mixed  xylenes4-40%  VBS... 

(«!) 

128 

196 

252 

264 

277 

287 

4b0 

.3 

.4 

.805 

3.0 





A-A46 

80%  mixed  xylenes-1-20%  VBS... 

(«*) 

140 

220 

266 

270 

278 

283 

490 

.4 

.6 

.824 

2.2 

— 

... 

A-149 

20%  mixed  xylenes-|-80%  alkylate 

3. 96 

121 

176 

234 

242 

276 

342 

418 

0.8 

0.7 

0.  731 

1 

3.9 

20.5 

Below  —76 

1.4132 

A-262 

40%  mixed  xylenes4-60%  alkylate 

(d) 

124 

191 

249 

255 

281 

320 

446 

.5 

1.3 

.768 

3.0 





A-263 

60%  mixed  xylenes-|-40%  alkylate 

130 

217 

262 

266 

280 

306 

483 

.5 

.5 

.799 

2.2 

— 





A-264 

80%  mixed  xylenes-f  20%  alkylate 

(<*) 

136 

238 

268 

271 

279 

295 

509 

.8 

.8 

.821 

1.9 

— 

— 

... 

A-150 

20%  mixed  xylenes+80%  one- 

4. 10 

106 

146 

200 

230 

285 

315 

376 

0.3 

0.9 

0.  767 

6. 5 

42.3 

Below  —76 

1.4333 

A-266 

40%  mixed  xylones-j-60%  one- 

115 

159 

244 

262 

284 

311 

421 

.8 

.8 

.793 

5.2 





pass  stock 

A-267 

60%  mixed  xylenes-f40%  one- 

115 

154 

251 

264 

282 

303 

418 

. 1 

1. 1 

.800 

4.4 

A-268 

80%  mixed  xylenes-f20%  one- 

pass  stock 

126 

222 

273 

275 

280 

294 

497 

.2 

.8 

.838 

2.4 

A-237 

Mixed  xylenes 

0 

273 

275 

276 

276 

277 

278 

551 

.2 

None 

.867 

2 

.5 

Below  —40 

0. 106 

17, 600 

1.  4959 

... 

A-163 

4. 12 

116 

152 

188 

.202 

294 

321 

354 

0.5 

0.7 

0. 737 

5.3 

25.6 

Below  —76 

1.4169 

A-244 

123 

161 

218 

238 

300 

330 

399 

.4 

.9 

.775 

4.4 

43.0 

Below  —76 

1.4353 

A-246 

126 

180 

265 

284 

302 

335 

464 

.6 

.6 

.804 

3.2 

62.0 

« Below  —76 

1.4538 

A-247 

80%  cumene-i-20%  VBS 

(*') 

130 

228 

.296 

298 

306 

339 

526 

.5 

.5 

.832 

2.0 

« Below  —76 

.... 

... 

A-164 

20%  cumene-f  80%  alkylate 

3.99 

116 

170 

234 

244 

300 

342 

414 

0.7 

0.5 

0.  732 

3 

4.0 

19.7 

Below  —76 

1.4122 

... 

A-249 

(**) 

118 

188 

257 

267 

302 

340 

455 

.4 

.8 

.767 

3.2 

39.0 

Below  —76 

1. 4320 

A-250 

124 

206 

271 

280 

304 

339 

486 

.5 

.5 

.787 

2.6 

Below  —76 

A-251 

80%  cumene-f  20^  alkylate 

(**) 

140 

262 

293 

296 

304 

342 

558 

.5 

.5 

.831 

1.4 

Below  —76 

.... 

... 

A-165 

3 91 

106 

136 

203 

234 

299 

325 

370 

0.6 

0 4 

0. 769 

6.4 

40.0 

Below  —76 

1.4325 

A-253 

40%  cumene-j-60%  one-pass  stock 

(<») 

no 

144 

240 

268 

301 

330 

412 

1.0 

1.0 

.787 

5.3 

c Below  —76 





A-254 

60%  cumene4*40%  one-pass  stock 

120 

174 

285 

289 

303 

336 

463 

.4 

1.1 

.815 

3.8 

Below  —76 





A-255 

80%  cumene-j-20%  one-pass  stock 

(d) 

125 

216 

292 

295 

303 

340 

511 

1.0 

1.0 

.836 

2.4 

Below  —76 





A-238 

Cumene 

0 

293 

298 

300 

300 

305 

349 

598 

.5 

.5 

.863 

3 

.3 

•Below  —76 

0.113 

17,  800 

1.4903 

.... 

... 

A-170 

20%  benzene-}-80%  VBS.. 

4.  11 

118 

148 

167 

174 

218 

299 

322 

0.5 

0.5 

0. 748 

6.0 

26.0 

-38 

1.4175 

A-342 

40%  benzene-f-60%  VBS,. 

126 

154 

168 

173 

204 

286 

327 

.5 

1.0 

.772 

5.6 

\-343 

60%  benzene-j-40%  VBS.. 

(4 

144 

164 

171 

174 

185 

266 

338 

.4 

1.1 

.823 

4.6 

A-344 

80%  benzenc-f20%  VBS... 

(«*) 

148 

168 

172 

174 

179 

238 

342 

.4 

.6 

.844 

4.2 

.... 

... 

A-168 

20%  benzene-4-80%  alkylate 

3. 92 

120 

156 

190 

200 

258 

345 

356 

0.7 

0.3 

0. 734 

4 

4.8 

19.5 

-24 

1.4124 

... 

A-359 

40%  benzene-i-60%  alkylate 

(«*) 

126 

162 

180 

186 

245 

333 

348 

.8 

1.2 

.770 

4. 7 



... 

A-360 

60%  benzene-|-40%  alkylate 

(^) 

143 

166 

177 

179 

219 

324 

345 

.6 

.9 

.803 

4. 4 

— 



A-361 

80%  benzene-j-20%  alkylate 

154 

170 

175 

176 

185 

293 

346 

.6 

.6 

.841 

3.7 

— 

... 

A-169 

20%  benzene-l-80%  one-pass  stock 

4.08 

107 

134 

170 

■Bl 

m 

^ 321 

BrI 

jwQ 

■Ml 

0.768 

7.0 

40.0 

—53 

1.4333 





A-363 

40%  benzene-l-60%  one-pass  stock 

(*») 

117 

147 

171 

179 

273 

318 

326 

.5 

1.0 

.822 

6.0 

— 

— 

A-364 

60%  benzene-i-40%  one-pass  stock 

(«i) 

122 

153 

173 

177 

227 

314 

330 

.4 

1.1 

.841 

5.2 

— 

— 

A-365 

80%  benzenc-1-20%  one-pass  stock 

(«*) 

143 

164 

173 

175 

191 

316 

339 

.4 

.8 

.850 

4.4 



— 

A-210 

Benzene 

0 

170 

173 

173 

173 

174 

175 

346 

.2 

.8 

.883 

1 

3.5 

1 

45 

0.  084 

17,  400 

1.4989 

.... 

... 

A-145 

20%  toluene-f80%  VBS 

4. 10 

122 

157 

186 

194 

wmm 

294 

351 

■M 

IMS 

j 5.3 

26.2 

Below  —76 

1.4178 

A-322 

40%  t,oliipnp-l-60%  VBS 

(d) 

126 

163 

193 

mm 

231 

282 

364 

.4 

.6 

.760 

5.1 

A-323 

60%  t.nliipnp.-{-40%  VBS 

(d) 

135 

179 

mm 

256 

394 

.5 

■M 

.792 

i 

A-324 

80%  toluene-f20%  VBS 

(«!) 

148 

222 

224 

m 

252 

427 

.1 

.9  . 

.823 

2.  6. 

.... 

... 

A— 146 

90^  tnlnpnp.^RO^  nllrylfttp. 

3 96 

118 

172 

216 

wm 

254 

349 

395 

1.0 

0.5 

■Ill 

19.8 

Below  —76 

1.4126 

A-326 

40%  t,nliipnp-f-60%  alkylate 

(d) 

119 

185 

221 

mmm 

241 

364 

409 

.8 

.7 

.766 

3.3 

A-327 

60%  toliipnp-1-40%  alkylate 

(d) 

131 

203 

223 

225 

233 

311 

428 

1. 1 

.1 

2.6 

A-328 

80%  toluene-[-20%  alkylate 

(^) 

155 

216 

226 

m 

231 

263 

443 

1.1 

.1 

.832 

.... 

... 

A-147 

20%  toluene-1-80%  one-pass  stock. 

4.05 

106 

140 

192 

213 

274 

KBil 

353 

0.6 

0.  766 

6.6 

44.0 

Below  —76 

1.4333 



... 

A-332 

40%  toluene-i-60%  one-pass  stock . 

(«*) 

119 

158 

212 

224 

259 

322 

382 

.3 

.793 

5. 1 

— 

— 

A-333 

60%  toluenc-f  40%  one-pass  stock. 

119 

180 

223 

228 

246 

313 

408 

.5 

.7 

.817 

3.9 

— 

— 

A-334 

80%  toluene-f  20%  one-pass  stock. 

138 

209 

226 

228 

244 

286 

437 

.3 

-5 

.848 

2.3 

— 

— 

A-232 

Toluene 

0 

224 

226 

226 

226 

227 

228 

452 

None 

-8 

.871 

1 

1. 1 

Below  —76 

0.096 

17,  500 

1. 4962 

— 

... 

A-171 

20%  MTB  ether-fS0%  VBS 

3.99 

117 

138 

157 

165 

222 

294 

303 

0.6 

1.2 

5.8 

Below  —76 

1.  3924 



... 

A-337 

40%  MTB  elher+60%  VBS 

(d) 

120 

135 

147 

152 

194 

282 

287 

.8 

1.0 

.725 

7. 1 

— 

— 

A-338 

60%  MTB  ether-H0%  VBS 

(d) 

119 

130 

138 

142 

190 

263 

272 

. 7 

.8 

.731 

7.3 

— 

— 

A-339 

80%  MTB  ether-l-20%  VBS..__ 

(•*) 

124 

130 

134 

136 

153 

242 

266 

•" 

1. 1 

.738 

7. 3 

— 

... 

A-172 

20%  MTB  ether+80%  alkylate.. 

H 

114 

144 

181 

200 

262 

346 

344 

0.8 

1.2 

0.  709 

5.7 

Below  —76 

1.  3876 



... 

A-348 

40%  MTB  ether-}-60%  alkylate.. 

(d) 

116 

134 

155 

167 

251 

333 

301 

1.0 

1.0 

.717 

6.  5 

— 

— 

A-349 

60%  MTB  ether-l-40%  alkylate.. 

(^) 

120 

132 

142 

147 

240 

316 

279 

1. 1 

.9 

-726 

6.8 

— 

— 

A-350 

80%  MTB  ether-i-20%  alkylate.. 

(<*) 

124 

Bgl 

135 

137 

191 

304 

267 

.6 

.9 

.736 

7.2 

— 

... 

A-173 

20%  MTB  ether-fS0%’“ one- pass 

stock ...  

4.04 

108 

127 

152 

165 

278 

321 

292 

0.4 

1.4 

0.  742 

7.  6 

Below  —76 

1.4090 

— 

— 

A-352 

40%  MTB  ether-|-60%  one-pass 

stock — 

(<*) 

no 

126 

143 

150 

273 

318 

276 

. 5 

1.5 

. 744 

7. 6 

— 

— 

A-353 

60%  MTB  ether-l-40%  one-pass 

stock 

(‘^) 

114 

127 

136 

140 

252 

315 

267 

.6 

1.4 

. 744 

7.6 

— 

— 

A-354 

80%  MTB  ether-f20%  one-pass 

stock 

121 

128 

133 

134 

170 

301 

262 

. 5 

1.0 

. 745 

7.  4 

— 



A-236 

MTB  ether 

0 

125 

128 

129 

129 

130 

133 

257 

None 

1.0 

. 747 

None  1 

8.8 

Below  —76 

0.  201 

15,200 

1.3697 

.... 

— 

» Estimated  by  change  in  refractive  index  following  adsorption  on  silica  gel.  Correction  made  for  olefins, 
b Calculated  by  using  average  molecular  weight  from  distillation  curve  (Universal  Oil  Products  Method  H-173-40). 


c Cloudy. 

d Approximately  4 ml  TEL/gal.  , , , j , , 

e At  14°  F a small  quantity  of  an  impurity,  probably  water,  separated  and  formed  a cloud. 


When  sample  was  dried  over  sodium, 


no  cloud  formation  was  observed  to  — 76°  F, 


213637—53- 
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TABLE  A-10— PERFORMANCE  RATINGS  OBTAINED  IN 
A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE 
ENGINES 

I Three  rows  of  values  are  s:iven  for  each  fuel;  The  first  row  is  iniep,  Ib/sq  in.;  the  second  row 
for  A.  S.  T.  M.  Aviation  ratings  is  octane  number  or  tetraethyl  lead  in  S reference  fuel, 
ml/gal;  the  second  row  for  A.  S.  T.  M.  Supercharge  ratings  is  S reference  fuel  in  M reference 
fuel,  percent,  or  tetraethyl  lead  in  S reference  fuel,  ml/gal;  the  third  row  is  performance 
number.  The  following  abbreviations  are  used  throughout  the  table:  VBS  for  virgin  base 
stock;  alkylate  for  aviation  alkylate;  one-pass  stock  for  one-pass  catalytic  stock;  MTB 
ether  for  methyl  ferf-butyl  ether.J 


Fuel 

Fuel  composition®  {by  volume) 

A.  S.  T.  M. 
Aviation  rat- 
ings 

A,  S.  T.  M.  Supercharge  ratings  ^ 
Fuel-air  ratio 

0.065 

0.070 

0.085 

0.095 

0.100 

0.110 

A -355 

VBS 

73 

83 

122 

137 

141 

143 

90.7 

96.6 

99.8 

0.08 

99.8 

99.0 

97.8 

75 

91 

99 

103 

99 

97 

94 

A-118 

50%  alkylate-f50%  VBS 

86 

99 

143 

159 

162 

165 

98.8 

0. 10 

0.  19 

0.34 

0.  33 

0.29 

0.  24 

96 

104 

107 

111 

111 

110 

109 

A -356 

Alkylate 

104 

129 

176 

190 

195 

201 

0.64 

0.55 

0.93 

1.57 

1.71 

1.87 

2. 14 

119 

117 

124 

134 

135 

137 

140 

A-132 

30%  one-pass  stock -{-70%  VBS  _ 

72 

71 

116 

130 

136 

145 

^.6 

93.8 

90.0 

100 

98.0 

97.5 

97.7 

75 

84 

78 

100 

94 

94 

94 

A-116 

50%  one-pass  stock-f  50%  VBS. 

64 

76 

116 

137 

145 

156 

^.9 

88.6 

93.  1 

100 

0.01 

0.01 

0. 06 

76 

76 

84 

100 

101 

101 

103 

A-119 

80%  one-pass  stock-f  20%  VBS. 

67 

76 

114 

142 

154 

165 

9^7 

90.6 

93.1 

99.2 

0.09 

0. 16 

0.  24 

79 

78 

84 

97 

104 

106 

109 

A-122 

30%  one-pass  stock-f 70%  al- 

82 

103 

152 

172 

178 

182 

kylate. 

0.15 

100 

0.26 

0.45 

0.58 

0.  75 

0. 83 

106 

100 

110 

114 

117 

121 

123 

A-U7 

50%  one-pass  stock-f50%  al- 

76 

91 

143 

167 

176 

186 

kylate. 

ioo 

96.3 

0.06 

0. 34 

0.  44 

0.58 

1.17 

100 

91 

103 

111 

114 

117 

129 

A-121 

80%  one-pass  stock-f 20%  al- 

72 

79 

123 

149 

160 

177 

kylate. 

96.3 

93.8 

95 

0.09 

0. 19 

0,  26 

0.48 

88 

84 

96 

104 

107 

no 

115 

A-410 

One-pass  stock .. 

i 3 

83 

125 

151 

164 

179 

93.4 

96.6 

99.8 

0. 12 

0. 16 

0.28 

0. 49 

81 

91 

99 

105 

106 

110 

115 

A-136 

20%  triptanc-f80%  VBS.. 

74 

90 

134 

155 

162 

167 

94.‘2 

95.0 

0. 05 

0.23 

0.  27 

0.  27 

0.  23 

83 

88 

102 

108 

110 

no 

no 

A-137 

40%  triptane+60%  VBS 

100 

119 

164 

191 

201 

205 

o.'is 

0.43 

0.55 

0.96 

1.75 

2.  07 

2. 07 

107 

114 

117 

125 

136 

139 

139 

A-138 

60%  triptane-f40%  VBS 

117 

142 

224 

260 

264 

269 

6' 67 

1.20 

1.58 

5.54 

120 

129 

134 

160 

*1*75 . 

l75 

175 

A-272 

20%  triptanc-f80%  alkylate 

90 

126 

185 

213 

225 

237 

i.’08 

0. 19 

0.88 

2. 13 

3.17 

3.  79 

4.  57 

127 

106 

123 

140 

148 

152 

156 

A-273 

40%  triptaiie-f  60%  alkylate 

98 

126 

225 

262 

274 

283 

2AZ 

0.38 

0.88 

5.69 

142 

113 

123 

160 

'in 

l82 

iS4 

A-274 

60%  triptane-f  40%  alkylate 

111 

159 

275 

316 

326 

334 

i’70 

0.90 

2.  76 

145 

124 

145 

"195 

'2i3 

'216 

218 

A-275 

80%  triptane-f  20%  alkylate 

139 

190 

314 

3.06 

2.  59 

5.90 

147 

144 

161 

.... 

.... 

.... 

... 

* Each  fuel  contains  approximately  4 ml  TEL/gal. 
b Based  on  fixed  reference-fuel  framework  (ch.  VIII,  reference  13). 


TABLE  A-10.— PEBFORMANCE  RATINGS  OBTAINED  IN 
A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE 
ENGINES — Continued 


A.  S.  T.  M.  Supercharge  ratings  >» 

Fuel 

Fuel  composition®  (by  volume) 

^ o 

Fuel-air  ratio 

02  ■>  S) 

< 

O.OGo 

0.070 

O.OSo 

0.095 

0.100 

0.110 

A-276 

20%  triptane-f80%  one-pass 

66 

72 

117 

146 

160 

186 

stock.® 

98.8 

90.0 

90.7 

0.01 

0. 14 

0.26 

1.17 

96 

77 

78 

101 

105 

no 

135 

A-277 

40%  triptane-f60%  one-pass 

81 

89 

139 

176 

195 

231 

stock.® 

6.08 

99  4 

U 05 

0.29 

0.88 

1.77 

3.86 

103 

99 

101 

111 

124 

136 

152 

A-278 

60%  triptane-f40%  one-pass 

100 

109 

171 

218 

244 

291 

stock.® 

6. 48 

0.  43 

0-  36 

1.36 

3.  52 

115 

114 

113 

131 

150 

162 

190 

A-279 

80%  triptane-f20%  one-pass 

126 

147 

290 

361 

391 

stock.® 

1.80 

1.63 

1.82 

136 

134 

137 

....  ' 

.... 

.... 

A-271 

Triptane  ® 

204 

262 

d393 

«. 

3.  30 
149 

'191 



.... 

;;;; 

A-397 

20%  diisopropyl-f80%  VBS... 

77 

91 

132 

149 

154 

155 

96.6 

96.9 

0.08 

0.20 

0.19 

0.16 

0.04 

90 

91 

103 

108 

107 

106 

101 

A-398 

40%  diisopropyl-f60%  VBS... 

81 

96 

143 

167 

175 

180 

6.  09 

99.4 

0. 16 

0. 34 

0.44 

0.50 

0.67 

103 

98 

106 

112 

114 

116 

120 

A-399 

60%  diisopropyl-f40%  VBS. . . 

96 

108 

163 

187 

197 

207 

6. 33 

0.  33 

0.  34 

0.90 

1.55 

1.86 

2.21 

in 

in 

112 

124 

134 

137 

141 

A-400 

80%  diisopropyI+20%  VBS... 

111 

141 

202 

226 

'236 

250 

i.‘i7 

1.10 

1.56 

3.23 

4. 14 

5. 07 

128 

127 

134 

148 

153 

158 

163 

A-405 

20%  diisopropyl -f  80%  alkylate. 

125 

146 

192 

210 

217 

222 

6.'90 

1.78 

1.78 

2.  58 

2.  97 

3.21 

3.24 

124 

136 

136 

144 

146 

148 

148 

A-406 

40%  diisopropyl-f  60%  alkylate. 

138 

158 

206 

227 

234 

240 

i.'45 

2.  47 

2.  67 

3.  49 

4.  29 

4. 80 

5.00 

132 

143 

144 

150 

154 

156 

157 

A-407 

60%  diisopropyl-f  40%  alkylate. 

132 

154 

212 

240 

252 

263 

i.'40 

1.91 

2.  29 

3.87 

132 

138 

141 

152 

'162 

167 

'l7i 

A-408 

80%  diisopropyl-f  20%  alkylate. 

136 

162 

226 

261 

275 

292 

2.‘io 

2.  24 

3. 05 

5.  85 

139 

141 

147 

161 

'l76 

’l82 

"m 

A-401 

20%  diisopropyl-f80%  one- 

79 

89 

132 

163 

177 

195 

pass  stock. 

96.' i 

98.1 

0.05 

0.20 

0.  39 

0.67 

1.60 

88 

95 

102 

108 

113 

120 

134 

A-402 

40%  diisopropyl-f 60%  one- 

84 

99 

150 

177 

189 

209 

pass  stock. 

O.'OG 

0. 05 

0.20 

0.  43 

0.  95 

1.48 

2.34 

102 

102 

108 

114 

125 

133 

142 

A-403 

60%  diisopropyl-f40%  one- 

96 

114 

165 

196 

210 

235 

pass  stock. 

0.*24 

.033 

0.  44 

1.02 

2.00 

2.72 

4.29 

108 

111 

114 

126 

138 

145 

154 

A^04 

80%  diisopropyl-f20%  one- 

120 

143 

197 

229 

245 

272 

pass  stock. 

o.'es 

1.34 

1.65 

2..90 

4.  57 

120 

131 

135 

146 

155 

’l62 

'l77 

A-393 

Diisopropyl  « 

147 

173 

246 

289 

304 

324 

2.'4l 

3.53 

4. 11 

142 

150 

153 

175 

195 

.... 

.... 

» Each  fuel  contains  approximately  4 ml  TEL/gal. 

^ Based  on  fixed  reference-fuel  framework  (ch.  VIII,  reference  13). 

e Knock-limited  performance  of  the  engine  with  one-pass  • catalytic  stock  was  low  on  day 
fuels  were  investigated, 
d Estimated  value. 

• Values  for  knock-limited  imep  were  averaged  from  three  curves. 
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TABLE  A-10.— PERFORMANCE  RATINGS  OBTAINED  IN 
A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE 
EN  GINES — Continued 


Fuel 

-*  A 

1 

A.  S.  T.  M.  Sui>ercharge  ratings 

Fuel  composition  » (by  volume) 

1 

0.065 

0.070 

Fuel 

0.085 

-air  rat 
0.095 

io 

0.100 

0.110 

A-411 

20%  neohexane-f80%  VBS 

74 

86 

124 

142 

147 

150 

94.0 

95.0 

100 

0.09 

0. 05 

99.2 

84 

88 

103 

102 

98 

A-412 

40%  neohexane-f60%  VBS 

81 

97 

138 

158 

164 

167 

0.05 

99.4 

0. 28 

0.31 

0. 32 

0. 28 

102 

98 

110 

111 

111 

no 

A-413 

60%  neohexane+40%  VBS 

93 

|HiS 

159 

178 

183 

187 

0.36 

0.26 

0.  67 

1.03 

1.17 

1.25 

112 

110 

112 

120 

126 

128 

130 

A-414 

80%  neohexane-f20%  VBS 

.... 

108 

182 

203 

208 

210 

0.75 

1.95 

2. 48 

2.  57 

2.41 

138 

121 

127 

138 

143 

143 

142 

A-415 

20%  neohexane-1-80%  alkylate. 

.... 

112 

130 

172 

193 

199 

202 

0.95 

■mil 

1.41 

1.85 

1.95 

1.91 

127 

125 

127 

132 

137 

138 

138 

A-416 

40%  neohexanc+60%  alkylate. 

.... 

118 

137 

186 

203 

207 

209 

■EH 

1.25 

1.38 

2. 19 

2. 48 

2.50 

2.  35 

133 

131 

140 

143 

143 

142 

A-417 

60%  neohcxane-f40%  alkylate. 

124 

146 

195 

212 

215 

216 

2. 57 

1.53 

1.78 

2.  78 

3. 10 

3. 07 

2.83 

143 

133 

136 

145 

147 

147 

145 

A-418 

80%  ncohexanc+20%  alkylate. 

137 

158 

mSm 

224 

227 

226 

3.36 

2. 35 

2. 67 

3.61 

3. 93 

3.  93 

3.52 

149 

142 

144 

151 

152 

152 

150 

A-^20 

20%  ncohexanc-f  80%  one-pass 

79 

95 

146 

171 

180 

190 

stock. 

96.6 

98.1 

mimum 

0.50 

0. 92 

1.38 

95 

113 

116 

124 

131 

A-421 

40%  neohcxanc-1-60%  one-pass 

.... 

86 

165 

190 

197 

203 

stock. 

MOIIU 

0. 33 

1.02 

1.70 

1.86 

1.96 

HI 

111 

126 

135 

137 

138 

A-122 

60%  neohexane-1-40%  one-pass 

108 

138 

192 

210 

215 

217 

stock. 

0.33 

1.43 

2.58 

2.  97 

3. 07 

2.90 

111 

121 

132 

143 

146 

147 

146 

A-423 

80%  neohexanc-1-20%  one-pass 

132 

162 

214 

230 

233 

234 

stock. 

1.66 

1.91 

Kl!£l 

4.  72 

4.67 

4.14 

135 

1.38 

147 

153 

156 

156 

153 

A-394 

Neohevanc  ^ 

159 

187 

240 

242 

243 

6.00 

4.  76 

5.58 

5.87 

5. 43 

161 

156 

160 

163 

’l62 

161 

159 

A-123 

‘20%  isopentanc-f80%  VBS 

72 

87 

127 

141 

146 

149 

94.4 

93.8 

0. 07 

0.03 

98.9 

83 

84 

101 

103 

101  i 

99 

A-124 

40%  isopen tane+60%  VBS i 

HI 

99 

139 

151 

155 

159 

99.1 

98.8 

0.20 

0.29 

0.21 

0. 18 

0.12 

97 

96 

108 

110 

108 

107 

105 

87 

112 

168 

172 

174 

nK9 

0.46 

0.45 

0. 42 

108 

114 

114 

114 

113 

121 

. 144 

186 

201 

204 

204 

6.92 

1.39 

1.69 

2.19 

2. 34 

2.29 

2.00 

124 

131 

135 

140 

142 

141 

138 

A-376 

, 40%  isoi>entane-{-00%  alkylate. 

121 

144 

191 

203 

205 

204 

6.99 

1.39 

1.69 

2.  52 

2. 48 

2.36 

2.00 

125 

131 

135 

143 

143 

142 

138 

A-388 

20%  isopeiitane-1-80%  one-pass 

78 

87 

132 

: 160 

173 

188 

stock. 

95.8 

97. 5 

0.02 

! 0.34 

0.47 

1.29 

87 

94 

101 

111 

115 

130 

A-3S9 

40%  isopentane-f60%  one-pass 

85 

97 

140 

168 

180 

192 

stock. 

i66 

0.07 

0.17 

0.30 

0. 46 

0.92 

1.47 

100 

103 

107 

111 

115 

124 

133 

■ Eachfuel  contains  approximately  4 ml  TEL/gal. 
b Based  on  fixed  reference-fuel  framework  (ch.  VII,  reference  13). 
f Values  for  knock-limited  imep  were  averaged  from  two  curves. 


TABLE  A-10.— PERFORMANCE  RATINGS  OBTAINED  IN 
A.  S.  T.  M.  AVIATION  AND  A,  S.  T.  M.  SUPERCHARGE 
ENGINES — Continued 


^ 5 

A.  S.  T.  M.  Supercharge  ratings 

Fuel 

Fuel  composition  * (by  volume) 

Fuel-air  ratio 

^ > 

0.065 

0.070 

0.085 

0.095 

0.100 

0.110 

A-139 

20%  hot -acid  octance-j-S0% 

70 

S3 

128 

147 

151 

154 

VBS. 

94.3 

92.5 

98.0 

0. 15 

0. 16 

0.11 

0. 02 

S3 

S3 

94 

106 

106 

105 

101 

A-140 

40%  hot-acid  octance-}-60% 

74 

89 

143 

168 

173 

179 

VBS. 

ioo 

95.0 

0.03 

0. 34 

0. 46 

0.47 

0.58 

100 

94 

101 

111 

114 

115 

117 

A-141 

60%  hot-acid  octance-|-40% 

84 

106 

165 

191 

198 

207 

VBS. 

0.  is 

0.05 

0.31 

1.02 

1.75 

1.91 

2. 21 

107 

102 

111 

126 

136 

138 

140 

A-367 

20%  hot-acid  octance+80% 

121 

142 

188 

205 

210 

215 

alkylate. 

0.82 

1.39 

1.60 

2. 32 

2.  62 

2.  72 

2.  76 

123 

131 

134 

141 

144 

145 

145 

A-368 

40%  hot-acid  octance+60%  al- 

125 

148 

200 

219 

226 

235 

kylate. 

0.72 

1.58 

1.87 

3.10 

3.59 

3.86 

4.29 

121 

134 

137 

147 

150 

152 

154 

A-369 

60%  hot-acid  octane-b40%  al- 

129 

154 

216 

240 

248 

257 

kylate. 

0.88 

1.  77 

2.29 

4.31 

124 

136 

141 

154 

i02 

164 

168 

A-370 

80%  hot-acid  octane-|-20%  al- 

129 

154 

238 

269 

276 

280 

kylate. 

5.  72 

1. 77 

2.29 

121 

136 

141 

169 

iS2 

iS3 

182 

A-371 

20%  hot-acid  octane+80%  one- 

80 

90 

138 

170 

185 

206 

. pass  stock. 

95.  i 

98.8 

0.06 

0. 28 

0.  49 

1.30 

2. 14 

86 

95 

102 

110 

115 

130 

140 

A-372 

40%  hot-acid  octane-i-60%  one- 

88 

97 

154 

192 

208 

229 

pass  stock. 

ioo 

0.14 

0. 17 

0. 48 

1.80 

2. 57 

3.  73 

100 

105 

107 

115 

136 

143 

151 

A-373 

60%  hot-acid  octane-H40%  one- 

90 

101 

164 

203 

220 

245 

pass  stock. 

5.‘i8 

0.19 

0.23 

0. 96 

2. 48 

3.43 

5.  71 

107 

107 

108 

125 

143 

149 

160 

A-374 

80%  hot-acid  octane+20%  one- 

99 

115 

187 

224 

240 

268 

pass  stock. 

0.’45 

0.41 

0. 45 

2. 26 

3.  93 

5.60 

115 

114 

115 

141 

152 

160 

'i75 

A-330 

Hot-acid  octane  ^ 

131 

159 

250 

289 

304 

317 

i’08 

1.86 

2. 76 

127 

137 

145 

"i78 

‘i95 

.... 

A-257 

20%  mixed  xylenes+80%  VBS 

68 

78 

114 

132 

138 

148 

92.‘6 

91.3 

94.7 

99.2 

98.7 

98.1 

98.6 

79 

79 

86 

97 

96 

94 

96 

A-258 

40%  mixed  xylenes-i-60%  VBS. 

69 

78 

117 

147 

160 

182 

95.‘5 : 

91.9 

94.7 

0.03 

0.16 

0. 26 

0.83 

86 

80 

86 

101  j 

106 

no 

123 

A-259 

60%  mixed  xylenes-{-40%  VBS. 

74 

85 

146 

194 

216 

253 

95.'2 

95.0 

99.3  ' 

0. 38 

1.90 

3. 14 

86 

87 

99 

113 

137 

148  , 

‘iw 

A-260 

80%  mixed  xylcnes-f-20%  VBS. 

84 

95 

214 

0.’04 

0.05 

0. 14 

4.00 





101 

102 

, 105 

153 

.... 

.... 

.... 

A-201 

20%  mixed  xylenes-|-80%  alky- 

88 

! 101 

158 

194 

208 

227 

late. 

6.’52 

0.14 

0.23 

0.65 

i 1.90 

2.  57 

3.59 

116 

105 

108 

119 

; 137 

143 

150 

A-262 

40%  mixed  xylenes+60%  alky- 

82 

95 

153 

206 

252 

287 

late. 

0.’27 

100 

0. 14 

0.46 

2.69 

no 

100 

105 

115 

144 

'i67 

: ’i§7 

A-263 

60%  mixed  xylenes-)-40%  alky- 

85 

98 

1 181 

274 

late. 

o.'h 

0.07 

0. 19 

1.89 



i 

105 

103 

107 

137 

’is5 

.... 

.... 

A-264 

80%  mi.xed  xylenes-|-20%  alky- 

87 

103 

200 

336 

370 

late. 

0.'27 

0.12 

0.27 

no 

105 

no 

'is5 

.... 

.... 

a Each  fuel  contains  approximately  4 ml  TEL/gal. 

Based  on  fixed  reference-fuel  framework  (ch.  VIII,  reference  13). 
f Values  for  knock-limited  imep  were  averaged  from  two  curves 
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TABLE  A-10.— PERFORMANCE  RATINGS  OBTAINED  IN 
A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE 
ENGINES — Continued 


Fuel 

Fuel  composition*  (by  volume) 

A.  S.  T.  M. 
Aviation  rat- 
ings 

A.  S.  T.  M.  Supercharge  ratings 
Fuel-air  ratio 

0.065 

0.070 

0.085 

0.095 

0.100 

0.110 

A-265 

20%  mixed  xylenes+80%  one- 

71 

74 

111 

138 

151 

178 

pass  stock  « 

94.7 

93.1 

92.0 

97.9 

0.03 

0.11 

0.50 

84 

83 

81 

94 

101 

105 

116 

A-266 

40%  mixed  xylenes-f 60%  one- 

80 

86 

133 

172 

196 

246 

pass  stock  0- 

97.5 

98.8 

100 

0.21 

0.58 

1.81 

5.86 

92 

95 

100 

108 

118 

136 

161 

•A-267 

60%  mixed  xylenes-f40%  one- 

95 

100 

184 

251 

282 

339 

pass  stock  0 

^.8 

0.31 

0.22 

2.06 





96 

111 

108 

139 

169 

187 

... 

A-268 

80%  mixed  xylenes-i-20%  one- 

102 

106 

351 

pass  stock  0 

0.16 

0.  48 

0.31 









106 

115 

111 

.... 

.... 

.... 

... 

A-256 

Mixed  xvlenes 

105 

122 

6.92 

0.60 

0.  69 

124 

118 

120 

.... 

.... 

.... 

... 

A-245 

20%  cumene-1-80%  VBS. 

67 

72 

98 

123 

134 

154 

9^4 

90.6 

90.7 

92.5 

95.7 

96.9 

0.02 

78 

78 

78 

82 

88 

91 

101 

A-244 

40%  cumene-f60%  VBS 

67 

70 

95 

117 

130 

160 

92.7 

90.6 

89.3 

91.3 

93.7 

95.6 

0. 14 

79 

• 78 

76 

80 

84 

88 

105 

A-246 

60%  cumene-f-40%  VBS 

67 

72 

94 

118 

132 

174 

94.2 

90.6 

90.7 

90.8 

94.0 

96.3 

0.42 

83 

78 

78 

78 

85 

• 91 

114 

A-247 

80%  cumene-|-20%  VBS 

77 

76 

90 

120 

151 

96.0 

96.9 

93.3 

89.2 

94.7 

0. 11 



88 

91 

84 

76 

86 

105 

... 

A-248 

20%  cumene4-80%  alkylate 

98 

102 

143 

172 

187 

215 

6. 32 

0. 38 

0.  25 

0. 34 

0.58  i 

1.39 

2.76 

111 

113 

109 

111 

117 

131 

145 

A-249 

40%  cumene+60%  alkylate 

71 

76 

113 

148 

171 

233 

o.’ii 

93.1 

93.3 

98.8 

0.17 

0. 44 

4.00 

105 

84 

84 

95 

106 

114 

153 

A-250 

60%  cumene-f-40%  alkylate 

77 

76 

94 

124 

149 

277 

6.'03 

96.9 

93.3 

90.8 

96.0  : 

0. 08 

101 

91 

84 

78 

90 

103 

180 

A-251 

80%  cumene-f  20%  alkylate 

74 

73 

86 

114 

160 

97.'7 

95.0 

91.3 

87.5 

92.7 

0.26 



93 

87  j 

80 

73 

82  i 

110  ; 

... 

A-252 

20%  cumene-|-80%  one-pass 

70 : 

69 

91 

120 

137 

175 

stock 

93.0 

92.5  1 

88.6 

89.6 

94.3  ; 

97.8 

0.44 

80 

82 

75 

76 

85  ; 

93 

114 

A-253 

40%  cumene-f- 60%  one-pass 

70  ; 

67 

75 

95  : 

112 

168 

stock 

93.’0 

92.5 ; 

87.4 

82.9 

86.3  i 

90.0 

0.30 

82 

82 

74 

67 

72  i 

77 

111 

A-254 

60%  cumene-f-40%  one-pass 

66 

62 

. 65 

81 

94 

153 

stock 

93.’0 

90.0 

84.0 

78.8 

81.3 

84.4 

100 

80 

78 

■68 

62 

65 

69 

100 

A-255 

80%  cuTnene-f-20%  one-pass 

66 

63 

70 

98 

141 

stock 

95.0 

90,0 

84.8 

80.8 

87.3 

99. 1 

85 

78 

69 

64 

74 

98 

... 

A-240 

Cumene  « 

77 

75 

87 

122 

95.'0 

96.9  ' 

92.7 

87.9 

95.3 

85 

91 

83 

74 

88 

.... 

... 

» Each  fuel  contains  approximately  4 ml  TEL/jral. 
b Based  on  fixed  reference-fuel  framework  (ch.  VIII,  reference  13). 

0 Knock-limited  performance  of  engine  with  one-pass  catalytic  stock  was  low  on  day  fuels 
were  investigated. 

• Values  for  knock-limited  imep  were  averaged  from  three  curves. 


TABLE  A-10.— PERFORMANCE  RATINGS  OBTAINED  IN 
. A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE 
EN  GINES — Continued 


Fuel 

Fuel  composition*  (by  voiume) 

f--2 
03  *>  Sc 

.A..  S.  T.  M.  Supercharge  ratings 

Fuel-air  ratio 

0.065 

0.070 

0.085 

0.095 

0.100 

0.110 

A-341 

20%  benzene-f-80%  VBS 

78 

85 

134 

155 

162 

168 

9i.4 

97.5 

99.4 

0.22 

0.  27 

0.29 

0. 30 

76 

93 

97 

108 

110 

no 

. 

111 

A-342 

40%  benzene-f-60%  VBS 

81 

89 

146 

178 

190 

208 

92.4 

99.4 

0.05 

0.37 

1.03 

1.63 

2.28 

78 

97 

102 

112 

126 

134 

141 

A-343 

60%  benzene-f-40%  VBS 

78 

85 

244 

346 

384 

94.2 

97.5 

99.4 

__ 

83 

93 

97 

173 

- 

-- 

- 

A-344 

80%  benzene-f-20%  VBS...  . _ 

98 

115 

96.2 

0.38 

0.  45 

__ 

88 

113 

115 

-- 

-- 

-- 

-- 

A-358 

20%  benzene-f 80%  alkylate. 

m 

127 

182 

212 

222 

234 

0.43 

1.20 

0.92 

1.95 

3. 10 

3.  57 

4. 14 

114 

129 

124 

137 

147 

150 

153 

A-359 

40%  benzene-f-60%  alkylate 

102 

112 

182 

230 

253 

295 

0.  i2 

0. 48 

0.41 

1.95 

4.  72 

105 

115 

114 

137 

156 

168 

192 

A-360 

60%  benzene-f  40%  alkylate 

102 

. no 

336 

ioo 

0. 48 

0.38 

100 

115 

113 

-- 

-- 

-- 

-- 

A-361 

80%  benzene-f  20%  alkylate 

119 

178 

9&3 

1.30 

4.63 

.. 



94 

130 

156 

-- 

-- 

-- 

- 

A-362 

20%  benzene-f80%  one-pass  | 

77 

86 

142 

172 

184 

203 

stock. 

93.’8 

96.9 

100 

0.  33 

0.58 

1.25 

1.96 

82 

91 

100 

111 

118 

130 

138 

A-363 

40%  benzene-f60%  orie-pass 

82 

79 

160  , 

213 

238 

264 

stock. 

9i*0 

100  ' 

95.3 

0.73  ^ 

3.17 

5. 33 

__ 

78 

100 

88 

121 

148 

159 

172 

A-364 

60%  benzene-f 40%  one-pass 

68  : 

72 

191  ! 

254 

280 

328 

stock. 

91.  5 

91.3 

90.7 

2.52  1 

77 

80  : 

78 

143 

172 

186 

-- 

A-365 

80%  benzene-f20%  one-pass 

94  i 

93 

stock.  ! 

9i*0 

0.29  ^ 

0. 11 

__ 

__ 

80 

110  j 

105 

-- 

-- 

-- 

A-340 

Benzene* 

199  ' 

"87 

68 

186 

196 

- 

- 

-- 

A-321 

20%  toluene-f80%  VBS 

85  ! 

96 

137  i 

156 

164 

172 

. 

93.'7 

0.07  ! 

0.16 

0.26  ! 

0.29 

0. 32 

0. 27 

82 

103  1 

106 

110  1 

110 

111 

no 

A-322 

40%  toluene-f60%  VBS 

92  ’ 

96 

175* 

228 

245 

266 

95."  1 j 

0.24  1 

0. 16 

1.57  ! 

4. 43 

85 

109  ' 

106 

134  i 

' 155 

162 

173 

A-323 

60%  toluene-f  40%  VBS 

88 

95 

204  i 

303 

346 

425 

97.’0  ' 

0.14 

0. 14 

3.36 

__ 

91 

105 

105 

149  j 

-- 

-- 

A-324 

80%  toluene-f  20%  \T3S 

101 

113 

340 

98.'8 

0.45 

0. 42 

, 

96 

115 

114 

-- 

-- 

-- 

-- 

a Each  fuel  contains  approximately  4 ml  TEL/gal. 
b Based  on  fixed  reference-fuel  framework  (ch.  VIII,  reference  13). 
i Values  for  knock -limited  imep  were  averaged  from  two  curves. 
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TABLE  A-10.— PERFORMANCE  RATINGS  OBTAINED  IN 
A.  S.  T.  M.  AVIATION  AND  A.  S.  T.  M.  SUPERCHARGE 
ENGINES— Concluded 


Fuel 

Fuel  composition*  (by  volume) 

S 2 

. c 
^.2 

.■<-2 

< 

A.  S.  T.  M.  Supercharge  ratings  ^ 

Fuel-air  ratio 

0.065 

0.070 

0.085 

0.095 

0.100 

0.110 

A-325 

20%  toluene-f80%  alkylate 

0.'48 

115 

121 

1.39 

131 

139 

1.47 

132 

191 
2.  52 
143 

221 
3.  73 
151 

232 

4.53 

155 

249 

162 

A-326 

40%  toluene-f  60%  alkylate 

6.54 

116 

108 

0.75 

121 

128 
0.  97 
125 

223 

5.38 

159 

275 

'186 

308 

348 

A-327 

60%  toluene-f  40%  alkylate 

0.’25 

109 

100 

0.43 

114 

105 

0.30 

111 

300 

... 

A-328 

80%  toluene-f  20%  alkylate 

6."  16 
106 

108 

0.75 

121 

116 

0.47 

115 

.... 

:::: 

::: 

A-a31 

20%  toluene-f 80%  one-pass 
stock. 

95.’ i 
85 

80 

98.8 

95 

90 

0.06 

103 

137 
0.  26 
110 

169 

0.47 

115 

184 

1.25 

130 

212 
2. 55 

143 

A-a32 

40%  toluene-f 60%  one-pass 
stock. 

95.’3 

86 

85 

0.07 

103 

92 

0.09 

103 

151 
0. 44 
114 

202 

2.41 

142 

224 
3.  72 
151 

262 

171 

A-333 

60%  toluene-f  40%  one-pass 
stock. 

97.’4 

91 

91 

0.21 

108 

95 
0. 14 
105 

178 

1.73 

135 

270 

'l82 

319 

A -334 

80%  toluene-f  20%  one-pass 
stock. 

6.’i6 

104 

102 

0.48 

115 

106 

0.31 

111 

:::: 

... 

A-320 

Toluene  ‘ 

6.’ 57 
118 

134 

2.00 

138 

140 

1.51 

133 

:::: 

■ 

.... 

... 

A-336 

20%  MTB  ether-f80%  VBS... 

98.*8 

96 

95 

0.31 

111 

101 

0.23 

108 

144 
0.  30 
111 

170 
0. 49 
115 

179 

0.83 

121 

187 

1.25 

130 

A-337 

40%  MTB  ether-f60%  VBS..J 

i 

6.12 

105 

112 

0.95 

125 

113 
0. 42 

114 

165 

1.02 

126 

204 
2.55 
- 143 

223 

3.64 

151 

253 

165 

A-338 

60%  MTB  ethcr-f40%  VBS... 

0.’92 

124 

192 

'180 

163 
3. 14 
148 

228 

'162 

281 

’196 

307 

355 

A -339 

80%  MTB  ethcr-f20%  VBS... 

2.’6i 

144 

:::: 

239 

309 

379 

... 

A-347 

20%  MTB  ethcr-f80%  al- 
kylate. 1 

i.’es 

135 

143 

3.06 

146 

155 

2.38 

142 

230 

'163 

258 

‘174 

268 

’l78 

281 

is3 

A -348 

40%  MTB  ether-1- 60%  . al- 
kylate. 

i'36 

141 

166 
5. 43 
159 

174 

4.21 

154 

258 

‘183 

312 

338 

377 

A -349 

60%  MTB  ether-f40%  al-  I 
kylate. 

2.' 66 
143 

258 

229 

’193 

327 

406 

442 

... 

A -3.50 

80%  MTB  ether-f20%  al- 
kylate. 

'6^6 

161 

307 

271 

374 

.... 

.... 

::: 

A -351 

* 20%  MTB  ether-1-80%  one- 
pass  stock. 

96.’ i 
88 

87 
0.  12 
105 

91 

0.08 

103 

144 
0.  35 
112 

179 

1.10 

127 

194 

1.72 

135 

218 
2.  97 
146 

A -352 

40%  MTB  ether-f60%  one- 
pass  stock. 

6. 'l4 
105 

113 

1.00 

126 

112 

0.41 

114 

163 
0. 85 
123 

204 

2.55 

143 

225 
3.  79 
152 

269 

175 

A -353 

60%  MTB  ether-f40%  one- 
pass  stock. 

6.’47 

115 

185 

'173 

160 
2. 86 
146 

230 

l'63 

289 

195 

319 

376 

A -.354 

80%  MTB  ether-j-20%  one- 
pass  stock. 

i.‘66 

126 

269 

237 

301 

370 

.... 

... 

A-335 

MTB  ether  f 

>6.60 

>161 

.... 

330 

406 

.... 

... 

• Each  fuel  contains  approximately  4 ml  TEL/gal. 
b Based  on  fixed  reference-fuel  framework  (ch.  VIII,  reference  13). 
» Values  for  knock-limited  imep  were  averaged  from  two  curves. 


— A.  STM.  Super  chon 
per  formonce  numb 
— A.  S.  T.M.  Aviation 
performance  numbi 


0.11. 


A.  5.  T.  M.  Super  chi 

performance  nun 

A.  S.  T.M.  Aviation 

performance  nur. 


)42 


REPORT  1026 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Ho  f-ocid  oc  tone  + 4 m/  TEL / go/ 


One-pass 
catalytic 
Stock  ^4  ml 
TELfqal 


One -pass 
cofolyfic 
stock  ^ 4- ml 
TELIgal 


A.  S.  T M.  Supercharge 
performance  number 
A S.  T M.  Aviation 
performance  number 


(a)  Hot-acid  octane  blends 
Trip  tone  4 m!  TEL  jpal 


Alkylate 
■\-4  ml 
TELIgal 


A.  5.  T.  M.  Supercharge 

performbnce  number 

A.  5.  T,  M:  Aviation 

performance  number 


\EOO^ 

%.I30\ 


140 

\ Alkylate 
+4  mi 
TELIgal 


(b)  Trlptane  blends. 

Figure  B-2.— Blending  charts  for  ternary  blends  containing  high-antiknock  blending  agents,  aviation  alkylate,  and  one-pass  cataljrtic  stock  by  A.  S.  T.  M.  Aviation  and  A.  S.  T.  M.  Super 

charge  methods.  A.  S.  T.  M.  Supercharge  fuel-air  ratio,  0.11. 
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)y/  +-4/77/  TELfga! 
\20O 


A.  5.  T.  M.  Supercharge 

performance  number 

A.  S.  T.  M.  Aviation 

performance  nu^mber 


140 


Alkylate 
+ 4 m! 
lELjgol 


4 m!  TEL  jgol 


M.  Supercharge 
performance  number 
M.  Aviation 
performance  number 


130 


\4>\  Alkylate 
^ +4  ml 
TELIgal 


Dg agents,  aviation  aikylate,  and  one-pass  catalytic  stock  by  A.  S T.  M.  Aviation  and 
. M.  Supercharge  fuel-air  ratio,  0.11. 
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/sopentone  ■>t4  mi  TELJgai 


Benzene  ^4  ml  TEL  Igal 


(0  Benzene  blends. 

Fiqcbe  B-2.— Continued.  Blending  charts  for  ternary  blends  containing  high-antiknoek  blending  agents,  aviation  alkylate,  and  one-pass  catalytic  stock  by  A.  S.  T.  M.  Aviation  and 

A.  S.  T.  M.  Supercharge  methods.  A.^  S.  T.  M.  Supercharge  fuel-air  ratio,  0.11. 
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One-pass 
catalytic 
stock  +4  ml 


TELjqol 


Mixed  xylenes  ->r  4 ml  TEL /go  I 


Toluene  + 4 ml  TEL/gol 


. — Continued.  Blending  charts  for  ternary  blends  containing  high-antiknock  blending  agents,  aviation  alkylate,  and  one-pass  catalytic  stock  by  A.  S.  T.  M.  Aviation  and 

A.  S.  T.  M.  Supercharge  methods.  A.  S.  T.  M.  Supercharge  fuel-air  ratio,  0.11. 
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BUCKLING  OF  THIN-WALLED  CYLINDER  UNDER  AXIAL  COMPRESSION 

AND  INTERNAL  PRESSURE  ^ 

By  Hsu  Lo,  Harold  Crate,  and  Edw^ard  B.  Schwartz 


SUMMARY 

^71  investigation  was  made  of  a thin-walled  cyclinder  under 
axial  compression  and  various  internal  pressures  to  study  the 
effect  of  the  internal  pressure  on  the  compressive  buckling  stress  of 
the  cylinder.  A theoretical  analysis  based  on  a large-deflection 
theory  was  also  made.  The  theoretically  predicted  increase  of 
compressive  buckling  stress  due  to  internal  pressure  agrees 
fairly  well  with  the  experimental  results. 

INTRODUCTION 

The  buckling  of  thin-walled  cylinders  under  axial  compres- 
sion and  lateral  pressure  has  been  investigated  by  Fliigge 
(reference  1)  who  found  that  the  effect  of  the  internal  pres- 
sure on  the  buckling  load  is  negligible.  Fliigge's  conclusion 
is  in  contradiction  to  the  results  of  a series  of  tests,  made  at 
the  Langley  Aeronautical  Laboratory  of  the  NACA,  of  two 
curved  panels  under  axial  compression  and  various  lateral 
pressures.  These  test  results,  reported  in  reference  2,  showed 
an  appreciable  strengthening  effect  of  the  lateral  pressure 
on  the  buckling  load  of  the  curved  panels.  The  apparent 
discrepancy  between  these  experimental  results  and  the 
prediction  b}’’  Fliigge^s  theory  made  it  desirable  to  investi- 
gate this  problem  further.  Consequently,  additional  tests 
were  made  of  a c^dinder  under  axial  compression  and  various 
internal  pressures  for  which  results  are  presented  herein. 
A theoretical  analy’sis  of  this  problem  is  also  presented 
which  differs  from  that  of  Fliigge  in  that  the  present  analysis 
is  based  on  large-,  rather  than  small-,  deflection  theory. 

APPARATUS  AND  PROCEDURES 

Test  specimen. — The  specimen  used  for  the  tests  was  a 
cylinder,  32  inches  long  with  a 15-inch  inside  radius,  made 
of  24S-T  aluminum  alloy,  sheet  of  0.024 9-inch  average 
thickness.  It  was  closely  riveted  around  two  heavy^  steel 
rings,  one  at  each  end.  The  butt  joint  of  the  two  longi- 
tudinal edges  was  covered  both  inside  and  outside  b}^  straps, 
0.032  inch  thick  and  IK  inches  ^vide,  along  the  total  length 
of  the  cylinder.  (See  fig.  1.) 

The  two  heavy  steel  rings  were  made  of  K-  by  4-inch  steel 
bar  stock  rolled  to  the  diameter  of  the  c^dinder.  Two  )i- 
by  2-inch  spreader  bars  were  used  to  reinforce  the  ring  as 
shown  in  figure  1.  A ring  with  a flange,  machined  flat,  was 
fastened  to  the  by  4-inch  steel  ring  to  provide  an  even 
bearing  surface  on  which  a steel  cover  plate  was  fitted. 


---Spreader  bars 


V Longitudinal  strain  gages 
X Circumferential  strain  gages 


Figure  l.— Test  specimen  and  strain-gage  positions.  , 

Three  steel  blocks  were  placed  on  top  of  the  plate.  The 
applied  compressive  load  was  transmitted  from  the  machine 
head  through  the  three  steel  blocks  to  the  cover  plate. 
The  joint  between  the  cylinder  and  the  cover  plates  was 
sealed. 

Equally  spaced  along  the  inside  circumference  of  the  cylin- 
der at  midlength  were  16  strain  gages,  and  directly  opposite 
to  them  on  the  outside  were  16  more  gages.  These  gages 
were  placed  to  measure  strains  in  the  longitudinal  direction. 
Six  more  gages,  three  inside  and  three  outside,  were  placed 
to  measure  the  circumferential  strains. 

Test  procedures. — -The  specimen  was  subjected  to  com- 
pressive load  in  the  1,200,000-pound  universal  testing  ma- 
chine of  the  Langley  Structures  Research  Laboratory^.  Com- 
pressed air  was  used  to  produce  internal  pressure,  which 
could  be  maintained  at  any  desired  constant  value.  The 
pressure  was  measured  by  a manometer.  The  strains  were 
recorded  by  standard  electric  strain-gage  equipment  and 
the  end-shortening  was  measured  by  dial  gages. 

The  cylinder  was  preloaded  and  the  strain-gage  readings 
were  taken.  The  three  steel  blocks  were  so  adjusted  that 
all  longitudinal  strain-gage  readings  around  the  circumfer- 
ence of  the  cylinder  were  equal. 
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The  compressed  ah  Avas  then  let  into  the  cylinder  until 
the  desired  internal  pressure  was  reached.  The  axial  com- 
pressive load  was  increased  in  increments  until  buckling  was 
observed.  At  each  load  increment,  all  gage  readings  were 
recorded.  The  load  was  then  decreased  until  the  buckles 
disappeared  and  increased  a second  time  to  check  the  reading 
obtained  the  first  time.  During  all  these  steps  the  internal 
pressure  was  maintained  constant. 

The  axial  load  was  then  reduced  and  the  internal  pressure 
was  changed  to  another  value.  For  each  value  of  internal 
pressure  the  same  procedure  was  repeated. 

EXPERIMENTAL  RESULTS 

A typical  experimental  result  is  shown  in  figures  2(a) 
and  2(b)  for  the  case  in  which  the  internal  pressure  was  VA 
psi.  In  figure  2(a)  the  compressive  load  is  plotted  against 
the  strain-gage  readings  for  four  different  pairs  of  gages, 
within  the  range  where  the  load-strain  relation  is  linear.  In 
figure  2(b)  the  strain-gage  reading  is  plotted  for  aU  strain 
gages  at  three  compressive  loadings  close  to  the  buckling 
load.  Figure  2(b)  indicates  that  buckling  occurs  at  a com- 
pressive load  of  12,700  pounds  between  strain  gages  22  and 
23.  (Note  the  intersection  of  the  curves  at  two  consecutive 
loadings.)  A buckle  at  this  location  was  observed  during  the 
test.  The  compressive  load  at  which  this  phenomenon 
occurs  is  considered  the  buckling  load. 

Since  the  buckling  occurs  locally  and  not  simultaneously  at 
all  the  gages,  the  local  buckling  strain  is  obtained  by  dividing 
the  buckling  load  by  the  slope  of  the  linear  portion  of  the 
load-strain  curve  corresponding  to  the  gage  at  which  the 
buckling  occurs.  The  corresponding  stress  is  the  buckling 
stress.  The  buckling  stresses  for  various  internal  pressures 
were  determined  in  this  same  way. 

The  results  are  tabulated  in  table  1 and  plotted  in  figure  3 
in  terms  of  the  two  nondimensional  parameters 

- 

E t 

- V /RV 
.^=e{i) 

where  is  the  buckling  stress,  'p  is  the  internal  pressure, 
R is  the  radius  of  the  cylinder,  t is  the  wall  thickness,  and 
E is  Young^s  modulus.  Except  for  the  first  test  correspond- 
ing to  p=0.1028  in  which  the  cylinder  had  undergone  no 
previous  buckling,  all  the  tests  were  carried  out  on  the  cylin- 
der with  possible  permanent  set. 

THEORETICAL  RESULTS 

A theoretical  analysis  for  calculating  the  buckling  stress 
of  a cylindrical  shell  under  axial  compression  and  internal 
pressure  was  obtained  by  a 'darge-deflection”  theory  for 


(a)  Linear  part  of  load-strain  curve  for  four  typical  pairs  of  strain  gages. 
Figure  2.— Typical  experimental  result.  Internal  pressure,  IH  psi. 


(b)  Close  to  buckling  load. 

Figure  2.— Concluded. 

which  details  are  given  in  the  appendix.  The  large-deflection 
theory  was  first  advanced  by  Von  Karman  and  Tsien 
(reference  3)  in  the  study  of  buckling  stress  of  cylindrical 
shells  under  axial  compression  (but  without  internal  pres- 
sure). This  theory  was  subsequently  improved  by  Leggett 
and  Jones  (reference  4).  In  reference  3 the  buckling  stress 
was  shown  to  depend  on  whether  the  load  was  applied  by  a 
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TABLE  I 

BUCKLING  STRESSES  FOR  VARIOUS  INTERNAL  PRESSURES 


Experimental 

Theoretical 

V 

a 

V 

7 

^CT 

0 

0. 1936 

0 

0 

0.376 

0 

.01715 

.252 

.058 

.02 

.444 

.068 

.03425 

.277 

.083 

.04 

.480 

.104 

.0514 

.309 

.116 

.06 

-506 

.130 

.0685 

.350 

.156 

.08 

.528 

. 152 

.0856 

.363 

.170 

.10 

.547 

.171 

.1028 

.407 

.213 

.12 

.565 

.189 

.14 

.581 

.205 

Fioore  3.— Comparison  of  theoretical  and  ex|)crimental  results  of  the  buckling  stress  at 
various  internal  pressures. 

rigid  loading  machine  or  by  a dead-weight  machine.  In 
the  present  analysis,  the  loading  machine  is  assumed  to  be 
rigid. 

The  existing  procedures  for  computation  of  the  buckling 
stress  by  large-deflection  theoiy  involve  the  solution  of  four 
simultaneous  nonlinear  equations  for  each  pressure  loading. 
The  numerical  work  is  quite  lengthy.  The  method  used  in 
the  present  study  introduces  a fifth  equation  which  governs 
the  conditions  at  which  the  buckling  occurs.  The  fifth 
equation  is  based  on  consideration  of  conservation  of  energy, 
which  is  an  extension  of  Tsien^s  buckling  criterion  given  in 
reference  5.  Although  a solution  of  five  simultaneous  equa- 
tions is  now  necessary,  the  niunerical  work  is  actuall}- 


Figure  4.— -Theoretical  and  experimental  results  showing  the  increment  of  buckling  stress 
due  to  internal  pressure. 

reduced  to  a small  fraction  of  that  required  if  the  existing 
procedures  were  used.  This  reduction  in  labor  is  made 
possible  through  a proper  choice  of  the  parameters  in  the 
equations  and  the  process  of  the  computations.  The  results 
calculated  by  the  present  method  are  presented  in  table  1 
and  are  represented  by  the  solid-line  curve  in  figure  3.  The 
curve  is  cut  off  at  a value  of  o-cr= 0.605,  corresponding  to 
2>~0.169.  Tliis  constant  value  of  7cr=0.605  for  p>0.169 
is  the  same  as  that  obtained  by  the  classical  theor^^. 

DISCUSSION  AND  CONCLUSIONS 

From  the  theoretical  and  experimental  results  shown  in 
figure  3,  the  internal  pressure  is  seen  to  have  an  appreciable 
strengthening  effect  on  the  cylinder.  Although  the  two 
curves  obtained  from  theoretical  and  experimental  results 
do  not  coincide,  both  show  the  same  trends  as  regards  the 
effect  of  internal  pressure  on  the  buckling  stresses.  If  the 
increment  of  the  buckling  stress  Accr  due  to  the  presence  of 
internal  pressure  (that  is,  the  difference  between  the  buckling 
stress  with  the  pressure  acr  and  that  without  the  pressure 
(<^cr)p -o)  is  plotted  against  the  internal  pressure,  as  shown 
in  figure  4,  a good  agreement  is  obtained  between  the  theo- 
retical and  experimental  results.  These  data  indicate  that, 
although  further  improvement  of  the  theory  is  necessaiy 
for  the  determination  of  the  magnitude  of  the  compressive 
buckling  stress,  the  theory  gives  a fairly  good  prediction  of 
the  increase  of  buckling  compressive  stress  that  may  be 
expected  as  a result  of  internal  pressui-e.  The  discrepancy^ 
between  the  theoretical  emve  and  the  experimental  curve 
of  figure  3 is  believed  to  be  caused  by  such  factors  as  manu- 
facturing imperfections  in  the  specimens,  material  irregulari- 
ties, and  energy  absorbed  by  the  loading  macliine,  which 
have  not  been  included  in  the  theory. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  October  12,  1949. 
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THEORETICAL  ANALYSIS  OF  BUCKLING  LOAD  OF  CYLINDRICAL  SHELLS  UNDER  AXIAL  COMPRESSION  AND  INTERNAL 

PRESSURE  BY  LARGE-DEFLECTION  THEORY 


BACKGROUND  OF  THEORY 

The  use  of  large-deflection  theory  for  shells  under  axial 
compression  was  first  advanced  by  Von  Karman  and  Tsien 
(reference  3)  in  an  attempt  to  explain  the  discrepancies 
between  the  buckling  loads  predicted  b}^  classical  theorj^  and 
those  obtained  from  experimental  results.  (See,  for  instance, 
reference  6.)  The  results  of  reference  3 indicated  that 
cylindrical  shells  can  be  maintained  in  equilibrium  in  the 
buckled  state  by  a compressive  load  considerably  lower  than 
that  predicted  by  classical  theory.  A plausible  explanation 
of  this  result  is  that,  before  the  classical  buckling  load  is 
reached  during  a test,  the  cylindrical  shell  “jumps’^  from  an 
equilibrium  unbuckled  state  to  an  equilibrium  buckled  state. 
The  physical  phenomena  of  the  jump  were  further  examined 
in  reference  5 by  Tsien. 

The  treatment  of  Von  Kdrmdn  and  Tsien  in  reference  3 
was  left  incomplete,  however,  in  that  the  equilibrium  posi- 
tions at  the  buckled  state  were  determined  by  differentiating 
the  total  potential  energy  with  respect  to  some  but  not  all  of 
the  physical  parameters  involved.  The  resulting  equations 
gave  a relation  between  the  average  compressive  stress  <r  and 
the  end-shortening  e in  terms  of  the  remaining  parameters. 
A set  of  curves  of  <r  against  e were  thus  obtained  for  various 
combinations  of  the  remaining  parameters. 

Improvement  of  the  theory  of  Von  KArmdn  and  Tsien  was 
made  by  Leggett  and  Jones  (reference  4),  who  took  the 
derivatives  of  the  energy  with  respect  to  all  the  parameters 
and  thus  obtained  a single  curve  between  <r  and  e,  represent- 
ing all  equilibrium  positions  of  the  cylindrical  shell  in  the 
buckled  state.  The  same  result  was  obtained  by  Michielsen 
(reference  7)  in  a similar  process.  Such  a curve  is  shown 
by  BC  of  figure  5. 

Theoretically,  when  the  cylinder  is  compressed,  the  relation 
between  a and  € follows  the  straight  line  ODA  which  repre- 
sents the  unbuckled  state  and  will  reach  the  point  A if 
everything  is  perfect;  the  cylinder  then  buckles  and  the 
relationship  follows  the  curve  ABC  which  represents  the 
buckled  state.  Before  point  A is  reached,  however,  some 
external  disturbance  may  possibly  cause  the  cylinder  to  jump 
from  the  unbuckled  state  represented  by  the  point  D to  the 
buckled  state  represented  by  the  point  E.  The  positions 
of  D and  E on  the  respective  curves  depend  on  the  actual 
physical  conditions  of  the  jump. 

If  the  physical  condition  which  governs  the  jump  is  known 
or  defined,  the  buckling  stress  corresponding  to  the  point  D 
can  be  obtained  directly  without  going  through  the  labor  of 
finding  the  curve  ABC.  This  procedure  can  greatly  reduce 
the  amount  of  numerical  work. 
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FigL'RE  o. — Relation  between  the  average  compressive  stress  a and  the  end-shortening  e. 

Ill  reference  5,  Tsien  introduced  a criterion  which  governs 
the  jump  DE  for  the  condition  of  loading  obtained  in  a 
rigid  testing  machine;  namely,  that  the  strain  energy  remains 
the  same  before  and  after  the  jump  and  that  the  jump  occurs 
at  constant  end-shortening.  According  to  this  criterion 
the  line  DE  must  be  vertical  and  must  cut  the  curve  ABC 
in  such  a way  that  the  two  shaded  areas  ADG  and  GBE 
are  equal.  In  fact,  the  area  ADG  represents  the  additional 
energy  that  is  needed  to  assist  the  cylinder  in  jumping  from  a 
condition  represented  by  D to  that  represented  by  G and 
the  area  GBE  represents  the  energy  that  is  given  up  by  the 
cylinder  when  it  arrives  at  the  lower  energy  level,  point  E. 
The  energy  represented  by  the  area  ADG  is  very  small, 
and  therefore  a slight  disturbance  from  the  surrounding  air 
might  assist  the  cylinder  to  jump  from  the  unbuckled  state 
to  the  buckled  state  at  a compressive  stress  well  below  the 
classical  buckling  stress  corresponding  to  point  A. 

Since  the  external  disturbance  is  required  to  assist  the 
cylinder  to  jump  from  the  state  corresponding  to  D to  that 
corresponding  to  G,  a slightly  larger  external  disturbance 
can  well  cause  the  cylinder  to  make  the  transition  from 
the  state  represented  by  D'  to  that  represented  by  B, 
except  that  in  the  case  in  which  the  cylinder  jumps  from 
D'  to  B the  cylinder  absorbs  the  energy  of  the  external 
disturbance  and  does  not  re-emit  it.  The  buckhng  stress 
can  be  then  as  low  as  point  D'.  This  fact  was  pointed 
out  by  Tsien  in  reference  8. 
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In  addition  to  the  two  criterions  just  mentioned,  there 
are  still  others  that  might  be  used.  In  view  of  the  fact 
that  the  choice  of  the  buckling  criterion  is  a much  less 
important  factor  in  the  determination  of  buckling  stress 
than  are  such  other  factors  as,  for  example,  the  initial 
imperfections,  Tsien’s  criterion  of  reference  5,  as  represented 
by  the  line  DE,  is  as  reasonable  as  any  other,  and  the 
choice  of  this  criterion  greatl}^  simphfies  the  numerical  work. 

Tsien's  criterion  of  reference  5 cannot  be  applied  directly 
to  the  present  analysis,  however,  because  with  the  presence 
of  the  internal  pressure  the  strain  energy  is  no  longer  the 
same  before  and  after  the  jump.  In  addition,  the  criterion 
is  apphed  herein  in  quite  a different  manner  from  that  of 
reference  5.  In  reference  5,  a series  of  values  of  wave  num- 
ber n and  aspect  ratio  were  chosen  and  the  criterion  was 
applied  to  each  pair  of  values  of  n and  /3;  the  pair  of  values 
of  n and  P which  gave  the  minimum  value  of  buckling  load 
was  considered  to  correspond  to  the  buckling  condition. 
In  the  present  analysis,  since  the  variation  of  <r  with  e can 
be  plotted  only  as  a single  curve,  this  criterion  need  be 
applied  only  once  for  each  internal  pressure.  The  results 
correspond  to  the  minimum-potential-energy  condition. 

In  the  derivation  of  the  present  analysis,  the  basic  equa- 
tions in  reference  3 are  first  extended  to  include  the  effect 
of  internal  pressure,  Tsien's  criterion  governing  the  jump 
for  rigid  machine  loading  (reference  5)  is  modified,  and  the 
buckling  stress  is  finally  obtained. 

SYMBOLS 

A list  of  symbols  follows.  Most  of  the  symbols  used  in  the 
present  report  are  the  same  as  those  in  reference  3 ; exceptions 
are  the  use  of  n for  Poisson’s  ratio,  X for  wave  length,  and  /3 
for  aspect  ratio  of  the  buckled  waves. 

half  wave  length  in  longitudinal 
direction 

half  wave  length  in  circumferential 
direction 

parameters  used  in  deflection  function 
number  of  waves  in  longitudinal 
direction  within  length  equal  to 
circumference  of  cylinder 
number  of  waves  in  circumference 
internal  pressure 
thickness  of  cylinder  wall 
coordinates  measured  in  longitu- 
dinal and  circumferential  directions, 
respectively 

component  of  displacement  of  a point 
on  median  surface  of  shell  in 
x-direction 

component  of  displacement  of  a point 
on  median  surface  of  shell  in  radial 
direction 


Xa 

Xft 

m 


n 

V 

t 

iK,  y 

u 


V) 


a 


<f> 

E 


Ely  B2J  . 
Bl\  B^'y 


Dlj  Doy  . . . 

(D)  =— 

^ dp 


bD 


R 

Wi 

W2 


measure  of  average  circumferential 
stress  per  wave  length  in  longitudinal 
direction 

end-shortening  of  cylinder 
average  compressive  stress 

aspect  ratio  of  buckled  waves 

Poisson’s  ratio 
total  potential  energy 
Young’s  modulus 
strain  energy 

certain  functions  of  jS 

certain  functions  of  p and  /3 

{D  represents  the  functions  Pi,  P2> 
...  £>5) 

(D  represents  the  fimctions  Pi,  D2, 

...  A) 

radius  of  cyhnder 
elastic  extensional  energy 
bending  energy 

work  done  by  applied  compressive  load 
work  done  by  internal  pressure 


Nondimensional  parameters: 

""Ji 


r=y. 


R 

t 


2 ^ 

_ <T  R 

_ p/RV 


1 


<t> 


— Et\a^b 


{Wiy  W2y  Wzy  and  Wp  are  defined  in  the 
same  manner.) 


^Et\a\, 


- R 


?'=(<r-^2j)  vDi 


Subscripts: 

0 pertaining  to  buckling  condition 

u imbuckled  state  just  prior  to  buckling 

cr  buckling  condition 
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DERIVATION  OF  BASIC  EQUATIONS 

Three  basic  equations  are  derived  in  the  follovdng  analysis  to  include  the  effect  of  internal  pressure.  They  are  the  ex- 
pression for  the  total  potential  energy,  the  expression  for  the  strain  energj^,  and  the  relation  between  the  end-shortening  and 
the  average  compressive  stress. 

In  order  to  calculate  the  total  potential  energy,  the  work  done  the  internal  pressure  should  be  included  in  addition 
to  the  energies  Wi,  IFj,  and  TF3,  which  are  given  by  equations  (25),  (26),  and  (27)  of  reference  3 as: 


IF, 


2 Et\a^<> 


■4[(1  + 

(/0+4/.)  -2n^ 

L8'''  8 ■^(l  + |8')''^(l  + 9/3T'^(9  + /3T'^16(l+^2)2j 

=6(1^  (Ip  B (i+0y+\  (i+^^)]+(i +^^)/./2+(i 


(1) 

(2) 

(3) 


where  a,  b,  jm,  and  v have  been  changed  to  X^,  )3,  and  fx, 
respectively,  to  agree  with  the  notation  of  the  present 
report  and  where 


5=|y,v 


The  work  done  by  the  internal  pressure  is,  for  a complete 
wave  panel, 


W 


wp  dx  dy 


The  negative  sign  is  introduced  because  the  radial  deflection 
w is  considered  positive  inward. 


If  the  same  deflection  function  given  in  equation  (16)  of 
reference  3 is  used,  that  is, 


j I /A  . /i/  '^y  I 1 

B-(/.+j)+f(“*-B  «“i+4 


cos 


2mx 


I 

4 


h 

4 


2mx 


cos 


2ny\ 

B ) 


(4) 


the  work  done  bj'  the  internal  pressure  becomes 

Wp= — 4pf2XaX(,(yo-|-'^)  . (5) 

If  the  total  potential  energy 

^=fF.  + H^2-TF3-lF, 

is  diflferentiated  with  respect  to  Jo  and  the  derivative  is  set 
equal  to  zero,  the  following  expression  is  obtained: 

Substitute  this  expression  into  equations  (1),  (2),  (3),  and 
(5)  for  IFi,  TF2,  IF3,  and  IFp,  respectively,  and  the  following 
equations  are  obtained: 


TFi 


-^Et\a\t 


IF, 


■^Et\a\o 


= A(  ^Y+2u  (~\( 

4 Lw  \E)\Et r\Et ) J''" 

(-®1  + -®2/l^/2+  BoJx^JJA  B4J1  Ji^ 

/ / \2’ 

I — W R / 2 I D / / I T3  / 2\,„4  /0\ 

i^^6jlj2“T^6j2  (8) 


W, 


^Et\a\ 


) 


(9) 
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where 

„ 1 17  13*  I 1 

‘ 64  L 8 4 (H-/3=)2'''(1-1-9^T'^(9  + /3TJ 

1 T9  0*  "I 

L2  (l-t-^2)2  + (l+9/32)2  + (9  + ^2)2j 

1 ril  1 

* 16  L 2 

pi 

^*-sn+pr- 


(10) 


Equations  (7)  to  (10)  may  be  expressed  in  terms  of  the 
nondimensional  parameters  p,  t?,  f , and  W as 

ir,= 4(^2+  2fxa  P+F)+  vH^D,+  7?  t\-D,)+  (1 1) 

W3  = 8P+8p5  p+ari^^Di 
Wp=8nap+8p‘—^Pvt^Di 

where 

A=i/3^(f+P  + P^) 

D2=Bi-\rBip-\-BiP^-^Bip^-{-^  BiP* 

Z?3=(254-|-^)  (1  + 2p) 

Z),=(2B,-t-^)+i(p  + p») 

D^=Bs+ B^{  p + p^) 

The  nondimensional  total-potential-energy  parameter  <j>  is 
-^=.W,+  W.-W,-Wp 

= -4(J^+2p7p+p^)-(7-j,p'j  »?f^A  + 

(16) 

The  nondimensional  strain-energ}’^  parameter  ip  is 

J=Wl+W2 

=4(7^+2pcp+p^)+nH*D2- 


(12) 

(13) 

(14) 


The  relation  between  the  end-shortening  « and  the  average 
compressive  stress  can  be  determined  from  equation  (23)  of 
reference  3 by  integrating;  thus, 


(|y.^+/2*+/./2) 


where  a/E,  as  determined  from  equation  (24)  of  reference  3, 
together  with  equation  (6)  herein  is 


a pR 


Therefore,  the  relation  between  e and  a in  nondimensional 
form  becomes 


- R 

= <r  + /ip  + g (17) 

Equations  (15),  (16),  and  (17)  are  for  cylinders  in  the  buckled 
state.  For  cylinders  in  the  unbuckled  state,  the  correspond- 
ing equations  are 


4>u  = — 4{(t  J + 2 pauP+  P^) 

(18) 

ip^=^(oJ+2pauP+p^ 

(19) 

^u~  ^ u~\~  i^P 

(20) 

EQUILIBRIUM  POSITIONS  OF  CYLINDERS  IN  BUCKLED  STATE 

The  equilibrium  positions  of  cylinders  in  the  buckled  state 
can  be  obtained  by  differentiating  the  total  potential  energy 
of  equation  (15)  with  respect  to  each  of  the  parametei*s  tj, 
f,  p,  and  P and  by  setting  the  derivatives  equal  to  zero. 
Four  simultaneous,  nonlinear  equations  are  thus  obtained: 


g=»=- 

1 nDi—2{i]^fD2+iv^)D3—2ri^D^\ 

[('-?  \ 

) »)Di  — 2(tj  0^7)2+ l-5(>»f)Z)3— 

(2f) 

0 

g=»=- 

[('-?  t 

) ^(7).).-(.)f)m+(>ji-)(7>3)p- 

1 

II 

0 

II 

/Ol/O 

) v(Dd0-{r,mD2)0+(riaD,)p- 

(04)^  — r}  +^Pv^i  ^ 


(16) 


(21) 


664 

where 


REPOET  1027 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(Z),)p=|  ^^(l  + 2p) 

(D.),-2  (s.+jL) 
(1)4)^=—  (l  + 2p) 


(A)^=i8=“(|+P  + P^)=2Z>. 

(AV=5/+B/p+53'p^+B/pH| 

(D3)ff=2Bi(^-{'2p) 

{d,),^2b: 

(A)p=-B/  + 5e'(p  + p^) 


and' 


5, 

B3 

B3 


'=±[t 

16  L8 


17  fi* 


+9  ^ 


4 (1  + ^*)^^  (1 +9/32)3-'  - (9 


/_ir9  /3* 

4L2(1  + ^ 

' 4 L 2 


/3^ 


(l_|_^2)3-t-(1^9^2)3-t-»  (9  + j82)3j 


+ 9 


(1+|82)3  ' (1  + 9/32)3^"  (9 


+ /3TJ 


R._l 

^4  o 


B. 


2(1  + |82)* 
1 1 


5, 


’ 6(1 -p2)  2 

4 .4 

® 6(l-p2)P 


^2(1 + 3^2) 


Let 


The  four  simultaneous  equations  (21)  become 

'^'=(v  f )^(2  A)  “ (v  t)Ds+  2 7?2Z)5  (22a) 

F'=(r?m2A)-(7?f)(1.5A)  + A+77^I>5  (22b) 

[(’J  f)^(^2)p“(T?{')(i^3)p+(i^4)p+  7?‘(Z^5)J  Tf^\  (22c) 


Tlieoreticall}’"  these  four  simultaneous  equations  can  bo 
solved  for  rj,  f , p,  and  /3  in  terms  of  a for  a given  pressure.  If 
they  are  substituted  into  equation  (17),  a relation  between 
end-shortening  e and  the  compressive  stress  a is  obtained 
which  represents  all  equilibrium  positions  at  the  buckled 
state.  In  fact,  this  solution  is  essentially  that  obtained  by 
Leggett  and  Jones  (reference  4)  and  Michielsen  (reference  7) 
for  cylinders  with  axial  compression  but  no  internal  pressure. 

Practicall}' , however,  the  solution  of  the  fom'  simultaneous 
equations  (22)  requires  a long  and  tedious  numerical  process. 
If  onl}^  the  buckling  stress  is  I'equired,  calculation  of  onty  one 
point  on  the  curve  of  a against  e rather  than  the  whole  curve 
is  necessary.  This  solution  can  be  obtained  b}’’  the  intro- 
duction of  one  more  equation  which  governs  the  condition 
at  buckling. 

BUCKLING  CRITERION 

In  reference  5,  Tsien  gave  the  following  criterion  which 
governs  the  condition  at  budding:  That  the  strain-energy 
of  the  buckled  cylinder  is  the  same  as  the  strain  energ^^  of 
the  unbuckled  cylinder  when  the  cylinder  is  tested  in  the 
rigid  testing  machine  so  that  the  end-shortening  does  not 
change  during  buckling.  This  criterion  is  apparently 
established  from  considerations  of  conservation  of  energ^^. 
Although  other  ph}'sical  criterions  can  be  used  (for  instance, 
see  reference  8),  the  criterion  of  reference  5 was  chosen  and 
extended  to  include  the  case  for  which  the  internal  pressure 
is  present.  The  choice  of  this  criterion  simplifies  the  numer- 
ical work. 

When  internal  pressure  is  present  in  the  cylinder,  work  is 
done  by  the  pressure  during  buckling.  The  strain  energ}^  in 
the  buckled  state  is  no  longer  equal  to  that  in  the  unbuckled 
state,  but 

(23) 


where  AWp  is  the  work  done  by  the  pressure  during  buckling, 
or 


2 EtKK 

= W,-(WX 


(24) 


Equation  (14)  can  be  rearranged  as  follows: 


lE,  = 8(p2+p7p)-^P4f-A  (25) 


Therefore,  for  the  unbuckled  state,  the  last  term  is  eliminated 
and 

(Wp)^  = S{p^  + p7,p)  (26) 

Then,  from  equations  (24),  (25),  and  (26) 


[(v mDda-iv r)( A)p+( A)^+  vKD3)b] \~j2nD,  (22d) 


Al'F,  = 8pp(F— o-„)— ^ 'pr)i‘‘D\ 


(27) 
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The  buckling  criterion  becomes  (equations  (23)  and  (27)) 

+ 8 M^(^ — ^«) — ^ P’?  f 
or,  from  equations  (16)  and  (19), 

4(7^+ 2^*5^^+^^)+ 7?  m+ m+ 

==  4(a„2+ 2/x  a„p+p^)  + 8(F— ^ J)7i  f 'A  (28) 

Since  the  end-shortening  remains  michanged  during  budding, 
that  is,  e—lu,  the  following  relation  is  obtained  from  equa- 
tions (17)  and  (20): 

o'«  = <^  + g (29) 


The  intersection  of  these  two  curves  determines  a pair  of 
values  a'  and  p which  are  called  and  p^.  The  correspond- 
ing values  of  (??f )<,  and  (t?^)o  are  computed  and  substituted  in 
equation  (22d)  from  which  the  pressure  j)  can  be  calcu- 
lated. For  each  assigned  value  of  there  are  obtained  cor- 
responding values  of  and  p ^ curve  of  against  p 
can  thus  be  determined.  If  the  following  relations  are  used 

a'o=^(v  Di)o  P^ 

Fc,=(F„)o=‘^o+i  (t?  t^Di)o 

the  relation  between  aer  and  p is  obtained  as  shown  in  figure  3. 

CUT-OFF  BUCKLING  STRESS 


If  this  relation  is  substituted  in  equation  (28)  and  if  the 
relation  is  used,  the  buckling  criterion 


becomes 


r'=(r,^y(^D,-^D,^'^-ivnD^+D,+  v^D,  (30) 


The  solution  of  the  five  equations  (22a),  (22b),  (22c),  (22d), 
and  (30)  gives  the  buckling  stress  for  a given  internal  pres- 
sure. The  following  section  presents  a very  simple  method 
for  the  solution  of  these  five  simultaneous  equations. 


METHOD  OF  SOLUTION 


From  equations  (22b)  and  (30)  and  equations  (22a)  and 
(22b),  the  following  equations  are  obtained: 


(31) 





Da— 2 DzivO 


D, 


(32) 


For  a preassigiied  value  of  assume  various  values  of  p and 
compute  7/f  and  from  equations  (31)  and  (32).  Substitute 
these  values  in  equations  (22a)  and  (22c)  to  obtain  (<r')a  and 
(a')c,  ^espectivel^^  Plot  both  (<r')a  and  (o-')c  against  p. 


When  equation  (31)  is  derived  from  equations  (22b)  and 
(30),  a factor  (7/f)=0  is  also  obtained.  If  this  relation  is 
used  instead  of  equation  (31),  it  can  be  shown  that  the 
buckling  stress  Ccr  can  never  exceed  the  classical  buckling 
stress  0.605  which  is  independent  of  pressure. 
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EFFECT  OF  ASPECT  RATIO  ON  THE  AIR  FORCES  AND  MOMENTS  OF 
HARMONICALLY  OSCILLATING  THIN  RECTANGULAR 
WINGS  IN  SUPERSONIC  POTENTIAL  FLOW‘ 

By  Charles  E.  Watkins 


SUMMARY 

This  report  treats  the  e^ffect  oj  aspect  ratio  on  the  air  jorces 
and  moments  of  an  oscillating  flat  rectangular  wing  in  super- 
sonic potential  flow.  The  linearized  velocity  potential  for  the 
wing  undergoing  sinusoidal  torsional  oscillations  simultane- 
ously with  sinusoidal  vertical  translations  is  derived  in  the 
form  of  a power  series  in  terms  of  a frequency  parameter.  The 
series  development  is  such  that  the  dijfferential  equation  for  the 
velocity  potential  is  satisfied  to  the  required  power  of  the  fre- 
quency parameter  considered  and  the  linear  boundary  conditions 
are  satisfied  exactly.  The  method  of  solution  can  be  utilized 
for  other  plan  forms — that  is^  plan  forms  for  which  certain 
steady-state  solutions  are  known. 

Simple^  closed  expressions  that  include  the  reduced  f requency 
to  the  third  power,  which  is  sufficient  for  application  to  a large 
class  of  practicable  problems,  are  given  for  the  velocity  potential, 
the  components  of  total  force  and  moment  coefficients,  and  the 
components  of  chordwise  section  force  and  moment  coefficients. 
The  components  of  total  force  and  moment  coefficients  indicate 
the  over-all  effect  of  aspect  ratio  on  these  quantities;  however, 
the  compo7ients  of  chordwise  coefficients  yield  more  information 
because  they  account  for  the  spanwise  distribution  of  aerody- 
namic loading  of  a rectangular  wing  and  may  therefore  be 
more  useful  for  flutter  calculations.  It  is  found  that  the  com- 
ponents of  force  and  moment  coefficients  for  a small-aspect- 
ratio  wing  may  deviate  considerably  from  those  of  an  infinite- 
aspect-ratio  wing.  Thickness  effiects  which  may  alter  some  of 
the  conclusions  are  not  taken  into  account  infhe  analysis. 
Results  of  some  selected  calculations  are  presented  in  several 
figures  aiid  discussed. 

INTRODUCTION 

Tlie  effect  of  aspect  ratio  on  the  single-degi^ee  torsional 
instability^  of  a finite  rectangular  wing  oscillating  in  a super- 
sonic stream  was  treated  in  reference  1 by  expanding,  in 
powers  of  the  frequency  of  oscillation,  the  linearized  velocity 
potential  developed  in  reference  2.  Since  only  slow  oscilla- 
tions were  considered  pertinent  to  single-degree  torsional 
instabihty,  terms  in  the  expansion  involving  the  frequency^ 
of  oscillation  to  powers  higher  than  the  first  were  not 
considered. 

In  the  present  report  the  expanded  linearized  velocity^ 
potential  is  used  to  study’  the  effect  of  aspect  ratio  on  the  air 


forces  and  moments  of  an  oscillating,  thin,  flat,  finite,  rec- 
tangular wing  when  higher  powers  of  the  frequency  of  oscilla- 
tion are  taken  into  account.  The  motions  considered  are 
sinusoidal  torsional  oscillations  about  a spanwise  axis  taken 
simultaneously  with  sinusoidal  vertical  translations  of  this 
axis.  The  velocity  potential  is  developed  by  use  of  sources 
and  doublets,  so  as  to  include  all  powers  of  the  frequency- 
of  oscillations  up  to  any  desired  power.  Simple,  closed 
expressions  are  given  for  the  velocity  potential,  coniponents 
of  the  total  force  and  moment  coefficients,  and  components 
of  the  chordmse  section  force  and  moment  coefficients  involv- 
ing powers  of  the  frequency  up  to  and  including  the  tliird 
power.  Extension  of  the  results  to  include  liigher  powers  of 
the  frequency  is  straightforward, 

A recent  publication,  reference  3,  that  became  available 
after  tliis  investigation  was  completed,  is  partly  devoted  to 
the  treatment  of  a rectangular  wing  undergoing  the  same 
types  of  harmonic  motions  as  those  considered  herein.  The 
velocity  potential  is  determined  in  the  form  of  a double 
integral,  by^  application  of  the  Fourier  transform  to  the 
boundary-value  problem  for  this  potential,  and  expressions 
for  forces  and  moments  are  given  in  terms  of  this  double 
integral.  The  reduction  of  the  integral  expressions  of 
reference  3 to  forms  desirable  for  flutter  calculations — that 
is,  chordwise  section  forces  and  moments — -is  not  given. 

SYMBOLS 


Zfn 


w{x,Vi,t) 


Xo 


t 

h 

ho 


distui'bance-velocity  potential 
rectangular  coordinates  attached  to  wing 
moving  in  negative  ar-dhection 
rectangular  coordinates  used  to  represent 
space  location  of  som'ces  or  doublets  in 
xy-plsine 

function  defining  mean  ordinates  of  any- 
chordwise  section  of  wing  such  as  y=yi  as 
showm  in  figure  1 

vertical  velocity  at  surface  of  wing  along 
chord\vise  section  Sit  y=yi 
abscissa  of  axis  of  rotation  of  wing  (elastic 
axis)  as  showm  in  figure  1 
time 

vertical  displacement  of  axis  of  rotation 
amplitude  of  vertical  displacement  of  axis 
of  rotation,  positive  dowmward 


« Supersedes  NACA  TN  2064,  “Effect  of  Aspect  Ratio  on  the  Air  Forces  and  Moments  of  Harmonically  Oscillating  Thin  Rectangular  Wings  in  Supersonic  Potential  Flow'*  by  Charles 
E.  AVatkins,  1950. 
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a 

«o 


hjOC 

V 


c 

M 


angle  of  attack 

amplitude  of  angular  displacement  about 
axis  of  rotation,  positive  leading  edge  up 
time  derivative  of  h and  a,  respectively 
velocity  of  main  stream 
velocity  of  soimd 
free-stream  Mach  number  (Vjc) 


/3=VM2-1 


ri,r2,r7i,772 

WU,ri) 

w{t) 


_ M^O, 


functions  defined  with  equation  (7) 
function  used  to  represent  space  variation 
of  source  and  doublet  strengths 
function  used  to  represent  time  variation  of 
source  and  doublet  strengths 
frequency  of  oscillation 


k 

a=P->Kv—vi)(v 

^nm 

Fn 

Gn 

P 

Ap 

b 

s 

A 

T 


JTa 


P 


L\yL2jLz,L4 

Ma 


reduced  frequency  {oibjV) 

2—v) 

represents  functions  of  w,  ar,  and  My  defined 
in  equations  (15) 

represent  functions  of  x,  Xoy  and  co,  defined 
in  equations  (19) 

function  used  to  denote  doublet  distribu- 
tions (see  equation  (22)) 
fmiction  defined  in  equation  (28) 
function  defined  in  equation  (29) 
density 

local  pressure  difference  measured  positive 
downward,  defined  in  equation  (31) 
half-chord 
half-span 
aspect  ratio  (s/b) 

total  force  acting  on  wing  defined  in  equa- 
tion (32) 

components  of  total  force  coefficients, 
defined  in  equations  (35) 
total  moment  acting  on  wing,  defined  in 
equation  (36) 

components  of  total  moment  coefficients, 
defined  in  equations  (38) 
section  force  (total  force  at  any  spam\dse 
station),  defined  in  equation  (39) 
components  of  section  force  coefficients, 
defined  in  equations  (41)  and  (42) 
section  moment  (total  moment  at  any  span- 
wise  station),  defined  in  equation  (40) 
components  of  section  moment  coefficients, 
defined  in  equations  (43)  and  (44) 


FnjGn 


functions  related  to  Fn  and  Gn,  defined  in 
appendix 


ANALYSIS 

BOUNDARY-VALUE  PROBLEMS  FOR  VELOCITY  POTENTIALS 

Consider  a thin  flat  rectangular  wing  moving  at  a constant 
supersonic  speed  in  a chordwise  direction  normal  to  its  lead- 
ing edge  as  shown  in  figure  1.  The  boundary-value  problems 
for  the  velocity  potential  for  such  a wing  may  be  conven- 
ientl}"  classified  into  two  types  associated  with  the  nature 
of  the  flow  over  different  portions  of  the  wing.  On  the 
portion  of  the  wing  between  the  Mach  cones  emanating  from 
the  foremost  point  of  each  tip  (region  N in  fig.  1 (a))  there 
is  no  interaction  between  the  flow  on  the  upper  and  lower 
surfaces  of  the  wing.  The  type  of  boundary-value  problem 


(a) 


/ 


\' 

\ 


\ 


Trailing 


(a)  Plan  form  (xy-plane). 

(b)  Section  y=yi  (xz-plane). 

Figure  1.— Sketch  illustrating  chosen  coordinate  system  and  the  two  degrees  of  freetlom 

a and  h. 
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for  this  portion  of  the  wing  is  referred  to  herein  as  “purely 
supersonic''  and  the  velocity  potential  for  region  N is  de- 
noted by  On  portions  of  the  \ving  within  the  Mach 
cones  emanating  from  the  foremost  point  of  each  tip  (regions 
Ti,  T2,  and  T3  in  fig.  1 (a)),  there  is  interaction  between  the 
flow  on  the  upper  and  lower  surfaces  of  the  wing.  The  type 
of  boundary-value  problem  for  these  portions  of  the  wing  is 
referred  to  as  “mixed  supersonic"  and  the  velocity  potentials 
for  these  regions  are  designated  by  and  respec- 

tively. The  complete  velocity  potential  at  a point  ma}^  then 
be  expressed  as  or  according  to  the  region 

that  contains  the  point. 

As  customar3^  in  linear  theory,  as  applied  to  thin  flat  sur- 
faces, the  boundar\'  conditions  are  to  be  ultimately”  satisfied 
hy  the  velocity  potentials  at  the  projection  of  the  wing  onto 
a plane  (the  x?/-plane)  with  respect  to  which  all  deflections 
are  considered  small  and  which  lies  parallel  to  the  free- 
stream  direction.  Thickness  effects  are  not  taken  into 
account;  hence,  the  velocity  potentials  are  associated  only 
with  conditions  that  \deld  lift  and  are  consequently^  anti- 
symmetrical  with  respect  to  the  plane  of  the  projected  wing. 
It  is  therefore  necessary'  to  consider  the  potentials  at  only^ 
one  surface,  upper  or  lower,  of  the  projected  wing.  The 
upper  surface  is  chosen  for  this  analysis. 

The  differential  equation  for  the  propagation  of  small 
disturbances  that  must  be  satisfied  by  the  velocity  potentials 
is  (when  referred  to  a rectangular  coordinate  sy^stem 
* with  the  a;i/-plane  coincident  with  the  reference  plane  and 
moving  uniformly^  in  the  negative  a*-direction,  fig.  1) 


y<t>  ■ I ^^<l> 


(1) 


The  boundary’^  conditions  that  must  be  satisfied  by-  the  veloc- 
ity^ potential  are:  (a)  In  regions  Ti,  T2,  T3,  and  N the  flow 
must  be  tangent  to  the  surface  of  the  wing  or 


=w(x,y,,0= 


bt 


(2) 


For  the  particular  case  of  a wing  independently  per- 
forming small  sinusoidal  torsional  oscillations  of  amplitude 
|ao|  frequency^  w about  some  spanwise  axis  Xo  and  small 
sinusoidal  vertical  translations  of  amplitude  |Aol  and  fre- 
quency CO,  the  equation  of  is 

Zm  = * [«o(a^  “ ^o) + ^0]  = ^Xo)-\-h  (3) 

Substituting  this  expression  for  Zm  into  equation  (2)  gives 

Va+a{x  — Xo)+h  (4) 

The  velocity  potential  may  thus  be  expressed  as  the  sum 
of  separate  effects  due  to  position  and  motion  of  the  wing 
associated  with  the  individual  terms  in  equation  (4)  as 

<t>=(t>a-\'<l>a~\r<t>h  (fi) 

DERIVATION  OF 

The  boundaiy-value  problem  in  the  purely  supersonic 
region  (fig.  2 (a))  is  the  same  as  that  for  the  two-dimensional 
wing  treated  in  reference  4.  This  problem  is  there  sho\vn  to 
be  satisfied  by  a distribution  of  somces  referred  to,  in  this 
case,  as  moving  sources  because  of  the  uniform  motion; 
that  is, 

Ma:,j/,2,0=-2^  dri  (6) 

In  equation  (6),  TF(^,»7)  represents  the  space  variation  of 
source  strength  and  must  be  evaluated  in  accordance  with 
the  individual  terms  of  equation  (4),  and  <t>i  is  the  potential 
of  a moving  source  situated  at  the  point  (^,t?,0)  that  may  be 
expressed  as 

_W(t—Ti)  + W{t—T2) 

where  w(t)  is  the  time  variation  of  source  strength  and  the 
symbols  with  subscripts  appearing  in  equation  (7)  are 
defined  as 

^M(x  — V(t?  — r?i)(T?2— T?) 

Cj32  /3c 


where  Zm  is  the  vertical  displacement  of  the  ordinates  of  the 
surface  of  any^  chord  wise  section  of  the  wing  (see  fig.  1 (b)). 
(b)  In  regions  Ti  and  T2  the  pressure  must  fall  to  zero  along 
the  wing  tips  and  remain  zero  in  the  portion  of  the  Mach 
cones  emanating  from  the  foremost  points  of  the  wing  tips 
not  occupied  by  the  wing.'  (Another  condition,  that  the 
potential  must  be  zero  ahead  of  the  wing  and  in  the  region 
off  the  wing  adjacent  to  the  Mach  cones  emanating  from 
the  foremost  points  of  the  tips,  is  automatically^  satisfied 
by  the  tyqie  of  source  and  doublet  sym  thesis  employ'ed  in 
the  solutions.) 


_M{x  — j)  , V(?7  — 7?i)(??2-"‘y;) 

+ )3c 

The  time  variation  of  som’ce  strength  w(t)  for  harmonic 
oscillations  may  be  written  as 

(8) 


w(0=«*"‘ 
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V 


(b) 

(a)  Purely  supersonic  region. 

(b)  Mixed  supersonic  region. 

Figure  2.— Sketch  illustrating  areas  of  integration  for  purely  sui>ersonic  and  mixed  super- 
sonic regions  of  flow. 


The  numerator  in  equation  (7)  thus  lieeomes 


respect  to  rj  can  be  readily  performed  and  the  remaining 
integral  evaluated  as  a series  of  Bessel  functions.  (See, 
for  example,  reference  4.)  However,  in  order  to  be  con- 
sistent with  and  to  lead  naturally  to  a succeeding  part  of 
the  analysis  the  integrand  is  expanded  into  a Maclaurin^s 
series  with  respect  to  w.  The  expansion  yields 

rx-fiz  rv2  r/  i t 

B (J,?;)  |^^aoi^+ . . . 

+ • . . ^+(ao2/?+ai2f/?+  . . . 


+ an2rR+ 

+ . . . (14) 


wliere  the  coefficients  anm  are  functions  of  co,  x,  and  M; 
those  coefficients  involving  w,  up  to  and  including  the  third 
power,  are 


— 9 •— n ^ 

aoi=l—io)x  — — x^+—x^ 


, -2  2 
an  = Ujo-\-o)^x — — x^ 





(15) 


a,.--- ^ 


w(t—  r,)+w((—  T2)=c'"<‘~’’i)  +f '"<'"’■2) 


= 2e‘“'e  “ 2 cos  co  (9) 


Substituting  equations  (7)  and  (9)  into  equation  (6)  yields 

.„»r(J,,)c-'-<-t'eos(^i^)d,df 


^X—fiz  /*r/ 

^ Jo 

where,  for  briefness. 


li 


(10) 


cod/  dPco 

c/3" 


and 


/?=  ^J{x  - ^r-^y  - „)"-  ^ir,  - v,)(V2-v) 


The  values  of  ir(^,T;)  associated  with  the  different  terms  of 
equation  (4)  are 


For  h 

For  Va 
For  a(x—Xo) 


Wa,v)=  T ao 


(11) 

(12) 

(13) 


If  any  of  the  values  of  v)  given  in  equations  (11),  (12), 
and  (13)  is  put  into  equation  (10),  the  integration  with 


^02 — — 


ai2= 


UjJ^ 


2M^ 


Observe  the  following  identity  that  is  valid  regardless  of  the 
highest  power  of  w considered  and  that  will  be  of  subsequent 
use,  namely 

aoi  + a:aii4"  . . . +x”am  = l (16) 

It  will  be  noted  in  equation  (14)  that  the  potential  of  a mov- 
ing source  when  expanded  in  terms  of  the  frequency  appears 
as  a series  of  terms  similar  to  steady-state  source  potentials 
plus  series  of  terms  involving  various  powers  of  R.  By 
gi-ouping  the  terms  in  equation  (14)  with  respect  to  powers 
of  {,  the  following  form  of  the  source  potential  convenient 
for  later  use  is  obtained: 

^iut  rx-fiz  rv2  r / 1 

(j>N{x,y,z,t)= — W(^,r})Uaoi-^+ao2R+  . . . 

+ • • • 
-{-aimR^^~^-\-  . . . . . . +f” 


(17) 


With  the  terms  of  the  series  grouped  in  this  manner,  in  view 
of  the  fact  that  the  differential  equation  (1)  is  independent 
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of  it  is  apparent  that  the  coeflBcient  of  each  power  of  f in 
equation  (17)  is  a solution  to  the  differential  equation. 

If  the  values  of  in  equations  (11),  (12),  and  (13) 

are  put  into  either  equation  (14)  or  equation  (17),  the  inte- 
grations of  each  term  can  be  easily  carried  out  in  closed 
form.  Moreover  it  can  readily  be  shown  that,  when  all  the 
terms  involving  w up  to  a given  power  are  taken  into  account, 
the  differential  equation  (1)  is  satisfied  to  the  highest  power 
of  c3  considered.  The  boundary  condition  of  tangential 
flow  as  expressed  in  equation  (4)  is  satisfied  exactly  and 
does  not  depend  on  the  order  of  w considered. 

Putting  the  values  of  TP(|,t?)  in  equations  (11),  (12),  and 
(13)  successively  into  either  equation  (14)  or  equation  (17), 
carrying  out  the  indicated  integration,  and  setting  2=0 
yields  for  the  velocity  potential,  to  the  third  power  of  3 at 
the  upper  surface  of  the  wing,  in  the  purely  supersonic 
region : 

Va/s+dfs)'  (18) 

where 


/3=|(a:-2xo)— ^(x— 3xo)-|^|^2(2/3H3)x^(x-4xo) 


(19) 


DERIVATION  OF  ^ND  ^7*3^ 


In  order  to  satisfy  the  boundary-value  problem  in  regions 
of  mixed  supersonic  flow  it  is  convenient  to  start  with  the 
potential  of  a moving  doublet.  Then,  for  a given  order  of 
the  frequency  of  oscillation,  this  potential,  as  will  be  shown 
in  the  following  analysis,  can.  be  modified  so  that  when 
integrated  over  the  appropriate  region  the  results  will  satisfy, 
as  in  the  pureh’^  supersonic  case,  the  differential  equation  to 
the  given  order  of  the  frequency  and  wUl  satisfy  the  condi- 
tion of  tangential  flow  exactly.  The  potential  of  the  type  of 
doublet  required  may  be  obtained  by  partial  differentiation 
of  the  potential  of  a moving  source  (see  integrand  of  equation 
(17))  with  respect  to  the  direction  normal  to  the  plane  of  the 
wing,  namely 

^ ^+^02^?+  « • ♦ 

( (a„  ■ • •)+ 

. . . + r (a„i  . . .)+.  . .] 

(20) 

Examination  of  equation  (20),  like  equation  (17),  shows 
that  the  coeflScient  of  each  power  of  | satisfies  the  differential 
equation  and,  since  the  differential  equation  is  linear,  it  is 
permissible  in  synthesizing  the  solution  to  the  boundary- 


t Although  the  derivation  of  these  potentials  in  NAG  A TN  2064  led  to  correct  results,  the 
procedure  followed  therein  is  based  on  erroneous  arguments.  The  present  procedure  is 
correct  and  general. 


value  problem  to  weight  these  coefficients  separately. 
Furthermore  the  coefficient  of  each  power  of  f consists  of  a 
term  that  has  the  form  of  a stead\^-state  doublet  potential, 
name!}' 

c. 

plus  a series  of  other  terms  involving  various  powers  of  R, 
In  the  following  analysis,  attention  is  first  directed  to  the 
treatment  of  the  first  term  of  the  coefficient  f”,  (expression 
(21)).  The  other  terms  will  be  treated  subsequently.  « 
Expression  (21)  has  the  form  that  in  stead}^  flow  is  con- 
venient for  treating  the  (antis^onmetric)  problem  of  satis- 
fying the  condition  of  tangential  flow  for  a distribution  of 
normal  velocity  prescribed,  at  the  ^vmg  surface,  independent 
of  y but  proportional  to  x”;  that  is,  a weight  or  distribution 
function  Dnii^n)  can  be  determined  so  that 

J dv  = TX’'  n=(0,l,2,  . . .)  (22) 

where  the  region  of  integration  r is  the  portion  of  the  wing 
situated  in  the  fore  cone  emanating  from  the  field  point 
(Xyi/jZ)  (shown  in  fig.  2(b)  for  the  rectangular  wing  with 
2 = 0). 

The  distribution  function  for  rectangular  wings  may  be 
easily  determined  when  Z>o,  the  distribution  function  for  this 
wing  at  constant  angle  of  attack  in  steady  supersonic  flow,  is 
known.  The  expression  for  Dq  is  derived  in  reference  1 and 
found  to  be 

i>o=|I^Vi3>?(|— ^J?)+|sin-'^^J  (23) 

From  tliis  expression  and  equation  (22)  it  follows  by  direct 
substitution  and  reduction  that 

(24) 

With  Dn  known  so  that  equation  (22)  is  satisfied  it  may  be 
demonstrated,  with  use  of  identity  (16),  that  these  “doublet- 
type’ ' terms  alone  satisfy  the  condition  of  tangential  flow. 
For  example,  let  it  be  required  to  satisfy  this  condition  for 
vertical  translations;  then, 

^ T js,  y 

=A(aoi+xau+  . . . +x"a„,)=A 
The  next  step  in  the  analysis  is  to  consider  terms  of  the  type 

m>l  (25) 

appearing  in  the  coefficients  of  (equation  (20)).  It  is  to  be 
noted  that,  when  the  power  of  c3  to  which  the  potential  is  to  be 
derived  is  chosen,  the  number  of  terms  in  equation  (20)  that 
are  to  be  treated  is  determined  by  the  expressions  that 
contain  c3  to  the  chosen  order  (see  equations  (15)  for  c3  to  the 
third  power). 
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If  the  distribution  function  (equation  (24))  is  intro- 
duced into  equation  (20)  and  the  resulting  equation  is  inte- 
grated over  the  appropriate  region  of  the  rectangle  (fig.  2(b)), 
it  is  found  that  in  the  limit  as  z^O  terms  of  the  type 
given  in  expression  (25)  do  not  contribute  to  the  resulting 
potential,  but  they  do  contribute  to  the  resulting  vertical 
velocity.  Therefore,  since  it  has  been  shown  that  the  doublet- 
type  terms,  taken  alone,  satisfy  the  condition  of  tangential 
flow,  the  distribution  of  vertical  velocity  would  now  contain 
extraneous  terms  that  need  to  be  canceled.  This  canceling 
may  be  achieved  by  what  is  essentiall}^  an  iterative  process: 
the  functions  (equation  (24))  are  used  with  terms  in 
equation  (20)  that  have  the  form  given  in  expression  (25)  to 
calculate  the  velocity  that  is  to  be  canceled;  then,  terms  in- 
volving 1/R  that  may  be  individually  weighted  and  which, 
of  course,  must  satisfy  the  differential  equation  to  the  order 
of  w to  which  the  velocity  potential  is  to  be  derived  are  added 
to  equation  (20);  finally,  by  making  use  of  equation  (22), 
weight  or  distribution  functions  for  these  additional  terms 
may  be  determined  so  as  to  cancel  the  extraneous  velocity. 

This  process  is  illustrated  for  co  to  the  third  power  as 
follows: 

ao2(?Z>i- A)|+a,2  I]  d^dv  (26) 

where  it  is  noted  in  the  integrand  that  two  extra  terms  have 
been  added  to  equation  (20)  to  accomplish  the  desired 
canceling.  Substituting  the  values  of  defined  in 

equations  (11),  (12),  and  (13)  into  equation  (26)  gives  the 
expression  for  the  velocity  potential  at  the  upper  surface  of 
the  wing 

F«[2F,-(2iS+;gi 
^2+2iS(z— a:o)+2^2  (a:**— 2xxo)J  ^2,+ 

[2iS-^  (x-xo)]  ^’3+^2  1)F,|)  (27) 

where  the  terms  are  grouped  convenient!}'  by  the  definition 
of  Fn  in  the  following  integral: 

Fn={  da;  (n=l,2,3,4)  (28) 


(The  functions  given  in  equation  (28),  and  certain 
related  functions  are  of  particular  importance  in  the  remain- 
der of  this  development.  Integrated  values  of  this  function 
for  the  first  few  values  of  n and  expressions  for  related 
functions  needed  later  in  this  anabasis  are  given  in  the 
appendix.) 

Examination  of  equation  (27)  shows  that  along  the  Mach 
line  aj=j3?/,  separating  region  Ti  from  region  N,  the  expression 
reduces  to  the  expression  for  given  in  equation  (18). 

The  corresponding  potentials  for  regions  T2  and  T3  can 
now  be  obtained.  The  potential  4>t^  is  obtained  from  equa- 
tion (27)  by  merely  substituting  25— 2/  for  y in  equation  (28) 
so  that 

= sin"^ ^ dx  (71=1,2,3,4)  (29) 

The  potential  in  region  T3  (that  is  for  1 ^ J./S<2)  is  a simple 
superposition  of  the  potentials  for  regions  N,  Ti,  and  T2,  as 
in  the  steady  case  (see,  for  example,  reference  5),  and  may  be 
written  as 

(30) 

FORCES  AND  MOMENTS 

Two  types  of  force  and  moment  coefficients  are  derived. 
First,  in  order  to  gain  some  insight  into  the  over-aU  effect  of 
aspect  ratio  on  the  forces  and  moments,  expressions  for  total 
force  and  moment  coefficients  are  derived.  Then,  in  order 
to  present  expressions  that  are  more  suitable  for  use  in 
flutter  calculations,  expressions  for  section  force  and  moment 
coefficients  for  any  station  along  the  span  are  derived. 

Total  forces  and  moments. — The  local  pressure  difference 
between  the  upper  and  lower  surfaces  on  the  wing  may  be 
written 

In  order  to  derive  expressions  for  total  forces  and  total 
moments,  it  is  only  necessary  to  consider  the  velocity 
potential  in  two  regions — either  regions  N and  Ti  or  regions 
N and  T2.  Therefore  the  expression  for  the  total  force, 
positive  downward,'  on  the  wing  may  be  written  as 

L'pr^dydx  (32) 

where  is  to  be  calculated  from  equation  (18)  and  the 
integrations  in  the  first  term  are  to  be  extended  over  the 
shaded  portion  of  region  N shown  in  figure  2 (a),  and  where 
is  to  be  calculated  from  equation  (27)  and  the  integra- 
tions in  the  second  term  are  to  be  extended  over  region  Ti. 
(The  integrations  in  the  first  term  are  simple  and  may  be 
performed  by  inspection.  Those  in  the  second  term  may  be 
readily  performed  by  making  use  of  the  relations  given  in 
the  appendix.) 
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After  the  indicated  integi*ations  have  been  performed  and 
all  position  coordinates  involved  have  been  referred  to  the 
chord  2h  (but  the  original  coordinate  s5Tnbols  maintained), 
the  results  can  be  written  as 

P=-8pbWVAe*<“  {Lr+iLi)  + aom+iQ'j  (33) 


where  the  reduced  freq\iency  k is  related  to  co  and  co  by  tlie 
relations 


bo)  6/3^  - 


(34) 


and  where 


— — I Ad^k 

^j^(2-3xo)-^[4(^^+4)(4-5a:,)]|  (38b) 

^1^(2— 3xo)-^e[4(4  + 3^^  + 5xo(3)3‘+3/3^-■4)- 
20/3^a:o-(^H2)]|  (38c) 


^ 1 / 2 + <3^\ 

3/3^  A ) 


U ^ 


M!^(4+fl^)l 

/3*  2Alfi^k 


3^ 


^ [(3/3^+4)+4/3%(2  + /3^)] 


(35a) 

(35b) 


(35c) 


1 

(^^-l-2/3^Xo)  + ^ (5+^H12^%)+ 

XI' -L  (2  + 3/3^20)-^  (8  + 4^^+20rxo+5rxo)] 


2>Ai_^^k 


5^® 


(35d) 


The  quantities  Li  (^=1,  2,  3,  4)  are  the  in-phase  and  out-of- 
phase  components  of  the  total  force  coeflScients,  Lx  and  Lz 
being  the  in-phase  and  L2  and  ^4  being  the  out-of-phase 
components.  It  will  be  noted  that  Lx  and  L2  are  associated 
only  with  vertical  translations  of  the  wing  and  are  inde- 
pendent of  axis-of-rotation  location  Xq,  The  components 
Lz  and  La  are  associated  with  angular  position  and  rotation 
of  the  wing  about  any  axis  x=Xq  and  depend  partly  on  the 
location  of  a^o. 

The  total  moment,  positive  clockwise,  on  the  wing  about 
the  arbitrar}^  axis  of  rotation  x = a:o  is 

MI=  - 2 j (x  — Xo)Apy  dydx  — 2j^j{x  — Xo)Apt^  dy  dx 

(36) 

If  steps  similar  to  those  required  to  obtain  equation  (33) 
are  performed,  there  is  obtained 


(37) 


where 

M;=^'(2-3xo)-g^4(3/3*+l  -4a:o(2+/3^]  (38a) 


iW,=  ^[2(r-l)-3xo(2;8^-l)+6^^a:o-H- 
^,(20  + 4]3^-25xo+40^^2o-60/3^a:o^  + 

^J2O(2  + 0^’)-24a;o(2-3^2-/3O-3O|3W(4  + /3^)]j 

(38d) 

The  quantities  Mi  and  M2  are,  respectively,  the  in-phase  and 
out-of-phase  components  of  total  moment  coefBcients  about 
the  axis  a;=a:o  associated  with  vertical  translations  of  the 
wing;  M3  and  are  the  coiTesponding  components  due  to 
angular  position  and  rotation  of  the  wing  about  x=Xq. 

It  is  of  interest  to  note  in  equations  (35)  and  (38)  that  the 
components  Lx  and  Mi  do  not  involve  the  reduced  frequency 
k.  The  effect  of  frequency  on  these  two  components  comes 
from  terms  involving  the  frequency  to  the  fourth  and  higher 
powers;  but  for  values  of  k thought  likely  to  be  encountered  ‘ 
in  supersonic  flutter  (A:<0.1),  the  contribution  of  these  higher- 
power  terms  to  any  of  the  components  in  equations  (35)  and 
(38)  is,  for  the  most  part,  negligible. 

Section  forces  and  moments. — The  section  forces  and 
moments  at  any  spanwise  station  are  derived  by  integrating 
the  pressure  difference  along  the  chord  for  the  forces  and  the 
pressure  difference  multiplied  by  a moment  arm  for  the 
moments.  Since  the  distribution  over  the  entire  wing  is 
symmetrical  with  regard  to  the  midspan  section,  it  is  only 
necessary  to  derive  expressions  for  the  forces  and  moments 
at  any  station  of  the  half-span  adjacent  to  the  origin.  (See 
figs.  1,  2,  and  3.) 

Under  the  restrictions  previously  stipulated,  two  cases 
that  can  arise  are  considered  (see  fig.  3):  (1)  the  Mach  lines 
from  the  tips  do  not  intersect  on  the  wing  (or  ^/3>2),  and 
(2)  the  Mach  lines  intersect  on  the  wing  but  the  Mach  line 
from  one  tip  does  not  intersect  the  opposite  tip  ahead  of  the 
trailing  edge  (or  l^Afi^2).  Only  the  final  forms  of  the 
section  force  and  moment  equations  are  given.  These 
forms  are  easily  calculated  by  deriving  the  pressure  difference 
for  the  different  regions  from  the  appropriate  velocity 
potential,  making  use  of  figure  3 to  determine  the  limits  of 
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integration  for  the  regions  involved,  and  using  the  relations 
given  in  the  appendix  to  carry  out  the  more  troublesome 
integrations.  The  integrated  expression  for  any  region  can 
then  be  reduced  to  the  forms 

P=-4p6F^^V“'  [^(L.+tX2)+a„(Z3+ii4)]  (39) 

and 

M„=  -4p (Mi+iAQ+ooiM^+iM,)^  (40) 


where  the  position  coordinates  are  referred  to  the  chord 
length  2b. 

The  components  of  force  and  moment  coefficients  for  the 
half-span  adjacent  to  the  origin  are  as  follows: 

Case  1 (see  fig-  3(a)):  For  any  section  between  the  tip 
and  the  point  where  the  Mach  line  intersects  the  trailing 


edge,  or  where  0<y<^,  the  components  of  section  force 
coefficients  are 


I W , M^k 


[(2/32-1)Pj-3/3^P3]| 


(41a) 

(41b) 


j87r[^2F'^'  2xo)Pi 


= , 6^^+3i8^-l 


2(2)3^+ l)a;of  6(3^+5  =“| 

— w — — W~ 


(41c) 


y}(4ici) 


2/3'xo-4j8'2o)P2-6/3X4-3a:o)F3-(l-7/3'-20|8^)P 


where  Fn  {n—\,  2,  3,  4),  given  in  the  appendix,  is  obtained 
from  Fn  (equation  (28))  when  x=2b.  For  any  section 
between  the  point  where  the  Mach  line  intersects  the  trail- 

1 A 

ing  edge  and  the  midspan,  or  where the  compo- 

p 4 

nents  of  section  forces  are : 


pk  ' 

K/3^- 1)- 2/3%]  + -^(5 + |8^+ 1 2|8^Xo)^ 


(42) 


(a)  Mach  lines  from  tips  do  not  intersect  on  wing. 

(b)  Mach  lines  from  tips  intersect  on  wing  but  Mach  line  from  one  tip  does  not  Intersect 

opposite  tip. 

(c)  Mach  lines  from  tips  intersect  on  'wing  and  Mach  line  from  one  tip  intersects  opposite 

tip  at  trailing  edge. 

Figure  3.— Sketch  illustrating  different  Mach  tine  locations  accounted  for  in  analysis. 

The  components  of  section  moment  coefficients  for  case  1 
are  as  follows: 


For  0<?/< 


— 2a;o)F’,  + 2a:o 


2^!+lf 


3/3=*+2 


(43a) 


As  a check  on  the  results  in  equations  (41)  and  (42)  the 
expressions  in  equations  (41)  reduce  to  those  in  equations 

(42)  when  y=^j 


^^^2+6:rof’3- 


4^*+l  § 


f.]j 


i2 


(43b) 
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(6|34+3^2_1)(1  . 

6(l+^")„  5 20^^+21^^+3p“l 

F “ * 3F  U 

(I  [(' 


(43c) 


+ 


^^|^[(4^^-2/3^+l)(l-3a:o+3xo^)+l-3xo^i;'2- 


i2-ixo-hZxo^)F,-^,{8p*+4.0^-l)F,+ 


L(5/3^+3)F*|) 


3/3 


and  fori 


(43d) 


M,=^(2-3xo) 


^ (44) 


1 

M,=^  (1  -2xo)-|^  (3-4a:o) 

Ma=^,  (1 -2x0)-^,  (3  + ^^-4a:o+4/3^x,-8^W) 

^ [4(5  + ^^+5xo(8^-5)-60|3V] 

The  expressions  in  equations  (43)  reduce  to  those  in  equa- 
tions (44)  when?/ =-.  The  expressions  in  equations  (42)  and 

(44)  correspond  to  the  more  exact  two-dimensional  compo- 
nents of  force  and  moment  coefficients  derived  in  reference  4. 
For  values  of  A:<C0.1  these  expressions  ^deld,  for  the  most 
part,  values  that  are  in  good  agreement  with  those  that 
ma}"  be  calculated  from  the  tables  in  reference  4. 

Case  2 (see  fig.  3 (b)):  For  am*  section  between  the  tip 

at  y=0  and  the  point  where  the  Mach  line  from  the  tip  at 

y — 2s  intersects  the  trailing  edge  ^or  where  0 < ?/  ^ 

the  components  of  section  force  coefficients  are  given  by 
equations  (41)  and  the  components  of  section  moment  co- 
efficients, by  equation  (43).  For  an}^  section  between  the 
point  where  the  Mach  line  from  the  tip  at  y = 2s  mtersects 

the  trailing  edge  and  the  midspan  ^or  where 

the  components  of  section  force  coefficients  are 

x,=  - [(  f,  + ( K+  ^2)]+'^!  (45a) 

X2~{^(^i+  ^.)+^[(2/3^-l)(#.+  ^,)-3/3<f3+  ^a)]|- 


X3— ^|^2p  (Xi+^i)  — 2(1— 2xo)(Xi  + ^i)  + 


6/3 


l(3  + /3»)  + 6^^Xo]  j (45c) 

X4=^|i[(2-Xo)(#,  + ^.)-5^  (#2+<^2)]- 


+ 


M^k 
3 /3® 


[ 3(1  -/3"+  2/3«+ 2/3^Xo-4/3%)  (^’3+  - 


• 6/34(4  - 3xo)  (F3+  <?a)  -(1  - 7^^-20n  (F4+ G4)  ] j - 

{^[(/8"-l)-2/3^Xo]+^  (5  + ;8"+12/3^Xo)j  (45d) 

where  Gn  (^=1,  2,  3,  4),  given  in  the  appendix,  is  obtained 
from  Gn  (equation  (29))  when  x — 2b.  The  corresponding 
components  of  section  moment  coefficients  are 

M,  = - 1 Y [(1  _2a:o)  (#,  + ^.) 

(^3+^a)+^3  (2-3x,)|  (46a) 

M3=A|i  [(f^+^,)_4A+^.)]+ 

j^[(2^^-lKl-2xo)(|^^gJ^6xo(f3+g3)- 

^ (A+^.)]}  -[^  (l-2x,)-^  (3-4xo)] 


4^*+: 


(46b) 

3Xo“h  SXq^  / ^ 1 7y 


M,=^^^[(F2+gJ-Xo{f,+G,)]-4^  ^''3^^''°  (x.+g.)+ 
(6|3H3g^-l)(l-2xo)+4/3W(l+2|3^)  + 

(1  -2xo)-^3  K3  + ^^)-4xo(l-0^)-8^%*]  j (46c) 

M4=^(|[(1-Xo)K^.+^i)  Xo{F,+Sj  - 

(^3+^3)]+^ { ^41(4^ -2/3^+  l)(l-3xo+3xo»)+ 
1 - 3xo^l  (f 3+^2)  -(2  -4xo+  3x*^)(f 3+^3)  - 

^(8^‘  + 4^*-l)(f4+^J+^(5^^+3)(f3+^3)|)- 

[2(/3^-1)-3xo(2^“-1)+6/8WH- 


Xq 

6^ 


M^k 


15/3 


^ [4(5  + /3")+5xo(8/3^-5)-60/3*Xo' 


^'1 


(46d) 
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(a)  £i. 

Figure  4,— Components  of  total  force  coefficients  as  functions  of  M^forxo=0.4,  fc  = 0.02,  and 
various  values  of  A. 


For  the  limiting:  condition  of  case  2 — that  is,  when  the 
Mach  line  from  one  tip  intersects  the  opposite  tip  at  the 

trailing  edge,  or  (see  fig.  3(c)) — the  components  of 


section  force  coefficients  are  given  by  equations  (45)  and 
the  corresponding  components  of  moment  coefficients,  by 
equations  (46). 


SOME  PARTICULAR  CALCULATIONS  AND  DISCUSSIONS 


From  the  expressions  for  total  force  and  moment  co- 
efficients (equations  (35)  and  (38),  respectively)  the  over-all 
eflFect  of  aspect  ratio  on  the  magnitude  of  the  forces  and 
moments  can  be  calculated  for  particular  values  of  the 
parameters  M,  k,  Xq,  and  A.  Examination  of  these  equa- 
tions shows  that  varying  some  of  the  parameters  might 
cause  some  terms  in  the  equations  to  vanish  and  to  change 
sign.  For  example,  if  Xq  is  continuously  increased  from  some 
value  less  than  1/2  to  some  value  gi'eaterthan  1/2,  the  first 

terms  in  the  expressions  for  M2  and  M3  vanish  at  Xq—^  and 


A/2 

(b)  U. 

Figure  4.— Continued. 

change  sign  when  Xq  becomes  greater  than  1/2.  In  particular, 
decreasing  the  aspect  ratio  decreases  the  comuonents  ojjorce 
and  moment  coefficients  Li,  L2,  L3,  Mj,  M21  and  M3  but 
increases  the  two  important  components  ^4  and  M4. 

Although  the  effect  of  aspect  ratio  may  change  considerably 
with  only  a small  change  in  any  one  (or  more)  of  the  param- 
eters M,  kj  and  a;©,  some  insight  into  what  the  over-all 
effect  might  be  can  be  gained  from  calculations  of  all  the 
components  of  total  force  and  moment  coefficients  for  various 
values  of  M and  A and  fixed  values  of  the  parameters  k and 
Xq.  Results  of  such  a set  of  calculations  are  presented  in 
figures  4 to  7. 

In  figures  4 and  5 the  components  of  total  force  and 
moment  coefficients  for  various  values  of  A and  for  Xq=0.4 
and  A: =0.02  are  plotted  as  functions  of  M^.  The  curves  in 
these  figures  calculated  for  infinite  aspect  ratio  correspond 
to  the  two-dimensional  results  of  reference  4.  The  dashed 
curves  represent  calculations  for  aspect  ratio  and  Mach 
number  combinations  that  cause  the  Mach  lines  from  one 
tip  to  intersect  the  opposite  tip  at  the  trailing  edge  so  that 
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(C)  il. 

Figure  4.— Continued. 


along  the  dashed  curves  the  aspect  ratio  is  not  constant  but 
varies  with  according  to  the  previously  given  expression 


The  difference,  at  any  value  of  between  the  dashed 
curves  and  the  curves  corresponding  to  infinite  aspect  ratio 
in  figures  4 and  5 is,  therefore,  for  the  chosen  values  of 
k and  a:©,  the  maximum  effect  of  aspect  ratio  on  the  com- 
ponents of  total  force  and  moment  coefficients  for  a rec- 
tangular wing  under  the  restrictions  of  the  foregoing  analysis. 
It  will  be  noted  in  figures  4 and  5 that,  when  the  aspect 
ratio  is  small,  the  deviation  of  the  three-dimensional  results 
from  two-dimensional  results  may  be  quite  large. 

In  figures  6 and  7 the  components  of  the  total  force  and 
moment  coefficients  are  plotted  as  functions  of  aspect  ratio 
for  Xq—OAj  A:=0.02,  and  some  particular  values  of  M.  It 
win  be  noted  in  these  figures  that  all  the  components  of 
force  and  moment  coefficients  imdergo  rapid  changes  with 


(d)  Li. 

Figure  4.— Concluded. 

respect  to  varying  aspect  ratio  when  A becomes  less  than 
4 or  5.  It  may  be  remarked  that  the  directions  of  the  changes 
with  respect  to  aspect  ratio  appear  to  be  such  that  they  would 
have  favorable  effects  on  the  flutter  characteristics  of  a wing. 

The  spanwise  distribution  of  the  components  of  section 
force  and  moment  coefficients  computed  from  equations  (41) 
to  (44)  for  A=4,  a;o=0.4,  k—0.02,  and  M—2  are  plotted 
in  figures  8 and  9.  The  portions  of  the  curves  m these 

figures  corresponding  to  values  of  y in  the  range  ^ 

are  the  two-dimensional  values,  and  the  effect  of  aspect  ratio 

may  be  noted  in  the  tip  regions,  0^7/^^  and  ■ 

as  deviations  from  these  two-dimensional  values. 

In  conclusion,  it  may  be  stated  that,  in  regard  to  the 
effect  of  aspect  ratio  on  supersonic  flutter,  an  important  item 
that  has  not  been  discussed  herein  but  can  be  studied  for  any 
particular  case  with  the  aid  of  equations  (33)  and  (36) 
is  the  change  in  center  of  pressure,  associated  with  prescribed 
motions  of  the  wing,  with  change  in  aspect  ratio.  An 
investigation  to  find  the  effect  that  thickness  might  have 
on  the  center-of-pressure  location  is  also  needed.  An 
extension  of  the  foregoing  analysis  to  include  the  effect  of  an 
aileron  as  an  additional  degree  of  freedom  would  follow 
in  a straightforward  manner. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  January  d,  1950, 
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Figure  8. — Span  wise  distribution  of  components  of  section  force  coefficients  for  2:0= 0.4, 
Jk=0.02,  j\/=2,  and  .4=4. 


Figure  9.— Spanwise  distribution  of  components  of  section  moment  coefficients  forxo=0.4, 
A=0.02,  M=%  and  A=4. 


APPENDIX 


SOME  INTEGRATED  VALUES  OF  F„,  G„,  F„,  G„,  AND  OTHER  RELATED  FUNCTIONS 

Values  of  F„  and  Q„. — The  values  of  the  functions  (equation  (28))  and  G„  (equation  (29))  for  the  first  few  values 
of  n are  as  follows: 

^n=J^  2““‘sin~‘  -ylfiylxdx  (n=l,2,Z, . . .) 

= V/32/(a:  — /3j/) + a:  sin“  ’ 

^lfiy{x—Py)+Y  sin-'  V/Sy/a: 
p Zx^+4fiyx  + SfiY  ^ 

E,  5a:*+6^yx^+8/3Va:+16|3V  /„  / , x*  . lyr-r 

f'4= ^ ^lPy(x-fiy)+-^sm  '^Ifiy/x 


F.= 


35x^-|-40j32/x^+48j3^y^a;^+64j8ya;  +128 


1575 


^,lpy{x  — fiy)+—sin  ^-y/^ylx 


^ X 3,  . . . ) 

Gi  = Vi8(2s— y)  [x  — /3(25  — y)]  + X sin-1 
^^^x  + 2^^s — 1^)  ^p^2s  — y)  [x—p{2s  — y)]  +|-  sin”'  ^ 

^^^M!+4^x(2.-,H8m-.)-  V^(2.-,)[.-,(2.-,)]+|sin 


/3(2s— y) 


6^4  = 


_5x^+6x^l3(2g  — y)  + 8a:  j8^(2^— 2/^+1 6j8^(2^  — y)^ 


140 


in-'  -y/ 

a//3(2 s - 2/)  [2:  — ;8(2s  — y)]+^  sin- ' 


^_Z5x^+40x^ms-y)+48x^P%2s-^  ^^^2s-y)[x~K2s-y)]+^  sin-' 

1575  ' 5 V a: 

Values  of  I’b  and  — The  following  expressions  define  the  functions  F„  and  d„  appearing  in  equations  (41),  (43), 
(45),  and  (46)  in  the  body  of  the  report.  In  these  expressions  the' variable  y has  been  referred  to  the  chord  26;  that  is 

y/2b  has  been  replaced  bj^  y and  in  the  expressions  for  0^  the  ratio  s/6  has  been  replaced  by  A: 

F^=^/fiy{l—fiy)+sm-^^f^ 

^2=^~^g  V/3l/(l— /32/)+^sin-‘  sl^y 

=^=3  , y y|3y(i_j8y)^.isin->^/;^ 

-p..tm>±M£±mv  ^Jgx=m+\^in-,fry 

^^_35J:40»v  + 48W64^^^^ 
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(?,=  V/3(^— 2/)[l  — /3(^— y)]+sin  ' -^l^iA—y) 

g_Z  + 4KA-y)+snA-y)’  8i„-i 

g__5  + 6^(4-y)+8^-(^-vy+ieW^-rt.  v,(A-v)[l-WA-,)|+isin-S/^^ 

g^_Zo  + miA-ynm%A-yy+,mA-yf^^^^  4^^} 

Some  integral  relations  for  F„  and  6„. — Some  pertinent  integral  relations  for  F„  are  as  follows: 


F„dx=xF„  — Fn^ 


xFndx=^  (x^Fn  — F„+2) 


X^F„dx  = -;^  (x^Fn  — Fn+s) 


J\x-Xo)F„dx=^^—^  F„  + XoF„+,-^  Fn+2 


{x—XofF„ 


j ^ SXqX  “h  3Xq  ^jji  ^23?  I.^T?  ^ T? 

dX — ^ -Trt  ^ n + 1 I ^0^  w+2  0 ^ n+3 


Corresponding  integral  relations  for  Gn  may  be  obtained  from  these  relations  by  simply  replacing  F by  G, 

Integral  relations  for  P„. — Integral  relations  for  that  may  be  used  in  calculating  total  forces  and  moments  from 
sectional  forces  and  moments  are  as  follows: 


2h 

% 

C" 

Fdy= 

II 

h 7T 

26 

f. 

F2dy= 

"3^ 

— 

5 6 7T 

26 

1. 

Fidy  = 

26 

ft. 

fl//3 

— 

3 6 7T 

f. 

Fidy  = 

"20/3 

— 

7 6 7T 

26 

1. 

Ftdy  = 

"60(8 
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COMPRESSIVE  STRENGTH  OF  FLANGES  ' 


By  Elbridce  Z.  Stowell 


SUMMARY 

The  maximum  coinpressive  stress  cairied  by  a hinged  flange 
is  computed  Jrom  a dejormation  theory  of  plasticity  combined 
with  the  theory  for  finite  deflections  for  this  structure.  The  com- 
puted stresses  agree  well  with  those  found  experimentally. 
Empirical  observation  indicates  that  the  results  will  also  apply 
fairly  well  to  the  more  commonly  used  flanges  which  are  not 
h%nged* 

INTRODUCTION 

Ordinarily  the  ability  of  columns  and  plates  to  carry 
additional  load  does  not  entirely  cease  when  they  buckle. 

If  the  load  is  increased  suflSciently  beyond  the  buckling 
load,  they  will  ultimately  refuse  to  carry  more  load,  with 
subsequent  permanent  distortion.  In  the  case  of  columns, 
the  maximum  load  is  not  far  above  the  buckling  load  (see 
reference  1) ; in  the  case  of  plates,  there  may  be  a consider- 
able spread  between  the  two  loads. 

The  first  essential  requirement  for  the  solution  of  the 
problem  of  maximum  load  is  the  existence  of  a finite- 
deflection  theory  for  the  behavior  of  the  structure.  Maximum 
load  always  occurs  at  some  finite  deflection  or  distortion 
beyond  the  buckling  load.  The  problem  of  the  load  for  a 
given  distortion  is  thus  nonhnear  even  without  the  intro- 
duction of  plasticity.  Few  such  solutions  exist  for  post- 
buckhng  behavior  of  structures  even  in  the  elastic  region. 

The  second  essential  requirement  for  computation  of 
maximum  load  is  the  abihty  to  describe  the  nonlinear  be- 
havior of  the  structure  that  results  from  plasticity  of  the 
material.  Neither  columns  nor  plates  would  ever  possess 
a maximum  load  in  compression,  if  the  material  of  which  the 
structure  was  made  obeyed  Hookers  law  at  all  times,  al- 
though they  might  be  tremendously  distorted.  In  such  a 
structure  it  would  always  be  possible  to  add  still  another 
increment  of  load,  which  would  result  in  still  another  incre- 
ment of  distortion.  The  question  of  a maximum  load  must 
therefore  be  directly  hnked  with  the  failure  of  the  material 
to  obey  Hookers  law — that  is,  \vith  the  plasticity  of  the 
material  and  the  nonhnear  behavior  of  the  structure  which 
results  from  that  plasticity. 

For  the  calculation  of  the  maximum  load  carried  by  a 
buckled  structure,  these  two  essential  but  difiicult  require- 
ments must  be  met.  This  report  treats  the  maximum  com- 
pressive strength  of  a simple,  plate  structure  for  which  the 
effects  of  both  types  of  nonlinearity  can  be  found — that  is, 
the  compressed  flange  hinged  along  one  side  edge. 

1 Supersedes  NAG  A TN  2020.  “Compressive  Strength  of  Flanges”  by  Elbridge  Z.  Stowell,  1950. 


The  maximum  load  carried  by  a long  liinged  flange  is 
computed  as  follows:  The  strain  distribution  across  the 
flange  at  any  angle  of  twist  is  found  from  knowledge  of  non- 
linearity due  to  finite  deflection.  This  elastic  strain  dis- 
tribution is  assumed  to  persist  into  the  plastic  region.  This 
strain  distribution  is  transformed,  with  the  aid  of  knowledge 
of  nonlinearity  due  to  plasticity,  into  a stress  distribution 
by  means  of  some  appropriate  stress-strain  relation.  The 
load  carried  by  the  flange  at  the  particular  twist  is  then 
obtained  by  integrating  the  stress  distribution  across  the 
flange.  The  load  is  then  investigated  to  see  if  it  has  a 
maximum  value  as  the  twist  increases;  the  maximum  load 
should  correspond  with  the  experimentally  observed  maxi- 
mum load. 

Experimental  data  on  the  behavior  of  hinged  flanges  have 
been  obtained  in  the  Langley  Structures  Research  Division 
by  the  methods  of  reference  2.  These  data  are  used  in  the 
present  report  for  comparison  mth  theoretical  relations. 

The  theoretical  treatment  of  the  behavior  of  a hinged 
flange  commences  in  the  next  section  with  a discussion  of  the 
effects  due  to  finite  deflections.  Details  of  the  theoretical 
calculations  are  presented  in  two  appendixes. 


NONLINEAR  BEHAVIOR  DUE  TO  FINITE  DEFLECTION 


Theoretical  strain  relations. — flange  of  length  Z,  width 
6,  and  thickness  t is  shown  in  figure  1 together  with  the 
coordinate  system.  The  flange  is  hinged  along  the  line  z—0 
and  has  a free  edge  along  the  line  z=b.  Compression  is 
applied  longitudinally. 

The  load  is  apphed  uniformly  at  first.  The  theory  of 
appendix  A shows  that,  for  strains  below  a certain  critical 
strain  the  flange  will  shorten  without  twisting.  The 
critical  strain  €er  at  which  twisting  begins  is  shown  to  be 


(tlbf  ,1A^Y 
2{l  + ^y3\Lj 


(1) 


where  y,  is  Poisson^s  ratio. 

As  the  load  is  increased  beyond  that  required  to  start 
t^visting,  both  the  middle-surface  strain  and  the  stress  dis- 
tribution across  the  flange  width  become  nonuniform,  larger 
than  the  average  at  the  hinge,  less  than  the  average  at  the 
free  edge.  The  middle-surface  strain  at  any  point  {x^z)  of 
the  flange  is  shown  by  the  theor}^  of  appendix  A to  be 


{tjby  5 

r 1 o • 


2(1+m)  12^24  1+F 


0-4) 


sn' 


■(^) 


(2a) 


ceding  Pag6  Blank 
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in  which  is  a parameter  l}hng  •between  0 and  1 which 
specifies  the  amount  of  twist, 

da 

Jo  Vl— sin^  a 

is  the  complete  elhptic  integral  of  the  first  kind,  and 

The  average  middle-surface  strain  eap  in  the  elastic  range  is 
the  average  stress  divided  by  the  elastic  modulus  E. 


(c) 


(a)  Without  distortion.  (b)  With  large  distortion. 

(c)  Enlargement  of  section  aac'c. 

Figure  l.“Cniciform  section,  consisting  of  four  identical  flanges,  before  and  after  buckling. 
Coordinate  system  is  shown  on  one  flange. 


Thus,  if  a value  is  assigned  to  F (a  certain  amount  of 
twist),  both  the  quantities  K and  are  determined;  the 
strain  at  any  point  {x,z)  ma}^  then  be  computed. 

Equation  (2a)  may  be  simplified  as  shown  in  appendix  A 
to  the  following  expression  which  holds  over  the  essentially 
straight  part  of  the  flange: 

(^ap  ^cr)  ^ (^6) 

Theory  also  shows  that  over  most  of  the  flange  length 
(except  at  the  middle  and  extreme  ends)  the  relation  between 
the  middle-surface  strain  at  the  hinge  €*,  the  average  middle- 
surface  strain  over  the  width  of  the  flange  €«„,  and  the  critical 
strain  €cr  is 

_4  5 

^av — g g'  ^cr  (3) 


and  the  rotation  at  the  middle  of  the  flange  is 


4>max — Vfi  1 cosh  ^ . 

0 ^n-k^ 


or  approximately 


0wax=l-37  V^ap  — €cr-”1.55 


(4  a) 
(4b) 


Relations  (1),  (2),  (3),  and  (4)  are  susceptible  to  experimental 
check,  and  the  following  section  describes  the  results  of 
experiments  designed  to  test  these  relations. 

Experimental  check  of  strain  relations. — The  hinged 
flange  shown  in  figure  1 was  realized  experimentally  by  the 
cruciform  column  shown  under  test  in  figure  2.  The  cruci- 
form column  has  four  identical  flanges  which,  if  equally 
loaded,  will  twist  at  the  same  time  without  restraint  to  each 
other;  thus  the  condition  of  zero  restraint  against  rotation  is 
fulfilled.  The  columns  were  all  sufficiently  short  to  cause 
them  to  buckle  by  twisting  rather  than  by  Euler  bending. 

The  tests  included  measurement  of  the  stress-strain  curve 
for  the  material  from  which  the  different  groups  of  specimens 
were  made,  determination  of  the  buckling  and  maximum  load 
for  each  specimen,  a study  of  the  strain  distribution  across 
the  flanges  of  two  specimens,  and  a measureihent  of  rotation 
of^each  specimen  at  the  middle. 

Results  of  the  buckling-load  measurements  and  their  con- 
nection with  the  stress-strain  curves  for  the  specimens  were 
given  in  reference  3 and  are  shown  in  figure  3 of  this  report 
where  the  buckling  stress  is  plotted  against  the  calculated 
elastic  buckling  strain.  Because  the  experimental  points 
follow  along  the  stress-strain  curve,  the  proper  reduced 
modulus  for  pure  twisting  in  the  plastic  range  is  concluded 
to  be  the  secant  modulus,  which  agrees  with  the  theoretical 
value  of  reference  3. 

The  relation  between  the  computed  and  experimental 
middle-surface  strain  distribution  over  the  width  of  the 
flange  for  one  specimen  at  the  quarter  height  for  a number 
of  different  loads  is  shown  in  figure  4.  The  highest  average 
stresses  exceeded  the  proportional  limit  of  the  material. 
The  measured  strains  for  the  four  flanges  were  averaged 
to  give  the  points  shown  in  the  figure.  These  average  strains 
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were  somewhat  larger  than  the  ratio  of  average  stress  to  E 
at  the  very  highest  loads  where  plasticity  reduced  the  aver- 
age effective  modulus.  From  the  experimentally  observed 
average  strain  across  the  flange  at  each  load  and  the  critical 
strain  at  which  buckling  began,  the  corresponding  theoretical 
strain  distributions  were  computed  from  equation  (2b)  and 
are  presented  as  the  curves  in  figure  4.  This  calculated 
strain  distribution  agrees  fairly  well  with  that  observed 
experimentally. 


Figure  2.— Buckling  of  a cruciform  section  in  compression. 


Figure  3.— Experimental  values  of  the  buckling  stress  for  cruciform  section  columns  of 
2IS-T4  extruded  aluminum  alloy  compared  with  the  compressive  stre55s-strain  curve  for 
that  material. 


The  relation  between  average  strain,  corner  strain,  and 
critical  strain  given  by  equation  (3)  was  investigated  experi- 
mentally. From  measurement  of  the  strain  in  two  opposite 
flanges  of  one  buckled  specimen,  averages  were  taken  to 
give  mean  values  of  Cac  and  €*.  The  critical  strain  was 
also  accurately  known.  Figure  5 shows  the  theoretical  rela- 
tion of  equation  (3)  compared  with  the  averaged  experi- 
mental points.  The  agreement  is  good.  The  strain 
ceases  to  be  elastic  at  a value  of  0.0025,  so  that  both  the 
curve  and  the  points  extend  well  into  the  plastic  region. 
The  persistence  of  the  agreement  between  equation  (3)  and 
the  experimental  points  up  to  the  highest  strains  indicates 
that,  even  though  equation  (3)  was  derived  on  an  elastic 
basis,  it  is  a good  approximation  in  the  plastic  region  also. 

Figure  6 compares  the  theoretical  rotation  of  three  cruci- 
form specimens  of  widely  different  lengths  with  the  meas- 
ured rotations.  The  ordinate  in  figure  6 is  the  shortening 
5/Z,  which  is  the  hinge  strain  €*.  Rotation  was  measured 
by  a pointer  attached  to  the  flange  and  moving  past  a 
circular  scale.  Equation  (4b)  was  used  to  compute  the 
theoretical  rotations.  The  agreement  between  theory  and 
experiment  is  good  in  this  case  also. 

NONLINEAR  BEHAVIOR  DUE  TO  PLASTICITY  OF  THE 
MATERIAL 


The  material  of  the  flanges  (24S-T  aluminum  alloy)  is 
defined  by  the  stress-strain  curve  of  figure  3.  The  figure 
shows  that  above  25  ksi  the  material  starts  to  depart  from 


Figure  4.— Theoretical  middle-surface  strain  distribution  across  a hinged  flange  at  the 
quarter-length  station  along  a cruciform-section  column  compared  with  experiment. 
(Experimental  values  are  average  for  the  four  flanges;  c«r =0.0016.) 
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5x/(9-3 


Figure  5.— Theoretical  middle-surface  strain  relation  between  <o,,  and  «er  for  a hinged 
flange  compared  with  experiment. 

purely  elastic  behavior  and  beconaes  partly  plastic.  As  a 
result  of  this  plasticity,  the  flanges  exhibit  nonlinear  behavior 
above  about  25  ksi. 

The  most  elementary  consequence  of  the  plastic  nonlinear 
behavior  is  the  substitution  of  £*860  foi*  E in  the  formula  for 
critical  stress  which,  for  a hinged  flange,  is  (reference  3) 

<Tcr~E^pf>€cr  (5) 

Another  consequence  of  the  nonlinear  behavior  due  to 
plasticity  is  the  existence  of  a maximum  load.  Experi- 
mentally, as  the  load  is  increased  more  and  more,  the  twist 
of  the  flange  will  increase  until  a value  of  load  is  reached  at 
which  the  flange  ceases  to  carry  more  load ; this  value  is  the 
maximum  load.  As  was  pointed  out  in  the  introduction, 
if  the  material  of  the  flange  obeyed  Hooke’s  law  strictly 
at  all  times,  the  rotation  of  the  flange  would  increase 
indefinitely  with  increase  in  load.  The  existence  of  a maxi- 
mum load  is  therefore  directl}^  attributable  to  plasticity 
of  the  material. 

As  the  structure  twists  more  and  more  beyond  the  buck- 
ling load,  greater  and  greater  shear  strains  are  setup  through 
the  thickness  of  the  flange.  The  shear  strains  are  zero  at 
the  middle  surface  and  have  opposite  signs  at  the  faces. 
These  shear  strains  will  combine  with  the  compressive 
strain  already  present  to  form  a strain  intensity;  at  a point 
where  the  compressive  strain  is  and  the  shear  strain  is  7, 

the  strain  intensity  is  . (In  order  not  to  have  to 

consider  variations  of  7 through  the  thickness,  a mean  value 
of  7^  is  used.)  According  to  the  deformation  theory  of 


7x/0~3 


Figure  6.— Relation  between  the  shortening  BjL  and  the  rotation  of  a hinged  flange  com- 
pared with  experiment.  ^=12. 

plasticity  used  herein  (reference  3),  the  value  of  Cf  at  any 
stage  of  deformation  determines  the  reduced  modulus  of  the 
material  at  that  stage. 

Since  the  maximum  load  always  occurs  at  a finite  rotation 
of  the  flange,  the  two  effects  of  nonlinearity  must  be  combined 
in  order  to  account  for  the  maximum  load.  Such  a com- 
bination is  effected  in  appendix  B and  the  results  are  given 
in  the  following  section. 

MAXIMUM  LOAD  OF  A FLANGE 

It  is  shown  in  appendix  B how  the  maximum  load  on  a 
hinged  flange  may  be  computed  from  the  dimensions  of  the 
flange  and  the  stress-strain  curve  for  the  material. 

The  middle-surface  strain  distribution  across  the  flange 
is  given  by  equation  (2a) . In  addition  to  these  strains  which 
arise  directly  from  the  compressive  load,  there  are  also 
shear  strains  in  the  flange  due  to  its  twist.  These  shear 
strains  become  as  large  as  two-thirds  of  the  compressive 
strains  upon  which  they  are  superposed.  Although,  strictly 
speaking,  the  deformation  theory  of  plasticity  has  only  been 
shown  to  hold  for  simple  loading  (reference  4),  its  validity  is 
also  assumed  herein  for  complex  loading.  The  square  of 
the  compressive  strains  and  the  mean  square  of  the  shear 
strains  were  added  in  the  proper  manner  to  give  a strain 
intensity.  (The  highly  localized  effects  of  bending  at  the 
middle  and  ends  have  been  neglected.)  From  the  com- 
pressive stress-strain  curve  for  the  material  the  value  of  the 
secant  modulus  £gec  'vas  read  at  this  strain  intensity.  For 
increasing  strain  intensities  the  compressive  stress  a at 
any  point  across  the  width  of  the  flange  is  then  simply 
£sec  times  the  compressive  strain  at  the  point.  Near  the 
free  edge  the  strain  intensity  decreases;  in  such  a case,  the 
elastic  modulus  E is  used  to  compute  the  corresponding 
stress  reduction.  The  average  stress  (Tav  across  the  flange 
is  then 


The  value  of  Cav  is  computed  for  a number  of  different  twists 
until  a maximum  average  stress  (r^ax  is  found. 
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Figure  7 shows  the  results  plotted  in  a nondimensional 
form  similar  to  that  employed  in  reference  2.  The  param- 
eters used  have  some  theoretical  justification  and  have  the 
effect  of  making  the  information  given  b}-  the  plot  largel}^ 
independent  of  the  material.  The  agreement  between  the 
computed  curve  and  the  experimental  points  for  cruciform- 
section  columns  is  satisfactoiy. 

The  fact  that  maximum  loads  may  be  computed  in  this 
case  soleh"  on  the  basis  of  deformation  theory  suggests  that 
the  theory  is  sufficienth-  accurate  when  the  stress  state 
changes  from  pure  compression  to  combined  compression 
and  shear,  for  shear  strains  up  to  two-thirds  of  the  largest 
compressive  strains. 

An  interesting  side  light  on  this  computation  is  revealed 
by  the  values  of  stress  intensity  at  the  supported  edge  when 
the  load  is  a maximum.  The  stress  intensity  for  eight  widely 
different  cruciforms  is  a constant,  to  about  1 percent,  equal 
to  about  47  ksi.  (See  table  1.)  This  value  is  close  to  the 
yield  stress  for  the  material  (46  ksi). 

When  the  flanges  are  present  in  actual  structures,  they 
are  generalh^  connected  to  other  members  which  offer  a 
certain  elastic  restraint  against  rotation  along  the  supported 
edge.  The  question  arises  as  to  what  effect  this  connection 
has  upon  the  calculations  based  on  the  assumption  of  a 
hinge  connection.  The  elastic  restraint  along  the  supported 
edge  will  have  two  major  effects:  The  critical  strain  will  be 
appreciably  raised  and  the  effective  length  L of  the  buckles 
will  be  appreciably  shortened.  A necessary  consequence  is 
that  the  rotation  (which  is  proportional  to  L)  is  reduced 


Figure  7.— Comparison  of  theoretical  curve  for  the  maximum  strength  of  24S-T4  aluminum 
alloy  cruciforms  with  test  results.  Compressive  yield  stress  o-e»  = 46  ksi.  (Experimental 
values  for  H-sections  of  various  aluminum  alloys  have  been  added  for  comparison  with 
the  theoretical  curve.) 


and,  therefore,  is  more  nearh’^  of  the  shape  of  a circular  sine 
along  the  length  of  the  flange  than  it  would  be  when  a hinge 
is  present  along  the  joint.  A third  effect  is  the  introduction 
of  a slight  ciHvature  across  the  width  of  the  flange.  When 
the  revised  critical  strain  and  the  revised  length  are  inserted 
into  the  formulas  of  appendLx  A,  which  were  derived  for  a 
flange  supported  along  a hinge,  it  is  found  that  the  rotation 
and  the  strain  relations  ma3^  still  be  accurateh-  predicted 
for  flanges  with  restraint  along  the  supported  edge.  Such 
a result  seems  to  indicate  that  the  small  amoimt  of  trans- 
verse curvature  introduced  b}"'  the  restraint  does  not  have 
an  important  effect  on  the  formulas. 

In  view  of  the  fact  that  the  theory  of  appendix  A applies 
fahh’  well  to  flanges  with  restrained  edges,  it  might  be 
expected  that  the  maximum  strength,  also,  might  be  given 
hy  the  same  theor3^  Experiment  shows  that  such  is  the 
case;  the  values  of  maximum  strength  for  H-sections  are 
included  in  the  experimental  points  showm  in  figure  7 and 
the  points  intermingle  with  the  cruciform  points  such  that 
one  set  cannot  be  distinguished  from  the  other.  The 
theoiy  of  this  report  may  then  be  said  to  apph^  approximately 
to  flanges  with  elastic  restraint  along  one  side  edge  as  well 
as  to  flanges  without  elastic  restraint. 

CAUSE  OF  MAXIMUM  LOAD 

Maximum  load  occurs  when  it  is  no  longer  possible  for  the 
stress,  on  the  average,  to  grow  with  increasing  strain.  The 
natural  tendenc}^  for  the  stress  to  grow  is  defeated  b}^  the 
decrease  in  effective  modulus. 

In  order  to  illustrate  this  effect  graphically,  figures  8(a) 
and  8(b)  have  been  prepared.  These  figures  illustrate  the 
calculated  strain  and  stress  distributions  across  a hinged 

flange  of  24S-T4  aluminum  alloy  and  of  proportions  ^ = 14 

and  ^=12.  These  distributions  hold  over  the  greater  part 
0 

of  the  flange  where  the  bending  is  negligible.  Up  to  the 
critical  strain  of  0.002  and  the  critical  stress  of  21.5  psi,  the 
distributions  are  uniform.  As  the  load  is  increased  beyond 
the  critical  value,  the  distributions  become  more  and  more 
nonuniform  as  a result  of  twisting  of  the  flange.  With  in- 
creasing load,  the  strain  increases  faster  at  the  hinge  than  at 
the  middle  of  the  flange  as  shown  in  figure  8(a).  For  a time, 
the  corresponding  stress  also  increases  faster  at  the  hinge 
than  at  the  middle  of  the  flange,  as  shown  in  figui*e  8(b). 
Eventually,  however,  the  strain  intensity  at  the  hinge 
(averaged  over  the  thickness)  becomes  so  large  that  the 
modulus  is  greatly  reduced.  When  that  occurs,  the  stress  at 
the  hinge  line  ceases  to  grow  with  increase  in  strain  and  even 

TABLE  1.— SHOWING  CONSTANCY  OF  STRESS  INTENSITY 
AT  HINGE  LINE  AT  MAXIMUM  LOAD 


Specimen 

At  failure 

b/t 

Ljb 

ffmax 

<Ti 

(ksi) 

(ksi) 

(ksi) 

8 

12 

45.9 

45.7 

46.6 

9 

18 

40.6 

40.0 

45. 9 

10 

4 

44.8 

44.0 

47. 5. 

10 

10 

37.6 

38.0 

47.5 

11 

10 

33.4 

36.2 

47.1 

12 

4 

37.3 

39.2 

46.6 

13 

10 

25-8 

31.5 

48.2 

14 

12 

21.  7 

31.3 

48.2 
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(a)  Strain  distribution. 

Figure  8. — Theoretical  middle-surface  strain  and  stress  distribution  across 

starts  to  decrease  (see  fig.  8(b)).  The  maximum  area  under 
the  stress  curve,  and  therefore  the  maximum  load,  occurs 
just  as  the  hinge  stress  starts  to  recede. 

CONCLUSIONS 

A theoretical  analysis  of  the  compressive  strength  of 
flangies,  based  on  a deformation  theor}^  of  plasticity  combined 
with  the  theor}^  for  finite  deflections  for  this  structure,  and 
comparison  with  experimental  data  lead  to  the  following 
conclusions: 

1.  The  maximum  load  for  a flange  under  compression  and 
hinged  along  one  edge  may  be  accurately  computed  from  the 
dimensions  of  the  flange  and  the  compressive  stress-strain 
curve  for  the  material. 

2.  Maximum  load  occurs  when,  because  of  the  onset  of 
plasticity,  the  effective  modulus  has  been  reduced  to  such  a 
low  value  that  it  is  no  longer  possible  for  the  average  stress 
to  increase  with  increasing  strain.  Failure  is  not  a local 


(b)  Stress  distribution. 

flange  at  the  quarter-length  station  along  a typical  cruciform.  ^=14;  ^ =12. 

t 0 

phenomenon  but  is  an  integrated  effect  over  the  cross  section 
of  the  flange. 

3.  For  a wide  variety  of  cruciform  sections,  the  stress  in- 
tensity (averaged  over  the  thickness)  along  the  hinge  line  at 
maximum  load  is  a constant  to  about  1 percent.  This  value 
of  stress  intensity  is  ver}^  close  to  the  yield  stress  for  the 
material. 

4.  The  fact  that  maximum  loads  ma3^  be  computed  in  this 
case  suggests  that  the  deformation  theory  of  plasticity  is 
sufficiently  accurate  when  the  stress  state  changes  from  com- 
pression to  combined  compression  and  shear  in  the  case  when 
the  shear  strains  are  less  than  about  two-thirds  of  the  com- 
pressive strains. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  December  9,  1949. 


APPENDIX  A 


FINITE  DEFLECTION  THEORY  FOR  A HINGED  FLANGE  UNDER  COMPRESSION 


ELLIPTIC-FUNCTION  SOLUTION 

The  coordinate  S}'Stem  and  dimensions  of  the  hinged  flange 
(one-fourth  of  a cruciform-section  column)  are  shown  in 
figure  1 (a);  the  form  of  the  distorted  shape  is  shown  in  figure 
1 (b).  The  fundamental  hypothesis  of  the  calculation  is 
that  at  any  section  2 = Constant  there  is  no  curvature  of  the 
flange  in  the  direction  of  2.  The  correctness  of  this  hypothe- 
sis is  amply  borne  out  by  tests  on  the  flanges  while  under 
twist.  With  this  assumption  it  becomes  possible  to  avoid  a 
formalized  plate  treatment  of  the  problem. 

For  infinitesimal  rotations,  the  differential  equation  of 
equilibrium  for  a column  under  the  simultaneous  action  of  a 
compressive  stress  a and  torque  Thas  been  shown  b}^  Wagner 
(reference  5)  to  be 


(W-./,)g-BO„g-r  (Al) 

where 

GJ^ 

dx 

St.  Venant  component  of  internal  resisting 
torque 

T d(t> 

component  of  internal  torque  due  to  applica- 
tion of  compressive  force.  (This  component 
is  not  a resisting  torque  but  aids  the  applied 
torque  T in  twisting  the  column;  its  sign  is 
therefore  negative.) 

jrri 

~ dx^ 

component  of  internal  resisting  torque  due  to 
bending  of  column  as  it  twists 

For  the  case  in  which  the  applied  torque  T is  zero,  such 
as  for  a compressed  hinged  flange,  equation  (Al)  becomes 


(A2) 

As  previously  mentioned,  equations  (Al)  and  (A2)  are 
limited  to  infinitesimal  rotations  and  thus  cannot  be  used  to 
determine  the  behavior  of  a column  above  the  buckling  load 
where  rotations  may  become  large. 

In  order  to  investigate  the  behavior  of  a compressed  hinged 
flange  above  buckling,  a theory  which  permits  the  calculation 
of  the  large  deformations  which  may  occur  after  buckling 
must  be  employed.  The  differential  equation  (A2)  must 
therefore  be  amended  to  include  the  effects  which  appear  at 
finite  values  of  the  rotation  4*. 


DERIVATION  OF  THE  BASIC  DIFFERENTIAL  EQUATION  FOR 
FINITE  ROTATIONS 


The  effects  of  finite  rotation  involve  the  changes  in  the 
middle-surface  strain  that  occur  after  buckling.  As  the 
plate  twists,  the  longitudinal  fibers  will  be  inclined  at  a small 
angle  to  the  hinge  line  as  shown  in  figure  1 (b).  As  a result, 
the  longitudinal  fibers  are  stretched  in  varying  amounts  and 
the  horizontal  components  of  the  forces  along  the  fibers  pro- 
duce a torque  which  resists  twisting  of  the  plate.  The  re- 
sisting torque  increases  very  rapidly  with  twisting  of  the 
plate,  which  thus  becomes  progressively  stiffer.  The  rapid 
increase  of  stiffness  with  rotation  provides  the  required 
mechanism  for  maintaining  the  rotation  at  a finite  value. 

Stretching  of  middle -surface  fibers  after  buckling. — A 
short  section  of  the  plate  as  shown  in  figure  1 (c)  will  have 
the  length  ac  before  the  plate  buckles.  After  buckling,  the 
length  ac'  will  be  greater  than  ac  because  ac'  is  inclined  at  an 
angle  jt,  with  the  hinge  line.  (See  fig.  1 (c).)  Thus  the 
strain  at  the  free  edge  €&  due  to  stretching  for  small  values  of 


T&  IS 


'€6  = - 


ac'—ac 


(The  strain  €&  is  positive  when  compressive.) 


(A3) 


If  the  line  aa  (fig.  1 (c))  has  been  rotated  an  angle  <t>  from 
its  original  position,  the  free-edge  fiber  at  c moves  a distance 
b(<j>-\-d<t>).  The  angle  of  inclination  of  the  free-edge  fiber 


is  thus 


d<f>^ — ^4^  1 d<t> 
dx  dx 


(A4) 


If  the  point  c is  not  at  the  free  edge  but  at  some  interior 
position  a distance  z from  the  hinge  line,  it  can  similarly 
be  shown  that 


— €2 


dx 


(A5) 

(A6) 


From  equations  (A5)  and  (A6),  the  strain  resulting  from 
the  stretching  action  can  be  given  as 


^z  = 


2 \dx) 


(A7) 


Equation  (A7)  gives  the  difference  between  the  hinge-line 
strain  and  the  strain  at  any  fiber  due  to  the  stretching  action, 
for  a given  position  along  the  width  of  the  flange.  It  is  this 
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difference  which  causes  the  middle-surface  strain  distribution 
after  buckling  to  differ  from  the  uniform  strain  distribution 
at  the  instant  of  buckling  and  which  will  now  be  considered. 

Middle-surface  strain  distribution  after  buckling. — A 
compressive  load  P applied  to  the  hinged  flange  will  cause  the 
ends  to  approach  each  other  by  a distance  6.  The  unit 
shortening  6.  is  bjL.  Equilibrium  of  the  internal  compressive 
forces  with  the  applied  force  P requires  that 


P=tE^  (e-l-62)cos  yz  dz 


(A8) 


The  angle  7z  is  usually  so  small  that  cos  may  be  taken 
as  unity.  Then,  substituting  the  expression  for  eg  from 
equation  (A7)  into  equation  (A8)  yields 

The  unit  shortening  e is  therefore 

I (AlO) 


-- 

MO. 

AE^ 

el 

The  ratio  PjAE  is  the  average  strain  over  the  cross  section. 
If  PjAE  is  denoted  by  equation  (AlO)  becomes 


76 


(All) 


The  longitudinal  middle-surface  strain  at  any  fiber  ^ in  the 
cross  section  is  therefore 


(A  12) 


Moment  due  to  axial  stress  after  buckling. — The  longi- 
tudinal strain  does  not  have  the  direction  of  the  hinge  line 
but  of  the  slightly  inclined  longitudinal  fibers  (the  angle  7g, 
equation  (A6)).  Consequently,  Ee^  has  components  per- 
pendicular to  the  hinge  line  which  create  the  moment  AM 
resulting  from  the  applied  compressive  force. 

The  component  of  Ee^  perpendicular  to  the  hinge  line  at 
any  fiber  z is  E^x  sin  y^  and  for  small  angles  is  approximately 

equal  to  EexZ  As  this  component  has  a lever  arm  0,  the 

internal  resisting  moment  AM  is 

(A13) 

Substituting  the  expression  for  from  equation  (Al2)  into 
equation  (A  13)  results  in  the  following  relationship: 


AM=- 


dxj 


(A14) 


The  term  is  the  same  term  that  appears  in  equation 

(A2).  The  last  term  of  equation  (Al4)  is  the  required 
additional  term  which  takes  into  account  the  stretching 
actions,  wliich  occur  for  finite  rotations  of  the  flange,  and 
permits  the  computation  of  the  rotation  <t>. 

Basic  differential  equation  of  torque  for  a compressed 
binged  flange  which  includes  the  effects  of  finite  rotation. — 
The  complete  differential  equation  of  torque  which  replaces 
equation  (A2)  and  includes  the  last  term  of  equation  (A  14)  is 

i-  EC.,  e+ll (s)'=»  (EI« 

The  constants  of  equation  (Al5)  are 

j bf 

3 


T Jii 

Iv-  3 

36 


G-- 


E 


(A16) 


2(1  + m)  J 

Substituting  equations  (Al6)  into  (Al5)  yields 

dV 


dx^ 


+- 


A further  simplification  is  effected  by  the  use  of 

d4> 


Jt>=b 


dx 


m 


=-[■ 


mf  1 


(A18) 


The  substitution  of  relations  (Al8)  into  equation  (Al7,) 
gives  the  basic  differential  equation  for  a compressed  hinged 
flange 

(A19) 


7.^=0 


SOLUTION  OF  THE  BASIC  DIFFERENTIAL  EQUATION 
FOR  FINITE  ROTATION 


The  basic  differential  equation  (Al9)  has  the  solution 

dyi, 

(A20) 


?+?«=± 


J 


where  c and  ^0  are  constants  of  integration.  (The  sign  of 
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the  radical  must  be  chosen  so  as  to  keep  positive.)  With 
the  condition  that  7= 0 for  |=  0 equals  zero  at  the  ends^ 


and  the  substitutions 


g^= 

iinr  , 

T+-) 

H- 

4 2 
5^= 

mr 

hn* 

ft  — 

~2  'y 

M " 

D 

(A21) 


equation  (A20)  maj'  be  written 


1=  , 

Jo  V [1  —g%yi,! 


dir/bjc) 


m[l-h\yblcf] 


(A22) 


With  new  variables  'J'  and  k defined  by 


1 • T 74 

- sin 

g « 

g 


equation  (A22)  is  transformed  into 


(A23) 


|=- 

gJo  -yll-/ 


(A24) 


-k^  sin^  ^ 

In  order  to  determme  the  constant  c,  use  is  made  of  the 
condition  that  7»=0  for  or  x=-^.  The  upper  limit 

for  equation  (A24)  corresponding  to  2:=^  must  then  be  4^=^ 
in  order  to  satisfy  the  first  of  equations  (A23): 

d^ 


2t  g 


or 


gJo  7 


/l  — siir  ^ 


— sin^  ^ 


(A25) 


In  elliptic-function  notation, 


j. 

n ( 

Jo 


dec 

0 -y/l—k^sm^a 
da 


K{k) 


-k"^  sin^  a 

Equation  (A25)  therefore  ma}'  be  written 

4:Ki 

^=~r 


(A26) 


(A27) 


and  equation  (A24)  becomes 


r -_=sn-» 

L Jo  — A:^  sin^  a \ c / 

so  that  taking  the  elliptic  sine  of  both  sides  gives 


The  coefficient  cjg  is  readily  found  from  the  definitions  of  g 
and  h in  equations  (A21).  From  the  fimt  of  these  equations 

h — ^hn^—g^=  Vl2-y^eap— 2^2^ 

and  from  the  second 


my 

2(1 +m) 


12 


Making  use  of  equation  (A27)  leads  to  the  general  solution 


/ my  1 

\ sil  1 

( 4:Kx\ 

2(1 +m)  12' 

K L ) 

{ L ) 

(A29) 


Another  form  of  the  solution  which  is  sometimes  convenient 
may  be  obtained  by  using  a different  expression  for  h:  Since 
addition  of  equations  (A21)  gives 


m 

it  follows  that 


(1  q.^2)  (^30) 


m 


and  that 


Hence, 


Vl+^^ 

, , km 

'‘-‘^^“VT+P 


7.= Y ^ 


With  either  equation  (A29)  or  equation  (A31)  now  avail- 
able as  an  accurate  expression  for  the  fiber  slope  7&,  it  is 
possible,  besides  checking  the  known  formida  for  the  critical 
compressive  stress,  to  write  formulas  also  for  the  rotation 
at  any  station  along  the  flange,  for  the  middle-surface  strain 
distribution  along  and  across  the  flange,  for  the  relation 
between  hinge-line,  average,  and  critical  strains,  and  for 
the  fractional  shortening.  The  formulas  will  now  be  given 
in  that  order. 

Check  of  critical  compressive  stress. — In  order  to  show 
that  equations  (A29)  or  (A31)  give  the  correct  buckling 
stress  at  the  start  of  the  rotation  (7^=0),  the  behavior  of  the 
elliptic  function  is  considered  as  the  rotation  approaches  zero. 
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The  preceding  section  showed  that  the  angle  yt,  is  propor- 
tional to  h,  and  therefore  to  k.  As  k approaches  zero,  K 
approaches  tt/2,  and  the  elliptic  sine  approaches  the  circular 
sine.  Hence  for  loads  only  slightly  above  the  critical,  from 
equation  (A29), 


yb=yflZ-^i 


{tibf 1_  sin  — 


2(H-m)  \2\  L J 


At  the  critical  load,  7»=0,  and  for  loaded  edges  clamped. 


(t/bf  1 /2,rtY 
2(l+^)^12\L  J 


(A32) 


This  is  the  e.\pression  given  as  equation  (1)  in  the  body  of 
the  report.  The  critical  compressive  stress  is  obtained 
by  multiplying  both  sides  of  equation  (A32)  by  the  effective 
modulus  in  compression  Egec-  Then 


r=E„ 


L2(H-m)'*'12  V 


(A33) 


Tills  is  the  expression  given  as  equation  (5)  in  the  body  of 
the  report. 

Rotation  of  any  station  along  the  flange. — By  symmetry, 
the  rotation  of  any  station  a distance  x from  either  end  is 
given  bj’^ 


(A34) 


and  so  is  obtained  by  a simple  integration  of  the  fiber  angle 
distribution  along  the  length  of  the  flange,  subject  to  the 
condition  that  the  rotation  is  zero  at  both  ends  of  the  flange. 

If  an  analytical  expression  for  <t>  is  desired,  either  equation 
(A29)  or  its  alternate  (A31)  may  be  integrated.  Integration 
of  equation  (A31)  gives 
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the  general  integral  becomes 
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Variation  of  middle-surface  strain  over  length  and  width  of  flange.— The  middle-sui-face  strain  at  any  distance  2 
from  the  hinge  fine  was  given  in  equation  (A12)  as 


r=*a,  + ^(l-3p) 


The  slope  of  the  free-edge  fiber  yi,  may  now  be  inserted  in  this  expression  from  either  equation  (A29)  or  equation  (A31). 
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Relationships  between  hinge-line,  average,  and  critical 
strains. — Along  the  hinge  line  2 = 0,  and  equations  (A36) 
give 
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Along  the  hinge  line  at  a:  = 0,  ^ = and  x = L^ 

^av 

Thus  at  the  ends  and  at  the  middle  the  strain  is  uniformly 
distributed  across  the  width  of  the  hinged  flanges. 

Fractional  shortening. — The  fractional  shortening  of  the 
flange  8/L  (1/4  of  its  length  is  considered  for  convenience)  is 
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where  yl  — sin^  a da.  From  equation  (A30) 



m=— ^ -x/l+Ar^,  and  b}'  use  of  this  value  of  m,  ^ 
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APPROXIMATE  RELATIONSHIPS  FOR  POSTBUCKLING  BEHAVIOR 

The  preceding  relationships  for  the  behavior  of  a hinged 
flange  when  compressed  beyond  the  buckling  load  may  be 
greatly  simplified  if  the  flange  is  long  enough  so  that  bending 
is  negligible  compared  with  the  twist.  Under  such  conditions 

the  term  ECbt  hi  the  differential  equation  (Al5)  may  be 

neglected.  The  basic  differential  equation  (Al9)  then 
reduces  to  a simple  algebraic  equation 

^76^=0 


are 

and 


The  fiber  angle  7&. — Solutions  of  the  preceding  equation 

76=0 


76=  ±'^/^m=  V^ap  — ^cr  (A39) 

in  which  j the  term  in  length  now  being  omitted. 

2(1  +/i) 

The  same  quantities  which  were  computed  under  ‘^Elliptic 
Function  Solution^'  may  now  be  expressed  once  more  in 
terms  of  the  approximate  solution  for  7&. 

Rotation  of  flange. — The  approximate  rotation  will  be 
the  integral  of  the  approximate  value  of  7&,  or 


and 


A reference  to  figure  2 shows  that  the  distribution  of  the 
angle  <f)  is  nearly  linear  for  large  rotations. 


The  maximum  value  of  <t>  is  ^ ^!€ac  — ^cT 


or 
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A second  approximation,  which  contains  a small  correction 
term  to  equation  (A40),  may  be  found  from  the  relations 
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The  exact  rotation  at  the  middle  of  the  column  is  given  by 
equation  (A35): 


therefore,  as 
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t . 


This  corrective  term  1.55  is  always  a small  part  of  <t>max. 
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Variation  of  middle -surface  strain  over  width  of  flange. — 

The  approximate  strain  distribution  is  obtained  from  equa- 
tion (Al2)  by  using  the  approximate  value  of  from  equa- 
tion (A39) : 

(e^p  €cr)  ^ (A42) 


This  result  holds  over  most  of  the  length  of  the  flange  but  is 
in  error  near  the  ends  and  the  middle  where  sn  (^)has 
a value  different  from  unity. 


Relationship  between  the  hinge-line,  average,  and  critical 
strains.^ — Along  the  hinge  line  2=0,  so  that,  approximately 

9 5 

= ^av  ^ €cr  (A43) 


Fractional  shortening.— The  approximate  shortening  is 


(A44) 


and  therefore  is  identical  with  along  the  hinge  line  2=0. 


APPENDIX  B,.. 

MAXIMUM  STRENGTH  OF  A CRUCIFORM-SECTION  COLUMN 


The  deformation  theory  of  plasticity  used  here  states  that 
a relation  exists  between  the  stress  intensity  a*  and  the 
strain  intensity  which  is  of  the  following  form: 

for  loading  {Ci  increasing) 
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The  value  of  «i  at  any  point  (x,z)  of  a cruciform  flange  is 
assumed  from  appendix  A to  be  as  in  equation  (A36c) 
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where  is  a parameter  tying  between  0 and  1 which  specifies 
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As  soon  as  a value  is  assigned  to  corresponding  to  a certain 
amount  of  twist,  the  quantities  K and  are  fixed  and 
may  be  computed. 

/4:Kx\ 

-Over  most  of  the  length  of  the  column,  sn  ( j and, 


(Tj,  stress  and  strain  in  the  ^-direction 
r,  7 shear  stress  and  strain 


In  the  case  of  a cruciform-section  column  compressed  beyond 
the  buckling  stress  Ccn  the  value  of  <Tx  is  the  stress  in  the 
x-direction  and  is  larger  than  <Xcr  over  most  of  the  flange 
width.  Also  <Tg=0y  and  with  Poisson's  ratio  equal  to  1/2, 


so  that  the  fundamental  stress-strain  relation  for 


increasing  <Ti  reduces  to 


in  which 
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therefore,  the  variation  of  with  x may  be  neglected  by 
taking 

(t/bf  , , 5 
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The  shear  strain  y arises  from  the  twist  ^ of  the  flange 

after  buckling  and  is  proportional  to  the  distance  r away 
from  the  center  line  of  the  cross  section: 


However  for  insertion  into  the  formula  for  strain  intensity, 
a value  of  is  desired  which  is  independent  of  r.  Such  a 
value  may  be  obtained  by  taking  the  average  value  of  y^ 
over  the  thickness.  The  mean  value  of  y^  over  the  cross 
section  is 


687 


688 


REPORT  1029 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


From  the  theory  of  appendix  A (equation  (A31)), 
_ ^/5  km 
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and  thus  the  strain  intensity  V is  completeh'  de- 


termined as  soon  as  a value  of  the  parameter  is  selected. 

From  the  stress-strain  relation  the  value  of  the  stress 
intensity  and  of  course  F^aec  is  determined  by  the  value  of 
the  strain  intensity.  (The  elastic  modulus  E is  used  if  the 
strain  intensity  is  decreasing.)  The  stress  cFx.may  then  be 
computed  by  the  relation  as  a function  of  the 

^-coordinate  across  the  flange.  The  average  value  of 
across  the  width  of  the  flange  is  then 


and  is  the  average  stress  that  would  be  determined  from  a 
testing  machine  at  the  value  of  I?  selected. 

In  the  actual  calculations,  the  width  h of  the  flange  was 
divided  into  ten  equal  strips  and  the  value  of  ^av  was  found 
by  a numerical  summation.  As  the  twist  of  the  flange 
varies  from  zero  to  infinity,  the  parameter  F varies  from 
zero  to  1.  The  value  of  <Jav  maj^  be  investigated  as  a func- 
tion of  and  will  have  a maximum  at  some  value  of  F. 
This  maximum  value  of  Oav  multiplied  by  the  total  area 
gives  the  maximum  load  for  the  cruciform  flange  under 
consideration. 
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INVESTIGATION  OF  SEPARATION  OF  THE  TURBULENT  BOUNDARY  LAYERS 

By  G.  B.  ScHUBAUER  and  P.  S.  Klebanoff 


SUMMARY 

An  investigation  was  conducted  on  a turbulent  boundary 
layer  near  a smooth  surface  with  pressure  gradients  sufficient 
to  cause  flow  separation.  The  Reynolds  number  was  high, 
but  the  speeds  were  entirely  within  the  incompressible  flow 
range.  The  investigation  consisted  of  measurements  of  mean 
floWj  three  components  of  turbulence  intensity,  turbulent  shearing 
stress,  and  correlations  between  two  fluctuation  components  at 
a point  and  between  the  same  component  at  different  points. 
The  results  are  given  in  the  form  of  tables  and  graphs.  The 
discussion  deals  first  with  separation  and  then  with  the  more 
fundamental  question  of  basic  concepts  of  turbulent  flow. 

INTRODUCTION 

In  1944  an  experimental  investigation  was  begun  at  the 
National  Bureau  of  Standards  with  the  cooperation  and 
financial  assistance  of  the  National  Advisory  Committee  for 
Aeronautics  to  learn  as  much  as  possible  about  turbulent- 
boundary-layer separation.  Considering  that  previous  ex- 
perimentation had  been  limited  to  mean  speeds  and  pressures, 
it  was  decided  that  the  best  way  to  bring  to  light  new  in- 
formation was  to  investigate  the  turbulence  itself  in  relation 
to  the  mean  properties  of  the  layer.  Since  little  was  known 
about  turbulent  boundary  layers  in  large  adverse  pressure 
gradients,  the  investigation  was  exploratory  in  nature  and 
was  pui'sued  on  the  assumption  that  whatever  kind  of 
measurements  that  could  be  made  on  turbulence  and 
turbulent  processes  would  carry  the  investigation  in  the 
right  direction. 

The  investigation  was  therefore  long  range,  there  being  no 
natural  stopping  point  as  long  as  there  remained  unkno\vns 
and  means  for  investigating  them.  The  decision  to  stop 
came  when  it  was  decided  that  the  more  basic  properties  of 
turbulent  motions,  such  as  production,  decay,  and  diffusion, 
which  form  the  subject  of  modern  theories,  could  better  be 
investigated  first  without  the  effect  of  pressure  gradient. 
The  experimental  work  on  separation  was  therefore  halted 
after  a certain  fund  of  information  had  been  obtained  on 
turbulence  intensity,  turbulent  shearing  stress,  correlation 
coefficients,  and  the  scale  of  turbulent  motions. 

Use  was  made  of  the  results  from  time  to  time  as  they 
could  be  made  to  serve  a particular  pm'pose.  Certain  of  the 
results  have  appeared  therefore  in.  references  1 to  3.  It  is 
now  felt  that  the  results  should  be  presented  in  their  entirety 
for  what  they  contribute  to  the  separation  problem  and  to 
the  understanding  of  tui'bulent  flow,  even  though  they  leave 
many  questions  unanswered. 


The  authoi's  wish  to  acknowledge  the  active  interest  and 
support  of  Dr.  H.  L.  Dryden  during  this  investigation  and 
the  assistance  given  by  Mr.  William  Squire  in  the  taking  of 
observations  and  the  reduction  of  data. 

SYMBOLS 

X distance  along  surface  from  forward  stagnation 

point 

y distance  normal  to  surface  measured  from 

surface 

2 direction  perpendicular  to  xy-plane 

U mean  velocity  in  boundary  layer 

U\  mean  velocity  just  outside  boundary  layer 

Um  mean  velocity  just  outside  boundary  la^^er  at 

x=17V2  feet,  used  as  reference  velocity 

V ^-component  of  mean  velocity  in  boundary  layer 
u,  V,  w X-,  y~,  and  2-components  of  turbulent-velocity 

fluctuations 

u\  y',  w'  root-mean-square  values  of  u,  v,  and  w 
p density  of  air 

V kinematic  viscosity  of  air 

p pressure 

2i  free-stream  dynamic  pressure  p Vi^ 

grn  free-stream  dynamic  pressure  at  a;  = 17K  feet 


r 

UV 

Cr\,  Ctj 


Cf 

5 


H 

Lx,  L^ 


turbulent  shearing  stress  {—puv)  ■ 
mean  value  of  product  of  u and  v 
coefficients  of  turbulent  shearing  stress 


(ai-r/i 


2PC^.^  Cr^=T!^p 
skin  friction 

coefficient  of  skin  friction 


■) 


boundar3^a3^er  thickness 
boundary-laj^er  displacement  thickness 

boundarj'-laj'er  momentum  thickness 

boundar3Ma3^er  shape  parameter 
scales  of  turbulence 


1 Supersedes  NAG  A TN  2133,  “Investigation  of  Separation  of  the  Turbulent  Boundary 
Layer"  by  G.  B.  Schubauer  and  P.  S.  Klebanoff,  1950, 
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transverse  correlation  coefficient  {u^UiluiUt , 
where  subscripts  1 and  2 refer  to  positions  yi 

and  2/2)  

longitudinal  correlation  coefficient  {uiUilu\U2  , 
where  subscripts  1 and  2 refer  to  positions  Xi 
and  X2) 


Tunnel  wo!  I" 


APPARATUS  AND  TEST  PROCEDURE 

The  setup  for  the  investigation  was  arranged  with  two 
things  in  mind:  (1)  The  Reynolds  number  was  to  be  as  high 
as  possible  and  (2)  the  boundary  layer  was  to  be  thick 
enough  to  permit  reasonably  accurate  measurements  of  all 
components  of  the  turbulence  intensity  and  shearing  stress 
by  hot-wire  techniques  which  were  known  to  be  reliable. 
Since  this  required  a large  setup,  the  10-foot  open-air  wind 
tunnel  at  the  National  Bureau  of  Standards  was  chosen, 
and  a wall  of  airfoil-like  section  shown  in  figures  1 and  2 
was  constructed  in  the  center  of  the  test  section.  The  wall 
was  10  feet  high,  extending  from  floor  to  ceiling,  and  was  27.9 
feet  long.  It  was  constructed  of  }i-inch  Transite  on  a 
wooden  frame,  and  the  surface  on  the  working  side  was 
given  a smooth  finish  by  sanding  and  varnishing  and,  finally, 
waxing  and  polishing.  The  profile  was  chosen  so  that  the 
adverse  pressure  gradient  on  the  working  side  would  be 
sufficient  to  cause  separation  and  yet  have  sufficiently  small 
curvature  to  make  the  pressure  changes  across  the  layer 
negligible. 

Since  the  separation  point  was  found  to  be  very  close  to 


Figure  1.— Front  view  of  “boundary-la\er  wall”  in  NBS  10-foot  open-air  wind  tunnel. 


ji — • tihsfer  on  tunnel  wall  " — 

Figure  2.— Sectional  drawing  ol  ‘‘boundary-layer  wall.” 

the  trailing  edge,  a blister  was  constructed  on  the  tunnel 
wall  to  move  the  separation  point  upstream  to  the  location 
shown  in  figure  2.  At  the  outset  there  w^as  troublesome 
secondary  flow  from  premature  separation  near  the  floor 
and,  to  a lesser  degree,  near  the  ceiling.  A vent  in  the  floor 
allowing  air  to  enter  the  tunnel  and  blow  away  the  accumu- 
lated dead  air  afforded  a satisfactory  remedy.  The  flow- 
w^as  then  two-dimensional  over  the  central  portion  of  the 
wall  from  the  leading  edge  to  the  separation  point. 

A steeply  rising  pressure,  caused  by  the  small  radius  of 
curvature  of  the  leading  edge  and  the  induced  angle  of 
attack,  produced  transition  about  2 inches  from  the  leading 
edge.  The  boundary  layer  was  therefore  turbulent  over 
practically  the  wdiole  of  the  surface  and,  over  the  region  of 
major  interest,  ranged  in  thickness  from  2}i  inches  at  the 
17K-foot  position  to  9 inches  at  the  separation  point.  All 
measurements  w^re  made  with  a free-stream  speed  of  about 
160  feet  per  second  at  the  17K-foot  position.  The  boundary- 
layer  thickness  at  17}^  feet  was  equivalent  to  that  on  a flat 
plate  14.3  feet  long  with  fully  turbulent  layer  and  no  pressure 
gradient,  and  the  flat-plate  Ke\molds  number  corresponding 
to  160  feet  per  second  w^as  14,300,000.  The  speed  was  ahvays 
adjusted  for  changes  in  kinematic  viscosity  from  day  to  day 
to  maintain  a fixed  Reynolds  number  throughout  the  entire 
series  of  measurements.  The  turbulence  of  the  free  stream 
of  the  tunnel  was  about  0.5  percent. 

All  measurements  were  made  at  the  midsection  of  the 
wall,  where  the  flow'  most  closely  approximated  two-dimen- 
sionality, and  on  the  side  labeled  '^Working  side'’  in  figure  2. 
While  the  measurements  extended  over  a considerable 
period  of  time,  there  was  no  evidence  from  pressure  and 
mean-velocity  distributions  that  the  geometry  of  the  w^all 
changed.  There  was,  how'ever,  considerable  scatter  in  the 
turbulence  measurements  from  day  to  day,  some  of  which 
was  due  to  inherent  inaccuracies  associated  with  hot-wire 
measurements,  and  some  of  which  may  have  been  caused  by 
actual  changes  in  the  flow'.  The  results  therefore  do  not 
lend  themselves  to  a determination  of  differential  changes 
in  the  x-direction  with  high  accuracy.  It  was  the  intention 
to  obtain  results  applicable  to  a smooth  surface;  therefore 
the  surface  w^as  frequently  polished  and  kept  clean  at  all 
times.  How^ever,  because  of  the  texture  of  the  Transite, 
the  surface  could  not  be  given  a mirrorlike  finish  equal  to 
that  of  a metal  surface. 

Considerable  emphasis  was  placed  on  the  precise  determi- 
nation of  the  position  of  separation.  A method  was  finally 
evolved  whereby  the  line  of  separation  and  the  direction  of 
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the  flow  at  the  surface  in  the  neighborhood  of  this  line  could 
be  found.  This  consisted  of  pasting  strips  of  white  cloth  on 
the  surface  with  a starch  solution.  Small  crystals  of  iodine 
were  then  stuck  to  the  strips.  Blue  streaks  on  the  starched 
cloth  then  showed  the  direction  of  the  air  flow.  By  this 
means  separation  could  be  located  with  an  accuracy  of  ±2 
inches.  Initially  the  line  of  separation  was  nowhere  straight, 
but,  after  the  removal  of  some  of  the  reversed  flow  near  the 
floor  by  the  vent  previously  mentioned,  the  line  was  made 
straight  for  a distance  of  2 feet  in  the  center  and  was  located 
25.7 ±0.2  feet  from  the  leading  edge. 

The  pressure  distribution  was  measured  with  a static- 
pressure  tube  0.04  inch  in  diameter,  constructed  according 
to  the  conventional  design  for  such  a tube.  Mean  dynamic 
pressure  was  obtained  by  adding  a total-pressure  tube  of  the 
same  diameter  but  flattened  on  the  end  to  form  a nearly 
rectangular  opening  0.012  inch  wide. 


The  hot-wire  equipment  used  in  the  investigation  of  tur- 
bulence has  been  fully  described  in  reference  1,  and  it  suffices 
here  merely  to  call  attention  to  the  manner  of  operation 
and  the  performance  of  the  equipment.  The  thick  boundary 
layer  made  it  possible  to  obtain  essentially  point  measure- 
ments without  having  to  construct  hot-wire  anemometers 
on  a microscopic  scale.  The  several  types  used  are  shown 
in  figure  3.  The  Jfe-inch  scale  shows  the  high  magnification 
of  types  A,  B,  C,  and  D.  A complete  holder  is  shown  by  E 
with  the  inch  scale  above.  Heads  of  type  A were  used  for 
measuring  u' , those  of  type  B or  C were  used  for  measuring 
turbulent  shearing  stresses,  and  those  of  type  D were  used 
for  measuring  and  w\  In  use  the  prongs  pointed  directly 
into  the  mean  wind. 

When  the  head  of  type  C was  used  for  measuring  shearing 
stress,  an  observation  of  the  mean-square  signal  from  each 
of  the  wires  was  necessary.  A similar  pair  of  observations 
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Figure  3.— Types  of  hot-wire  anemometers  and  complete  holder  used  in  investigation 
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was  necessary  when  using  type  B,  but  with  only  one  wire  the 
head  had  to  be  rotated  tlirough  180°.  Since  it  was  usually 
difficult  to  execute  this  rotation  by  remote  control,  most  of 
the  measurements  of  shearing  stress  were  made  with  the 
head  of  type  C. 

The  hot-mres  themselves,  shown  at  the  tips  of  the  prongs, 
were  tungsten  0.00031  inch  in  diameter.  Platinum  wire 
could  not  be  used  because  the  air  was  taken  into  the  tunnel 
from  outdoors  and  platinum  wdres  were  broken  by  flying  dirt 
particles.  The  diameter  of  0.00031  inch  was  the  smallest 
obtainable  in  tungsten  at  the  time,  and  the  length  could  not 
be  reduced  below  about  Ke  inch  and  still  maintain  the  re- 
quired sensitivity.  In  all  cases  the  boundary-layer  thick- 
ness was  at  least  25  times  the  wire  length. 

The  uncompensated  amplifier  had  a flat  response  from  2 
to  5,000  cycles  per  second  and  an  amplification  decreasing 
above  5,000  cycles  per  second  to  about  50  percent  at  10,000 
cycles  per  second.  The  time  constant  of  the  wires  ranged 
from  0,001  to  0.003  second,  depending  on  operating  condi- 
tions, and  the  over-all  response  of  wire  and  amplifier  could 
be  made  equal  to  that  of  the  uncompensated  amplifier  by 
means  of  the  adjustable  compensation  provided  in  the  ampli- 
fier. However,  with  this  relatively  high  time  constant,  the 
background  noise  level  was  high  and  had  to  be  subtracted 
from  the  readings  in  order  to  obtain  the  true  hot-^vire  signal. 

The  methods  of  determining  u',  v',  w' , wv,  and  are 

fully  described  in  reference  1.  The  determination  of  Ry  and 
Rx  involved  the  use  of  a pair  of  heads  of  type  A,  separated 
by  known  distances  normal  to  the  surface  for  Ry  and  along 
the  tangent  to  the  surface  for  Rx.  The  “sum-and-difference” 
method  described  in  reference  4 was  used,  account  being 
taken  of  the  inequality  of  u'  at  the  two  wires  and  the  differ- 
ences in  sensitivity. 

The  several  measuring  heads  were  mounted  on  various 
types  of  traversing  equipment  designed  for  convenience, 
rigidity,  and  a minimum  of  interference  at  the  point  where  a 
measurement  was  being  made. 

TEST  RESULTS 

The  results  of  the  measurements  are  given  in  tables  1 to 
8 and  figures  4 to  14.  Figures  15  to  22  repeat  certain  of  the 
results  to  aid  in  the  analysis. 

The  tabulation  is  made  to  present  all  of  the  detail  contained 
in  the  measurements  and  to  make  the  results  readily  available 
to  any  style  of  plotting  that  suits  the  reader^s  needs.  Figures 
4 to  14  are  summary  plots  intended  to  show  an  over-all 
picture  rather  than  detail. 

PRESSURE  DISTRIBUTION 

The  values  given  in  table  1 and  figure  4 were  obtained  from 
measurements  of  pressure  Avith  a small  static-pressure  tube 
placed  Ya  inch  from  the  surface  at  various  positions  along  the 
midspan.  The  tube  was  also  traversed  in  the  ^-direction, 
from  which  it  was  found  that  changes  in  pressure  across  the 
boundary  layer  were  barely  detectable  in  the  region  from 
x=18  to  23  feet  and  were  not  measurable  elsewhere.  The 


pressure  is  therefore  regarded  as  constant  across  the  boundary 
layer,  and  all  of  the  information  on  pressure  gradient  is 
given  by  the  variation  of  with  x. 


Figure  4,— Distribution  of  velocity  and  dynamic  pressure  just  outside  boundary  layer. 
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MEAN-VELOaTY  DISTRIBUTION 

Mean  velocities  were  obtained  from  dynamic-pressure 
measurements  made  at  various  distances  y.  No  correction 
was  made  for  the  effect  of  turbulence.  The  distributions  of 
mean  velocity  are  given  in  table  2 and  summarized  by  the 
contour  plot  shown  in  figure  5.  From  these  data  were 
derived  the  values  of  5*,  B,  and  iT  given  in  table  3 and  figure  6. 


H. 

Figure  7. — Variation  of  V\V\  with  H for  various  values  of 


X,  ft 

Figure  8. — Contour  plot  of 


X,  ff 

Figure  9.— Contour  plot  of  t/. 


Figure  10.— Contour  plot  of  w'. 
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The  distribution  of  mean  velocity  is  plotted  in  figure  7 in 
the  manner  suggested  by  Von  Doenhoff  and  Tetervin  in 
reference  5.  If  i?  is  a universal  parameter  specifying  the 
boundary-layer  profile,  the  curves  of  figure  7 should  agree 
in  all  detail  with  those  of  figure  9 in  reference  5.  The  agree- 
ment is  good,  although  there  are  systematic  differences 
slightly  greater  than  the  experimental  dispersion. 

TURBULENCE  INTENSITIES 

The  turbulence  intensities  are  given  in  table  4 in  terms  of 
u'lUi,  v'lUij  and  jUi.  They  are  summarized  in  figures  8 
to  10  in  terms  of  u' jUmj  'o'lUm,  and  w' jUm  in  order  to  show 
changes  in  the  absolute  magnitude  of  the  fluctuations.  As 
desired,  'a',  2^',  and  w'  may  be  expressed  in  relation  to  any 


of  the  mean  velocities  U,  Z7i,  or  Um  by  the  aid  of  tables  1 
and  2. 

COEFFICIENT  OF  TURBULENT  SHEARING  STRESS  AND 
^-CORRELATION  COEFFICIENT 

The  directl}^  observed  quantity  ITv  has  been  expressed 
nondimensionally  in  terms  of  a coefficient  of  turbulent 
shearing  stress 

^ 2uv 

^rm~  ¥ j 2 
C/  rn 

The  choice  of  coefficients  is  arbitrary,  and  Cri  is  tabulated 
in  table  5 while  contour  plots  for  Crm  are  given  in  figure  11. 
The  choice  of  Crm  for  the  figure  was  made  because  it  was 
desired  to  show  an  over-all  picture  of  variations  in  r inde- 
pendent of  variations  in  mean  velocity. 

The  values  of  the  correlation  coefficient  uvju'v'  ai*e  given 
in  table  6 and  figure  12. 

CORRELATION  COEFFICIENTS  R„  AND  Rr 

The  correlation  coefficients  By  and  express  the  correla- 
tion between  values  of  u at  the  same  instant  at  two  different 
points.  This  correlation  between  points  separated  by  dis- 
tances in  the  direction  of  the  local  normal  to  the  surface  is 
expressed  by  Ry^  and  the  correlation  between  points  separated 
by  distances  in  the  direction  of  the  local  tangent  to  the  sur- 
face is  expressed  by  Rx^  These  directions  were  normal  and 
tangential  to  streamlines  only  when  the  local  mean  direction 
of  the  flow  was  tangent  to  the  surface.  Where  the  boundary 
layer  was  thickening  rapidly,  as  near  the  separation  point, 
the  flow  in  the  outer  portion  of  the  boundary  layer  had  a 
greater  radius  of  curvature  than  the  surface  and  the  direction 
was  not  tangent  to  the  surface.  In  such  regions,  therefore, 
By  and  Rx  do  not  conform  strictly  to  the  conventional  defi- 
nition of  such  coefficients. 

Values  of  Ry  are  given  in  table  7 and  values  of  R^  are  given 
in  table  8.  Figures  13  and  14  show  representative  correlation 
curves  in  order  to  give  an  idea  of  the  distances  over  which  u 
is  correlated  compared  with  the  boundary-layer  thickness. 

It  will  be  noted  that  a correlation  exists  over  much  of  the 
boundary-layer  thickness.  With  the  region  near  separation 
excluded,  fluctuations  at  the  center  of  the  layer  are  related 
to  those  everywhere  else  in  the  same  section.  Under  such 
conditions  a small  negative  correlation  is  found  between 
points  in  the  layer  and  those  outside,  as  shown  in  figure  13. 
Subsequent  measurements  in  a boundary  layer  with  approxi- 
mately one-tenth  of  the  free-stream  turbulence  have  shown 
no  effect  of  the  free-stream  turbulence  on  the  magnitude  of 
the  negative  correlation.  An  explanation  of  this  negative 
correlation  on  the  basis  of  continuity,  requirements  is  offered 
in  reference  3. 

From  tables  7 and  8 one  may  calculate  integral  scales  ^ 
defined  by 
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These  are  not  given  here  because  it  is  felt  that  the  quahtative 
concept  of  scale  obtained  from  figures  13  and  14  conveys 
about  as  much  physical  significance  to  scale  as  is  possible 
at  present. 

DISCUSSION  OF  RESULTS 

MECHANICS  OF  SEPARATION 

The  separation  point  is  defined  as  the  point  where  the 
flow  next  to  the  surface  no  longer  continues  to  advance 
farther  in  the  downstream  direction.  This  results  from  a 
failure  of  the  medium  to  have  sufficient  energy  to  advance 
farther  into  a region  of  rising  pressure.  Certain  character- 
istics of  the  mean  flow  serve  as  a guide  to  the  imminence  of 
separation.  For  example,  the  shape  factor  H can  be  expected 
to  have  a value  greater  than  2.  In  the  present  experiment  H 
was  found  to  have  the  value  2.7  at  the  separation  point, 
comparing  well  with  the  value  of  2.6  given  in  reference  5. 

The  empirical  guides,  however,  give  little  insight  into  the 
physical  factors  involved.  Separation  is  a natural  conse- 
quence of  the  loss  of  energy  in  the  boundary  layer,  and  the 
burden  of  explanation  rests  rather  with  the  question  as  to 
why  separation  does  not  occur  at  all  times  at  a pressure 
minimum.  At  the  surface  the  kinetic  energy  of  the  flow  is 
everywhere  vanishingly  small.  At  a pressure  minimum  the 
potential  energy  is  a minimum,  and  the  air  at  the  surface, 
ha\dng  a vanishing  amount  of  kinetic  energy  to  draw  upon, 
could  never  advance  beyond  a pressure  minimum  without 
receiving  energy  from  the  flow  farther  out.  The  necessary 
transfer  is  effected  by  the  shearing  stresses. 

It  is  a well-known  fact  that  viscous  shearing  stresses  are 
so  small  that  laminar  flow^can  advance  but  a little  distance 
beyond  a pressure  minimum.  In  contrast  with  this,  turbulent 
shearing  stresses  can  prevent  separation  entirely  if  the  rate 
of  increase  of  pressure  is  not  too  great.  This  emphasizes  an 
important  fact;  namely,  that  when  separation  has  not  oc- 
curred, or  has  been  delayed  to  distances  well  beyond  the 
pressure  minimum,  as  in  the  present  experiment,  viscous 
stresses  play  an  insignificant  role  in  the  prevention  or  delay 
of  separation. 

Turbulent  shearing  stresses  also  determine  the  magnitude 
of  shearing  stresses  in  the  laminar  sublayer  by  forcing  there 
a high  rate  of  shear.  This,  m fact,  gives  boundary-layer 
profiles  the  appearance  of  near  slip  flow  at  the  surface. 
Thus,  turbulent  stresses  dominate  all  parts  of  the  boundar}^ 
layer.  Viscous  effects  in  the  laminar  sublaj^er  and  elsewhere 
still  play  an  important  role  in  determining  the  existing  state 
of  the  turbulence.  However,  in  dealing  with  the  effects  of 
turbulence,  and  not  with  the  origin  of  tm*bulence,  effects  of 
viscosity  can  be  neglected. 


At  the  high  Reynolds  niunbers  of  the  present  experiment 
the  laminar  sublayer  was  extremely  thin  and  was  never 
approached  in  any  of  the  measurements.  At  the  17K-foot 
position  at  0.1  inch  from  the  surface  the  tiu'bulent  shearing 
stress  'was  190  times  the  viscous  shearing  stress.  Con- 
sidering the  low  order  of  magnitude  of  the  viscous  stresses 
compared  with  that  of  the  turbulent  stresses,  the  equations 
of  motion  may  be  closely  approximated  b}’’  including  only 
the  Reynolds  stresses,  and  may  be  written 

dx  by  p bx  bx  dy  ^ 

^ bx^  by  ~ pby  . bx  by  ^ ^ 

While  all  terms  in  equations  (1)  and  (2)  have  been  meas- 
ured, they  have  not  been  measured  with  sufficient  accuracy 
to  test  the  adequacy  of  the  equations.  The  relative  impor- 
tance of  the  terms  involving  Reynolds  stresses  depends  on 
location  in  the  boundaiy  layer.  The  normal  stresses  pu^ 
and  pv^  are  pressures  and  their  gradients  make  merely  small 
contributions  to  bp/bx  and  bpjby.  Among  the  Reynolds 
stresses  the  shearing  stress  is  the  more  important  quantity 
and,  accordingly,  attention  is  devoted  to  it. 

It  is  easy  to  see  quahtatively  on  physical  grounds  how  the 
shearing  stress  must  be  distributed  across  the  boundary 
layer.  The  shearing  stress  is  always  in  such  a direction 
that  fluid  layers  farther  out  pull  on  layers  farther  in.  When 
the  pressure  is  either  constant  or  falling,  all  pull  is  ultimately 
exerted  on  the  surface.  Therefore  the  shearing  stress  must 
be  at  least  as  high  at  the  surface  as  it  is  elsewhere,  and  it 
would  be  expected  to  be  a maximum  there,  as  it  must  fall 
to  zero  outside  the  boundary  layer.  When  the  pressure  is 
rising,  part  of  the  pull  must  be  exerted  on  the  fluid  near  the 
surface  that  has  insufficient  energy  of  its  own  to  advance  to 
regions  of  liigher  pressure.  In  other  words,  the  fluid  in 
such  layers  must  be  pulled  upon  harder  than  it  pulls  upon 
the  layer  next  nearer  the  surface.  This  means  that  the 
shearing  stress  must  have  a maximum  away  from  the 
surface  in  regions  of  adverse  pressure  gradient. 

Representative  observed  distributions  are  showui  in  figure 
15.  It  will  be  seen  that  the  maximum  shear  stress  develops 
first  near  the  surface  and  move  progressively  outward.  The 
region  between  the  surface  and  the  maximum  is  receiving 
energy  from  the  region  beyond  the  maximum,  the  rate 

per  unit  volume  at  each  point  being  Thus  the  fall 

in  the  shearing  stress  toward  the  surface,  producing  a 
positive  slope,  is  evidence  that  the  shearing  stress  is  acting 
to  prevent  separation.  It  is  clear  then  that  a falling  to 
zero,  as  for  example  the  curve  at  x=25.4  feet,  is  not  the 
cause  of  separation.  It  is  rather  an  indication  that  the 
velocity  gradient  is  vanishing  at  the  surface.  This  means 
that  the  velocity  in  the  vicinity  of  the  siu-face  is  vanishing 
and  that  a condition  is  developing  in  which  no  energy  can  be 
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Figure  15.— Distribution  of  coefficient  of  turbulent  shearing  stress  across  boundary  layer. 


received.  When  this  condition  is  fulfilled,  the  fluid  can 
move  no  farther  and  separation  has  occurred. 

The  initial  slope  of  the  curves  in  figure  15  is  given  by 
equation  (1),  which  becomes,  when  y—0: 
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Figure  16.— Experimental  values  for  coefficient  of  turbulent  shearing  stress  compared  with 
' curves  from  Fediaevsky  theory. 
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dx~dy 
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Figure  17.— Experimental  values  for  coefficient  of  skin  friction  compared  with  values  calcu- 
lated with  Squire-Young  formula. 


A theory  of  the  distribution  of  shearing  stress  based  on 
the  inner  boundary  conditions  dV/dy^=0  and  equation 
(3)  and  on  the  outer  boundary  conditions  t-=0  and  dr/d?/=0 
at  y=8  has  been  given  by  Fediaevsky  (reference  6).  The 
agreement  between  Fediaevsky^s  theory  and  experimental 
values  from  the  present  investigation  was  fair  at  the  17K-foot 
position  and  excellent  at  the  25-foot  position,  but  elsewhere 
was  poor.  Two  examples  of  the  agreement  are  given  in 
figure  16.  The  Fediaesvky  theory,  which  defines  merely 
how  the  curves  shall  begin  and  end,  either  loses  control 
over  the  middle  portion  or  ignores  other  controlhng  factors. 

Since  equation  (3)  specifies  the  initial  slope,  it  is  an  aid  in 
finding  the  skin  friction  by  the  method  of  extrapolating  the 
distribution  curves  to  y=0.  The  values  found  in  this  way 
are  given  in  figure  17.  As  would  be  expected,  the  skin 
friction  falls  to  zero  at  the  separation  point.  The  lack  of 
agreement  with  values  calculated  by  the  Squire- Young 
formula  (reference  7)  is  to  be  expected,  as  this  formula  does 
not  include  the  effect  of  pressure  gradient. 


The  foregoing  discussion  has  simply  described  the  shearing 
stress  in  the  light  of  the  present  experiment  and  pointed  out 
the  role  of  shearing  stress  as  an  energy- transferring  agent. 
While  these  phenomena  are  characteristic  in  every  adverse 
pressure  gradient,  the  form  of  the  shearing  stress  and  also 
the  velocity  profiles  will  be  different  for  different  pressure 
distributions.  The  present  experiment  gives  merely  one 
example. 

ORIGIN  OF  TURBULENCE  AND  TURBULENT  SHEARING  STRESS 

The  discussion  of  origin  of  turbulence  and  turbulent 
shearing  stress  will  be  based  on  concepts  that  have  super- 
seded the  older  mixing-length  theories.  Unfortunately, 
experiments  have  not  kept  pace  with  ideas  and  the  con- 
cepts have  not  yet  been  fully  verified. 

In  recent  years  definite  ideas  have  taken  shape  regarding 
the  decay  of  turbulence.  These  stem  from  an  observation 
made  by  Dryden  (reference  8),  namely,  that  the  rates  of 
decay  of  different  frequency  components  in  isotropic  tur- 
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bulence  require  that  the  higher-frequency  components  gain 
energy  at  the  expense  of  the  lower-frequency  components. 
It  has  now  become  generally  accepted  that  decay  involves 
a transfer  of  energy  from  larger  eddies  to  smaller  eddies  by 
Reynolds  stresses  when  the  Reynolds  number  characteristic 
of  the  eddies  is  sufficiently  high.  This  idea  forms  the 
physical  basis  for  modern  theories  of  isotropic  turbulence 
(for  example,  references  9 to  15). 

Information  about  turbulent  flow  points  more  and  more 
to  the  conclusion  that  the  concept  is  basic  and  may  be 
carried  over  to  shear  flow.  (See,  for  example,  Ba^helor^s 
discussion  of  Kolmogoroff's  theory,  reference  9,  and  Town- 
send’s discussion,  reference  16.)  The  general  idea  may  be 
expressed  as  follows:  The  highest  Reynolds  number  is  asso- 
ciated with  the  mean  flow,  and  here  the  mean  Reynolds 
stresses  transfer  energy  to  the  flow  system  comprising  the 
next  smaller  spatial  pattern,  for  example,  the  largest  eddies. 
This  second  system  involves  other  Reynolds  stresses  which 
in  turn  transfer  energy  to  smaller  systems  and  so  on  through 
a spectrum  of  turbulence  until  the  Reynolds  number  gets  so 
low  that  the  dissipation  is  completed  by  the  action  of 
viscosity  alone.  The  evolution  of  heat  by  the  action  of 
viscosity  is  small  for  the  larger  systems  and  gets  progressively 
greater  as  the  systems  get  smaller  and  smaller,  with  a 
weighting  depending  on  some  Reynolds  number  characteriz- 
ing the  whole  system,  say,  a Reynolds  number  based  on  the 
outside  velocity  and  the.  boundary-layer  thickness.  The 
higher  the  Reynolds  number  the  more  is  the  action  of  vis- 
cosity confined  to  the  high-frequency  end  of  the  spectrum. 
Thus  at  sufficiently  high  Reynolds  numbers  the  action  of 
viscosity  is  not  only  removed  from  the  mean  flow  but  also 
from  all  but  the  smaUer-scale  components  of  the  turbulence. 
An  exception  must,  of  course,  be  made  for  the  laminar  sub- 
layer, and  the  likelihood  that  this  is  a vahd  picture  increases 
with  distance  from  the  surface. 

These  ideas  then  might  be  regarded  as  describing  a tenta- 
tive model  of  a turbulent  boundary  layer  to  be  examined 
in  the  fight  of  experiment.  The  model  is,  of  course,  con- 
caved only  in  general  outline  and  should  not  be  assumed 
the  same  for  all  conditions. 

The  rate  of  removal  of  kinetic  energy  per  unit  volume 
from  the  mean  flow  by  Reynolds  stresses  is  given  by: 


P 


^ da: 


+ — ]ruv 


(4) 


This  energy  goes  directly  into  the  production  of  turbulence. 

The  term  w will  generally  outweigh  the  others,  but  in 

order  to  see  the  relative  magnitudes  near  separation  the 
terms  in  expression  (4)  were  calculated  for  the  24.5-foot 

position.  The  term  w was  found  to  be  negligible.  The 

other  terms  within  the  brackets  together  with  their  sum  are 
213637—53 15 


Figure  18.— Rate  of  production  of  turbulence  and  mean  energy  of  turbulence  atx=24.5  feet. 
Right  ordinate  scale  to  be  used  only  for  top  curve. 


shown  in  figure  18  divided  by  It  is  seen  that  the  term 

w is  still  the  largest  and  therefore  remains  the  most 

important  contributor  to  turbulence. 

The  distribution  of  turbulence  energy  is  also  given  in 
figure  18.  This  shows  a maximum  energy  content  where  the 
rate  of  production  is  the  greatest;  otherwise  the  comparison 
has  no  particular  significance.  Such  coincidence  is  not  re- 
quired and  is  not  found  farther  upstream.  Data  are  not 
available  for  establishing  the  balance  between  pro.duction, 
diffusion,  convection,  and  dissipation  of  turbulence  energy. 

It  is  clear  that  the  turbulence  exists  because  of  the  Rey- 
nolds stresses,  and  it  is  self-evident  that  the  normal  stresses 
pt?  and  exist  because  of  the  turbulence,  but  the  source  of 
the  shearing  stress  puF  is  not  apparent  without  further 
examination. 

Since 


T — — puv  = — p 


uv 

u'v' 


■ U V 


(5) 


where  uvju'v'  is  the  correlation  coefficient,  it  is  seen  that  r 
depends  on  the  correlation  and  intensity  of  u and  v.  If  a 
flow  is  turbulent  without  a gradient  in  mean  velocity,  there 
can  be  no  mean  shearing  stress  and  therefore  no  mean  correla- 
tion between  u and  v.  It  is  apparent  then  that  a gradient 
is  necessary  to  produce  a correlation,  and  one  might  expect 
to  find  uvlu'v'  proportional  to  dUldy,  From  figure  12  it 
appears  that  uvfu'v'  shows  too  little  variation  across  the 
boundary  layer  to  be  proportional  to  the  local  value  of  the 
mean-velocity  gradient.  To  apply  a more  direct  test, 
uvlu'v'  was  plotted  in  figure  19  against  the  mean  local 
gradient.  Obviously  uvlu'v'  cannot  be  regarded  as  propor- 
tional to  (B/Ui)  (dUldy)j  and,  what  is  more,  it  becomes 
independent  of  the  local  gradient  for  a wide  range  of  values 
of  (d/U,)  (dU/dy), 
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Figure  19. — Relation  between  wp-correlation  coefficient  and  local  mean-velocity  gradient. 


Assuming  the  correctuess  of  the  concept  of  transfer  of 
energ\^  from  larger  to  smaller  flo>v  regimes,  it  is  seen  that 
energ\’-  flows  into  tiu'bulence  mainl}^  by  wa}-  of  the  largest 
eddies,  and  it  is  then  mainly  these  that  account  for  the 
average  shearing  stress.  Keturning  to  figure  13,  it  is  seen 
hy  the  curves  of  Rj,  that  the  turbulent  motions  are  correlated 
over  much  of  the  boundary-layer  thickness  up  to  the  posi- 
tion X—23  feet  and  are  still  correlated  over  a considerable 
portion  of  the  thickness  at  larger  values  of  x.  The  extent 
of  the  i2j/-correlatiou  is  roughh’^  a measure  of  the  extent  of 
the  largest  eddies.  This  means  that  the  correlation  coef- 
ficient uvju'v'  arises  from  those  components  of  the  turbu- 
lence that  extend  over  much  of  the  boundary-layer  thickness, 
and  the  correlation  between  u-  and  ?;-components  of  such 
a motion  would  be  expected  to  depend  on  the  mean-velocity 
gradient  as  a whole  rather  than  upon  the  local  gradient 
at  an}^  one  point.  Large  mean  gradients  exist  near  the  sur- 
face without  producing  correspondingly  large  correlation 
coefficients  in  the  same  locality,  and  it  appears  that  the 
correlations  here  are  very  likely  fixed  by  some  over-all 
effect."  If  an  over-all  velocity*  gradient  is  represented  at 
each  position  by  U\IUm  divided  by  5,  and  this  is  used  as  the 
independent  variable  in  figure  20  to  cross-plot  values  of 
uvju'v^  taken  from  the  flat  portion  of  the  curves  in  figure 
19,  a definite  proportionality  between  these  two  quantities 
is  found.  • This  bears  out  the  foregoing  argument. 

Figure  21  was  originall}^  prepared  to  test  one  of  the  equa- 
tions of  state  in  Nevzgljadov^s  theorx'^  (reference  17),  which 
expresses  the  shearing  stress  as  proportional  to  the  turbulent 
energy  per  unit  volume  and  the  mean-velocity  gradient. 
The  theory  is  not  supported  by  the  results  for  the  same  reason 
as  that  mentioned  in  connection  with  figure  19.  In  fact, 
shearing  stress  per  unit  energy  is  much  like  the  correlation 
coefficient  and  would  be  two-thuds  of  uvlu'v'  if  u',  v'^  and  w' 
were  all  equal.  The  similarity  between  figures  19  and  21 
is  therefore  not  surprising.  The  haupin  loops  in  the  curves 
in  these  two  figures  apparently  result  from  the  distribution 


Figure  20.— Relation  between  u?j-correlation  coefficient  near  surface  and  general  mean- 
velocity  gradient. 


Figure  21.— Relation  between  shearing  stress  per  unit  energy  of  turbulence  and  local  mean- 

velocity  gradient. 


of  shearing  stress  imposed  by  the  adverse  pressure  gradient. 

Figure  22  emphasizes  the  great  difference  between  turbu- 
lent shear  flow  and  laminar  shear  flow.  In  laminar  flow 
the  shearing  stress  is  directly  proportional  to  the  local 
velocity,  gradient.  In  turbulent  flow,  shown  in  figure  22, 
the  shearing  stress  may  rise  abrupt!}^  for  scarcely  any  change 
in  the  local  velocity  gradient  and  again  fall  with  increasing 
velocity  gradient.  This  illustrates  the  difficulty  of  adopt- 
ing the  concepts  of  viscous  flow  in  turbulent  flow.  The 
difference  probably  arises  because  turbulent  phenomena, 
unlike  molecular  phenomena,  are  on  a scale  of  space  and 
velocity  of  the  same  order  as  that  of  the  mean  flow. 
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Ui  dy 

Figure  22.— Relation  between  coefficient  of  shearing  stress  and  local  mean>velocity  gradient. 

The  tentative  picture  in  the  form  of  the  model  previ- 
ously described  is  still  speculative  and  probabh^  oversimpli- 
fied. It  has,  however,  received  support  in  the  present 
experiment,  perhaps  as  much  as  could  be  expected  from 
over-all  measurements  embracing  the  entire  frequenc}^ 
spectrum.  Observations  of  these  same  quantities  as  a 
function  of  frequency  would  be  much  more  informative, 
but  unfortunate!}^  the  experimental  conditions  in  an  open- 
air  wind  tunnel  discouraged  work  of  this  sort.  Other  types 
of  hot-wire  measm*ements,  such  as  those  described  by 
Tovmsend  in  reference  16,  would  be  of  as  great  value  in 
probing  for  the  true  picture  of  a turbulent  boundary  layer 
as  they  were  in  bringing  to  light  phenomena  in  the  turbulent 
wake  of  a cylinder. 

The  present  model  is  but  an  extension  of  the  concepts 
required  to  explain  the  spectrum  and  decay  of  isotropic 
turbulence.  However,  in  going  from  the  relative  simplicity 
of  isotropic  turbulence  to  boundaiy-layer  turbulence  man}^ 
new  factors  are  introduced.  Distance  from  transition 
point,  pressure  gradient,  cm*vatm'e,  and  surface  roughness 
doubtless  affect  details  and  may  have  profound  influences. 
It  must  be  left  to  fiitme  experiments  and  theory  to  fill  in 
the  gaps,  and  when  this  has  been  done  perhaps  the  data 
given  herein  wfll  have  more  meaning  than  they  have  at 


present.  It  is  with  this  thought  in  mind  that  the  data  are 
given  in  tables,  in  which  form  they  are  the  more  readil}’^ 
available  for  new  uses. 

CONCLUDING  REMARKS 

Certain  measured  characteristics  of  a separating  turbulent 
boundary  layer  have  been  presented.  The  average  charac- 
teristics are  mean  velocity,  pressure,  and  the  derived  parame- 
ters, displacement  thickness,  momentum  thickness,  and  shape 
factor.  The  turbulent  characteristics  comprise  intensities, 
shearing  stresses,  transverse  correlations,  longitudinal  corre- 
lations, and  correlations  between  two  fluctuation  components 
at  a point. 

The  results  have  been  discussed,  first,  in  connection  with 
what  they  reveal  about  separation  and,  second,  in  connec- 
tion with  what  they  reveal  about  the  nature  of  turbulent 
boundary  layers.  The  modern  concept  of  energy  transfer 
through  a spectrum  was  extended  to  the  turbulent  boundary 
layer.  The  resulting  model  of  a turbulent  boundary  layer 
was  supported  by  the  results.  This  together  with  the  sup- 
port from  theory  and  experiment  in  isotropic  turbulence 
makes  it  appear  that  the  model  may  be  a very  useful  one 
for  guiding  future  experiments. 

It  is  seen  that  the  investigation  of  separation  of  the 
turbulent  boundary  layer  had  to  go  beyond  the  mere  investi- 
gation of  separation.  The  real  problem  is  the  understanding 
of  the  mechanics  of  turbulent  shear  flow  under  the  action 
of  pressure  gradient.  The  solution  of  this  problem  depends 
on  the  understanding  of  the  mechanics  of  turbulence,  and  in 
this  only  rudimentary  beginnings  have  been  made. 

National  Bureau  of  Standards, 

Washington,  D.  C.,  June  I,  1949, 
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TABLE  1.— DISTRIBUTION  OF  DYNAMIC  PRESSURE 


(a) 

QilQn, 

X 

(ft) 

QllQm 

0.  05 

0.218 

13.0 

0. 977 

.OS 

.547 

13.5 

.980 

.12 

.762 

14.0 

.991 

.17 

.694 

14.5 

.992 

.21 

.514 

15.0 

.988 

.5 

.396 

15.5 

.988 

1.0 

.442 

16.0 

.988 

1.5 

.488 

16.5 

.991 

2.0 

.534 

17.0 

.994 

2.5 

.576 

17.5 

1.000 

3.0 

.622 

18.0 

.988 

3.5 

.668 

18.5 

.966 

4.0 

.709 

19.0 

.927 

4.5 

.756 

19.5 

.890 

5.0 

.810 

20.0 

.852 

5.5 

.861 

20.5 

.813 

6.0 

.894 

21.0 

.777 

6.5 

.923 

21.5 

.740 

7.0 

.930 

22.0 

.697 

7.5 

.962 

22.5 

.659 

8.0 

.951 

23.0 

.625 

8.5 

.960 

23.5 

.589 

9.0 

.954 

24.0 

.558 

9.5 

.958 

24.5 

.529 

10.0 

.974 

25.0 

.607 

10.5 

' .976 

25.5 

.493 

11.0 

.966 

26.0 

.484 

11,5 

.972 

26.5 

.478 

12,0 

.972 

27.0 

.475 

12.5  ‘ 

.977 

27.5  • 

.472 

TABLE  2,— MEAN-VELOCITY  DISTRIBUTION  NORMAL  TO  SURFACE 


j=0.5  ft 

x=1.0  ft 

X=1.5  ft 

1=2.0  ft 

x=2,5  ft 

x=3.0  ft 

x=3.5  ft 

x=4.5  ft 

V 

(in.) 

U/Ui 

y 

(in.) 

U/Ui 

y 

(in.) 

U/U, 

y 

(in.) 

U/Ui 

V 

(In.) 

U/U, 

y 

(in.) 

U/U, 

y 

(in.) 

U/U, 

y 

(in.) 

U/U, 

d.oi 

0. 552 

0. 01 

0.609 

0. 01 

0.  612 

0.01 

0, 589 

0. 01 

0. 584 

0. 01 

0. 588 

0. 01 

0. 576 

0.01 

0. 582 

.02 

.645 

.02 

.671 

• .02. 

.660 

.02 

.634 

.02 

.630 

.02 

.642 

,02 

.582 

.02 

.641 

.04 

.725 

.04 

.727 

.04 

.714 

.04 

.693 

.04 

.690 

.04 

.695 

.04 

.670 

.04 

.693 

.08 

.814 

.08 

.795 

.08 

.784 

.08 

.762 

.08 

.777 

.08 

.752 

.08 

.737 

.08 

.743 

.13 

.899 

.13 

.865 

.13 

' .856 

.14 

.828 

.13 

.815 

.13 

.804 

.13 

.790 

.13 

.788 

..  19 

.959 

.19  ' 

.924 

.19 

,903 

.18 

.884 

.19 

.867 

.19 

.866 

.19 

.847 

.19 

.844 

.27 

.991 

.27 

.975 

.27 

.950 

.27 

.940 

.27 

.915 

.27 

.911 

.27 

.894 

.27 

.892 

.36 

1.000 

.36 

.996 

.36 

.984 

.36 

.978 

.36 

.961 

.36 

.956 

.36 

.941 

.35 

.933 

.47 

1.000 

.46 

.999 

.46 

.995 

.46 

.993 

.46 

.985 

.46 

.976 

.46 

.978 

■ 

* 

.58 

1. 002 

.57 

1.000 

.58 

.999 

.57 

1.000 

.58 

.998 

.58 

,991 

.70 

1. 000 

.70 

1.000 

.70 

1.002 

* 

a:=5.5  ft 

a:=6.5  ft 

a: =7.5  ft 

J=8.5ft 

x=9.5  ft 

x=10.5  ft 

x=11.5  ft 

z=12.5  ft 

y , 

(in.) 

u/u, 

y 

(in.) 

U/U, 

y 

(in.) 

U/U, 

V 

(in.) 

U/U, 

y 

(in.) 

U/U, 

y 

(in.) 

u/u. 

V 

(in.) 

UAX, 

V 

(in.) 

U/U, 

0. 01 

0. 565 

0.01 

0. 554' 

o’  01 

0.  536 

0.01 

0.  521 

0.01 

0.504 

■ 0.01 

0. 507 

0. 01 

0.511 

0. 01 

0.  504 

.02 

.617 

.02 

.596 

.02 

.561 

.02 

.538 

.02 

.536 

.02 

.532 

.02 

.524 

.02 

.533 

.04 

.670 

.04 

.653 

.04 

.617 

.04 

.604 

.04 

.577 

.04 

.594 

.04 

.563 

.04 

.566 

.08 

.722 

.08 

.707 

.08 

.669 

.08 

.665 

.08 

.646 

.08 

.652 

.08 

.623 

.08 

.636 

.13 

.778 

.13 

.761 

.12 

.715 

.12 

.718 

.13 

.693 

.13 

.693 

.13 

.668 

.13 

.680 

.19 

.836 

.19 

.811 

.19 

.763 

.19 

.761 

.19 

.729 

.19 

.733 

.19 

.708 

.19 

.716 

.27 

.874 

.27 

.851 

.27 

.810 

.27 

.802 

.27 

.764 

.27 

.764 

.27 

.738 

.27 

.751 

.36 

.920 

.36 

.898 

.36 

.852 

.36 

.844 

.36 

.801 

.36 

.801 

.36 

.770 

.36 

.782 

.46 

.956 

.46 

.935 

.46 

.897 

.46 

.884 

.46 

.850 

.46 

.837 

.46 

.806 

.46 

.815 

.57 

.982 

.58 

.963 

.57 

• .939 

.57 

.930 

.57 

.889 

,bl 

.869 

,58 

.841 

.57 

.844 

,70 

1.000 

.70 

.994 

»70 

.968 

.70 

.962 

.70 

.924 

.70 

.905 

.71 

.876 

.70 

.875 

.84 

.998 

.84 

,991 

.84 

.986 

.84 

.953 

.84 

,936 

.99 

.934 

.99 

.937 

.99- 

1.002 

.99 

.998 

.99 

.997 

.99 

.984 

.99 

.968 

1.32 

.986 

1.43 

.979 

1.16 

1.000 

1. 15 

1.003 

1. 15 

.997 

1. 15 

.986 

1.69 

.997 

1.69 

.999 

1.32 

.998 

1.32 

1.000 

2. 09 

.997 

2.08 

.998 

1.50 

.998 

2.51 

.997 

2. 51 

.998 

1.88 

1..000 

, 

2.  95 

1.002 

2.94 

1.002 

1=13.5  ft 

X=14.5  ft 

z=15.5  ft 

x=16.5  ft 

x= 17.5  ft 

x=18.0  ft 

x=  18.5  ft 

x=19.0  ft 

y 

(in.) 

U/U, 

y 

(in.) 

U/U, 

y 

(in.) 

U/Ui 

y 

(in.) 

U/U, 

y 

(in.) 

U/U, 

y 

(in.) 

U/Ui 

y 

(in.) 

U/U, 

y 

(in.) 

U/U, 

0.01 

0. 495 

0.01 

0.482 

0.01 

0. 492 

0.01 

0. 465 

0. 01 

0. 495 

0.01 

.0495 

0.01 

0. 483 

0.01 

0.  450 

.02 

.507 

.04 

.536 

.02 

.487 

.02 

.472 

.02 

.509 

.02 

.508 

.02 

.477 

.02 

.455 

.04 

.578 

.07 

.616 

.04 

.514 

.04 

.529 

.04 

. 573 

.04 

. 563 

.04 

.501 

.04 

.498 

.08 

.636 

. 12 

.666 

.07 

.597 

.07 

.595 

.08 

.626 

.07 

.627 

.07 

. 576 

.07 

.562 

.13 

.670 

.18 

.702 

.12 

.652 

. 12 

. 655 

.12 

.664 

, 12 

.664 

. 13 

.628 

.12 

.612 

.19 

.718 

.26 

.732 

, 19 

.690 

. 19 

.704 

. 19 

.698 

. 19 

.697 

. 19 

.674 

.19 

.645 

.27 

.746 

. 35 

.762 

.26 

.728 

.26 

. 729 

.26 

.724 

.26 

, 727 

.27 

'.709 

- .26 

.682 

.36 

.778 

. 45 

.792 

.35 

. 752 

.35 

.752 

.36 

.750 

.35 

.756 

..36 

.740 

.35 

.708 

.46 

.807 

.57 

.821 

.46 

.781 

, 45 

.780 

.46 

.782 

. 45 

.783  • 

.46 

.766 

.46 

.738 

.58 

.834 

.69 

.844 

.57 

.810 

.57 

.809 

.57 

.802 

. o^ 

.802 

. 57 

.790 

.57 

.760 

.71 

.866 

.98 

.900 

.70 

.833 

.70 

.833 

.70 

-831 

.70 

.826 

.70 

.815 

.70 

.789 

1.00 

.925 

1.31 

.950 

.98 

.888 

.98 

.881 

.99 

.878 

.99 

.373 

.99 

.860 

.84 

.817 

1.32 

.968 

1.68 

.994 

1.31 

.936 

1.31 

.923 

1..32 

.927 

1.32 

.914 

1.32 

.924 

.98 

.846 

1.  70 

.995 

2. 07 

.996 

1.68 

.975 

1.68 

.965 

1.69 

.958 

1.69 

.961 

1.69 

,945 

1.31 

.887 

2. 09 

.999 

2. 49 

1.000 

2. 07 

1.002 

2.08 

.990 

2.  08 

.996 

2.  08 

.992 

2.  08 

.971 

1.68 

.930 

? 52 

999 

2.50 

.996 

2.  50 

.997 

2.51 

.996 

2.51 

1.000 

2. 07 

.963 

2.96 

1.000 

2.93 

1.002 

2.  94 

.999 

2.  94 

1.002 

2. 49 

.990 

3.  39 

1.001 

2.93 

1.007 
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x=\7.5  ft 


V ^ 

(in.) 

u'/lh 

y 

(in.) 

v'fUi 

y 

(in.) 

w'i  U\ 

0.05 

0.088 

0. 06 

0.  029 

0.10 

0.05S  . 

.10 

.092 

. 11 

.029 

. 15 

.058 

-15 

.090- 

. 16 

.030  ' 

.20 

.062 

.20 

.085 

.21 

.031 

.25 

.054 

.25 

.082 

.26 

.031 

.30 

.059 

.30 

.082 

.31 

.031 

.35 

.061 

.35 

.081 

.30 

.031 

.40 

.059 

• .45 

.074 

.46 

.031 

.50 

.058 

.55 

.073 

.56 

.031 

.60- 

.059 

.65 

.069 

.66 

.030 

.70 

.059 

.75 

.067 

.76 

.031 

.80 

.055 

.85 

.066 

.86 

.030 

.90 

.055 

.95 

.064 

.96 

.029 

1.00 

.052 

1.05 

.062 

1.06 

.029 

1.10 

.049 

1.25 

.055 

1.26 

.026 

1.30 

.043 

1.45 

.047 

1.46 

.023 

1. 50 

.035 

1.65 

.041  i 

1.66 

.021 

1.70 

.029 

1. 85' 

.033 

1.86 

.017 

1.90 

.016 

2.05 

.022 

2.  06 

.013 

2.10 

.015 

2.25 

.016 

2.  20 

.010 

2.30 

.012 

2.45 

.0095 

2.46 

.0080 

2.50 

.0094 

2.65 

.0072 

2.  61 

.0073 

2.70 

.0088 

2.85 

.0061 

2.81 

.0059 

3.01 

. 0052 

3.  21 

.0045 

3.41 

.0042 

3.  61 

. 0042 

3.81 

.0042 

■ 

x=20.0  ft 


y 

(in.) 

«7  Ui 

y 

(ill.) 

v'/Ui 

y 

(in.) 

w'iUi 

0.  05 

0.091 

0.11 

0.  047 

0.06 

0.056 

. 10 

.088 

. 16 

.045 

.11 

.056 

• . 10 

.088 

..21 

.044 

.16 

.056 

. 15 

.096 

.26 

.046 

.21 

.059 

.20 

.096 

.31 

.046 

.26 

.057 

.25 

.096 

.36 

.047 

.31 

.061 

.30 

.093 

.41 

.048 

.36 

.058 

.40 

.087 

.51 

.048 

.46 

.059 

.50 

.086 

.61 

.049 

.56 

.057 

.60 

.088 

. 71 

.047 

.66 

.058 

. 70 

.083 

.81 

.046 

.76 

.058 

.80 

.089 

.91 

.046 

.86 

.059 

.90 

.080 

' 1.01 

.047 

.96 

.054 

1.00 

.077 

1. 11 

.045 

1.06 

.054 

1.20 

.069 

1.31 

.040 

1.26 

.051 

1.40 

.063 

1.51 

.038 

1.46 

.047 

1.55 

.062 

1.  71 

.037 

1.66 

.042 

1.75 

.061 

1.91 

.034 

1.86 

.039 

1.95 

.064 

2.  11 

.031 

2.06 

.036 

2.  14 

.043 

2.31 

.028 

2.26 

.029 

2.  24 

.036 

2.51 

.024 

2. 46 

.023 

2.  44 

.028 

2.71 

.019 

2.66 

.018 

2.r>4 

.020 

2.91 

.015 

•2.86 

.014 

2.83 

.013 

3.  11- 

.011 

3.06 

.Oil 

3.  03 

.010 

3.31 

.0090 

3.26 

.0091 

3.  23 

.0080 

3.51 

.0079 

3. 46 

.0079 

3.43 

.0050 

.3.  71 

.0068 

3. 66 

.0071 

3.  63 

.0060 

.3.91 

.0068 

3.86 

.0068 

4.  11 

.0062 

4.06 

.0062 

4.31 

.0062 

4.26 

.0065 

4.51 

.0062 

x=2U0  ft 


j=22.5ft 


y 

(in.) 

ulUi 

y 

(in.) 

y 

(in.) 

V 

(in.) 

«7 

y 

(in.) 

y 

(in.) 

w'lUx 

O.Ol  . 

0.082 

0.  05 

0.039 

0. 06 

0. 051 

0. 05 

0.096 

0,  06 

0.a34 

0.  10 

0. 056 

.06 

.091 

.10 

.042 

.11 

.054 

. 10 

. 103 

.11 

.037 

. 15 

.058 

. 11 

.095 

. 15 

.044 

.16 

. .055 

. 15 

. 108 

. 16 

.038 

.20 

.061 

. 16 

.097 

.20 

.046 

.21 

.057  • 

.20 

. 108 

.21 

.040 

.25 

.062 

.21 

.095 

. 25 

.048 

.26 

.058 

.25 

.113 

.26 

.041 

.30 

.063 

.26 

.096 

.30 

.048 

.31 

.058 

.30 

. 114 

.35 

.042 

..35 

. 060 

.31 

,095 

.35 

.049 

.36 

.058 

.35 

. 114 

.40 

.042 

.40 

.064 

.41 

.092 

.45 

.053 

.46 

.061 

.40 

. 116 

.50 

.043  . 

.50 

,063 

.51 

.088 

.55 

.052 

.56 

,061 

.45 

. 117 

.60 

.042 

.60  * 

.068 

.61 

.084 

.65 

.053 

.66 

.062 

.55 

. 117 

.70 

.044 

.70 

.070 

.71 

.089 

.75 

.054 

.76 

.062 

.65 

. 114 

.80 

.045 

.80 

,071 

.81 

.084 

.85 

.052 

.86 

.058 

.75 

. 116 

.90 

.044 

.90 

.072 

.91 

.084  ' 

.95 

.054 

.96 

.058 

.85 

. 117 

1.00 

.044 

1.00 

.070 

1.01 

.079 

1.05 

.053 

1.06 

.059 

.95 

.119 

1. 10 

.045 

1. 10 

.070 

1.21 

.077 

1.25 

.048. 

1.26 

.056 

1.05 

. 103 

1.30 

. 045 

1.30 

.065 

1.41 

.073 

1.45 

.048 

1.46 

.055 

1.25 

1.09 

1.45 

.042 

1.50 

,063 

1.61 

.064 

1.65 

.048 

1.66 

.049 

1.45 

1.09 

1.60 

.042 

1.70 

.062 

1.81 

.063 

1.85 

.030 

1.86 

.047 

1.65 

.100 

1.80 

.042 

1.90 

.065 

2.01 

.060 

2.  05 

.042 

2. 06 

.043 

1.85 

.097 

2.00 

.043 

2. 10 

.058 

2.  21 

.052 

2.  25 

.042 

2.26 

.038 

2.  05 

.089 

2.  20 

.040 

2.35 

.056 

2.41 

. 045 

2.  45 

.032 

2. 46 

.033 

2.  25 

.083 

2.  40 

.0.37 

2.60 

.051 

2.61 

.041 

2.  65 

.028 

2.66 

.028 

2.  45 

.078 

2.  60 

.035 

2. 85 

.044 

2.81 

.032 

2. 85  - 

.024 

2.86 

.023 

2.  65 

^ .075 

2. 80 

.033 

3.10 

.038 

3.01 

.025 

.3.  05 

.022 

3. 06- 

.018 

2. 85 

.063 

. 3.00 

.030 

3. 40 

.032 

3.21 

.018 

3.  25 

.017 

3.  26 

.014 

3.05 

.059  . 

3.  20 

.026 

3.70 

.024 

3.41 

.012 

3.  45 

.014 

3;  46 

.011 

3.30 

.052 

3.  40 

.026 

4.00 

.017 

3.91 

.0049 

3.  65 

.011 

.3. 66 

. 0091' 

3.  55 

.040 

3.  60 

.021 

4.30 

‘012 

4.01 

. 0045 

3. 85 

.0092 

3.86 

.0071 

3. 80 

.029 

3.80 

.018 

4.60 

.0095 

4.21 

.0043 

4.  05 

.0078 

4.06 

.0063 

4.05 

.021 

4.00 

.014 

4.90 

.0076 

4.41 

.0040 

4.  25 

.0078 

4.26 

.0061 

4.30 

.015 

4.20 

.012 

5.20 

.0067 

4. 46 

.0062 

4.  55 

.012 

4.40 

.0095 

5.50 

.0067 

4.  80 

. 010 

4.  60 

. 0076 

5!  05 

.0091 

4. 80 

. 0064 

5.  30 

.0090 

5.  00 

. 0055 

5.  55 

.0089 

5.  0*5 

. 0051 

5.  25 

. 0049 

5. 45 

. 0043 

* 

5!  65 

0043 
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I-H  ft 


V 

(in.) 


0. 16 
.21 
.26 
.31 
.36 
A] 
.46 
. 51 
.56 
.66 
. 76 
.S6 
.96 
1.06 
1. 16 
1.36 
1.56 
1.76 
1.96 
2.  06 
2.26 


Crl 


0.  0040 
.0039 
.0037 
.0040 
.oa37 
.00.35 
.0034 
.0035 
.0031 
.0029 
.0025 
.0024 
.0020 
.0016 
.0014 
.00067 
.00026 
.00006 
.00002 
.00001 

0 


J=1 

7.5  ft 

1=17.5  ft 

y 

r»  . 

y 

Crl 

(in.) 

(in.) 

0.08 

0.0037 

0.08  ■ 

0.  0034 

, 15 

.0037 

. 13 

.0033 

.24 

.0031 

. 18 

.0033 

.36 

.0032 

.23 

.0030 

.50 

.0031 

.28 

.0033 

. 67 

.0027 

.33 

.0037 

.86 

.0024 

.38 

.0034 

1.00 

.0021 

.48 

,0032 

1.16 

.0018 

.58 

.0030 

1.34 

.0020 

.68 

.00:10 

1.52 

.0011 

. 78 

.0025 

1.68 

.0007 

.88 

.0025 

1.87 

.00054 

.98 

.0022 

2.01 

.00028 

1.08 

.0023 

2.  14 

.00016 

1.28 

.0019 

2.  27 

.00009 

1.48 

.0014 

2.54 

.00002 

! 1.68 

.0010 

2.74 

.00001 

I.8S 

.00053 



2.08 

. 00025 



2.28 

.00011 



.2.48 

.00005 

— 

2.68 

.00003 

— 



2.88 

.00002 



3.  08 

.00001 

— 

3.28 

0 

J-=18.5ft 


!/ 

(in.) 


0.08 
.20 
, .32 
42 
62 


Crl 


0.004! 

.0040 

.0033 

.003.3 

.0033 

.0026 

.0028 

.0022 

.00:8 

-00!6 

.0014 

.00094 

.00048 

.00024 

.00004 

0 


19.5  ft 

j 1=20.0  ft 

y 

(in.) 

Crl 

y 

(in.) 

Crl 

0.00 

0.0029 

O.OS 

0.0037 

. 13 

.0031 

. 14 

.0a38 

.30 

.0039 

. 19 

.0046 

.38 

.0032 

.24 

.0048 

.53 

.0033 

. 2ti 

-0047 

.61 

.0024 

,34 

.0045 

. // 

.00:4 

.39 

.0046 

.90 

.00-2 

.49 

.0045 

1.09 

.0021 

.59 

.0041 

1.29 

.0016 

.69 

.0043 

1.49 

.0015 

.79 

.0039 

1.  71 

.0013 

.89 

.0037 

1.89 

.00094 

.99 

.0034 

2.09 

.00066 

1. 19 

-0031 

2.22 

.00045 

1.39 

,0027 

2.42 

.00031 

1.59 

.0022 

2.65 

.00008 

1.79 

.0018 

2 89 

. .00002 

1.99 

.00)6 

3.09 

0 

2.  19 

.0011 

. 2.39 

.00063 

..  - 

2.  59 

.00043 



2.61 

.00027 

2.81 

.00022 



A 

2.81 

.00010 



3.01 

.00007 



3.21 

.00002 

— 

— 

;i.4i 

0 

j:=22.0  ft 

a:=22.5  ft 

V 

(ill.) 

Crl 

y 

(in.) 

Crl 

0.07 

0.0028 

'0. 08 

0. 0028 

.12 

. 0032 

.1,3 

.0033 

.17 

.0035 

.18 

.0034 

.22 

.0041 

.23 

.0037 

.27 

;0041 

.28 

.0039 

.32 

.0037 

.33 

.0039 

.37 

.0040 

.38 

.0043 

.42 

.0042 

.43 

.0045 

.47 

.0045 

'.48 

.0043 

.52 

.0047 

.53 

.0045 

- .57 

.0046 

.58 

.0043 

. 67 

.0044 

. 68 

.0043 

77 

.0050 

. 78 

.0041 

.87 

.0048 

.88 

.0047 

.97 

.0052 

.91 

.0045 

1.07 

.0051 

.98 

.0043 

1.27 

.0044 

1.01 

.0044 

1.47 

.0044 

1. 11 

.0044 

■ 1,67 

.0045 

1.21 

.0040 

1.87 

.00,39 

1.41 

.0038 

2,07 

.0032 

1.61 

.0038 

2.32 

.0030 

1.81 

.0043 

2.57 

.0023 

2.01 

.0036 

2.82 

.0016 

2.  21 

.0030 

3. 07 

.0011 

2.41 

.0027 

3.26 

.00072 

2.61 

. 0021 

3.  32 

.00072 

2.81 

.0020 

3.51 

. 00038 

3.01 

.0015 

.3.76 

.00016 

3.23 

• .0012 

4. 01 

.00009 

3.  27 

.0012 

4.  14 

.00001 

3.  48 

.00070 

4.28 

,00005 

3.73 

.00031 

4.  .39 

.00001 

3. 98 

.00015 



4.23 

.00003 

4.48 

.00002 

4.69 

0 

4.74 

.00001 

20.5  ft 


z=21.0ft 


y 

(in.) 

Crl 

y 

(in.) 

Crl 

0.  25 

0. 0030 

0.08 

0.0031 

.30  • 

.0031 

. 13 

.0041 

.35 

.0031 

. 18 

.0044 

.40. 

.0032 

.23 

.0047 

.45 

.0032 

.28 

.0032 

.5.5 

.0029 

.33 

.0040 

.65  • 

.0029 

..38 

.0042 

.75 

.0029 

.43 

.0044 

.85 

.0029 

.48 

.0047 

.95 

.0031  . 

.53 

.0046 

1.05 

. 0031 

.58 

.0045 

1. 15 

.0029 

.68  • 

.0049 

1.25 

.0028 

.78 

.0047 

1.45 

.0024 

.88 

.0041 

1.65 

.0021 

1.08 

.0044 

1.85 

.0018 

1.28 

.0032 

2. 05 

.0014 

1.48 

.0031 

2.  25 

.0012 

1.68 

.0029 

2. 45 

.00084 

1.88  • 

.0022 

2.  70 

.00045 

2.08 

.0021 

2.  95 

.00025 

2.33 

.0014 

3.20 

.00013 

2.58 

.00092 

3.  45 

.00006 

2.73 

.00043 

3.  70 

.00003 

3.08. 

.00031 

3.  95 

.00002 

.3. 33 

.00012 

4.26 

.00002 

3.  58 

.00004 

3.83 

.00002 

— 

4.  as 

.00002 

.... 

4.33 

0 

.... 

— 

— 

> 

.t=21.0  ft 


y 

(in.) 


0.08 
. 13 
. 18 
.23 
.28 
.33 
.38 
.43 
.53 
.63 
.73 
.83 
.93 

1.03 
1.  13 
1.23 
1..33 

1.53 
1.73 
1.93 
2. 13 
2.33 

2.53 
2.78 

3.03 
3.28 
3.38 

3.53 
3.63 


Crl 


0.  0040 
.0049 
.0048 
.0053 
.0052 
.0054 
.0054 
.0052 
.0049 
.0052 
-0051 
.0047 
.0052 
.0050 
.0049 
.0043 
.0042 
. 0036 
.0033 
.0029 
.0022 
.0020 
.0017 
.0013 
• .00076 
.00042 
.00012 
.00018 
.00012 


T=21.5ft 


y 

(in.) 


0.  10 
. 15 
. 19 
.20 
.24 
.25 
.29 
.34 
.39 
.44 
.49 
.54 
.64 
. 74 
.84 
.94 

1.04 
1.24 

1.44 
1.64 
1.84 

2.04 
2.21 
2.  44 

‘2.64 

2.  84 

3.04 

3.  24 
3.  34 
.3.45 
3.  54 
.3.74 
.3.  84 
3.94 

4.04 
4.29 

4.44 


Crl 


0.0037 
.0041 
.0040 
.0048 
. 0046 
.0048 
.0043 
• .0047 
.0044 
.0050 
.0052 
.0056 
.0052 
.0048 
.0050 
.0045 
.0045 
. 0051 
-0040 
.0042 
.0034 
.0032 
.0028 
0025 
.0019 
.0013 
.00080 
. 00015 
.00a38 
.am3 
.00021 
.00009 
.00005 
. 00007 
.00001 
.00002 
.00001 
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2t=23.0  ft 

1=23.5  ft 

x=24.0  ft 

x=24.5  ft 

x=24.5  ft 

y 

' (in.) 

Crl 

V 

(in.) 

C ri 

y 

(in.) 

Cn 

y 

(in.) 

Cn 

y 

(in.) 

Cn 

0.08 

0. 0039 

0. 13 

0.  0026 

0.05 

0.0017 

0. 12 

0.  00079 

0. 10 

0. 6622 

.13 

.0026 

.18 

.0028 

. 10 

.0026 

. 15 

.0011 

.15 

.0021 

.18 

.0030 

.23 

.0029 

. 15 

.0034 

.17 

.0016 

.20 

.0016 

.23 

.0032 

.28 

.0034 

.20 

.0031 

.22 

.0013 

.25 

.0015 

.28 

.0029 

.33 

.0035 

.25 

.0027 

.27 

.0017 

.,30 

.0017 

.33 

-0033 

.38 

.0033 

.30 

.0040 

.32 

.0022 

.35 

.0018 

.38 

.0035 

.43 

.0035 

.35 

.0029 

.37 

.0020 

.40 

.0022 

.48 

.0040 

.53 

.0040 

.40 

.0039 

.42 

.0019 

. 50 

.0020 

.58 

.0038 

.63 

.0046 

. 45 

.0034 

. 47 

.0022 

.60 

,0024 

.68 

.0042 

.70 

.0041 

.50 

.0039 

.57 

.0025 

.70 

.0027 

.78 

.0047 

.73 

. .0044 

. 55 

.0041 

.67 

.0020 

.80 

.0024 

.88 

.0047 

.80 

.0046 

. 65 

.0045 

.68 

.0023 

.90 

.0023 

.92 

.0041 

.83 

.0055 

. /o 

.0046 

. i i 

.0031 

1.00 

.0031 

.98 

.0047 

.90 

.0048 

. 85 

.0047 

.78 

.0021 

1. 10 

.0034 

1.02 

.0048 

1.00 

.0042 

. 95 

.0047 

.88 

.0027 

1.30 

.0035 

1.22 

.0047 

1.20 

.0047 

1.05 

.0048 

1.08 

.0031 

1.50 

.0047 

1.42 

.0051 

1.40 

.0049 

1.25 

.0048 

1.28 

.0031 

1.  70 

.0038 

1.62 

.0044 

1.60 

.0052 

1.45 

.0051 

1.48 

.0043 

1.90 

.0050 

1.82 

.0046 

1.80 

.0053 

1.65 

.0057 

1.68 

,0045 

2. 10 

.0057 

2. 02 

.0045 

2.00 

.0049 

1.85 

.0072 

1.88 

.0046 

2,30 

.0050 

2. 22 

.0045 

2. 06 

.0037 

2.  05 

.0065 

2.08 

.0047 

2.50 

.0052 

2.42 

.0037 

2.20 

.004:1 

2.25 

.0065 

2.  22 

.0048 

2. 70 

.0053 

2.62 

.0031 

2. 26 

.00.39 

2.  50 

.0047 

2.  28 

.0047 

2.90 

.0061 

2. 82 

.0026 

2. 46 

. 0040 

2.  75 

.0035 

2.  42 

.0051 

3. 10 

.0066 

3. 02 

.0022 

2.66 

. 0035 

3.00 

.0047 

2. 62 

.0043 

3.  40 

.0045 

3.  27 

.0019 

2. 86 

.0031 

3.  25 

.0040 

2. 82 

.0052 

3.  70 

.0051 

3. 52 

.0014 

3.11 

. 0026 

3.  50 

.0032 

3. 12 

" . 0051 

4.00 

.0042 

3. 77 

.00088 

3.  .36 

. 0023 

3.  61 

.0038 

3.  42 

.0053 

4.30 

.0031 

4. 02 

.00044 

3.61 

.0019 

3. 86 

.0025 

3.  72 

.0052 

4.60 

.0040 

4.27 

.00023 

3. 86 

.0014 

4.  16 

.0017 

4.02 

.0038 

4.90 

.0019 

4.  52 

.00010 

4. 11 

. 00093 

4.46 

.00087 

4.32 

.0032 

5.  20 

.00090 

4.  70 

.00005 

4.  ,36 

.00043 

4.  76 

.00037 

•4.60 

.0023 

5.  40 

.00061 

4.  77 

.00004 

4.61 

.00021 

5. 06 

. 00022 

4.62 

.0021 

5.  67 

.00029 

4.  95 

.00002 

4.86 

. 00014 

5.  36 

.{XK)13 

4.90 

.0023 

0.  / / 

.00027 

5. 20 

.00001 

5.11 

. (KX105 

5.  62 

0 

5.  20 

.0015 

5.  97 

.00010 

5.  45 

.00001 

5. 18 

0 

5. 82 

0 

5.  50 

. 00079 

6. 11 

:00004 

5. 38 

. 0001 

5.  80 

.00042 

6.  27 

.00004 

6.  10 

.00011 

6.49 

.0001 

. ---- 

6.  79 

0 

1=25.0  ft 

X=25.0  ft 

x=25.0  ft 

J=25.4  ft 

y 

(in.),  . 

Cr^ 

y 

(in.) 

Cn 

y 

(in.) 

Cn 

V 

(in.) 

Cn 

0. 10 

0.0011 

0.17 

0.0010 

0.06 

0.  00077 

0.18 

0. 00050 

.15 

.0020 

.22 

.0013 

.11 

.0014 

.28 

.00086 

.20 

.0024 

27  • 

.0020 

.21 

.0019 

.38 

.00064 

.25 

.0021 

.37 

.0026 

.31 

.0023 

.48 

.0011 

.30 

.0023 

.40 

.0023 

.31 

.0021 

.58 

.00088 

.35 

.0026 

.47 

. 0026 

.41 

.0025 

.68 

.0013 

.40 

,0036 

. 50 

.0031 

-.51 

.oa36 

.78 

.0019 

.45 

.0037 

.60 

.0028 

.61 

.0034 

.88 

.0022 

.50 

,0039 

.70 

.0035 

.71 

.0041 

.98 

.oa3i 

.60 

.0045 

.80 

.0032 

.81 

.0045 

1.08 

.0031 

.60 

.0032 

.88 

. 0053 

.83 

.0044 

1. 18 

.0043 

.70 

.0051 

.90 

. IX)40 

1.03 

.0051 

1.38 

.0047 

.80 

.0043 

.98 

.0038 

1.23 

.0061 

1.48 

.0044 

.90 

.0042 

1.08 

.0049 

1.43 

.0068- 

1.58 

.0049 

1.00 

.0063 

1.  13 

.0060 

1.51 

.0076 

1.68 

.0040 

1.21 

■ .0065 

1.18 

.0052 

1.71 

.0073 

1.88 

.0059 

1.31 

.0070 

.1.  28 

.0064 

1.91 

.0075 

2.08 

.0067 

1.40 

.0071 

1.43 

.0061 

2.11 

.0074 

2.28 

.0071 

1.51 

.0069 

1.58 

.0064 

2.31 

.0076 

2.  48 

.0077 

1.71 

.0077 

1.73 

.0061 

2. 51 

.0092 

2.68 

.0093 

1.91 

.0062 

1.93 

.0068 

2.71 

.0077 

2.88 

.0071 

1.93 

.0087 

2. 13 

.0081 

2.91 

.0100 

3.08 

.0071 

2.04 

.0072 

2.33 

.0091 

3.11 

.0098 

3.28 

.0084 

2. 13 

.0091 

2.53 

.0099 

3.31 

.0098 

3. 48 

.0086 

2.  23 

.0087 

2.  73 

.0087 

3. 51 

.0104 

3.68 

.0088 

2.53 

.0097 

2.98 

.0099 

3.71  . 

.0085 

3.88 

.0078 

2.83 

.0102 

3.23 

.0084 

3.96 

.0084 

4. 13 

.0072 

3. 13 

.0102 

3.  48 

.0091 

4.07 

.0074 

4.38 

* .0077 

3.  43 

.0090 

3.  73 

.0079 

4.23 

.0087 

4.62 

.0063 

3.65 

.0060 

4.03 

.0081 

4.32 

.0072 

4.88 

.0065 

3. 73 

.0078 

4.  .3:1 

.0071 

4.57 

.0062 

5. 18 

.0054 

3. 95 

.0054 

4.63 

.0064 

4. 82 

.0041 

5. 48 

.0040 

4.  25 

.0046 

4.93 

'.0056 

5. 12 

.0040 

5. 78 

.0037 

4.55 

.0041 

5.23 

.0044 

5.42 

.0029 

6. 08 

.0030 

4.85 

.0033 

5. 37 

.0033 

5. 72 

.0020 

6.38 

.0015 

. 5.15 

.0031 

5.53 

.0032 

6.12 

.0012 

6.68 

.0013 

5. 45 

.0022 

5.  67 

.0025 

6.42 

.00062 

6. 72 

.0012 

5.  75 

-0011 

5. 97 

.0018 

6.72 

.00021 

6.98 

.00066 

6.  02 

.00066 

6. 27 

.00082 

7.02 

.00010 

7.02 

.00043 

6.  05 

.00076 

6. 57 

.00038 

7.32 

0 

7.23 

.00017 

6. 36 

.00007 

6. 87 

.00023 

7.52 

.00009 

7. 17 

.00013 

7.72 

.00002 

7. 32 

.00007 

7.92 

0 

7.  39 

.00005 

---- 

— 
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TABLE  6— ue-CORRELATION  COEFFICIENT 


17.5  ft 

j= 20.0  ft 

2=21.0  ft 

V 

(in.) 

UDfv/v' 

V 

(in.) 

uvfu'c' 

y 

(in.) 

uvfa'v' 

0.10 

0.  59 

0. 10 

0.  45 

0.  10 

0.37 

.25 

57 

.25 

.50 

25 

.42 

.50 

57 

.50 

.49 

50 

.46 

.75 

55 

. 75 

.49 

75 

.47 

1.00 

55 

1.00  ■ 

.48 

1. 

00 

.45 

1.  25 

55 

1.25 

.47 

i. 

25 

.45 

1.50 

53 

1.50 

.47 

]. 

50 

.43 

1.75 

.43 

1.75 

.46 

1. 

75 

.42 

2.00 

42 

2.00 

.44 

2, 

00 

.41 

2.  25 

.32 

2.  25 

.42 

9 

25 

.39 

2.  50 

21 

2 50 

.40 

• 2. 

50 

.3? 

2.75 

.14 

2.  75 

.35 

2. 

/o 

.31 

3.00 

.04 

.3.00 

. 19 

3.00 

.27 



. 

3.  25 

.02 

3. 

25 

. 18 

— 

- 

... 

— 

.... 

3.  50 

.07 

J=22.5ft 

= 23.0  ft 

x=24.5  ft 

,t=25.4  ft 

uvlii.'v* 

V 

(in.) 

UVju/D' 

y 

(in.) 

uvfu’v* 

V 

(in.) 

uvlu'v* 

0. 10 

0.42 

0.  25 

0.  39 

0.  25 

0.  22 

0.  25 

. 0.11 

.25 

.44 

.50 

.39 

.50 

.25 

-50 

. 15 

.50 

.45 

1.00 

.40 

1.00 

.30 

1.00 

.24 

. 75 

.47 

1.50 

.43 

1.50 

.34 

1.50 

.31 

1.00 

.47 

2.00 

.44 

2.00 

.37 

2.00 

.36 

1.25 

.48 

2.50 

.42 

2.50 

.41 

2.50 

.38 

1.50 

.48 

3.00 

.41 

3.00 

.43 

3.00 

.40 

1.75 

.48 

3.50 

.40 

3.50 

.44 

3.50 

.41 

2.  00 

.47 

4.  00 

.36 

4.00 

.45 

4.00 

.42 

2.  25 

.47 

4.50 

.30 

4.  50 

.42 

4.50 

.42 

2.50 

.45 

5.00 

.21 

5.00 

.38 

5.00 

.42 

2.-75 

.45 

5.50 

0 

5.50 

.30 

5.50 

.43 

3.00 

.42 

6. 00 

19 

6.00 

.42 

3.  25 

.39 

6.50 

0 

6.  50 

.36 

3.50 

.34 



7.00 

. 26 

3.  75 

.26 



7.  50 

• . IS 

4.00 

.21 

8.00 

0 

4.  25 

. 12 

4.  50 

.06 

. 4.75 

0 

TABLE  7.— TRANSVERSE  CORRELATION  COEFFICIENT 


2=17.5  ft 

T=20.0  ft 

Pi =0.98  in. 

Pi  =2.02  in. 

Pi  =0.76  in. 

Pi  = 1.01  in. 

Pi  = 1.53  in. 

Pi=2.03  in. 

Pi =2.96  in. 

Vi~y\ 

(in.) 

P2-PI 

(in.) 

P2-P1 
(in.)  • 

P2-P1 

(in.) 

/?, 

P2-P, 

(in.) 

Ey  . 

P2-Pl 

(in.) 

■Ey 

P2-P1 

(in.) 

Ey 

0.01 

0.96 

0. 01 

0.  92 

0. 03 

0.  94 

0.04 

0.93 

0. 02 

0.93 

0. 02 

0.96 

0.05 

0.91 

.07 

.84 

.02 

.89 

..08 

.78 

.09 

.82 

.07 

.85 

.07 

.88 

.10 

.82 

.12 

.73 

.07 

• .76 

. 13 

. 70 

. 14 

. 74 

.12 

.79 

.12 

.79 

. 15 

.70 

.22 

.59 

. 11 

.73 

.18 

.60 

. 19 

.63 

.17 

.72 

.17 

.75 

.20 

.56 

.32 

.49 

. 17 

.51 

.23 

.53 

. 24 

.56 

.22 

.65 

.22 

.68 

.25 

.48 

.42 

.41 

.21 

.54 

.33 

.42 

.34 

.45 

.32 

.55 

.32 

.55 

.30 

..39 

.62 

.22 

.27 

.29 

.43 

.33 

.44 

.35 

.42 

.47 

.42 

.46 

,35 

.37 

.82 

. 12 

.31 

.35 

.53 

.27 

.54 

.33 

.52 

.38 

.52 

.34 

.40 

.33 

1.02 

.068 

.41 

.21 

.73 

.16 

.64 

.23 

.62 

.32 

.62 

.30 

.45 

.29 

1.22 

.027 

.47 

. 13 

.93 

.10 

. 74 

.21 

.72 

.27 

.82 

. 15 

.50 

.24 

1.42 

0 

.61 

.12 

1. 13 

• .054 

.84 

. 18 

.82 

. 21 

.92 

.032 

.55 

.24 

1.62 

0 

. 67 

0 

1.33 

.023 

.94 

.11 

.92 

. 15 

1.02 

0 

.65 

. 18 

-.02 

.97 

.81 

-.040 

1.43 

0 

1.04 

.091 

1.02 

. 10 

-.01 

.96 

.75 

.14 

-.05 

.89 

.87 

-.097 

1.63 

0 

1.14 

. 105 

1.22 

.042 

-.08 

.78 

.85 

.088 

-.10 

.80 

1.01 

-.066 

-.02 

.93 

1.24 

.058 

1.42 

.040 

-.13 

.65 

.95 

.088 

-.20 

.64 

1.07 

0 

-.04 

.88 

1.34 

.018 

1.67 

-.  020 

-.23 

.56 

1.15 

.073 

-.30 

.53 

1.21 

-.093 

-.08 

.78  ' 

1.44 

0 

1.87 

0 

-.33 

.45 

1.45 

.067 

-.  36 

.38 

1.27 

0 

-.13 

.68 

-.03 

.93  . 

2. 87 

0 

-.48 

.32 

1.75 

0 

-.  39 

.40 

1.41 

. 0 

-.23 

.51 

-.05 

.87 

-.02 

.90 

-.68 

.24 

-.  01 

.89 

49 

.31 

-.02 

.95 

-.30 

.37 

-.10 

. 76 

-.04 

.82 

-.97 

. 14 

-.03 

.84 

-.60 

.24 

-.a5 

.89 

-.35 

.34 

-.15 

.68 

-.09  ■ 

.75 

-1.19 

.078 

-.08 

.80 

-.68 

.19 

-.10 

.79 

-.48 

.25 

-.20 

.59 

-.14 

.67 

-1.34 

.044 

-.18 

.65 

-.78 

. 16 

-.  20 

.62 

-.61 

.17 

-.25 

.52  . 

24 

• .53 

-1.39 

.059 

-.28 

.47  • 

-.88 

.10 

30 

.52 

-.  70 

.15 

-.35 

.40 

-.34 

.42 

-1.41 

.042 

-.38 

.34 

•-.96 

.058 

-.40 

.39 

-.71 

'.  13 

-.43 

.31 

-.44 

.33 

-1.48 

.027 

-.53 

.18 

—.60 

. 26 

-.  53 

. 27 

— , 64 

. 24 

—1.49 

.011 

— . 73 

. 12 

-.  80 

. 21 

-.63 

. 17 

-.72 

. 17 

—1.61 

.015 

— ! 93 

. 052 

-1.00 

.082 

-.73 

. 12 

. -.84 

. 16 

—1.75 

0 

—1  03 

033 

-1.20 

.076 

-.83 

. 12 

-.92 

.11 

-1.95 

0 

-1.23 

0 

-1.40 

.026 

-.93 

.083 

-1. 12 

. 10 

-1.42 

.058 

-.98 

.055 

-1.32 

.044 

-1.62 

.041 

—1.42 

.011 

-1.82 

.029 

-1.  52 

0 

. -1.92 

.028 

-2.00 

0 

' 
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TABLE  7.— TRANSVERSE  CORRELATION  COEFFICIENT— Concluded 


ar=22.5ft. 

z=23.5  ft. 

1/1=0.85  in. 

1/1=1.45  in. 

i/1 =2.32  in. 

1/1=2.90  in. 

1/1=3.92  in. 

1/1=0.84  in. 

1/1=1.54  in. 

j/i=3.05in. 

i/1 =3.71  in. 

Vi-Vi 

1? 

Vi-Vx 

j? 

i/J-l/i 

Vi-Vx 

p 

Vi-Vx 

p 

Vi-yx 

p 

Vi-Vx 

Vi-Vx 

Vi-yx 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

■ ■ 

0.95 

0.01 

0.96 

0.02 

0.96 

0.02 

0.98 

0.01 

0.97 

0.03 

0.95 

0.02 

0.96 

0.02 

0.97 

0.01 

0.96 

HI 

.87 

.06 

.89 

.07 

.84 

.04 

.91 

,06 

.87 

.07 

.83 

:06 

.83 

.05 

.88 

.08 

.85 

TiH 

. 76 

.11 

.76 

.12 

.79 

.09 

.85 

.11 

.83 

.12 

.75 

.11 

.74 

.10 

.80 

.13 

.79 

.68 

.16 

.69 

.17 

. 71  ■ 

.14 

.78 

.21 

.69 

.22 

.64 

.21 

.63 

.20 

.67 

.23 

.65 

.65 

.21 

.63 

.22 

.65 

.24 

.68 

.31 

.55 

.32 

.52 

.31 

.54 

.30 

.56 

.33 

.52 

.49 

.31 

.53 

.32 

,56 

.34 

.59 

.41 

.37 

.42 

.42 

.41 

.41 

.40 

.48 

.43 

.50 

.42 

.41 

.46 

.42 

.49 

.44 

.52 

.61 

.22 

.52 

.37 

.61 

.34 

.60 

.30 

.53 

.41 

.50 

.33 

.51 

.37 

.62 

.32 

.64 

.35 

.81 

.12 

.62 

.28 

.81 

.23 

.80 

.23 

.63 

.29 

.60 

.26 

.61 

.28 

.82 

.23 

.84 

.21 

1.01 

.055 

.82 

.22 

1.01 

.13 

1.00 

.19 

.83 

.18 

.80 

.17 

.81 

.19 

1.02 

. 15 

1.04 

.098 

1.21 

.097 

1.02 

.14 

1.21 

.10 

1.20 

. 76 

1.03 

.079 

1.00 

.11 

1. 01 

.14 

1.22 

.094 

1.24 

.028 

1.41 

.061 

1.22 

.12 

1.41 

.084 

1.40 

.067 

1.23 

.053 

1.20 

.093 

1.21 

.12 

1.42 

.11 

1.44 

-.076 

1. 61 

0 

1.42 

.085 

1.71 

.048 

1.60 

.024 

1.43 

0 

.067 

1.41 

.083 

1.62 

0 

1.64 

-.051 

1.81 

.068 

1.62 

.045 

_2.01 

.026 

1.80 

0 

1.63 

-.076 

.042 

1.61 

.045 

1.80 

0 

1.84 

-.  14 

2.01 

.051 

1.82 

.049 

2.31 

.029 

2.00 

0 

1.83 

-.  16 

.030 

1.81 

.051 

-.02 

.94 

2.04 

-.099 

2.41 

0 

2.02 

.015 

2.61 

0 

-.02 

.98 

2.03 

-.11 

.033 

2.01 

.028 

-.08 

.80 

-.04 

.92 

-.03 

.92 

2.22 

.016 

2.91 

0 

-.04 

.89 

2.23 

0 

0 

2.21 

0 

-.  13 

.71 

-.07 

.88 

-.08 

.86  . 

2.32 

.017 

-.02 

.95 

-.09 

.81 

-.02 

.97 

2.40 

0 

2.51 

0 

-.23 

.60 

-.12 

.82 

-.'13 

.76 

2.52 

.018 

-.04 

.85 

-.  14 

.77 

-.06 

.84 

2.60 

0 

-.05 

.92 

-.33 

.51 

-.22 

.68 

-.23 

.60 

2.82 

0 

-.09 

.78 

-.24 

.67 

-.11 

. 76 

-.02 

.91 

10 

.79 

-.43 

.45 

-.  32 

.55 

-.  33 

.51 

-.03 

.97 

-.  14 

.70 

-.  34 

.59 

-.21 

.72 

14 

.72 

-.  15 

.73 

-.63 

’.28 

-.  42 

.46 

-.  43 

.39 

-.07 

.87  • 

-.23 

.62 

-.44 

.52 

-.31 

.59 

-.34 

.44 

-.25 

.62 

-.83 

.18 

-.52 

.38 

-.53 

.29 

-.11 

.82 

-.  32 

.53 

-.64 

.34 

-.41 

.50 

-.59 

.21 

-.35 

.49 

-1.03 

.12 

-.62- 

.28 

-.63 

.23 

-.  18 

.59 

-.  41 

.43 

-.84 

.26 

-.  61 

.36 

-.80 

.15 

-.41 

.43 

-1.07 

.15 

-.82 

.20 

-.83 

.12 

-.  41 

.36 

-.60 

.27 

-1.04 

.19 

-.  81 

.28 

-.45 

.40 

-1.  27 

.066 

-1.02 

.15 

-1.03 

.097 

-.55 

.26 

-.79 

.23 

-1.24 

. 19 

-1. 01 

. 17 

— . 71 

.25 

-1.47 

.040 

-1.22 

.092 

-1.23 

.071 

-.73 

.19 

-.94 

.18 

—1.44 

.14 

-1.21 

.14 

-.  91 

.14 

-1.67 

.042 

-1.42 

.050 

-1.43 

.068 

-.82 

.18 

-1.14 

.11 

-1.64 

.088 

—1.41 

-.12 

—1.11 

.082 

-1.87 

.025 

—1.62 

.038 

-1.63 

0 

—1.34 

.12 

—1.84 

.091 

—1.61 

.081 

— 1.31 

.051 

—1.82 

.019 

-1.83 

0 

—1.44 

.069 

—2.04 

.035 

—1.81 

.076 

—1.41 

.051 

—1.97 

0 

—1.53 

.052 

-2.24 

.024 

—2.01 

.062 

-2.44 

.023-" 

-2.31 

.066 

—2.74 

.036 

—2.61 

0 

-2.92 

0 

x=24.5ft 

J=25.4  ft 

f/i=0.81  in. 

1/1=1.73  in. 

1/1=3.00  in. 

i/i=4.01  in. 

i/1 =5.02  in. 

i/i=0.98  in. 

1/1=3.66  in. 

i/1 =5.93  in. 

i/I =6.47  in. 

1/2-I/1 

1/2 -!/i 

p 

1/2 -1/1 

p 

1/2- i/1 

p 

1/2 -»i 

p 

Vi-Vx 

p 

J/2-I/1 

p 

1/2- i/1 

p 

1/2- i/1 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

(in.) 

rtf 

0.03 

0.90 

0.02 

0.95 

0.03 

0.90 

0.02 

0.95 

0.02 

0.97 

0.01 

0.97 

0.02 

0.95 

0.02 

0.96 

0.01 

0.96 

.07 

. 76 

.07 

.86 

.04 

.90 

.03 

.92 

.08 

.84 

.09 

.84  ' 

.08 

.90 

.05 

.95 

.08 

.83 

.12 

.67 

.12 

.75 

.09 

..82 

.08 

.85 

.13 

.79 

.14 

.75 

.13 

.84 

.10 

.86 

.13 

.79 

.22 

.54 

.22 

.61 

.14 

.76 

.13 

.79 

.18 

.72 

.24 

.69 

.23 

.71 

.15 

.81 

-.23 

.71 

.32 

.44 

.32 

.52 

.24 

.64 

.23 

.69 

.23 

.65 

.34 

.55 

.33 

.64 

.20 

.76 

.33 

.60 

.42 

.37 

.42 

.42 

• .34 

.51 

.33 

.57 

.33 

.56 

.44 

. 47 

.43 

.53 

.25 

.73 

.43 

.45 

.62 

.23 

.62 

.28 

.44 

.42 

.43 

.48 

.43 

.46 

.64 

.39 

.63 

.45 

.35 

.64 

’ .63 

.31 

.82 

.16 

.82 

.24 

.64 

.32 

.63 

.36 

.63 

.24 

.84 

.35 

.83 

.35 

.45 

.58 

.83 

.065 

1.02 

.12 

1.02 

.15 

.84 

.20 

.83 

.24 

.83 

.15 

1.04 

.25 

1.03 

.26 

.65 

.41 

1.03 

.051 

1.22 

.091 

1.82 

.11 

1.04 

.17 

1.03 

.19 

1.03 

0 

1.24 

.18 

1.23 

.20 

.85 

.35 

1.23 

0 

1.42 

.045 

1.62 

.045 

1.24 

.13 

1.23 

.12 

1. 13 

-.04 

1.44 

.15 

1.43 

.17 

1.05 

.17 

1.43 

-.070 

1. 72 

.025 

1.92 

.022 

1.54 

.075 

1.43 

.075 

1.33 

-.09 

1.64 

.076 

1.63 

.13 

1.25 

.074 

1.63 

-.  135 

2.02 

• .015 

2.22 

0 

1.84 

.041 

1.63 

0 

1.53 

-.  10 

1.84 

.037 

1.83 

.11 

1.45 

0 

1.83 

-.095 

2.32 

0 

2.52 

0 

2.14 

.026 

1.83 

0 

1.83 

.-.055 

2.04 

.022 

2.03 

.060 

1.65 

0 

2.03 

-.060 

2.62 

0 

-.02 

.97 

2. 44 

0 

-.06 

.92 

2.03 

-.  13 

2.24 

0 

2.23 

.045 

-.  01 

.97 

2.23 

0 

-.04 

.93  * 

-.09 

.79 

2.74 

0 

-.11 

.86 

2.28 

0 

2.44 

0 

2.43 

.025 

-.05 

.89 

2.43 

0 

-.  10 

.75 

-.  14 

.72 

-.02 

.96 

-.21 

.75 

-.01 

.99 

-.01 

.99 

2.63 

0 

-.  10 

.84 

- - 

-.15 

.69 

-.24 

.62 

-.07 

.88 

-.31 

.64 

-.05 

.88 

-.02 

.97 

2.83 

0 

-.20 

.73 

-.20 

.63 

.-.34 

.55 

-.12 

.81 

-.  41 

.57 

-.  10 

.81 

-.05 

.89 

-.02 

.98 

-.30 

.58 

-.  31 

.41 

-.44 

.49 

-.22 

.69 

-.  61 

.42 

-.20 

.71 

-.  10 

.78 

-.06 

.89 

-.40 

.54 

-.51 

.33 

-.54 

.42 

-.32 

.59 

-.  81 

.32 

-.30 

.59 

-.15  ■ 

.61 

-.11 

.79 

-.60 

.42 

-.69 

.23 

-.64 

.34 

-.42 

.46 

-1.01 

.25 

-.40 

.52 

-.20 

.71 

-.  21 

.68 

-.80 

.31 

-.74 

.15 

-.81 

.24 

-.52 

.39 

-1. 21 

.22 

-.50 

.44 

-.25 

.58 

-.31 

.61 

-1.00 

.20 

-.80 

.21 

-.84 

.22 

-.62 

.32 

-1. 41 

.15 

-.60 

.40 

-.30 

.44 

-.  41 

.53 

-1.20 

.23 

-1.01 

.16 

-.82 

.27 

-1.61 

.11 

-.80 

.30 

-.35 

.37 

-.  61 

.41 

-1.40 

.16 

-1.41 

.10 

-1.02 

.17 

-1.81 

.065 

-1.00 

.22 

-.40 

.49 

-.81 

.33 

-1.60 

.13 

-1.61 

.040. 

-1.22 

.11 

-2.01 

.025 

-1.20 

.17 

-..45 

.33 

-1.01 

.28 

-1.80 

.079 

-1.74 

0 

-1.42 

.079 

-2.21 

.025 

-1.40 

.12 

-.58 

.36 

-1. 21 

.22 

-2.00 

.054 

-1.62 

.055 

-2.41 

.015 

-1.60 

.069 

-.68 

.34 

-1.41 

.15 

-2.20 

.028 

-1.82 

.015 

-2.61 

0 

-1.80 

.068 

-.78 

.23 

-1. 61 

.095 

-2.40 

0 

-2.02 

.025 

-2.00 

.055 

-.88 

.33 

-1. 81 

0 

-2.60 

.042 

-2.09 

' .038 

-2.30 

0 

-.  97 

.35 

-2.01 

0 

-2.80 

.017 

-2.22 

.020 

-2.50 

0 

-3.00 

0 

-2.59 

0 

-2.71 

0 

✓ 
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TABLE  8— LONGITUDINAL  CORRELATION  COEFFICIENT 


Si  = 17.5  ft 

= 20.0  ft 

j^=0.97  in. 

y=2.01  in. 

Jf=0.47  in. 

y= 

1,55  in. 

jf=2.56  in. 

Xi-Xi 

(in.) 

X2-Xt 

(in.) 

Rx 

X2~Xi 

(in.) 

Rx 

X2—X1 

(in.) 

Rx 

X2-X1 

(in.) 

Rx 

0. 07 

0. 95 

0.08 

0.88 

0.03 

0.89 

0. 07 

0. 89 

0.05 

0. 95 

.15 

.84- 

.15 

.83 

.08 

.85 

.12 

.83 

.10 

.88 

.31 

.78 

.30 

.72 

.15 

.79 

.22 

. 76 

.20 

.82 

.51 

.70 

.50 

.53 

.23 

. 71 

.32 

.69 

.40 

.65 

.81 

.53 

.80 

.44 

.33 

.70 

.52 

.63 

.60 

.50 

1.11 

.49 

1. 10 

.29 

.53 

.59 

.72 

.56 

.90 

.44 

1.51 

.34 

1.50 

.17 

.73 

.48 

.92 

.48 

1.20 

.23 

2.01 

.23 

2.00 

.13 

1.01 

.38 

1.12 

.42 

1.50 

.18 

2.51 

.14  ■ 

2.  50 

.10 

1.33 

.32 

1.32 

.36 

2.00 

.094  ' 

3.  01 

.12 

3.00 

.080 

1.63 

.27 

1.53 

.34 

2.50 

,077 

3.  51 

.075 

3.50 

.049 

2.03 

.20 

1.84 

.25 

3.00 

.038 

4.  01 

.058 

4.00 

0 

2.  43 

.17 

2.12 

.22 

3.  50 

.046 

4.  51 

.038 

4.  50 

.015 

2.83 

.12 

2.  62 

.11 

4.00 

.022 

5.  01 

0 

5.00 

.035 

3.33 

.085 

3.02 

.14 

4.  51 

0 

-.03 

.97 

5.  50 

0 

3.83 

.054 

3.  52 

.071 

5.00 

0 

-.08 

.92 

-.03 

.81 

4. 33 

.053 

4.02 

.028 

-.04 

.91 

-.  13 

.88 

-.08 

.80 

5.  33 

.050 

4.  52 

0 

-.06 

.92 

-.  28 

.74 

-.28 

.61 

5.83 

0 

-.02 

.97 

-.11 

.88 

-.48 

.68 

-.48 

.49 

-.02 

!98 

-.05. 

.97 

-.21 

.77 

-.  78 

. 59 

-.78 

.44 

-.05 

.96 

-.10 

.95 

-.41 

.60 

-1.08 

.49 

-1.08 

.32 

-.14 

.82 

-.  20 

.82. 

-.61 

.51 

-1.48 

.35 

-1.48  • 

.28 

-.29* 

.71 

-.40 

-71 

-.91 

.34 

-1.98 

.23 

-1.98 

.20 

-.49 

.60 

-.60 

.62 

-1.21 

.24 

-2.  48 

.22 

-2.48 

.15 

-.  79 

.44 

-.90 

.51 

-1.51 

.21 

-2.  98 

.14 

-2.  98 

.12 

-1.09 

.33 

-1.20 

. . 37 

-2. 01 

. 12 

-3.48 

.10 

-3.  48 

.13 

-1.49 

.22 

-1.50 

.32 

-2.  51 

.065 

-3.  98 

.043 

-3.98 

.059 

-1.99 

.15 

-2.  00 

.24 

-3. 01 

.022 

-4. 44 

.023 

-4. 48 

.045 

-2.  49 

.11 

-2.  50 

.'15 

-3.  51 

0 

-4.  98 

0 

-4.  98 

.025 

-2. 99 

.059 

-3.00 

. 13  ■ 

-4. 01 

0 

-5.48 

.025 

-3. 49 

.056 

.025 

.049 

—3.  50 

. 10  ' 

-3. 99 

-3. 84 
-4.  34 
-4. 84 
-5.  34 

. 10 

-4. 69 
-5.19 

.071 

.028 

0 

.015 

0 

-5. 69 
-6. 19 

0 

S]=22.5ft 

Si =24.5  ft 

Xl 

= 25.4  ft 

I^=2.32  in. 

I/=3.01  in. 

y=0.98  in. 

y= 

=3.66  in. 

y=5.96  in. 

X2-X1 

' (in.) 

i?* 

X2-X1 

(in.) 

Rx 

X2-X1 

(in.) 

Rx 

X2—X\ 

(in.) 

Rx 

X2-Xl 

(in.) 

Rx 

0.03 

0.  94 

0.03 

0.  96' 

0.03 

0. 94 

0. 02 

0.  97 

0.03 

0. 97 

.08 

.91 

.08 

.91 

.10 

,92 

.07 

.96 

.09 

.94 

.16 

.87 

.15 

.86 

.17 

.86 

.14 

.89 

.16 

.92 

.31 

. 76 

.30 

.78 

.32 

.75 

.29 

,78 

.31 

.76 

.51 

.65 

.50 

.67 

.52 

.60 

.49 

.68 

. 51 

.62 

.81 

.52 

.85 

.53 

.82 

.54 

.79 

.56 

.81 

.42 

1. 11 

.38 

1.10 

36 

1.12 

.48 

1.09 

.40 

1. 11 

.50 

1.51 

.28 

1.50 

33 

1.52 

.32 

1.49 

.37 

1.51 

.34 

2.01 

.20 

2.00 

20 

2.  02 

.26 

1.99 

.22 

2.  01 

.26 

2.51  . 

.12 

2.  50 

. 16 

2.  52 

.13 

2.  49 

.17 

2.51 

.16 

3.01 

.040 

3.00 

. 10 

3.  02 

.19 

2.  99 

.15 

3.  01 

.10 

3.  51 

.019 

' 3.50 

.055 

3.52 

.077 

3.  49 

.11 

3.  51 

.076 

4.  01 

0 

4.00 

0 

4.  02 

.034 

3. 99 

.047 

4.01 

.039 

-.03 

.97 

-.03 

.97 

4.  52 

0 

4.49 

0 

4.  51 

0 

-.07 

.95 

-.09 

.94 

-.03 

.93 

4.  99 

0 

5.  01 

0 

-.14 

.91 

-.17 

.84 

-.08 

.92 

-.03 

.96 

-.03 

.99 

-.29 

.79 

-.32 

.76 

-.28 

.81 

-.08 

.94 

-.07 

.99 

-.  49 

.65 

-.52 

.65 

-.48 

.67 

-.  15 

.90 

-.  15 

.92 

-.  79 

.51 

-.82 

.55 

-.78 

.47 

-.30 

.82 

-.30 

.83 

-1.09 

.38 

-1. 12 

.39 

-1.08 

.45 

-.50 

.69 

— . 50 

.75 

-1.49 

.26 

-1.52 

.28 

-1,48 

.36 

-.80 

. .-60 

-.80 

.60 

-1.99 

.13 

-2.02 

.18 

-1,98 

.26 

-1.10 

.49 

-1.10 

. 51 

-2. 49 

.10 

-2.  52 

.13 

-2.  48 

.21 

-1.50 

.39 

-1.50 

.36 

-2.99 

.055 

-3.02 

.095 

-2.98 

.16 

-2.00 

.26 

-2.00 

.23 

-3.  49 

0 

-3. 52 
-4. 02 

.038 

.019 

0 

-3.  48 
-3. 98 
—4.48 

.10 

.15 

.058 

0 

-2.  50 
-3.00 
—3  .50, 

.15 

.14 

11 

-2.  50 
-3.00 
—3  •'>0 

.15 
. 10 
084 

-4.  52 

-5.00 

-4.00 
-4.  50 
-5.00 

.085 

.018 

0 

-4!  00 

-4.  50 
-5.00 

.095 

.065 

0 
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A STUDY  OF  THE  USE  OF  EXPERIMENTAL  STABILITY  DERIVATIVES  IN  THE  CALCULATION 
OF  THE  LATERAL  DISTURBED  MOTIONS  OF  A SWEPT- WING  AIRPLANE  AND 

COMPARISON  WITH  FLIGHT  RESULTS  * 

By  John  D.  Bird  and  Byron  M.  Jaquet 


SUMMARY 

An  investigation  was  made  to  determine  the  accuracy  with 
which  the  lateral  flight  motions  oj  a swept-wing  airplane  could  be 
predicted  from  experimental  stability  derivatives  determined  in 
the  6 -foot-diameter  rolling-flow  test  section  and  6-  by  6-foot 
curved-flow  test  section  of  the  Langley  stability  tunnel.  In 
addition  determination  of  the  significance  of  including  the 
nonlinear  aerodynamic  effects  of  sideslip  in  the  calculations  of  the 
motions  was  desired.  All  experimental  aerodynamic  data, 
necessary  for  prediction  of  the  lateral  flight  motions  are.  pre- 
sented along  with  a number  of  comparisons  between  flight  and 
calculated  motions  caused  by  rudder  and  aileron  disturbances. 

In  general,  the  agreement  between  the  calculated  and  measured 
motions  of  the  airplane  considered  was  good  when  the  effects  of 
all  control  movements  were  taken  into  account.  The  greatest 
disagreement  occurred  at  lift  coefficients  where  Reynolds  number 
effiects  on  the  experimental  derivatives  would  be  expected  to  be 
high,  which  for  the  case  considered  was  for  lift  coeijicients  above 
about  0.8  when  wing  slots  were  used.  The  nonlinear  effiects  of 
sideslip  for  this  airplane  were  not  very  significant  for  the  motions 
considered,  which  generally  involved  sideslip  angles  less  than  10°. 

INTRODUCTION 

For  the  past  few  years,  numerous  investigations  have  been 
made  in  the  Langley  stability  tunnel  to  determine  the  effects 
of  geometric  variables  on  fhe  static-,  rolling-,  yawing-,  and 
pitching-stability  derivatives  of  various  airplane  configura- 
tions. (See  references  1 to  4.)  In  the  past,  however,  none  of 
the  experimental  data  have  been  compared  with  data  obtained 
in  flight  to  determine  its  relative  worth.  The  purpose  of  the 
present  report  is  to  determine  the  applicability  of  the 
experimental  stability  derivatives  to  the  prediction  of  the 
lateral  disturbed  motions  of  an  airplane  in  flight.  The 
equations  used  for  calculating  the  motions  are  given  in  the 
appendix. 

A )^-scale  model  of  a swept-wing  version  of  a conventional 
fighter  airplane,  which  was  selected  because  of  the  large 
amount  of  flight  data  available  (see  references  5 and  6),  was 
tested  in  the  6 -foot-diameter  rolling-flow  test  section  and  6- 
by  6-foot  curved-flow  test  section  of  the  Langley  stability 
tunnel  to  determine  all  the  stability  derivatives  \vhich  are 


usuall}^  considered  necessary  to  calculate  the  lateral  motions 
arising  from  a disturbance  caused  by  the  rudder  or  the 
ailerons.  Comparisons  have  been  made  between  the  flight 
and  calculated  lateral  motions  for  a wide  range  of  conditions 
in  gliding  flight. 

A few  calculations  have  been  made  to  determine  the 
effects  of  nonlinear  variations  of  the  aerodynamic  forces  and 
moments  with  the  angle  of  sideslip. 

COEFFICIENTS  AND  SYMBOLS 

The  results  of  the  wind-tunnel  tests  are  presented  as 
standard  NACA  coefficients  of  forces  and  moments. 
Moment  coefficients  are  referred  to  a center  of  gravit}^  located 
at  21.8  percent  of  the  mean  aerodynamic  chord.  The  wind- 
tunnel  data  and  motion  calculations  are  referred  to  the 
stability  axes,  which  are  a system  of  axes  having  their  origin 
at  the  center  of  gravity  and  in  which  the  Z-axis  is  in  the  plane 
of  symmetry  and  perpendicular  to  the  relative  wind,  the 
X-axis  is  in  the  plane  of  symmetry  and  perpendicular  to  the 
Z-axis,  and  the  -F-axis  is  perpendicular  to  the  plane  of  sym- 
metry. The  positive  directions  of  the  stability  axes  and  of 
angular  displacements  of  the  airplane  and  control  surfaces 
are  shown  in  figure  1. 


L/ff 


Figure  1. — System  of  stability  axes.  Arrows  indicate  positive  forces,  moments,  and  angular 

displacements. 


> Supersedes  NACA  TN  2013.  “A  Study  of  the  Use  of  Experimental  Stabflity  Derivatives  In  the  Calculation  of  the  Lateral  Disturbed  Motions  of  a Swept-Wing  A irplane  and  Compar- 
Ison  with  Flight  Results”  by  John  D.  Bird  and  Byron  M.  Jaquet,  1950. 
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The  coefficients  and  sj'mbols  are  defined  as  follows; 
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lift  coefficient  (Lift  jqiS) 
maximum  lift  coefficient 
longitudinal-force  coefficient  (X/gS) 
lateral-force  coefficient  (F/gS) 
rolling-moment  coefficient  {Ljq^Sb) 
yawing-moment  coefficient  {Njq.Sb) 


moment  of  inertia  about  longitudinal  principal 
axis 

moment  of  inertia  about  spanwise  principal 
axis 

moment  of  inertia  about  normal  principal 
axis 

longitudinal  force  along  X-axis 
lateral  force  along  F-axis 
normal  force  along  Z-axis  (Lift=— Z) 
rolling-moment  about  X-axis 
yawing-moment  about  Z-axis 
wing-tip  helix  angle,  radians 
3^awing-velocity  parameter,  radian  measure 
rolling  angular  yelocity  about  X-axis 
yawing  angular  velocity  about  Z-axis 
linear  velocity  of  airplane  along  F-axis 
free-stream  velocity  along  X-axis 
calibrated  airspeed,  based  on  sea-level  density 
of  air 

angle  of  sideslip;  /3  = — ^ in  wind-tunnel 
tests  ^tan“^ 

angle  of  attack  of  wing  root  chord  line 


a 

it 


8 


A 

Q. 


angle  of  attack  of  thrust  line  1.2®) 
angle  of  A^aw,  degrees 

angle  of  incidence  of  stabilizer  with  respect 
to  thrust  line,  positive  when  trailing  edge 
is  down 

control-surface  deflection,  measured  in  a plane 
perpendicular  to  hinge  axis 
angle  of  sweepback,  'degrees 


free-stream  dynamic  pressure 


S wing  area 

b wing  span 

A aspect  ratio  (b^/S) 

p mass  density  of  air 

T time 

Ti/2  time  to  damp  to  half  amplitude 

P period 

I tail  length 

Subscripts: 
a aileron 

r rudder 

/ flap 

V ’ vertical  tail 

WIND-TUNNEL  TESTS 


APPARATUS  AND  MODEL 

The  experimental  static-lateral-stability  derivatives, 
rolling-stability  derivatives,  and  ^^awing-stability  derivatives 
were  determined  from  tests  conducted  in  the  Langley 
stability  tunnel  in  which  rolling  or  curved  flight  is  simulated 
by  rolling  or  curving  the  air  stream  about  a rigidly  mounted 
model. 

The  tests  were  made  on  a conventional  six-component 
balance  system  with  the  model  mounted  at  the  flight  center 
of  gravity  which  is  at  21.8  percent  of  the  mean  aerodynamic 
chord  of  the  wing. 

The  full-scale  airplane  (a  swept-wing  version  of  a conven- 
tional fighter)  had  the  quarter-chord  line  of  the  wing,  just 
outboard  of  the  intake  ducts,  swept  back  35®.  Some  of  the 
pertinent  airplane  characteristics  are  given  in  table  I. 
More  details  of  the  airplane  may  be  obtained  from  refer- 
ences 5 and  6. 

The  ^-scale  model  shown  in  figure  2 and  in  the  photo- 
graphs of  figures  3 to  6 was  constructed  of  laminated  mahog- 
any, finished  in  clear  lacquer,  and  all  surfaces  were  highly 
polished.  The  model  propeller  had  three  metal  blades  set 
at  an  angle  of  28®  at  the  0.75  radius.  All  propeller-on  tests 
were  made  with  windmilling  propeller.  The  model  wing  had 
a removable  leading  edge  so  that  slats  of  0 percent,  40  per- 
cent, and  80  percent  of  the  swept  span  could  be  used  inter-. 
changeably  to  simulate  those  of  the  full-scale  airplane,  The 
top  surfaces  of  the  slats  were  cast  to  the  contour  of  the  air- 
foil and  the  slats  were  extended  by  means  of  metal  brackets 
which  also  act  as  fences  to  reduce  spanwise  flow  along  the 
slot.  A cross  section  through  the  slot  and  slat  is  shown  in 
reference  5. 
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Figure  2. — Geometric  characteristics  of  H-scale  model  of  test  airplane.  All  dimensions 

are  in  inches. 


Figure  4.— Rear  view  of  H-scale  model  mounted  in  6-foot-diameter  rolling-flow  test  section  of 
Langley  stability  tunnel. 


Figure  5. — Close-up  of  40-percent  leading-edge  slots  on  H-scale  model. 


Figure  3.— Side  view  of  H-scale  model  mounted  in  6-foot-diameter  rolling-flow  test  section  of 
Langley  stability  tunnel. 


Figxtre  6.— Close-up  of  80-percent  leading-edge  slots  on  Ji-scale  model. 
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The  wing  had  a plain  trailing-edge  flap  with,  a chord  of 
15.1  percent  of  the  wing  chord  measured  perpendicular  to 
‘ the  hinge  axis.  The  gap  was  sealed  for  all  tests.  As  in  the 
case  of  the  airplane  the  main  wheels  of  the  model  were  fixed 
for  all  tests;  whereas  the  nose  wheel  and  nose-wheel  doors 
were  removed  for  all  flaps-up  tests. 

Shown  in  figure  2 are  the  two  ventral  fins  tested  on  the 
model.  The  large  ventral  fin  was  used  for  all  tests  except  a 
few  with  the  80-percent-span  slot  configuration  for  which 
the  small  ventral  fin  was  used. 

' TEST  AND  TEST  CONDITIONS 

Trim  tests. — Model  trim  lift  coefficients  of  0.33,  0.55,  0.76, 
and  0.95  were  selected  as  representative  of  those  obtained  in 
flight  tests.  The  angle  of  incidence  of  the  horizontal  tail 
was  measured  with  respect  to  the  thrust  line. 

In  order  to  determine  the  trim  angles  of  the  horizontal  tail 
for  the  previously  mentioned  lift  coefficients,  tests  were 
made  through  the  angle-of-attack  range  with  the  horizontal 
tail  set  at  —5^,  —3°,  and  1°  incidence.  From  these  tests 
the  trim  angles  of  the  horizontal  tail  were  determined.  (See 
table  II.) 

Static  tests. — In  order  to  determine  the  static-stability 
derivatives  Ci,.  and  Cy,,  the  model  was  tested  at 
^=±5°  through  an  angle-of-attack  range  of  a=— 2°  to 
a— 23^  for  the  flaps  up  (trim  (7^=0. 33)  and  a=~2°  to 
a=18°  for  the  flaps  down  (trim  6^— 0.76)  for  each  of  the 
slot  configurations.  Tests  were  also  made  at  all  selected 
test  trim  lift  coefficients  through  an  angle-of-yaw  range  of 
^=±20°  to  detei^mine  the  variations  of  Ciy  (7„,  and  Cy 
with  yj/  for  all  slot  configurations. 

Tare  tests  were  made  for  the  40 -percent -span  slot  configu- 
ration (flaps  up  and  down).  The  effect  of  the  slots  on  the 
tares  was  assumed  to  be  small;  therefore,  the  tares  for  the 
40-percent-span  slot  configuration  were  applied  to  all  con- 
figurations. The  Mach  and  Reynolds  numbers  for  the  tests 
were  0.17  and  1.01X10®,  respectively.- 

Rolling-flow  tests. — Tests  were  conducted  in  the  6-foot- 
diameter  rolling-flow  test  section  of  the  Langley  stability 
tunnel,  wherein  rolling  flight  of  the  model  was  simulated  by 
rotating  the  air  stream.  The  model  was  mounted  rigidly 
on  a conventional  support  strut.  Details  of  this  test  pro- 
cedure are  given  in  reference  1 . 

All  slot  configurations  were  tested  through  the  angle-of- 
attack  range  with  the  flaps  up  (trim  Cl=0.33)  and  with  the 
• flaps  down  (trim  (7c,=0.76)  at  helix  angles  pbl2V  of  0, 
±0.0253,  and  ±0.0757  radian.  The  slopes  of -Ci,  Cn,  and 
Cy  plotted  against  pbl2V  are  the  derivatives  C?  , (7«  , and 

p' 

Cy^.  The  40-percent-span  slot  configuration  (flaps  up  and 
down)  was  tested  at  the  selected  trim  lift  coefficients  for  the 
previously  mentioned  values  of  pbj2V  from  ^=0°  to  ^=20® 
to  determine  the  variation  of  Ci  , Cn  , and  Cy  with  The 
Mach  number  and  Reynolds  nurqber  for  the  rolling-flow 
tests  were  0.17  and  1.01X10®,  respectively. 

Yawing-flow  tests. — Yawing-flow  tests  were  conducted  in 
the  6-  by  6-foot  curved-flow  test  section  of  the  Langley 
stability  tunnel.  In  this  section,  curved  flight  is  simulated 


approximately  by  directing  the  air  in  a curved  path  about 
a fixed  model. 

All  slot  configurations  were  tested  in  curved  flow  tlmough 
the  angle-of-attack  range  with  the  flaps  up  (trim  (7z.=0.33) 
and  with  the  flaps  down  (trim  (7z,=0.76)  at  values  at  rbl2V 
of  0,  —0,039,  —0.082,  and  —0.108.  The  slopes  of  (7^,  (7„^ 
and  Cy  plotted  against  rbj2V  are  the  derivatives  Ci , Cn 
and  C?r  . 

■ The  40-percent- span  slot  configuration  (flaps  up  and  down) 
was  tested  through  an  angle-of-yaw  range  of  \^=±20°  for 
values  of  rb!2V  of  0,  —0.039,  —0.082,  and  —0.108  at  the 
previously  mentioned  trim  lift  coefficients  to  determine  the 
variation  of  (7^^,  (7„  , and  Cy^  with  The  values  presented 
herein  are  the  average  of  the  results  at  corresponding  posi- 
tive and  negative  angles  of  yaw. 

The  40-percent-span  slot  configuration  (flaps  up)  was 
tested  at  a trim  lift  coefficient  of  0.33  through  the  angle-of- 
yaw  range  with  the  propeller  off. 

The  ya^ving-flow  tests  were  made  at  a Mach  number  of 
0.13  and  a Reynolds  number  of  0.8X10®, 

CORRECTIONS 

Appro.ximate  jet-boundary  corrections  based  on  methods 
derived^  for  unswept  wings  were  applied  to  the  angle  of 
attack,  longitudinal-force  coefficient,  and  rolling-moment 
coefficient,  and  a blocking  correction  of  1.01  was  applied  to 
the  dynamic  pressure. 

Corrections  for  the  effect  of  the  support  strut  have  been 
applied  to  Cx,  C^y  Ciy  Cny  Cy^  Ci^,  Cn^,  and  Cy^,  In  rolling 
flow  and  curved  flow,  accurate  tares  were  difficult  to  obtain; 
and,  as  a result,  the  derivatives  Ci^  Cy^,  Ci^y  Cn^,  and 
Cy^  are  not  corrected  for  the  effects  of  the  support  strut. 

The  derivative  Ci^  was  corrected  for  the  effective  pitching 
velocity,  which  exists  when  the  model  is  tested  at  an  angle 
of  .yaw,  b}’’  the  following  equation: 

where  Ci^  is  measured  about  the  wind  .axis,  and /(A,  A,  ^), 
which  is  small  as  compared  with  CiJ  cos  is  a function 
determined  by  use  of  the  methods  of  reference  4.  Corre- 
sponding effective  pitching  corrections  were  not  applied  to 
the  derivatives  Cn  and  Cy  . 

V V 

A correction  'was  also  applied  to  the  derivative  Cy  to 

T 

account  for  . the  error  caused  by  the  cross-tunnel  static- 
pressure  gradient  which  is  associated  with  curved  flow. 

EXPERIMENTAL  RESULTS 

The  experimental  data  are  discussed  briefly  with  reference 
to  the  effects  of  the  slots  and  angle  of  yaw  on  the  aerody- 
namic characteristics  of  the  model,  because  the  effects  of 
these  variables  on  the  rotary  derivatives  have  not  been 
investigated  extensively  to  date.  The  figures  wh  ch  present 
the  results  obtained  in  the  present  investigation  are  listed  in 
table  III. 
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The  basic  lift  and  longitudinal-force  data  of  figures  7 and 
8 are  generally  in  good  agreement  with  larger  scale  tests  of 
another  model  of  the  same  airplane,  as  given  in  reference  7. 

The  main  effect  of  the  slots  is  to  extend  the  linear  range  of 
those  stability  derivatives  which  are  largely  contributed  by 
the  wing  to  higher  hft  coefficients  in  a manner  similar  to  the 
effect  of  slots  on  the  lift  curve  of  a wing.  (See  figs.  7 to  10 
and  12,  13,  15,  and  16.)  One  significant  effect  of  the  slots 
is  on  the  damping  in  yaw  Cn^  which  increased  as  the  slot 
span  is  increased.  When  the  80-percent-span  slots  are  used 
Cn^  is  increased  (over  that  of  the  unslotted  configuration) 
by  about  25  percent  at  Cl=0.  (See  fig.  15  (a).)  Wlien  the 
flaps  are  deflected  (fig.  15  (b)),  the  effects  of  the  slots  on  the 
yamng-stability  derivatives  are  not  as  great  as  when  the 
flaps  are  retracted. 

A comparison  of  figures  11(a)  to  11(f)  shows  that  Cn^ 
varies  to  some  extent  tlirough  the  yaw  range,  Cy^  is  approx- 
imately constant,  and  for  any  given  lift  coefficient  Ci^  is 


approximately 'constant  between  ^=“i0®  and  ^=10°.  As 
the  angle  of  yaw  is  increased  (fig.  14  (a)),  Cy^  tends  to  de- 
crease, Cn^  remains  approximately  constant,  and  Ct^  de- 
creases slightly.  The  variations  are  similar  when  the  flaps 
are  deflected.  (See  fig.  14  (b).) 

The  tests  for  the  determination  of  the  variation  of  Cy^^ 
Cn  , and  Ci^  with  ^ were  made  for  negative  values  of  rbl2V 
only.  Results  for  positive  values  of  rhj2V  and  positive  yp 
were  obtained  by  assuming  that  the  model  was  essentially 
symmetrical  about  the  XZ-plane  and  by  utilizing  the  results 
for  the  corresponding  opposite  angles  of  yaw  and  rbj2V  with 
regard  for  signs.  This  procedure  amounted  to  averaging  the 
derivatives  for  corresponding  positive  and  negative  angles 
of  yaw. 

In  general,  as  the  angle  of  yaw  is  increased  from  0°  to  20°, 
the  damping  in  yaw  Cn^  is  increased  by  about  15  percent,  and 
Cy^  and  Ci^  are  decreased  slightly  (fig.  17  (a)).  Deflection 
of  the  flaps  or  removal  of  the  propeller  does  not  appreciably 


(a)  Trim  Cl=0.33;  a/=0°.  (b)  Trim  Cl=0.76;  a/=40°. 

Figure  7.— Variation  of  longitudinal-force  coefficient  and  angle  of  attack  with  lift  coefficient  for  three  slot  configurations.  Large  ventral  fin  on;  firopellcr  on;  /?=  1.01X10*. 
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change  the  variations  of  the  yawing-stability  derivatives  with 
angle  of  yaw.  (See  fig.  17.) 

Because  Cn^  is  largely  dependent  on  the  size  of  the  vertical 
tail  it  is  approximately  true  throughout  the  yaw  range  that 


Substitution  of  the  proper  values  of  the  span,  , and  the 

tail  length  indicates  that  the  trend  of  the  variation  of 
Crij.  wdth  ^ shown  in  figure  17  is  reasonable. 


Figure  8.— Variation  of  longitudinal-force  coefficient  and  angle  of  attack  with  lift  coefficient 
for  two  slot  configurations.  Trim  Cl=0.33;  ^^-=0°;  a/=0°;  /?=  1.01X10®. 


The  relative  constancy  of  Cy^,  and 

with  angle  of  yaw  as  indicated  by  figui'es  14  and  17  and  the 
linearity  of  the  ciuves  of  Cy^  Ci,  and  plotted  against  ^ 
for  angles  of  yaw  up  to  approximately  10®  (fig.  11)  were 
factors  which  indicated  that  nonlinearities  were  not  of  first- 
order  importance  for  this  airplane  in  the  calculation  of 
motions  involving  reasonably  small  variations  in  yp.  Conse- 
quently, most  of  the  motion  calculations  neglect  the  effect  of 
\p  on  the  stability  derivatives. 

The  results  of  unpublished  tests  of  swept  wings  at  Reynolds 
numbers  to  8.0X10®  in  the  Langley  19-foot  pressure  tunnel 
indicate  that  the  linear  part  of  the  curve  of  Ci^  plotted  against 
Cl  is  increased  by  an  increase  in  Reynolds  number..  The 
ciu'v^es  of  Ci^  against  Cl  given  herein  agree  well  wdth  those 
obtained  in  flight  (references  5 and  6)  and  in  tests  of  a 

^-^-scale  model  (reference  7)  except  at  lift  coefficients  above 

Ci,=0.8  where  the  magnitude  of  the  present  test  values 
decreases  for  the  slotted-wing  configurations.  The  linear 
parts  of  the  curves  of  the  rolling-  and  yawing-stabilit}^ 
derivatives  are  believed  to  be  extended  similarly  to  higher 
lift  coefficients  if  the  Reynolds  number  is  increased. 

MOTION  CALCULATION  METHODS 

The  lateral  disturbed  motions  of  the  test  airplane  were 
calculated  from  the  aerodynamic  data  obtained  from  the 
tests  described  in  the  section  entitled  “Wind-Tunnel  Tests. 
The  mass  arid  dimensional  characteristics  of  the  airplane 
are  given  in  table  I,  and  a tabulation  of  the  flight  conditions 
for  which  lateral  disturbed  motions  were  calculated  for  com- 
parison with  the  flight  motions  is  given  in  table  IV,  Most 
of  the  calculations  involved  dynamic  derivatives  which  were 
constant  for  a. given  lift  coefficient  as  is  usually  employed  in 
the  theory  of  small  disturbances  used  in  lateral-stability 
calculations. 

Solutions  of  the  lateral  equations  of  motion,  given  in  the 
appendix,  were  obtained  for  unit  step  disturbances  in  roll 
and  yaw  by  the  method  described  in  reference  8,  The 
aileron  and  rudder  deflections  during  the  flight  motion  under 
investigation  were  then  approximated  by  a series  of  step 

functions  usually  at  “-second  intervals.  The  motion  arising 

from  the  control  movements  was  then  calculated  by 

^nj  Pnj  01*  ^ < I (^m  — n)rudder  (-^re)voto~f' (^m  — n)  aileron(^^n  \oU  I 

n=0L  J 

where  is  the  value  of  the  unit  solution  caused  by  1 

or  ACt=l  at  a time  T=kn,  and  8^-^  is*  the  fraction  of  the 
unit  disturbance  applied  by  the  rudder  or  aileron  at  a time 
T=k(m—n).  The  rudder  and  aileron  effectiveness  were 
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obtained  from  reference  7.  This  procedui*e  is  essentially  an 
approximate  evaluation  of  Duhamehs  integral  and  was  con- 
sidered sufficiently  accurate  for  these  calculations.  Refer- 
ence 8 gives  a more  exact  graphical  evaluation  of  this  integral. 
The  yawing  moment  caused  by  aileron  deflection  and  the 
rolling  moment  caused  by  rudder  deflection  were  not  con- 
sidered of  enough  significance  to  warrant  their  inclusion  in 
these  calculations.  In  some  cases,  however,  these  factors 
may  be  of  greater  significance. 

In  a few  cases,  unit  solutions  to  the  equations  of  motion 
were  obtained  by  a Laplace  transform  procedure  which  has 
been  adapted  for  use  with  automatic  digital  computers. 
The  results  were,  of  course,  identical  with  those  presented 
in  this  report. 
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Calculations  of  the  lateral  motions  for  a few  cases  employ- 
ing a nonlinear  variation  of  rolling-moment  and  yawing- 
moment  coefficients  with  angle  of  sideslip  and  a variation 
of  Cn^  ^vith  angle  of  sideslip  were  carried  out  by  use  of  the 
Kutta  thi'ee-eighths  rule  for  solving  the  lateral  equations  of 
motion.  (See  reference  9.)  All  lateral-motion  calculations 
were  made  on  an  automatic  digital  computing  machine. 

CALCULATED  LATERAL  MOTIONS 

GENERAL 

The  flight  records  corresponding  to  the  motions  calculated 
for  this  report  showed  that  the  motions  resulting  from  right 
and  left  control  movements  were  not  exactly  of  opposite 
magnitude.  This  result  indicates  that  there  was  some  as}Tn- 
metr}^  in  the  characteristics  of  the  airplane,  although  the 


Figure  9.— Variation  of  lateral  static-stability  derivatives  with  lift  coefficient  for  three  slot  configurations.  Large  ventral  fin  on;  propeller  on;  ^=0®;  /? =1.01X10“. 
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wind-tunnel  test  results  indicated  no  marked  asymmetry  in 
the  model  characteristics.  Part  of  the  differences  in  the 
flight  motions  to  the  right  and  left  are  undoubtedly  due  to 
variation  in  the  thrust  conditions.  Although  the  flight  tests 
were  made  under  approximately  zero  thrust,  no  convenient 
means  of  obtaining  this  condition  was  available,  and  thus 
this  requirement  was'  left  to  the  judgement  of  the  pilot. 
Some  small  part  of  the  difference  in  the  motions  to  the  left 
and  right  should  be  attributable  to  instrument  error  as  the 
film  record  frequentl}^  contained  considerable  hash  which, 
of  coiuse,  tended  to  obscure  the  actual  motion  record.  The 
differences  between  the  motions  to  the  right  and  left  were 
resolved  in  the  present  report  b}^  presenting  both  records 
with  the  sign  of  one  reversed  so  that  the  motions  were  super- 
imposed. The  shaded  areas  in  the  lateral-motion  plots 
(figs.  18  to  23  and  25  to  35)  represent  the  difference  between 
the  motions  to  the  right  and  left.  The  flight  motions  corre- 
sponding to  the  calculated  motions  were  obtained  from 
references  5 and  6 and  related  tests.  The  figures  which 
present  the  results  of  the  lateral-motion  calculations  are 
listed  in  table  III. 


Figure  lO.— Variation  of  lateral  static-stability  derivatives  with  lift  coefficient  for  two  slot 
configurations.  Trim  Ct  =0.33:  f/=0®; /?- 1.01X10*. 


LATERAL  OSCILLATIONS 

Lateral  oscillations  were  initiated  b}*  abruptly  deflecting 
the  rudder  of  the  airplane  and  returning  it  to  neutral  equally 
as  rapid  a moment  later.  Some  aileron  waggle  caused  by 
the  floating  tendency  of  the  ailerons  occurred  and  was 
accounted  for  in  the  calculations  b}^  the  procedure  given  in 
the  calculation  methods. 

The  calculated  and  flight  motions  are  generalty  in  good 
agreement  for  all  motions  calculated  (figs.  18  to  23)  except 
for  the  condition  at  Cz,=0.977.  (See  fig.  23.)  A comparison 
of  the  flight  and  calculated  periods  and  time  to  damp  to 
half  amplitude  (fig.  24)  also  indicate  fairl3’^  good  agreement 
except  for  the  motions  at  lift  coefficients  of  0.977  and  1.169. 

The  values  of  Ci  used  for  the  calculation  of  the  lateral 

p 

motions  were  obtained  from  the  curves  of  Oi  plotted  against 
xp  (fig.  11)  wherever  possible  rather  than  the  curves  of  Ci^ 
obtained  from  tests  made  at  ±5®  (figs.  9 and  10)  . because 
this  procedure  is  believed  to  be  more  accurate.  Although 
the  difference  between  the  two  methods  is  generally  small, 
such  is  not  always  true;  and  in  some  cases  the  calculated 
rate  of  damping  was  found  to  be  appreciably  affected  by 
the  difference  in  . 

At  the  higher  lift  coefficients,  the  experimental  stability 
derivatives  deviate  appreciabty  from  their  initial  trends. 
This  tendency  previously  has  been  referred  to  as  a Reynolds 
number  effect  and  is  probably  the  cause  for  the  lack  of  agree- 
meot  at  high  lift  coefficients  between  the  flight  and  calculated 
results.  References  5 and  6 which  present  flight  tests  for 
this  airplane  show  no  reduction  in  Ci  up  to  the  maximum 
test  lift  coefficient.  The  rotary  derivatives  of  the  airplane 
presumably  behave  similarly.  Evidence  of  the  deviation  of 
* the  experimental  stability  derivatives  from  their  true  varia- 
tion with  lift  coefficient  is  observed  in  figure  20  which  presents 
results  for  a lateral  oscillation  occurring  at  Ci,=  0.759.  The 
calculated  result  indicates  an  excessive  response  in  sideslip, 
yaw,  and  roll. 

A few  additional  calculations  of  the  period  and  time  to 
damp,  made  for  other  high  lift  coefficients  in  flight,  indicate 
increasingly  poor  agreement  between  the  flight  and  calcu- 
lated times  to  damp  to  one-half  amplitude  with  increasing 
hft  coefficient.  The  relatively  good  agreement  between  the 
periods  of  the  flight  and  calculated  motions  for  all  lift  co- 
efficients, however,  indicates  that  the  experimental  values  of 
Cn^  are  fairly  close  to  the  correct  values.  The  period  of  the 
motion  is  primarily  a function  of  the  directional-stability 
parameter  (7„^.  (See  reference  10.)  An  extrapolation  of 
the  curves  of  the  derivatives  plotted  against  lift  coefficient — 
which  amounted  to  selecting  the  value  of  the  derivative  just 
previous  to  the  break  in  the  curves  occurring  at  maximum 
hft'coefficient — was  employed  for  one  case  at  1.17  but 
failed  to  yield  a satisfactory  result.  A linear  extrapolation 
of  the  curves  in  the  region  preceding  the  departure  from  the 
theoretical  or  linear  trend  is  expected  to  be  more  satisfactory. 
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(a)  0-peroent-span  slots;  i/=0®.  0-percent-span  slots;  J/— 40°. 

Figure  11.— Variation  of  Cr,  C»,  and  Ci  with  angle  of  yaw.  Large  ventral  fln  on;  propeller  on;  /2=1.01X10*. 
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(e)  80-percent-spfin  slots;  S/—0" 


FionnE  11.— Continued, 


(f)  80-percent‘Span  slots;  6/=40°. 


720 


REPORT  1031 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


RUDDER  KICKS 

Rudder  kicks  were  initiated  by  abruptly  deflecting  the 
rudder  of  the  airplane  and  holding  this  deflection  as  the 
airplane  responded.  The  records  of  the  flight  motions  were 
short,  usually  covering  5 seconds.  As  in  the  case  of  the 
lateral  oscillations  discussed  previously,  some  shght  aileron 
waggle  that  occurred  was  accounted  for  in  the  calculated 
motions.  The  agreement  between  the  flight  and  calculated 
motions  is,  in  general,  quite  good  (figs.  25  to  31).  Agreement 
is  best  at  the  lower  lift  coefficients;  however  at  a lift  coeffi- 
cient of  0,919  (fig.  »28),  good  agreement  is  shown  between 
flight  and  calculated  angles  of  sideslip  and  rolling  velocities. 

The  flight  tests  reported  in  reference  5 showed  that  at  low 
lift  coefficients  the  airplane  rolled  in  response  to  a rudder 
kick  as  if  the  airplane  had  a decided  negative  dihedral 


effect.  Figure  31  indicates  that  this  peculiar  response  was 
largely  caused  by  the  slight  aileron  waggle  which  occurred 
during  the  motion.  In  general,  for  all  configurations  investi- 
gated, it  was  found  necessary  to  account  for  any  slight  aileron 
movements  in  order  to  predict  satisfactorily  the  lateral 
motions  of  the  airplane. 

The  motions  at  Cl =0.794  (fig.  30)  give  evidence  of  de- 
partm'e  of  the  experimental  derivatives  from  the  true  varia- 
tion with  hft  coefficient.  This  result  again  is  the  Reynolds 
number  effect  previously  discussed.  The  flight  and  calcu- 
lated periods  of  the  lateral  oscillation  caused  by  the  rudder 
kicks  are  in  very  good  agreement  which  indicates  again  that 
the  values  of  used  in  the  calculations  were  reasonably 
accurate. 


Figure  11.— Concluded. 


722 


REPORT  1031 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Fioure  15.— Variation  of  yawing-stability  derivatives  with  lift  eoeflicient  for  three  slot  configurations.  Large  ventral  fin  on;  propeller  on;  ^=0°;  /?= 0.8X10®. 


AILERON  ROLLS 

Aileron  rolls  were  initiated  by  abruptly  deflecting  the 
aileron  control  of  . the  airplane  and  holding  the  deflected 
position  as  the  airplane  responded.  The  rudder  control  was 
held  as  near  neutral  as  possible.  The  records  of  motion 
were  necessarily  short  because  of  the  large  angles  of  bank 
assumed  by  the  airplane  after  a short  period  of  time. 

Comparison  of  the  flight  and  calculated  aileron  rolls  indi- 
cates fairly  good  agreement  (figs.  32  to  35)  except  for  the 
high-lift-coefficient  condition  without  nose  slots.  The  sta- 
bility derivatives  for  the  unslotted  configuration  show  a 
departure  at  fairly  low  lift  coefficient  from  the  initial  trend 
of  the  variation  of  the  derivatives  with  lift  coefficient.  As 
previously  mentioned,  this  result  is  not  obtained  at  the 
flight  Reynolds  numbei*s.  The  calculations  for  this  liigh  lift 
coefficient  were  carried  out  with  two  sets  of  stabilit}^  deriva- 


tives. One  set  was  obtained  by  a linear  extrapolation  of  the 
curves  of  the  derivatives  plotted  against  lift  coefficient  and 
the  second  set,  by  selecting  for  the  value  of  the  derivative  that 
value  just  previous  to  the  final  break  in  the  curves  of  the 
derivatives  plotted  against  lift  coefficient.  The  second  pro- 
cedure was  necessary  because  the  flight  lift  coefficient  was 
greater  than  the  maximum  experimental  lift  coefficient.  The 
linear  extrapolation  produces  the  better  result,  but  it  can  be 
seen  that  neither  set  of  derivatives  was  very  satisfactory 
although  it  would  appear  logical  to  believe,  in  view  of  the 
Reynolds  number  effects  indicated  previously,  that  the  linear 
extrapolation  of  the  derivatives  would  have  given  fairly  good 
results.  The  aileron  roll  for  the  80-percent-span  slot  con- 
figuration with  flaps  down  at  1.169  (fig.  .35)  shows  fan* 
agreement  between  the  flight  and  calculated  motions  so  that 
a beneficial  effect  of  the  slots  in  maintaining  an  unseparated 
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Figure  ic.— Variation  of  yawing-stability  derivatives  with  lift  coefficient  for  two  slot 
configurations.  Trim  Ci=0.33;  g'=0°;  */=0“:  K=0.8X10*. 


flow  over  the  wing  to  a fairly  high  lift  coeflScient  is  indicated. 

The  effects  of  elasticity  of  the  wing  were  not  considered  in 
the  calculations  of  the  aileron  rolls  because  of  lack  of  knowl- 
edge of  the  flexibility  of  the  wing.  Rough  estimates  of  the 
effect  of  elasticity  on  the  rolling  velocity  for  the  results  of 
figure  33  indicate  that  the  discrepancies  showm  between  flight 
and  calculated  results  would  be  reduced  by  about  50  percent 
or  more. 

A comparison  has  been  made  of  the  maximum  rolling 
velocities  obtained  by  calculation  for  conditions  duplicating 
those  in  flight,  by  ^ght  tests,  and  by  calculations  for  a 
coordinated  maneuver  in  which  the  yawdng  velocity  and  angle 
of  sideslip  are  maintained  at  zero.  For  this  last  case,  the 
rolling  velocity  becomes 


P 


-ACi  2V 
Of,  b 


The  results  are  presented  in  the  following  table: 


Figure 

Maximum  rolliiig  velocities  from 
figures 

\ACil2V 

Calcu- 

lated 

Flight 

Oeft) 

Flight 

(right) 

C,  6 
1 1 

32 

0.62 

0.44 

2.  67 

33 

.77 

.60 

6.« 

1.11 

34 

.78 

. 67 

1.13 

35 

.34 

.30 

.68 

The  comparison  indicates  that  a marked  difference  may  be 
obtained  in  the  maximum  rolhng  velocity  by  eliminating 
the  degrees  of  freedom  of  sidesHp  and  }^aw.  This  last 
method  of  calculation  is  used  frequently  in  comparing  the 
relative  merits  of  various  forms  of  ailerons. 

NONLINEAR  CALCULATIONS 

Calculations,  in  which  the  curves  of  Ci  and  (7„  against 
were  represented  not  b}’'  a single  slope  but  by  a series  of 
tangents  to  the  curves  and  in  which  the  variation  of 
with  was  included,  were  made  for  two  motions  to  illustrate 
the  effect  of  these  nonlinearities.  The  results  are  given  in 
figures  36  and  37  along  with  the  flight  motion  and  the  cal- 
culations made  for  linear  slopes  and  constant  damping 
derivatives.  The  effect  of  the  aileron  waggle  was  small 
and  was  taken  to  be  the  same  as  for  the  hnear  calculation. 
These  figures  indicate  that  for  the  angles  of  sideshp  encoun- 
tered in  these  motions  little  is  to  be  gained  by  going  to  the 
additional  effort  required  to  make  the  calculations  for  the 
nonlinear  case.  The  nonlinear  calculations  required  ap- 
proximate!ten  times  as  long  to  complete  as  the  linear  cal- 
culations. Motions  at  large  angles  of  sideshp  or  motions 
for  a configuration  having  more  pronounced  nonlinearities 
than  for  the  airplane  considered  herein  would  undoubtedly 
show  the  nonlinearities  to  be  of  greater  significance. 

SUMMARY  OF  RESULTS 

The  investigation  indicated  that  the  lateral  disturbed 
motions  of  the  airplane  considered  herein  ma}^  be  generaUy 
calculated  with  good  accuracy  by  the  use  of  experimental- 
scale-model  data  up  to  lift  coefficients  where  any  appreciable 
effects  of  the  cUfference  in  Re^molds  number  between  the 
scale  and  flight  conditions  begin  to  be  apparent.  This 
effect  is  usually  evidenced  by  a departure  of  the  scale  results 
from  a gradual  variation  with  lift  coefficient  and,  for  the 
case  investigated,  corresponds  to  a lift  coefficient  of  0.8  for 
the  slotted-wiog  configm^ations.  At  higher  lift  coefficients 
the  accuracy  in  calculating  flight  motions  is  progressively 
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(a)  i/=0°;  propeller  on.  (b)  i/=40°;  propeller  on.  (c)  5/=0°;  propeller  off. 

Figure  17.— Variation  of  yawing-stability  derivatives  with  angle  of  yaw.  Large  ventral  fin  on;  40-percent-span  slots;  /?=0.8X10«. 


poorer,  especially  in  the  time  to  damp  to  half  amplitude  where 
errors  as  much  as  100  percent  or  more  may  be  encountered. 
For  the  airplane  of  this  investigation,  at  these  high  lift  co- 
efficients, the  calculated  time  to  damp  to  half  amplitude  was 
generally  higher  than  the  flight  value.  In  most  cases  the 
period  of  the  motion  could  be  calculated  to  within  5 percent 
of  that  obtained  in  the  flight  motion.  In  order  to  obtain 
good  accuracy  in  predicting  flight  motions,  proper  considera- 
tion of  all  control  movements  must  be  made. 

For  most  cases,  the  nonlinear  variation  of  the  directional- 
stability  parameter,  the  effective  dihedral  parameter,  and 
the  variation  of  the  damping  in  yaw  with  angle  of  yaw  could 


be  neglected.  If,  however,  the  flight  motions  reach  a suffi- 
ciently large  amplitude  for  a long  period  of  time,  as  in  an 
aileron  roll  for  example,  greater  accuracy  in  the  calculated 
motions  should  result  if  the  non hneari ties  in  the  variation  of 
yawing-moment  coefficient,  rolling-moment  coefficient,  and 
damping  in  yaw  with  angle  of  yaw  are  included  in  the 
calculations. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  1949. 


Y COMMITTEE 


I ''’■•Ml! 

F (ighf,  /eft  rudder — \ — ^ — } — | — | 

Flight,  right  rudder  (signs  reverseo^ 
Calculated  j I I I I ! 

II  I I I I I I II  I I I 

3 4 5 6 7 8 9, 

Time,  sec 


*5  ^-^.2- 

^ 0)  -c 
<0  .0^ 

I C3  Qj 


o.§  :§>  - 

fO  if;  O 
^ ^ V . : 

^ Qj 

-j/(9jr 


Total  aileron 


' Flight,  left  rudder  . 
Flight,  right  rudder 
(signs  reversed) 

■ Calculated  \ — i — i — 


— O — night  I I I I I UnsfobI 

.. — D — night,  opposite  control  deflection L___ 

- -O — Calculated  | | 

Unf lagged  symbols:  40-percent  -span  slots,  large  ventral  fin 
Flagged  symbols:  80-percent- span  slots,  small  ventral  fin 


.6  ,8 

Lift  coefficient,  Cj^ 


(a)  «/=0°. 


L2  O 


Figure  24 


.4  .6  .8 

Lift  coefficient,  Cl 

(b)  a/=40°. 


• Comparison  of  flight  and  calculated  values  of  the  period  and  time  to  damp  to  half  amplitude. 
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Figure  25.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  a left  rudder 
kick.  40- percent-span  slots;  flaps  up;  Cl=0.341;  Vc=l98  miles  per  hour;  engine  idling. 


Figure  ^6.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  a left  rudder 
kick.  40-percent-span  slots;  flaps  up;  Cl =0.556;  T^c=160  miles  per  hour;  engine  idling. 


Figure  27.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  a left  rudder 
kick.  40-percent-span  slots;  flaps  up;  Cl =0.764*;  Vc= 133  miles  per  hour;  engine  idling. 
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Fiot;RE  28.  — 'Comparison  of  flight  and  calcul  ited  lateral  motions  resulting  from  a right  rudder 
kick.  40-percent-span  slots;  flaps  up;  Ct=0.919;  Vc=120  miles  per  hour;  engine  idling. 


Figure  29.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  a left  rudder 
kick.  40-percent-span  slots;  flaps dowm;  Cl=0.537;  Vc-\hl  miles  per  hour;  engine  idling. 


Figure  30.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  a left  rudder 
kick.  40-percent-span  slots;  flaps  down;  Cl=0.794;  Vc=130  miles  per  hour;  engine  idling. 


Time,  sec 


Figure  31.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  a left  rudder 
kick.  80-percent-span  slots;  flaps  up;  Cl=0.278;  Fc=228  miles  per  hour;  engine  idling. 
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riGUBE  32.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  an  abrupt 
left  aileron  deflection.  0-percent-span  slots;  flaps  up;  Cl=0.983;  Vc-llO  miles  per  hour; 
engine  idling. 


Figure  33.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  an  abrupt  left 
aileron  deflection.  40-percent-span  slots;  flaps  up;  Gl=0.598;  Vc=1o0  miles  per  hour; 
engine  idling. 
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Figure  34— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  an  abrupt 
right  aileron  deflection.  40-percent-span  slots;  flaps  down;  Cl =0.598;  Vc=146  miles  per 
hour;  engine  idling. 


Figure  35.— Comparison  of  flight  and  calculated  lateral  motions  resulting  from  an  abrupt 
left  aileron  deflection.  80-percent-span  slots;  flaps  down;  Cl=1.169;  Vc=110  miles  per  hour; 
engine  idling. 
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Pig  UR  E 36— Effect  of  nonlinear  variation  of  Ct,  and  with  angle  of  yaw  on  the  calcu- 

lated lateral  motions  resulting  from  a left  rudder  kick.  40-percent-span  slots;  flaps  up; 
Cl =0.764;  Vc=133  miles  per  hour;  engine  idling.^ 


Figure  37.— Effect  of  nonlinear  variation  of  Cj.  C«,  and  Cn,  with  angle  of  yaw  on  the  calcu- 
lated lateral  motions  resulting  from  an  abrupt  left  aileron  deflection.  40-percent-span  slots; 
flaps  up,  Cl=0.598;  Vc=150  mUes  per  hour;  engine  idling. 


APPENDIX 


LATERAL  EQUATIONS  OF  MOTION 

The  lateral  equations  of  motions  used  for  most  of  the  cal-  . 
culations  of  this  report  consider  the  fluctuation  of  the  aero- 
dynamic forces  to  be  directly  proportional  to  the  component 
angular  and  translational  velocities  associated  with  the 
axis  system  as  is  customary  in  classical  stability  thcor}^. 
The  modification  to  these  equations  to  account  for  the 
nonlinear  effects  of  sideslip  is  discussed  in  the  text.  The 
equations  used  herein  contain  the  necessaiy  product  of 
inertia  and  control  terms  and  are  given  as  follows: 
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angle  of  bank,  radians 


weight  of  airplane 

acceleration  due  to  gravity 

radius  of  gyration  about  principal  longitu- 


radius  of  gyration  about  principal  normal 


flight  path  angle,  positive  for  climb 
inclination  of  principal  longitudinal  axis  of 
inertia  with  respect  to  flight  path,  positive 
when  above  flight  path  at  nose 
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TABLE  I.— PERTINENT  AIRPLANE  DIMENSIONS  AND 
CHARACTERISTICS 


Mass  characteristics: 

Normal  gross  weight,  lb 

Moments  of  inertia,  ft-lb-sec^; 


Principal  axis  (relative  to  thrust  line  at  nose),  deg, 
Center  of  gravity: 

Location  on  M.A.C.,  percent  M.A.C. 

Relative  to  thrust  line,  percent  M.A.C.  below 


8,  700 

7,  654 
14,  088 
20,  159 
0.  45  up 

21.  8 
14.  8 


Wing: 

Span,  ft 33.  6 

Area,  sqft 250 

Airfoil  section  (normal  to  L.  E.): 

Root Modified  66,  2x-116  (a=0.  6) 

Tip Modified  66,  2x-216  (a=0.  6) 

M.A.C.,  ft 7.  79 

Leading  edge  of  M.A.C.  (ft  behind  L.  E.  root  chord) 3.  27 

Aspect  ratio 4.  51 

Taper  ratio 1.  84:1.  00 

Dihedral,  deg 0 

Sweepback  (at  quarter-chord  line),  deg 35 

Total  area,  plain  sealed  wing  flaps,  sqft 12.  52 

Ailerons: 

Span  (along  hinge  line,  each),  ft 8.  75 

Area  (rearward  of  hinge  center  line,  each),  sq  ft 6.  51 

Horizontal  tail: 

Total  area,  sq  ft 46.  53 

Vertical  tail: 

Fin  area  (above  horizontal  tail),  sq  ft__ 13.  47 

Total  rudder  area,  sqft 10.  26 

Ventral  fin  area,  sq  ft: 

Large  ventral 17.  10 

Small  ventral  (approx.) 8.  50 


TABLE  IL— TRIM  ANGLES  OF  HORIZONTAL  TAIL  . 


Slots  (per- 

Ventral 

Pro- 

Trim  C^, 

it 

cent  span; 

(deg) 

ftn 

peller 

(deg) 

0 

0 

Large 

On 

0.33 

-0. 10 

.55 

-1. 10 

.76 

-2.75 

0 

40 

Large 

On 

.33 

.90 

.55 

-.60 

.76 

-1.50 

.95 

-2.  25 

40 

0 

Large 

On 

.33 

-.60 

and 

.55 

-2.  70 

off 

.76 

-4.60 

40 

40 

Large 

On 

.33 

.75 

.55 

-1.50 

.76 

-3,  20 

.95 

-4.  40 

80 

0 

Large 

On 

.33 

0 

and 

.55 

-2.  40 

small 

.76 

-4. 25 

80 

40 

Large 

On 

.33 

.60 

.55 

-1.40 

.76 

-3.00 

.95 

-4.20 

TABLE  III.— INDEX  OF  FIGURES 


Wind-tunnel  results: 

Static  stability  characteristics:  Figures 

Longitudinal  characteristics 7 and  8 

Lateral  derivatives 9 and  10 

Variations  of  C/,  and  Cr  with  ^ 11 

Rolling  derivatives: 

Derivatives  at^  = 0° 12  and  13 

Variations  of  derivatives  with  ^ 14 

Yawing  derivatives: 

Derivatives  at  15  and  16 

Variation  of  derivatives  with  ^ 17 

Calculated  and  flight  motions: 

Abrupt  deflection  and  release  of  rudder 18  to  23 

Summary  of  period  and  damping  values 24 

Rudder  kicks 25  to  31 

Aileron  rolls 32  to  35 

Nonlinear  aerodynamic  effects  of  sideslip 36  and  37 


TABLE  IV.— FLIGHT  CONDITIONS  FOR  WHICH  MOTIONS 
WERE  CALCULATED 


Figure 

Slots 

(percent 

span) 

Flaps 

(deg) 

Ventral 

fin 

V. 

(mph) 

Cl 

Typo  of  test 

18 

40 

0 

1 

198 

0.334 

19 

40 

0 

• 

156 

.551 

20 

21 

40 

40 

0 

40 

[•I/argc  ■ 

136 

160 

.759 

.524 

Oscillation 

22 

40 

40 

J 

128 

.801 

23 

80 

0 

Small 

120 

.977 

25 

40 

0 

198 

.341 

26 

40 

0 

160 

.556 

27 

40 

0 

133 

.764 

28 

40 

0 

120 

.919 

•Rudder  kick 

29 

40 

40 

157 

.537 

30 

40 

40 

iLarge  < 

130 

.794 

31 

80 

0 

228 

.278 

32 

0 

0 

119 

.983 

33 

34 

40 

40 

0 

40 

150 

146 

.598 

.598 

-Aileron  roll 

35 

80 

40 

110 

1.169 
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A COMPARISON  OF  THEORY  AND  EXPERIMENT  FOR  HIGH-SPEED  FREE-MOLECULE  FLOW ' 

By  Jackson  R.  Stalder,  Glen  Goodwin,  and  Marcus  0.  Creager 


SUMMARY 

A comparison  is  made  of  free-molecule-flow  theory  with  the 
results  of  wind-tunnel  tests  performed  to  determine  the  drag  and 
temperature-rise  characteristics  of  a transverse  circular  cylinder. 

The  model  consisted  of  a 0.0031 -inch-diameter  cylinder 
constructed  of  butt-welded  iron  and  constantan  wires . Tempera- 
tures were  measured  at  the  center  and  both  ends  of  the  model. 
The  cylinder  was  tested  under  conditions  where  the  Knudsen 
number  of  the  flow  {ratio  of  mean-free-molecular  path  to 
cylinder  radius)  varied  between  Jf.  and  185.  The  molecular 
speed  ratio  {ratio  of  stream  speed  to  the  most  probable  molecular 
speed)  varied  from  0.5  to  2.3.  In  terms  of  conventional  flow 
parameters  j these  test  conditions  correspond  to  a Mach  number 
range  from  0.55  to  2.75  and  a Reynolds  number  range  from 
0.005  to  0.90. 

The  measured  values  of  the  cylinder  center-point  temperature 
confirmed  the  salient  point  of  the  heat-transfer  analysis  which 
was  the  prediction  that  an  insulated  cylinder  would  attain  a 
temperature  higher  than  the  stagnation  temperature  of  the 
stream. 

Good  agreement  was  obtained  between  the  theoretical  and  the 
experimental  values  for  the  drag  coefficient.  As  predicted, 
theoretically,  the  drag  coefficient  was  independent  of  Knudsen 
{or  Reynolds  number)  variation  and  depended  primarily  upon 
the  molecular-speed  ratio. 

INTRODUCTION 

The  various  phenomena  connected  vnth  the  high-speed 
flows  of  rarefied  gases  have  recently  been  the  subject  of 
several  analytic  investigations  (references  1,  2,  3,  and  4). 
Interest  in  this  phase  of  aerodynamics  and  thermod3mamics 
has  been  aroused  primarily  because  of  the  necessity  of 
being  able  to  compute  forces  on  and  heat  transfer  to  missiles 
which  ma}’'  fl}^  at  great  altitudes  at  high  speed.  In  another 
analytic  exploration  of  this  field,  simplified  concepts  of 
aerodynamic  and  thermodynamic  phenomena  occurring 
at  high  altitudes  have  been  used  by  Whipple  (reference  5) 
in  an  investigation  of  the  properties  of  the  upper  atmosphere 
by  means  of  measurements  of  the  brightness  and  deceleration 
of  meteors. 

Experimental  work  in  the  field  of  high-speed  rarefied  gas 
flows  has  been  practically  nonexistent  up  to  this  point.  The 
pioneer  work  of  Epstein  (reference  6)  on  the  drag  of  spheres 


in  a rarefied  gas  was  concerned  only  with  very  low-speed 
motions.  Consequently,  the  purpose  of  the  present  in- 
vestigation was  twofold:  (1)  to  obtain  experimental  data 
that  could  be  compared  with  the  predictions  of  an  analytic 
treatment  of  aerodymamic  and  thermodynamic  processes 
occurring  at  ver}^  high  altitudes;  and  (2)  as  a means  to  this 
end,  to  develop  a wind-tunnel  and  related  instrumentation 
that  would  permit  testing  of  models  under  simulated  condi- 
tions of  high-altitude  high-speed  flight.  In  connection 
with  the  second  objective — the  development  of  a wind 
tunnel  and  instrumentation — it  should  be  pointed  out  that 
a low-density^  wind  tunnel  is  being  developed  concurrently 
at  the  University  of  California  and  the  authors  wish  to 
acknowledge  the  assistance  they^  have  received  from  the 
reports  issued  by  this  group,  as  well  as  the  stimulus  received 
from  conversations  with  the  University  of  California  person- 
nel. 

At  the  beginning  of  the  experimental  work,  it  was  decided 
that  the  initial  model  tests  in  the  low-density  wind  tunnel 
should  be  confined  to  the  free-molecule-flow  regime  despite 
the  fact  that  this  regime  is  probably  of  less  technical  im- 
portance than  the  slip-flow  and  intermediate  regimes.  This 
decision  was  reached  because  the  free-molecule  regime  is 
susceptible  to  analy^sis;  whereas  the  slip-flow  and  interme- 
diate regimes  have  not  yet  been  adequately  treated  (cf., 
reference  2).  In  view  of  the  many^  uncertainties  connected 
with  the  development  of  entirely^  new  ty^'pes  of  ^vind-tunnel 
instrumentation,  it  was  thought  to  be  essential  to  test  in  a 
field  where  the  experimental  work  could  be  guided  by  a 
theoretical  background. 

The  selection  of  the  test  body^  was  governed  both  by  the 
requirement  that  free-molecule  flow  be  obtained  and  by  the 
practical  considerations  arising  from  tunnel  size  and  instru- 
mentation. The  former  condition  required  that  the  signifi- 
cant body^  dimension  be  small  compared  to  the  mean-free- 
molecular  path. 

A cylinder  with  axis  perpendicular  to  the  stream  was 
chosen  as  the  body  which  most  nearly’’  fulfilled  the  require- 
ments of  the  test.  The  radius  of  the  cydinder  could  be  made 
small  compared  with  the-  mean-free  path.  In  addition, 
since  it  was  desired  to  measure  both  aerodynamic  forces  and 
body  temperature,  the  cy^linder  had  the  virtue  of  being 
doubly  syunmetrical  so  that  only  drag  force  had  to  be 
measured.  The  problem  of  temperature  measurement  could 
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be  solved  by  constructing  the  ftiodel  from  dissimilar  metals 
so  that  the  model  itself  formed  a thermocouple. 

The  present  investigation  is  a first  step  toward  an  attempt 
to  gain  an  understanding  of  the  comparatively  new  and 
unexplored  field  of  high-speed  low-density  flows.  The  ex- 
periments reported  herein  were  made  to  provide  a comparison 
with  some  important  results  of  free-molecule-flow  theory 
and  to  facilitate  the  solution  of  problems  connected  with  the 
design,  operation,  and  instrumentation  of  a low-density 
wind  tunnel.  The  tests  were  conducted  in  the  Ames  low- 
density  wind  tunnel. 
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NOTATION 

surface  area,  square  feet 

components  of  total  velocity,  feet  per  second 

total  drag  coeflScient,  dimensionless 
impinging  drag  coefficient,  dimensionless 
re-emission  drag  coefficient,  dimensionless 
total  drag  force,  pounds 

rate  of  incident  molecular  energy,  foot-pounds  per 
second 

rate  of  re-emitted  molecular  energy,  foot-pounds  per 
second 

rotational  energy,  foot-pounds  per  molecule 
rate  of  incident  translational  molecular  energy  on 
front  side  of  body,  foot-pounds  per  second 
dimensionless  function  of  s defined  by  f(s)=Zi 

(sH3)+Zj 

dimensionless  function  of  s defined  by  /°(s)=Zi 
(s^+2)+Z2  ^^^+2) 

dimensionless  function  of  s defined  by  g(s)=S 

(Z1+Z2) 

dimensionless  function  of  s defined  by  9°{s)=2 

(Zi+Z^) 

normal  force,  pounds 

modified  Bessel  function  of  first  kind  and  zero  order 
modified  Bessel  function  of  first  kind  and  first  order 
mechanical  equivalent  of  heat,  778  foot-pounds  per 
Btu 

Boltzmann  constant,  5.66X10“^*  foot-pounds  per 
per  molecule 

Knudsen  number  (ratio  of  mean-free-molecular  path 
to  cylinder  radius),  dimensionless 

direction  cosines,  dimensionless 

length,  feet 

mass  of  one  molecule,  slugs 
Mach  number,  dimensionless 

number  of  molecules  striking  body,  molecules  per 
square  foot,  second 

number  of  molecules  per  unit  volume  of  gas 


P 

r 

R 

s 

T 

To 

Tc 

T, 
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Uz\ 

Uy\ 

Uz\ 

Vr 
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X 

y 

z 

z, 


z, 

(X 

p 

r 

7 

€ 
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P 

(X 


X 

x' 


erj{a) 


free-stream  static  pressure,  pounds  per  square  foot 
cylinder  radius,  feet 

universal  gas  constant,  1544  foot-pounds  per  pound- 
mole,  absolute 

molecular-speed  ratio  (ratio  of  stream  mass  velocity 
to  most  probable  molecular  speed),  dimensionless 
free-stream  static  temperature,  ®F  absolute 
tunnel  stagnation  temperature,  °F  absolute 
cylinder  temperature,  °F  absolute 
surface  temperature,  ®F  absolute 
test-section  wall  temperature,  absolute 
mass  velocity,  feet  per  second 


components  of  mass  velocity,  feet  per  second 

re-emission  velocity,  feet  per  second 

most  probable  molecular  speed,  feet  per  second 

molecular  weight,  pounds  per  pound-mole 


Cartesian  coordinates 


dimensionless  function  of  s defined  by  Zi=7re“*^/2 
lo  {sV2) 

dimensionless  function  of  s defined  by 
Z2-7r^^6-^/2  [Io{sV2)+I^(sV2)] 
accommodation  coefficient,  dimensionless 
reciprocal  of  most  probable  molecular  speed,  sec- 
onds per  foot 
gamma  function 

ratio  of  specific  heats,  dimensionless 
emissivity,  dimensionless 

angle  of  body  element  with  respect  to  free  stream, 
radians 

density  of  free  stream,  slugs  per  cubic  foot 
Stefan-Boltzmann  constant,  3.74X  10“^®  foot-pounds 
per  square  foot,  ^F'^ 

dimensionless  group  defined  by 

3 r 

1 H — ^ s sin  ^ [1  + erj  (s  sin  6)]  ^ 

^P=1+ 

1~\- s sin  6 [l-\-erJ(s  sin  $)] 

dimensionless  group  defined  by 

1 s sin  6[l—erJ (s  sin  ^)] 

1 + 

1 — sill  0[l—erj  {s  sin  0)] 

dimensionless  group  defined  by 


s sin  0 [l+erj  (s  sin  $)] 
dimensionless  group  defined  by 


= s sin  0 [1—erf  (s  sin  d)] 


error  function 


> 


dimensionless 
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ANALYSIS 

The  general  problem  of  the  calculation  of  aerodynamic 
forces  and  heat  transfer  to  a body  in  a free-molecule-flow 
field  is  amenable  to  solution  b}^  application  of  the  simpler 
concepts  of  the  kinetic  theory"  of  gases.  The  simplification 
arises  from  the  assumption  that  the  motions  of  molecules 
that  strike  the  body  are  in  no  way  affected  b}’"  collisions  with 
molecules  that  have  struck  the  body  and  have  returned  to 
the  main  stream  of  gas.  This  basic  postulate  allows  the 
molecular  motions  of  the  oncoming  stream  to  be  treated  as 
having  the  classical  Maxwellian  velocity  distribution  super- 
imposed on  a imiform  mass  velocity.  Hence,  the  severe 
complication  of  dealing  vdth  a nonuniform-gas  is  avoided. 
Of  course,  this  assumption  does  not  imply  that  returning 
molecules  do  not  collide  with  oncoming  molecules  since 
collisions  do  occur,  on  the  average,  at  a distance  from  the 
body  equal  to  one  mean  free  path.  However,  if  this  mean 
free-path  length  is  large  compared  with  the  bod}^  dimensions, 
it  can  be  seen  from  geometrical  considerations  that  the 
probability  is  small  that  the  impinging  molecules  that  do 
collide  with  returning  molecules  will  strike  the  body  without 
first  having  had  their  original  Maxwellian  velocity  restored 
by  collisions  vrith.  other  impinging  molecules.  It  would 
seem  probable,  also,  that  a high  value  of  mass  velocity  com- 
pared with  the  random  thermal  velocity  of  the  gas  would 
favor  free-molecule  flow  because  the  re-emitted  molecules 
would  tend  to  be  swept  along  with  the  stream  away  from  the 
zone  of  influence  of  the  body. 

In  general,  the  mechanism  of  energy  and  momentum 
transfer  for  free-molecule  flow  are  inseparable.  In  effect, 
this  means  that  the  drag  on  a body  is  affected  by  the  surface 
temperature  of  the  body.  This  state  of  affairs  arises  because 
of  the  fact  that  a portion  of  the  momentum  imparted  to  the 
body  is  due  to  the  emission  of  molecules  from  the  surface 
and  the  velocity  of  emission  depends  upon  the  temperature 
of  the  body.  This  phenomenon  will  be  discussed  in  detail 
later. 

Because  of  the  assumption  that  the  motions  of  the  oncom- 
ing and  re-emitted  molecules  can  be  treated  independently, 
the  computation  of  the  drag  on  and  heat  transfer  to  a 
cylinder  can  be  broken  down  into  separate  parts — the  part 
due  to  impact  by  impinging  molecules  and  a part  due  to 
re-emission  of  the  molecules  from  the  surface.  By  the  use 
of  this  basic  principle,  it  is  possible  to  calculate  the  drag 
and  heat- transfer  characteristics  of  a transverse  cylinder 
in  a free-molecule-flow  field. 

HEAT  TRANSFER  TO  A TRANSVERSE  CYLINDER  IN  A FREE-MOLECULE- 

FLOW  FIELD 

The  calculation  of  the  heat-transfer  or  energy-exchange 
process  between  the  cylinder  and  the  gas  is  made  by  using 
the  basic  method  described  in  reference  4.  The  general  equa- 
tions of  reference  4 are  expressed  in  Cartesian  coordinate 
form  and  can  be  summarized  as  follows: 

The  translational  molecular  energy  incident  upon  the 
front  side  of  an  elemental  plane  area  dA  inclined  at  an  angle 
6 with  respect  to  the  stream  mass  velocity  U is,  for  a 
monatomic  gas, 
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dE,=n(^^^-4'kT^dA 


(1) 


where  n,  the  number  of  molecules  striking  unit  surface  area 
per  second,  is  given  hy 


n= 


NVm 

2-^ 


X 


(2) 


For  the  rear  side  of  the  elemental  area,  similar  expressions 
apply. 

dE,'=n'(^-^+<f''kT^dA  (3) 


71  = 


NVm 

2V^ 


(4) 


The  total  molecular  energy  incident  upon  the  front  and 
rear  sides  of  dA  is,  for  a monatomic  gas,  given  b}^  equations 
(1)  and  (3),  respective!}^,  since  only  translational  energies 
are  involved.  However,  for  a diatomic  gas,  the  expression 
for  the  incident  energy  contains  an  additional  term  due  to 
the  rotational  component  of  the  molecular  internal  energy, 
and  this  component  must  be  added  to  the  translational  com- 
ponent. The  rotational  energy  per  molecule  of  a gas  com- 
posed of  rigid  dumbbell  molecules  is 


E^=kT  (5) 

Then,  the  total  incident  molecular  energy  on  the  front 
side  of  dA  is,  for  a diatomic  gas,  given  by  the  following 
expression: 

dEt=dE,+nEndA=n^^'+{'l'+'i-)kT^  dA  (6) 


and,  for  the  rear  side  of  dA^ 

dEi'=dE/+n'E^A^n'^J^+i^l^'+l)kTj  dA  (7) 

The  method  of  calculation  of  the  energy  transported  from 
the  elemental  area  by  re-emitted  molecules  is  showm  in  ap- 
pendix A.  The  result  derived  therein  can  be  applied  to  the 
calculation  of  the  energy  transport  by  a monatomic  gas  from 
the  front  side  of  the  area  by  combining  equations  (Al)  and 
(A12)  to  }deld 

dEr=dE,(l-a)+2ankTcdA  (8) 

and,  for  the  energy  transport  by  a diatomic  gas,  as 

dEr—{dEt-\-nkTdA)(l  -a)-\-3ankTcdA  (9) 

Parallel  equations  can  be  written  for  the  rear  side  of  the 
area,  dA, 

The  net  radiant  energy  exchange  is  (assuming  gray-body 
radiation) 

ea{Tc^-T,^)dA  (10) 

where  Tt  is  the  effective  temperature  of  the  surroundings  to 
which  the  area  dA  is  radiating.  This  expression  implies 
that  the  body  of  which  dA  is  a part  is  small  in  comparison 
with  the  surrounding  volume. 

The  problem  now  becomes  one  of  applying  the  foregoing 
equations,  which  were  derived  for  a plane  area  placed  at  an 
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arbitraiy  angle  with  respect  to  the  stream,  to  a specific 
body— in  this  case  a cylinder  with  axis  perpendicular  to  the 
stream  velocity.  For  a cjdinder  of  length  i,  the  elemental 
area  may  be  written  as 

dA=rLdd  (11) 


Then,  if  internal  energy  input  to  the  c^dinder  per  unit  area 
is  denoted  as  Q (in  the  usual  experimental  arrangement  this 
would  be  electrical  energy),  an  equation  can  be  witten 
which  expresses  an  energy  balance  on  the  c^dinder.  For  a 
monatomic  gas,  the  energy-balance  equation  is 


For  a diatomic  gas,  a similar  equation  applies 


xl^'kT^  do  -AarLkT,  ( n'de^+2irrL  Q-tc  (t/- T,^)J=0 


(12) 


2ari|  + i)kTye 

The  reduction  of  the  integrals  appearing  in  equations  (12) 
and  (13)  is  a straightforward  but  lengthy  procedure.  The 
methods  used  to  evaluate  these  integrals  are  given  in  ap- 
pendix B . The  final  results  are  written  here,  for  a monatomic 
gas,  as 

2 (-^1  + ^2)— ^^1  (5^+2)+ Z2 

04) 

and,  for  a diatomic  gas,  as 

|£![„(j...-r,.)-«]-o  (.5) 

In  order  to  facilitate  computation,  values  of  the  dimensionless 
groups, 

./(s)=Z,(s^+3)+Z3(s^+0. 

^(s)=3(Zi+Z2), 

/°(s)=Z,(s^+2)+Z2(s^+|), 

and 

^ • ^"(^)=2(Zi  + Z,), 

appearing  in  equations  (14)  and  (15),  are  tabulated  in  the 
table  of  appendix  B. 

Equations  (14)  and  (15)  then  completely  describe  energy 
transfer  occurring  between  a transverse  cylinder  and  its 
surroundings  in  terms  of  the  cylinder  temperature,  static  gas 
temperature  and  pressure,  molecular-speed  ratio,  accom- 
modation coefficient,  the  effective  temperature  of  the  sur- 
roundings to  which  the  cylinder  is  emitting  radiation,  the 
emissivity  of  the  cylinder  surface,  and  the  internal  energy 
input  to  the  cylinder.  The  equations  are  subject  to  the 
following  restrictions: 

1.  The  surface  temperature  of  the  cylinder  is  assumed  to 
be  constant,  circumferentially. 

2.  The  cylinder  receives  and  emits  radiant  energy  as  a 
gray  body;  that  is,  the  emissivity  is  independent  of  wave 
length.  Also,  the  cylinder  is  assumed  to  be  small  compared 
to  the  surrounding  volume. 

3.  The  internal  energy  of  the  gas  stream  in  which  the 
cylinder  is  located  has  the  value  (3/2)  kT  for  a monatomic 
gas  and  (5/2)  kT  for  a diatomic  gas. 


— ndS-\- ^ 

(13) 

DRAG  ON  A TRANSVERSE  CYLINDLER  IN  A FREE-MOLECULE-FLOW  FIELD 

The  general  problem  of  aerod}uiamic  forces  acting  on 
bodies  in  free-molecule  flow  has  been  treated  b3^  several 
authors  (references  1,  2,  and  3).  The  basic  method  of 
calculation  was  identical  in  each  case.  The  method  con- 
sists of  the  assumption  of  a gas  with  a Maxwellian  velocity 
distribution  superimposed  upon  an  arbitrar^^  mass  velocity. 
The  number  of  molecules  having  specified  velocities  that 
impinge  upon  an  elemental  area  inclined  at  an  arbitrary 
angle  to  the  stream  mass  velocity  is  computed  and,  from 
this  calculation,  the  force  due  to  the  transmitted  momentum 
is  obtained.  To  this  momentum  due  to  molecular  impinge- 
ment, however,  must  be  added  the  momentum  imparted  to 
the  surface  by  molecules  emitted  from  the  surface.  The 
magnitude  and  direction  of  the  force  imparted  hj  emitted 
molecules  depends,  among  other  things,  on  the  type  of 
emission  that  is  assumed  to  occur.  A condensed  discussion 
of  the  several  possible  types  of  surface  emission  can  be  found 
in  reference  4.  An  extensive  treatment  of  the  subject  is 
given  in  reference  7. 

In  order  to  determine  the  total  aerod^mamic  force  on  a 
body  of  arbitrary  shape,  the  differential  momentum  imparted 
to  an  element  of  the  body  surface  is  computed,  as  outlined 
in  the  preceding  paragraph,  and  the  total  momentum 
obtained  by  integration  over  the  bod>^  surface.  Also,  since 
the  impinging  and  re-emitted  momenta  can  be  added 
linearly,  the  resulting  total  momentum  can  be  calculated 
for  any  desired  type  of  re-emission. 

In  this  paper,  completely  diffuse  scattering  of  the  incident 
molecular  stream  from  an  insulated  surface  is  assumed. 
By  this  assumption  it  is  meant  that  (a)  the  molecules  that 
are  scattered  from  the  surface  are  emitted  with  a Maxwellian 
distribution  of  speed,  (b)  the  direction  of  molecular  emission 
from  the  surface  is  controlled  by  the  Knudsen  cosine  law 
(cf.,  references  7 and  8),  (c)  the  body  temperature  is  assumed 
to  be  uniform  over  the  surface,  and  further  (d)  that  con- 
servation of  number  of  molecules  is  maintained  for  each 
element  of  the  body  surface.  These  assumptions  seem  to 
be  in  accord  with  physical  fact,  as  discussed  in  reference  6. 

The  specific  problem  of  the  aerodynamic  drag  on  a trans- 
verse cyhnder  has  been  treated  in  references  1 and  3.  The 
reason  for  repetition  of  the  calculation  here  is  that  the 
results  have  been  obtained  in  a compact  closed  form  which 
is  amenable  to  easy  calculation  and,  further,  that  a solution 
for  the  re-emission  drag  is  obtained  which  involves  measur- 
able physical  quantities.  Appendices  A and  C contain  the 
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details  of  the  calculations  and  only  the  final  results  are 
presented  here.  The  results  of  the  computations  are  as 
follows:  The  total  drag  acting  on  an  insulated  transverse 
circular  cyhnder  of  radius  r and  length  L is  given  by 

D=^{2rL){Cn,-\-Co)  (16) 

where  Gd-^  and  Cd^  are  the  drag  coefficients  associated  with 
impinging  and  re-emitted  momenta.  The  value  of  Cd^  is 
sho\vn  in  appendix  C to  have  the  value 

(17) 

and  the  value  of  Cd^  for  an  insulated  C3dinder  is  shown  in 
appendix  A to  be,  for  a monatomic  gas, 


required  to  establish  flow  at  the  particular  Mach  number 
desired  for  the  run,  the  tunnel  was  considered  read}’’  for 
tests.  In  order  to  match  tunnel  conditions  of  static  pressure 
and  pressure  ratio  vdth  those  that  existed  at  an  earlier  time, 
it  was  sometimes  necessaiy  to  alter  the  amount  of  throttling 
at  the  pump  inlets  due  to  a slight  variation  of  pumpmg  speed 
from  day  to  day. 

The  pressure  level  in  the  tunnel  was  varied  by  increasing 
or  decreasing  the  flow  of  the  test  gas  mto  the  S3’'stem.  The 
static  and  stagnation  pressures  were  again  checked  to  de- 
termine if  sufficient  pressure  ratio  was  available  to  establish 
flow  at  the  desired  Mach  number.  This  procedure  was  some- 
what complicated  b}^  the  fact  that  at  the  lower  pressure  levels 
the  boundarj^  la^^er  in  the  nozzle  would  tend  to  thicken,  thus 
causing  a decrease  in  the  Mach  number  compared  with  that 
obtained  at  the  higher  pressure  levels. 

The  wind  tunnel. could  be  operated  through  a range  of  test- 
section  pressures  of  from  20  to  135  microns  of  mercurj^  for  a 
given  nozzle  and  over  a range  of  Mach  numbers  from  0.5  to 
2.75  by  using  several  nozzles. 

INSTRUMENTATION  AND  THE  TEST  MODEL 


and,  for  a diatomic  gas, 


lz,{s^+Z)+Z,  (s^+0 


3(2i4-Z2) 


(19) 


APPARATUS  AND  TEST  METHODS 

THE  WIND  TUNNEL 

The  Ames  low-density  wind  tunnel,  in  which  the  present 
tests  were  conducted,  is  an  open-jet  nonreturn-type  tunnel. 
A sketch  sho\ving  the  major  components  of  the  wind  tunnel 
is  shown  in  figure  1.  The  test  gas,  from  a bottled  source,  is 
throttled  into  a settling  chamber  and  then  passes  through  an 
axially  sjmimetric  nozzle  which  discharges  a free  jet  into  an 
18-inch  cubical  test  chamber.  The  test  chamber  is  connected 
through  a surge  chamber  to  four  booster-type  oil-diffusion 
pumps  which  continuously  evacuate  the  system.  The 
diffusion  pumps  are  connected  in  parallel  and  are  backed  by  a 
mechanical  vacuum  pump  which  discharges  to  the  atmos- 
phere. Valves  are  provided  at  the  inlet  to  each  diffusion 
pump  in  order  to  allow  the  pumping  system  to  be  isolated 
when  the  test  chamber  is  opened  to  the  atmosphere. 

A traversing  mechanism  is  installed  in  the  test  chamber 
which  permits  three  degrees  of  motion  relative  to  the  gas 
stream.  The  mechanism  is  used  to  position  models  and 
instrumentation  in  the  desired  location  Avithin  the  gas  stream. 

The  nozzles  used  in  the  tests  were  axially  symmetric  vdth 
an  outlet  diameter  of  2 inches  and  were  machined  from  clear 
plastic.  The  nozzle  contours  were  determined  by  the  method 
outlined  in  reference  9.  No  boundar}Mayer  correction  was 
applied  to  the  nozzle  contours. 

After  the  system  was  evacuated,  the  flow  rate  of  the  test 
gas  into  the  settling  chamber  was  adjusted  until  the  stagna- 
tion pressure,  as  measured  by  a McLeod  gage,  reached  the 
desired  value. 

The  static  pressure  in  the  test  chamber  was  read  on  another 
McLeod  gage  and,  if  the  resulting  pressure  ratio  was  that 


The  static  pressures  which  existed  in  the  wind  tunnel  were, 
in  general,  too  low  to  be  measured  with  a conventional 
manometer  or  Bourdon-type  pressure  gage;  therefore,  two 
types  of  gages  widely  used  in  high-vacuum  work  were 
utilized,  namely,  the  McLeod  and  Pirani  gages.  For  a 
complete  description  of  these  gages  the  reader  is  referred  to 
any  standard  text  on  high-vacuum  technique  (e.  g.,  reference 
10) ; however,  some  of  the  special  features  of  the  gages  used 
will  be  described. 

The  McLeod  gage  used  as  a primary  standard  in  these 
tests  had  an  initial  volume  of  146  milliliters  connected  to  a 
closed  tube  of  1.95-millimeter  diameter.  This  arrangement 
gave  a scale  length  of  51.4  centimeters  for  a pressure  range 
of  0 to  3000  microns.  (For  the  sake  of  brevity,  the  term 
micron  is  used  throughout  as  a unit  of  pressure  rather  than 
the  term  microns  of  mercury.)  The  diameter  of  the  closed 
tube  was  measured  b}^  the  mercury  pdlet  method  to  mthin 
diO.Ol  millimeter  and  the  difference  in  height  of  the  mercur}^ 
columns  could  be  read  to  the  nearest  0.1  millimeter  by  use 
of  a micrometer  scale.  At  a pressure  of  100  microns,  this 
gage  could  be  read  to  within  1 percent  with  ease. 

The  gage  was  connected  to  the  test  chamber  with  an 
18-millimeter-diameter  glass  tube  to  insure  a short  time  lag 
between  equalization  of  the  S3’^stem  and  the  gage  pressures. 
A dry-ice  and  acetone  cold  trap  was  provided  between  the 
gage  and  the  test  chamber  to  prevent  condensable  vapors 
from  reaching  the  gage. 

In  general,  it  is  difficult  to  obtain  a completely  independent 
method  of  checking  the  accuracy  of  pressure  measurements 
made  with  a McLeod  gage  for  pressures  below  about  1 
millimeter  of  mercury.  Above  1 millimeter  of  mercury^  a 
U-tube  manometer,  filled  with  a very  low- vapor-pressure 
oil  and  having  a high- vacuum  s^^stem  (of  the  order  of  10“®  mm 
of  Hg)  connected  to  one  leg,  may  be  used.  The  McLeod 
gage  used  in  the  tests  was  checked  in  this  maimer  and  the 
agreement  between  the  oil  manometer  and  the  McLeod  gage 
was  within  ±3  percent. 
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An  indication  of  the  accuracy  of  the  McLeod  gage  used  in 
the  tests  in  the  pressure  range  below  200  microns  was  obtained 
by  comparing  the  pressures  indicated  by  the  test  McLeod  gage 
with  those  obtained  with  a laboratory- type  McLeod  gage 
having  a range  of  0 to  200  microns,  which  has  been  calibrated 
against  a laboratory  standard  McLeod  gage  at  the  manufac- 
turer’s plant.  The  agreement  between  the  test  gage  and 
the  laboratory-type  gage  was  within  ±3  percent  at  a pressure 
of  100  microns. 

The  Pirani  gage  used  in  the  tests  consisted  of  an  open 
glass  tube,  which  contained  a heated  filament.  The  gas 
pressure  in  the  tube  determined  the  temperature  and  thus 
the  resistance  of  the  filament.  A temperature-compensating 
tube  of  identical  construction  was  sealed  off  at  a very  low 
pressure.  The  measuring  and  compensating  tube  filaments 
formed  two  legs  of  a Wheatstone  bridge;  and  the  unbalance 
of  the  Wheatstone  bridge  circuit,  as  indicated  by  a self- 
balancing potentiometer,  was  a measure  of  the  pressure  in 
the  open  leg  of  the  gage.  The  Pirani  gage  was  calibrated 
against  the  0-  to  3000-micron-range  McLeod  gage  as  a 
standard. 

A drift  of  the  calibration  of  the  Pirani  gage  with  time  was 
noted  and  for  this  reason  the  Pirani  gage  was  calibrated 


before  and  after  every  test  run.  A typical  calibration 
curve  is  sliowm  in  figure  2. 

Examination  of  figure  2 reveals  that  the  sensitivity  of  the 
Pirani  gage  used  was  nearly  constant  from  a pressure  of  10 
microns  to  a pressure  of  80  microns.  Above  about  200 
microns  this  Pirani  gage  becomes  too  insensitive  to  be 
usable  as  a pressure-measuring  instrument. 


0 40  80  120  160  200  240  280  320  360 

Potentiometer  reading  (Arbitrary  units) 

Figure  2.— Typical  calibration  of  Pirani  gage  in  nitrogen  gas. 
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Whenever  a pressure-measuring  device  is  connected  to 
a vacuum  system  by  a tube  or  small  orifice,  two  troublesome 
effects  are  present — time  lag  and  gassing.  The  time  lag  of 
the  pressure  gage  is  due  to  the  fact  that,  as  the  pressure  in  the 
main  part  of  the  system  is  changed,  a volume  of  gas  must 
flow  out  of  or  into  the  pressure  gage  and  its  connecting 
tubing.  At  the  low  pressures  encountered  during  the  tests, 
this  time  lag  may  be  of  the  order  of  hours  if  the  gage  volume 
and  connecting  tubing  are  not  properly  proportioned. 
Gassing,  that  is,  gas  being  given  up  or  adsorbed  by  the  sur- 
face of  the  pressure  gage  and  its  connecting  tubing,  has  the 
effect  of  causing  the  pressure  gage  to  indicate  a different 
pressure  than  that  which  exists  in  the  main  part  of  the 
system.  Outgassing  effects  can  be  reduced  materially  by 
proper  cleaning  of  the  surface  and  by  heating  the  surface 
under  a vacuum  to  drive  off  water  vapor  and  other  materials 
which  cling  to  ordinary  surfaces. 

Schaaf,  Mann,  and  Cyr  (references  11  and  12)  have 
investigated  this  problem  in  considerable  detail,  and  show 
that,  if  the  assumption  is  made  that  gassing  is  a function  of 
surface  area  only,  there  exists  an  optimum  geometry  of  gage 
volume  and  connecting  tubing  which  will  result  in  minimum 
time  lags.  References  11  and  12  were  used  as  guides  in  the 
design  of  the  impact  and  static-pressure-measuring  devices 
which  were  used  in  the  tunnel  calibration  tests,  and,  in 
addition,  the  time  lag  of  these  pressure-measuring  systems 
was  measured. 

The  impact  pressures  encountered  during  the  wind-tunnel- 
calibration  tests  were  too  high  to  be  measured  with  a Pirani 
gage  and,  because  of  the  difficulty  of  obtaining  a suitable 
flexible  tube  which  would  have  a small  time  lag,  the  McLeod 
gage  could  not  be  used.  These  impact  pressures,  therefore, 
were  measured  with  a glass  U-tube  manometer  filled  with  a 
low-vapor-pressure  oil.  The  manometer  was  located  inside 


the  test  chamber  with  one  leg  of  the  manometer  open  and  the 
other  end  fastened  with  a glass  connection  to  a }^-inch- 
diameter  spherical-head  impact  tube.  Figure  3 shows  a 
diagrammatic  sketch  of  this  arrangement.  The  difference 
in  oil  level  between  the  two  legs,  as  read  by  a coordinate- type 
cathetometer  located  outside  the  tunnel,  was  the  difference 
between  the  test-chamber  static  pressure  and  the  impact 
pressure.  The  test-chamber  static  pressure  was  measured 
by  the  0-  to  3000-micron  McLeod  gage  described  earlier. 

The  time  lag  of  the  system  shown  in  figure  3 was  measured 
by  setting  the  pressure  in  the  test  chamber  at  approximately 
3 millimeters  of  mercury  and  then  evacuating  the  chamber  to 
approximately  10  microns  as  quickly  as  possible.  The  time 
required  for  the  oil  level  in  the  two  legs  to  equalize  was 
approximately  15  seconds.  This  indicates  a very  short  time 
lag  for  the  practical  case  as  the  rate  of  pressure  change 
encountered  in  the  wind-tunnel  calibration  was  small  com- 
pared to  that  measured  during  the  time-lag  test.  The 
procedure  used  in  the  wind-tunnel-calibration  tests  was  to 
continue  to  take  readings  of  the  oil  level  until  steady  state 
was  established. 

The  static  pressure  of  the  gas  stream  from  the  nozzle  was 
measured  with  a 0.10-inch-diameter  ogival  probe  con- 
nected directly  to  a Pirani  gage  as  shown  in  figure  4. 
Three  0.0225-inch-diameter  holes  spaced  120°  apart  were 
located  at  a point  on  the  ogive  where  the  pressure  is  equal 
to  free-stream  pressure  as  calculated  by  the  method  given 
in  reference  13.  The  position  along  the  probe  where  the 
surface  pressure  is  equal  to  free-stream  pressure  varies 
somewhat  with  Mach  number;  however,  this  variation  is 
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not  large  and  static  pressures  measured  by  this  probe  agreed 
with,  pressures  measured  with  a 4°  cone. 

No  boundaiy-layer  correction  was  applied  to  the  ogive, 
or  cone  contour;  consequently,  it  is  possible  that  some  error 
in  the  measurement  of  static  pressure  existed.  Figure  5 
shows  the  main  dimensions  of  the  static-pressure  probe  used. 

In  order  that  the  Pirani  gage  shown  in  figure  4 could  be 
calibrated  against  the  McLeod  gage,  which  was  connected 
to  the  test  chamber,  a 4-millimeter-bore  stopcock  was  glass- 
welded  to  the  Pirani  gage  to  allow  calibration  with  a rel- 
atively large  opening  and  attendant  short  time  lag.  As  the 
stream  static  pressures  were  measured  with  the  stopcock 
closed,  the  following  tests  were  conducted  to  measure  the 
order  of  magnitude  of  the  time  lag  of  the  system.  The 
test  chamber  was  pressurized  to  165  microns  and  suddenly 
evacuated  to  approximately  5 microns.  The  rate  of  pressure 
change  as  measured  by  the  Pirani  gage  with  the  stopcock 
open  and  with  the  stopcock  closed  is  shown  in  figure  6.  The 
procedure  was  repeated  with  a rising  pressure  and  the  results 
are  also  shown  in  figure  6. 

It  can  be  seen  from  figure  6 that  the  two  curves,  repre- 
senting the  runs  with  the  stopcock  open  and  closed,  are 
essentially  congruent  after  70  seconds  for  decreasing  pressure 
and  after  50  seconds  for  the  increasing  pressm-e  runs.  With 
the  stopcock  open,  the  time  lag  of  the  Pirani  gage  should  be 
very  small  (references  11  and  12)  and  the  cmve  of  pressure 
as  a function  of  time  includes  the  time  required  for  the 
pumping  equipment  to  evacuate  the  test  chamber,  the  time 
lag  in  the  self-balancing  potentiometer,  and  the  thermal 
lag  in  the  Pirani  filaments.  The  cmve  of  pressure  as  a 
function  of  time  for  the  stopcock  closed  includes  all  these 
factors  plus  the  additional  time  lag  imposed  by  the  small 
holes  in  the  static  probe.  The  pressure  variation  dining  the 
time-lag  tests  was  much  more  severe  than  any  encountered 
during  the  static  survey  tests;  therefore  it  can  be  concluded 
that,  by  waiting  for  af  least  2 minutes  before  recording  data, 
all  errors  due  to  time  lag  would  be  eliminated. 

The  test  model. — The  model  tested  was  a 0.0031-inch- 
diameter  right-circular  cylinder  fabricated  from  iron  and 
constantan  wires  and  had  an  exposed  length  of  inch. 

Note. — All  dimensions  given  in  inches. 
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Figure  6.— Time  response  of  the  static-pressurc-measuring  system. 

The  iron  and  constantan  wires  were  electrically  butt-welded 
together  to  form  a thermocouple  junction.  Figure  7 shows  a 
microphotograph  of  the  model.  It  can  be  seen  that  the 
welding  operation  did  not  appreciably  alter  the  shape  of 
the  model.  The  butt-welded  junction  was  located  in  the 
center  of  the  model  and  a 0.0031-inch  iron  wire  was  silver 
soldered  to  the  constantan  side  of  the  model  at  a distance  of 
inch  from  the  center  junction.  A 0.0031-inch-diameter 
constantan  wire  was  similarly  fastened  to  the  iron  side  of 
the  model.  These  two  auxiliary  thermocouple  junctions 
were  used  to  measure  the  temperature  at  the  ends  of  the 
model. 

The  entire  model  was  covered  with  fine-grain  soot  ob- 
tained from  an  acetylene  flame  in  order  that  the  emissivity 
would  be  constant  over  the  total  model  length  and  so  that 
an  established  value  of  emissivity  of  0.95  could  be  used  to 
evaluate  the  heat  loss  by  radiation. 

Thermocouple  voltages  from  the  center  and  end  thermo- 
couples were  read  on  a nuU-type  laboratory  potentiometer 
having  a least  count  of  0.01  millivolt. 

The  drag  balance. — A specially  constructed  microbalance 
shown  in  figures  8 (a)  and  8 (b)  was  used  to  measure  the 
drag  of  the  model  tested.  The  balance  consisted  of  a beam 
mounted  upon  an  agate  knife-edge  which  rested  in  a steel 
V-block,  as  shown  diagrammatically  in  figm'e  9.  The  model 
was  mounted  between  two  arms  extending  down  from  either 
side  of  the  beam.  Electrical  leads  were  transferred  from 
the  moving  beam  to  the  balance  frame  through  mercury 
pools. 

A drag  force  on  the  model  caused  an  unbalance  of  the 
beam  which  was  counteracted  by  a magnetic-restoring  force 
produced  by  an  armature  located  in  a magnetic  field  pro- 
duced by  an  alternating-current  coil.  An  optical  lever 
approximately  2 feet  long  was  used  to  determine  the  zero 
position  of  the  balance. 


Figure  5.— Static-pressure  probe  used  in  the  tests. 
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Figure  7. — Micro-photograph  of  model  showing  weld  at  junction  of  iron  and 
constantan.  Enlarged  60  times. 


The  magnitude  of  the  drag  force  in  terms  of  magnetizing 
current  was  detooniaed  by  hanging  known  weights  on  a 
lever  arm  attached  to  the  balance  beam  and  measuring  the 
current  necessary  to  restore  the  balance  to  zero  position. 
Figure  10  shows  a tyjucal  calibration  of  the  drag  balance. 

The  model  was  mounted  between  the  extension  arms  of 
the  drag  balance  and  was  shielded  over  all  but  the  center 
inch,  as  shown  in  figures  8 (a)  and  8 (b).  A check  w'as 
made  on  the  effectiveness  of  the  shielding  on  the  supporting 
members.  A small  shield  was  mounted  to  the  center  main 
shield  (extension  arms)  covering  the  center  portion  of  the 
model  (normally  exposed).  The  completely  shielded  model 
was  then  placed  in  the  gas  stream.  No  drag  forces  were 
detected. 

It  was  found  that  the  balance  exhibited  an  erratic  calibra- 
tion shift  from  day  to  day,  which  necessitated  calibration  of 
the  balance  before  and  after  each  drag  determination. 

CAUBRATION  OF  THE  WIND  TUNNEL 

The  purpose  of  the  calibration  of  the  wind  tunnel  was  to 
determine  the  Mach  number  and  static-pressure  distribu- 
tions of  the  stream  in  the  plane  at  which  the  model  w^as 


(a)  Front  view.  view. 


Figure  8.— Photograph  of  drag  balance  showing  force  shields. 
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Figure  9.— Diagrammatic  sketch  of  drag  balance. 


located — }i  inch  downstream  of  the  exit  plane  of  the  various 
nozzles  used. 

The  method  used  "was  to  survey  the  stream  with  the  impact- 
and  static-pressure  probes  described  earlier.  These  impact- 
and  static-pressure  probes,  together  with  their  pressure- 
measuring gages,  were  mounted  2 inches  apart  upon  a 
common  support  from  the  traversing  mechanism  and  read- 
ings were  taken  at  Ke-inch  intervals  from  the  center  to  the 
edge  of  the  stream.  This  method  of  mounting  allowed  both 
the  impact  and  static  pressures  to  be  measured  during  the 
course  of  one  run,  thus  obviating  the  necessity  of  matching 
tunnel  conditions  on  separate  runs. 

Table  I lists  the  nozzles  tested,  their  design  Mach  number, 
and  the  tunnel  conditions  for  which  the  surveys  were  made. 

The  static  pressure  varied  across  the  stream  issuing  from 
each  of  the  nozzles  tested.  For  most  of  the  nozzles,  the 
pressure  was  somewhat  higher  near  the  center  portion  of 
the  stream  than  was  the  pressure  of  the  quiescent  gas  in 
the  test  chamber.  Certain  of  these  nozzles,  however,  did 


TABLE  I.— WIND-TUNNEL-CALIBRATION  DATA 


Nozzle 

number 

Design 

Mach 

number 

Test 

gas 

Test  cham- 
ber static 
pressure  (mi- 
crons Hg) 

Stagna- 
tion pres- 
sure 

(mm  Hg) 

Test* 

Mach 

number 

1 

4.6 

Nj 

71.0 

2.7 

2. 49 

Nj 

121.0 

5.0 

2.78 

He 

18.7 

.70 

.55 

He 

51.5 

2.2 

2.08 

He 

90.0 

3.8 

2. 37 

2 

3.6 

Nj 

70.0 

1.2 

2. 07 

Ni 

117.0 

2.2 

2.25 

He 

51.7 

.95 

1.57 

He 

89.2 

1.7 

1.75 

3 

3.0 

Nj 

71.0 

0.90 

1.85 

He 

31.0 

.35 

.73 

He 

45.0 

.55 

1.00 

4 

3. 11 

He 

20.0 

0. 19 

.89 

He 

54.7 

.55 

1.67 

He 

79.5 

.70 

1.68 

He 

103.0 

.90 

1.73 

He 

119.0 

1.05 

1.79 

He 

137.0 

1.20 

1.83 

5 

2.64 

He 

20.0 

0. 17 

.78 

He 

41.6 

.30 

1.23 

He 

61.6 

.40 

1.36 

He 

77.8 

.45 

1.44 

> Average  Mach  number  over  center  half  inch  of  stream. 
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not  show  this  general  trend.  In  these  nozzles  the  pressure 
first  decreased,  then  increased,  as  the  probe  was  moved  from 
the  nozzle  wall  to  the  center  of  the  stream.  Figures  11  and 
12  show  this  effect.  In  general,  the  static -pressure  variation 
across  the  stream  was  not  large.  The  average  change  over 
the  center  H inch  of  the  stream  amounted  to  2 percent, 
while  the  maximum  deviation  was  only  5 percent. 

The  impact-pressure  surveys  of  all  the  nozzles  had  one 
common  characteristic;  that  is,  the  impact  pressure  increased 
from  a minimum  value  at  the  edge  of  the  nozzle  wall  to  a 
maximum  value  near  the  center  of  the  stream.  The  area  of 
the  stream  which  had  a constant,  or  nearly  constant,  impact 
pressure  varied  somewhat  from  nozzle  to  nozzle,  and  also 
to  some  extent  with  pressure  level.  The  average  variation 
of  impact  pressure  over  the  center  K inch  of  the  stream  for 
all  nozzles  tested  was  7 percent  with  a maximum  variation 


Figure  ll.— Variation  of  impact  and  static  pressure  with  nozzle  radius  for  nozzle  number  1 

using  nitrogen  gas. 


in  some  cases  of  14  percent.  Figures  11  and  12  show  the 
variation  of  impact  pressure  across  the  stream  for  one 
nozzle  using  two  gases,  nitrogen  and  helium. 

The  Mach  number  of  a gas  stream  can  be  computed  from 
measured  values  of  the  stagnation  and  static  pressure  of  the 
stream,  provided  that  the  flow  is  isen tropic  between  the 
points  of  pressure  measurement.  However,  if  the  static 
and  impact  pressures  are  measured  at  the  same  point  in  the 
stream,  no  assumption  regarding  the  nature  of  the  flow  need 
be  made  in  order  to  compute  the  local  stream  Mach  number. 
For  an  inviscid  flow,  the  Mach  number  can  be  calculated 
from  Rayleigh^s  equation,  the  use  of  which  involves  the 
assumption  of  a normal  shock  wave  ahead  of  the  impact- 
pressure  tube  and  isentropic  compression  of  the  gas  in  the 
subsonic  flow  behind  the  shock  wave  to  the  stagnation  point 
on  the  impact-pressure  tube.  In  a low-density  flow,  how- 
ever, viscous  effects  are  present  in  the  flow  about  a stagna- 
tion region,  thus  invalidating  the  assumption  of  isentropic 
compression  behind  the  normal  shock  wave.  Chambr6 
(reference  14)  computed  the  viscous  correction  to  be  applied 
to  spherical-head  impact  tubes  in  a low-density  flow,  and 
figure  13  shows  the  Mach  number  distribution  of  nozzle  1 
as  computed  by  the  Rayleigh  equation  (inviscid)  and  as 
computed  by  Chambr6^s  equation.  The  Mach  numbers  cal- 
culated from  the  stagnation  and  local  static  pressures  were. 


Figure  12.— Variation  of  impact  and  static  pressure  with  nozzle  radius  for  nozzle  number  1 

using  helium  gas. 
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Figure  13. — Comparison  of  Mach  number  distribution  in  nozzle  number  1 as  calculated 
with  and  without  viscous  correction,  test  gas,  nitrogen. 

in  all  cases,  higher  than  those  computed  using  local  values 
of  impact  and  static  pressure,  thus  indicating  that  the  flow 
through  the  nozzle  was  nonisentropic  due  to  viscous  effects. 
Chambr4’s  equation  was  used  to  compute  Mach  number 
from  measured  static  and  impact  pressures  for  the  tests 
described  herein. 

The  variation  of  impact  and  static  pressure  across  the 
stream  resulted  in  a stream  in  which  the  Mach  number  was 
not  constant.  Figures  13  and  14  show  this  effect  and  are 
generally  representative  of  all  nozzles  tested.  If  only  the 
center  % inch  of  the  nozzles  is  considered,  the  average 
variation  in  Mach  number  amounted  to  5 percent;  however, 
at  certain  pressure  levels  in  some  of  the  nozzles  the  variation 
was  as  much  as  14  percent. 

In  order  to  determine  if  shock  waves  were  present  in  the 
center  K inch  of  the  gas  stream,  the  nitrogen-glow-discharge 
technique  of  flow  visualization  was  used  to  examine  the 
flow  qualitatively.  This  technique  was  originally  described 
in  reference  15.  The  method  used  to  generate  the  glow 
discharge  was  to  pass  the  test  gas  through  a screen  which 
was  connected  to  a pulsed  direct-current  power  supply. 
The  screen  was  located  at  the  entrance  plane  to  the  nozzle 
and  was  pulsed  to  a negative  peak  potential  of  1000  volts. 
The  pulsation  frequency  was  1000  cycles  per  second. 

Figure  15  shows  the  gas  stream  from  nozzle  1 at  a static 
pressure  of  114  microns.  A 5®  half-angle  wedge  was  placed 
in  the  stream  to  generate  a relatively  weak  shock  wave 
which  could  be  used  as  a yardstick  to  evaluate  the  strength 
of  the  nozzle  shocks,  if  present.  No  shock  waves  were 


Figure  14.— C omparison  of  Mach  number  distribution  in  nozzle  number  1 as  calculated  with 
and  without  viscous  correction,  test  gas,  helium. 

observed  in  the  gas  stream  at  this  pressure  level  if  the  wedge 
was  removed.  As  the  static-pressure  level  was  lowered,  the 
shock  wave  from  the  wedge  became  too  indistinct  to  be 
photographed.  Observation  of  the  nitrogen  glow  did  not 
indicate  the  presence  of  strong  shock  waves  in  the  nozzles. 

DRAG  AND  HEAT  TRANSFER  TESTS 

The  test  procedure  used  in  the  drag  and  heat-transfer 
experiments  was  to  calibrate  the  drag  balance  with  the 
tunnel  shut  down  and  then  to  set  tunnel  conditions  corre- 
sponding to  those  obtained  during  tunnel-calibration  tests  by 
matching  the  stagnation  and  test  chamber  static  pressures. 
As  extremely  close  control  over  tunnel  conditions  was  diffi- 
cult to  attain,  the  pressure  level  during  certain  test  runs 


Figure  15.— Shock  wave  from  5°  half-angle  wedge  at  pressure  of  114  microns  as  seen  with 
nitrogen  glow  discharge. 
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varied  approximately  5 percent  from  those  obtained  during 
the  tunnel-calibration  tests.  Examination  of  the  results  of 
the  tunnel-cahbration  tests  showed  that  Mach  number  varia- 
tion is  small  for  small  changes  in  the  pressure  level ; therefore, 
the  Mach  number  obtained  during  nozzle-calibration  tests 
was  apphed  to  the  heat-transfer  and  drag  tests  without 
correction.  The  Mach  number  used  in  plotting  the  data 
(which  was  converted  numerically  to  molecular-speed  ratio 
b}^  means  of  the  relation  Vt/2)  was  the  average  value 

obtained  from  a graphical  integration  of  the  Mach  number 
distribution  across  the  center  ^^2  inch  of  the  stream. 

After  stable  operating  conditions  had  been  attained,  the 
drag  force,  model  temperatures,  and  other  pertinent  data 
were  recorded.  Table  II  lists  the  recorded  data.  It  will 
be  noted  that,  in  the  column  listing  the  recorded  drag  force, 
two  values  occur  on  some  of  the  runs.  The  different  values 
Avere  due  to  separate  drag  measurements  during  the  course 
of  one  run  or  resulted  from  small  shifts  in  the  calibration  of 
the  drag  balance  as  determined  before  and  after  each  run. 
In  the  figures  Avhich  are  later  presented,  shoAving  drag  coeffi- 
cients, the  points  correspond  to  those  calculated  using  the 
aA^erage  of  the  tAvo  values  listed  in  table  II. 

To  determine  if  the  model  surface  conditions  Avere  changing 
Avith  time,  the  model  drag  and  temperature  Avere  measured 
at  K-hour  intervals  over  a period  of  6 hours  for  one  particular 
test  condition.  Figures  16  and  17  shoAv  the  results  of  these 
tests  and  it  can  be  seen  that  the  drag  coefficient  and  tempera- 
ture ratio  remained  essentially  constant,  thus  indicating  that 
the  accommodation  coefficient  and  tunnel  conditions  Avere 
constant  OA^er  this  period  of  time. 

The  reproducibility  of  the  data  Avas  checked  by  repeating 
the  above-described  run  on  separate  days.  The  reproduc- 
ibility Avas  found  to  be  Avithin  the  accuracy  of  the  drag  and 
temperature  measurements  described  above. 

RESULTS  AND  DISCUSSION 

A DISCUSSION  OF  THE  ASSUMPTIONS  AND  RESULTS  OF  THE  THEORETICAL 

ANALYSIS 

An  examination  of  the  heat-transfer  equations  (14)  and 
(15)  for  a monatomic  and  a diatomic  gas,  respectively,  reveals 
several  interesting  features.  If  an  adiabatic  case  is  consid- 
ered, that  is,  if  both  internal-energy  input  to  the  cylinder 
and  radiant-energy  exchange  are  considered  absent,  it  can 
be  seen  that  the  ratio  of  cylinder  temperature  to  free-stream 
static  temperature  is  a unique  function  of  the  molecular- 
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Figure  16.— Variation  of  measured  drag  coefl5cient  with  time. 
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Figure  17. — A^ariation  of  the  ratio  of  model  to  free-stream  temperature,  TcfT  with  time. 

speed  ratio.  The  values  of  the  temperature  ratio  computed 
from  equations  (14)  and  (15)  are  shown  in  figure  18.  For 
comparison,  curA^es  of  the  temperature  ratio  for  continuum 
flow  are  also  shown.  These  latter  curves  Avere  computed  for 
the  case  Avhere  the  total  stream  energy  is  recovered — in 
other  Avords,  the  temperature  recovery  factor  Avas  considered 
to  be  unity.  Several  remarkable  conclusions  can  be  draAvn 
from  an  examination  of  this  figure.  It  can  be  seen  that  an 
insulated  cylinder  in  a free-molecule-floAV  field  Avill  attain  a 
higher  temperature  at  a given  value  of  molecular-speed  ratio 
(or  Mach  number)  than  Avill  be  obtained  in  a continuum 
floAV  field.  Since  the  continuum  curves  also  represent  the 
temperature  ratio  of  a gas  that  has  been  accelerated  adia- 
batically  from  rest  to  any  value  of  molecular  speed  ratio,  it 
may  be  inferred  that  an  insulated  C3dinder  located  in  a Ioav- 
density  AAund  tunnel  under  free-molecule-flow  conditions  Avill 
attain  a temperature  Avhich  exceeds  the  total  temperature  of 
the  gas  stream.  This  result,  of  course,  is  in  direct  contrast 
to  the  corresponding  phenomenon  AAffiich  occurs  under  con- 


Figure  18.— Variation  of  the  ratio  of  cylinder  temj^rature  to  free-stream  static  temperature 
with  molecular  speed  ratio  for  an  adiabatic  cylinder  in  free-moleculeflow. 
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tinuum-flow  conditions  where  an  insulated  bod}^  can  have, 
at  most,  a temperature  equal  to  the  stream  stagnation  temper- 
ature and  normally  does  not  even  attain  this  temperature  due 
to  outward  heat  flow  in  the  boundar}’^  layer.  The  anomaly 
can  be  explained,  however,  b}^  a consideration,  in  the  case 
of  free-molecule  flow,  of  the  magnitudes  of  the  incident  and 
re-emitted  molecular  energy.  The  incident  molecular  energy 
is  computed  using  the  total  velocity  resulting  from  combina- 
tion of  the  stream  mass  velocity  and  the  random  thermal 
velocities.  When  the  total  velocity  term  is  squared  there 
results  a term,  which  is  twice  the  scalar  product  of  the  vector 
mass  velocity  and  the  vector  thermal  velocity.  This  scalar 
product  term  effectively  increases  the  apparent  internal 
energy  of  the  gas  from  the  continuum  value  of  3/2  kT  per 
molecule  to  a value  varying  from  2 kT  io  5/2  kT  depending 
upon  the  speed  and  orientation  of  the  body.  The  apparent 
internal  energy  becomes  5/2  kT  for  high  speeds  and  body 
angles  of  attack  greater  than  zero.  This  is  just  equal  to  the 
internal  plus  potential  energy  per  molecule  of  a cube  of 
continuum  gas.  Therefore,  the  energy  incident  on  the  body 
in  free-molecule  flow  becomes  equal  to  that  of  a continuum 
for  large  values  of  the  molecular  speed  ratio  for  surfaces 
inclined  at  angles  of  attack  greater  than  zero.  The  molec- 
ular energy  which  is  re-emitted  from  the  surface  is  assumed 
to  be  equal  to  the  energy  of  a stream  issuing  effusively  from 
a Maxwellian  gas,  in  equilibrium  at  some  yet  unspecified 
temperature,  into  a perfect  vacuum.  For  the  case  of  an 
insulated  body,  the  temperature  of  this  gas  is  that  of  the 
body^.  The  energy  of  the  re-emitted  stream  calculated  in 
this  manner  is  equal  io  2 kT^  per  molecule.  The  correspond- 
ing energy  for  a continuum  gas  at  the  same  temperature  is 
5/2  kTy,  per  molecule  if  both  thermal  and  potential  energies 
are  considered.  For  a given  re-emitted  stream  temperature, 
a smaller  amount  of  energy  per  molecule  is  transported  from 
a body  for  the  case  of  free-molecule  flow  than  is  transported 
in  the  case  of  continuum  flow.  It  is  clear  that,  if  the  same 
total  amount  of  energy,  namely  the  incident  energy,  is  to  be 
removed  in  each  case,  the  effusive  stream  temperature  and, 
hence,  the  body  temperature  for  an  insulated  body  must  be 
higher  for  free-molecule  flow  than  for  continuum  flow. 

It  is  seen  from  figure  18,  that,  theoreticalh^,  a higher  cylin- 
der temperature  is  predicted  for  the  case  of  a monatomic  gas 
than  for  a diatomic  gas.  The  explanation  lies  in  the  addi- 
tional energy  which  the  diatomic  gas  is  able  to  remove  from 
the  cylinder  b}^  virtue  of  the  internal  energy  component  due 
to  molecular  rotation.  Of  course,  the  impinging  diatomic 
gas  transmits  more  energy  to  the  cylinder  due  to  the  rota- 
tional energ3'  component;  however,  the  rotational  component 
is  a smaller  fraction  of  the  total  impinging  energy  than  of 
the  total  re-emitted  energy. 

An  examination  of  the  equations  for  the  drag  coefficient  of 
an  insulated  cylinder  (equations  (17)  and  (18))  shows  that 
the  total  drag  coefficient,  Cd~Cd^+Cd^,  is  a function  onl}^ 
of  the  molecular-speed  ratio.  A plot  of  the  total  drag  co- 
eflScient  as  a function  of  the  moleciilar-speed  ratio  for  an 
insulated  c^dinder  is  shown  in  figure  19.  It  is  notable  that 
the  drag  coefficient  approaches  infinity  as  the  molecular- 
speed  ratio  approaches  zero.  Hence,  if  the  expression  for 
total  drag  is  written  in  the  conventional  drag-coefl5cient 


Figure  19.— The  total  drag  coeflScient  for  an  insulated  transverse  cylinder  in  a free-molecule 
flow  as  a function  of  the  molecular  speed  ratio,  s. 

form,  it  can  be  shown  from  equations  (17)  and  (18)  that  Cd 
becomes  inversely  proportional  to  the  speed  ratio  as  6' 
approaches  zero.  It  is  also  notable  that  the  drag  coefficient 
approaches  a constant  value  as  the  speed  ratio  becomes  large. 
This  means,  simply,  that  the  effect  of  the  random  thermal 
motions  becomes  negligible  as  the  speed  of  the  C3dinder 
relative  to  the  gas  becomes' high. 

HEAT-TRANSFER  TEST  RESULTS 
y 

The  salient  point  of  the  analysis  concerning  heat  transfer 
to  a cylinder  in  a free-molecule  field  was  the  prediction  that 
an  insulated  model  would  attain  a temperature  in  excess  of 
the  tunnel  stagnation  temperature.  This  result  was  observed 
in  all  runs.  The  maximum  rise  of  the  model  center-point 
temperature  above  the  tunnel  stagnation  temperature  was 
65®  F,  using  nitrogen  as  the  test  gas,  and  147®  F,  using 
helium  as  the  test  gas. 

The  results  of  the  heat-transfer  tests  are  shown  in  figures 
20  and  21  in  which  the  ratio  of  the  cylinder-center  tempera- 
ture to  the  free-stream  static  temperature  is  plotted  as  a 
function  of  the  molecular-speed  ratio  for  the  nitrogen  and 
helium  runs,  respectively.  The  stream-static  temperature 
was  computed  from  the  adiabatic  relationship,  using  the 
measured  value  of  Mach  number  (or  molecular-speed  ratio) 
corresponding  to  the  nozzle  pressure  ratio  as  determined 
from  the  nozzle-calibration  tests.  The  temperature-ratio 
curve  for  continuum  flow  assuming  a temperature- 
recovery  factor  of  unity  is  shown  for  comparison.  It  will 
be  noted  that  in  all  cases  the  temperature  ratio  exceeded  the 
maximum  which  could  be  attained  under  continuum-flow 
conditions.  It  can  be  seen  that,  in  general,  the  test  points 
indicate  that  the  cjdinder  did  not  attain  the  full  temperature 
rise  that  was  predicted  by  the  free-molecule  analysis.  This 
result  may  be  ascribed  to  heat  losses  occurring. from  radiation 
and  from  conduction  along  the  wire  to  the  end  supports. 
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Figure  20. — Variation  of  the  ratio  of  model  temperature  to  free-stream  static  temperature 
with  molecular  speed  ratio  for  a diatomic  gas. 

The  fact  that  a large  temperature  gradient  existed  along  the 
length  of  the  wire  due  to  end  losses  is  clearly  shown  by  the 
cylinder-end  temperatures  which  are  listed,  together  with  the 
cylinder  center-point  temperature,  in  table  II. 

DRAG  TEST  RESULTS 

The  measured  drag  force  on  the  cylinder  was  reduced  to 
conventional  dimensionless  drag-coefficient  form  by  means 
of  the  equation 

C — ^ (20) 

2Lrps^-  ^ ^ 

The  data  points  obtained  from  equation  (20)  are  shown 
in  figure  22.  For  comparison,  the  theoretical  curves  of  drag 
coefficient  as  a function  of  molecular-speed  ratio  for  an 
insulated  cylinder,  taken  from  figure  19,  are  shown  as  a 
solid  line.  It  can  be  seen  that  agreement  between  theory 
and  experiment  is  good  considering  the  limitations  of  the 
theory  and  the  difficulties  attendant  with  the  measurement 
of  drag  forces  from  1 to  20  milligrams.  The  experimental 
values  for  the  drag  coefficient  tend  to  fall  below  the  theo- 
retical values  at  molecular-speed  ratios  above  about  1.0 
and  to  be  higher  than  the  theoretical  values  at  speed  ratios 
below  1.0.  The  former  characteristic  may  be  due  to  a tend- 
ency toward  specular  reflection  at  the  higher  speed  ratios 
while  the  latter  characteristic,  at  subsonic  values  of  speed 
ratio,  may  have  been  caused  by  interference  ^vith  the  flow 
caused  by  the  shields  at  the  ends  of  the  model. 

The  major  premise  of  the  existence  of  free-molecule  flow 
was  borne  out  by  several  factors  in  addition  to  the  good 
agreement  between  the  calculated  and  experimental  values 


Figure  21. — Variation  of  the  ratio  of  model  temperature  to  free-stream  static  temperature 
with  molecular  speed  ratio  for  a monatomic  gas. 

of  drag  coefficient.  One  of  the  basic  assumptions  of  the 
drag  analysis  is  that  the  drag  coefficients  are  independent 
of  Reynolds  number  or  Knudsen  number.  In  contrast,  the 
continuum-  and  slip-flow  regimes  are  characterized  by  the 
dependence  of  drag  coefficients  both  upon  Reynolds  number 
and  Mach  number  (cf.,  reference  16).  Although  it  was  not 


Fig  ORE  22.— Variation  of  total  dr^  coeflScient  with  molecular  speed  ratio. 
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experimentally  possible  to  vary  the  Knudsen  number  inde- 
pendently of  the  speed  ratio  for  one  test  gas,  the  use  of 
both  nitrogen  and  helium  gave  overlapping  values  of  speed 
ratio  with  an  approximate  2:1  variation  of  Knudsen  number. 
The  variation  of  Knudsen  number  covered  by  the  tests  with 
molecular-speed  ratio  is  shown  in  figure  23.  No  trend  is 
noticeable  in  the  drag  coefficients  obtained  in  each  case; 
consequently,  it  can  be  concluded  that  free-molecule  flow 
existed. 

A comparison  between  measured  drag  coefficient  and  the 
drag  coefficient  calculated  by  methods  as  given  by  Lamb 
(reference  17)  illustrates  the  inapplicability  of  continuum 
theory  in  the  free-molecule  regime.  A sample  calculation 
made  by  Lamb’s  continuum  method  for  conditions  of  molec- 
ular-speed ratio  equal  to  0.5  and  a Knudsen  number  of  185 
(based  on  cylinder  radius)  gave  a drag  coefficient  of  390. 
The  corresponding  experimental  value  was  14.6. 

CONCLUSIONS 

The  following  conclusions  may  be  drawn  from  a compari- 
son of  the  test  results  with  free-molecule-flow  theory  shown 
in  this  report: 

1.  The  salient  point  of  the  heat- transfer  analysis,  which 
was  the  prediction  that  an  insulated  cylinder  would  attain 
a temperature  higher  than  the  stagnation  temperature  of 
the  stream,  was  confirmed  by  the  test  results. 

2.  Drag  coefficients,  calculated  from  free-molecule-flow 
theory,  agreed  well  with  the  measured  drag  coefficients. 
As  predicted  theoretically,  the  measured  drag  coefficients 
were  independent  of  the  Reynolds  and  Knudsen  numbers  and 
depended  primarily  upon  the  molecular-speed  ratio. 

Amcs  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  Sept,  12,  1950. 


Figure  23.— The  range  of  Knudsen  numbers  and  molecular  speed  ratios  covered  in  the  t^sts. 
Knudsen  number  based  upon  model  radius. 


APPENDIX  A 

THE  MOMENTUM  AND  ENERGY  EXCHANGE  PROCESSES  ACCOMPANYING  MOLECULAR  EMISSION  FROM  A SURFACE 


For  the  case  of  diffuse  scattering  of  a stream  of  molecules 
from  a surface,  all  directional  history  of  the  impinging  stream 
is  erased  upon  impact  with  the  surface.  The  impinging 
stream  is  assumed  to  be  scattered  in  a random  manner  which 
will  be  described  in  detail  later.  The  energj^  and  momentum 
carried  by  the  scattered  stream  depends  upon  the  velocity 
of  emission  which  can  be  related  to  the  energy  (or  tempera- 
ture) level  that  the  stream  has.  The  effective  temperature 
or  energy  of  the  scattered  stream  depends  upon  the  efl&ciency 
of  the  energy-exchange  process  that  occurs  between  the  solid 
surface  and  the  impinging  stream.  This  efficiency  can  be 
described  by  introduction  of  the  accommodation  coefficient 
which  is  defined  as 


Ei-Er 


Ei—E^ 


(Al) 


In  order  to  obtain  a value  for  Nr  in  terms  of  known  variables, 
the  number  of  molecules  scattered  from  the  surface  is  equated 
to  the  number  of  molecules  striking  the  surface.  The  num- 
ber of  molecules  per  second  scattered  from  unit  area  is 

nr-^2irNrAr  f v^e~^r^^^dv  f sin  Q cos  O^ZQ=— (A7) 
Jo  Jo  2 VTriSr 


and  the  number  of  molecules  striking  unit  area  per  second  is 
shown  in  reference  4 to  be  given  by 


2V^i3 


(A8) 


The  value  of  Nr  is  obtained  by  equating  nr  and  n from  equa- 
tions (A7)  and  (A8),  thus, 


where  the  symbols  have  the  following  definitions: 

Ei  rate  of  incident  molecular  energy 
Er  rate  of  re-emitted  molecular  energy 
E„  rate  of  re-emitted  molecular  energ}-  that  would  be  carried 
by  the  scattered  stream  if  it  were  a stream  issuing  from 
a gas  in  equilibrium  at  the  surface  temperature, 

It  is  assumed  that  the  emitted  stream  has  a Maxwellian 
distribution  of  speed  corresponding  to  a gas  in  equilibrium 
at  an  unspecified  temperature,  This  fictitious  gas  has, 
also,  an  unspecified  number  of  molecules  per  unit  volume, 
Nf  Now,  as  shown  in  reference  8,  page  62,  the  number  of 
molecules  scattered  from  unit  surface  area  per  second  that 
have  speeds  in  the  range  dv  and  that  are  moving  in  a direction 
that  makes  an  angle  lying  in  the  range  d^  with  the  normal 
to  the  surface  is  given  by 

dnr=2TrNrArVh'~^^^^^  sin  fi  cos  QdvdQ^  (A2) 

Then,  the  normal  component  of  force  imparted  to  the 
surface  by  this  group  of  molecules  is 

dGr=2irNrArniv^e~^r^^‘^  sin  D cos^  QdvdQdA  (A3) 

and  the  translational  energy  carried  by  this  group  is 

d Er  = TrNrAr7nv^e~^^^^  sin  D cos  QdvdildA  (A4) 

By  integration  of  these  expressions  with  respect  to  ^ and  v, 
the  following  values  are  obtained  for  the  total  momentum 
and  energy  carried  by  the  scattered  stream  from  dA: 


r®  N m 

dGr=2TrNrArmdA  I sinDcos^fldfi=-r^d^ 

Jo  Jo 

(A5) 

r®  r*’/2  N m 

dEr=irNrArmdA\  sinl2cosDdn=— 4— dil 

Jo  Jo  2-^TT^r^ 


(A6) 


Nr=Nx 


/3 


(A9) 


By  substitution  of  this  value  of  Nr  in  the  momentum  and 
energy  equations,  the  following  is  obtained: 


dGr 


Nmx 


dA 


(AlO) 


dEr 


Nmx 

2V^/3;8,2 


dA 


(All) 


An  identical  analysis  ^fields  a value  for  Et^  of 

dj^  (Al2) 


For  the  case  of  a diatomic  gas  where  the  expression  for  the 
re-emission  energy  per  molecule  contains  an  additional 
term  having  the  value  ArTtc,  which*  accounts  for  the  rotational 
energy  per  molecule,  the  total  re-emission  energy  has  the 
value  SnkTtodA, 

Equation  (AlO)  describes  the  normal  re-emission  pressure 
on  the  front  side  of  a unit  inclined  area.  In  order  to  obtain 
the  net  drag  force  (or  pressure)  in  the  direction  of  the  mass 
velocity  U,  the  pressure  on  the  rear  side  of  the  inclined  area 
must  be  taken  into  account.  The  computation  of  the  pres- 
sure on  the  rear  side  of  the  area  is  made  in  a similar  manner 
to  the  computation  of  the  pressure  on  the  front  side  of  the 
area  and  leads  to  an  expression 

dG/=^^  dA  (A13) 

4pPr 


Then,  the  net  drag  force  due  to  re-emission  pressure  in  the 
direction  of  27,  the  mass  velocity,  is 


dGr-dG/ 


Nm  sin  6 


{x-x^dA 


(A14) 
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Replacing  x and  x'  by  their  values,  equation  (Al4)  becomes  I Therefore, 


jn  jm  -v/irA^ms  sin^  ^ j . /Aic\ 

d0r—d6r'=^ 2^^- dA  (Al5) 

This  expression  can  be  put  into  drag-coefficient  form  by  use 
of  the  following  substitutions:  Nm=p,  slfi=U.  Equation 
(Al5)  then  becomes 


dOr-dG/=(^y^^ 


where  Sr  is  the  molecular-speed  ratio  of  the  re-emitted  stream. 
Then  the  re-emission  drag  coefficient,  based  on  the  total 
area  of  one  side  of  the  plane  area,  is 

(A17) 

Sr 

In  order  to  obtain  an  expression  for  Sr  which  contains 
measurable  or  calculable  physical  quantities  it  is  necessary 
to  write  an  equation  expressing  an  energy  balance  on  the 
body  in  question.  For  the  case  of  an  insulated  cylinder,  if 
radiant  energy  exchange  is  neglected,  only  molecular  ener- 
gies are  involved  and  the  incident  molecular  energy  can  be 
equated  to  the  re-emitted  molecular  energy.  To  write  an 
energy  balance  equation  for  a transverse  cylinder,  it  is 
assumed  that  the  energy  balance  is  maintained  for  the  cylin- 
der as  a whole  and  not  for  individual  elements  of  the  cylinder. 
This  means,  essentially,  that  the  cylinder  has  a uniform 
temperature,  circumferentially.  The  total  incident  molecu- 
lar energy  on  the  cylinder  is,  for  a monatomic  gas, 

(A18) 

The  total  molecular  energy  emitted  from  the  cylinder  surface 


/ 2(4+^ ^ 

Y Z,(sH2)+Z,(sH|) 

A similar  analysis  for  the  case  of  a diatomic  gas  where  the 
incident  molecular  energy  is 


‘2V^/9' 


[(s^+i)Jo  xde+{s^+i)j^  x'dd+ 


x4'dd+ 


(A22) 


and  the  re-emission  energy  is 


gives  a value  of  of 


3(Zi~[-Z2) 

Ji(5^  + 3)  + Z2  + 


Now,  the  total  re-emission  drag  force  acting  on  dA  has  been 
shown  (cf.,  equation  (A16))  to  be 

dGr-dG/=={y^y^^dA 

To  obtain  the  total  re-emission  drag  on  a cylinder,  equation 
(A16)  must  be  integrated  over  the  C3dinder  surface,  thus, 

^2rL)  ^ (2,i)  £■ 


(A19) 


The  values  of  the  integrals  are  shown  in  appendix  B to  be 

rv/2  r r 

xide=Z,+^Z,+^^f¥s 

/^ir/2  ' r c 

xV'd0=Z,+|Z2-|v^5 

When  Ei  and  Er  are  equated  from  equations  (Al8)  and 
(A19)  and  the  values  of  the  integrals  are  substituted,  the 
following  result  is  obtained: 


Then,  the  re-emission  drag  coefficient  based  on  the  pro- 
jected cylinder  area  is 


The  final  equation  for  the  re-emission  drag  coefficient  for  an 
insulated  cylinder  in  a monatomic  gas  stream  is  obtained  by 
using  the  relation  Sr=Ufir  and  taking  fir  from  equations 
(A21)  and  (A24). 


Co~- 


Z,(sH2)+Zj  (s“-|-|) 


2(Zi-f-Z2) 


and,  for  an  insulated  cylinder  in  a diatomic  gas  stream,  as 


Z,(s*+3)-bZ2 


(A28) 


APPENDIX  B 

HEAT  TRANSFER  TO  A TRANSVERSE  CIRCULAR  CYLINDER  IN  FREE-MOLECULE  FLOW 


It  has  been  shown  (see  Analysis)  that  an  energy  bal- 
ance on  a cylinder  located  in  a stream  of  monatomic  gas 
flowing  with  a velocity  U perpendicular  to  the  cylinder  axis 
is  expressed  by 

2ctrL^j’J\  (~  + ^ArT)</0+ J^'\'  d»]- 

ioa-LkT,(  r'^nde^-  f'^%i'dd)+27rri[Q-6(r(r/-7’,0]  = 0 

(Bl) 

Equation  (Bl)  can  be  simplified  by  dividing  through  by 
2TrrL  and  replacing  n and  n'  by  their  values  from  equations 
(2)  and  (4),  thus, 


Nvr. 


akTNv„ 


( r,‘)+Q=o  (B2) 

The  integrals  to  be  evaluated  are 

x^de 

rwi2 

Jo 


(B3) 

(B4) 

(B5) 


(B6) 

If  the  value  of  x in  equation  (B3)  is  replaced  by  its  defi- 
nition (from  list  of  symbols),  equation  (B3)  becomes 

£ ' [g-.2sin2»_|_y-^  sin  e+^'^s  sin  0erj{s  sin  6)]de  (B7) 

The  first  term  of  this  integral  can  be  evaluated  by  setting 
*'  = 2x  and  cos  26= z 

dt  Z 

Then,  d6=—-^ — : — and  the  limits  become 
' 2 sin  26 

2 = 1 when  0=0 


0 = — 1 when  0=2 


Thus  we  can  write 


/»r/2  pzz 


(B8) 


Now,  by  definition  (cf.,  equation  (11),  p.  46,  reference  18), 
the  modified  Bessel  function  of  order  n can  be  written  as 


Tnixy- 


V^r[n-t-(l/2)l 


(f )”  J-1  -z^y-^'^dz  (B9) 


Then 


and  since 


-v/rr(l/2)/-i  Vl  — 


the  first  term  of  integral  (B3)  becomes 


•(0 


The  second  term  (cf.,  equation  (B7))  is 

- r«r/2  ^ 

V 7TS J sin  0 a 0=  V 

The  third  term  of  equation  (B7)  is 

Vtt^J  sin  0 erj  ($  sin  0)  dO 

which  can  be  integrated  by  parts.  Let 
erj{s  sin  6)—u 


(BIO 


(BID 


and 

Then 

and 


sin  6d6—dv 


du^^  ^-«2sin20  cos  0d0 
Vtt 


= — cos 

Then,  the  integral  becomes 


T—cos  0 erf  (s  sin  0)J  -\-2s^J  cos^  Be  ^^sin^GdB 

(B12) 

The  bracketed  term  of  equation  (Bl2)  is  zero,  leaving  the 
second  term  yet  to  be  evaluated.  Make  the  substitutions 


cos^  0= 


sin^  0= 


1+cosu 

2 

1 —cos  u 


Then 


and,  replacing  hmits 


s^=2x 


Jn  dU 

dB~ 


0=0 

^“2 


u=0 


U = ir 
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2s^  r cos^  do f (1 +cos 

Jo  2 Jo 

p2g-»  rw  s^e~^ 

\ cosue^^^^^du  (B13) 

Integral  (Bl3)  becomes,  when  substituting  3==cos  u and 
changing  limits, 


Values  of  the  dimensionless  variables  Zi  and  Z2  were  com- 
puted from  the  tables  of  Bessel  functions  in  reference  19. 
Then,  equation  (B21)  is  obtained  b}^  substitution  of  equations 
(B15)  to  (B20)  into  equation  (B2). 

“^2^^  (2 4 +1  r/)+  Q= 0 (B21) 


dz-\ 


dz 


If  mvJI2=kT,  kTN^py  and  s=UIVm  are  substituted  into 
equation  (B21),  the  following  equation  results: 


=^«-«[/.(D+/.(^)]  (B14) 

which  is  obtained  by  integrating  the  second  term  of  (B14) 
by  parts  and  substituting  equation  (B9).  Then,  the  final 
value  for  integral  (B3)  is 


•d’) 


ttS^ 


+ ^/^s+—  e 


(B15) 


Now,  integrals  (B4),  (B5),  and  (B6)  contain  only  terms 
which  can  be  evaluated  by  the  methods  shown  above  by 
which  integral  (B3)  was  evaluated.  The  results  are 


2 (Z.  + Z,) - [z.(s^  + 2)  + Z2  (s^.+|)]+ 

9^3/2 

^[ecr(r/-T,^)-Q]=0  (B22) 

pUfnOc 

which  is  the  final  energy  exchange  equation  for  a monatomic 
gas.  An  identical  treatment  of  equation  (13)  for  a diatomic 
gas  gives 

3 ^ (Zi  + Z2)-[z.(s^+3)+Z.  (s^+0]+ 

^ (B23) 


(B16) 

X'l'de=ire-^^I^Io(^'^+^^nrS  + 
f«’.-«[/.(|’)+/.(0]  (B17) 

(BIS) 

In  order  to  eliminate  an  excessive  amount  of  writing,  new 
variables  are  defined  as  follows: 

(B19) 

(^)]  (B20) 


The  groups  / (s)  — Zj  (s^+  3)  -{-Z2  (s^  2)’  ^d)=  3(Zi  + Z2), 

/®(s)=Zi(s2+2)+Z2  (s^+l),  and5®(s)=2(Zi+Z2)  are  tab- 
ulated  in  the  following  table: 


s 

fis) 

g(s) 

r (s) 

0.2 

9. 80271 

9. 61234 

6.  59860 

6. 40823 

.4 

10. 94784 

10. 16410 

7.  55981 

6.  77607 

.6 

12. 89399 

11.04924 

9.  21092 

7.36616 

.8 

15. 69746 

12.  22282 

11.62319 

8. 14855 

1.0 

19. 43609 

13. 63288 

14. 89180 

9.08859 

1.2 

24.  20781 

15.  22758 

19. 13197 

10. 15172 

1.4 

30. 12863 

16. 96068 

24. 47507 

11.30712 

1.6 

37. 32923 

18.79408 

31.06454 

12.52939 

1.8 

45. 95230 

20. 69872 

39. 05273 

13.  79915 

2.0 

56. 14932 

22. 65358 

48. 59807 

15. 10239 

2.2 

68. 07771 

24. 64392 

59. 86307 

16. 42928 

2.4 

81. 89947 

26. 65990 

73. 01284 

17.  77327 

2.6 

97.  77902 

28. 69470 

88.  21412 

19. 12980 

2.8 

115.88287 

30.  74382 

105. 63493 

20. 49588 

3.0 

136.37821 

32. 80398 

125. 44355 

21.86932 

3.2 

159. 43361 

34.87300 

147. 80928 

23. 24867 

3.4 

185.21769 

36.  94914 

172.90131 

24. 63276 

3.6 

213. 89927 

39.03112 

200. 88890 

26. 02075 

3.8 

245. 64801 

41. 11800 

231.94201 

27.41200 

4.0 

280. 63340 

43. 20904 

266.  23039 

28.80603 

4.2 

319. 02474 

45. 30354 

303. 92365 

30. 20236 

4.4 

360. 99204 

47. 40108 

345. 19168 

31.60072 

4.6 

406.  70528 

49.  50126 

390.  20486 

33.00084 

4.8 

456. 33364 

51. 60366 

439. 13242 

34. 40244 

5.0 

510. 04756 

53. 70808 

492. 14487 

35. 80539 

5.2 

568. 01730 

55.81428 

549.41254 

37. 20952 

5.4 

630.41182 

* 57.92200 

611. 10449 

38.  61467 

5.6 

697. 40229 

. 60.03114 

677. 39191 

40. 02076 
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THE  DRAG  DUE  TO  IMPINGING  MOMENTUM  ON  A TRANSVERSE  CYLINDER  IN  FREE-MOLECULE  FLOW 

The  differential  momentum  imparted,  by  the  impact  of  impinging  molecules,  to  the  front  and  rear  sides  of  a body 
located  in  a free-molecule  flow  field  is  (cf.,  references  1,  2,  and  3) 


(Cl) 


In  equation  (Cl),  /*,  lyy  Z^are  the  cosines  of  the  angle  between 
the  coordinate  axes  and  the  direction  of  the  momentum 
force.  Now  let  B be  the  angle  of  attack  of  the  element,  that 
is,  the  angle  between  the  mass  velocity  U and  the  plane  of 
the  plate.  Then  the  drag  force  is  in  the  direction  of  U and  ^ 
the  following  relations  can  be  derived: 


Ux=U  sin  6 Ix—sm  6 


Uy=  — U COS  B 
Ux=0 


ly=— cos  B V 

h=0  J 


(C2) 


Then,  integration  of  equation  (Cl)  and  substitution  of  the 
relations  of  equation  (C2)  yield 


Thus,  there  results  from  equation  (C6)  an  impinging  drag 
coefficient  based  on  the  projected  area  of  the  C3dinder,  which 
has  the  value 

(C7) 
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It  is  remarkable  that  a purely  analytic  solution  for  this  type 
flow  leads  to  a simple  equation  of  the  type  of  (C3)  in  which 
the  bracketed  term  is  a dimensionless  function  of  molecular 
speed  ratio  and  which  may  be  interpreted  as  an  ordinary  drag 
coefficient. 

In  order  to  obtain  the  drag  force  on  a transverse  C3dinder 
due  to  impinging  momentum,  equation  (C3),  which  was 
derived  for  an  elemental  plane  area,  must  be  integrated  over 
the  surface  of  the  cylinder.  To  this  end,  dA  is  written  as 

dA=rLdB  (C4) 


Then,  for  the  cjdinder,  the  impinging  drag  force  is 


Gi=2rL 


'pU^\ 

. 2 ;Jo  L 


2 sin  B erj  (s  sin  B) 


(C5) 


This  integral  can  be  evaluated  by  the  methods  shovm  in 
appendix  B.  The  final  value  for  the  drag  force  due  to 
impinging  molecules  is 
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COMPARISON  BETWEEN  THEORY  AND  EXPERIMENT  FOR  WINGS  AT 

SUPERSONIC  SPEEDS' 

By  Walter  G.  Vincenti 


SUMMARY 

In  this  paper ^ a critical  comparison  is  made  between  exper- 
imental and  theoretical  results  for  the  aerodynamic  char- 
acteristics o f xoings  at  supersonic  flight  speeds.  Asa  prelirm- 
nary.^  a brief nonmathematical  review  is  given  of  the  basic 
assfwmptioTis  and  general  findings  of  supersonic  wing  theory 
in  two  and  three  dimensions.  Published  data  from  two-di- 
mensional pressure-distribution  tests  are  then  used  to  illus- 
trate the  effects  of  fluid  viscosity  and  to  assess  the  accuracy 
of  linear  theory  as  compared  with  the  more  exact  theories 
which  are  available  in  the  tioo-dimensional  case.  Finally.^ 
an  accoumt  is  presented  of  an  N AO  A study  of  the  over-all 
force  characteristics  of  three-dimensional  wings  at  super- 
sonic speed.  In  this  study the  lift^  pitching  moment.^  and 
drag  characteristics  of  several  families  of  wings  of  varying 
plan  form  and  section  were  measured  in  the  wind  tumnel 
and  compared  with  values  predicted  by  the  three-dimensional 
linear  theory.  The  regions  of  agreement  and  disagreement 
between  experiment  and  theory  are  noted  and  discussed. 

INTRODUCTION 

The  aerodynamics  of  wings  at  supersonic  flight  speeds  is 
currently  the  subject  of  much  research  and  discussion.  As  a 
result  of  many  recent  investigations,  based  on  the  earlier 
work  of  Prandtl,  Ackeret,  Busemann,  and  von  Karman,  the 
theory  of  the  subject  is  well  advanced,  both  as  applied  to 
airfoil  sections  in  two-dimensional  flow  and  to  complete, 
three-dimensional  wings.  Experimental  knowledge  is,  by 
contrast,  considerably  less  extensive,  particularly  with  regard 
to  the  three-dimensional  case.  There  are,  however,  sufficient 
experimental  data  in  hand  to  permit  a reasonably  systematic 
comparison  between  theory  and  experiment.  It  is  the  pur- 
pose of  this  paper  to  present  such  a comparison  insofar  as  the 
current  availability  of  experimental  results  will  allow. 

THEORETICAL  CONSIDERATIONS 

To  provide  backgi'ound  for  those  who  are  unacquainted 
with  the  fundamentals  of  supersonic  wing  theory,  it  may  be 
useful  to  review  briefly  the  assumptions  and  findings  of  work 
in  this  field.  (For  a more  complete  discussion  of  the  theory 


and  a bibliography  of  pertinent  references,  the  reader  is  re- 
ferred to  the  Tenth  Wright  Brothers  Lecture  by  Theodore 
von  Karman,  reference  1.) 

In  the  solution  of  problems  in  supersonic  wing  theory,  the 
following  assumptions  are  usually  made  concerning  the  flow 
field  which  surrounds  the  wing : 

(a)  The  fluid  medium  is  continuous  and  homogeneous. 

(b)  The  fluid  has  the  thermodynamic  characteristics  of  a 
perfect  gas  with  constant  specific  heats. 

(c)  Viscosity  and  thermal  conductivity  are  vanishingly 
small. 

(d)  External  forces  (such  as  gravity)  are  negligible. 
For  flight  at  ordinary  altitudes  and  air  temperatures,  the 
most  drastic  of  these  assumptions  is  that  of  vanishingly  small 
viscosity  and  thermal  conductivity.  This  assumption  allows 
the  effects  of  fluid  friction  and  heat  transfer  to  be  disregarded 
except  as  they  are  necessary  to  explain  the  existence  of  shock 
waves  and  vortices  within  the  flow  field.  The  assumption 
thus  retains  the  essential  features  of  supersonic  flow  as  it  is 
loiown  to  occur  away  from  the  immediate  vicinity  of  the  wing 
surface.  It  results,  however,  in  the  omission  of  the  friction 
drag  and  of  any  changes  in  pressure  distribution  caused  by 
growth  or  separation  of  the  boundary  layer. 

Off  the  basis  of  the  foregoing  assumptions,  it  is  possible  to 
obtain  explicit  relations  for  the  sudden  changes  in  flow  which 
occur  across  a shock  wave  as  well  as  a differential  equation 
for  the  gradual  changes  which  take  place  in  the  regions 
between  such  waves.  When  expressed  with  the  geometrical 
coordinates  as  the  independent  variables,  the  differential 
equation  governing  the  flow  in  the  region  between  shock 
waves  is  nonlinear.  It  is  therefore  difficult  to  apply  rigor- 
ously to  most  problems  of  practical  interest. 

Fortunately,  in  the  special  case  of  an  airfoil  section  in  a 
two-dimensional  supersonic  stream,  results  can  be  obtained 
with  a high  degree  of  mathematical  rigor  despite  the  non- 
linearity of  the  governing  differential  equation.  For  reasons 
of  mathematical  practicality,  it  has  been  usual  to  restrict 
the  solutions  to  instances  in  which  the  local  velocity  in  the 
flow  field  is  everywhere  supersonic.  This  limits  the  solutions 
to  airfoils  with  a sharp  leading  edge  and  to  angles  of  attack 
and  free-stream  Mach  nunibei'S  such  that  the  shock  wave  from 
the  leading  edge  is  attached  to  the  airfoil  and  the  flow  on 


» Paper  presented  at  the  Second  International  Aeronautical  Conference,  Institute  of  the  Aeronautical  Sciences  and  The  Royal  Aeronautical  Society,  New  York 
City,  May  24-27,  1949.  Supersedes  NACA  TN  2100,  “Comparison  Between  Theory  and  Experiment  for  Wings  at  Supersonic  Speeds”  by  Walter  G.  Vincenti,  1950. 
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the  downstream  side  of  the  wave  is  supersonic.  (It  has  also 
been  customary  to  neglect  the  rotation  of  the  fluid  particles 
which  will  exist  aft  of  the  leading-edge  wave  in  those  cases  in 
wliich  the  wave  is  curved,  although  this  approximation  is 
not  essential.)  Within  these  restrictions,  section  character- 
istics can  be  calculated  to  a high  degree  of  precision  for  sec- 
tions of  even  appreciable  thickness.  The  method  of  computa- 
tion reduces  in  practice  to  a stepwise  application  of  the  known 
relations  for  the  compression  through  a shock  wave  and  for 
the  expansion  around  a convex  corner.  The  procedure  has 
therefore  been  termed  the  ‘‘shock-expansion”  method  (see, 
for  example,  reference  2).  For  rapid  calculations,  more 
restricted  methods,  such  as  Ackeret’s  linear  theory  (references 
3 and  4)  and  Busemann’s  second-order  theory  (references 
5,  6,  and  7),  can  be  obtained  by  means  of  series  approxima- 
tion to  the  complete  equations  for  the  shock  wave  and  the 
expansion. 

In  the  more  practical  case  of  a complete,  three-dimensional 
wing,  the  general  mathematical  problem  is  forbiddingly 
complex,  and  it  is  necessary  to  simplify  the  nonlinear  dif- 
ferential equation  at  the  outset  in  order  to  obtain  a solution. 
To  accomplish  this,  it  is  assumed  that  the  local  velocity  at 
all  points  in  the  flow  field  differs  only  slightly  in  magnitude 
and  direction  from  the  velocity  of  the  undisturbed  stream. 
This  implies,  in  effect,  that  the  thickness,  camber,  and  angle 
of  attack  of  the  wing  are  small.  With  this  approximation, 
the  complete,  nonlinear  differential  equation  reduces, 
through  the  omission  of  terms  of  higher  than  the  first  order 
in  the  flow  disturbances,  to  a linear  equation  which  can  be 
solved  by  established  mathematical  methods.  On  the  basis 
of  this  equation,  an  extensive  body  of  theory  has  been  for- 
mulated covering  a wide  range  of  practical  wings.  For  the 
present  it  will  suffice  to  mention  certain  general  concepts  and 
results  of  this  theory.  Examples  of  specific  calculations  will 
be  presented  in  the  course  of  the  later  discussion. 

A fundamental  result  of  the  linear  theory,  well  known  by 
now,  is  the  concept  of  the  Mach  cone.  According  to  this  con- 
cept, the  effect  of  a given  disturbance  in  a uniform  super- 
sonic stream  is  felt  only  within  the  interior  of  a circular  cone 
with  vertex  located  at  the  point  of  the  disturbance  and  axis 
extending  downstream  parallel  to  the  original  flow.  The 
geometry  of  the  cone  is  determined  by  the  requirement  that 
the  component  of  free-stream  velocity  normal  to  the  surface 
of  the  cone  is  equal  to  the  speed  of  sound  in  the  undisturbed 
stream.  It  follows  that  the  semivertex  angle  of  the  cone  is  a 
function  of  the  free-stream  Mach  number  only.  These  con- 
siderations apply  not  only  to  the  effects  of  an  isolated  dis- 
turbance but  to  the  region  of  influence  of  each  disturbance  in 
a distributed  system  as  well. 

The  concept  of  the  Mach  cone  has  immediate  implications 
with  regard  to  the  aerodynamic  problems  of  three-dimen- 
sional wings.  This  is  illustrated  in  figure  1,  which  shows 
certain  features  of  the  flow  over  three  flat  lifting  surfaces  of 
representative  plan  form.  In  the  case  of  the  rectangular 
plan  form  A,  for  example,  it  follows  from  the  concept  of  the 
Mach  cone  that,  to  a first  approximation,  the  effects  of  the 
finite  span  are  confined  to  the  regions  of  the  wing  lying  within 
the  cone  from  the  leading  edge  of  each  tip.  The  flow  over 


Mach  line 

Region  of  two-dimerrsional  flow 
llllllillllll  Liffdisfribuhon 

Figure  1. — Flat  lifting  surfaces  in  supersonic  flow  (linear  theory). 

the  remainder  of  the  wing  (shown  shaded)  is  identical  with 
the  two-dimensional  flow  over  a wing  of  infinite  span.  On 
the  moderately  swept  plan  form  B,  the  flow  over  the  shaded 
regions  is,  by  the  same  reasoning,  unaffected  by  the  presence 
of  either  the  tips  or  root  of  the  wing.  Within  these  regions 
the  flow  can  be  treated  as  essentially  two-dimensional  by 
evaluating  the  velocity  and  the  deflection  angle  in  the  direc- 
tion normal  to  the  leading  edge.  On  the  highly  swept  plan 
form  C,  all  of  the  wing  is  within  the  fields  of  influence  of  the 
root  and  tips,  and  no  regions  of  purely  two-dimensional  flow 
are  to  be  expected. 

Carrying  these  considerations  a step  farther,  we  may  also 
examine  the  effect  which  the  relationship  between  the  plan 
form  and  the  Mach  cones  has  upon  the  chordwise  lift  dis- 
tribution for  the  three  wings.  On  both  wings  A and  B,  where 
the  leading  edge  lies  ahead  of  the  Mach  cones  from  the 
corners  of  the  plan  form,  the  Mach  number  of  the  component 
of  free-stream  velocity  normal  to  the  leading  edge  is  greater 
than  one.  For  reasons  just  examined,  the  lift  distribution  at 
the  spanwise  stations  for  which  it  is  shown  will  be  the  same 
as  the  distribution  over  a flat  lifting  surface  in  a two-dimen- 
sional supersonic  stream.  Characteristic  features  of  this  dis- 
tribution are  that  the  intensity  of  lift  at  the  leading  edge  is 
finite  and  has  zero  gradient  in  the  chordwise  direction.  On 
plan  form  C,  where  the  leading  edge  is  swept  behind  the  Mach 
cone,  the  Mach  number  of  the  flow  component  normal  to  the 
leading  edge  is  less  than  one.  It  develops  from  the  theory 
that  in  this  case  the  lift  distribution  near  the  edge  resembles 
the  theoretical  distribution  predicted  by  linear  theory  for  a 
flat  lifting  surface  in  a purely  subsonic  flow — ^that  is,  the  lift 
intensity  tends  to  an  infinite  value  at  the  leading  edge  and 
drops  off  rapidly  along  the  chord  toward  the  trailing  edge. 

The  foregoing  differences  in  lift  distribution  provide  one 
example  of  a general  principle,  the  significance  of  which  was 
first  noted  by  E.  T.  Jones  (reference  8).  This  principle, 
which  arises  throughout  the  study  of  wings  by  the  linear 
theory,  can  be  stated  as  follows:  When  the  component  of 
free-stream  velocity  normal  to  a wing  element  (i.  e.,  lead- 
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ing  edge,  ridge  line,  or  trailing  edge)  is  greater  than  the 
speed  of  sound,  the  theoretical  flow  in  the  vicinity  of  the 
element  has  the  essential  character  of  the  two-dimensional 
supersonic  flow  about  an  element  of  the  same  geometric 
type ; similarly,  when  the  velocity  component  normal  to  the 
element  is  less  than  the  speed  of  sound,  the  theoretical  local 
flow  resembles  that  which  prevails  in  the  two-dimensional 
subsonic  case.  Because  of  the  utility  of  this  general  result, 
it  has  become  customary  to  describe  the  wing  elements  them- 
selves as  either  “supersonic”  or  “subsonic.”  To  determine 
which  category  an  element  occupies,  it  is  obviously  sufficient, 
as  in  figure  1,  to  note  whether  it  is  swept  ahead  of  or  behind 
the  Mach  cone.  It  is  apparent  that  a wing  element  may 
change  from  one  classification  to  the  other  as  its  orientation 
relative  to  the  Mach  cone  is  changed.  This  can  be  brought 
about  by  variation  in  either  the  free-stream  Mach  number 
or  the  geometry  of  the  wing. 

As  a result  of  the  inherent  differences  in  the  flow  about 
supersonic  and  subsonic  elements,  theoretical  calculations  for 
three-dimensional  wings  indicate  marked  and  interesting 
changes  in  the  flight  characteristics  with  changes  in  Mach 
number  or  wing  geometry.  By  studying  these  effects,  wing 
shapes  can  be  found  which  afford  optimum  aerodynamic 
characteristics  for  a given  flight  condition.  The  results  of 
such  studies,  indeed,  provide  a valuable  guidance  to  the  air- 
craft designer.  In  anticipation  of  the  experimental  results 
to  be  presented  later,  however,  a word  of  caution  is  in  order 
here.  As  exemplified  in  figure  1,  the  differences  in  theoreti- 
cal pressure  distribution  between  a supersonic  and  subsonic 
element  may  be  characterized  by  large  differences  in  chord- 
wise  pressure  gradient.  These  differences  may,  in  a real, 
viscous  medium,  give  rise  to  corresponding  differences  in 
boundary-layer  flow  and  hence  to  aerodynamic  effects  which 
are  beyond  the  scope  of  the  inviscid  theory.  As  a result, 
the  true  variation  of  the  wing  characteristics  with  change  in 
Mach  number  or  wing  geometry  may  be  considerably  dif- 
ferent from  that  predicted  by  the  theory.  The  later  experi- 
mental results  with  regard  to  the  drag  of  triangular  wings 
supply  an  excellent  example  of  such  an  effect. 

In  anticipation  of  the  experimental  data,  it  should  also  be 
pointed  out  that  the  concepts  and  results  of  the  linear  theory, 
based  as  they  are  upon  the  assumption  of  small  disturbances, 
constitute  only  a first-order  approximation  to  the  truth  even 
for  the  supposedly  inviscid  gas.  When  disturbances  of 
appreciable  magnitude  are  considered,  the  previous  concept 
of  a Mach  cone  traversing  the  entire  flow  field  is  no  longer 
tenable.  On  the  contrary",  a given  disturbance  in  a super- 
sonic stream  is  then  confined,  not  to  the  interior  of  a cone, 
but  to  the  interior  of  some  more  complex  surface  whose  shape 
and  position  depend  upon  the  magnitude  of  the  disturbance 
as  well  as  upon  other  conditions  in  the  general  flow  field.  It 
follows  that  the  regions  of  influence  of  a wing  tip  or  wing 
root  are  not  strictly  as  shown  in  figure  1,  and  the  previous 
distinction  between  a supersonic  and  subsonic  element  can- 
not be  applied  without  qualification.  The  ideas  of  the  linear 
theory  with  regard  to  pressure  propagation,  therefore, 
should  not  be  taken  literally  nor  should  deductions  based 
upon  them  be  accepted  without  reservation. 


It  is  apparent  from  these  brief  theoretical  considerations 
that  calculations  by  the  linear  theory  may  be  expected  to  fall 
short  of  the  truth  for  two  primary  reasons.  These  are 

(a)  the  omission  from  the  theory  of  all  viscous  phenomena, 
and 

(b)  the  theoretical  assumption  that  the  flow  disturbances 
are  small. 

The  importance  of  these  approximations  cannot  be  assessed 
at  present  from  purely  theoretical  knowledge.  Some  in- 
sight is  provided,  however,  by  the  available  experimental 
results. 

PRESSURE-DISTRIBUTION  MEASUREMENTS  IN  TWO 
DIMENSIONS 

It  is  desirable  to  begin  the  comparison  between  theory  and 
experiment  by  examining  some  typical  pressure-distribution 
results  for  an  airfoil  section  in  a two-dimensional  supersonic 
stream.  Because  of  the  availability  in  the  two-dimensional 
case  of  theories  of  greater  accuracy  than  the  linear  theory, 
it  is  possible  here  to  distinguish  between  the  effects  of  vis- 
cosity and  the  effects  of  the  terms  neglected  through  the  as- 
sumption of  small  disturbances. 

A typical  two-dimensional  pressure  distribution  is  given  in 
figure  2,  which  shows  the  calculated  and  measured  results  for 
a 10-percent-thick,  symmetrical,  biconvex  section  at  a Mach 
number  of  2.13  and  an  angle  of  attack  of  10°.  The  local 
pressure  coefficient  is  plotted  as  a function  of  the  chordwise 
position  on  the  airfoil,  positive  values  being  plotted  below 
the  horizontal  axis  and  negative  values  above.  The  theo- 
retical pressure  distributions  given  by  the  linear  and  shock- 
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expansion  theories  are  shown  by  curves  as  noted.  The  indi- 
vidual circles  indicate  experimental  points  obtained  from 
the  results  of  Ferri  (reference  9) . 

The  data  of  figure  2 show  that  considerable  accuracy  is 
gained  by  going  from  the  linear  to  the  shock-expansion 
theory.  Over  most  of  the  airfoil  section,  the  linear  theory 
predicts  the  correct  sense  for  the  ^^ressure  gradient,  but  the 
qu^intitative  agreement  between  the  curve  given  by  this 
theory  and  the  experimental  points  is  poor  compared  with 
the  excellent  check  given  by  the  shock-expansion  method. 
Over  the  rear  40  percent  of  the  upper  surface,  neither  of  the 
theories  agrees  with  the  trend  exhibited  b}"  experiment. 

The  discrepancy  between  the  theoretical  pressure  distribu- 
tions calculated  by  the  linear  and  shock-expansion  theories  is 
of  importance  primarily  for  its  effect  upon  the  chordwise 
distribution  of  lift.  Examination  of  figure  2 reveals  that  the 
tptal  lift  of  the  section,  as  ajiproximated  by  the  area  between 
the  curves  for  the  upper  and  lower  surfaces,  is  given  almost 
identically  by  the  two  theories.  This  illustrates  the  fact  that 
iii  the  two-dimensional  case  the  higher-order  terms  neglected 
in  the  linear  theory  have  little  effect  upon  the  over-all  lift  of 
the  section.  They  do,  however,  serve  to  concentrate  the  lift 
farther  forward  on  the  chord  than  the  linear  theory  would 
predict.  This  effect  is  essentially  a consequence  of  the  airfoil 
thickness  and  diminishes  as  the  thickness  is  reduced. 

The  failure  of  even  the  shock-expansion  theory  to  predict 
the  pressure  variation  over  the  rear  part  of  the  upper  surface 
is  due  to  shock-wave,  boundary-layer  interaction  (reference 
9) . In  the  idealized,  inviscid  fluid,  the  two-dimensional  flow 
over  a lifting  airfoil  at  supersonic  speeds  is  characterized  by 
an  oblique  compression  wave  originating  on  the  upper  sur- 
face at  the  trailing  edge.  In  the  real,  viscous  fluid,  this  flow 
pattern  is  modified  by  an  interaction  between  the  oblique 
wave  and  the  viscous  boundary  layer  on  the  airfoil  surface. 
The  boundary  layer  separates  from  the  upper  surface  some 
distance  forward  of  the  trailing  edge,  Avith  the  formation  of 
a weak  compression  wave  at  the  separation  point  and  a con- 
sequent increase  in  pressure  betAveen  this  point  and  the  trail- 
ing edge.  There  is,  as  a result,  a noticeable  loss  of  lift  over 
the  rear  of  the  airfoil. 

The  foregoing  results,  of  course,  imply  certain  deviations 
of  the  true  aerodynamic  coefficients  from  the  curves  predicted 
by  the  linear  theory.  For  the  reasons  outlined,  the  higher- 
order  pressure  effects  neglected  in  the  linear  theory  have 
little  influence  upon  the  lift-cuiwe  slope,  although  they  do 
result  in  a relatively  forAvard  shift  of  the  center  of  pressure 
(or  aerod3aiamic  center) . The  interaction  between  the  trail- 
ing shock  wave  and  the  auscous  boundary  layer  acts  both  to 
decrease  the  lift-curA^e  slope  slightly  and  to  displace  the 
center  of  pressure  still  farther  forward.  Viscous  friction, 
the  effects  of  which  are  not  visible  in  the  j)ressure  distribu- 
tion, tends  to  increase  the  true  drag  relative  to  the  calculated 
value,  though  this  tendency  is  opposed  here  by  the  unpre- 
dicted increase  in  pressure  near  the  trailing  edge  as  the  result 
of  the  shock- wave,  boundary-layer  interaction.  All  of  these 
effects  are  apparent  in  the  available  force-test  data  for  air- 
foils in  two-dimensional  floAv  (references  9 and  10).  As 
will  be  seen,  they  are  also  observed  in  the  results  for  three- 


dimensional wings,  at  least  for  those  cases  in  which  the  wing 
elements  are  predominantly  supersonic. 

FORCE  TESTS  IN  THREE  DIMENSIONS 

The  discussion  to  this  point  has  been  confined  to  theoretical 
considerations  and  to  a comparison  betAveen  theoretical  and 
experimental  results  for  a typical  airfoil  section  in  two- 
dimensional  floAv.  The  remainder  of  the  paper  Avill  be  con- 
cerned Avith  a more  general  comparison  betAA  een  theoiy  and 
experiment  for  complete,  three-dimensional  Avings. 

The  results  upon  Avhich  this  comparison  is  based  Avere  ob- 
tained in  1946  as  part  of  an  investigation  of  Aving  character- 
istics conducted  at  the  Ames  Aeronautical  Laboratory  of  the 
NACA.  The  portion  of  the  general  investigation  to  be  dis- 
cussed here  Avas  concerned  Avith  force  tests  at  supersonic 
speeds  of  approximately  30  Aving  models  chosen  to  cover  a 
■wide  range  of  geometric  variables  and  to  include  examples 
Avith  both  supersonic  and  subsonic  Aving  elements.  The  ex- 
perimental Avork  was  performed  in  the  Ames  1-  by  3-foot 
supersonic  Avind  tunnel  No.  1,  Avhich  is  a continuous-floAv, 
closed-return  tunnel  of  approximateh-  10,000  horsepoAver.^ 

The  AAung  models  Avere  supported  in  the  Avind  tunnel  on  a 
slender  bod}^  of  revolution  mounted  directly  ahead  of  a thx'ee- 
component,  strain -gage  balance  as  shoAvn  in  figure  3.  For 
the  majority  of  the  models,  the  airfoil  section  taken  in  the 
streaniAvise  direction  Avas  a 5-percent-thick  isosceles  triangle, 
that  is,  a triangle  Avith  maximum  thickness  of  5 percent  lo- 
cated at  midchord.  This  cambered  section  Avas  chosen  pri- 
marily for  ease  of  construction.  The  models  Avere  made  of 
hardened,  ground  tool  steel  Avith  the  leading  and  trailing 
edges  maintained  sharp  to  less  than  a 0.001-inch  radius, 
except  for  certain  tests  in  which  the  leading  edge  Avas  pur- 
posely rounded.  The  support  bod}^,  Avhich  Avas  the  same  for 
all  models,  Avas  kept  as  small  as  ixossible  consistent  with  the 
requirement  that  it  could  be  used  Avith  a aa  ide  range  of  plan 
. forms. 

Because  of  the  presence  of  the  support  body,  the  experi- 
mental results  to  be  presented  apph-,  strictly  speaking,  to 
Aving-body  combinations  rather  than  to  the  Avings  alone.  The 
theoretical  curves  are,  on  the  other  hand,  for  simple,  isolated 
AAungs.  A detailed  examination  of  the  interference  prob- 
lem indicates  that,  for  the  particular  body  used  here,  the 
effects  of  the  body  are  small  insofar  as  the  lift  and  pitching 
moment  are  concerned.  The  influence  on  minimum  drag 
I may,  hoAvever,  be  considerable.  The  measured  values  of  the 
minimum  drag  coefficient  must  therefore  be  regarded  as  of 
primarily  qualitative  significance  in  comparison  Avith  theor3^ 

Because  of  limitations  of  time  and  space,  it  is  obviously 
impossible  in  a paper  of  this  kind  to  discuss  more  than  a 
small  portion  of  the  results  obtained  in  the  investigation. 
The  data  presented  Avill  therefore  be  chosen  primarily  for 
their  A^alue  in  illustrating  certain  general  ideas  or  typical 
conclusions.  This  approach  Avill  result  in  the  omission  of 

2 As  with  most  experimental  investigations,  many  people  contributed  to  the 
final  results  of  the  study.  Particular  credit  is  due,  however,  to  Jack  N.  Nielsen. 
Milton  D.  Van  Dyke,  and  Frederick  H.  Matteson,  who  participated  in  the  analy- 
sis of  the  results,  to  Robert  T.  Madden,  Richard  Scherrer,  and  John  A.  Black- 
burn, who  conducted  the  wind-tunnel  tests,  and  to  Albert  G.  Oswald,  who  was 
in  charge  of  the  wind-tunnel  instrumentation. 
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(a)  Unswept  wing. 

(b)  Swept  wing. 

Figure  3. — Typical  wing  models  niounted  on  support  body  in  Ames  1-  by  3-foot 
supersonic  wind  tunnel. 

many  interesting  items  dear  to  the  heart  of  the  experi- 
mentalist, but  it  is  hoped  that  an  adequate  over-all  picture 
of  the  significant  results  will  emerge.  In  all  of  the  figures 
presented,  the  aerodynamic  coefficients  will  be  referred  to 
the  plan  form  area  of  the  wing,  including  that  portion  of 
the  plan  form  enclosed  by  the  support  body.  All  of  the 
results  are  for  a free-stream  Mach  number  of  1.53  and  a 
test  Reynolds  number  of  0.75  million  based  upon  the  mean 
geometric  chord  of  the  wing.  Unless  stated  otherwise,  it 
may  be  assumed  that  the  results  were  obtained  using  models 
with  the  cambered,  isosceles-tri angle  section  previously 
described. 

In  the  discussion  of  the  results,  it  is  convenient  to  con- 
sider first  the  lift  and  pitching  moment,  since  these  charac- 


teristics depend  primarily  upon  the  distribution  of  normal 
pressure  over  the  surface  of  the  wing.  The  consideration 
of  drag,  which  depends  upon  the  frictional  forces  as  well, 
will  be  deferred  until  later. 

LIFT  AND  PITCHING  MOMENT 

According  to  the  linear  theory,  the  lift  and  pitching- 
moment  curves  for  any  given  wing  are  each  a straight  line. 
At  a given  Mach  number,  the  slope  of  the  line  depends  solely 
upon  the  plan  form  of  the  wing  and  is  independent  of  the 
camber  and  thickness.  The  intercept — that  is,  the  angle  of 
zero  lift  or  the  moment  at  zero  lift — is  a function  of  both  the 
camber  and  the  plan  form,  but  is  independent  of  the  wing 
thickness.  Only  the  slope  of  the  curves  will  be  discussed 
here,  since  this  is  the  characteristic  of  greatest  practical 
importance. 

Lift-curve  slope. — The  nature  of  the  agreement  between 
theory  and  experiment  with  regard  to  the  lift-curve  slope 
for  unswept  wings  is  illustrated  in  figure  4.  Here  dCh/doL  is 
plotted  as  a function  of  aspect  ratio  for  a series  of  four 
unswept  wings  having  a common  ta^^er  ratio  of  0.5.  The 
wing  corresponding  to  each  test  point  is  indicated  by  a small 
sketch,  which  shows  also  the  trace  of  the  Mach  cones  from 
the  forwardmost  point  of  the  wing.  On  this  and  later  figures, 
the  variation  predicted  by  the  linear  theory  is  shown  over 
as  wide  a range  as  is  practicable  on  the  basis  of  existing 
computational  methods. 

The  agreement  between  theory  and  experiment  in  figure 
4 is  seen  to  be  excellent  over  the  entire  range  of  aspect  ratios. 
The  exact  coincidence  for  aspect  ratios  from  2 to  6 is,  in  fact, 
too  good  to  be  absolutely  true.  It  appears  likely  that  the 
secondary  effects  of  viscosity  and  support-body  interference, 
which  must  certainly  be  present  in  some  degree,  are  com- 
pletely compensating  for  these  wings.  The  decrease  in  lift- 
curve  slope  observed  both  experimentally  and  theoretically 
at  the  low  aspect  ratios  is  caused  by  a loss  of  lift  within  the 
Mach  cones  which  originate  at  the  leading  edge  of  the  wing 
tips.  As  the  aspect  ratio  is  reduced,  a greater  and  greater 
percentage  of  the  plan  form  is  included  within  these  Mach 
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Figure  5. — Effect  of  sweep  on  lift-curve  slope. 

cones,  with  a resulting  decrease  in  the  lifting  effectiveness 
of  the  wing. 

- The  effect  of  wing  sweep  on  the  slope  of  the  lift  curve  is 
illustrated  in  figure  5.  Here  dCj^/doi  is  shown  as  a function 
of  the  sweep  angle  at  the  midchord  line  for  a series;  of  seven 
wings  also  of  taper  ratio  0.5.  The  unswept  wing  of  this 
series  is  identical  with  the  aspect  ratio  4 wing  of  the  previous 
figure.  In  the  design  of  the  swept  wings,  the  aspect  ratio 
was  made  to  decrease  as  the  cosine  of  the  angle  of  swee^D,  since 
wings  of  constant  aspect  ratio  did  not  appear  structurally 
feasible.  The  sweep  angles  were  chosen  to  provide  repre- 
sentative plan  forms  with  both  supersonic. and  subsonic  lead- 
ing and  trailing  edges.  . The  wing  of  43°  sweepback  was 
designed  to  have  its  leading  edge  coincident  with  the  Mach 
cone,  which  has  a sweep  angle  of  49.2°  at  the  test  Mach  num- 
ber of  1.53.  Since  the  sweep  angle  of  these  wings  is  specified 
at  the  midchord  line,  a given  swept-forward  wing  can  be 
obtained  from  the  corresponding  swept-back  wing  by  a 
simple  reversal  of  the  direction  of  motion. 

The  agreement  between  theory  and  experiment  in  figure  5 
is  almost  exact  over  the  range  of  sweep  angles  from  0°  to  43° 
sweepforward,  the  f orwardmost  limit  of  the  theoretical 
results.  For  all  of  the  swept-back  wings,  the  experimental 
slopes  fall  consistently  below  the  theoretical  values  by  from 
8 to  10  percent.  In  both  the  swept-back  and  swept-forward 
direction,  the  experimental  results  exhibit  a marked  reduction 
in  dCh/da  as  the  edges  of  the  plan  form  are  swept  incr'eas- 
ingly  farther  behind  the  Mach  cone.  This  trend  is  predicted 
by  the  theoretical  curve  in  the  swept-back  case  and  would  un- 
doubtedly be  confirmed  for  the  swept-forward  wings  if  com- 
.plete  theoretical  results  were  available.^  It  is  interesting  to 
note,  incidentally,  that  the  43°  swept-back  wing,  which  has  its 
leading  edge  coincident  with  the  Mach  cone,  shows  no  de- 
parture from  the  general  trend  of  the  experimental  results. 

*For  the  range  of  sweep  angles  from  43®  to  60®  sweepback,  the  shape  of 
the  theoretical  curve  is  somewhat  approximate.  Strictly  speaking,  small  dis- 
continuities in  the  slope  of  the  curve  would  be  expected  at  approximately  43® 
and  55®  where  the  leading  edge  and  trailing  edge  of  the  plan  form,  coincide, 
respectively,  with  the  Mach  cone.  No  attempt  was  made  to  determine  these 
discontinuities,  the  theoretical  curve  being  faired  smoothly  through  the 
available  calculated  points. 
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Figure  6. — Effect  of  aspect  ratio  on  moment-curve  slope. 


For  the  range  of  sweep  angles  between  ±43°,  the  theo- 
retical curve  of  figure  5 is  exactly  symmetrical  about  the 
vertical  axis.  This  means  that,  within  this  range,  the  theo- 
retical lift-curve  slope  of  a plan  form  of  the  present  series  is 
unchanged  by  a reversal  of  the  direction  of  motion.  Similar 
result  has  been  obtained  by  several  authors  for  other,  more 
general  classes  of  wings  (see,  for  example,  references  11 
and  12),  though  the  limits  of  generality  have  not,  to  the 
winter’s  knowledge,  been  completely  established.^  ‘The  ob- 
served departure  of  the  experimental  results  from  the  theo- 
reticahsymmetry  may  be  due  to  differences  in  aeroelastic  de- 
formation between  corresponding  SAvept- forward  and  swept- 
back  wings  or  to  asymmetry  in  the  effects  of  other  secondary 
factors  such  as  viscosity  and  support  body  interference. 

To  summarize,  we  may  say  that  the  agreement  between 
experiment  and  linear  theory  with  regard  to  the  lift-curve 
slope  of  three-dimensional  Avings  is  satisfactory  for  most 
practical  purposes.  In  view  “of  the  situation  previously 
observed  in  the  two-dimensional  case,  however,  it  cannot  be 
assumed  that  agreement  in  the  integrated  lift  implies  com- 
plete agreement  in  the  details  of  the  lift  distribution. 

Moment-curve  slope. — Further  indication  that  the  details  of 
the  flow  over  the  Avings  are,  as  in  the  two-dimensional  case, 
someAvhat  different  from  the  predictions  of  the  linear  theory 
is  gh-en  by  the  pitching-moment  data.  Figui'e  6 shows  the 
momentlcurve  slope  as  a function  of  aspect  ratio  for  the 
series  of  unswept  wings  previously  discussed.  The  moment 
coefficient  is  here  taken  about  the  centroid  of  plan-form  area, 
with  the  mean  aerodynamic  chord  as  the  reference  length. 
The  moment-curve  slope  is  thus  an  approximate  measure  of 
the  displacement  of  the  aerodynamic  center  of  the  wing  for- 
ward of  the  centroid  of  area,  expressed  as  a fraction  of  the 
mean  aerodynamic  chord. 

It  can  be  seen  from  figure  6 that  the  linear  theory  predicts 
a progressiA^ely  forward  displacement  of  the  aerodynamic 
center  as  the  aspect  ratio  is  reduced.  As  in  the  case  of  the 

• ■*  Since  the  present  paper  was  written,  the  theoretical  result  observed  here 
has  been  established  with  complete  generality  with  regard  to  plan  form  by 
Clinton  E.  Brown  of  The  Langley  Aeronautical  Laboratory  of  the  NACA.  (See 
Brown,  Clinton  E. : The  *Reversibility  Theorem  for  Thin  Airfoils  in  Subsonic 
and  Supersonic  Flow.  NACA  TN  1944,  1940.)  According  to  Brown’s  proof, 
which  is  based  upon  previous  work  by  Max  M.  Munk,  the  theoretical  lift-curve 
slope  of  a given  wing  is,  to  the  first  order,  invariant  with  respect  to  a reversal 
of  the  direction  of  motion,  irrespective  of  the  Mach  number  or  shape  of  the 
plan  form. 
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lift-curve  slope,  this  variation  is  due  to  the  loss  of  lift  which 
occurs  over  the  rear  portion  of  the  wing  within  the  Mach 
cones  from  the  tips.  The  trend  of  the  experimental  values 
is  in  agreement  with  the  theoretical  curve,  but  the  forward 
displacement  is  uniformly  greater  than  the  theory  predicts. 
The  i-eason  for  this  discrepancy  becomes  apparent  if  we 
imagine  the  wing  series  of  figure  6 to  be  extended  to  in- 
definitely high  aspect  ratios.  In  the  limit  of  infinite  aspect 
ratio,  the  flow  over  the  wing  would  be  purely  two-dimen- 
sional, and  the  theoretical  characteristics  would  be  simply 
those  of  the  wing  section.  For  the  present  isosceles-triangle 
section,  the  values  of  cWm/dO l given  by  the  linear  and  shock- 
expansion  theories  are  as  indicated  by  the  two  horizontal 
lines  to  the  right.  The  theoretical  curve  for  the  finite-span 
wings,  of  course,  approaches  the  linear  section  value  as  an 
asymptote.  If  only  nonviscous  effects  were  important  in  the 
experiments,  the  measured  curve  would  be  expected  to  ap- 
proach the  section  value  predicted  by  the  shock-expansion 
method.  The  fact  that  it  seems  to  apiiroach  an  asymptote 
above  this  latter  value  is  consistent  with  the  occurrence  of 
shock-wave,  boundary-layer  interaction  near  the  supersonic 
trailing  edge  as  previously  observed  in  the  two-dimensional 
results  (fig.  2).  We  may  thus  infer  that  the  discrepancy 
between  experiment  and  linear  theory  over  the  entire  range 
of  asi^ect  ratios  is  due  to  a combination  of  both  higher-order 
pressure  effects  and  fluid  viscosity. 

The  effect  of  sweep  on.  the  moment-cuiwe  slope  is  shown  in 
figure  7 for  the  same  series  of  wings  used  before.  It  is  ap- 
parent that  here  experiment  and  theory  agree  neither 
quantitatively  nor  qualitatively.  For  the  unswept  wing,  the 
observed  discrepancy  can  be  accounted  for  as  explained  in 
connection  with,  figure  6.  The  disagreement  in  the  variation 
with  angle  of  sweep  is,  however,  difficult  to  reconcile  on  the 
basis  of  present  knowledge.  In  general,  the  effects  of 
boundary-layer  separation  may  be  expected  to  have  a major 
influence  on  the  moment  characteristics  of  swept  wings, 
particularly  in  those  cases  in  which  the  wing  elements  are 
predominately  subsonic.  The  possible  importance  of  the 
higher-order  pressure  effects  should  not  be  overlooked,  how- 
ever. It  can  be  shown  from  quite  general  considerations  that 
tlie  calculation  by  the  linear  theory  of  the  aerodynamic-center 
position  for  any  given  wing  is  subject  to  a possible  error  of 
the  same  order  of  magnitude  as  the  percent  thickness  of  the 
airfoil  section.  For  this  reason,  the  development  of  a rea- 


Figdre  7. — Effect  of  sweep  on  monient*curve  slope. 
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Figure  8. — Effect  of  sweep  on  minimum  drag. 


son  ably  general,  second-order  wing  theory  may  prove  essen- ' 
tial  to  a complete  understanding  of  the  pitching-moment 
problem. 

DRAG 

The  calculation  of  wing  drag  by  the  linear  theory  leads  to 
a parabolic  curve  of  drag  versus  lift.  The  value  of  the 
minimum  drag  coefficient  depends,  for  a given  Mach  number, 
upon  the  thickness,  camber,  and  plan  form  of  the  wing,  Avhile 
the  lift  coefficient  at  which  the  minimum  occurs  is  a function 
of  the  camber  and  plan  form.  The  rise  in  drag  as  the  lift 
Qpefficient  departs  from  that  for  minimum  drag  depends, 
according  to  the  linear  theory,  upon  the  geometry  of  the  plan 
form  only. 

Minimum  drag. — A typical  illustration  of  the  effect  of 
change  in  plan  form  on  the  minimum  drag  is  given  in  figure 
8,  which  shows  the  variation  in  minimum  drag  coefficient  for 
the  previous  series  of  swept  wings.  The  theoretical  curve 
shown  is  for  the  pressure  drag  only— that  is,  no  attempt  has 
been  made  to  estimate  the  skin  friction.  Because  of  the 
mathematical  complications  introduced  by  camber  when  the 
edges  of  the  Aving  are  subsonic,  it  Avas  not  practicable  here  to 
extend  the  theoretical  curve  beyond  43°  in  either  direction. 
Within  these  limits,  the  theoretical  drag  increases  Avith  in- 
creasing sweep.  Extension  of  the  curve  to  higher  angles  of 
sweep  Avould  be  expected  to  shoAV  u marked  decrease  in  the 
calculated  drag,  similar  to  the  Avell-knoAvn  results  for  un- 
cambered  Avings  SAvept  behind  the  Mach  cone. 

The  expeiTinental  ciuwe  of  figure  8 folloAvs  the  general 
trend  indicated  by  theory.  As  the  sweep  increases  from 
zero  in  either  direction,  the  measured  drag  first  rises  to  a 
maximum  in  the  vicinity  of  the  Mach  cone  and  then  de- 
creases markedly  with  further  inci-ease  in  SAveep.  The  large 
decrease  in  drag  obtained  by  sweeping  the  wing  behind  the 
Mach  cone  has  been  observed  by  numerous  investigators  and 
need  not  be  enlarged  upon  here.  ^Vhat  is  more  interesting  in 
the  present  results  is  the  failure  of  the  experimental  values 
to  rise  as  rapidly  as  does  the  theoretical  curve  in  the  lower 
range  of  SAveep  angles.  For  the  wings  of  0°  and  ± 30°  sweep, 
the  displacement  of  the  experimental  points  above  the  theo- 
retical curve  is  consistent  with  a reasonable  allowance  for 
skin  friction  and  support-body  iikerference.  For  the  wings 
of  ±43°  sweep,  however,  the  experimental  values  are  almost 
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coincident  with  the  theoretical.  This  result  suggests  that 
the  linear  theory  may  be  overly  pessimistic  regarding  wing 
drag  when  the  Mach  number  normal  to  the  wing  elements  is 
near  unity.  Support  for  this  conjecture  is  found  in  the  work 
of  Hifton  and  Pruden  (reference  10),  who  report  a similar 
situation  in  two-dimensional  tests  of  an  airfoil  section  at 
moderatel}'  supersonic  speeds.  It  is  likely  that  in  both  in- 
stances the  results  are  due  to  transonic  effects  which  are  be- 
3^ond  the  scope  of  the  linear  theory. 

The  symmetiy  of  the  curves  of  figure  8 is  also  worthy 
of  note.  It  has  been  shown  by  several  authors  (see,  for  ex- 
ample, references  1 and  12)  that,  to  the  order  of  accuracy 
of  the  linear  theory,  the  minimum  pressure  drag  of  a wing 
of  an}^  plan  form  is  unchanged  by  a reversal  of  the  direction . 
of  motion,  provided  the  wing  section  is  without  camber. 
For  cambered  wings,  the  corresponding  drag  theorem  is 
probably  less  general  Avith  regard  to  plan  form,  though, 
as  in  the  case  of  the  lift-curve  slope,  the  limits  of  generality 
haA^e  not  been  defined.  For  the  present  Avings,  reA^ersibility 
is  readily  proA^en  over  the  range  of  SAveep  angles  betw^een 
±43°.  As  a result,  the  theoi^etical  curve  of  figure  8 is,  like 
the  corresponding  curve  for  dOh/da  in  figure  5,  exactly 
symmetrical  over  this  interval.  In  spite  of  the  theoretical 
result,  how^ever,  the  almost  perfect  symmetry  of  the  experi- 
mental curve  of  figure  8 comes  as  someAvhat  of  a surprise. 
It  might  be  expected  that  secondary  differences  betAveen  cor- 
responding SAvept-foi-Avard  and  SAvept-back  Avings . Avould 
cause  an  asA-mmetry  here  akin  to  that  obsei  A^ed  in  the  experi- 
mental values  of  lift-curve  slope. 

The  most  intei^esting  results  AAuth  regard  to  drag,  how- 
eA^er,  are  concerned  Avith  the  effects  of  thickness  distribution 
on  the  minimum  drag  of  triangular  Avings.  At  about  the 
time  the  present  study  Avas  beginning,  theoretical  results  by 
Puckett  appeared  (reference  13)  which  indicated  that  the 
minimum  pressure  drag  of  an  uncambered  triangular  Aving 
Avith  a subsonic  leading  edge  could  be  held  to  a relatively 
loAA-  value  by  proper  location  of  the  position  of  maximum 
thickness.  To  check  these  results,  two  triangular  wings  of 
aspect  ratio  2 were  included  in  the  present  study.  Both 
Avings  liad  an  uncambered  double-Avedge  section  Avith  a thick- 


FiOUHK  0. — Effect  of  position  of  inaxiimim  thickness  on  minimum  drag  of 
triangular  wings. 


ness  ratio  of  5 percent.  In  one  case  the  maximum  thickness 
was  located  at  midchord,4ii  the  other  at  a position  20  per- 
cent of  the  chord  aft  of  the  leading  edge. 

The  findings  for  these  wings  are  summarized  in  figure 
9,  Avhich  shows  the  theoretical  and  experimental  values  of  the 
minimum  drag  coefficient  plotted  as  a function  of  the  posi- 
tion of  maximum  thickness.  The  cmwe  of  theoretical  pres- 
sure drag,  Avhich  is  representative  of  Puckett’s  results,  is 
dmded  into  tAvo  j^arts  by  a sharp  break  in  slope,  located  in 
• this  instance  at  42  percent  of  the  chord.  For  points  to  the 
right  of  this  break,  the  ridge  line  defined  by  the  position 
of  maximum  thickness  is  supersonic,  and  the  floAV  around 
the  ridge  resembles  the  supersonic  floAv  around  a coiiA-ex 
corner.  Under  these  conditions,  there  is  little  pressure 
recoveiy  OA^er  the  rear  of  the  Aving,  and  tlie  drag  is  relativel}^ 
high.  For  points  to  the  left  of  the  break,  the  ridge  line  is 
subsonic,  and  the  local  floAv  is  of  the  characteristically  sub- 
sonic type.  Under  these  conditions,  the  pressure  recovery 
over  the  rear  of  the  Aving  is  considerable,  and  the  drag  is 
corresponding!}^  reduced.  For  the  wings  under  considera- 
tion, the  net  result  of  moAung  the  maximum  thickness  for- 
ward from  the  50-percent  to  the  20-percent  station  is  to  reduce 
the  comj)uted  pressure-drag  coefficient  from  0.0092  to  0.0054. 
Unfortunately,  the  measured  values  of  the  minimum  drag, 
indicated  by  the  tAvo  small  circles,  do  not  folloAv  the  theo- 
retical trend.  The  apparent  effect  of  the  foi-Avard  displace- 
ment is,  in  fact,  to  increase  the  drag  slightly. 

When  this  result  was  first  noted,  the  experimental  data 
were  suspected  of  being  in  error.  Kepeated  tests,  hoAvever, 
gave  identical  results.  It  Avas  next  thought  that  support- 
body  interference  might  be  to  blame.  Estimates  indicated, 
lioAveA^er,  that  such  interference  could  hardly  account  for  the 
large  difference  in  the  increments  by  Avhich  the  measured 
total  drag  exceeded  the  computed  pressure  drag  for  the  tAvo 
wings.  Consideration  of  the  friction  drag  finally  supplied 
the  key  to  a possible  explanation.  To  examine  this  possi- 
bility, curA-es  of  theoretical  total  drag  Avere  computed  on 
the  basis  of  the  skin-friction  coefficients  corresponding  to  ' 
completely  laminar  and  completely  turbulent  floAv  in  the 
boundary  laj^er.  When  this  Avas  done,  it  was  found,  as  is 
apparent  in  the  figure,  that  the  experimental  point  for  the 
Aving  Avith  maximum  thickness  at  50  percent  fell  midwa\^ 
between  the  tAvo  resulting  curves,  wffiile  that  for  the  Aving 
with  maximum  thickness  at  20  percent  Avas  slightly  above 
the  curve  for  completely  turbulent  floAV.  This  suggested 
that  the  failure  of  the  experimental  points  to  follow  the  trend 
of  the  theoretical  pressure  drag  might  be  due  to  a difference 
in  the  extent  of  laminar  boundaiy -layer  floAV  on  the  tAvo 
Avings. 

To  check  this  hypothesis,  the  liquid  film  method  de\^eloped 
by  Gray  of  the  R.A.E.  for  the  indication  of  transition  at 
subsonic  speeds  (reference  14)  Avas  adapted  for  use  in  a 
supersonic  stream.  This  method  depends  upon  the  fact  that 
the  rate  of  evaporation  of  a film  of  liquid  on  the  surface  of 
a model  is,  on  the  average,  gi-eater  where  the  boundary  layer 
is  turbulent  than  Avhere  it  is  laminar.  In  applying  this  prin- 
ciple at  the  Ames  Laboratory,  the  model  is  first  coated  with 
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(a)  Maximum  thickness  at  20-percent  chord. 

(b)  Maximum  thickness  at  50-percent  chord. 

Figure  10. — Results  of  liquid-film  tests  on  triangular  wings  at  zero  lift. 

Section:  uncambered  double  wedge,  5-percent  thick,  Mo=1.53. 

flat  black  lacquer  and  then,  immediately  prior  to  installation 
in  the  tunnel,  with  a liquid  mixture  containing  glycerin.  A 
run  is  then  made  at  the  desired  test  condition  for  a sufficient 
time  to  allow  the  liquid  to  evaporate  completely  in  the  turbu- 
lent region  but  remain  moist  over  most  of  the  laminar  area. 
Upon  removal  from  the  tunnel,  the  model  is  dusted  with 
talcum  powder,  which  adheres  to  the  laminar  but  not  to  the 
turbulent  area,  thus  increasing  the  contrast  for  photographic 
purposes  and  providing  a clear  indication  of  the  extent  of 
the  two  types  of  boundary-layer  flow. 

The  results  of  liquid  film  ti^ts  of  the  two  triangular  wings 
at  zero  lift  are  shown  in  figure  10.  For  the  wing  with  maxi- 
mum thickness  at  midchord,  the  region  of  turbulent  flow, 
which  appears  as  the  dark  region  on  the  model,  constitutes 
only  about  half  of  the  surface  area  aft  of  the  ridge  line.  For 
the  wing  with  maximum  thickness  displaced  forward,  the 
turbulent  region  occupies  almost  all  of  the  considerably 


larger  area  which  is  aft  of  the  ridge  line  on  this  wing.* 
These  results  were  repeated  many  times  during  the  numerous 
tests  necessary  to  perfect  the  liquid-film  technique.  Ex- 
amination of  calculated  pressure  distributions  for  the  two 
wings  shows  in  each  case  excellent  correlation  between  the 
experimentally  determined  region  of  turbulent  flow  and  the 
calculated  region  of  adverse  pressure  gradient.  Because  of 
the  effects  of  support-body  interference,  it  is  not  possible  to 
make  a decisive  comparison  between  the  measured  values  of 
total  drag  and  theoretical  values  calculated  on  the  basis  of 
the  observed  areas  of  laminar  and  turbulent  flow.  The  evi- 
dence of  the  liquid-film  tests,  however,  leaves  little  doubt  as 
to  the  primary  leason  why  forward  displacement  of  the 
maximum  thickness  fails  to  produce  the  reduction  in  mini- 
mum drag  predicted  by  the  inviscid,  linear  theory. 

The  foregoing  result  has  important  implications  with  re- 
gard to  the  degiee  of  drag  reduction  possible  at  supei-sonic 
speeds  through  the  use  of  sweepback.  The  relatively  high 
pressure  drag  of  an  unswept  wing  at  speeds  above  the  speed 
of  sound  is  a direct  result  of  an  absence  of  pressure  recovery 
over  the  rear  of  the  wing.  The  high  pressure  drag  is  thus 
associated  with  a chordwise  pressure  gradient  which  is,  for 
the  most  part,  favorable  to  the  boundary-layer  flow.  The 
reduction  of  pressure  drag  by  means  of  sweepback  depends, 
on  the  other  hand,  upon  the  presence  of  an  appreciable  pres- 
sure recovery,  or  in  other  words,  upon  the  existence  of  a 
region  of  adverse  gradient.  If  the  region  of  such  gradient 
occupies  the  major  portion  of  the  wing,  then,  as  was  seen  in 
the  case  of  the  triangular  "wing  with  thickness  forward,  the 
detrimental  effects  upon  the  skin  friction  may  more  than 
offset  the  gains  in  pressure  drag.  This  suggests  that  it  may 
be  desirable  here,  as  in  the  case  of  the  subsonic,  low-drag  air- 
foil, to  look  for  wing  shapes  which  have  their  pressure  re- 
covery confined  to  a relatively  small  part  of  the  wing  area. 
Wings  of  this  type  may,  in  fact,  prove  more  practical  at 
supereonic  than  at  subsonic  speeds,  since  there  is  indication 
(reference  15)  that  the  boundary-layer  phenomena  at  the 
higher  speeds  may  be  more  conducive  to  long  runs  of  laminar 
flow. 

Drag  rise  and  lift  drag  ratio. — The  final  question  to  be  dis- 
cussed is  that  of  the  variation  in  dreg  with  change  in  lift. 
As  previously  mentioned,  the  theoretical  curve  of  dreg  vereus 
lift  is,  for  any  given  wing,  parabolic  in  shape.  The  rise  in 
drag  as  the  lift  coefficient  departs  from  that  for  minimum 
drag  depends,  for  a given  Mach  number,  on  the  wing  plan 
form  only  and  is  independent  of  the  camber  and  thickness. 
The  shape  of  the  theoretical  parebola  for  a given  wing  is 
thus  identical  with  that  for  a flat  lifting  surface  of  the  same 
plan  form  as  the  wing  in  question. 

In  the  case  of  a plan  form  with  a supersonic  leading  edge, 
the  determination  of  the  rise  of  the  theoretical  parabola  is 
relatively  simple.  In  this  case,  which  is  exemplified  by  plan 
forms  A and  B of  figure  1,  the  local  pressure  on  the  flat  lifting 
surface  is  everywhere  finite.  The  variation  in  drag  with 
change  in  lift  can  thus  be  found  1)V  simple  integration  of 

®The  white  streaks  extending  back  Into  the  otherwise  dark  turbulent  area 
are  streamers  of  excess  liquid  blown  back  from  the  laminar  region.  These 
streamers  may  at  times  be  used  as  a valuable  indication  of  the  direction  of 
flow  within  the  boundary  layer,  particularly  on  highly  swept  wings. 
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the  pressures  acting  on  the  top  and  bottom  of  the  surface. 
For  all  of  the  wings  of  the  jiresent  study  having  a supersonic 
leading  edge,  the  shape  of  the  drag  curve  given  by  the  theo- 
retical calculation  shows  good  agreement  with  experiment. 

In  the  case  of  a wing  with  a subsonic  leading  edge,  the 
theoretical  problem  is  more  complex.  In  this  case,  exempli- 
fied by  plan  form  C of  figure  1,  there  is  a singularity — that 
is,  an  infinite  value — in  the  theoretical  lift  intensity  at  the 
leading  edge  of  the  equivalent  flat  surface.  The  effect  of 
this  singularity  is  to  produce  a finite  suction  force  on  the 
leading  edge  in  the  direction  opposite  to  the  free  stream. 
This  force — sometimes  referred  to  simply  as  “leading-edge 
suction” — reduces  the  rise  of  the  theoretical  drag  parabola 
below  what  it  would  be  if  only  the  pressures  on  the  top  and 
bottom  of  the  wing  were  considered.  Actuallj^'  of  course, 
the  details  of  the  flow  about  the  leading  edge  must,  in  any 
real  case,  be  considerabh-  different  from  the  representations 
of  the  linear  theory,  since  an  infinite  lift  intensity  is  obvi- 
ously impossible.  It  does  not  follow,  however,  that  the  theo- 
retical forward  force  at  the  leading  edge  will  not  exist.  The 
situation  here  is  much  the  same  as  that  encountered  at  the 
leading  edge  of  an  airfoil  section  in  two-dimensional,  incom- 
pressible flow.  In  this  latter  case,  it  is  known,  both  from 
experiment  and  from  the  indications  of  more  refined  calcu- 
lations, that  the  elementary  theory  gives  an  accurate  predic- 
tion of  the  leading-edge  suction  within  certain  limits  of 
angle-of-attack  and  leading-edge  radius.  The  range  of  ap- 
plicability of  the  linear  theory  as  applied  to*  swept  wings  at 
supersonic  speeds  must  similarly  be  established  by  careful 
theoretical  and  experimental  investigation. 

The  results  of  the  present  study  are  not,  in  general,  con- 
clusive with  regard  to  the  conditions  necessary  for  the  at- 
tainment of  the  theoretical  force  at  the  subsonic  edge.  The 
data  for  the  triangular  wings,  however,  do  offer  some  pos- 
sibily  significant  findings.  These  are  illustrated  in  figure 
11,  which  shows  the  effects  of  change  in  wing  section  upon 
the  drag  due  to  lift  for  the  triangular  wings  previously 


Figdbe  11. — Effect  of  wing  section  on  drag  rise  of  triangular  wings. 


discussed.  The  two  theoretical  curves  show  the  calculated 
drag  rise  with  the  leading-edge  suction  both  included 
and  omitted.  For'  the  wing  with  maximum  thickness  at 
midchord,  the  experimental  curve  is  slightly  above  the  theo- 
retical curve  with  leading-edge  suction  omitted.  This  is  as 
might  be  expected  for  a sharp-edged  wing,  the  slight  in- 
crease above  the  upper  theoretical  curve  being  due  possibly 
to  an  increase  in  friction  drag  with  increasing  lift  or  to 
support-body  interference.  Moving  the  maximum  thick- 
ness forward  on  the  wing  to  the  20-percent-chord  position 
resulted  in  a slight  reduction  in  drag  despite  the  retention 
of  a sharp  leading  edge.  This  gain  may  be  due  either  to 
the  attainment  of  leading-edge  suction  as  a result  of  the 
larger  leading-edge  wedge  angle  on  this  wing  or  to  a change 
in  the  variation  of  friction  drag  with  lift.  In  an  attempt 
-do  bring  the  drag  rise  of  the  second  wing  down  to  the  values 
indicated  by  the  complete  theory,  the  edge  of  this  wing  was 
rounded  to  a radius  of  0.25  percent  of  the  chord,  which  is 
of  the  same  order  of  magnitude  as  the  radius  of  an  NACA 
low-drag  section  of  comparable  thickness  ratio.  This  round- 
ing of  the  leading  edge  afforded  some  benefit,  the  resulting 
experimental  values  being  approximately  midway  between 
the  two  theoretical  curves.  Additional  rounding — ^to  a 0.50- 
percent  radius  over  the  entire  span  and  then  to  a still  greater 
value  over  the  outer  half — ^had  no  further  effect. 

Tlie  influence  of  the  foregoing  changes  on  the  experimental 
curves  of  lift-drag  ratio  is  shown  in  figure  12.  The  wing 
with  maximum  thickness  at  midchord  has  a value  of 
{L/D)max  of  about  6.3.  When  the  maximum  thickness  is 
moved  forward  to  the  20-percent-chord  station,  the  decrease 
in  drag  rise  apparent  in  figure  11  more  than  outweighs  the 
slight  increase  in  minimum  drag  observed  in  figure  9.  As  a 
result,  the  maximum  lift-drag  ratio  increases  slightly. 
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Rounding  the  leading  edge  of  the  second  wing,  while  reduc- 
ing the  drag  rise  as  previously  noted,  does  not  alter  the 
minimum  drag.  As  a consequence,  the  maximum  lift-drag 
ratio  is  increased  to  approximately  6.8.  These  results  sug- 
gest that  the  aerodynamic  gains  predicted  on  the  basis  of 
the  theoretical  leading-edge  suction  can  be  at  least  partially 
realized  in  practice.  The  determination  of  the  optimum 
profile  shape  for  this  purpose  may,  however,  involve  con- 
siderable detailed  research. 

It  is  interesting  for  contrast  with  the  foregoing  results  to 
point  out  the  detrimental  effects  at  the  test  Mach  number  of 
rounding  the  leading  edge  on*  an  unswept  wing.  In  tests 
of  an  unswept,  untapered  wing  of  aspect  ratio  4,  rounding 
the  leading  edge  to  a radius  of  0.25  percent  of  the  chord 
resulted  in  a 27-percent  increase  in  minimum  drag  and  a 
consequent  reduction  in  maximum  lift-drag  ratio  from  6 to 
about  5.5.  The  rise  in  the  drag  curve  was  unaffected  by  the 
modification. 

CONCLUDING  REMARKS 

The  foregoing  results  represent  only  a small  contribution 
to  the  body  of  experimental  and  theoretical  knowledge  now 
being  accumulated  concerning  the  characteristics  of  wings  at 
supersonic  speeds.  As  is  the  case  with  most  measurements  of 
over-all  forces,  the  data  of  the  present  study  raise  more  ques- 
tions than  they  answer.  Detailed  and  patient  investigations 
of  pressure  distribution  and  boundary -layer  flow  are  required 
to  develop  a rational  explanation  for  many  of  the  observed 
phenomena.  Several  major  problems  have  not  been  dis- 
cussed here  at  all,  including  the  important  question  of  the 
adequacy  of  the  Kutta  condition  to  describe  the  real  flow 
at  a highly  swept,  subsonic  trailing  edge.  ^ There  is  sufficient 
to  be  done,  indeed,  to  keep  many  investigators  occupied  for 
years  to  come. 

Ames  Aeronautical  Laboratory, 

National' Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  May  3^  1950, 
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INVESTIGATION  OF  SPOILER  AILERONS  FOR  USE  AS  SPEED  BRAKES 
OR  GLIDE-PATH  CONTROLS  ON  TWO  NACA  65-SERIES  WINGS 
EQUIPPED  WITH  FULL-SPAN  SLOTTED  FLAPS  ^ 

By  Jack  Fischel  and  James  M.  Watson 


SUMMARY 

A wind-tunnel  investigation  was  made  to  detennine  the  char- 
acteristics of  spoiler  ailerons  used  as  speed  brakes  or  glide-path 
controls  on  an  NACA  65-210  wing  and  an  NACA  652-215 
wing  equipped  with  full-span  slotted  flaps.  Several  j^lug-aileron 
and  retractable-aileron  configurations  xvere  investigated  on  the 
tivo  wing  models  with  the  full-span  flaps  retracted  and  deflected. 
Tests  were  made  at  various  Mach  numbers  between  0.13  and 
0.71. 

The  results  of  this  investigation  have  indicated  that  the  use  of 
plug  or  retractable  ailerons  ^ either  alone  or  in  conjunction  loith 
wingflaps^  as  speed  brakes  or  glide-path  controls  is  feasible  and 
very  elective.  In  an  illustrative  example,  the  estimated  time 
required  for  descent  of  a high-performance  airplane  from  40,000 
feet  was  reduced  from  12.3  minutes  to  3.3  minutes.  The  plug 
and  retractable  ailerons  investigated,  when  used  as  speed  brakes, 
had  only  a small  effect  on  the  wing  pitching  moments.  The 
rolling  effectiveness  of  the  ailerons  will  not  be  impaired  by  such 
%tse  and  should  be  as  good  as  the  effectiveness  when  the  ailerons 
are  projected  in  normal  manner  from  the  retracted  position. 

INTRODUCTION 

One  of  the  less  obvious  but  nevertheless  impoitant  needs 
of  the  high-performance  militaiy  and  coinmci’cial  aircraft 
currently  in  use  or  in  the  design  stage  is  that  of  utilizing 
suitable  devices  as  aerodynamic  speed  brakes  or  glide-path 
controls,  or  both.^  Speed  brakes  and  glide-path  controls  are 
beneficial  for  aircraft  under  various  normal  or  emei-gency 
operating  conditions,  such  as:  a rapid  descent  from  high 
altitude  while  airplane  speed  is  being  limited,  landing  on  short 
runways  over  obstacles,  reducing  speed  rapidly  to  increase 
the  firing  efficiency  of  fighter  aircraft,  and  so  forth.  For  the 
high-performance  aircraft,  the  use  of  full-span  slotted  flaps 
and  spoiler  lateral-control  devices  would  be  particularly 
beneficial  for  providing  high  lift  for  landing  and  take-off  as 
well  as  adequate  lateral  control.  In  order  to  obviate  the 
necessit}'  of  including  additional  devices  on  the  airplane,  the 
use  as  speed  brakes  of  spoiler  ailerons,  either  alone  or  in  con- 
junction with  slotted  flaps,  was  reported  in  reference  1 and 
was  shown  to  be  satisfactor}^.  By  means  of  suitable  linkage, 
the  slotted  flaps  can  be  deflected^and  the  spoiler  ailerons  on 


both  wing  semispans  can  be  projected  equalty  above  the  wing 
to  act  as  speed  brakes  or  glide-path  controls;  and  in  either  the 
neutral  or  an  extended  position,  the  ailerons  can  at  the  same 
time  be  operated  differentially  by  movement  of  the  control 
stick  to  provide  lateral  control. 

The  lateral  control  characteristics  of  various  spoiler  ailerons 
on  unswept  wings  have  been  presented  previously  (for 
example,  see  references  2 to  7);  however,  the  aerodynamic 
characteristics  of  these  ailerons  pertaining  to  their  use  as 
speed  brakes  or  glide-path  controls  have  seldom  been 
presented. 

In  order  to  provide  some  information  on  the  characteristics 
of  plug  and  retractable  ailerons  when  used  as  speed  brakes  or 
glide-path  controls,  the  incremental  values  of  lift,  drag,  and 
pitching -moment  coefficients  obtained  a t various  aileron 
projections  and  flap  deflections  during  the  investigations  of 
references  3 to  5 are  presented  herein.  These  data  were 
obtained  through  a large  angle-of-attack  range  on  semispan 
wings  havhig  NACA  65-210  and  NACA  602-215  airfoil 
sections.  The  investigation  was  performed  in  the  Langley 
7-  by  10-foot  tunnels  at  various  Mach  numbers  between  0.13 
and  0.71.  Complete  lift,  drag,  and  pitching-moment  data 
of  these  aforementioned  wings  with  ailerons  neutral  have 
been  presented  in  references  5 and  8.  Data  illustrating  the 
rolling  effectiveness  of  the  ailerons  when  used  as  speed  brakes 
or  glide-path  controls  and  a discussion  pertaining  to  the 
application  of  the  incremental  lift,  drag,  and  pitching- 
moment  data  to  aircraft  are  presented  herein.  • 


COEFFICIENTS  AND  SYMBOLS 


lift  coefficient 


Twice  lift  of  semispan  modeL 


^Twic 


drag  coeflficient  {DjqS) 
pitching-moment  coefficient  (AlpjqSc) 
increment  caused  by  aileron  projection 
rolling-moment  coefllcient  (L/qSb) 
local  wing  chord,  feet 

/2  \ 

wing  mean  aerodjmamic  chord,  2.86  feet  J c^dyj 

twice  span  of  each  semispan  model,  16  feet 
lateral  distance  from  plane  of  symmetiy,  feet 


1 Supersedes  NACA  TN  1933.  '‘Investigation  of  Spoiler  Ailerons  for  Use  as  Speed  Brakes  or  Glide- Path  Controls  on  Two  NACA  65-Series  Wings  Equipped  with  Full-Span  Slotted 
Flaps*’  by  Jack  Fischel  and  James  M.  Watson,  1949. 
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S ' twice  area  of  each  semispan  model,  44,42  square  feet 
D twice  drag  of  semispan  model,  pounds 
L rolling  moment,  resulting  from  aileron  projection, 
about  plane  of  symmetry,  foot-pounds 
Mp  twice  pitching  moment  of  semispan  model  about  35- 
percent  root-chord  station 

g free-stream  dynamic  pressure,  pounds  per  square 
foot(ip7^) 

V free-stream  velocity,  feet  per  second 
Vi  indicated  airspeed,  miles  per  hour 
p mass  density  of  air,  slugs  per  cubic  foot 

a angle  of  attack  with  respect  to  chord  plane  at  root 

of  model,  degrees 

hf  flap  deflection,  measured  between  wing  chord  plane 

and  flap  chord  plane  (positive  when  trailing  edge 
of  flap  is  down) , degrees 
M Mach  number  (y/a) 

E Reynolds  number 

a speed  of  sound,  feet  per  second 

CORRECTIONS 

All  data  presented  are  based  on  the  dimensions  of  each 
complete  wing. 

The  test  data  have  been  corrected  for  jet-boundary  effects 
according  to  the  methods  outlined  in  reference  9.  The 
Glauert-Prandtl  transformation  (reference  10)  has  been 
utilized  to  account  for  effects  of  compressibility  on  these 
jet-boundary  corrections.  Blockage  corrections  were  ap- 
plied to  the  test  data  by  the  methods  of  reference  11. 

MODEL  AND  APPARATUS 

The  right-semispan-wing  models  investigated  with  spoiler 
ailerons  (figs.  1 to  6)  were  mounted  in  either  the  Langley 
300  MPH  7-  by  10-foot  tunnel  or  the  Langley  high-speed 
7-  by  10-foot  tunnel  with  their  root  sections  adjacent  to  one 
of  the  vertical  walls  of  the  tunnel,  the  vertical  wall  thereby 
serving  as  a reflection  plane.  Two  wings  were  used  for  this 
investigation:  one  wing  embodied  NACA  65-210  airfoil 
sections  and  the  other  wing  embodied  NACA  652-215 
airfoil  sections.  The  wings  were  constructed  with  the  same 
plan-form  dimensions  (figs.  1,  3,  and  5)  and  each  wing  had 
an  aspect  ratio  of  5.76f  a taper  ratio  of  0.57,  and  had  neither 
twist  nor  dihedral.  The  NACA  652-2  1 5 wing  was  con- 
structed with  two  trailing-edge  sections  which  were  used 
alternately  for  tests  of  the  plain-wing  configuration  and  for 
tests  of  the  wing  configuration  with  flaps  (fig.  6).  The 
NACA  65-210  wing  was  equipped  with  two  trailing-edge 
sections — one  to  accommodate  the  basic  plug-aUeron  and 
retractable-aileron  configurations  (fig.  2)  and  the  other  to 
accommodate  the  circular-plug-aileron  configurations  (fig.  4) ; 
each  trailing-edge  section  had  a cut-out  to  accommodate  the 
flap  in  the  retracted  position  (5/=0®).  A more  detailed 


description  of  the  construction  and  mounting  of  the  models 
is  presented  in  references  3,  4,  5,  and  8. 

A 0.25c  slotted  flap  which  extended  from  the  wing  root 
section  to  the  95-percent-semispan  station  was  used  on  both 
semispan  wdngs  in  this  investigation.'  This  flap  was  orig- 
inally designed  and  constructed  to  conform  to  the  contour 
of  the  NACA  65-210  wing  and  was  used  in  all  investiga- 
tions on  that  Aving  (references  3,  4,  and  8).  Because  of  its 
availability  and  satisfactory  aerod\niamic  characteristics,  this 
flap  was  also  used  in  the  flap-deflected  wing  configurations 
tested  on  the  NACA  652-215  wing  (reference  5).  The  posi- 
tions of  the  flap  with  respect  to  the  wing  at  the  various 
deflections  investigated  with  each  aileron  configuration  are 
sho^^^l  in  figures  1,  3,  and  6.  These  positions  were  found  to 
be  optimum,  aerodynamically,  for  each  flap  deflection  (refer- 
ences 5 and  8). 

Each  of  the  various  aileron  configurations  investigated 
had  a span  of  49.2  percent  of  the  wing  semispan  and  was 
fabricated  from  duralumin  or  steel  sheet  in  five  equal  span- 
wTse  segments  (figs.  1 to  6).  The  basic  plug  ailerons  and 
retractable  ailerons  on  the  NACA  65-210  wing  had  Ke-inch 
perforations  which  removed  about  9 percent  of  the  original 
aileron  area  (reference  3).  On  the  NACA  652-215  wing, 
identical  ailerons  of  varying  projection  were  used  in  tests 
of  both  the  plug-aileron  and  retractable-aileron  configura- 
tions; these  ailerons  were  fastened  to  the  upper  surface  of 
the  wing  at  the  0.70c  station  (fig.  6).  Although  these  ailer- 
ons were  not  projected  out  of  the  wing  profile  (from  the 
neutral  position)  as  they  would  be  in, a practical  airplane 
installation  (for  example,  the  configurations  on  the  NACA 
65-210  wing),  the  configurations  investigated  are  believed 
to  simulate  practical  airplane  installations  and  to  provide 
aerod^Tiamic  data  representative  of  these  installations.  (See 
fig.  6.), 

TESTS 

All  tests  of  the  basic  plug-aileron,  the  basic  retractable- 
aileron,  and  the  thin-plate  circular-plug-aileron  configura- 
tions on  the  NACA  65-210  wing  model  were  performed  in 
the  Langley  high-speed  7-  by  10-foot  tunnel.  All  tests  of 
the  double-wall  circular-plug-aileron  configuration  on  the 
NACA  65-210  wing  model  and  of  the  two  aileron  configura- 
tions on  the  NACA  652-215  wing  model  were  performed  in 
the  Langley  300  MPH  7-  by  10-foot  tunnel. 

With  the  flap  retracted  or  deflected,  the  aerod}mamic 
characteristics  of  each  wing-aileron  configuration  were  de- 
termined at  various  aileron  projections  and  for  several  angles 
of  attack.  Tests  were  made  at  Mach  numbers  between  0.13 
and  0.71  (with  corresponding  Re^molds  numbers  of  2.6X10® 
to  11.6X10®,  based  on  the  wing  mean  aerodynamic  chord  of 
2.86  ft).  Negative  aileron  projections  indicate  that  the 
ailerons  were  extended  above  the  wing  upper  surface. 

The  average  variation  of  Re^niolds  number  with  Mach 
number  for  all  tests  is  shown  in  figure  7. 
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RESULTS  AND  DISCUSSION 

EFFECT  OF  AILERON  BRAKES  ON  WING  AERODYNAMIC  CHARACTERISTICS 

Incremental  data  of  lift,  drag,  and  pitching-moment  co- 
efficients obtained  at  various  aileron  projections  with  the 
four  aileron  configurations  investigated  on  the  NACA  65-210 
wing  and  with  the  flap  retracted  and  deflected  are  pre- 
sented in  figures  8 to  15.  Corresponding  data  obtained 
with  the  two  aileron  configurations  on  the  NACA  652-215 
wing  are  presented  in  figures  16  to  23. 

Incremental  lift  coefficient  ACl. — The  incremental  values 
of  lift  coefficient  generally  became  more  negative  with  in- 
crease in  aileron  projection  for  all  aileron  configurations 
and  flap  conditions.  The  data  obtained  with  the  basic  re- 
tractable aileron,  however,  showed  inconsistent  trends  of 
reversed  or  positive  values  of  ACTl  for  small  aileron  projec- 
tions at  various  angles  of  attack  and  Mach  numbers  with 
the  flap  deflected.  (See  figs.  11,  22,  and  23.)  This  phe- 
nomenon is  usually  exhibited  by  retractable  ailerons  with 
the  flap  deflected.  A comparison  of  the  present  data  with 
the  rolling-moment  data  of  references  3 to  5 shows,  as  an- 
ticipated, that  the  aforementioned  effects  paralleled  the 
rolling  effectiveness  of  the  ailerons;  that  is,  the  rolling 
effectiveness  increased  when  ACz,  became  more  negative. 

In  general,  the  incremental  values  of  lift  coefficient  in- 
creased negatively  with  increases  in  the  Mach  and  Reynolds 
numbers  and  with  increase  in  the  flap  deflection  for  all  con- 
figurations. In  most  cases,  increases  in  the  angle  of  attack 
produced  a small  or  inconsistent  effect  on  the  values  of  A6x 
produced  by  almost  all  the  ailerons;  the  thin-plate  circular- 
plug  aileron  on  the  NACA  65-210  wing  was  the  only  con- 
figuration for  which  ACz,  became  more  negative  with  increased 
angle  of  attack  (figs.  12  and  13). 

The  plug  ailerons  on  both  wings  usually  produced  slightly 
larger  negative  values  of  LCl  than  the  retractable  ailerons. 
This  effect  is  consistent  with  the  fact  that  the  rolling  effec- 
tiveness usually  observed  for  the  plug  aileron  is  greater  than 
that  for  the  retractable  aileron  (references  3 and  5) . A com- 
parison of  the  plug-aileron  and  retractable-aileron  data  ob- 
tained on  the  two  wings  alsoi  shows  that  more  negative  values 
of  ACl  were  generally  obta  ned  on  the  thicker  wing.  (See 
figs.  8 to  11,  16,  19,  20,  and  23.) 

Incremental  drag  coefficient  A(7zj. — The  incremental  drag 
data  of  figures  8 to  23 — which  are  based  on  the  values  of  drag 
coefficient  measured  on  the  wings  at  approximately  a constant 
angle  of  attack  (at  the  values  of  a and  Cl  shown  in  the  figures 
for  zero  aileron  projection) — exhibit  certain  trends  that 
accompanied  the  lift  changes  discussed  in  the  section 
entitled  “Incremental  lift  coefficient  ACx.”  In  most  cases, 
the  incremental  values  of  drag  coefficient  increased  with 
increase  in  aileron  projection;  however,  at  large  values  of 
lift  coefficient  ^vith  the  flap  deflected,  an  opposite  trend  was 
exhibited  over  a part  of  the  projection  range.  The  values  of 
ACd  exhibited  a negligible  or  inconsistent  variation  with 
increase  in  Mach  and  Reynolds  numbers,  except  possibly  at 
low  negative  values  of  Cl  ^vith  flap  retracted  (figs.  8 and  10). 


In  general,  the  values  of  ACd  became  considerably  larger  (or 
more  positive)  as  the  flap  was  deflected  at  a constant  value 
of  lift  coefficient;  however,  an  increase  in  the  angle  of  attack 
and  lift  coefficient  in  any  flap  configuration  generally  caused 
a decrease  in  the  values  of  A(7i?.  This  decrease  in  ACd  became 
more  pronounced  with  increase  in  aileron  projection  and  with 
deflection  of  the  flap  and,  in  some  instances,  particularly  at 
the  higher  lift  coefficients  with  the  flap  deflected,  the  values 
of  ACd  became  negative.  An  analysis  of  the  data  shows  that 
these  trends  result  from  the  smaller  positive  increment  in 
profile  drag  and  the  larger  reduction  in  induced  wing  drag 
produced  by  projection  of  the  ailerons  as  the  angle  of  attack 
and  lift  coefficient  increased. 

For  all  practical  purposes,  however,  some  of  the  afore- 
mentioned changes  in  AC d — particularly  the  decreases  in  the 
values  of  ACd  with  increase  in  C^,  and  the  negative  values  of 
ACd — would  probably  never  be  realized,  by  an  airplane  in 
flight.  The  loss  in  lift  resulting  from  projection  of  the  aileron 
brakes  on  the  airplane  would  probably  have  to  be  restored  by 
an  increase  in  the  wing  angle  of  attack  to  retain  constant  lift 
and  avoid  excessive  accelerations  and  sinking  speeds.  This 
increase  would  result  in  approximately^  a constant  induced 
drag  and  an  increase  in  the  total  wing  drag  because  of  the 
larger  profile  drag  resulting  from  the  higher  wing  angle  of 
attack  and  the  projected  aileron  brakes.  In  order  to  illus- 
trate the  changes  in  ACd  obtained  at  constant  lift  coefficient 
for  various  aileron  projections  over  the  lift-coefficient  range, 
some  of  the  data  of  figures  8 to  23  have  been  analyzed  and 
plotted  as  shown  in  figure  24,  The  values  of  ACd  resulting 
from  aileron  projection,  with  angle  of  attack  varied  to  main- 
tain constant  lift  coefficient,  increased  with  increase  in  aileron 
projection  and  flap  deflection  and,  for  a given  aileron  pro- 
jection, ACd  was  usually  fairly  constant  over  the  lift- 
coefficient  range.  In  addition,  the  incremental  drag  values 
w’^ere  negligibly  affected  by  changes  in  Mach  and  Reynolds 
numbers. 

The  plug  and  retractable  ailerons  produced  approximately 
similar  values  of  ACd  on  each  wing  model,  but  the  two 
circular-plug  ailerons  generally  produced  the  highest  values 
of  ACd  on  the  NACA  65-210  wing  model.  The  data  also 
show  that  more  positive  values  of  ACd  ^yere  usually  obtained 
on  the  NACA  652-215  wing  than  on  the  NACA  65-210  wing 
at  corresponding  aileron  projections  and  lift  coefficients; 
however,  the  large  changes  in  ACd  observed  for  the  plug 
ailerons  on  the  NACA  652-215  wing  at  small  projections 
(figs.  16  to  19,  and  24)  result  principally  from  the  sudden 
opening  of  the  plug  slot  rather  than  from  the  projection  of 
the  aileron  alone,  as  was  discussed  for  the  lateral-control 
investigation  reported  in  reference  5. 

Incremental  pitching-moment  coefficient  ACm* — In  general, 
the  values  of  ACm,  obtained  at  various  aileron  projections 
became  more  negative  (or  less  positive)  with  increase  in 
angle  of  attack  in  all  flap  conditions  and  became  more 
negative  with  increase  in  aileron  projection  in  the  flap- 
retracted  condition.  Changes  in  the  Mach  and  Reynolds 
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numbers  generally  had  a negligible  or  an  inconsistent  effect 
on  the  values  of  ACm  obtained  in  all  flap  conditions,  and 
the.  values  of  ACU  usually  became  less  negative  (or  more 
positive)  with  increase  in  flap  deflection.  Because  all  values 
of  ACm  were  fairly  small,  however,  the  incremental  wing 
pitching  moments  would  probably  be  easily  trimmed  on  an 
airplane,  regardless  of  flap  condition  or  aileron  configuration. 

EFFECT  OF  AILERON  BRAKES  ON  AIRCRAFT  PERFORMANCE 

In  order  to  illustrate  the  utility  and  one  of  the  advantages 
to  be  gained  from  the  changes  in  lift  and  drag  produced  by 
spoiler  ailerons  when  used  as  glide-path  controls  on  an 
airplane,  the  descent  characteristics  from  an  altitude  of 
40,000  feet  of  a typical  high-performance  airplane  with  and 
without  glide-path  controls  were  computed  and  are  presented 
in  figure  25.  Unpublished  wind-tunnel  data  obtained  on 
the  model  of  a high-performance  propeller-driven  airplane 
having  four  engines  were  used  to  determine  the  characteris- 
tics of  the  basic  airplane.  This  airplane  had  a wing  loading 
of  63  pounds  per  square  foot,  a wing  aspect  ratio  of  10.18, 
and  a wung  taper  ratio  of  0.43;  in  addition,  an  effective 
thrust  of  zero  in  the  flap-retracted  condition  was  assumed. 
The  glide-path  controls  assumed  for  the  airplane  were  plug 
ailerons  projected  8 percent  chord  above  both  wing  panels, 
and  the  incremental  data  used  for  the  glide-path  controls 
were  taken  from  data  obtained  on  the  NACA  652-215  wing 
(fig.  16).  Although  the  NACA  652-2  1 5 wing  had  a lower 
aspect  ratio  than  that  of  the  assumed  airplane,  the  lift 
coefficients  at  which  the  assumed  airplane  flew,  in  the 
illustrative  example,  were  low  enough  to  minimize  differences 
in  the  induced  drag  and,  hence,  the  incremental  drag  resulting 
from  aileron  projection.  For  other  cases,  however,  partic- 
ularly at  high  lift  coeflicients,  differences  in  aspect  ratio  may 
cause  appreciable  drag  differences  which  should  be  considered 
in  a performance  analysis.  The  airplane  descent  was 
assumed  to  start  at  an  altitude  of  40,000  feet  and  a Mach 
number  of  0.7,  and  the  airplane  maintained  this  Mach 
number  until  an  indicated  airspeed  of  450  miles  per  hour 
was  reached.  This  indicated  airspeed  was  then  maintained 
for  the  remainder  of  the  descent  to  sea  level. 

As  can  be  seen  from  figure  25,  projection  of  the  plug  aileron 
on  both  wing  panels  of  the  airplane  decreased  the  time  re- 
quired to  descend  from  40,000  feet  to  sea.  level  from  12.3  to 
3.3  minutes.  Also  a decrease  in  the  horizontal  distance  re- 
quired to  reach  sea  level  of  approximately  73  miles  was 
effected  (a  straight  line  of  descent  was  assumed) . This  saving 
of  time  and  distance  in  descending  from  high  altitudes  would 
be  particularly  important  for  an  emergency  condition,  such 
as  failure  in  the  cabin  pressurization,  and  also  for  normal 
operating  conditions,  such  as  at  the  termination  of  a long- 
distance flight  at  the  most  eflPicient  altitude  (reference  12). 

The  illustrative  example  presented  in  the  foregoing  discus- 
sion Avas  computed  Avith  the  assumption  that  the  airplane 
angle  of  attack  was  varied  to  maintain  the  proper  lift  coefiS- 
cient  AAuth  the  flap  retracted.  This  method  of  operation, 
however,  may  not  be  the  most  effective  one.  Deflection  of 
the  flap  and  ailerons  simultaneously  to  provide  the  necessary 
lift  coefl5cient  at  a constant  angle  of  attack — and,  at  the  same 
time,  to  increase  the  drag — or  deflection  of  the  ailerons  AAuth 


the  flaps  deflected  may  result  in  larger  decreases  in  the  time 
and  distance  required  to  reach  sea  level  than  are  shoAvn  in  the 
illustrative  example.  HoAvever,  other  problems,  such  as 
doAmwash  fluctuations  in  the  region  of  the  tail  plane  and 
excessive  flap  loads  possibly  encountered  at  high  Mach  num- 
ber, may  complicate  or  prevent  such  means  of  operation. 
For  the  illustrative  example  (AA^herein  a — 8-percent-chord 
aileron  projection  Avas  emplo3^ed),  in  order  to  maintain  a con- 
stant a approximate!}^  a 10°  deflection  of  the  full-span  flap 
would  probabl}^  be  required  for  simultaneous  operation  of 
flap  and  ailerons  as  glide-path  controls.  In  general,  the 
simultaneous  use  of  the  flaps  and  the  aileron  brakes  Avill  prob- 
ably depend  on  the  variation  of  lift  and  pitching  moment 
desired  for  particular  maneuA^ers,  such  as  fighter  combat 
maneuvers,  in  AAhich  onl}’’  a drag  increment  is  desired. 

In  addition  to  their  action  as  glide-path  controls,  spoiler- 
aileron  brakes  provide  the  added  advantage  of  decreasing 
AAung  bending  moments  b}^  moving  the  spanAvise  center  of 
loading  inboard  on  the  AAungs,  as  shown  in  figure  26.  This 
effect  is  particular!}^  important  and  beneficial  for  airplanes 
during  descent  at  high  speeds  and  lessens  the  possibility  of 
structural  failure  during  this  maneuver,* 

Projection  of  the  ailerons  AAuth  the  flaps  deflected  in  a land- 
ing approach  Avould  also  substantially  aid  the  airplane  in 
landing  over  high  obstacles  and  on  short  landing  fields  and 
AA’^ould  appreciably  decrease  the  length  of  landing  run.  The 
use  of  spoiler  ailerons  as  speed  brakes  to  limit  or  reduce  air- 
plane speed  in  a dive  or  to  reduce  airplane  speed  rapidly  in 
order  to  increase  firing  efiRciency  of  fighter  aircraft  is  also 
feasible,  as  is  apparent  from  the  data  previously  presented. 

Another  functional  advantage  obtainable  AAuth  spoiler- 
aileron  brakes  is  the  possible  use  of  the  ailerons  as  a gust- 
alleAuation  device.  Because  of  the  relatively  greater  adverse 
effects  on  passenger  riding  comfort  and  Aving  structural  loads 
of  gusts  at  high  speeds,  an  automatic  spoiler-aileron  gust- 
alleviation  system  should  be  given  due  consideration. 

Although  a comparison  of  the  characteristics  of  the  spoiler- 
aileron  speed  brakes  discussed  herein  with  the  characteristics 
of  other  brake  deAuces  (such  as  those  of  references  13  to  15) 
is  not  presented,  seA^eral  adA^antages  of  the  aileron  brakes  are 
readily  apparent.  These  adA^antages  include:  The  variable 
braking  control  permitted  by  the  aileron  brakes  as  compared 
Avith  the  inflexibility  of  control  of  some  of  the  other  devices; 
the  use  of  spoiler-aileron  brakes  would  obAuate  the  necessity 
of  including  separate  braking  deAuces  on  an  airplane;  the 
aileron  brakes  may  be  used,  retracted  into  the  wing,  and 
immediately  used  again,  but  a parachute  brake  can  be  used 
only  once  before  disposal  or  repacldng  (on  ^he  ground)  and 
is  inflexible  in  control;  and  also,  the  spoiler-aileron  device 
AA^ould  not  adversely  affect  the  effectiveness  of  adjoining  wing 
controls,  whereas  other  devices  may  (reference  15).  In 
addition,  unlike  reversible-pitch  propeller  brakes  (reference 
16),  spoiler-aileron  brakes  may  be  used  on  aircraft  having 
diverse  propulsive  systems  and  AA^ould  obviate  any  complexity 
involved  in  the  use  of  propeller  brakes  on  conventionally 
poAvered  aircraft.  The  projected  ailerons,  when  used  as 
glide-path  controls  or ’speed  brakes,  probably  Avould  not 
cause  severe  tail  buffeting  inasmuch  as  the  ailerons  are 
placed  on  the  outboard  part  of  the  AA^ing  near  the  tip,  aW  the 


imTBSTIGATION  OF  SPOILER  AILERONS  FOR  USE  AS  SPEED  BRAKES  OR  GLIDE-PATH  CONTROLS 


773 


wake  formed  by  them  would  be  outboard  of  the  tail  surfaces. 
Few  data  are  available,  however,  concerning  any  induced 
effects  of  the  aileron  brakes  on  the  wing  downwash  or  on 
fluctuations  in  the  dovuiwash,  and  further  investigation  of 
such  effects  may  be  desirable. 

ROLLING  CHARACTERISTICS  OF  THE  SPOILER  AILERONS  USED  AS  SPEED 
BRAKES  OR  GLIDE-PATH  CONTROLS 

In  references  3 to  5*,  the  rolling  effectiveness  of  the  plug 
and  retractable  ailerons  on  the  NACA  65-210  and  NACA 
652-215  wings  was  shown  to  be  very  satisfactory  for  noimal 
operation  from  the  retracted  aileron  position.  In  order  to 
illustrate  the  roUing  effectiveness  of  these  ailerons  from  a 
projected  position- — that  is,  when  they  are  used  as  glide-path 
controls  or  speed  brakes — some  of  the  data  previously 
presented  in*  references  3 to  5 have  been  replotted,  with 
zero  rolling  moment  corresponding  to  some  finite  aileron 
projection  on  both  semispans  of  a complete  wing,  and  are 
presented  in  figures  27  to  29.  The  values  of  lift  coefficient 
and  angle  of  attack  listed  on  these  figures  are  those  obtained 
with  the  ailerons  in  the  raised  position  on  both  wing  panels. 

These  data  indicate  that  the  rolling  effectiveness  produced 
by  the  plug  and  retractable  ailerons  from  a projected-aileron 
neutral  position  was  very  satisfactory,  particularly  for  the 
flap-deflected  condition.  For  normal  operation  from  the  re- 
tracted aileron  position,  an  aileron  control-stick  differential 
providing  approximately  equal  up  and  dowm  projections  will 
probably  be  required  for  the  plug  ailerons;  whereas  a differ- 
ential providing  large  up  projections  and  little  or  no  dowm 
projections  for  lateral  control  may  be  required  for  the  re- 
tractable ailerons.  However,  when  the  ailerons  are  also 
used  as  speed  brakes  and  glide-path  controls,  any  extreme 
aileron  control-stick  differential  normally  employed  for 
lateral  control  (such  as  that  for  the  retractable  ailerons) 
would  probably  have  to  change  as  the  brakes  project  on 
both  semispan  wings,  so  that  an  aileron  control-stick  linkage 
allowing  approximately  equal  up  and  dowm  projections  would 
be  obtained  for  moderate  brake  projections  on  both  wing 
panels, 

CONCLUSIONS 

A wind-tunnel  investigation  was  made  to  determine  the 
characteristics  of  plug  and  retractable  ailerons  used  as  speed 
brakes  or  glide-path  controls  on  an  NACA  65-210  and  an 
NACA  652-215  wing  equipped  with  full-span  slotted  flaps. 
The  investigation  was  performed  at  various  Mach  numbers 
from  0.13  to  0.71.  The  results  of  the  investigation  led  to 
the  following  conclusions: 

1.  The  time  for  descent  and  distance  for  descent  from 
high  altitudes  and  wing  bending  moments  can  be  greatly 
reduced  by  use  of  spoiler  ailerons  as  brakes. 

2.  When  used  as  speed  brakes  or  glide-path  controls,  the 
rolling  effectiveness  of  plug  and  retractable  ailerons  need 
not  be  impaired  as  compared  vnth  the  effectiveness  of  the 
ailerons  from  the  fully  retracted  position. 

3.  The  incremental  values  of  drag  coefficient  ACd  pro- 
duced b}^  projection  of  the  ailerons  on  both  wing  panels  of 
a complete  wung  generally  became  more  positive  with  in- 
crease in  aileron  projection  and  flap  deflection  and  were  in- 
consistently or  negligibl}’’  affected  b}’^  changes  in  Mach 


number.  In  addition,  the  ailerons  generally  produced  larger 
increments  of  drag  on  the  thicker  wing  model. 

4.  The  increment  in  lift  coefficient  produced  by  pro- 
jection of  the  ailerons  generally  became  more  negative  with 
increase  in  aileron  projection,  flap  deflection,  and  Mach  and 
Reynolds  numbers. 

5.  In  general,  the  incremental  values  of  pitching-moment 
coefficient  produced  by  projection  of  the  ailerons  were 
fairly  small,  varied  only  slightly  with  changes  in  angle  of 
attack,  Mach  number,  aileron  projection,  or  flap  deflection 
and  were  about  the  same  on  both  wing  models. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  3,  1949, 
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Figure  1. “Plan-form  drawing  of  N^ACA  65-210  semispan  wing  model  equipped  with  basic 
plug  and  retractable  ailerons  and  a full-span  slotted  flap. 


(b) 


(a)  Basic  plug-aileron  configuration. 

(b)  Basic  retractable-aileron  configuration. 

Figure  2.— Section  drawings  of  basic  plug-aileron  and  retractable-aileron  configurations 
investigated  on  NACA  65-210  wing  model. 


Figure  3.— Plan-form  drawing  of  NACA  65-210  semispan  wing  model  equipped  with  circular 
plug  ailerons  and  a full-span  slotted  flap. 


(a)  Thin-plate  circular-plug-aileron  configuration. 

(b)  Double-wall  circular-plug-aileron  configuration. 

Figure  4. “Section  drawings  of  thin-plate  and  double- wall  circular-plug-aileron  configura- 
tions investigated  on  NACA  65-210  wing  model. 
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Figure  5. — Plan-form  drawing  of  XACA  C5i-215  semispan  wing  model  equipped  with  plug 
and  retractable  ailerons  and  .a  fulbspan  slotted  flap. 


..-Aileron  projecfion,  percent  chord 

. -Aileron  (used  as  o plug  oUeron  and- 
o refrpcfoble  oUeron) 

,'Gop  sealed  for  refroctobfe-oHeron 
configuration,  gap  open  for  pfug^ 
aileron  configuration 


■Gap  sealed  for  retractable- aileron 
configuration,  gap  open  for  plug- 
aileron  configuration 


To  L£. 


-85c- 


Aileron  (used  os  a plug  aileron  and 
a retractable  aileron) 

.■■Gap  sealed  for  retract  able -oiler  on 
configuration,  gap  open  for  plug- 
aileron  configuration 


'Gap  sealed  for  retractable 
aileron  configuration,  gap 
open  for  plug-  aileron 
configurofion 

- 748c 


To  L.E. 

(b)_ 


.77c 


X 

Y 

15^ 

0.010c 

0.0^5c 

0.010c 

0.080c 

45^ 

0.010c 

0.0  lOc 

To  TE. 
of  flop 


(a)  Aileron  configuration  on  the  plain  wing. 

(b)  Aileron  configuration  with  flap  deflected. 

Figure  6.— Section  drawings  of  plug-aileron  and  retractable-aileron  configurations  invest!*^ 
gated  on  NACA  65a-215  wing  model. 


Figure  7. — Average  variation. of  Reynolds  number  with  Mach  number.  Reynolds  number 
is  based  on  wing  mean  aerodynamic  chord  of  2.86  feet. 
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Figure  8 —Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  basic  plug  aileron  on  both  semispans  of  the  NAOA  65-210  wing.  Flap 
retracted. 


Figube  9.— Incremental  values  of  lift,  drag,  arid  pitching-moment  coefficients  obtained  by 
projection  of  the  basic  plug  aileron  on  both  semispans  of  the  NACA  65-210  wing.  Flap 
deflected  45®. 


Incremental  drag  coefficient,  ACj 
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Figure  Continued. 
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Figure  9— Concluded. 


Incremenfaf  lift  coefficient^  ACl 


'iGURE  10. — Incremental  values  of  lifti  drag,  and  pil 
by  projection  of  the  basic  retractable  aileron  on  both  s 
Flap  retracted. 
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Figure  11.— Incremental  values  of  lift,  drag,  and  pitching-moment  eoefflcients  obtained  by 
projeetion  of  the  basie  retraetable  aileron  on  both  semispans  of  the  NACA  65-210  wing. 
Flap  deflected  45®. 
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Figure  12.— Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  thin-plate  circular  plug  aileron  on  both  semispans  of  the  NAG  A 65-210 
wing.  Flap  retracted. 


Figure  U.— Concluded. 


Incremental  drag  coefficient,  /XCj, 
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Figure  12— Concluded- 


Figure  12.— Continued. 
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Figuee  14,~Conclude<i. 


Figure  15. — Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  double- wall  circular  plug  aileron  on  both  semispans  of  the  NACA  65-210 
wing.  Flap  deflected  45®. 


Incremental  drag  coefficient,  ACd 
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Figure  15 —Continued, 


787 


INVESTIGATION  OF  SPOILER  AILERONS  FOR  USE  AS  SPEED  BRAKES  OR  GLIDE-PATH  CONTROLS 


Aileron  projection^  percent  chord 


Figure  17.— Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  plug  aileron  on  both  semispans  of  the  N AC  A 65*-215  wing.  Flap  deflected 
15®;  Af =0.13. 


Figure  16. — Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  plug  aileron  on  both  semispans  of  the  NACA  65*-215  wing.  Plain  wing; 
Af=0.l9. 
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Figure  18. — Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  plug  aileron  on  both  seraispans  of  the  NAOA  65?-215  wing.  Flap  deflected 
30®;  M=0.13. 
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Aileron  projection,  percent  chord 

Figure  20— Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  retractable  aileron  on  both  semispans  of  the  NAG  A 65j-215  wing.  Plain 
wing;  Af=0.19. 


Figure  21.— Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  retractable  aileron  on  both  semispans  of  the  NACA  65?-215  wing.  Flap^ 
deflected  15°;  Af=0.13. 
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Figure  22.— Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  retractable  aileron  on  both  semispans  of  the  NAGA  65*-215  wing.  Flap 
deflected  30°;  M=0. 13. 


Aileron  projection,  percent  chord 

Figure  23.— Incremental  values  of  lift,  drag,  and  pitching-moment  coefficients  obtained  by 
projection  of  the  retractable  aileron  on  both  seraispans  of  the  NACA  65j-215  wing.  Flap 
deflected  45°;  M=0.13. 
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(a)  Plug  aileron  on  NACA  65j-2l5  wing. 

Plain  wing;  Af =0.19. 

(b)  Basic  plug  aileron  on  NACA  65-210 

wing.  i/=0°;  Af=0.27. 

(c)  Basic  plug  aileron  on  NACA  65-210 

wing.  6/=45°;  Af=0.13. 


(d)  Retractable  aileron  on  NACA  65?-2l5 

wing.  Plain  wing;  Af=0.19. 

(e)  Plug  aileron  on  NACA  65*-215  wing. 

«/=15°;  M=0.13. 

(f)  Plug  aileron  on  NACA  65*-215  wing, 

3/=45°;  Af=0.13. 


Figuse  24.— Incremental  values  of  drag  coefficient  obtained  at  constant  lift  coefficient  for  several  of  the  wing  aileron  configurations  investigated. 
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Figure  25.— Comparison  of  estimated  elapsed  time  and  ground  distance  covered  during  descent  of  a typical  airplane  from  an  altitude  of  40,000  feet  with  and  without  a glide-path 
control.  Plug  ailerons  raised  to  8-percent-chord  projection  on  both  semispan,  wings  used  as  glidcrpath  control.  (Assumed  airplane  conditions:  wing  loading,  63  Ib/sq  ft;  wing  aspect 
ratio,  10.18;  wing  taper  ratio,  0.43;  effective  propeller  thrust,  0;  5/=0®;  M=0.7  until  F,=450  mph  is  attained.) 


Figure  26.— Effect  of  aileron  projection  on  wing-panel  span  wise  center  of  pressure  of  the 
NACA  65?-215  wing  with  retractable  ailerons.  Plain  wing;  M=0.19. 


Aileron  projection,  percent  chord 

(a)  a/=0°,  M=0.37. 

(b)  5/=45®,  M=0.13. 

Figure  27.— Variation  of  rolling-moment  coefficient  of  complete  wing  with  projection  of 
double-wall  circular  plug  aileron  on  one  semispan  of  NAGA  65-210  wing.  Neutral  position 
. of  ailerons:  —7.3-percent-chord  projection  on  both  semispans  of  a complete  wing.  • (See 
reference  4.) 


Rolling -momen i coef ficien /, 
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(a)  a/=0®,  M=0.41. 

(b)  3/=45°,  Af=0.13. 

FiGUHE  28 —Variation  of  rolling-moment  coefficient  of  complete  wing  with  projection  of 
basic  retractable  aileron  on  one  semispan  of  NACA  65-210  wing.  Neutral  position  of 
ailerons:  —7.0-percent-chord  projection  on  both  semispans  of  a complete  wing.  (See 
reference  3.) 


Aileron  projection,  percent  chord 

(a)  3/=0®,  Af=0.19. 

‘ (b)  3/=45®,  M=0.13. 

Figure  29.— Variation  of  rolling-moment  coefficient  of  complete  wing  with  projection  of 
plug  aileron  on  one  semispan  of  NACA  65r-215  wing.  Neutral  position  of  ailerons:  —8.0 
percent-chord  projection  on  both  semispans  of  a complete  wing.  (See  reference  5.) 
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ANALYSIS  OF  MEANS  OF  IMPROVING  THE  UNCONTROLLED  LATERAL  MOTIONS  OF 

PERSONAL  AIRPLANES  1 

By  Marion  O.  McKinney,  Jr. 


SUMMARY 

A theoretical  analysis  has  been  made  oj  means  of  improving 
the  uncontrolled  motions  oj  personal  airplanes.  The  purpose 
oj  this  investigation  was  to  determine  whether  such  airplanes 
could  be  made  to  jly  uncontrolled  for  an  indefinite  period  oj 
time  without  getting  into  dangerous  attitudes  and  for  a reason- 
able period  oj  time  {1  to  S min)  without  deviating  excessively 
from  their  original  course. 

The  results  oj  this  analysis  indicated  that  the  uncontrolled 
motions  oj  a personal  airplane  could  be  made  safe  as  regards 
spiral  tendencies  and  could  be  greatly  improved  as  regards 
maintenance  oj  course  without  resort  to  an  autopilot.  The 
only  way  to  make  the  uncontrolled  motions  completely  satis- 
factory as  regards  continuous  maintenance  oj  course^  however^ 
is  to  use  a conventional  type  oj  autopilot. 

Theoretical  analysis  indicated  that^  although  most  present-day 
personal  airplanes  possess  a slight  degree  oj  positive  spiral 
stability,  they  can  easily  get  into  dangerous  attitudes  and 
deviate  excessively  from  their  original  course  in  uncontrolled 
flight  because  oj  out-oj-trim  moments  and  insufficient  spiral 
stability.  In  order  to  insure  even'- reasonably  satisfactory  un- 
controlled motions,  these  out-oj-trim  moments  must  be  almost 
entirely  eliminated  by  trimming  the  airplane  in  flight  and  by 
keeping  control-system  friction  low  or  using  some  mechanical 
system  to  provide  positive  centering  oj  the  controls.  Spiral 
stability  can  be  increased  by  increasing  tail  length  or  increasing 
the  vertical-tail  area  and  dihedral  angle  simultaneously,  or  by 
increasing  all  oj  these  factors  simultaneously,  without  adversely 
affecting  the  flying  qualities  oj  the  airplane. 

INTRODUCTION 

The  problem  of  making  a personal  airplane  fly  uncontrolled 
for  an  indefinite  period  of  time  without  getting  into  danger- 
ous attitudes  and  for  a reasonable  period  of  time  (1  to  3 
min)  without  excessive  change  in  heading  has  attracted 
considerable  interest.  Personal  airplanes,  when  flown  b}^ 
inexperienced  pilots  or  vdthout  the  proper  instruments,  may 
get  into  dangerous  attitudes  during  periods  of  blind  fl^^ing. 
They  ma}^  also  wander  off  course  while  the  pilot  is  busy  \vith 
maps  and.  navigation  problems  or  is  othenvise  occupied  so 
that  he  does  not  concentrate  on  fl3-ing  the  airplane.  An 
analysis  has  been  made  therefore  to  determine  means  of 
improving  the  uncontrolled  motions  of  a personal  airplane. 
Although  an  airplane  may  possess  sufficient  stability  to 


insure  its  return  to  the  original  flight  attitude  following  a 
disturbance  such  as  a gust,  it  cannot  be  expected  to.  return 
to  its  original  heading  with  respect  to  the  compass  without 
the  application  of  corrective  control.  If  an  autopilot  is  not 
used  to  supph^  this  control  action,  the  problem  then  becomes 
one  of  making  the  airplane  safe  in  uncontrolled  flight  and 
reducing  the  deviation  from  course  to  a minimum. 

SYMBOLS 

All  forces  and  moments  are  referred  to  the  stability  system 
of  axes  which  is  defined  as  an  orthogonal  system  having  its 
origin  at  the  center  of  gravity  and  the  Z-axis  in  the  plane  of 
symmetiy  and  perpendicular  to  the  relative  wind  (positive 
direction  dowmward),  the  X-axis  in  the  plane  of  s^unmetry 
and  perpendicular  to  the  Z-axis  (positive  direction  forward), 
and  the  F-axis  perpendicular  to  the  plane  of  symmetry 
(positive  direction  to  right). 

S wing  area,  square  feet 

St  vertical  tail  area,  square  feet 

b wing  span,  feet 

I distaiice  from  airplane  center  of  gravity  to  vertical- 

tail  center  of  pressure,  feet 
m mass  of  airplane,  slugs 

p air  density,  slugs  per  cubic  foot 

V airspeed,  feet  per  second 

q dynamic  pressure,  pounds  per  square  foot  p 

P angle  of  sideslip,  degrees  except  where  otherwise 

noted 

r v^awing  angular  velocity,  radians  per  second 

✓ 

p rolling  angular  velocit}^,  radians  per  second 

Cl  lift  coeflicient  (Lift/gS) 

Cy  lateral-force  coefficient  (Lateral  force/gS) 

Cl  rolling-moment  coefficient  (Bolling  moment/gS6) 

Cn  yawing-moment  coefficient  (Ya\\dng  moment/gS6) 

'Cy^  variation  of  lateral-force  coefficient  \vith  angle  of 
sideshp  in  radians  (5(7r/&/3) 

Ci^  variation  of  rolling-moment  coefficient  with  angle 

of  sideshp,  per  degree  except  where  otherwise 
noted  (dCil^P) 

Cn^  variation  of  A^awing-moment  coefficient  with  angle 

of  sideshp,  per  degree  except  where  otherwise 
noted  (dCnlpP) 


iSu'persedes  NACA  TN  1997,  “Analysis  of  Means  of  Improving  the  Uncontrolled  Lateral  Motions  of  Personal  Airplanes”  by  Marion  O.  McKinney,  Jr.,  1949.  ^ 
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Ci^  variation  of  rolling-moment  coefficient  with  ya\\dng- 
angular-velocity  factor  (^Cijb 

On^  . variation  of  3^avdng-moment  coefficient  with  a- awing- 
angular-velocity  factor  ^56’„/d 
Oi^  variation  of  rolling-moment  coefficient  with  rolhng- 
angular-velocit^^  factor 

Cn^  variation  of  A^avdng-moment  coefficient  with  rolhng- 

angular-velocity  factor 

slope  of  lift  curve  of  A^ertical  tail 

kx  radius  of  g^n-ation  about  X-axis,  feet 

kz  ' radius  of  g}a*ation  about  Z-axis,  feet 
fjL  relative-densiW  factor  (mIpSb) 

CALCULATIONS 

Two  types  of  calculations  were  performed  in  the  present 
investigation:  calculations  of  spiral-stabilit}^  boundaries  and 
calculations  of  the  motions  of  several  configurations  of  a 
hypothetical  personal  airplane  for  several  disturbances.  The 
characteristics  of  the  basic  airplane,  which  is  fairly  representa- 
tive of  present-day  two-place  ^personal  aiiplapes,  are  given 
in  references  1 and  2 and  were  determined  by  averaging  the 
characteristics  of  several  personal  airplanes.  The  various 
modified  configurations  include  changes  in  the  dihedral 
angle,  vertical-tail  area,  and  tail  length  for  improving  the 
uncontrolled  motions  of  the  conventional  personal -airplane 
configuration.  The  results  of  the  calculations  appl}^  directly 
onl}^  to  the  hypothetical  personal  airplane  which  had  a wing 
loading  of  9.25  pounds  per  square  foot  and  a span  of  32  feet. 
The  results  can  be  applied  fairly  well  to  specific  personal 
airplanes,  however,  by  diAuding  the  values  of  time  b}^ 
10  5 fW  W 

V ^ Avhere  and  b are  the  wing  loading  and  span,  re- 

spectivel}',  of  the  specific  airplane. 

The  spiral-stabihtA^  boundaries  Avere  calculated  by  the 
method  presented  in  reference  3 which  states  that,  for  level 
flight,  neutral  spiral  stability  occurs  when 

Ct,  Cn~Cn,  0^^ 


The  A^alues  of  the  stabihty  derivatives  Cn^,  and  used 
in  the  boundary  calculations  are  given  in  table  I.  The 
derivative  Gi^  Avas  treated  as  the  dependent  variable.  The 


TABLE  I.~ VALUES  OF  STABILITY  DERIVATIVES  USEp  IN 
CALCULATIONS  OF  SPIRAL-STABILITY  BOUNDARIES 


c 

«r 

Normal  tail 
arm  (0.466) 

Long  tail 
arm  (0.926) 

0 

-0. 039 

-0. 078 

.001 

-.092 

-.184 

.002 

145 

-.290  ■ 

.003 

-.199 

-.398 

.004 

-.252 

-.505 

.005 

-.305 

-.610 

^‘r 

Ailerons 

fixed 

Ailerons 

free 

0.20 

0.050 

.35 

.086 

0.030 

.40 

.100 

.60 

.150 

.80 

.200 

. ... 

spiral-stabihty  boundaries  were  calculated  with  the  assump- 
tion that  the  value  of  Gn^  was  increased  b}^  increasing  the 
A^ertical-tail  area  so  that  the  A^alue  of  increased  as  Gns 
increased. 

The  rolling  and  3’awing  motions  of  the  airplane  following 
various  control  and  gust  disturbances  were  calculated  by 
using  the  equations  of  motion  presented  in  reference  3. 
The  apphed  disturbing  moments  used  in  the  calculations 
are  giA^en  in  table  II  and  the  stability  deriA^atives  used  in  the 
motion  calculations  are  presented  in  table  III.  The  hft 
coefficient  of  0.35  is  fairty  representative  of  the  hft  coefficient 
of  personal  aii'planes  at  cruising  speed,  and  the  lift  coefficient 
of  1.8  represents  the  maximum  hft' coefficient  of  the  airplane 
with  flaps  down. 

RESULTS  AND  DISCUSSION 

A personal  airplane  may  get  into  a dangerous  attitude  or 
dcAuate  excessive!}^  from  its  original  course  in  uncontrolled 
flight  as  far  as  its  lateral  characteristics  are  concerned  for  two 
reasons:  it  ma^^  be  out  of  trim,  or  it  may  be  spirally  unstable. 

TABLE  II.— CONDITIONS  FOR  WHICH  MOTIONS  AVERE 
CALCULATED 


Type  of  disturbance 

Cn 

50°  total  aileron  deflection 

1.80 

0. 040 

-0.008 

50°  total  aileron  deflection 

.35 

.060 

-.002 

1°  total  aileron  deflection 

.35 

.002 

-.00005 

1°  rudder  deflection 

.35 

0 • 

.001 

Rolling  gust 

.35 

.004 

0 

TABLE  III.— VALUES  OF  STABILITY  DERIVATIVES  USED 
IN  CALCULATIONS  OF  MOTIONS 

[m=3.76,  kx^O.mb,  6^=0. 1836] 

(a)  Ci=0.35 


Derivative 

Configuration 

1 

lA 

2 

3 

4 

5 

6 

-0. 274 

-0.  274 

-0. 274 

-0.  510 

-0.274 

-0.  274 

-0.  510 

-.067 

-.067 

-.137 

-.180 

-.067 

-.  137 

-.180 

>c 

.064 

.064 

.or>t 

.172 

.064 

.064 

.172 

-.425 

-.425 

-.425 

-.425 

-.425 

-.425 

-.425 

-.022 

-.022 

-.022 

-.022 

-.022 

-.022 

-.022 

.086 

.030 

.086 

.086 

.086 

.086 

.086 

-.’097 

-.194 

-.097 

-.196 

-.194 

-.194 

-.392 

(b)  Cx,  = 1.80 


Derivative 

Configuration 

1 

2 

3 

4 

5 

6 

-0.808 

-0.808 

-1,044 

-0.808 

-0.808 

-1.044 

la 

-.130 

-.259 

-.143 

-.130 

-:259 

-.143 

.086 

.086 

.194 

.086 

.086 

.194 

-.442 

-.442 

-.442 

-.442 

-.442  , 

-.442 

-.074 

-.074 

-.074 

-.074 

-.074 

-.074 

Cl. 

.442 

.442 

.442 

.442 

.442 

.442 

Cn, 

-.220 

-.220 

-.319 

-.317 

-.317 

-.517 

» S in  radians. 


ANALYSIS  OF  MEANS  OF  IMPROVING  THE  UNCONTROLLED  LATERAL  MOTIONS  OF  PERSONAL  AIRPLANES  797 


Several  factoi*s  are  involved  in  eliminating  out-of-trim 
moments  and  spiral  stability  may  be  increased  by  several 
means.  The  present  analysis  therefore  is  divided  into  two 
parts  for  convenience  in  discussion.  The  first  part  treats 
the  uncontrolled  motions  of  a conventional  personal  airplane 
and  means  of  improving  these  motions  without  changing  the 
geometric  configuration  of  the  au*plane.  The  second  part 
treats  the  uncontrolled  motions  of  various  configurations 
modified  geometrically  to  improve  the  spiral  stability. 

CONVENTIONAL  AIRPLANE  CONFIGURATION 

Spiral  stability. — An  airplane  must  be  spirally  stable  if 
it  is  to  fly  uncontrolled  without  diverging  from  its  original 
attitude.  The  first  step  in  an  analysis  of  means  of  improving 
the  uncontrolled  lateral  motions,  therefore,  is  to  determine 
whether  present-day  personal  airplanes  are  spirally  stable. 
An  indication  of  whether  such  airplanes  are  spirally  stable 
can  be  obtained  from  figure  1.  This  figure  shows  calculated 
spiral-stability  boundaries  for  a hypothetical  personal  air- 
plane at  various  lift  coefficients  with  fixed  controls  as  func- 
tions of  the  directional-stability  parameter  and  the 
effective-dUiedral  parameter  — Ci^.  An  airplane  for  which 
the  point  on  the  chart  woidd  be  on  the  right  side  of  the 
boundary  is  spirally  stable ; whereas  one  for  which  the  point 
would  be  on  the  left  side  of  the  boundary  is  spirally  unstable. 
The  crosshat  died  region  indicates  the  position  in  which 
points  for  most  present-day  peisonal  airplanes  would  be 
located  on  the  chart.  The  lift  coefficient  corresponding  to 
the  cruising  speed  was  determined  for  several  personal  air- 
planes from  published  performance  specifications  and  was 
found  to  be  between  0.25  and  0.35.  The  data  presented  in 
figure  1 indicate  therefore  that  most  present-day  personal 
airplanes  possess  a slight  degree  of  positive  spiral  stability 
for  the  criiising-flight  condition  for  which  good  uncontrolled 
behavior  is  most  desired. 

The  significance  of  a slight  degree  of  positive  spiral  stability 
is  illustrated  by  the  calculated  motion  of  the  hypothetical 
personal  airplane  following  a disturbance  by  a .rolling  gust. 
The  location  of  the  point  representing  this  airplane  relative  to 
the  spiral-stability  boundary  is  shown  in  figure  2 (a)  where 
the  conventional  personal  airplane  with  controls  fixed  is  desig- 
nated configuration  1.  The  motion  of  this  airplane  following 

a disturbance  by  a mild  rolling  gust  ^^=0.01  for  I sec^ 

is  presented  in  figure  3 where  the  variations  of  the 
angles  of  bank  and  heading  with  time  are  shown.  This 
figure  shows  that  the  gust  caused  the  airplane  to  bank  about 
5°  and  that  the  airplane  slowly  returned  toward  0°  bank. 
As  a result  of  this  bank,  the  airplane  turned  considerably  off 
its  original  course.  This  motion  represents  about  as  pooJ 
behavior  as  could  be  expected  of  present-day  personal  air- 
planes since  the  directional  stability  of  the  hypothetical 
airplane  (C„3=0.00115)  is  higher  than  that  of  most  personal 
airplanes  and  the  cruising  lift  coefficient  of  the  hypothetical 
airplane  (Cl=0.35)  is  as  high  as  that  of  any  present-day 
personal  airplane.  Most  personal  airplanes,  particularly 
those  with  relatively  high  performance,  would  be  expected 


to  return  toward  0°  bank  more  rapidly  and  turn  less  in 
response  to  the  same  disturbance  than  configuration  1 since 
they  would  probably  be  more  spirally  stable  than  this 
hypothetical  airplane. 

The  effect  on  spiral  stabiUty  of  freeing  the  ailerons  is 
illustrated  by  the  calculations  for  the  hypothetical  personal 
airplane  wdth  ailerons  free,-  designated  configuration  lA. 
The  following  assumptions  were  made  for  these  calculations: 
that  the  value  of  — Ci^  was  not  affected  by  the  freeing  of 
the  ailerons,  that  the  airplane  had  an  NACA  4412  airfoil 
section  with  Frise  ailerons,  and  that  no  friction  was  present 
in  the  aileron  control  system  to  prevent  the  ailerons  from 
floating  freely.  These  ailerons  have  a strong  up-floating 
tendency  so  that,  as  the  airplane  turns  with  the  stick  free, 
the  aileron  on  the  faster-moving  wing  deflects  up  and  the 
aileron  on  the  slower-moving  wing  deflects  down.  This 
movement  of  the  ailerons  tends  to  roll  the  airplane  out  of 
the  turn.  In  effect,  this  movement  of  the  ailerons  causes 
the  value  of  Cij,  to  be  lower  with  stick  free  than  with  stick 
fixed  and  thereby  shifts  the  spiral-stability  boundary  as 
shown  for  configuration  lA  in  figure  2 (b).  This  effect  of 
freeing  the  ailerons  on  the  motion  resulting  from  a rolling- 
gust  disturbance  is  illustrated  in  figure  3 which  shows  that 
with  the  ailerons  free  (configuration  lA)  the  ahplane  returns 
toward  0°  bank  more  rapidly  and  does  not  turn  so  far  off 
the  course  as  with  the  ailerons  fixed.  The  airfoil  section 
and  the  aileron  balance  assumed  for  configuration  lA  give 
about  as  much  up-floating  tendency  as  can  bo  expected  with- 
out resort  to  some  such  device  as  downwardly  deflected 
tabs  on  the  ailerons  to  provide  additional  up-floatmg 
tendency;  therefore,  the  difference  between  the  motions  for 
configurations  1 and  lA  represents  the  maximum  that  can 
be  expected  from  freeing  the  ailerons  unless  additional 
up-floating  tendency  is  provided. 


Figubb  1. — Spiral-stability  boundaries  for  a personal  airplane  with  fixed  controls. 
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(a)  Ailerons  fixed. 

(b)  Ailerons  free. 

Figure  2.— Spiral  stability  of  the  conventional  personal  airplane  for  configurations  1 and  lA. 

The  effect  of  freeing  the  rudder  can  be  ascertained  from 
an  analysis  of  the  equation  for  neutral  spiral  stability 
{Ci^On^=  Freeing  the  rudder  changes  the  values  of  (7«^ 

and  in  approximately  the  same  ratio  so  that  freeing  the 
rudder  has  almost  no  effect  on  spiral  stability. 

The  analysis  has  sho\vn  that  most  present-day  personal 
airplanes  are  spirally  stable  with  the  controls  fixed  and  will 
return  toward  0®  bank  following  a disturbance  although 
they  will  have  changed  heading  somewhat  and  that  these 
auq)lanes  are  just  as  spirally  stable  or  even  more  spirally 
stable  with  controls  free  than  with  controls  fixed.  It  is 
knoAvn,  however,  that  in  uncontrolled  flight  most  personal 
airplanes  tend  to  deviate  from  their  original  attitude  and 
not  return.  Smce  this  characteristic,  therefore,  cannot 
usually  be  attributed  to  spiral  instability  it  must  result 
from  out-of-trim  moments. 


Figure  3.— Motions  of  the  conventional  personal  airplane  resulting  from  a mild  gust  dis- 
turbance (gust  strength  ^^^=6.01  for  1 sec)  for  the  two  configurations  shown  in  figure  2. 

Out-of-trim  moments. — Almost  all  personal  airplanes  are 
out  of  trim  in  roll  and  yaw  to  a certain  extent  because  of 
improper  rigging,  change  of  trim  with  power,  absence  of 
trim  tabs,  and  control-system  friction  which  prevents  proper 
centering  of  the  controls.  As  pointed  out  previously,  an 
airplane  has  no  stability  of  course.  An  airplane  which  is 
out  of  trim  cannot,  therefore,  be  reasonably  expected  to  fly 
uncontrolled  for  an  appreciable  period  of  time  without  con- 
siderable change  in  heading.  Trim  tabs,  or  some  other 
means  of  trimming  the  airplane  in  flight  should  be  considered 
essential,  therefore,  if  the  airplane  is  to  fly  uncontrolled  for 
a reasonable  period  of  time  without  excessive  change  in 
heading.  Control-system  friction  will  tend  to  hold  the  con- 
trols in  the  proper  position  after  the  pilot  has  trimmed  the 
airplane  with  the  stick  and  the  rudder  pedals,  but  it  will 
cause  considerable  trouble  that  tends  to  offset  this  one  good 
characteristic.  For  example,  friction  keeps  the  controls  from 
centering  after  the}^  are  deflected  by  a gust  or  other  dis- 
turbance. Friction  also  obscures  the  feel  of  the  controls,  a 
condition  which  is  always  objectionable,  particularly  since 
the  pilot  cannot  center  the  controls  without  the  aid  of 
instruments  under  blind-flying  conditions. 

The  effect  of  out-pf-trim  moments  on  the  uncontrolled 
motions  of  the  hypothetical  pei'sonal  airplane  is  shown  in 
figures  4 and  5.  Figure  4 shows  the  variation  of  bank  and 
heading  with  tune  when  the  ailerons  are  1°  out  of  trim  and 
figure  5 shows  similar  motions  for  the  case  of  1°  out-of-trim 
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Figure  4.— Motions  of  the  conventional  personal  airplane  resulting  from  1®  out-of-trim  aileron 
- deflection  for  the  two  configurations  shown  in  figure  2. 


rudder  deflection.  The . calculated  motions  presented  in 
these  figures  show  that,  if  either  the  ailerons 'or  rudder  are 
out  of  trim,  the  aii'plane  will  bank  and  turn  at  a fahly  rapid 
rate  with  no  tendency  to  return  to  its  original  attitude  as 
regards  either  bank  or  heading.  This  is  true  either  with  the 
ailerons  fixed  (configuration  1)  where  the  airplane  has  slight 
positive  spiral  stability  or  with  ailerons  free  (configuration 
lA)  where  the  airplane  has  considerably  more  spiral  stability. 
It  is  apparent  from  these  calculated  motions  that  almost  no 
oiit-of-trim  moments  can  be  tolerated  so  that,  in  addition 
to  providing  some  means  of  trimming  the  airplane  in  flight, 
the  effect  of  control-system  friction  in  holding  the  controls 
deflected  and  obscuring  the  feel  of  the  controls  must  be 
eliminated. 

As  pointed  out  in  reference  4,  the  allowable  limits,  for 
control-system  friction  cannot  be  set  at  the  present  time. 
Vibration  of  the  airplane  may  relieve,  to  a certain  extent, 
the  effect  of  friction  in  holding  the  controls  deflected  so  that 
the  allowable  limits  for  control  friction  cannot  be  determined 


Figure  5.— Motions  of  the  conventional  personal  airplane  resulting  from  1°  out-of-trim 
rudder  deflection  for  the  two  configurations  shown  in  figure  2. 

solely  from  static  'considerations  of  the  aerodynamic  and 
frictional  hinge  moments.  Some  special  flight  research  work 
is  required  to  establish  an  upper  limit  for  the  allowable 
friction  as  regards  proper  centering  of  the  ailerons  and  rudder 
to  prevent,  an  airplane  from  getting  into  dangerous  attitudes 
or  deviating  excessively  from  its  original  course  in  uncon- 
trolled flight. 

If  keeping  the  friction  forces  in  the  control  system  low 
enough  is  found  to  be  too  difiicult  to  be  practical  for  a 
personal  airplane,  some  mechanical  de'vice  might  be  em- 
ployed that  woifld  eliminate  the  effect  of  friction  vuthout 
necessitating  the  elimination  of  the  friction.  One  such 
device,  the  effect  of  which  is  being  studied  experimentally  in 
flight  tests  at  the  Langley  Aeronautical  Laboratory,  is 
illustrated  schematically  in  figure  6.  This  device  consists 
essentiallr’'  of  preloaded  springs  that  pro'vide  positive  center- 
ing for  the  controls  since  at  any  deflection  they  prordde  a 
restoring  force  which  is  greater  than  the  static-friction  force 
in  the  control  s\'stem.  Since  these  springs  would  cause  a 
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(a)  Stick  centered.  (b)  Stick  deflected. 

Figure  6.— Schematic  diagram  of  a device  for  positively  centering  the  controls. 


nonlinear  control-force  gradient  tlirougli  zero  deflection 
which  might  be  annoying  to  the  pilot  at  times,  means  for 
engaging  and  disengaging  the  centering  device  at  will  might 
be  required.  Because  of  the  stretch  in  the  control  S3’^stem, 
such  a device  might  preferabl}^  be  installed  at  the  ailerons 
and  rudder  rather  than  on  the  control  stick  or  rudder  pedals 
as  indicated  b}'  the  sketch.  This  device  could  also  be  used 
to  trim  the  airplane  if  the  preload  in  the  springs  is  greater 
than  the  control  forces  required  for  trim. 

If  out-of-trim  moments  are  eliminated  by  trimming  the 
airplane  in  flight  and  by  eliminating  the  effect*  of  control- 
system  friction  in  preventing  the  controls  from  centering 
properly,  a conventional  personal  airplane  should  be  fairly 
safe  as  regards  the  ability  to  fly  uncontrolled  for  indefinite 
periods  of  time  without  getting  into  a dangerous  attitude 
and  should  be  fairly  satisfactory  as  regards  the  ability  to  fly 
uncontrolled  for  reasonable  periods  of  time  without  excessive 
deviations  from  its  original  course.  A considerable  improve- 
ment in  the  uncontrolled  motions  of  a personal  airplane  may, 
however,  be  obtained  by  modifying  it  to  obtain  greater  spiral 
stability. 

MODIFIED  AIRPLANE  CONFIGURATION  , 

Several  means  are  available  for  modifying  a conventional 
personal  airplane  so  as  to  increase  its  spiral  stability.  These 
methods  are  fairly  obvious  from  examination  of  the  relation 
from  reference  3 which  shows  that  an  airplane  is  spirally 
stable  when 

This  expression  indicates  that  spiral  stabihty  can  be  increased 
by  increasing  the  values  of  —Ci^  and or  by  reducing  the 
values  of  and  Ci^.  The  value  of  — Ci^  can  be  increased  b\^ 
increasing  the  dihedral  angle  without  appreciably  affecting 
the  other  stability  derivatives.  The  values  of  Cn^  and  — 
are  both  functions  of  the  vertical-tail  size  and  tail  length  as 
shown  by  the  following  approximate  equations: 


and 


where  the  principal  assumption  is  that  the  airplane  has  about 
zero  Cn^  mthout  a vertical  tail.  These  two  equations  indi- 
cate that  Cn^  and  — Cn^  can  be  varied  either  simultaneous^^  or 
independentlA^  hy  adjusting  the  vertical-tail  area  and  tail 
length.  The  value  of  Ci^  cannot  be  changed  greatly  for  the 
controls-fixed  condition  b}^  changes  to  the  geometr}^  of  the 
airplane.  As  preriousl}^  mentioned,  however,  can  be 
varied  considerabl}^  with  the  ailerons  free  b}’^  adjusting  the 
aileron  floating  characteristics. 

As  pointed  out  in  reference  4,  the  design  conditions  for 
increasing  sphal  stability  often  conflict  with  other  factors 
knowm  to  be  essential  in  the  attainment  of  satisfactory  flying 
qualities.  Wlien  an  airplane  is  modified  so  as  to  improve  its 
im  con  trolled  motions  by  increasing  its  spiral  stability,  the 
effect  of  these  changes  on  its  fl}^ing  qualities  should  be  con- 
sidered. The  discussion  of  the  effects  of  modifications-  to 
the  conventional  personal  airplane  is  presented  in  two  parts: 
the  effect  on  flying  qualities  and  the  effect  on  the  imcon- 
trolled  motions. 

Effect  of  modifications  on.  flying  qualities. — Experience 
has  shown  that  increasing  the  dihedral  angle  of  an  airplane 
so  as  to  increase  its  spiral  stability  causes  its  flying  qualities 
to  become  less  satisfactory  since  the  rolling  velocity  in  an 
aileron  roll  tends  to  reverse.  With  most  personal  ahplanes, 
however,  some  increase  in  dihedral  angle  can  be  effected 
without  causing  the  flying  qualities  to  become  unsatisfactory. 
Experience  has  also  showm  that  the  spiral  stability  of  most 
personal  airplanes  should  not  be  increased  by  reducing  the 
size  of  the  vertical  tail  (^reducing  since  this  change 
would  result  in  unsatisfactory  flying  qualities  in  the  form  of 
excessive  sideslip  in  aileron  rolls.  Analysis  of  figure  1 in- 
dicates that  the  spiral  stability  of  a personal  airplane  can 
be  increased  by  increasing  the  vertical-tail  area  and  dihedral 
angle  simultaneously  so  as  to  maintain  the  same  ratio  of 
On^  to  Ci^  as  that  of  the  original  airplane.  This  change  can 
be  made  without  sacrificing  controllability.  The  effect  of 
increasing  the  tail  length  and  reducing  the  tail  size  of  a 
personal  airplane  so  as.  to  increase  the  damping  in  yaw  with- 
out increasing  Cn^  has  not  been  definitely  determined. 
Flight  experience  with  models  has  indicated,  however,  that 
increasing  the  tail  length  will  not  have  an  adverse  effect  on 
controllability. 

On  the  basis  of  this  analysis  several  modified  configura- 
tions of  the  hypothetical  conventional  personal  airplane  were 
chosen  for  a more  detailed  analysis  of  flying  qualities  and 
uncontrolled  motions.  These  configurations  are  indicated 
by  the  sketches  of  figure.  7 and  by  the  sphal  stability  charts 
of  figiu’e  8.  Configuration  1 represents  the  conventional 
personal  airplane  which  is  used  as  a basis  for  comparison. 
Configuration  2 represents  an  airplane  with  an  increase  in 
dihedral  angle  of  about  6°  from  configuration  1.  Configu- 
ration 3 incorporates  an  increase  in  dihedral  angle  of  10®  and 
an  increase  in  vertical-tail  area  of  about  2.5  Times  that  of 
configuration  1.  Configuration  4 represents  an  airplane 
having  twice  the  tail  length  and  half  the  tail  area  of  the 
conventional  personal  airplane.  Configuration  5 represents 
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a combination  of  the  high  dihedral  of  configuration  2 and 
the  tail  length  and  tail  area  of  configm'ation  4.  • Configura- 
tion 6 incorporates  a simultaneous  increase  in  dihedral  angle 


Configurofion  1 


Configuration  2 Configurofion  3 


Configurofion  4 Configuration  5 Configurofion  3 

Figure  7.— Sketches  of  the  conventional  personal  airplane  (configuration  1)  and  the  modified 
airplanes  (configurations  2 to  6). 


(a)  f=0,466. 

(b)  l=0.Q2b. 

Figure  8. — Spiral  stability  of  the  conventional  personal  airplane  (configuration  1)  and  the 
♦ modified  airplanes  (configurations  2 to  6). 


of  10®  and  an  increase  in  vertical-tail  area  of  about  2.5  times 
that  of  configuration  4. 

The  effects  of  these  various  modifications  on  controllability 
are  shown  in  figure  9 by  the  calculated  rolling  motions  re- 
sulting from  50®  total  aileron  deflection.  Figure  9 (a)  shows 
that  the  controllability  in  cruising  flight  is  not  greatly  affect- 
ed by  any  of  the  modifications  to  the  conventional  personal- 
ahplane  configuration.  Figure  9 (b),  however,  shows  that 

Configure  fion 


(a)  Cl =0.35. 

(b)  Cl=1.80. 

Figure  9.— Rolling  motions  resulting  from  50®  total  aileron  deflection  for  the  six  configurations 
shown  in  figures  7 and  8. 
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increasing  the  dihedral  angle  (configiu*ations  1 to  2 or  4 to  5) 
has  a pronounced  adverse  effect  on  the  controUabilit}^.  The 
fl}"ing  qualities  for  configuration  2 are  unsatisfactory  since 
the  rolling  velocity  reverses.  Increasing  the  damping  in 
yaw  (configurations  1 to  4 or  2 to  5)  or  increasing  the  diliedral 
angle  and  vertical-tail  area  simultaneously  (configui’ations 
1 to  3 or  4 to  6)  improves  the  controllability  of  the  airplane 
at  high  lift  coefficients. 

Effect  of  modifications  on  uncontrolled  motions. — The 
effects  of  the  various  modifications  on  the  uncontrolled 
motions  of  the  personal  airplane  are  shown  in  figures  10  to 
12.  These  figures  show  that  all  the  modifications  for  increas- 
ing the  spiral  stability’'  of  the  airplane  improved  its  uncon- 
trolled motions.  In  response  to  a rolling  gust  (fig.  10)  the 
modified  configurations  returned  toward  0^^  bank  more 
rapidly  and  did  not  turn  as  far  off  course  as  the  original 
airplane  configuration.  In  response  to  an  out-of-trim  aileron 
or  rudder  deflection  (figs.  11  and  12)  the  modified  configura- 
tions did  not  bank  as  far  or  turn  off  course  as  fast  as  the 
original  airplane  configuration.  These  data  indicate  that, 
if  a personal  airplane  is  modified  so  as  to  increase  its  spiral 
stabilit}^  larger  out-of-trim  moments  can  be  tolerated  than 
on  the  conventional  configuration. 

Increasing  the  dihedral  angle  alone  (configurations  1 to  2 
or  4 to  5)  is  the  least  effective  method  of  impro^dng  the 
uncontrolled  motions  of  a personal  aii’plane  since  the  motions 
resulting  from  an  out-of-trim  rudder  deflection  are  about  the 


Figure  10.— Motions  resulting  from  a mild  gust  disturbance  (gust  strength  ^=0.01  for  1 sec) 
for  the  six  configurations  shown  in  figures  7 and  S. 


same  with  the  liigh  dihedral  as  with  the  original  dihedral. 
(See  figs.  10  to  12.)  Since  increasing  the  dihedral  alone 
also  causes  the  controllability  to  become  less  satisfactory, 
this  method  of  increasing  the  spiral  stabiht}^  does  not  appear 
to  be  veiy  satisfactory.  Changing  the  tail  length  of  personal 
airplanes  veiy  much  is  probably  not  ver^^  practical  because 
of  the  greater  landing-gear  length  required  when  the  tail 
length  is  increased.  -The  most  practical  method  of  increasing 
the  spiral  stabilit}^  of  a personal  amplan^  so  as  to  improve 
its  uncontrolled  motions  appears  to  be  to  increase  its  dihedral 
angle  and  vertical-tail  area  simultaneous!}^  (configurations 
1 to  3 and  4 to  6),  so  as  to  keep  the  ratio  of  Cn^  to  Ci^  about 
the  same,  and  to  use  as  great  a tail  length  as  is  practical. 
As  pointed  out  previously,  it  is  also  possible  to  improve  the 
uncontrolled  motions  still  more  for  the  control-free  condition 
by  increasing  the  upward-floating  tendenc}^  of  the  ailerons 
provided  there  is  no  friction  to  prevent  the  ailerons  from 
floating  freely.  This  change  probably  would  not  affect  the 
controllability  of.  the  airplane. 


Figure  1L— Motions  resulting  from  l®  out-of-trim  aileron  deflection  for  the  six  configurations 
shown  in  figures  7 and  8. 
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GENERAL  CONSIDERATIONS  REGARDING  MAINTENANCE  OF  COURSE 

As  pointed  out  previousl}^,  an  ah-plane  has  no  stability 
of  coui*se  and  consequently  cannot  be  expected  to  return  to 
its  original  course  after  a disturbance  unless  a conventional 
type  of  autopilot  is  used.  This  fact  is  illustrated  in  figures  3 
and  10  where  it  is  showui  that  there  is  a change  of  heading 
after  a gust  disturbance  even  for  very  spirally  stable  con- 
figurations. Continuous  maintenance  of  coiu'se  cannot, 
therefore,  be  obtained  without  an  autopilot.  Fairh’'  good 
maintenance  of  coui'se  over  a reasonably  long  period  of  time 
should  be  possible,  however,  without  an  autopilot  if  the  air- 
plane is  spirally  stable  and  stays  in  trim.  From  the  theory 
of  random  motion,  the  deviation  from  course  due  to  random 
gust  disturbances  would  be  expected  to  average  out  to  no 
deviation  over  an  infinite  period  of  time.  For  any  finite 
period  of  time,  however,  the  deviations  from  coui-se  due 
to  random  gusts  would  tend  to  add'  up  to  no  deviation  but 


Figure  12.— Motions  resulting  from  l®  out-of-trim  rudder  deflection  for  the  six  configurations 
shown  in  figures  7 and  S. 


would  not  be  expected  to  add  up  to  exactl}-  zero  deviation. 
Because  of  this  tendenc}^  for  the  deviations  caused  by  ran- 
dom gusts  to  cancel  out,  the  deviation  from  coui'se  over  a 
easonably  long  period  of  time  would  be  expected  to  be  fairly 
small. 

CONCLUSIONS 

An  analysis  of  the  uncontrolled  motions  of  pei*sonal  air- 
planes has  shown  that  a personal  airplane  can  be  made  safe 
as  regai’ds  spiral  tendencies  and  its  uncontrolled  motions 
as  regards  maintenance  of  coui'se  can  be  greath^  improved 
without  resort  to  an  autopilot.  The  onl}'  way  to  make  the 
uncontrolled  motions  completely  satisfactoiy  as  regards 
continuous  maintenance  of  coui'se,  however,  is  to  use  a con- 
ventional type  of  autopilot. 

Theoretical  analysis  has  indicated  that  most  present-day 
pei'sonal  airplanes  possess  a slight  degree  of  positive  spiral 
stability  but  can  easily  get  into  dangerous  attitudes  and 
deviate  excessivel}^  from  their  original  heading  in  uncon- 
trolled flight  because  of  out-of-trim  moments  and  insufficient 
spiral  stability.  In  order  to  insure  even  reasonably  satis- 
factory uncontrolled  motions,  these  out-of-trim  moments 
must  be  eliminated  or  at  least  reduced  to  veiy  small  magni- 
tudes. Some  means  of  trimming  the  airplane  in  flight  is 
necessary,  therefore,  and  the  effect  of  control-sj^stem  friction 
in  preventing  proper  centering  of  the  controls  by  the  pilot 
or  by  the  aerod^mamic  forces  must  be  almost  entirely  elimi- 
nated by  having  very  low  friction  or  b}*  having  some  mechani- 
cal device  that  will  provide  positive  centering  of  the  controls. 
Increasing  the  spiral  stability  will  also  improve  the  uncon- 
trolled motions  of  personal  airplanes.  An  increase  in  spiral 
stability  for  personal  airplanes  can  be  obtained  by  increasing 
tail  length  or  increasing  the  vertical-tail  area  and  dihedral 
angle  simultaneous^,  or  by  increasing  all  of  these  factors 
simultaneously,  without  advei'sely  affecting  the  flying  quali- 
ties of  the  airplane. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  22,  1949. 
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EXPERIMENTAL  INVESTIGATION  OF  THE  EFFECTS  OF  VISCOSITY  ON  THE  DRAG  AND 
BASE  PRESSURE  OF  BODIES  OF  REVOLUTION  AT  A MACH  NUMBER  OF  1.5  ^ 

By  Dean  R.  Chapman  and  Edward  W.  Perkins 


SUMMARY 

Tests  were  conducted  to  determine  the  ejects  of  viscosity  on 
the  drag  and  base  pressure  of  various  bodies  of  revolution  at  a 
Mach  number  of  1,5.  The  models  were  tested  both  with  smooth 
surfaces  and  with  roughness  added  to  evaluate  the  effects  of 
Beynolds  number  for  both  laminar  and  turbulent  boundary 
layers.  The  principal  geometric  variables  investigated  were 
afterbody  shape  and  length-diameter  ratio.  For  most  models^ 
force  tests  and  base  pressure  measurements  were  made  over  a 
range  of  Beynolds  numbers^  based  on  model  length,  from 
0.6Y.10^  to  5.0X10^,  Schlieren  photographs  were  used  to 
analyze  the  effects  of  viscosity  on  flow  separation  and  shock- 
wave  configuration  near  the  base  and  to  verify  the  condition  of 
the  boundary  layer  as  deduced  from  force  tests.  The  results 
are  discussed  and  compared  with  theoretical  calculations. 

The  results  show  that  viscosity  effects  are  large  and  depend 
to  a great  degree  on  the  body  shape.  The  effects  difer  greatly 
for  laminar  and  turbulent  flow  in  the  boundary  layer,  and 
within  each  regime  depend  upon  the  Beynolds  number  of  the 
flow.  Laminar  flow  was  found  up  to  a Beynolds  number  of 
6.5X10^  ci'ad  may  possibly  exist  to  higher  values. 

The  flow  over  the  afterbody  and  the  shock-wave  configuration 
near  the  base  are  shown  to  be  very  much  different  for  laminar 
thanfor  turbulent  flow  in  the  boundary  layer.  The  base  pressure 
on  bodies  with  boattailing  is  much  higher  with  the  turbulent 
layer  than  with  the  laminar  layer,  resulting  in  a negative  base 
drag  in  some  cases.  The  total  drag  characteristics  at  a given 
Beynolds  number  are  aflected  considerably  by  the  transition  to 
turbulent  flow.  The  foredrag  of  bodies  without  bbattailing  and 
of  boattailed  bodies  for  which  the  effects  of  flow  separation  are 
negligible  can  be  calculated  with  reasonable  OLCcuracy  by  adding 
the  skin-friction  drag  based  upon  the  assumption  of  the  low- 
speed  friction  characteristics  to  the  theoretical  wave  drag. 

For  laminar  flow  in  the  boundary  layer  the  effects  of  varying 
the  Beynolds  number  were  found  to  be  large,  approximately 
doubling  the  base  drag  in  many  cases.  The  total  drag  of  the 
bodies  without  boattailing  varied  about  20  percent  over  the 
Beynolds  number  range  investigated.  For  turbulent  flow  in  the 
boundary  layer,  however,  varialions  in  Beynolds  number  had 
only  a small  effect  on  base  drag  and  total  drag. 


INTRODUCTION 

The  effects  of  viscosity  on  the  aerodynamic  character- 
istics of  bodies  moving  at  low  subsonic  speeds  have  been 
known  for  many  years  and  have  been  evaluated  by  numer- 
ous investigators.  The  effects  of  viscosity  at  transonic 
speeds  have  been  investigated  to  a limited  extent,  and  sig- 
nificant effects  on  the  flow  over  airfoils  have  been  reported 
by  Ackeret  (reference  1)  and  Liepmann  (reference  2).  The 
relative  thoroughness  of  these  two  investigations  has  fur- 
nished a good  start  toward  a satisfactory  evaluation  and 
understanding  of  the  effects  of  viscosity  in  transonic  flow 
fields.  However,  little  is  knovui  about  viscous  effects  at 
supersonic  speeds. 

The  experiments  reported  in  references  3,  4,  and  5 have 
succeeded  in  evaluating  the  magnitude  of  the  skin  friction  for 
supersonic  flows  in  pipes  and  oh  rotating  surfaces,  but  not  for 
flow  over  a slender  body  or  an  airfoil.^  Reference  6 contains^ 
a small  amount  of  data  on  the  effects  of  Reynolds  number  on 
the  drag  of  a sphere  and  a circular  cylinder;  however,  these 
data  are  not  applicable  to  aerodynamic  shapes  which  are 
practical  for  supersonic  flight. 

It  has  been  sometimes  assumed  that  the  effects  of  viscosity 
are  small  and  need  be  considered  only  when  determining  the 
magnitude  of  skin  friction.  In  reviewing  past  data  for  the 
effects  of  viscosity  it  was  found  that  in  many  reports,  such  as 
references  7 andS,  themodelsize  was  not  stated,  thereby  render- 
ing the  calculation  of  Reynolds  munber  and  the  evaluation 
of  such  tests  quite  difficult.  Preliminary  tests  made  during 
1945  in  the  Ames  1-  by  3-foot  supersonic  wind  tunnel  No.  1, 
which  is  a variable-pressure  tunnel,  showed  a relatively 
large  effect  of  Reynolds  number  on  the  drag  of  bodies  of 
revolution.  The  results  of  this  cumory  investigation  were 
not  reported  because  the  magnitude  of  support  interference 
was  not  kno\vn  and  because  certain  inaccuracies  in  the 
balance  measurements  were  known  to  exist  in  the  data  taken 
at  low  tunnel  pressures.  An  investigation  of  wing-body 
interaction  at  supersonic  speeds  has  been  conducted  subse- 
quently and  the  results  presented  in  reference  9.  Because  of 
the  support  interference  and  the  balance  inaccuracies  noted 
at  low  pressures  the  data  presented  therein  on  the  effect  of 


1 Supersedes  NAC.A  RM  A7A31a,  “Experimental  Investigation  of  the  Effects  of  Viscosity  on  the  Drag  of  Bodies  of  Revolution  at  a Mach  Number  of  1.5”  by  Chapman,  Dean  R.,  and 
Perkins,  Edward  W.,  1947.  The  principal  results  of  various  investigations  conducted  subsequent  to  1947  which  either  pertain  to  or  supplement  the  experiments  described  herein  are  indicated 
in  footnotes. 

> Subsequent  to  1947  several  investigations  of  skin  friction  have  been  conducted  which  indicate  that  at  the  supersonic  Mach  number  of  the  present  investigation  the  lammar  and  turbulent 
skin-friction  coefficients  for  a flat  plate  are  about  3-  and  12-percent  lower,  respectively,  than  for  low-speed  flow  at  the  same  Reynolds  number. 
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Reynolds  number  on  the  drag  of  smooth  bodies  are  not  sufB- 
ciently  accurate  throughout  the  range  of  Reynolds  numbers 
for  direct  application  to  the  conditions  of  free  flight. 

Since  the  effects  of  viscosity  were  known  to  be  relatively 
large  at  the  outset  of  this  investigation,  the  purpose  of  the 
present  research  was  made  twofold.  The  primary  purpose 
was  to  develop  an  undei-standing  of  the  mechanism  by  which 
viscosity  alters  the  theoretical  inviscid  flow  over  bodies  of 
revolution  at  supeisonic  speeds,  and  the  secondary  purpose 
was  to  determine  the  magnitude  of  these  effects  for  the  partic- 
ular bodies  investigated.  The  experiments  were  conducted 
during  1946. 

APPARATUS  AND  TEST  METHODS 

WIND  TUNNEL  AND  INSTRUMENTATION 

A general  description  of  the  wind  tunnel  and  the  principal 
instrumentation  used  can  be  found  in  reference  9.  Included 
therein  is  a description  of  the  strain-gage  balance  system 
employed  for  measurmg  aerodynamic  forces  and  the  schlieren 
apparatus  which  forms  an  integral  part  of  the  wind-tunnel 
equipment.  In  order  to  obtain  accurate  data  at  low^  as  w^ell 
as  high  tunnel  pressures,  a more  sensitive  drag  gage  was  used 
in  the  present  investigation  than  in  the  investigation  of 
reference  9;  however,  all  other  details  of  the  balance  system 
were  the  same. 

The  tumiel  total  pressure,  the  static  reference  pressure  in 
the  test  section,  and  the  pressure  in  the  air  chamber  of  the 
balance  housing  were  observed  on  a mercury  manometer. 
Because  the  difference  between  the  base  pressure  and  the 
static  reference  pressure  in  the  test  section  w as  ordinarily  too 
small  (only  0.5  cm.  of  mercury  at  low  tunnel  pressures)  to  be 
accurately  read  from  a mercury  manometer,  a supplementary 
manometer  using  a fluid  of  lower  specific  gravity  was  em- 
ployed. Because  of  its  lower  vapor  pressure  and  its  property 
of  releasing  little  or  no  dissolved  air  when  exposed  to  very  low 
pressures,  dibutyl  phthalate,  having  a specific  gravity  of 
approxiinately  1.05  at  room  temperatures,  was  used  as  an 
indicating  fluid  in  this  manometer  instead  of  the  conventional 
light  manometer  fluids  such  as  water  and  alcohol. 


MODELS  AND  SUPPORTS 

Photographs  of  the  models,  which  were  made  of  aluminum 
alloy,  are  shown  in  figures  1 and  2,  and  their  dimensions  are 
given  in  figure  3.  Models  1,  2,  and  3 w^re  each  formed  of  a 
10-caliber  ogive  nose  folio w'ed  by  a short  cylindrical  section; 
they  differ  from  one  another  onh^  in  the  amount  of  boat- 
tailing.  The  shape  of  the  ogive  was  not  varied  in  this 
investigation  because  the  flow  over  it  is  not  affected  appreci- 
ably by  viscosity.  Models  4,  5,  and  6,  w^hich  differ  from 
from  one  another  onl}^  In  thickness  ratio,  were  formed  by 
parabolic  arcs  wdth  the  vertex  at  the  position  of  maximum 
thickness.  For  convenience,  some  of  the  more  important 
geometric  properties  of  models  1 through  6 are  listed  in  the 
following  table: 


Model 

Frontal 

area 

A (sq  in.) 

Nose 

half 

angle 

(deg) 

Length 

diameter 

ratio 

l/D 

Base- 

area 

ratio 

Ab/A 

1 

1.  227 

18.  2 

7.  0 

1.  00 

2 

1.  227 

18.  2 

7.  0 

. 558 

3 

1.  227 

18.  2 

7.  0 

. 348 

4 

. 866 

11.  3 

8 8 

. 191 

5 

1.  758 

15.  9 

6.  2 

. 186 

6 

3.  426 

21.  8 

4.  4 

. 187 

(a)  Models  used  for  boundary-layer  tests  and  for  comparison  tests  with  other  investigations. 
Figure  2. — Special-purpose  models. 
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(b)  Models  used  to  evaluate  effect  of  lepgth-diameter  ratio  on  base  pressure. 
Figure  2.— Concluded. 


Ill  addition  to  the  above-mentioned  models,  several  other 
bodies  were  tested  for  certain  specific  purposes.  Thus,  mod- 
els 7 and  8 were  made  unusually  long  so  that  the  skin  friction 
would  be  a large  portion  of  the  measured  drag,  thereby  ena- 
bling the  condition  of  the  boundary  la^er  to  be  deduced 
from  force  tests.  Various  substitute  ogives,  shown  in  figure 
2 (a),  were  made  interchangeable  with  the  smooth  ogive 
that  is  shown  attached  to  the  cyUndrical  afterbody  of 
model  8.  These  ogives  were  provided  with  different  types  and 
amounts  of  roughness  and  could  be  tested  either  alone  or 
with  the  long  cylindrical  afterbody  attached,  ^\hen  the 
ogives  were  tested  alone,  a shroud  of  the  same  diameter  as 
the  ogive  was  used  to  replace  the  cylindrical  afterbody. 
Model  9,  a body  with  a conical  nose,  and  model  10,  a sphere 
of  1-inch  diameter,  were  tested  in  order  to  compare  the 
results  of  the  present  investigation  with  existing  theoretical 
calculations  and  with  the  results  of  other  experimental  inves- 
tigations. Models  11,  12,  13,  and  14  were  constructed  to 
determine  the  effects  of  the  length-diameter  ratio  for  a 
fixed  shape  of  afterbody.  In  all  cases  when  a smooth  surface 
was  desired,  the  models  were  polished  before  testing  to 


•—Mode!  / 
ir-Mode!  a 
•/.--Mode!  3 

D^L25  inches 


(a)  Boattailed  bodies. 


r-R^tOR 


1 

1 

1 

D^/.50 

inches 

4 

Model  //  4.33 J) • 

■ ivioaei  / /.jju  ^ 

. ^ Model  8 11.13  D 

Model  9,  f-7.5  inches,  £>=1.25  inches. 
Model  12,  /-7.5  inches.  D«*1.50  inches. 
Model  13,  /=»9.0  inches,  Z>=*1.50  inches. 
Model  14, 1-9.0  inches,  D-1.00  inches. 

(b)  Models  with  cylindrical  afterbodies. 
Figure  3.— Model  diraen.sions. 


obtain  a surface  as  free  from  scratches  and  machining  marks 
as  possible. 

The  models  were  supported  in  two  different  wa^'s:  by  a 
rear  support  and  by  a side  support,  as  shown  in  figure  4. 
The  rear  support  used  in  the  majority  of  the  cases  consisted 
of  a sting  which  supported  the  model  and  attached  to  the 
balance  beam.  A thin  steel  shroud  enclosed  the  sting  and 
thereby  eliminated  the  aerodjmamic  tare  forces.  Use  of  the 
rear  support  allowed  force  data,  base  pressure  data,  and 
schlieren  photographs  to  be  taken  simultaneously.  The  side 
support  which  attached  to  the  lower  side  of  the  model  con- 
sisted of  a 6-percent-thick  airfoil  of  straight-side  segments 
and  7°  semiwedge  angle  at  the  leading  and  trailing  edges. 
The  side  support  was  used  to  determine  the  effects  of  the 
axial  variation  in  test-section  static  pressure  on  base  pressure, 
and,  in  conjunction  with  a dummy  rear  support,  to  evaluate 
the  effects  of  support  interference. 
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(a)  Rear  support. 

(b)  Side  support. 

Figure  4.— Typical  model  installations. 


TEST  METHODS 

The  tests  were  conducted  at  zero  angle  of  attack  in  a 
fixed  nozzle  designed  to  provide  a uniform  Mach  number  of 
approximate^’  1.5  in  the  test  section.  For  the  positions 
occupied  by  the  different  models,  the  free-stream  Mach 
number  actually  varied  from  1.49  to  1.51.  This  is  some- 
what lower  than  the  Mach  number  of  the  tests  reported  in 
reference  9,  which  were  conducted  farther  downstream  in  the 
test  section. 

Before  and  after  each  run  precautions  were  taken  to  test 
the  pressure  lines  for  leaks  and  the  balance  system  for  friction 
or  zero  shift.  Each  run  was  made  by  starting  the  tunnel  at 
a low  pressure,  usually  3 pounds  per  square  inch  absolute, 
and  taking  data  at  different  levels  of  timnel  stagnation 
pressure  up  to  a maxiumm  of  25  pounds  per  square  inch 
absolute.  Because  of  the  lag  in  the  manometer  system, 
approximately  15  minutes  at  low  pressures  and  5 minutes 
at  high  pressures  were  allowed  for  conditions  to  come  to 
equilibrium.  Tbe  over-all  variation  in  Re\molds  number 
based  on  body  length  ranged  from  about  O.lOX  10*to9.4X  10*. 
The  specific  humidity  of  the  air  usually  was  maintained 
below  0.0001  pound  of  water  per  pound  of  dry  air,  and  in  all 
cases  was  below  0.0003. 

In  general,  each  body  was  tested  with  a polished  surface 
and  then  later  with  roughness  added  to  fix  transition.  As 
illustrated  in  figure  2 (a),  several  different  methods  of  fixing 
transition  on  a body  in  a supersonic  stream  were  tried.  The 


usual  carborundum  method  employed  in  subsonic  research 
was  not  used  because  of  the  danger  of  blowing  carborundum 
particles  into  the  tunnel-drive  compressors.  The  method 
finally  adopted  was  to  cement  a K-inch-wide  band  of  par- 
ticles of  table  salt  around  the  body.  This  method  proved 
successful  at  all  but  the  very  low  Reynolds  numbers.  On 
models  1,  2,  3,  and  12,  roughness  was  located  ^ inch  down- 
stream of  the  beginning  of  the  cylindrical  section.  On 
models  4,  5,  and  6 the  roughness  was  placed  4.5  inches  from 
the  nose  and  on  model  8,  % inch  upstream  of  the  beginning 
of  the  cylindrical  afterbody.  Models  7,  9,  10,  11,  13,  and  14 
were  tested  in  the  smooth  condition  only. 

RESULTS 

REDUCTION  OF  DATA 

The  force  data  included  in  this  report  have  been  reduced 
to  the  usual  coefficient  form  through  division  by  the  product 
of  the  free-stream  drmamic  pressure  and  the  frontal  area  of 
the  body.  In  each  case,  conditions  just  ahead  of  the  nose  of 
a model  are  taken  as  the  free-stream  conditions. 

The  measurements  of  the  pressure  on  the  base  of  each 
model  are  referred  to  free-stream  static  pressure  and  made 
dimensionless  through  division  by  the  free-stream  dynamic 
pressure.  Thus,  the  base  pressure  coefficient  is  calculated 
from  the  equation 

where 

P, 

Pi 

The  dynamic  pressure  is  calculated  from  the  isen  tropic 
relationships.  A small  experimentally  determined  cor- 
rection is  applied  for  the  loss  in  total  pressure  due  to  conden- 
sation of  water  vapor  in  the  nozzle.  The  Reynolds  number 
is  based  upon  the  body  length  and  is  calculated  from  the 
isen  tropic  relationships  using  Sutherland’s  formula  for  the 
variation  of  viscosity  with  the  temperature  of  the  air. 

It  is  convenient  to  consider  the  force  due  to  the  base  pres- 
sure as  a separate  component  of  the  total  drag.  Accord- 
uigtyj  the  base  drag  is  referred  to  the  frontal  area  and  in  coef- 
ficient form  is  given  by 

0..—  P.  (4*)  (2) 

where 

Cdi,  base  drag  coefficient 

Ad  area  of  base 

A frontal  area  of  the  body 

The  foredrag  is  defined  as  the  sum  of  all  drag  forces  that 
act  on  the  body  surface  forward  of  the  base.  Hence,  the 
foredrag  coefficient  is  given  by 

C Dp  = Cd  Coj  (3 ) 

where  Cd  is  the  total  drag  coefficient  and  Cdf  the  foredrag 
coefficient.  The  concept  of  foredrag  coefficient  is  useful  for 
several  reasons.  It  is  the  foredrag  that  is  of  direct  impor- 
tance to  the  practical  designer  when  the  pressure  acting  on 
the  base  of  a body  is  altered  by  a jet  of  gases  from  a power 
plant.  Considering  the  foredrag  as  an  independent  compo- 


base  pressure  coefficient 
pressure  acting  on  the  base 
free-stream  static  pressure 
free-stream  dynamic  pressure 
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Figure  5.— Axial  variation  of  the  static  pressure  in  the  test  section  of  the  j\f=1.5  nozzle. 


Mode!  9 


] 


s: 

.QJ 

.o 

C 

0) 

0 

(J 

I 


. 16 
. 12 
.08 
.04 
0 

.16 

.12 

.08 

.04 


r\ 

“ — r 

/o 

L 

- Tht 

ore 

^ica! 

vi/av 

e dr 

og 

-Theoretical  for 
(wave  drao  ok 

edrag 
js  esfim 

a ted. 

la 

mim 

7r  / 

rict 

ion] 

W 

• _ 

o 

■■■ 

r-6 

— 

— 

/ 

- 

-The 

Orel 

ove 

mint 

^ico! 
drag 
ir  fi 

for 
plu 
nc  ti 

'edn 
s es 
on) 

og 

tima 

ted- 

L 

-Jht 

?c>re 

ficai 

wa 

/e  d 

raq 

la 

0 1 2 3 4 5 

Reynolds  number.^  /?e,  millions 

(a)  Uncorrected  data. 

(b)  Corrected  data. 

Figure  6. — Comparison  of  the  foredrag  coefficient  of  model  9 with  and  without  corrections 
applied  for  the  axial  variation  of  the  test-section  static  pressure. 


neht  of  the  total  drag  greatly  simplifies  the  drag  analysis  of  a 
given  body.  Finally,  the  foredrag,  as  will  be  explained  later, 
is  Dot  affected  appreciably  by  interference  of  the  rear  supports 
used  in  the  investigation. 

Since  the  nozzle  cahbration  with  no  model  present  showed 
that  the  static  pressure  along  the  axis  of  the  test  section  was 
not  constant  (fig.  5),  the  measured  coefficients  have  been  cor- 
rected for  the  increment  of  drag  or  pressure  resulting  from 
the  axial  pressure  gradient.  A detailed  discussion  of  this  cor- 
rection is  presented  in  appendix  A,  and  the  experimental 
justification  is  shown  in  figirres  6 and  7. 


(a)  Uncorrected  data. 

(b)  Corrected  data. 

Figure  7. — Comparison  of  base  pressure  coefficients  of  model  1 measured  at  various  positions 
along  the  tunnel  axis,  with  and  without  corrections  applied  for  the  variation  of  test-section 
static  pressure. 


PRECISION 

The  table  which  follows  lists  the  total  uncertainty  that 
would  be  introduced  into  each  coefficient  in  the  majority  of 
the  results  if  aU  of  the  possible  eiTors  that  are  known  to 
exist  in  the  measurement  of  the  forces  and  pressm^es  and  the 
determination  of  free-stream  Mach  number  and  gi*adient  cor- 
rections were  to  accumulate.  Actually^  the  errors  may  be 
expected  to  be  partially  compensating,  so  the  probable  inac- 
curacy is  about  half  that  given  in  the  table.  The  sources  and 
estimated  magnitudes  of  the  probable  errors  involved  are  con- 
sidered at  greater  length  in  appendix  B.  The  values  in 
the  following  table  are  for  the  lowest  and  highest  tunnel  pres- 
sures and  vary  linearly  in  between.  The  table  does  not  ap- 
ply to  data  that  are  presented  in  figures  9 (b),  13,  and  14. 
It  also  does  not  apply  to  models  4,  5,  and  6 in  figures  23  (a) 
and  29  (a)  where  the  possible  variation  in  the  balance  cali- 
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bration  constant  may  increase  the  limits  of  error  as  dis- 
cussed in  appendix  B. 


Coefficient 

Maximum  value  of 
error  at  lowest  pressure 

Maximum  value  of 
error  at  highest  i^ressure 

Total  drag 

±(2.4%  plus  0.  004) 
±(1.  6%  plus  0.  004) 
±(1.  6%  plus  0.  005) 
±[0.  8%  plus  0.  005 
{A,IA)\ 

± (1.  1%  plus  0.  004) 
± (0.  6 % plus  0.  004) 
± (0.  5 % plus  0.  005) 
± [0.  5 % plus  0.  005 
. {A,!A)] 

Foredrag  

Base  pressure 

Base  drag 

EFFECTS  OF  SUPPORT  INTERFERENCE 

Previous  to  the  present  investigation  an  extensive  series 
of  tests  was  conducted  to  determine  the  body  shape  and 
support  combinations  necessary  to  eliminate  or  evaluate 
the  support  interference.  Based  upon  the  results  obtained, 
a summary  of  which  appears  in  appendix  C,  it  is  believed 
that  all  the  drag  data  presented  herein  for  the  models  tested 
in  the  smooth  condition  are  free  from  support  interference 
effects  with  the  exception  of  the  data  shovm  in  figure  27. 
Also,  for  the  models  tested  with  roughness,  the  foredrag  data 
are  free  from  interference  effects.  . However,  an  uncer- 
tainty in  the  base  pressure  coefficient  exists  which  may 
vary  from  a minimum  of  ±0.005  to  a maximum  of  ±0.015 
for  the  different  bodies.  As  a result,  the  base  drag  coeffi- 
cients and  total  drag  coefl5cients  for  the  same  test  conditions 
are  subject  to  a corresponding  small  uncertainty. 

THEORETICAL  CALCULATIONS 

' Although  at  present  no  theoretical  method  is  available 
for  calculating  the  base  pressure  and  hence  the  total  drag  of 
a body,  several  methods  are  available  which  provide  an 
excellent  theoretical  standard  to  which  the  experimental 
measurements  of  foredrag  can  be  compared.  In  this  report 
the  theoretical  foredrag  is  considered  to  be  the  sum  of  the 
theoretical  wave  drag  for  an  in  viscid  flow  and  the  incom- 
pressible skin-friction  drag  corresponding  to  the  type  of 
boundary  layer  that  exists  on  the  body. 

A typical  pressure  distribution  for  the  theoretical  inviscid 
flow  over  one  of  the  boattailed  bodies  tested  in  this  inves- 
tigation is  showm  in  figure  8.  For  purposes  of  comparison 
the  pressure  distribution  as  calculated  by  the  linear  theory 
of  von  Karman  and  Moore  is  included  in  this  figure. 

The  wave  drag  of  the  cone-cylinder  bodies  was  obtained 
from  the  theoretical  flow  over  cones  (references  10  and  11).^ 
The  wave  drag  for  the  ogive-cylinder  bodies  was  calculated 
by  the  method  of  characteristics  for  rotationally  symmetric 
supersonic  flow  as  given  in  references  12  and  13.  In  accord- 
ance mth  the  theoretical  results  of  reference  14,  the  fluid 
rotation  produced  by  the  very  small  curvature  of  the  head 
shock  wave  was  neglected.  For  moderate  supersonic  Mach 
numbers  this  procedure  is  justified  experimentally  in  refer- 
ence 8,  where  the  theoretical  calculation  using  the  method 
of  characteristics  as  presented  in  reference  12  are  shovm  to 
be  in  excellent  agreement  with  the  measured  pressure  dis- 
tributions for  ogives  wfith  cylindrical  afterbodies. 


Figure  S.— Typical  pressure  distribution  for  a boattailed  body  at  1.^  Mach  number. 

An  estimation  of  the  skin-friction  drag  in  an}^  given  case 
requires  a knowledge  of  the  condition  of  the  boundar}^  layer. 
The  method  used  herein  for  laminar  flow  is  as  follows: 

(4) 

where 

Cd^  skin-friction  drag  coefficient  for  the  model  at  the 
Reynolds  number,  Re,  based  on  the  full  length  of 
the  model 

^fiarn  low-spced  skin-frictioii  coefficient  for  laminar 
boundary-layer  flow  over  a flat  plate  at  Re 
Af  wetted  area  of  the  model  forward  of  the  base 

A frontal  area  of  the  model 

For  the  models  with  roughness  added  it  is  assumed  that  the 
disturbance  of  the  boundary  la^’^er  resulting  from  the  salt  band 
was  sufficient  to  cause  transition  to  a turbulent  boundarj^ 
]a\^er  to  occur  at  the  band.  The  skin-friction  drag  is  esti- 
mated by  means  of  the  equation 

c-,= c,;..  (^)+ o,„„  (^)-c/„„  (^)  (5) 

where 

low-speed  skin-friction  coefficient . for  laminar 
boundary-layer  flow  at  the  effective  Reynolds 
number,  Re',  based  on  the  length  of  the  model 
from  the  nose  to  the  point  where  the  salt  band 
was  added 

A lam  wetted  area  of  that  portion  of  the  model  forward  of 
the  salt  band 


» In  the  original  publication  of  the  piesent  investigation  (1947)  numerical  values  for  the  wave  drag  of  the  cones  were  based  on  the  graphs  of  references  10  and  11.  For  the  present  report, 
however,  slightly  different  numerical  values  are  used  which  are  based  on  more  recent  tabulated  values  of  the  surface  pressure  on  cones  in  supersonic  flow. 
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low-speed  skin-friction  coefficient  for  turbulent 
boundary-layer  flow  over  flat  plate  at  the  Rey- 
nolds number  Be,  based  on  the  full  length  of  the 
model 

^Aurb  low-speed  skin-friction  coefficient  for  turbulent 
boundary-layer  flow  at  the  effective  Reynolds 
number  Be' 

This  method  of  calculation  presumes  that  the  fixed  roughness 
was  of  such  a nature  as  to  cause  the  turbulent  boundary- 
layer  flow  do\\Tistream  of  the  point  where  the  rouglmess  was 
added  to  be  the  same  as  would  have  existed  had  the  boundary- 
layer  flow  been  turbulent,  all  the  wa}’^  from  the  nose  of  the 
body. 

DISCUSSION 
FLOW  CHARACTERISTICS 

Before  analyzing  the  effects  of  viscosity  on  the  drag  of  the 
bodies  of  revolution,  it  is  convenient  to  consider  qualitatively 
the  effects  on  the  general  characteristics  of  the  observed  flow. 
In  so  doing  it  is  advantageous  to  consider  first  the  condition 
of  the  boundary  layer  characterized  by  whether  it  is  laminar 
or  turbulent  and  then  the  effect  of  variation  in  Reynolds 
number  on  flow  separation  for  each  type  of  boundary  layer. 
Once  the  effects  of  the  Reynolds  number  and  the  condition 
of  the  boundary  layer  on  flow  separation  are  known,  the 
observed  effects  on  the  shock-wave  configuration  at  the  base 
of  the  model  are  easily  explained.  Likewise,  once  the  effects 
on  flow  separation  and  shock-wave  configuration  are  known, 
the  resulting  effects  of  viscosity  on  the  foredrag,  base  drag, 
and  total  drag  are  easily  underetood. 

Condition  of  the  boundary  layer.— Since  results  observed 
at  transonic  speeds  (references  1 and  2)  have  shown  that  the 
general  flow  pattern  about  a body  depends  to  a marked  degree 
on  the  type  of  boundaiy  layer  present,  it  might  be  expected 
that  the  boundary-layer  flow  at  supersonic  speeds  also  may  be 
of  primary  importance  in  determining  the  over-all  aerody- 
namic characteristics  of  a body.  Consequently,  the  deter- 
mination of  the  extent  of  the  laminar  boundary  layer  under 
normal  test  conditions  is  of  fundamental  importance. 

In  an  attempt  to  determine  the  highest  Reynolds  number 
at  which  laminar  flow  exists  on  models  tested  in  tliis  inves- 
tigation, a relatively  long  polished  body  (model  7)  was  tested 
from  a low  pressme  up  to  the  highest  tunnel  pressure  obtain- 
able. In  this  case,  the  diameter  of  the  shroud  which  enclosed 
the  rear  support  sting  was  made  the  same  as  the  diameter  of 
the  body.  The  foredrag  measurements  on  tliis  model  are 
showm  in  figui’e  9 (a).  Since  the  skin  friction  is  a relatively 
large  portion  of  the  measured  foredrag,  the  condition  of  the 
boundary  layer  can  be  deduced  from  these  force  tests.  The 
data  indicate  that  the  boundary  layer  on  this  body  was  still 
laminar  up  to  the  liighest  obtainable  Reynolds  number  of 
6.5X10®.  The  computed  forechag  data  used  for  comparison 
are  obtained  by  adding  a laminar  or  turbulent  skin-friction 
coefficient  based  on  low-speed  characteristics  to  the  experi- 
mental wave  drag  of  the  ogival  nose.  Tliis  latter  is  deter- 
mined by  subtracting  from  the  "ogive  foredrag  coefficients 
the  low-speed  laminar  skin-friction  coefficients  for  the 
smooth  ogive  at  the  higher  Reynolds  numbers  where  the 
error,  resulting  from  the  assumption  of  the  low-speed  co- 


(a)  Model  7. 

(b)  Models. 

Figure  9.— Variation  of  foredrag  coefTicient  with  Reynolds  number  for  models  with  long 
cylindrical  afterbodies. 

efficients,  is  a small  percent  of  the  deduced  wave  drag.  (The 
theoretical  wave  drag,  based  on  the  theoretical  pressure  dis- 
tribution from  the  method  of  characteristics,  is  approxirhatelj" 
5 percent  higher  than  the  experimental  wave  drag.)  Schlie- 
ren  photographs  from  which  the  condition  of  the  boundary 
layer  may  be  observed  are  shown  in  figure  10.  They  confirm 
the  previous  finding  by  showing  that  transition  does  not 
occur  on  the  body,  but  begins  a short  distance  dovmstream 
from  the  base  of  the  model,  as  indicated  by  arrow  1 in  the 
photogi*aph. 
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(b)  Re =6.5X10*. 

Figure  JO.— Schlieren  photographs  showing  laminar  flow  over  the  cylindrical  afterbody  of 
model  7 at  two  values  of  the  Reynolds  number.  Knife  edge  horizontal. 


A close  examination  of  the  photogi'aphs  in  figure  10  reveals 
that  the  beginning  of  transition  (arrow  1)  is  located  at  the 
same  point  on  the  support  shroud  as  the  waves  (arrows  2 and 
3)  which  originate  from  a disturbance  of  the  boundary  layer. 
It  was  found  by  measurements  on  the  schlieren  photographs 
that  the  point  of  origin  of  these  waves  coincided  with  the 
intersection  of  the  shroud  and  the  reflected  bow  wave.  This 
suggests  that  transition  on  the  shroud  is  being  brought  about 
prematurely  by  the  reflected  bow  waves.  Additional  evi- 
dence that  this  is  not  natural  transition  is  obtained  in  noting 
from  figure  10  that  the  point  where  transition  begins  does 
not  move  with  a change  in  Reynolds  number.  If  the  model 
were  longer  than  a critical  length,  which  is  about  11  inches 
for  the  conditions  of  the  present  tests,  these  reflected  waves 
would  strike  the  model  somewhere  on  the  afterbody  and 
premature  transition  would  be  expected  to  affect  the  results. 
Figure  9 (b)  shows  the  results  of  the  measurements  of  fore- 
drag on  a 16.7-inch  body  (model  8),  which  is  considerably 
longer  than  the  critical  length.  These  force  data  confirm 
the  above  conjecture  by  clearly  indicating  a partially  turbu- 
lent boundary  layer  on  the  body  even  at  Re5molds  numbers 


as  low  as  2X10®.  The  schlieren  photographs  of  the  flow 
over  this  body  are  presented  in  figure  11.  It  is  seen  that,  in 
this  case  also,  the  transition  to  turbulent  flow  (arrow  1)  is 
located  at  the  same  point  as  the  waves  (arrows  2 and  3) 
originating  from  the  disturbance  of  the  boundary  layer  by 
the  reflected  bow  wave.  Similary,  an  additional  small  wave 
(arrow  4)  can  be  traced  back  to  a disturbance  of  the  boundary 
layer  caused  by  a shock  wave  originating  from  an  imperfect 
fit  of  the  glass  windows  in  the  side  walls. 


(b)  Knife  edge  horizontal. 

Figure  11.— Schlieren  photograph  showing  premature  transition  on  the  cylindrical  afterbody 
of  model  8.  Reynolds  number  9.35X10®. 


Although  the  maximum  possible  extent  of  laminar  flow  that 
may  be  expected  on  bodies  of  revolution  cannot  be  deter- 
mined on  the  basis  of  the  present  tests  because  of  this  inter- 
ference from  the  reflected  shock  waves,  the  foregoing  results 
show  that,  under  the  conditions  of  these  tests,  a laminar 
boundary  layer  exists  over  the  entire  surface  of  a smooth 
model  about  11  inches  long  up  to  at  least  6.5X10®  Reynolds 
number.  In  comparison  to  the  values  normally  encountered 
at  subsonic  speeds,  a Re^molds  number  of  6.5X10®  at  first 
appears  to  be  somewhat  high  for  maintenance  of  laminar 
flow  over  a body,  unless  the  pressure  decreases  in  the  direction 
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of  the  flow  over  the  entire  length  of  the  body.  The  pressure 
distribution  over  model  7,  .shovTi  in  figure  12,  has  been 
determined  b}^  superimposing  the  pressure  distribution 
which  exists  along  the  axis  of  the  nozzle  with  no  model 
present  upon  the  theoretical  pressure  distribution  calculated 
for  model  7 by  the  method  of  characteristics.  The  resulting 
pressure  distribution  shows  that  the  pressure  decreases 
considerably  along  the  ogive,  but  actually  increases  slightly 
along  the  c}dindrical  afterbody. 
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Figure  12.— Theoretical  pressure  distribution  over  the  surface  of  model  7 at  zero  angle  of 
attack  and  1 .5  Mach  number. 

An  increase  in  the  stability  of  the  laminar  boundary 
layer  with  an  increase  in  Mach  number  has  been  indicated 
by  the  analysis  of  reference  15.  With  a given  body  shape, 
for  which  the  pressure  distribution  changes  with  Mach 
number,  an  increase  in  stability  with  increasing  Mach  num- 
ber has  also  been  indicated  for  subsonic  flows  b}^  the  results 
of  references  6 and  16  as  well  as  by  the  experimental  data 
given  for  airfoils  in  reference  15.  The  theoretical^ work  of 
Lees  (reference  17),  however,  indicates  that  the  Re^molds 
number  for  neutral  stability  of  laminar  flow  over  an  insulated 
flat  plate  decreases  with  an  increase  in  Mach  number. 

It  appears  from  the  results  of  the  present  tests  that  an}^ 
shock  waves  which  originate  from  imperfections  in  the 
nozzle  walls  and  disturb  the  boundary  layer  on  a body  can 
bring  about  transition  prematiirel}^  This  may  have  some 
bearing  on  the  results  of  the  supersonic  wind-tunnel  tests 
conducted  in  the  German  wind  tunnels  at  Kochel,  since 
shock  waves,  ordinarily  numbering  about  15,  are  readily 
visible  in  various  schlieren  photographs.  (See  reference 
18,  for  example.) 

In  order  to  cause  the  laminar  boundar}^  la^^er  to  become 
turbulent  in  the  present  investigation,  an  artifice  such  as 
adding  roughness  was  necessary.  In  a supersonic  stream, 
however,  the  addition  of  roughness  to  a body  also  increases 


the  wave  drag.  The  magnitude  of  the  wave  drag  due  to 
roughness  was  determined  by  testing  with  full  diameter 
shrouding  and  no  afterbod}^  attached,  first  the  smooth 
ogive,  and  then  the  ogives  with  various  amounts  and  kinds 
of  roughness  added  (fig.  2 (a)).  'The  corresponding  foredrag 
measm'ements  are  shovm  in  figure  13.  These  data  illustrate 
that  little  additional  drag  is  attributable  to  roughness  at  the 
low  Re^molds  numbers  where  the  boundar}^  layer  is  rela- 
tivel}^  thick,  but  that  an  appreciable  amount  of  wave  drag 
is  attributable  to  the  roughness  at  the  higher  Reynolds 
numbers.  For  all  subsequent  results  presented,  the  amount 
of  drag  caused  by  the  artificial  rouglmess  has  been  sub- 
tracted from  the  measui’ed  data  taken  for  the  bodies  tested 
with  transition  fixed.  In  order  to  calculate  the  amount  of 
drag  caused  by  the  roughness  for  models  of  diameters 
different  from  the  ogives  tested,  it  was  assiuned  that  for 
any  model  the  increment  in  drag  coeffiicent  attributable 
to  the  drag  of  the  artificial  roughness  was  inversely  pro- 
portional to  the  diameter  of  the  model  at  the  station  at 
which  the  roughness  was  applied. 


r - Ro ugh ness  odds d 


-Shroud 


Reynolds  number^  ffe,  millions 

Figure  13 —Variation  of  foredrag  coefficient  with  Reynolds  number  of  the  ogives  with 
varying  degrees  of  roughness  added. 


The  foredi*ag  measurements  of  model  8,  which  consists  of 
a C3dmdrical  afterbody  with  any  one  of  the  interchangeable 
ogives  directly^  attached,  are  presented  in  figure  14.  These 
data,  from  which  the  drag  increment  due  to  the  added  rough- 
ness has  been  subtracted  as  noted  previously,  show  that  the 
degi'ee  of  roughness  produced  by  sand  blasting  the  surface 
of  the  ogive  is  insufficient  to  cause  transition  at  low  Reyn- 
olds numbers;  whereas,  the  roughness  produced  b}^  the  Ke- 
inch-  or  the  ?8-inch-vdde  salt  band  caused  transition  at  all 
Re3molds  numbers. 

A vivid  illustration  of  the  turbulent  character  of  the 
boundaiy  la3^er  on  those  bodies  with  roughness  added  is 
given  b3^  the  schlieren  photographs  in  figure  15.  The  bound- 
ary layer  is  best  seen  in  the  photograph  taken  with  the  knife 
edge  horizontal,  A comparison  of  these  photographs  with 
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those  of  laminar  boundar\’  la^^ers  (fig.  10,  for  example)  illus- 
trates how  the  condition  of  the  boundary  layer  is  apparent 
from  schlieren  photographs. 
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Figure  14.— Variation  of  foredrag  coefficient  with  Reynolds  number  for  model  8 with  varioms 
amounts  of  roughness. 


Figure  15.— Schlieren  photographs  of  model  8 with  transition  fi.xed.  Reynolds  number 

7.2X10®. 


Flow  Separation. — Changes  in  flow  separation  brought 
about  by  changing  the  boundanMayer  flow  from  laminar 
to  turbulent  alter  the  effective  shape  of  the  body,  the 
shock-wave  configuration,  and  also  the  drag.  It  is  there- 
fore essential  to  consider  the  effects  on  flow  separation  of 
both  the  condition  of  the  boundar}^  layer  and  the  Reynolds 
number. 

The  location  and  degree  of  separation  of  the  laminar 
boundary  layer  for  the  boattailed  bodies  tested  in  the  smooth 
condition  varied  noticeably  with  the  Reynolds  number  of 
the  flow.  The  schlieren  photographs  of  model  6 in  figure  16 
are  t}^pical  of  this  effect.  Additional  photographs,  presented 
in  figure  17,  illustrate  the  same  phenomena  in  the  flow  over 
models  2,  3,  and  10,  each  at  two  different  Reynolds  numbers. 
In  each  case,  as  the  Refolds  number  of  the  flow  is  increased, 
the  separation  decreases,  the  convergence  of  the  wake  in- 
creases, and  the  trailing  shock  wave  moves  forsvard. 

Separation  of  an  apparently  laminar  boundary  layer  at 
supersonic  speeds  has  been  pointed  out  previously  b}^  Ferri 
in  reference  10  for  the  two-dimensional  flow  over  the  surface 
of  curved  airfoils.  The  schlieren  photographs  of  Ferri  indi- 
cated that  a shock  wave  formed  at  the  point  of  laminar 
separation.  On  the  other  hand,  the  schlieren  pictm'es  of 
the  flow  fields  for  the  bodies  of  revolution  tested  in  the 


present  investigation,  show  no  definite  shock  wave  accom- 
panying separation  except  for  the  sphere  (fig.  17)  in  wdiich 
case  the  shock  wave  is  very  weak.  It  may  be  concluded, 
therefore,  that  a separation  of  the  laminar  boundary  layer  is 
not  necessarily  accompanied  b}^  a shock  wave  at  supersonic 
speeds.  The  same  conclusion  for  transonic  flow^s  has  been 
draw  n in  reference  2. 

In  order  to  analyze  more  closely  the  details  of  the  flow 
separation,  the  pressure  distribution  along  the  streamline 
just  outside  of  the  separated  boundar}^  layer  w^as  calculated 
for  several  flow^  conditions  over  models  3 and  6.  The  cal- 
culations were  made  using  the  method  of  characteristics 
and  by  obtaining  the  contour  of  the  streamline  just  outside 
the  separated  boundary  layer  from  enlargements  of  the 
sclilieren  photographs.  Typical  results  from  these  calcula- 
tions for  model  3 are  presented  in  figure  18.  It  is  seen  that 
the  pressure  on  the  outside  of  the  boundary  layer  is  approxi- 
mately constant  dowmstream  of  the  point  of  separation  as  is 
characteristic  along  the  boundary  of  a dead-air  region. 
The  pressure  along  the  line  of  separation  can  be  expected  to 
be  approximate!}"  equal  to  that  in  the  dead-air  region,  and 
hence,  equal  to  the  base  pressure.  A comparison  of  the  cal- 
culated values  of  the  average  pressure  in  the  dead-air  region 
wdth  the  measured  values  of  the  base  pressm*e  for  several 


EXPERIMENTAL  INVESTIGATION  OF  THE  EFFECTS  OF  VISCOSITY  ON  THE  DRAG  AT  A MACH  NUMBER  OF  1.5  815 


conditions  of  flow  over  models  3 and  6 is  given  in  the  following 
table: 


Model 

Reynolds 

number 

Calculated 
pressure  co- 
efficient of 
dead-air 
region 

Measured 

base 

pressure 

coefficient 

3 

0.  6X10* 

-0.  06 

-0.  06 

3 

2.  0X10« 

-.  11 

12 

6 

. 6X10« 

-.  10 

-.  11 

6 

1.  5X10« 

-.  13 

-.  13 

The  preceding  results  indicate  that  under  certain  con- 
ditions the  base  pressure,  for  laminar  flow  over  highly 
boattailed  bodies'  is  directly  related  to  the  separation 
phenomenon  which  occurs  forward  of  the  base.  This  sug- 
gests that,  if  a means  can  be  found  to  control  the  separa- 
tion, the  base  pressure  also  can  be  controlled. 


The  theoretical  pressure  distributions  on  models  4 and  5 
are  similar  to  the  pressure  distribution  on  model  6,  which  is 
shown  in  figure  19.  In  each  case  the  pressure  in  inviscid 
flow  would  decrease  continually  along  the  direction  of  flow 
upstream  of  the  observed  position  of  laminar  separation. 
For  subsonic  flow  this  condition  ordinarily  would  be  termed 
favorable  and  separation  would  not  be  expected.  Further 
research  on  this  subject  appears  necessary  in  order  to  gain  a 
satisfactory  understanding  of  the  observed  results. 

The  findings  of  previous  investigations  of  low-speed  flows 
indicate  that  if  a boundary  lawyer  which  is  normally  laminar 
over  the  afterbody  is  made  turbulent  by  either  natural  or 
artificial  means,  the  resistance  to  separation  is  increased 
greatly.  The  tests  on  models  2,  3,  4,  5,  and  6 with  roughness 
added  show  clearly  that  this  is  also  the  case  in  supersonic 
flows.  The  two  schlieren  photographs  presented  in  figure  20 
were  taken  of  model  6 with  and  without  roughness  added 
and  are  typical  of  this  effect.  A comparison  of  the  two 


Figure  16.— Schlieren  photographs  showing  the  effect  of  Reynolds  number  on  laminar  separation  for  model  6.  Knife  edge  vertical. 
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/?«=0.79X10®.  Model  2 /?g»3.8X10« 


=0.10X10*.  - Model  10  Rc  =0.45X10® 

Figure  17.— Schlieren  photographs  showing  the  effect  of  Reynolds  number  on  laminar  separation  for  models  2,  3 and  10.  Knife  edge  vertical. 


pliotograplis  shows  that,  without  roughness  added,  separation 
occurs  near  the  point  of  maximum  thickness,  but  if  transition 
is  fixed  ahead  of  this  point  the  separation  point  moves 
downstream  close  to  the  base. 

Shock-wave  configuration.— It  is  to  be  expected  that  the 
changes  in  flow  separation  due  to  changes  in  the  condition 
of  the  boundary  layer  and  in  the  Reynolds  number  of  the 
flow  will  bring  about  changes  in  the  shock-wave  configuration 
at  the  base  of  a body.  The  schlieren  photographs  of  figures 
16  and  17,  which  show  how  the  laminar  separation  decreases 
and  the  convergence  of  the  wake  increases  as  the  Reynolds 
number  is  increased,  also  show  that  these  phenomena  are 
accompanied  by  a forward  motion  of  the  trailing  shock  wave. 
In  general,  as  long  as  the  boundary  layer  is  laminar,  the 
trailing  shock  Avave  moves  forward  as  the  Reynolds  number 
increases,  but  no  major  change  in  the  shock-wave  configura- 
tion takes  place. 


The  shock-wave  configuration  on  a boattailed  body  with 
a turbulent  boundary  layer,  however,  is  very  much  different 
from  the  configuration  with  a laminar  layer,  as  is  illustrated 
by  the  schlieren  photographs  of  model  6,  shown  in  figure  20. 
Such  configuration  changes  due  to  the  transition  to  turbulent 
boundary-layer  flow  correlate  quite  well  with  the  angle  /3  that 
the  tangent  to  the  surface  just  ahead  of  the  base  makes  with 
the  axis  of  symmetry.  Figure  21  shows  the  changes  in  shock- 
wave  configuration  for  models  1 through  6 arranged  in  order 
of  increasing  angle  j3.  It  is  seen  that,  on  the  boattailed 
bodies  with  a small  angle  the  transition  to  a turbulent 
boundary  layer  is  accompanied  by  the  appearance  of  a weak 
shock  wave  originating  at  the  base  of  the  body  (models  4 
and  2).  For  bodies  with  larger  boattail  angles  (model  5)  the 
strength  of  this  wave,  hereafter  termed  the  ''base  shock 
wave,^^  increases  until  it  is  approximately  as  strong  as  the 
original  trailing  shock  wave.  For  even  larger  boattail  angles. 
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Figure  18.— Calculated  pressure  distribution  for  model  3 at  a Reynolds  number  of  0.6X10®. 

Apparent  points  of  laminar  separation 
occur  in  this  region  as  determined 
from  SchHeren  photographs  in 
figure  16  (Re  ^0.6x10^  to  Re  xlO^)-i 


Figure  19.— Calculated  pressure  distribution  on  model  6. 


(a)  Laminar  boundary  layer,  /?«*0.87X10». 


(b)  Turbulent  boundary  layer,  -*0.87X10®. 

Figure  20.— Schlieren  photographs  of  model  6 illustrating  the  effect  on  flow  separation  of  the 
condition  of  the  boundary  layer. 


the  base  shock  wave  becomes  more  distinct,  and  eventually 
is  the  only  appreciable  shock  wave  existing  near  the  base  of 
the  body  (models  3 and  6).*  In  such  a case,  the  compression 
through  the  base  shock  wave  occurs  forward  of  the  base. 
This,  as  will  be  showm  later,  greatly  increases  the  base 
pressure  and  decreases  the  base  drag. 

Compared  to  the  phenomena  observed  with  a laminar 
boundary  layer  (fig.  16),  changes  in  the  Reynolds  number 
for  a body  with  a turbulent  boundary  layer  do  not  alter  the 
shock-wave  configuration  to  any  significant  extent,  because 
the  turbulent  layer,  even  at  low  Reynolds  numbers,  ordi- 
narily does  not  separate.  This  fact  is  eiriderit  in  figure  22, 
which  shows  the  schlieren  photographs  of  model  3 at  different 
Reynolds  numbers  with  roughness  added.  No  apparent 
change  in  the  flow  characteristics  takes  place  as  the  Reynolds 
number  is  increased.  With  a turbulent  boundary  layer, 


® Subsequent  experiments  with  turbulent  flow  on  model  3 at  higher  Mach  numbers  have  shown  that  the  base  shock  wave  also  exists  at  a Mach  number  of  2.0,  but  virtually  dlsappeai s at 
a Mach  number  of  3.0  and  higher. 


REPORT  1036 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Model  1 

i?«-3.8X10« 

/S-0® 


Laminar  Turbulent 


Figure  21.— Schlieren  photographs  showing  the  effect  (rf  turbulent  boundary  layer  on  shock-wave  configuration  at  base  of  n:odels  1,  2,  3,  4,  5 and  6.  Knife  edge  vertical. 
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therefore,  the  effect  on  base  drag  of  varying  the  Reynolds 
number  may  be  Expected  to  be  much  less  than  with  a laminar 
layer. 

ANALYSIS  or  THE  DRAG  DATA 

The  qualitative  effects  of  viscosity  on  flow  separation  and 
on  shock- wave  configuration,  which  have  been  discussed  in 
the  preceding  sections,  provide  the  physical  basis  for  under- 
standing the  effects  of  varying  the  Reynolds  number  and 
changing  the  condition  of  the  boundary  layer  on  the  drag 
coefficients  of  the  various  bodies  tested. 

Foredrag. — The  foredrag  coefficients  of  models  1 through 
6 with  laminar  flow  in  the  boundary  layer  are  shown  in 
figure  23  (a)  as  a function  of  the  Reynolds  number.  These 
data  show  that,  over  the  Reynolds  number  range  covered  in 
the  tests,  the  foredrag  of  model  1 decreases  about  20  percent, 
while  that  of  model  6 increases  about  15  percent.  The 
foredrag  of  the  other  bodies  does  not  change  appreciably. 

The  reason  the  effects  of  Reynolds  number  vary  consid- 


erably with  different  body  shapes  is  clearly  illustrated  by  a 
comparison  of  the  measured  foredrags  with  the  theoretical 
foredrags.  In  figure  24  (a)  the  theoretical  and  measured 
values  of  foredrag  are  compared  for  model  1,  which  has  no 
boattailing,  and  for  model  3,  which  is  typical  of  the  boat- 
tailed  models.  From  this  comparison,  it  is  seen  that,  as 
previously  noted  for  other  models  without  boattailing,  the 
theoretical  and  experimental  foredrags  for  model  1 are  in 
good  agreement.  The  decrease  in  foredrag  with  increasing 
Reynolds  number  for  the  bodies  without  boattailing  is  due 
entirely  to  the  decrease  in  skin-friction  coefficient.  For 
model  3,  which  has  considerable  boattailing,  the  curves  of 
figure  24  (a)  show  that  the  theoretical  and  experimental 
foredrags  agree  only  at  high  Reynolds  numbers.  At  the 
low  Reynolds  numbers  the  measured  foredrags  are  lower 
than  the  theoretical  values  because  of  the  separation  of  the 
laminar  boundary  layer  as  previously  illustrated  by  the 
schlieren  photographs  in  figures  16  and  17.  With  sep- 


/?e=3.9XlU*.  /?«=5.1X10*. 

Figure  22.— Schlieren  photographs  shoeing  the  absence  of  any  effect  of  Reymolds  number  on  the  flow  over  the  afterbody  of  model  3 with  roughness  added.  Knife  edge  vertical. 
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aration,  the  flow  over  the  boattail  does  not  follow  the  con- 
tour of  the  body,  and  the  pressure  in  the  accompanying 
dead-air  region  is  higher  than  it  would  be  if  the  separation 
did  not  occm*  (fig.  18).  This  makes  the  actual  foredrag 
lower  than  the  theoretical  value  for  a flow  without  separation. 
At  the  higher  Keynolds  numbers,  the  separation  is  negli- 
gible and  the  flow  closely  follows  the  contour  of  the  body; 
hence,  the  theoretical  and  experimental  foredrags  agree. 
The  reason  for  the  approximately  constant  foredrag  of 
models  2,  3, 4,  and  5,  therefore,  is  that  the  changes  due  to  skin 
friction  and  flow  separation  are  compensating.  For  model 
6 with  a smooth  surface,  the  foredrag  shown  in  figure  23  (a) 
rises  rather  rapidly  at  low  Re3molds  numbers  because  the 
separation  effects  for  this  relatively  thick  body  (fig.  16) 
more  than  compensate  for  the  changes  in  skin  friction  due 
to  the  variation  of  the  Reynolds  number. 

Figure  23  (b),  which  shows  the  foredrag  coeflficients  of 
model  1 through  6 with  roughness  added,  indicates  that  the 
foredrag  for  all  the  bodies  decreases  as  the  Reynolds  num- 
ber increases  above  a Reynolds  number  of  1.75X10®. 
This  is  to  be  expected,  since  with  the  change  to  turbulent 
boundary  layer  and  consequent  elimination  of  separation, 
the  only  factor  remaining  to  influence  the  foredrag  coeffi- 
cients is  the  decrease  of  skin-friction  coefficients  with  in- 
crease in  Reynolds  number.  Below  a Reynolds  number 
of  1.75X-10®,  however,  the  foredrag  of  all  the  models  except 
model  1 increases  with  increasing  Reynolds  number.  The*; 
cause  of  this  somewhat  puzzling  behavior  is  apparent  upon 
closer  examination  of  the  data. 

Figure  24  (b)  shows  a comparison  of  the  theoretical  fore- 


drags with  the  experimental  values  for  models  1 and  3 with 
roughness  added.  The  theoretical  value  for  skin-friction 
drag*  was  calculated  assuming  laminar  flow  up  to  the  loca- 
tion of  the  roughness,  and  turbulent  flow  behind  it.  This 
value  of  drag  was  added  to  the  theoretical  wave  drag  to 
obtain  the  theoretical  foredrag.  It  is  seen  from  figure  24 
(b)  that  for  model  1 the  curves  of  theoretical  and  expei’i- 
mental  foredrag  have  the  previously  indicated  trend  of  de- 
creasing drag  with  increasing  Reynolds  nimiber  over  the 
entire  range.  However,  for  model  3,  which  is  typical  of  the 
boattailed  bodies,  the  measured  foredrag  at  low  Reynolds 
numbers  falls  considerably  below  the  theoretical  value  in 
the  manner  previously  noted.  The  reason  for  this  is  evi- 
dent from  an  examination  of  the  schlieren  photographs 
shown  in  figure  25,  which  were  taken  of  the  flow  over  models 
3 and  6 with  roughness  added.  They  show  that  at  the  low 
Reynolds  numbers  a flow  separation  similar  to  that  observed 
for  the  smooth  body  (fig.  16)  occurs,  and  the  resulting  shock- 
wave  configuration  is  characteristic  of  the  configuration  for 
a laminar  boundary  layer  rather  than  that  for  a turbulent 
boundary  layer.  It  appears  that,  at  the  low  Reynolds  num- 
bei*s,  the  amount  of  roughness  added  does  not  cause  transi- 
tion far  enough  upstream  of  the  point  for  laminar  separa- 
tion so  that  the  free  stream  can  provide  the  boundaiy  layer 
with  the  necessary  additional  momentum  to  prevent  separa- 
tion. The  portions  of  the  drag  curves  in  which  the  desired 
transition  was  not  realized  are  shown  dotted  over  the  region 
in  which  separation  was  apparent  from  the  schlieren  pictures. 
For  model  1,  the  schlieren  photographs  showed  that  at  the 
low  Reynolds, numbers  the  amount  of  roughness  added  was 


Figure  23.— Variation  of  foredrag  coefficient  for  models  1,  2,  3,  4,  5 and  6 in  the  smooth  condition  and  with  roughness- added. 
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(a)  Smooth  condition. 


(b)  Roughness  added. 


Fioubb  24. — Comparison  of  theoretical  and  exi)erimental  foredrag  coefficients  for  models  1 

and  3. 


(a)  Models, /?r»0.58X  10*. 


(b)  Model  6,  Rr=0.62X10*. 

Figure  25.— Schlieren  photographs  at  low  Reynolds  numbers  of  models  3 and  6 with  rough- 
ness added.  Knife  edge  vertical. 


sufficient  to  effect  transition  some  distance  ahead  of  the  base, 
although  not  immediately  aft  of  the  roughness. 

The  agreement  between  the  experimental  and  the  theo- 
retical results  obtained  by  the  use  of  equations  (4)  and  (5) 
indicates  that,  at  a Mach  number  of  1.5  and  in  the  range  of 
Reynolds  numbers  covered  by  this  investigation,  the  famil- 
iar low-speed  skin-friction  coefficients  can  be  used  with  fair 
approximation  to  estimate  drag  due  to  skin  friction  at 
supersonic  speeds. 

A comparison  of  the  curves  of  figures  23  (a)  and  23  (b) 
shows  that  for  a given  body  at  a given  value  of  the  Reynolds 
number  the  foredrag  with  roughness  added  is  consistently 
higher  than  the  corresponding  foredrag  of  the  smooth-sur- 
faced body.  In  the  general  case,  this  over-all  increase  in  fore- 
drag  is  attributable  both  to  the  increase  in  the  skin-friction 
drag  of  the  body  and  to  the  change  in  flow  separation  with 
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Figure  26. — Variation  of  base-pressure  coeflicient  with  Reynolds  number  for  models  1,  2.  3,  4,  5 and  6 in  the  smooth  condition  and  with. roughness  added. 


consequent  increase  in  the  pressure  drag  of  the  boattail.  For, 
model  1,  which  has  no  boattailing,  the  increase  in  skin  friction 
is  the  sole  factor  contributing  to  the  increase  in  foredrag. 

Base  pressure  and  base  drag. — Figure  26  (a)  shows  the 
base  pressure  coefficients  plotted  as  a function  of  the  Reynolds 
number  for  models  1 through  6,  each  with  a smooth  surface. 
It  is  evident  from  the  data  in  this  figure  that  the  effects  of 
Reynolds  number  on  base  pressure  for  a body  with  a laminar 
boundary  layer  are  quite  large.  In  the  range  of  Reynolds 
numbers  covered,  the  base  pressure  coefficient  of  model  1 in- 
creases about  60  percent,  and  the  coefficients  of  models  2,  3, 
and  4 more  than  double.  The  thicker  bodies  with  boattail- 
ing,  models  5 and  6,  do  not  exhibit  such  large  changes  in  base 
pressure  coefficient,  for  the  coefficients  apparent^  reach  a 
maximum  at  a relatively  low  Reynolds  number,  and  then 
decrease  with  further  increase  in  the  Reynolds  niunber. 

The  base  pressure  coefficients  for  models  1 thi’ough  6 with 
roughness  added  are  shown  in  figure  26  (b).  Here  again,  the 
portions  of  the  curves  which  correspond  to  the  low  Re^molds 
number  region  wherein  transition  was  not  completely  effected 
are  shown  as  dotted  lines.  Model  1 exhibits  the  lowest  base 
pressure  and  model  6 the  highest;  in  this  latter  case  the  base 
pressure  is  even  higher  than  the  free-stream  static  pressure. 
The  physical  reason  for  this  is  evident  from  the  schlieren 
photograph  at  the  bottom  of  figure  20,  which  shows  that  a 
compression  through  the  shock  wave  occurs  just  ahead  of  the 
base  of  model  6.  Except  for  the  large  changes  in  pressure 


coefficient  at  low  Reynolds  numbers  where  the  desired  transi- 
tion was  not  effected,  the  variation  o'!  base  pressure  coefficient 
with  Reynolds  number  is  relatively  small  for  the  bodies  with 
roughness  added. 

From  a comparison  of  the  curves  for  the  bodies  with  rough- 
ness added  to  the  corresponding  curves  for  the  smooth-sur^ 
faced  bodies,  it  is  evident  that  a large  change  in  the  base 
pressure  coefficient  is  attributable  to  the  change  in  the  condi- 
tion of  the  boundary  layer.  In  general,  the  base  pressures 
for  bodies  with  roughness  added  are  considerably  higher  than 
the  corresponding  base  pressures  for  the  smooth-surfaced 
bodies.  In  the  case  of  the  boattailed  bodies  the  physical 
reason  for  this  increase  in  the  base  pressure  is  the  appearance 
of  the  base  shock  wave,  as  shown  in  figure  21.  For  model  1, 
which  has  no  boattailing,  the  mixing  action  and  greater  thick- 
ness of  the  turbulent  boundary  layer  are  probably  responsible 
for  the  observed  increase.  : 

The  foregoing  data  show  that  the  effects  of  Reynolds 
number  and  condition  of  the  boundary  layer  on  the  base 
pressure  of  a body  moving  at  supersonic  speeds  depend 
considerably  upon  the  shape  of  the  afterbody.  In  order  to 
ascertain  whether  the  effects  of  viscosity  also  depend  upon 
the  length-diameter  ratio  for  a fixed  shape,  of  afterbody, 
some  models  of  different  length-diameter  ratios  were  tested 
and  the  data  presented  in  figures  27  (a)  and  27  (b)  which 
show  the  variation  of  base  pressure  coefficient  with  Reynolds 
number.  The  data  presented  in  this  figure  are  not  free  of 
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Reynolds  number^  /?e,  millions 

(a)  Smooth  condition.  (b)  Roughness  added. 

Figure  27.— Variation  of  base-pressure  coefficient  with  Re>moldsnumber  for  bodies  without  boattailing  but  with  different  length -diameter  ratios. 


support  interference.  From  these  data  it  is  apparent  that 
the  effects  of  viscosit}’^  on  the  base  pressure  increase  with 
the  length-diameter  ratio  of  the  body.®  It  is  to  be  noted 
that  the  base  pressure  increases  as  the  length-diameter  ratio 
increases.  This  is  somewhat  at  variance  with  the  results  of 
reference  20,  which  showed  an  effect,  but  not  a systematic 
one,  of  length-diametor  ratio  on  the  base  pressure  of  bodies 
without  boattailing. 

The  base  drag  coeflScient  can  be  obtained  from  the  base 
pressure  coefficient  of  the  models  by  using  equation  (2), 
The  base  drag  coefficients  for  the  smooth-surfaced  bodies 
are  presented  in  figure  28  (a)  and  for  the  bodies  with  rough- 
ness added  in  figure  28  (b).  These  curves  are,  of  coui*se, 
similar  to  the  corresponding  curves  of  base  pressure  coeffi- 
cient given  in  figures  26  (a)  and  26  (b).  In  this  form  the 
ordinates  can  be  added  directly  to  the  foredrag  coefficients 
of  figure  23  to  obtain  the  total  drag  coefficient  of  a given 
body.  It  is  seen  that  the  contribution  of  the  base  pressure 
to  the  total  drag  is  very  small  for  models  with  large  amounts 
of  boattailing,  such  as  models  3,  4,  5,  and  6. 

Total  drag. — The  total  drag  coefficients  for  models  1 
through  6 with  smooth  surfaces  are  shown  in  figure  29  (a) 
as  a function  of  Reynolds  number.  These  data  show  that 
the  drag  coefficients  of  both  models  1 and  2 \^dth  a laminar 
boundary  layer  increase  a little  over  20  percent  from  the 
lowest  to  the  highest  value  of  Reynolds  number  obtained  in 

^ Similar  experiments  conducted  at  a Mach  number  of  2.0  have  shown  the  same  trend, 
base  diameter. 


the  tests.  The  other  models  exhibit  somewhat  smaller 
changes.  The  data  presented  in  figures' 23  and  28  indicate 
that  the  principal  effect  controlling  the  variation  of  total 
drag  with  Reynolds  number  for  laminar  fiow  in  the  boundary 
layer  is  the  effect  of  Reynolds  number  on  the  base  drag  of 
the  bodies.  For  the  special  case  of  higldy  boattailed  bodies, 
however,  this  effect  is  of  little  relative  importance  because 
the  base  drag  is  a small  part  of  the  total  drag.  In  such 
cases,  the  over-all  variation  of  drag  coefficient  is  due  almost 
entirel}^  to  the  variation  of  foredrag  with  Reynolds  number. 

Figure  29  (b)  shows  the  total  drag  coefficients  plotted 
, as  a function  of  the  Re}molds  number  for  models  1 through 
6 with  rouglmess  added.  Again,  the  portions  of  the  curves 
that  are  shown  dotted  represent  the  Reynolds  number  region 
in  which  the  amount  of  roughness  added  is  insufficient  to 
cause  complete  transition.  All  the  curves  have  approxi- 
mately the  same  trend,  the  over-all  effect  on  the  drag 
coefficients  being  about  15  percent  or  less  for  the  various 
bodies. 

A comparison  of  the  curves  of  total  drag  for  bodies  with 
rouglmess  added  to  the  corresponding  curves  for  bodies 
. with  smooth  surfaces  shows  an  interesting*  phenomenon. 
At  the  higher  Reynolds  munbers  the  drag  of  models  1 and  6 
is  actually  decreased  slightly  by  the  addition  of  roughness, 
in  spite  of  the  corresponding  increase  in  skin-friction  drag. 
The  reason  is,  of  course,  that  the  base  drags  are  very  much 

Both  sets  of  data  show  reasonable  correlation  with  the  ratio  of  boundary- layer  thickness  to 
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lower  for  the  turbulent  boundary  layer  than  for  the  laminar. 
The  drag  coeflScients  of  the  other  bodies  (models  2,  3,  4, 
and  5)  are  somewhat  higher  with  roughness  added,  because 
the  increase  in  friction  drag  of  the  turbulent  boundary 
layer  is  greater  than  the  decrease  in  base  drag. 

The  importance  of  always  considering  both  the  Reynolds 
number  of  the  flow  and  condition  of  the  boundary  layer  is 
illustrated  by  the  total  drag  characteristics  of  model  2.  For 
example,  if  model  2 were  tested  with  a turbulent  boundary 
layer  at  a Reynolds  number  of  2X10®,  the  drag  would  be 
about  35  percent  higher  than  if  tested  with  a laminar  bound- 
ary layer  at  a Reynolds  number  of  0.5X10®.  Although  dis- 
crepancies as  large  as  these  have  not  been  reported  as  yet 
in  the  drag  data  from  different  supersonic  wind  tunnels, 
certain  consistent  differences,  varying  from  about  5 to  25 
percent,  have  been  reported  (reference  18).  in  the  drag  data 
of  similar  projectiles  tested  in  the  Gottingen  and  the  Kochel 
tunnels.  Although  in  reference  18  the  discrepancies  between 
the  two  tunnels  were  attributed  only  to  the  variation  in  skin 
friction  with  Reynolds  number,  it  appears  from  the  results 
of  the  present  investigation  that  such  discrepancies  are  attrib- 
utable primarily  to  differences  in  flow  separation  and  base 
pressure. 

A comparison  of  the  effects  of  viscosity  for  pointed  bodies 
with  the  effects  for  a blunt  body  shows  clearly  that  body 
shape  must  be  considered,  and  that  conclusions  about  vis- 
cosity effects  based  upon  tests  of  blunt  bodies  may  be  com- 
pletely inapplicable  to  the  aerodynamic  shapes  which  are 
suitable  for  supersonic  flight.  For  example,  in  the  case  of  a 
sphere  at  1.5  Mach  number  with  an  over-all  Reynolds  num- 
ber variation  of  from  7.5X10^  to  9.0X10®,  the  agreement 
between  the  drag  data  from  Gottingen  (reference  7),  Peene- 
munde  (reference  18),  and  the  present  wind  tunnel  is  within 
1 percent  of  the  values  measured  for  free-flight  (references 
7 and  21).  It  is  evident  that  the  effects  of  viscosity  on  the 
drag  of  a sphere  are  quite  different  from  the  effects  on  the 
pointed  bodies  tested  in  this  investigation. 

CONCLUSIONS 

The  conclusions  whicli  follow  apply  for  a Mach  number  of 
1.5  and  at  Reynolds  numbers  based  upon  model  length  up  to 
about  5X10®  for  bodies  of  revolution  similar  to  the  ones 
tested. 

1.  The  effects  of  viscosity  differ  greatly  for  laminar  and 
turbulent  flow  in  the  boundary  layer,  and  within  each  regime 
depend  upon  the  Reynolds  number  of  the  flow  and  the  shape 
of  the  body. 

2.  Laminar  flow  was  found  on  the  smooth  bodies  up  to  a 
Reynolds  number  of  6.5X10®  and  may  possibly  exist  to 
considerably  higher  values. 

.3.  A comparison  between  the  test  results  for  laminar  and 
for  turbulent  flow  in  the  boundary  layer  at  a fixed  value  of 
the  Rejmolds  number  shows  that: 

(a)  The  resistance  to  separation  with  turbulent  flow  in 
the  boundary  layer  is  much  greater. 
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(b)  The  shock- w'ave  configuration  near  the  base  of  boat- 
tailed  bodies  is  markedly  different  for  the  two  types 
of  boundary  layer  flow. 

(c)  The  foredrag  coefficients  with  turbulent  boundary 
layer  ordinaril3’^  are  higher. 

(d)  The  base  pressure  on  boattailed  bodies  is  much 
higher  with  the  turbulent  boundary  layer. 

(e)  The  total  drag  is  usually  higher  with  the  turbulent 
boundary  layer. 

4.  For  laminar  flow  in  the  boundary  layer  the  following 
effects  were  found: 

(a)  The  laminar  boundary  layer  separates  forward  of 
the  base  on  aU  boattailed  bodies  tested,  and  the 
position  of  separation  varies  noticeably  with 
Reynolds  number.  Laminar  separation  is  not  nec- 
essarily accompanied  by  a shock  wave  originating 
from  the  point  of  separation.  On  many  of  the 
models  the  pressure  in  an  inviscid  flow  would 
continually  decrease  in  the  direction  of  the  flow 
upstream  of  the  separation  point. 

(b)  The  trailing  shock  wave  moves  forAvard  slightly  as 
the  Reynolds  number  is  increased,  but  no  signif- 
icant change  takes  place  in  the  shock-wave  con- 
figuration near  the  base. 

(c)  With  increasing  Reynolds  numbers,  the  foredrag 
coefficients  increase  for  highly  boattailed  bodies 
and  decrease  for  bodies  without  boattailing.  For 
moderately  boattailed  bodies  the  variation  of  the 
foredrag  coefficient  with  Reynolds  number  is  rel- 
atively small. 

(d)  The  base  pressure  changes  markedly  with  Rejmelds 
number.  For  bodies  with  the  same  afterbody 
shape,  the  base  pressure  also  depends  upon  the 
length-diameter  ratio  of  the  body. 

(e)  Total  drag  varies  considerably  with  the  Reynolds 
nuiriber,  changing  more  than  20  percent  for  several  of 
the  models. 

5.  For  turbident  flow  in  the  boundary  the  following 
effects  were  found: 

(a)  Separation  does  not  ordinarily  occur  upstream  of 
the  base  except  for  highly  boattailed  bodies. 

(b)  The  shock-wave  configuration  near  the  base  does 
not  change  noticeably  as  the  Reynolds  number 
changes. 

(c)  The  foredrag  coefficients  decrease  slightly  as  the 
Reynolds  number  is  increased. 

(d)  The  base  pressure  changes  very  little  with,  changing 
Reynolds  number. 

(e)  The  total  drag  decreases  as  the  Reynolds  number 
is  increased. 

A.MES  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 

Moffett  Field,  Calif.,  January  31  ^ 1947. 
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APPENDIX  A 


VARIATION  OF  TEST-SECTION  STATIC  PRESSURE 

Since  the  static  pressure  with  no  model  present  varied 
along  the  axis  of  the  test  section  as  showoi  in  figure  5,  it  was 
necessary  to  appl}’’  a correction  to  the  measured  coefficients 
to  account  for  the*  increment  in  drag  or  pressui^e  resulting 
from  this  axial  pressure  gradient.  Although  the  axial  vari- 
ation of  test-section  static  pressure  is  not  monotonic,  the 
pressures  at  the  dovoistream  end  of  the  test  section  are 
uniforml}^  lower  than  the  pressures  of  the  upstream  end 
where  the  nose  of  a model  is  ordinarily  placed.  This  means 
that  the  actual  pressure  exerted  at  a given  point  on  a body  is 
lower  than  it  would  be  if  the  ambient  pressure  gradient  were 
zero  as  it  is  in  free  flight.  The  gradient  corrections  are  cal- 
culated on  the  assumption  that  the  magnitude  of  the  pressure 
exerted  at  an  arbitrary  point  on  the  body  in  the  tunnel  is 
lower  than  it  would  be  if  no  gradient  were  present  by  an 
increment  equal  to  the  amount  which  the  static  pressure 
decreases  (with  no  model  present)  from  the  position  of  the 
model  nose  to  the  position  of  the  arbitrary  point.  At  the 
Mach  number  of  the  present  tests  it  is  *not  necessary  to 
include  the  corresponding  axial  variation  of  dynamic  pressure 
in  the  corrections  since  it  varies  only  ±0.2  percent  from  the 
mean  test-section  value  used  in  all  calculations.  The  correc- 
tions to  the  measured  coefficients  of  model  1 located  2.5 
inches  downstream  from  the  reference  pressure  orifice,  for 
example,  amount  to  ±0,012  in  foredrag  coefficient  and 
— 0.026  in  base-drag  coefficient;  the  corresponding  per- 
centages of  the  uncorrected  coefficients  of  foredrag  and  base 
pressure  are  12  and  15,  respectively. 

Because  the  gradient  correction  is  relatively  large  in  the 
present  tests  an  experimental  justification  of  such  theoretical 


corrections  is  in  order.  The  vahdity  of  the  corrections  as 
applied  to  foredi'ag  is  confirmed  by  tests  on  model  9,  which 
consists  of  a conical  nose  with  a 20°  included  angle  and  a 
short  cjdindrical  afterbody.  The  theoretical  foredrag  of  this 
body,  which  is  equal  to  the  sum  of  the  wave  and  friction  drags 
can.be  easily  determined  as  a function  of  Rejmolds  number. 
The  wave  drag  of  the  conical  nose  is  given  by  the  calculations 
of  Taylor  and  MaccoU  (references  10  and  11).  The  frictional 
di'ag  can  be  estimated  using  the  low-speed  laminar  skin- 
friction  coefficients,  since  the  boundary  la}^er  was  completely 
laminar  over  this  model.  A comparison  of  the  corrected 
and  uncorrected  foredrag  with  the  theoretical  foredrag  is 
shown  in  figure  6.  The  corrected  foredi’ag  coefficients  are 
seen  to  be  in  go.od  agreement  with  the  theoretical  values; 
whereas  the  uncorrected  data  fall  below  the  wave  drag  at 
high  tunnel  pressures.  This  latter  condition,  of  com'se,  rep- 
resents an  impossible  situation  for  a body  without  boattailing. 

In  order  to  check  experimental!}^  the  validity  of  the  correc- 
tions as  applied  to  the  measured  base  pressure,  model  1 was 
tested  on  the  side  support  at  five  different  positions  along  the 
axis  of  the  test  section.  Because  the.  support  system  re- 
mained fixed  relative  to  the  body,  the  interference  of  the 
support  is  the  same  in  each  case,  hence,  any  discrepancies  in 
the  measured  base  pressures  at  the  various  positions  are 
attributable  only  to  the  pressure  gradient  along  the  tunnel 
axis.  Figure  7 shows  that  the  uncorrected  base  pressure 
data  taken  at  the  five  different  positions  differ  by  about 
25  percent,  but  the  corresponding  five  sets  of  corrected  data 
faU  within  about  ±1.5  percent  of  their  mean,  thus  confirming 
the  validity  of  the  correction. 
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APPENDIX  B 


PRECISION  OF  DATA 

The  accuracy  of  the  results  presented  can  be  estimated  by 
considering  the  possible  errors  that  are  knovm  to  be  involved 
in  the  measurement  of  the  forces  and  pressures,  and  in  the 
determination  of  the  free-stream  Mach  nmnber  and  gradient 
corrections. 

The  force  measurements  are  subject  to  errors  from  shifts 
in  the  balance  zero  due  to  temperature  effects  and  also  from 
a shift  in  the  calibration  constant.  The  zero  shift,  which  is 
less  than  ± 1 percent  of  the  force  data  at  low  pressures  and 
less  than  ±0.2  percent  at  high  pressures,  was  checked  peri- 
odically by  running  the  tunnel  through  the  complete  temper- 
ature range  with  no  force  applied  to  the  balance.  In  the 
majority  of  cases  the  variation  of  the  balance  calibration 
constant,  which  was  checked  before  and  after  each  series  of 
tests,  permitted  a possible  deviation  of  ±0.3  percent  in  the 
force  data,  AH  data  presented  in  figures  9 (b),  13,  14,  and 
the  data  for  models  4,  5,  and  6 in  figures  23  (a)  and  29  (a) 
were  obtained  during  a period  between  two  consecutive 
balance  calibrations  for  which  the  constant  differed  by  6.4 
percent.  A comparison  of  the  data  obtained  during  this 
period  with  theoretical  results  and  with  the  results  of  subse- 
quent reruns  of  some  of  the  same  models  indicates  that  the 
change  in  balance  calibration  occurred  before  the  data  in 
question  were  obtained.  The  results  in  the  afore-mentioned 
figures  were  therefore  computed  on  the  basis  of  the  later 
calibration.  It  is  estimated  that  the  maximum  error  in 
the  balance  calibration  constant  for  these  results  is  at  worst 
no  greater  than  ±0.3  to  —3.0  percent. 

The  pressure  data,  including  the  dynamic  pressure,  are 
subject  to  small  errors  resulting  from  possible  inexact  read- 
ings of  the  mercury  manometers.  The  base  pressure  data 
are  also  subject  to  an  additional  error  resulting  from  the 
small  variation  in  the  specific  gravity  of  the  dibutyl  phthalate 
indicating  fluid.  At  the  most,  these  sources  can  cause  an 


error  in  the  total  and  foredrag  coefficients  of  about  ±0.3 
percent,  and  in  the  base-drag  coefficient  of  about  ±0.8  per- 
cent. The  error  in  dynamic  pressure  due  to  the  uncertainty 
in  the  free-stream  Mach  number  is  negligible,  since  the  isen- 
tropic  relation  for  the  dynamic  pressure  as  a function  of 
Mach  number  is  near  a maximum  at  a Mach  number  of  1.5. 
For  slender  bodies  of  revolution  the  variation  of  the  force 
coefficients  wdth  Mach  number  is  quite  small;  hence,  errors 
resulting  from  the  variation  of  free-stream  Mach  number 
from  1.49  to  1.51  are  negligible. 

On  the  basis  of  the  data  presented  in*  figures  6 and  7,  it  is 
estimated  that  for  all  tunnel  pressures  the  uncertainty  in  the 
gradient  corrections  to  total  drag,  foredrag,  and  base  pres- 
sure coefficients  can  cause  at  the  most  an  error  in  these 
coefficients  of  ±0,004,  ±0.004,  and  ±0.005,  respectively. 
It  should  be  noted  that  in  the  table  on  precision,  presented 
in  the  section  on  results,  this  source  of  error,  which  is  inde- 
pendent of  tunnel  pressure,  is  expressed  as  an  increment 
and  not  as  a percentage  of  the  measured  coefficient. 

Previous  investigations  have  shown  that  an  uncertainty 
may  be  introduced  in  supersonic  wind-tunnel  data  if  the 
humidity  of  the  tunnel  air  is  very  high.  To  determine  the 
effects  of  this  variable  in  the  present  investigation,  the 
specific  humidity  was  varied  from  the  lowest  values  (approx- 
imately 0.0001)  to  values  approximately  20  times  those 
normally  encountered  in  the  tests.  Drag  and  base  pressure 
measurements  were  taken  on  a body  with  a conical  head  and 
also  on  a sphere.  The  results  showed  no  appreciable  effect 
of  humidity  over  a range  much  greater  than  that  encountered 
in  the  present  tests,  provided  the  variation  in  test-section 
dynamic  pressure  with  the  change  in  humidity  was  taken 
into  account  in  the  reduction  of  the  data.  It  is  believed, 
therefore,  that  the  precision  of  the  results  presented  in  this 
report  is  unaffected  by  humidity. 
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EFFECT  OF  SUPPORT  INTERFERENCE 

A knowledge  of  the  effects  of  support  interference  upon 
the  data  in  question  is  essential  to  an  understanding  of  its 
applicability  to  free-flight  conditions.  Previous  to  the  pres- 
ent investigation  an  extensive  series  of  tests  were  conducted 
to  determine  the  body  shape  and  support  combinations 
necessary  to  evaluate  the  support  interference. 

In  general,  it  was  found  that  for  the  models  tested  in  the 
smooth  condition  (laminar  boimdary  layer)  the  effect  of 
the  rear  supports  used  in  the  present  investigation  was 
negligible  for  the  boattailed  models  2 and  3 and  was  appre- 
ciable only  in  the  base  pressure  measurements  for  model  1. 
For  model  1,  combinations  of  rear  support  and  side  support 
were  used  to  evaluate  the  effect  of  the  rear  support  on  the 
base  pressure.  The  evaluation  was  made  on  the  assumption 
of  no  mutual  interference  between  the  rear  support  and 
side  support  and  was  checked  by  the  use  of  two  different 
combinations  of  side  support  and  rear  support.  The  data 
indicate  that  the  assumption  is  justified  within  the  limits 
of  the  experimental  accuracy  and  that  the  con'ected,  inter- 
ference-free base  pressures  deduced  b}^  this  method  differ 
only  slightly  from  those  measured  with  the  side  support  alone. 

For  the  bodies  with  roughness  added  (producing  a turbu- 
lent boundary  layer)  a complete  investigation  of  the  support 
interference  was  not  made;  consequently,  a definite  quan- 
titative evaluation  of  the  interference  effects  for  each  body 
in  this  condition  cannot  be  given.  From  the  data  that  were 
obtained  it  has  been  found  that  the  foredrag  is  not  affected 
appreciably  by  the  presence  of  the  supports  used  in  the 
present  investigation,  but  that  a small  amoimt  of  interference 
is  evident  in  the  base  pressure  coefficient  which  may  vary 
from  a minimum  of  ±0.005  to  a maximum  of  ±0.015  for 
the  different  bodies.  This  uncertainty  in  the  base  pressure 
coefficient  results  in  a correspondingly  small  uncertainty 
in  the  base  drag  coefficient  and  in  the  total  drag  coefficient. 
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GENERAL  METHOD  AND  THERMODYNAMIC  TABLES  FOR  COMPUTATION  OF  EQUttIBRIUM 
COMPOSITION  AND  TEMPERATURE  OF  CHEMICAL  REACTIONS  ^ 

By  Vearl  N.  Huff,  Sanford  Gordon,  and  Virginia  E.  Morrell 


SUMMARY 

A rapidly  convergent  successive  approximation  process  is 
described  that  simultaneously  determines  both  composition  and 
temperature  resulting  from  a chemical  reaction.  This  method 
is  suitable  for  use  with  any  set  of  reactants  over  the  complete 
range  of  mixture  ratios  as  long  as  the  products  of  reaction  are 
ideal  gases.  An  approximate  treatment  of  limited  amounts  of 
liquids  and  solids  is  also  included.  This  method  is  particularly 
suited  to  problems  having  a large  number  of  products  of  reaction 
and  to  problems  that  require  determination  of  such  properties  as 
specific  heat  or  velocity  of  sound  of  a dissociating  mixture. 

The  method  presented  is  applicable  to  a wide  variety  of  prob- 
■ lems  that  include  (1)  combustion  at  constant  pressure  or  volume; 
and  isentropic  expansion  to  an  assigned  pressure  ^ tempera- 
ture^ or  Mach  number.  Tables  of  thermodynamic  functions 
needed  with  this  method  are  included  for  42  substances  for  con- 
venience in  numerical  computations. 

INTRODUCTION 

The  theoretical  performance  of  propulsion  systems  having 
high  combustion  temperatures  can  be  calculated  on  the  as- 
sumption that  chemical  equilibrium  exists  among  the  prod- 
ucts of  reaction.  The  equilibrium  composition  and  the  tem- 
perature for  a system  of  N products  of  reaction  are  deter- 
mined by  the  simultaneous  solution  of  at  least  N+ 1 equa- 
tions involving  dissociation,  mass  balance,  and  energy  or 
entropy  balance.  This  calculation  becomes  increasingly 
difficult  as  N increases. 

Numerous  methods  for  solving  these  equations  may  be 
found  in  the  literature  that  provide  a successive  approxima- 
tion or  trial-and-error  process  for  determining  the  composi- 
tion at  an  assumed  temperature  and  pressure.  Examples  of 
these  methods  are  found  in  references  1 to  4.  ^Tien  it  is 
desired  to  find  the  temperature  of  a system  in  equilibrium, 
with  a parameter  such  as  entropy  or  enthalpy  assigned,  the 
composition  is  usually  computed  at  a sequence  of  tempera- 
tures that  either  converge  to  the  correct  temperature  or  are 
spaced  to  permit  interpolation  to  obtain  the  correct  tem- 
perature. 

A rapidly  convergent  successive  approximation  process 
that  determines  composition  at  an  assigned  temperature  or 
that  simultaneously  determines  both  composition  and  tem- 
perature for  assigned  values  of  another  parameter,  such  as 
enthalpy  or  entropy,  was  developed  at  the  NACA  Lewis 
laboratory  during  1948  and  is  presented  herein.  This  proc- 


ess also  permits  computation  of  the  partial  derivatives 
required  to  compute  such  thermodynamic  properties  as 
specific  heat  and  velocity  of  sound  corresponding  to  chemi- 
cal equilibrium.  The  equations  are  derived  that  are  re- 
quired for  solution  of  the  following  cases:  (1)  combustion  at 
constant  pressure  or  volume;  and  (2)  isentropic  expansion 
to  an  assigned  pressure,  temperature,  or  Mach  number. 
Examples  are  given  for  (1)  constant-pressure  adiabatic 
combustion;  (2)  isentropic  expansion  to  an  assigned  pres- 
sure; and  (3)  isentropic  expansion  to  an  assigned  Mach 
number. 

This  method  is  particularly  suitable  for  problems  having 
a large  number  of  products  of  reaction  and  for  problems  that 
require  determination  of  partial  derivatives.  Although  it  is 
possible,  at  least  in  special  cases,  to  devise  a procedure  that 
involves  less  numerical  computation,  the  method  presented 
is  applicable  in  a wide  variety  of  cases  and  its  numerical 
application  to  a given  process  is  always  simple  and  essen- 
tially the  same  for  all  reactions. 

Tables  of  thermodynamic  functions  are  needed  for  com- 
puting equilibrium  compositions  and  temperature  of  chem- 
ical reactions.  Tables  containing  the  functions  specific  heat 
at  constant  pressure  (7p,  sensible  enthalpy  jE/J— 
molar  entropy  St  exist  for  at  least  part  of  the  desired  tem- 
perature range  for  most  of  the  substances  of  interest  in  the 
analysis  of  aircraft-propulsion  systems.  Several  special 
functions  are  required  Tor  convenient  use  with  the  method 
described  herein;  tables  were  therefore  prepared,  from  Jan- 
uary to  June  1949,  that  contain,  in  addition  to  Ht--Hq, 
and  St,  assigned  values  of  enthalpy  Ht  and  values  of  log  K 


and 


RT 


(logarithm  of  equilibrium  constant  and  enthalpy 


change  divided  by  gas  constant  times  temperature,  respec- 
tively, for  reaction  of  formation  of  a substance  from  its 
elements  in  atomic  gas  state). 

The  data  selected  from  various  sources  or  computed  by 
the  NACA  have  been  smoothed,  interpolated  to  every  100®, 
and  extended  to  6000®  K.  A high  degree  of  self-consistency 
has  been  maintained  in  the  temperature  range  from  1000® 
to  6000®  K by  computing  from  specific-heat  data  the  values 
of  the  other  functions  and  retaining,  in  general,  more  decimal 
places  than  are  significant.  Interpolation  formulas  are 
given  that  permit  computation  of  self-consistent  values  for 
all  the  functions  at  any  temperature  between  1000®  and 
6000®  K. 


J Supersedes  NACA  TN  2113,  “General  Method  for  Computation  of  Equilibrium  Composition  and  Temi^rature  of  Cherniy!  Reactions"  by  Vearl  Huff  and  Virginia  E,  Morrell, 
1950  and  NACA  TN  2161,  “Tables  of  Thermodynamic  Functions  for  Analysis  of  Aircraft-Propulsion  Systems"  by  Vearl  N.  Huff  and  Sanford  Gordon,  1950. 
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GENERAL  METHOD 

The  thermodynamic  state  following  a specific  process, 
such  as  combustion  at  constant  pressure,  can  be  determined 
from  an  appropriate  combination  of  the  following  equations: 
(a)  dissociative  equilibrium;  (b)  conservation  of  mass; 
(c)  conservation  of  energy;  (d)  pressure;  and  (e)  entropy. 
Equations  (a)  and  (b)  are  used  to  specify  chemical  equilib- 
rium and,  when  used  with  any  two  of  the  remaining  equations, 
define  a process. 

The  successive  approximation  procedure  presented  herein 
for  finding  the  simultaneous  solution  of  a specific  combination 
of  equations  (a)  to  (e)  consists  of  the  following  steps: 

(1)  Estimates  of  composition  and  temperature  are  made 
and  used  in  simple  equations  to  compute  the  values  of  error 
parameters,  which  indicate  inconsistency  among  the  estimates 
of  composition  and  temperature.  (These  estimates  need 
notbe based  on  previous  experience,  but  for  rapid  convergence 
it  is  desirable  that  they  be  close  to  the  final  values.)  - 

(2)  A set  of  linear  simultaneous  correction  equations  is 
given  that  determine  a new  composition  and  a new  tempera- 
ture. 

(3)  The  new  composition  is  used  to  compute  new  values  of 
the  error  parameters  and  step  (2)  is  repeated  until  the  desired 
accui*acy  is  obtained. 

EQUATIONS  FOR  DISSOCIATION,  MASS.  PRESSURE.  AND  VOLUME 

The  substances  entering  a reaction  process  will  be  desig- 
nated the  reactants  and  can  be  represented  by  the  equivalent 
formula 

where  the  subscripts  a^,  K,  . , . are  proportional  to  the  total 
number  of  atoms  of  the  elements  Z,  F,  . . . , respectively, 
contained  in  a quantity  of  the  entering  substance  at  the 
initial  conditions.  (A  complete  list  of  symbols  is  included 
in  appendix  A.)  For  example,  the  reactants  for  a rocket 
combustion  process  using  3 moles  of  ammonia  (NHg)  for  fuel 
and  2 moles  of  nitric  acid  (HNO3)  for  an  oxidant  are 

3NH3+2HNO3 

An  equivalent  formula  would  be 

HnNsOe 

where  the  atoms  hydrogen,  nitrogen,  and  oxygen,  may  be 
represented  by  Z,  F,  and  X,  respectively,  and  11,5,  and  6 by 
o^of  hoi  and  c^,  respectively.  The  weight  of  the  equivalent 
formula  Mr  can  be  computed  in  the  usual  way  and  would  be 
177.128.  (If  desirable,  the  quantity  of  substance  in  the 
equivalent  formula  may  be  chosen  to  correspond  to  a specified 
value  of  Mr.  For  example,  if  Mr  is  to  be  one  gram,  the 
preceding  values  would  be  divided  by  177.128.) 

The  reaction  under  consideration  can  be  written 

• * • ) “^^'1  (^ai  Fjfj  . . . ^-{-n2(Za^Yt,2  . . . ) + 

(1) 

. . . +7i.(Z«^F.,  . . . ) 

where  Ui  is  the  number  of  moles  of  the  ith.  molecule  or  atom. 
The  subscripts  a<,  . . .,  which  can  take  on  only  positive 


integral  values  or  zero,  denote  the  number  of  Z,  F,  . . . 
atoms  in  the  ith  molecule.  For  example,  if  Z,  F,  and  X 
again  represent  hydrogen,  nitrogen,  and  oxygen,  respectively, 
the  values  of  and  Cj  for  a water  molecule  H2O  w^ould  be 
2,  0,  and  1,  respectively.  It  is  assuined  that  the  products  of 
reaction  are  contained  by  a volume  V numerically  equal  to 
the  gas  constant  R times  the  absolute  temperature  T so  that 
for  ideal  gases 

Pi=rii 

During  the  solution  of  the  problem,  it  is  necessary  to  determine 
the  number  of  formula  weights  of  the  reactants  A that  are 
required  to  balance  the  reaction  given  by  equation  (1). 
Products  of  reaction  in  the  gas  phase  are  assumed  to  be 
ideal  gases  that  form  ideal  mixtures  and  each  condensed 
phase  is  assumed  to  have  a partial  pressure  of  zero,  even 
when  finely  divided  and  suspended  in  the  gas.  For  solids 
and  liquids  therefore 

Pi=0 

As  an  approximation,  the  following  assumptions  are  also 
made:  Each  condensed  product  is  insoluble  in  all  others;  the 
fugacity  of  each  condensed  phase  is  equal  to  1 atmosphere; 
the  total  volume  occupied  by  the  liquids  and  solids  is  negli- 
gible with  respect  to  the  volume  occupied  by  the  gases;  and 
the.  liquid  and  solid  particles  have  the  same  temperature  and 
flow  velocity  as  the  gases. 

Dissociation  equations.- — For  simplicity  of  nomenclature 
and  presentation,  the  equations  for  dissociation  can  be 
written  in  terms  of  the  atomic  gas  as 

a,Z+b,T+  ...^Z«^F,,  ...  (2) 

The  corresponding  equation  for  the  equilibrium  constant  Ki 
of  gaseous  molecules  is 

K,=  (3) 

Pz  Py  ... 

For  liquid  or  solid  molecules,  assuming  the  fugacity  of  each 
condensed  phase  is  equal  to  1 atmosphere. 


I*  1 Wj 

Pz  Py  . . . 


where  pzi  PYf  . . . are  the  partial  pressures  of  the  Z,  F,  . . . 
atoms  in  equation  (1),  respectively.  The  equilibrium  con- 
stants can  also  be  expressed  in  terms  of  the  free-energy 
changes  (AF^)^  across  the  dissociation  reactions  represented 
by  equation  (2)  or 

(5) 

Because  the  trial  composition  may  not  correspond  to  that 
at  chemical  equilibrium,  variables  are  conveniently  de- 
fined so  that  for  gaseous  molecules  (logarithms  to  the  base  10 
are  used) 

bt=-log  Pi— ailog  Pz— bilog  Py—  . . . —logKi  (6) 
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and  for  liquid  or  solid  molecules 

6<=— log  log  •.  . . —log  Ki  (7) 

where  Kt  is  defined  by  equation  (5).  The  value  of  each  6< 
must  approach  zero  when  the  solution  to  the  problem  is  found. 
Application  of  equation  (6)  or  (7)  to  each  product  of  reaction 
will  result  in  one  equation  for  each  molecule  considered  since 
for  atoms,  is  identically  zero. 

Mass-balance  equations.^ — A mass-balance  equation  stat- 
ing the  conservation  of  atomic  type  can  be  written  for  each 
chemical  element  present. 


i 


where  h,  . . . are  the  number  of  gram  atoms  of  substance 
Z,  F,  . . . per  equivalent  formula  required  to  form  the 
products  of  reaction.  A trial  composition  generally  leads  to 
values  of  a,  6,  . . . that  differ  from  the  desired  values  of 
ao,  bo/ . . . but  the  difference  will  vanish  when  the  correct 
composition  is  foimd. 

Total-pressure  equation. — The  total  pressure  P is  the  sum 
of  the  partial  pressures 


method  of  adjustment  when  a logarithm  of  a negative 
number  (or  zero)  might  be  required. 

Enthalpy  of  fuel  and  oxidant. — The  enthalpy  at  initial 
conditions  of  the  amount  of  fuel  and  oxidant  corresponding 
to  the  equivalent  formula  Za^  Fj,^  . . . is  denoted  by  ho 
and  is  given  by  the  expression 

ho=n/m)r+n,{m),  (11) 

where  % and  Ug  are  the  number  of  moles  of  fuel  and  oxidant, 
respectively,  corresponding  to  the  equivalent  formula 
. . . and  (H/)f  and  {H/)g  are  the  molar  enthalpies  of  the 
fuel  and  the  oxidant,  respectively,  at  the  initial  conditions. 
The  molar  enthalpy  Hr  is  defined  by  the  equation 

Hi^j^ddT+m 

where  CJ  is  the  molar  specific  heat  at  constant  pressure, 
and  jE/o  is  the  chemical  energy  of  the  substance  at  a tem- 
perature of  0®  K.  Values  of  Ht  for  several  fuels  and 
oxidants  are  presented  with  the  tables  of  thermodynamic 
fimctions. 

Enthalpy  of  products  of  reaction. — The  enthalpy  of  the 
products  of  reaction  per  equivalent  formula  can  be  con- 
veniently represented  by  a variable  h that  is  given  by  the 
equation 

(12) 


(9) 


For  a process  with  an  assigned  pressure,  the  value  of  P 
must  approach  the  assigned  value  Po  as  the  solution  of  the 
problem  is  found. 

Constant  volume. — For  processes  that  occur  at  constant 
volume,  the  density  of  the  mixture  is  constant.  The  density 
p is  defined  as 


AMr  AMr 
V ^ RT 


(10) 


For  a reaction  process  with  an  assigned  density,  the  value  of  p 
must  approach  the  assigned  value  po  as  the  solution  of  the 
problem  is  foimd. 


COMBUSTION  AT  CONSTANT  PRESSURE 


For  given  initial  conditions,  the  temperature  and  the  com- 
position following  a combustion  process  are  to  be  found. 
When  chemical  energy  is  included  in  the  enthalpy  of  each 
substance,  the  enthalpy  of  the  products  of  reaction  follo\^dng 
an  adiabatic  combustion  must  be  equal  to  the  enthalpy  of 
the  reactants  at  the  initial  conditions.  An  arbitrary  base 
may  be  adopted  for  assigning  absolute  values  to  the  enthalpy 
of  various  substances  because  only  differences  are  measura- 
ble. The  base  used  to  compute  values  of  enthalpy 
selected  to  produce  positive  values  for  all  molecular  types 
entering  a combustion  process  in  order  to  avoid  a possible 
source  of  difficulty  that  might  occur  in  the  recommended 


When  enthalpy  is  assigned,  (for  example,  with  adiabatic 
combustion)  the  difference  bet’ween  h and  the  assigned  value 
ho  must  vanish  when  the  correct  values  of  Uij  Ay  and  T are 
found.  If  heat  were  lost  (nonadiabatic  combustion),  the 
value  of  ho  would  be  accordingly  reduced. 

Equations  for  constant-pressure  combustion. — The  equa- 
tions defining  the  constant-pressure  combustion  are: 

Type  Number  of  equations 

Dissociative  equilibrium. _ 1 for  each  molecular  type. 
Conservation  of  mass....  1 for  each  chemical  element. 

Constant  pressure 1. 

Conservation  of  energy — .1. 

These  equations  are  to  be  solved  simultaneously  for  the 
variables  Ay  and  T for  gases). 

Correction  equations. — Since  the  preceding  equations  are- 
not  all  linear,  it  is  usually  not  feasible  to  find  a direct  solu- 
tion. The  Newton-Raphson  method  for  solving  nonlinear 
simultaneous  equations  (reference  5)  is  weU  suited  to  this 
type  of  computation.  This  method  can  be  illustrated  by  a 
simple  example.  If  Q_\  and  Q2  nre  functions  of  g and  r, 

C^2=/2(g/) 

By  taking  estimated  values,  for  example  and  r^,  each  func- 
tion may  be  expanded  in  a Taylor ^s  series  about  the  point 
(2o/o)  and  when  derivatives  of  higher  order  than  the  first 
are  neglected 
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The  desired  changes  A^,-  and  AQ2  can  be  computed;  if  the 
partial  derivatives  can  be  numerically  evaluated,  solving  for 
the  approximate  changes  in  q and  r to  effect  simultaneously 
the  desired  changes  in  both  ^1  and  Q2  is  comparatively  simple 
because  the  equations  are  linear. 

If  each  of  the  functions  a,  h,  . . P,  and  h given  by 
equations  (6)  to  (9)  and  (12)  is  expanded  in  a Taylor’s  series 
about  an  estimated  set  of  values  of  the  variables  and  terms 
involving  derivatives  of  order  higher  than  the  first  are  neg- 
lected, the  following  set  of  simultaneous  linear  correction 
equations  results: 

For  gaseous  products 


Xi  di  Xz  hiXy  . . • 

(13) 

For  solid  or  liquid  products 

Xz  biXy — . . . — q^:xr~  — 

(14) 

For  all  products 

’^ai'iiiX,— Aqxa = 
i 

'y,b<rhx,-^Abxj  — 

i 

(15) 

=bp 

i 

(16) 

^ ]hjXi — AhxA~\~  TC'xt~  bji 

(17) 

where  the  correction  variables  and  the  error  parameters  may 
be  defined  in  the  logarithmic  form 

Xf= A log  n,= A log  Pi 

Xz,  Xy,  . . .=Xi  for  atoms 


Xa—A  log  A 
Xt=A  log  T 

— S(=ASi 


Sa=Aa  log^ 
S,=Ab  log  ^ 

h=Ah  log^ 


and  where  gi  ~ 5 ]q^  j’’  G' — 

The  solution  to  the  set  of  simultaneous  equations  relates 
the  value  of  the  estimate  to  the  estimate  as 

follows: 

log  (7lf)r  + l = l0g  {ni)r  + Xi 
log  (^),4.i=l0g  (A)r  + XA 

(^r+l=log  {T)r~]-XT  (18) 


The  expansion  in  the  Taylor’s  series  has  been  carried  out 
in  the  logarithmic  form  because  this  form  has  been  found  to 
result  in  rapid  convergence  over  a wide  range  of  conditions 
and  avoids  the  possibility  of  computing  negative  partial 
pressures.  If  the  expansion  is  carried  out  in  powers  of 

Arii  / 1 \ 1 

or  Xi=riiA  ( — j the  same  correction  equations  result 

iii  \^i/ 

as  for  the  logarithmic  variables  except  for  the  definitions  of 
the  correction  variables  and  error  parameters.  Quite  satis- 
factory results  have  been  obtained  by  taking  when 

'fii 

is  positive  and  Xi=ntA  when  Xi  is  negative. 


MATRIX  CONSTRUCTION  AND  REDUCTION 

A coefficient  matrix  is  a scheme  of  detached  coefficients  of 
a set  of  linear  equations  that  are  to  be  solved  simultaneously. 
An  augmented  matrix  is  identical  to  a coefficient  matrix 
except  that  the  constants  are  included.  Equations  (13)  to 
(17)  constitute  such  a set  of  equations  for  the  simultaneous 
determination  of  the  variables  Xi,  Xa,  and 

Construction.^ — Because  of  the  large  number  of  zeros  occur- 
ring  in  the  matrix,  a considerable  saving  in  effort  can  be 
made  by  proper  arrangement  of  the  order  of  the  rows  and 
the  columns.  The  following  arrangement  provides  a partly 
symmetrical  matrix  that  has  been  found  to  be  among  th(* 
easiest  to  evaluate  as  long  as  the  products  of  reaction  are 
principally  gaseous  and  the  dissociation  constants  are 
expressed  in  terms  of  the  atomic  species: 

The  order  of  the  columns  should  be — 

(a)  Xi  of  gaseous  molecules 

(b)  Xi  of  atoms 

(c)  Xi  of  liquid  and  solid  products 

(d) 

(e)  Xt 

(f)  Constant  terms  of  equations 
The  order  of  the  rows  is — 

(a)  Dissociation  equations  in  same  order  as  gaseous 

molecules  in  columns 

(b)  Mass-balance  equations  in  order  of  atoms  in  columns 

(c)  Dissociation  equations  for  solid  and  liquid  products 

in  same  order  as  solid  and  liquid  in  columns 

(d)  Total-pressure  equation 

(e)  Heat-balance  equation  in  combustion  calculation 
The  augmented  matrix  of  equations  (13)  to  (17)  arranged 

in  this  recommended  order  is  shown  in  figure  1 . 
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Figure  l. — General  matrix  of  correction  equations  for  adiabatic  combustion  at  assigned 
pressure.  Equation  (13),  dissociation  of  gaseous  molecules;  equation  (15),  mass  balance; 
equation  (14),  dissociation  of  solids  or  liquids;  equation  (16),  pressure;  equation  (17),  heat 
balance. 

Solution. — One  of  the  best  methods  of  solving  simultaneous 
linear  equations  is  given  by  Grout  (reference  6).  With  this 
method,  an  auxiliary  matrix  is  constructed  from  an  original 
augmented  matrix  by  a simple  routine.  This  auxiliary 
matrix  is  of  the  order  equal  to  the  original  matrix.  The 
solution  for  the  set  of  equations  can  be  obtained  by  a process 
of  back  substitution  in  the  auxiliary  matrix. 

For  convenience,  the  order  of  the  matrix  is  reduced  before 
the  Grout  method  is  applied.  A matrix  arranged  as  recom- 
mended can  be  partitioned  so  that  a unit  matrix  [Un![  of 
the  order  (m,  m)  appears  in  the  upper  left  corner,  where  m 
is  equal  to  the  number  of  types  of  gaseous  molecule.  The 
original  augmented  matrix  can  then  be  written 


When  the  Grout  method  is  applied  to  the  original  augmented 
matrix,  the  Grout  auxiliary  matrix  can  be  expressed  as 
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taken  from  lower  portion  of  figure  1. 

a 

ai 

02 

.. 

1 

0 

0 

0 

0 

0 

0 

^ 0 

b 

6i 

62 

-- 

0 

1 

0 

0 

0 

0 

0 

0 

- 

-- 

-- 

-- 

0 

0 

-- 

0 

0 

0 

0 

0 

-- 

0 

0 

0 

0 

0 

0 

-- 

0 

0 

0 

0 

N 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

q 

Ql 

Q2 

-- 

0 

0 

0 

0 

0 

0 

1 

0 

8 

5i 

-- 

0 

0 

0 

0 

0 

0 

0 

1 

__ 

(b)  Submatrix  K']  transposed  J taken  from  figure  1). 

Figure  2.— General  form  of  submatrices  of  correction  equations  for  adiabatic  combustion 
at  assigned  pressure. 


is  constructed  from  [a^].  The  values  of  the  variables  0:^+1, 
. . . , Xn^2  are  found  from  [aj  by  the  process  of  back 
substitution  given  by  Grout.  The  values  of  the  remaining 
variables  are  foimd  by  the  matrix  equation 


(20) 


(23) 


where  [Um]j  [«i],  and  [0:2]  are  identical  to  the  corresponding 
submatrices  of  the  original  matrix.  By  observing  the  oper- 
ations involved  in  the  construction  of  the  Grout  auxiliary 
matrix,  [aj  is  showm  to  be  identical  to  the  auxiliary  matrix 
of  the  augmented  matrix  [0:5]  defined  by 

[as]  = [aa]  — [«2]  [«i]  (21) 

For  computation,  equation  (21)  is  written 

[«J  = [a,i«3][^"‘]  (22) 


-1 


For  illustration,  the  submatrices  [ad,  [a2],  and  [aa]  were 
taken  from  figure  1 and  used  to  construct  figure  2.  The 
submatrix  fejaa]  corresponds  to  equations  (15),  (14),  (16), 
and  (17)  and  is  showm  in  figure  2 (a).  The  transposed  matrix 


is  shown  in  figure  2 (b) ; that  is,  the  columns  have 


been  tabulated  as  rows\vith  the  first  column  at  the  top. 


COMBUSTION  AT  CONSTANT  VOLUME 


where  [Uk]  is  a imit  matrix  of  order  equal  to  the  number  of 
columns  of  [aj.  The  numerical  solution  is  then  obtained 
by  carrying  out  the  matrix  multiplication  indicated  in 
equation  (22)  to  find  [as].  The  Grout  auxiliary  matrix  [aj 

213637—53 54 


The  procedure  given  for  finding  the  composition  and  the 
temperature  of  a combustion -process  at  constant  pressure 
can  be  applied  to  combustion  at  constant  volume  with  the 
following  changes ; 
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(a)  The  correction  equation  for  pressure  is  replaced  by  a 
correction  equation  for  density  obtained  from  equation  (10) 

XA—XT=\og^  (24) 

(b)  The  correction  equation  for  conservation  of  energy- 
must  be  written  in  terms  of  internal  energy  and  thus 
becomes 

Ae  x A + Ty^,iCl\niXT= Ae  log  — (25) 

i i .6 

where 

e=^ 

Co  is  the  assigned  internal  energy  per  equivalent  formula  at 
initial  given  conditions,  and  Cl  is  the  molar  specific  heat  at 
constant  volume.  Substitution  of  these  two  equations  in  the 
matrix  of  figures  1 and  2 (a)  will  permit  the  composition  and 
the  temperature  to  be  found  for  assigned  values  of  density 
and  internal  energy.  The  application  of  this  method  to 
constant-volume  combustion,  which,  for  example,  is  involved 
in  reciprocating  engines  and  pulse-jet  engines,  has  not  been 
made  at  the  Lewis  laboratory. 

ISENTROPIC  EXPANSION  TO  ASSIGNED  PRESSURE  OR  TEMPERATURE 

Assigned  pressure.- — The  calculation  of  temperature  and 
equilibrium  composition  of  the  products  of  reaction  following 
isentropic  expansion  to  a fixed  pressure  involves  the  simul- 
taneous solution  of  dissociation,  conservation-of-mass,  pres- 
sure, and  entropy-balance  equations.  ^ 

For  the  reaction  of  equation  (1),  the  dissociation,  conserva- 
tion of  mass,  and  pressure  equations  (6)  to  (9)  can  again  be 
applied.  For  the  conditions  following  an  isentropic  expan- 
sion, the  entropy  5 of  the  products  of  combustion  per  equiva- 
lent formula  after  expansion  must  be  equal  to  the  entropy 
So  of  the  products  of  combustion  per  equivalent  formula 
before  expansion. 

In  Pi]\  combustion  (26) 

( ^ I , ! ) conditions 

where  (iSr)f  is  the  absolute  entropy  of  the  product  i at 
standard  conditions.  This  formula  is  applicable  to  ideal 
solids  and  liquids,  assuming  Pi=0y  as  long  as  their  volume  is 
negligible.  After  the  expansion  takes  place,  the  entropy  per 
equivalent  formula  is  given  by  the  expression 

s=|-^X)M'8r)<— pi]|  (27) 

i ) exit  conditions 

Whereas  equation  (26)  is,  of  course,  evaluated  at  combustion- 
chamber  temperature  and  pressure,  equation  (27)  is  evaluated 
for  exit  temperature  and  pressure.  As  the  solution  of  the 
problem  is  found  by  successive  adjustment  of  estimated 
quantities,  the  value  ol  s approaches  So. 

In  the  adjustment  of  the  values  of  ti<,  A,  and  T,  the  cor- 
rection equations  (13)  to  (16),  which  have  been  derived  from 
equations  (6)  to  (9),  can  be  applied.  In  addition,  the  fol- 


lowing correction  equation  for  entropy  can  be  written  from 
equation  (27) : 

^Si'  Xi~AsxA-\-C'xT=^s  (28) 

where 

5,=A.log5 

Si'={ST)ini —Rpiil  + In  Pi) 


The  row  matrix  of  equation  (28)  shown  in  figure  3 may  be 
substituted  in  place  of  the  h rows  of  figures  1 and  2 (a)  and 
the  computation  carried  out  as  in  the  combustion  calculation. 


Figure  3. — Row  matrix  to  be  substituted  in'place  of  h row  in  figure  1 and  in  figure  2 (a) 
for  isentropic  expansion  to  assigned  pressure.  Equation  (28),  entropy  balance. 


Assigned  temperature. — For  the  computation  of  data  for 
enthalpy-entropy  diagrams  and  for  other  practical  computa- 
tions, it  is  often  necessary  to  find  the  exit  pressure  and  com- 
position as  a function  of  exit  temperature.  The  procedure 
required  is  the  same  as  that  described  for  isentropic  expan- 
sion to  an ' assigned  pressure  except  that,  in  addition  to 
substituting  the  s row  in  place  of  the  h row,  the  pressure 
equation  (p  row)  and  the  temperature  column  (xr)  are 
dropped  from  the  matrix  of  figure  1 ; accordingly,  the  p row 
and  Xt  column  are  dropped  from  figure  2 (a)  and  the  q row 
from  figure  2 (b). 

ISENTROPIC  EXPANSION  TO  LOCAL  VELOCITY  OF  SOUND 

The  theoreticaljvelocity  of  sound  that  includes  the  effect 
of  dissociation  can  be  computed  at  any  point  in  a nozzle 
with  a modification  of  the  matrix  previously  derived  to 
obtain  thejcorrection  quantities. 

Velocity  of  sound. — The  velocity  of  sound  u can  be  defined 
as 


where  the  subscript  s denotes  the  condition  of  constant 
entropy.  The  total  differential  of  pressure  dP  can  be  found 
from  equation  (9). 

dP=^dpi  (30) 


and  the  total  differential  of  density  dp  can  be  found  from 
equation  (10). 

dp=^dA-^dT  (31) 


dp 

d p ^ A j rp 

RT  RT^ 


rfjogx< 

d log  T 

AMr  /d  log  A \ 
RT  \d\og  T ) 


Therefore 


RT^^Pi  Di 

amaDa-x) 


(32) 
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where 


This  expression  will  permit  evaluation  of  provided  the 
values  of  the  partial  derivatives  and  Da  are  found  for 
conditions  of  chemical  equilibrium  and  for  an  isen tropic 
process.  If  the  value  of  T is  in  degrees  Kelvin  and  Pi  in 
atmospheres  the  value  of  8.3144X10^  for  B will  give  u in 
centimeters  per  second.  The  conditions  of  chemical  equi- 
librium .and  constant  entropy  are  introduced  by  mi  ting  the 
total  differentials  of  equations  (6)  to  (8)  and  (27).  The  total 
differential  of  these  equations  expressed  in  logarithmic  vari- 
ables and  divided  by  d log  T can  be  mitten,  for  gaseous 
products, 


d log  Pi  ^ d]ogfz  dlogpr 
for  liquid  and  solid  products, 


d5, 

• ^*~d  log  T 


(33) 


..  d log  pz  I d log  pr 
* d log  T * d log  T 


dSi 

■ ^‘“dlogT 


(34) 


and  for  all  products  of  reaction, 


d log  Tit 
dlogT 


Aa 


d log  A 
dlogT 


Aa 


d log  a 

di^ 


^biUi 


d lognt  ..  d log  A 
dlogT  dlogT 


Ab 


d log  b 
d log  T 


(35) 


4"  ^ d log  T 


As 


d log  A . 
d log  T^ 


C'=As 


d log  s 
d log  T 


(36) 


If  d log  s is  taken  as  0,  5 is  a constant;  if  d log  a, 
d log  by  . . and  dbi  are  taken  as  0,  mass  is  constant,  atomic 
types  are  conserved,  and  rate  of  change  in  composition 
corresponds  to  constant  values  of  5<.  With  these  assump- 
tions the  partial  derivatives  and  Da  may  be  substituted 
for  the  total  derivatives  in  equations  (33)  to  (36).  The 
augmented  matrix  formed  from  these  equations  may  be 
partitioned  in  a manner  similar  to  the  combustion  matrix. 
The  resulting  submatrices  are  shov\Ti  in  figure  4 with  the  sign 
reversed.  When  Di  and  Da  are  determined  by  means  of 
the  matrices  shown  in  figure  4,  the  velocity  of  sound  can  be 
calculated  from  equation  (32).  This  equation  can  be  applied 
to  mixtures  of  liquid  and  sohd  products  in  equilibrium  as 
long  as  their  volume  is  negligible  compared  with  the  volume 
of  the  gas  mixture  and  provided  the  liquid  and  solid  particles 
move  in  velocity  and  temperature  equilibrium  with  the  gas. 

Specific  heat, — The  molar  specific  heat  at  constant  pressure 
of  a mixture  in  equilibrium  may  be  found  from  equation  (12) 
as  follows: 
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(b)  Submatrix  [w]  transposed. 

Figure  4.— General  form  of  submatrices  of  equations  for  partial  derivatives  at  constant 

entropy. 


where  n — ^Ui.  Equation  (30)  can  be  written  as 

^ d log  Ui  Pd  log  P 
^^Ulog  dlogT 


(38) 


If  d log  P is  taken  as  0,  the  pressure  is  constant;  therefore, 
when  equation  (38)  is  substituted  in  the  matrix  of  figure  4 

in  place  of  equation  (36),  the  values  of  log 

can  be  foimd.  These  values  can  then  be  sub- 

d log  TJp 

stituted  in  equation  (37)  to  evaluate 

Isentropic  expansion  to  assigned  Mach  number. — Accord- 
ing to  the  law  of  conservation  of  energy  the  sum  of  the 
enthalpy  and  the  kinetic  energy  of  a certain  quantity  of  gas 
at  any  point  in  a nozzle  is  constant.  If  this  sum  per  equiv- 
alent formula  at  any  point  I is  denoted  by  a parameter 
then 


(39) 


where  v is  the  velocity  of  flow  of  the  gas,  is  a dimensional 
constant,  and  the  subscript  I indicates  that  the  variables  are 
evaluated  at  point  I in  the  nozzle.  The  Mach  number  M 
of  the  flow  is 


Tiyf  ® 

M=- 

u 


(40) 


Equations  (32),  (39),  and  (40)  may  be  combined  to  give 
h* — _J 1 


(37) 


A 


(41) 
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where  the  value  of  R becomes  1.98718  (cal/(mole)  (°K)). 
As  the  solution  of  the  problem  is  found  by  successive  adjust- 
ments of  the  estimated  quantities,  h*  approaches  h#. 

If  equation  (41)  is  expanded  in  a manner  similar  to  that 
used  to  obtain  equation  (17)  and  if  the  differentials  of  deriva- 
tives are  assumed  to  be  negligible,  the  correction  equation 
becomes 


where 


^ h/'  Xt-Ah*XA+.TO"  XT=h* 


h/'=h/ 


M^RTptDi 

2{Da-1) 


Ah*  log  ^ 


(42) 


Equation  (42),  together  with  equations  (13)  to  (15)  and  (28), 
constitute  the  correction  equations  for  the  isentropic  expan- 
sion to  an  assigned  Mach  number.  The  coefficients  of  these 
equations  form  the  submatrices  shown  in  figure  5. 

In  order  to  carry  out  the  numerical  computations,  values 
of  Uij  Ay  and  T are  estimated  for  the  assigned  conditions; 
the  values  of  Di  and  are  obtained  by  means  of  the  sub- 
matrices of  figure  4,  and  used  to  compute  the  numerical 
values  of  the  elements  of  the  bottom  row  of  figure  5(a). 
The  submatrices  of  figure  5 are  then  used  to  compute  the 
values  of  the  corrections  to  Ay  and  T.  This  process  can 
be  repeated  until  the  assigned  conditions  are  satisfied. 
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(b)  Submatrix 

\ — 1 

transposed. 

Figure  5.— General  form  of  submatrices  of  correction  equations  for  isentropic  expansion  to 
assigned  Mach  number. 


Throat  area  of  supersonic  nozzle.^ — The  process  of  isen- 
tropic expansion  to  a local  Mach  number  of  1 is  particularly 
interesting  in  the  determination  of  the  throat  area  of  a 
nozzle  having  greater  than  critical  pressure  ratio.  By  as- 
suming that  the  flow  is  isentropic  and  that  chemical  equilib- 
rium is  maintained  throughout  the  expansion  process,  the 
flow  velocity  v at  the  throat  must  be  equal  to  the  velocity 
of  sound  u at  the  throat.  The  values  Uiy  Ay  T,  and  u can 
be  found  for  a Mach  number  of  1 by  use  of  the  procedure 
given. 

The  throat  area  t can  be  calculated  from  the  equation 


RT 

m AMjU 


(43) 


where  m is  the  mass  flow  per  second.  If  T is  in  degrees 
Kelvin  and  u is  in  centimeters  per  second,  R equal  to  82.0567 

|o^)^  (mok)  (sec)/(gm).  This  equation 

can  be  applied  to  mixtures  of  liquid  or  solid  phases  in  equi- 
librium provided  that  the  volume  occupied  by  the  liquid 
and  the  solid  phases  is  negligible  compared  with  that  of 
the  gas  phase  and  that  the  particles  of  liquid  and  solid  are  in 
thermal  and  velocity  equilibrium  with  the  gas  phase. 

EXAMPLE  OF  COMBUSTION  OF  DIBORANE  WITH  OXYGEN 

BIFLUORIDE 

The  calculation  of  equilibrium  temperature  and  composi- 
tion of  the  reaction  of  1 mole  of  diborane  (B2H0)  with  5 moles 
of  oxygen  bifluoride  (OF2)  is  illustrated  in  this  example  for 
processes  of 

(a)  constant-pressure  adiabatic  combustion 

(b)  isentropic  expansion  to  1 atmosphere 

(c)  isentropic  expansion  to  the  local  velocity  of  soimd 
An  equivalent  formula  of  these  reactants  is 

and  tto— 6,  6q=2,  Co=10,  and  do=5. 

The  follovdng  gaseous  products  will  be  considered  as  the 
products- of  reaction:  boron  trifluoride  BF3,  boron  trioxide 
B2O3,  boron  fluoride  BF,  boron  hydride  BH,  boron  oxide 
BO,  diatomic  boron  B2,  hydrogen  H2,  water  vapor  H2O, 
hydroxyl  radical  OH,  hydrogen  fluoride  HF,  oxygen  O2, 
fluorine  F2,  atomic  hydrogen  H,  atomic  boron  B,  atomic 
fluorine  F,  and  atomic  oxygen  O.  No  liquids  or  solids  are 
included.  If  the  products  are  numbered  in  the  order  given, 
they  can  be  identified  in  the  terminology  of  equation  (1)  as 
follows: 

BF3  = HoBiF30o 

and  therefore 


Similarly, 

and 


ai  = 0y  bi  = ly  Ci=3,  and  di  = 0 


' B2O3 — H0B2F0O3 


d2=0y  62=2,  C2=0,  and  c^2=3 
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All  values  of  a<,  hi,  and  di  for  this  problem,  together  wdth 
the  thermodynamic  properties  used,  are  listed  in  table  I. 
Although  these  thermodynamic  values  and  the  enthalpies  of 
B2HQ  and  of  OF2  have  since  been  revised,  and  therefore  do  not 
correspond  to  the  values  listed  in  the  thermodynamic  tables 
presented  in  a later  section,  they  are  adequate  for  the  purpose 
of  this  example.  The  enthalpy  values  used  are 

liquid  B2H6= 570. 149  kilocalories  per  mole 

(7??28.3)iiquidOF2=67.077  kilocalorics  per  mole 

The  enthalpy  of  the  amount  of  fuel  and  oxidant  at  initial 
conditions  corresponding  to  the  equivalent  formula  is,  from 
equation  (11), 

/.„=570.149+5(67.077)=905.534 

The  values  of  hi,  c<,  and  ho  are  constant  for  all  parts  of^ 
this  example. 

COMBUSTION  PROCESS 

The  adiabatic  combustion  process  was  assumed  to  occur  at 
a constant  pressure  of  20.4  atmospheres. 

First  estimate. — From  previous  computations  or  from  sim- 
ple calculations  with  equilibrium  constants,  estimating 
reasonable  values  for  the  composition  and  the  temperature  is 
usually  possible.  This  procedure  is  recommended  inasmuch 
as  close  estimates  reduce  the  number  of  trials  that  must  be 
made.  In  order  to  show  that  an  arbitrary  composition 
which  is  not  based  on  probable  final  values  of  the  composition 


can  be  used,  however,  the  first  estimates  for  this  example  for 
7ii  and  A have  been  taken  equal  to  1 mole  and  a temperature 
of  4000°  K.  The  possibility  of  divergence  is  discussed  in  a 
later  section.  All  estimated  quantities  will  be  used  with 
three  decimal  places  to  distinguish  them  from  numbers  that 
are  always  integers. 

Evaluation  of  submatrices.^ — The  numerical  values  of  the 
elements  of  the  submatrices  sho\\m  in  figures  2(a)  and  2(b) 
can  now  be  computed  and  are  showm  in  figure  6.  The  steps 
are  as  follows: 

1.  The  values  of  at,  hi,  Ci  and  di  are  entered  in  rows  a,  b, 
c,  and  d of  figure  6(b)  and  a 1 is  entered  on  each  square  of 
the  diagonal  of  [Uk]  according  to  figure  2(b). 


2.  Values  of 


K 


AH\ 

j.from  tables  of  thermodynamic 
K1  J i 

functions  are  entered  in  row  q of  figure  6(6).  In  this  case 
they  are  obtained  from  table  I. 

3.  The  values  of  the  elements  of  the  5 row  of  figure  6 (b) 
may  be  computed  from  equation  (6)  for  gaseous  products 


6<=log  fi—ai  logpH—6i  log^^B— \og'pv—di\og'po—  \ogKt 


The  values  of  log  Ki  are  obtained  from-  tables  of  thermody- 
namic properties,  in  this  case  table  I.  Because  all  molecules 
and  atoms  are  estimated  to  be  1,  their  logarithms  are  0 so 
that  in  this  case 

5<=— log  Ki 


4.  The  estimated  values  of  are  entered  in  row  p of 
figure  6 (a).  In  case  liquids  or  solids  are  present  their  value 
will  be  zero. 


Gaseous  molecules 

Atoms 

1 

^BFj 

*BjOj 

*BF 

*BH 

*BO 

*HjO 

*OH 

*HF 

*F 

*0 

*A 

Const 

a 

0 

0 

0 

1.000 

0 

0 

2.000 

2. 000 

1.000 

1.000 

0 

0 

1.000 

0 

0 

0 

-8. 000 

0 

-0.999 

b 

1.000 

2.  000 

1.000 

1.000 

1. 000 

2.  000 

0 

0 

0 

0 

0 

0 . 

0 

1.000 

0 

0 

-9. 000  ‘ 

0 

-5. 879 

c 

3. 000 

0 

1.000 

0 

0 

0 

0 

0 

0 

1.000 

0 

2.000 

0 

0 

1.000 

0 

-8. 000 

0 

0.  775 

d 

0 

3.  000 

0 

0 

1.000 

0 

0 

1.000 

1.000 

0 

2.000 

0 

0 

0 

0 

1.000 

-9. 000 

0 

-2.297 

P 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

0 

0 

1.688 

h 

.721 

2.334 

2.629 

3. 569 

2. 527 

5.  720 

.995 

. 577 

.765 

.320 

.373 

.960 

1.051 

3.177 

.826 

.794 

-27. 346 

6. 446 

-13. 125 

(a)  Submatrix 

aj]. 

• 

a 
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0 

0 

1 

0 

0 

2 

2 

1 

i 

0 

0 

1 

0 

0 

0 

0 

0 

0 
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1 

2 

1 

1 

1 

2 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

c 

3 

0 

1 

0 

0 

0 * 

0 

0 

0 

1 

0 

2 

0 

.0 

1 

0 

0 

0 

0 

d 

0 

3 

0 

0 

1 

0 

0 

1 

1 

0 

2 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

q 

-62. 075 

-80. 593 

-17.288 

-8. 300 

-18. 183 

-7.989 

-13.939 

-29. 209 

-13.603 

-19. 674 

-15.313 

-8.705 

0 

0 

0 

0 

0 

1 

0 

b 

-5. 695 

-5. 109 

-1.634 

2. 611 

-1.033 

. 2.763 

0.406 

0. 347 

0. 167 

-1.894 

0.380 

3.137 

0 

0 

0 

0 

0 

0 

1 

(b)  Submatrix  transposed. 

FiGUBE  6 —Numerical  example  of  submatrices  of  correction  equations  for  adiabatic  combustion  of  diborane  and  oxygen  bifluoride  after  first  estimate  of  A,  and  T, 
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5.  The  values  of  the  elements  in  rows  a,  b,  c,  and  d of 
figure  6 (a),  except  columns  xa,  Xt,  and  constant,  are  obtained 
by  multiplying  the  value  of  rif  by  the  value  of  the  correspond- 
ing element  of  the  respective  row  in  figure  6 (b).  For 
example,  the  entries  in  the  fii'st  column  are  OX  LOGO =0, 
1X1.000=1.000,  3X1.000=3.000  and  0X1.000=0. 

6.  Values  of  the  elements  of  row  h of  figure  6 (a),  except 
columns  Xa,  Xr,  and  constant,  are  obtained  by  multiplying 
the  value  of  by  the  value  of  from  tables  of  thermo- 
dynamic functions,  in  this  case  table  I.  For  example,  the 
entry  in  the  first  column  is  72,172X1.000=72,172.  All 
values  in  row  h have  been  divided  by  10®. 

7.  The  values  of  the  elements  of  column  Xa  figure  6 (a)  are 
obtained  by  summing  elements  to  the  left  in  each  row  and 
writing  the  negative  of  the  total  in  column  Xa  except  for  row 
p where  the  value  is  zero. 

8.  The  value  of  the  Xr  column  (fig.  6 (a))  is  zero  except  for 

the  h row  where  the  value  is  T S The  values  of 

I 

(0°)i  are  obtained  from  tables  of  thermodynamic  functions, 
in  this  case  table  I. 

9.  Values  of  the  constant  column  for  figure  6 (a)  for  all 
rows  except  row  p are  found  as  follows:  The  value  already 
entered  in  the  Xa  column  for  row  a is  —Aa,  With  the  esti- 
mated value  of  A =1.000 


8.000 

1.000 


= 8.000 


S,=  Aa  log  ^ 

= 8.000  log  ^=-0.999 


the  values  of  8a,  and  8^  are  found  in  a similar  manner. 


XH 

ZB 

XV 

zo 

Xa 

XT 

Const 

” 12.000 

■ 1.000 

1.000 

3.000 

-8. 000 

. -127.873 

1,391 

1.000 

13j  000 

4.000 

7.000 

-9. 000 

-283. 010 

-16. 322 

1.000 

4.000 

16. 000 

0 

-8. 000 

-240.  597 

-13. 564 

1. 000 

7.000 

0 

17. 000 

-9. 000 

-333. 400 

-17.383 

8. 000 

9.000 

8. 000 

9.000 

0 

-294.871 

-3. 866 

8. 854  ' 

28. 736 

7, 861 

12.414 

-27. 346 

-454. 757 

-7.663  _ 

(a) 

Matrix  [a^]  obtained  from  matrix  multiplication  ^ J 

" 12.000 

0.08333 

0. 08333 

0. 2500 

-0.6667 

-10.656 

0.1159  " 

1.000 

12. 917 

0. 3032 

0. 5226 

-0.6451 

-21.085 

-1.273 

1.  000 

3.917 

14.729 

-0. 1560 

-0.  3263 

-10.  004 

-0.  5902 

3. 000 

6. 750 

-2,  297 

12.364 

-0.  2745 

-14.727 

-0. 8487 

8.000 

8.333 

4.807 

3.395 

13. 210 

-4.857 

0. 8731 

8.854 

27.998 

-1.366 

-4. 644 

-5. 102 

172  652 

0. 1544  _ 

(b)  Matrix  [a^]  (Grout's  auxiliary  matrix  of  (“s]). 


ZH 

Zb 

Zf 

zo 

XA 

XT 

1.299 

0. 9290 

1.222 

1.459 

0. 1232 

0.1544 

(c)  Values  of  corrections  (Grout’s  final  matrix). 

Fiqube  7.  Numerical  example  of  the  solution  of  correction  equations  by  matrix  methods. 


10.  The  constant  column  of  row  p is  found  as  follows: 
The  sum  of  the  elements  of  row  p is  the  pressure  P=  16.000; 
8p  is  computed  from  the  formula 

ap=F  log^ 


5p=  16.000  log 


20.4 

16.000 


1.688 


The  matri.x  multiplication  [a2;a3]  will  result  in  the 

matrix  [as]  showm  in  figure  7 (a).  The  steps  of  this  multipli- 
cation are  shown  in  standard  textbooks  such  as  reference  7. 
Grout’s  auxiliary  matrix  corresponding  to  [as]  may  then  be 
constructed  and  is  shown  in  figure  7 (b)  and  the  values  of 
Xh,  Xb,  Xfj  Xq,  Xaj  and  Xr  are  sliOAvn  in  figure  7 (c).  The  values 
of  the  remaining  functions  are  computed  with  the  aid  of 
^equation  (23).  The  solution  is  found  to  be 


^BFg — 0.7056 

2^3303  = — 1.100 
^BF  =1.116 

^BH“  1 .665 
Xbo“0.6135 
Xb2=— 2.139 
=0.03982 
-0.7999 
x^=0.1232 


XoB. — 0.4907 
Xhf^^  1 .377 
jo^=0.1737 
Xf2=  “2.037 
Xh=  1.299 
Xb=0.9290 

Xf=  1.222 

Xo  = 1.459 
Xr=0.1544 


These  values  are  to  be  applied  to  the  initial  estimates  for  rif, 
A,  and  T according  to  the  equation 


(log  ^-iXeend  =(logri<)fl„t  -\-Xi  (45) 

eatimate  estimate 

For  example,  the  second  estimate  of  tibfj  would  be 
(log«BF3)_„.  =log  1.000  + 0.7056 

estimate 

('«'BF3),ecpnd  =5.077 

estimate 


The  second  estimates  of  A,  and  T are  then  used  to  set  up 
new  submatrices  according  to  the  procedure  described.  The 
process  is  repeated  until  the  desired  accuracy  has  been 
obtained.  For  this  example,  six  approximations  were  re- 
quired to""give  the  following  final  values  of  Ui,  A,  and  T: 


nBF3  =2.  6593 
^3303=0.  1235 
tibf  =0.  1936 

tibh' =0.0001 

^Bo  =0.  1669 

tih^  =0.  1271 
71H2O  ^=0.  0627 
A =1.6622 


tiqh — 0.  6785 
t2«hf^^7.  1456 
Uo^  =0.  9210 
=0.  0003 
Tin  =1.7694 
71b  =0.  0577 
Tip  = 1.  3043 
rio  =5.  1903 
T =4775.  5°  K 
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Discussion  of  convergence. — In  order  to  demonstrate  the 
convergence  of  the  process  with  large  errors  in  the  first 
estimate,  the  example  of  the  combustion  of  diborane  and 
fluorine  oxide  was  solved  by  using  1 mole  of  each  product,  a 
value  of  1 for  A,  and  a temperature  of  4000°  K for  the  first 
estimate.  Because  these  first  estimates  were  made  without 
regard  for  the  probable  final  values,  large  errors  were  present 
in  the  second  approximation  and  six  approximations  were 
required  to  eliminate  the  error.  The  convergence  is  shown 
in  terms  of  the  parametei-s  a,  b,  c,  d,  P,  h,  and  « in  the  follow- 
ing table  where  « is  defined  as 


log  ki 


+ 


log  ^ 
^ o 


+ 


+ 


log^f 


+ 


1 do 


+ 


log; 


+ 


1 ^0 


RESULTS  OF. APPROXIMATIONS 

Trial  number 

• 

Desired 

eter 

timate 

value 

1 

2 

3 

4 

5 

6 

g 

36. 840 

7.005 

6.286 

6. 079 

6. 002 

6. 000 

6. 000 

b 

9 

23. 346 

11.605 

2.653 

2.  325 

2. 008 

2. 000 

2. 000 

c 

s 

51.540 

24. 082 

13. 104 

10.541 

10.  016 

10.000 

10.000 

d 

9 

29.  641 

11.954 

33.  660 

5.240 

5. 022 

5.000 

5.000 

p 

16 

125.  485 

38.000 

52.  434 

21.416 

20. 436 

20. 400 

20.  400 

h 

2734. 615 

12, 055. 015 

2090. 090 

2909.  950 

965.  968 

912. 368 

905.  594 

905.  534 

t 

26. 892 

5. 861 

4.092 

2.  505 

.537 

.011 

.002 

0 

This  method  has  been  used  in  routine  computation  for 
several  years  without  encountering  a divergent  case  in  a 
practical  problem.  At  least  for  special  cases  when  tempera- 
ture is  assigned,  the  process  will  converge  for  all  values 
of  the  first  estimates.  Divergence  is  known  to  occur  for 
certain  cases  where  temperature  is  used  as  a variable  when 
the  first  estimate  of  temperature  and  composition  is  suflB- 
ciently  in  error.  Although  no  mathematical  analysis  has 
been  made  to  determine  the  theoretical  limits  of  conver- 
gence, the  process  appears  to  be  satisfactory  for  practical 
computation. 

Special  treatment  would  be  required  if  divergence  is 
encountered.  Obtaining  convergence  should  be  possible  by 
a sufficiently  close  new  estimate  of  composition  and  temper- 
ature. This  procedure  is  recommended  when  it  is  feasible 
but  other  procedures  can  be  devised,  depending  on  the 
individual  case. 

ISENTROPIC  EXPANSION  TO  FIXED  PRESSURE 

The  temperature  and  the  composition  of  the  products 
of  reaction  following  an  isentropic-expansion  ratio  of  20.4 
at  chemical  equilibrium  were  also  computed  for  the  products 
of  reaction  of  this  example.  The  value  of  So  is  found  from 
equation  (26)  by  using  the  final  values  of  each  constituent 
of  the  adiabatic  combustion  and  the  absolute  entrop}^  values 
corresponding  to  the  final  combustion  temperature.  The 
calculated  value  of  So  was  763.476  calories  per  °K  per  mole. 

First  estimates. — The  number  of  approximations  necessary 


for  a complete  calculation  can  be  considerably  reduced 
if  the  initial  estimate  is  based  on  previous  "experience.  The 
final  values  of  Uj  and  A determined  for  the  combustion 
process  of  this  example  can  therefore  be  the  basis  for  this 
first  estimate. 

Because  the  exq^ansion  ratio  is  20.4,  the  four  largest 
components  can  be  estimated  to  be  1/20.4  of  their  combus- 
tion value. 

^^bf3=0.1304 

0.3503 

nH=0.0867 

71o=0.2544 

A=0.0815 


For  convenience  of  presentation,  the  temperatm’e  was 
estimated  to  be  4000°  K so  that  the  values  of  table  I could 
be  used  again.  The  remaining  products  can  be  estimated , 
from  the  dissociation  equations  by  setting  log  ii=0.  For 
example,  Pf  would  be  determined  with  the  assumed  values 
of  ^hf  ^^nd  Ph  from  equation  (6)  and  table  I (pi=ni) 

0=log  0.3503-log  0.0867-log  2?f- 1.8944 
log  ^p=-0.45556  + 1.06198-1.8944 
= -1.28798 
Pf=0.0515 

Similarly,  Pb  can  be  estimated  with  the  assumed  values 


of  Pbf^  and  Pf 

0=log  0.1304— log  2?b— 3 log  0.0515—5.6953 


log  2?b=  -0.88472  + 3.86394-5,6953 
Pb=0.0019 

If  this  procedure  is  followed  for  aU  the  remaining  constituents, 
the  following  list  of  first  estimates  can  be  made: 


71bf3  ^0.1304 
^b203— 0.0078 
71bf=0.0043 

^BH  = 0 

^bo=0.0053 


^oh  = 0.0150 
nHF=0.3503 
Tio  =0.0269 

^f2=0 

ne=0.0867 


71b^  = 0 

71^2^=0.0029 

^h2o=0.0009 

A=0.0815 


71b=0.0019 
71f=0.0515 
71o=0.2544 
T=4000°  K 


Construction  of  submatrices. — The  construction  of  the 
submatrices  may  now  be  carried  out  and  is  shown  in  figure  8. 
The  steps  are  the  same  as  for  the  combustion  example  except 
for  steps  6 to  9,  which  are  different  because  the  enthalpy  equa- 
tion has  been  replaced  with  the  entropy  equation. 

The  values  of  the  elements  of  row  s of  figure  8(a)  are  ob- 
tained from  the  expression 


5/=ti,[(S?*)i-1-98718-4.57565  log  Pi] 

The  values  of  (Sr)!  are  obtained  from  tables  of  thermo- 
dynamic data,  in  this  case  table  I.  For  example,  the  entry  in 
the  fii*st  column  is  computed  to  be 

(sbj.^)' =0.1304  (105.951  — 1.98718—4.57565  log  0.1304) 

= 14.0848 
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7.  The  values  of  the  entries  in  the  Xa  column  of  figure  8(a) 
are  obtained  in  the  same  manner  as  for  figure  6(a)  except  for 
the  s TOW  where  the  sum  of  the  elements  of  the  p row  times 
1.98718  is  added  to  the  sum  of  the  elements  of  the  s row  and 
entered  in  column  Xa- 

8.  The  value  of  the  entries  in  the  Xt  column  is  zero  except 
for  the  s row  where  it  is  '^ndCDi.  The  values  of  (Cl)t  are 

obtained  from  tables  of  tbermodjTiamic  data,  in  this  case 
table  I. 

9.  The  value  of  S,  is  foimd  in  a manner  similar  to  5^. 

ISENTROPIC  EXPANSION  TO  MACH  NUMBER  OF  1 - 

The  temperature  and  the  composition  of  the  products  of 
reaction  following  an  isentropic  expansion  to  the  local  velocity 
of  sound  was  computed  for  the  products  of  reaction  considered 
in  this  example,  assuming  chemical  equilibrium.  The  value 
of  ^0  is  the  same  as  that  found  for  the  isentropic  expansion  to 
1 atmosphere. 

First  estimate. — For  simplicity,  the  same  first  estimates  of 
1 mole,  1,  and  4000°  K,  for  A,  and  T,  respectively,  were 
again  made. 

Construction  of  submatrices. — The  submatrices  corre- 
sponding to  figure  5 may  be  constructed  and  are  shown  in 
figure  9. 

The  submatrices  corresponding  to  figure  4 are  first  con- 
structed. The  steps  are  the  same  as  for  figure  8 except  that 
row  p and  the  constant  column  are  omitted.  The  matrix 


multiplication  may  then  be  carried  out  and  the  values  of  the 
partial  derivatives  Di  and  Da  computed  in  a manner  similar 
to  the  computation  in  the  combustion  example.  These  values 
of  Di  and  Da  together  with  are  used  to  calculate  the 
elements  of  row  h*  of  figure  9(a)  except  columns  Xaj  Xt,  and 
constant.  For  example,  when  the  values  of  Z?bf3=  12.990 
and  Da=  19.039  are  used,  the  value  of 

M^RTpbf 

(^bf3)^^  = (^bf3)^H 2{D  —1) — ~ 75,034  = 72,172  + 

1X1.98718X4000X1.000X12.990 

2(19.039-1) 

. All  values  in  row  h*  have  been  divided  by  10®. 

The  value  of  the  element  in  row  h*,  column  Xa  is  the  sum  of 
the  elements  to  the  left.  The  element  in  rowh*,  column  Xt 
is  given  by 

TC"=T^ 

and  tbe  value  of  tbe  constant  column  is  obtained  as  in  tbe 
previous  examples.  Matrix  multiplication  that  was  carried 
out  for  tbe  determination  of  and  Da  values  may  now  be 
extended  by  an  additional  row  and  column  and  tbe  value 
of  Xi,  Xa,  and  Xt  found  as  in  tbe  previous  examples.  These 
values  may  then  be  used  to  obtain  tbe  second  estimates  for 
Tii,  A,  and  T and  tbe  computation  repeated  until  tbe  desired 
accuracy  bas  been  obtained. 
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Figure  9.— Numerical  example  of  submatrices  of  correction  equations  for  isen tropic  expansion  to  local  velocity  of  sound  for  reaction  of  diborane  and  oxygen  bifluoride  after  first  estimate  of 

7ii,  A and  T. 


TABLES  OF  THERMODYNAMIC  PROPERTIES 

Tables  of  thermodynamic  data,  completed  June  1949,  are 
presented  for  the  following  substances: 


Al(g) 

B 

C 

Cl 

F H 

e~ 

Li 

N 

0 

Al(s) 

B2 

CO 

C12 

F2  H2 

F- 

LiF 

N2 

O2 

Al(liq) 

AlO 

AUOaCg) 

Al20,(s) 

AlxOjOiq) 

BF 

BFs 

BH 

BO 

B203(g) 

CO2 

GIF 

HCl 

HF 

H2O 

Li+ 

LiH 

NO 

OH 

B203(s) 

B203(lici) 


These  tables  are  taken  from  NACA  TN  2161  except  that 
the  values  for  BF  have  been  revised.  Many  of  the  data. in 
the  tables  are, based  upon  estimated  vibrational  frequencies 
or  insufficient  spectroscopic  or  thermochemical  data  to  pro- 
vide accurate  data  at  high  temperatures.  Nevertheless,  the 
data  are  considered  sufficiently  accurate  for  engineering  eval- 
uations of  performance  of  aircraft  propulsion  systems  imtil 
better  data  become  available. 

PREPARATION  OF  TABLES 

The  values  of  enthalp}^  and  entropy  below  1000®  K and 
the  values  of  specific  heat  at  all  temperatures  were  based 
upon  data  taken  from  the  literature  or  calculated  by  NACA 
from  spectroscopic  data  or  estimated  fundamental  fre- 
quencies. The  calculations  were  made  hy  use  of  the  accurate 
summation  method  described  in  reference  8 or  by  the  use  of 
the  tables  prepared  by  F.  J.  Krieger  of  Douglas  Aircraft 
Company,  Inc.  based  upon  a harmonic  oscillator.  The 


values  of  enthalpy  and  entropy  above  1000®  K were  computed 
from  the  specific-heat  data  and  these  values  were  then  used 
to  compute  the  values  of  the  remaining  functions. 

The  thermodynamic  functions  computed  by  NACA  are 
based  upon  the  fundamental  constants  from  reference  9 and 
are  given  in  terms  of  the  thermo  chemical  calorie  defined  as 
4.18400  absolute  joules  (reference  10). 

Specific  heat. — The  specific-heat  data  were  interpolated 
and  extrapolated  when  necessar^^  to  obtain  values  of  (7°  at 
298.16®  K and  every  100®  from  300®  to  6000®  K.  In  many 
cases  these  Cp  data  were  smoothed  by  the  following  method: 
Values  of  the  first  differences  of  Cl  for  100®  K intervals 
8Cl  were  plotted  against  temperature  and  a smooth  curve 
dra^vn.  New  values  of  Cl  were  then  computed  from  the 
values  of  dCl  read  from  the  curve.  In  some  cases  the  new 
Cl  values  were  tabulated  to  more  decimal  places  than  the 
original  data.  Care  was  taken  to  see  that  the  new  Cl  values 
were  within  about  1 or  2 units  m the  last  tabulated  place  of 
the  reference  data  in  all  but  a few  cases  in  which  the  refer- 
ence data  were  irregular. 

In  order  to  mmtmize  the  labor  required  to  integrate  Cl 
to  obtaia  the  other  fimctions,  a linear  variation  of  Cl  was 
assumed  by  use  of  the  equation 

Cl=Ci-\-C2T  (46) 

where  Ci  and  C2  are  constants  evaluated  for  each  100®  tem- 
perature interval  above  1000®  K. 
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The  maximum  difference  between  a smooth  function  repre- 
senting Op  and  the  series  of  50  straight-line  segments  repre- 
sented by  equation  (46)  is  usually  less  than  0.005  percent  at 
any  temperature.  In  a few  cases  near  1000®  K the  error 
approaches  0.05  percent. 

Enthalpy  and  entropy. — The  data  for  enthalpy  and  entropy 
below  1000®  K were  taken  from  the  literature  or  computed 
at  the  Lewis  laboratory  and  when  necessary  interpolated  to 
give  the  values  at  298.16®  K and  every  100®  from  300®  to 
1000®  K. 

The  values  above  1000®  K were  obtained  by  integration  of 
equation  (46)  for  Cl  using  the  constants  for  each  100®  K 
temperature  interval. 

The  value  of  the  change  of  enthalpy  for  a temperature 
change  dT=T—Ti  is  given  by 

rCldT=CldT  (47) 

J 

— o 

where  is  given  by 

(48) 

and  (Cl)i  is  the  value  of  Cl  corresponding  to  the  temperature 
Ti.  The.  corresponding  change  in  entropy  5St  is  given  by 

5S;= dT=Ci  S InT+Cj  8T  (49) 

where  5 In  T is  given  by 

6lnT=lnr-lnTi  (50) 

' Values  of  enthalpy  and  entropy  for  each  100®  above 
1000°  K were  obtained  by  accumulatively  adding  to  the 
values  at  1000°  K the  changes  of  enthalpy  and  entropy 
computed  for  each  100®  interval  by  means  of  equations  (47) 
and  (49) . 

The  values  of  enthalpy  and  entropy  were  computed  to  more 
decimal  places  than  are  tabulated  and  then  rounded.  Equa- 
tions (47)  and  (49)  may  therefore  occasionally  yield  values 

that  differ  by  one  unit  in  the  last  tabulated  place  of  enthalpy 
and  entropy  because  of  rounding.  Inconsistencies  from  this 
source  are  unavoidable  and  are  not  considered  in  the  following 
discussion. 

The  representation  of  C°  from  1000®  to  6000®  K by  means 
of  50  straight-line  segments  permitted  computation  of  self- 
consistent  values  of  enthalpy  and  entropy  but  lead  to  values 
slightly  different  from  those  that  would  have  resulted  from  a 
more  laborious  integration  of  a smooth  C°  function.  For 
example,  the  values  of  enthalpy  at  6000®  K differ  from  those 
obtained  by  applying  Simpson^s  one-third  rule  by  0.0045, 
0.0012,  0.0038,  and  0.0031  percent  for  H2O,  H2,  CO2,  and  BF3, 
respectively. 

In  a few  cases,  discrepancies  exist  between  the  reference 
values  of  enthalpy  and  the  values  of  enthalpy  given  herein 
that  cannot  be  accounted  for  by  the  error  resulting  from  the 
method  of  integration  used.  From  an  analysis  of  the  values 
in  the  reference  tables,  these  discrepancies  appear  to  be 
caused  by  a combination  of  small  inconsistencies  and  round- 


ing errors  in  the  references.  The  maximum  discrepancy 
noted  in  enthalpy  occurred  in  H2O  and  was  less  than  0.25 
percent  of  the  value  of  HI—Hq. 

Enthalpy  Hr> — For  convenience  of  computation,  tables  of 
enthalpy  Htj  the  sum  of  the  sensible  enthalpy  Ht—HI  and 
chemical  energy  at  0®  K HI,  were  prepared.  An  arbitrary 
base  may  be  adopted  for  assigning  absolute  values  to  the 
enthalpy  of  various  substances  inasmuch  as  only  differences 
in  enthalpy  are  measurable.  The  base  used  in  these  tables 
was  selected  to  obtain  positive  values  for  of  the  substances 
commonly  used  as  rocket  and  ram- jet  propellants  and  occur- 
ring in  the  products  of  combustion;  it  is  shown  in  the  follow- 
ing table: 


Base  substance 

Phase 

Temperature 

(“K) 

Enthalpy  as- 
signed, Ht 
(kcal/mole) 

A 

Gas 

0 

0 

AIF3 

Crystal 

298.16 

0 

BF3 

Gas 

0 

0 

COa 

Gas 

0 

0 

CI2 

Gas 

298. 16 

10 

HF 

Gas 

0 

0 

H2O 

Crystal 

0 

0 

LiF 

Gas 

298.16 

80 

Na 

Crystal 

0 

0 

Oj 

Crystal 

0 

0 

e~ 

Gas 

0 

60 

In  determining  the  value  of  Hi  to  be  assigned  to  a sub- 
stance having  a known  heat  of  formation,  it  is  convenient  to 
use  the  values  of  Hi  assigned  to  the  elements  as  shown  in 
the  following  table: 


Element 

Phase 

Enthalpy  assigned,  Hr 
(kcal/mole) 

0“  K 

298.16“  K 

A 

Gas 

0 

1.4812 

A1 

Crystal 

233. 6251 

234.  6951 

B 

Crystal 

173.  3793 

C 

Graphite 

91.  9274 

92. 1790 

Cla 

Gas 

7. 8061 

10. 0000 

Fa 

Gas 

60.  9562 

63. 0699 

Ha 

Gas 

67. 4169 

69. 4407 

Li 

Crystal 

132.  2250 

Na 

Gas 

1.6992 

3.  7715 

O2 

Gas 

2. 0362 

4. 1109 

e- 

Gas 

60. 0000 

61.4812 

For  example,  if  the  value  of  enthalpy  HI  to  be  assigned 
to  H2O  (liq)  is  to  be  determined  at  298.16®  K,  the  reaction 
of  formation  would  be 

Hj+JOa-^HaO  f.'il't 

and  is  defined  as 

m)o,  (52) 

therefore, 

(53) 

With  the  use  of  the  value  —68.3174  (kcal/mole), 

(i?2Vie)H20(M,)=-68, 317.4  + 69, 440.7+1(4110.9) 
=3178.75  (cal/mole) 
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For  convenience,  the  values  of  thus  assigned  to  a num- 
ber of  compounds  have  been  computed  with  the.  aid  of  data 
from  references  8 and  10  to  23  and  are  listed  in  table  II. 
The  energy  of  gas  imperfections  has  been  included  in  com- 
puting the  values  of  assigned  to  the  liquid  phase  of 
ammonia,  7i-butane,  chlorine,  hydrogen,  and  water. 

and  \nK. — From  the  values  of  H°t  and  ob- 
tained as  previously  described,  the  values  of  —AH^IRT  and 
In  Fl  were  computed  for  the  reaction  of  formation  of  each 
substance  from  its  elements  in  the  atomic  gas  state.  For 
example,  the  reaction  of  formation  of  H2O  is 

2H+0->H20 

From  the  definitions  of  AH°  and  In  K 

AH-  m)n,o-mV)n-m)o 

* RT  — eT 

and 

lni^= ^ o ^ ^ = (56) 


(54) 

(55) 


As  shown  by  equations  (3)  and  (4),  K ma}’-  be  expressed  in 
terms  of  partial  pressures.  For  example,  for  gaseous  H2O, 


K 


VkVo 


The  values  of  hi  K have  been  converted  to  log  K in  the 
tables  for  convenience. 


INTERPOLATION  OF  TABLES 

Interpolation  formulas  are  given  that  permit  computation 
of  self-consistent  values  of  the  thermodynamic  functions  at 
temperatures  intermediate  to  those  tabulated.  Linear  in- 
terpolation is  recommended  for  simplicity,  however,  when 
a high  degree  of  self-consistency  is  not  required.  Interpo- 
lation formulas  such  as  those  of  Newton  or  Lagrange  will 
‘give  values  near  the  self-consistent  value.  Inasmuch  as  the 
tables  are  based  on  linear  variations  in  (7°,  linear  interpola- 
tion yields  self-consistent  results  for  the  Cl  function.  An 
example  of  the  values  obtained  by  the  mterpolation  formulas 
given  and  by  linear  interpolation  is  shown  for  each  function. 

Interpolation  of  specific  heat, — The  value  of  Cl  for  any 
temperature  T is  given  by 

(57) 

where  (C°)i  and  {CD2  are  the  tabular  values  con-esponding 
to  the  tabular  temperatures  Tj  and  between  which  T 
lies  and  bT=T—Tx.  For  example,  the  value  of  Cl  for  H2O 
at  1573.4®  K is  computed  to  be 

7*^  4 

c:  = ll. 134+^  (11-343-11.134) 


For  example,  for  H2O  at  1573.4°  K 

7^0  1 1 . 1 34 -|- 1 1 .287  11011/  i//  1 \ /OT7-W 

Cp^ — = 11.211  (cal/(mole)  ( K)) 

i?;=25,202.3  + 11.211X73.4=26, 025.2  (cal/mole) 

By  linear  interpolation, 

H;=26,027.2  (cal/mole) 

Interpolation  of  entropy — Self-consistent  values  of  entropy 
may  be  obtained  with  the  aid  of  equation  (49),  which  may 
approximated  by 

8Sl=C^  5 In  T (60) 

from  which  Si  may  be  wTitten 

Sl=(Sl),+Cl  bin  T (61) 

where  (Sl)i  is  the  value  listed  at  Tj. 

Equation  (61)  yields  self-consistent  values  to  within  0.0001 
(cal/(mole)  (®K))  for  all  substances  tabulated  at  tempera- 
tures above  1600°  K and  for  all  substances  except  AI2O3 
(s  and  g),  BF3,  B2O3  Giq  and  g),  CO2,  and  H2O  for  tempera- 
tures from  1000°  to  1600°  K.  For  these  substances,  the 
error  due  to  use  of  equation  (61)  does  not  exceed  0.0003 
cal/ (mole)  (^K)),  but  equation  (49)  may  be  used  if  greater 
self-consistency  is  desired. 

For  example,  for  H2O  at  1573.4°  K, 

Sr=59.8687  + 11.211  (]n  1573.4-ln  1500) 

= 60.4043  (cal/(mole)  (°K)) 

By  linear  interpolation, 

>Sr=  60.4010  (cal/(mole)  (^K)) 

Interpolation  of  —AH-jRT  and  log  K. — The  values  of 
—AH-IRT  and  log  K for  any  temperature  T are  given  by 


5T 

(62 

RT  V RT  A 

100 

logii:=(log  K)i- 

BT  / 
‘lOOV 

(63) 

where  (— AiJ°//2T)i  and  (log  K)i  are  the  values  correspond- 
ing to  Ti  and  where  a,  6,  c,  and  d are  interpolation  coeflScients 
corresponding  to  Ti. 

For  example,  for  H2O  at  1573.4°  K, 

^-76.3615-^(jm2j+0.05315)-72.8862 

By  linear  interpolation. 


= 11.287  (cal/(mole)  (®K)) 

Interpolation  of  enthalpy. — The  value  of  Hi  for  any  tem- 
perature T is  given  by 

Hl={Hl\+ClbT  (58) 

where  (i??)i  is  the  value  listed  at  Ti  and  where 

po_(c:)i+g: 


-AH- 

-^=72.9433 

and  for  log  K, 

log  ^=20. 5727-^(^111^+0. 0269o)=19.0247 

By  linear  interpolation, 

log  K=  19.0501 
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SOURCES  OF  DATA 

A summary  of  the  heat  of  formation  and  spectroscopic 
constants  used  in  computing  the  tables  and  the  references 
from  which  these  data  were  taken  are  given  in  table  III 
together  with  a summary  of  the  source  and  the  treatment  of 
specific-heat,  enthalpy,  and  entropy  data.  Additional  dis- 
cussion for  a few  substances  follows. 

Al203(s,  liq,  g). — The  properties  of  AI2O3  in  the  solid, 
liquid,  and  gaseous  phases  were  approximated  by  starting 
with  data  at  298.16°  K for  the  solid  phase  and  computing  the 
properties  of  each  phase  from  specific-heat  data  and  enthalpy 
changes  associated  with  phase  changes.  The  specific  heat 
for  the  solid  was  computed  from  a formula  for  0°  given  in 
reference  27.  The  value  of  S°298.i6  for  the  solid  was  taken 
from  selected  values  of  National  Bureau  of  Standards  (issued 
undated  but  prior  to  Jime  30,  1948).  The  values  of  en- 
thalpy and  entmpy  up  to  1000°  K were  then  found  by  inte- 
gration of  the  formula  given  in  reference  27.  The  heat 
of  fusion  (Ai?°,usion=6000  cal/mole  at  2320°  K)  was  taken 
from  reference  25.  The  values  for  AI2O3  (liq)  above  2320° 
K were  calculated  from  a formula  based  upon  data  given 
in  reference  25. 

Inasmuch  as  data  on  gaseous  AI2O3  are  imavailable  in 
the  literature,  it  was  assumed  that  (7°  values  for  Al203(g) 
are  the  same  as  those  for  B203(g)  given  in  reference  29. 
The  heat  of  vaporization  (AH%aporization=  115.7  kcal/mole 
at  boiling  point  of  2980  ±60°  C)  was  taken  from  reference 
40.  The  uncertainty  in  the  values  given  for  entropy  and 
enthalpy  is  estimated  to  be  ±10  percent. 

BF. — Since  publication  of  Technical  Note  2161,  new 
thermodynamic  data  have  been  computed  for  BF  based 
upon  a ground  state  and  a dissociation  energy  of  4.3 
electron  volts  as  quoted  by  reference  30. 

BF3, — The  thermodynamic  functions  of  BF3  were  computed 
by  the  rigid-rotator-harmonic-oscillator  approximation  with 
the  following  spectroscopic  data  given  in  references  31  and  41 : 


Vibrational  frequencies 

Moment  of  inertia 

BJiFa 

(cm-i) 

B10F3 

(cm-i) 

(g)(cm2) 

v\ 

888 

888 

A=157.7X10-« 

V2 

691.3 

719;  5 

72=78. 84X10-« 

V4(2) 

Relative  abun 

1445. 9 
480.4 

1497 

482.0 

/3=78.84X10-« 

dance  (percent) 

81.17 

18.83 

/ 

B2O3  (g). — The  value  for  the  heat  required  to  convert  solid 
B2O3  at  0°  K to  gaseous  B2O3  at  1500°  K listed  in  reference 
29  as  106.065  (kcal/mole)  was  used  to  compute  the  value  of 

(I^i5oo)B20g(g)*  The  values  of  (>81500)6203(8)  and  (H  1500  0)6203(8) 

were  taken  from  reference  29.  The  remaining  values  of 
enthalpy  and  entropy  were. computed  by  integration  of  the 
specific-heat  data. 

CI2  and  HCl.— The  C°  data  for  CI2  and  HCl  from  1000° 
to  6000°  K were  taken  from  unpublished  data  obtained  at 
the  Jet  Propulsion  Laboratory  of  the  California  Institute  of 
Technology. 

GIF,  F,  and  F". — Recent  spectroscopic  and  thermochem- 
ical measm'ements  on  compounds  of  fluorine  (reference  42) 


have  indicated  that  the  values  of  the  heat  of  formation  of 
CIF,  F,  and  F“  are  considerably  less  than  the  values  given 
in  reference  18.  In  a commimication  in  May  1949,  Dr.  F. 
D.  Rossini  of  the  National  Bureau  of  Standards  listed  their 
best  current  estimate  for  the  heat  of  formation  of  CIF  and 
F as  “13.2  and  17.8  (kcal/mole),  respectively.  In  accord- 
ance with  these  new  values,  the  value  of  the  heat  of  formation 
of  F"  has  been  recalculated  from  data  in  reference  18. 

HF.— The  values  of  and for  HF  at 298. 16°  K 

600°  K,  and  every  1000°  from  1000°  to  6000°  K were 
computed  from  spectroscopic  data  given  in  reference  36 
using  the  accurate  summation  process.  Intermediate  values 
of  Cl  were  interpolated.  Subsequent  to  the  completion  of 
computations  for  this  substance,  new  spectroscopic  data 
were  made  available  by  Dr.  A.  H.  Nielsen  of  the  University 
of  Tennessee.  Values  of  HI— HI,  and  at  5000°  K com- 
puted with  these  data  differ  from  values  herein  by  1 percent 
for  01,  0.2  percent  for  H^—Hl,  and  0.03  percent  for  S%. 

e“,  F“,  and  Li"^. — The  use  of  metals  with  low  ionization 
potentials  introduces  the  possibility  of  the  formation  of 
appreciable  quantities  of  ionized  products.  Because  the 
partial  pressure  of  ions  is  expected  to  be  small,  the  zero- 
pressure  properties  of  electron  gas  have  been  tabulated 
from  reference  38.  The  properties  of  F“  have  been  computed 
on  the  assumption  that  only  the  ground  electronic  state  is 
stable.  (See  reference  43,  p.  218.)  The  contributions  of  all 
energy  levels  above  the  ground  level  to  the  thermodynamic 
functions  of  Li+  are  negligible.  The  value  of  Cl  tabulated 

5 

for  all  these  substances  is  — iS. 

Li,' — In  computing  the  thermodynamic  functions  of  Li,  the 
summation  was  carried  over  the  first  five  energy  levels. 

LiF, — Spectroscopic  data  for  LiF  gas  were  not  found  in  the 
literature.  A vibrational  frequency  for  the  ground  state  of 
1343  (cm~^)  and  a moment  of  inertia  /<,=  15.415X10“'^^. 
(gm)  (cm^)  were  graphically  estimated  from  a plot  of  force 
constants  against  difference' in  atomic  number  of  the  two 
elements  composing  the  substances  NaH,  C2,  and  BeO,  each 
substance  of  which  is  isoelectronic  with  LiF.  It  is  expected 
that  the  anharmonicity  constant  for  LiF  is  sufficiently  large 
to  increase  materially  the  computed  value  of  the  specific 
heat.  The  uncertainty  in  the  value  of  the  enthalpy  and  the 
entropy  is  estimated  to  be  ±10  percent  at  5000°  K. 

LiH. — Spectroscopic  data  for  Lm^  given  in  reference  26 
were  modified  for  the  normal  isotopic  mixture  LiH  using 
relative  abundance  percentages  of  isotopes  and  atomic 
weights  given  in  reference  44  (pp.  163  and  188,  respectively). 
The  value  obtained  for  the  vibrational  frequency  of  the 
ground  state  of  LiH  is  1360.37  (cm“^)  and  for  the  moment  of 
inertia  is  3.77246X10”^®  (gm)  (cm^). 

H20(s),  N2(s),  and  02(s). — The  heat  required  to  heat  solid 
H2O,  N2,  and  O2  from  0°  to  298.16°  K in  the  natural  state 
was  taken  from  reference  37. 

New  data. — Subsequent  to  the  completion  of  the  computa- 
tion for  H2,  new  values  for  Cl,  internal  energy  and 

were  published  in  reference  45  and  differ  from  the  values  in 
this  report  at  5000°  K by  0.5  percent  for  Cl,  0.1  percent  for 
HI— HI,  and  0.02  percent  for  SJ- 
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TABLES  OF  THERMODYNAMIC  PROPERTIES 

The  values  of  the  functions  of  the  42  substances  are  given 
in  tables  IV  to  XLV  at  298.16°  K and  every  100°  from  300° 
to ~ 6000°  K together,  with  interpolation  coefficients  'for 
-Aff°/i?T  and  log  K at  every  100°  from  1000°  to  6000°  K. 

Lewis  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  January  26,  1950, 


APPENDIX— SYMBOLS 

The  following  s^onbols  are  used  in  this  report: 

A number  of  formula  weights  of  reactants 


a,h,  . . . 

summatioD  of  each  atomic  type  over  products 
of  reaction  per  equivalent  formula;  with 
subscript,  number  of  atoms  of  each  element 
within  chemical  formula;  in  thermodynamic 
tables,  interpolation  coefficients 

c 

molar  specific  heat  at  constant  pressure  and 
standard  conditions  (cal/(mole)  (°K)) 

C',C’' 

specific  heat  coefficient  for  matrix 

c: 

molar  specific  heat  at  constant  volume  and 
standard  conditions 

D 

/ b log  \ 

operator(^^j^gy)^ 

Er 

molar  internal  energy  at  standard  conditions 

e 

internal  energy  per  equivalent  formula 

f; 

molar  free  energy  at  standard  conditions 

g 

gas  phase  of  substance 

h: 

chemical  energy  at  0°  K and  standard  condi- 
tions (kcal/mole) 

Hr 

sum  of  sensible  enthalpy  and  chemical  energy 
at  temperature  T and  standard  conditions 
(kcal/mole) 

0 

1 

o o 

sensible  enthalpy  at  temperature  T and 

- 

standard  conditions  (kcal/mole) 

AH° 

enthalpy  change  due  to  formation  of  sub- 

BT 

stance  from  its  elements  in  atomic  gas 
state  divided  hy  RT 

> 

o 

enthalpy  change  due  to  formation  of  sub- 
stance from  its  elements  in  standard  state 
(kcal/mole) 

h 

enthalpy  per  equivalent  formula 

k'.h" 

enthalpy  coefficient  for  matrix 

h* 

sum  of  heat  and  kinetic  energies  per  equivalent 
formula 

hclk 

ratio  of  Planck^s  constant  times  velocitj^  of 
light  to  Boltzmann’s  constant,  1.43847 
(cm)  (°K) 

I 

moment  of  inertia  (gm)  (cm^) 

J 

dimensional  constant 

K 

equilibrium  constant 

liq 

liquid  phase  of  substance 

M 

Mach  number 

Mr 

molecular  weight  of  equivalent  formula 

m 

mass  flow  per  second 

N 

number  of  products  of  reaction 

n 

P 

V 

Q 

q,r 

R 

s; 


s' 

T 

t 

Uth)  ^ k 
U 

V 

V 

Z,Y,  , , . 

X 

ai,«2,  . . . 

A 

5 


v^{2) 

C0e,O)eXe 

P 

Subscripts: 
a, 6,  . . . 

/ 

9 

I 

m 

0 

P 

s 

T 

. . . F,Z 


number  of  moles 
total  pressure 
partial  pressure 
any  function 

any  variables;  with  subscript,  matrix  s;sTnbol 


for^y 


universal  gas  constant,  1.98718  (cal/ (mole) 


(°K)) 

molar  entropy  at  standard  conditions  (cal/ 
(mole)  (°K)) 

entropy  per  equivalent  formula;  in  thermo- 
dynamic tables,  solid  phase  of  substance 
entropy  coefficient  for  matrix 
temperature  (°K) 
throat  area 
unit  matrix 
velocity  of  sound 
volume 

velocity  of  flow 

elements  . within  representative  chemical 
formula 

correction  variables 

submatrices 

increment 

increment  due  to  a temperature  change;  with 
subscript,  error  parameter 
total-error  parameter 
spectroscopic  constants 


spectroscopic  constants 
density 

number  of  atoms  within  chemical  formula 
fuel 

oxidant 

any  point  in  nozzle 

number  of  types  of  gaseous  molecule 

initial  given  condition 

constant  pressure 

constant  entropy’’ 

temperature  (°K) 

product  index  numbers  .(i)  that  designate 
atomic  gases 
product  index  number 
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Product 

FLxed 

Determined  at  estimated  temperature  of  4000°  K 

t 

bi 

di 

Ci 

di 

("?), 

kcal/mole 

(S?). 

(f’l), 

log  Ki 

Equivalent 

formula 

0 

2 

6 

10 

5 

BFa 

1 

1 

0 

3 

0 

72. 172 

-62. 0753 

105. 951 

19.  738 

5.6953 

BzOz 

2 

2 

0 

0 

3 

233. 435 

-80.  5932 

116.  760 

25.660 

5. 1094 

BF 

3 

1 

0 

1 

0 

262.  961 

-17.2884 

73.904 

8. 905 

1.6342 

BH 

4 

1 

1 

0 

0 

• 356. 994 

-8.3004 

61.412 

8.  826 

-2.  6110 

BO 

5 

1 

0 

0 

1 

252.  739 

-18. 1834 

69.620 

9.  065 

1.0327 

Bz 

6 

2 

0 

0 

0 

572. 053 

-7. 9892 

70.580 

8.  923 

-2. 7625 

Hz 

7 

0 

2 

0 

0 

99.  593 

-13.  9385 

51.054 

9. 151 

-0.  4061 

HzO 

8 

0 

2 

0 

1 

57.  706 

-29. 2092 

72.458 

13.300 

-0. 3470 

OH 

9 

0 

1 

0 

1 

76.560 

-13.  6031 

63.989 

9. 165 

-0. 1668 

HF 

10 

0 

1 

1 

0 

32. 016 

-19.  6736 

61.054 

9.045 

1.8944 

Oz 

11 

0 

0 

0 

2 

37. 310 

-15.  3125 

70.783 

9.  932 

-0.3804 

Fz 

12 

0 

0 

2 

0 

96. 012 

-8.  7047 

70.813 

9.  451 

-3. 1373 

n 

13 

0 

1 

0 

0 

105. 192 

40. 306 

4.  968 

B 

14 

1 

0 

0 

0 

317.  778 

49.549 

4.968 

F 

15 

0 

0 

1 

0 

82.  601 

51.230 

4.  974 

0 

16 

0 

0 

0 

1 

79.  493 

51.479 

5. 091 

TABLE  II— ENTHALPY  H°r  ASSIGNED  TO  SEVERAL  SUBSTANCES 


Substance 


Formula 


Acetylene. 


C2ll2. 


Air  b 

Aluminum 

Ammonia. 

Aniline 

n-Butane.. 


A1 

NHa 

C6H5NH2 
CjHio 


Chlorine 


CI2. 


Chlorine  trifloride. 
Diborane... 


CIF3. 

B2H8. 


E thylene-diamine. 
Fluorine. 


C2H8N2. 
Fz 


Fluorine  oxide. 


T2O. 


Gasoline  

Heptane 

Hexane... 

Hydrazine 

Hydrazine  hydrate. 
Hydrogen 


AN-F-58 

CtHu 

CflHu 

NjH4 

N2H4.H20.... 
Hz 


Hydrogen  peroxide. 

Hydroxylamine 

Lithium 


H2O2.- 
NHzOH, 
Li 


Lithium  borohydride 

Methane 


LiBH4 

CH4-. 


Methanol 

Nitric  acid,  white  fuming... 
Nitrogen  tetraoxide 


CH3OH. 
HNO3.- 
N2O4— - 


Nitrogen  trifloride. 


NF3. 


Nitrometbane. 

fl-Octane 

Oxygen 


CH3NOZ 
CbHis... 
Oz 


Ozone..: 


O3. 


Pentaborane 

Tetranitromethane. 
Water 


B5H0 — 
C(NOz)4. 
HzO 


Phase 


Temperature 

rK) 


Heat  of  forma- 
tion, A/-//  (kcal/ 
mole) 


Enthalpy  assigned, 
(kcal/mole) 


Reference 


Gas... 

Liquid  » 

Gas.. 

Crystal 

Gas... 

Liquid 

Liquid. 

Gas.... 

Liquid. 

Gas 

Liquid. 

Liquid. 

Gas 

Liquid 

Liquid. 

Gas... 

Liquid 

Gas.. 

Liquid 

Liquid 

Liquid 

Liquid 

Liquid 

Liquid 

Gas 

Liquid 

Liquid 

Liquid 

Crystal 

Liquid 

Crystal 

Gas  

Liquid 

Liquid 

Liquid 

Gas 

Liquid 

Gas 

Liquid 

Liquid 

Liquid 

Gas. 

Liquid 

Gas 

Liquid 

Liquid 

Liquid. 

Gas 

Liquid 


m.  16 

191.7 
298.16 
298. 16 
298.16 
239.  76 
298. 16 
298. 16 
272.  66 
298. 16 
2,39.11 
298.16 
298. 16 
180.63 
298. 16 
298. 16 
85.  24 
298. 16 
128.3 
298. 16 
298. 16 
298. 16 
298. 16 
298. 16 
298. 16 
20.  39 
298.  16 
298. 16 

298. 16 

4.59. 16 

298. 16 
298.16 
111.67 
298.16 

298.16 

295. 16 
294.31 

298. 16 
144.1 
298.16 
298. 16 
298.16 

90. 16 
298. 16 
162.65 
29S.  16 
298. 16 
298.16 
298. 16 


54. 194 
.... 

0 

-11.04 


<i8. 18 
-29.812 


0 


e-32. 1 
7.5 


-6. 36 
0 


5.5 


-47. 50 
-53.63 
-47.  52 
12.05 
-57. 95 
0 


-44.84 

-25.5 

0 


-44. 15 
-17.889 


-57. 036 
-41.404 
2.309 


-27.2 


-26.7 
-59.  74 
0 


34.0 


7.8 

5 

-57.  7979 


307.  993 
302.  75 
3. 8208 
234. 6951 

95.01 
«88.  91 

806. 19 
686. 108 

eeSO.  126 
10.000 
04.  61 

67.5 

562.6 
557.8 

459.53 
6,3. 0699 
60.  04 

70.6 
66.4 

1346.60 

1147.15 

991.64 

154.70 

156.20 
69.  4407 

c 67.  546 
28.71 

82.6 
132. 2250 

134.53 
400. 34 
21,3.171 

209.71 
176. 080 

1.368 
14.302 
5. 120 

69.3 

61.6 
175.6 

1302.66 
4. 1109 
1.0314 

40.2 

36.4 
1187.  2 

121 

13. 6988 
«3. 1788 


11 

12 

13 

10 


10.14 
14 
12 

12. 14 


15 


16 
16, 17 
11 


18 

18 

18 


12 

12 

10 

10 


19 

18 

10 


20, 21 
22 
12 
12 
23 
10 
10 
10 
10 
10 
23 
12 


8.18 

18 

18 

16 

23 

18 

18 


b For  composition  consisting  of  following  mole  fractions:  Nz,  0.780881;  Oz,  0. 209495;  A,  0.009324;  CO2,  0.000300. 

« Energy  of  gas  imperfections  included. 

« EstTmate  basedup^u^  of  -26. 4 kcal/mole  at  200°  C obtained  by  Dr.  Swinehart  of  Harsh^  Chemical  Compan 

* Based  upon  representative  sample  having  molecular  weight  of  122  and  hydrogen-carbon  atom  ratio  of  1.942. 
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TABLE  III— THERMOCHEMICAI^  AND  SPECTROSCOPIC  DATA  AND  REFERENCES  FOR  EACH  SUBSTANCE 


Substance 

Phase 

Heat  of  formation,  AH  } 
(kcal/mole) 

0°  K 

298.16°  K 

A 

Gas 

0 

0 

67.50 

0 

-329.3 

37.8 

A1 

Gas... 

A1 

Crystal 

0 

A1 

Liquid.  ..  .. 
Crystal 

AIF3 

AlO 

Gas... 

Gas.  

AljOs 

Crystal,  a 

Liquid ... 

Gas.  ..  ..  ... 

-399. 09 

97.2 

0 

124 

-16.9308 
-265. 2 
73.8 
-5.2 

AI2O3 

B 

B 

0 

B2 

Gas.  

BF. 

Gas.  

BF3 

Gas 

BH 

Gas 

BO 

Gas 

B2O3-— 

Gas 

BjOs.— 

Crystal 

-302.0 

171. 698 
0 

-26.4157 
-94. 0518 

Liquid.. 

Gas 

C 

C 

Graphite 

0 

CO 

Gas.  . 

CO2— 

Gas.  

Cl 

Gas... 

28.61 

0 

CI2 

Gas... 

CIF.. 

Gas 

-13.2 

F 

Gas.  

17.8 

0 

51.620 

0 

F2 

Gas 

0 

H 

Gas 

H2 

Gas . 

0 

-22. 063 
-64.2 
-57. 7974 

HCl 

Gas 

HF 

Gas 

H2O 

Gas 

H2O 

Crystal 

-68: 4350 

H2O 

Liquid 

-68.3174  ♦ 
0 

e- 

Gas.. 

0 

-78.5 

F- 

Gas 

Li+ 

Gas 

161.4664 
36. 150 
0 

—83. 766 

Li 

Gas 

Li 

Crystal 

0 

LiF. 

Gas 

LiH 

Gas.  ..  ..  ... 

25. 4564 

N 

Gas 

85. 120 
0 

-1.6992 
21.477 
58.  586 
0 

-2.  0362 
10.0 

N2... 

Gas 

0 

Nj 

Crystal 

NO. 

GaS-.  ..... 

0.... 

Gas...  

O2- 

Gas 

0 

O2 

Crystal 

' OH 

Gas .. 

Spectroscopic  constants 


~2utXg 

(cm-i) 


963 


1304. 84 
22^ 


773 

'"856“ 


Moment  of 
inertia 
(gm)  (cm2) 
XIO^® 


,43.8223 


19.  9465 
"’i*  36939 


1343 
1360. 37 


54.35 
'si' 3564" 


15.415 
3.  77246 


Reference 


Heat  of 
formation 


(b) 


(»>) 

(b) 

-"(by 

'”28" 

”’28” 

*>30 

28 

28 

28 

(0 

28 

”’23  " 
23 
33 

...... 

(0 

”*18  ” 
....... 

18 

18 

l»37 

18 

"h’is” 

h 24 
i 20 

”i’20” 

1*139 

10 

‘h's7'" 

10 

32 


l>37 

18 


Spectro- 

scopic 

constants 


24 

24 


26 


29 


130 

131 
26 


Specific  heat, 
enthalpy,  and 
entropy 
(0°  to  1000°  K) 


(-) 

(‘) 

25 

25 


(0 

”i’^'” 


(•) 


« 29 
(«) 

(*) 

829 


34 

35 

36 


36 


(0 

24 

24 

'(1)" 
1 26 


29 

C29 

11 


32 

32 

11 

11 

(«) 

(V 

(«) 

32 

32 

11 

(0 

11 


138 

(-) 

(») 

(“) 


(«) 

(«) 

32 

32 


18 

32 

8 


Specific  heat 
(1000°  to 
6000°  K) 


cd  25 

(0 

27  • 

1 25 
(•) 

■’c  yr2'9” 
(«) 

(-) 

(•) 

cdg29 

cde29 

cd*29 

cdgll 

cdgji 
cd  gll 
cdgll 
(0 
(*) 

(*1 

(') 

32 

C d g 19 

(0 

cd  g 11 


(') 

(*) 

c d g 11 
cdgll 

«”dVl'l” 

c d g 11 

c d g 8 


spectroscopic  data  given  in 

b 'Data  from  selected  values  of  National  Bureau  of  Standards  issued  undated  but  prior  to  June  30  1948 
c Graphically  smoothed.  ' 

d Extrapolated. 

rotaio?ih“™onte‘jscU&^^^^^  'POO'  ^ spectroscopic  data  by  rigid 

1 See  discussion  in  text. 

8 Interpolated. 

1*  Computed  with  aid  of  data  in  reference  listed. 

1 Unpublished  data  from  Battelle  Memorial  Institute  also  used. 
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TABLE  IV— THERMODYNAMIC  PROPERTIES  OF  A (ARGON 

GAS) 

[Atomic  weight.  39.944] 


TABLE  V— THERMODYNAMIC  PROPERTIES  OF  A1  (GAS) 

[Atomic  weight,  26.97] 


< cal  > 
^mole 


/ kcalA  / bcal\  / cal  \ 

\mole/  \mole/  \mole  °K/ 


T 

cl 

Hr 

St 

("K) 

( \ 

/ kcal\ 

/ kcal\ 

/ cal  \ 

\mole  °k) 

\mole/ 

\mole/ 

Wole  °K/ 

0 

0 

300. 5416 

298. 16 

5.1122 

1.6535 

302. 1951 

39. 3027 

300 

5. 1104 

1.6629 

302. 2045 

39.3342 

400 

5.0469 

2. 1703 

302.7119 

'40.  7943 

500 

5. 0178 

2.6734 

303. 2150 

41.9170 

600 

5. 0022 

3. 1743 

303.  7159 

42. 8304 

700 

4.9929 

3. 6740 

304. 2156 

43. 6007 

800 

4.  9869 

4. 1730 

304. 7146 

44.2670 

900 

4. 9829 

4.  6715 

305. 2131 

44.8541 

1000 

4.  9800 

5. 1696 

305.7112 

45.3790 

1100 

4.  9778 

5. 6675 

306. 2091 

45. 8535 

1200 

4.  9762 

6. 1652 

306. 7068 

46.2865 

1300 

4.9750 

6. 6628 

307.2044 

46. 6848 

1400 

4.  9740 

7. 1602 

307.  7018 

47. 0534 

1500 

4.  9732 

7.  6576 

308. 1992 

47. 3966 

1600 

4. 9726 

8. 1549 

308. 6965 

47.  7175 

1700 

4.  9720 

8.  6521 

309. 1937 

48. 0190 

1800 

4. 9716 

9. 1493 

309.6909 

48. 3032 

1900 

4.  9712 

9.' 6464 

310. 1880 

48.  5719 

2000 

4.9709 

10. 1435 

310. 6851 

48. 8269 

2100 

4. 9706 

10.  6406 

311. 1822 

49. 0694 

2200 

4.9704 

11. 1376 

311.6792 

49. 3007 

2300 

4. 9702 

11.6347 

312. 1763 

49.  5216 

2400 

4.9700 

12. 1317  : 

312.6733 

49.  7331 

2500 

4.9699 

12. 6287  , 

313. 1703 

49.a360  . 

2600 

4.  9698 

13. 1257  1 

313. 6673 

50. 1309 

2700 

4. 9698 

13.6226 

314. 1642 

50.3185 

2800 

4.  9698 

14.1196  i 

314.6612 

50. 4992 

2900 

4.9699 

14.6166  I 

315. 1582 

50. 6736 

3000 

4.  9701 

15.1136  ' 

315. 6552 

50.8421 

3100 

4.  9704 

15. 6106 

316. 1522 

51. 0051 

3200 

4.  9709 

16. 1077 

316. 6493 

51. 1629 

3300 

4.9716 

16.  6048 

317. 1464 

51.3159 

3400 

4. 9724 

17. 1020 

317. 6436 

51.4643 

3500 

4. 9736 

17.  5993 

318. 1409 

51.  6085 

3600 

4.9750 

18. 0968 

318. 6384 

51.  7486 

4.9768 

18.  5943 

319. 1359 

51.8849 

4.  9791 

19. 0921 

319. 6337 

52.0177 

4.  9818 

19.  5902 

52. 1470 

4. 9851 

20. 0885 

52.  2732 

850 
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TABLE  VI— THERMODYNAMIC  PROPERTIES  OF  A1 
(CRYSTAL) 

[Atomic  weight,  26.97] 


r 

CK) 

/ cal  \ 

/ kcal\ 
\ mole  / 

f/? 

/ kcal  \ 
V mole  / 

5? 

/ cal  \ 

RT 

log  K 

\mole°K;/ 

\ mole  °K  / 

0 

0 

233. 6251 

298. 16 

5.80 

1.0700 

234. 6951 

6. 641 

113.9245 

42.3386 

300 

5.81 

1.0820 

234. 7071 

6. 682 

113.2214 

42. 0354 

400 

6. 24 

1.6860 

235.3111 

8.319 

84. 7945 

29.  7284 

600 

6. 46 

2.3210 

235. 9461 

9.844 

67. 7029 

22. 3935 

600 

6. 66 

2. 9760 

236. 6011 

11.013 

56. 2898 

17. 4927 

700 

6. 88 

3.6530 

237.  2781 

12. 070 

48. 1210 

14j0077 

800 

7. 15 

4. 3530 

237. 9781 

13.018 

41.  9794 

11.4020 

900 

7.  65 

5. 0890 

238.  7141 

13.864 

37. 1822 

9. 3752 

930 

7.90 

5. 3240 

238.  9491 

14. 130 

35. 9365 

8.8566 

TABLE  VII— THERMODYNAMIC  PROPERTIES  OF  A1  (LIQUID)  ' 

[Atomic  weight,  26.97] 


r 

(®K) 

c» 

/ cal  \ 

m-u% 

/ kcal  \ 
\ mole  / 

/ kcal  \ 
\ mole/ 

( ^ 

RT 

=tw(y+'') 

logiT 

5 log  K= 

a ' 

b 

c 

d 

\ mole  °K  ) 

\ mole  °K  J 

930 

6.  75 

7. 8240 

241.  4491 

16.818 

34,  5838 

8.  8566 

1000 

6. 84 

8. 2990 

241.  9241 

17.310 

32. 0993 

3271 

0. 03246 

7. 8061 

1414 

-0. 01995 

1100 

6. 966 

8. 9893 

242.  6144 

17. 9678 

29. 0932 

2974 

0. 03217 

6.  5406 

1285 

-0. 01953 

1200 

7. 092 

9.  6922 

243. 3173 

18. 5794 

26.  5827 

2726 

• .03228 

5.  4893 

1178 

-.  01955 

1300 

7.218 

10.  4077 

244. 0328 

19. 1520 

24. 4535 

2517 

. 03174 

4.  6027 

1087 

-.  01923 

1400 

7.  344 

11.1358 

244. 7609 

19.  6915 

22.  6239 

2337 

.03190 

3. 8455 

1009 

-.01887 

1500 

7.470 

11.8765 

245.  5016 

20.  2025 

21.  0340 

2181 

. 03198 

3. 1917 

941 

-.01832 

1600 

7.596 

12.  6298 

246.  2549 

20.  6886 

19.  6389 

2045 

0.  03186 

2.  6219 

882 

-0.01812 

1700 

7.  722 

13. 3957 

247. 0208 

21. 1529 

18. 4041 

*1925 

.03165 

2. 1212 

830 

-.01811 

1800 

7. 848 

14. 1742 

247. 7993 

21.  5978 

- 17.3030 

1818 

. 03166 

1.  6782 

784 

-.01803 

1900 

7. 974 

14. 9653 

248. 5904 

22. 0255 

16.  3145 

1722 

.03190 

1.2836 

742 

-.01760 

2000 

8. 100 

15.7690 

249.  3941 

22. 4377 

15.  4216 

1636 

. 03175 

.9302 

705 

-.01751 

2100 

8.  226 

16.5853 

250.  2104 

22. 8360 

14.  6108 

1558 

0. 03192 

0.  6120 

671 

-0. 01740 

2200 

* 8. 352 

17.4142 

251. 0393 

23. 2216 

13. 8707 

1487 

.03188 

.3244 

640 

-.01706 

2300 

8. 478 

18. 1857 

251.8808 

23.  5956 

13. 1923 

1423 

.03168 

.0632 

612 

-.01700 

2400 

8.  604 

19. 1098 

252.  7349 

23. 9591 

12.  5677 

1363 

. 03190 

-. 1748 

586 

-.01670 

2500 

8.  730 

19. 9765 

253.  6016 

24. 3129 

11.9906 

1309 

. 03174 

-.3925 

562 

-.01655 

2600 

8. 856 

20. 8558 

254.  4809 

24.  6577 

11.4554’ 

1259 

0. 03160 

-0.5921  0 

540 

-0. 01630 

2700 

8.982 

21.  7477 

256.  3728 

24.  9943 

10. 9575 

■ 1212 

.03164 

-.  7758 

520 

-.01631 

2800 

9. 108 

22.  6522 

256.  2773 

25.  3233 

10. 4930 

1169 

.03170 

-.  9452 

501 

-.01616 

2900 

9.234 

23.  5693 

257. 1944 

25.  6451 

10.  0582 

1129 

. 03147 

-1. 1018 

483 

-.01600 

3000 

9.360 

24.  4990 

258.  1241 

25.  9602 

9.  6504 

-1.2468 
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TABLE  VIII— THERMODYNAMIC  PROPERTIES  OF  AlO  (GAS) 

(Molecular  weight,  42.97] 


T 

rK) 

c; 

/ cal  \ 

Ht-HI 

/ kcal  \ 
Vmole/ 

Hi 

/ kcal  \ 
\ mole  / 

S°T 

Mr 

RT 

\ogK 

5 log 

a 

b 

e 

d 

^mole 

^mole 

0 

0 

272  4501 

298  16 

7 3749 

2 1005 

274  .V>06 

52  1M8 

149  9685 

59. 5342 

7 3820 

2 1140 

274  .*S64l 

52  2101 

148  05$^ 

59. 1348 

7 7510 

2 8711 

275  3212 

54I3S56 

112  1309 

42.9281 

600 

S.  0424 

3!  6615 

276.1116 

56. 1482 

89. 9293 

33. 1770 

8 2530 

4 4769 

276  9270 

.57  6342 

75  1020 

26.6609 

8 4035 

5 3101 

277  76fV2 

.58  9183 

64  4956 

21. 9971 

8 5122 

6 156? 

278  606-3 

60  0479 

.*i6  .*V311 

18. 4930 

900 

8 59?4 

7 0116 

279  4617 

61. 05.53 

50  3305 

15. 7629 

1000 

8.  6529 

7.8740 

280. 3241 

61. 9639 

45.  3658 

4456 

0.01379 

13.  5755 

1955 

6. 01518 

1100 

8.6993 

8. 7416 

281. 1917 

62.7908 

41.3011 

4054 

0. 01097 

11.7831 

1779 

0. 01320 

1200 

8.  7356 

9. 6134 

282. 0635 

63. 5493 

37.  9118 

3719 

.00853 

10. 2874 

1632 

.01202 

1300 

8.  7645 

10.4884 

282. 9385 

64. 2496 

35. 0425 

3435 

. 00693 

9.0200 

1508 

. 01056 

1400 

8.7878 

11.3660 

283. 8161 

64.9000 

32.  5820 

3191 

.00597 

7.9323 

1402 

.00923 

1500 

8.8069 

12. 2457 

284.  6958 

65. 5070 

30.4487 

2980 

.00470 

6.9884 

1309 

.00888 

1600 

8.8^7 

13. 1272 

2S5.  5773 

66. 0759 

28.5815 

2795 

0.00388 

6. 1614 

1228 

0. 00825 

1700 

8. 8359 

14.0101 

286.  4602 

66. 6111 

26.  9335 

2632 

.00308 

5.4308 

1157 

.00752 

1800 

8. 8471 

14.8943 

287. 3444 

67. 1165 

25.  4682 

2487 

. 00245 

4.7805 

1094 

.00671 

1900 

8. 8566 

15.  7795 

288. 2296 

67.  5951 

24. 1568 

2357 

.00190 

4.1980 

1037 

.00630 

2000 

8. 8647 

16. 6655 

289. 1156 

(S.  0496 

22.  9764 

2240 

.00163 

3. 6732 

986 

.00598 

2100 

8,8718 

17. 5524 

290. 0025 

68.4822 

21.9081 

2134 

0. 00130 

3. 1977 

940 

0.00543 

2200 

8. 8779 

18. 4399 

290. 8900 

68.8951 

20.  9368 

2037 

.00115 

2.7650 

898 

.00517 

2300 

8, 8833 

19. 3279 

291.  7780 

69.2899 

20. 0500 

1949 

.00102 

2.3694 

859 

.00508 

2400 

8.8880 

20. 2165 

292.6666 

69.6680 

19.  2369 

1869 

.00050 

2.0064 

824 

.00480 

2500 

8:8922 

21. 1055 

293.  5556 

70.0309 

18.  4888 

1795 

.00022 

1.6720 

791 

.00477 

2600 

8. 8960 

21. 9949 

294. 4450 

70. 3798 

17.  7982 

1727 

-0. 00013 

1.3630 

761 

0. 00455 

2700 

8. 8993 

22.fc847 

295. 3348 

70.7156 

17. 1587 

1663 

-.00023 

1.0766 

734 

.00416 

2800 

8.  9023 

23.7747 

296.  2248 

71.0393 

16.5650 

1605 

-.00065 

.8103 

708 

.00406 

2900 

8.9050 

24. 6651 

297.1152 

71.3517 

16.0122 

1550 

-.00087 

.5621 

. 684 

.00390 

3000 

8. 9074 

25. 5557 

296.0058 

71. 6536 

15.  4964 

1500 

-.00127 

.3302 

662 

.00375 

3100 

8.  9096 

26. 4466 

298. 8967 

71. 9458 

15.0138 

1452 

-0.00145 

0.1129 

640 

0.00380 

3200 

8.  9116 

27.3376 

299.  7877 

72. 2287 

14.  5615 

1407 

-.00156 

-.0909 

621 

.00362 

3300 

8.  9134 

28. 2289 

300.  6790 

72.5029 

14. 1367 

1365 

-.00177 

-.2827 

602 

.00364 

3400 

8.  9150 

29.1203 

301.  5704 

72.7690 

13. 7370 

1326 

-.00216 

-.4634 

584 

.00364 

3500 

8.  9166 

30.0119 

302. 4620 

73.0275 

13. 3603 

1289 

-.00236 

-.6339 

568 

.00352 

3600 

8.  9180 

30.9036 

303. 3537 

73. 2787 

13.  0046 

1254 

-0. 00252 

-0.  7952 

552 

0. 00351 

3700 

8.  9193 

31.7955 

304.  2456 

73. 5230 

12.  6682 

1221 

-. 002&2 

-.9479 

538 

.00332 

3800 

8. 9205 

32. 6875 

305. 1376 

73.7609 

12.  3497 

1190 

-.00313 

-1.0928 

524 

.00324 

3900 

8.  9216 

33. 5796 

306. 0297 

73.9927 

12.0477 

1160 

-.00320 

-1.2304 

511 

.00315 

4000 

8.9226 

34. 4718 

' 306. 9219 

74. 2186 

11.7609 

1132 

-.00350 

-1.3613 

498 

.00314 

4100 

8. 9235 

35.3641 

307.8142 

74.4389 

11.4883  1 

1106 

-0.00393 

-1.4859 

486 

0. 00319 

4200 

8. 9244 

36. 2565 

3U8. 7066 

74.  6539 

11.2289 

1081 

-. 00420 

-1.6048 

475 

.00303 

4300 

8.  9252 

37, 1490 

309.  5991 

74.8639 

10.  9817 

1057 

-.00443 

-1.7183 

464 

.00295 

4400 

8.9260 

38.0415 

310.4916 

75. 0691 

10.  7459 

1034 

-.00468 

-1.8267 

454 

. 00291 

4500 

8.  9267 

38.9342 

311.3843 

75. 2697 

10.  5208 

1012 

-.00490 

-1.9305 

444 

.00288 

4600 

8.  9274 

39.8269 

312.2770  ■ 

75. 4659 

10. 3057 

991 

-0.00515 

-2.0299 

434 

0.00296 

4700 

8.9280 

40.7196 

313. 1697 

75. 6579 

10. 1000 

972 

-.00560 

-2. 1252 

425 

.00286 

4800 

8.  9286 

41.6125 

314. 0626 

75. 8459 

9.9031 

953 

-.00579 

-2. 2166 

416 

.00300 

4900 

8. 9291 

42.5054 

314.  9555 

76.0300 

9,  7144 

935 

-.00610 

-2.3045 

407 

.00300 

5000 

8. 9296 

43.3983 

315. 8484 

76. 2104 

9.5335 

918 

-.00650 

-2.3889 

400 

.00287 

5100 

8. 9301 

44.  2913 

316.  7414 

76. 3873 

9.  3600 

901 

-0. 00667 

-2. 4702 

391 

0. 00301 

5200 

8.  9306 

45. 1843 

317.  6344 

76.5607 

9. 1934 

886 

-.00707 

-2.  5484 

384 

.00295 

5300 

8.9310 

46. 0774 

318.  5275 

76. 7308 

9. 0333 

871 

-.  00740 

-2.6238 

377 

.00289 

5400  . 

8.  9314 

46. 9705 

319.  4206 

76.»977 

8. 8794 

857 

-.00782 

-2.6965 

369 

.00301 

5500 

8.9318 

47. 8637 

320.3138 

77.0616 

8.  7314 

843 

-.00814 

-2.7666 

363 

.00298 

5600 

8.  9322 

48.  7569 

- 321.2070 

77.2226 

8.  5890 

830 

-0.00851 

-2.8344 

356 

0.00304 

5700 

8.  9326 

49.6501 

322. 1002 

77. 3807 

8.  4519 

817 

-.00876 

-2.8999 

349 

.00313 

5800 

8.  9329 

50. 5434 

322. 9935 

77.5360 

8. 3198 

805 

-.00904 

-2.9632 

343 

.00316 

5900 

8. 9332 

51. 4367 

323. 8868 

77.6887 

8. 1924 

793 

-.00947 

-3.0245 

337 

.00323 

6000 

8.9335 

52.3300 

324. 7801 

77.8389 

8.0697 

-3.0839 

852 
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TABLE  IX— THERMODYNAMIC  PROPERTIES  OP  A^Oj  (CRYSTAL,  a) 

[Molecular  weight,  101.94] 


T ' 
(®K) 

/ <»  • \ 

f^T-^lOOO 

/ kcal  \ 
V mole  / 

Hr 

/ kcal  \ 
\ mole  / 

s% 

( ^ 

RT 

'■wC'F*'*) 

logii: 

5 log  K— 

a 

b 

c 

d 

Vmole  ^K/ 

\raole  °K/ 

0 

298. 16 

300 

400 

500 



600 

700 

800 

900 

1000 

23.  360 

0 

237. 0838 

91.5490 

286. 1479 

28.430 

0. 10445 

95. 1916 

12,  409 

0. 01799 

1100 

23.  754 

2. 3557 

239.  4395 

93.  7939 

260. 1980 

25. 870 

0.  08207 

83. 8927 

11,287 

0.01187 

1200 

24. 064 

4. 7466 

241.8304 

95. 8741 

238.  5576 

23.  735 

.06471 

74.  4750 

10,  351 

,00779 

1300 

24. 311 

7. 1654 

244.  2492 

97. 8100 

220.  2352 

21,925 

. 05269 

66.  5049 

9,  558 

.00516 

1400 

24.  510 

9.  6064 

246.  6902 

99.  6189 

204.  5218 

20,  373 

.04250 

59.  6726 

8, 878 

.00293 

1500 

24.  672 

12. 0655 

249. 1493 

101. 3154 

190.8973 

19,  026 

.03505 

53. 7510 

8,288 

.00170 

1600 

24. 805 

14.  5394  - 

251.  6232 

102.  9120 

178.  9710 

17, 846 

0. 02935 

48. 5693 

7,  771 

0.  00092 

1700 

24.  916 

17.0254 

254. 1092 

104.  4191 

168.4440 

16,805 

. 02429 

43,  9972 

7.315  • 

.00021 

1800 

25. 010 

19. 5217 

256.  6055 

105. 8459 

159. 0836 

15,878 

.02056 

39.  9331 

6,  910 

-.00054 

1900 

25.090 

22. 0267 

259. 1105 

107.2003 

150.  7062 

15, 048 

.01760 

36. 2968 

6,547 

-.00100 

2000 

25. 159 

24. 5392 

261.  6230 

108.  4890 

143. 1646 

14,  300 

.01538 

33. 0243 

6,  220 

-.  00130 

2100 

25.221 

27. 0582 

264. 1420 

109.  7180 

136. 3397 

13,  623 

0.  01353 

30.  0637 

5,  924 

-0.00133 

2200 

25.  277 

29.  5831 

266.  6669 

110.8925 

130. 1339 

13,008 

.01165 

27. 3723 

5,655 

-.00160 

2300 

25. 329 

32. 1134 

269. 1972 

112. 0173 

124.  4666 

12,  447 

.00965 

24.  9152 

5,410 

-.  00197 

2400 

25.  374 

34.  6485 

271.  7323 

113.  0962 

119. 2707 

11.933 

.00780 

22.  6630 

5, 185  . 

-.00210 

2500 

25.408 

37. 1876 

274. 2714 

114. 1327 

114.  4897 

11.  460 

.00601 

20.  5911 

4,  977 

-.00193 
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TABLE  X— THERMODYNAMIC  PROPERTIES  OF  Al^Oa  (GAS) 

[Molecular  weight,  101 .94j 


T 

(°K) 

cl 

/ cal  \ 

Hj,— f/298.16 

/ kcal  \ 

V mole  / 

Ht 

/ kcal  \ 
Vmoley 

Sr 

/ cal  \ 

AH° 

RT. 

log  A 

'&  log  K= 

a 

b 

c 

d 

Vmole  °K/ 

\mo\c°Kj 

Q 

7ft  4ftftfi 

19 

1200  9468 

481.8955 

0 0347 

7ft  .VUa 

1?  6160 

1198  6027 

478.  6965 

23  3603 

2 1790 

78  6456 

18  7.545 

895.  7357 

349. 0606 

,500 

25. 5720 

4!  6362 

8hl028 

24!  2285 

716.  6696 

271-2518 

7 2651 

83  7317 

29  0179 

597  1339 

219. 3803 

in  noM 

86  4720 

.^3  24  a3 

.Ml  6641 

182.  3381 

12  S266 

89  2932 

.37  0064 

447  5067 

154.  5672 

29  1383 

15  7121 

Q2  1787 

40  4641 

397  .5684 

132.  9781 

uuu 

1000 

29. 6430 

18. 6517 

95',  1183 

43.5010 

357. 5885 

35,876 

0.11865 

115.7171 

15,581 

-0.05115 

1100 

30. 0960 

21.6386 

98. 1052 

46. 3475 

324.  8553 

32, 625 

0. 10920 

101.  6037 

14,164 

-0.05063 

1200 

30.  5138 

24.  6691 

101.1357 

48.9841 

297.  5586 

29, 915 

. 10186 

89. 8510 

12,984 

-.05099 

1300 

30-9068 

27.  7401 

104. 2067 

51. 4421 

274. 4452 

27,620 

.09723 

79.  9143 

11,984 

-.05000 

1400 

31.2819 

30. 8496 

107. 3162 

53.7462 

254.  6194 

25,653 

.09290 

71.  4043 

11,127 

-.04940 

1500 

31.6436 

33.  9958 

no.  4624 

55.9168 

237. 4245 

23, 948 

.08950 

64. 0357 

10, 385 

-.04913 

1600 

31.9951 

37. 1778 

113.  6444 

57.9702 

222. 3675 

22,454 

0.08777 

57.  5942 

9,735 

-0.04857 

1700 

32. 3389 

40. 3945 

116. 8611 

59. 9202 

209. 0715 

21,137 

.08562 

51.9163 

9,161 

— . 04774 

1800 

32. 6766 

43. 6452 

120.1118 

61.7782 

197.  2431 

19, 965 

.08421 

46.  8746 

8,652 

-.04769 

1900 

33. 0094 

46. 9295 

123.  3961 

63.5539 

186.  6510 

18,917 

.08300 

42. 3686 

8,196 

— . 04720 

2000 

33.3383 

50.  2469 

126.  7135 

65.  2554 

177. 1095 

17,973 

.08183 

38.  3178 

7,785 

-.04664 

2100 

33.6639 

53. 5970 

130. 0636 

66.8899 

168.  4691 

17,119 

0.08114 

34.  6573 

7,412 

, -0.04549 

2200 

33. 9870 

56.  9796 

133. 4462 

. 68.4634 

160.  6066 

16, 343 

.07995 

31.3337 

7,074 

-.04495 

- 2300 

34.3079 

60.  3943 

136.  8609 

69.9812 

15,3. 4210 

15,634 

.07958 

28.  3030 

6,  762 

-.04294 

2319.  57 

34.3704 

61.0663 

137.5329 

70. 2722 

152. 0864 

27.  7409 

2600 

25. 439 

39.  7300 

276.  8138 

115.1299 

no.  0760 

11,024 

0.00414 

18.  6788 

4.  786 

-0. 00209 

2700 

25. 466 

42.  2752 

279. 3590 

116.0905 

105. 9889 

10,619 

.00300 

16.  9083 

4,608 

-.00191 

2800 

25. 491 

44. 8231 

281.9069 

117.0170 

102. 1934 

10,  243 

' .00183 

15.  2645 

4,444 

-.00201 

2900 

25. 514 

. 47.3733 

284.  4571 

117. 9120 

98.  6595 

9,892 

.00107 

13. 7341 

4,  291 

-.00213 

3000 

25.534 

49. 9257 

287.  0095 

118. 7773 

95.  3611 

9,  565 

.00012 

12. 3059 

4, 148 

-.00216 

3100 

25. 552 

52. 4800 

289.  5638 

119. 6148 

92.  2755 

9,260 

-0. 00105 

10.  9700 

4,  014 

-0. 00218 

3200 

25.570  • 

55. 0361 

292. 1199 

120. 4263 

89.  3828 

8,974 

-.00209 

9.  7178 

3,889 

-.00218 

3300 

25. 585 

57.  6939 

294.  6777 

121.2134 

86.  6655 

8,705 

-.00299 

8.  5415 

3, 770 

-.00192 

3400 

25. 599 

60. 1531 

297.  2369 

121.9774 

84. 1082 

8, 452 

-.00386 

7. 4346 

3,659 

-.00183 

3500 

25. 613 

62.  7137 

299.  7975 

122. 7197 

81.  6972 

8,214 

-.00487 

6.  3910 

3, 555 

-.00190 

3600 

25. 624 

65.  2755 

302.  3593 

123. 4414 

79.4804 

7, 988 

-0.00542 

5. 4054 

3,455 

-0.00168 

3700 

25. 635 

67. 8385 

304. 9223 

124. 1436 

77.  2669 

7, 774 

-.00599 

4.  4733 

3,362  . 

-.00164 

3800 

25.  645 

70.  4025 

307.  4863 

124. 8273 

75. 2271 

7, 572 

-.00664 

3.  5902 

3,  273 

-.00163 

3900 

25.655 

72.  9675 

310. 0513 

125. 4936 

73. 2922 

7,381 

-.00745 

2.  7526 

3, 189 

-.00145 

4000 

25.663 

75. 5334 

312.  6172 

126. 1432 

71.4544 

7, 199 

-.00815 

1.9568 

3, 109 

-.00149 

4100 

25. 671 

78. 1001 

315. 1839 

126. 7770 

69.  7067 

7,027 

-0.00899 

1.2000 

3,033 

-0.00134 

4200 

25.679 

80.  6676 

317. 7514 

127. 3957 

68. 0426 

6,863  . 

-.00985 

.4792 

2,  960 

-.00117 

4300 

25.687 

83.  2359 

320. 3197 

128.0001 

66. 4564 

6,707 

-.01062 

-.  2080 

2,890 

-.00092 

4400 

25.  693 

85. 8049 

322. 8887 

128.  5907 

64.  9427 

6, 557 

-.01111 

-.8639 

2,824 

-.00076 

4500 

25. 699 

88. 3745 

325.  4583 

129. 1681 

63.  4967 

6,414 

. -.01185 

-1.4907 

2, 761 

-.00073 

4P00 

25. 705 

90. 9447 

328. 0285 

129.  7330 

62. 1142 

6,278 

-0.01244 

-2. 0902 

2,  700 

-0. 00057 

4700 

25. 710 

93.  5154 

330. 5992 

130.  2859 

60.  7909 

6,147 

-.01313 

-2.6641 

2,  642 

-.00042 

4800 

25. 716 

96. 0867 

333. 1705 

130. 8273 

59.  5234 

6,023 

-.01388 

-3.2141 

2, 587 

-.00036 

4900 

25.720 

98.  6585 

335.  7423 

131. 3575 

58.  3081 

5,9a3 

-.01440 

-3.  7417 

2.533 

-.00020 

5000 

25. 725 

101.  2308 

338, 3146 

131.8772 

57. 1419 

5,  788 

-.01510 

-4.  2481 

2, 482 

-.00007 

5100 

25. 729 

103.8035 

340,  8873 

132. 3867 

56.  0221 

5,678 

-0.01582 

-4.  7347 

2,  433 

0.00002 

5200 

25.733 

106. 3766 

343.  4604 

132.8863 

54.  9460 

5,572 

-.01642 

-5.  2026 

2,385 

.00030 

5300 

25.737 

108.  9501 

346. 0339 

133. 3765 

53,9111 

5, 471 

-.01715 

-5.  6529 

2,339 

.00045 

5400 

25.741 

111.5240 

348.  6078 

133. 8576 

52.9151 

5, 373 

-.01781 

-6. 0865 

2,  294 

. 00071 

5500 

25.745 

114.0983 

351. 1821 

134. 3300 

51.  9560 

5.279 

-.01838 

-6.  5043 

' 2,252 

.00086 

5600 

25.748 

116. 6729 

353. 7567 

134. 7939 

51.0317 

5,188 

-0.01908 

-6. 9073 

2,211 

0.00091 

5700 

25.  752 

119.2479 

356. 3317 

135. 2497 

50. 1406 

5, 100 

-.01961 

-7.  2961 

2, 172 

.00102 

5800 

25.756 

121.8233 

358. 9071 

135. 6976 

49.  2809 

5, 016 

-.02017 

—7.  6716 

2, 133 

.00117 

5900 

25.760 

124. 3991 

361.  4829 

136. 1379 

48.  4509 

4,935 

-.02100 

-8. 0343 

2,096 

.00137 

6000 

25.763 

126. 9753 

364. 0591 

136. 5709 

47.  6494 

-8. 3850 

TABLE  XI— THERMODYNAMIC  PROPERTIES  OF  AI2O3  (LIQUID) 

[Molecular  weight.  101.94] 


T 

cs 

i/t—Bzbsa6 
/ kcal  \ 

Ht 

s% 

Air 

■m(» 

log  K 

5 log  K=- 

(*’K) 

/ cal  \ 

\mole  / 

( ''“I 

/ cal  \ 

RT 

Vmole  ^kJ 

(*) 

V mole  J 

Vmole  °K/ 

a 

b 

c 

d 

2319.  57 

35.79 

67.  0670 

143. 5336 

72.8593 

150.  7846 

15, 513 

0. 04937 

27.  7409 

6,666 

-0. 05066 

2400 

35.95 

69. 9520 

146.  4186 

74.0819 

145.  5461 

14,995 

.04850 

25.  5477 

6,  441 

-.05000 

2500 

36.15 

73.  5570 

150. 0236 

75. 5535 

139.  4996 

14, 396 

.04828 

23. 0213 

6,181 

-.04911 

2600 

36.35 

77. 1820 

153.  6486 

76. 9753 

133. 9144 

13.844 

0.  04759 

20.  6931 

5.941 

-0.04807 

2700 

36.55 

80. 8270 

157.  2936 

78.3509 

128. 7394 

13,332 

. 04737 

18. 5408  . 

5,718 

-.04704 

2800 

36.75 

84. 4920 

160. 9586 

79. 6837 

123. 9306 

12,858 

.04651 

16.  5457 

5,  512 

-.04629 

2900 

36.95 

88. 1770 

164.  6436 

80.9768 

119.  4503 

12, 416 

.04603 

14. 6913 

5,319 

—.04530 

3000 

37.15 

91.8820 

168. 3486 

82. 2329 

115.  2656 

12,004 

.04554 

12. 9636 

5, 140 

—.04466 

3100 

37.35 

95.  6070 

172.  0736 

83. 4543 

111.  3478 

11,618 

0. 04508 

11.3502 

4, 972 

-0. 04395 

3200 

37.55 

99. 3520 

175.8186 

84. 6432 

107. 6721 

11,257 

.04439 

9.8404 

4,814 

-.04309 

3300 

37.75 

103. 1170 

179.  5836 

85. 8018 

104.2165 

10,  918 

.04372 

8.  4247 

4,666 

-.04235 

3400 

37. 95  ' 

106.9020 

183.  3686 

86. 9317 

100. 9616 

10,599 

.04322 

7.0947 

4,526 

— . 04154 

3500 

38.15 

no.  7070 

187. 1736 

88.0347 

97.8901 

10,298 

.04264 

5.8431 

4,395 

-.  04103 

3600 

3S.  35 

114.5320  i 

190. 9986 

89. 1122 

94.9869 

10, 013 

0.04228 

4.6633 

4, 271 

-0. 04052 

3700 

38. 55 

118-  3770 

194.84.36 

90. 1657 

92. 2384 

9,745 

.04163 

3. 5495 

4,153 

-. 03979 

3800  ! 

38. 75 

122.  2420 

198- 7086 

91.1964 

89.  6323 

9,  491 

.04101 

2.  4964 

4, 042 

-.03921 

3900  i 

4000 

38.95 

39.15 

126.1270 
130. 0320 

202.  5936 
206. 4986 

92. 2055 
93. 1942 

87. 1577 
84.8048 

9, 250 

04040 

1.4992 

.5539 

3, 936 

-.03870 

• Enthalpy  change  in  converting  AI1O3  (crystal,  a)  at  298.16°  to  AhOs  (liquid)  at  temperature  indicated. 
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TABLE  XII— THERMODYNAMIC  PROPERTIES  OF  B (GAS) 


[Atomic  weight,  10.82] 


T 

CK) 

C% 

/ cal  \ 

/ kcal  \ 
Wole/ 

/ kcal  \ 
Vmole/ 

/ cal  N 

\mole  ®K/ 

\mole  ®K/ 

0 

0 

269. 0896 

298.16 

4. 9704 

1.5097 

270. 5793 

36. 6493 

300 

4. 9704 

1.5188 

270. 5884 

36,6798 

400 

4.  9693 

2.0158 

271.0854 

38.1096 

500 

4. 9688 

2.5127 

271.5823 

39. 2183 

600 

4. 9686 

3. 0096 

272. 0792 

40. 1243 

700 

4. 9684 

3. 5064 

272, 5760 

40.8902 

800 

4. 9683 

4.0033 

273. 0729 

41.5536 

900 

4. 9682  • 

4. 5001 

273. 5697 

42. 1388 

1000 

4. 9682 

4. 9969 

274.0665 

42.6625 

1100 

4.  9682 

5. 4937 

274. 5633 

43. 1360 

1200 

4. 9681 

5. 9905 

275. 0801 

43.5683 

1300 

4. 9681 

6. 4874 

275. 5570 

43.9659 

1400 

4. 9681 

6. 9842 

276. 0538 

44. 3341 

1500 

4. 9681 

7.  4810 

276. 5506 

44.6769 

1600 

4. 9681 

7. 9778 

277. 0474 

44.9975 

1700 

4. 9681 

8. 4746 

277,  5442 

45.2987 

1800 

4. 9680 

8. 9714 

278. 0410 

45.5827. 

1900 

4. 9680 

9. 4682 

278. 5378 

45.8513 

2000 

4. 9680 

9. 9650 

279. 0346 

46. 1061 

2100 

4. 9680 

10.  4618 

279. 5314 

' 46.3485 

2200 

4. 9680 

10, 9586 

280. 0282 

46.5796 

2300 

4. 9680 

11.4554 

280.  5250 

46.  8004 

2400 

4. 9680 

11.9522 

281.0218 

47.0119 

2500 

4. 9680 

12.  4490 

281.5186 

47,2147 

2600 

4.  9680 

12. 9458 

282.  0154 

47. 4095 

2700 

4.  9680 

13. 4426 

282,  5122 

47. 5970 

2800 

! 4. 9680 

13.  9394 

283.  0090 

47.  7777 

2900 

4.  9680 

14. 4362 

283.  5058 

47, 9520 

3000 

4. 6980 

14.  9330 

284.  0026 

48. 1204 

3100 

i 4. 9680 

15.  4298 

284. 4994 

48. 2833 

3200 

4.  9680 

15.  9266 

284.  9962 

48.  4410 

3300 

4.  9680 

16. 4234 

285. 4930 

48. 5939 

3400 

4.  9680 

16.  9202 

285.  9898 

48. 7422 

3500 

4.  9680 

17.4170 

286. 4866 

48. 8862 

3600 

4.  9680 

17.  9138 

286.  9834 

49. 0262 

3700 

4.  9680 

18.  4106 

287. 4802 

49. 1623 

3800 

4.  9680 

18.  9074 

287.  9770 

49.2948 

3900 

4.  9680 

19. 4042 

288.  4738 

49. 4238 

4000 

4.  9681 

19.  9010 

288.  9706 

49.  5496 

4100 

4.9681 

20.  3978 

289.  4674 

49.6723 

4200 

4.9681 

20. 8946 

289.  9642 

• 49.7920 

4300 

. 4. 9682 

21.  3914 

290. 4610 

49.  9089 

4400 

4.  9682 

21.  8883 

290.  9579 

50.  0231 

4500 

4.  9683 

22.  3851 

291.4547 

50. 1348 

4600 

4.  9685 

22.  8819 

291.  9515 

50.  2440 

4700 

4.  9686 

23.  3788 

292,  4484 

50. 3509 

4800 

4.  9688 

23. 8756 

292.  9452 

50.4555 

4900 

4.  9690 

24. 3725 

293. 4421 

50. 5579 

5000 

4. 9692 

24. 8694 

293.  9390 

50.  6583 

5100 

4.  9694 

25.  3664 

294. 4360 

50.  7567 

5200 

4.  9697 

25.  8633 

294.9329 

50. 8532 

5300 

4.  9701 

26.  3603 

295. 4299 

50.  9479 

5400 

4.  9705 

26.  8574 

295.  9270 

51.0408 

5500 

4.  9710 

27. 3544 

296.  4240 

51. 1320 

5600  • 

4.  9716 

27.  8516 

296.  9212 

51.  2216 

5700 

4.  9722 

28. 3487 

297.  4183 

51. 3096 

5800 

4.  9728 

28. 8460 

297.  9156 

51. 3961 

5900 

4.  9736 

29.  3433 

298.  4129 

51.4811 

6000 

4.  9745 

29.  8407 

298.  9103 

51.  5647 

GENERAL  METHOD  AND  TABLES  FOR  COMPUTATION  OF  EQUILIBRIUM  COMPOSITION  AND  TEMPERATURE 
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TABLE  XIII— THERMODYNAMIC  PROPERTIES  OF  (GAS) 

[Molecular  weight.  21.64] 


T 

(®K) 

C% 

/ cal  \ 

/ kcal  \ 
\mo!e/ 

/ kcal  \ 
\mole/ 

( ^ 

AH° 

\ogK 

5 log  K=- 

RT 

c 

d 

Vmole°K/ 

\mole  °K/ 

a 

' b 

0 

0 

468  66.52 

298  16 

7 289 

2 0934 

470  7.*iS6 

48  652 

118  81^ 

46  2160 

300 

7 295 

2 1068 

470  7720 

48  697 

118  0983 

45. 8995 

400 

7 645 

2 8540 

471  5192 

50  344 

^ 8842 

33. 0562 

500 

i.  950 

3.6338 

472.2990 

52!  584 

71.3228 

25. 3251 

600 

8 165 

4 4398 

47?l  m.vi 

54  052 

50  5932 

20  1558 

700 

8 330 

5 2646 

47a  Q9Q« 

55  323 

51  201^ 

16  4542 

800 

8 450 

6 1042 

474  7694 

56  444 

44  8980 

13  6718 

900 

8 540 

6 9537 

47.<i  61 RQ 

57  445 

39  9899 

11  5032 

1000 

8.608 

7.8115 

476. 4767 

58!348 

36'.  0593 

3526 

0. 01325 

9.  7646 

1552 

0. 01399 

1100 

8,  665 

8.  6751 

477. 3403 

59. 1711 

32. 8406 

3209 

0-01003 

8.  3397 

1413 

0.  01210 

1200 

8.704 

9. 5436 

478.  2088 

59.  9267 

30. 1564 

2944 

.00798 

7.1501 

1296 

.01138 

1300 

8.738 

10. 4157 

479. 0809 

60.6248  • 

27. 8838 

2720 

.00624 

6.1418  ■ 

1198 

.00999 

1400 

8.  764 

11.  2898 

479. 9560 

61.  2732 

25.  9347 

2528 

.00467 

5. 2761 

1113 

. 00940 

1500 

8.  784 

12. 1682 

480.8334 

61. 8786 

24.  2447 

2359 

.00502 

4.  5247 

1040 

.00860 

1600 

8.803 

13. 0475 

481.  7127 

62.  4461 

22.  7653 

2213 

0.00404 

3. 8661 

976 

0. 00788 

1700 

8.820 

13. 9287 

482.  5939 

62. 9803 

21. 4595 

2084 

.00342 

3. 2841 

919 

. 00764 

1800 

8. 832 

14.8113 

483. 4765 

63. 4848 

20.  2983 

1969 

.00288 

2. 7659 

869 

.00693 

1900 

8. 842 

15. 6950 

484. 3602 

63. 9626 

. 19.2591 

1866 

.00260 

2. 3016 

824 

.00650 

2000 

8.852 

16. 5797 

485.  2449 

64.4164 

18. 3235 

1774 

.00184 

1.8831 

784 

. 00597 

2100 

8. 860 

■ 17. 4653 

486. 1305 

64. 8484 

17,  4769 

1690 

0.00172 

1.5038 

747 

0.  00565 

2200 

8.868 

18.3517 

487.0169 

65.  2608 

16.  7070 

1614 

.00136 

1. 1586 

714 

. 00527 

2300 

8.874 

19.2388 

487. 9040 

65.  6551 

16. 0039 

1544 

.00127 

.8429 

683 

.00522 

2400 

8. 880 

20. 1265 

488.  7917 

66. 0329 

15. 3593 

1480 

.00120 

.5531 

655 

.00500 

2500 

8. 884 

21.0147 

489.  6799 

66.3955 

14. 7661 

1421 

.00106 

.2861 

630 

.00449 

2600 

8. 888 

21.9033 

490.  5685 

66.  7440 

14. 2185 

1367 

0.00080 

0.0393 

606 

0. 00446 

2700 

8.891 

22. 7922 

491.4574 

67. 0795 

13.7114 

1316 

.00090 

-. 1»96 

584 

.00423 

2800 

8.  895 

23.6815 

492. 3467 

67.4029 

13.  2405 

1270 

.00067 

-.4024 

564 

. 00392 

2900 

8. 898 

24. 5712 

493. 2364 

67. 7151 

12.8019 

1226 

,00063 

-.6008 

545 

.00383 

3000 

8.901 

25. 4611 

494. 1263 

68.0168 

12. 3926 

1185 

.00074 

-.7863 

527 

.00370 

3100 

8. 903 

26. 3513 

495.0165 

68. 3087  ■ 

12.0096 

1147 

0.00066 

-0.9600 

511 

0. 00341 

3200 

8. 906 

27. 2418 

495.9070 

68.  5914 

11. 6505 

1111 

.00063 

-1.1231 

495 

.00340  * 

3300 

8. 908 

28. 1325 

496. 7977 

68. 8655 

11.3132 

1078 

.00054 

-1.2765 

481 

.00323 

3400 

8.910 

29.0234 

497.  6886 

69. 1314 

10. 9956 

1046 

.00054 

-1.4212 

466 

. 00336 

3500 

8.912 

29.9145 

498. 5797 

69. 3898 

10. 6962 

1016 

.00058 

-1. 5577 

453 

. 00327 

3600 

8.915 

30.8058 

499. 4710 

69.6409 

10. 4134 

988 

0.00057 

-1.6868 

* 441 

0. 00311 

3700 

8.917 

31.6974 

500.3626 

69. 8852 

10. 1458 

961 

.00061 

-1.8091 

429 

.00311 

3800 

8.919 

32. 5892 

501.  2544 

70. 1230 

9. 8923 

936 

.00050 

-1.9251 

419 

.00286 

3900 

8. 921 

33.4812 

502. 1464 

70. 3547 

9. 6518 

912 

.00060 

-2.0354 

408 

,00280 

4000 

8. 923 

34.3734 

503.0386 

70.  5806 

9.4232 

889 

.00057 

-2. 1402 

398 

.00283 

4100 

8. 925 

35. 2658 

503. 9310 

70. 8009 

9.  2058 

867 

0.00067 

-2. 2401 

389 

0.00268 

4200 

8. 927 

36. 1584 

504.8236 

71.0160 

8. 9987 

847 

.00052 

-2. 3354 

380 

.00253  . 

4300 

8. 930 

37.0513 

505. 7165 

71. 2261 

8. 8012 

827 

.00055 

-2. 4263 

371 

.00258 

4400 

8. 932 

37. 9444 

506.6096 

71.4314 

8.6127 

808 

.«i054 

-2. 5132 

363 

.00253 

4500 

8.935 

38. 8377 

507.  5029 

71.6322 

8. 4326 

790 

.00066 

-2. 5964 

355 

.00253 

4600 

8. 937 

39.7313 

508. 3965 

71.8286 

8.2602 

773 

0.00063 

-2. 6761 

348 

0. 00236 

4700 

8. 940 

40. 6252 

509.2904 

72.0208 

8.  0951 

756 

.00070 

-2. 7525 

341 

.00226 

4800 

8.  944 

41.519; 

510. 1846 

72. 2091 

7. 9369 

740 

.00078 

2.8258 

334 

.00224 

4900 

8.947 

42.  4139 

511.0791 

72. 3935 

7. 7851 

724 

.00090 

-2.8962 

327 

.00220 

5000 

8. 951 

43.3008 

511.9740 

72. 5743 

7. 6394 

710 

.00088 

-2.9638 

321 

.00216 

5100 

8.  955 

44.  2041 

512.8693 

72.7516 

7. 4993 

695 

0.00105 

-3-0289 

315 

0.00212 

5200 

8. 959 

45.0998 

513.7650 

72. 9255 

7. 3646 

682 

.00102 

-3.0916 

309 

.00210 

5300 

8.  963 

45.9959 

514. 6611 

73. 0962 

7.  2349 

669 

.00101 

-3. 1520 

303 

.00209 

5400 

8.  968 

46.8925 

515.5577 

73.2638 

7. 1100 

656 

.00113 

-3. 2102 

298 

.00202 

5500 

8.973 

47.7895 

616. 4547 

73. 4284 

6.9896 

644 

.00110 

-3.2664 

293 

.00188 

5600 

8.  979 

48. 6871 

517.3523 

73.  5901 

6.8735 

632 

0.00122 

-3.3206 

288 

0.  00187 

5700 

8.  985 

49.5853 

518. 2505 

73. 7491 

6.7614 

620 

.00130 

-3.3730 

283 

.00191 

5800 

8.  991 

50.4841 

519. 1493 

73. 9054 

a 6532 

610 

.00131 

-3.4237 

278 

.00188 

5900 

8. 998 

51.3836 

520.0488 

74.0592 

6.5485 

599 

.00137 

-3.4727 

273 

.00190 

6000 

9. 005 

52.2837 

620.9489 

74.  2105 

a 4473 



-3. 5201 
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BEPORT  1037 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 
‘ TABLE  XIV— THERMODYNAMIC  PROPERTIES  OP  BP  (GAB) 

[Molecular  weight,  29.82] 


T 

CK) 

' cl 

/ cal  \ 

/kcalN 
V mole  / 

/kcal\ 

\mole/ 

St 

/ cal  \ 

AH° 

RT 

* (~  w)“ 

logK 

a log  K= 

a 

6 

c 

d 

Vmole 

0 

0 

218. 1759 

298U6 

7. 0696 

2. 0789 

220. 2548 

47. 9001 

169. 0481 

67.5887 

300 

7.  0729 

2. 0919  - 

220. 2678 

47. 9437 

168. 0215 

67. 1385 

400 

7.  3044 

2.8101- 

220.9860 

50.0081 

126. 4173 

48. 8690 

500 

7.  5718 

3. 5539 

221.7298 

51.  6668 

101. 4208 

37.8738 

600 

7.8149 

4. 3236 

222. 4995 

53. 0694 

84. 7288 

30.  5239 

700 

8. 0158 

5. 1155 

223. 2914 

54.  2897 

72.  7858 

25. 2615 

800 

8. 1760 

5.9254  ' 

224. 1013 

55. 3710 

63.8146 

21.3064 

900 

8. 3024 

6. 7495 

224.9255 

56. 3416 

56. 8272 

18. 2243 

1000 

8.  4025 

7. 5850 

225. 7609 

57.  2217 

51.  2304 

5016 

0.02420 

.15. 7542 

2207 

0. 01784 

1100 

8.  4822 

8. 4293 

226.6053 

58. 0264 

46.  6462 

4565' 

0. 01963 

13. 7300 

2009 

0.  01523 

1200 

8.  5464 

9. 2809 

227. 4568 

58.  7673 

42. 8224 

4189 

-.01689 

12. 0406 

1844 

. 01304 

1300 

8.  5986 

10. 1382 

228. 3142 

59. 4535 

39.  5842 

. 3870 

01341 

10. 6091 

1704 

.01166 

1400 

8.  6415 

• 11.0003 

229. 1762 

60.  0924 

36. 8065 

3597 

^••..01100 

9.3803 

1584 

. 01040 

1500 

8.  6770 

11.8663 

230. 0422 

60. 6898 

. 34.3975 

3300 

00900 

8.3139 

1480 

. . 00920 

1600 

8.  7068 

12.7356 

230.9115 

61.  2508 

32.  2885 

3152 

0. 00778 

7. 3797 

1388 

0.  00883 

1700 

8.7319 

13. 6075 

231. 7834  . 

61. 7794 

30. 4266 

2969 

.00635 

6.5544 

1308 

. 00793 

1800 

8.  7533 

14.4818 

232.6577 

62.  2791 

28. 7708 

2805 

.00588 

5.8198 

1236 

.00747 

1900 

8.  7717 

15.3580 

233. 5340 

62. 7529 

. 27.  2886 

2659 

.00500 

5. 1618 

1172 

.00690 

2000 

8.  7875 

16. 2360 

234. 4120 

63. 2032 

25.  9541- 

2528 

.00399 

4.5689 

1115 

.00615 

2100 

8. 8013 

17.1155 

235. 2914 

63. 6323 

24.  7463 

2408 

0.00376 

4.0318  . 

1062 

0. 00597 

2200 

8. 8133 

17. 9962 

236. 1722 

64. 0420 

23. 6480 

230G 

.00310 

3. 5431 

1015 

.00550 

2300 

8.  8239 

18.8781 

237.0540 

64. 4340 

22. 6449 

2201 

. 00282 

3. 0963 

971 

.00542 

2400 

8. 8332 

19. 7610 

237. 9369 

64. 8098 

21,7250 

2110 

.00240 

. 2.6863 

931 

. 00520 

2500 

8.  8415 

20. 6447 

238.8206 

65. 1705 

20. 8786 

2026 

.00227 

2. 3087 

894 

.00505 

2600- 

8. 8489 

21. 5292 

239. 7052 

65.  5175 

20. 0971 

1949 

0.C0195  • 

1.9598 

860 

0. 00498 

2700 

8. 8555 

22.4145 

240. 5904 

65. 8516 

19. 3733 

1877 

.00184 

1.6363 

829 

.00453 

2800 

8.8614 

23. 3003 

241.4763 

66. 1737 

18.7011 

1811 

.00152 

1.3357 

801 

. 00399 

2900 

8. 8668 

24. 1867 

242. 3626 

66. 4848 

18. 0751 

1749 

.001.30 

1. 0555 

774 

. 00380 

3000 

8. 8716 

25. 0736 

243. 2496 

66.  7855 

17. 4908 

1691 

. 00132 

.7937 

749 

. 00359 

3100 

8. 8760 

25.9610 

244. 1370 

i 67. 0764 

16.  9440 

. 1637 

0. 00104 

0. 5485 

725 

0. 00354 

- 3200 

8.  88Q0 

26. 8488 

245. 0248. 

1 67. 3583 

16. 4314 

1586 

. 00099 

.3184 

703 

. 00327 

3300 

8. 8837 

27. 7370 

243. 9130 

6/.  6316 

15.9498 

1538 

! , 00105 

.1021 

682 

.00321 

3400 

8. 8870 

28. 6256 

246.8015 

67. 8969 

15.4964 

1493 

. 00093 

-.1017 

662 

. 00326 

3500 

8. 8901 

29,  5144 

247. 6904 

68.1545 

15. 0689 

1451 

.00084 

-.  2941 

644 

. 00301 

3600 

8. 8929 

30.4036  . 

248. 5795 

68. 4050 

14. 6650 

1411 

0. 00065 

-0. 4760 

626 

0. 00301 

3700 

8. 8955 

31. 2930 

249. 4690 

68. 6487 

14. 2830 

1373 

.00068 

-.6482 

610 

.00287 

3800 

8. 8979 

32. 1827 

250. 3586 

68.8860 

13. 9210 

1337 

.00058 

-.8116 

593 

. 00295 

3900 

8. 9001 

33. 0726 

251.  2485 

69. 1171 

13.  5776 

1303 

. 00055 

-.  9666 

579 

. 00275 

4000 

8. 9022 

33. 9627 

252. 1386 

69.  3425 

13.  2513 

, 1270 

. 00074 

-1.1141 

565 

. 00270 

4100 

8. 9041 

34.8530 

253. 0290 

69.  5623 

! 12. 9408 

1239 

0. 00060 

-1.2546 

551 

0. 00261 

4200 

8.9059 

35, 7435 

253. 9195 

69.  7769 

i 12.6452 

1210 

.00050 

-1.3884 

. 538 

.00268 

'4300 

8. 9075 

36. 6342 

254.8101 

69. 9865 

12. 3633 

1182 

.00056 

-1.5162 

526 

. 00255 

4400 

8. 9091 

37.  5250 

255. 7009 

70. 1913 

12.  0941 

1155 

.00053 

-1.6383 

514 

. 00258 

4500 

8.  9105 

38. 4160 

256.  5920 

70. 3915 

11.8369 

1129 

. 00057 

-1.7551 

503 

. 00245 

4600 

8.9119 

39.3071 

257. 4830 

70.  5874 

11.  5909 

11C5 

0. 00049 

-1.8669 

492 

0. 00252 

4700 

8.  9132 

40. 1983 

258. 3743 

70.  7790 

11.3553 

1082 

, 00038 

-1.9741 

■ 482 

.00238 

4800 

8.9144 

41.0897 

259. 2657 

70.  9667 

11. 1295 

1060 

. 00017 

-2. 0769 

472 

. 00227 

4900 

8.  9155 

41.9812 

260.1571 

71.1505 

10.  9130 

1039 

.00020 

-2. 1755 

463 

. 00230 

5000 

8.  9165 

42.8728 

261.0487 

71.3306 

10.  7050 

1018 

.00019  - 

-2.2704 

454 

. 00218 

5100' 

8.  9175 

43. 7645 

261. 9405 

71.5072 

10. 5052 

998 

0.00018 

-2.3616 

445 

0. 00222 

5200 

8.9184 

44. 6563 

262.8322 

71.  6804 

10. 3131 

979 

'.00008 

-2.4494 

437 

.00205 

5300 

8.  9193 

45. 5483 

263. 7242 

71.8503 

10. 1283 

960 

.00022  . 

-2. 5339 

429 

.00206 

5400 

8. 9202 

46. 4402 

264.6161 

72. 0170 

9. 9503 

943 

.00015  . 

-2.6154 

421 

. 00205 

5500 

8. 9210. 

47.3323 

265.  5082 

72. 1807 

9.  7787 

926 

.00004 

-2.6940 

414 

.00197 

5600 

8.  9317 

48. 2244 

266.4003 

72.3414 

9.  6133 

910 

0.00005 

-2. 7699 

/ 407 

0. 00190 

5700 

8.  9224 

49.1166 

267. 2926 

72. 4994 

9.4536 

'894 

-.00004 

-2.8432 

*•'  400 

. 00183 

5800 

8.  9231 

50.0089 

268. 1848 

72. 6546 

9.2995 

879 

-.00008 

-2.9140  . 

393 

. 00179 

5900 

8. 9237 

50. 9012 

269. 0771 

72. 8071 

9. 1506 

864 

-.00010 

-2. 9824 

387 

. 00180 

6000 

8.  9244 

51. 7936 

269. 9696 

- 72.  9571 

9. 0067 

-3.0487  . 

GENERAL  METHOD  AND  TABLES  FOR  COMPUTATION  OF  EQUILIBRIUM  COMPOSITION  AND  TEMPERATURE 

TABLE  XV— THERMODYNAMIC  PROPERTIES  OF  BF,  (GAS) 

[Molecular  weight,  67.82] 


857 


T 

c; 

/ cal  \ 

in-H% 
/ kcaJ\ 
\mole/ 

/ kcal\ 
Vmole/ 

S? 

/ cal  N 

* RT 

logK 

a log  K= 

100  V J 

a 

b 

c 

d 

V mole  °K  ) 

Vmole  °K/ 

0 

0 

0 

298. 18 

12. 0621 

2.  7842 

2.7842 

60. 6958 

704.3124 

286. 2741 

■ 300 

12. 0981 

2. 8066 

2.8066 

60.  7712 

700. 0206 

284. 3981 

• 400 

13. 7643 

4. 1030 

4. 1030 

64. 4894 

526. 0482 

208.3238 

500 

15. 0594 

5.  5471 

5.5471 

67.  7061 

421.  4916 



162.5976 

600 

16. 0460 

7. 1046 

7. 1046 

70. 5435 

351.  6741 

132. 0708 

700 

16.  7919 

8.  7482 

a.  7482 

73. 0755 

301.7303 

110.2416 

800 

17. 3580 

10.  4570 

10. 4570 

75. 3564 

264.2235 

93. 8552 

900 

17. 7915 

12.  2154 

12. 2154 

77. 4270 

235. 0185 

81. 1010 

1000 

18. 1277 

14. 0120 

14. 0120 

. 79. 3197 

211.6314 

20,979  ' 

0.07908 

70.8915 

9168 

0. 02195 

1100 

18. 3922 

15. 8380 

15.8380 

81. 0598 

192.  4805 

19, 089 

0. 06350 

62. 5341 

8339 

0. 01823 

1200 

18. 6030 

17.  6878 

17. 6878 

82. 6692 

176. 5095 

17, 513 

.05116 

55. 5667 

7648 

.01462 

1300 

18. 7731 

19.  5566 

19.5566 

84. 1650 

162. 9868 

16, 178 

.04179 

49. 6690 

7063 

.01180 

1400 

18.9122 

21.4409 

21. 4409 

85. 5613 

151.3893 

15,033 

.03430 

44.6122 

6561 

.00970 

1500 

19. 0270 

23.3378 

23. 3378 

86. 8700 

141.3330 

14,039 

.02882 

40.2285 

6126 

.00795 

1600 

19. 1228 

25. 3453 

25.  2453 

88. 1010 

132. 5298 

13. 169 

0.02423 

36. 3918 

5745 

0. 00699 

1700 

19. 2035 

27. 1616 

27. 1616 

89.  2628 

124.  7591 

12, 400 

.02091 

33. 0057 

5409 

.00540 

1800 

19.  2720 

29. 0854 

29. 0854 

90. 3623 

117. 8493 

11,717 

. 01746 

29.9953 

5110 

.00443 

1900 

19. 3306 

'31.0155 

31. 0155 

91.  4059 

111.6650 

11,105 

.01520 

27. 3014 

4842 

.00400 

2000 

19. 3813 

32. 9511 

32.9511 

92.  3987 

106. 0973 

10,554 

.01309 

24. 8764 

4601 

.00335 

2100 

19. 4252 

34. 8915 

34. 8915 

93.  3454 

101.0585 

10, 055 

0. 01135 

22. 6821 

4383 

0.  00283 

2200 

19. 4635 

36. 8359 

36. 8359 

94.  2499 

96. 4767 

9,601 

.00995 

20. 6870 

4184 

.00267 

2300 

19. 4971 

38.  7839 

38-  7839 

95. 1159 

92.  2924 

8, 186 

.00890 

18. 8652 

4003 

.00228 

2400 

19.  5268 

40.  7351 

40.  7351 

95.  9463 

88. 4560 

8,806 

.00780 

17. 1950 

3837 

.00190 

2500 

19.  5532 

42.6891 

42. 6891 

96.  7440 

84. 9258 

8,  456 

.00689 

15.6583 

3684 

.00168 

2600 

19. 5766 

44. 6456 

44. 6456 

97.5113 

81.6666 

8, 133 

0. 00608 

14.2397 

3543 

0.00148 

2700 

19. 5976 

46. 6043 

46. 6043 

98.  2505 

78.0483 

7,833 

.00560 

12.9260 

3412 

.00133 

2800 

19. 6165 

48. 5650 

48.5650 

98.9636 

75. 8452 

7,  555 

.00503 

11.7061 

3291 

.00107 

2900 

19.  6332 

50.  5275 

50.5275 

99. 6522 

- 73. 2350 

7.  296 

.00450 

10.  5702 

3178 

.00087 

3000 

19. 6486 

52. 4916 

52.4916 

100.3181 

70.  7985 

7, 054 

.00412 

9.5100 

3072 

.00083 

3100 

19. 6626 

54. 4572 

54. 4572 

100. 9626 

68. 5189 

6, 827 

0. 00396 

8.  5182 

2973 

0. 00094 

3200 

19. 6753 

56. 4241 

56. 4241 

101.5871 

66. 3815 

6,615 

.00346 

7.5882 

.2880 

.00087 

3300 

19. 6867 

58. 3922 

58.3922 

102. 1927 

64. 3735 

6, 416 

.00304 

6. 7146 

2793 

.00083 

3400 

19. 6972 

60. 3614 

60.3614 

102.  7805 

62. 4834 

6,228 

.00287 

5.8923 

2711 

.00083 

3500 

19. 7069 

62. 3316 

62.3316 

103.3516 

60.  7011 

1 6, 051 

.00257 

5. 1169 

2634 

.00063 

3600 

19.  7158 

64. 3027 

64.3027 

103. 9069 

59.0177 

! 5,884 

0.00233 

4. 3846 

2561  - 

0.00054 

3700 

19.  7240 

66. 2747 

66.2747 

104.  4472 

57. 4251 

' 5. 725 

.00232 

3.6919 

2492 

.00051 

3800 

19.  7316 

68. 2475 

68. 2475 

104.9733 

55. 9162 

5, 575 

.00211 

3.0356 

2427 

.00039 

3900 

19. 7386 

70. 2210 

70. 2210 

105.  4860 

54. 4846 

5, 433 

.00185 

2. 4129 

2365 

.00035 

4000 

19.  7451 

72. 1952 

72. 1952 

105.9858 

53. 1245 

5,298 

.00171 

1 1.8213 

2306 

.00026 

4100 

19.  7511 

74. 1700 

74. 1700 

106. 4734 

51.8306 

5,169 

0. 00169 

1.2586 

2250 

0.00029 

4200 

19. 7567 

76. 1454  , 

76. 1454 

106. 9494 

50. 5982 

5,046 

.00161 

.7226 

2196 

.00030 

4300 

19.  7619 

78. 1213  ? 

78. 1213 

107.  4144 

49. 4231 

4, 929 

.00157 

.2116 

2145 

.00030 

4400 

19.  7668 

80. 0977 

80.0977 

107. 8688 

48. 3013 

4, 817 

! .00146 

-.  2762 

2097 

.00020 

4500 

19. 7714 

82. 0746  1 

82.0746 

108. 3130 

47.2294 

4, 711 

. 00127 

-.7424 

2050 

.00025 

4600 

19.  7737 

84. 0519 

84.0519 

108.  7476 

46.  2040 

4,609 

! .00116 

-1.1883 

2006 

0.00019 

4700 

19. 7777 

86. 0295 

86.0295 

109. 1729 

45.  2222 

4,  512 

.00100 

-1. 6153 

1963 

.00014 

4800 

19.  7814 

88. 0074 

88.0074 

109. 5893 

44.  2812 

4,418 

■ .00097 

-2.0244 

1922 

.00026 

4900 

19.  7849 

89. 9857 

89.9857 

109. 9972 

43. 3786 

4,328 

.00090 

-2.4169 

1883 

.00020 

5000 

19. 7882 

91.9644 

91.9644 

110. 3970 

42.  5121 

4,242 

.00084 

-2. 7937 

1845 

.00024 

5100 

19. 7913 

93. 9434 

93. 9434 

110. 7889 

41.6795 

4,159 

0. 00079 

-3. 1557 

1809 

0. 00022 

5200 

19. 7942 

95. 9226 

95.9226 

111. 1732 

40.8789 

4, 079 

.00078 

-3.5038 

1775 

.00009 

5300 

19. 7969 

97. 9022 

97.9022 

111.5503 

40. 1085 

4, 002 

.00079 

-3.8388 

1741 

.00019 

5400 

19. 7995 

99. 8820 

99.8820 

111.9204 

39. 3666 

3, 929 

.00064 

-4. 1614 

1708 

.00025 

5500 

19. 8020 

101.8621 

101.8621 

112.2837 

38. 6516 

3, 857 

■ .00065 

-4. 4722 

1678 

.00016 

5600 

19. 8044 

103. 8424 

163.8424 

112.  6405 

37. 9622 

3,789 

0. 00056 

-4. 7720 

1648 

0.00008 

5700 

19. 8067 

105.8230 

105.8230 

112.9910 

37. 2969 

3,  722 

.00058 

-5. 0612 

1619 

.00016 

5800 

19. 8089 

107. 8037 

107.8037 

113.3.355 

36.  6546 

3, 659 

. - .00043 

-5. 3405 

1591 

.00014 

5900 

19.8110 

109.  7847 

109.  7847 

113. 6742 

36. 0340 

3,  597 

.00040 

-5. 6103 

1564 

.00013 

6000 

19-8131 

111.7659 

111.7659 

114. 0072 

35. 4341 

-5.8711 

213637—53 55 
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TABLE  XVI— THERMODYNAMIC  PROPERTIES  OF  BH  (GAS) 


[Molecular  weight,  IJ  828] 


T 

(®K) 

ct 

/ cal  \ 

/ teal  \ 
\ mole  / 

//? 

/ teal  \ 
\ mole  / 

s? 

IIP 

BT 

logii: 

S lop  K= 

a 

b 

c 

d 

Vmole  °K/ 

\vao\e  °kJ 

0 

0 

279. 8258 

298.16 

6.J9593 

2. 0739 

' 281.8997 

41.0362 

127. 4086 

50. 3050 

300 

6 9.596 

2. 0867 

281.9125 

41. 0790 

126,  6364 

49. 9656 

400 

6 9931 

2.7^9 

282.6097 

43.  0847 

95. 3504 

36. 1918 

500 

7. 0796 

3.4871 

283.3129 

44.  6534 

76. 5727 

27. 8950 

600 

712130 

4 2014 

ffi4J)272 

45.^554 

64. 0449 

22. 3429 

700 

7. 3713 

4. 9305 

284.7563 

47. 0790 

55. 0858 

18. 3628 

800 

7 ^44 

5. 6758 

285. 5016 

48. 0740 

48. 3563 

15. 3677 

900 

7 6897 

6. 4371 

286.  2629 

48. 9705 

43. 1133 

13. 0308 

1000  . - 

7. 8309 

7. 2133 

287. 0391 

49.  7881 

.38. 9114 

3754  • 

0.03127 

11. 1558 

1667 

0. 02285 

1100 

7. 9561 

8,0026 

287. 8^ 

50.5404 

35. 4674 

3417 

0.02740 

9. 6175 

1519 

0. 01927 

1200 

8. 0656 

8. 8037 

288. 6295 

51.2373 

32.  5925 

3136 

. 02419 

8,3324 

1395 

.01702 

1300 

8. 1607 

9.6150 

289. 4408 

51.8867 

30. 1560 

2899 

.02089 

7.  2423 

1290 

.01507 

1400 

8. 2431 

10.4352 

290.  2610 

52. 4945 

28. 0644 

2696 

.01807 

■ 6. 3058 

1200 

. 01340 

1500 

8. 3144 

11.  2631 

291. 0889 

53. 0656 

26.  2490 

2520 

.01550 

5. 4924 

1122 

.01195 

1600 

8. 3764 

12.0976 

291.9234 

53.  6042 

24.6585 

2366 

0.01344 

4. 7792 

1054 

0, 01060 

1700 

8. 4302 

12.9380 

292. 7638 

54. 1136 

23-2533 

2229 

.01217 

4. 1486 

993 

.00983 

1^ 

8. 4772 

13. 7833 

293.  6091 

64. 5968 

. 22.0028 

2108 

.01033 

3.  5871, 

939 

.00919 

1900 

8. 5184 

14. 6331 

294. 4589 

65.  0562 

20.8830 

2000 

.00900 

3.0837 

891 

.00840 

2000 

8.  5546 

15. 4868 

295.3126 

55.  4941 

19. 8740 

1902 

.00789 

2.6298 

848 

.00749 

.2100 

8.  5866 

16.3438 

296. 1696 

55. 9123 

18. 9604 

1813 

0.00721 

' 2.  2185 

809 

0. 00687 

2200 

8.  6150 

17.2039 

297. 0297 

56. 3124 

18. 1291 

1733 

.00612 

• ; llj'8439 

773 

.00651 

2300 

8. 6401 

18.0667 

297. 892.5 

56.  6959 

17.3695 

1659 

.00555 

7i.5013 

740 

.00627 

2400 

8.  6626 

18.9318 

298. 7576 

■ 57. 0641 

16.  6727 

1591 

.00510 

U.18e7 

710 

.00580 

2500 

8. 6828 

19. 7991 

299. 6249 

57.4181 

16. 0312 

1529 

.00442 

\8969 

682 

,00569 

2600 

8.7009 

20.6683 

300. 4941 

67.  7590 

15. 4387 

1471 

0.00409 

a:6289 

657 

0. 00527 

2700 

8.  7172 

21. 5392 

301.3650 

68. 0877 

14. 8898 

1418 

.00357 

.3803 

633 

.00503 

2800 

8.  7320 

22.4116 

302. 2374 

58. 4050 

14.3798 

1368 

.00338 

.1492 

611 

.00481 

2900 

8. 7453 

23. 8855 

303.1113 

68.  7116 

13.9047" 

1322 

.00293 

-.0663 

590 

.00473. 

3000 

8.  7575 

24. 1606 

303. 9864 

59.0083 

13. 4611 

1279 

.00262 

-.  2677 

571. 

. 00451 

3100 

8.  7686 

25.0369 

304. 8627 

59.  2956 

13. 0459 

1238 

0. 00252 

-0. 4564 

554 

0. 00408 

3200 

8. 7788 

25. 9143 

305.  7401 

59.  5742 

12. 6565 

1200 

.00236 

‘-.6336 

537 

.00397 

3300 

8.7881 

26.  7926 

306.  6184 

59. 8445 

12.  2905 

1164 

.00225 

-. 8003 

521 

.00386 

3400 

8.  7966 

27. 6719 

307.  4977 

60. 1070 

11.9459 

1130 

.00204 

9574 

506 

.00373 

3500 

8.  8045 

28. 5519 

308. 3777 

60. 3621 

11.6210 

1099  . 

. 00182 

-1.1057 

492 

.00363 

3600 

8.  8117 

29. 4327 

309.  2585 

60. 6102 

11.3139 

1068 

0.00185 

-1.2460 

479 

0.  00344 

3700 

8. 8184 

30.3143 

310. 1401 

60. 8517 

11.0234 

1040 

.00162 

-1.3789 

466 

.00347 

3800 

8. 8246 

31. 1964 

311.0222 

61.0870 

10.  7481 

1013 

“ .00156 

-1.5050 

454 

.00339 

3900 

8. 8304 

32. 0792 

311.9050 

61.3163 

10. 4868 

988 

.00130 

-1.6248 

443 

.00315 

4000 

8. 8357 

32. 9625 

312.7883 

61.  5399 

10.  2385 

964 

.00118 

-1.  7387 

432 

.00313 

4100 

8.8407 

33.8463 

313. 6721 

61,  7681 

10. 0022 

940 

0.00119 

-1.8472 

422 

0. 00302 

4200 

8. 8453 

34. 7306 

314.  5564 

61. 9712 

9.  7772 

918 

.00111 

-1.9507 

412 

.00299 

4300 

8. 8497 

35. 6153 

315.4411 

62. 1794 

9.  5626 

897 

.00114 

-2. 0495 

403 

.00291 

4400 

8.8537 

36.5005 

316.  3263 

62.  3829 

9.  3576 

877 

.00091 

-2. 1440 

394 

.00274 

4500 

8. 8575 

37. 3861 

317.2119 

62.  5819 

9. 1618 

858 

.00088 

-2.2343 

386 

.00269 

4600 

8.8611 

38.  2720 

318. 0978 

62.  7766 

8.  9744 

840 

0.00078 

-2.3209 

378 

0. 00257 

4700 

8. 8644 

39.1583 

318. 9841 

62.  9672 

8.  7949 

822 

.00075 

-2.  4039 

370 

.00252 

4800 

8. 8676 

40. 0449 

319.  8707 

63. 1539 

8.  6229 

805 

.00072 

-2.  4835 

363 

,00242 

4900 

8. 8705 

40.  9318 

320.  7576 

63.  3368 

8.  4579 

789 

.00060 

-2,5600 

356 

.00230 

5000 

8. 8733 

41.8190. 

321. .6448 

63.  5160 

8.  2995 

774 

.00054 

-2.  6335 

349 

.00227 

5100 

8. 8759 

42.  7064 

322.5322 

63.  6918 

8. 1472 

758 

0.00063 

-2.  7042 

342 

0,  00233 

5200 

8. 8784 

43.  5941 

323.4199 

63.  8641 

8.0008 

744  1 

.00052 

-2.  7723 

336 

.00220 

5300 

8. 8807 

44. 4821 

324. 3079 

64.0333 

7. 8599 

730  1 

.00052 

-2. 8379 

330 

.00209 

5400 

8.  8830 

45. 3703 

325. 1961 

64.1993 

7.  7242 

717  1 

.00044 

-2.9011 

325 

.00201 

5500 

8. 8850 

46.  2587 

326. 0845 

64.  3623 

7.  5934 

704  1 

.00039 

-2.  9622 

319 

.00194 

5600 

8. 8870 

47.  1473 

326.  9731 

64.  5224 

7.  4673 

692 

0.00040 

-3. 0211 

313 

0.00199 

5700 

8. 8889 

48.0361 

327.  8619 

64.6797 

7.  3455 

680 

.00026 

-3. 0780 

308 

.00200 

5800 

8. 8907 

48. 9251 

328.  7509 

64. 8343 

7.2280 

‘ .668 

.00028 

-3. 1331 

303 

.00184 

5900 

8. 8924 

49. 8142 

329.  6400 

64.  9863 

•7. 1145  . 

, 657 

.00030 

-3. 1863 

298 

.00183 

6000 

8. 8941 

50.  7035 

330.5293 

65. 1358 

■ '7.  0047 

-3.  2378 
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TABLE  XVII— THERMODYNAMIC  PROPERTIES  OF  BO  (GAS) 

(Molecular  weight,  26.82] 


T 

(®K) 

/ cal  \ 

/ kcal  \ 
V mole/ 

/ kcal  \ 
\ mole  / 

Sf 

( ^ 

A//® 

RT 

K 

6 log 

100  \T^  J 

a 

1) 

c 

d 

\moIe  ®K  / 

\mole  ®K/ 

0 

0 

168. 1616 

298. 16 

6.  976 

2.0731 

170.2347 

48.605 

272.  6696 

112.  6245 

300 

6.  977 

2.0859 

170.  2475 

48. 647 

271.0072 

111.8980 

400 

7. 062 

2.  7872 

170.  9488 

50.664 

203.  6499 

* 82. 4477 

500 

7.230 

3.5018 

171.6634 

52. 259 

163,  2146 

64.  7442 

600 

7.  427 

4.2347 

172. 3963 

53.594 

136.  2389 

52.  9207  ■ 

700 

7.  635 

4.9880 

173. 1496 

54.755 

116.  9540 

44.  4620 

800 

7. 810 

5.7600 

173.  9216 

55.785 

102.  4775 

38, 1086 

900 

7. 970 

6.  5490 

174.  7106 

56.  714 

91.  2079 

33. 1604 

1000 

8. 109 

7.3530 

175.5146 

•57.563 

82.  1842 

8094 

0. 03092 

29. 1974 

3547 

0. 02195 

1100 

8. 225 

8. 1697 

176,3313 

58.3413 

74.  7951 

7363 

0.  02647 

25.  9509 

3229- 

0.01747 

1200 

8. 325 

8.9972 

177.1588 

59. 0613 

68.  6328 

6754 

.02252 

23.  2426 

2963 

. 01467 

1300 

8.411 

9.8340 

177.  9956 

59.  7310 

63.  4149 

6239 

.01907 

20.  9487 

2737 

.01310 

' 1400 

8.  485 

10. 6788 

178. 8404 

60. 3570 

58. 9394 

5797 

.01653 

18. 9806 

2544 

.01120  . 

1500 

8. 5485 

11.5305 

179. 6921 

60.9446 

55. 0582 

5414 

. 01425 

17.  2734 

2376 

.01010  . - 

1600 

8. 6025 

12.3881 

180. 5497 

61.  4980 

51.6602 

5079 

0.01195 

15.  7783 

2229  “ 

0. 00912 

1700 

8. 6483 

13. 2506 

• 181.4122 

62. 0209 

48.  6606 

4783 

.01048 

14.  4580 

2099 

,00839 

1800 

8.6883 

14. 1174 

182.  2790 

62. 5164 

45.  9929 

4520 

.00885 

13.  2835 

1984 

.00749 

1900 

8.  7235 

14. 9886 

183. 1496 

62. 9871 

43.  6051 

4284 

.00790 

12.2318 

1880 

.00720 

2000 

8.  7550 

15.8620 

184. 0236 

63. 4354 

41.  4552 

4071 

.00733 

11.2846 

1787 

.00665 

2100 

8.  7835 

16.7389 

184.  9005 

63.8632 

39.  5093 

3879 

0. 00632 

10.  4270 

1703 

0. 00611 

2200 

8. 8095 

17. 6185 

185.  7801 

64.  2724 

■ 37. 7398 

3704 

.00587 

9.  6468 

1627 

.00551 

2300 

8.8333 

18.5007 

186.  6623 

64.6645 

36. 1235 

3545 

.00492 

8.9339 

1556 

.00547 

2400 

8. 8549 

19.3851 

187. 5467 

65.0409 

34.6415 

3398 

.00460 

8.2801 

1493 

.00480 

2500 

8. 8749 

20.  2716 

188. 4332 

65.  4028 

33.  2777 

3264 

; 00382 

7.  6781 

1434 

.00456- 

2600 

8. 8934 

21.1600 

189. 3216 

65. 7513 

32. 0185 

3140 

0. 00324 

7. 1220 

1379 

0.  00436 

2700 

8. 9106 

22.0502 

190.2118 

66. 0872 

30.8523 

3024 

.00320 

6.  6069 

1329 

.00406 

2800 

8. 9268 

22.9421 

191. 1037 

66.  4116 

' 29.  7691 

2918 

.00249 

6. 1282 

1282 

.00393 

2900 

8.  9421 

23.8355 

191. 9971 

66. 7251 

28.  7604 

2818 

.00217 

5.6822  . 

1238 

.00383 

3000 

8.9565 

24. 7304 

192. 8920 

67. 0285 

27. 8189 

2725 

.00197 

5. 2657 

1197 

.00367 

3100 

8. 9702 

25. 6268 

193. 7884 

67. 3224  ! 

26.  9379 

2638 

0. 00162 

4. 8759 

1159 

0. 00351 

3200 

8. 9833 

26.  5244 

194. 6860 

67. 6074  1 

26.1119 

2557 

.00115 

4.  5102 

1124 

.00319 

3300 

8. 9959 

27. 4234 

195. 5850 

67. 8840  ■ 

25.  3359 

2480 

.00109 

4. 1664 

1090 

.00311 

3400 

9.0081 

28.3236 

196.  4852 

68. 1527 

24.  6054 

2408 

. 00070 

3. 8427 

1058 

.00311 

. 3500 

9.0200 

29.2250 

197. 3866 

68.  4140 

23. 9167 

2340 

.00060 

3. 5373 

1028 

.00304 

3600 

9.0316  1 

30. 1276 

198. 2892 

68.6683 

23. 2661 

2275 

0. 00054 

3.  2487 

1000 

0. 00293 

3700 

9. 0430  i 

31.0313 

199. 1929 

68. 9159 

22.  6507 

2214 

.00037 

2. 9755 

973 

.00285 

3800 

9. 0543  1 

31.9362 

200. 0978 

69. 1572 

22. 0677 

2157 

.00012 

2.  7166 

948 

.00272 

. 3900 

9. 0654 

32.8422 

201.0038 

69. 3925 

21.5145 

2102 

.00000 

2.  4708 

924 

.00270 

4000 

9. 0763 

33.7492 

201. 9108 

69. 6222 

20.9890  • 

2050 

-.00020 

2. 2371 

901 

.00264 

4100 

9.0870 

34. 6574  - 

202.8190 

69. 8464 

20. 4892 

2000 

-0. 00009 

2. 0147 

879 

0. 00261 

4200 

9. 0976 

35.5666 

203.7282 

70.0655 

20.0131 

1953 

-.00029 

1.8028 

859 

.00243 

4300 

9. 1080 

36. 4769 

204. 6385 

70.2797 

19. 5592 

1908 

-.00044 

1.6006 

839 

.00242 

4400 

9. 1183 

37.3882 

205.  5498 

70. 4892 

19. 1260 

1865 

-.00044 

1.  4075 

820 

.00238 

4500 

9. 1284 

38.3006 

206.  4622 

70. 6943 

18. 7120 

1824 

-.00062 

1.2229 

802 

.00235 

4600 

9. 1384 

39. 2139 

207.  3755 

70.8950 

18.3161 

1785 

-0. 00069 

1.  0462 

785 

' 0.00238 

4700 

9. 1482 

40. 1282 

208. 2898 

71.0916 

17.  9370 

1747 

-.00076 

.8768 

768 

.00230 

4800 

9. 1579 

41. 0325 

209. 2051 

71. 2843 

17.  5738 

1710 

-.00058 

.7145 

753 

.00213 

4900 

9. 1675 

41.  9598 

210. 1214 

71. 4733 

17. 2254 

1676 

-. 00070 

.5587 

738 

.00210 

5000 

9. 1769 

,42.8770 

211.0386 

71. 6586 

16.8909 

1642 

-.00066 

.4090 

722 

.00223 

5100 

9. 1862 

43.  7952 

211.9568 

71.8404 

16. 5696 

1610 

-0. 00072 

0.  2652 

709 

0. 00215 

6200 

9. 1954 

44. 7143 

212.8759 

72. 0189 

16. 2607 

1580 

-.00091 

. 1267 

695 

.00217 

5300 

9. 2045 

45. 6343 

213. 7959 

72, 1941 

15. 9635 

1550 

-.00084 

-.0066 

682 

.00210 

5400 

9. 2135 

46. 5552 

214.  7168 

72.3662 

15.  6773 

1521 

-.00085 

-.1350 

669 

.00216 

5500 

9. 2224 

47.  4770 

215. 6386 

72.5354 

15.  4016 

1494 

-.00099 

-.2588 

657 

.00218 

5600 

9.2312 

48.3996 

216. 5612 

72,  7016 

15. 1358 

1467 

-0. 00077 

-0. 3783 

645 

0. 00214 

5700 

9. 2399 

49. 3232 

217.  4848 

72.8651 

14. 8792 

1441 

-.00085 

-.4936 

634 

.00219 

5800 

9. 2485 

50. 2476 

218. 4092 

73.0259 

14. 6316 

1416 

-.00080 

-.6051 

623 

.00211 

5900 

9. 2570 

51.1729 

219. 3345 

73. 1840 

14.3924 

1393 

-.00097 

-. 7128 

612 

.00220 

6000 

9. 2654 

52.0990 

220.  2606 

73. 3397 

14. 1612 

-.8170 
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TABLE  XVIIl— THERMODYNAMIC  PROPERTIES  OF  BjOj  (GAS) 


[Molecular  weight,  69.64] 


T 

(®K) 

cl 

/ cal  \ 

Hi- Hi 

/ kcal  \ 
\ mole  / 

/ kcal  \ 
V mole  / 

St 

/ cal  \ 

AW® 

RT 

log  K 

5 log  K=- 

a 

b 

c 

d 

V^mole 

Vmole  °K/ 

0 

0 

126. 0889 

- 

298.16 

300 

400 

500 

600 

700 

800 

900 

1000 

23. 360 

16. 5945 

. 142. 6834 

82. 1636 

301.  ^7 

29, 998 

0. 10329 

101.  1271 

13,090 

0.  01700 

1100 

23.  754 

18, 9502 

145. 0391 

84.4085 

274. 4295 

27,  295 

0.08117 

89.  2101 

11,905 

0.01197 

1200 

24.064 

21. 3411 

147. 4300 

86.  4886 

251.  6025 

25, 041 

.06409 

79.  2773 

10, 917 

.00821 

1300  - 

24.  311 

23.7599 

149.  8488 

88.  4246 

232.  2761 

23, 131 

.05176 

70.8714 

10, 081 

.00499 

1400 

24.  510 

26.2009 

152. 2898 

90.  2335 

215.  7022 

21,492 

.04230 

63. 6657 

9, 363 

.00340 

1500 

24.  672 

28.6600 

154.  7489 

91.  9300 

201.  3319 

20, 071 

.03442 

57. 4203 

8,  741 

.00178 

1600 

24.  805 

31. 1339 

157.  2228 

93.  5266 

188.  7531 

18. 825 

0.02917 

51.  9554 

8, 196 

0.  00092 

1700 

24.  916 

33.6199 

159. 7088 

95. 0337 

177.6504 

17,  726 

.02422 

47.  1333 

7,  715 

.00009 

1800 

25.  010 

36. 1162 

162.  2051 

96.  4605 

167.  7784 

16,  748 

.02046 

42.  8471 

7,287 

-.00026 

1900 

25.  090 

38. 6212 

164.  7101 

97.  8148 

158.  9432 

15,  872 

.01760 

39. 0121 

6, 904 

-.00070 

2000 

25. 159 

41. 1337 

167.  2226 

99. 1036 

150.  9896 

15, 083 

.01532 

35.  5608 

6,  560 

-.00131 

2100 

25.  221 

43. 6527 

169. 7416 

100.  3326 

143. 7919 

14,368 

0.01369 

32. 4383 

6,  248 

-0.  00160 

2200 

25.  277 

46. 1776 

172.2665 

101.5071 

137.  2473 

13. 718 

.01235 

29.  5999 

5. 965 

-.00198 

2300 

25. 329 

48.  7079 

174.7968 

102. 6319 

131.2706  ■ 

13, 127 

.00992 

27. 0084 

5.  705 

-.00178 

2400 

25.  374 

51. 2430 

177.3319 

103.  7108 

125.  7911 

12,  587 

.00710 

24.6331 

' 5,468 

-.  00210 

2500 

26.  408 

53.7821 

179.8710 

104. 7473 

120.  7492 

12.087 

.00565 

22.4480 

5,249 

00195 

2600 

2,6.  439 

56.3245 

182. 4134 

105.  7445 

116. 0947 

11,626  . 

0.00418 

20.  4311 

5.  047 

-0.  00196 

2700 

25.  466 

58.8697 

184. 9586 

106.  7050 

111.  7846 

11, 197 

.00367 

18,  5638 

4, 861 

-.00227 

2800 

25. 491 

61.  4176 

187.  5065 

107.  6316 

107.  7820 

10, 802 

.00177 

16.8300 

4,687 

-.00221 

2900 

25.  514 

63. 9678 

190.0567 

108.  5266 

104.  0554 

10,  432 

.00097 

15. 2160 

4.525  • 

-.00203 

3000 

25.  534 

66. 5202 

192. 6091 

109. 3919 

100. 5771 

10,087 

.00003 

13.  7097 

4,  374 

-.00207 

3100 

25.  552 

69.0745 

195. 1634 

110.  2294 

97. 3232 

9,  764 

-0. 00065 

12.3008 

4,  233 

-0,  00201 

3200 

25.  570 

71. 6306 

197.  7195 

111.0409 

94.  2726 

9,  463 

-.00197 

10.9800 

4. 100 

00182 

3300 

25.  585 

74. 1884 

200. 2773 

111.8280 

91.  4070 

9, 178 

-.00261 

9.  7394 

3,976 

-.00191 

3400 

25.  599 

76.  7476 

202.8365 

112.  5920 

88. 7102 

8,  910 

-.00301 

8.  5719 

3, 858 

-.00159 

3500 

25.  613 

79. 3082 

205. 3971 

* 113.3342 

86. 1675 

8,  659 

-.00418 

7.  4712 

3,  748 

-.00161 

3600 

25.  624 

81. 8700 

207. 9589 

114.  0560 

83. 7664 

8,  420 

-0.00447 

6.  4317 

3,  644 

-0. 00166 

3700 

25.  635 

84.4330 

210.  5219 

114.  7582 

81.4952 

8, 195 

-.00528 

5. 4485 

3,  545 

-.00159 

3800  ■ 

25.  645 

86. 9970 

213. 0859 

115.  4419 

79.  3439 

7.  980 

-.00535 

4.  5172 

3,  452 

-.00153 

3900 

25.  655 

89.  5620 

215. 6509 

116. 1082 

77. 3031 

7,  779 

-.00635 

3.  6336 

3, 362 

-.00130 

4000 

25.663 

92. 1279 

218.2168 

116.  7578 

75. 3647 

7,  585 

-.00640 

2. 7944 

3,278 

-.00121  • 

4100 

25.  671 

94. 6946 

220. 7835 

117. 3916 

73.  5211 

7,  401 

-0.00664 

1.  9961 

3, 198 

-0.  00123 

4200 

25.  679 

97. 2621 

223.3510 

118.0103 

71.  7656 

7,  226 

-.00696 

1.2359 

3, 122 

-.00125 

4300 

25.687 

99. 8304 

225.9193 

118.6147 

70.0921 

7,  060 

— . 00 / 55 

.5111 

3, 049 

-.00115 

4400 

25.  693 

102.3994 

228.  4883 

119.  2053 

68. 4951 

6,900 

-.00753 

-.  1807 

2, 979 

-.00090 

4500 

25.  699 

104. 9690 

231.0579 

119.  7827 

66. 9693 

6,748 

-.00776 

-.8418 

2,  912 

-.00084 

4600 

25.  705 

107. 5392 

233. 6281 

120.  3476 

65.  5101 

6,  602 

-0.00808 

-1.  4740 

2, 849 

-0. 00087 

4700 

25.  710 

110. 1099 

236.1988 

120.  9005 

64. 1135 

6.  461 

-.00784 

-2.0793 

2,788 

-.00073 

4800 

25.  716 

112. 6812 

238. 7701 

121.  4418 

62.  7753 

6, 328 

-.00823 

-2. 6594 

2,  730 

-.00074 

4900 

25.  720 

115.2530 

241.3419 

121.  9721 

61.4921 

6, 198 

-.00800 

-3. 2158 

2.  673 

-.00050 

5000 

25.  725 

117.8253 

243. 9142 

122.  4918 

60.  2605 

6,  075 

-.00818 

-3.  7499 

2.  619 

-.00043 

5100 

25.  729 

120. 3980 

246. 4869 

123. 0013 

59.  0775 

5,956 

-0.00828 

.-4. 2630  ' 

2.  568 

-0. 00045 

5200 

25.  733 

122. 9711 

249. 0600 

123.  5009 

57. 9404 

5, 842 

-.00836 

—4.  7564 

2.  518 

-.00029 

5300 

25.  737 

125. 5446 

251.6335 

123.  9911 

56.8465 

5,  731 

-.00820 

-5.  2312 

2.470 

-.00021 

5a00 

25.  741 

128.1185 

254.  2074 

124.  4722 

55.  7934 

5,625 

-.00823 

-5.6884  ■ 

2.  424 

-.00013 

5500 

25.  745 

130. 6928 

256.  7817 

124.  9446 

54.  7789 

5,  524 

-.00843 

-6. 1290 

2,379 

-.00002 

.5600 

25.  748 

133. 2674 

259. 3563 

125.  4085 

53. 8009 

5,  423 

-0.00800 

-6.  5538 

2,  337 

-0. 00010 

5700 

25.  752 

135.8424 

261. 9313 

125. 8643 

52.8575 

5,327 

-.00785 

-6. 9637 

2.  295 

.00011 

5800 

25.  756 

138.4178 

264.  5067 

126:  3122 

51. 9469 

5,  235 

-.00789 

—7. 3595 

2.  255 

-.00020 

5900 

25.  760 

140. 9936 

267. 0825 

126.  7525 

51. 0675 

5, 148 

-.00810 

-7.  7419 

2.216 

.00027 

6000 

25.  763 

143.  5698 

269. 6587 

127. 1855 

50.2176 

-8.1115 

TABLE  XIX— THERMODYNAMIC  PROPERTIES  OF  B2O3 
(CRYSTAL) 

[Molecular  weight,  69.64] 


T 

(°K) 

cl 

/ cal  \ 

h^—hI 

/ kcal  \ 
\ mole  / 

H? 

/ kcal  \ 
\ mole  / 

Sr 

/ cal  \ 

Mr 

RT 

logK 

\mole  ®K/ 

\moIe  ®K/ 

0 

0 

48. 6839 

298. 16 

14.  73 

2.  2410 

50. 9249 

13.07 

1137;  336 

455. 554 

300 

14.  79 

2.  2680 

50. 9519 

13. 16 

1130.390 

452.523 

400 

18.40 

3. 9240 

52. 6079 

17.90 

848.915 

329. 717 

500 

21.12 

5.9080 

54.  5919 

22.31 

679.678 

255.953 

600 

23.26 

8.1300 

56. 8139 

26.36 

566.642 

206.747 

700 

25.15 

10.  5520 

59.  2359 

30.09 

485.753 

171.589 

723. 16 

25.  57 

11.1400 

59. 8239 

30. 91 

470. 191 

164. 833 
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TABLE  XX— THERMODYNAMIC  PROPERTIES  OF  B2O3  (LIQUID) 

(Molecular  weight,  69.64] 


T 

(®K) 

C.° 

/ cal  N 

(S) 

<•1 

Hr 

/ kcal  \ 
\ mole  ) 

5t 

/ cal  \ 

RT 

log  K 

h log  K= 

w(f+") 

a 

b 

c 

d 

' mole  °K  ) 

Vmole  ®K/ 

31  75 

16  .5600 

65.  2439 

38.41 

466.' 420 

164.833 

31  660 

18  9962 

67.  6801 

41. 6117 

421.294 

145.384 

31  242 

22  Ul.*! 

70. 8252 

45.3166 

374. 121 

125. 064 

WJKJ 

1000 

30. 835 

25. 2452 

73. 9291 

48.5872 

336.  4027 

34, 014 

-0.07512 

108. 8151 

14,  670 

-0. 06036 

1100 

30.580 

28.3159 

76. 9998 

51.5141 

305. 5560 

30,893 

-0. 04637 

95.  5391 

13,333 

-0.05693 

1200 

30. 442 

31,3670 

SO.  0509 

54. 1690 

279.  8582 

28,  291 

-.02131 

84.  4852 

12,  216 

05142 

1300 

30. 392 

34. 4087 

83. 0926 

56.6037 

258. 1172 

26,095 

-.00489 

75. 1397 

11,271 

-.04681 

1400 

30. 377 

37. 4472 

86. 1311 

58.8554 

239.  4828 

24,226 

-.00097 

67. 1358 

10,  462 

-.04.377 

1500 

30. 372 

40.4846 

89. 1685 

60.9511 

223.3331 

22,  610 

-.00015 

60.  2049 

9,  760 

-.04040 

1600 

30. 370 

43.5217 

. 92.2056 

62.9112 

209.  2020 

21, 197 

-0. 00022 

54. 1453 

9, 146 

-0. 03770 

1700 

30. 370 

46. 5587 

95.  2426 

64.7523 

196.  7334 

19,951 

-.00049 

48.8030 

8,  605 

-.03586 

1800  ' 

30. 370 

49.5957  ' 

98.  2796 

66.4882 

185.6500 

18,842 

-.00024 

' 44. 0583 

8,123 

-.03346 

1900 

30. 370 

■52. 6327 

101.3166 

68.  1303 

175.  7334 

17, 851 

-00030 

39.  8166 

7,  692 

-.03150 

2000 

30. 370 

55. 6697 

104.3536 

69.6880 

/ 

166. 8082 

16,958 

-.00024 

36.  0020 

7,304 

-.02990 

2100 

30. 370 

58.  7067 

107. 3906 

' 71. 1698 

158.  7332 

16, 151 

-0. 00036 

32. 5538 

6, 954 

-0. 02861 

2200 

30. 370 

61.  7437 

110.  4276 

72. 5826 

151.3922 

15,416 

-.00011 

29.  4215 

6,635 

-.02738 

2300 

30. 370 

64.  7807 

113.  4646 

73. 9326 

144. 6897 

14,  746 

-.00027 

26.  5641 

6,  344 

-.02613 

2400 

30. 370 

67.8177 

116.5016 

75.2251 

138.  5458 

14, 131 

-.00010 

23.  9469 

6.077 

-.02500 

2500 

30. 370 

70.8547 

119.53S6 

76. 4649 

132. 8935 

21.5411 

• Enthalpy  change  in  converting  BjOj  (crystal)  at  0°  K to  BjOs  OiQuid)  at  temperature  indicated. 


TABLE  XXI— THERMODYNAMIC  PROPERTIES  OF  C (GAS) 


(Atomic  weight,  12.010] 


7/5, 

S-r 

T 

r K) 

/ cal  \ 

/kcal\ 

/ kcal  \ 

Vmole  ° K/ 

Vmole/ 

Vmole/ 

Vraole^K/ 

0 

0 

262. 3181 

298. 16 

4.9803 

1.5589 

263.  8770 

37.  7611 

300 

4.9801 

1.5681 

263. 8862 

37.  7917 

400 

4.  9747 

2.  0658 

264.3839 

39.  2235 

500 

4.9723 

2.  5631 

264. 8812 

40.3333 

600 

4. 9709 

3.  0603 

265. 3784 

41.  2398 

700 

4.  9701 

3.  5573 

265. 8754 

42. 0060 

800 

4.9697 

4. 0543 

266. 3724 

42.  6696 

900 

4.9693 

4.  5513 

266. 8694 

43.  2550 

1000 

4.9691 

5.  0482 

267.  3663 

43. 7785 

1100 

4.  9691 

5.  5451 

267. 8632 

44. 2521 

1200 

4.9697 

6. 0421 

268. 3602 

44.6845 

1300 

4.  9705 

6. 5391  .. 

268.  8572 

46. 0823 

1400 

4. 9725 

7.  0362 

269. 3543 

45.  4507 

1500 

4. 9747 

7.  5336 

269. 8517 

45.  7939 

1600 

4.9783 

8.  0312 

270.  3493 

46. 1150 

1700 

4.9835 

8.  5293 

270. 8474 

46. 4170 

1800 

4.  9899 

9. 0280 

271.3461 

46.  7020 

1900 

4.9980 

9.  5274 

271.8455 

46. 9720 

2000 

5. 0075 

10. 0277 

272. 3458 

47.2287 

2100 

5. 0189 

10. 5290 

272. 8471 

47. 4732 

2200 

5.0316 

11.0315 

273.  3496 

47.  7070 

2300 

5. 0455 

11.5354 

273. 8535 

47-9310 

2400 

5.0607 

12.  0407 

274. 3588 

48. 1460 

2500 

5. 0769 

12.  5476 

274.8657 

48.  3530 

2600 

5.0941 

13. 0561 

275, 3742 

48.  5524 

2700 

5. 1118 

13.5664 

275. 8845 

48. 7450 

2800 

5. 1299 

14.  0785 

276.  3966 

48.  9312 

2900 

5.1486 

14.  5924 

276. 9105 

49. 1116 

3000 

5. 1677 

15. 1082 

277,  4263 

49.  2864 

3100 

5.1866 

15.  6259 

277.  9440 

49.  4562 

3200 

5.2055 

16. 1455 

278. 4636 

49.  6212 

3300 

5.2243 

16.  6670 

278.  9851 

49.  7816 

3400 

5.2428 

17. 1904 

279.5085 

49.  9379 

3500 

5.  2610 

17.  7156 

I 280.0337 

50. 0901 

3600 

5.  2786 

18.  2426 

1 280.5607 

50.2386 

3700 

5.2959 

18.  7713 

: 281.0894 

50.3834 

3800 

5. 3126 

19.  3017 

281.6198 

50.  5249 

3900 

5.  3286 

19.8338 

282. 1519 

50.6631 

4000 

5.  3442 

20. 3674 

282. 6855 

50.  7982 

4100 

5.3590 

20.9026 

283. 2207 

50.9303 

4200 

5.  3732 

21.  4392 

283.  7573 

51.0596 

4300 

5.3866 

21.  9772 

284. 2953 

51. 1862 

4400 

5.3994 

22.  5165 

284.8347 

51.3102 

4500 

5.4115 

23. 0570 

285.3571 

51.4317 

4600 

5.4227 

23.  5987 

285. 9168 

51.5508 

4700  • 

5.4331 

24- 1415 

286.  4596 

51.  6675 

4800 

5.4427 

24.6853 

287.0334 

51.  7820 

4900 

5. 4514 

25.  2300 

287.5481 

51.8943 

5000 

5.4592 

25.  7755 

'288.0936 

52. 0045 

5100 

5.4661 

26.  3218 

288. 6399 

52. 1127 

5200 

5.4720 

26. 8687 

289. 1868 

52.  2189 

5300 

5. 4770 

27.4162 

289.  7343 

52.  3231 

5400 

5. 4810 

27.9641 

290. 2822 

52.4256 

5500 

5.4841 

28. 5123 

290.8304 

52.  5262 

5600 

5. 4865 

29.0608 

291.  3789 

52. 6250 

5700 

5.4882 

29.6096 

291.9277 

52.  7221 

5800 

5. 4893 

30.1585 

292.4766 

52. 8176 

5900 

5. 4898 

30.  7074 

293.0255 

52.9114 

6000 

5. 4899  - 

31.2564 

293.  5745 

53. 0037 

862 
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TABLE  XXII— THERMODYNAMIC  PROPERTIES  OF  CO  (GAS) 

[Molecular  weight,  28.010] 


T 

(“K) 

cl 

( 

Hr-Hl 

/ kcal  \ 
\ mole  / 

h; 

/ kcal  \ 
V mole  / 

S? 

/ cal  \ 

Air 

RT 

log  K 

5 log  K= 

100  \T^  J 

a 

6 

c 

d 

Vmole  °K/ 

\molo  ®K/ 

0 

0 

65. 7461 

298. 16 

6. 965 

2. 0727 

67. 8188 

47.301 

434.  2122 

182.  2536 

300 

6. 965 

2.0855 

67. 8316 

47. 342 

431.  5591 

181. 0967 

400 

7.013 

-2.  7838 

68.  5299 

49. 352 

324. 0685 

134.  2147 

500 

7.120 

3.4900 

69. 2361 

50.  927 

259.  5584 

106. 0510 

600 

7.  276 

4.  2095 

69. 9556 

52.  238 

216.  5368 

87.  2536 

700 

7. 451 

4.  9458 

' 70.6919 

53.373 

185.  7931 

73. 8126 

800 

7.624 

5.  6998 

71.  4459 

54. 379 

162.  7232 

63.  7218 

900 

7.  787 

6. 4706 

72.  2167 

55.  287 

144. 7699 

55. 8663 

1000 

7. 932 

■ 7.  2565 

73.  0026 

56. 1160 

130. 3992 

12,904 

0. 03349 

49. 5767 

5640 

0. 02293 

1100 

8.058 

8. 0560 

73.  8021 

56.  8779 

118. 6348 

11,736 

0. 02870 

■ 44.4265 

5131 

0. 01927 

1200 

8.167 

8. 8673 

74. 6134 

57.  5837 

108. 8261 

10,  762 

.02534 

40. 1314 

4706 

.01680 

1300 

8. 265 

9.  6889 

75. 4350 

58.  2413 

100.  5223 

9. 939 

.02161 

36. 4946 

4346 

. 01491 

1400 

8.349  . 

10.  6196 

76. 2657 

58. 8569 

93. 4014 

9,  235  \ 

.01733 

33. 3754 

4038 

. 01310 

1500 

8.419 

11.3580 

77. 1041 

59. 4353 

87. 2274 

8,  623 

. 01492 

30. 6703 

3771 

. 01142 

1600 

8. 481 

12.  2030 

77. 9491 

59. 9806 

81.8231 

8,087  . 

0. 01304 

28.-3020  ' 

3537 

0.01031 

1700 

8. 536 

13. 0538 

78.  7999 

60. 4964 

77. 0530 

7,  615 

.01094 

26.  2111 

3330 

.00960 

1800 

8.585 

13. 9099 

79.  6560 

60. 9857 

72.8115 

7, 196 

.00863 

24.  3515 

3146 

.00891 

1900 

8. 627 

14.  7705 

80.  5166 

61. 4510 

69. 0155 

6,  820 

.00720 

22.  6868 

2982 

.00800 

2000 

8. 665 

15.  6351 

81.3812 

61. 8945 

65.  5983 

6,482  . 

.00563 

21. 1878 

2834 

. 00748 

2100 

8.  699 

16.  5033 

82.  2494 

62.  3181 

62.  5060 

6, 176 

0. 00443 

19.  8308 

2700 

0. 00693 

2200 

8.730 

17.  3747 

83. 1208 

62.  7234 

59.  6943 

5,  898 

.00325 

18.  5966 

2578 

.00653 

2300 

8.  758 

18. 2491 

83. 9952 

63.1121 

57. 1267 

5,  644 

.00213 

17. 4692 

2467 

.00608 

2400 

8.  784 

19. 1262 

84. 8723  • 

63. 4854 

54.  7729 

5,412 

.00080 

16.  4352 

2365 

.00580 

2500 

8. 806 

20. 0057 

85. 7518 

63.  8444 

52.  6073 

5, 197 

.00025 

15.  4834 

2271 

. 00544 

2600 

8. 827 

20. 8874 

86.  6335 

64. 1902 

50.  6082 

4,999 

-0. 00048 

14.  6045 

2184 

0.00531 

2700 

8. 847 

21.  7711 

87.  5172 

64. 5238 

48.  7572 

4,815 

-.00084 

13.  7903 

2104  . 

.00507 

2800 

8. 865 

22.  6567 

88. 4028 

64.  8458 

47.0384 

4,645 

-.00163 

13. 0338 

2029  ! 

.00494 

2900 

8. 882 

23.  5440 

89.2901 

65. 1572 

45.  4383 

4,  486 

-.00203 

12.  3292 

1959 

.00490 

3000 

8. 898 

24.  4330 

90. 1791 

65.4586 

43. 9450 

4, 338 

-.00236 

11.  6713 

1894 

.00483 

3100 

8.913 

25.  3246 

91.0707 

65.  7506 

42. 5480 

4, 199 

-0.  00289 

■11.0555 

1834 

0. 00448 

3200 

8. 927 

26. 2166 

91.9627 

66. 0338 

41.  2387 

4, 070 

- 00353 

10. 4779 

1777 

.’00432 

3300 

8. 939 

27. 1099 

- 92. 8560 

66. 3087 

40.  0089 

3,  946 

-.00339 

9. 9351 

1723 

.00444 

3400 

8.  952 

28. 0044 

93. 7505 

66. 5757 

38. 8517 

3,  832 

-. 00386 

9. 4239 

1673 

.00420 

3500 

8. 963 

28. 9002 

94. 6463 

66. 8354 

37.  7607 

3,  723 

-.00417 

8. 9417 

1626 

.00403 

3600 

8. 974 

29.  7970 

95. 5431 

67.0880 

36.  7307 

3,  619 

-0. 00391 

8. 4860 

1580 

0.00417 

3700 

8. 985 

30.  6950 

96.  4411 

67. 3340 

35.  7565 

3,522 

-.00414 

8. 0548 

1538 

.00406 

3800 

8. 995 

31.5940 

97. 3401 

67.  5738 

34. 8338 

3,429 

-.00403 

7.6460 

1498 

.00390 

3900 

9. 005 

32.  4940 

98.  2401 

67.  8076 

33. 9586 

3, 341 

-.00405 

7.  2580 

1460 

.00380 

4000 

9. 015 

33.  3950 

. 99. 1411 

,68. 0357 

33. 1274 

3,258 

-.00423 

6. 8892 

1423 

. 00393 

4100 

9. 024 

34.  2969 

100. 0430 

68.  2584 

32.  3370 

3, 177 

-0. 00383 

6.  5382 

1389 

0.  00379 

4200 

9. 034 

35. 1998 

100.  9459 

68.  4760 

31.  5844 

3, 103 

-.  00423 

6.  2037 

1356 

.00365 

4300 

9. 042 

36. 1036 

101. 8497 

68.  6887 

, 30.8670 

3,030 

-. 00394 

5.8847 

1325 

.00366 

4400 

9. 051 

37.  0083 

102.  7544 

68.  8966 

30. 1823 

2,  961 

-.00400 

5.  5799 

1295 

.00362 

4500 

9. 059 

37.  9138 

103.  6599 

69. 1001 

29.5283 

2,  895 

—.00395 

5.2885 

1266 

.00358 

4600 

9. 067 

38.  8201 

104.  5662 

69.2993 

28. 9029 

2, 832 

-0. 00395 

5. 0097 

1239 

0. 00358 

4700 

9. 074 

39.  7271 

105.  4732 

69. 4944 

28. 3043 

2,  770 

-.00358 

4.  7425 

1213 

.00349 

4800 

9. 082 

40.  6349 

106. 3810 

69.  6855 

27.  7308 

2,  712 

-.00347 

4. 4863. 

1187 

.00356 

4900 

9. 089 

41.5435 

107. 2896 

_69. 8728 

27. 1808 

2,  655 

-.00310 

4.  2405 

1164 

.00340 

5000 

9. 096 

42. 4527 

108. 1988 

70. 0565 

26.  6529 

2,601 

-.00300 

4. 0043 

1140 

.00347 

5100 

' 9. 103 

43. 3627 

109. 1088 

70.  2367 

26. 1459 

2,  549 

-0.00279 

3.  7773 

1118 

0. 00340 

5200 

9.110 

44.  2733 

110. 0194 

70. 4136 

25.  6585 

2,  499 

-.00261 

3.  5589 

1097 

.00332 

. 5300 

9. 117 

45. 1847 

no.  9308 

70.  5872  ■ 

25. 1896 

2,  451 

-.00239 

3. 3486 

1077 

.00326  . 

5400  - 

9.123  , 

46.  0967 

111.8428 

70. 7576 

24. 7381 

2,403 

-.00201 

3. 1459 

1057 

.00322 

5500 

9. 130 

47. 0093 

112.  7554 

70.  9251 

24. 3032 

2,358 

-.00167 

2. 9505 

1037 

.00332 

5600 

9. 137 

47. 9227 

113.  6688 

71.0897 

23. 8838 

2,  316 

-0. 00172 

2.  7620 

1019 

0. 00333 

5700  ■ 

9. 143 

48. 8367 

114.  5828 

71.2514 

23. 4792 

2,273 

-.00140 

2.5799 

1001 

.00321 

5800 

9. 150 

49.  7513 

115.4974 

71.4105 

2.3.  0887 

2,  234 

-.00135 

2.  4041 

984 

.00322 

5900 

9. 156 

50.  6666. 

■ 116,4127 

71.  5670 

22.  7114 

2, 196 

-.00130 

2.  2341 

968  . 

.00317 

6000 

9. 162 

51.  5825 

117.  3286 

71.7209 

22.  3467 

2. 0696 
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TABLE  XXIII— THERMODYNAMIC  PROPERTIES  OF  COj  (GAS) 


[Molecular  weight,  44,010] 


T 

CK) 

c; 

/ cal  \ 

/ kcal\ 
Vmole/ 

m 

/ kcalV 
Vmole/ 

Si 

( -'i 

FT 

log  A 

i log  K= 

a 

b 

c 

d 

Vmole  °kJ 

Vmole  °K/ 

0 

0 

' 0 

298  16 

8 874 

2.^2381 

2. 2^i8i 

51  061 

648. 2084 

267. 6053 

300 

8 894 

2 2546 

2.^546 

51  116 

644. 2527 

265. 8787 

9 871 

3 1948 

3 1948 

.53  815 

483  9359 

195. 8795 

500 

10.662 

4^2228 

4.2228, 

56!  113 

287.6422 

153.8214 

11  311 

5 3224 

5 3224 

.58  109 

323. 3792 

125.  7469 

6 4813 

6 4813 

.59  895 

277  4307 

105. 6751 

7 6894 

7 6894 

61  .507 

242  9362 

90.6086 

12  678 

8 ^399 

62.580 

216  0824 

78. 8821 

WAI 

1000 

12.  995 

10’.^ 

10!  2220 

64.3310 

194.  5823 

19,288 

0.  07095 

69, 4953 

8428 

0.02238 

1100 

13-  265 

11.5350 

11.5350 

65.  5822 

176. 9768 

17,  548 

0. 05867 

61.8111 

7666 

0. 01797 

1200 

13. 490 

12. 8728 

12.8728 

66.  7461 

162. 2948 

16,097 

.04919 

55. 4048 

7031 

.01434 

1300 

13.  680 

14.  2312 

14.2312 

67. 8334 

149.8633 

14,868 

.04210 

49.9820 

6494 

.01103 

1400 

13. 844 

15.  6074 

15. 6074 

68. 8532 

139. 2012 

13,814 

.03647 

45. 3324 

6033 

.00880 

1500 

13.988 

16.9990 

16.9990 

69.8132 

■129. 9554 

12,900 

.03180 

41.3016 

56.33 

.00718 

1600 

14. 116 

18.  4042 

18. 4042 

70.  7200 

121.8611 

12, 100 

0.  02796 

37.  7738 

5283 

0. 00585 

1700 

14.230 

19. 8216 

19. 8216 

71-  5792 

114.7155 

11,395 

.02394 

34.6603 

4974 

.00467 

1800 

14.331 

21.  2496 

21.  2496 

72. 3955 

108. 3610 

10,  767 

.02116 

31.8923 

4699 

,00394 

1900 

14. 421 

22.  6872 

22. 6872 

73. 1727 

102. 6730 

10,206 

.01820 

29. 4152 

4453 

.00320 

2000 

14.  502 

24. 1334 

24. 1334 

73. 9145 

97.  5518 

9,  701' 

.01548 

27. 1855 

4231 

.00274 

2100 

14.  576 

25.  5872 

25.  5872 

74.  6238 

92. 9168 

9,  244 

0.01318 

25. 1680 

4030 

0.  00248 

2200 

14.  643 

27. 0482 

27.0482 

75.3034 

88.  7018 

8v828 

.01124 

23. 3337 

3848 

.00196 

2300 

14.  705 

28.  5156 

28.  5156 

75.  9557 

84.8523 

8J-447 

.01002 

21.6587 

3681 

.00175 

2400 

14.  763 

29.  9890 

29.9890 

76.  5828 

81.3227 

8;099 

.00850 

20. 1232 

3529 

.700120 

2500 

14.817 

31.  4680 

31. 4680 

77. 1865 

78.0746 

7,  778' 

:00716 

18.  7104 

3388 

.00112 

2600 

14. 868 

32. 9522 

32. 9522 

77.  7687 

75.0759 

7.  482 

0.00599 

17. 4062 

3258 

0. 00093 

2700 

14. 916 

34. 4414 

34.  4414 

78.  3307 

72.2988 

7,  208 

.00491 

16. 1986 

3138 

.00069 

2800 

14. 961 

35. 9353 

35. 9353 

78. 8740 

69.  7196 

6, 955 

.00322 

15.0772 

3026 

.00065 

2900 

15. 003 

37. 4335 

37. 4335 

79.  3997 

67.  3181 

6,717 

.00260 

14.0331. 

2922 

.00060  - 

3000 

15. 043 

38.9358 

38.9358 

79.9090 

65. 0765 

6,496 

.00172 

13.0585 

2825 

.00041 

3100 

15.081  • 

40. 4420  i 

40. 4420 

80.  4029 

62.  9793 

6.289 

0. 00079 

' 12.1468 

2734 

0. 00032 

3200 

15. 117 

41.9519 

41. 9519 

80. 8822 

61.0132 

6, 094 

.00043 

11.2921 

2649 

.00027 

3300 

15. 152 

43.4654 

43. 4654 

81.  3480 

59. 1661 

5, 912 

-.00052 

10, 4891 

2568 

.00051 

3400 

15. 185 

44.9822 

44.9822 

81.8008 

57.  4278 

5,  740 

-.00100 

9.7333 

2493 

.00031 

3500 

15.  216 

46.5022 

46.5022 

82.2414 

55.  7888 

5,  578 

-.00154 

9.0207 

2421 

.00050 

3600 

15,  246 

48. 0254  i 

48.0254 

82.  6705 

54. 2409 

5 424 

-0. 00184 

8.3477 

2354 

0. 00048 

3700 

15.  275 

49. 5514  i 

49.  5514 

83.0886 

52.  7768 

5,  280 

-.00257 

7.7110 

2290 

.00047 

3800 

15.302 

51. 0802  1 

51.0802  I 

83  4963 

51.3899 

5, 141 

-.00250 

7. 1079 

2230 

.00051 

3900 

15. 329 

52.6118  1 

52.6118  ! 

83. 8941 

50.4)742 

5,011 

-.00295 

6.5356 

2173 

.00045 

4000 

15.355  • 

54. 1460 

54. 1460 

84. 2826 

48.8244 

4,886 

-.00311 

5.9919 

2119 

.00037 

4100. 

15.  380 

55. 6828 

55. 6828 

84.6620 

47.  6358 

4,  767 

-0. 00310 

5.4747 

2067 

0. 00046 

4200 

15.405 

57. 2220 

67.2220 

85. 0329 

46.  5039 

« 4,654 

-.00322 

4.9821 

2018 

.00040 

4300 

15. 429 

58.7637 

58.  7637 

85. 3957 

45. 4248 

4,  546  * 

-.00318 

4. 5124 

. 1970 

.00057 

4400 

15.  452 

60. 3078 

60. 3078 

85.  7507 

44. 3948 

4,  443 

-.  003.33 

4. 0641 

1926' 

.00050 

4500 

15. 475 

61.8541 

61.8541 

86. 0982 

1 

43. 4108 

4,  343 

-.00313 

3.  6356 

1883 

.00055 

4600 

15. 498  - 

63.4028 

63.4028 

86.  4386 

42.  4698 

4,249 

-0.00314 

3.2257 

'•  1842 

0. 00049 

4700 

15.  520 

64.9536 

64. 9536 

86. 7721  i 

41.  5689 

4, 158 

-.00,305 

2.8333 

1803 

.00048 

4800 

15.  542 

66.  5068 

66.5068 

87. 0991  i 

40.  7057 

4,  070 

-. 00271 

2. 4572 

1765 

.00060 

4900 

15.  564 

68. 0620 

68.0620 

87. 4198  i 

39.8778  ! 

3,  986 

-.00250 

2.0964 

1729 

.00060 

5000 

15.  586 

' 69. 6196 

69.  6196 

87. 7344  1 

' 39. 0831 

3,905  1 

-.00239 

1.7500 

1694 

.00064 

5100 

15.608 

71. 1792 

71. 1792 

88. 0433  i 

38.3198 

3,827 

-0. 00196 

1. 4172 

1661 

0. 00068 

5200 

15.630 

72.  7412 

72.  7412 

88.3466 

37.  5858 

3,  752 

-. 00172 

1.0971 

1629 

.00064 

5300 

15.  652 

74. 3052 

74. 3052 

88. 6445  ; 

36. 8796 

3,680 

-.00158 

.7891 

1598 

.00067 

5400 

15.  674 

75. 8716 

75.8716 

88. 9373  i 

36. 1997 

3,  610 

-.00116 

.4925 

1568 

.00071 

5500 

15.  696 

77.  4400 

77. 4400 

89.  2251 

35.  5445 

3,543 

-.00088 

.2067 

1540 

.00070 

5600 

15.718 

79. 0108 

79. 0108 

89.  5081 

34.  9127 

3,478 

-0. 00068 

-0.0690 

1512 

0. 00074 

5700 

15.  740 

80.5836 

80.  5836 

89.  7865 

34.3032  ■ 

3.416 

-.00037 

-. 3350 

1486 

.00069 

5800 

15.  762 

82.1588 

82. 1.588 

90.  0604 

33.7146 

3.  ,356 

-.00031 

-.5919 

1460 

.00074 

5900 

15.  784 

83.  7360 

83.7360 

90. 3301 

3:3. 1461 

3,298 

-.00007 

-.8401 

1435 

.00073 

GOOO 

15.806 

85.  3156 

85. 3056 

90.  5955 

32.  5965 

-l.OSOO 
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TABLE  XXIV— THERMODYNAMIC  PROPERTIES  OF 
Cl  (GAS) 

[Atomic  weight,  33.457] 


T 

11% 

rK) 

( 'l 

/ kcal  \ 

/ kcal  \ 

/ cal  \ 

V mole  ®k:  y 

\mole/ 

\mole/ 

Vmole  °Ky 

0 

0 

32  ,')131 

298.16 

5. 2203 

1.4991 

34. 0122 

39. 4569 

300 

5.2237 

1.5087 

34. 0218 

39. 4890 

400 

5. 3705 

2. 0391 

34.  5522 

41. 0138 

500 

5. 4363 

2.  5801 

35. 0932 

42.2206 

600 

5.  4448 

3. 1244 

35.  6375 

43. 2132 

700 

5.  4232 

3.6880 

36. 1811 

44. 0511 

800  ^ 

0.3887 

4.  2086 

36.  7217 

44.  7731 

900 

5.3506 

4.  7456 

37.  2587 

45. 4056 

1000 

5.3133 

5.  2788 

37.  7919 

45. 9674 

1100 

5.  2788 

5.  8084 

38. 3215 

46. 4722 

1200 

5.  2477 

6. 3347 

38. 8478 

46. 9302 

1300 

0.  2201 

6.  8581 

39.3712 

47.3491 

1400 

5. 1958 

7.3789 

39.  8920 

47. 7351 

1500 

5. 1745 

7. 8974 

40. 4105 

48.0928 

1600 

5. 1557 

•8.4139 

40. 9270 

48. 4262 

1700 

5. 1392 

8. 9286 

41.4417 

48.  7383 

1800 

5. 1246 

9.  4418 

41. 9549 

49.0316 

1900 

5.1117 

9. 9536 

42.  4667 

49.3083 

2000 

.1002 

10. 4642 

42.  9773 

49. 5702 

2100 

5. 0900 

10. 9737 

43. 4868 

49.8188 

2200 

5. 0809 

11. 4823 

43. 9954 

50.0554 

2300 

5.  0727 

11.9900 

44.5031 

50.2811 

2400 

5.  0654 

12. 4969 

45.  0100 

50.4968 

2500 

5. 0588 

13.0031 

45.  5162 

50.7034 

2600 

5. 0528 

13. '5087 

46.  0218 

50. 9017 

2700 

5. 0474 

14. 0137 

46.  5268 

51.0923 

2800 

5. 0425 

14. 5182 

47. 0313 

51. 2758 

2900 

5.0380 

15. 0222 

47.  5353 

51.4527 

3000 

5. 0339 

15,  5258 

48. 0389 

51. 6234 

3100 

5. 0301 

16.  0290 

48.  5421 

51.7884 

3200 

5. 0267 

16.  5318 

49.0449 

51.9480 

3300 

5. 0235 

17.0343 

49.  5474 

52. 1027 

3400 

5.  0206 

17.  5365 

50.0496 

52.2526 

3500 

5.  0179 

18.  0385 

50.  5516 

.52.3981 

3600 

5. 0154 

18.  5401 

51.0532 

52.5394 

3700 

5.0131 

19. 0416 

51.5547 

52.6768 

3800 

5. 0109  ' 

19.  5428 

52. 0559 

52. 8105 

3900 

5. 0089 

20.  0437 

52.  5568 

52. 9406 

4000 

5. 0070 

20.  5445 

53. 0576 

53. 0674 

4100 

5. 0052  ' 

21.  0452 

53.  5583 

53. 1910 

4200 

*5. 0035 

21. 5456 

54.0587 

53.3116 

4300 

5. 0020 

22.  0459 

54. 5590 

53. 4293 

4400 

5. 0006 

22.5460  • 

55. 0591 

53.5443- 

4500 

4.9993 

23.0460 

55. 5591 

53. 6566 

4600 

4. 9981 

23.5459 

56. 0590 

53.7665 

4700 

4. 9970 

24. 0456 

56.  5587 

53.8740 

4800 

4.  9960 

24.  5453 

57. 0584 

53.9792 

4900 

4.  9950 

25. 0448 

57.  5579 

54.0822 

5000 

4.9941 

25.  5443 

58. 0574 

54. 1831 

5100 

4. 9932 

26. 0436 

58.  5567 

• 54.2820 

5200 

4. 9924 

26.  5429 

59. 0560 

54.3789 

5300 

4. 9916 

27. 0421 

59.  5552 

54.4740 

5400 

4. 9908 

27.  5412 

60. 0543 

54. 5673 

5500 

4. 9901 

28.  0403 

60.  5534 

54.6589 

5600 

4. 9894 

28.  5393 

61. 0524 

54.7488 

5700 

4. 9887 

29. 0382 

61.  5513 

54.8371 

5800 

4.9880 

29.  5370 

62. 0501 

54.9239 

5900 

4.  9873 

30. 0358 

62. 5489 

55.0091 

6000 

4. 9866 

30.  5345 

63.0476 

55.0929 
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TABLE  XXV— THERMODYNAMIC  PROPERTIES  OP  Clj  (GAS) 

[Molecular  weight,  70.914] 
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T 

("K) 

cl 

( ^ 

/ kcal  \ 
\ mole  / 

Hr 

/ kcal  \ 
\ mole  / 

St 

/ cal  \ 

RT 

log  fi 

6 log  K= 

a 

6 

c 

d 

\mole  ®K/ 

\ mole  / 

0 

0 

7.8061 

29a  16 

8.11 

2. 1939 

10.0000 

53. 286 

97. 9319 

36.9304 

300 

8. 12 

2.  2089 

10.0150 

53. 336 

97.3383 

36. 6695 

400 

8. 44 

3. 0384 

10.8445 

55.  720 

73. 2947 

26.0820 

500 

8. 62 

3.8920 

11.6981 

57.  625 

58. 8656 

19.  7044 

600 

a 74 

4.  7610 

12. 5671 

59.  207 

49. 2389 

15. 4354 

700 

a 82 

5.6399 

13. 4460 

60.  562 

42. 3545 

12.3755 

800 

8.88 

6.  5248 

14.3309 

61.  744 

37. 1837 

10. 0725 

900 

8. 92 

7.  4142 

15.2203 

62,  792 

33. 1554 

8.2757 

1000 

8.96 

8.3090 

16.1151 

63.  7350 

29. 9262 

2884 

0. 02478 

6.8337 

1282 

0.01765 

1100 

8.99 

9.2(^ 

17.0126 

64. 5904 

27.  2796 

2624 

0.02283 

5.6506 

1168 

0. 01517 

1200 

9.02 

10. 1070 

17. 9131 

65.  3739 

25. 0701 

2410 

. 01895 

4.6621 

1073 

.01312 

1300 

9.04 

11.0100 

18.8161 

66.  0967 

23. 1973 

. 2227 

.01719 

3.8236 

992 

.011&3 

1400 

9. 06 

11.9150 

19. 7211 

66.  7674 

21.  5894 

2070 

.01570 

3. 1032 

923 

.01047 

1500 

9.08 

12.8220 

• 20.6281 

67. 3931 

20. 1937 

1930 

. 01695 

2. 4774 

863 

.00923 

1600 

9.109 

13.7315 

21. 5376 

67.  9800 

18. 9705 

1817 

0.01228 

1.9288 

810 

0. 00863 

1700 

9. 124 

14. 6431 

22.4492 

68. 5327 

17. 8894 

1712 

.01109 

1.4437 

764 

.00766 

1800 

9. 139 

15.  5563 

23. 3624 

69. 0547 

16. 9272 

1618 

.01042 

1.0116 

722 

.00720 

1900 

9. 155 

16.  4709 

24. 2770 

69.  5492 

16. 0652 

1534 

.00990 

.6244 

686 

.00620 

2000 

9.171 

17.3873 

25. 1934 

70. 0192 

15.2883 

1460 

.00856 

.2752 

653 

.00545 

2100 

9. 185 

18.  3051 

26. 1112 

70.  4670 

14.  5845 

1391 

0.  00823 

-0.0412 

623 

0,  00492 

2200 

9.200 

19. 2243 

27. 0304 

70. 8946 

' 13.9440 

1329 

.00767 

-.3293 

595 

.00480 

2300 

9.  215 

20. 1451 

27.9512 

71.  3039 

13.  3585 

1272 

.00740 

-.5928 

570 

.00440 

2400 

9. 230 

21. 0673 

28.8734 

71.  6964 

12. 8211 

1220 

.00700 

-.8347 

547 

.00410 

2500 

9. 244 

21.9910 

i9. 7971 

72.0735 

12. 3261 

1172 

.00663 

-1.0576 

526 

. 00379 

2600 

9.  259 

22. 9161 

30.  7222 

72. 4364 

11.8687 

1128 

0. 00632  • 

-1.2637 

506 

0. 00359 

2700 

9.  273 

23. 8427 

31. 6488 

72.  7860 

11.4446 

1087 

.00599 

-1.4547 

488 

.00331 

2800 

9.  287 

24. 7707 

32. 5768 

73.1235  . 

11.0504 

1049 

.00568 

-1.6323 

471 

.0a319 

2900 

9. 300 

25.  7001 

33.5062 

73. 4497 

10..6830 

1012  ' 

.00597 

-1.7979 

456 

.00280 

3000 

■9.315 

26.6309 

34. 4370 

73.  7652 

10. 3397 

981 

.00495 

-1.9527 

441 

.00264 

3100 

9. 327 

27. 5629 

35.3690 

74. 0708 

10.  om 

949 

0. 00514 

-2.0976 

427 

0.00256 

3200 

9. 341 

28.  4963 

36.3024 

74.3672 

9.  7166 

919 

.00532 

-2. 2336 

415 

.00224 

3300 

9. 355 

29. 4311 

37. 2372 

74. 6548 

9.4328 

893 

.00465 

-2.3616 

402 

.00226 

3400 

9. 368 

30. 3673 

38. 1734 

74.  9343 

9. 1655 

866 

.00487 

-2.4821 

391 

.00209 

3500 

9. 382 

31.3048 

39.1109 

75.  2060 

8. 9132 

843 

.00443 

-2. 5959 

381 

.00177 

3600 

9, 395 

32. 2437 

40.0498 

75.  4705 

8.  6746 

819 

0. 00455 

-2. 7035 

371 

0.  ooia3 

3700 

9. 409 

33. 1839 

40.9900 

75.  7281 

8. 4487 

798 

.00430 

-2.8054 

361 

.00160 

3800 

9. 422 

34. 1254 

41. 9315 

75. 9792 

’ 8.:  2344 

776 

.00458 

-2.9020 

352 

.00144 

3900 

9. 436 

35.06a3 

42.8744 

76.2241 

S;03Q9 

758 

.00410  . 

-2.9937 

343 

.00155 

4000 

9. 448 

36.0125 

43.8186 

76:4632 

■•7.-8373 

739 

. 00406  . 

-3.0810 

334 

.00154 

4100 

9.46l" 

36. 9579 

44. 7640 

76. 6966 

7. 6530 

-.721 

0. 00403 

-3. 1640^ 

327 

0. 00134  , 

4200 

9. 474 

.37. 9047 

45.7108 

76. 9248 

7v4773 

_703  • ; 

.00431 

-3. 2432 

319 

.00131 

4300 

9. 488 

38. 8528 

46.6589 

77. 1479 

7.3095 

’.‘088-?-. 

.00394 

-3.3187 

312 

.00129 

4400 

9.501 

39.8023 

47. 6084 

77. 3662 

7. 1492 

‘*672 

. 00397 

-3.3909 

305 

.00122 

4500 

9.514 

40. 7530 

48. 5591 

77.  5798 

6. 9959 

658 

.00386  ■ 

-3.4599 

299 

.00110 

4600 

9.  527 

41.  7051 

49.5112 

77.  7891 

6.8490 

644 

0.  00378 

-3. 5260 

292 

0.00117 

4700 

9.540  • 

42.6584 

50.4645 

77. 9941 

6.  7082 

630 

.00385 

-3.5893 

286 

.00112 

4800 

9.  553 

43. 6131 

51.4192 

78. 1951 

6. 5731 

617 

.00378 

-3.6500 

281 

.00095 

4900 

9.566 

44.5690 

52.3751 

78. 3922 

6. 4434 

605 

.00370 

-3.7083 

275 

.00100 

5000 

9.  579 

45.5263 

53,3324 

78.  5856 

6.3187 

593 

.00363 

-3. 7643 

270 

.00086 

5100 

9.592 

46. 4868 

- 54.2909 

78.  7754 

6. 1988 

581 

0. 00377 

-3.8181 

265 

0. 00084 

5200 

9. 605 

47. 4447 

55. 2508 

78. 9618 

6. 0833 

569 

/ .00384 

-3.8699 

260 

.00084 

5300 

9.619 

48.4059 

56.2120 

79. 1449 

5. 9721 

559 

.00378 

-3.9198 

255 

.00078 

5400 

9. 632 

49. 3684 

57. 1745 

79. 3248 

5. 8648 

549 

.00368 

-3. 9678 

250 

.00085 

5500 

9.  645 

50. 3323 

58.1384 

79.  5016 

5.  7613 

539 

.00365 

-4.0141 

246 

.00077 

5600 

9.658 

51.2974 

59. 1035 

79.  6755 

5. 6614 

530' 

0. 00362 

-4.0588 

242 

0. 00074 

5700 

9. 671 

52. 2639 

60.0700 

79. 8466 

5. 5648 

520 

.00364 

-4. 1020 

238 

.00067 

5800 

9.684 

53.2316 

61. 0377 

80. 0149 

5. 4715 

511 

.00369 

-4. 1437 

233 

.00071 

5900 

9. 697 

54. 2007 

62.0068  ■ 

80. 1806 

5. 3812 

503 

.00357 

-4. 1839 

230 

.00067 

6000 

9. 710 

55.1660 

62.9771 

80. 3436 

5. 2938 

-4.2229 

213637—53- 
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TABLE  XXVI— THERMODYNAMIC  PROPERTIES  OF  GIF  (GAS) 

IMoleciilar  weight,  54.457] 


T 

f®K) 

cl 

Hr-Ho 

/ kcal  \ 
\.mole/ 

Hi 

( kcal  \ 
V mole  ) 

Sr 

RT 

log/iT 

a log 

a • •' 

b 

e 

d 

Vmole 

Vmole  ^k) 

0 

0 

21. 2069 

298- 16 

7.  6517 

2.1281 

23.3350  - 

52. 0433 

102. 1326 

38.8196 

300 

7.6599 

2. 1422 

23. 3491 

52.0904 

101.  5154 

38.5476 

400 

8. 0382 

2.9283 

24. 1351 

54.  3491 

76.  4945 

27. 5018 

500 

8.2920 

3.  7456 

24. 9525 

56. 1720 

61. 4528 

20. 8444 

600 

8.  4594 

4.5838 

25.  7907 

57.  6997 

51.4044 

16.3882 

700 

8.  5723 

5. 4357 

26. 6426 

59.  0127 

44.2125 

13. 1937 

800 

8.  6511 

6.2971 

27.5040 

60. 1628 

38.8081 

10.  7898 

900 

' 8.7077 

7.1652 

28. 3721 

61. 1852 

34.  5972 

8. 9145 

1000 

8.  7496 

8.0381 

29. 2450 

62. 1049 

31.  2228 

3018 

0. 02146 

7.4100 

1337 

0. 01885 

1100 

8.  7814 

8. 9147 

30. 1216 

62.  9404 

28.  4577 

2748 

0.01730 

6. 1757 

1218 

0. 01620 

1200 

8. 8060 

9.  7940 

31.0009 

63.  7055 

26.1504 

2522 

.01490 

5. 1445 

1119 

.01383 

1300 

8. 8255 

10. 6756 

31.8825 

64.4111  ' 

24. 1955 

2331 

.01250 

4.  2699 

1035 

.01211 

1400 

8. 8411 

11.5589 

32. 7658 

65.  0657 

22.  5180 

2167 

.01073 

3.  5185 

962 

.01127 

1500 

8. 8538 

12. 4437 

33. 6506 

65.  6761 

21.  0626 

2025 

.00908 

2.8659 

900 

.00980 

1600 

8. 8644 

13. 3296 

34. 5365 

66.  2479 

19.  7879 

1901 

0.00747 

2. 2936 

845 

0. 00904 

1700' 

S.  8732 

14. 2165 

35. 4234 

66.  7855 

18.6622 

1790 

.00696 

1.  7875 

796 

.00848 

1800 

8.8808 

15. 1042 

36.3111 

67. 2929 

17.6608 

1692 

.00617 

1.3368 

_ 753 

.00778 

1900 

8.8875 

15. 9926 

37. 1995 

67.  7733 

16.  7641 

1605 

,00500 

.9327 

714 

.00730 

2000 

8. 8937 

16.8817 

38.0886 

68.  2293 

15.  9566 

1525 

.00491 

.5684 

680 

.00649 

2100 

8.8997 

17.  7713 

38. 9782 

68.  6634 

15.  2255 

1453 

. 0.00465 

0.  2381 

648 

0.006.35 

2200 

8.  9059 

18. 6616 

39.8685 

69. 0775 

14.  5604 

1388 

.00412 

— . 06!» 

619 

.00607 . 

2300 

8. 9126 

19. 5525 

40.  7594 

69.  4736 

13.  9528 

1327 

.00448 

— . 3380 

593 

.00562 

2400 

8.  9202 

20. 4442 

41.6511 

69. 8530 

13.  3954 

1272 

.00430* 

—.5907 

569 

.00530 

2500 

8.  9291 

21.3366 

42.  5435 

70.  2174 

12. 8823 

1220 

. 00477 

— . 8236 

547 

.00492 

2600 

8. 9398 

22.2301 

*43.4370 

70.  5678 

12.  4083 

1173 

0.00476 

-1.0389 

527 

0. 00461 

2700 

8. 9525 

23. 1247 

44.3316 

70.  9054 

11.  9691 

1128 

.005.34 

-1.2387 

508 

. 00437 

2800 

8. 9678 

24.0207 

45.2276 

71.2313 

11.  5609 

1086 

.00602 

-1. 4245 

490 

.00433 

2900 

8.9858 

24.9184 

46. 1253 

71.5463 

11. 1804 

1047 

.00650 

-1.  5978 

474 

.00390 

3000 

9. 0072 

25.8180 

47.0249 

71.8513 

10. 8249 

1009 

.00762 

-1.7597 

459 

.00374 

3100 

9. 0320 

26. 7200 

47.9269 

72. 1470 

10.  4918 

974 

0.00832 

-1.9115 

445 

0. 00344 

3200 

9. 0606 

27. 6246 

48.8315 

72. 4342 

10. 1791 

941 

.00915 

-2.0540 

432 

.00319 

3300 

9. 0932 

28.5323 

49. 7392 

72. 7135 

9. 8848 

909 

.01015 

-2. 1881 

419  ^ 

.00306 

3400 

9.1299 

29.4435 

50.6504 

72. 9855 

9.  6073 

879 

.01116 

-2.3144 

408 

.00273 

3500 

9. 1709 

30.3585 

51. 5654 

73. 2508 

9. 3450 

850 

.01229 

-2.  4337 

397 

.00252 

3600 

9.  2162 

31. 2779 

52. 4848 

73.5098 

9. 0966 

823 

0.01317 

-2.  5465 

387 

0. 00221 

3700 

9. 2658 

32.2020 

53. 4089 

73.  7630 

8. 8610 

797 

.01416 

-2. 6533 

377 

,00219 

3800 

9. 3197 

33. 1312 

54.3381 

74. 0108 

8.  6371 

772 

.01535 

-2.  7547 

368 

.00184 

3900 

9. 3778 

34.0661 

55. 2730 

74. 2536 

8.  4238 

749 

.01605 

-2. 8509  . 

359 

.00175 

4000 

9.4399  ' 

35. 0070 

56. 2139 

74.  4918 

8.  2205 

726 

.01713 

-2. 9424 

351 

.00149 

4100 

9.  5059 

35. 9543 

57. 1612 

74.  7257 

8.  0263 

705  i 

0.01804 

-3.0295 

343 

0.00133 

4200 

9.  5754 

36.9084 

58.1153 

74.  9556 

7. 8404 

684  ! 

.01893 

-3. 1125 

336 

.00106 

4300 

9. 6485 

37.8696 

59. 0765 

75. 1818 

7.  6624 

666 

. 01954 

-3. 1917 

329 

.00093 

4400 

9.  7246 

38.8382 

60. 0451 

75.  4045 

7. 4915  i 

647 

.02032 

-3. 2674 

322 

.00074 

■ 4500 

9. 8035 

39. 8146 

. 61.0215 

75. 6239  : 

7. 3274 

630 

.02084 

-3. 3397 

316 

.00050 

4600 

9. 8849 

40.7990 

62. 0059 

75. 8403 

7. 1696 

614 

0. 02146 

-3. 4089 

. 310 

0. 00024 

4700 

9. 9686 

41. 7917 

62. 9986 

76. 0538 

7.  0175 

: .599 

.02181 

-3. 4751 

305- 

-. 00004 

4800 

10. 0539 

42.7928 

63.9997 

76.  2645 

6. 8709 

585 

.02221 

-3.5386 

299  ' 

-.00012 

4900 

10. 1407 

43. 8026 

65.0095 

76.  4727 

6.  7293 

572 

.02230 

-3.  5995 

294 

-.00030 

5000 

10.2287 

44.8210 

66.0279 

. 76.6785 

6.  5926 

560 

.02250 

•-3.6580 

289 

-. 00057 

5100 

10.3173 

45.8483 

67.0552 

76. 8819 

6.  4603 

548  . 

0. 02272 

-3.  7141 

284 

-0.00072 

5200 

10.  4064 

46.8845 

68. 0914 

77. 0831 

6.  3322 

538 

, 02259 

-3.  7680 

280 

-.00093 

5300 

10.  4955 

47. 9296 

69. 1365 

77.  2822 

6.2081 

528 

. 02252 

-3.8199 

275 

-.  00103 

5400 

10.  5844 

48. 9836 

70. 1905 

77.  4792 

6. 0878 

519 

. 02244 

-3.8698 

270 

-.  00109 

5500 

10.  6725 

50. 0465 

71.2534 

77.  6742 

5.9710 

511 

.02215 

-3.  9178 

267 

-.  00138 

5600 

10.  7597 

51.1181 

72. 3250 

li.  8673 

5. 8576 

504 

0.02178 

-3.  9641 

263 

-0.00154 

5700 

10. 8457 

52. 1983 

73. 4052 

78. 0585 

5.  7474 

497 

.02141 

-4.0087 

259 

-.00156 

5800' 

10,  9302 

53. 2871 

74. 4940 

78. 2478 

5.6403 

491 

.02098 

-4.0518 

255 

00182 

5900 

11.0129 

54.3843 

75. 5912 

78. 4354 

5.  5361 

485  ' 

.02067 

-4. 0932 

252 

-. 00190 

6000 

11.0937 

55.  4896 

76. 6965 

78. 6212 

5.  4346 

-4. 1333 
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TABLE  XXVII— THERMODYNAMIC  PROPERTIES  OF  F (GAS) 

[Moleculnr  weight,  19.00] 


C% 

. 

11% 

T 

rK) 

( . caj  \ 

/ kcal  \ 

/kcal\ 

/ cal  \ 

\ mole  / 

\mole/ 

\mo!e/ 

\raole  °K/ 

0 

0 

48. 2781 

298.16 

5.4364 

1.5580 

49.  8361 

37.9173 

300 

5. 4355 

1.5680 

49. 8461 

37.9507 

400 

5. 3612 

2. 1081 

50.3862 

39.5050 

500 

5.  2819 

2. 6401 

50. 9182 

40.6926 

600 

5.  2179 

3. 16.50 

51.  4431 

41.6497 

700 

5.1692 

3.6842 

51.9623 

42. 4502 

800 

5.1324 

4.1992 

52.  4773 

43. 1379 

900 

5.1043 

4.  7110 

52. 9891 

43. 7407 

1000 

5.0826 

5.2203 

53,4984 

44.2774 

1100 

5.0655 

5.  7277 

54. 0058 

44. 7610 

1200 

5. 0519 

6. 2336 

54.5117 

45.  2012 

1300 

5.0409 

6. 7382 

55.  0163 

45. 6051 

1400 

5.0318 

7.  2419 

55. 5200 

45. 9783 

1500 

5. 0244 

7.  7447 

56. 0228 

46. 3252 

• 1600 

5.0181 

8.  2468 

56,  5249 

46. 6493 

1700 

5. 0129 

8.7483 

57. 0264 

46. 9534 

1800 

5.0084 

9.  2494 

57. 5275 

47. 2398 

1900 

5.0045 

9.  7501 

58. 0282 

47. 5105 

2000 

5. 0012  , 

10.2503 

58. 5284 

47.  7671 

2100 

4.  9983 

10.  7503 

59.0284 

48,0110 

2200 

4.  9957 

11.2500 

59.5281 

48. 2435 

2300 

4. 9935 

11,  7495 

60. 0276 

48. 4655 

2400 

4. 9915 

12.  2487 

60. 5268 

48. 6780 

2500 

4. 9898 

12.  7478 

61.0259 

48.  8817 

2600 

4. 9882 

13. 2467 

61.5248 

49. 0774 

2700 

4. 9868 

13. 7454 

62. 0235 

49.  2656 

2800 

4.9855 

14. 2441 

-62. 5222 

49.  4469 

2900 

4. 9844 

14.  7425 

63. 0206 

49.  6219 

3000  j 

4.9834 

15.2409 

63.5190 

49.  7908 

3100 

4. 9824 

15.  7392 

64. 0173 

49.  9542 

3200 

4.  9816 

16.  2374 

64. 5155 

50. 1124 

3300 

4. 9808 

16.  7355 

65.0136 

50. 2657 

3400 

4. 9801 

17.  2336 

65. 5117 

50.  4143 

3500 

4. 9794 

17.  7316 

66. 0097 

50. 5587  . 

3600 

4. 9788 

18.2295 

66.  5076 

' 50. 6990 

3700 

4. 9782 

18.  7273 

67. 0054 

50.  &354 

3800 

4. 9777 

19.  2251 

67.  5032 

50.  9681 

3900 

4.  9772 

19. 7229 

68. 0010 

51.0974 

4000 

4. 9768 

20.2206 

68. 4987 

51.2234 

4100 

4.9764  ' 

20.  7182 

68.9963 

51.3463 

4200 

4. 9760 

21.2158  ’ 

69. 4939 

51.4662 

4300 

4. 9756 

21.  7134 

69. 9915 

51.5833 

4400 

4. 9753 

22.  2110 

70. 4891 

51.  6977 

4500 

4. 9750 

22.7085 

70.9866 

51.8095  ' 

,4600 

4. 9747 

1 23.2060 

71.  4841 

51.9188 

4700 

4. 9744 

. 23.7034 

71.9815 

52.0258 

4800 

4. 9741 

24.2009 

72. 4790 

52. 1305 

4900 

4. 9739 

24.6983 

72.  9764 

52.  2331 

5000 

4. 9737 

25. 1956 

73.  4737 

52.3336 

5100 

4. 9735 

25. 6930 

73.9711 

52. 4320 

5200 

4. 9732 

26. 1903 

74. 4684 

52.5286 

5300 

4.9731 

26.  6876 

74.  9657 

. 52. ’6234 

5400 

4. 9729 

27. 1849 

75.4630 

. 52.  7163 

5500' 

4. 9727 

27. 6822 

75.9603 

52. 8076 

5600 

4.9725 

28.1795 

76.4576  . 

52. 8972 

5700 

4. 9724 

28. 6767 

76. 9548 

52. 9852 

5800 

4. 9723 

29.1740 

77. 4521 

53. 0716 

5900 

4. 9721 

29. 6712 

77.  9493 

53. 1566 

6000 

'4. 9720 

30. 1684 

78. 4465 

53.2402 
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TABLE  XXVIII— THERMODYNAMIC  PROPERTIES  OP  F2  (GAS) 

(Molecular  weight,  38.00] 


T 

(°K) 

/ cal  \ 

/ kcal  \ 
Vmole/ 

m 

/ kcal  \ 
\mole  / 

5? 

/ cal  \ 

AH° 

RT 

o, 

1 

II 

log  A’ 

6 log  K=- 

\mole  °K  ) 

(mole  °k) 

. 0 

b 

c 

d 

0 

0 

60. 9562 

298.16 

7.5183 

2.1137 

63.0699 

48. 55W 

61.  7763 

20.8681 

300 

7. 5262 

2.1276 

63.0838 

48.6053 

61.4076 

20.7035 

400 

7. 9077 

2.9001 

63.8563 

50.8251 

46. 4428 

14. 0101 

500 

8. 1822 

3. 7055 

64. 6617 

52.6211 

37.  4145 

9.9626 

600 

8.  3704 

4. 5337 

65. 4899 

54.1306 

31.  3646 

7. 2467 

700  . 

8.5004 

5.3776 

66. 3338 

55.4313 

27. 0238 

5.2959 

800 

8.  5924 

6. 2325 

67. 1887 

56.5727 

23.7560 

3. 8255 

900 

8.  6593 

7.0953 

68. 0515 

57.5888 

21.2063 

2.6768 

1000 

8. 7092 

7.9643 

68. 9205 

58.5042 

19. 1610 

1825 

0. 01791 

1.7540 

817 

0.01517 

1100 

8. 7472 

8.8371 

69.7933 

59.3360 

17. 4840 

.1663 

0. 01427 

0. 9961 . 

745 

0. 01297 

1200 

8.7768 

9.7133 

70. 6695 

60.0984 

16. 0839 

1528 

.01142 

.3623 

684 

.01205 

1300 

8. 8002 

' 10. 5921 

71.5483 

60.8019 

14. 8971 

1413 

.00931 

-. 1759 

633 

.01076 

1400 

8-8190 

11.4731 

72. 4293 

61.4547 

13. 8785 

1315 

.00733 

-.6388 

589 

.00983 

1500 

8.8326 

12.3557 

73.3119 

62. 0636 

12. 9945 

1229 

.00618 

-1.0413 

551 

.00883 

1600 

8. 8471 

13. 2397 

74. 1959 

62. 6341 

12. 2202 

1154 

0. 00518 

-1. 3945 

518 

0.00799 

1700 

8.8577 

14. 1249 

75. 0811 

63. 1708 

11.5362 

1087 

.00461 

-1.7072 

488 

,00759 

1800 

8. 8666 

15.0111 

75. 9673 

63. 6774 

10. 9277 

1028 

. 00375 

-1.9859 

A&2 

.00694 

1900 

8. 8742 

15. 8982 

76. 8544 

64. 1570 

10. 3829 

975 

.00330 

-2. 2360 

438 

.00680 

2000 

8.8807 

16. 7859. 

77. 7421 

64.6123 

9.8921 

• 927 

.00287 

-2. 4618 

417 

.00633 

2100 

8. 8863 

17.6742 

78.  6304 

65.0457 

9.  4478 

884 

0.  C0238 

-2.6667 

398 

0.00579 

2200 

8.8912 

18.  5631 

79. 5193 

65. 4592 

9.0436 

844 

. 00224 

-2.8534 

381 

.00535 

2300 

8.8955 

19.4525 

80.  4087 

65.8546 

8. 6744 

808 

.00193 

-3. 0244 

365 

.00512 

2400 

8. 8993 

20. 3422 

81.  2984 

66.^2 

8. 3358 

' 775 

.00170 

-3. 1816 

350 

.00500 

2500 

8. 9026 

21.2323 

82. 1885 

66.5966 

8. 0241 

744 

. 00165 

-3. 3266 

336 

.00497 

2600 

8. 9056 

22.1227 

83. 0789 

66.9458  • 

7.  7363 

716 

0.00152 

-3. 4608 

324 

0.00460 

2700 

8. 9082 

23.0134 

83. 9696 

67. 2819 

7.  4696 

690 

.00117 

-3.  5854 

313 

.00431 

2800 

8. 9106 

23. 1043 

84. 0605 

67.6060 

7.2220 

666 

.00104 

-3. 7015 

302 

.00416 

2900 

8. 9127 

24. 7955 

85. 7517 

67. 9187 

6. 9913 

643 

.00107 

-3. 8098 

292 

.00397 

3000 

8. 9146 

25.6869 

86. 6431 

68. 2209 

6. 7759 

622 

. 00085 

-3.9111 

283 

.00371 

3100 

8.9164 

26. 6784 

87.  5346 

68. 5132 

6.  5744 

602 

0.00088 

-4. 0061 

275 

,00346 

3200 

8. 9180 

27. 4701 

88. 4263 

68. 7963 

6.  3854 

584 

.00063 

-4.0955 

266 

.00349 

3300 

8.9194 

28. 3620 

89. 3182 

69.0708  . 

6.  2078 

566 

.00063 

-4. 1796 

258 

,00352 

3400 

8.9209 

29. 2540 

90. 2102 

69. 3370 

6.0407 

550 

' . 00056 

-4. 2590 

251 

.00339 

3500 

8. 9220 

30. 1462 

91. 1024 

69.  5956 

5. 8830 

534 

.00057 

-4. 3341 

244 

.00322 

3600 

8. 9231 

31.0384 

91. 9946 

69.8470 

5.  7341 

520 

0. 00046 

-4. 4051 

238 

0.00308 

3700 

8. 9241 

31.9308 

92.8870 

70.0915 

5.  5931 

506 

.00034 

-4. 4725 

232 

.00295 

3800 

8. 9250 

32.8232 

93.  7794 

70. 3295 

5. 4596 

492 

.00055 

-4.  5365 

226 

.00295 

3900 

8. 9259  ■ 

33.7158 

94. 6720 

70. 5614 

5.  3329 

480 

.00040 

-4.  5974 

221 

.00275 

4000 

8. 9267 

34. 6084 

95.  5646 

70.7873  . 

5.,2125 

468 

.00035 

-4. 6554 

215 

.00276 

4100 

8. 9274 

35.5011 

96. 4573 

71.0078 

5. 0980 

457 

.00039 

-4. 7106 

210 

.00280 

4200 

8. 9281 

36. 3939 

97.  3501 

71.2229 

4. 9888 

446 

.00028 

-4. 7634 

206 

.00259 

4300 

8. 9288 

37. 2867 

98.  2429 

71. 4330 

4.8848 

436 

.00021 

-4. 8139 

201 

.00262 

4400 

8. 9294 

38. 1796 

99. 1358 

71.6383 

4. 7855 

426 

.00023 

-4. 8622 

196 

.00264 

4500 

. 8.9300 

39.0726 

100.0288 

71.8390  ■ 

4.6906 

417 

.00025 

-4.9084 

192 

.00256 

4600 

8. 9305 

39. 9656 

100. 9218 

72.0352 

4.  5997 

407 

0. 00030 

-4. 9527 

188 

0.00260 

4700 

8. 9310 

40.8587 

101.8149 

72. 2273 

4.  5128  * 

399 

.00028 

-4. 9953 

184 

.00247 

4800 

8.9315 

41.7518 

102.  7080 

72.4153 

4. 4294 

391 

.00010 

-5. 0361 

181 

.00246 

4900 

8. 9319 

42. 6450_ 

103.6012 

72.  5995 

4. 3495 

383 

.00020 

—5. 0755 

177 

.00240 

5000 

8. 9323 

43.  5382 

104.4944 

72. 7800 

4.2727 

375 

.00027  . 

-5.1133 

174 

.00228 

5100 

8. 9327 

44. 4315 

105. 3877 

72. 9568 

4. 1989 

368 

0. 00013 

-5. 1497 

171 

0. 00222 

5200 

8. 9331 

45. 3248 

106.  2810 

73. 1303 

4. 1280 

361 

.00019 

-5. 1848 

168 

.00220 

5300 

8. 9334 

46. 2181 

107. 1743 

73. 3005 

4. 0597 

354 

. 00014 

-5.  2187 

165 

.00214 

5400 

8.9337 

47.1114 

108. 0676 

73. 4674 

3. 9940 

348 

.00013 

-5. 2514 

161 

.00223 

5500 

8. 9340 

48,0048  ■ ' 

108. 9610 

73.6314 

3. 9306 

341 

.00021 

-5.  2829 

159 

.00221 

5600 

8. 9343 

48.8982 

109. 8544 

73.  7924 

3.8695 

335 

0. 00023 

-5. 3135 

156 

0. 00213 

5700 

8. 9346 

49. 7917 

110.  7479 

73. 9505 

3.8105 

329 

.00018 

-5. 3430 

153 

.00222 

5800 

9.  9349 

50. 6852 

111.6414 

74. 1059 

3.7536 

324 

.00008 

-5. 3716 

150 

.00218 

5900 

8. 8351 

51.  5787 

112.  5349 

74.  2586 

3.  6986 

318 

.00020 

-5. 3992 

148 

.00213 

6000 

8. 8353 

52. 4722 

113. 4284 

74. 4088 

3.  6454 

-5-  4260 
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TABLE  XXIX— THERMODYNAMIC  PROPERTIES  OF  H (GAS) 

(Atomic  weight,  1.008] 


869 


//| 

T 

(°K) 

/ cal  \ 

/kcal\ 

/ kcal  \ 

/ cal  \ 

Vmole 

\mole/ 

Vmole/ 

Vmole  ®K/ 

0 

0 

85. 3285 

298.16 

4.9680 

1.4812 

86.8097 

27.3927 

300 

4.9680 

.1.4904 

86. 8189 

27.4232 

400 

4.9680 

1.9872 

87. 3157 

28.8524 

500 

4.9680 

2.4840  . 

87.8125 

29.9610 

600 

4.9680 

2.9808- 

88.3093 

30.8667 

700 

4.9680 

3. 4776 

88. 8061 

31.6326 

800 

4.9680 

3.9744 

89.3029 

32.2959 

900 

4.9680 

4. 4712 

89. 7997 

32.8811 

1000 

4.9680 

4.9680 

90.2965 

33.4045 

1100 

4.9680 

5.4648 

90. 7933 

33.8780 

1200 

4.9680 

6. 9616 

91.2901 

34.3103 

1300 

4.9680 

6. 4584 

91. 7869 

34.7079 

1400 

4.9680 

6. 9552 

92. 2837 

35.0761 

1500 

4.9680 

7.4520 

92. 7805 

35.4188 

1600 

4.9680 

7. 9488 

93.  2773 

35. 7395 

1700 

4.9680 

8. 4456 

93. 7741 

36.0407 

1800 

4.9680 

8.9424 

94. 2709 

36. 3246 

1900 

4.9680 

9.4392 

94. 7677 

36. 5932 

2000 

4.9680 

9.9360 

95.2645 

36.8480 

2100 

4.9680 

10. 4328 

95. 7613 

37.0904 

2200 

4.9680 

10.9296 

96.  2581 

37.3215 

2300 

4.9680 

11.4264 

96. 7549 

37.5424 

2400 

4.9680 

11.9232 

97. 2517 

37. 7538 

2500 

4.9680 

12.4200 

97.  7485 

37.9566 

2600 

'4.9680 

12. 9168 

98. 2453 

38. 1515 

2700 

4.9680 

13. 4136 

98.  7421 

38.a390 

2800 

4.9680 

13. 9104 

99.2389 

38.5196 

2900 

4.9680 

14. 4072 

99. 7357 

38.6940 

3000 

4.9680 

14.9040 

100. 2325 

38.8624 

3100 

4.9680 

15.4008 

100. 7293 

39.0253 

3200 

4.9680 

15.8976  . 

101. 2261 

39.1830 

3300 

4.9680 

16. 3944 

101. 7229 

39.3359 

3400 

4. 9680 

16. 8912 

102.  2197 

39.4842 

3500 

4. 9680 

17.3880 

102. 7165 

39.6282 

3600 

4.9680 

17.8848 

103. 2133 

39.7681 

3700 

4.9680 

18. 3816 

103. 7101 

39.9043 

3800 

4.9680 

18. 8784 

104.2069 

40.0368  ' 

3900 

4.9680 

19. 3752 

104. 7037 

■ 40.1658 

4000 

4.9680 

19.8720 

105.2005 

40.2916 

4100 

4.9680 

20. 3688 

105. 6973 

40.4142 

4200 

4.9680 

20. 8656 

106. 1941 

40.5340 

4300 

4.9680 

21.3624 

106. 6909 

40.6509 

4400 

4.9680 

21. 8592 

107. 1877 

40.7651 

4500 

4.9680 

22.3560 

107.6845 

40-8767 

4600 

4.9680 

22.8528 

108. 1813 

40.9859 

4700 

4.9680 

23. 3496 

108.6781 

. 41.0928 

4800 

4.9680 

23.8464 

109. 1749 

41.1973 

4900 

4.9680 

24. 3432 

109.6717 

41.2998 

5000 

4.9680 

24.8400 

110. 1685 

41.4002 

5100 

4.9680 

25.3368 

110.6653 

41.4985 

5200 

4.9680 

25.8336 

111. 1621 

41.5950 

5300 

4.9680 

26.3304 

111.6589 

41.6896 

5400 

4.9680 

26.8272 

112.1557 

41.7825 

5500 

4.9680 

27. 3240 

112. 6525 

41.8736 

5600 

4.9680 

27.8208 

113. 1493 

41.9632 

5700 

4.9680 

28. 3176 

113.6461 

42.0511 

5800 

4.9680 

28.8144 

114. 1429 

42. 1375 

5900 

4.9680 

29.3112 

114,6397 

42.2224 

6000 

4.9680  ' 

29.8080 

115.1365 

42.3059 

REPORT  1037 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 

TABLE  XXX— THERMODYNAMIC  PROPERTIES  OF  H2  (GAS) 

[Molecular  weight,  2.016J 


T 

("K) 

c; 

/ cal  \ 

n^-H% 

/ kcal  \ 
Vmole/ 

/ kcal  \ 
Vmole/ 

/ cal  \ 

AH° 

RT 

<-%) 

log  K 

b log  K= 

Vmole 

Vmole  ^k) 

a 

b 

c 

.d 

0 

0 

67. 4169 

298.16 

6.892 

2.0238 

69. 4407 

31.211 

175. 8297 

71.2098 

- 

300 

6. 895 

2.0365 

69. 4534 

31.  253 

174. 7610 

70. 7414 

400 

6.  974 

2. 7310 

70. 1479 

33. 250 

131.4465 

51.7421 

500 

6.  993 

3. 4295 

70.8464 

34. 809 

105. 4544 

40.3099 

600 

.c  7.008 

4.1286 

71.  5455 

36. 084 

‘88. 1261 

32.  6669 

700 

7. 035 

4.8315 

72. 2484 

37. 167 

75.  7454 

27. 1921 

800 

7.078 

5.5374 

72. 9543 

38. 108 

66. 4582 

23. 0744 

900 

7. 139 

6.2480 

73. 6649 

38. 946 

59.  2322 

19. 8636 

1000 

7. 219 

6.9658 

74.3827 

39.  7040 

53.  4478 

5185 

0.02306 

17.2883 

2291 

0.  03007 

1100 

7. 310 

7. 6923 

75. 1092 

40.  3963 

48.  7111 

' 4712 

0. 02453 

15.1755 

2087 

0. 02583 

• I2OO 

7. 407 

8. 4281 

75. 8450 

41.0365 

44.  7599 

4318 

.02556 

13. 4105 

1916 

. 02315 

1300 

7.  509 

9. 1739 

76. 5908 

41.6334 

41.  4128 

3985 

.02637 

11.9135 

1772 

.02029 

1400 

7. 615 

9. 9301 

77. 3470 

42. 1938 

38.  5400 

3700 

.02653 

10. 6275 

1648 

. 01833 

J 500 

7. 7202 

10. 6969 

78. 1138 

42.  7227 

36. 0468 

3454 

.02605 

9. 5105 

1541 

. 01628 

1600 

7.8232 

11. 4740 

78. 8909 

43.  2243 

33. 8620 

3240 

0.02502 

8.  5311 

1447 

0,  01472 

1700  * 

7. 9229 

12. 2613 

79. 6782 

43. 7016 

31.9311 

3051 

.02400 

7. 6652 

1364 

. 01332 

1800 

8.  0185 

13.0584 

80.4753 

44. 1571 

30.  2121 

2884 

.02261 

6. 8941 

1291 

.01173 

1900 

8. 1093 

13. 8648 

81.2817 

44. 5931 

28.  6716 

■ 2734 

.02170 

6. 2029 

1225 

. 01060 

^ 2000 

8. 1949 

14.6800 

82. 0969 

45.0112 

27.  2829 

2600 

.Q2031 

5.  5798 

1166 

.00946 

2100 

8. 2762 

15. 5036 

82. 9205 

45.  4130 

26. 0245 

2478 

0.01954 

5. 0151 

1112 

0. 00865 

2200 

8. 3537. 

16. 3351 

83.  7520 

45.  7998 

24. 8786 

2367 

.01867 

4. 5010 

1063 

.00793 

2300 

8. 4274 

17. 1741 

84. 5910 

46. 1728 

23. 8308 

2267 

.01752 

4.0309 

1018 

.00733 

2400 

8.4977 

18.0204 

85. 4373 

46,5329 

22’.  8687 

2174 

.01690 

3. 5994 

978  • 

.00640 

2500 

8.  5647 

18. 8735 

86.2904 

46.8812 

21.  9822 

2089 

.01604 

3. 2018 

940 

, 00586 

2600 

8.  6286 

19. 7331 

87.1500 

47.  2183 

21. 1627 

2011  ' 

0. 01519 

2.8344 

905 

0. 00541 

2700 

8.  6896 

20. 5991 

88.0160 

47.  5451 

20. 4027 

1938 

. 01466 

2. 4938 

873’ 

.00481 

2800 

8.  7479 

21.4709 

88. 8878 

47.  8622 

19.  6959 

1870 

.01417 

2. 1772 

843 

.00441 

2900 

8. 8042 

22.3485 

89. 7654 

48. 1702 

19. 0369 

1807 

.01377 

1. 8821 

815 

.00403 

3000 

8. 8587 

23. 2317  ■ 

90.  6486 

48.  4696 

18.  4208 

1748 

.01323 

1.6064 

789. 

.00.368 

3100 

8. 9118 

24. 1202 

91. 5371 

48.  7609 

17.  8437 

1693 

0.01294 

1. 3482 

764 

0.  00355 

3200 

8. 9636 

25.0140 

92. 4309 

49. 0447 

‘ 17.3017 

1640 

.01283 

1. 1059 

741 

.00325 

3300 

9. 0143 

25. 9129 

93.  3298 

49.  3213 

16.  7919 

1591 

.01266 

. 8781 

719 

.00313 

3400 

9. 0639 

26.8168 

94. 2337 

49.  5911 

16.  3113 

1546 

. 01219 

.6635 

' 699 

.00279 

3500 

9. 1125 

27.  7256 

95. 1425 

49.  8545 

15.  8574 

1502 

.01208 

. 4610 

680 

.00241 

3600 

9.1602 

28. 6392 

96. 0561 

50. 1119 

' 15.4281 

1461 

0.01184 

0. 2697 

662 

0. 00228 

3700 

9.  2070 

29. 5576 

96. 9745 

50. 3635 

15.  0214 

1423 

.01153 

.0885 

644 

.00223 

3800 

9.  2529 

30. 4806 

97. 8975 

■ 50. 6097 

14.  6354 

1386 

.01132 

-.0832 

628 

.00197 

3900 

9. 2979 

31. 4081 

98. 8250 

50. 8506 

14.  2687 

1351 

.01125 

-.2462 

613 

.00175 

4000 

9. 3421 

32. 3401 

99. 7570 

51.  0866 

13.  9197 

1318 

. 01104 

-.4012 

598 

.00165 

4100 

9. 3856 

33. 2765 

. 100.  6934 

51.  3178 

13.  5872 

1287 

0.01067 

• -0.5487 

584 

0.  00145 

4200 

9. 4283 

34. 2172 

101.6341 

51.  5445 

13. 2701 

1257 

.01057 

-.6892 

571 

. 00131 

4300 

9. 4704 

35. 1621 

102.  5790 

51.7668 

12.  9672 

1229 

.01038 

-.8233 

558 

.00118 

4400 

9.  5118 

36. 1113 

103.  5282 

51.  9850 

12.  6775 

1201 

. 01031 

-.9513 

546 

.00097 

4500 

,9.  5526 

37. 0645 

104. 4814 

52. 1992  ' 

12. 4003 

- 1175 

.01017 

-1.0736 

535 

.00080 

4600 

9.  5928 

38.0217 

105. 4386 

52. 4096  i 

12. 1347 

1150 

0.01002 

-1. 1907 

524 

0. 00071 

4700 

9.6324 

‘38.9830 

106.  3999 

• 52. 6164 

11.8800 

1127 

.00971 

-1.  3029 

514 

.00042 

4800 

9.  6714 

39.9482 

107. 3651 

52.  8196 

11.6355 

1104 

.00969 

-1.4104 

503 

.00045 

4900 

9.7099 

40. 9173 

108.  3342 

53. 0194 

11. 4005 

1082 

. 00950 

-1.  5135 

494 

.00030 

5000 

9.  7479 

41. 8901 

109.3070 

53.  2159 

11. 1746 

1061 

.00936 

-1.6126 

484 

.00020 

5100 

9.  7853 

42.8668 

110.2837 

. 53.4093 

10.  9572 

1041 

• 0.00931 

-1.  7077 

475 

0.  00015 

5200 

9. 8222 

43. 8472 

111.2641 

53.  5997 

10.  7477 

1021 

.00916 

-1.  7992 

466 

.00018 

5300 

9. 8586 

44. 8312 

112. 2481 

53. 7871 

10.  5459 

1003 

,00906  • 

-1. 8873 

458 

—.00001 

5400 

9.8945 

45. 8189 

113.2358 

53. 9717 

10.3511 

985 

. 00891 

-1. 9721 

450 

—.00002 

5500 

• 9.9299 

46. 8101 

114.  2270 

54. 1536 

10. 1631 

967 

.00882 

-2. 0539 

442 

-.00013 

5600 

9. 9649 

47. 8048 

115.  2217 

54. 3328 

9.  9816 

951 

0.00876 

-2. 1327 

434 

-0.  00014 

5700 

9. 9994 

48. 8031 

116.2200 

54. 5095 

- 9.8060 

934 

.00867 

-2. 2087 

427 

— . 00012 

5800 

10.0334 

49.8047 

117.2216  . 

54.  6837- 

9.  6363 

919 

.00854 

-2. 2822 

420 

-.00029 

■ 5900 

10.0670 

50. 8097 

118.2266  ‘ 

54. 8555 

9. 4720 

. 904 

.00843 

-2.  .3531 

413 

-.00033 

6000 

10. 1001 

51. 8181 

119.  2350 

55. 0250 

9. 3129 

-2. 4216 

GENERAL  METHOD  AND  TABLES  FOR  COMPUTATION  OF  EQUILIBRIUM  COMPOSITION  AND  TEMPERATURE 
TABLE  XXXI— THERMODYNAMIC  PROPERTIES  OF  HCl  (GAS) 

(Molecular  weight,  36.465] 


871 


I 


T 

TK) 


0 

298. 16 
300 
400 
500 


^ 600 
700 
800 
900 
1000 


1100 

1200 

1300 

1400 

1500 


1600 

1700 

1800 

1900 

2000 


2100 

2200 

2300 

2400 

2500 


2600 

2700 

2800 

2900 

3000 


3100 

3200 

3300 

3400 

3500 


3600 

3700 

3800 

3900 

4000 


4100 

4200 

4300 

4400 

4500 


4600 

4700 

4800 

4000 

5000 


5100 

5200 

5300 

5400 

5500 


5600 

5700 

5800 

5900 

6000 


cal 


( 

\mole  °K/ 


6.96 

6. 96 

6. 97 
7.00 


7. 07 
7. 17 
7.29 
7.  42 
7.554 


7.  690 
7.819 
7.938 

8.  046 
8. 140 


8.221 
8.  292 
8.358  . 
8. 426  ^ 
8. 488' 


8. 545 
8. 595 
8. 643 
8. 685 
8.  726 


8.  762 
8.  796 
8.  829 
8. 858 
8. 885 


8.912 
8.937 
8.961 
8.  983 
9.004 


9. 024 
9. 043 
9. 063 
9. 081 
9. 098 


9. 115 
9. 131 
9. 147 
9.162 
9.176 


9. 191 
9.  205 
0.218 
0.  232 
9.245 


9.  257 
9.  270 
9.  282 
9.  294 
9.  306 


9.318 
9. 330 
9. 342 
9.  354 
9. 365 


/ fccal  \ 
\mole/ 


0 

2. 0648 
2. 0778 
2.7740 
3.4730 


4. 1766 
4.8881 
5.6112 
6. 3468 
7. 0950 


7. 8572 

8.  6326 

9.  4205 
10.  2197 
11.0290 


11.8470 
12. 6727 
13.5052 
14.  3444 
15. 1901 


16. 0417 
16. 8987 
17.7606 
18. 6270 
19. 4976 


20. 3720 
21.  2499 
22. 1311 
23.  0155 
23.  9026 


24.  7925 

25.  6849 

26.  5798 
27. 4770 
28. 3764 


29.  2778 

30.  1811 
31.0864 

31.  9936 
32. 8026 


33. 8132 
34.  7255 
35.6394 
36.5549 
37.4718 


38.  3901 

39.  3099 
40.2311 
41. 1536 
42. 0774 


43. 0025 

43.  9289 

44.  8565 

45.  7853 
46.7153 


47.  6465 
48. 5789 

49.  5125 

50.  4473 
51.3832 


//? 

/ kcal  \ 
\mole/ 


15. 5926 
17.6574 
17. 6704 
18. 3666 
19. 0656 


19.  7692 
20.4807 
21.2038 
21.9394 
22.6876 


23.4498 
24. 2252 
25.0131 
25.8123 
26. 6216 


27. 4396 
28. 2653 
29. 0978 
29. 9370 
30. 7827 


31. 6343 
32.4913 
33.3532 
34. 2196 
35.0902 


35. 9646 
36. 8425 
37.  7237 
38. 6081 
39. 4952 


40.3851 
41.2775 
42. 1724 
43. 0696 
43.  9690 


44.8704 
45.  7737 
46. 6790 
47. 5862 
48.4952 


49.4058 
50. 3181 
51.2320 
52. 1475 
53.0644 


44.617 
44. 661 
46.656 
48.  224 


49.  506 
50.6a3 
51.568 
52.  434 
53.2220 


53.  9484 

54.  6230 

55.  2536 
55. 8458 
56. 4041 


56.  9320 

57.  4325 

57.  9084 
58. 3621 

58.  7958 


59.2114 
59.  6100 

59.  9932 

60.  3619 
60.  7172 


61.  0602 
61.3915 
61.  7120 
62. 0223 
62. 3231 


62.  6148 
62. 8982 
63.1736 

63.  4414 
63.  7021 


63.  9560 

64.  2035 
64. 4450 
64.  6806 
64.9108 


53. 9827 
54.9025 
55. 8237 
56.  7462 
57. 6700 


58. 5951 
59.  5215 
60. 4491 
61.3779 
62. 3079 


63. 2391 
64. 1715 
65. 1051 
66.0399 
66.9758 


65. 1356 
65. 3554 
65.  5705 
65.  7810 
65.  9870 


66. 1888 
66. 3867 
66.  5806 
66.  7708 
66.  9574 


67. 1406 
67.  3205 
67. 4972 
67. 6708 
67.8415 


63. 0093 
68. 1743 
68.  3367 
68.  4965 
68.  6538 


Sir 

log  K 

5 log  K=- 

100  vT^  / 

FT 

a 

b 

c 

rf 

174. 1180 
173.  0598 
130.  2113 
104.  5100 

70.  7596 

70.2960 
51. 4775 

40. 1522 

87.  3747 
75. 1291 
65.9356 
« 58. 7762 

53.0404 

32. 5758 

27. 1468 

23.0623 

19.8761 

5124 

0. 04282 

17.3201 

2274 

0. 02943 

48.  3394 

4661 

, 0.04023 

15.2234 

2071 

0. 02567 

44. 4150 

4277 

. 03660 

13. 4719 

1903 

.02145 

41.0884 

3952 

.03354 

11.9866 

1760  . 

. 01876 

.38.  2320 

3676 

.02903 

10.  7107 

1637.  . - 

. 01667 

35.  7573 

3437 

.02498 

9.6027 

1530 

.01505 

.33.  5792 

3227 

0. 02197 

8.6314 

1437 

0.01331 

31.6590 

3040 

.0203! 

7.7728 

1355 

.01172 

29.9498 

2871 

.02045 

7.0083 

1282 

.01036 

28.4183 

2723 

. 01870 

6. 3232 

1216 

.00960 

27. 0381 

2590 

.01717 

5. 7056 

1157 

. 00855 

25.  7876 

2471 

, 0.01502- 

5.-1461- 

. 1103« 

0. 00804.^ 

24.  6494 

2361 

.01398 

4. 6367 

1055 

.00710 

23.  6089 

2262 

.01240 

4.  1709 

1010 

.00667 

22.6540 

2169 

.01190 

3.  7434 

969 

.00620 

21.  7745 

2086 

.01039 

3.3496 

931 

.00582 

20.  9618 

2007 

0. 00997' 

2.  9857 

896 

0. 00545 

20.  2085 

1934 

.00939 

2. 6484 

864 

.00513 

19.  5084 

1868 

.00846 

2.3347 

834 

.00471 

18.  8558 

1805 

.00783 

2, 0424 

806  . , 

.00443 

18.  2463 

1745 

.00780 

1.  7693 

780' 

.00409 

17.6756  i 

1691 

0. 00706 

1.5136 

756 

0.00375 

17.1401 

1639 

.00683 

1.  2736 

733 

.00358 

16.  6366 

1591 

.00626 

1.0479 

711 

.00348 

16. 1624 

1545 

.00607 

.8353 

691 

.00327 

15.  7149 

1502 

.00578 

.6346 

671 

.00321 

15.  2919 

1462 

0.00527 

0. 4450 

654 

0.  00284 

14. 8915 

1421 

.00565 

.2654 

636 

.00283 

14.5119 

1386 

.00502 

.0952 

620 

.00273 

14. 1515 

1352 

.00460 

-.0665 

604 

.00270 

13. 8089 

1318 

. 00474 

-.2202 

590,  • 

.00250 

13. 4827 

1287 

0. 00437 

-0.3666 

576 

0. 00226 

13. 1719 

1256 

.00451 

-.5060 

563  ' 

.00217 

12.  8753 

1228 

.00421 

-.6391 

551 

.00197 

12.5920 

1202 

.00379 

-.7663 

5-38 

.00194 

12. 3211 

1174 

.00408 

-.8878 

527 

.00183 

12. 0618 

1150 

0.  00372 

-1.0042 

516 

0.00171 

11.8134 

1127 

.00341 

-1.1157 

505 

.00169 

11.  5752 

1102 

.00380 

-l.*2226 

495 

485  '1 

.00158 

11.  3465 

1081  ' 

.00340 

-1..3252 

.00160 

11.-I269 

1060  ' 

.00336 

-i:4538 

476  '! 

. 00147 

10.  9157 

1038 

0. 00348 

-1.5186 

467 

0. 00139  ' 

ID.  7126 

1020  . 

.00325 

— 1..®98 

458  ? 

.00138 

.10.  5169 

1001 

.00313 

— 1 . ® 76 

449  ; 

.00145 

10. 3284 

982 

. 00325 

-1.7822 

441 

.00142 

10. 1466 

964 

.00316 

-1.86^ 

433  . 

.00138 

9.  9713 

947 

0. 00326 

426 

0.00126  , 

9. 8019 

930 

.00326 

419 

.00116": 

9.  6383 

914 

• 00^‘: 

-2.0919* . 

412  ^ 

.ooin*-; 

9.  4S0I 
9.  3271 

900 

.00300" 

-2.^4629 

-2.^15".. 

.00110' 

T 

(°K) 


0 

298. 16 
300 
400 
500 


600 

700 

800 

900 

1000 


1100 

1200 

1300 

1400 

1500 


1600 

1700 

1800 

1900 

2000 


2100 

2200 

2300 

2400 

2500 


2600 

2700 

2800 

2900 

3000 


.■?inn 

3200 

3300 

3400 

3500 

3600 

3700 

3800 

3900 

4000 


4100 

4200 

4300 

4400 

4500 


4600 

4700 

4800 

4900 

5000 


6100 

5200 

5300 

5400 

6500 

6600 

5700 

5800 

5900 

6000 


REPORT  1037 — ^NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 
TABLE  XXXII— THERMODYNAMIC  PROPERTIES  OF  HF  (GAS) 

f Molecular  weight,  20.008] 


Cl 


V mole  °K  / 


6.9615 
6. 9615 
6.9652 
6.9715 


6,9858 

7.0150 

7.0627 

7.1290 

7.2108 


7.3038 
7.  4035 
7.5059  . 
7.6084 
7.7084 


7.8048 
7.8967 
7. 9836 
8.0657 
8.1427 


8.  2150 
8.  2828 
8. 3464 
8. 4061 
8.  4623 


8.5152 
8.5650 
8.  6124 
8. 6572 
8.7000 


s 7infi 
s!  7797 
8.8169 
8.8527 
8.8872 


8.  9205 
8. 9528 
8. 9842 
9.0151 
9.0453 


9. 0750 
9. 1043 
9. 1336 
9. 1631 
9. 1936 


9.  2271 
9.  2623 
9.  2978 
9.3335 
9. 3690 


9.4040 
9. 4386 
9.  4726 
9.  5061 
9. 5391 


9. 5718 
9.6040 
9.6358 
9. 6673 


H^-H% 
/ kcal  \ 
\mole/ 


0 

2,0553 

2.0681 

2.7645 

3.4613 


4. 1592 
4. 8592 
5.5631 
6.2727 
6.  9897 


7.7154 
8. 4508 
9. 1962 
9. 9520 
10.7178 


11.4935 
12. 2785 
13. 0726 
13.8750 
14.6854 


15.5033 
16.  3282 
17. 1.597 
17. 9973 
18.8407 


19.  6896 

20.  5436 
21.4025 
22.2660 
23. 1338 


^18819 

25.7617 

26.6452 

27.5322 


28.  4226 
29. 3162 
30.  2131 
31. 1130 
32.0161 


32.  9221 
33.8310 
34.7429 
35. 6578 
36.5756 


37. 4966 
38. 4211 
39. 3491 
40.2807 
41.2158 


42, 1545 
43. 0966 
44.0422 
44. 9911 
45. 9434 


46.8989 
47.8577 
48.8197 
49. 7o48 
50.7531 


/ kcal  \ 
Vmole/ 


0 

2.0553 

2.0681 

2.7645 

3.4613 


4.1592 
. 4.8592 
5.5631 
6.2727 
6.9897 


7.7154 
8.  4508 
9.1962 
9.9520 
10. 7178 


11. 4935 
12.2785 
13.0726 
13.8750 
14.6854 


15.5033 
16, 3282 
17.1597 
17.9973 
18.8407 


19.6896 
'20.5436 
21.4025 
22.2660 
23. 1338 


24  0050 
24!  8819 
25.7617 
26.6452 
27. 5322 


28. 4226 
29.3162 
30. 2131 
31. 1130 
32.0161 


32.9221 

33.8310 

34.7429 

35.t>578 

36.5756 


37.4966 

38.4211 

39.3491 

40.2807 

41.2158 


42. 1545 
43.0966 
44.0422 
44. 9911 
45. 9434 


46.8989 
47. 8577 
48. 8197 
49.  7848 
50.7531 


' 5? 

/ cal  \ 

RT 

log  iiT 

5 log  K= 

Vmole  °K/ 

a 

b 

c 

d 

0 

41.5114  - 

227.1579 

' 

93.  4523 

41.  5542 

225.  7754 

92.8472 

43.5575 

169. 7599 

68.3058 

45.1124 

136. 1421 

53. 5438 

46. 3848 

113. 7233 

43. 6784 

47. 4639 

97.7043 

36. 6149 

48. 4038 

85.  6849 

31.3051 

49.2396 

76. 3316  • 

27. 1660 

49.9950 

68.8439 

6n4 

0.0^46 

23.8476 

0.03070 

60.  6866 

62. 7128 

6103 

0.02817 

21. 1269 

2694 

0. 02690 

51.3264 

57.  5988 

5594 

.02852 

18.8550 

2473 

.02359 

51. 9231 

53.  2672 

5164 

.02823 

16.9291 

2287 

.02033 

52.4831 

49.5504 

4797 

.02700 

15. 2752 

2126 

. 01847 

53. 0114 

46.3254 

4479 

.02573 

13.8394 

1987 

.01653 

53. 5120 

43. 5003 

4201 

0. 02452 

12. 5810 

1866 

0, 01455 

53. 9879 

41.0046 

3956 

.02332 

11.4688 

1758 

.01333 

54.  4417 

38. 7835 

3739 

.02161 

10. 4788 

1662 

.01236 

54. 8756 

36. 7940 

3545 

.02030 

9. 5917 

1577 

.01100 

55.  2912 

35.0012 

3370 

.01904 

8.7922 

1500 

.01011 

55.6903 

33. 3774 

3212 

0.01790 

8. 0678 

1430 

0. 00920 

56.  0740 

31.8995 

3069 

.01655 

7.4086 

13b7 

.00835 

56.  4436 

30.  5486 

2938 

. 01543 

6.8059 

1309 

.00768 

56. 8001 

29.3090 

2818 

.01450 

6.  2528 

1256 

.00710 

57. 1444 

28. 1673 

2707 

.01385 

5. 7433 

1206 

.00685 

57.  4773 

27. 1123 

2605 

0.01289 

5.2726 

1161 

0. 00630 

57. 7996 

26. 1346 

2510 

.01247 

4. 8363 

1119 

.00596 

68.1119 

25.  2257 

2423 

.01148 

4.4307 

1080 

.00549 

58. 4149 

24. 3787 

2341 

.01087 

4.0528 

1044 

.00510 

58. 7091 

23.  5875 

2264 

.01058 

3.6997 

1010 

.00479 

eo  nntti 

00 

OIrtO 

A /lAAAA 

»» 

r\^f\ 

59!  ^32 

22!  1513 

2126 

\U 

.00946 

3!  0589 

949 

W.  VAT*^ 

.00402 

59.  5439 

21.  4976 

2062 

. .00933 

2.7673 

921 

.00382 

59. 8077 

20. 8818 

2003 

.00881 

2.4926 

895 

.00349 

60. 0648 

20.  3007 

1947 

.00847 

2 2334 

870 

.00333 

60. 3156 

19.  7514 

1894 

0.00821 

1. 9884 

847 

0. 00308 

60.  5605 

19.  2313 

1843 

.00820 

1.7564 

824 

.00296 

60. 7996 

18.7381 

1795 

-.00794 

1.5366 

804 

.00265 

61.  0334 

18. 2699 

1750 

.00780 

1. 3278 

784 

.00240 

61.  2620 

17.8246 

1707 

.00756 

1. 1294 

765 

.00231 

61. 4858 

17.4007 

1666 

0.00733 

0. 9405 

746 

0. 00228 

61.7048 

16.9967 

1626 

.00756 

.7606 

730 

.00203 

61.9194 

16.  6111 

1688 

.00759 

.5888 

713 

.00195 

62. 1297 

16.2426 

■ 1551 

.00773 

.4248 

697 

.00191 

62.3359 

15.8902 

1513 

.00849 

.2680 

682 

. .00174 

62. 5384 

15.  5528 

1479 

0.00872' 

0.1180 

668 

0. 00167 

62. 7372 

15.2294 

1446 

.00915 

-.0258 

654 

.00155 

62. 9326 

14.  9190 

1416 

.00902 

1636 

641 

.00138 

63.1246 

14.  6210 

1387 

,00910 

29,58 

629 

.00130 

63.3136 

14.3345 

1360 

.00893 

-.4229 

616 

.00132 

63. 4994 

14.0589 

1334 

0.00876 

-0. 5450 

604 

0. 00125 

63. 6824 

13.7936 

1309 

.00872 

-.6624 

592 

.00130 

63.8625  ' 

13.  5379 

1285 

.00844 

-.7754 

582 

.00112 

64.  0399 

13.  2915 

1262 

.00845 

-.8843 

571 

.00118 

64. 2146 

13. 0536 

1240 

.00817 

-. 9893 

561 

.00112 

64.3868 

1Z8240 

1218 

0.00822 

-1.0906 

551 

0. 00103 

64.  55^ 

12.6021 

1198 

.00795 

-1.1883 

541 

.00102 

64.  7238 

12. 3876 

- 1177 

.00801 

-1.2826 

532 

. 00103 

64.8888 

12. 1801 

1158. 

.00780 

-1.3738 

524 

. 00097  • 

65. 0515 

11.9793 

—1.4621 

873 


GENERAL  METHOD  AND  TABLES  FOR  COMPUTATION  OF  EQUILIBRIUM  COMPOSITION  AND  TEMPERATURE 

TABLE  XXXIII— THERMODYNAMIC  PROPERTIES  OF  HjO  (GAS) 

[Molecular  weight,  18.016] 


T 

(°K) 

C| 

/ cal  \ 

/ kcal  \ 
Vmole/ 

m 

/ kcal  \ 
* mole/ 

S? 

/ cal  \ 

RT 

log  K 

6 log  K=- 

C 

d 

V mole  ®K  / 

\mo\e  °kJ 

a 

0 

0 

11.3311 

298.16 

8. 025 

2. 3677 

13.6988 

45. 106 

373.2200 

151.5648 

300 

8. 026 

2.3820 

13. 7131 

45, 154 

370. 9541 

150. 5708 

400 

8. 185 

3. 1940 

14. 5251 

47. 490 

279.  0956 

110. 2372 

500 

8.415 

4. 0255 

15.3566 

49. 344 

223.9534 

85.9609 

600 

8.  677 

4.8822 

16. 2133 

50.903 

187. 1673 

69.7280 

700 

8. 959 

5. 7715 

17. 1026 

52.  269 

160. 8663 

‘58.0996 

800 

9.  254 

6.  6896 

18. 0207 

53.  490 

141. 1213 

49.3548 

900 

9.  559 

7.  6347 

18.9658 

54.599 

125.  7485 

42. 5361 

1000 

9. 861 

8.  6080 

19. 0391 

55.6180 

113.  4355 

11,015 

0.07316 

37.0674 

4875 

0. 05158 

1100  . 

10. 145 

9.6083 

20. 0394 

56.  5712 

103. 3487 

10, 019 

0. 06833 

32.5840 

4439 

0. 04493 

1200 

10.413 

10. 6362 

21. 9673 

• 57. 4654 

94. 9312 

9,188 

.06491 

28.8399 

4076 

.03902 

1300 

10.668 

11.6902 

23.0213 

58. 3090 

87.  7986 

8, 486 

. 06137 

25.6655 

3768 

.03457 

1400 

10. 909 

12.  7691 

24. 1002 

59. 1084 

81.6758 

■ 7,886 

. 05696 

22.9395 

3505 

.03013 

1500 

11. 134 

13. 8712 

25.2023 

59. 8687 

76. 3615 

7,  366 

.05315 

20.5727 

3276 

.02690 

1600 

11.343 

14.  9951 

26.3262 

60. 5939 

71.  7046 

6,913 

0.04853 

18. 4983 

3075 

0. 02428 

1700 

11.534 

16. 1389 

27.4700 

61.  2873 

67. 5896 

6.  514 

.04401 

16. 6652 

2898 

.02200 

1800 

11.708 

17.3010 

28.6321 

61.  9515 

63. 9267 

6,160 

. 03959 

15.0332 

2741 

. 01957 

1900 

11.865 

18. 4797 

29.8108 

62. 5887 

60. 6450 

5,843 

.03590 

13. 5710 

2600 

. 01770 

2000 

12.008 

19.  6733 

31.0044 

63.  2010 

57. 6876 

5,  557 

.03271 

12.2533 

2474 

. 01570 

2100 

12. 138 

20. 8806 

32. 2117 

63.  7900 

55. 0087 

5,299 

0.02966 

11.0595 

2359 

0. 01423 

2200 

12.  256 

22.1003 

33. 4314 

64. 3574 

52.  5704 

5, 064 

.02686 

9.9730 

2255 

.01277 

2300 

12. 364 

23.3313 

34.6624 

64. 9045 

50. 3418 

4,  849 

.02468 

8.9798 

2160 

.01150 

2400 

12. 463 

24. 5727 

35.9038 

65. 4328 

48.  2967 

4,653 

.02220 

8.0683 

2072 

.01060 

2500 

12.  554 

25. 8235 

37. 1546 

65. 9434 

46. 4133 

4,  471 

.02049 

7.2289 

1991 

.00993 

2600 

12. 638 

27. 0831 

38. 4142 

66. 4374 

44.  6732 

4, 304 

0. 01863 

6.4532 

1916 

0. 00927 

2700 

12.  715 

28.  3508 

39. 6819 

66.9159 

43.0605 

4, 149 

.01691 

5.7343 

1846 

. 00896 

2800 

12.  786 

29.6258 

40.9569 

67. 3796 

41.5618 

4, 005 

.01547 

5.0661 

1781 

.00856 

2900 

12. 852 

30.  9077 

42.2388 

67.  8294 

• 40.1653 

3, 871 

. 01407 

4.4434 

1721 

.00803 

3000 

12.  913 

32. 1960 

43.5271 

68. 2661 

38. 8609 

3, 747 

.01239 

3.8617 

1666 

.00728 

3100 

12.  968 

33. 4900 

44.8211 

68.6904 

37. 6398 

3,  630 

0,01113 

3.3170 

1613 

0. 00694 

3200 

13,  018 

34. 7893 

46.1204 

69. 1029 

36. 4943 

3,  520 

.00993 

2.8060 

1564 

.00656 

3300 

13. 064 

36. 0934 

47.4245 

69.  5042 

35.  4177 

3, 417 

.00890 

2.3255 

1517 

.00642 

3400 

13. 107 

37, 4020 

48. 7331 

69. 8949 

34. 4038 

3, 320 

.00793 

1.8729 

1473 

.00624 

3500 

13. 147 

38. 7147 

50.0458 

70.  2754 

33.  4473 

3,228 

.00703 

1.4458 

1431 

. 00610 

3600 

13. 184 

40.  0312 

51.3623 

70.  6463 

32. 5436 

3, 142 

0.00601 

1.0422 

1392 

0. 00588 

3700 

13, 218  ■ 

41. 3513 

52.6824 

71.0080 

31.6884 

3, 059 

.00550 

1 .6601 

1355  ■ 

.00572 

3800 

13. 250 

42. 6747 

54.0058 

71.3609 

30.  8779 

2,981 

.00484 

.2978 

1320 

.00554 

‘3900 

13.280 

44.0012 

55.3323 

71.  7054 

30. 1087 

2, 907 

.00425 

-.0462 

1287 

.00525 

4000 

13. 308 

45. 3306 

56.6617 

72. 0420 

29. 3777 

2,836 

.00379 

-.3732 

1255 

.00520 

4100 

13. 334 

46.6627 

57.9938  1 

72. 3710 

28. 6822 

2,769 

0. 00321 

-0.6845 

1266 

0. 00480 

4200 

13. 358 

47. 9973 

59.3284 

72. 6926 

28. 0197 

2,  705 

.00283 

-.9812 

1198 

.00450 

4300 

13. 381 

49. 3343 

60.6654 

73. 0071  1 

27. 3878 

2,643 

.00262 

-1.2643 

1170 

.00449 

4400 

13. 403 

50.  6735 

62.0046 

73. 3150 

26.  7845 

2,584 

.00238 

-1. 5347 

1144 

.00438 

4500 

13.  424 

52. 0148 

63.3459 

73. 6164 

26.  2079 

2,  528 

.00204 

-1. 7933 

1119 

.00434 

4600 

13.  444 

53. 3582 

64.6893 

73.9117 

25. 6563 

2, 473  ' 

0.00203 

-2.0409 

1095 

0.00412 

4700 

13.  464 

54.7036 

66. 0347 

74.2011 

25.1281 

2, 421 

.00193 

-2.2780 

1073 

.00396 

4800 

13.  483 

56. 0510 

67. 3821 

74.  4847 

24.  6218 

2, 371 

.00182 

-2. 5055 

1051 

.00381 

4900 

13.  502 

57.  4002 

68. 7313 

74. 7629 

24. 1361 

2,323 

.00170 

-2. 7238 

1030 

.00370 

5000 

13. 521 

58,  7414 

70.0825 

75. 0359 

23.  6698 

2,  276 

.00183 

-2.9335 

1010 

.00356 

5100 

13.  540 

60. 1044 

71. 4355 

75. 3038 

23.  2217 

2,232 

0. 00177 

-3. 1351 

991 

0.  00342 

5200 

13. 559 

61.4594 

72.  7905 

75.  5669 

22.  7907 

2, 189 

.00168 

-3. 3291 

973 

.0a322 

5300 

13. 577 

62.8162 

74. 1473 

75.  8254 

22. 3760 

2, 148 

.00172 

-3. 5159 

955 

.00315 

5400 

13.  596 

64. 1748 

75. 5059 

76. 0794 

21.  9765 

2,108 

.00163 

-3. 6959 

938 

.00305 

5500 

13.  614 

65.5353 

76.8664 

76.  3290 

21.  5916 

2, 070 

.00166 

-3.8695 

921 

.00304 

5600 

13.633 

66.  8977 

78.2288 

76.  5745 

21.2203 

2,033 

0. 00163 

-4. 0370 

905 

0.00293 

5700 

13. 651  . 

68.2619 

79. 5930 

76.  8159 

20. 8620 

1,998 

.00162 

-4. 1987 

890 

.00285 

5800 

13.  669 

69.  6279 

80.9590 

77. 0535 

20.  5159 

■ 1,963 

.00159 

-4.3550 

875 

.00279 

5900 

13.  687 

70.  9957 

82.3268 

77.  2873 

20. 1816 

1,930 

.00163 

-4. 5061 

860 

.00277 

6000 

13.  705 

72.3653 

83,6964 

77. 5175 

19.8583 

-4.6522 

874 
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TABLE  XXXIV— THERMODYNAMIC  PROPERTIES  OF 
e-  (ELECTRON  GAS) 

(Atomic  weight,  5.4847xl(H] 


CJ 

S-r 

T 

TK) 

/ cal  \ 

/ kcal  \ 

/ kcal  \ 

/ cal  \ 

\mole  °K/ 

\mole/ 

\mole/ 

Vmole^K/ 

0 

0 

60. 0000 

• 298. 16 

4. 9680 

1.4812 

61.  4812 

4.9882 

300 

4.  9680 

1.4904 

61.4904 

5.0188 

400 

4.9680 

1.  9872 

61.  9872 

6. 4480 

500 

4. 9680 

2.4840 

62. 4840. 

7.5565 

600 

4.  9680 

2.  9808 

62. 9808 

8, 4623 

700 

4.  9680 

3.-4776. 

63. 4776 

9. 2281 

800 

4.  9680 

3. 9744 

63. 9744 

9.8915 

900 

4.  9680 

4.  4712 

64. 4712 

10. 4766 

1000 

4.  9680 

4.9680 

64.  9680 

11.0001 

1100 

4.  9680 

5. 4648 

65. 4648 

11.4736 

1200 

4.9680 

5. 9616 

65.  9616 

11.9058 

1300 

4.  9680 

6.  4584 

66. 4584 

12. 3035 

1400 

4.  9680 

6.  9552 

66.  9552 

12. 6717 

1500 

. 4.  9680 

7. 4520 

67. 4520 

13. 0144 

1600 

4.  9680 

7. 9488 

67. 9488 

13.3350 

1700 

4.  9680 

8. 4456 

68. 4456 

13.6362 

1800 

4.9680 

8.  9424 

68. 9424 

13. 9202 

1900 

4.9680 

9. 4392 

69. 4392 

14. 1888 

2000 

4.  9680 

9. 9360 

69. 9360 

14.4436 

2100 

4.  9680 

10.  4328 

70.  4328 

14.6860 

2200 

4.9680 

,10.  9296 

70. 9296 

14. 9171 

2300 

4.9680 

11.  4264 

71.4264 

15. 1379 

2400 

4.  9680 

11.9232 

71. 9232 

15.3494 

2500 

4. 9680 

12.  4200 

72. 4200 

15.  5522 

2600 

4.  9680 

12.  9168  , 

72.  9168 

. 15.7470 

2700 

4.9680 

13.  41,36 

73.  4136 

15. 9345 

2800 

4.  9680 

13.9104  ' 

73.  9104 

16.1152 

2900  ' 

4.  9680 

14.  4072 

74. 4072 

16. 2895 

3000  ' 

4.  9680 

14.9040 

74.  9040 

16. 4579 

3100 

4.  9680 

15.  4008 

75. 4008 

16. 6208 

3200 

4.  9680 

15. 8976 

75. 8976 

16.  7786 

3300 

4.  9680 

16.  3944 

76. 3944 

16. 9314 

3400 

4.  9680 

16.8912  . 

76. 8912 

17.0797 

3500 

4.  9680 

17.  3880 

77.  3880 

17.  2237 

3600 

4.9680 

17. 8848 

77. 8848 

17. 3637 

3700  . 

4.  9680 

18. 3816 

78. 3816 

17. 4998 

3800 

4.  9680 

18. 8784 

78.8784 

17. 6323 

3900 

4.  9680 

19. 3752 

79.  3752 

17. 7614- 

4000 

4.  9680 

Ip.  8720 

79.  8720 

17.8871 

4100 

4.  9680 

20.  3688 

80. 3688 

18.0098 

4200 

4. 9680 

20. 8656 

80. 8656 

18. 1295 

4300 

4.  9680 

21.  3624 

81. 3624 

18. 2464 

4400 

4.  9680 

21.8592 

81. 8592 

18. 3606 

4500 

4. 9680 

22.  3560 

82.3560 

18. 4723 

4600 

4.  9680 

22. 8528 

82.  8528 

18. 5815 

4700 

4. 9680 

23. 3496 

83.  3496 

18.6883 

4800 

4.  9680 

23. 8464 

83. 8464 

18. 7929 

4900 

4.9680 

24.  3432 

84. 3432 

18. 8953 

5000 

4. 9680 

24.  8400 

84. 8400 

18. 9957 

5100 

4. 9680 

25. 3368 

85.  3368 

19. 0941 

5200 

4.  9680 

25. 8336 

85.  8336 

19. 1906 

5300 

4. 9680 

26. 3304 

86. 3304 

19. 2852 

5400 

4. 9680 

26. 8272 

86. 8272 

19. 3781 

5500 

4.9680 

27.  3240 

87. 3240 

19. 4692 

5600 

4.  9680 

27. 8208 

87. 8208 

19. 5587 

5700 

4.  9680 

28. 3176 

88.  3176 

19. 6467 

5800 

4.  9680 

28. 8144 

88.  8144 

19. 7331 

5900 

4.  9680 

29. 3112 

89.3112 

19. 8180 

6000 

4.  9680 

29. 8080 

89. 8080 

19. 9015 

GENERAL  METHOD  AND  TABLES  FOR  COMPUTATION  OF  EQUILIBRIUM  COMPOSITION  AND  TEMPERATURE 

TABLE  XXXV— THERMODYNAMIC  PROPERTIES  OF  F“  (GAS) 

[Atomic  weight,  19.00] 


T 

rK) 

( ^ 

/ kcal  \ 
\moIe/ 

/ kcal  \ 
Vmole/ 

( “I  N 

A//® 

RT 

log  a: 

6 log  K=- 

a 

b 

c 

d 

\mole  °K/ 

V^mole  °K/ 

0 

0 

11.9781 

298. 16 

4.  9680 

1.4812 

13. 4593 

34.7682 

165. 1619 

69.9505 

300 

4.  9680 

1.4904 

13. 4685 

34.  7988 

164. 1656 

69. 5105 

400 

4.  9680 

1.9872 

13.9653 

36.2280 

123.  8037 

51.6419 

500 

4.  9680 

2.  4840 

14. 4621 

37.  3366 

99.5784 

40.8614 

600 

4.  9680 

2.9808 

14. 9589 

38.  2423 

83.4222 

33. 6357 

700 

4.  9680 

3. 4776 

15. 4557 

39.0081 

71.8780 

28.4472 

800 

4.9680 

3. 9744 

15. 9525 

39.  6715 

63.  2172 

24. 5355 

900 

4. 9680 

4.  4712 

16. 4493 

40.  2566 

56.  4793 

21. 4775 

1000 

4. 9680 

4,  9679 

16.9460 

40.  7801 

51.0877 

4849 

0.00402 

19.0187 

2164 

0. 05463 

1100 

4.  9680 

5.  4647 

17.4428 

41.  2536 

46.  6755 

4409 

0.00333 

16.9968 

1972 

0.04997 

1200 

4.9680 

5. 9615 

17.9396 

41.6858 

42. 9980 

4042 

.00297 

15.3035 

1812 

.04605 

1300 

4.  9680 

6. 4583 

18. 4364 

42. 0835 

39. 8858 

3732 

.00219 

13.8636 

1677 

.04234 

1400 

4. 9680 

6. 9551 

18.9332 

42. 4517 

37.  2179 

3466 

. 00193 

12.6234 

1561 

.03953 

1500 

4.  9680 

7.  4519 

19. 4300 

42.  7944 

34.9053 

3235 

.00172 

11. 5432 

1461 

.03648 

1600 

4. 9680 

7. 9487 

19. 9268 

43. 1150 

32.8817 

3034 

0.  00110 

10. 5936 

1373 

0. 03435 

1700 

4.  9680 

8. 4455 

20.4236 

43. 4162 

31.  0959 

2855 

.00129 

9. 7516 

1296 

.03210 

1800 

4.  9680 

8. 9423 

20. 9204 

43. 7002 

29.  5085 

2697 

.00103 

8. 9995 

1227 

.03021 

1900 

4.  9680 

9. 4391 

21.4172 

43.9688 

28. 0880 

2555 

.00110 

8. 3235 

1165 

.02890 

2000 

4.9680 

9. 9359 

21.9140 

44.2236 

26. 8094 

2428 

.00061 

7.7121 

1110 

.02713 

2100 

4. 9680 

10. 4327 

22.4108 

44.  4660 

25.  6526 

2312 

0. 00079 

7.1564 

1059 

0. 02614 

2200 

4. 9680 

10.'9295 

22. 9076  ■ 

44. 6971 

24.  6009 

2207 

.00073 

6.6489 

1014 

. 02473 

2300 

4. 9680 

11.4263 

23. 4044 

44. 9179 

23.  6406 

2112 

.00040 

6.1833 

972 

.02380 

2400 

4.  9680 

11.9231 

23.9012 

45. 1294 

22.  7602 

2024 

.00030 

5. 7545 

934 

.02270 

2500 

4.  9680 

' 12.4199 

24. 3980 

45. 3322 

21.  9503 

1943 

.00039 

5.3582 

899 

. 02173 

2600 

4,  9680 

12.9167 

24. 8948 

45.  5270 

21.  2026 

1868 

0. 00045 

4.9907 

866 

0. 02106 

2700 

4.  9680 

13.  4135 

25. 3916 

45.  7145 

20.  5103 

1799 

.00040 

4. 6489 

836 

.02023 

2800 

4. 9680 

13. 9103 

25.8884 

45.  8952 

19.  8674 

1735 

.00032 

4.3301 

808 

. 01958 

2900 

4.  9680 

14. 4071 

26. 3852 

46. 0695 

19.  2688 

1675 

.00037 

4. 0319 

782 

. 01893 

3000 

4.9680 

14.9039 

26.8820 

46.  2379 

18.7101 

1619 

.00044 

3. 7523 

758 

.01818 

3100 

4. 9680 

15. 4007  ' 

27. 3788 

46.  4008 

18. 1874 

1567 

0.00031 

3.4896 

735 

0. 01761 . 

3200 

4.  9680 

15.8975 

27. 8756 

46.  5586 

17.  6974 

1518 

.00030 

3. 2423 

714 

. 01704^- 

3300 

4. 9680 

16.3943  » 

28. 3724 

46.7114 

17.2371 

1472 

.00036 

3.0089 

694 

.01658 

3400 

4. 9680 

16.8911 

28. 8692 

46. 8598 

16. 8038 

1429 

.00021 

2.7882 

675 

.01614 

3500 

4. 9680 

17. 3879 

29. 3660 

47. 0038 

16. 3953 

1388 

.00024 

2. 5792 

658 

.01542 

3600 

4.  9680 

17. 8847 

29.8628 

47. 1437 

16.0095 

1350 

0.00014 

2.3810 

641 

0.  01506 

3700 

4.  9680 

18.  3815 

30.3596 

47.  2798 

15.  6445 

1313 

.00027 

2.1927 

625 

. 01473 

3800 

4.9680 

18. 8783 

30.8564 

47.4123 

15.  2987 

1279 

.00005 

2.0135 

610 

.01429 

3900  • 

4.9680 

19.3751 

31.3532 

47.  5414 

14. 9707 

1246 

.00010 

1.8428 

595 

.01415 

4000 

4. 9680 

19.8719 

31.8500 

47.  6672 

14.  6591 

1215 

.00016 

1.6799 

582 

.01365 

4100 

4. 9680 

20.3687 

32. 3468 

47.  7898 

14. 3626  1 

1185 

0. 00026 

1. 5243 

569 

0. 01332 

4200 

4. 9680 

20. 8655 

32. 8436 

47.  9095 

14. 0802  ! 

1157 

.00013 

1. 3755 

557 

.01297 

4300 

4. 9680 

21.3623 

33. 3404 

48.  0264 

13.8110 

1130 

.00018 

1. 2330 

545 

.01274 

4400 

4.  9680 

21.8591 

33.8372 

48. 1406 

13. 5540 

1104 

.00017 

1.0964 

534 

.01243 

4500 

4.9680 

22. 3559 

34.3340 

48.  2523 

13. 3085 

1080 

.00012 

.9653 

524 

.01199 

4600 

4. 9680 

22. 8527 

34.8308 

48. 3615 

13. 0736 

1057 

0.00001 

0.8394 

514 

0. 01174 

4700 

4. 9680 

23. 3495 

35. 3276 

48.  4683 

12. 8487 

1034 

.00008 

.7183 

504 

.01150 

4800 

4. 9680 

23. 8463 

35. 8244 

48.  5729 

12.  6332 

1013 

.00007 

.6018 

494 

.01138 

4900 

4. 9680 

24. 3431 

36.3212 

48.  6754 

12.  4264 

992 

.00000 

.4896 

485 

.OHIO 

5000 

- 4.9680 

24. 8399 

36.8180 

48.  7757 

12.2280 

972 

.00011 

.3815 

477 

- . 01087 

5100 

4.9680 

25. 3367 

37. 3148 

48.  8741 

12. 0373 

953 

0.00013 

0. 2771 

468 

0. 01070 

5200 

4.9680 

25. 8335 

37.8116 

48. 9706 

11.8539 

934 

.00017 

.1764 

460 

.01051 

5300 

4. 9680 

26.3305 

38.3084 

49. 0652 

11.6775 

917 

.00009 

.0791 

453 

.01031 

5400 

4. 9680 

26.8271 

38.8052 

49. 1581 

11.5076 

900 

.00016 

• -.0151 

445 

.01009 

5500 

4. 9680 

27.3239 

39.3020 

49.  2492 

11.3438 

883 

.00012 

1061 

439 

.00981 

5600 

4. 9680 

27.  8207 

39.  7988 

49. 3387 

11.1860 

868 

0.00012 

-0. 1943 

432 

0. 00961 

5700 

4.9680 

28.3175 

40. 2956 

49.  4267 

11.0336 

853 

.00003 

-.2797 

425 

.00942 

5800 

4. 9680 

28.8143 

40. 7924 

49.  5131 

10.  8865 

838 

.00007 

-.3624 

419 

.00928 

5900  ■ 

4.  9680 

29.3111 

41.2892 

49.  5980 

10.  7444 

824 

.00007 

-.4427 

413 

.00917 

6000 

4. 9680 

29. 8079 

41.7860 

49. 6815 

10.  6070 

-.5207 

875' 
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TABLE  XXXVI—THERMODYNAMIC  PROPERTIES  OF  Li -f  (GAS) 


[Atomic  weight,  6.940] 


r 

(°K) 

c; 

/ cal  \ 

/ kcal  \ 
Vmole/ 

/ kcal  \ 
\mole/ 

S? 

/ cal  \ 

RT 

log^f 

5 log  K= 

a 

b 

c 

d 

Vmole  ^kJ 

\molo  °K/ 

0 

0 

230.  7290 

298.16 

4.9680 

1.4812 

232. 2102 

31.7662 

-211.5052 

-91.0660 

300 

4.9680 

. 1.4903 

232. 2193 

31.7967 

-210. 2229 

-90. 5026 

400 

4.9680 

1. 9871 

232. 7161 

33. 2259 

-158.  2922 

-67. 6371 

500 

4.9680 

2. 4839 

233. 2129' 

34. 3345 

-127.1337 

-53. 8629 

600 

4.9680 

2. 9807 

233. 7097 

35,  2403 

-106. 3614 

-44. 6436 

700 

4.9680 

3. 4775 

234. 2065 

36. 0061 

-91.5241 

-38. 0325 

800 

4.9680 

3. 9743 

234. 7033 

36. 6695 

-80. 3961 

-33.0546 

900 

4.9680 

4. 4711 

235.  2001 

37.  2546 

-71.  7410 

-29. 1679 

1000 

4.9680 

4. 9679 

235. 6969 

37.  7780 

-64. 8169 

-6232 

0.  00035 

-26.0464 

-2761 

-0. 05380 

1100 

4. 9680 

5. 4647 

236. 1937 

38.  2515 

-59. 1518 

-5665 

-0. 00017 

-23.  4826 

-2515 

-0. 04897 

1200 

4.9680 

5. 9615 

236.  6905 

38. 6838 

-54. 4308 

-5193 

-.00008 

-21.3378 

-2310 

-.04488 

1300  ■ 

4. 9680 

6.4583 

237. 1873 

39. 0814 

-50. 4361 

-4793 

-.00043 

-19.  5160 

-2136 

-.04179 

1400 

4.9680 

6. 9551 

237.  6841 

39.-4496 

-47.0121 

-4451 

-.00017 

-17. 9485 

-1987 

-.03893 

1500 

4.9680 

7.  4519 

238. 1809 

39.  7924 

-44. 0446 

-4154 

‘ -.00035 

-16.5849 

-1858 

-.03655 

1600 

4.9680 

7.9487 

■ 238.6777 

40. 1130 

-41.4480 

-3894 

-0. 00051 

-15.  3871 

-1745 

-0. 03433 

1700 

4.9680 

8. 4455 

239. 1745 

40.  4142 

-39. 1569 

-3664 

-.00104 

-14. 3263 

-1646 

-.  03206 

1800 

4.9680 

8. 9423 

239. 6713 

40. 6981 

-37. 1203 

-3460 

-.00125 

-13. 3798 

-1558 

-.03000 

1900 

4. 9680 

9.  4391 

240. 1681 

40. 9668 

-35.  2980 

-3277 

-.00180 

-12.  5298 

-1479 

-.02840 

2000 

4. 9680 

9. 9359 

240. 6649 

41.  2216 

-33. 6577 

-3112 

-.00220 

-11.  7619 

-1408 

-.02682 

2100 

4.9680 

10. 4327 

241. 1617 

41.4640 

-32. 1736 

-2963 

-0.  00258 

-11.0646 

-1343 

-0. 02585 

2200 

4. 9680 

10.9295 

241.6585 

41.  6951 

-30. 8242 

-2827 

-.00327 

-10. 4283 

-1285 

-.  02440 

2300 

4. 9680 

11.4263 

242. 1553 

- 41.9159 

-29.  5918 

-2702 

-.00407 

-9. 8452 

-1231 

• -.  02348 

2400 

4.9680 

11.9231 

242, 6521 

42. 1273 

-28.  4619 

-2588 

-.00480 

-9.3088 

' -1183 

-.02220 

2500 

4.9680 

12.4199 

243. 1489 

42. 3301 

-27. 4219 

-2482 

-. 00569 

-8.  8134 

-1138 

-.02111 

2600 

4.9680 

12. 9167 

243.  6457 

42.  5250 

-26.  4616 

-2384 

-0. 00674 

-8. 3546  ' 

-1097 

-0. 02010 

2700 

4.9680 

13.4135 

244.1425 

42.  7125 

-25. 5719 

-2293 

-. 00777 

-7.  9282 

-1058 

— . 01944 

2800 

4.9680 

13. 9103  1 

244. 6393 

42. 8932 

-24.  7452 

-2208 

-.00892 

-7. 5309 

-1023 

-.01844 

2900 

4.9680 

14.4071 

245. 1361 

43.0675 

-23.  9749 

-2129 

-.00983 

-7. 1597 

-990 

-.01770 

3000 

4.9680 

14. 9039 

245.6329 

43.2359 

-23.2554 

-2055 

-.  01090 

-6.  8120 

-959  1 

-.01695 

3100 

4.9680 

15. 4007 

246.  i2y7 

43.39SS 

— 22. 531 G 

— 198C 

^ A 

. 

—920  ^ 

—0  CO**® 

3200 

4.9680 

15, 8975 

246.  6265 

43.5565 

-21.  9492 

-1921 

-!  01^ 

-e!  1787 

-903 

-’ 01566 

. 3300 

4.9680 

16.3943 

247.1233 

43.  7094 

-21.3544 

-1860 

-.01354 

-5.  8894 

-878 

-.  01506 

3400 

4.9680 

16. 8911 

247.  6201 

43.8577 

-20.  7938 

-1802 

-.01444 

-5.  6161 

-854 

-.01440 

3500 

4.9680 

17.3879 

248.1169 

44.0017 

-20. 2645 

-1748 

-,  01524 

-5. 3577 

' -831 

-.01397 

3600 

4.9680 

17.  8847 

248. 6137 

44, 1417 

-19.  7637 

-1698 

-0. 01568 

-5.1129 

-810 

-0. 01348 

3700 

4,9680 

18.3815 

• 249.1105 

44.  2778 

-19.  2891 

-1649 

-.01645 

-4.8805 

-790 

-.01291 

3800 

4.9680 

18. 8783 

249.  6073 

44.4103 

-18. 8387 

-1603 

-.01707 

' -4. 6597 

-771 

-.01231 

3900 

4.9680 

19,3751 

250. 1041 

44.  5393 

-18.4106 

-1561 

-.01745 

-4.  4497 

-753 

-.01195 

4000 

4.9680 

19. 8719 

250.6009 

44. 6651 

-18. 0029 

-1520 

-.01787 

-4.  2495 

-736 

-.01149 

4100 

4.9680 

20.3687 

251.0977 

44.  7878 

-17. 6143 

-1481 

-0.  01838 

-4.0585 

-720 

-0.  01097 

4200 

4.9680 

20. 8655 

251.  5945 

44.  9075 

-17.  2433 

-1444 

-.  01869 

-3. 8761 

-705 

-.  01045 

4300 

4.9680 

21.3623 

252. 0913 

45.0244 

-16.8888 

-1410 

-.  01895 

-3.  7017 

' -690 

-.01008 

4400 

4.9680 

21.  8591 

252. 5881 

45. 1386 

-16. 5494 

-1376 

-.01922 

-3.5348 

-676 

-.00968 

4500 

4.9680 

22. 3559 

253.0849 

45.  2502 

-16.  2244 

-1345 

-.  01941 

-3.3749 

-663 

-.00927  . 

4600 

4.9680 

22. 8527 

253. 5817 

45. 3594 

! -15.9126 

-1315 

—0. 01961 

-3.  2215 

-650 

-0. 00890 

4700 

4.9680 

23.3495 

254. 0785 

45.4663 

-15.6132 

-1286 

-.  01978 

-3. 0743 

-639 

’-.00838 

4800 

4.9680 

23.8463 

254. 5753 

45. 5709 

-15.3255 

-1259 

-.  01986 

-2.9328 

-626' 

-.00814 

4900 

4.9680 

24, 3431 

255.  0721 

45. 6733 

-15. 0487 

-1233 

-.01990 

-2.  7969 

-616 

-.  00770 

5000 

4.9680 

24.8399 

265.5689 

45.  7737 

-14.  7822 

-1208 

-.01994 

-2.6660 

-605 

-.00737 

5100 

4.9680 

25. 3367 

256. 0657 

45. 8721 

-14. 5254 

-1185 

-0.01982 

-2.5400 

-595 

-0. 00708 

5200 

4.9680 

25. 8335 

256. 5625 

45,9685 

-14.  2777 

-1163 

-.01967 

-2.  4185 

-585 

-.00672 

5300 

4.9680 

26.3303 

257. 0593 

46.0632 

-14. 0386 

-1142 

-. 01942 

-2. 3014 

-576 

-.00633 

5400 

4.9680 

26. 8271 

257. 5561 

46. 1560 

-13.8077 

-1122 

-.  01930 

-2. 1884 

-568 

-.00593 

5500 

4.9680 

27.3239 

258. 0529 

46.  2472 

-13. 5844 

-1103 

-.01904 

-2. 0792 

-558 

-.00576 

5600 

4.9680 

27. 8207 

258. 5497 

46.3367 

-13,3684 

-1084 

-0.  01882 

-1.  9738 

-550 

-0. 00551 

5700 

4.9680 

28.3175 

259.  0465 

46.  4246 

-13. 1594 

-1067 

-.01853 

-1.8718 

-541 

-.00532 

5800 

4.9680 

28. 8143 

259. 5433 

46.5110 

-12.  9569 

-1050 

-.01833 

-1.7732 

-534 

-.00499 

5900 

4.9680 

29.3111 

260. 0401 

46. 5960 

-12.  7606 

-1033 

-.01813 

-1.6777 

-526 

-.00473 

6000 

4.9680 

29. 8079 

260. 5369 

46.  6795 

-12.  5703 

-1.5853 
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TABLE  XXXVII— THERMODYNAMIC  PROPERTIES  OF 

Li  (GAS) 

(Atomic  weight,  6.940J 


T 

CK) 

c% 

( ^ 

/ kcal  \ 
\mole/ 

7/0^ 

/ kcal\ 
Vmole/ 

( ^ 

Vmole 

0 

0 

166. 8941 

298. 16 

4.9680 

1.4809 

168. 3750 

33.1418 

300 

4.9680 

1.4904 

168. 3845 

33. 1734 

300 

4.9680 

1.9872 

168. 8813 

34.6026 

500 

4.9680 

2. 4840 

169.3781 

35. 7112 

600 

4.9680 

2. 9808' 

169. 8749 

36. 6169 

700 

4.9680 

3. 4776 

170. 3717 

37. 3828 

800 

4.9680 

3. 9743 

. 170.8684 

38.0461 

900 

4.9680 

4. 4711 

171. 3652 

38. 6312 

1000 

4.9680 

4. 9679 

171.8620 

39. 1547 

1100 

4. 9680 

5.  4647 

172. 3588 

39. 6282 

1200 

4. 9680 

5. 9615 

172. 8556 

40. 0605 

1300 

4.9681 

6. 4583 

173. 3524 

40.  4581 

1400 

4. 9683 

6. 9551 

173.  8492 

40. 8263 

1500 

4. 9687 

7. 4520 

174. 3461 

41. 1691 

1600 

4. 9696 

7. 9489 

174.8430 

41. 4898 

1700 

4.9711 

8. 4459 

175. 3400 

41.7911 

1800 

4. 9736 

8. 9432 

175. 8373 

42. 0753 

1900 

4. 9775 

9.  4407 

176. 3348 

42. 3443 

2000 

4. 9828 

9. 9388 

176. 8329 

42.  5998 

2100 

4. 9908 

10. 4374 

177.3315 

42. 8431 

2200 

5.0011 

10. 9370 

177.8311 

43. 0755 

2300 

5. 0142 

11.  4378 

178. 3319 

43.  2981 

2400 

5. 0304 

11.9400 

178. 8341 

43.5119 

2500  ‘ 

5. 0506 

12. 4441 

179. 3382 

43.  7176 

2600 

5. 0742 

12.  9503 

179. 8444 

43.9162 

2700 

5. 1017 

13. 4591 

180.  3532 

44. 1082 

2800 

5. 1332 

13. 9709 

180.  8650 

44.  2943 

2900 

5. 1687 

14. 4859 

181.3800 

44.  4750 

3000 

5. 2083 

15.0048  , 

181. 8989 

44. 6509 

3100 

5.  2520 

15.  5278 

182. 4219 

44. 8224 

3200 

5. 2997 

16. 0554 

182. 9495 

44. 9899 

3300 

5. 3497 

16.  5879 

183.  4820 

45.1538 

3400 

5. 4034 

17. 1255 

184.0196 

45.3143 

3500 

5. 4619 

17. 6688 

184.  5629 

45.4718 

3600 

5.  5223 

18. 2180 

185.1121 

45.  6265 

3700 

5.5841 

18.  7733 

185.  6674 

45.  7786 

3800 

5. 6495 

19. 3350 

186.  2291 

45.9284 

3900 

5.  7182 

19. 9034 

186.  7975 

46. 0760 

4000 

5.  7870 

20.  4786 

187. 3727 

46.2217 

'4100 

5. 8586 

21.0609 

187. 9550 

46. 3655 

4200 

5. 9316 

21.6504 

188. 5445 

46. 5075 

4300 

6. 0053 

22. 2473 

189. 1414 

46.  6480 

4400 

6. 0813 

22. 8516 

189.  7457 

46.  7869 

4500 

6. 1576 

23.  4636 

190. 3577 

46. 9244 

4600 

6. 2356 

24.0832 

190. 9773 

47. 0606 

4700 

6.3129 

24.  7106 

191.6047 

47. 1955 

4800 

6. 3919 

25. 3459 

192.2400 

47. 3293 

4900 

6.  4702 

25. 9890 

192.8831 

47.  4619 

5000 

6.  6495 

26. 6400 

193. 5341 

47. 5934 

5100 

6.  6275 

27.2988 

194. 1929 

47.  7238 

5200 

6.  7059 

27. 9655 

194. 8596 

47. 8533 

5300 

6.7833 

28. 6399 

195.  5340 

47. 9818 

5400 

6.8608 

29. 3222 

196.  2163 

48. 1093 

5500 

6. 9373 

30.0121 

196. 9062 

48. 2359 

5600 

7. 0130 

30.7096 

197. 6037 

48. 3616 

5700 

7. 0880 

31.4146 

198. 3087 

48. 4863 

5800 

7. 1617 

32. 1271 

199. 0212 

48. 6102 

5900 

7. 2348 

32. 8469 

199.  7410 

48.  7333 

6000 

7.  .3063 

33. 5740 

200. 4681 

48. 8555 

878 
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TABLE  XXXVTII— THERMODYNAMIC  PROPERTIES  OF  LiF  (GAS) 


(Molecular  weight,  25.940] 


T 

(°K) 

c% 

/ cal  \ 

/ kcal  \ 
V mole/ 

//? 

/ kcal  \ 
Vmole/ 

5? 

/ cal  \ 

RT 

^ log /if 

S log  K= 

Vmole  “K/ 

(mole^K) 

a 

b 

c 

d 

0 

. 0 

77. 9204 

298. 16 

7.0836 

2. 0796 

80.0000 

47. 1209 

233.2688 

96.0757 

300 

7.0872 

2. 0926 

SO.  0130 

47. 1645  . 

231.8488 

95.  4543 

400 

7.3314 

2.8129 

80.  7333 

49. 2349 

174.  2849 ■ 

70. 2551 

500 

7. 6048 

3. 5598 

81.  4802 

50,  9005 

139.  7116 

55. 1023 

600 

7.8484 

4. 3328 

82.  2532 

52. 3092 

116.6350 

44. 9810 

700 

8.0471 

5.1280 

, 83. 0484 

53.  5345 

“100. 1316 

37. 7391 

800 

8. 2042 

5.9409 

83. 8613 

54.  6197 

87. 7402 

32.  2995 

900 

8.3275 

6. 7677 

84. 6881 

55. 5935 

78. 0930 

28. 0630 

1000 

8. 4245 

7. 6055 

85. 5259 

56. 4761 

70. 3683 

6931 

0. 02399 

24.  6694 

3039 

0. 01707 

1100 

^8. 5016 

8.  4518 

86.  3722 

57. 2826 

64.0434 

6306 

0. 01920 

21.8896 

2765 

0. 01483 

1200 

8. 5635 

9.  3050 

87.2254 

58.0250 

58.  7692 

5785 

.01560 

19. 5706 

2536 

.01353 

1300 

8. 6137 

10. 1639 

88. 0843 

58.  7124 

64. 3036 

5344 

.01236 

17.6063 

2343 

.01173 

1400 

8.6549 

11.0273 

88.  9477 

59. 3523 

50.4741 

4965 

.01050 

15. 9210 

2177 

. 01077 

1500 

8.6890 

11.8945 

89.  8149 

59.  9506 

47. 1536 

4637 

.00858 

14. 4589 

2033 

.00988 

1600 

8. 7175 

12.  7649 

90.6853 

60.5123 

44. 2469 

4350 

0.  00668 

13. 1784 

1907 

0.00904 

1700 

.8.  7416 

13. 6378 

91.  5582 

61.0415 

41. 6814 

4096 

.00564 

12. 0476 

1796 

. 00842 

1800 

8. 7621 

14.  5130 

92. 4334 

61.  5417 

39.4002 

3871 

.00433 

11.0414 

1697 

.00774 

1900 

8. 7796 

15. 3901 

93. 3105 

62.0159 

37.3585 

3669 

.00330 

10. 1405 

1609 

.00710 

2000 

8.7948 

16.2688 

94. 1892 

62. 4666 

35. 5207 

3488 

.00215 

9. 3289 

1529 

.00680 

2100 

8.8079 

17. 1489 

95.  0693 

62.  8961 

33. 8576 

3324 

0. 00109 

8. 5940 

1457 

0. 00633 

2200 

8.8194 

18. 0303 

95.  9507 

63. 3061 

32. 3456 

3176 

-.00037 

7.  9254 

1392 

.00578 

2300 

8.8295 

18. 9128 

96. 8332 

63.6983 

30. 9651 

3040 

-.00117 

7.3144 

1332 

.00560 

2400 

8.8384 

19. 7961 

97.  7165 

64. 0743 

29. 6996 

2917 

-.00280 

6.  7538 

1277 

.00540 

2500 

8. 8463 

20.  6804 

98.  6008 

64.4353 

28. 5356 

2803 

-.00378 

6. 2376 

1226 

.00526 

2600 

8.8534 

21. 5654 

99.  4858 

64.  7824 

27. 4613 

2698 

-0. 00486 

5.  7608 

1179 

0. 00523 

2700 

8.8597 

22. 4510 

100.  3714 

65.1166 

26. 4669 

2602 

-.00639 

.5. 3189 

1136 

.00499 

,2800 

8. 8653 

23. 3373 

101.  2577 

65.4389  • 

25. 5440 

2512 

-.00731 

4.9082 

1095 

.00511 

2900 

8. 8704 

24.2241 

102. 1445 

65.  7501 

24. 6851 

2429 

-.00867 

4. 5255 

1058 

.00483 

^ 3000 

8.8750 

25. 1113' 

103. 0317 

66. 0509 

23.8841 

2351 

-.00969 

4.1680 

1023 

.00480 

3100 

S 

os  Qoon 

103.  Q10A 

RR  3i9n 

297« 

-n,  01079 

3. 8,3.32 

990 

0. 00473 

3^ 

s.mo 

26.8871 

loi!  8075 

66. 6^9 

2^  4340 

2210 

-.01160 

3. 5191 

959 

.00479 

3300 

8.8865 

27. 7756 

105. 6960 

66. 8973 

21. 7759 

2146 

-.01248 

3.  2237 

930 

.00477 

3400 

8.8897 

28.  6644 

106.  5848 

67. 1627 

21. 1572 

2088 

-.01397 

2.  9454 

903 

.00470 

3500 

8. 8926 

29.  5535 

107.  4739 

67.  4204 

20. 5746 

2030 

-.01439 

’ 2.6827 

877 

.00469 

3600 

8.8953 

30.  4429 

.108. 3633 

1 67. 6710 

20.0251 

1975 

-0.01473 

2. 4344 

852 

0. 00493 

3700 

8. 8978 

31.3326 

109.  2530 

67. 9147 

19. 5061 

1925 

-.01568 

2. 1992 

829 

.00484 

3800 

8.9001 

32.2225 

, 110. 1429 

68. 1520 

19. 0152 

1878 

-.01674 

1. 9762 

807 

.00498 

3900 

8.9022 

33. 1126 

111.0330 

68. 3832 

' 18. 5504 

1S30 

-.01670 

1.7643 

786 

.00510 

4000 

8.9041 

34.0029 

111.9233 

68. 6087 

18. 1096 

1787 

-.01735 

1.5627 

766 

.00507 

4100 

8. 9060 

34. 8934 

112.8138 

68. 8286 

17.6911 

1745 

-0. 01788 

1.3708 

748 

0. 00500 

4200 

8. 9076 

35. 7841 

113. 7045 

69. 0432 

17.  2935 

1704 

-.01788 

1.1877 

729 

.00517 

4300 

8.9092 

36. 6749 

i 114.5953 

69.  2528 

16. 9151 

1668 

-.01879 

1.0130 

712 

.00528 

4400 

8. 9107 

37.  5659 

115.  4863 

69.  4576 

16. 5548 

1630 

-.01872 

.8459 

696 

.00523 

4500 

8. 9121 

38. 4571 

116. 3775 

69.  6579 

16.  2113 

1596 

-.01926 

.6860 

680 

.00537 

4600 

8.9134 

39. 3484 

117.  2688 

69. 8538 

15.8836 

1561 

'“-0.01923 

0. 5328 

665 

0. 00541 

4700 

8. 9146 

40.2398 

118. 1602 

70. 0445 

15. 5707 

1529 

-.01944 

.’3859 

651 

.00538 

4800 

8. 9157 

41.1313 

119. 0517 

70.  2332 

15. 2716 

1497 

-.01941 

.2449 

636 

.00560 

4900 

8.9168 

42. 0229 

119. 9433 

70.4170 

14. 9855 

1468 

-.01970 

.1095 

623 

.00570 

5000 

8.9178 

42. 9146 

120.  8350 

70.  5972 

14, 7116 

.1437 

-.01936 

-.0208 

611 

.00560 

5100 

8. 9187 

43. 8064 

121.  7268 

70.  7738 

14.  4492 

1409 

-0. 01946 

-0. 1462 

598 

0. 00580 

5200 

8.9196 

44.  6984 

122.  6188 

70. 9470 

14. 1977 

1381 

-.01917 

-.  2670 

586 

.00583 

5300 

8.9204 

45.  5904 

123.  5108 

71.1169 

13. 9563 

1355 

-.01933 

-.3834 

575 

.00592 

5400 

8. 9212 

46.  4824 

‘ 124.4028 

71.2836 

13.  7247 

1328 

-.01885 

-.  4958 

’ 564 

. 00595 

. 5500 

8.9220 

47.3746 

125.  2950 

71.4474 

13. 5021 

1303 

-.01878 

-.6043 

553 

.00605 

5600 

8. 9227 

48.  2668 

126. 1872 

71.  6081 

13.^2882 

1279 

-0. 01869 

-0. 7091 

543 

0.00604 

5700 

8.  9234 

49. 1591 

127.  0795 

71.  7661 

13. 0825 

-.01828 

.-.8104 

534 

.006a3 

5800 

8. 9240 

50. 0515 

127.  9719 

71.9213 

12.8844 

1232 

^.01811 

-.9085 

524 

.00609 

5900 

8. 9246 

50.9439 

128. 8643 

72. 0738 

12. 6937 

1209 

-.01780 

-1.0034 

515 

.00617 

6000 

8. 9252 

51. 8364 

129.  7568 

72.  2238 

12. 5100 

-1.0954 

GENERAL  METHOD  AND  TABLES  FOR  COMPUTATION  OF  EQUILIBRIUM  COMPOSITION  AND  TEMPERATURE 
* . TABLE  XXXIX— THERMODYNAMIC  PROPERTIES  OF  LiH  (GAS) 

[Molecular  weight,  7.94S) 


T 

rK) 

/ cal  \ 

in- HI 
f kcal  \ 
\mole/ 

in 

/ kcal  \ 
Vraole/ 

/ cal  \ 

Sir 

logK 

6 log  K=- 

-m*“) 

RT 

a 

b 

c 

d 

\mole  ®K/ 

Vmole  “K/ 

0 

190  32?5 

298. 16 

7. 07^ 

2. 0793 

192!  4018 

40.7963 

105. 9633 

41.7055 

300 

7. 0797 

2.0923 

192. 4148  - 

40.8398 

105. 3228 

41.4233 

42  9072 

79  3.373 

29.9651 

400 

500 

i . / 0 

7.  5879 

3.5568 

193.8793 

44!  5692 

63.7197 

■ 23.0611 

45  9748 

2862 

18.4412 

600 

]95  4441 

47  I97.*i 

45.8178 

15. 1301 

5 9330 

48JS07 

40.  2052 

12. 6394 

107  ORin 

49l2529 

35.8319 

10.6968  . 

iJUU 

1000 

8.4134 

7.  5951 

197.9176 

50. 1342 

32. 3277 

3136 

0.02009 

9.1388 

1388 

0. 01598 

1100 

8.  4918 

8. 4403 

198. 7628 

50. 9398 

29.4567 

2856 

0. 01550 

7.8610 

1264 

0. 01387 

1200 

8.  5548 

9.2927 

199.  6152 

51.6814 

27. 0612 

2621 

. 01305 

6. 7938 

1160 

.01269 

1300 

8.6060 

10.1507 

200. 4732 

52. 3681 

25.0320 

2423 

. 01019 

5.8888 

1072 

.01149 

1400 

8. 6481 

11.0134 

201.3359 

53. 0074 

23. 2911 

2252 

.00877 

5.1116 

997 

.01033 

1500 

8.  6829 

, 11.8899 

202.  2024 

53.  6053 

21.7810 

2104 

.00730 

4.  4366 

932 

.00930 

1600 

8.  7121 

12. 7497 

203.0722 

54. 1666 

20. 4587 

1975 

0.00574 

3. 8448 

875 

0.00839 

1700 

8.  7367 

13. 6221 

203.9446 

54. 6955 

19.2912 

1861 

.00451 

3. 3217 

824 

.00812 

1800 

8.  7576 

14. 4969 

204. 8194 

55. 1955 

18.  2528 

1759 

.00371 

2. 8558 

780 

.00707 

1900 

8.  7756 

15.3735 

205. 6960 

' 55. 6694 

17. 3232 

1669  • 

.00230 

2. 4382 

739 

.00700 

2000 

8.  7911 

16.2518  • 

206.  5743 

56. 1200 

16.  4865 

1588 

-.00121 

2. 0617 

703 

.00644 

2100 

8.8046 

17.1316 

207. 4541 

56.  5492 

15.  7291 

1514 

0. 00042 

1.7205 

670 

0. 00625 

2200 

8. 8162 

. 18.0127 

208. 3352 

56. 9591 

15.  0405 

1448 

-.00087 

1.4097 

640 

.00804 

2300 

8. 8266 

18.8948 

209. 2173 

57.3512 

14.4118 

1387 

-.00172 

1.1254 

613 

.00558 

2400 

8. 8358 

19.  7779 

210. 1004 

57.  7270 

13. 8356 

1332 

-.00290 

.8644 

588 

.00530 

2500 

8. 8439 

20. 6619 

210.9844 

58. 0879 

13.3057 

1282 

-.00428 

.6239 

565 

.00519 

2600 

8. 8511 

21.  5467 

211.8692 

58. 4349 

12.8169 

. 1235 

-0. 00511 

0.  4014 

543 

0. 00519 

2700 

8. 8576 

22.  4321 

212.  7546 

58.  7691 

12.  3646 

1193 

-.00647 

. 1951 

524 

.00486 

2800 

8. 8634 

23.  3182 

213. 6407 

59. 0913 

11.9450 

1154 

-.00773 

.0031 

505 

.00486 

2900 

r 8. 8686 

24.  2048 

214. 5273 

59.  4024 

11.5548 

1117 

-.00883 

-.  1759 

488 

.00483 

3000 

8. 8733 

25. 0918 

215.4143 

59.  7032 

11.1913  • 

1083 

-.00975 

-.3434 

472 

.00464 

3100 

8. 8776 

25. 9794 

216. 3019 

59.9942 

10.8517 

1052 

^0. 01115 

-0.5001 

457 

0. 00459 

3200 

8.8815 

26. 8673 

217. 1898 

60.  2761 

10.  5341 

1021 

-.01159 

-.6477 

443 

.00456 

3300 

8. 8851 

27.  7557 

218.0782 

60.  5495 

10.  2363 

993 

-.01256 

-. 7865 

429 

.00472 

3400 

8.8884 

28.6444 

218. 9669 

60. 8148 

9. 9568 

969 

-.01416 

-.9174 

417 

.00456 

. 3500 

8. 8913 

29.5333 

219.8558 

61. 0724 

9.  6941 

943 

-. 01454 

-1.0411 

404 

.00478 

3600 

8. 8941 

30. 4226 

220. 7451 

61.3230 

9.  4467 

918 

-0.C1491 

-1.1581 

394 

0.00461 

3700 

' 8.8966 

31.3121 

221.6346 

61.  5667 

9.  2135 

897 

-.01595 

-1.2692 

383 

.00461 

3800 

8. 8990 

32.  2019 

222.  5244 

61.8040 

8. 9934 

877 

-.01687 

-1.3746 

373 

.00466 

3900 

8.9011 

33. 0919 

223. 4144 

62. 0352 

8. 7854 

854 

• -.01670 

-1.4749 

363 

. 00475 

4000 

8. 9032 

33. 9821 

224. 3046 

62.  2605 

8.5886 

836 

-.01760 

-1.5704 

354 

.00476 

4100 

8. 9050 

34. 8726 

225. 1951 

62.  4804 

8. 4023 

817 

-0. 01792 

-1.6615 

345 

0. 00486 

4200 

8. 9068 

35. 7631 

226. 0856 

62.  6950 

8.  2257 

798 

-.01808 

-1.7485 

336 

.00506 

4300 

8.9084 

36. 6539 

226. 9764 

62. 9046 

8. 0582 

783 

-.01885 

-1.8317 

328 

.00505 

4400 

8.9099 

37.  5448 

227.8673 

63. 1094 

7. 8991  . 

765 

-.01880 

-1.9113 

321 

.00507 

4500 

8.  9113 

38.  4395 

228. 7584 

63. 3097 

7.  7479 

750 

-.  01924 

-1.9877 

313 

.00526 

4600 

8.9126 

. 39.3271 

229. 6496 

63. 5056 

7.6041 

733 

-0.01906 

-2. 0610 

305 

0.00541 

4700 

8. 9138 

40.  2184 

230.  5409 

■ 63.6972 

7.  4672 

720 

-.01970 

-2.1313 

299 

. 00541 

4800 

8. 9150 

41. 1098 

231.4323 

63. 8849 

7.  3369 

704 

-.01947 

-2.1990 

292 

. 00561 

4900 

8.  9161 

42. 0014 

232. 3239 

64. 0688 

7.  2127 

691 

-.  01970 

-2.  2642 

285 

. 00570 

5000 

8. 9171 

42.8933 

233.  2156 

64.  2489 

7.0942 

675 

-.01925 

-2.  3269 

279 

. 005/ 9 

5100 

8.9181 

43.7848  . 

234. 1073 

64.  4255 

6. 9811 

663 

-0. 01950 

-2.  3874 

274 

0. 00581 

5200 

8.  9190 

44. 6767 

234.9992 

64.5987 

6. 8731 

649 

-. 01935 

-2.  4459 

267 

.00602 

5300 

8. 9199 

45.  5686 

235. 8911 

64. 7686 

6.  7700 

637 

-.01936 

-2.  5023 

262 

.00598 

5400 

8. 9207 

46. 4606 

236. 7831 

64. 9353 

6.  6714 

624 

-.01905 

-2.5568 

257 

.00607 

. 5500 

8.9215 

47. 3527 

237.  6752 

65.0990 

6.  5770 

611 

-.01881 

-2.6096 

251 

.00628 

5600 

8.9222 

48.  2449 

238.5674 

65.  2598 

6. 4867 

599 

-0. 01859 

-2. 6607 

247 

0. 00627 

5700 

8.9229 

49. 1372 

239. 4597 

65.4177 

6. 4002 

587 

-.01841 

-2.  7103 

241 

.00645 

5800 

8. 9236 

50.0295 

240. 3520 

65.  5729 

6.3174 

576 

-.01823 

-2.7583 

236 

.00660 

5900 

8.  9242 

50.  9219 

241.2444 

65. 7254 

6.2380 

564 

-.01780 

-2.8049 

232 

.00663 

6000 

8.9248 

51.8144 

242. 1369  ■ 

65.8754 

6. 1618 

-2. 8502 

880 


REPORT  1037 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 

TABLE  XL—THERMODYNAMIC  PROPERTIES  OF  N (GAS) 

[Atomic  weight,  14.008] 


T 

(°K) 

C% 

/ kcal  \ 
\mole/ 

/ kcal  \ 
\moIe/ 

S°T 

/ caJ  \ 

Vmole  ®K/ 

Vmole 

0 

0 

85. 9696 

298. 16 

4.9680 

1.4812 

87. 4508 

36. 6145 

300 

4.  9680 

1.4904 

87.4600 

36.  6450 

400 

4.9680 

1.9872 

87. 9568 

38. 0742 

500 

4.9680 

2.4840 

88. 4536 

39. 1828 

600 

4.  9680 

2.9808 

88.  9504 

40.  0885 

700 

4,  9680 

3. 4776 

89. 4472 

40.  8544 

800 

4.9680 

3.9744 

89.9440 

41.  5177 

900 

4.  9680 

4. 4712 

90. 4408 

42. 1029 

1000 

4.  9680 

4.9680 

90.  9376 

42.  6263 

1100 

4.9680  . 

5. 4648 

.91. 4344 

43. 0998 

1200 

4. 9680 

5. 9616 

91.9312 

43.  5321 

1300 

4.9680 

6.4584 

92. 4280 

43.  9297 

1400 

4.9680 

6. 9552 

92. 9248 

44.  2979 

1500 

4.9680 

7.4520 

93.  4216 

44.  6406 

1600 

4.  9680 

7.9488 

93.  9184 

44. 9613 

1700 

4.  9681 

8. 4456 

94.4152 

45.2625 

1800 

4.9683 

8.9424 

94.9120 

45.  5464 

1900 

4.9685 

9. 4393 

95. 4089 

45. 8151 

2000 

4.9690 

9. 9362 

95. 9058 

46. 0699 

2100 

4.  9697 

10. 4331 

96.  4027 

46.3124 

2200 

4. 9708 

10. 9301 

96.  8997 

46.  5436 

2300 

4. 9724 

11.4273 

97. 3969 

46.  7646 

2400 

4,  9746 

11.9246 

97.  8942 

46.  9763 

2500 

4.  9777 

12.4222 

98. 3918 

47. 1794 

2600 

4.9816 

12.9202 

98.  8898 

47.3747 

2700 

4.9869 

13.4186 

99. 3882 

47.  5628 

2800 

4.  9935 

13. 9177 

99. 8873 

47.  7443 

2900 

5. 0015 

14.4174 

100. 3870 

47.  9197 

3000 

5. 0108 

14. 9180 

100. 8876 

48. 0894 

3100 

5.  0222 

15. 4197 

inn.^sQ.-^ 

4R 

3200  • 

5.0354 

15. 9226 

101.8922 

48.  4135 

3300 

5.  0504 

16.4268 

102. 3964 

48.  5687 

3400 

5.0675 

16. 9327 

102.  9023 

48.  7197 

3500 

5. 0866 

17. 4404 

103. 4100 

48.  8669 

3600 

5. 1079 

17. 9502 

103.  9198* 

49. 0105 

3700 

5. 1312 

18. 4621 

104.4317 

49. 1508 

3800 

5. 1567 

18. 9765 

104.9461 

49.2880 

3900 

5. 1844 

19. 4936 

105. 4632 

49.4223 

4000 

5.  2143 

20. 0135 

105.  9831 

49.  5539 

4100 

5.  2461 

20. 5365 

106.  5061 

49.6830 

4200 

5.2800 

21. 0628 

107. 0324 

49. 8099 

4300 

5, 3158 

21, 5926 

107,  5622 

49.  9345 

4400 

5. 3533 

22. 1261 

108. 0957 

50. 0572 

4500 

5. 3927 

22. 6634 

108.  6330 

50. 1779 

4600 

5. 4335 

23.2047 

109. 1743 

50.  2969 

4700 

5,  4759 

23.  7502 

109.  7198 

50.  4142 

4800 

5.  5197 

24.2999 

110,2695 

50.  5299 

4900 

5.  5646 

24.8542 

110.8238  ■ 

50.  6442 

5t)00 

5. 6109 

25. 4129 

111.3825 

50.  7571 

5100 

5.  6581 

25.9764 

111.9460 

50.  8687 

5200 

5. 7063  • 

26. 5446 

112.  5142 

50.  9790 

5300 

5.  7553 

27. 1177 

113. 0873 

51.0882 

5400 

5.  8052 

27. 6957 

113.  6653 

51. 1962 

5500 

5.  8558 

28.  2788 

114.  2484 

51.3032 

5600 

5.  9070 

28.8669 

114.  8365 

51.4092 

5700 

5.  9588 

29. 4602 

115.4298 

51.  5142 

5800  ■ 

6.0114 

30.0587 

116. 0283 

51.6183 

5900 

6. 0644 

30. 6625 

116.  6321 

51.  7215 

6000 

6. 1179 

31.  2716 

117.2412 

51. 8238 
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TABLE  XLI— THERMODYNAMIC  PROPERTIES  OP  Nj  (GAS) 

(Molecular  weight,  28.016) 


T 

(°K) 

CJ 

H^-H% 
/ kcal  \ 
\mole/ 

/ kcal  \ 
\raole/ 

/ cal  \ 

RT 

<-^)= 

log  K 

6 log  K= 

a 

b 

c 

d 

Vmole 

\ mole  ®K  / 

0 

0 

1.6992 

- 

298. 16 

6.  960 

2. 0723 

3.  7715 

45. 767 

288. 8283 

119.  4348 

300 

6.  961 

2. 0851 

3.  7843 

45. 809 

287. 0664 

118.6656 

400 

6.991 

2,  7824 

4.  4816 

47. 818 

215.  6725 

87.  4738 

500 

7.  070 

3.  4850 

5. 1842 

49. 385 

172. 8306 

68.  7259 

600 

7. 197 

4. 1980 

5. 8972 

50  685 

144.  2610 

' 

56. 2064 

700 

7. 351 

4.9253  ■ 

6.  6245 

51  805 

123, 8438 

47. 2492 

800 

7.  512 

5.  6686 

7.  3678 

52  797 

108.  5207 

40.  5214 

900 

6.  4280 

8. 1272 

53  692 

96.  5937 

35.  2815 

1000 

7.816 

7.  2025 

8. 9017 

54.5090 

87. 0447 

8565 

0. 03284 

31.0841 

3756 

0. 02405 

1100 

7.947 

7.  9907 

9. 6899 

55.  2601 

79.  2255 

7790 

0. 02943 

27.  6455 

3418 

0. 02057 

1200 

8.  063 

8.  7912 

10.  4904 

55.  9565 

72.  7044 

7145 

.02594 

24.  7766 

3136 

. 01779 

1300 

8.165 

9.  6026 

11.3018 

56.6060 

• 67. 1823 

6600 

.02241 

22.  3465 

2898 

.01510 

1400 

8.  253 

10.  4235 

12. 1227 

57.  2143 

62.  4456 

6133 

.01923 

20.  2614 

2693 

. 01347 

1500 

8.330 

11.  2526 

12. 9518 

57.  7863 

58.3377 

5727 

. 01732 

18. 4526 

2515 

.01233 

' 1600 

8. 399 

12.  0891  ‘ 

13.  7883 

58. 3261 

54. 7410 

5373 

0. 01481 

16.8684 

2360 

0. 01076 

1700 

8.  459 

12.  9320 

14.6312 

58. 8371 

51.  5656 

5060 

.01309 

15.  4694 

2223 

.00970 

1800 

8.512 

13. 7805 

15.4797 

59.  3221 

48. 7414 

4781 

.01188 

14. 2247 

2101 

.00881 

1900 

8..  560 

14.  6341 

16.  3333 

59.  7836 

46.  2132 

4532 

.01050 

13. 1101 

1991 

.00830 

2000 

8.602 

15.  4922 

17. 1914 

60.  2237 

43,  9367 

4308 

.00927 

12. 1063 

1893 

.00757 

2100 

8.640 

16. 3543 

18. 0535 

60.  6443 

41.8760 

4105 

0. 00819 

11. 1973 

1804 

0. 00700 

2200 

8.  674 

17.  2200 

18.  9192 

61.0471 

40.  0019 

3921 

.00702 

10. 3703 

1723 

.00647 

2300 

8.705 

18. 0890 

19.  7882 

61.4333 

38.2901 

3753 

.00595 

9.  6147 

1649 

.00602 

2400^ 

8.733 

18.  9609 

20.6601 

61. 8044 

36.  7204 

3599 

.00490 

8. 9216 

1581 

.00570 

2500 

8.759 

19. 8355 

21.  5347 

62. 1614 

35.  2759 

3457 

.00419 

8. 2835 

1519 

.00527 

2600 

8.783 

20.  7126 

22.4118 

62.  5054 

33.  9421 

3327 

0. 00298 

'7.  6940 

1461 

0. 00499 

2700 

8. 805 

21.5920 

23.  2912 

62. 8373 

32.  7069 

3207 

.00174 

7. 1479 

1407 

.00500 

2800 

8. 8253 

22.  4735 

24. 1727 

63. 1579 

31.  5598 

3096 

.00061 

6.  6404 

1357 

.00477 

2900 

8.  8440 

23.  3570 

25. 0562 

63.  4679 

30.  4916 

2992 

-.00043 

6. 1677 

1311 

.00460 

3000 

8.8610 

24.  2422 

25.  9414 

63.  7680 

29. 4947 

2896 

-.  00169 

5.  7261 

1268 

.00427 

3100 

8.8774 

25. 1291 

26. 8283 

64. 0588 

28.5622 

2806 

-0. 00268 

5. 3128 

1227 

0. 00436 

3200 

8.8928 

26.  0177 

27.  7169 

64,  3409 

27.  6880 

2722 

-.  00395 

4. 9250 

1189 

.00420 

3300 

8.  9073 

26.  9077 

28.6069 

64.  6148 

26. 8671 

2644 

-.00525 

4.  5605 

1153 

.00418 

3400 

8.9210 

27.  7991 

29.  4983 

64. 8809 

26.  0947 

2570 

-.00628 

4. 2172 

1120 

.00390 

3500 

8.  9340 

28.  6918 

30.  3910 

65. 1397 

25.  3667 

2501 

-.00772 

3. 8933 

1088 

.00388 

3600  " 

8.  9462 

29.5858 

31.2850 

• 65.3915 

24.  6797 

2436 

-0. 00878 

3.5872 

1058 

0. 00385 

3700 

8.  9577 

30.  4810 

32. 1802 

65.  6368 

24. 0301 

2375 

-.01020 

3.  2974 

1029 

.00391 

3800 

8.  9686 

31.  3773 

33. 0765 

65. 8758 

23,  4153 

2317 

-.01140 

3.  0227 

1002 

.00398 

3900 

8.  9790 

32. 2747 

33. 9739 

66. 1089 

22. 8326 

2262 

-. 01240 

. 2.  7618 

976 

.,00400 

4000 

8. 9890 

33.1731 

34.8723 

66.  3364 

22. 2795 

2210 

-.01362 

2.  5138 

952 

.00390 

4100 

8,9987 

34. 0725 

35.  7717 

66.  5585 

21.  7541 

2160 

-0. 01459 

2.  2777 

928 

0.  00405 

4200 

9. 0082 

34. 9729 

36. 6721 

66.  7754 

21.  2544 

2113 

-.01570 

2. 0527 

906 

,00410 

4300 

9.0174 

35.8741 

37.  5733 

66. 9875 

20.  7787 

2068 

-.01660 

1. 8379 

885 

.00406 

4400 

9.0263 

36.  7763 

38. 4755 

67. 1949 

20. 3253 

2026 

-.01772 

1.6327 

864 

.00420 

4500 

9. 0350 

37.  6794 

39.  3786 

67.  3979 

19. 8928 

1984 

-.  01840 

1.  4365 

845 

.00420 

4600 

9. 0435 

38.  5833 

40.  2825 

67.  5965 

19.  4799 

1945 

-0.  01923 

1.2486 

827 

0. 00414 

4700 

9. 0518 

39. 4881 

41. 1873 

67.  7911 

19.0853 

1907 

-.02009 

1.0685 

809 

.00426 

4800 

9.  0600 

40. 3937 

42. 0929 

67.  9818 

18. 7081 

1870 

-.02053 

.8957 

792 

.00427 

4900 

9.  0681 

41. 3001 

42. 9993 

68. 1687 

18. 3470 

1835 

• -.02120 

.7298 

775 

.00450 

5000 

9. 0760 

42.  2073 

43.  9065 

68. 3520 

18. 0012 

1801 

-.02184 

.5703 

759 

.00448 

5100 

9. 0838 

43. 1153 

44.8145 

68.5318 

17.  6699 

1768 

-0. 02220 

0.  4170 

744 

0. 00462 

5200 

9.0915 

44. 0240 

45.  7232 

68.  7082 

17.3521 

1737 

-.02284 

.2693 

729 

,00475 

6300 

9.0991 

44.  9336 

46.  6328 

68.8815 

17.0472 

1706 

-.02313 

.1270 

714 

.00498 

5400 

9. 1066 

45. 8438 

47.  5430 

. 69. 0516 

16.  7544 

1677 

-.  02361 

-.  0102 

700 

.00513 

5500  . 

9. 1140 

46.  7549 

48. 4541 

69.  2188 

16.  4731 

1648 

-.02389 

-. 1426  ' 

686 

.00530 

5600 

9. 1214 

47.6666 

49.  3658 

69. 3831 

16.  2027 

1620 

-0. 02421 

-0. 2704 

673 

0. 00543 

5700 

9. 1287 

48. 5791 

50.  2783 

69.  5446 

15.  9427 

1594 

-.02453 

-.  3939 

661 

.00553 

5800 

9. 1359 

49.  4924 

51. 1916 

69. 7034  . 

15.  6924 

1568 

-.  02486 

-.5134 

648 

.00577  * 

5900 

9. 1431 

50.  4063 

52. 1055 

69. 8596 

15.4515 

1543 

-.02507 

-.6290 

637 

.00583 

6000 

9. 1502 

51. 3210 

53.0202 

70.  0134 

• 15. 2194 

-.  7410 

882- 
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TABLE  XLII--THERMODYNAMIC  PROPERTIES*  OF  NO  (GAS) 


[Molecular  weight,  30.008] 


T 

(®K) 

c; 

/ 'V 

/ kcal  \ 
Vmole/ 

' m 

/ kcal  \ 
vmole/ 

/ cal  \ 

AH® 

RT 

100  \7^/ 

logH 

5 log  K= 

a 

b 

Vmole 

V mole  ®K  / 

c 

d 

0 

0 

23. 3447 

298.16 

137 

2.1942 

25. 5389 

50. 339 

207. 8039 

84.8403 

300 

7.134 

2.2068 

25.5515 

50. 384 

206. 5399 

• 84. 2876 

400 

7.162 

2.9208 

26.  2655 

52.  436 

155. 2832 

61. 8373 

500 

7.289 

3. 4440 

26. 7887 

54. 048 

124. 5125 

48. 3348 

600 

' • 7.468' 

4.3812 

27.  7259 

55. 392 

103. 9835 

39. 3132 

700 

7.657 

5.1366 

28.  4813 

56.  556 

89. 3049 

■ 32. 8556 

800 

7.833 

5.9096 

29. 2543 

57.  589 

78.2839 

28.0035 

900 

7.990 

6.7005 

30. 0452 

58.  520 

69.  70i5 

- 

24.2228 

1000 

8.126 

7.5060 

30. 8507 

59.  3700 

62.8276 

6160 

0. 03020 

21. 1937 

2707 

0. 02129 

1100 

8.243 

8. 3245 

31.  6692 

60. 1500 

*57. 1974 

5606 

0. 02567 

18.7115 

2465 

0. 01723 

1200 

8.342 

■ 9. 1537 

32. 4984 

60. 8715 

52. 5009 

5143 

. 02155 

16.  6401 

2262 

.01500 

1300 

8. 426 

9.  9921 

33. 3368 

61.  5425 

48.  5232 

4751 

. 01873 

14.8851 

2090 

. 01334 

1400 

8. 498 

10.8383 

34. 1830 

62. 1696 

45.1109 

4415 

.01637 

13. 3789 

1943 

.01147 

1500 

8.560 

11.6912 

35. 0359 

62.  7580 

42. 1512 

4124 

.01410 

12.0721 

1815 

.01033 

1600 

8.614 

12.5499 

35. 8946 

63. 3122 

39. 5596 

3869 

0. 01232 

10. 9274 

1703 

0.00944  ' 

1700 

8.660 

13.  4136 

36. 7583 

63. 8358 

37.2714 

3644 

. 01086 

9. 9162 

1604 

.00859 

1800 

8.702 

14.2817 

37. 6264 

64. 3319' 

35. 2361 

3444  ' 

• .00937 

9.0165 

1516 

.00791 

1900 

8.738 

15.1537 

38.  4984 

64. 8034 

33. 4141 

3265 

.00830 

8.2107 

1437  . 

. 00740 

2000 

8.771 

16.0292 

39. 3739 

65.2524 

31.7733 

3104 

.00711 

7. 4848 

1367 

.00645 

2100 

8. 801 

16. 9078 

40. 2525 

65.6811 

30.2881 

2958 

0. 00616 

6. 8274 

1302 

0. 00628 

2200 

8.828 

17.  7892 

41.1339 

66. 0912 

28. 9374 

2826 

.00520 

6.  2293 

1244 

.00583  ■ 

2300 

8.852  . 

18. 6732 

42. 0179 

^ 66. 4841 

27. 7035 

2704 

. 00473 

5.  6826 

1191 

. 00525 

2400 

8.874 

19.  5595 

42. 9042 

66. 8613 

26. 5721 

2593 

.00410 

5.1811 

1142 

.,00500 

2500 

8.895 

20.  4480 

43.  7927 

67.  2240 

25. 5308 

2491 

.00332 

4. 7193 

1097 

.00468 

2600 

8.914 

21. 3384 

44.6831 

67.  5732 

24.  5694 

2398 

0. 00235 

4.2927 

1056 

0. 00429 

2700 

8.932 

22. 2307 

45.  5754 

67.  9100 

23.  6789 

2311 

.00154 

3.8973 

1017 

. 00419 

2800 

8. 949 

23. 1248 

46. 4695 

68.  2351 

22.8520 

2230 

.00103 

3. 5299 

981 

.00412 

2900 

8. 966 

24.0205 

47. 3652 

68.  5494 

22.0820 

2156 

.00013* 

3. 1875 

948 

.00380 

3000 

8.9S1 

24. 9179 

48.  2626 

68. 8537 

• 21. 3632 

2086 

-.00060 

2.8677 

916 

.00392 

3100 

« 006 

25. 8167 

49. 1614 

69.1484 

^.6909 

2021 

-0. 00136 

2.5683 

887 

0.00371 

3200 

9.010  ' 

26. 7170  i 

50.0617 

69. 4342 

20. 0007 

ISGl 

— . 002^“* 

2 2874 

860 

.oaseo 

3300 

9.024 

27.  6187 

50.  9634 

69. 7117 

19. 4687 

1904 

-! 00310  • 

2.0233 

834 

.00351 

3400 

9.037 

28.  5218 

51.8665 

69. 9813 

18. 9118 

1851 

-. 00386 

1.7745 

810 

.00337 

3500 

9. 049 

29.4261 

52.  7708 

70.  2434 

18.3868 

1800 

-.  00450 

1.  5397 

787 

. 00329 

3600 

9.061 

30.3316 

53.  6763 

70. 4985 

17.8913 

1753  ’ 

-.00528 

1.3178  ' 

765 

0.“00334 

3700 

9.073 

31.  2383 

54. 5830 

70.  7469 

17. 4228 

1708 

-. 00597 

1. 1077 

745 

.00315 

3800 

9.085 

32. 1462 

55.  4909 

70.  9891 

16. 9793 

1666 

-. 00668 

.9085 

725 

.00320 

3900 

9.096 

33.0552 

56. 3999  1 

71. 2252  1 

16. 5588 

1626 

-.00740 

.7194 

707 

.00315 

4000 

9.107 

33. 9654 

57. 3101  1 

71.  4556 

16. 1597 

1588 

-.00812 

. 5395 

689 

. 00325 

4100 

9.118 

34. 8766 

58.  2213 

71.  6806 

15.  7805 

1552 

-0. 00872 

0.3682 

672 

0. 00320 

4200 

9. 128 

35. 7889 

59. 1336 

71.  9005 

15.4197 

1518 

00952 

.2050 

656 

.00324 

4300 

9.138 

36.  7022 

60.0469 

72.1154 

15.0762 

1485 

-.01000 

, . 0492 

641 

. 00322 

4^100 

9. 148 

37. 6165 

60.  9512 

72.  3256 

14. 7487 

1453 

-.01039 

-.0997 

627 

.00317 

4500 

9.158 

38.  5318 

61. 8765 

72.  5312 

14. 4362 

1422 

-.01063 

-.  2422 

612 

.00326 

4600 

9.168 

39. 4481 

62.  7928 

72.  7326 

14. 1377 

1393 

-0. 01108 

-0.3785 

599 

0. 00325 

4700 

9.178 

40.- 3654 

63.  7101 

72.  9299 

13.8524 

1365 

-.01148 

-.5092 

586 

.00332 

4800 

9.188 

41.2837 

64. 6284 

73.1232 

13. 5795 

1338 

-.01176 

-.6346 

574 

.00336 

4900 

9. 198 

42.  2030 

65.  5477 

73.  3128 

13. 3182 

1313 

-.01220 

-.7551 

561 

.00350 

5000 

9.208 

43.1233 

66.4680 

73. 4987 

13.0678 

1288- 

-.01255 

-.8708 

550 

.00356 

5100 

9.  218 

44. 0446 

i 67. 3893 

73.6812 

12.8278 

1264 

-0. 01268 

-0. 9822 

539 

0.00355 

5200 

9. 227 

44.  9669 

68.  5116 

73.  8602 

12. 5974 

1240 

-.01276 

-1.0894 

528 

.00368 

5300 

9. 237 

45.8901 

69. 2348 

74. 0351 

12.3762 

1218 

-.  O1306 

-1.1927 

517 

.00386 

5400 

9.  246 

46. 8142 

70.1589 

74.  2088 

12. 1637 

1196 

-.01315 

-1.2923 

507 

.00392 

5500 

9.256 

47.  7393 

71.0840 

74. 3786 

i 11.9594 

1175 

-.  01332 

-1.3884 

497 

.00405 

5600 

9.266 

48.6654 

72.0101 

74.  5454 

1 11.7629 

1155 

-0. 013.53 

-1.4812 

488 

0. 00409 

. 5700 

, 9.275 

49.  5925 

72. 9372 

74.  7095 

11.5738 

1136 

-.  01366 

-1.5709 

478 

.00429 

5800 

9.285 

50.5205 

73. 8652 

74. 8709 

11.3916 

1117 

-.01382 

-1. 6576 

469 

.00441  . 

5900 

9.294 

51.4494 

74.  7941 

75. 0297 

11.2161 

1099 

-.01397 

-1.7415 

461 

.00447 

6000 

9.304 

52.3793 

75.  7240 

75. 1860 

11.0469  * 

-1.8228 
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TABLE  XLIII— THERMODYNAMIC  PROPERTIES  OF  O (GAS) 

[Atomic  weight,  16.0000] 


T 

rK) 

c; 

/ cal  \ 

/ kcal  \ 
\mole/ 

/ kcal  \ 
\mole/ 

S°T 

( 

Vmole 

0 

0 

59.6041 

298. 16 

5. 2364 

1.6074 

61.2115 

38.4689 

300 

5. 2338 

1.6170 

61.2211 

38. 5010 

400 

5. 1341 

2. 1349 

61. 7390 

39. 9915 

500 

5. 0802 

2.6454 

62. 2495 

41. 1308 

600 

5.0486 

3. 1517 

• 62.7558 

42. 0540 

700 

5.0284 

3.6555 

63.2596 

42.8307 

800 

5. 0150 

4. 1576 

63. 7617 

43.5011 

900 

5. 0055 

4.6587 

64. 2628 

44. 0914 

1000 

4.9988 

5.1588 

64. 7629 

44.6183 

1100 

4. 9936 

5. 6584 

65. 2625 

45. 0945 

1200 

4.9894 

6. 3576 

65. 7617 

45. 5288 

1300 

4. 9864 

6. 6564 

66. 2605 

45.9281 

1400 

4.9838 

7.1549 

66. 7590 

46. 2975 

1500 

4.9819 

7.6532 

67. 2573 

46.6413 

1600 

4. 9805 

8.1513 

67. 7554 

46. 9628 

1700 

4.9792 

8. 6493 

68. 2534 

47. 2646 

1800 

4.9784 

9. 1471 

68.7512 

47. 5492 

1900 

4, 9778 

9.6450 

69.  2491 

47. 8184 

2000 

4. 9776 

10. 1427 

69. 7468 

48. 0737 

2100 

4. 9778 

10. 6405 

70. 2446 

48.3166 

2200 

4. 9784 

11.1383 

70. 7424 

48. 5481 

2300 

4.9796 

11.6362 

71.2403 

48. 7695 

2400 

4. 9812 

12. 1343 

71.7384 

48. 9814 

2500 

4.9834 

12.6325 

72. 2366 

* 49. 1848 

2600 

4. 9862 

13. 1310 

72. 7351 

49.  3803. 

2700 

4.9897 

13. 6298 

73. 2339 

49. 5686 

2800 

4.9935 

14. 1289 

73.  7330 

49. 7501 

2900 

4.9986 

14.6285 

74. 2326 

49.9254 

3000 

5. 0041 

15. 1287 

74.  7328 

50.0950 

3100 

5. 0102 

15. 6294 

75. 2335 

50. 2592 

3200 

5.0170 

16. 1307 

75. 7348* 

50.4183 

3300 

5.0245 

16. 6328 

76. 2369 

50.5728 

3400 

5. 0325 

17. 1357 

76. 7398 

50.  7229 

3500 

5.0411 

17. 6393 

77. 2434 

50. 8689 

3600 

5. 0502 

18. 1439 

77. 7480 

51.0111 

3700 

5. 0599 

18. 6494 

78.  2535 

51. 1496 

3800 

5. 0700 

19. 1559 

78. 7600 

51.2846 

3900 

5.0805 

19. 6634 

79. 2675 

51.4165 

4000 

5.  0914 

20.1720 

79. 7761 

51. 5452 

4100 

5.1026 

20.6817 

80.2858 

51.6711 

4200 

5. 1140 

21. 1925 

80. 7966 

51,  7942 

4300 

5. 1257 

21. 7045 

81. 3086 

51.9147 

4400 

5. 1375 

22.  2177 

• 81. 8218 

52. 0326 

4500 

5. 1495 

22. 7320 

82.3361 

52. 1482 

4600 

5. 1616 

23.  2476 

82. 8517 

52. 2615 

4700 

5. 1738 

23.  7644 

83. 3685 

52. 3727 

4800 

5. 1860 

24. 2824 

83. 8865 

52. 4817 

4900 

5.1981 

24.8016 

84.4057 

52. 5888 

5000 

5. 2102  • 

25.  3220 

84. 9261 

52. 6939 

5100" 

5.2223 

25. 8436 

85. 4477 

52. 7972 

5200 

5.2344 

26. 3664 

85. 9705 

52. 8988 

5300 

5.2464 

26.8905 

86.4946 

52.  9986 

5400 

5.2583 

27.4157 

87. 0198 

53. 0968 

5500 

5.  2701 

27.  9421 

87. 5462 

53.1933 

5600 

5.  2818 

28. 4697 

88. 0738 

53.2884 

5700 

5.2933 

28. 9985 

88. 6026 

53.3820 

5800 

5. 3047 

29. 5284 

89. 1325 

53. 4742 

5900 

5.  3159 

30. 0594 

89. 6635 

53.5649 

6000 

5. 3270 

30. 5916 

90. 1957 

53.6544 
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TABLE  XLIV— THERMODYNAMIC  PROPERTIES  OF  Oj  (GAS) 

[Molecular  weight,  32.00001 


T 

(®K) 

C? 

/ cal  \ 

in-in 

/ kcal  \ 
\mole/ 

m 

/ kea!  \ 
Vmole/ 

5? 

/ cal  \ 

AH® 

RT 

log  K 

6 log  K= 

w (f +*') 

\ mole  ®K  / 

Vmole  ®K/ 

a 

b 

c 

d 

0 

0 

2. 0362 

298. 16 

7. 021 

2. 0747 

4. 1109 

49.  on 

199. 6835 

80. 6182 

-300 

7. 023 

2. 08/6 

4. 1238 

49. 056 

198. 4695 

80. 0867 

400 

7. 196 

2.  7977 

4.8339 

51.098 

149. 2619 

58.  5109 

500 

7. 431 

3.5288 

5.  5650 

52. 728 

119.  7013 

45.5311 

600 

7.  670 

4.  2841 

6. 3203 

54. 105 

99. 9669 

36. 8580 

700 

7. 883 

5. 0620 

7.0982 

55. 303 

85. 8510 

30.  6499 

800 

8. 063 

0. 8596 

7.8958 

56. 368 

75. 2496 

25.  9854 

900 

8.  212 

6. 6737 

8. 7099 

57.  327 

66. 9937 

22. 3515 

1000 

8.  336 

7.  5012 

9.  5374 

58. 1990 

60. 3812 

5926 

0. 02853 

19. 4400 

2m 

6. 01823 

1100 

8.  439 

8.  3400 

10. 3762 

58.9983 

54. 9654 

5392 

0. 02417 

17.  0545 

2370 

0.01550 

1200 

8.  527 

9. 1883 

11.2245 

59. 7364 

50. 4479 

4947 

,02061 

15. 0640 

2173 

. 01322 

1300 

8.604 

10.0448 

12.0810 

60.  4220 

46,  6219 

4569 

. 01873 

13.  3777 

2009 

.01200 

1400 

8. 674 

10. 9087 

12. 9449 

61. 0622 

43. 3396 

4245 

.01700 

11.9307 

1867 

. 01083 

1500 

8.  738 

11.7793 

13. 8155 

61.  6628 

^ 40. 4926 

3963 

.01642 

10. 6752 

1744 

.00960 

1600 

8. 800 

12.  6562 

14. 6924 

62.  2287 

37. 9993 

3717 

0. 01523 

9.  5756 

1637 

0. 00826 

1700 

8. 858 

13.  5391 

15.  5753 

62.  7640 

35. 7976 

3499 

,01501 

8.6044 

1542 

.00743 

1800 

8. 916 

14.  4278 

16.  4640 

63.  2719 

33. 8787 

3305 

.01473 

7.  7403 

1458 

,00643 

1900 

8.973 

15.  3223 

17.  3585 

63.  7555 

32. 0845 

3132 

. 01420 

6. 9665 

1383 

.00550 

2000 

9. 029 

16.  2224 

18. 2586 

64.  2172 

30.  5043 

2976 

. 01386 

6.  2695 

1315 

.00491 

2100 

9.084 

, 17.1280 

19. 1642 

64.  6590 

29. 0733 

2835 

0.01356 

5.  6384 

1253 

0. 00455 

2200 

9. 139 

18. 0392 

20. 0754 

65. 0829 

27. 7711 

2707 

. 01324 

5. 0643 

1197 

.00407 

2300 

9. 194 

18. 9558 

20. 9920 

65. 4904 

26.  5809 

2590 

.01283 

4.  5398 

1146 

.00370 

2400 

9.248 

19. 8779 

21.9141 

65. 8828 

25. 4889 

2484 

.01200 

4. 0586 

1099 

.00330 

2500 

9. 301 

20. 8054 

22.8416 

66.  2614 

24. 4833 

2386 

.01161 

3.  6157 

1056 

.00295 

2600 

9. 354 

21.  7381 

23. 7743 

66.  6272 

23.  5540 

2295 

0.  01120 

3.  2066 

1016 

0. 00260 

2700 

9. 405 

22. 6761 

24.7123 

66.  9812 

22. 6928 

2212 

. 01060 

2. 8277 

980 

. 00210 

2800 

9. 455 

23.  6191 

25.  6553 

67.  3241 

21.8922 

2135 

.00979  . 

2.  4756 

945 

.00204 

2900 

9.  503 

24.5670 

26.  6032 

67.  6568 

21. 1462 

2063 

. 00913 

2. 1477 

913 

. 00187 

3000 

9.  551 

25.  5197 

27.  5559 

67. 9797 

20. 4494 

1997 

.00831 

1.8415 

883 

.00166 

3100 

9.  596 

26.  4770 

28.  5132 

68. 2936 

19.  7969 

1935 

0. 00761  . 

1.  5550 

855 

0,00161 

3200 

9.640 

27. 4388 

29. 4750 

68.  5990 

19. 1846 

1877 

.00671 

1.  2862 

829 

.00129 

3300 

9.  682 

28.4049 

30. 4411 

68. 8963 

18. 6091 

1822 

.00622 

1.0337 

804 

.00123 

3400 

9.  723 

29.  3752 

31.4114 

69, 1859 

18. 0670 

1771 

.00540 

.7960 

781 

,00106 

3500 

9. 762 

30.  3494 

32.  3856 

69.  4683 

17.  5556 

1723 

. 00469  . 

.5718 

759 

,00097 

3600 

9. 799 

31.3275 

33. 3637 

69.  7439 

17. 0723 

1677 

0. 00426 

0.  3600 

739 

0.00077 

3700 

. 9.835 

32. 3092 

34.  3454 

70.  0128 

16.  6148 

1634 

.00350 

. 1595 

719 

.00069 

3800 

9.869 

33.  2944 

35.  3306 

70.  2756 

16. 1813 

1594 

. 00278 

-.  0304 

700 

.00071 

3900 

9.  901 

34.  2829 

36.  3191 

70.  5323 

15.  7698 

1565 

.00225 

2106 

682 

.00070 

4000 

9.932 

35.  2745 

37.  3107 

70. 7834 

15.  3788 

1519 

.00161 

3818 

665 

.00070 

4100 

9.960 

36. 2691 

38. 3053 

71.0290 

■ 15.0067 

1484 

0.  00107 

-0.  5447 

649 

0. 00068 

4200 

9. 987 

37.  2665 

39.  3027 

71.  2693 

14.  6523 

1450 

.00069 

-.6999 

634 

.00056 

4300 

10. 013 

38. 2665 

40.  3027 

71.  5046 

14.3144 

1419 

.00010 

-.8479 

619 

.00062 

4400 

10. 037 

39.  2690 

‘ 41.3052 

71.  7351 

13.  9918 

1388 

-.00014 

-.9892 

606 

.00043 

4500 

10.060 

40.  2738 

42; 3100 

71. 9609 

13. 6835 

1359 

-.00063 

-1. 1243 

592 

.00050 

4600 

10. 081 

41.  2809 

43.3171 

72. 1822 

13. 3887 

1331 

-0. 00089 

-1.2535 

579 

0.00051 

4700 

10. 103 

42.  2901 

44.  3263 

72.  3993 

13. 1064 

1304 

-.00127 

-1.3772 

567 

.00048 

4800 

10. 121 

43.  3013 

45.  3375 

72.  6122 

12.  8360 

1279 

-.00162 

-1.  4958 

555 

.00053 

4900 

10. 139 

44.  3143 

46. 3505 

72. 8210 

12.  5766 

1254 

-.00190 

-1.6096 

543 

.00060 

5000 

10. 156 

45.  3290 

47. 3652 

73. 0261 

12.  3277 

1230 

-.00208 

-1.  7188 

533 

.00049 

5100 

10. 172 

46.  3454 

48. 3816 

73.  2273 

12. 0886 

1207 

-0. 00232 

-1.8238 

522 

0.  00062 

5200 

10. 187 

47.  3634 

49. 3996 

73. 4250 

11.8588 

1184 

-.00240 

■ -1.9248 

512 

.00060 

5300 

10.  201 

48.  3828 

50. 4190 

73.  6192 

11.6378 

1162 

-.00248 

-2. 0220 

502 

.00064 

5400 

10.  215 

49.  4036 

51. 4398 

73. 8100 

11.4251 

1143 

-.00282 

-2.1156 

493 

. 00056 

5500 

10.  228 

50.  4257 

' 52.  4619 

73.  9975 

11.  2201 

1122 

-.00286 

-2.  2058 

484 

.00057 

5600 

10.  239 

51.4496 

53. 4858 

74. 1819 

11.0226 

1102 

-0.  00293 

-2.  2928 

475 

0. 00067 

5700 

10. 250 

52.  4735 

54.  5097 

74. 3632 

10. 8322 

1084 

-.00310 

-2.  3768 

466 

.00076 

5800 

10. 261 

53. 4991 

55.  5353 

74.  5416 

10.  6483 

1067 

-.  00335 

-2.  4579 

458 

.00077 

5900 

10.  270 

54.  3256 

56.  5618 

74.  7171 

10.  4709 

1049 

-.00343 

-2.  5363 

450 

.00080 

6000 

10.  279 

55.  5531 

57.  5893 

74. 8898 

10.  2995 

-2.6121  - 
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TABLE  XLV— THERMODYNAMIC  PROPERTIES  OF  OH  (GAS) 


[Molecular  weight,  17.008] 


T 

CJ 

/ cal  \ 

f kcal  \ 
\mole/ 

/ kcal  \ 
Vmole/ 

/ cal  \ 

RT 

log  A' 

-sr/  c A 

rt) 

100  Vr^®/ 

looVr^®/ 

a 

b 

c 

d 

Vmole  “K/ 

Vmole  °K/ 

0 

. 

0 

44.  7266 

298  16 

7 141 

2 1062 

46.8328 

‘43.888 

1 70.  7827 

69. 3677 

300 

7 139 

2 1225 

46. 8491 

43.  934 

169.  7395 

68. 9110 

400 

7 074 

2.  8296 

47. 5562 

45. 978 

127.  6916 

500 

7.048 

3. 5350 

48. 2616 

47.  553 

102. 4572 

39.3522 

600 

7 n.vi 

4 2408 

48. 9674 

48.840 

85.  6303 

31. 9260 

' 700 

7 087 

4.  9469 

49.  6735 

49.  927 

73. 6091 

26. 6057 

son 

7 150 

5 6584 

50.3850 

50. 877 

64.5888 

22.6043 

QOQ 

7 234 

6 3774 

51  1040 

51,  723 

57.  5682 

19.4833 

1000 

7.333 

7.1060 

51.8326 

52.  4910 

. 51.9464 

5034 

0.  02814 

16. 9801 

2227 

0.  02885 

1100 

7.  440 

7. 8446 

52. 5712 

53. 1949 

47.  3419 

4575 

0. 02930 

14. 9267 

2029 

0.  02457 

1200 

7.  551 

8.  5942 

53. 3208 

53.8470 

43.5001 

4194 

0, 02915 

13.  2113 

1863 

. 02172 

1300 

7.663> 

9. 3549 

54.0815 

54.  4559 

40.  2448 

3873 

.02777 

11.  7565 

1723 

.01909 

1400 

7.  772 

10. 1266 

54.8532 

55. 0278 

37. 4506 

3599 

.02607 

10. 5067 

1603 

. 01673 

1500 

7.  875 

10.9090 

55. 6356 

55.  5675 

35. 0252 

3361 

. \ 02478 

9.4213 

1498 

.01535 

1600 

7.973 

11.  7014 

56.4280 

56. 0788 

32. 8998 

3153 

0. 02340 

8.4697 

1407 

0. 01355 

1700 

8.  066 

12.5033 

57.2299 

56.  5650 

31.0217 

2970 

.02210 

7.6285 

1327 

.01198 

1800 

8. 152 

13.3142  - 

58.0408 

57.  0285 

29. 3496 

2808 

.02041 

6. 8793 

1255 

. 01087 

1900 

8.233 

14. 1335 

58.8601 

57.  4714 

27. 8513 

2663 

.01890 

6.2079 

1190 

.01020 

2000 

8. 308 

14.  9605 

59. 6871 

57. 8956 

26.  5009 

2533  • 

.01731 

5.6027 

1133 

.00898 

2100 

8. 378 

15.  7948 

60.  5214 

58. 3027 

25.  2774 

2415 

0.  01617 

5.0542 

1080 

0.00839 

2200 

8.  443 

16. 6359 

61. 3625 

58.  6939 

24. 1635 

2308 

.01482 

4. 5549 

1032 

.00790 

2300 

8.  504 

17.  4832 

62.2098 

59. 0705 

23. 1452 

2210 

.01-387 

4.0983 

989 

.00702 

2400 

8.  561 

18. 3365 

. 63.0631 

59.  4337 

22.  2105 

2121 

.01260 

3. 6792 

949 

.00650 

2500 

8.614 

19. 1952 

63. 9218 

59.  7842 

21. 3495 

2038 

. 01185 

3.2931 

912 

.00603 

2600‘ 

8.  663 

20.  0591 

64.  7857 

60. 1230 

20.  5538 

1962 

0. 01093 

2. 9363 

878 

0. 00561 

2700 

8.  710 

20. 9277 

65. 6543 

60. 4508 

19. 8162 

1892 

.00999 

2.6055 

846 

.00546 

2800 

8.  755 

21.8010 

66.  5276 

60.  7684 

19. 1305 

1826  • 

.00934 

2.2979 

817 

.00488 

2900 

' 8.798 

22.  6786 

67. 4052 

61.  0764 

18. 4915 

1765 

.00877 

2.0113 

790 

.00457 

3000 

8.  838 

23.5604 

68.  2870 

61.3753 

17. 8944 

1708 

.00813 

1.  7434 

764 

.00435 

3100 

8.877 

24. 4462 

69. 1728 

61.  6658 

17. 3353 

1655 

0.00741 

1. 4926 

740 

0.  00415 

3200 

8.913 

25.  3357 

70. 0623 

61. 9482 

16. 8107 

■ 1605 

.00694 

. 1.2572 

718 

.00372 

3300 

8.  949 

26.  2288 

70. 9554 

62.  2230 

16.  3174 

1558 

. 00646 

1. 0359 

697 

.00360 

3400 

8.  982 

27. 1253 

71.8519 

62.  4906 

15. 8527 

1513 

.00621 

.8273 

677 

.00327 

3500 

9.015 

28. 0252 

72.  7518 

62.  7515 

15. 4142 

1471 

.00579 

.6306 

659 

.00304 

3600 

9.047 

28.  9283 

73. 6549 

63.  0059 

14.9998 

1432 

0.  00527 

0.4445 

641 

0.  00286 

3700 

9.  077 

29.8345 

74.5611 

63.  2542 

14.  6075 

1395 

.00489 

.2684 

624 

.00279 

3800 

9. 107 

30.  7437 

75.  4703 

63. 4966 

14.  2355 

1359 

.00464 

.1014 

608 

.00270 

3900 

9. 135 

31.  6558 

76.3824 

63.  7336 

13. 8824 

1325 

.00435 

-.0572 

593 

. 00255 

4000 

a.  162 

32.  5706 

77. 2972 

63. 9652 

13. 5468 

1293 

.00413 

-.2080 

579 

.00238 

4100 

9.189 

33. 4882 

78. 2148 

64. 1917 

13.  2273 

1263 

0.00379 

-0.3516 

565 

0. 00228 

4200 

9. 215 

34. 4084 

79. 1350 

64.4135 

12. 9228 

1234 

. 00352 

-:4884 

552 

.00223 

4300 

9.241 

35. 3312 

80. 0578 

64.  6306 

12.  6323 

1206 

.00331 

-.6190 

539 

.00220 

4400 

9. 266 

36.  2565 

80. 9831 

64.8434 

12.  3549 

1179 

.00320 

7437 

528 

.00197 

4500 

9.290 

37. 1843 

81. 9109 

65. 0518 

12.  0897 

1154 

.00303 

-.8630 

517.  . 

.00181  ■ 

4600 

9.314 

38.1145 

82.8411 

65.  2563 

11.8358 

1129 

0.00289  ■ 

-0. 9772 

506 

0.00174 

4700 

9. 338 

39. 0471 

83. 7737 

65.  4569 

11.5927 

1106 

.00268 

-1.0866 

495 

.00178 

4800 

9. 362 

39. 9821 

84.7087 

65.  6537 

11.3596 
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WIND-TUNNEL  INVESTIGATION  OF  AIK  INLET  AND  OUTLET 
OPENINGS  ON  A STREAMLINE  BODY* 

By  John  V.  Becker 


SUMMARY 

In  connection  with  the  general  problem  of  providing  air 
flow  to  an  aircraft  power  plant  located  within  a fuselage,  an 
investigation  was  conducted  in  the  Langley  8 foot  high-speed 
tunnel  to  determine  the  efect  on  external  drag  and  pressure 
distribution  of  air  inlet  openings  located  at  the  nose  of  a stream- 
line body.  Air  outlet  openings  located^  at  the  tail  and  at  the 
21-percent  and  63-percent  stations  of  the  body  were  also  investi- 
gated. Boundary-layer  transition  measurements  were  made 
and  correlated  with  the  force  and  the  pressure  data.  Irulividual 
openings  were  investigated  with  the  aid  of  a blower  and  then 
practicable  combinations  of  inlet  and  outlet  openings  were  tested. 
Various  modifications  to  the  internal  duct  shape  near  the  inlet 
opening  and  the  aerodynamic  efects  of  a simulated  gun  in  the 
duct  were  also  studied. 

The  results  showed  that  the  external  drag  {measured  drag 
less  computed  drag  due  to  internal  duct  losses)  of  the  body 
with  suitably  designed  nose-inlet  and  tail-outlet  openings  was 
no  higher  than  the  drag  of  the  streamline  body  over  a wide  range 
of  rates  of  internal  air  flow.  The  static-pressure  distribution 
with  the  best  inlet  profiles  developed  during  the  investigation 
was  almost  identical  with  that  of  the  corresponding  portion  of 
the  streamline  body.  As  a consequence,  the  same  favorable 
laminar-boundary-layer  flow  as  on  the  streamline  body  was 
obtained.  The  local  velocity  increments  over  the  nose  profiles 
were  so  low  that  the  critical  speed  of  a fuselage  employing  these 
shapes  would  depend  on  the  peak-velocity  increments  occurring 
elsewhere  than  on  the  nose. 

The  results  of  the  tests  ^suggested  that  outlet  openings  should 
be  designed  so  that  the  static  pressure  of  the  internal  flow  at  the 
outlet  would  be  the  same  as  the  static  pressure  of  the  external 
flow  in  the  vicinity  of  the  opening.  Radical  changes  in  the 
iniernal-duct  arrangement  near  the  inlet  openings  had  little 
effect  on  the  external  drag  or  pressure  distribution. 

INTRODUCTION 

Various  wind-tunnel  tests  of  full-scale  airplanes  and  of  aii*- 
plane  models  have  shown  large  external  losses  associated 
with  the  power-plant  installations.  The  external  drag  of 
clean  NACA  cowling  installations  with  no  protruding  scoops 
or  surface  irregularities  was  shown  in  reference  1 to  be 
•considerable.  At  high  speeds,  prohibitive  increases  in  the 


external  drag  may  occur  as  a result  of  the  formation  of  com- 
pression shocks  on  cowlings  (reference  2)  or  protruding 
scoops.  The  excessive  cowling  drag  costs  at  high  speeds  can 
be  reduced  to  some  extent  by  reducing  the  bluntness  of  the 
nose  profile  (reference  2) ; however,  the  improvement  which 
can  be  made  in  this  direction  is  limited  for  conventional 
installations  in  which  the  engine  is  located  at  the  nose  of  the 
fuselage.  If  it  is  assumed  that  the  engine  is  located  near  the 
center  of  the  fuselage  or  nacelle,  then  radical  dhanges  in  the 
shape  of  the  nose  are  possible.  The  present  investigation 
was  designed  to  explore  the  possibilities  of  high-speed  drag 
reduction  by  use  of  nose  inlets  proportioned  solely^  from  aero- 
dATiamic  requirements  without  any  restrictions  arising  from 
engine  dimensions,  location,  or  au’-flow  requirements. 

At  the  outset  of  the  present  investigation  little  information 
was  available  in  regard  to  the  characteristics  of  inlet  open- 
ings at  the  nose  of  a streamline  body.  Previous  tests  had 
been  made  without  air  flow  into  the  openings,  a condition 
seldom  occurring  in  practice,  and  the  results  were  therefore 
inconclusive.  Little  pressure-distribution  or  critical-speed 
data  were  available,  and  it  was  not  known  whether  an}^ 
appreciable  laminar  boundarv^  layer  could  exist  behind  an 
inlet  opening. 

The  principal  purpose  of  this  investigation  was  to  develop 
nose-inlet  openings  of  various  relative  sizes  which  would  have 
the  lowest  possible  external  drag  and  the  highest  possible 
critical  compressibility  speed.  The  air-inlet  flow  rates  used 
werenotrestricted  to  therelatively  small  requirementsof  radial 
engines  but  were  varied  from  zero  flow  to  inlet-velocit}^  ratio.s 
in  excess  of  unity.  Pressure-distribution  and  boundary’-- 
layer  data  were  obtained  to  aid  in  interpreting  the  drag  re- 
sults and  to  permit  the  estimation  of  the  critical  speeds. 
Typical  annular  and  tail-outlet  openings  were  similarly  in- 
vestigated. In  order  to  avoid  possible  confusing  interference 
effects,  the  inlet  and  the  outlet  openings  were  tested  sepa- 
rately with  the  internal  air  flow  being  supplied  through  wing 
ducts  from  a blower  located  outside  of  the  wind  tunnel. 
Representative  combinations  of  the  inlet  and  outlet  open- 
ings were  then  tested  without  the  use  of  the  blower.  The 
effects  on  external  di-ag  of  a protruding  simulated  gun  in  the 
inlet  opening  and  of  various  intemal-duct  aiTangements  near 
the  nose  were  also  included  in  the  investigation  of  the  indi- 
vidual inlet  openings. 


> Supersedes  NACA  ACR,  “Wind-Tunnel  Tests  of  Air  Inlet  and  Outlet  Openings  on  a Streamline  Body”  by  John  V.  Becker,  November  1940.  - 
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The  external  drag  cost  of  an  inlet  opening  at  the  nose  of  a 
smooth  streamline  bod}^  is  generall^^  greater  at  low  Ke^oiolds 
numbers,  when  the  opening  maj’’  disturb  extensive  low-drag 
laminar  boundary  layers,  than  at  high-speed  flight  Reynolds 
numbers,  where  the  boundary-layer  flow  may  be  almost 
wholl}'  turbulent.  Although  it  was  ^impossible  to  attain 
full-scale  conditions  in  this  investigation,  the  boundary- 
layer-flow  condition  corresponding  to  high  Reynolds  num- 
bers was  simulated  by  artificially  forcing  transition  to  take 
place  near  the  nose  of  the  models.  The  tests  were  made 
both  with  the  natural-transition  and  the  fixed-transition 
boundar^^-layer  conditions.  The  results  thus  show  the  effect 
of  the  openings  at  conditions  corresponding  to  extremes  of 
the  Refolds  number  range. 

SYMBOLS 

y free-stream  velocity 

2)q  free-stream  static  pressure 

Po  free-stream  density 

free-stream  dynamic  pressure 

V meam  velocity  in  duct 

j)  local  static  pressure 

p density  in  duct 

Vi  initial  velocity  of  aii*  passing  tlu'ough  duct 

Vu;  hypothetical  final  velocity  of  air  passing  thi'ough  duct 
. based  on  total  pressure  at  discharge 
A cross-sectional  area  of  inlet  or  outlet  opening 
d diameter  of  inlet  or  outlet  opening 

D maximum  diameter  of  streamline  body 

F maximum  cross-sectional  area  of  streamline  bod}^ 

L length  of  streamline  body 

I distance  between  end  of  streamline  body  and  end  of 

nose 

R maximum  radius  of  streamline  body 
R fuselage  Reynolds  number  (VL/v) 

V kinematic  viscosity 

P pressure  coefficient  (O?— i>o)/2o) 

a velocity  of  sound  in  air 

M Mach  number  {Yja) 

Q,  volume  of  flow  through  duct,  cubic  feet  per  second 
a angle  of  attack  referred  to  center  line  of  streamline 
body,  degrees 

Cdf  external-drag  coefficient 

(Measured  drag  of  model) — (Drag  of  wing^jX 
alone) — ^^(Drag  due  to  internal  flow)  J | 

7^'  ^ ^ / 

calculated  drag  coefficient  due  to  internal  air  flow 
U velocity  just  outside  the  boundar}^  layer 
u velocity  in  the  boundaiy  Isbjer 

X distance  from  nose  of  streamline  bod}^,  along  major 

axis 

x'  distance  from  nose  of  inlet  openings,  along  major  axis 
A'  length  of  nose  measured  from  i/4  station 
y ordinate  measured  from  center  line  of  streamline  bod\' 
y'  nose-profile  ordinate  measured  from  inlet-opening 
radius 

value  of  y'  at  i/4 ; station 


APPARATUS  AND  METHODS 

The  tests  were  made  in  the  Langley  8-foot  high-speed  tun- 
nel in  its  original  form  incorporating  an  8,000-liorsepower 
drive  motor.  The  tunnel  was  of  the  closed-throat,  chcular- 
section,  single-return  type  and  was  capable  of  ah  speeds  of 
about  500  miles  per  hour  at  the  time  of  these  tests.  This 
tunnel  was  chosen  for  the  investigation  principally  because 
of  4he  low  turbulence  of  the  ah  stream,  which  permitted  the 
boundary-layer-flow  conditions  more  nearly  to  approach 
those  obtained  in  free  ah  than  in  streams  of  high  turbulence. 
Most  of  the  tests  were  run  at  low  speed  (140  miles  per  hour). 

Streamline  body.- — The  streamline  body  (fig.  1 and  table  I) 
is  a slightly  modified  version  of  fuselage  form  No.  Ill  of 
reference  3.  The  thickness  distribution  was  modified  slight- 
ly to  eliminate  the  unfavorable  pressure  gradient  occurring 
ahead  of  the  50-percent  station  of  the  original  111  form. 
This  modificatipn  was  made  to  encourage  a more  extensive 
laminar  boundary  lay-er.  The  fineness  ratio  of  5 is  repre- 
sentative of  several  current  pursuit-type  fuselages. 

The  streamline  body  was  mounted  in  the  wmd  tunnel  on  a 
24-inch-chord  ahfoil  of  NACA  27-212  section,  which  com- 
pletety  spanned  the  jet  (fig.  2).  The  wing  contained  two 
large  ducts  to  permit  ah  to  be  supplied  to  or  drawn  from  the 
openings  on  the  body.  The  ratio  of  wing  chord  at  the  body 
to  the  length  of  the  body  is  within  the  range  of  current 
practice. 

Inlet  openings.^ — Nose-inlet  openings  of  three  sizes  were 
tested  (figs.  1 and  3 ; ordinates  in  table  I) . The  largest  open- 
ing, nose  A,  was  approximately  the  size,  relative  to  the  max- 
imum cross  section  of  the  body,  of  average  NACA  cowling 


NACA  27-Bl2oirfoil  4.72'D 

/ 4.38' 


(a)  Inlet  openings. 

(b)  Outlet  openings. 

(c)  Inlet-outlet  combinations. 

Figure  1.— Streamline  body  with  general  arrangement  of  inlet  and  outlet  openings 


r 


WIND-TUNNEL  INVESTIGATION  OF  AIR  INLET  AND  OUTLET  OPENINGS  ON  A STREAMLINE  BODY 


889 


Figure  2.— Model  installed  in  Langley  8-foot  high-speed  tunnel.  Nose  B. 


Figure  3.— Nose  inlet  openings  compared  with  streamline  nose. 


inlet  openings.  Nose  B had  one-half  the  area  of  nose  A, 
and  nose  C,  one-quarter  the  area  of  nose  A.  The  profile 
shapes  of  the  noses  were  developed  in  a series  of  tests  (not 
discussed  in  detail  in  this  report)  in  which  the  nose  lengths 
and  profiles  were  progressively  modified  until  the  most  satis- 
factory pressure-distribution  characteristics  were  obtained. 
The  profiles  all  fall  within  the  profile  of  the  streamline  body. 
It  will  be  noticed  that  the  nose  ordinates  (table  I)  are  given 
only  to  the  quarter-length  station.  Beyond  this  point, 
streamline-body  ordinates  apply.  Several  modifications  of 
the  straight  duct  (fig.  1)  that  was  used  in  most  of  the  nose- 
inlet  tests  will  be  described  later  in  the  discussion  of  the 
results. 

Outlet  openings. — Outlet  openings  at  the  tail  and  annular 
outlets  located  ahead  of  and  behind  the  wing  were  investigated 
(figs.  1,  4,  and  5).  The  tail-outlet  profiles  coincide  with  the 
streamline-body  lines.  Various  tail-outlet  areas  were  ob- 
tained by  successively  decreasing  the  length  of  the  body. 
The  internal  duct  was  of  converging  section  to  represent 
typical  practice  in  the  design  of  outlet  openings.  The 
annular  outlet  openings  were  designed  primarily  to  exhaust 
the  air  as  nearly  as  possible  in  the  stream  direction.  The 

213637—53 57 


Figure  4.— Typical  tail  outlet  openiDg.  Tail  C. 


Figure  5.— Annular  outlet  opening  at  J-0.63L. 


areas  were  selected  from  consideration  of  the  quantity  of  air 
required  by  a radial  engine  large  enough  to  occupy  the  maxi- 
mum section  of  a fuselage.  The  outlet  openings  are  not  in 
any  sense  optimum  shapes  arrived  at  on  the  basis  of  experi- 
ment as  in  the  case  of  the  inlet  openings;  they^merely  repre- 
sent typical  design  practice. 

Blower  setup. — Air  flow  in  the  tests  of  the  individual  open- 
ings was  supplied  by  a 50-horsepower  centrifugal  blower 
mounted  outside  the  wind  tunnel  on  the  floor  of  the  test 
chamber  (figs.  6 and  7).  Freedom  of  the  floating  balance 
structure  was  maintained  by  a mercury  seal  that  connected 
the  blower  duct  to  the  wing  duct  leading  to  the  model.  The 
air  flow  through  the  mercury  seal  was  at  right  angles  to  the 
longitudinal  (drag)  axis  of  the  wind  tunnel  so  that  the  flow 
had  no  momentum  in  the  drag  direction.  Preliminary  tests 
were  made  throughout  the  range  of  blower  speeds  at  zero  air 
speed  in  the  tunnel,  with  and  without  air  inlet,  to  insure  that 
the  pressures  and  flow  at  the  mercury  seal  had  no  effect  on 
the  drag  scale  readings. 

The  flow  was  metered  by  a venturi  installed  on  the  balance 
ring  between  the  mercury  seal  and  the  model.  Several 
calibrations  were  made  with  the  venturi  in  its  operating 
position  by  surveying  the  flow  in  the  duct  with  a rake  of  25 
total-pressure  and  7 static  tubes. 
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Figure  7.—  General  view  of  blower  setup  in  the  test  chamber  of  the  Langley  8-foot  high-speed 

tunnel. 


The  flow  in  the  system  was  controlled  either  by  regulating 
the  blower  speed  or  by  adjusting  a butterfly  valve.  The 
zero  flow  condition  was  obtained  by  closing  a special  airtight 
valve  located  near  the  end  of  the  wing  duct.  Utmost  care 
was  taken  to  prevent  leakage  in  the  system. 

Inlet-outlet  combinations. — The  combinations  tested  and 
the  internal-duct  arrangement  are  shown  in  figure  1.  The 
wing-duct  openings  within  the  body  were  faired  over  and 
sealed  to  prevent  leakage.  Flow  regulation  was  accom- 
plished by  means  of  perforated  plates  of  various  conductance 
installed  as  shown  in  figure  2.  Static-pressure  orifices  were 
installed  at  two  stations  in  the  converging  section  of  the  duct 
ahead  of  the  outlet  openings.  The  flow  quantity  was  de- 
termined from  the  magnitude  of  the  pressure  drop  between 
these  stations  according  to  a calibration  obtained  during  the 
tests  of  the  individual  outlet  openings  with  the  blower- 
venturi  setup.  The  total  pressure  and  the  static  pressure  at 
the  outlet  were  determined  from  this  same  calibration.  In 
several  cases,  as  a check  on  the  calibration,  the  quantities 
were  measured  directly  by  means  of  a small  pitot-static  tube 
mounted  in  the  outlet  opening. 

No  particular  attempt  was  made  to  design  an  efficient 
internal-duct  system  because  interest  was  centered  on  the 
external  drag  and  because  the  blower  was  more  than  adequate 
to  overcome  large  internal  losses.  However,  in  the  combi- 
nation tests  with  the  duct  open — that  is,  with  no  resistance 
plates  inserted  to  restrict  the  flow — the  internal  losses  were 
practically  negligible  owing  to  the  low  duct  velocities. 

Method  of  fixing  boundary-layer  transition. — Transition  in 
the  tests  designated  “with  fixed  transition^’  was  fixed  arti- 
ficially by  means  of  a }i-inch  wide  ring  of  No.  180  carbo- 
rundum grains  glued  to  the  surface  at  the  desired  station. 
It  was  found  necessary  to  fix  transition  on  the  wing  at  the 
10-percent  station  by  the  same  method  in  order  to  make  the 
drag  of  the  wing  constant  so  that  the  effective  drag  of  the 
body  could  be  obtained  accurately. 

Except  for  the  strips  of  carborundum,  the  surfaces  of  the 
model  were  made  aerodynamically  smooth — that  is,  further 
conditioning  would  result  in  no  decrease  in  drag. 

Static-pressure  measurement.— Flush  orifices,  closely  spaced 
near  the  nose  and  in  the  vicinity  of  the  openings,  were 
installed  along  the  top  of  the  body.  Additional  static  pres- 
sures on  the  bottom  and  on  the  side  of  the  streamline  body 
were  obtained  by  means  of  a small  movable  static  tube. 
The  pressure  tubing  was  led  through  a channel  in  the  wung 
to  a multiple-tube  alcohol  manometer  in  the  test  chamber. 

Boundary-layer  measurements. — The  measurement  of  the 
boundary-layer  profiles  used  in  determining  the  transition 
point  and  in  showing  the  effect  on  skin  friction  of  air  inlet 
was  made  with  small  survey  units  comprised  of  a single  static 
and  four  total-pressure  tubes.  A discussion  of  the  details  of 
the  method  of  determining  the  location  of  transition  and  a 
description  of  the  small  survey  unit  are  given  in  reference  4. 

Wake  surveys. — In  order  to  ascertain  whether  the  drag- 
force  measurements  were  affected  by  possible  variations  in 
the  wind-tunnel  pressure  gradient  due  to  air  inlet  at  the  nose^ 
momentum-loss  measurements  were  made  in  the  wake  be- 
hind the  model  with  nose  B.  Vertical  total-pressure-loss 
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profiles  were  obtained  at  23  spanwise  stations  behind  the 
wing  and  body  at  several  rates  of  air  inlet.  The  effective 
drag  of  the  body  was  obtained  by  subtracting  from  the  total 
drag  of  the  section  surveyed  the  drag  of  a corresponding  sec- 
tion of  the  wing.  The  wake  surveys  were  made  only  with 
nose  B. 

TESTS 

The  drag  and  the  pressure-distribution  measurements  were 
made  simultaneous!}^.  The  transition  determinations  re- 
quired a separate  series  of  runs  for  each  configuration. 

Tests  of  the  wing  alone  and  of  the  wing  with  the  streamline 
body  were  carried  to  450  miles  per  hour.  The  tests  of  the 
openings  were  made  at  one  speed  only;  140  miles  per  hour. 
This  speed  was  selected  from  considerations  of  the  available 
blower  performance  and  of  the  magnitude  of  the  drag  forces 
required  for  adequate  precision. 

The  tests  were  made  at  an  angle  of  attack  of  0°  (referred 
to  the  axis  of  the  streamline  body)  with  the  exception  of  the 
runs  with  the  gun  in  the  inlet  opening  of  nose  B,  which  were 
carried  to  3.5®. 

RESULTS 

The  method  of  computing  the  velocity,  the  Mach  number, 
and  the  Reynolds  number  in  the  Langley  8-foot  high-speed 
tunnel  is  described  in  reference  5. 

The  drag  data  are  presented  in  terms  of  the-  external-drag 
coefficient  0^,^  plotted  as  a function  of  the  internal-flow 
quantity  coeflScient  pQ/pq  FV,  The  external-drag  coefficient 
represents  the  effective  external  drag  of  the  body  in  the 
presence  of  the  wing;  the  drag  due  to  the  internal  flow  was 
deducted  from  the  measured  effective  body  drag  in  all  the 
tests. 

The  drag  due  to  the  internal  flow  arises  from  the  change 
in  the  momentum  of  the  flow  in  the  drag  direction.  From 
the  momentum  equation, 

Drag  force = Mass  flowX  (Vi—Vj) 

'where  Vi  and  Vu,  are  taken  at  the  same  static  pressure  and 
in  the  same  direction  as  the  air  stream. 

For  the  inlet-opening  tests, 


and 


Vi=V 

V^=0 


because  the  air  was  brought  to  rest  in  the  drag  dhection. 
The  drag-coeflScient  increment  due  to  the  internal  flow  there- 
fore is 


For  the  outlet-opening  tests,  the  air  exhausted  through 
the  outlets  had  no  initial  velocity  in  the  drag  direction — that 
is,  Vi—0.  The  velocity  at  the  exit  opening  Ve  was  necessarily 
measured  where  the  static  pressure  Pe  was  generally  different 
from  the  stream  static  pressure.  Therefore  the  final  outlet 
•velocity  attained  at  some  distance  behind  the  model  where 
the  pressure  had  returned  to  the  free-stream  static  pressure 


Po  was  computed  by  Bernoulli's  theorem 

2(Pe-Por^'^ 


and 


or 


Cd. 


Po 


T 


Cdc 


— 2(^ 
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Po 
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For  the  tests  in  which  inlet-outlet  combinations^were 
investigated, 


Cd 


whence 


^ *combinat 


~Cd^ 


^*ou  tl«t 


go  J ) 

or,  in  terms  of  the  mean  total-pressure  loss  in  the  duct 

w..,,..  -f )"] 


It  will  be  observed  from  these  equations  that  the  large 
internal  drag  in  the  inlet  tests  and  the  thrust  in  the  outlet 
tests  are  balanced  in  the  combination  tests,  so  that  only  a 
relatively  small  internal  drag  due  to  total-pressure  losses  in 
the  duct  occurs. 

The  internal  flow  quantity  coefficient  pQIpqFV  appearing 
in  the  equations  is  the  ratio  of  the  mass  flow  through  the 
internal  ducts  to  the  mass  flow  at  stream  velocity  through 
the  area  F,  the  maximum  cross-sectional  area  of  the  body. 

The  pressure-distribution  results  obtained  in  the  tests  of 
the  individual  inlet  and  outlet  openings  are  presented  for  a 
number  of  values  of  the  ratio  of  mean  velocity  in  the  opening 
to  stream  velocity  v/V.  This  parameter  determines  the  local 
angle  of  attack  at  the  inlet  nose  lip  and  hence  governs  the 
pressure  distribution  over  a given  nose  shape. 

The  characteristics  of  the  streamline  body  are  shown  in 
figmes  8 to  11.  Low-speed  pressure-distribution  data  are 
given  in  figure  8,  and  the  variation  with  Alach  number  of  the 
peak  pressure  coefficients  Pmax  on  top  of  the  body  for  the 
wing-body  combination  is  presented  in  figure  9 with  extra- 
polations to  show  the  critical  Mach  number  of  the  combina- 
tion and  of  the  body  alone.  The  variation  with  Mach 
number  of  the  critical  pressure  coefficient  Per,  the  pressure 
coefficient  corresponding  to  the  local  attainment  of  sonic 
velocity,  is  also  shown  in  figure  9.  Figure  10  shows  the 
results  of  the  transition  measurements,  and  in  figure  11  the 
force-test  results,  for  Reynolds  numbers  ranging  from 
4,000,000  to  20,000,000  and  the  corresponding  M values  of 
0.10  to  0.60  are  given. 

The  results  of  the  tests  of  the  inlet  openings  with  the  inlet 
air  exhausting  tlirough  the  external-blower  system  are  pre- 
sented in  figures  12  to  21.  Figure  12  shows  the  pressure 
distributions  about  the  three  inlet  openings  for  various  values 
of  v/V  (ratio  of  mean  inlet  velocity  to  stream  velocity)  com- 
pared with  the  streamline-body  distribution.  Only  the 


V 


Figure  9.— Variation  with  Mach  number  of  peak  pressure  coefHcient  on  top  of  streamline 
body.  Comparison  with  theory. 


forward  quarter  of  the  body  is  represented  because  the  pres- 
sures over  the  remainder  of  the  body  were  essentially  un- 
affected by  the  inlet  openings.  In  figure  13  the  pressure 
distributions  on  the  bodies  with  noses  A,  B,  and  C and  on  the 
streamline  body  are  compared  at  the  condition  of  zero  inlet 
flow  and  at  a flow  coefficient  of  0.057,  a practicable  high- 
speed value.  The  inlet-velocity  ratios  corresponding  to  this 
flow  coefficient  are  approximately  0.20,  0.40,  and  0.80, 
respectively,  for  noses  A,  B,  and  C. 

The  drag  and  the  transition  results  obtained  are  correlated 
in  figure  14.  Figure  15  shows  the  drag-force  data  obtained 
with  transition  artificially  fixed  near  the  leading  edge  of  the 
noses  as  compared  with  that  of  the  streamline  body  with 
transition  fixed  at  corresponding  locations.  The  drag  ob- 
tained from  the  wake  surveys  is  also  plotted  in  figure  15. 


to 
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Figure  11.— The  exteraal-drag  coefficient  of  the  streamline  body  with  fixed  and  with  natural 

transition. 
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(a)  Nose  A.  (b)  Nose  B. 

(c)  Nose  C. 

riouRE  12. — The  static-pressure  distribution  over  the  nose  inlet  openings. 


Externohdrag  coefficient,  Pressure  coefficient,  P 


894 


REPOKT  1038 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


0 ./  .2  .3  .4  .5  .6  .7  .8  .9  10 

xjL 


URE  13.— Comparison  of  the  static-pressure  distribution  over  the  three  nose  inlet  openings 
at  two  rates  of  air  inlet. 


Figure  15.— The  external-drag  coefficient  determined  from  both  force  and  wake-survey  tests 
with  transition  fixed  at  the  nose  of  each  inlet  opening. 


Figure  14.— Correlation  of  external-drag  coefficient  and  transition-point  location  for  the  three 
nose  inlet  openings. 


xlL 

Figure  16.— Typical  static-pressure  distribution  diagram  for  nose-inlet  openings  B and  C at 
low  rates  of  air  inlet. 
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Figure  17. — Boundary-layer  velocity  profiles  at  two  stations  for  various  air-inlet  velocity 
ratios,  and  the  corresponding  diagrams  of  local  velocity  distribution  over  the  top  of  the 
body.  Nose  B;  fixed  transition. 


In  the  correlation  of  the  pressure  distribution  and  the 
transition  data,  it  was  found  that  for  values  of  AP  (fig.  16) 
greater  than  approximatel3^.0.2,  transition  (fig.  14)  occurred 
at  the  location  of  the  pressure  peak.  For  lower  values  of 
AP  (higher  rates  of  air  inlet),  extensive  laminar  boundar}^ 
layers  existed  in  spite  of  the  large  adverse  pressure  gradient 
that  followed  the  peak. 

The  eflFect  of  air  inflow  (nose  B)  on  the  boundar3^-la3'er 
velocit3’'  profiles  at  two  stations  on  the  body  is  shown  in 
figure  17. 

In  figure  18  the  changes  in  pressure  distribution  resulting 
from  modifications  of  the  lip  shape  of  nose  inlet  B-4  (one  of 
the  intermediate  shapes  tested  in  developing  nose  B)  are 
given.  The  force-test  results  obtained  with  these  modifica- 
tions showed  that  shapes  B-4a  and  B-4b  caused  ver3^  slight 


Figure  18. — The  effect  on  static-pressure  distribution  of  variations  in  nose  shape  at  the  duct 

V 

entry.  —=0.30. 


Figure  19.— Nose  C with  conical  expanding  duct  and  with  inner  cowl. 


increases  in  external  di'ag;  the  cut-out,  B-4c,  had  no  effect 
on  the  drag.  Major  changes  in  the  internal  duct  employed 
with  nose  C (fig.  19)  had  no  measurable  effects  on  either  the 
external  pressure  distribution  or  the  external  drag. 

Optimum  nose  shapes  for  arbitrary  inlet-duct  sizes. — In 
order  to  make  possible  the  derivation  of  optimum  nose  pro- 
files for  inlet-opening  sizes  other  than  those  investigated,  the 
three  nose  profiles  tested  were  reduced  to  the  same  length 
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Figure  21.— Variation  with  duct  diameter  of  the  distance  between  the  end  of  the  nose  and 
the  tip  of  the  streamline  body. 


(measured  from  the  i/4  station  of  the  streamline  body)  and 
the  same  depth.  The  ordinates  thus  obtained  are  given  in 
table  II  and  plotted  in  figure  20.  The  marked  similarity  of 
the  profiles  plotted  in  this  way  suggested  that  optimum  nose 
shapes  for  intermediate  inlet-opening  sizes  on  the  streamline 
body  could  be  obtained  either  by  interpolation  or  by  the  use 
of  the  mean  of  the  three  profiles  of  figure  20,  The  optimum 
nose  length  as  a function  of  tEe  inlet-opening  diameter  is 
given  in  figure  21.  The  actual  nose-profile  ordinates  for  a 
given  inlet  diameter  are  related  to  the  nondimensional 
ordinates  of  figure  20  and  table  II  as  follows: 


where  I is  obtained  from  figure  21.  Similarly, 
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where  is  the  ordinate  of  the  streamline  body  at  the 
quarter-length  station.  If  desired,  the  nose  ordinates  re- 
ferred to  the  end  and  center  line  of  the  streamline  body  (as 
in  table  I)  msij  be  obtained  from  the  relations 

L~L^L 

and 

R~R^D 

or 

and 

The  results  obtained  in  the  tests  of  the  outlet  openings 
with  air  supplied  by  the  blower  are  shown  in  figures  22  to  26. 
Figures  22  and  23  show  the  pressui’e  and  force-test  results 
for  outlets  at  the  tail.  Transition  measurements  with  the 
largest  tail  outlet  showed  that  transition  occurred  at  the 
same  station  as  on  the  streamline  body  (fig.  10).  The  pres- 
sure distribution  obtained  with  the  two  annular  outlets  is 
shown  in  figure  24.  Force-test  results  for  the  63-percent 
annular  outlet  are  given  in  figure  25.  Transition  measurements 
with  the  21-percent  annular  outlet  showed  that  transition 
occurred  at  the  outlet  for  all  rates  of  flow.  The  63-percent 


Figube  22.— The  static-pressure  distribution  on  the  afterbody  with  a typical  tail  outlet. 

Tail  D. 


annular  outlet  was  about  0.14i  behind  the  most 
rearward  position  of  the  transition  point  but  appeared  to 
have  a slight  influence  on  the  transition  location,  such  that 
the  location  was  displaced  somewhat  toward  the  tail  as  the 
flow  rate  was  increased.  • • 

Figure  26  shows  a sketch  of  the  probable  outlet  flow  con- 
ditions with  tail  outlet  D and  with  a suggested  improved 
form  of  tail  outlet. 

Before  the  results  of  the  inlet-outlet  combination  tests  are 
presented,  figure  27  is  given  in  order  to  show  the  relatively 
small  internal  drag  occurring  in  the  combination  tests.  At 
high  flow  rates,  where  no  internal  resistance  plate  was  re- 
quired, this  internal  drag  approached  zero;  whereas  in  the 
individual  opening  tests  the  internal  drag  was  several  times 
the  external  drag  of  the  body.  The  external-drag  deter- 
minations in  the  combination  tests  were  consequently  more 
reliable  than  in  the  tests  of  the  single  openings. 

Figures  28  to  32,  show  the  drag  results  obtained  for  the 
combinations  of  inlets  with  three  tail  outlets.  Figure  33 
compares  the  drag  of  the  63-percent  annular  outlet  with 
that  of  tail  outlet  C when  tested  in  combination  with  nose  B. 

The  pressure-distribution  results  obtained  with  the  com- 
binations are  not  shown  because  no  consistent  measurable 
interference  effects  occurred — that  is,  the  outlets  had  no 
appreciable  effects  on  the  pressures  at  the  inlets  and  vice 
versa.  Similarly,  the  transition  locations  on  the  combina- 
tions were  the  same  as  in  the  tests  of  the  inlet  openings  alone. 

In  figure  34  the  drag  of  the  nose  B and  tail  C combination 
is  compared  with  an  estimate  of  the  drag  based  on  the  tests 
of  the  single  openings.  The  drag  increments  (above  the 
streamline-body  drag)  due  to  nose  B and  tail  C were  added 
to  the  streamline-body  drag  in  making  the  estimate. 


L 
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Figure  23.— Variation  with  flow  coefficient  of  the  external-drag  coefficient  obtained  with  the 
tail  outlet  openings.  Fixed  transition  on  nose. 
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(a)  Opening  at  21-percent  station. 

(b)  Opening  at  63-percent  station. 


Figure  24.— The  static-pressure  distribution  with  annular  outlet  openings. 

The  main  increase  in  drag  due  to  the  guns  (table  III)  oc- 
curred at  angles  of  attack  other  than  zero  as  a result  of  partial 
separation  of  the  external  flow  at  the  top  of  the  nose  as  evi- 
denced by  the  pressure-distribution  plots  (fig.  35).  Increasing 
the  rate  of  air  inlet  had  a beneficial  effect  in  reducing  or  pre- 
venting this  separation.  The  smooth-barrel  cannon  had  con- 
siderably less  drag  than  the  machine  gun  (sketched  in  fig. 
35).  Decreases  in  the  length  of  the  barrel  extending  beyond 
the  nose  resulted  in  appreciable  drag  reductions.  It  has 
been  found  that  the  drag  of  a smooth-barrel  gun  was  con- 
siderably reduced  by  replacing  the  sharp  edge  at  the  muzzle 
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Flow  coefficient,,  pQ/p^FV 

Figure  25.— Variation  with  flow  coefficient  of  the  external-drag  coefficient  obtained  with  the 
annular  outlet  opening  at  the  63-percent  station. 


Figure  26.— Sketch  of  flow  conditions  (no  internal  losses)  for  a tail  outlet  opening,  similar  to 
those  tested,  and  for  a suggested  improved  type. 


of  the  gun  with  a rounded  edge  of  small  radius.  It  is  con- 
sidered likely  that  the  unfavorable  effects  of  the  guns  would 
be  somewhat  less  in  the  high  Reynolds  number  (fixed  tran- 
sition) condition  than  shown  in  table  III,  because  no  drag 
would  result  from  disturbance  of  the  laminar  flow. 

PRECISION 

The  accuracy  of  the  body-drag  determinations  was  some- 
what impaired  by  the  high  drag  of  the  wing  with  fixed 
transition  relative  to  the  body  drag,  the  effective  body  drag 
varying  from  about  0.5  to  0.3  of  the  wing  drag.  In  the  tests 
of  the  individual  openings,  additional  sources  of  error  were 
the  leakage  of  air  in  the  external  ducts  and  possible  changes 
in  the  tunnel-pressure  gradient  due  to  the  removal  or  the 


WIND-TUNNEL  INVESTIGATION  OF  AIR  INLET  AND  OUTLET  OPENINGS  ON  A STREAMLINE  BODY 


899 


(a).  Inlet:  nose  B;  outlet:  wing  duct. 

• (b)  Inlet:  wing  duct;  outlet:  tail  C. 

(c)  Inlet:  nose  B;  outlet:  tail  C. 

Figure  27.—Comparison  of  magnitude  of  total  body  drag  with  internal  drag  in  typical  tests 
of  individual  openings  and  of  a combination  of  an  inlet  and  an  outlet  opening. 

addition  of  air  to  the  tunnel  stream.  The  results  obtained 
with  the  inlet-outlet  combinations,  however,  are  believed 
free  of  these  two  sources  of  inaccuracy  because  no  air  was 
added  or  removed  from  the  tunnel  and  no  leakage  was  likely 
due  to  the  absence  of  all  external  ducts.  A buoyancy  cor- 
rection of  about  10  percent  of  the  effective  body  drag  was 
applied  to  all  of  the  force-test  results. 

The  wake  measurements  are  more  nearly  free  of  these 
sources  of  error  that  affect  the  force  tests.  Evaluation  of  the 
possible  magnitude  of  the  drag-test  errors  will  be  made  in  the 
discussion  of  the  results. 

The  precision  of  measurement  of  the  rate  of  internal  air 
flow  is  considered  to  be  of  a high  enough  order  so  that  the 
external-drag  determinations  are  practically  unaffected  by 
the  small  error  in  obtaining  the  internal  drag,  except  possibly 
in  the  case  of  the  individual  opening  tests  at  the  highest  rates 
of  air  flow.  Repeated  calibrations  of  the  venturi  during  the 
tests  showed  excellent  agreement. 

The  only  significant  sources  of  error  in  the  pressure  data 
are  due  to  the  inaccuracy  of  flow  measurement  and  the 


(a)  Fi.xed  transition. 

(b)  Natural  transition. 

Figure  28.— Variation  with  flow  coefficient  of  the  external-drag  coefficients  for  nose  inlet 
opening  A combined  with  various  tail  outlet  openings. 

tunnel-wall  effects.  The  maximum  possible  change  in  the  pres- 
sure coefficients  due  to  the  tunnel-wall  effects  was  computed 
to  be  only  about  3 percent.  Possible  errors  in  flow  measure- 
ment could  cause  measurable  changes  in  pressure  coefficients 
only  at  the  lowest  inlet- velocity  ratios. 

DISCUSSION 
STREAMUNE  BODY 

Pressure  distribution  and  transition. — The  presence  of  the 
wing  had  a pronounced  effect  on  the  pressure  distribution 
over  the  body  (fig.  8) . The  local  velocities  over  the  central 
portion  were  increased  and  the  peak-pressure  point  was 
moved  forward.  At  low  Reynolds  numbers  the  disturbances 
due  to  the  wing  controlled  the  location  of  transition  on  the 
body.  (See  sketch  in  fig.  10.)  There  was  a rapid  forward 
movement  of  the  transition  point  with  Reynolds  number  so 
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(a)  Fixed  transition. 

(b)  Natural  transition. 

Figure  29.— Variation  with  flow  coefficient  of  the  external-drag  coefficients  for  nose  inlet 
opening  B combined  with  various  tail  outlet  openings. 

that  at  the  highest  test  Reynolds  number  transition  occurred 
considerably  ahead  of  the  leading  edge  of  the  wing  (fig.  10). 
If  a similar  forward  movement  of  transition  with  Reynolds 
number  should  occur  under  flight  conditions,  the  extent  of 
laminar  flow  obtainable  at  full-scale  Reynolds  number  would, 
be  slight. 

Critical  speed.- — The  variation  with  the  Mach  number  of 
the  peak  pressure  coeflScient  on  top  of  the  body  (flg.  9)  was 
found  to  agree  well  with  the  theoretical  variation  (obtained 
from  reference  6).  Extrapolations  of  the  low-speed,  peak 
negative  pressure  coeflScients  to  the  critical  pressure  coeffi- 
cient (at  which  the  speed  of  sound  is  attained  locally)  were 
made  according  to  the  theory.  The  critical  Mach  number 


Figure  30.— Variation  wMth  outlet  velocity  ratio  of  the  external-drag  coefficients  for  nose  B 
combined  with  various  tail  outlet  openings.  Fi.xed  transition. 


of  the  streamline  body  alone  was  thus  found  to  be  0.84 
(flg.  9),  which  corresponds  to  600  miles  per  hour  at  20,000 
feet  (—12°  F)  in  standard  air.  The  critical  speed  of  a 
wing-body  combination  is  considerably  less  than  that  of  either 
component,  owing  to  the  increase  in  peak  negative  pressures 
on  the  wing  due  to  the  presence  of  the  body.  (See  reference  6.) 

Effective  body  drag. — Figure  11  shows  the  large  differences 
in  drag  at  low  Reynolds  numbers  between  the  fixed  and  the 
natural  transition  conditions.  Calculations  based  on  flat- 
plate  skin-friction  coefficients  showed  that  these  differences 
are  wholly  accounted  for  by  the  changes  in  skin  friction  on 
the  body.  The  difference  decreases  with  increasing  Rejmolds 
number  due  to  the  forward  movement  of  the  transition  point 
(flg.  10).  The  rise  in  the  drag  coeflJcient  at  the  high  Mach 
numbers  is  indicative  of  the  approaching  critical  speed  of 
the  wing-body  combination  (estimated  Mcr=0.66).  Com- 
parison of  the  magnitude  of  the  low-speed  drag  coeflicients 
with  the  results  obtained  in  reference  3 for  the  NACA  111 
form  indicated  that  the'  flow  over  the  bod^^  was  satisfactory. 
Tuft  surveys  corroborated  this  conclusion.  It  was  found, 
however,  that  the  addition  of  the  body  to  the  wing  caused  a 
local  separation  of  the  flow  at  the  trailing  edge  of  the  wing. 
The  effective  drag  of  the  body  was  therefore  somewhat 
higher  than  it  would  have  been  had  a more  efficient  wing- 
body  juncture  been  employed. 

NOSE-INLET  OPENINGS 

Pressure  distribution. — The  nose-inlet  shapes  employed  in 
this  investigation  were  developed  in  a series  of  tests  in  which 
the  nose  shape  and  the  length  for  a given  inlet  size  were 
progressively  modified  to  obtain  the  most  satisfactory  drag 
and  pressure-distribution  characteristics.  It  was  found  that 
by  taking  air  into  the  body  at  sufliciently  high  velocities  the 
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Flow  coefficient,  pQ/PoFV 

(a)  Fixed  transition. 

(b)  Natural  transition. 

Figure  31.— Variation  with  flow  coefficient  of  the  external-drag  coefficients  for  nose  inlet 
opening  C combined  with  various  tail  outlet  openings. 

high  negative-pressure  peak  which  occurred  over  the  noses 
at  low  flows  could  be  greatly  reduced  in  magnitude;  for  the 
smaller  inlet  sizes,  the  peak  could  be  entirely  eliminated. 
This  result  has  the  obvious  beneficial  effect  of  greatl}^  in- 
creasing the  critical  compressibility  speed  which,  as  in  the 
case  of  NACA  cowling  installations  (reference  2),  is  generally 
fixed  by  the  magnitude  of  the  peak-negative  pressures  at  the 
nose.  In  addition,  it  was  found  that  laminar  boundary  layers 
as  extensive  as  the  ones  with  the  streamline  nose  could  be 
obtained.  The  design  objectives  then  aimed  at  in  developing 
noses  B and  C were  to  eliminate  the  pressure  peak  at  as  low 
an  inlet-velocit}^  ratio  as  possible  and  to  obtain  a uniform 
favorable  pressure  gradient  similar  to  that  of  the  streamline 
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(a)  Fixed  transition. 

(b)  Natural  transition. 

Figure  32.— Comparison  of  the  external-drag  coefficients  of  the  three  nose-inlet  openings 
tested  with  tail  outlet  opening  C. 

body.  Figures  12  (b)  and  12  (c)  show  that  the  desired  results 
were  achieved  when  the  inlet- velocity  ratios  reached  or 
exceeded  0.3  or  0.2  for  noses  B and  C,  respectively.  Extensive 
laminar  boundary  layers  (fig.  14)  were  formed  even  before 
the  peak  was  fully  eliminated  with  values  of  AP  (fig.  16) 
as  high  as  0,2. 

For  the  largest  inlet  opening,  nose  A,  it  was  impossible 
entirely  to  eliminate  the  pressure  peak,  even  with  imprac- 
tically  high  rates  of  air  inlet  (fig.  12  (a)).  The  peak  was 
greatly  reduced  at  practical  inlet  velocities  but  little  advan- 
tage due  to  laminar  flow  was  attainable  (fig.  14). 

Comparison  of  the  pressure  distribution  of  the  streamline 
body  with  those  for  the  three  noses  is  made  in  figure  13  at  a 
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Figure  33. — Comparison  of  the  external-drag  coefficients  of  tail  outlet  C and  the  annular 
outlet  at  the  63-percent  station  of  the  fuselage.  Nose  _B. 

value  of  the  flow  coefficient  corresponding  to  high-speed 
flight  conditions  and  at  zero  flow. 

Critical  speeds.— The  critical  Mach  number  corresponding 
to  the  pressure  peak  on  the  largest  inlet  opening,  nose  A,  at 
a practical  rate  of  ah'  inlet  for  a large  radial  engine  (fig.  13), 
is  0.64.  With  the  smaller  inlets,  jnoses  B and  C,  no  pressure 
peak  occurred,  and  the  indicated  local  velocity  increments 
were  so  small  that  the  critical  speed  of  a fuselage  employing 
these  shapes  would  be  determined  by  the  cockpit  enclosure 
or  the  wing-fuselage  juncture — that  is,  the  highest  local 
velocity  would  occur  at  some  point  other  than  on  the  nose. 

External  drag. — Figure  14  shows  that  the  abrupt  decreases 
in  external-drag  coefficient  of  noses  B and  C at  low  rates  of 
flow  occurred  as  a consequence  of  the  formation  of  extensive 
low-drag  laminar  boundary  layers.  This  phenomenon  did 
not  occur  with  nose  A because,  as  previousl}^  discussed,  the 
unfavorable  pressure  distribution  near  the  nose  precluded 
the  possibility  of  appreciable  laminar  flow.  It  will  be 
noticed,  however,  that  the  drag  of  nose  A showed  a general 
decrease  with  increasing  flow  coefficient  as  did  the  drags  of 
noses  B and  C after  the  laminar  boundary  la^^ers  had  been 
formed.  Similar  decreases  occurred  with  transition  fixed 
(fig.  15).^ 


Figure  34.— The  external-drag  coefficient  of  the  nose  B and  tail  C combination  compared 
with  an  estimate  based  on  the  drag  increments  obtained  in  the  tests  of  the  individual 
openings.  Natural  transition. 


In  order  to  aid  in  finding  the  cause  of  the  decrease  in  drag 
with  increasing  air-inlet  velocity,  partial  boundary-layer 
velocity  profiles  were  measured  at  two  stations,  0.15X  and 
0.35L,  behind  nose  B with  fixed  transition  for  a wide  range  of 
inlet-flow  ratios.  The  results  (fig.  17)  showed  a decrease  in 
the  thickness  of  the  turbulent  boundar}^  la}w  as  the  rate  of 
air-inlet  velocity  was  increased  in  spite  of  slight  decreases  in 
the  velocity  outside  of  the  boundary  layer.  Two  conclusions 
ma}^  be  drawn  from  this  result: 

* (1)  The  losses  over  the  forward  part  of  the  nose  are 

decreased  as  air  inlet  is  increased. 

(2)  The’ skin  friction  over  the  main  part  of  the  body 
(to  the  rear  of  the  0.1 station)  should  increase 
slightly  with  air  inlet. 

From  the  drag  results  (fig.  15),  it  is  evident  that  the  de- 
crease in  losses  at  the  nose  more  than  compensates  for  the 
slight  increases  in  skin  friction  behind  the  nose  because  an 
over-all  decrease  in  externaLdrag  with  air  inlet  occurs. 

In  regard  to  the  magnitude  of  the  external  drag  with  air 
inlet,  figure  14  shows  that  the  external  drag  with  noses  B 
and  C was  reduced  to  less  than  that  of  the  streamline  body. 
For  the  fixed  transition  condition,  the  drag  of  these  noses 
was  approximately  the  same  as  for  the  streamline  bod3^ 
With  nose  A,  in  both  cases,  the  drag  was  considerably  higher. 
Tests  of  the  three  noses  in  combination  with  tail  outlet  C 
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(a)  a=3.5®. 

(b)  a=0^ 

Figure  35 —The  effect  of  the  presence  of  a .50-caliber  machine-gun  model  in  the  inlet  opening 
on  static-pressure  distribution  on  top  of  the  body.  Nose  B;  natural  transition. 

(fig.  32)  showed  about  the  same  relative  drag  characteristics 
as  the  tests  of  the  single  openings.  The  fact  that  the  ex- 
ternal drag  with  the  openings  decreased  to  that  of  the  stream- 
line body  may  be  accounted  for  by  the  fact  that  the  wetted 
area  with  the  openings  is  somewhat  less  than  that  for  the 
streamline  body.  In  addition,  the  passage  of  air  through 
the  internal  system  has  an  eflFect  on  the  external  flow  similar 
to  a decrease  in  the  effective  thickmss  of  the  hodj. 

The  wake-surve}^  results  (fig.  15)  show  that  the  rate  of 
drag  decrease  with  air-inlet-flow  coeflBcient  was  actuaUj’- 
somewhat  less  than  that  indicated  by  the  force-test  results. 


The  exaggerated  effect  shown  by  the  force  data  is  believed 
due  to  leakage  and  possible  changes  in  the  tunnel-pressure 
gradient  as  air  was  removed  at  the  nose  of  the  hodj.  Maxi- 
mum leakage  would  occur  where  the  pressure  in  the  duct 
system  was  the  greatest  and  ma}-  account  for  part  of  the 
maximum  discrepancy  (7  percent)  between  force  and  wake 
drags  occurring  at  zero  flow,  where  stagnation  pressure  existed 
in  the  ducts.  At  a flow  coefficient  of  about  0.11,  the  mean 
duct  pressures,  and  hence  leakage,  reached  a minimum;  at 
this  point  the  force  and  wake  data  agree  closely.  At  least 
for  the  range  of  flow  covered  in  figure  15,  leakage  effects 
apparently  predominated  over  possible  changes  in  the  buoy- 
ancy effect  in  exaggerating  the  rate  of  drag  decrease  with  air 
inlet. 

Inlet-opening  size. — The  size  of  the  inlet  opening  in  an 
actual  installation  should  be  governed  by  considerations  of 
both  the  external  and  internal  flow.  In  a consideration  of 
the  external  drag,  it  has  been  shown  that  nose  B,  although 
twice  as  large  in  area  as  nose  C,  was  equally  effective,  so 
that  either  nose  might  be  employed,  the  choice  depending 
on  the  quantity  of  air  flow  required.  It  has  also  been  shown 
that  the  opening  must  be  designed  for  an  inlet-velocity  ratio 
of  at  least  0.3  in  order  to  permit  the  nose-pressure  peak  to  be 
eliminated.  Higher  inlet  velocities  would  be  of  some  benefit 
externally. 

High  inlet- velocity  ratios  are  detrimental  to  the  internal- 
duct  efficienc}^  because  they  necessitate  large  expansions 
and  make  the  friction  and  bend  losses  high.  It  is  suggested 
in  reference  7 that  low  inlet  velocities  may  have  an  additional 
advantage  to  the  internal  flow  in  that  comparatively  large 
expansions  can  be  made  efficiently  near  the  inlet  owing  to 
the  natural  spreading  of  the  streamlines  at  this  point. 

The  final  compromise  between  the  conflicting  require- 
ments of  the  internal  and  the  external  flows  will  depend  on 
the  internal  arrangement  and  the  space  available  for  the 
ducts.  In  general,  it  is  believed  that  eflftcient  installations 
incorporating  nose  B or  nose  C should  have  inlet-velocity 
ratios  in  the  range  of  0.3  to  0.6. 

Derivation  of  optimum  nose  profiles  for  arbitrary  inlet - 
opening  sizes. — ^The  method,  described  in  section  entitled 
“Results,”  for  obtaining  suitable  nose-inlet  shapes  for  inlet 
sizes  other  than  those  tested  (see  figs.  20  and  21)  is  obviously 
strictly  applicable  only  to  openings  on  the  modified  111  body 
form.  It  was  thought  possible,  however,  that  the  shapes 
obtained  by  this  method  could  be  applied  with  good  results 
where  only  the  basic  forebody  profile  was  similar  to  the  111 
body  form.  In  a subsequent  investigation  (reference  8) 
it  was  found  that  considerable  stretching  of  the  nose  B profile 
was  permissible  with  the  stretched  profile  still  retaining  the 
desirable  flat  pressure  contour  and  low  values  of  the  pressure 
peak.  It  was  thus  indicated  that  the  profile  ordinates  of  the 
present  tests  could  be  directly  used  in  the  design  of  nose 
inlets  having  proportions  greatly  different  from  the  shapes 
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developed  in  these  tests.  In  order  to  simplify  the  procedure 
of  designing  inlets  of  other  proportions,  it  was  found  desirable 
to  base  the  nondimensional  ordinates  on  the  distance  X 
from  the  maximum  diameter  station  (0.4i)  to  the  nose  rather 
than  on  the  distance  from  the  0.25i  station  to  the  nose,  as 
suggested  under  “Results.”  Reference  9,  which  was  an 
outgrowth  of  the  present  work,  presents  high-speed-test 
results  for  related  inlets  derived  by  the  foregoing  method  and 
covers  a wide  range  of  proportions. 

Internal-duct  shape  near  inlet  opening. — The  modifications 
of  figure  19  consisted  of  a conical  expansion  with  a 10®  in- 
cluded angle,  a large  irregular  expansion  formed  by  the  cut- 
out for  the  inner  cowl,  and  a gradual  (4®  equivalent  cone) 
annular  expansion  obtained  with  the  inner  cowl.  None  of 
these  changes  had  a measurable  effect  on  either  the  external 
drag  or  the  pressure  distribution.  Modification  B-4c  of 
figure  18  likewise  had  no  effects.  Modifications  B-4a  and 
B-4b  of  figure  18,  however,  caused  slight  drag  increases  and 
disturbed  the  external  pressures  at  the  nose.  These  latter 
modifications  are  equivalent  to  inferior  nose  shapes  cor- 
responding to  smaller  inlet  sizes  than  the  basic  nose  B inlet. 
It  will  be  observed  that  the  intemal-duct  shapes  included 
both  satisfactory  and  very  inefficient  designs  and  that  neither 
had  any  external  effects,  provided  that  the  size  of  the  inlet 
was  not  altered. 

Angle  of  attack.' — The  effect  of  increase  in  angle  of  attack 
from  0°  to  3.5®  on  the  pressure  distribution  over  the  top  of 
nose  B can  be  seen  in  figure  35.  A considerably  higher  air- 
inlet-velocity  ratio  is  required  to  reduce  the  pressure  peak  at 
3.5®  angle  of  attack  than  at  0®  angle  of  attack.  In  flight,  the 
inlet- velocity  ratio  would  automatically  increase  with  angle- 
of-attack  increases  owing  to  decreases  in  the  flight  speed, 
if  the  engine  power  were  assumed  constant.  Force-test  data 
obtained  ^vith  fixed  transition  on  a fuselage  mo  deb  employing 
nose  C (reference  8)  showed  that  the  external  drag,  at  an 
inlet-yelocity  ratio  of  0.56,  was  practically  constant  over  the 
angle-of-attack  range  of  0®  to  3.5®. 

OUTLET  OPENINGS 

The  outlet  openings  tested  were  not  optimum  shapes 
arrived  at  by  a series  of  tests,  as  were  the  inlet  openings.  As 
previously  stated,  they  merely  represented  typical  practice 
in  the  design  and  the  construction  of  outlets.  It  became 
apparent  during  the  course  of  the  tests  that  the  openings 
had  several  undesirable  characteristics,  but  it  was  not 
feasible  at  the  time  to  extend  the  investigation  to  include 
modifications.  Further  outlet  research  embracing  the  im- 
provements that  suggested  themselves  in  the  course  of  this 
investigation  are  included  in  references  8 and  10. 

Pressure  distribution.^ — The  effect  on  the  pressure  distri- 
bution of  air  flow  from  the  outlets  was  generally  unfavorable. 
In  the  case  of  the  annular  outlets  (fig.  24)  a negative-pressure 
peak  occurred  at  the  higher  flow  rates,  owing  to  an  effective 


thickening  of  the  body  due  to  the  flow  of  exhaust  air  in  the 
rear  of  the  openings.  In  some  cases,  the  peak  was  suffi- 
ciently high  to  fix  the  critical  speed  of  the  body.  The  pressure 
disturbance  at  the  21-percent  outlet  precipitated  boundary- 
layer  transition  at  all  outlet  velocities. 

The  static  pressure  at  the  tail  outlets  (fig.  22)  became  more 
positive  as  the  flow  was  increased.  This  effect  was  due  to 
the  fact  that  the  streamlines  of  both  the  internal  and  the 
external  flows  were  converging  at  the  opening,  so  that  con- 
siderable contraction  of  the  flow  in  the  rear  of  the  outlet 
resulted.  Thus,  about  one-third  of  the  total  pressure 
(measured  from  po)  at  the  tail  outlets  was  in  the  form  of 
static  pressure  which,  of  course,  increased  as  the  flow  ratio 
was  advanced.  The  static  pressure  in  the  internal  flow  at 
the  outlet  tended  to  be  considerably  more  positive  than  that 
of  the  external  flow  near  the  tail  outlet.  The  high  outlet 
pressures  are  believed  to  have  caused  local  separation  of  the 
external  flow  near  the  tail  outlets. 

External  drag. — The  external  drag  with  the  63-percent 
annular  outlet  (fig.  25)  at  first  decreased  as  the  flow  rate 
was  advanced  probably  because  of  the  elimination  of  locally 
separated  flow  in  the  wake  of  the  opening,  and  then  it 
increased  rapidly,  probably  because  of  the  increasing  skin 
friction  over  the  part  of  the  body  in  the  wake  of  the  outlet. 

Similar  drag  characteristics  were  exhibited  by  the  tail 
outlets  wherever  velocity  ratios  vIV,  up  to  0.5  or  greater, 
could  be  attained,  as  in  the  case  of  tails  D and  F tested 
singly  (fig.  23)  and  tails  B,  C,  and  E tested  in  combination 
with  the  nose  inlets  (figs.  28  to  31).  The  rise  in  drag  at  the 
higher  flow  rates  in  the  combination  tests  is  shown  con- 
clusively in  figure  30  to  be  due  to  the  tail  outlets.  When 
compared  on  the  basis  of  tail-outlet-velocity  ratio  (fig.  30) 
instead  of  flow  coefficient  (fig.  29  (a)),  the  drag  obtained 
with  three  outlets  of  widely  different  size  shows  close  agree- 
ment. The  drag  increase  at  the  higher  tail-outlet-velocity 
ratios  is  believed  to  be  due  to  local  separation  of  the  external 
flow  as  a result  of  the  high  outlet  pressures. 

The  tail  outlets  were  superior  to  the  annular  outlets.  A 
comparison  of  tail  C with  the  63-percent  annular  outlet  in 
combination  with  nose  B (fig.  33)  shows  that  in  spite  of  a 
somewhat  larger  area  the  tail  outlet  had  the  lower  drag 
throughout  the  range,  particularly  at  the  higher  outlet 
velocities.  As  would  be  expected,  the  comparison  was 
independent  of  the  location  of  boundary-layer  transition 
because  neither  opening  had  any  appreciable  effect  on  the 
transition  location. 

Outlet-opening  design. — The  outlet  velocity  is  not 
arbitrary  as  is  the  inlet  velocity  but  is  fixed  by  the  internal 
total-pressure  losses  and  the  pressure  drop  across  the  system. 
From  the  standpoint  of' the  internal  drag,  it  is  desirable  to 
have  the  outlet  total  pressure  as  nearly  equal  to  the  free- 
stream  total  pressure  as  possible  so  that  a minimum  amount 
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'of  energy  will  be  left  in  the  wake.  In  well-designed  cooling 
systems,  the  internal  total-pressure  losses  are  onl}^  a few 
percent  of  the  free-stream  total  pressure  at  high  speeds. 
Under  these  conditions,  the  ideal  outlet  total  pressure  is 
approached  and  the  internal  drag  is  small.  The  relation  be- 
tween internal  total-pressure  loss  and  the  internal  drag  was 
shown  in  the  section  entitled  “Results.’'  The  outlet  velocit}" 
at  a given  flight  speed  is  readily  calculable  from  estimates  of 
the  total-pressure  losses  and  the  pressure  drop  across  the 
system.  A contraction  or  an  orifice  coefficient  (dependent 
on  the  outlet  shape)  should  be  applied  to  the  velocit}-  as  com- 
puted from  the  pressure  characteristics.  With  the  tail  out- 
lets tested,  for  example,  the  velocity  at  the  outlet  was  about 
0.8  of  the  final  velocit}^.  For  the  annular  outlets,  the  co- 
efficient was  roughl}’  0.9.  The  velocity  having  thus  been 
obtained  at  the  outlet,  the  size  of  the  opening  will  depend  on 
the  required  quantity  of  air  flow. 

The  economy  of  passing  exactl}^  the  required  amount  of 
cooling  air  tlirough  the  internal  system  at  all  flight  speeds  is 
generally  appreciated.  Variation  in  the  size  of  the  exit 
opening  is  the  most  efficient  method  of  controlling  the  rate  of 
flow. 

The  shape  of  the  opening  is  not  critical  as  far  as  the  in- 
ternal flow  is  concerned,  provided  there  are  no  expansions. 
But  the  present  tests  have  indicated  that  the  external  flow 
mayffie  adversel3^  affected  if  the  static  pressures  are  different 
from  those  of  the  main  stream  near  the  outlet.  The  shape 
of  the  opening,  therefore,  should  permit  the  internal  air  to 
exhaust  at  the  same  static  pressure  as  exists  in  the  external 
flow  near  the  opening.  A suggested  optimum  tail-outlet 
shape  is  sketched  in  figure  26,  and  the  flow  characteristics  are 
compared  with  those  existing  at  one  of  the  outlets  tested  for 
the  ideal  outlet  condition  of  free-stream  total  pressure  in  the 
opening.  The  desired  conditions  at  the  outlet  are  obtained 
in  the  proposed  opening  by  eliminating  the  contraction  of  the 
outlet  flow.  The  desired  outlet  conditions  can  be  attained 
at  any  outlet  location  b}’^  making  the  streamlines  of  both 
internal  and  external  flows  parallel. 

The  optimum  shape  for  an  annular-outlet  opening  is  not 
as  obvious  as  in  the  case  of  the  tail  outlets.  It  is  evident 
from  figure  24,  however,  that  the  body  fairing  immediately 
behind  the  outlet  should  be  altered  to  reduce  the  thickness  of 
the  body  and  thus  to  relieve  the  thickening  effect  of  the  outlet 
flow.  Further  research  is  recommended  to  determine  in 
detail  the  shapes  required  to  give  the  minimum  disturbance 
to  the  static-pressure  distribution. 

In  regard  to  the  relative  merits  of  the  annular  and  the  tail 
outlets  for  efficient  internal  systems,  it  is  probable  that  the 
optimum  tail  outlet  will  be  superior  to  the  best  possible 
annular  outlet  because  the  high-velocit}-  flow  from  the  annu- 
lar openings  will  generally  increase  the  skin  friction  of  the 
portion  of  the  body  in  the  wake  of  the  outlet. 


INLET-OUTLET  COMBINATIONS 

The  combination  tests  (figs.  28  and  34)  are  of  principal 
interest  in  showing  that  the  over-all  external  drag  of  the  bod^^ 
with  suitable  inlet  and  outlet  openings  of  practicable  size 
was  no  higher  than  that  of  the  basic  streamline  form.  This 
result  was  obtained  at  rates  of  mternal  air  flow  sufficient  for 
cooling  a radial  engine  located  at  the  maximum  fuselage  sec- 
tion at  moderate  to  high-speed  flight  conditions. 

The  variation  of  the  rate  of  internal  flow  in  the  combina- 
tion tests  was  accomplished  by  means  of  vaiying  the  internal 
resistance.  At  the  condition  of  ‘maximum  flow  attainable 
with  a given  outlet  size,  the  internal  losses  were  very  small 
and  consequently  the  outlet  conditions  closel}-  approached 
the  ideal.  The  outlet  velocities  over  approximately  the 
higher  25  percent  of  the  flow  range  covered  with  each  outlet 
correspond  to  high-speed-flight  outlet  conditions  for  typical 
heat-exchanger  installations;  at  lower  flow  rates  the  internal- 
resistance  losses  were  considerabl3^  higher  than  would  be 
encountered  in  present  practice. ' The  actual  magnitude  of 
the  internal  drag  throughout  the  flow  range  covered  with  tail 
C is  shown  in  figure  27. 

The  rise  in  drag  at  the  higher  flow  rates  has  been  shown 
to  be  due  to  the  unfavorable  outlet  conditions  at  the  higher 
outlet  velocities  (fig.  30).  It  is  believed  that  by  improving 
the  outlet  design  as  suggested  in  figure  26  the  rise  in  drag  at 
the  high  outlet  velocities  would  be  eliminated. 

It  mil  be  observed  that  the  drag  obtained  for  the  best 
combinations  with  fixed  transition  was,  in  general,  slightly 
greater  than  for  the  streamline  body  with  transition  fixed  at 
the  same  station.  The  difference  may  be  entirely  accounted 
for  by  the  higher  drag  of  the  carborundum  strip  itself  when 
located  at  the  nose  of  the  inlet  openings  than  when  located 
in  the  thicker  boundary  layer  on  the  streamline  body.  In 
addition,  it  should  be  remembered  that  the  stations  selected 
for  fixing  the  transition  on  the  streamline  body  are  entirely 
arbitrary.  Under  actual  flight  conditions,  transition  on  the 
streamline  body  might  occur  somewhat  ahead  of  the  corre- 
sponding station  on  the  noses  owing  to  the  gi'eater  length  of 
the  streamline  body.  In  this  case,  the  drag  of  the  stream- 
line body  would  be  relatively  higher  than  in  the  present 
comparisons. 

The  drag  of  the  inlet  openings  in  the  presence  of  the  outlets, 
and  vice  versa,  was  considerably  less  than  it  was  when  the 
openings  were  tested  individually.  (See  fig.  34.)  A part  of 
this  effect,  particularly  at  low  rates  of  internal  flow,  may  be 
due  to  leakage  in  the  tests  of  the  individual  openings,  as  has 
previously  been  pointed  out.  Another  contributing  factor 
of  secondary  importance  may  be  the  difference  in  the  methods 
of  restricting  the  internal  flow — that  is,  the  resistance  plates 
inserted  near  the  inlet  opening  in  the  combination  tests 
(fig.  2)  may  have  had  some  small  tendency  to  affect  the 
external  flow.  In  general;  however,  it  is  reasonable  to  expect 
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that  the  openings,  in  combination,  would  contribute  less 
drag  than  when  tested  individually. 

Comparison  with  NACA  cowling. — The  results  of  reference  1 
provide  a comparison  of  the  inlet-outlet  combinations  with 
the  NACA  cowling.  In  the  investigation  cited,  the  best 
' NACA  cowling  shape  of  reference  2 was  adapted  in  a typical 
fuselage  installation  to  the  NACA  111  fuselage  form.  This 
basic  streamline  shape  was  almost  identical  with  the  body 
employed  in  the  present  tests,  and  the  effective  body-drag 
coefficients  with  natural  and  fixed  transition,  0,040  and  0.055, 
respectively,  were  practically  equal  to  the  corresponding  drag 
coefficients,  0.042  and-0.054,  obtained  in  this  investigation. 
The  flow  and  the  boundary -layer  conditions  on  the  basic 
shapes  employed  were  evidently  quite  similar.  The  drags 
of  the  cowling  with  fixed  and  natural  transition  as  given  in 
reference  1,  with  cooling  air  flow,  were  reduced  about  5 
percent  to  obtain  the  external  drag  necessary  to  the  com- 
parison. The  results,  taken  at  the  same  Mach  number  and 
at  very  nearly  the  same  Reynolds  number  as  in  the  present 
tests,  are  shown  on  each  of  the  figures  along  with  the  results 
of  the  combination  tests  (figs.  28,  29,  and  31)  with  the  tail 
outlets. 

The  combinations  tested  were  aerodynamically  superior 
to  the  NACA  cowling,  particularly  in  the  natural  transition 
condition  where  the  inlets  B and  C permitted  extensive 
laminar  flow  and  caused  no  increase  in  drag.  The  NACA 
cowling  produced  a drag  increase  of  some  56  percent  in  this 
case. 

The  NACA  cowling  shape  employed  in  the  tests  of  refer- 
ence 1 was  developed  (reference  2)  to  have  the  highest 
critical  speed,  Mcr=0.63,  of  eight  typical  cowling  shapes  of 
the  same  over-all  dimensions.  The  critical  speed  of  the 
body  alone  with  the  largest  of  the  present  inlets,  nose  A, 
wasMcr=0.64atapracticalrateof  air  inlet  (fig.  13).  With  the 
smaller  inlets  the  critical  speed  was  advanced  toMcr=0.84, 
the  critical  speed  of  the  basic  111  fuselage  shape. 

CONCLUSIONS 

The  results  of  this  investigation  of  inlet  and  outlet  openings 
led  to  the  following  conclusions: 

1.  Modification  of  a streamline  body  permitting  air  inlet 
at  the  nose  and  outlet  at  the  tail  can  be  accomplished  without 
increasing  the  external  drag. 

2.  Inlet  profiles  were  developed  which,  with  practicable 
rates  of  air  flow,  produced  velocity  distributions  approaching 


closely  that  of  the  basic  streamline  body.  Consequently, 
the  critical  speed  was  as  high  as  that  of  the  streamline  body 
and  the  same  favorable  laminar-boundary-layer-flow  condi- 
tions were  realized. 

3.  The  test  results  indicated  that  outlet  openings  should 
be  designed  so  that  the  static  pressure  of  the  internal  flow 
at  the  outlet  would  be  the  same  as  the  static  pressure  of  the 
external  flow  in  the  vicinity  of  the  opening. 

4.  The  internal-duct  shape  near  an  inlet  of  given  size  had 
no  appreciable  effect  on  the  external  drag  or  pressure 
distribution. 

5.  The  location  of  a simulated  smooth-barrel  gun  in  the 
nose-inlet  opening  caused  no  appreciable  increase  in  drag  at 
low  angles  of  attack.  The  muzzle  of  the  gun  should  be 
slightly  rounded,  and  the  length  of  barrel  extending  beyond 
the  inlet  should  be  as  small  as  possible. 

Langley  Memorial  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  11,  1940. 
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TABLE  I 

ORDINATES  OF  STREAMLINE  BODY  AND  NOSE  INLETS 


Streamline  body 

xfL 

yJR 

x/L 

vIR 

0 

0 

0.5000 

0. 986 

.0125 

.190 

.5500 

.952 

.0250 

.287 

.6000 

.898 

.0500 

.431 

.6500 

.820 

.0750 

.536 

.7000 

.724 

.1000 

.620 

.7500 

.612 

.1500 

.742 

.8000 

.491 

.2000 

.825 

.8500 

.371 

.2500 

.898 

.9000 

.249 

.3000 

.948 

.9500 

.124 

.3500 

.982 

.9750 

.0624 

.4000 

1.000 

1.0000 

0 

.4500 

1.000 

D 

0.20 

~L~ 

Nose  A 

Nose  B 

Nose  C 

x}L 

vlR 

iIL 

y!R 

x!L 

ylR 

0.1238 

0.  550 

0. 0654 

0.396 

0. 0536 

0.286 

.1244 

.568 

.0657 

.408 

.0540 

.297 

.1250 

.578 

.0660 

.416 

.0543 

.304 

.1258 

.587 

.0664 

.420 

.0546 

.310 

.1265 

.595 

.0668 

.425 

.0550 

.317 

.1272 

.602 

.0674 

.432 

.0557 

.326 

.1286 

.614 

.0682 

.439 

.0564 

.334 

. 1300 

.626 

.0696 

.451 

.0578 

.349 

.1322 

.640 

.0724 

.472 

.0593 

.361 

.1358 

.661 

.0796 

.516 

.0607 

.375 

.1394 

.680 

.0868 

.550 

.0643 

.404 

.1465 

.708 

.0939 

.580 

.0678 

.429 

.15.36 

.732 

.1082 

.630 

.0760 

_473 

.1608 

.752 

.1224 

.670 

.0822 

.510 

.1679 

.768 

.1368 

.706 

.0964 

.574 

. 1822 

.797 

. 1654 

.768 

.1107 

.626 

. 1965 

.821 

.1939 

.817 

. 1393 

.707 

.2108 

.842 

.2064 

.837 

. 1678 

.770 

.2322 

.875 

.2321 

.875 

. 1966 

.821 

.2500 

.898 

.2500 

.898 

.2322 

.875 

.2500 

.898 

^=0.0143 

4=0.0143 

4=0.0143 

Ji 

4^=0.1238 

Li 

4=0.0653 

1j 

4=0.0.536 

Li 

^=0.5360 

^=0.3785 

^=0.2680 

TABLE  II 

ORDINATES  FOR  DERIVING  OPTIMUM  NOSE  SHAPES  FOR 
INLET  DUCT  SIZES  OTHER  THAN  THOSE  TESTED  ° 


x'lX 

ylY 

1-0.536 

1-0.379 

^-0.268 

Mean 

0 

0.039 

0.036 

0. 027 

0.034 

.005 

.091 

.079 

.069 

.080 

.010 

.119 

.101 

.089 

. 103 

.020 

.160 

.135 

.123 

.139 

.030 

.192 

.163 

.152 

.169 

.050 

.247 

.211 

.204 

.221 

.075 

.303 

.259 

.258 

.273 

.100 

.3.52 

.304 

.308 

.321 

.150 

.435  • 

.382 

.392  1 

.403 

.200 

.501 

.448 

.462 

.470 

.300 

.603 

.555 

.574 

.577 

.400 

.679 

.644 

.664 

.662 

.500 

.740 

.721 

.740 

.734 

.600 

.798 

.788 

.804 

.797 

.800 

.902 

.899 

.910 

.904 

1.000 

1.000 

1.000 

1.000 

1.000 

“ See  figure  20. 


TABLE  III 

INCREASE  IN  DRAG  WITH  SIMULATED  GUN  IN 
NOSE-INLET  OPENING 


(nofura!  transition) 


(deg) 

l/d 

v/V 

Increase  in 
body  drag 
due  to  gun. 
percent 

.50-caliber  machine  gun 

0 

1. 13 

0 

12.8 

0 

1. 13 

.25 

12.5 

0 

1. 13 

.50 

10.6 

0 

.57 

0 

9.6 

0 

0 

0 

2.6- 

1.  5 

1. 13 

0 

21.5 

1.5 

1.13 

.25 

16.1 

1.5 

1. 13 

. 50 

10.2 

3.5 

1.13 

0 

38.6 

3.5 

1.13 

.25 

20.4 

3.5 

1.13 

. 50 

7.2 

3.5 

.57 

0 

18.4 

3.5 

0 

0 

4.8 

37-millimeter  cannon  (smooth  barrel)  | 

0 

1.13 

0 

6.7 

- 0 

1.13 

.25 

4.3 

0 

1.13 

.50 

0 

1.  5 

1. 13 

0 

11.5 

1.5 

1. 13 

.25 

9.0 

1.5 

1. 13 

.50 

0 

3.5 

1.13 

0 

19.2 

3.5 

1. 13 

.25 

9.  1 

3.5 

1. 13 

.50 

0 
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ON  THE  PARTICULAR  INTEGRALS  OF  THE  PRANDTL-BUSEMANN  ITERATION  EQUATIONS 

FOR  THE  FLOW  OF  A COMPRESSIBLE  FLUID* 


By  Carl  Kaplan 


SUMMARY 

The  particular  integrals  of  the  second-order  and  third-order 
Prandtl-Busemann  iteration  equations  for  the  flow  of  a com- 
pressible fluid  are  obtained  by  means  of  the  method  in  which 
the  complex  conjugate  variables  z and  z are  utilized  as  the 
independent  variables  of  the  analysis.  The  assumption  is  made 
that  the  Prandtl-Glauert  solution  of  the  linearized  or  first-order 
iteration  equation  for  the  two-dimensional  flow  of  a compressible 
fluid  is  known.  The  forms  of  the  particular  integrals^  derived 
for  subsonic  floWj  are  readily  adapted  to  supersonic  flows  with 
only  a change  in  sign  of  one  of  the  parameters  of  the  problem. 


systematic  manner.  The  explicit  expressions  obtained  for 
the  particular  integrals  of  the  second-  and  third-order  itera- 
tion equations  are  believed  to  yield  essentially  the  solution 
of  the  problem  of  high  subsonic  flow  past  an  arbitrary  two- 
dimensional  profile,  since  it  is  never  , a difficult  problem  to 
supply  the  solutions  of  the  homogeneous  equation  necessary 
for  the  fulfillment  of  the  boundary  conditions.  It  is  note- 
worthy that  the  particular  integrals,  derived  for  subsonic 
flow,  can  be  adapted  to  supersonic  flow  with  simply  a change 
in  sign  of  one  of  the  parameters. 

FUNDAMENTAL  EQUATIONS 


INTRODUCTION 

For  the  past  several  years  iteration  methods  have  been 
increasingly  applied  to  the  solution  of  compressible-flow 
problems.  The  most  useful  method  from  the  point  of  view 
of  aeronautical  applications  and  the  one  discussed  in  this 
report  is  based  on  small  perturbations  with  respect  to  the 
undisturbed  flow.  The  Prandtl-Glauert  and  Ackeret  solu- 
tions in  two-dimensional  subsonic  and  supersonic  flow, 
respectively,  obtained  by  means  of  the.  linearization  of  the 
fundamental  nonlinear  differential  equation  for  compressible 
flow,  are  presumed  to  be  known  and  are  taken  as  the  initial 
steps  in  this  iteration  process.  Higher-order  solutions  are 
then  obtained  by  retaining  appropriate  powers  and  products 
of  the  perturbation  quantities.  This  method  of  iteration 
has  been  variously^  labeled  the  Ackeret  iteration  process  and 
the  Prandtl-Busemann  small  perturbation  method  when 
limited  to  two-dimensional  subsonic  flow.  The  procedure 
has  been  extended  in  recent  years  to  both  two-dimensional 
and  axisyunmetrical  supersonic-flow  problems. 

In  a recent  publication  (reference  1),  Van  Dyke  succeeded 
in  obtaining  by  trial  the  particular  integral  of  the  nonhomo- 
geneous  second-order  iteration  equation  for  the  velocity 
potential  in  supersonic  flow.  The  general  solution  is  then 
easily  obtained  by  adding  solutions  of  the  homogeneous 
equation  with  proper  regard  to  the  boundary  conditions  at 
the  surface  of  the  solid,  and  at  infinity. 

The  purpose  of  the  present  report  is  to  show  a procedure 
by  means  of  which  the  particular  integrals  of  the  higher- 
than-first-order  iteration  equations  can  be  derived  in  a 


The  fundamental  nonlinear  differential  equation  governing 
the  flow  of  a compressible  fluid  is 

where 

Xy  Y rectangular  Cartesian  coordinates  in  flow  plane 
Uy  V fluid  velocity  components  along  X-  and  F-axis,  respec- 
tively 

c local  speed  of  sound 

The  condition  for  irrotational  motion  is  that 
bu bv 


and  leads  to  a velocity  potential  ^ defined  by 


u= 


v = 


dX 

bY 


(2) 


If  the  body  is  held  fixed  in  a uniform  stream  of  velocity  Uy 
the  relation  between  the  local  speed  of  sound  c and  the  speed 
of  the  fluid  fu^-\-if  is  given  for  adiabatic  processes  by 


M. 


t/2  J 


(3) 


* Supersedes  NAG  A TN  2159,  *‘0n  the  Particular  Integrals  of  the  Prandtl-Busemann  Iteration  Equations  for  the  Flow  of  a Compressible  Fluid”  by  Carl  Kaplan,  1950. 
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where 


sound  speed  in  undisturbed  fluid 

7 ratio  of  specific  heats  at  constant  pressure  and  constant 
volume 


Mach  number  of  undisturbed  stream  (Z7/c„) 


With  the  introduction  of  a characteristic  length  I as  unit 
of  length  and  the  undisturbed  stream  velocity  U as  unit  of 
velocit}^,  the  quantities  Yj  u,  v,  and  ^ for  the  remainder 
of  the  analysis  denote,  respectivel}^  the  nondimensional 
quantities  X/l,  F/i,  ujU,  vlU,  and  while  c and  retain 
their  original  meanings.  By  means  of  equations  (2),.  equa- 
tions (1)  and  (3)  then  become,  respectively. 


^^—2 — 2 — — 2M  J^^x^Y^XY — 0 

(4) 


and 


—0=1* 


7 — 1 


(5) 


where  the  subscripts  X and  F denote  partial  differentiations 
with  respect  to  the  designated  variables. 

In  order  to  obtain  the  iteration  equations  based  on  small 
perturbations  of  the  undisturbed  stream,  the  assumption  is 
made  that  the  velocity  potential  $ can  be  expanded  in  the 
form 

• • • (6) 


For  the  purpose  of  defining  and  controlling  the  iteration 
procedure,  the  function  and  its  derivatives  are  then 

regarded  as  small  compared  with  the  preceding  approxima- 
tion and  its  derivatives. 

From  equations  (2)  and  (6), 

U=4>js:==  1 • • • 

and 


When  these  expressions  for  u,y  are  introduced  into  equation 

(4) ,  together  with  the  expression  for  given  b}’'  equation 

(5) ,  and  the  powers  and  products  of  4>^and  their  derivatives 
are  grouped  according  to  the  assumptions  of  the  small  per- 
turbation method,  the  following  iteration  equations  for  the 
first  three  approximations  <i>i,  #2,  and  4>3  result: 

' {1-MJ)^,xx+^iyy  = 0 (7) 


(1  — M„^)^2XX+^2y  V — ^oo^[(7+  1)^1X^1XA  + 

, (7  — 1 r r + 2$i  y ^ ixy] 


(1 — MJ^)^^xx-\-^zyy  — MJ^  1^2  [(7+l)^ivx  + 

(7~l)4^irr]  + 2 *^*iy'[(7“  l)^ixx  + (7+ l)4*iy y]  + 

^IX  [(7  + 1 )*^2XX  + (7  — 1 )^2Y  y]  + 2(^>ix^»l  Y^ix  Y + 
^2F^ivr +^ir^2xy)|  (9) 

For  slender  bodies,  the  first  few  steps  of  this  iteration  process 
may  be  expected  to  yield  an  accurate  result  with  the  excep- 
tion of  a small  region  in  the  neighborhood  of  a stagnation 
point.  Even  at  stagnation  points,  the  iteration  method  has 
been  shown  to  represent  correctly  the  effect  of  compressibility 
(reference  2) . The  accuracy  of  the  calculations  obviously  de- 
pends upon  the  number  of  terms  determined,  each  additional 
terin  reducing  the  region  of  inaccuracy  in  the  neighborhood 
of  a stagnation  point. 

The  iteration  equations  (7)," (8),  and  (9)  may  be  put  into 
more  familiar  forms  by  the  introduction  of  a new  set  of 
independent  variables  x and  \vhere 


(10) 


Thus,  for  equation  (7)  is  transformed  into  a Laplace 

equation ; whereas  equations  (8)  and  (9)  are  transformed  into 
Poisson  equations  with  the  right-hand  sides  composed  of, 
respectively,  double  products  and  triple  products  of  previ- 
ously determined  perturbation  quantities.  It  is  further  as- 
sumed that  the  solution  of  equation  (7)  is  available.  This 
initial  step  in  the  approximation  to  the  exact  nonlinear  solu- 
tion is  usually  easily  obtained,  as  it  represents  the  Prandtl- 
Glauert  approximation  (reference  3,  appendix  B).  The 
purpose  of  the  present  report  is  then  to  derive  explicit  ex- 
pressions for  the  particular  solutions  of  the  second-  and 
third-order  iteration  equations  (8)  and  (9). 


CALCULATION  OF  THE  PARTICULAR  INTEGRAL  OF  THE 
SECOND-ORDER  ITERATION  EQUATION 

By  introducing  the  independent  variables  x and  y defined 
by  equation  (10),  the  second-order  iteration  equation  (8) 
becomes 


where 


7 + 1 MJ 


(11) 


and  where  use  has  been  made  of  Laplace^s  equation 


(8) 


• ^la:z+^ll/I^=0 
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The  procedure  for  obtaining  the  particular  integrals  of  the 
higher-order  iteration  equations  is  based  on  the  use  of  the 
complex  conjugate  variables  z and  i as  independent  variables. 
Thus, 

z = z-\-iy 

z = x—iy 

and  the  equivalence  of  operators 
dx 


dy  ^ \d2  di/ 


by 


^—^+2 
,2“ 


bzdz^bz^ 
52  52 


5i/2  bz^  ' " bzbz  bz^ 

Then  equation  (7)  for  becomes 

4-^-0 

d2d2 

The  most  general  real  solution  of  this  equation  is 


^1=2  N(2)  + 'W^i(2)] 


(12) 


(13) 


or 


^>i=R.P,  Wi(z)=R,  P.  Wi{z) 


where  Wi{z)  is  an  arbitrary  analytic  function  of  2,  Wi{z)  is  its 
conjugate  complex,  and  where  the  symbol  R.P.  stands  for 
‘Teal  part  of.’’  The  imaginary  part  of  Wi(z)  is  a function 
say,  related  to  by  means  of  the  Cauchy-Riemann  equations 
and  hence  also  satisfies  Laplace’s  equation.  The  function 
does  not  represent  the  stream  function  of  the  actual  com- 
pressible flow  and  does  not  appear  in  the  final  expressions 
of  the  particular  integrals.  The  following  relations  will  be 
found  useful  and  are  easily  verified: 


^^=~{Wi+Wi) 


*l>ix=2  (^i^+^i?) 


^in/=2  (Wizi—Wm) 


^IXX 2 


2$ix'*'ii*=R-P-(Wiz+«Jir)Wizz  . 

24>i„4>ii»=  — R.  P.  (Wlz  — Wlz)  Wuz 

and  equation  (11)  for  the  second  approximation  $2  becomes 

. ^2zT=^  il^„*R.P.  [<r'l/;izWijz  + (2  + cr)Wij'U)i2z] 

=i  M„»R.P.  [1  (wu^)z  + (2  + <r)(w.zWn)z] 

If  ^>2  is  defined  to  be  the  real  part  of  a nonanalytic  function 
v)2{z,z),then 

W2zz=|m„*[|(w,z^)z  + (2  + <t)(«;.zW,z)z]  (14) 

This  equation  can  be  integrated  immediately  by  inspection 
and  3nelds  the  general  solution 


MJ 


I zw,/+(2  + <r)  WiWi 


+i"(2)]  (15) 


where,  because  only  the  real  part  $2  of  W2  is  of  interest,  only 
one  arbitrary  analytic  function  F{z)  need  be  included.  The 
function  F{z)  satisfies  Laplace’s  equation  and  is  so  chosen 
as  to  satisfy  the  required  boundary  conditions  at  the  surface 
of  the  body  and  at  infinity.  The  part  of  the  expression  on 
the  right-hand  side  of  equation  (15),  excluding  the  arbitrary 
function  F{z)i  is  the  particular  integral  of  equation  (14)  and 
may  be  expressed  in  real  form  in  the  following  manner: 
Suppose 

f(z)=— I zWix‘+{2  + a)wi'Wiz+f(z)  (16) 

where /(2)  is  again  an  arbitrary  analytic  function  of  z. 

Then  with  the  aid  of  the  relation 

where  use  has  been  made  of  the  Cauchy-Riemann  conditions 

^lx='Plv 

^iv=—'hz 

\-  the  expression  for  4>2,  obtained  from  equation  (15),  becomes 

j 

^2=\mJ  [-2<ry«>,x4>„+2(2-|-cr)$,#,x+R.P./(2)]  (17) 

The  expression  on  the  right-hand  side  of  this  equation, 
excluding  R.P./(z),  namely, 

[(l  +|)  4>,x 


(18) 


912 


REPORT  1039 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


corresponds  precisely  to  the  particular  integral  obtained  by  Van  Dyke  (reference  1)  for  two-dimensional  supersonic  flow 
with  <r  replaced  by  —<j,  where  for  supersonic  flow  the  definition  of  <r  is 

__7+l  MJ  ' ' 

2 MJ-1 

It  is  rather  noteworthy  that  the  particular  integral  of  the  second-order  iteration  equation  (8)  can  be  obtained  for  both  sub- 
sonic and  supersonic  flows  b}-  simply  interchanging  the  sign  of  the  parameter  <r. 

CALCULATION  OF  THE  PARTICULAR  INTEGRAL  OF  THE  THIRD-ORDER  ITERATION  EQUATION 

In  this  section,  the  particular  integral  of  equation  (9)  involving  only  <I>2,  and  their  derivatives  is  derived.  For  this 
purpose,  the  variables  x,y  and  the  parameter  <x  are  introduced.  Equation  (9)  then  takes  the  following  form: 

|(1  +<r)($,„^2r+<J>.*$2..)  + [2^'(l  + (t)-1]$, ^+(1  + (t)  [2/3^(1  + <r)-|J 

. (19) 

Use  is- again  made  of  the  complex  conjugate  variables  z and  i as  independent  variables.  Thus, 

f>2  = R.P.W2(2,Z) 

4>2*  = R.P.(W2j  + W2i) 

4>2„  = R.  P.  i(W22— W2f) 

^2ii=R- P.  (10222  + 2W2z2+W252) 

$22i,=R.  P.  i(i0222  — I02n) 

^l«3'll^  = R.P.  (Wl2+iOl2)*«’l22 

— R.P.  I (Wl2— i0l2)‘'Wl,2 

^lri$2l+^ll$22I=R.  P.  ^ (Wl22+iOl2f)('1022  + 1022)  + R.  P.  ^ (Wl2+i0ll)(W222+  2^222  + W222) 

^lw^2»=  — R.  P.  i iWuz-Wi-^{W2z—Ws) 

^1»^2I»=  — R.  P-  ^ (Wi2— Wij)(w222— W2n) 

— R.  p.  ^ {Wu^—Wn^ut 

Then  equation  (19),  with<&3=R.  P.  w^iz,!),  can  be  written  as  follows: 

'“’321  = ^ (1  — ^*)v(«’22Wl22  + '!0222Wl2  + W22Win+W2JlWl2)  +l(l  —/3*)(2  + <r)(W22W|n  + W222Wlj+W2r«;i22+1022?Wl2)  + 

i(l-^V[i9^(l+2<r)-(l-2<r)]w,2^W,22+j^(l-^")[^"(4  + 5<T  + 20+<r(3  + 2<r)]w,s»W,22+ 
l{l-pW%‘2  + 5a  + 2a^+{-2  + <r  + 2<r^)]WizW,fWuz 

Introducing  the  expressions  for  W2{z,2)  and  its  derivatives  with  respect  to  z and  2 from  equation  (15)  yields  for  w^zi  the 
following  equation: 

W32i=j^  (1  -^’“)V^(w, 2^10122)2+ j^(l  -^')V(2  + <r)(iw,)5(w.2Wi22)2+^(l {l-fi^Mfi\2+a)+ 

(4  + 3(t)]wi2(Wi2*)2+^  (1  —fi^y<^(2  + a)(wu%{zwij)^+^  (1  — |8Y(2  + <r)*Wi22(WiWif)2+j^  (1  — /3^)^(2 + <r)(Wif2^2)2i+ 

^ (1  -n\2  + <TYiwyhwu„+^  (l-^^)v^(5+3|8^)(«;.2’)2+^(l-^^)[/3^(8+10<r+3<r^)+a(6  + 5<r)]w,nWi2^ 


(20) 


PAHTICXJLAK  INTEGRALS  OF  PRANDTL-BUSEMANN  ITERATION  EQUATIONS  FOR  FLOW  OF  A COMPRESSIBLE  FLUID  913 


In  the  derivation  of  this  expression  for  Wz;;^  free  use  was  made  of  the  fact  that  insofar  as  the  real  part  ^>3  of  Wz  is  con- 
cerned, terms  of  the  nature  g{z)h{z)  and  g{^)h{z)  are  equivalent.  It  is  important  to  note  that  this  type  of  operation  leaves 
unaltered  the  real  part  $3  of  Wz^  Since  ^z  is  the  quantit}-  sought  in  the  calculations,  changes  in  the  imaginary  part  of  Wz 
are  of  no  consequence  in  the  final  results. 

Equation  (20)  can  be  integrated  imihediately  by  inspection  and  yields  the  following  result: 


W3=A(l_|32)V222w,/wi„+j^(l— j3*)V2W,jF,  + A(i_^2)V(2  + <r)2WiWuWi„  + j^(l— /3*)<r[/3^(2  + (r)+(4  + 3(r)]w,Wu*-l- 

A(i— j32)V(2  + (7)iw,r'i«i/+A  (i_j32)2(2-|_£r)2iJjWijWij+A(i_j32)2(2-f(r)(^’wi2+J’2W|)+^(l—j3^)^(2+<r)^, 

— (1  — /3^)o-^(3|8*+5)2'UJiz^+^  (1  — + lOcr  + 3(r^)  + cr(6  + 5cr)]Wi2j^  dz  (21) 


Equation  (21)  is  the  particular  mtegral  of  equation  (20).  The  most  general  solution  is  obtained  by  adding  an  arbitrary 
analytic  function  G{z),  satisfying  the  homogeneous  or  Laplace  equation  Gg^=0.  An  arbitrary  function  of  i,  customarily  in- 
cluded in  the  general  solution,  need  not  be  considered  here  because  only  the  real  part  ^>3  of  Wz  is  of  interest.  In  fact,  the 
omitted  arbitrar}^  function  is  the  complex  conjugate  G{z). 

In  order  to  obtain  the  desired  form  of  $3  (the^real  part  of  Wz)  from  equation  (21),  F(z)  is  replaced  b}^  its  expression 
given  in  equation  (16),  and  the  real  part  olf(z)  in  equation  (17)  is  replaced  by 

E.  P. /(2)= ^ $2  + 2 2(2  + 

The  final  form  of  the  particular  integral  of  the  third-order  iteration  equation  (9)  then  becomes 
4-3= -|(1 -^')<r2/(4>ix4>2,  + 3>„4-2x)  + |(l -0')(2  + + + 

|(1  -0^M{6  + 5a)+Zi-2  + <jW]y^,/+ 

A(i-;82)^[(10-a)-(10  + 7cr)^%4>,3,„+i(l~^T<^(2  + <T)2/3>,($,x<J>ix,+^.Axx)+ 

j^(l-/32)[(-16-10a  + a0+(16+22tr  + 7<7^)^2j^A/-j^(l-^2)(7[(6  + 5<7)  + 3(2  + cr)|82]$,$,/- 
i(l-j3^)2(2+<r)^,^$,xx+j^(l-^')k(6  + 5a)+(8+10(r  + 3a^)/3^]-l>,xJ l(<5.x"- + dy]  (22) 


The  corresponding  expression  for  ^3  for  supersonic  flow  is  obtained  by  simply  replacing  o-  by  — o'  with 

7“|“1 

MJ-l 

and  jS"  b}’-  with  The  physical  plane  variables  X and  Y are  easily  inserted  into  both  equations  (18)  and 

(22)  by  means  of  the  transformation  equations  (10), 

x=Z 

y=^Y 

It  is  pointed  out  that  the  forms  of  the  two  particular  integrals,  equations  (18)  and  (22),  derived  in  this  report  are  identical 
for  both  subsonic  and  supersonic  flow.  The  apparent  differences  are  caused  by  a change  in  sign  of  the  parameter  j8“.  Thus, 
j3^  and  <r  are  positive  for  both  subsonic  and  supersonic  flow.  Actually,  of  course,  the  fimctions  represented  by  ^>i,  ^>2, 
$3,  . , . are  different  for  the  two  types  of  flow.  For  subsonic  flow,  these  functions  are  derived  from  anal}^tic  and  nonanal}Tic 
functions  of  z and  i;  whereas  for  supersonic  flow,  they  involve  the  real  “characteristics^^  variables  x±fiy. 

Note  that  the  last  term  of  the  expression  on  the  right-hand  side  of  equation  (22)  contains  the  indefinite  mtegral 

I=j [(4>ix!— $,/)da:  + 24>iz$i„  dy] 


(23) 
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It  is  obvious  from  the  corresponding  complex  integral  in 
equation  (21)  that  the  integrand  of  equation  (23)  is  an  exact 
differential.  This  fact  can  also  be  easily  verified  with  the 
help  of  Laplace’s  equation 


Thus, 


(24) 


Equation  (24)  represents  the  necessary  and  sufficient  condi- 
tion that  the  integrand  of  equation  (23)  be  an  exact  differ- 
ential. Further,  according  to  the  theory  of  exact  differential 
equations,  the  integral  I may  be  expressed  as  follows: 


M d:)^  dy  (25) 


where 


and  where  by  J"  M dx  is  meant  the  result  of  integrating 

Mdx  with  y considered  constant.  The  expression  within 
the  parentheses,  namely 


Mdx 

is  a function  of  y only.  This  statement  can  be  verified  as 


follows:  Thus, 

and  because  y is  considered  constant  in  the  process  of  inte- 
grating MdXy  it  is  clear  that 

Hence  the  right-hand  side  of  equation  (26)  is 

which  vanishes  because  of  the  condition  for  the  existence  x)f 
an  exact  differential. 

- Note  that  in  general  it  is  simpler  to  perform  the  complex 
integration  J* w^dz  rather  than  transform  to  a real  integral 
and  then  perform  the  integration. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  29 ^ 1950, 
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SPECTRA  AND  DIFFUSION  IN  A ROUND  TURBULENT  JET> 

By  Stanley  Corrsin  and  Mahinder  S.  Uberoi 


SUMMARY 

In  a round  iuhuleni  jet  at  room  temperature,  measurement 
oj  the  shear  correlation  coefficient  as  a function  of  frequency 
{through  hand-pass  filters)  has  given  a rather  direct  verification 
of  Kolmogorqff^s  local-isotropy  hypothesis. 

One-dimensional  power  spectra  of  velocity  and  temperature 
fiuctuations , measured  in  unheated  and  heated  jets,  respectively, 
have  been  contrasted.  Under  the  same  conditions,  the  two  cor- 
responding transverse  correlation  functions  have  been  measured 
and  compared. 

Finally,  measurements  have  been  made  of  the  mean  thermal 
wakes  behind  local  {line)  heat  sources  in  the  unheated  turbulent 
jet,  and  the  order  of  magnitude  of  the  temperature  fluctuations 
has  been  determined. 

INTRODUCTION 

At  the  present  time  there  apparently  exists  no  statistical 
theory  of  turbulent  shear  flow.  One  significant  theoretical 
consideration  has  been  proposed:  The  hypothesis  of  local 
isotropy,  originated  by  Kolmogoroff  (references  1 and  2), 
Kohnogoroff  has  suggested  that  the  fine  structure  in  turbu- 
lent shear  flow  may  be  isotropic;  recent  experiments  of 
Townsend  (references  3 and  4)  in  a turbulent  wake  seem  to 
verify  this  hypothesis. 

In  view  of  this  situation,  the  various  experimental  re- 
searches in  the  field  follow  two  courses:  First,  they  attempt 
to  verify  or  disprove  local  isotropy;  second,  they  try  in  all 
conceivable  ways  to  make  measurements  that  may  shed  light 
upon  the  basic  nature  of  the  turbulent  shear  flow,  so  that  the 
foundations  for  a successful  theory  can  be  laid. 

During  recent  years  it  has  become  evident  that  measure- 
ments of  the  intensity  of  turbulence  alone  cannot  provide 
sufficient  information  about  the  statistical  and  dynamical 
properties  of  the  flow  fields.  Such  quantities  as  correlations, 
spectra,  probability  densities,  the  various  terms  in  the  turbu- 
lent kinetic-energy  balance,  and  so  forth  may  be  expected  to 
reveal  many  essential  features  of  the  problem. 

The  types  of  turbulent  shear  flow  that  have  come  under 
close  experimental  scrutiny  are  the  boundary  layer  (references 
5 and  6),  the  plane  channel  (reference  7),  the  plane  wake 
(references  3 and  4),  the  plane  single  free-mixing  region 
(reference  8),  and  the  roimd  jet  (references  9 and  10).  The 
present  work  is  a continuation  of  that  reported  in  references 
9 and  10. 

The  general  objectives  of  this  investigation  have  been  to 
learn  something  more  about  the  flow  in  a fully  developed 
round  turbulent  jet  and  about  the  heat  transfer  in  such  a 
flow.  The  work  reported  here  has  fallen  into  three  phases: 


(a)  An  attempt  to  establish  the  presence  or  absence  of  local 
isotropy,  (b)  a comparison  of  velocity-  and  temperature- 
fluctuation  fields  when  the  over-all  boundary  conditions  on 
mean  velocity  and  temperature  are  effectively  the  same,  and 
(c)  a study  of  the  diffusion  of  heat  from  a local  (line)  source 
in  the  turbulent  flow. 

The  only  specific  experimental  verification  of  local  isotropy 
in  a turbulent  shear  flow  to  date  was  by  Townsend  in  the 
plane  wake  behind  a circular  rod  (references  3 and  4).  He 
found  that  the  skewness  and  flattening  factors  of  the  prob- 
ability density  of  ’bujbt  in  the  shear  flow  are  very  closely 
equal  to  those  in  the  (effectively  isotropic)  turbulence  far 
behind  a grid.  Since  differentiation  emphasizes  the  higher 
frequencies,  his  measurement  shows,  in  essence,  that  the 
values  of  certain  statistical  quantities  related  to  the  smaller 
eddies  in  a shear  flow  are  the  same  as  the  values  for  the  smaller 
eddies  in  isotropic  turbulence.  He  also  found  the  microscale 
of  in  the  stream  direction  to  be  nearly  ^[2  times  the  micro- 
scale of  V in  that  direction,  a relation  which  is  exactly  true 
for  isotropic  turbulence. 

Until  recently,  only  mean-velocity  and  mean-temperature 
distributions  were  measured  to  provide  a comparison  of  the 
transfer  rates  of  momentum  and  of  heat  in  turbulent  shear 
flows  with  over-all  heat  transfer.  The  previous  report  in  this 
round-jet  investigation  (reference  10)  included  a beginning  on 
the  problem  of  du*ect  comparison  of  the  velocity  and  tempera- 
ture fluctuations  as  well  as  some  measurements  of  velocity- 
temperature  correlations.  The  fluctuations  in  a warm 
tm’bulent  wake  have  been  studied  by  Townsend  (reference 
11). 

Up  to  the  present  time,  however,  there  appears  still  to  be  no 
successful  hypothesis  to  account  for  the  well-knoAvn  fact  that 
heat  (and  other  scalar  quantities,  like  material)  is  diffused 
more  rapidly  than  momentum  in  a turbulent  flow.  Thus, 
more  detailed  study  of  the  fluctuations  seemed  in  order. 

The  fii-st  real  analysis  on  the  diffusive  property  (for  scalar 
quantities)  of  a homogeneous  turbulent  field  was  Ta}dor^s 
well-kno^\^l  work  Diffusion  by  Continuous  Movements’^ 
(reference  12). 

The  mean  thermal  wake  behind  a line  source  of  heat  in  a 
flowing  isotropic  tiu'bulence  has  been  carefully  measured  b)^ 
Schubauer, (reference  13)  in  the  region  close  to  the  som’ce,  and 
by  Simmons  (measm’ements  reported  in  reference  14)  over  an 
extended  range.  Taylor’s  theory-  of  diffusion  by  continuous 
movements  is  dhectty  applicable  to  the  diffusion  from  a line 
souixe  of  heat  in  a homogeneous  tiu'bulent  field,  and  he  has 


» Supersedes  NAG  A TN  2124,  “Spectrums  and  Diffusion  in  a Round  Turbulent  Jet’^  by 
Stanley  Corrsin  and  Mahinder  S.  Uberoi,  195p. 
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made  a generalization  to  permit  application  of  the  method  in 
a decaying  isotropic  tm'bulence  (reference  14). 

In  a tiu'bident  shear  flow,  the  only  published  measurements 
of  the  thermal  wake  of  a local  source  seem  to  be  those  of 
Ski’amstad  and  Schubauer  in  a tm'bulent  boimdary  la^w.^ 
These  were  reported  b}^  the  expei'imenters  (reference  15)  and 
by  Dryden  (reference  16).  The  temperature  distribution 
across  the  wake  in  shear  flow  is  decidedly  skew.  On  the  other 
hand,  in  the  isotropic  turbidence,  it  is  to  all  intents  and  pur- 
poses a Gaussian  cmwe.  Of  com'se,  in  a homogeneous  field 
this  cm*ve  (measured  close  enough  to  the  source  so  that  the 
Lagi'angian  correlation  coefficient  is  still  effectively  uniW)  is 
simply  the  probability  density  of  the  lateral  velocity  fluctua- 
tions. This  relation  may  be  rouglJy  true  for  shear  flow  as 
well,  in  which  case  the  contrasting  results  mentioned  above 
would  mean  that  the  probability  density  of  v{t)  is  skew  in 
shear  flow,  but  Gaussian  in  decaying  isotropic  turbulence. 

No  measurements  had  been  made  of  the  fluctuations  in 
these  thermal  wakes,  and  it  was  felt  that  some  information  on 
the  nature  of  these  might  help  further  a general  under- 
standing of  the  diffusive  process. 

This  investigation  was  conducted  at  the  Aeronautics 
Department  of  The  Johns  Hopkins  University  under  the 
sponsorship  and  with  the  financial  assistance  of  the  National 
Advisory  Committee  for  Aeronautics.  The  authors  would 
like  to  acknowledge  many  stimulating  conversations  with 
Dr.  L.  S.  G.  Kovasznay,  and  to  thank  Dr.  F.  H.  Clauser  for 
his  helpful  criticism.  Donation  of  the  hot- jet  unit  by  Dr.  C. 
B.  Millikan.,  Director  of  the  Guggenheim  Aeronautical 
Laboratory  at  the  California  Institute,  of  Technology,  is 
greatly  appreciated.  Mr.  Philip  Lebowitz  helped  to  set  up 
much  of  the  laboratory  equipment. 
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SYMBOLS 

diameter  of  orifice  (1  in.) 
axial  distance  from  orifice 
radial  distance  from  jet  axis 
axial  component  of  mean  velocity 
radial  component  of  mean  velocity 
tangential  ^mponent  of  mean  velocity 
maximum  at  a cross  section  (on  axis) 
axial  component  of  instantaneous  velocity 
fluctuation 

radial  component  of  instantaneous  velocity 
fluctuation 

tangential  component  of  instantaneous  veloc- 
ity fluctuation 


instantaneous  temp  era  tui’e  difference  (meas- 
ured above  room  temperature  as  reference) 
mean  temperature  difference  (measured  above 
room  temperature  as  reference) 


» Wieghardt  has  recently  measured  the  diffusion  of  heat  from  a local  source  in  a turbulent 
boundary  layer  (reference  17),  but  his  source  was  flush  with  the  solid  surface  and  thus  he  was 
studying  a different  problem,  that  is,  one  more  directly  related  to  micrometeorological 
conditions. 


^max 


t 


e 

a,)3 


Ruv 

U„,v„ 


U„'  = ^Un^ 


4>,'P 


F F 


n 

Ui 

k 

k 

ko 

Ffh) 

F, ^{n,) 
F{k) 
Gfh) 

G. ^inO 

G{k) 

Ry 

Rx 


Lx 

A. 


maximum  mean  temperature  difference  at  a 
cross  section 

maximum  mean  temperature  in  jet  at  orifice 
instantaneous  temperature  fluctuation 

. time 

voltage  fluctuation 

sensitivity  of  a diagonal  hot-v-ire  to  u and 
to  Vj  respectively 

shear  correlation  coefficient  (w/u't;') 
instantaneous  contributions  of  u{t)  and  v(t), 
respectively,  in  a narrow  frequency  band 
of  nominal  frequency  n;  in  a Fourier  series 
discussion,  the  nth  harmonic  of  periodic 
u(t)  and  «;(0,,  respectively 


shear  correlation  coefficient  for  a narrow  band 
of  frequencies  (u^v„lufvf)  ;■  this  function 
is  referred  to  as  the  ^‘shear-correlation 
spectrum”  or,  briefly,  the  “shear  spectrum” 
phase  angles 

in  Fourier  series  analysis,  nF^^aJ  a- 

/”  ' 
nFr,  = bn^  ^bj,  whcrc  an  and  bn  are  Fourier 

• series  coefficients 

cyclic  frequency  in  general ; in  particular, 
magnitude  of  radial  coordinate  in  three- 
dimensional  frequency  space  ^ 
cyclic  frequency  of  one-dimensional  spectra 
of  u(t)  and  d{t) 

wave-number  magnitude  for  three-dimen- 
sional spectra  (flirnlU) 

wave-number  mapiitude  for  one-dimensional 
spectra  (27r%/U) 

a reference  constant  with  dimensions  of  wave 
numbers 

one-dimensional  power  spectrum  of  u{t)  in 
terms  of  wave  number 

one-dimensional  power  spectrum  of  u{t)  in 
terms  of  frequency 

three-dimensional  power  spectrum  of  velocity 
fluctuation 

one-dimensional  power  spectrum  of  d{t)  in 
terms  of  wave  number 

one-dimensional  power  spectrum  of  ^(t)  in 
terms  of  frequency 

three-dimensional  power  spectrum  of  tem- 
perature fluctuation 

transverse  correlation  fimction  of  u measured 
symmetrically  about  jet  axis  {u\U2ju^) 
longitudinal  correlation  function  of  u 
transverse  correlation  function  of  d measured 
symmetrically  about  jet  axis 
longitudinal  scale  of  ^^-fluctuations 
longitudinal  scale  of  z?-fluctuatioris 
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K 

X 
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lateral  scale  of  i^-fluctuations 
lateral  scale  of  i?-fluctuations 
longitudinal  microscale  of  i/-fluctuations 
lateral  microscale  of  i/-fluctuations 
lateral  microscale  of  ^^-fluctuations 
longitudinal  microscale  of  t?-fluctuations 
distance  downstream  from  local  heat  source 
in  x-direction 

lateral  distance,  perpendicular  to  source  line, 
from  local  heat  source 
dimensionless  temperature  ratio  (dfdmaz) 

standard  deviation  of  mean-temperature  dis- 
tribution in  wake  behind  local  heat  source 
pulse  spacing 
pulse  height 
pulse  width 


EQUIPMENT 

AERODYNAMIC  EQUIPMENT 

The  1-inch  hot-jet  unit  is  shown  schematically  in  figure  1. 
The  centrifugal  blower  is  driven  by  a }^-horsepower  direct- 
current  motor.  Heat  is  added  through  two  double  banks 
of  coils  of  No.  16  Nichrome  wire.  As  can  be  seen  in  the 
sketch,  a good  part  of  the  heated  air  is  directed  around  the 
outside  of  the  jet-air  pipe  in  order  to  maintain  a flat  initial 
temperature  distribution  in  the  jet.  A vacuum-cleaner 
blower  is  used  to  help  the  air  through  this  secondary 
heating  annulus,  and  this  warm  air  is  fed  back  into  the  intake 
of  the  main  blower. 

The  section  of  relatively  high  velocity  between  heaters  and 
final  pressure  box  permits  adequate  mixing  behind  the  grid, 
to  insure  thermally  homogeneous  initial  jet  air. 

Figure  2 is  a photograph  of  the  unit  as  set  up  previously 
(reference  10);  the  present  arrangement  is  essentially  the 
same. 

All  turbulence  measurements  were  made  with  an  initial 


jet  total  head  in  the  range  from  3.5  to  5.0  inches  of  water. 
In  free  turbulent  flows  there  is  no  detectable  effect  of  jet 
Re\Tiolds  number  over  a much  wider  range  of  Reynolds 
numbers  than  this. 

When  the  jet  was  run  unheated,  there  was  a slight  temper- 
ature rise  through  the  blower  and  duct.  In  the  measure- 
ments of  thermal  wake  behind  a local  heat  source,  correction 
for  this  ambient-temperature  field  was  necessary.  For  all 
hot  runs,  the  orifice  air  temperature  was  very  close  to  200° 
C,  about  175°  above  room  temperature. 

Three  different  local  heat  sources’^  were  used: 

(a)  A straight  diametrically  strung  wire  of  0.008-inch 
Nichrome 

(b)  A 2-inch-diameter  Nichrome  ring 

(c)  A 4-inch-diameter  Nichrome  ring 

Because  of  the  extremely  high  turbulence  levels  encounted 
in  a free  jet,  a measurable  thermal  wake  could  only  be  ob- 
tained by  using  source  temperatures  in  the  range  from  300° 
to  700°  C.  This  undoubtedly  led  to  some  local  buoyancy 
effects,  but,  even  with  this  order  of  temperatures,  the  thermal 
wake  was  barely  detectable  1 inch  downstream. 

The  Reynolds  numbers  of  these  heat-source  wires  were 
about  as  follows: 

For  straight  wire  on  axis,  ' 

150,  based  on  air  temperature 
22,  based  on  wire  temperature 
For  2-inch-diameter  ring, 

110,  based  on  air  temperature 
16,  based  on  wire  temperature 
For  4-inch-diameter  ring, 

59,  based  on  air  temperature 
9,  based  on  wire  temperature 

No  noticeable  additional  turbulence  was  generated  by  these 
wires,  and  no  average  momentum  defect  could  be  detected 
with  a flattened  total-head  tube,  even  as^  close  as  Yi  inch 
downstream. 


Figube  2.— The  jet  unit. 
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MEASURING  EQUIPMENT 

The  measuring  instruments  used  were:  Total-head  tube, 
Chromel-Alumel  thermocouple,  and  hot-wire  anemometer 
(also  used  as  resistance  thermometer). 

The  hot-whes  were  nominally  0.000635-centimeter  plat- 
inum, about  1.5  millimeters  in  length,  etched  from  Wollaston 
wme.  The  etched  platinum  was  soft-soldered  to  the  tips 
of  small  steel  needle  supports.  A discussion  of  heat  loss 
from  a wire  at  various  ambient  temperatures  is  given  in 
appendix  A. 

The  basic  hot-wire-anemometry  equipment  was  purchased 
from  Mr.  Carl  L.  Thiele  of  Altadena,  California.  One  of 
the  two  identical  heating  circuits  is  sho^vn  in  figure  3. 

The  amplifier,  with  resistance-capacitance  compensation 
network,  is  given  in  figure  4.  The  uncompensated  gain  is 
constant  to  within  ± 2 percent  over  a frequency  range  from 
3 to  12,000  cycles  per  second  (fig.  5).  With  the  wires  and 
operating  conditions  used  (time  constants  on  the  order  of 
1 millisecond),  the  over-all  compensated  response  was  good 
over  the  same  range.  Correct  setting  of  the  compensation 
network  was  determined  by  superimposing  a square  wave 
upon  the  hot-wire  bridge  (reference  18).  Unfortunately,  in  a 
free  turbulent  shear  flow  the  ambient  disturbance  is  so  great 
(because  of  the  extremely  high  turbulence  levels)  that 
calibration  cannot  be  made  in  the  flow  to  be  studied. 

The  vacuum- thermocouple  signal  output  was  measured 


either  with  a milli voltmeter  or  by  the  average  deflection  rate 
of  a fliLxmeter. 

The  various  spectra  reported  here  were  measured  with  a 
modified  General  Eadio  Type  760-A  Sound  Anatyze:: 
(reference  19).  The  changes  in  output  stage  (fig.  6)  were 
made  to  eliminate  the  direct-current  component  and  to 
obtain  linear  instead  of  logarithmic  response.  As  modified, 
the  sound  analyzer  had  rather  undesirable  frequenc}^- 
response  characteristics,  particularly  a day-to-day  shift  in 
relative  amplification  of  the  higher-frequency  ranges.  The 
frequency-response  calibration  in  figure  7 is  plotted  in  terms 
of  voltage  squared,  since  this  was  the.  quantity  ultimately 
measured. 

The  frequency  pass  band  for  this  analyzer  is  far  from  the 
optimum  rectangular  shape.  However,  the  slopes  of  the  two 
sides  are  sufiiciently  steep  that  no  appreciable  error  is 
attributable  to  noninfinite  slopes  with  the  spectra  meas- 
ured in  this  investigation.  Figure  8 is  an  experimental!}^ 
determined  band  shape.  There  was  fair  similarity  of  band 
shape  over  the  entire  frequency  range.  For  computational 
purposes,  an  equivalent  rectangular  pass  band  was  defined  as 
indicated  in  the  figure. 

The  instrument  is  a type  recording  constant-percent  band 
width,  measuring  the  product  of  power  spectrum  times 
frequency.  This  has  obvious  advantages  in  the  high- 
frequency  range  where  there  is  so  little  turbulent  energy. 
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Figure  3.— Control  circuits. 
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1603  6J5  1603  6J5  ^ 1603  /603  6JS 


Ai  soon,  10  steps;  6.3  volts  (direct  current) 

voltage  ratio,  2!t  per  step  Storage  battery 

A2  2000n,  fO  steps 
of  200n  each 

Cl  iOOOppf  oir  condenser 

C2  10,000 ppf  decade  condenser, 
iOOOppf  per  step 

® Brass  10-32  binding  posts 

Figjjre  4 -Hot-wire-anemometer  amplifier. 


Possibly  the  chief  disadvantage  of  the  actual  band  shape  is 
the  extremely  sharp  peak,  causing  a great  deal  of  fluctuation 
in  the  output  signal,  and  making  any  simple  meter-reading 
teclmique  vh‘tually  impossible  in  the  low-  and  medium- 
frequency  ranges.  Consequently  an  integrating  technique 
was  devised,  making  use  of  the  negligible  restoring-torque 
characteristics  of  a Sensitive  Research  Co.  fliLxmeter.  The 
integrating  technique  used  is  shown  schematically  in  figure  9. 
Actually  a bank  of  vacuum  thermocouples  was  used,  and  ,thc 
resistances  shown  are  just  typical  values.  The  signal  put  out 
by  the  thermocouples  is  a highly  fluctuating  direct  current. 

The  bucking  circuit  was  necessitated  by  the  following 
combination  of  requirements : 

(a)  For  the  lowest  frequencies  reasonable  consistency 
could  be  obtained  only  by  integrating  over  periods  as  long  as 
3 minutes. 

(b)  Appreciable  static  bearing  friction  in  the  fluxmeter 
demanded  more  or  less  continuous  motion  of  the  needle. 

(c)  The  restoring  torque  of  the  fluxmeter  is  no  longer 


B^  B* 


Phone 

plug 


negligible  in  the  range  of  very  large  deflection.  Hence  it  was 
desirable  to  keep  total  deflection  to  a minimum. 

Thus,  most  of  the  average  du'ect-current  component  of  the 
thermocouple  signal  was  bucked  out,  and  the  constant  buck- 
ing current  was  read  on  a precision  micro  ammeter.  The 
fluxmeter  needle  fluctuated  more  or  less  about  the  zero- 
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Frequency,  cps 


Figure  7. — Response  of  sound  analyzer  with  modified  output  circuit. 


PiGURE  8.— Filtration  characteristics  of  sound  analyzer  with  modified  output  circuit.  Area 
of  rectangle  equals  area  under  curve. 


deflection  point  during  the  time  of  integration,  and  its  reading 
at  the  end  of  this  time  ordinarily  gave  a small  correction  on 
the  result. 

In  the  highest-frequency  range,  overload  considerations  on 
the  sound  analyzer  limited  the  signal  drastically,  and  only  a 
part  of  the  thermocouple  direct  current  was  bucked. 

For  the  determination  of  average  wake  temperatures 
behind  the  local  heat  sources,  the  thermocouple  voltage  was 
measured  with  a Leeds  & Northrup  type  K-2  potentiometer. 

Oscillograms  were  taken  from  a blue  oscilloscope  tube  by 
means  of  a General  Radio  Type  651-AE  camera,  using  fast 
film. 

PROCEDURES 


VELOCITY  SPECTRUM 


The  power  (or  energy)  spectrum  of  the  longitudinal 
velocity  fluctuations  at  a point  in  the  unheated  jet  was 
measured  by  conventional  hot-wire-anemometry  technique, 


*with  a continuously  adjustable  band-pass  filter,  as  described 
under  ‘ 'Equipment.” 

TEMPERATURE  SPECTRUM 

The  power  spectrum  of  the  temperature  fluctuations  in 
the  heated  jet  was  measured  by  using  the  hot-wire  effectively 
as  a simple  resistance  thermometer  (reference  20).  The 
amplified  voltage  signal  was  analyzed  exactly  as  in  the 
measurement  of  velocity  spectra. 

SHEAR-CORRELATION  SPECTRUM 

For  the  shear-correlation  spectrum,  the  quantity  to  be 
measured  is  the  correlation  coefficient  between  a narrow 
frequency  band  of  '^-fluctuations  and  the  same  narrow  fre- 
quency band  of  z;-fluctuations,  at  the  same  point  in  the  flow 
field. 

The  method,  for  any  particular  nominal  frequency,  was 
to  pass  the  various  voltage  signals  (6i,  62,  61  + ^2,  61—62)  from 
an  X-type  shear-  (or  v'—)  meter  through  the  band-pass 
filter  after  amplification.  By  appropriate  combination  of 
the  mean-square  values  of  these  four  signals  (identical  with 
total-shear  measurement),  there  results 

where  the  subscript  n indicates  the  narrow  band  of  nominal 
frequency  n cycles  per  second.  A justification  for  the 
validity  of  this  procedure  is  obtainable  by  considering  the 
two  velocity-fluctuation  components  as  periodic,  functions. 
Of  course,  this  is  not  a real  proof. 

If  a symmetrical  X -meter  is  assumed,  the  two  instan- 
taneous voltage  signals  are 

ei  = au+Pv\ 

(1) 

e2=au—^v) 

For  periodic  fluctuations, 

N 

CO 

u=y^,an  cos  (2irnt+<l>n) 

n-l 

V (2) 

00 

« = S bn  COS  i2irnt+\l/„) 

71=1 

y 

In  this  simple  case,  the  correlation  coefficient  for  any  spectral 
line  is  merely 

nI^M0”COS  (^<f>n  ^n)  (3) 


If  equations  (2)  are  substituted  into  equations  (1),  it  is 
easily  sho\vn  that 


COS  {<t>n  — ^n)  = 


n6i^— 

Vn(^l  + 62)^  n(6i  — 62)^ 


(4) 


in  complete  analogy  to  the  conventional  method  for  measur- 
ing Ruv  with  an  X -meter.  The  algebraic  details  are  given 
in  appendix  B. 

When  the  meter  is  not  perfectly  symmetrical  («i?^a2; 
the  formal  processes,  both  algebraic  and  experi- 
mental, become  excessively  involved.  Consequently,  in 
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actual  practice  the  effect  of  unavoidable  unsymmetry  in  the 
X*nieter  was  essentially  nullified  by  taking  double  sets  of 
readings  at  each  frequency  rotating  the  instrument  180° 
about  the  axis  of  flow  direction  between  sets. 

VELOCITY  CORRELATION  FUNCTION 

The  double  correlation  Ry  between  longitudinal  velocity 
fluctuation  at  pairs  of  points  on  opposite  sides  of  the  jet 
axis  was  measured  only  in  the  unheated  jet.  Hence  the 
standard  hot-wire-anemometry  teclmique  was  used.  The 
two  hot-wires  were  always  equidistant  from  the  axis  (on  a 
diameter),  so  that  they  were  under  identical  operating 
conditions. 


TEMPERATURE  CORRELATION  FUNCTION 

In  the  hot  jet,  the  wires  traversing  symmetrically  as  for 
Ey  were  operated  as  simple  resistance  thermometers,  so  that 
the  double  temperature  correlation  Sy  couM  be  determined 
directly. 

MEAN  TEMPERATURES  BEHIND  LOCAL  SOURCE 

To  determine  mean  temperatures  behind  a local  source, 
traverses  were  made  with  a Chromel-Alumel  thermocouple, 
whose  voltage  was  measured  with  a Leeds  & Northrup  type 
K-2  potentioiri^ter. 

TEMPERATURE  FLUCTUATIONS  BEHIND  LOCAL  SOURCES 

To  determine  temperature  fluctuations  behind  local 
sources,  the  fine  platinum  wire  was  operated  at  small  cur- 
rents, so  that  it  worked  essentially  as  a resistance  thermom- 
eter. 

. EXPERIMENTAL  RESULTS 

Mean-velocity  and  mean-temperatiu*e  distributions  for 
various  orifice  temperatures  are  presented  in  reference  10. 

SHEAR-CORRELATION  SPECTRUM 

The  spectrum  of  shear  correlation  coefficients  „Ruv= 
uTvlIUnVn  was  measurcd  in  the  unheated  jet  at  xld=20  at 
a radial  station  corresponding  to  maximum  shear  at  this 
cross  section.  Figui-e  10  shows  quite  definitely  that  nRuvi'f^) 
is  a function  decreasing  monotonically  to  zero.  Thus,  the 
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Figure  10.— Variation  of  shear  correlation  coefficient  % with  frequency.  Round  turbulent 
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hypothesis  of  local  isotropy  is  seen  to  be  verified  in  a very 
direct  \yay.  The  value  of  the  directly  measmed  total-shear 
correlation  coefficient  Ruv=^lu'v'  is  indicated  in  the  figure. 


VELOCITY  AND  TEMPERATURE  SPECTRA 


The  one-dimensional  power  spectrum  Fi{k{)  of  the  longi- 
tudinal velocity  fluctuations  u{t)  was  measured  at  two  radial 
positions  in  the  unheated  jet  at  xjd=20.  Figure  11  gives  the 
two  spectra,  one  measm*ed  on  the  axis  and  one  measured  at 
about  the  maximum-shear  location.  Plotted  against  wave 
number  {ki  — 2Trii\IU),  the  two  spectra  are  identical  within 
the  experimental  scatter.  The  solid  line  drawn  as  approxi- 
mation to  the  points  is  made  up  as  follows: 

(a)  For  0<A:i<1.25,  it  is  Von  Kerman's  semiempirical 
formula  (reference  21): 


<0 


y Constant 

1+1 

m 

2-1 

1 

5/6 

(5) 


(b)  For  a nonanalytical  curve  has  been  faired  in 


Figure  11.— One-dimensional  power  spectra  of  u(0  measured  in  1-inch  unheated  jet  atx/d=20. 
Computed  scales:  Z/*=3.3  centimeters  for  both  stations,  X,=0.31  centimeter  for  both 
stations. 
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The  Von  Kerman , expression,  was  used  primarily  to 
simplify  the  problem  of  extrapolation  to  ti  = 0 and  to  shorten 
the  work  of  transformation  to  three-dimensional  spectra. 
(See  ^‘Velocity  and  Temperature  Spectra'^  under  “Analysis 
of  Results.”) 

The  corresponding  one-dimensional  power  spectra  of 
temperature  fluctuations  Gx{ki)  were  measured  in  the  heated 
jet  (00=170°  C)  at  xld=20.  One  spectrum  is  on  the  jet  axis; 
one  is  at  about  the  radial  station  of  maximum  heat  transfer 
(and  shear).  From  figure  12,  it  can  be  seen  that  they  differ 
noticeably  in  the  high-frequency  range,  but  are  essentially 
identical  in  the  low-  and  moderate-frequency  ranges.  The 
curves  used  to  approximate  the  experimental  points  are  as 
follows:  On  the  axis — the  VonKdrman  formula  is  used  over 
the  entire  range.  At  the  maximum -heat- transfer  point — 

(a)  For  0<A:i<1.0,  the  Von  Kdrmaoi  formula  is  used 

(b)  For  A:i>1.0,  a nonanalytical  curve  has  been  faired  in 

Figures  13  and  14  contrast  velocity  spectra  with  tempera- 
ture spectra  at  corresponding  radial  stations. 


Computed  scales:  Ax=^C'i(0)=2.18  centimeters  for  both  stations. 


TRANSVERSE  CORRELATION  FUNCTIONS 

The  double  correlation  function  Ry=u^2l'^\''^h' , measiu^ed 
symmetricall}^  about  the  axis  at  xld=20  in  the  unheated  jet, 
is  plotted  in  figure  15.  Of  course,  since  the  wii*es  are  in 
identical  flow  conditions,  (say),  and 

The  double  correlation  function  in  the 

heated  jet  at  xld=20  is  plotted  in  figure  16.  Since  this  was 
also  measured  symmetrically,  Sj,=Wi^2f^3  where  = = 

(say). 

Clearly,  the  range  of  measurable  temperature  correlation 
exceeds  the  range  of  measurable  velocity  correlation  by  an 
amount  greater  than  can  be  attributed  simpl^^  to  the  fact 
that  the  hot  jet  is  wider  than  the  unheated  jet  (reference  10). 

MEAN  THERMAL  WAKES  BEHIND  LOCAL  HEAT  SOURCES 

T.ypical  radial  distributions  of  average  temperature  behind 
a straight  (diametrical)  wire,  a 2-inch-diameter  ring,  and  a 
4-inch-diameter  ring  at  x Id— 20  in  the  unheated  jet  are 
shown  in  figmes  f7,  18,  and  19,  ^espectiveh^  The  points  in 
these  figures  are  not  direct  experimental  points,  but  merely 
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serve  to  indicate  the  faired  results  for  different  distances 
downstream.  All  these  have  been  corrected  for  the  pre- 
viousl}^  mentioned  small  ambient-temperature  field  in  the 
unheated  jet.  There  was  rather  large  scatter  (illustrated 
only  in  fig.  20)  due  to  the  small  temperatm*e  differences 
measm-ed  and  to  the  extremely  large  degree  of  fluctuation 
present*.  The  4-inch  ring  is  slighth-  outside  of  the  fully  tur- 
bulent jet  core  (reference  9);  consequent!}’’  the  results  for 
this  case  are  not  of  direct  interest  in  a study  of  fully  developed 
turbulence.  The  figures  show  that  each  of  the  thermal 
wakes  possesses  similarity  well  within  the  accuracy  of 
measurement. 

All  of  the  thermal  wakes  spread  linearly  in  the  measured 
range  (figs.  21,  22,  and  23).  From  Taylor's  theoiy  of  diffu- 
sion b}'  continuous  movements,  this  simply  indicates  that, 
for  the  maximum  downstream  station  studied,  the  Lagran- 
gian  correlation  coefficient  of  the  z;-fluctuations  has  still  not 
departed  appreciably  from  unity. 

For. a straight-line  source  at  the  jet  axis,  because  of  con- 


Figure  14.— One-dimensional  power  spectra  of  u(t)  and  d(0  in  maximum-shear  region  of 
1-inch  jet  atx/d-20. 


Figure  15.— Symmetric  transverse  correlation  of  u,  measured  about  axis  atr/d=20-in  1-incb 
unheated  jet.  Ry^uiuju^. 


Figure  16.— Symmetric  transverse  correlation  ofd,  measured  atr/d=20  in  1-inch  heated  jet. 


Figure  17.— Similarity  of  temperature  behind  line  source  of  heat  on  jet  axis  at  z/d=20  in 
unheated  jet.  f i= f at  which  ^ mu. 


0 (arbHrary  scale)' 
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Figure  18. — Similarity  of  temperature  distribution  behind  2-inch-diameter-ring  source  of 
heat  in  unheated  Jet  atz/d=20.  fi,  f»=f  at  which 


Figure  19. — Similarity  of  temperature  behind  4-inch-diameter-ring  source  of  heat  in  unheated 

jet  ata:/d=20.  fi,  at  which 

« 2 


(f  cm 

Figure  20.— E.Tperimental  scatter;  temperature  behind  line  source  of  heat  on  jet  axis.  $=1.27 
centimeters;  x(d=20. 
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Figure  22.— Spread  of  heat  from  2-inch-diameter-ring  source  in  unheated  jet.  x/d=20. 
fu  f =f  at  which 


servation  of  heat,  it  follows  immediately  from  similarity  and 
linear  spread  that  the  maximum  temperature  at  a cross 
section  in  the  wake  $max  must  decrease  hyperbolically  with 
increasing  dowmstream  distance.  Let  6/6max=^{ii)f  where 
rj—^ld  and  6 is  some  chaTacteristic  width  of  the  wake,  for 
example,  the  f at  which  4>=K;  conservation  of  heat  gives 


= Constant 


(6) 


where  the  mean-velocity  changes  are  neglected.  Then, 


= Constant//i 


(7) 
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where 


7i  = J^  ^{ri)dTt 


The  same  is  true  of  the  annular  wake  in  the  range  of  f so 
small  that  8<^r. 

Single  traverses  were  also  made  behind  a straight-line  heat 
source  for  two  other  cases: 

(a)  With  the  line  source  set  perpendicular  to  r at  a radius 
of  1 inch,  a temperature  traverse  was  made  in  the  r-direction, 
at  ^—Y2  inch  (fig.  24) 

(b)  With  the  line  source  set  on  a diametral  line,  a tem- 
perature traverse  was  made  perpendicular  to  r at  a radius  of 
1 inch;  inch  (fig.  25) 


TEMPERATURE  FLUCTUATIONS  BEHIND  LOCAL  HEAT  SOURCE 

As  can  be  anticipated,  the  temperature  fluctuations  close 
behind  a local  heat  som'ce  are  quite  different  in  nature  from 
the  velocity  fluctuations  at  the  same  point  or  from  the  tem- 
perature and  velocity  fluctuations  in  a turbulent  flow  . with 
over-aU  heat  transfer.  Since  a suitable  source  produces  no 
additional  turbulence,^  the  velocity  fluctuations  should  be 


the  same  as  in  undisturbed  flow.  On  the  other  hand,  the 
“turbulent”  thermal  wake  close  to  the  source  must  be 
simply  a ver^^  narrow  laminar  thermal  wake  which  is  fluctuat- 
ing in  direction  as  v(t)  fluctuates.  Since  all  of  the  fluid  out- 
side of  this  unsteady  laminar  wake  is  of  constant  tempera- 
ture and  the  temperature  fluctuations  can  only  be  positive, 
the  general  character  of  the  oscUlogi’am  of  0(t)  in  figure  26 
is  understandable.  These  records  were  taken  about  % inch 
downstream  from  the  straight-line  heat  source,  and  about 
Yu  inch.off  the  wake  axis.  All  of  the  oscillograms  were  made 
with  insufficient  compensation  for  the  hot-wire  thermal  lag, 
in  order  to  suppress  the  (high  frequency^)  noise  and  thus 
permit  the  basic  form  of  ^(t)  to  stand  out.  From  these  two 
oscillograms  of  u{t)  and  check  measurements  of  the  turbu- 
lence levels  for  the  two  cases,  it  appears  that  the  source  wire 
has  made  no  appreciable  change  in  the  turbulence. 

Measurements  of  the  intensity  of  the  temperature  fluctua- 
tions across  a section  at  |=0.4  inch  are  given  in  figure  27. 


200  cps 
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Figure  24, — Temperature  behind  line  source  of  heat  in  unheated  jet.  r/d=20;  f=l/2  inch. 
Line  source  set  perpendicular  to  r at  a radius  of  1 inch.  Traverse  made  in  r-direction. 


Figure  25. — Temperature  4>ehind  line  source  of  heat  in  unheated  jet.  z/d=20;  f =1/2  Inch. 
Line  source  set  on  a diametral  line.  Traverse  made  perpendicular  to  r at  a radius  of 
1 inch. 


3 An  ideal  source  would  also  produce  no  average  momentum  defect.  However,  as  men- 
tioned previously,  the  momentum  wakes  of  the  local  sources  were  relatively  so  small  as  to  be 
completely  undetectable  as  close  as  inch  downstream. 


u(t)  undisturbed 


Figure  26.— Oscillograms  of  velocity  and  temperature  fluctuations. 


Figure  27.— Temperature  fluctuations  behind  line  source  of  heat  in  center  of  unheated  jet. 
x/d=20:  {=0.4  inch. 
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In  the  same  vicinity  the,  values  of  u'/l7  and  !U  are  on  the 
order  of  20  percent.'  The  extremely  high  values  of  [q  are 
not  surprising  since  the  mean  temperature  difference  is  due 
only  to  the  presence  of  the  fluctuation.  Since  the  simple- 
resistance- thermometer  theory  is  based  upon  the  assumption 
of  small  fluctuations  compared  with  absolute  tempera tui^e 
(reference  20),  it  is  expected  that  these  measurements  are 
about  as  accm*ate  as  the  measurements  of  much  lower  jd 
in  the  hot  jet  (reference  10). 

ANALYSIS  OF  RESULTS 

SHEAR-CORRELATION  SPECTRUM 

A very  convenient  check  upon  the  shear-spectrum  measure- 
ments can  be  gotten  by  the  simple  expedient  of  computing 
the  total  (or  “net’O  turbulent  shear  correlation  coefiicient 
(which  was  also  directly  measured)  from  this  spectrum  and 
the  turbulent-energy  spectrum.  Again,  an  elementary 
Fourier  series  treatment  serves  to  justify  (not  prove)  the 
intuitive  idea  that  the  total  correlation,  coefficient  Ruv  is 
simply  a -weighted  average  of  the  nRuv  (i.  e.,  the  cosines  of 
the  phase  angles),  weighted  simply  by  the  product  of  the 
square  roots  of  the  energy  spectra  of  u and  v.  The  calcula- 
tion is  given  in  appendix  B,"and  yields  the  relation 

• Ruv^Jl{nFunF,y^\Ru.  (8) 

Unfortunately,  25  cycles  per  second  is  the  lower  limit  of 
the  measured  frequency  range,  so  that  some  extrapolation 
must  be  made  to  lower  frequencies  which  contain  much  of 
the  turbulent  energy.  Since  no  theoretical  basis  yet 
exists  to  guide  this  extrapolation  (like  the  Von  Karman  for- 
mula in  the  case  of  energy  spectrum),  guesses  had  to  be 
made  as  to  the  maxiinum  and  minimum  of  reasonable- 
looking  extrapolation  curves.  These  are  plotted  in  figure  28, 
along  with  the  energy  spectrum  of  the  'w-fluctuations.  Since 
no  spectrum  of  the  r-fluctuations  was  measured,  the  expres- 
sion actually  used  for  computing  Ruv  is 

Fuc  = ^F  i{k^jf^Jiuvdk\  (9) 


The  best  of  the  tliree  extrapolations  tried  (extrapolation©) 
gives  i?„p=0.46,  which  is  satisfactorfly  close  to  the  dii-ectly 


Figure  28.— Shear  spectrum  and  i>ower  spectrum  in  1-inch  unheated  jet  atz/d=20  in  region 
of  maximum  shear. 


measured  value  of  0.44,  especially  since  there  is  no  reason  to 
suppose  that  the  spectrurii  of  the  z;-fluctuations  is  identical 
with  the  spectrum  of  the  '^^-fluctuations,  except  in  the  range 
of  local  isotropy. 

VELOCITY  AND  TEMPERATURE  SPECTRA 

The  one-dimensional  spectra  of  velocity  and  temperature 
fluctuations,  as  plotted  in  figures  11  and  12,  respectively,  are 
area-normalized;  that  is,  they  are  defined  such  that 

= (10) 

Jy,(fciMZ:,  = 1.0  (11) 

However,  the  original  measurements  were  made  on  an 
ahsolute-value  basis,  so  that  the  total  fluctuation  levels  u' jU 
and  je  could  be  used  as  checks  on  the  spectra.  The  spectra 
as  measured  were  Fi*{n^  and  6^i*(tIi),  defined  such  that, 
ideally. 


^6*{ni)dni  = '&^  (13) 


Integration  of  F,*  as  indicated  in  equation  (12)  yielded 
the  following: 

On  the  axis  (r==0), 

(u'/I7=0.22,  directly  measured) 

In  the  maximum-shear  region  (r^ 4.0  cm), 

(<u7Z7=0.40,  directl}^  measured) 

Similar  integration  of  the  measured  temperatiue  spectrum 
in  the  heated  jet  yielded  the  following: 

On  the  axis  (r=0), 

(^7^=0. 18,  directly  measured) 

In  the  maximum-shear  region  (r=4.8  cm), 

i(JV,-rf».)“’-0.41 

(t?7^=0.36,  directly  measured) 

On  the  jet  axis,  where  conventional  small-perturbation 
hot-wire  theory  may  still  be  moderately  accurate,  the  agree- 
ment is  satisfactory.  ; . 

It  should  be  noted  in  passing  that  these  directly  measured 
values  of  t^7^  ^re  appreciably  higher  than  those  reported  in 
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reference  10.  No  explanation  for  this  difference  is-apparent. 

The  longitudinal  scale  of  u-fluctuations  is  obtainable 
approximately  from  the  power  spectrum: 

. (14) 

which  follows  from  the  fundamental  Fourier  transforma- 
tion, 

F\{k^=-  { Rx  cos  {kix)  dx  (15) 

^ Jo 

in  the  limit 

An  analogous  treatment  of  a temperature-fluctuation  field 
leads  to  an  identical  expression  for  the  longitudinal  scale  of 
t?-fluctuations:  ' 

V 

(16) 

Within  the  accuracy  of  measurement,  * the  longitudinal 
scale  of  u{i)  was  found  to  be  the  same  on  the  jet  axis  and  in 
the  maximum-shear  region: 

i^=3.6  centimeters 

The  same  was  true  of  the  longitudinal  temperature  scales 
in  the  hot  jet: 

Ax=2.4  centimeters 

In  all  these  computations  the  measured  spectp  were  . 
extrapolated  to  zero  wave  number  with  a parabola',  as  first 
suggested  hy  Dryden  (reference  22).  Approximately  the 
same  numerical  values  are  obtained  with  the  Von  Karman 
formula  illustrated  in  the  plotted  curves. 

In  order  to  compare  in  the  unheated  jet  with  A^  in  the 
heated  jet.  Lx  may  be  multiplied  by  1.15,  the  jet-width  ratio 
at  x/d=20  for  these  two  initial  temperatures  (reference  10). 
The  “corrected''  Lx  is  then  4.15  centimeters. 

It  must  be  recalled  that  the  Fourier  transformation  rela- 
tion between  time  spectruni  and  space  correlation  would  be 
exacth^  true  only  if  the  turbulent  fluctuation^ at  a point 
were  due  to  pure  rectilinear  translation  (by  U)  of  a fixed 
fluctuation  pattern.  For  the  free  jet  flow,  the  extremely 
high  turbulence  levels  make  such  a transformation  very 
imcertain.  Therefore,  equations  (14)  and  (16)  (and  ithe  re- 
sulting scales)  can  only  be  considered  as  crude  approxima- 
tions. 

The  longitudinal  microscale, 


may  also  be  computed  approximately  from  the  one-dimen- 
sional power  spectrum,  by 

(18) 

(Primes  signify  differentiation  when  applied  to  correlations 
and  spectra.)  * 


Again,  an  analogous  approach  to  temperature  fluctuations 
gives 

(19) 

Unfortimately,  the  high-frequency  ranges  of  the  GiS  are 
4;oo  uncertain  to  permit  reasonable  extrapolation  and  the 
use  of  equation  (19),  although  it  can  be  seen  from  figure  13 
that  Xa:>Zx.  However,  equation  (18)  has  been  used  to  com- 
pute the  longitudinal  velocity  microscale.  Figiue  29  is  a 
^ plot  of  the  integrand  of  equation  (18).  The  integration 
and  appropriate  computation  give 

X^=0.44  centimeter 

and  the  same  value  for  both  radial  positions. 

Since  the  turbulence  on  the  axis  of  such  a jet  seems  to 
be  rather  isotropic  (the  experimental  evidence  is  that 
w=0  and  u'«v'),  the  lateral  microscale 


is  of  the  order  of  Xx/  -\/2 ; that  is, 

X — 0.31  centimeter 

With  the  assumption  of  isotropic  turbulence  on  the  jet 
axis,  it  is  possible  to  compute  the  three-dimensional  poorer 
spectrum  F{k)  from  the  one-dimensional  spectrum  Fi(ki). 
Heisenberg  (reference  23)  has  given  the  inverse  trans- 
formation 

(21) 

and  the  desired  F(Fi)  is  readily  found  to  be 

F(k{)=2k,[k,Fr''ik,)^F,'ik,)]  . (22) 

A three-dimensional  spectrum  computed  in  this  wa}"  is  given 
in  figure  30. 

The  corresponding  spectral  transformations  for  the  tlu*ee- 
dimensional  isotropic  ^uctuation  field  of  a scalar  quantity 


Figure  29. — Viscous  dissipation  and  microscale  X on  axis  of  1-inch  jet.  r/<f=20; 

f * X=0.31  centimeter. 
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Figure  30.— General  nature  of  three-dimensional  spectra  on  jet  axis.  xfd=20 

(temperature,  for  example)  are  simpl^’^  (reference  24) 

(23) 

and 

Gik^)=~2k,Gr^{kr)  (24) 

With  the  assumption  of  isotropic  temperature  fluctuations 
on  the  jet  axis,  equation  (24)  has  been  used  to  compute 
G(k). 

The  three'-dimensional  velocity  and  temperature  spectra 
on  the  jet  axis  are  very  nearly  the  same — provided  that  the 
isotropy  assumption  is  reasonably  good.  The  curve  in 
figure  30,  which  shows  the  general  nature  of  both  F and  G, 
is  simply  the  transformation  of  the  Von  Karman  approxima- 
tions to  Fi  and  Gi. 

It  must  be  recalled,  however,  that  Fi  is  in  the  unheated  jet, 
while  Gi  is  in  the  heated  jet.  Although  the  results  of 
references  9 and  10  indicate  no  essential  change  in  the  de- 
tailed dynamics  of  jet  turbulence  as  a result  of  moderate 
increase  in  jet'  temperature,  there  is  an  appreciable  increase 
in  jet  width  at  a given  x/d.  ^ As  mentioned  earlier,  the  width 
ratio  between  So=l75°  and  0o=^O°  is  about  1.15  at  xld=20. 

TRANSVERSE  CORRELATION  FUNCTIONS 

The  integral  area  under  the  velocity  correlation  function 
(fig.  15)  ma}^  be  considered  to  give  a sort  of  lateral  scale  of 
turbulence  in  the  jet,  although  the  result  is  not  associated 
with  any  particular  region  in  the  jet.  The  conventional 
expression 

£ R^{r)dr  .(25) 

gives  a scale,  £^=0.67  centimeter. 

If  a lateral  temperature  scale  is  defined  in  similar  fashion, 

Sy(r)  dr  ' (26) 

then  for  the  heated  jet  at  x/d=20  it  turns  out  that  A^=0.77 
centimeter  from  the  function  as  given  in  figure  16. 

Appropriate  comparison  of  these  transverse  scales  may  be 
had  if  Ly  is  multiplied  by  the  jet-width  ratio:  IJ 5Zi,— 0.77 
centimeter,  the  same  value  as  A^.  However,  the  two  correla- 
tion functions  that  yield  these  net  areas  are  still  quite 


different  in  shape.  The  contrast  is  shown  in  figure  31. 
Clearly,  even  though  the  net  areas  are  identical,  there  is 
nonzero  temperature  correlation  over  appreciably  greater 
distances. 

A rough  approximation  to  the  microscale  of  turbulence  can 
be  gotten  by  guessing  at  the  osculating  parabola  for  Ar=0. 
In  this  pai*ticular  case  “guessing’’  is  more  appropriate  than 
“fitting,”  since  the  job  is  entirely  extrapolatory  in  nature. 
Figure  32  (a)  shows  the  vertex  region  of  By  with  the  parabola 
that  corresponds  to 

X r 2 

^ ^^(0)J  centimeter  (27) 

This  value  is  in  sm^prisingly  good  agreement  with  the  0.31 
centimeter  obtained  from  the  power  spectrum  on  the  axis. 
In  fact,  the  agreement  must  be  regarded  as  fortuitous,  since 
the  difference  is  appreciably  less  than  the  experimental 
uncertainty. 

If  the  temperature-fluctuation  field  is  again  considered 
analogously,  the  transverse  microscale  of  temperature 
fluctuations  (fig  22  (b))  is 


Figure  31.— Comparison  of  transverse  correlation  functions.  1-inch  heated  Jet. 


(a)  Lateral  microscale  of  u-fluctuations. 

(b)  Lateral  microscale  of  t?-fluctuations. 

Figure  32.— Estimates  of  microscales.  1-inch  jet.  x/d-20. 
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, r 2 “I 

g ^XQ)J  centimeter  (28) 

For  comparison,  1.15X  = 0.32. 

MEAN  THERMAL  WAKES  BEHIND  LOCAL  HEAT  SOURCES 

The  rate  of  spread  of  the  thermal  wake  close  behind  a local 
som’ce  of  heat  was  first  used  by  Schubauer  (reference#13)  as  a 
means  of_measiiring  the  intensity  of  lateral  velocity  fluctua- 
tions v' jU.  A detailed  discussion  of  this  technique  has  been 
given  by  Taylor  (reference  14)  and  need  not  be  repeated  here. 
The  results  of  such  a computation,  compared  with  direct 
Xrmeter  measurements  of  v^fUy  are  as  follows: 


(in.) 

(-) 

(=) 

\ U/  x-meier 

0 
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0. 185 
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0.  22 

0.20 
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0.  to 
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The  X -meter  measurements  were  corrected  for  the  effects 
of  both  and  uv  upon  the  slightly  unsymmetrical  meter. 

It  is  possible  to  get  some  additional  information  about  tlie 
fluctuation  field  by  computation  from  the  turbulent-heat - 
transfer  equation.  In  particular,  an  estimate  of  the  distribu- 
tion across  a section  of  the  thermal  wake  behind  the  line 
source  may  be  made  as  follows. 

The  steady  turbulent-heat-transfer  equation  for  low  veloc- 
ity (negligible  viscous  dissipation  to  heat),  negligible  molec- 
ular heat  conduction,  and  constant  density  is,  in  Cartesian 
tensor  notation, 


(29) 


For  the  region  in  the  immediate  vicinity  of  the  jet  axis, 
assume  that  conditions  approximate  those  in  a homogeneous 
field  of  turbulence;  that  is,  V~W—0  and  L^=  Constant  = 

^ maX' 

Then  equation  (29)  becomes  simply 


Um<u  («JtO 


(30) 


The  assumption  of  small  turbulence  level  implies  dn  SL\ 
and  hence 


(31) 


This  would  be  a good  approximation  in  tiu-bulence  far  behind 
a grid  placed  in  a uniform  stream,  but  is  certainly  rather 
crude  here. 

The  final  assumption,  that  .of  similarity  in  the  thermal 
wake,  is  well-supported  by  the  experimental  results.  Then 
let 


■ (32) 


where  A is  the  standard  deviation  of  the  mean-temperatm*e 
distribution,  and,  according  to  the  theory  of  diffusion  by 
continuous  movements,  is  therefore  proportional  to  the 
standard  deviation  of  the  probability  densiW  of  v{t)  as  well. 
Specifically^,  for  a small  | in  a homogeneous  turbulent  flow, 


Similarity  also  implies  that 

= ^max^max  ^(l?)  (say  ) 

Equation  (7)  may  be  written 

0m  ax  A = Constant 


(33) 


(34) 


(7a) 


Then,  with  equations  (32),  (34),  and  (7a),  equation  (31) 
may  be  ti’ansformed  to 


do)  dA  d , 
d^'~'dk  d^ 


or,  wdth  equation  (33), 

doj  v'  d 


ivf) 


Umax 

Since  v'fU„ax  is  constant  in  this  approximation, 
01(77)== — 77 /(77)-f  Constant 

^ max 

and  the  boundary  condition,  oi  = 0 at  77=0,  gives  finally 

^maxU max  ^ max  ^ ^max 

which  is  conveniently  vu'itten  in' the  form 

,Jv  6 t 


(35) 


(36) 


(37) 


' ^maxU 


max^  max  ^max 


On 


(38) 


In  figiue  33  this  function  is  plotted  against  for  the  trav- 
erse % inch  dowTistream  from  the  straight-wire  heat  source 
across  the  jet  center. 


Figure  33. — Thermal  wake  behind  straight-line  heat  source.  Temperature- velocity  correla- 
tion computed  from  6 Id  max.  f=0.5  inch. 
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. . , DISCUSSION 

J : LOCAL  ISOTROPY 

The  monotonic  decrease  to  zero  in  shear  correlation  co- 
efficient 'With  increasing  frequency  seems  to  be  decisive  evi- 
dence for  the  existence  of  local  isotrop}’^  at  sufficiently  high 
Ke3molds  numbei'S.  It  is  interesting  to  note  that  the  spectral 
region,  of  negligible  shear  (ni>1000  cps  m the  present  par- 
ticular determination,  for  example)  contains  only  about  1.5 
percent  of  the  turbulent  kinetic  energy  in  Of  course, 
this  is  by  no  means  an  indication  of  the  importance  of  the 
existence  of  local  isotropy  in  a turbulent  shear  flow.  A more 
pertinent  comparison  would  be  with  figure  29,  which  shows 
in  effect  dissipation  as  a function  of  frequency.  From  this 
it  appears  that  about  90  percent  of  the  dissipation  of  turbu- 
lent kinetic  energy  to  heat  takes  place  in  essentially  isotropic 
tui'bulence,.  ,This  permits  the  use  of  the  Taylor  expression 
for  dissipation  in  isotropic  tui'bulence  (reference  25).  Of 
course  it  also  implies  that  the  isotropic  relation  between 
longitudinal  and  lateral  microscales,  Xx— 'vnll  be  fauly 
accurate  even  in  the  region  of  high  tiubident  shear.  Fui*ther- 
more,  it  implies  a universal  dimensionless  spectral  function 
for  all  turbulent  flows,  in  the  high-frequency  region.  For 
turbulence  at  this  Reynolds  number,  it  appears  that  a uni- 
versal part  of  the  spectrum  exists  only  for  ^i>7.9,  which  is 

5 5 

well  beyond  the  point  of  slope—-*  In  fact,  the  — point” 

a . o O 

in  this  spectrum  is  just  at  A:i  = 1.0. 

At  this  point  a few  remarks  on  the  appropriate  type  of 
measiuement  for  verification  of  local  isotropy  may  be  in 
order.  In  particular,  a careful  distinction  must  be  made 
between  the  shear  spectrum  n^uv  as  presented  in  this  report 
and  the  power  spectrum  of  the  randomly  fluctuating  quantity 
uv  which  might  be  iheasured  with,  a multiplying  circuit 
followed  by  a frequency  analyzer. 

Local  isotropy  specifies  that  restriction  to  a sufficiently 
small  domain  in  a turbulent  shear  flow  shows  up  isotropy  in 
the  various  statistical  properties  that  are  studied  within  that 
domain.  It  implies  that  the  frequency  (or  wave-number) 
vector  must  be  large  in  magnitude.  Clearly  then  a good 
indication  of  isotropy  is  zero  correlation  between  orthogonal 
velocity-fluctuation  components;  this  means  that  the  highest- 
frequency  parts  of  u,  Vj  and  w are  imcorrelated  with  each 
other.  Hence  it  is  clear  that  if  UnV„,  decreases  to  zero  with 
increasing  frequency  faster  than  the  product  Un'Vn  decreases 
to  zero,  local  isotropy  exists.  In  terms  of  coefficient,  this 
merel}^  requires  that  nRuv  decrease  to  zero  eventually. 

Now  consider  the  fluctuating  quantity  uv.  In  a turbulent 
shear  flow  uv^O,  so  that  uv  consists  of  a direct-cmrent 
component  with  superimposed  random  fluctuations.  Since 
the  conventional  electronic  techniques  eliminate  the  direct 
cuirent,  the  quantity  to  be  analyzed  would  be  uv—uv  as  a 
function  of  time.  If  local  isotropy  were  present,  the  lower 
fi’equencies  of  u and  v would  be  rectified  in  the  multiplying 
process,  and  therefore  the  oscillogram  and  power  spectrum 
of  uv—uPi)  would  have  relatively  great  emphasis  on  the  high- 
frequencies.  In  other  words,  if  the  naively  measured  power 
spectrum  of  uv  were  used  as  an  indication  of  local  isotropy,  it 
would  show  a trend  opposite  to  that  of  UnVn]  that  is,  it  would 


decrease  more  slowly  than  the  product  UnVn  . In  general, 
the  measiuement  of  nR-uv  seems  like  a much  more  specific  and 
direct  approach  than  the  measurement  of  the  power  spectrum 
of  uv.  Presumably,  a (somewhat  more  complicated)  Fourier 
series  discussion  like  that  in  appendix  B could  also  be  carried 
out  for  the  power  spectrum  of  uv. 

VELOCITY  AND  TEMPERATURE  SPECTRA 

The  apparent  identity  of  the  velocity  power  spectra 
R\{ki)  on  the  jet  axis  and  in  the  region  of  maxim lun  shear  is* 
onty  approximate  and  has  been  determined  onty  down  to 
ki  = 0.1.  There  still  exists  the  possibility  of  measurable  di- 
vergence in  the  lowest  wave-number  range.  The  good  degree 
of  agreement  indicates  that,  in  diffusing  from  the  region  of 
maximum  production  (near  the  maximum-shear  region)  to 
the  region  of  maximum  dissipation  (on  the  jet  axis),  the 
turbulent  kinetic  energy  has  not  done  any',  gross  migrating 
in  the  wave-number  space. 

On  the  other  hand,  the  apparent  decided  dffierence  between 
temperature  power  spectra  measured  on  the  axis  and  in  the 
maximmn-heat-transfer  region . seems  to  indicate  such  a 
migration.  However,  the  considerable  scatter  at  the  highest 
measured  frequencies  renders  definite  conclusions  impossible. 

Somewhat  more  specific  conclusions  can  be  drawn  from  the 
comparison  between  one-dimensional  velocity  and  tfflipera- 
ture  spectra.  On  the  jet  axis,  for  example,  in  spite  of  distinct 
differences  between  these  two  spectra,  it  turns  out  that  within 
the  experimental  scatter  (which  is  considerable)  the  three- 
dimensional  power  spectra  may  be  much  more  nearly  iden- 
tical. The  fact  that  they  did  in  fact  come  out  to  be  identical 
over  a wide  range  of  wave  number  when  computed  from  the 
empiricalty  fitted  Von  K4rmdn  formula  must  certainly  be 
regarded  as  pure  chance.  This  is  true  not  only  because  of  the 
experimental  uncertainty,  -but  also  because  these  spectra 
were  measured  in  two  similar  but  different  flows,  whose 
characteristic  lengths  probably  differed  by  15  percent. 

KINEMATIC  AND  THERMAL  SCALES 

From  the  extrapolated  zero-wave-number  intercepts  of  the 
one-dimensional  spectra,  the  following  longitudinal  scales 
were  obtained  at  xjd— 20: 

ix=4,15  centimeters 
Ax =2. 4 centimeters 

This  Lji  is  15  percent  greater  than  the  unheated-jet  value, 
to  allow  for  the  greater  width  of  the  heated  jet.  Thus, 
Lr/Ax^l.v.  In  a homogeneous,  isotropic  field  of  velocity  and 
temperatm^e  fluctuations,  it  turns  out  (reference  24)  that,  if 
the  three-dimensional  power  spectra  of  velocity  and  tempera- 
ture are  proportional,  Zx/Ax=1.50.  It  may^  also  be  noted 
that,  if  the  measm^ed  ratio  were  in  an  isotropic  field,,  Ly= 
}{Lx  and  Ay=Ax,  so  that  Zy/Ay=0.85.  The  ideal  value  would 
be  0,75.  Actually,  the  integrals  of  the  transverse  correlation 
functions  Ry  and  Sy  are  considerably  less  than  the  scales  that 
would  be  expected,  according  to  these  relations,  in  a homoge- 
neous isotropic  tiubulence. 

On  the  other  hand,  the  relative  values  of  longitudinal  and 
lateral  kinematic  microscales  follow  the  isotropic  relation, . 
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^/2\J  at  least  within  the  experimental  uncertainty.  This 
is  on  the  order  of  ±25  percent  in  the  case  of  the  parabola 
“fitted’’  at  the  vertex  of  By. 

Unfortunately^  the  temperature  spectrum  on  the  jet  axis 
is  not  extended  sufficiently-  far  to  permit  computation  of 
longitudinal  microscale  lx  there.  The  spectra  in  figure  13 
show  only^  that  lx  is  considerably^  less  than  that  is,  lx  is 
considerably^  less  than  0.44  centimeter.  It  may^  be  remarked 
in  passing  that  isotropy^  for  a scalar  quantity^  means  equality 
of  longitudinal  and  lateral  correlation  functions.  The  lateral 
microscale,  i=0.43  centimeter,  obtained  by  “fitting”  a parab- 
ola at  the  vertex  of  Sy  seems  of  reasonable  magnitude 
relative  to  1.15X=0.32  centimeter.  ' 

TRANSVERSE  CORRELATION  FUNCTIONS 

Of  course,  the  reason  Ly  and  Ay  as  determined  by’'  integra- 
tion of  functions  By  and  Sy  are  not  related  isotropically^  to 
Lx  and  is  that  over  most  of  the  range  of  Ar  the  probes  are 
in  decidedly  nonisotropic  turbulence.  Thus,  there  is  no 
reason  to  expect  Xy=}^ix  or  Ky=Kxj  when  and  kx  are 
computed  from  the  spectra.  , 

An  examination  of  the  behavior  of  these  two  symmetrically 
measm’ed  correlation  functions  shows  that  there  is  nonzero 
correlation  over  a considerable  part  Of  the  jet,  but  that  the 
relatively^  small  scales  result  from  the  rather  extensive  regions 
of  negative  correlation.  This  behavior  is  emphasized  by^  a 
comparison  of  By  with  the  corresponding  function  in  some 
ty^pical  isotropic  turbulence  downstream  of  1-inch-mesh  grid 
(reference  26).  Figure  34  shows  the  contrast  clearly^ 

It  is  conceivable  that  such  an  extended  region  of  negative 
correlation  is  characteristic  of  turbulent  shear  flow.  How- 
ever, until  someone  establishes  this  in  a shear  flow  whose 
transverse  extent  is  very  large  compared  with  the  maximum 
correlation  distance,  it  may^  be  safer  to  guess  that  the “ excess” 
amount  of  negative  correlation  is  simply’^  due  to  a slight  irregu- 
lar waving  of  the  jet  as  a whole.  In  reference  9 it  was 
assumed  that,  since  By  actually  goes  to  zero  at  large  values 
of  Ar,  there  is  no  over-all  “whipping”  of  the  jet.  However, 
such  a conclusion  does  not  appear  to  be  completely  war- 
ranted. 


Figure  34. — Transverse  velocity'  correlation  functions.  R, = uiuju^  in  round  Jet;  p = uiuj  u* 
.n  isotropic  turbulence. 


In  the  section  entitled  “Transverse  Correlation  Func- 
tions” under  ^^Analy-sis  of  Results,”  it  was  found  that  in  the 
heated  jet  Ly^Ay.  On  the  other  hand,  it  is  well-known  that 
the  lateral  rate  of  transfer  of  heat  is  appreciably^  greater  than 
the  lateral  rate  of  transfer  of  momentum,  as  was  fii'st  found 
by^  Ruden  (reference  27)  from  mean-velocity’^  and  mean- 
temperature  measm^ements.  Since  diffusion  is  essentially 
Lagi'angian  in  nature,  while  L and  A are  Eiderian  scales,  the 
above  results  are  not  necessarily^  in  contradiction.  The 
appreciably  gi*eater  distance  over  which  S'y^^O  (as  contrasted 
mth  By)  may%  however,  be  related  to  the  fact  that  the  mean 
thermal  jet  diameter  is  appreciably-  gi*eater  than  the  mean 
momentum  jet  diameter. 

PROBABILITY  DENSITY  OF  vit)  AND  u?(0 

The  mean-temperatiue  distribution  close  behind  the 
straight-line  heat  source  on  the  jet  axis  is  effectively  synn- 
metrical,  and  closely^  resembles  a Gaussian  curve  in  shape 
(fig.  20);  this  shows  that  the  probability’'  density^  of  v{t)  on 
the  axis  is  more  or  less  Gaussian,  as  in  isotropic  turbulence. 

The  mean-temperature  distributions  close  behind  the  two 
ring  heat  sources  are  decidedly^  skew.  However,  some  of 
this  skewness  seems  to  be  due  simply’'  to  the  curvatiue  of  the 
line  sources.  Therefore,  the  temperatiue  distribution  across 
the  wake  of  a straight  wire  set  tangent  to  the  chcle  r=l 
- inch  was  measiued.  Neglecting  the  effects  of  mean-velocity 
gradient,  this  curve  (fig.  24)  is  proportional  to  the  probability 
density  of  the  radial  velocity’'  fluctuation  t?(0  in  the  shear 
region.  It  is  seen  to  be  slightly’'  skew;  the  skewness  factor 


is  computed  directly^  from  this  curve.  The  thermal  wake 
measurements  of  Skramstad  and  Schubauer  behind  a line 
source  in  a turbulent  boimdary  lay-er  (reported  in  reference 
16)  show  a ske^\mess  of  0.38.  The  differences  in  sign  and 
magnitude  of  these  two  skev’ness  factors  suggest  lateral 
turbulence-level  gradient  as  the  cause.  The  gi*adients  in 
jU  are  of  opposite  sign  in  these  two  flows. 

Calculation  from  figiue-25  shows  that  the  probability 
density’'  of  the  tangential  fluctuation  w{t)  is  sy’mmetrical. 
It  may’'  be  noted  that  on  the  axis  of  such  an  axially^  sym- 
metric flow  there  is  no  distinction  between  radial  and  tan- 
gential velocity  fluctuation;  hence  figure  20  also  applies  to 
w{t)  on  the  axis. 

TEMPERATURE  FLUCTUATIONS  BEHIND  LOCAL  HEAT  SOURCE 

The  extremely  high  temperatui’e-fluctuation  levels 
encountered  in  the  wake  of  the  hue  heat  source 
are  easily  .understood  from  a brief  consideration,  of  the 
nature  of  the  temperature  field.  Close  behind  the  source, 
there  is  just  a single  narrow  laminar  thermal  wake  wliich 
is  being  blown  in  random  deviations  from  the  ^-direction  by 
the  turbulent  fluctuations.  The  gross  turbulent  thermal 
wake  is  simply  the  wedge-shaped  region  over  which  this 
relatively  narrow  wake  wanders.  Hence  the  total  thermal 
signal  at  any  fixed  point  in  the  gross  wake  consists  simply 
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of  a series  of  pulses,  where  each  pulse  corresponds  to  an 
occasion  upon  which  the  laminar  wake  swept  over  the 
point.  Obviously,  the  frequency  of  occurrence  of  pulses 
will  decrease  monotonically  with  increasing  transverse 
distance  from  the  center  of  the  gross  wake. 

If  this  type  of  temperature  signal  is  represented  schemati- 
cally by  periodic  square  pulses  of  height  A,  width  j,  and 
fundamental  wave  length  r (fig.  35),  then  it  can  be  easily 
deduced  that  the  fluctuation  level  is 


where  it  is  recalled  that  = 0 by  definition. 

Two  pulse  spacings  of  interest  are 

(1)  r = 2j;  then 

(2)  T-^oo  ; then  d^'jd^co 

Hence,  the  measui’ed  results  for  seem  quite  reason- 
able in  both  order  of  magnitude  and  in  qualitative  behavior 
across  the  gross  thermal  \mke  of  the  local  heat  source. 

The  distribution  of  ^v/BmaxUmax  computed  from  the 
thermal  wake,^liis  the  availability  of  the  measurements  of 
^'lOmax  and  v^lUmax,  suggests  the  computation  of  the  heat- 
transfer  correlation  coefficient  Unfortunately,  when 

the  results  of  figm'es  33  and  27  are  used,  a part  of  the  corre^ 
lation-coefficient  distribution  reaches  impossible  values 
(slightly  above  ^t  must  be  concluded  that  The 

absolute  values  of  -^vjdynaxUmax  are  too  inaccurate  for  such  a 
computation, 

SOURCES  OF  ERROR 

Aside  from  the  specific  instances  mentioned  earlier  in  this 
section,  the  sources  of  experimental  error  are  much  the  same 
as  outlined  on  pages  27  and  28  of  reference  10.  Additional 
uncertainties  arise  in  the  spectrum  measurements,  espe- 
cially in  the  higher-frequency  range,  because  of  (a)  rapid 
changes  in  the  calibration  of  the  sound  analyzer  (band  peak 
response  against  frequency,  fig.  7)  and  (b)  slight  static 
friction  of  fluxmeter  bearings. 


Figure  35.— Simulation  of  temperature  signal  close  behind  local  heat  source. 


In  general,  it  should  be  emphasized  that  measurements 
by  conventional  (small-perturbation)  hot-wu'e  anemometry 
in  a flow  of  this  high  level  of  turbulence  cannot  be  consid- 
ered as  accurate  -absolute- value  measurements.  Even  on 
the  jet  axis,  where  the  level  is  a minimum  and  conditions 
are  relatively  steady,  there  is  no  reason  to  believe  that 
absolute  values  are  better  than  within,  say,  ±10  percent  of 
the  ‘^correct^^  values.  However,  relative  behaviors  are 
undoubtedly  determined,  and  dimensionless  measures  of 
the  type  of  correlation  coefficients  are  more  accurate  than 
absolute  values. 

None  of  the  measm'ements  reported  here  have  been 
corrected  for  finite  length  of  hot-wires. 

SUMMARY  OF  RESULTS 

From  measurements  in  a round  turbulent  jet  at  room  tem- 
perature of  the  shear  correlation  coefficient  as  a function  of 
frequency,  of  velocity  and  temperature  fluctuations  with 
and  without  jet  heating,  and  of  the  mean  thermal  wakes 
behind  local  heat  sources,  the  following  statements  may  be 
made: 

1.  The  Kolmogoroff  hypothesis  of  local  isotropy  is  verified 

for  the  shear  flow  in  a round,  turbulent  jet.  This  is  concluded 
from,  the  mono  tonic  de6rease  to  zero  of  the  shear-correlation 
spectrum  with  increasing  frequency  7i. 

2.  The  one-dimensional  power  spectra  of  longitudinal  ' 
velocity  fluctuations  and  of  temperature  fluctuations  appear 
to  be  basically  different. 

3.  The  three-dimensional  power  spectra  of  velocity  and 
temperature  fluctuations  on  the  jet  axis  seem  to  be  roughly 
alike — if  the  assumption  of  isotropy  in  this  region  be  true. 

It  may  then  follow  that  the  difference  in  the  one-dimensional 
power  spectra  is  a direct  manifestation  of  the  fact  that 
velocity  and  heat  are  vector  and  scalar  quantities,  respec- 
tively. 

4.  The  ratio  of  longitudinal  to  lateral  scale  (for  both 
velocity  and  temperature  fluctuations)  is  considerably  larger 
than  would  follow  from  isotropy.  Longitudinal  scales  are 
measured  on  the  jet  axis,  while  lateral  scales  involve  a 
traverse  of  most  of  the  fully  turbulent  core  of  the  jet. 

5.  The  ratio  of  longitudinal  to  lateral  kinematic  micro- 
scale on  the  jet  axis  is  about  equal  to  the  isotropic  value. 

6.  The  longitudinal  thermal  microscale  (from  one-dimen- 
sional power  spectra)  is  less  than  the  longitudinal  kinematic 
microscale,  but  the  lateral  microscales  (from  correlation 
measurements)  have  the  opposite  relation;  that  is,  the 
thermal  is  greater  than  the  kinematic. 

7.  The  probability  density  of  the  radial  fluctuation  v(t)  on 
the  jet  axis  is  effectively  Gaussian.  The  probability  density 
in  the  shear  region  is  slightly  skew. 

8.  The  temperature-fluctuation  field  in*  the  wake  behind  a 
local  heat  source  consists  of  a randomly . waving  narrow 
laminar  thermal  wake.  Hence  the  temperature  signal  at  a 
fixed  point  is  a random-pulse  type  of  function.  Its  fluctua- 
tion intensity  is  on  the  order  of  100  percent  on  the  center 
line,  and  increases  toward  the  edges. 
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APPENDIX  A 

HEAT  LOSS  FROM  A WIRE  AT  VARIOUS  AMBIENT  TEMPERATURES 


In  figure  3 of  reference  20  a rough  check  was  made  on  the 
temperature-variation  first  term  in  King^s  (reference  28) 
equation  for  the  steady  static  heat  loss  from  a cylinder 
perpendicular  to  a fluid  stream,  at  low  Reynolds  numbers. 
The  conventional  form  is 

^^=A+B^|U  (Al) 

where 

. l*k* 

-^d*Cppk* 

and 

R wile  resistance 

Ra  wire  resistance  at  ambient  fluid  temperature 

Rq  wire  resistance  at  0°  C 

Z*  wire  length 

d*  wire  diameter 

a*  temperature  coefficient  of  change  of  resistivity  of 
wire  material 

k*  thermal  conductivity  of  fluid  at  ambient  tempera- 

ture 

Cp  . specific  heat  of  fluid  at  ambient  temperature 
p density  of  fluid  at  ambient  temperature 

i current 

Ci,C2  empirical  constants 

In  reference  20  the  check  on  ^4  as  a function  of  temperatm^e 
was  made  by  assuming  the  second  term  in  equation  (Al)  to 
be  exact  in  its  temperature  variation.  Then  each  measured 
calibration  point  at  any  velocity  and  temperature  led  to  a 
value  for  A. 

The  present  check  was  carried  out  more  completely;  a 
full  calibration  curve  was  nm  for  each  ambient  temperature. 
From  this,  both  A and  B were  determined.  Figure  36 
gives  the  results  compared  with  King^s  predicted  variation, 
using  physical  constants  from  reference  29.  Each  point 
corresponds  to  a calibration.  The  vertical  line  through  a 


point  obviously  does  not  represent  the  over-all  uncertainty; 
it  simply  shows  the  range  of  values  that  could  be  gotten  by 
drawing  different  reasonable-looking  straight  lines  through 
the  same  set  of  original  calibration  points.  From  the  figure 
it  can  be  seen  that  King's  equation  predicts  the  temperature 
variation  of  A quite  well.  The  changes  in  B (the  slope  of 
the  calibration  line  in  the  plot  of  i^Rj^R—Rc)  against 
are  so  small  that  the  experimental  scatter  is  as  great  as  the 
changes  predicted  for  these  temperature  differences. 


Figure  36.— Variation  of  hot-wire  constants  with  air  temperature.  ( )„  room  temperature, 


APPENDIX  B 


MEASUREMENT  OF  SHEAR-CORRELATION  SPECTRUM 


The  two  voltage  signals  from  an  ideal  s}unmetrical 
X -meter  are 


ei  — au-r^v 
e2=au—^v 


(Bl) 


Suppose  that  the  velocity  fluctuations  are  periodic: 


u—^an  cos  {2Trnt+<Pn) 

n=l 


I 


V = ^b„  cos  (27rnt-T}pn) 

rj-1 


(B2) 


Of  course,  there  would  be  no  loss  in  generahty  if  or 
were  taken  as  zero. 

The  quantity  to  be  measured  is 


nRu 


(B3) 


For  two  simple  harmonic  functions  the  correlation  coeflBcient 
is  simply  the  cosine  of  the  phase  angle.  Thus, 

nRuv=  cos  (<t>n  — ykn)  (B4) 

Substitution  of  equations  (B2)  into  equations  (Bl),  followed 
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by  trigonometric  transformation,  gives 


The  sum  and  difference  of  the  two  wire  voltages  are 


e\  = ^[{aan  cos  <^>n  + )36„  cos  cos  2^1— 

1 

(aa„  sin  0;,  + /3  6 „ sin  i/^„)  sin  2 Ttni]  . (B  5a) 

00 

e2~^[{ocan  cos  <t>n—fibn  cos  \pn)  COS  2Trnt  — 

1 

(aan  sill  4>n  — pbn  sin  sin  2Trnt]  (B5b) 

When  these  two  signals  are  put  separate!}^  tlmough  a 
narrow  band-pass  filter  that  passes  only  the  ntli  harmonic, 
the  two  output  voltages  may  be  represented  as 

nei=K[{(Xan  cos  cos  Ipn)  cos  2TV7li  — 

(aan  sin  <j)n  + Pbn  sin  \p„)  sin  2Trnt]  (B6a) 

- ne2=K[(aan  cos  (t>n—pbn  COS  >pn)  COS  27mt  — 

(aan  sin  — j86„  sin  sin  27r7^i]  (B6b) 

where  K is  an  attenuation  factor. 

For  brevity,  write 

nei~K(An  cos  2Ttni—Bn  sin  2Trnt)'  (B6c) 

ne2=K(C\  cos  2irnt—Dn  sin  2Trnt)  (B6d) 

These  filtered  signals  go  next  into  the  vacuum- thermo- 
couple unit,  which  puts  out  the  mean-square  values. 


ex-\-e2  = 2au=2a^an  cos  (2 + <#>„) 

1 

■ei  — e2=2Pv  = 2p  S b„.  cos  (27r?ii  + ^„) 
Filtering,  gives 

n(ei-\-e2)  = 2Kaan  cos  (27r?it+0„) 
n(ei—e2)  = 2Kfibn  cos  (2Trnt+)p„) 
Passage  through  the  vacuum  thermocouple  gives 
n(e,  + e2f^2K'a^aJ\ 
n(ei  — e2y=2K'p^bJ) 


(BIO) 


(BID 


Combination  of  equations  (BU);  (B9),  and  (B4)  gives  the 
final  result: 


nB'uv  — 


nei^~ne2^ 


[n{ei-\-eif  niei—e^y] 


1/2 


(B12) 


The  computation  of  total-shear  correlation  coefficient  from 
shear-coefficient  spectrum  suggests  itself  as  a useful  check 
possibility: 

Rn^^uvju'v'  ■ (Bl3) 


cos^  (2Trnt)  — 2AnBn  cos  (2Trnt)  sin  (2Trnt)-{- 
Bn^  sin^  (2Trnt) 

n€>2~C n COS'  (2Tvut)—2CnDn  COS  ( 2 7T??i) siii (2 Tm^ + 
Dn^  sin^  (27mt) 


with  the  Fourier  series  for  u and 


^ 1 
^ 1 


(B14) 


where  is  an  over-all  attenuation  factor. 

But,  cos^~sin^«i;  and  cos  sin?=iO,  over  a large  number  of 
wavelengths.  Thus, 


ne?»^{Ay+By) 


(B7) 


Then,  within  the  approximation, 


ney-ney==^-{Ay-CyAB„‘‘-D/)  (BS) 


and  when  the  expressions  for  A,  B,  C,  and  D are  substituted, 
it  turns  out  that 


nei^  — ne2^=2K'aPanbn  cos  ((pn^^n)  (B9) 

The  necessity  of  determining  a and  /3  is  ordinarily  avoided 
with  a symmetrical  meter,  if  only  the  correlation  coefficient 
is  required. 


and  the  instantaneous  cross  product  can  be  transformed  to 
00  00 

= (cos  <pn  COS  27rTl^  — sill  sin  27T7lt)X 

n=lm—l 

(cos  \l/m  COS  27rm^— sin  ypjn  sin  27rm0 
The  time  average  of  this  expression  is 


I ® 

UV=-^anbn  (cos  <Pn  COS  V'n  + sin  sill  }Pn) 

"-n  = 1 

or 

I ® 

uv=-^'^anb„  cos 

Thus, 

1 ® 

V/  V ]a^nb  n nRun 

I 1 

In  terms  of  the  Fourier  coefficients. 


(B15) 


b n nRuv 
1 

( 00  00  \l/2 


(B16) 
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But  „Fu  = an^l'^a„^  and  aresimph'  the  nor- 

malized one-dimensional  energy  spectra  of  u and  v.  respec- 
tiveh'.  Therefore, 

■ Ru.=  t,{nFunF,''^„Ru.  (B17) 

^ n = l 
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EQUATIONS  AND  CHARTS  FOR  THE  RAPID  ESTIMATION  OF  HINGE-MOMENT  AND 
EFFECTIVENESS  PARAMETERS  FOR  TRAILING-EDGE  CONTROLS  HAVING  LEADING 
AND  TRAILING  EDGES  SWEPT  AHEAD  OF  THE  MACH  LINES  ‘ 

• By  Kennith  L.  Coin 


' SUMMARY 

Existing  conical-jlow  solutions  have  been  used  to  calculate  the 
hinge-moment  and  ejffectiveness  parameters  oj  trailing-edge  con- 
trols having  leading  and  trailing  edges  swept  ahead  oj  the 
Mach  lines  and  having  streamwise  root  and  tip  chords.  Equa- 
tions and  detailed  charts  are  presented  jor  the  rapid  estimation 
oj  these  parameters.  Also  included  is  an  approximate  method 
by  which  these  parameters  may  be  corrected  jor  airj oil -section 
thickness. 

Dejlected  controls  are  assumed  to  be  located  either  at  the  wing 
tip  or  jar  enough  inboard  to  prevent  the  outermost  Mach  lines 
irom  the  controls  jrom  crossing  the  wing  tip.  For  either  oj 
these  locations y the  innermost  Mach  lines  are  assumed  not  to 
cross  the  wing  root  chord.  The  method  jor  determining  con- 
trol hinge  moment  resulting  jrom  wing  angle-oj-atta^k  loading 
is  valid  jor  wing  plan  jorms  having  the  leading  edges  swept 
ahead  oj  the  Mach  lines  and  having  streamwise  tips.  The  only 
additional  restrictions  are  that  the  controls  must  not  be  injluenced 
by  the  tip  conical  jlow  jrom  the  opposite  wing  panel  or  by  the 
interaction  oj  thfi  wing-root  Mach  cone  with  the  wing  tip. 

INTRODUCTION 

Linearized  theory,  though  neglecting  viscosity  and  second- 
order  effects  existing  in  practice,  is  the  most  practical  method 
now  available  for  estimating  the  characteristics  of  control 
surfaces  at  supersonic  speeds.  A general  application  of  this 
theory  to  control  surfaces  having  edges  swept  either  ahead 
of  or  behind  the  Mach  lines  is  presented  in  reference  1. 
(Edges  swept  ahead  of  or  behind  the  Mach  lines  are  subse- 
quently referred  to  as  supersonic  or  subsonic  edges.) 
Conical-flow  solutions  for  various  deflected  control  con- 
figui’ations  are  presented  in  reference  2.  Such  solutions 
were  used  in  reference  3 to  evaluate  the  characteristics  of  a 
restricted  family  of  trailing-edge  control  surfaces. 

In  the  present  report  a general  analysis  based  on  existing 
conical-flow  solutions  has  been  made  which  will  apply  to  a 
broad  range  of  traUing-edge  control  configurations  having 
supersonic  edges  and  will  provide  for  a comprehensive  cover- 
age of  control  location,  aspect  ratio,  taper  ratio,  and  sweep. 
Equations  and  detailed  charts  are  presented  from  which 
lift,  pitching-moment,  rolling-moment,  and  hinge-moment 
coefficients  due  to  control  deflection  and  hinge-moment 


coefficient  due  to  wing  angle  of  attack,  as  predicted  by 
linearized  theory,  may  be  determined  in  an  estimated  5 
percent  of  the  time  required  without  the  use  of  such  equa- 
tions and  charts.  Also  included  is  an  approximate  method 
by  which  these  hinge-moment  and  effectiveness  parameters 
may  be  corrected  for  airfoil-section  thickness. 

The  equations  and  charts  presented  are  applicable  to 
control-surface  plan  forms  that  vary  throughout  the  range 
in  which  the  leading  and  trailing  edges  are  supersonic  and 
the  root  and  tip  chords  are  in  a streamwise  direction. 
Deflected  controls  are  assumed  to  be  located  either  at  the 
wing  tip  or  far  enough  inboard  to  prevent  the  outermost 
Mach  lines  from  the  controls  from  crossing  the  wing  tip. 
For  either  of  these  locations,  the  innermost  Mach  lines  are 
assumed  not  to  cross  the  wing  root  chord..  The  method  for 
calculating  the  hinge-moment  coefficient  due  to  wing  angle 
of  attack  is  valid  for  wing  plan  forms  having  straight  super- 
sonic edges  and  streamwise  tips.  This  method  is  restricted 
only  in  that  the  controls  must  not  lie  in  a region  influenced 
by  the  tip  conical  flow  from  the  opposite  wing  panel  or  by 
the  interaction  of  the  wing-root  Mach  cone  with  the  wing  tip. 


M 

^=VM2-i 

a,  a 


A 


Atb 


hr 

X/ 

S/ 

As 

A/^^As 

Ma 


SYMBOLS 

free-stream  Mach  number 

functions  of  Mach  number  used  in  calculat- 
ing two-dimensional-flow  characteristics 
angle  of  sweep  of  wing  leading  edge,  posi- 
tive when  swept  back 
angle  of  sweep  of  control  hinge  line,  posi- 
tive when  swept  back 
angle  of  sweep  of  wing  trailing  edge,  posi- 
tive when  swept  back 
span  of  control  surface 
root  chord  of  control  surface 
tip  chord  of  control  surface 
control-surface  taper  ratio  {c^Jcj ) 
area  of  control  surface 
aspect  ratio  of  control  surface  {bjjSj) 

area  moment  of  control  surface  about 
hinge  axis 


‘Supersedes  NACA  TX  2221,  “Equations  and  Charts  for  the  Rapid  Estimation  of  Hinge-Moment  and  Effectiveness  Parameters  for  Trailing-Edge  Controls  Having  Leading  and 
Trailing  Edges  Swept  Ahead  of  the  Mach  Lines”  by  Kennith  L.  Coin,  1950. 


937 


Preceding  Pigi  llahk 


938 


REPORT  1041 NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


area  of  a loaded  region 

area  of  part  of  deflected  control  surface 
lying  in  two-dimensi<5nal-flow  region  less 
area  lying  m region  of  overlap  of 
conical-flow  fields 

mo 

moment  of  Slq  about  hinge  axis 

lo  . 

moment  of  Slq  about  control  root  chord 

X 

distance  of  center  of  loading  from  control 
hinge  axis  measured  normal  to  hinge  axis 

y. 

span  wise  distance  of  center  of  loading  from 
control  root  chord 

6 

slope  of  airfoil-section  contour 

tj2c 

one-half  airfoil-thickness  ratio  measured 

in  plane  normal  to  control  hinge  axis 

{tfc)max 

maximum  airfoil-thickness  ratio  measured 

in  plane  normal  to  control  hinge  axis 

xjc 

chordwise  position  measured  in  plane 
normal  to  control  hinge  axis 

Xnic 

chordwise  location  of  control  hinge  axis 
measured  in  plane  normal  to  control 
hinge  axis 

{t/2c)\  (x/cY 

dimensions  measured  in  plane  normal  to 

wing  leading  edge 

Xf 

distance  of  leading  edge  of  control  root 
chord  behind  wing  axis  of  pitch 

Vf 

distance  of  root  chord  of  control  from  root 
chord  of  wing 

b 

wing  span 

Cr 

'wing  root  chord 

Ct 

wing  tip  chord 

c 

mean  aerodynamic  chord  of  wing 

s „ 

tan  A 

area  of  semispan  wing 

tan  Afft 

a = r 

7 tilll  ^TE 
« = 


a, 

b 


a 

Cl' 


C/ 


wing  angle  of  attack,  degrees 
angle  of  control-surface  deflection  meas- 
ured in  streamwise  direction,  degrees 
free-stream  dynamic  pressure 
Lift  induced  by  deflected  control 

• iSf  ^ 

Moment  about  control  root  chord  induced  by 
deflected  control 

Q. 

Moment  about  hinge  axis  induce^  by  deflected  control 

2qMa 


Cn^ 
Cl  — 


Hinge  moment 
2qMa 

Lift  induced  bv  deflected  control 

\s 


C^^ 

C 

F, 

Fo 

F^ 

Ap 


<7, 

C 


Pq 


P' 

p 


Rolling  moment' about  wing  root  chord 
2qbS 

Pitching  moment  about  wing  axis  of  pitch 
qSc 

thickness  correction  factor  for  Cl/  and  Ci/ 
thickness  correction  factor  for  C^^  and  Cm/ 
thickness  correction  factor  for 
difference  between  local  pressure  and  stream 
static  pressure 
pressure  coefficient  (Ap/g) 
two-dimensional  pressure  coeflBcieni 
/ 23  \ / 2g.  \ 

\57.3/3  Vl  - W \57,3/3  Vl  -r/V 

local  pressure  ratio  {C-pjCp^ 

average  value  of  pressure  ratio  P'  over 

. . UP'dSL\ 

comcal-ffow  region  j . 

angle  denoting  arbitrary  position  of  ray 
in  conical-flow  field 


r'  ~r 

tan  T 
tan  r' 

1 

11,  v' 


Subscripts : 
bj  a 

cp 

Superscript : 


non  dimensional  coordinates  used  in  inte- 
gration of  wing  root  and  tip  conical 
pressures 

angle  of  sweep  of  line  intersecting  conical- 
. flow  regions  of  wing  at  angle  of  attack 

denote  partial  derivative  of  force  and  mo- 
ment coeflScients  with  respect  to  b or  a 
denotes  center-of-pressure  ray  location 

indicates  that  parameters  P,  PS^  PSl^i 
PSlVj  tcp'f  and  Vcp  refer  to  loss  of  load- 
ing from  two-dimensional  value  rather 
than  to  actual  loading 


ANALYSIS 

CHARACTERISTICS  DUE  TO  DEFLECTION  OF  CONTROL  SURFACES 

Scope. — Existing  solutions  of  the  linearized  equations  of 
fluid  motion  have  been  used  as  a basis  for  calculating  the 
characteristics  due  to  deflection  of  trailing-edge  control 
surfaces  on  wings  in  steady  flight  at  supersonic  speeds. 
These  solutions,  as  presented  in  reference  2]  are  applicable 
to  configurations  for  which  the  leading  and  trailing  edges  of 
the  control  are  supersonic  and  the  root  and  tip  chords  are 
streamwise.  Two  controlrsurface  locations  are  considered. 


EQUATIONS  AND  CHARTS  FOR  ESTIMATING  THE 

The  control  is  assumed  to  be  located  either  at  the  wing  tip 
or  far  enough  inboard  to  prevent  the  outeimost  Madi  line 
from  the  control  from  crossing  the  wing  tip.  For  either  of 
these  locations,  the  innermost  Mach  lines  are  assumed  not  to 
cross  the  wing  root  chord.  For  these  locations,  deflected 
control-surface  characteristics  are  functions,  only  of  Mach 
number  and  control-surface  plan  form.  (The  parameter 
Ch^  depends  on  control-surface  location  only  when  the 
control  is  located  inboard  from  the  wing  tip  and  lies  in  a 
region  influenced  either  by  the  interaction  of  the  control-tip 
Mach  cone  svith  the  wing  tip  or  by  the  reflection  from  the 
wing  root  chord  of  the  innermost  control  Mach  line.)  If 
the  limitations  previously  mentioned  are  considered,  the 
analysis  is  valid  for  all  controls  except  those  located  at  the 
wing  tip  and  having  the  inboard  conical-flow  regions  inter- 
secting the  tip.  In  such  cases,  the  conical  pressures  on  the 
control,  as  given  in  reference  2,  are  not  applicable  in  the 
region  influenced  by  the  interaction  of  the  Mach  cone  with 
the  wing  tip.  Necessary  corrections  for  this  region  can  be 
determined  by  the  method  described  in  reference  4.  Such 
corrections  are  not  considered  in  the  present  report  because 
of  the  prohibitive  amount  of  computation  involved.  Results 
not  including  these  corrections  are  presented,  however, 
because  they  should  be  very  useful  as  an  indication  of  trends 
and  should  in  many  cases  closely  approximate  the  corrected 
result. 

Method. — In  order  to  determine  control-siuface  character- 
istics, the  two-dimensional  region  and  the  triangular  segments 
of  the  conical-flow  regions  (fig.  l)are  considered  independently. 
The  characteristics  are.  obtained  by  summing  the  products 
of  pressure  ratio  and  nondimensional-area  and  moment-aim 
parameters  for  all  parts  (table  I).  The  nature  of  conical 
flow  is  such  that  the  pressure  is  constant  along  any  ray  from 
the  origin  of  the  flow  field.  Any  infinitesimal  triangle  having 
the  origin  of  the  flow  field  as  an  apex,  therefore,  has  its 
center  of  pressure  located  at  two-thirds  of  the  distance  from 
the  apex  to  the  base.  It  follows  that  the  summation  of  the 
loading  of  such  infinitesimal  triangles  results  in  a finite 
triangle  having  its  center  of  pressure  lying  on  a line  parallel 
to  the  base  and  located  at  two -thirds  of  the  distance  from 
the  apex  to  the  base.  The  center-of-pressure  location  and, 
consequently,  the  desired  moment  arms  can  therefore  be 
determined  from  the  location  of  the  ray  on  which  the  center 
of  pressure  lies.  General  equations  for  the  average  pressure 
ratio  and  center-of-pressure  ray  location  for  eacli  conical 
segment  (tables  II  (a)  and  II  (b))  were  obtained  by  integrat- 
ing the  pressure  equations  of  reference  2.  (See  appendix  A.) 
Table  11(c)  presents  equations  for  the  nondimensional-area 
and  moment-arm  parameters  (in  terms  of  center-of-pressure 
ray  location)  for  each  conical  segment.  Equations  pertaining 
to  the  two-dimensional  region  were  obtained  by  treating 
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this  region  as  a simple  geometric  area  and  are  also  included 
in  table  11(c).  Results  obtained  by  evaluating  the  general 
equations  of  table  II  when  they  become  indeterminate 
at  taper  ratios  of  1.0  are  presented  in  table  III. 

For  regions  in  which  the  two  conical-flow  fields  overlap, 
the  method  of  superposition  must  be  used  wherein  the  losses 
in  pressure  ratio  Trom  the  two-dimensional  value  (P'=1.0) 
in  the  two  conical-flow  regions  are  additive;  that  is, 

P'=l,0-(1.0-P.,/)-(1.0-P^e/) 

= —1.0 +Pwc/+Pmc/ 

(Subscripts  mcy  and  mc2  refer  to  inboard  and  outboard 
conical-flow  regions,  respectively.)  The  net  effects  of  the 
pressure  distribution  in  this  region  are  obtained  b}''  adding 
the  effects  of  the  two  conical-flow  regions  as  though  the  flow 
regions  did  not  overlap  and  by  subtracting  the  effects  of  a 
two-dimensional. pressure  distribution.  This  subtraction  is 
accomplished  by  use  of  the  equations  for  the  two-dimensional 
region  (tables  II  (c)  and  III  (b)  ).  In  calculating  control 
hinge  moments  it  was  convenient  to  calculate  the  effects  of 
regions  Ic  and  lie  or  III  (fig.  1)  and  then  to  subtract  the 
effects  of  the  parts  of  these  regions  lying  off  the  control. 
For  controls  located  at  the  wing  tip  and  having  the  inboard 
Mach  cone  intersecting  the  tip,  a similar  procedure  was  also 
used  to  reduce  to  zero  the  lift,  pitching  moment,  and  rolling 
moment  contributed  by  the  triangular  part  of  the  inboard 
conical-flow  region  lying  beyond  the  tip.  As  previously 
mentioned  for  this  case,  a rigid  application  of  linearized 
theory  would  require  a correction,  as  described  iii  reference  4, 
to  the  loading  assumed  in  the  region  influenced  b}^  the  inter- 
action of  the  root  Mach  cone  with  the  flee  edge.  It  should 
be  pointed  out  that  the  areas  influenced  b}^  such  interactions 
become  appreciable  for  extreme  conditions  and  approximate 
results  for  such  configurations  should  be  used  with  caution. 

HINGE  MOMENT  DUE  TO  WING  ANGLE-OF-ATTACK  CHANGE 

Scope. — Conical-flow  solutions  for  swept  wings  at  super- 
sonic speeds,  as  presented  in  reference  5,  are  used  as  a basis 
for  the  anal^^sis.  These  solutions  are  applicable  to  wing  plan 
forms  having  straight  supeisonic  edges  and  stream  wise  tips. 

As  in  the  analysis  for  deflected  control  surfaces,  only  con- 
trol surfaces  having  supersonic  edges  and  streamwise  root 
and  tip  chords  are  considered.  The  onl}^  restrictions  re- 
garding control  location  are  that  the  control  must  not  lie  in  a 
region  influenced  by  the  tip  conical  flow  from  the  opposite 
wing  panel  or  by  the  interaction  of  the  wing-root  Mach  cone 
with  the  wing  tip. 

Method. — The  method  consists  essentially  of  determining 
the  hinge-moment  parameter  PSlX  for  the  flap  b}^  assuming 
two-dimensional  loading  and  then  subtracting  the  losses 
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resulting  from  the  mng-root  and  wing-tip  concial  flows. 
The  conical-flow  losses  are  obtained  by  dividing  the  conical 
regions  into  a series  of  triangular  segments,  each  having  its 
apex  at  the  origin  of  the  Mach  cone,  and  by  summing  the 
hinge-moment  parameters  for  these  segments  as 

illustrated  in  figure  2.  In  determining  for  the 

triangular  segments,  integrations  of  the  loading  are  nec- 
essary for  obtaining  P*  and  x.  As  has  been  previously 
explained  for  this  type  of  conical-flow  segment,  it  is  sufficient 
to  determine  P*  and  tcp  because  the  moment  arm  x can 
be  determined  from  tcp.  The  method  for  obtaining  P* 
and  tcp  is  illustrated  in  figure  3 and  involves  integrating  the 
pressure  losses  along  the  bases  of  the  segments.  From 
integrations  of  the  pressure  losses  between  0 and  Ui  (or  0 and 
ri'),  values  of  P*  and  Ucp  (or  Vcp')  are  obtained.  Values  of 
P*  and'values  of  tcpy  corresponding  to  Ucp  (or  obtained 
in  this  manner  are  applicable  to  the  triangular  segment 
bounded  by  the  Mach  line,  the  ray  t==ti,  and  the  section 
intersecting  the  Mach  cone.  Results  have  been  obtained 
by  numerical  integration  using  Simpson^s  rule  (reference  6) 
except  in  regions  where  the  slopes  of  the  pressure  curves 
become  infinite  (fig.  3).  In  these  regions,  integrating  coef- 
ficients, as  presented  in  reference  7,  have  been  used.  Forms 
by  whi(;h  the  integrations  were  made  are  presented  in  tables 
IV  to  VII.  The  upper  parts  of  these  forms  are  used  for  com- 
puting the  pressure  distributions  (l—P')  along  the  sections 
intersecting  the  Mach  cones  (fig.  3).  In  the  lower  part  of 
the  form,  the  areas  and  area  .moments  about  n (or  r')  = 0 
of  the  curves  of  l—P'  plotted  against  n (or  r')  are  deter- 
mined and  are  used  to  obtain  P*  and  tcp  for  the  corresponding 
triangular  segments.  Tables  IV  to  VII  can  be  used  directly 
for  calculating  the»  loading  distribution  for  intermediate 
cases  o^  cases  not  included  in  the  present  report. 

METHOD  FOR  APPROXIMATELY  CORRECTING  RESULTS  OBTAINED  FROM 
USE  OF  LINEARIZED  THEORY  FOR  A1RFOIL.SECTION  THICKNESS 

Scope. — The  method . for  approximately  correcting  the 
theoretical  results  for  airfoil-section  thickness  is  based  on 
the  assumption  that,  at  an}^  chordwise  position  on  an  airfoil 
having  finite  thickness,  the  ratio  of  conical  to  two- 
dimensional  pressure  is  the  same  as  that  predicted  by  linearized 
theory  for  an  infinitely  thin  flat  plate.  (This  method  is  a 
variation  of  the  method  presented  in  reference  8.)  The 
method  can  be  logically  applied  only  to  configurations  having 
similar  sections  at  all  spanwise  positions  affected.  The 
method  is  expected  to  give  most  accurate  results  at  moderate 
and  high  Mach  numbers  for  thin  controls  located  inboard 
from  the  wing  tip  and  having  relatively  large  areas  over 
which  the  flow  is  two-dimensional. 

Method. — On  the  basis  of  the  preceding  assumption,  the 
method  requires  the  determination  of  the  following  three 
factors: 

jp Ol'  (Two-dimensional  with  thickness) 

^ C'^TTwo-dimensional  flat  plate) 

» (7/ (Two-dimensional  with  thickness)  . . 

(7/ (Two-dimensional  flat  plate)  ^ ' 


p _(7,n^(Two-dimensional  with  thickness) 

^ C'rn' (Two-dimensional  flat  plate) 

_6^ft(Two-dimensional  with  thickness) 

C* (Two-dimensional  flat  plate)  ^ ' 

jp  Two-dimensional  with  thickness) 

C'A(Two-dimensional  flat  plate)  * ^ ^ 

(The  coefficients  in  equations  (1)  and  (2)  are  for  deflected 
controls,  and  the  coefficients  in  equation  (3)  are  those  result- 
ing from  wing  angle-of-attack  loading.)  Corrected  values 
of  CiJ,  and  Cn^  are  obtained  by  multiph- 

ing  the  results  obtained  by  use  of  the  linearized  theory  for 
three-dimensional  flat  plates  by  the  appropriate  factors. 

The  factors  are  determined,  as  described  in  appendix  B, 
by  using  the  Busemann  second-order  approximation  to 
determine  the  coefficients  for  sections  having  thickness.  This 
approximation  gives  results  which  are  generally  in  good  agree- 
ment with  results  obtained  by  use  of  the  more  involved 
exact  theories.  The  theory  is  not  considered  accurate, 
however,  at  Mach  numbers  for  which  the  shocks  become 
detached  or  at  Mach  numbers  below  about  1.3  (reference  9). 
For  the  general  group  of  airfoil  sections  that  are  symmetrical 
about  the  chord  plane,  equations  for  the  correction  factors 
as  derived  in  appendix  B are: 


CHARTS 

PRESENTATION 

Aside  from  the  restrictions  regarding  location,  the  charac- 
teristics of  deflected  control  surfaces  are  functions  only  of 
control  plan  form  and  Mach  number.  The  effects  of  plan 
form  and  Mach  number  are  determined  from  solutions  to 

equations  (tables  I to  III)  involving  the  variables 

and  X/.  ^For  untapered  controls  the  variables 

are  — and  Figure  4 presents  iSCr,/, 

and  as  functions  of  these  variables  for  controls  located 
at  the  wing  tip.  Each  chart  of  figure  4 presents  the  charac- 
teristics of  a series  of  plan  forms  having  a fixed  hinge-line 
sweep  angle  (if  the  Mach  number  is  considered  to  be  fixed) 
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and  varying  trailing-edge  sweep  angles  and  taper  ratios. 
The  solid-line  curves  present  the  effects  of  var}dng  taper  ratio 
for  plan  forms  having  fixed  hinge  line  and  trailing-edge  sweep 
angles.  The  characteristics  of  controls  having  constant  as- 
pect ratios  are  indicated  in  the  charts  for  by  dashed 
lines.  Constant-aspect-ratio  curves  are  not  included  in  the 
charts  for  the  other  characteristics  because,  in  many  cases, 
they  would  be  quite  confusing.  If  desired,  such  curves  can 
be  dra\vn  by  simply  determining  the  taper  ratio  at  which  the 
curve  will  intersect  each  of  the  curves  of  constant  d from  the 
following  relation: 

2 — A/{a  — d) 

^”2  + A/(a-(i) 


These  values  are  then  used  for  entry  into  the  charts,  figui'es  4 
or  5 and  6,  depending  on  control  location.  The  coefficients 
obtained  from  the  charts  have  been  made  nondimensional 
by  use  of  control  geometric  parameters.  For  determining 
the  coefficients  based  on  the  usual  wing  parameters,  the  fol- 
lowing equations  are  given  (approximate  thickness  correction 
factors  are  included  but  can  be  neglected  by  letting  the 
factors  equal  1.0): 

(7) 


For  inversely  tapered  controls,  the  parameter  1/X/  is  used  as 
a coordinate  to  avoid  elongation  of  the  curves.  Calculations 

were  made  at  values  of  X/  and  ^ =0,  0.20,  0.40,  0.60,  0.80, 

and  0.95  and  at  values  of  .4/ = 0.8,  2.0,  4.0,  6.0,  8.0,  and 
10.0  for  untapered  controls.  Calculated  results  not  included 
in  the  charts  are  presented  in  table  VIII.  The  results  not 
included  in  the  charts  are  mainly  for  configurations  having 

values  of  near  |l.0l  and,  consequently,  having  ex- 

tremeh^  large  areas  of  induced  loading  on  the  wing.  Results 
for  such  configurations  are  of  little  practical  value  because  if 
these  large  areas  are  to  lie  entirel}^  on  the  wing,  as  has  been 
assumed,  the  wing  must  have  a very  large  span  or  the  control 
must  have  a very  small  chord. 

Charts  presenting  the  characteristics  of  deflected  controls 
located  inboard  from  the  wing  tip  are  presented  in  figures 
5 and  6.  These  charts  vary  somewhat  from  those  for  con- 
trols located  at  the  wing  tip.  Equations  for  PCl/  and 
PCm/  were  simplified  and  found  to  be  dependent  only  on 

tan^AHL  tan^Arg  These  equations,  with  results  in 

chart  form,  are  presented  in  figure  5.  Charts  for  13(7^^  and 
pCi/  (fig.  6)  are  presented  only  for  normal  taper  ratios 

because  the  characteristics  of  inversely  tapered  controls  can 

— tan  ^hl  — tan 

be  obtained  by  entering  the  charts  at  ^ ^ ^ ^ 

and  1/X/. 

The  computing  form  for  is  presented  in  table  IX  and 
is  self-explanatory.  Supplementary  charts  for  determining 
the  loading  distribution  (P*  and  Uv)  for  the  various  triangular 
segments  of  the  conical-flow  regions  are  presented  in  figures 
7 to  10.  It  should  be  pointed  out  that  figures  8 and  10  can 
' easily  be  used  for  determining  the  spamvise  and  chordwise 
loading  of  the  wings  considered  in  this  report  and  vnll  there- 
fore be  of  value  in  making  loads  analyses. 

USE 

In  order  to  use  the  charts  for  determining  the  character- 

. tan  Kffjj  tan  j 

istics  of  deflected  controls,  values  of  — ^ ^ j ana 

X/  for  the  configuration  being  considered  must  be  determined. 


{Crn,), 


2 Me 


-\/ 1 -)- 


\ 


(9) 

(10) 


(The  subscript  c indicates  that  the  apprpximate  thickness 
correction  factoi’S  have  been  included.) 

For  determining  the  control  hinge  moment  due  to  wing 
angle  of  attack,  preliminary  calculations  are  first  made  on  the 
computing  form  of  table  IX.  Results  of  these  computations 
indicate  positions  in  the  charts  (figs.  7 to  10)  from  which  P* 
and  tep  are  to  be  obtained.  Values  from  the  charts  are  then 
inserted  in  table  IX  and  the  operations  indicated  in  the  com- 
puting form  are  completed.  The  approximate  thickness  cor- 
rection factor  can  be  applied  by  use  of  the  following  equation: 

(11) 


ILLUSTRATIVE  EXAMPLE 


As  an  example  of  the  use  of  the  charts,  the  control-surface 
characteristics  are  determined  for  the  configuration  shown  in 
figm’e  11.  The  wing  is  assumed  to  have  5-percent-thick 
symmetrical  parabolic  sections  in  planes  normal  to  the 
control  hinge  line. 

Lift  and  pitching-moment  coefficients  are  obtained  by 
entering  the  charts  of  figure  5 at  values  of ^-^=0.40  and 


— ^-^=0.35.  Hinge-moment  and  rolling-moment  coef- 
ficients are  obtained  b}^  entering  the  charts  of  figure  6 (g)  at 
values  of  ^-^^^^^=0.35  and  X/=0.713.  Coefficients  obtained 

from  the  charts  are  j3CA/=0.0748,  fiCm/=^0.0SQo, 
/3(7i/= 0.0372,  and  — — 0,0345,  The  calculation  of  Ch^ 

for  the  example  is  presented  in  table  IX.  Preliminary 
calculations  are  made  in  table  IX  (a)  and  in  column  (1)  of 
table  IX  (b).  Values  of  n and  r'  calculated  in  column  (1)  are 
used  to  enter  the  charts  (figs.  7 to  10).  Values  of  P*  and  Up 
obtained  from  the  charts  are  inserted  in  columns  (2)  and  (3) 
of  table  IX  (b)  and  the  computations  are  completed.  The 
theoretical  value  of  is  —0.0194. 
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or  in  terms  of  xjc 


The  equation  for  the  section  contour  in  a plane  normal  to 
the  control  hmge  axis  is 


2c^ 


The  slope  in  this  plane  at  an3>^  point  along  the  airfoil  is 


(12) 


d4- 


C 


(13) 


Substitution  of  equation  (13)  in  equations  (4)  and  (5)  juelds 
the  following  equations  for  Ft  and  F^: 


(14) 

(15) 


For  determining  Fz,  the  equation  for  the  section  contour 
in  a plane  normal  to  the  wing  leading  edge  is  witten  as 


(0= 


(0. 


cos  (A — ^hl) 


■(iHlT 

L‘+^(?yj 


(16) 


where 


jK”=tan  (A—Ahl)  tan  (A— Aj^^) 

The  slope  of  the  airfoil  contour  in  this  plane  is 

KO.,  [.‘-<0-^(1)' 


(f)' 


cos  (A— A«1,) 


I [^+07  J 


Y (17a) 


d 


d 


COS  (A 


(?)' 


Substitution  of  equation  (17b)  in  equation  (6)  3uelds  the 
following  equation  for  F3:  _ 

‘ -rc.d  +^los  +^T)-g(»  -t)'] 

(18) 

From  equations  (14),  (15),  and  (18),  the  following  correction 
factors  are  obtained  for  the  sample  configuration:  jFi  = 0,8077, 
7^2=0.7889,  and  7^3=0.7355.  It  is  of  interest  to  note  that 
these  values  indicate  appreciable  losses  in  loading  due  to 
airfoil-section  thickness,  and  it  might  be  pointed  out  that 
greater  losses  would  be  obtained  for  thicker  airfoil  sections. 

The  coefficients  obtained  from  the  charts  and  the  preced- 
ing correction  factors  are  then  substituted  in  equations  (4) 
to  (8).  The  results  obtained  are 

((7^J  =0.00411 

-0.00318 

• ((7^^^=0.000619  - 
(C.,)^= -0.0182 
(^Oc=-P0143  ' 


Langley  Aeronautical  Laboratory,  . 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  8,  1950. 
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APPENDIX  A 

METHOD  OF  INTEGRATING  PRESSURES  OVER  CONICAL  REGIONS  OF  DEFLECTED  CONTROLS 


The  pressure  distributions  in  the  conical-flow  regions 


shown  in  figure  12  are  given  in  reference  2. 
changes  in  notation  these  are: 

For  region  I, 

With  suitable 

T)/  i —1  ^ ^ 

P'  = -COS  7 

7T  1 — at 

(Al) 

For  region  III, 

p'=Tos- 

7T  1 ~\~at 

(A2) 

Because  the  flow  is  conical  in  regions  I and  III,  integrations 
of  the  pressures  along  the  trailing  edge  within  These  regions 
are  representative  of  integrations  over  corresponding  tri- 
angular segments  having  the  Mach  cone  origin  as  apexes. 
For  such  integrations,  a coordinate  for  distance  along  the 
trailing  edge  must  be  introduced.  The  nondimensional 
coordinate  chosen  was  t'=fi  tan  t'  (fig.  12  and  reference  2). 
The  integrations  required  for  determining  average  pressure 
ratio  and  cent er-of -pressure  ray  location  for  any  segment  are 


and 


P — 

Ch' 

P!dt' 

JW 

rh' 

L‘“ 

f f — 

(‘it’P'df 

*'Cp  — 

(A3) 


(A4) 


The  procedures  followed  in  the  integrations  of  equations 
(A3)  and  (A4)  are  the  same  for  regions  I and  III  and  are 
only  shown  for  region  I.  If  the  Mach  nmnber  is  assiuned 
to  equal  where  )3=1,  equation  (Al)  may  be  written  in 
tenns  of  t'  as  follows: 


(tt  -}-  d) — (1  — cbd)  V 
(1  -\-ad)—{a  — d)t' 


If  y is  substituted  for  cos  ttP',  equations  (A3)  and  (A4) 
become 


-{l-a^){l+d^)  r^2 


P- 


rv2 

Jju 


cos^^y 


1(1— ad)— (a  — d)y] 


dy 


. Jvi  [(l-ad)-{a-d)yY 


(A5) 


/ ' = 


pl/2 

{a+d)—(l+ad)y 
[{l—ad)-{a-d)yY  ^ ^ 

rv2  cos-^y  , 

7T 

[(1— ad)— (a— ^ 

(A6) 


Integration  by  parts  was  then  employed  in  the  solutions 
of  equations  (A5)  and  (A6). 

For  cases  in  which  the  conical-flow  region  overlaps  tlie 
opposite  parting  line,  the  average  pressure  loss  and  center- 
of-pressm'e  ray  location  are  required  for'  regions  la  and  I& 
(fig.  1).  Equations  (A3)  and  (A4)  may  be  used  in  obtaining 
the  solutions  for  region  la  by  a slight  modification  requiring 
no  additional  integration.  Thus, 


(Subscripts  1 arid  2 indicate  values  of  t'  correspondmg  to  the 
end  points  of  the  part  of  P over  which  integrations  were  made.) 

A Mach  number  of  ^/2  was  assumed  for  convenience  (iS  = 1) 
in  making  the  integrations  of  equations  (A3)  and  (A4).  This 
assumption  is  valid  because  any  case  of  Mach  number  greater 
than  1 can  readily  be  reduced  to  an  equivalent  case  at  M=  ^2 
by  an  afline  transformation  corresponding  to  the  Praridtl- 
Glauert  transformation  for  the  subsonic  case  (reference  5). 
An  example  of  this  transformation  is  shovm  in  figure  13. 
The  equivalent  plan  form  is  obtained  by  dividing  all  stream- 
wise,  dimensions  by  P and  leaving  lateral  dimensions  un- 
changed; consequentl}’^,  values  of  a,  d,  and  t (for  equivalent 
points)  are  the  same.  From  equations  (Al)  and  (A2),  it  can 
readily  be  seen  that  values  of  P'  for  equivalent  phints  are  the 
same.  It  follows  that  summation  of  P'  over  equivalent 
regions  results  in  equal  values  of  P and  tep.  It  is  apparent 
from  figure  13,  however,  that  values  of  tcp'  are  different. 
This  difference  is  of  no  consequence  because  values  of  tcp  for 
the  equivalent  wing  (obtained  from  tcp'  and  geometric  re- 
lations) are  the  same  as  values  of  tcp  for  the  initial  wing. 


In  obtaining  the  solutions  for  region  le,  (fig.  1),  essentially 
the  same  procedure  as  previously  outlined  was  used.  The 

parameter  was  used  to  represent  distance  along  the 

parting  line  nondimensionally.  Values  of  P*  and  Vcp  were 
obtained  by  making  integrations  similar  to  those  in  equa- 
tions (A7)  and  (A8)  (before  simplifications). 

Results  of  integrations  over  all  regions  shown  in  figure  1 
are  presented  in  tables  II  (a)  and  II  (b).  Results  of  evalu- 
ating these  equations  at  taper  ratios  of  1.0,  where  they 
become  indeterminate,  are  presented  in  table  III  (a). 
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APPENDIX  B 

METHOD  FOR  DETERMINING  THICKNESS  CORRECTION  FACTORS 


The  pressure  coefficient  at  any  point  on  a two-dimensional 
surface  as  given  by  the  Busemann  second-order  approxi- 
mation (reference  8,  with  suitable  changes  in  notation)  is 


The  following  correction  factors  are  then  determined  by 
dividing  equations  (B2)  and  (B3)  by  equations  (B4)  and 
(B5),  respectively: 


Cv — C^i(5+0)+ 6^2(5+^)^  (Bl) 


(The  angle  h is  considered  positive  when  calculating  fol- 
lower surface  and  negative  when  calculating  Gp  for  upper 
siu-face.  Throughout  appendix  B,  5 is  considered  to  be  in 
radians.)  The  constants  C\  and  C2  are  functions  only  of 
Mach  number.  Equations  for  these  constants  and  tabu- 
lated values  are  presented  in  reference  10. 

The  lifting  pressure  coefficient  at  am^  chord  wise  position 
is  simply  the  difference  between  the  pressure  coefficients  on 
the  lower  and  upper  surfaces.  The  net  lift  coefficient  is 
obtained  b3^'  integrating  the  local  lifting  pressure  coefficients 


between  the  hinge  line 


e-?) 


and  the  trailing  edge 


(^=l.o)-  (See  fig!  14.) 


Thus, 


c 


(The  subscripts  L and  U denote  lower  and  upper  surfaces.) 
Similarly,  the  hinge-moment  coefficient  is  obtained  b^^  iiite-. 
grating  the  products  of  local  lifting  pressure  coefficient  and 
moment  arm  between  the  hinge  line  and  the  trailing  edge. 
Thus, 


a 


-1 


thickness  (6) 


(-?) 


An  application  of  sweepback  theory,  as  explained  in  refer- 
ence 10,  must  be  used  for  determining  It  is  im- 

portant to  note  that,  for  deflected  controls,  this  theoiy 
requires  the  use  of  the  Mach  number  component  and  the 
aii-foil  section  in  a plane  normal  to  the  control  hinge  axis. 
Values  of  Ci!  and  Cn  thus  obtained  are  based  on  the  d^mamic- 
pressure  component  normal  to  the  hinge  line  and  the  deflec- 
tion angle  measured  in  a plane  normal  to  the  hinge  line. 
Values  of  Ci!  and  Cn  for  a two-dimensional  flat-plate  control, 
based  on  the  same  g and  5,  are  obtained  b}"  considering  the 
Mach  number  normal  to  the  hinge  line  in  determining  values 
of  C\.  Equations  for  these  coefficients  are 

(B4) 
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If  the  sections  are  assumed  to  be  s^unmetrical  about  the 
chord  plane,  equations  (B6)  and  (B7)  can  be  simplifled  because 


The  equation  for  E3,  ma}"  be  written  as  equation  (B7)  for 
F2  (substituting  a for  5) 


(Bll) 


Iii  this  case,  however,  the  airfoil  section  and  Mach  number 
component  in  a plane  normal  to  the  wing  leading  edge  must 
be  used  in  determining  values  of  (7i  and  {Cp)L—{Cp)u\. 

• For  s^nnmetrical  sections,  the  equation  for  F3  ma}’^  be 
simplified  in  the  same  manner  as  the  equivalent  equation 
for  Fo.  Thifs, 


d ^ (B12) 
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Equation  (Bl2)  will  in  some  cases  become  somewhat  in-' 

volved  because  must  be  determined  from  the  equation 

for  the  airfoil  section  in  a plane  normal  to  the  ^ving  leading 
edge  and  must  then  be  wTitten  in  terms  of  xjc  (unless  the 
surfaces  are  plane).  It  should  be  pointed  out  that  suitable 
approximations  for  most  symmetrical  biconvex  airfoils  (which 
in  general  require  involved  expressions  for  defining  the  con- 
tour) ina}^  be  obtained  by  assuming  the  sections  to  have 
parabolic  contours.  General  equations  for  the  thickness 
correction  factors  for  symmetrical  sections  having  parabolic 
contours  have  been  derived  in  the  illustrative  example  of 
the  present  report. 
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Inboard  Moch  cone,  configurations  (a)  and  (b) 


Outboard  Mach  cone,  configuration  (a) 


Outboard  Mach  cone,  configuration  (b) 


Figure  1.— Conical-flow  regions  for  which  solutions  were  obtained  in  the  calculation  of 
deflected  control  characteristics. 


Figure  2.  —Procedure  followed  in  summing  (PSlx)  * of  conical-flow  regions  for  calculation 
of  (Encircled  numbers  correspond  to  regions  as  designated  in  computing  form  for 


Inclined  section 


Streamwise  sections 

Figure  3.— Illustration  of  method  by  which  P*  and  for  triangular  segments  of  the 
wing-root  and  wing-tip  Mach  onesc  are  obtained  for  use  in  determining  Ck.. 
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Figure  4. — Characteristics  of  deflected  trail ing-edge  controls  located  at  the  wing  tip.  Results  for  values  of  have  been  obtained  by  use  of  an  approximation  and 

should  be  used  with  caution. 
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Figure  4.— Continued. 
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Figure  4.— Continued. 
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Figure  4.— Continued. 
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(e)  Concluded. 
Figure  4.— Continued. 
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(f)  Concluded. 
Figure  4.— Conlinued. 
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Figure  4.-~Continued. 
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Figure  4.— Continued. 
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Figube  4.— Continued. 
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(a)  Lift  coefficient.  • 

Figure  5. — Lift  and  pitching-moment  parameters  for  deflected  trailing-edge  flaps  located  inboard  from  wing  tip. 
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(b)  Pitchtog-moment  coefficient. 
Figcbe  5.— Concluded. 
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Figure  C.— Hinge-moment  and  rolling-moment  parameters  for  control  surfaces  located  inboard  from  wing  tip. 
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Fiodre  7.— Continued. 
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Figure  7— Continued 
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Figure  7.— Concluded. 
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(a)  r"=Otol.O. 
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(a)  r'=Otol.O. 

Fir.uRE  10 —Loading  distribution  along  strearawise  sections. intersecting  wing-tip  Mach  cone. 


(b)  r'=1.0  to  ib.O. 
Fioube  10.— Concluded. 
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V*.'y’~»,0.34SO;:S=23.250  c=8.984;  X/=0.713;  S/=2,3(i0:  2-V/.=1.490.) 


Figure  12. — Illustration  of  ordinates  used  in  integrating  pressures  over  conical  regions 

of  deflected  controls. 


tonAfA 

p I 


(a)  Initial  plan  form  (b)  Kquivalent  plan  form 

(M=  /s=i.5).  (M.- 

Figure  13.— E.xample  transformation  from  one  plan-form  Mach  number  configuration  to 
an  equivalent  plan  form  at  a Mach  number  of 


Control  deflected 
Section  A- A 


M cos  A \ 


Wing  a*  angle  of  attack 
Section  B-B 


Figure  14.— Illustration  of  parameters  used  in  determining  the  two-dimensional  character- 
istics of  trailing-edge  controls  having  thickness. 
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TABLE  I.— GENERAL  EQUATIONS  USED  FOR  DETERMINING  CHARACTERISTICS  OF  DEFLECTED  CONTROLS 


(Subscripts  I,  Ik,  I#,  II,  II«,  IIj,  11^,  III,  IIIo,  and  Ills  refer  to  regions  defined  in  fig.  I] 
(a)  Configuration  Having  Control  Located  I^iboard  from  the  Wing  Tip 


Parameter 

Formula 

Gl,': 

-.^[S;+(''SX+(''SX.] 

Gi: 

'-^[&+(-gx+('>ax,] 

Ca, 

^ %!+('=  SX.-(- SX+('’ 

(b)  Configuration  Having  Control  Located  at  tlie  Wing  Tip 


Parameter 

■ 

Formula 

Gl,’. 

;)i^ 

■("D 

('’IX 

"IX,.] 

G.,’ 

~2Cp,  r / Slx> 

i L2A/,'^V 

>1+ 

{p  Slx 
V 2iV, 

X- 

tp  Slx 
\ 2A/„ 

x> 

( p SlX 

\ 2M, 

X„] 

G./ 

^Gvo  r k ,/  p SlV\ 

s.  IbfSf'^V  b,s,) 

i+( 

'pSty\ 
. bfSfJ 

'p  SlV\ 

. b,S,J 

Ik+( 

'pM) 

. bfSfJi 

„] 

G». 

-2Cp„r  / Si^\  / V 

. « 2mJi^^V  2mJl 

.-( 

p^t£\ 

2Mj 

' p •Sl5-' 
. 2A/„, 

{ p Slx' 
\ 2M„, 

SX.J 
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TABLE  II— COMPONENT  PARTS  OF  EQUATIONS  USED  IN  CALCULATING  CHARACTERISTICS  OF  DEFLECTED  CONTROLS 

HAVING  TAPERED  PLAN  FORMS 

(a)  Average  Pressure  Ratio 

Values  of  P for  regions  II,  Ho,  IIi,  and  He  are  obtained  by  substituting  -a,  -d,  and  lf\/  for  a,  d,  and  X/in  equations  for  regions  I.  U,  Ik,  and  L, respectively . In  c^es  where  pli^  and  minui 
signs  are  together  (±),  the  upper  sign  must  be  used  when  values  of  a and  d substituted  are  such  that  o— d is  negative  and  the  lower  sign  must  be  used  when  values  of  a and  d substituted 
arc  such  that  a-d  is  positive.] 


Region 
(fig.  1) 

Average  pressure  ratio 

I 

V(l-o=)(l-d^)-(l-o)a+d) 

2(a-d) 

I. 

X/(l  — d)  — (1  — a)  [’*■  L \f{a—d)  J 

u 

XXl  — ti)  — (1  — u)  {tt  L X/(o  — d)  J 

(l-X0Vl-<l^  |(o-X/d)±V2V(l-orf)-X/'(l-<P)-(l-«*)  1 

X ■■■  1-X/  J 

Ic 

<i)+^cos  a 

III 

^ (l  + o)-V(l  + a)(l  + <i) 

a — d 

Ilia 

1 (l+<i„  . r(2+«+d)-2X,(l+an_ 

(14-d)  — X/(l-fa)  1 7T  L (a  — d)  J 

Xn/(l+o)(l  + ci)  r2(l+d)-X/(2  + a + d)-jl 

» ■ L Ua-d)  J( 

IIU 

X/(l + a)  — (1 + d)  t ’T  L (ad)  J 

|V(l+o)(l-X/)[X/(l+a)-(l+d)j| 
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TABLE  II.— COMPONENT  PARTS  OF  EQUATIONS  USED  IN  CALCULATING  CHARACTERISTICS  OF  DEFLECTED  CONTROLS 

HAVING  TAPERED  PLAN  FORMS— Continued 

(b)  Center-of-Pressure  Ray  Location 

(Values  of  t,p'  (or  r„)  tor  regions  II,  Ili,  IIj,  and  II,  are  obtained  by  substituting  —a,  —d,  and  lA/  for  a,  d,  and  X/  in  equations  for  regions  I,  I„  I4,  and  I„  respectively.  In  cases  where  plus 
and  minus  signs  are  together  (±),  the  upper  sign  must  be  used  when  values  of  a and  d substituted  are  such  that  a-d  is  negative  and  the  lower  sign  must  be  used  when  values  of  a and  d 
substituted  are  such  that  a—d  is  positive.] 


Region 

(fig.  ly 


Tn 


III 


Center-of-pressure  location  (tcp'  or  rep) 


4P(a 


a + Sad-3cP-a<P)-\^  [(l-o=)(l-d*)-2d(l-a)2] 


tr„'*  = 


2P*(a-d)(l  + d)[X/(l-d)-(l-o)] 


il(V)  [2V(l+«l)-X,-(14-d^)oo,-.  [“ 


(l+3»i^3#-nrfx)  cos-'  rf')J^(I+rf-)  s/(i-o,)(2x,(i -ad) 


*=  ^ 

\f(a  — d)[2a—\f(a-\-d)]  , 

r(l-a2)-X/(l-ad)l 

[ tr(l-Xy) 

“I 

1 

V(l-a^)[2X/(l-ad)-X/g(l-(P)-(l-.g2)]  ^ g(i - Xf)yi_g2  I (a- X/d) ±V2X/(l-gd) - X/^l-d^) ~ (I-a^) 


1-X/ 


^11 


2P(l+])(a-d)4Vr3  (l  + 3a<i-3d^-a<P)  (l-i  cos-  d)  + ^^  d)(l  + d^)Vl-a^_ 

cos-'a|  ' ’ 


III« 


Ills 


[2(1 + d) 


[2Xy(l-f  ad)-(l-f  rP)]  cos-  -2X,(l-f  a)-|^ 

L a — a J 


4P*(a-d)[XXl  + a)-(l+(i)]l  xX/ 

?^i^^V(l  + o)[X/(2+a  + d)-Xr2(l-l-a)_(l-(-<l)]- 

^-\/^[(.2-a+d)a-cP)+2ada  + d)+2da  + a)i  cos-  + ° + ^)]| 


1 3(g  — c?)[2aX/—  (a  + d)] 

7T 


6P*(l-X/)[Xy(l  + a)-(l-fd)]l  2T  L a-d 


cos'^  r(^+^+^)~2v(^+^)"i , 
L a—d  J 
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TABLE  II.— COMPONENT  PARTS  OF  EQUATIONS  USED  IN  CALCUL.ATING  CHARACTERISTICS  OF  DEFLECTED  CONTROLS 

HAVING  TAPERED  PLAN  FORMS— Concluded 

(c)  Geometric  Parameters  Sf=  ■ — - and  2.'l/„= — , 

• ' 2(1-X/)  3(1_X/)3Vi  + |32o2 


Region 
(fig.  1) 


2(0- d) 

X/(l-d)-(l-g) 

(l-X/3)(l-d) 

XKl-d)-(l-o) 
(14"  X/)  (o — d) 


2X/2(o-d) 

(1-X/)(1-(P) 


X/3  (o — d) 
(l-X/2)(l+d) 


'Stt/Zb/S/ 


Sl  2(o-d)(V-d) 
Sf  3(l-X/)(l  + d3) 

Sl  2(g-d)«cp'-d) 
Sf  3(l-X/)(H-dU 


2 X/(g — d)  {tcp'  4~  d)  ~| 
■ 3(l-X/)(l  + d3)  J 


SJii2Ma 


\l  r,  2xKg-d)«„'+d)1 

5/  L 3(l-X/)(l+d3)  J 


Sl  l-X/^r 

■(1  + ad)  — (a— d)  V“| 

St  i-X/^l 

l + J 

Sl  1-X/M 

s,  i-x/l 

l4-d3  J 

Sl  l-X/3r(l-X/)(r„-a)H 

Sf  \ — ^ 

L a—d  J 

(a— d)[(l  + a(i)  — {a  — d)tcT/] 

(1-? 

i/)(l-d)(14-cP) 

7.  l-X/3 

r (1  + ad)  -h  {d — d)  tcp' 

h 

L 

X/[X/(l  + o)-(l  + d)][(l  + od)  + (g-d)4 
(l-X/)(H-d)(l  + d2) 

(1  — X/)3[X/(l  + o)  — (l  + d)](rcB+g) 
(l-X/3)(g-d)3 

Xf^(g — d)  [(1 4"  gd)  4"  (o — d)lci/\ 
(l--X/)(14-d)(14-d2) 

X,3(a_ri)[(i  + od)4-(g-d)<.p'J 
(l-X/3)(i+d)(14-<P) 

V(1 4-g)  — (14"  d)][(14"gd)  4"  (o — d)<ci 
(l-X/3)(l+d)(14-d3) 

(1  - Xr)3[X/(l  4-g)  - (14-d)](r,„4-g) 

(l-X/3)(a_d)2 


Two- 

dimensional 


(m) 

(l-X/3) 


(l4-g)(l  X/)  (J 

K14-d)-X/(14-g)P 
(1-X/)3(1-Pd)3 
3(o-d)(l4-X/) 


2(1 -X/>) 
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TABLE  III.— COMPONENT  PARTS  OF  EQUATIONS  USEP  IN  CALCULATING  CHARACTERISTICS  OP  DEFLECTED  CONTROLS 

HAVING  UNTAPERED  PLAN  FORMS 


(a)  Average  Pressure  Ratio  and  Center-Of-Pressure  Ray  Location 

[Values  of  P and  ttp  (or  fep)  for  regions  II»  II.,  Ilk,  and  II«  are  obtained  by  substituting  — ofor  a in  equations  for  regions  I,  I«,  U,  and  L,  respectively) 


Region 
(fi?.  1) 

Average  pressure  ratio 

Center-of'pressure  ray  location  {tcp  or  rep) 

I 

, , 8a+(l+o5) 

I„ 

1 /S'(l-o«)|l+2(i.4/-(l-a>).4/») 

f-  - ^ f(7a»-2a^+l)-2.4/(l-a»)M2aKl+aW]_  a'i  1 -nl  1 

(l+a)[l-(l-a).4/]\ 

[a(7~a5)+(l-a«).4/]A/(l-a>)ll+2aX/-(l-a2).4/*}\ 

U 

'”-l-(l-a).4/{>“-W  «‘)-V  01+ 

r •-  ^ a')  1/  al  Va-o‘)IH-2aA/'-(l-a«)A,'i] 

.4/Vl-a2 , 1 1 +044  / - Vi+2044  / - (1  - a*)  A /'^  \\ 

a^/'Vl-o2,  I l+a*4/'-Vl+2a.4/-(l-a?).4/'2  \ 

- Af'  1/ 

IT  '“®'|  A,'  f 

Ic 

P-  * b+“  cos-la 

t - 1 fga  1 fl  1 a*)  1 CO- a “(7-ai)Vl^l 

^■(1+a)  IT " T ) 

‘'■’  4P(l+a)(l-ai)  a “ r J 

III 

, , 5-8a-3a2 

I1I« 

1 /2VAt'(l+o)(l-A/(l+a)) 

^ 1 j3-8a-5«2-8A/'(l-fa)W(l+o*)-2a]  _ 

2[l-(l+a)^/l  1 
2.4/(l+a)-l 

16P*(H-a)[l-(H-a)A/]l  . .r  cos  * [2/1/ (l+a)  i] 

^r5aa+8a-3-2v4/(l+a)(l+a2)n  , } 

2[_  J 'JVA/(l+a)|l-A/'(H-o))| 

IIU  ’ 
I 

P*=i  ^ ^ rn"-' 

r *1-1  ^ r3(l— 2flt.4/  ) — , 4 r'/i  1 rrN  11 

12.4/ (1+a)  IJ 

2V/l/'(l-t-a)Il-(H-a)/l/'l\ 

(b)  Geometric  Parameters  and  2Ma— 


Region 
(fig.  1) 

SJSf 

SbVlhfSf 

Si^l2M, 

I 

1 

Sl  (1-P4a) 

2 Sl 

. A/(l-a') 

S/6A/(l-a2) 

3 Sf 

lo 

l-A/(l-a) 

2A/(l-a) 

Sl  2(tcp—a) 
SfSA/{l-^a^) 

2^ 
3 Sf 

U 

l-A/(l-a) 

2 

: 2 Sl 
3 Sf 

2 Sl  a ff  . 

2 Af  (?*cp  a) 

Ic 

1 

3A/(l-a) 

II 

1 

S:,r  (l-4a)  1 

2 Sl 

A/{l-a^) 

iS/L  6A/(l-a^)J 

3 Sf 

II„ 

1 — A/(l+a) 

3A/(l+o) 

life 

.4/(rc-fci)[l-A/(l  + a)l 

3 

lie 

1 

3A/(l  + a) 

III 

1 

2 Sl 

2A/'(I-l-o) 

Sfl  12A/(l-fo)J 

3 Sf 

/ 

Ilia 

1“  A/(l-|-a) 

3A/(l  + a) 

Illft 

•4 /' (rep -f  o)  [ 1 - A/ ( 1 -1- o)  ] 

3 

Two- 

A/(l-a2)-l 

3A/(l-a)(l-o2)[A/(l+a)-I]-4a 

3A/(l-a2)-4 

dimensional 

A/(l-a*) 

6A/2(l-a«)2 

6A/(l-a2) 
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lABLK  V.  EXAMPLE  OF  NUMERICAL  INTEGRATION  OF  PRESSURES  ALONG  A STREAMWISE  SECTION  INTERSECTING  WING-ROOT  MACH 

CONE 
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TABLE  V.— EXAMPLE  OF  NUMERICAL  INTEGRATION  OF  PRESSURES  ALONG  A STREAMWISE  SECTION  INTERSECXING  WING-ROOT  MACH  ' 

CON E — Con  cl  u d ed 
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C5 
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TABLE  VI— EXAMPLE  OF  NUMERICAL  INTEGRATION  OF  PRESSURES  ALONG  AN  INCLINED  SECTION  INTERSECTING  WING-TIP 

MACH  CONE 


1002 


REPORT  1041 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


1.40  1.60  0.8750  0.1609 


EQUATIONS  AND  CHARTS  FOR  ESTIMATING  THE  CHARACTERISTICS  OF  SUPERSONIC  CONTROLS 


1003 


O 


o 


o 


o 

m 


O 

t— ( 

b 

K 

cc 


m 


o 


o 

H 

< 

O 

H 

H 

HH 

)-3 

< 

O 

hH 

pEi 

w 

S 


P 

o 

w 

p 

11^ 


< 

p 


> 

p 

p 


0.000701 

. 002930 

. 006195 

.010046 

.014373 

.019077 

.024100 

.029396 

I 

o 

.040661 

o 

© 

© © 

-.006667 

000090  * 

.041667 

o 

© 

© 

o © 

© 

.033333 

. 060000 

-.008333 

e 

o 

© 

© 

.002083 

-.012500 

.055417 

ooooso  * 

© 

© 

■ o 

e 

© 

© 

ss  s 

s s 
r 

.037917 

rt 

s 

!* 

© 

© 

o 

©' 

© 

© 

.018750 
. 047.500 

1 

o 

1* 

s 

i 

o 

© 

o 

e 

n 

i 

s 

1 

I 

r 

. 031667 

.018750 

0 

© 

© 

© 

© 

o 

§ ' 
r 

.016250 

.021667 

-.002083 

A 

e 

© 

© 

o 

o 

© 

© 

to 

1 

.023760 

-. 008333 

1 

’ c 

© 

© 

o 

o 

0.006667 

.008333 

© 

© 

© c 

o 

© 

© 

© 

*2 

to 

I 

o 

§ 

i 

r 

© 

© 

© e 

© 

© 

© 

© 

0.1609 

.2229 

.2677 

.3035 

« c 

??  s 

w e 

g 2 

© 

o 

'T 

.4196 

.4359 

© 

U9  « 

9 

«o 

Oi 

o 

V 


XN3KOK 
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TABLE  VIII.— CONTROL-SURFACE  CHARACTERISTICS  NOT  INCLUDED  IN  FIGURES 

(a)  Tapered  Controls 


a 

d 

X/ 

I/X/ 

Wing-tip  controls 

Inboard 

controls 

a 

d 

X/ 

Wing-tip  controls 

Inboard 

controls 

0Cn' 

PCl,' 

fiCi,' 

-0.95 

f-O.SO 

0. 95 

-0.  2678 

(-0.80 

0 

-0. 0474 

0.1164 

-0. 1875 

-0. 0474 

\ -.90 

.95 

-.  2778 

-.80 

.20 

-.0680 

.1139 

-.  1865 

-.0661 

-.80 

.40 

-.  1162 

.1053 

-.  1794 

-.1102 

-.60 

.95 

-. 2162 

0.20 

-.80 

.60 

-.2086 

.0846 

-.  1555 

-.2106 

-.85 

0.95 

-.  13.35 

— . 95 

0 

-.7606 

,2236 

-1.3644 

—.7606 

-.95 

0 

0.  2236 

-0.  2751 

-.95 

.20 

-.9921 

.2184 

-1.3578 

-.9917 

-.95 

.20 

.2232 

-.  2751 

, -.95 

.40 

-1.4204 

. 1997 

-1.3085 

-1.4551 

-.95 

.40 

-.  1076 

.2218 

-.2741 

-.  95 

.60 

-.2325 

. 2184 

-.2709 

-0.2311 

-.80 

0 

. 1164 

-.  2133 

80 

0150 

?074 

—^2587 

— 6.306 

-.80 

.20 

. 1128 

-.  2118 

-.95 

.95 

-2.Z878 

! is99 

-.  1814 

-3!  0759 

-.80 

.40 

-.  1369 

. 1002 

-.2001 

-.  1422 

-.95 

0 

-.9058 

.2236 

-1.5823 

-.9058 

-.80 

. 95 

-.3349 

-.4466 

—.95 

.20 

-1. 1787 

.2161 

-1. 5715 

-1. 1793 

-.95 

0 

s 

-.  1796 

.2236 

-. 4930 

-.  1796 

, —.95 

.40 

-1.6605 

. 1896 

-1. 4907 

-1.7248 

-.95 

.20 

-.2420 

.2226 

-.4925 

-.2413 

- 

—.95 

.40 

-..?773 

. 2192 

— 

-.3762 

-.60 

0 

-.0927 

-.95 

.60 

-.6670 

.2105 

-.47^ 

-.  6759 

-.60 

.20 

-.0917 

-.95 

.80 

-1.4710 

. 1823 

-.  4276 

-1.6150 

-.60 

.40 

-.0845 

-.80 

0 

-.0819 

, 1164 

-.2392 

-.0819 

-.80 

0 

-.1099 

.60 

-.80 

.20 

-.1148 

. 1109 

-.2366 

-.  1106 

-.80 

.20 

-.  1097 

-.80 

.40 

1820 

.0927 

-.2180 

-.  1742 

-.80 

.40 

-.  1084 

— . 95 

0 

-1.0510 

.2236 

-1.8001 

-1.0510 

-.80 

.60 

-.  1038 

— . 95 

.20 

-1.3642 

.2123 

-1.7818 

-1.3669 

-.80 

.80 

-.1747 

-.0868 

-. 1776 

. — . 95 

.40 

-1.8747 

. 1737 

- 1.  6453 

-1.9945 

— . 4U 

-.95 

0 

-.3249 

.2236 

-.7109 

-.3249 

-.95 

.20 

-.4299 

.2219 

-.  7097  ; 

-.4289 

. 75 

. 95 

. 1405 

-.95 

.40 

-.6446 

.2159 

-.  7008  1 

-.6459 

.60 

.95 

.2229 

-.95 

.60 

-1.0835 

.2009 

-.  6705  ! 

-1.  1206 

-.60 

0 

-.  1009 

-.95 

.80 

-2. 1657 

. 1526 

-.5574 

-2.5993 

-.60 

.20 

-.0990 

-.  60 

.40 

-.0361 

— . 80 

0 

— . 1357 

.80- 

-.80 

0 

-.0991 

-.2650 

— . 80 

. 20 

— . 1354 

-.  SO 

.20 

— . 1397 

-.2602 

—.80 

.40 

— . 1328 

-.80 

.40 

-. 2121 

-.  2252 

— . 80 

. 00 

— . 1106 

— . 1241 

— . lOW 

—.95 

0 

— 1.  1963 

. 2236 

-2.0180 

-.20 

( _*  80 

. 80 

— . 2618 

—.0926 

— ' 2945 

— . 95 

.20 

— 1.  5463 

.2042 

-1.9822 

— . 95 

0* 

-!  4701 

.2236 

-.9287 

-^4701 

, -.95 

.40 

-2.0117 

. 1.395 

-1.7162 

-.95 

.20 

-.6175 

.2210 

-.9264 

-.6165 

-.95 

.40 

-.  9036 

.2119 

-.9094 

-.9156 

.90 

. 95 

.4493 

-.95 

.60 

-1.4756 

. 1890 

-.8509 

-1.5654 

.80 

.95 

1 

. 4359 

-.60 

0 

-.1070  ! 

-.  0132 

( —.80 

0 

— . 1616 

— . 60 

. 20 

-.  1026 

-.0207 

-!so 

.20 

-.  1610 

-.60 

.40 

-.0703 

-.0411 

-.80 

.40 

-. 1566 

.95 

- -.80 

0 

-.2344 

-.  1121 

j — . 80 

. 60 

— 1617 

— . 1416 

— . 1578 

-.80 

.20 

1625 

-.2721 

-.  1496 

0 

\ -!o5 

0* 

-!0153 

.2236 

-1.1466 

-.6153 

-.80 

.40 

-.  2250 

-.  1812 

-.  2302 

-.95 

.20 

-.8050 

.2199 

-1. 1426 

-.8041 

-.95 

0 

-1.3052 

.2236 

-2. 1813 

-1.3052 

-.95 

.40 

-1. 1680 

.2067 

-1.1129 

-1.1853 

— . 95 

.20 

-1.6659 

. 1789 

-2.0869 

-1.6952 

1 -.95 

.60 

-1.8326 

. 1740 

-1.0110 

-2.0102 

-.95 

.40 

-1.7604 

.0264 

-1.3815 

-2. 4665 

(b)  Untapered  Controls 


a 

A/ 

Wing-tip  controls 

Inboard 

controls 

a 

Wing-tip  controls 

Inboard 

controls 

0Ci/ 

0Cl,' 

»c,,' 

?Ci,' 

0.8 

-1. 1421 

0. 1878 

-0. 0879 

-1.2498 

{ 6.0 

0.0320 

0. 0669 

-0.0330 

0.0349 

2.0 

-.4242 

.2093 

-.  1022 

-.  4328 

0 

\ 8.0 

.0327 

. 0676 

-.0335 

.0349 

—0.  95 

4.0 

-.1619 

.2164 

-.  1070 

-.1605 

1 10.0 

.0331 

.0681 

-.0337 

.0349 

6.0 

-.0720 

.2188 

-.  1086 

-.0698 

8.0 

-. 0265 

.2200 

-.  1094 

-.0244 

.8 

.0125 

.0446 

-.0182 

.0449 

10.0 

.0009 

.2207 

-.  1099 

.0029 

2.0 

.0272 

.0601 

-.0282 

.0393 

.20 

4.0  ’ 

.0317 

.0657 

-.0319 

.0375 

.8 

-.1061 

.0962 

-.0447 

-.1034 

6.0 

.0330 

.0675 

-.0332 

.0369 

2.0 

-.0117 

.1083 

-.0528 

.0065 

8-0 

.03.37 

.0685 

-.0338 

.0366 

-.80 

4.0 

.0225 

. 1123 

-.0555 

.0259 

10.0 

.0341 

.0690 

-.0341 

.0364 

6.0 

.0342 

.1137 

-.0504 

.0366 

8.0 

.0402 

.1143 

-.0568 

.0420 

.8 

.0128 

.0415 

-.0158 

.0608 

, 10.0 

.0437 

.1147 

-.0571 

.0452 

2.0 

.0289 

.0603 

-.0275 

.0472 

.40 

4.0 

.0341 

.0682 

-.0328 

.0426 

.8 

-.0190 

.0702 

-.0323 

-.0075 

6.0 

.0356 

.0709 

-.0346 

.0411 

2.0 

.0173 

.0804 

-.0391 

.0232 

8.0 

.0362 

.0722 

-.0354 

.0404 

-.60 

4.0 

.0302 

.0839 

. -.0414 

.0334 

10.0 

.0366 

.0730 

-.0360 

.0399 

6.0 

.0346 

.0850 

-.0421 

.0368 

8.0 

.0369 

.0856 

-.0425 

.0385 

.8 

.0120 

.0379 

-.0131 

.0948 

. 10.0 

.0382 

.0859 

-.0427 

.0395 

2.0 

.0300 

.0603 

-.0257 

.0641 

.60 

4.0 

.0384 

.0736 

-.0345 

.0539 

.8 

.0005 

.0592 

-.0268 

.0154 

6.0 

.0406 

.0782 

-.0376 

.0505 

2.0 

.0226 

.0694 

-.0336 

.0290 

8.0 

.0415 

.0804 

-.0391 

.0487 

4.0 

.0302 

.0728 

-.0358 

.0336 

10.0 

.0420 

.0818 

-.0400 

.0477 

— . 40 

6.0 

.0328 

.0739 

-.0366 

.0351 

8.0 

.0341 

.0745 

-.0370 

.0358 

.8 

.0087 

.0321 

-.0087 

.2198 

, 10.0 

.0349 

.0748 

-.0372 

.0363 

2.0 

,0296 

,0589 

-.0222 

.1228 

4.0 

.0441 

.0804 

-.0343 

.0905 

.8 

.0078 

.0527 

-.0233” 

.0263 

. 80 

6.0 

.0508 

.0921 

-.0420 

.0797 

2.0 

.0245 

.0638  : 

-.0307 

.0319 

8.0 

.0535 

.0982 

-.0461 

.0743 

4.0 

.0301 

.0675 

-.0332 

.0338 

10.0 

.0549 

.1018 

-.0485 

,0711 

— . 20 

6.0 

.0319 

,0688 

-.0340 

.0344 

8.0 

.0328 

.0694 

-.0344 

.0347 

.8 

-.0(M8 

.0149 

.0032 

1.4733 

, 10.0" 

.0334 

.0698 

-.0346 

.0349 

2.0 

.0242 

.0526 

-.0157 

.6564 

4.0 

.0440 

.0809 

-.0282 

.3841 

f .8 

.0110 

.0482 

-.0205 

.0349 

• 95 

6.0 

.0564 

.0998 

-.0368 

.2933 

0 

] 2.0 

.0258 

.0611 

-.0291 

.0349 

8.0 

.0657 

.1145 

-.0438 

.2479 

1 4.0 

,0305 

.0655 

-.0320 

.0349 

10.0 

.0732 

.1269 

-.0501 

.2207 
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TABLE  IX.— COMPUTING  FORM  FOR  C*, 


Cases 


(a)  Dimensions  and  Preliminary  Computing  Form 


= 1^1,4967 


Root  case^ 
Tip  case  3 


,=*^=0.5995 

P 

o=^5^^^^=0.3990 

P 

d=*-^5^*=0.3489 

P 

X,  = g?/»  = 7.8577 
= = 2.9934 

= (|-yi)=5.9868 

X,  = /J  (4-y2)  = 11225 
X5  = ffy2»-41.2528 


K,= 


m-d) 


= 1.0262 


K,= 


1 


^.(1-a) 


= 1.1117 


X8  = ff3/i»  = 5.9868 
K,  = ^(|-  J/i)' =23.9472 
1 


X,„= 


A'„  = 


^(1+d)' 
1 

3(l  + a)^ 


=0.4953 


=0.4776 


A, 2 = ^ (|-y2Y=0.8419 


Tapered  flap; 

2A/<.3Vl  + /S*o2  = 6/  ^ — ^’=5.2159 
c/,— c/,  

Untapered  flap: 

■ 2 M„3Vl  + |3V= 36/C/; = 


Tip  Mach  cone  I Root  Mach  cone 


EQUATIONS  AND  CHARTS  FOR  ESTIMATING  THE  CHARACTERISTICS  OF  SUPERSONIC  CONTROLS 
TABLE  IX.— COMPUTING  FORM  FOR  C*,— Concluded 
(b)  Form  for  summing  (PSii)*  of  triangular  segments  of  conical-flow  region 


Figures  for 
determining 
columns  (2) 
and  (3) 

Region 

Column 
(6)  =0  for 
cases  in 
table  IX(a) 

(1) 

(2) 

(3) 

(4) 

(5) 

(0) 

Enter  curve  at 
following  value  of 
71  or  r' 

P* 

3zVi+^' 

2Sl 

(2)X(4)X(S) 

• Figures 

1 

3, 5,6 

(i  rfl  — 

2lir,(l-a/.,)  _ 

(nxA’i* 

0 

fep 

2 

2, 3, 4, 5, 6 

0 

Ki  ^ ^ 

" Up 

Figure  7 
tan»7 

3 

6 

1-—  (l-d)=0. 6102 

Cf  

0.258 

0.736 

2Cr(l--Qfr,)_3^^^  -2. 4965 
(1  dfep) 

(l)Xfr*A'«=15.6547 

-10. 0832 

4 

3, 5,6 

1 d)~ 

2c,(l-a/„) 

fnxc,»i<r*= 

0 

(l-d<<p) 

Figure  7 

tan  1} 

0 

5 

4, 5,6 

1-—  (l-a)=0. 5502 

Zf  

.245 

— 

Zr=4.0000 

(l)XZf«Jir7=9. 7865 

9.  5908 

6 

2, 3, 4, 5, 6 

n-a)- 

— z»= 

(l)XXr»ir7= 

0 

Xr  ^ ^ 

Figure  8 

7 

6 

^-(l-d)  = 1.0l92 

.300 

.645 

3r,  '■^’<‘-‘’'">-6.1074^ 
Up  

(l)XAT|i=6. 1017 

9.3941 

8 

4,  5,6 

|^-(l-a)^(h-7353 
Jis  — . 

.277 

.711 

2Ki(l-aUp)  5 ^ 

(l)Xit'8=4. 4021 

-7. 2778 

tep 

Figure  10 

1 

3, 5, 6 

F, -('+">= 

— 

— 

2Aj(l-f*ef«p)  0 

t., 

(I)x^r»= 

0. 

2 

2,  3,  4,  5,  6 

£i_n4.a’)=s 

2K-i(l-l-a7„) 

{\)XKi^ 

0 

Kz  ^ ^ ^ — 

‘ Up 

Figure  9 

tan  9 - 

-0—“ 

3 

6 

1 '^^^^'^^^=0.4494 

Ct  

.280 

.662 

i£i^i±^-3zi=  -0. 9520 

(1+d/ep)  . 

(l)Xct»yio=ir6833 

-. 4487 

4 

3, 5,6 

j i^3(l+d) 

2c,(l-fa/cp) 

(l)Xc<2A’io= 

0 

Ct 

(l+dfcp) 

Figure  9 

tan  If 

— - 

■5 

4,  5,6 

1 «.0.  2862 
Zi 

.224 

— 

zi=2.  2000 

(l)Xx»2ii:ii»0.6616  . 

.3260 

6 

2, 3, 4,  5,  6 

^ ii:j(l+a)_ 

-Zl  = 

(I)xxi2ii:u= 

' 0 

Xt 

Figure  10 

7 

6 

^-(l-t-<0  = 1.10l0 

.314 

.609 

0179 

Cep 

(l)Xiif’i!=0.9185 

.5820 

8 

4, 5,6 

^-(l+«)  =0.5609 

.236 

.751 

2Ff4(l+afep)  2.7150 

(l)Xiiiri»°0. 4722 

-.3025 

iV4 

f*p 

57.3^Vl-^ 

( S(6)  ^ 

( 1 = )= -0.0194 

\ 2M.3Vi+^»«2/ 

Y',  (6)  = 1.7358 
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SOME  EFFECTS  OF  NONLINEAR  VARIATION  IN  THE  DIRECTIONAL  STABILITY 
AND  DAMPING-IN-YAWING  DERIVATIVES  ON  THE 
LATERAL  STABILITY  OF  AN  AIRPLANE  ‘ 

Leonard  Sternfield 


SUMMARY 

A theoretical  investigation  has  been  made  to  determine  the 
e^ect  of  nonlinear  stability  derivatives  on  the  lateral  stability 
of  an  adrplane.  Motions  were  calculated  on  the  assumption 
that  the  directionaUstability  and  the  damping-in-yawing 
derivatives  are  functions  of  the  angle  of  sideslip.  The  applica- 
tion of  the  Laj)lace  transform  to  the  calculation  of  an  airplane 
motion  when  certain  types  of  nonlinear  derivatives  are  present  is 
described  in  detail.  The  types  of  nonlinearities  ‘ assumed 
correspond  to  the  condition  in  which  the  values  of  the  directional- 
stability  and  damping-in-yawing  derivatives  are  zero  for  small 
angles  of  sideslij). 

The  results  of  the  investigation  indicated  that  under  certain 
conditions  the  nonlinear  stability  derivatives  assumed  in  the 
analysis  caused  a motion  which  had  different  rates  of  damping 
for  the  large  and  small  amplitudes  of  motion,  with  very  little 
damping  at  the  small  amplitudes.  In  general,  the  period  of  the 
resultant  oscillation  increased  with  time. 

INTRODUCTION 

\ 

Recent  flight  tests  of  several  airplanes  designed  for  high- 
speed high-altitude  flight  have  indicated  neutrally  damped 
lateral  oscillations  of  small  amplitude  generally  referred  to 
as  snakmg.  Upon  examination  of  the  flight  records,  the 
decrement  of  the  oscillatory  motion  is  found  in  some  cases 
to  be  different  for  the  large  and  small  amplitudes  of  motion 
with  a neutrall}^  stable  oscillation  occurring  at  the  small 
amplitudes.  One  of  the  explanations  offered  for  the  cause 
of  this  type  of  motion  is  that  some  of  the  stability  derivatives 
are  nonlinear;  that  is,  “the  derivatives  have  different  values 
for  the  large  and  small  amplitudes  of  motion.  The  non- 
linearity could  be  caused  by  boundaiy-layer  effects  or  flow 
separation  due  to  poor  fah*ing  at  the  junction  of  the  tail 
surfaces. 

The  present  report  represents  a preliminaiy  investigation 
of  the  eflect  of  the  presence  of  two  nonlinear  stability 
derivatives,  the  directional-stability  derivative  Cn^  and  the 
damping-in-yawing  derivative  on  the  motion  of  an  air- 
plane. These  derivatives  were  selected  for  the  anal^^sis 
since  the  damping  of  the  oscillation  is  a function  of  On^  and 


since  depends  upon  the  Cn^  contributed  b}^  the  tail. 
The  derivatives  Cn^  and  were  both  assumed  to  be  func- 
tions of  the  sideslip  angle  Calculations  were  made  of  the 
aii'plane  motion  due  to  a disturbance  in  sideslip  for  three 
dift*erent  types  of  nonlinearities. 

SYMBOLS  AND  COEFFICIENTS 

(j)  angle  of  roll,  radians 

\j/  angle  of  yaw,  radians 

P angle  of  sideslip,  radians  except  where  noted 

in  figures  (v/V) 

r 3"awing  angular  velocity,  radians  per  second 

(d\f/ldt) 

p rolling  angular  velocity,  radians  per  second 

(d<t>ldt) 

V sideslip  velocity  along  the  F-axis,  feet  per 

second 

V airspeed,  feet  per  second 

p mass  density  of  air,  slugs  per  cubic  foot 

q djmamic  pressure,  pounds  per  square  foot 

b wing  span,  feet 

S wing  area,  square  feet 

W weight  of  airplane,  pounds* 

m • mass  of  airplane,  slugs  (W/g) 

g acceleration  due  to  gravity,  feet  pQr  second  per 

second 

Mb  relative  density  factor  (m/pSb) 

r)  inclination  of  principal  longitudinal  axis  of 

airplane  with  respect  to  flight  path,  positive 
when  principal  axis  is  above  flight  path  at 
the  nose,  degrees 

7 angle  of  flight  path  to  horizontal  axis,  positive 

in  climb,  degrees 

kx^  radius  of  g}U’ation  in  roll  about  principal 

longitudinal  axis,  feet 

kz^  radius  of  g}T’ation  in  yaw  about  principal 

vertical  axis,  feet 

Kxq  nondimensional  radius  of  g}U'ation  in  roll  about 

principal  longitudinal  axis  Qcxjb') 


* Supersedes  NACA  TN  2233,  “Some  Effects  of  Nonlinear  Variation  in  the  Directional-Stability  and  Dam  pin  g-in-Y"a  wing  Derivatives  on  the  Lateral  Stability  of  an  Airplane”  by 
Leonard  Sternfield,  1050. 

Preceding  Page  Blank 
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nonclimensionnl  radius  of  gyration  in 
about  principal  vertical  axis  ikzjh) 
nonclimensional  radius  of  g\u’ation  in  roll 
about  longitudinal  stabilit}’’  axis 
{■yjKx^  cos^  T) -\-Kz^  sin^  jj) 
nondimensional  radius  of  gyration  in  yaw 
about  vertical  stabilit}^  axis 
i^Kz,^  cos^  7)  +Kx^  sin^  tj) 


-4  -2  0 2 4 

ff, 


-4-2  0 2 -4 

(3,  deg 


-4  -2  0 2 4 

(3,  deg 


Kxz 

nondimensional  product-of-inertia  parameter 
{{Kz^—Kx^^)  sin  V cos  77) 

n 

c\ 

trim  lift  coefficient 

U 

1 1 

(a) 

c, 

11 . ^ . /Koliing  moment\ 

rolling-moment  coefficient  j 

-4  -2  0 2 4 

/?,  deg 

^ . , /Yawing  moment\ 

3Wvmg-moment  coefficient  ^ j 

1 . rn  ^ ^ /Lateral  force\ 

lateral'force  coefficient^ ^ J 


(a)  Case  1. 


-4  -2  0 2 4 

(3,  deg 

(b)  Case  2. 


-4  -2  0 2 4 

f3,  deg 


« -d/3 
■bC, 

« d/S 
bCy 
« ■ d/3 
bCn 

<'rb\ 

k2V) 

bCn 

( pb\ 
K2V) 
bC, 

rpb\ 

\2Vj 

bCy 

P 

b 

(m 

bCy 

T 

b 

m 

d(7, 

'm 


Cuf.  3^awing-moment  constant 

t time,  seconds  • - 

§6  nondimensional  time  parameter  based  on  span 

(TY/6) 

differential  operator 

<7  operator  in  Laplace  transformation 

Th  tiniG  for  amplitude  of  oscillation  to  damp  to 

one-half  its  original  value,  seconds 

The  subscript  0 is  used  to  indicate  initial  conditions  and 
a bar  is  used  to  denote  variables  in  the  operational  equations. 

ANALYSIS 

NONLINEAR  STABILITY  DERIVATIVES 

The  assumptions  made  with  regard  to  the  nonlinearity  of 
the  stability  derivatives  C„3  and  are  shown  in  figure  1. 


FiouRE  1— Three  types  of  nonlinear  stability  derivatives  assumed  in  the  analysis. 

For  all  three  cases  presented  in  the  figure,  is  equal  to  zero 
for  — 2®0<2°,  a region  which  is  subsequently^'  referred  to 
as  a dead  spot.  . Thus  when  the  airplane  is  within  the  dead 
spot,  the  value  of  the  directional  stability  derivative 
is  zero.  Since  the  damping-in-y^awing  derivative  Cn^  is  a 
direct  function  of  contributed  by^  the  tail,  was  also 
assumed  to  be  zero  for  values  of  — 2°<^j8<2°.  In  the  region 
outside  of  the  dead  spot,  each  one  of  the  cases  represents  a 
different  type  of  variation  of  Cn  with  ^ in  order  to  simulate 
the  effect  of  several  possible  flow  conditions  on  the  side  force 
acting  on  the  vertical  surface.  For  cases  1 and  2,  C'„^=0.28 
and  for  case  3,  C7„^  = 0.41.  The  corresponding  value  of 
Cn^  for  all  three  cases  is  —0.39.  It  should  be  noted  in  figure  1 
that  for  cases  2 and  3,  C„  = 0 at  oi  2°  and  —2°,  whereas 
for  case  1,  has  a finite  value  at  p of  2°  and  —2^. 

METHOD  OF  CALCULATING  MOTION 

Since  the  nonlinearities  shown  m figure  1 can  be  treated 
as  linear  derivatives  of  different  values  within  and  outside  of 
the  dead  spot,  the  airplane  motion  is  calculated  on  the  basis 
of  classical  linear  theory.  The  equations  of  motion  and  the 
general  method  of  calculating  the  motion  of  an  airplane  are 
given  in  references  1 and  2.  The  methods  of  references  1 
and  2 arc  based  on  the  Laplace  transformation  which  in- 
herentty  takes  into  account  the  initial  conditions  of  the 
problem.  Because  the  Laplace  transformation  considers 
the  initial  displacements  and  initial  velocities  of  the  problem, 
this  method  is  directly^  applicable  to  the  calculation  of  the 
motion  of  an  airplane  which  has  nonlinear  derivatives 
similar  to  the  derivatives  presented  in  figure  1. 

The  nondimensional  linearized  lateral  equations  of  mo- 
tion, referred  to  the  stability  axes,  are  for  rolling,  for  y^aw- 
ing,  and  for  sideslipping,  respectively^ : 

2iXf){Kx^Db  <t>~\~KxzTDb'4d~ 

2flt,{Kz^Dt^\l/-{'KxzI^b^<t>)~  On^P-{‘2^n^Db<t>-\-2(^n^Db4^-\-Cn^  ^ 

2fib{DbP-[~Dt,4d=OY^P-jr2CY^Dt,(l>-\-CL<t>’¥-^OY^  1^*^+ 

,{Cl  tan  7)’A 
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The  Laplace  transformation  of  equations  (1),  with  the  use  of  the  SAonbol  a for  the  operator,  is 

==2^i,Kx^  [(T(I>o+{Di,<I>)o]--~Oi^<I>o+  2p.i,Kxz  [o'^o+(i^&’A)o] 

— — Ci,^^+(^2m60'  — — C'z,  tan  7^i?+ (2M6<r  — Cr^)^=  — <^>0+^2m6— 

Equations  (2)  represent  three  simultaneous  algebraic  equations  which  can  be  solved  for  p,  <f>j  and  their  derivatives  by 
the  method  of  determinants.  For  example, 


(2) 


where  A is  the  characteristic  lateraLstabilit}’  equation 

{A  <T^  + Ba^  + Ca^  + Da  +E)  a 

Ai  — A\<T^-\-B\a^-\-C\a^-\-D\a  -]rE\ 


(3) 


and 


The  expressions  for  A,  B,  C,  D,  and  E,  in  terms  of  the  mass  and  aerodAmamic  parameters  of  the  airplane,  are  given  on 
pages  27  and  28  of  reference  1.  The  coefficients  of  the  Ai  equation  are 

B,  = 00  [^y^.^Oi.{Kx^Kz^-Kxz^)]  +{D,<t>\  [2y.,^Cy^{Kx^Kz^~Kxz^)]  + tan  y (Kx^Kz^-Kxz^)]  + 

(Z),0)o  [2lS,%Oy^  - 4m.)  (Kx^Kz^-KxZ^)]  + Po  [2^,\KxzCt^ -Kx^Cn,)  + 2^,\KxzOn^ 

0\  = 00  \^bC l(ExzC — Kx^Cn^)  i^hQhiKxzO +(D^0)o  j^2  f-^ bK (C n ^^0 y ^ 

-C„J  + -2Kxz(74+| j]+ fo  tan  7 -6’„  K.vO  + 

tan  y {K.^-zC„^ HD,r|^o[_^l^JCxz{C„dr-CnCy^)+^^i^z\C,G  -C.^Cy^)  + 

4/i.^C';,  tan  7 (K^-^K/-K^/)+2f^^\Kz^C,^  -K.vz(7„  j]+^„[i  j]+ 

Cn^[  — l^(>KxzC y^A'  ^bKx^C 4:^b^Kx^] 

Dx  — 4>q  C l{C i^C — C^/^C^Wp) J+(i^60)o[M6f^^L  y(Ex’^C„^ — KxzC i^^A-  P'bOLiKxzG Kx‘Cn^^A~ 

00  Gl  tan  7 (Gi^Gn^ — C'f^C'w^)J+(Z?ft0)o[M&C'/.(B^^^C'/^ — KxzGn^)-\~ t^bGL^^^^y{KxzGn^ 

Gn^  Gy^Gi^  — 2fibKxzGL+2fiJCx^GL  tan  t + 

E\—Gn^  ^7^  GlGi^  — 2 Gi^Gl  tan  7^ 

The  solution  of  equation  (3),  which  will  result  in  a time  history  of /3  as  a function  of  6*&,  is  obtained  from  the  Heaviside 
expansion  theorem  (reference  3) : 

g ^ x„*t  (4) 

where  X«  are  the  roots  of  F{a)  set  equal  to  zero.  Similar  solutions  are  derived  for  0,  0,  Z>*0,  I>60,  and  Dt^,-  The  time 

scale  is  readily  converted  from  Si,  units  to  t units  b}^  the  equation  i=^S6* 

The  values  of  the  stabilit\^  derivatives  and  mass  characteristics  used  in  the  calculations  are  presented  in  table  I.  The 
table  is  divided  into  two  columns  which  differ  onh’^  in  the  values  of  G„^  and  G„^  of  the  airplane  for  the  cases  where  the 
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TABLE  I 

STABILITY  DERIVATIVES  AND  MASS  CHARACTERISTICS 
OF  THE  AIRPLANE  CONSIDERED  IN  THE  ANALYSIS 


. Derivative  or  chanict eristic 

Outside  of 
dead  spot 

Within  dead 
spot 

IV/S,  Ib/ft  2 

80 

80 

101  1 

101  1 

p,  SlUGS/ft  3 

0. 00089 

0. 00089 

V,  ft/sec • 

753 

753 

0 318 

0 318 

0.  ft 

‘V  7 

07  7 

y,  deg 

0 

0 

Kz‘ 1 _ 

0 0573 

0 0573 

Kx^- 

0. 0069  i 

0.  0069 

Cl  , per  radian 

-0.462 

-0. 462 

Cn  .per  radian..  

-0.0155 

—0. 0155 

per  radian.' 

-0. 126 

-0. 126 

Cy  , per  radian 

0 

0 

Cy,  per  radian 

! ^ 

f},  deg ....  

— 2. 0,0,  2.0 

—2. 6. 0. 2. 0 

Crt  , per  radian _ 

—0. 392 

Q 

feases  1 and  2),  per  radian 

0. 28 

0 

Cftp  (case  3),  per  radian 

0.41 

0 

aii'plane  is  either  outside  of  or  within  the  dead  spot.  From 
the  analj'^tical  solution  of  the  motion,  based  on  the  mass  and 
aerodjmamic  characteristics  of  the  first  column  of  table  I 
and  an  initial  condition  of  /3=5°,  the  time  history  of  was 
computed  for  several  values  of  St  until  the  value  of  St  for 
which  /3=2°  was  reached.  For  values  of  St,  greater  than  the 
St,  which  results  in  /3=2°,  this  analytical  solution  is  incorrect 
since  the  airplane  has  now  entered  into  the  dead  spot  and  the 
values  of  and  Cn^  are  zero.  Thus,  a new  solution  must 
be  calculated  with  the  use  of  the  values  given  in  the  second 
column  of  table  I with  new  initial  conditions.  The  new 
initial  conditions  are  detennined  b}’  substituting  the  value  of 
.■?(,  at  Avhich  |3=2°  in  the  original  analytical  solutions  of  4>, 
D„\l/,  and  Once  these  initial  conditions  are 

known,  another  set  of  analytical  solutions  are  computed  for 
jS,  <l>,  and  their  derivatives  from  equations  (3)  and  (4). 
This  procedure  is  followed  every  time  p crosses  through  2° 
or  —2°.  The  final  resultant  motion  in  sideslip  is  the  sum  of 
all  the  analytical  solutions  in  j8,  each  one  of  which  is  correct 
only  for  a particular  interval  of  time. 

The  constant  C„^  is  introduced  into  the  yawing-moment 
equation  of  equations  (1),  since  the  value  of  the  yawing- 
moment  coefficient  due  to  sideslip  is  C„^P  -f  C„^  for  the  con- 
dition of  the  airplane  having  the  dead  spot  in  cases  2 and 
3 of  figure  1.  The  values  of  are  |0.00977|  and  |0.0143| 
for  cases  2 and  3,  respectively.  The  sign  of  C„^  is  opposite 
to  that  of  jS.  For  case  1 of  figure  1,  C„  =0. 

It  is  apparent  that  the  procedure  employed  is  a time- 
consuming  process  and  subject  to  the  possibility  of  many 
computational  errors  due  to  the  magnitude  of  the  computa- 
tions. The  final  solution  can  be  obtained,  however,  in  a 
relatively  short  time  through  the  use  of  automatic  digital 
computing  machines. 


RESULTS  AND  DISCUSSION 

The  effect  of  the  nonlinear  stability  derivatives  on  the 
lateral  motion  was  investigated  for  the  airplane  described 
b}^  the  mass  and  aerod^mamic  characteristics  given  in  table 
I,  with  three  different  values  for  the  damping  of  the  lateral 
oscillation  as  calculated  on  the  basis  of  derivatives  constant 
with  amplitude.  Since  the  damping  was  varied  arbitrarily 
by  assuming  different  values  for  the  angle  .of  inclination  of 
the  principal  longitudinal  axis  of  the  ahplane  to  the  flight 
path  7?,  three  values  of  r?,  —2®,  0°,  and  2®,  were  selected 
which  correspond  to  a damping  of  the  lateral  oscillation, 
expressed  in  terms  of  T1/2,  of  5.6,  3.0,  and  1.8,  respcctivel3^ 
The  motion  of  the  airplane  in  sideslip,  due  to  an  initial 
disturbance  in  sideslip  of  5°,  for  the  three  values  of  r?  is 
shovm  in  figure  2.  Since  these  motions  are  calculated  on 
the  assumption  of  derivatives  constant  with  amplitude,  the 
amplitudes  of  the  motion  decrease  exponential!}^  with  time 
and  will  eventually  reduce  to  zero.  As  can  be  noted  in  the 
first  column  of  table  I,  the  On^  for  cases  1 and  2 is  0.28; 
whereas  the  C„^  for  case  3 is  0.41.  The  motions  presented 
in  figure  2 are  for  (7„^=0,28;  however,  the  motions  for 
Cn^  = 0Al  would  exhibit  oscillations  of  approximate!}'  the  same 
damping  and  a slightly  smaller  period. 

The  motions  of  the  airplane  in  sideslip,  showing  the  effect 
of  the  nonlinearities  illustrated  in  figures  1(a),  1(b),  and  1(c), 
are  presented  in  figures  3 to  5,  respectively.  In  all  cases, 
an  initial  disturbance  in  sideslip  of  5°  v^as  assumed.  The 
pronounced  effect  of  the  nonlinearities  on  the  lateral  motion 
is  noted  by  a comparison  of  figure  2 and  either  one  of  figures 
3,  4,  or  5.  In  all  thi*ee  figures  (figs.  3 to  5)  the  motion  for 
r?=2°,  the  most  stable  case,  approaches  a constant  value. 
The  analytical  solution  of  the  motion  for  the  case  of  77=2® 
in  figure  3 indicates  that,  within  the  dead  spot,  the  airplane 
will  oscillate  at  a period  of  6.56  seconds  and  T\f2 — 3.38 
seconds  and  will  eventually  approach  the  value  of  — 0.0092°. 

Similar  motions  would  be  obtained  for  the  case  of  77=2°  in 
figures  4 and  5.  As  77  is  decreased,  the  damping  of  the 
oscillatory  motion  depends  upon  the  nonlinearity  assumed 
and  the  values  of  77.  In  figure.  3,  the  motion  for  77=0° 
damps  at  a slow  rate  at  the  large  amplitudes  until  the  oscil- 
lation reaches  an  amplitude  of  approximately  2.4°  where 
the  damping  of  the  oscillation  is  zero.  The  period  of  the 
oscillation  increases  from  1,5  to  1.85  seconds.  For  the  case  of 
77=— 2°,  a very  lightly  damped  oscillation  is  apparent  within 
the  first  few  seconds  and  the  airplane  may  be  considered  to 
be  neutrally  stable  at  an  amplitude  of  =F4.5°.  In  figures 
4 and  5 the  motion  for  77=0°  clearly  indicates  that  the  damp- 
ing is  decreasing  as  the  amplitude  decreases  and  the  period 
of  the  oscillation  increases;  for  77=  —2°,  the  oscillatory  motion 
is  slightly  unstable.  A neutrally  stable  oscillation  would  be 
expected  to  occur  in  figures  4 and  5 for  the  combinations  of 
a value  of  77  between  0°  and  —2°  and  the  dead  spot  assumed 
in  the  calculations  or  for  77— —2°  and  a smaller  dead  spot. 
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Ficure  4.— The  effect  of  the  nonlinear  derivatives  described,  in  figure  1(b)  on  the  motion  of  an  airplane. 


1016 


REPORT  1042 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


t,  sec 


Ficure  5.~The  effect  of  the  nonlinear  derivatives  described  in  figure  1(c)  on  the  motion  of  an  airplane. 

In  general,  the  results  indicate  that  the  damping  of  the  Some  additional  calculations  were  made  for  the  case  where 
lateral  oscillation  calculated  with  the  use  of  derivatives  con-  the  airplane  is  disturbed  mthin  the  dead  spot.  The  motions 

stant  with  amplitude  is  a determining  factor  in  the  type  of  for  an  initial  condition  of  jS  = l°  were  computed  for  r)  = —2°' 

motion  obtained  where  nonlinear  derivatives  are  present.  and  0°  with  the  assmnption  of  the  nonlinearity  described  in 

As  the  inherent  damping  of  the  lateral  oscillation  decreases,  figure  1 (b).  The  results  are  presented  in  figure  6.  It  should 

a smaller  dead  spot  ^vill  result  in  a neutrally  stable  oscillation.  be  noted  that  the  only  difference  between  figures  4 and  6 is 

Obviously,  if  the  inherent  damping  is  zero,  a neutrally  stable  the  initial  condition  assumed  in  the  calculations.  In  figm-e  6, 

oscillation  already  e.xists  with  zero  dead  spot.  the  motion  for  r\  = —2°  is  imstable  and  gradually  approaches 
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Figure  6.— The  effect  of  the  nonlinear  derivatives  described  in  figure  1(b)  on  the  motion  of  an  airplane.  Initial  disturbance  in  sideslip  of  1°. 


the  amplitude  and  peiiod  of  the  motion  for  the  case  of  ??  = —2° 
in  figure  4,  The  motion  for  = in  figui'e  6 is  slightly  un- 
stable and  will  probably  increase  until  its  amplitude  and 
period  are  in  close  agreement  with  the  motion  for  the  case 
of  0°  in  figure  4.  Calculations  have  indicated  that  the 
•oscillatory  motion  of  the  airplane  within  the  dead  spot  will 
double  amplitude  about  every  4 seconds  for  r;  = — 2®  and 
about  every  30  seconds  for  rj=0^.  If  the  motion  is  unstable 
within  the  dead  spot,  either  the  airplane  motion  will  be  neu- 
trally stable  with  an  amplitude  equal  to  or  greater  than  the 
amplitude  of  the  dead  spot  or  the  motion  will  be  unstable. 

The  loss  in  damping  and  the  increase  in  period  which  ap- 
peared in  some  of  the  lateral  oscillations  in  figures  3 to  5 can 
be  attributed  to  the  type  of  nonlinearity  assumed.  From 
classical  dynamic  stability  theory,  it  is  well  known  that  the 
damping  of  the  oscillation  is  a function  of  and  the  period 
of  the  oscillation  is  a function  of  If  the  airplane  is  con- 

sidered as  a mass-spring  dashpot  system,  Cn^  is  the  equiv- 
alent spring  constant  of  the  system  and  corresponds  to 
the  damping  constant  contributed  by  the  dashpot.  Thus  as 
Onp  is  reduced  the  period  increases,  and  as  is  reduced  the 
damping  decreases. 
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CONCLUDING  REMARKS 

The  results  of  the  investigation  made  to  determine  the 
effect  of  nonlinearities  assumed  in  the  analysis  on  the  lateral 
stability  indicate  that  under  certain  conditions  a motion  is 
obtained  which  has  different  rates  of  damping  for  the  large 
and  small  amplitudes  of  motion,  with  very  little  damping  at 
the  small  amplitudes.  In  general,  the  period  of  the  resultant 
oscillation  increases  with  time. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  19,  1950. 
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A NUMERICAL  METHOD  FOR  THE  STRESS  ANALYSIS  OF  STIFFENED-SHELL  STRUCTURES 

UNDER  NONUNIFORM  TEMPERATURE  DISTRIBUTIONS ' 

By  Richard  R.  Heldenfels 


SUMMARY 

A numerical  method  is  presented  for  the  stress  analysis 
of  stiff ened-shell  structures  of  arbitrary  cross  section  under 
nonuniform  temperature  distributions.  The  method  is  based 
on  a previously  published  procedure  that  is  extended  to  include 
temperature  ejects  and  multicell  construction.  The  applica- 
tion off  the  method  to  practical  problems  is  discussed,  and  an 
illustrative  analysis  is  presented  off  a two-cell  box  beam  under 
the  combined  action  off  vertical  loads  and  a nonuniform  tem- 
perature distribution. 

INTRODUCTION 

The  effects  of  nonuniform  temperature  distributions, 
such  as  those  produced  by  aerodynamic  heating,  are  becoming 
of  greater  concern  in  the  design  of  modern  high-speed  aircraft. 
The  structui’al  effects  of  temperature  changes  and  the 
results  of  some  analyses  of  a simplified  structure  under 
nonuniform  distributions  of  temperature  have  been  dis- 
cussed in  reference  1.  The  analytical  methods  considered 
in  reference  1 were  found,  however,  to  yield  inaccurate  values 
for  the  secondary  stresses  in  complicated  structures,  and 
in  such  cases  some  type  of  numerical  approach  is  desirable. 
Numerical  methods,  however,  usually  require  extensive  and 
tedious  calculations  and  they  should  be  used  only  when 
satisfactory  results  camiot  be  obtained  from  a simplified 
analysis. 

Several  numerical  methods  of  stress  analysis  have  been 
presented  m the  literature,  but  none  contains  provisions  for 
tempera tui'e  changes.  In  the  present  report,  one  such 
method,  the  numerical  procedm^e  of  reference  2,  has  been 
extended  to  include  the  effects  of  a nonuniform  distribution 
of  temperatiu'e.  In  addition,  -the  equations  developed 
permit  the  anal^^sis  of  a stiffened-shell  structure  of  arbitrary 
cross  section  with  any  number  of  internal  cells.  The  appli- 
cation of  the  method  is  discussed  and  illustrated  by  analysis 
of  a two-cell  box  beaih  under  the  combined  action  of  vertical 
loads  and  a nonuniform  temperatm^e  distribution. 

DESCRIPTION  OF  THE  NUMERICAL  METHOD 

BASIC  THEORY 

The  structure  analyzed  is  an  idealized  representation  of  a 
multicell  stiffened-shell  structure  (see  fig.  1)  and  has  the 


following  characteristics: 

(1)  The  basic  unit  is  a rectangular  panel  boimded  on  two 
parallel  sides  by  extensionally  flexible  stringers  and  on  the 
other  two  sides  by  rigid  bulkheads. 

(2)  The  panels  consist  of  sheet  material  and  are  assumed 
to  carry  shear  stress  only.  The  shear  stress  is  constant  with- 
in a given  panel. 

(3)  The  stringers  run  parallel  to  the  direction  of  the  pri- 
mary stresses  and  carry  axial  load  only. 

* (4)  The  bulkheads  lie  perpendicular  to  the  stringers  and 

are  rigid  in  their  owti  plane  but  offer  no  resistance  to  warping 
out  of  their  plane. 

(5)  The  structure  is  loaded  on\j  at  the  bulkheads, 

(6)  Material  properties,  cross-sectional  dimensions,  and 
temperature  distribution  do  not  vary  along  the  length  of  a 
given  bay. 

With  these  assumptions  about  the  basic  elements  of  the 
structure,  any  type  of  stiffened  shell  can  be  analyzed,  pro- 
vided taper  is  excluded.  The  state  of  stress  in  such  a struc- 
ture can  then  be  defined  by  suitable  stress-strain  relations 
and  two  types  of  displacements : 

(1)  Stringer  displacements,  which  are  displacements,  at 
the  end  of  a bay,  of  each  flexible  stringer  in  a direction  parallel 
to  the  stringer 

(2)  Bay  displacements,  which  are  translations  and  rota- 
tions of  the  plane  of  each  cross  section  defined  by  the  rigid 
bulkheads 


* Supersedes  NAG  A TN  2241,  “A  Numerical  Method  for  the  Stress  Analysis  of  Stiffened-Shell  Structures  under  Nonuniform  Temperature  Distributions”  by  Richard  R.  Heldenfels,  1950. 
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Once  the  stress-strain  relations  are  established  for  the 
components  of  the  idealized  structure,  equations  of  equilib- 
rium can  be  used  to  obtain  relationships  between  the  dis- 
placements. The  equilibriimi  equation  for  the  forces  on  an 
individual  stringer  yields  an  expression  for  the  stringer  dis- 
placement of  any  panel  point  in  terms  of  the  surrounding 
stringer  displacements  and  the  displacements  of  the  two 
adjacent  bays.  From  this  general  expression,  equations 
equal  in  number  to  the  unknown  stringer  displacements  are 
obtained.  The  additional  equations  required  for  the  deter- 
mination of  the  bay  displacements  are  obtained  from  the 
equations  of  equilibrium  of  the  shear  forces  on  the  cross  sec- 
tions. These  equations  then  completely  define  the  dis- 
placements of  the  structure.  In  most  cases  the  number  of 
equations  is  so  large  that  a direct  solution  would  be  imprac- 
tical and  it  has  been  found  expedient  to  solve  them  by  the 
recommended  iteration  procedure  described  in  the  next  sec- 
tion. The  required  equations  are  derived  in  detail  in  the 
appendix. 

SOLUTION  OF  EQUATIONS  BY  ITERATION 

Matrix  iteration  often  provides  the  easiest  and  quickest 
solution  to  the  equations,  and  the  procedure  recommended 
is  as  follows: 

The  equations  to  be  solved  can  be  vTitten  in  matrix 
notation  as 

[5]{^}  = {c)  (1) 

For  piuposes  of  iteration,  these  equations  are  rearranged  to 
give 

{d}  = [0]{d}  + {c}  (2) 

where 

IC]  = [U]^[B] 

[B]'  square  matrix  of  coefficients  of  general  equations  with 
diagonal  terms  reduced  to  unity 
[U]  unit  matrix 

{ d } column  matrix  of  stringer  and  bay  displacements 

{ c } column  matrix  of  constant  terms  in  general  equation ; 
these  terms  arise  from  applied  load  and  thermal 
expansion 

Initial  approximate  values  of  stringer  and  bay  displace- 
ments {do}  are  then  selected.  These  values  may  be  deter- 
mined in  any  convenient  manner;  however,  subsequent 
operations  can  be  simplified,  as  explained  in  the  appendix,  if 
these  values  are  chosen  to  corresppnd  to  elementary  theor3^ 
Next,  the  initial  displacement  values  are  substituted  into  the 
righthand  side  of  equation  (2)  to  obtain  a second  approxi- 
mation { di } to  the  displacements 

{ di } ==  [C]  { do } + { c } (3) 

and  the  differences  between  the  second  and  initial  approxi- 
mate displacement  values  are  computed  from  the  equation 

f Adi}  = {di}-fdo)  (4) 


The  iteration  process  is  then  begun  by  using  these  dis- 
placement differences.  The  ?ith  difference  is  defined  as 

{Ad„}  = {d„}-(do}  (5) 

and  it  can  be  easily  verified  that  the  use  of  these  differences 
leads  to  the  following  matrix  equation: 

(Ad„  } = [C]{Ad„_i}-l-{Adi}  (6) 

The  iteration  process  consists  of  a series  of  solutions  of  equa- 
tion (6),  each  successive  solution  Auelding  a better  approxi- 
mation to  the  displacement  differences  than  the  previous 
one.  The  process  is  continued  until  successive  solutions  of 
equation  (6)  yield  the  same  result,  that  is,  until  - 

' {Ad„}  = (Ad„_i}  (7) 

The  final  displacements  are  then  determined  from  the  final 
differences  by  using  equation  (5)  and  the  initial  values. 

When  equation  (6)  is  being  iterated,  improved  values 
should  be  used  as  soon  as  they  are  obtained;  that  is,  each 
individual  difference  Adn  should  be  substituted  into  the 
{ Adn-i } matrix  immediately  after  calculation  rather  than 
at  the  end  of  the  cycle.  In  this  manner,  each  new  value 
determined  receives  the  benefit  of  all  previous  work  and 
convergence  is  speeded. 

The  iteration  of  differences  reduces  the  work  required  to 
obtain  a solution  because  smaller  numbers  are  involved. 
However,  it  is  essential  that  no  errors  be  made  in  the  deter- 
mination of  the  fii'st  differences  { Adi } since  a single  significant 
error  will  render  the  whole  solution  useless. 

CONVERGENCE  OF  THE  ITERATION  PROCESS 

In  order  to  obtain  more  rapid  convergence  of  the  iteration 
process,  • bay  displacements  and  loads  are  I'eferred  to  the 
principal  shear  axes  of  each  bay.  The  use  of  these  axes 
greatly  simplifies  the  equations  for  bay  displacements  by 
making  each  bay  displacement  independent  of  all  other  bay 
displacements  and  thus  a function  of  the  stringer  displace- 
ments only.  In  addition,  a special  correction  cycle  is 
periodically  introduced  to  bring  the  stringer  forces  on  each 
cross  section  into  equilibrium  with  the  applied  loads.  Mathe- 
matically, the  correction  CA-cle  is  a special  CA^cle  that  uses  a 
certain  combination  of  the  basic  equations.  Its  success  in 
the  particular  case  of  the  numerical  method  of  stress  anal^^sis 
is  a result  of  its  ph3"sical  significance,  and  in  that  respect  it  is 
similar  to  Southwelhs  ^^gi'oup  relaxations”  (reference  3). 

The  optimum  frequencA^  of  application  of  the  correction 
cycle  depends  largely  on  the  characteristics  of  each  individual 
problem  and  must  be  determined  on  a basis  of  experience 
Avith  the  method.  If  this  frequencj^  cannot  be  determined 
from  previous  experience,  it  can  be  approximated  satisfac- 
torily^ by  one  that  permits  the  disturbances  to  spread  their 
significant  effect  OA^enthe  structure  between  correction  cycles. 
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The  application  of  the  correction  cycle  begins  at  a station 
where  the  displacements  are  knowm  and  then  proceeds  out- 
board. The  corrections  reqiihed  to  bring  the  first  bay  into 
equilibrium  are  determined,  ~and  the  stringer  displacements 
at  its  outboard  end  are  changed  accordingh^  before  the  cor- 
rections requhed  by  the  second  bay  are  calculated. 

EFFECT  OF  INTRODUCING  NONUNIFORM  TEMPERATURE  DISTRIBUTIONS 

The  preceding  method  is  applicable  to  any  type  of  stress 
problem.  Nonuniform  tempei’ature  distributions  do  not 
affect  the  general  procedure  but  merely  change  the  details. 
These  effects  are  of  two  types:  A change  in  the  effective 
structure  due  to  changes  in  elastic  properties  of  the  material 
with  temperature  and  thermal  stresses  resulting  from  re- 
strained thermal  expansion.  The  changes  in  elastic  prop- 
erties are  easil}^  handled  if  the  moduli  are  treated  as  variables 
during  the  derivation  of  the  equations.  Their  effect  is 
analogous  to  that  of  variations  in  stiinger  area  and  panel 
thickness.  The  presence  of  thermal  expansion  requnes 
modification  of  the  stress-strain  relationships  for  the  stringers 
but  does  not  affect  those  for  the  panels.  The 'equations  for 
stringer  displacements  contain  thermal-expansion  terms  that 
are  analogous  to  the  applied-load  terms.  Bay-displacement 
equations  are  unaffected  b}^  thermal  expansion,  but  thermal- 
expansion  terms  appear  iii  the  equations  used  for  the 
correction  cycle.  If  a difference  solution  is  iterated,  the 
elementary  solution  shoidd  include  the  distributions  of 
thermal  strain  associated  with  the  primary  thermal  stresses, 
which  may  be  obtained  from  the  equations  derived  in  the 
appendix. 

DISCUSSION  OF  THE  NUMERICAL  METHOD 

The  application  of  a method,  such  as  that  just  described, 
always  poses  a number  of  questions;  for  example,  what  are 
some  of  the  limitations  of  the  method,  would  it  be  advan- 
tageous to  use  some  other  method  of  analysis,  and  how  should 
the  structure  be  idealized?  vSome  of  the  factors  requiring 
consideration,  other  than  those  mentioned  in  the  previous 
section,  are  therefore  now  discussed. 

VALIDITY  OF  BASIC  ASSUMPTIONS 

The  assumptions  upon  which  the  method  is  based  are 
commonly  accepted  in  the  analysis  of  stiffened  shells.  Com- 
parison of  theoretical  and  experimental  results  has  estab- 
lished the  fact  that  these  assumptions  wUl  yield  good  results 
in  most  cases.  Two  important  assiunptions — that  the 
bulkheads  are  rigid  in  their  own  plane  and  that  the  shear 
stress  is  constant  in  a given  panel— may,  however,  introduce 
significant  errors  into  the  analysis  in  some  cases.  These 
assumptions  are  therefore  examined  in  detail. 

The  assumption  of  rigid  bulkheads  is  satisfactory  as  long 
as  the  primaiy  stresses  run  perpendicular  to  the  bulkheads, 
but,  as  demonstrated  in  reference  1,  this  assumption  may 
not  be  good  when  dealing  with  problems  involving  thermal 


stress.  Large  temperature  gradients  along  the  length  of  the 
structure  or  across  the  depth  of  a bulkhead  distort  the  real 
bulkhead  and  make  the  assumption  of  rigidity  inapplicable. 
In  many  cases,  however,  these  effects  are  small  and  the  as- 
sumption yields  satisfactory  results. 

The  numerical  method  could  be  extended  to  include  the 
effects  of  bulkhead  flexibility.  Such  an  analysis,  however,  is 
very  cumbersome  and  tedious  and,  if  the  equations  are  solved 
by  iteration,  the  process  is  often  very  slowly  convergent. 
Therefore,  these  extensions  are  not  considered  herein. 

The  assumption  of  constant  shear  stress  in  a given  panel 
simplifies  the  development  of  the  equations,  and  it  yields 
satisfactory  results  if  the  bulkheads  are  reasonably  close 
together.  Cases  arise,  however,  in  wliich  the  assumption 
whl  lead  to  unreasonable  results  because  the  assumed  con- 
stant shear  stress  is  a poor  approximation  to  a shear  stress 
which  should  be  changing  rapidl}^  in  the  spanwise  dhection. 
This  situation  is  usually  accompanied  by  slow  convergence 
of  the  iteration  process.  This  difficiUty,  however,  can  be 
minimized  by  reducing  the  bulkliead  spacing  of  the  idealized 
structure  since  it  occurs  only  when  the  total  shear  stiffness 
of  the  panels  joined  to  a stringer  exceeds  the  extensional 
stiffness  of  that  stringer. 

IDEALIZATION  OF  AN  ACTUAL  STRUCTURE 

The  idealization  process  described  in  reference  2 is  straight- 
forward. However,  it  provides  an  opportunity  for  the  stress 
analyst  to  exercise  his  engineering  judgment  and  thus  to 
simplify  the  analysis.  By  restricting  the  analysis  to  only 
a part  of  the  structure  or  by'  using  a comparatively  simple 
idealized  structure,  the  time  required  for  the  analysis  can  be 
substantially  reduced.  Such  simplifications,  however,  can 
reduce  the  value  of  the  results,  and  a compromise  between 
speed  and  exactness  is  required. 

The  number  and  location  of  the  idealized  stringers  com- 
pletely define  the  stress-distribution  shapes  obtainable  from 
the  analysis.  (For  example,  in  an  idealized  shell  of  n stringers, 
there  are  n possible  types  of  independent  normal-stress 
distributions,  three  of  which  can  be  determined  from  ele- 
mentary theory,  the  remaining  n-3  being  statically  indeter- 
minate.) Stringer  location  is  thus  an  important  part  of  the 
idealization  process  and  in  conventional  problems  the  loca- 
tions should  be  selected  after  consideration  of  the  charac- 
teristics of  the  actual  structm^e,  the  nature  of  the  expected 
results,  and  the  time  available  for  the  analysis.  When  non- 
uniform  temperature  distributions  are  involved,  the  shape 
of  the  temperature  distribution  should  also  be  considered 
because  the  thermal-stress  and  temperature  distributions 
^viQ  have  similar  shapes  and  the  analysis  will  yield  good 
results  only  if  the  idealized  structure  permits  a stress  distri- 
bution of  that  shape. 

The  bulkhead  spacing  usually  is  the  same  in  the  idealized 
and  actual  structures,  but  the  idealized  spacing  should  never 
be  so  large  that  trouble  is  caused  by  the  assumption  of 
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constant  shear  stress.  A proper  bulkhead  spacing  is  one  for 
which  the  extensional  stiffness  of  each  stringer  element  is 
greater  than  the  sum  of  the  shear  stiffnesses  of  the  adjacent 
panels  so  that  no  negative  terms  appear  on  the  right-hand 
side  of  the  equations  for  the  stringer  displacements. 

CALCULATING  PROCEDURES 

All  the  calculations  required  by  the  numerical  procedure 
(determining  the  coefficients  of  the  equations,  solving  by 
iteration,  and  computing  the  stresses)  are  routine  and 
involve  only  simple  arithmetic.  The  calculations  can  be 
easily  arranged  in  tabular  form  so  that  the  bulk  of  the  work 
can  be  done  by  modern  automatic  computing  machinery  or 
by  a computer  who  does  not  need  to  have  a knowledge  of  the 
structural  theories  involved. 

In  any  problem  that  involves  extensive  numerical  work, 
errors  are  very  apt  to  occur.  One  of  the  advantages  of  the 
numerical  method  described  herein  is  that  a number  of 
checking  procedures  can  be  devised  to  check  the  various 
steps  in  the  calculations.  No  attempt  is  made  to  describe 
the  many  possible  checks;  a few,  however,  have  been  indi- 
cated in  the  illustrative  example. 

Solution  of  the  equations  by  simple  iteration  also  possesses 
another  advantage  with  regard  to  errors.  Values  obtained 
from  successive  cycles  of  iteration  show  trends  that  can 
be  observed  by  an  experienced  computer,  and  errors  can 
be  detected  by  their  effects  on  these  trends.  Errors*  that 
do  appear  during  the  iteration  process  eventually  work 
themselves  out  but  may  adversely  affect  the  rate  of  con- 
vergence. 

APPLICATION  OF  THE  NUMERICAL  METHOD 

DESCRIPTION  OF  THE  PROBLEM 

The  application  of  the  numerical  method  is  illustrated  by 
an  analysis  of  the  idealized  two-cell  box  beam  shown  in 
figure  2.  The  cross  section  is  symmetrical  about  the  hori- 
zontal center  line  and  the  beam  is  untapered;  however,  the 
stringer  areas  and  sheet  thicknesses  vary  from  bay  to  bay. 

The  box  beam  is  loaded  by  four  concentrated  vertical  loads 
applied  at  the  bulkliead  stations  along  the  inner  web;  in  addi- 
tion, it  is  subjected  to  the  arbitrarily  selected  distribution 


Figure  2.— Idealized  structure  used  in  illustrative  example.  (Stringer  area.s  and  skin  thick- 
nesses are  listed  in  tables  I and  11.) 


of  temperature  increase  shown  in  figure  3.  The  temper- 
ature is  highest  at  the  tip  and  along  the  front  web  and 
decreases  in  both  spanwise  and  chordwise  directions,  but  it 
is  constant  across  the  depth  of  the  beam.  The  beam  is 
assumed  to  be  constructed  of  75S-T6  aluminum  alloy  which 
has  the  variation  of  elastic  properties  with  temperature 
increase  shown  in  figure  4.  These  data  are  the  same  as 
■ those  used  in  reference  1. 

It  is  assumed  that  no  thermal  stresses  were  present  at  60°  F. 
Since  the  method  of  analysis  involves  the  assumption  that 
no  changes  in  temperature  distribution  occur  over  each 
element,  the  temperature  used  in  the  calculations  was  the 
temperature  at  the  center  of  the  element  concerned. 


Figure. 4.— Variation  of  elastic  properties  of  76S-T6  aluminum  alloy  with  temperature 
increase  (reference  1). 
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DETAILS  OF  THE  ANALYSIS 

Since  the  structure  and  the  temperature  distribution  are 
symmetrical  about  the  horizontal  center  line,  the  analysis 
can  be  restricted  to  one  cover.  Two  solutions  are  required 
however,  to  determine  the  total  stress  since  the  thermal- 
stress  system  is  symmetrical  about  the  horizontal  center 
line,  but  the  load-stress  system  is  antisymmetrical.  In  this 
way,  the  analysis  requires  the  solution  of  two  sets  of  equa- 
tions (one  of  20,  the  other  of  24)  which,  can  be  solved  more 
easily  than  the  set  of  44  needed  for  a single  analysis  of  the 
complete  box. 

The  computations  required  are  given  in  tabular  form  with 
most  tables  containing  two  parts — one  related  to  the  load 
stresses  and  the  other  related  to  the  thermal  stresses.  The 
final  solution  is  obtained  by  the  superposition  of  these  two 
solutions.  The  rectangular  cross  section  and  its  symmetry 
permit  several  simplifications  of  the  general  equations.  In 
each  case  the  equations  used  are  listed.  The  notation  is 
described  in  the  appendix.  Methods  used  to  check  the 
calculations  are  also  given  in  the  tables.  The  checking 
methods  used  were  determined  from  mathematical  relation- 
ships existing  between  the  coefficients  of  the  equations  and 
from  equilibrium  of  forces. 

Tables  I and  II  present  the  physical  characteristics  and 
stiffness  parameters  of  the  individual  stringers' and  panels. 
Table  III  gives  the  location  of  the  principal  shear  axes  of 
each  bay  and  the  coefficients  of  the  bay-displacement  equa- 
tions. The  location  of  the  principal  inertia  axes  of  each 
bay,  the  coefficients  used  in  the  correction  cycle,  and  the 
initial  stringer  displacements  are  given  in  table  IV.  The 
coefficients  of  the  stringer-displacement  equations  are  tabu- 
lated in  table  V.  Table  VI  contains  the  [C]  matrices  used 
for  the  iteration.  The  rows  and  columns  have  been  inter- 
changed in  order  that  the  matrix  multiplications  required 
will  consist  of  the  cumulative  multiplication  of  the  adjacent 
numbers  in  two  columns.  Table  VII  is  a similar  arrange- 
ment of  data  required  for  the  correction  cycle  and  also  lists 
each  correction  determined.  The  displacements  obtained 
from  each  cycle  of  iteration  are  given  in  table  VIII  and  the 
correction  cycles  are  indicated.  Table  IX  contains  the  cal- 
culation of  each  type  of  stress  and  the  superposition  required 
to  obtain  the  total  stresses. 

The  numerical  calculations  in  this  example  were  done  by  a 
computer  who  had  previous  experience  with  the  method. 
The  following  times  were  required: 


Setting  up  the  equations  (table  I to  table  VII) 3 days 

Solving  the  equations  (table  VIII) 4 days 

Computing  stresses  (table  IX) 1 4ay 


In  this  example,  the  displacements  were  computed  to  six 
decimal  places  (five  or  six  significant  figures)  in  order  that 
the  stress  would  be  accurate  to  1 psi  and  thus  would  provide 
accurate  equilibrium  checks.  Most  practical  problems  will 
not  require  such  numerical  accuracy  and  a smaller  number 
of  decimal  places  should  be  used  in  order  to  speed  the  solu- 
tion. It  is  estimated  that  the  time  required  to  solve  this 
example  could  have  been  reduced  by  one-half  if  the  number 
of  decimal  places  had  been  reduced  from  six  to  four.  This 
reduction  would  have  given  stresses  accurate  to  100  psi  or 
about  1 percent  of  the  maximum  stress. 


RESULTS  OF  THE  CALCULATION 

The  results  of  the  calculation  are  shown  graphically  in 
figure  5 by  spanwise  and  chordwise  plots  of  the  stringer 
stresses  in  the  top  and  bottom  covers  and  a spanwise  plot 
of  shear  stresses  in  the  webs.  The  spanwise  plots  have  a 
jagged  appearance  because  stringer  areas  and  sheet  thick- 
nesses are  assumed  constant  in  each  bay  with  an  abrupt 
change  at  the  bulkheads.  The  dashed  lines  in  the  plots  of 
stringer  stresses  are  the  values  obtained  from  an  elementary 
analysis. 

CONCLUDING  REMARKS 

A numerical  method  for  the  stress  analysis  of  stiffened-shell 
structures  under  .nonuniform  temperature  distributions  has 
been  presented.  The  method  is  not  applicable  to  the  solu- 
tion of  all  structural  problems  involving  temperature  effects 
because  it  requires  extensive  and  tedious  calculations  and 
because  the  basic  assumptions  of  bulkheads  rigid  in  their  own 
plane  and  constant  shear  stress  in  a given  panel  occasionally 
lead  to  unsatisfactory  results.  It  is,  however,  a powerful 
tool  for  the  solution  of  many  structural  problems  because: 

(1)  It  is  a means  for  accurately  determining  all  .types  of 
secondary  stresses  in  complicated  structures  that  cannot  be 
satisfactorily  analyzed  by  simplified  methods. 

' (2)  It  is  sufficiently  flexible  to  cope  with  a wide  variety  of 
structural  problems  involving  nonuniform  temperature  dis- 
tributions. 

(3)  It  involves  only  simple  arithmetic  that  can  be  handled 
by  automatic  computing  machinery. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  12j  1950, 


(a)  Spanwise  distribution  of  upper-surface  stringer  stress. 
Figure  5.— Calculated  stress  distribution  in  the  idealized  structure. 
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(b)  Spanwise  distribution  of  lower-surface  stringer  stress. 
Figure  5.— Continued. 


(c)  Chordwise  distribution  of  upper-surface  normal  stress. 
Figure  5. — Continued, 

!6x/0^ 


(d)  Chordwise  distribution  oflower-surface  normal  stress. 
Figure  5. — Continued. 


(e)  Span  wise  distribution  of  web  shear  stress. 
Figure  5.— Concluded. 


APPENDIX 

DERIVATION  OF  GENERAL  EQUATIONS 

The  general  equations  required  for  the  numerical  analysis 
of  a stiffened  shell  of  arbitrary  cross  section  with  any  number 
of  internal  cells  and  under  a noziuniform  temperature  dis- 
tribution are  developed.  The  basic  assumptions  and  a gen- 
eral description  of  the  method  have  been  given  previously 
and  are  not  repeated. 

SYMBOLS 

cross-sectional,  area  of  stringer,  square  inches 
h width  of  panel  on  k grid  line,  inches 

E modulus  of  elasticity,  psi 

F applied  force,  pounds 

6 modulus  of  rigidity,  psi 

h width  of  panel  on  j grid  line,  inches 

I moment  of  inertia,  inches^ 

J shear  stiffness  parameters 

ly  m coordinates  of  a special  set  of  axes 

L length  of  bay,  inches 

Ad  applied  moment,  inch-pounds 

P axial  load  in  stringer,  positive  for  tensile  load, 

pounds 

Q area  moment,  inches^ 

normal  distance  to  panel  on  k grid  line,  positive  in 
positive  2-direction,  inches 

T temperature  increment,  measured  from  tempera- 

ture of  zero  thermal  stress  which  is  60°  F in  the 
example  presented,  degi*ees  Fahrenheit 
t panel  thickness,  inches 

u,  Vy  xo  displacements  in  x-,  y-,  and  2-directions,  respec- 
tively, inches 

Xy  xjy  z rectangular  coordinate  axes 

a coefficient  of  thermal  expansion,  inches  per  inch 

per  degree  Fahrenheit 

^ angular  rotation  used  in  correction  cycle,  radians 

T shear  strain,  radians 

8yA  increment 
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€ normal  strain,  inches  per  inch 

6 angular  rotation  about  a:-axis,  radians 

X rotation  of  special  set  of  axes,  degi’ees  or  radians 

p normal  distance  to  panel  on  i gidd  line,  positive  in 

positive  ^-direction,  inches 

a normal  stress,  positive  for  tensile  stress,  psi 

T shear  stress,  positive  in  dh^ection  of  associated  co- 

ordinate axis  when  tensile  stress  on  cross  section 
is  in  positive  a;-direction,  psi 

<l>  angle  between  normal  line  r and  ^-axis,  degi'ees  or 

radians 

\f/  angle  between  normal  line  p and  y-dx\s,  degi-ees  or 

radians 

Subscripts: 

Oj  k grid  s^’^stem 

Xj  y,  z coordinate  axes 

V,  Wj  6 bay  displacements 

0 initial  value 

n cycle  of  iteration 

A prime  refers  to  the  principal  shear  axes  and  two  primes 
refer  to  the  principal  inertia  axes.  A bar  over  a symbol 
indicates  an  average  value  at  the  center  of  a bay. 

' NOTATION 

The  notation  employed  is  illustrated  m figure  6.  The 
system  adopted  for  designathag  parts  of  the  structure  is  as 
. follows: 

Bulkheads  divide  the  length  of  the  structure  into- a number 
of  bays.  The  subscript  i is  used  to  designate  a given  bulk- 
head or  the  bay  between  the  i—l  and  ith  bulklieads. 

The  stringers  and  panels  in  a given  cross  section  form  the 
basis  of  a grid  work  which  can  be  used  to  designate  these 
elements.  These  grid  lines  are  not  necessarily  straight, 
parallel,  or  perpendicular  but  follow  the  panels.  Those  gi'id 
lines  that  are  approximately  parallel  to  the  2-axis  are  desig- 
nated by  the  subscript  those  approximately  parallel  to  the 
y-axis  are  designated  b}^  the  subscript  k. 

With  this  system,  points  and  stringers  can  be  uniquely 
located  as  follows: 

The  point  on  the  ith  bulkhead  at  the  intersection  of  the 


jth  and  Arth  grid  lines  is  designated  by  the  subscripts 

The  stringer  in  the  ith  ba}^  at  the  intersection  of  the  jth 
and  Arth  gi'id  lines  is  designated  b}^  the  subscripts  ijyk. 

In  order  to  locate  a panel,  the  grid  line  on  \vhich  it  lies 
must  be  knovm.  This  notation  consists  of  underlining  the 
appropriate  subscript;  for  example: 

The  panel  in  the  ith  ba}^  on  the  jth  gidd  Ime  and  between  , 
the  A:  — 1 and  Arth  grid  lines  is  designated  by  the  subscripts 
iyjj  k. 

The  panel  m the  ith  bay  on  the  Arth  grid  Ime  and  between 
the  j — 1 and  jth  grid  lines  is  designated  b}*  the  subscripts 

^}j) 

The  grid  lines  and  bulkheads  are  numbered  such  that  the 
munbers  increase  m the  directions  of  the  positive  coordinate 
axes. 

STKESSrSTRAIN  RELATIONSmPS 

The  shear  strain  in  a given  panel  is  constant  and  is 
defined  by  the  following  relationships  which  depend  upon 
the  location  of  the  panel: 


AVi  ^ . AWi  . ^ ASi  / 4 1 \ 

cos  sin  (f>jjc — Vj  k,  (Ala) 

~ 2A  j,k  — j,k-l — — 

AVi  . , , AWi  Adi  f . V 

~J~  sin  cos  ^J.k+-£^  Pj.k  (Alb) 


Wien  the  shear  sti'auis  are  bemg  computed,  the  normal 
distances  r and  p must  be  given  their  proper  signs. 

The  constant  shear  stress  produces  a linearly  vaiymg 
strain  in  tlie  stringer  and  its  average  value  at  the  center  of 
the  bay  is 


^i.j,k 


k 


(A2) 


Note  that  the  thermal  expansion  is  mcluded  in  the  relation- 
ship between  stringer  stress  and  stram. 


EQUILIBRIUM  OF  INDIVIDUAL  STRINGERS 


If  a half-ba}'  length  of  stringer  on  each  side  of  pomt  {i,  jy  k) 
is  isolated,  the  force  system  of  figure  7 is  ob tamed,  and  the 
foUowhig  equilibrium  equation  can  be  vTitten: 


V ,{rtL\  ( 

tIL 

^ tIL\ 

V 2 A,+..*  \ 

2 

K - /f.i.A-ri 

/ rtL^ 

\ / rtL\ 

/ 

tIL\ 

/ TtL\  . 

(-2-. 

-( 

+( "^ ) + 
,1,k  \ ^ /i-\-\,j,k-i-l 

Pi-\-\,j,k — Pi,j,k~\~{F^iJ,k — 0 (A3) 


21.3637-53-^60 
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Substituting  equations  (Al)  and  (A2)  into  equation  (A3)  yields  the  following  equation  for  the  stringer  displacement 
of  point  (i,y,  k)  in  terms  of  the  displacements  of  the  adjacent  bays  and  stringers: 


1 ( /GtL\  , /GtL\ 


+ 


{AE' 
V L . 

)i,i,k  \ 46 

/ GtL\ 

k \ 46  A,i+i 

_{GW 
,k  \ 4A.  / 

\ 

'f.i.fc  \ 46  /f. 

1+u, 

1+1 

GW 

Ah 

) + 

{GW 

\ . ! 

r/GtL\ 

/GtL\ 

/ GtL\ 

*+( 

GW 

\ 

V'4F, 

/i,  i+l,k 

[(ttA,,+' 

4h, 

'^US.k^l  |^( 

'Gtli\ 

\ +(^ 
\ 46  , 

-m( 

GtL\  , 

. 46  A-fi.i.fc 

{GW 

■/AE\ 

/GtL\ 

/ GtL\ 

/ 

GW 

\ 

/ GtL\  "j 

_\  /i+\.},k 

\46/<+ij.fc  \ 46 /i+i,;+i,fc.  \ 

Ah 

)i+^. 

l,k 

V 46  /i+i.^.Ai+iJ 

, r/'Gtcos<t>\  /Gt  cos  (f>\  , /Gt  sin.  ~1, 

r fGt  cos  ("Gi  cos  ij>\  /Gt  sin  A /Gtsm  A 

2 \ 2 /f+iw.fc  \ 2 \ ‘ 2 A+i.j.fc 

Gt  sin  <^\  / Gt  sin  <^\  ^ / Gt  cos  / Gt  cos 


/ 


+ 


\~/"Gt  sin  sin  , fGt  cos  \p\  / cos 

L\  2 . \ 2 /i+i./,*  V 2 \ 2 /i+i.itj 


A6 


t+i 


U+hk  \ 


2 \ 2 \ 2 /i-j-i 


where 


_ +m)  _+m) +(^y  +(^) + 


\ L Jij,k 

m. 


V46  Ay.t 
+ 


/GtL\ 

\ 46  A+i,i.fc 


V 46 

+ 


/GtL\ 

V 46  /<_|.i.^+i, 


\ 46. 

+ 


\ 46-  Jij^k4-i 
+ 


/Ga\  , 

\ 46  /i^i^j^k 


/GtL\ 

V4F/ 


Equation  (A4)  involves  no  assumptions  regarding  equality 
of  structural  dimensions,  temperatures,  or  elastic  properties 
about  point  {i,  j,  k) . If  any  element  is  missing,  the  associated 
stiffness  goes  to  zero  and  the  general  equation  is  still 
applicable.  Since  AE  and  Gt  always  appear  as  products, 
the  variation  of  elastic  properties  vdth  temperature  is 
equivalent  to  changes  in  the  stringer  areas  and  sheet  thick- 
nesses of  the  effective  structure.  Fm-thermore,  the  thermal- 
expansion  terms  appear  in  the  same  manner  as  axial  loads 
applied  to  the  stringers.  Thus,  if  desired,  the  effects  of  a 
nonuniform  temperature  distribution  can  be  determined  by 
applying  a set  of  equivalent  loads  to  a new  effective  structure. 

f 

BAY  SHEAR  AND  TORQUE  EQUIUBRIUM 

The  equations  for  the  bay  displacements  {v^wfi)  can  be 
obtained  from  equilibrium  of  the  shear  forces  on  the  bay 
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cross  section 

— 2DS  [i'rti  cos  <j>)i,},a—(Tth  sin  ^)<.i.»l=0  (A5a) 

j k 

— [{T-tb  sin  <t>\j^^+{Tth  cos  iA)<.i.J==0  (A5b) 
. {Mx)i-\~^^^^[{rtbr)ijk'^{Tthp)i^j^jc]  = 0 (A5c) 

j k • 

Substitution  of  equations  (Al)  for  the  shear  stresses  in  equa- 
tions (A5)  results  in 

(Jvv)i^Vi-\~(JvtD)i^'^i^{Jep)i^Oi  = (Fy)i-\-  + 

j k 

\~fGt  cos  / Gt  cos  _ 

LV  2 /<^  i+ 1,  jfc  V 2 / k 

j k 


/ Gt  sin  (j>\  . 

/ Gt  sin  </)\ 

\ 2 A,i+.,»  ' 

1 2 / 

'Gi  cos  }p 


) 1 (A6b) 


^{Je^)iAVi  —{Jetp)A'^i  -\-iJeB)iA6i  = {Mx)i 


'/Gh\  ~] 

V 2 ' V 2 


(A  6c) 


z 


Figure  8-— Notation  used  to  locate  principal  shear  axes. 


where 


( J..),-  sp  [(^^X, 


(J  ) — r ^ / Gth  sin  ^ < 

^ i k L\  L / ui.k  \ L 

( J..),-  ss  [(^^^^),,.+(--¥^X-.- 
(«,=s?[(^!^*X,.r(— i— 0.... 


X.,.r( 


Gth  sin  ^ cos 


cos  <t>' 
L 


\ I /Gthp  sin  “I 
L Jij,kj 


Gtbr  sin  (^\  /Gthp  cos  1 


Equations  (A6)  can  be  simplified  by  eliminating  the  cou- 
pling terms  if  the  axes  used  in  the  computations  are  the  prin- 
cipal shear  axes  of  the  cross  section.  These  axes  are  defined 
such  that 

JJ=Je,'=JeJ==^  (A7) 


The  relationship  between  the  location  and  orientation  of 
points  and  panels  in  two  systems  of  coordinates,  arbitrary 
axes  {x^y^z)  and  the  principal  shear  axes  is  shown 

in  figure  8 and  given  by  the  following  equations: 


y'  = (z—m')  sin  X'  + (l/— /')  cos  X' 

(A8a) 

0'=(^— m')  cos  y — (y—l')  sin  X' 

(A8b) 

0'==<^-X' 

(A9a) 

1 

II 

(A9b) 

r'=r+r  sin  <t>—m'  cos  <l> 

(AlOa) 

p'  = p—V  cos  m'  sin  ^ 

(AlOb) 

Then  the  location  of  the  principal  shear  axes  is 

tan2X'-/'^'“ 

t/pp  t/  tcto 

(Alla) 

If  Jx)V*JbW  JvwJqo 

^ 7 7 _ 7 2 

^ vv^  wtc  ^ vw 

(Allb) 

f J J VU}JbW 
^ 7 T — J ^ 

^VV^WXD  ^ VXD 

(Allc) 

and,  with  respect  to  these  axes, 

Jv/=Jvv  cos^  \'+Ju^u>  sin^  X'  + 2 Jptp  sin  X' 

cos  X' 

(A  12a) 

JuJ—Jtv  sin^  X'-b  Jtptp  cos^  X'  — 2t7p,p  sin  X' 

cos  X' 

(Al2b) 

JbB^  = Jb6~\~V  Jqw  — Jbo 

(Al2c) 

Fy=Fz  sin  X'  + Fy  cos  X' 

(Al3a) 
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F/=Fz  COS  y — Fp  sin  X'  (A  13b) 

MJ=M,+m'Fy-VF^  (Al3c) 


When  referred  to  the  principal  shear  axes,  the  equations 
for  the  bay  displacements  become 


2 

/Gt  cos  /(?^sini/>^\  ^/(r^skn/^'X  “1) 

\ 2 /i,i,k  \ 2 V 2 /i,  y,  fcj) 


(Al4a) 


Wtcw /i  t j k L\ 

/Gt sin  4>'\  ^ /6^^cos^^\  _/Gt  cos  \l/'\  "1) 

\ 2 /i,j,k  \ 2 \ 2 /i,j,kj) 

(A  14b) 


BAY  THRUST  AND  MOMENT  EQUILIBRIUM 

The  equations  obtained  from  equations  (A4)  and  (A14) 
are  sufficient  in  themselves  to  define  completeh^  the  dis- 
placements of  the  structure.  However,,  if  the  equations  are 
solved  by  iteration,  it  is  helpful  to  employ  a periodic  cor- 
rection cycle  based  on  the  gross  equilibrium  of  axial  loads 
in  the  cross  section 


j k 

(Al5a) 

i.My),-^^{Pz),,,.k=Q 

j k 

(Alob) 

J k 

(A  15c) 

It  can  be  shown  that  equations  (Al5)  are  satisfied  b}’  the 
solution  of  equations  (A4)  and  (Al4);  however,  they  are  not 
likeh^  to  be  satisfied  by  the  displacement  values  obtained 
from  any  given  CA^cle  of  iteration.  In  reference  2 it  was 
demonstrated  that  convergence  of  the  iterative  process  can 
be  speeded  if  the  displacement  values  are  periodically  cor- 
rected so  that  the  stringer  displacements  satisf}’’  equations 
(A15). 

The  corrections  applied  to  the  stringer  displacements  are 
a planar  distilbution  over  the  cross  section  and  are  deter- 
mined as  follows: 

j.  k)  « + 1 = On  + J,k  (A  1 6) 

where 

Substituting  equation  (A16)  into  (Al5)  yields 

(AE)i  6Ui~\-{EQz)i  Qy)i  Pp,i=(LFx)i-{- 

Lf^^^AEaT)i^  j^k—i'^i,  },k—y'i~\,  j,  0 J 

(A  17a) 


{E  Qy)i  hu,  + {Ely,),  {Elyy),  fiy^,  = (LMy),  + 

(Al7b) . 

(E  Qz)  6Ui + {El  zz)iPz,iA  {El  y^),^y,=  — {LM,) , + 

(Al7c) 

where 


i k j k 

(EQ,)i=i:i:(AEy\,j,k^  {EL,\  = ^Y:{AEy%j_k 

j * j k 


{EQ,),^j:j:iAEz\j,k  (EI,,),  = 'Z:i:(AEyz\,k 

j k . j k 

These  equations  can  be  simplified  by  elimination  of  the 
coupling  tei’ms  if  the  computations  are  referred  to  the  equiva- 
lent principal  inertia  axes  of  the  cross  section.  These  axes 
are  referred  to  as  equivalent  because  the  variation  of  modulus 
of  elasticity  over  the  cross  section  is  taken  into  consideration. 
These  axes  {x" ,y" ,z")  are  defined  such  that 

EQ,''=E0;'=EI,/'=Q  (A18) 


and  then  the  following  relationships  are  applicable: 

y"  = {z~m")  sin  X”  + (-2/-^Z”)  cos  X"  ' . (Al9a) 
z''  = (z—m")  cos  \"  — {y—l")  sin  X"'  (Al9b) 


tan  2X"  = 


2{EIy,-AEl"m") 

{E  I, A Em"^)-(EE,  -AEl"^) 


(A20a) 


,„_EQ, 

~AE 


(A20b) 


m 


;,_EQ„ 

AE 


(A20c) 


EIJ'={EIyy-AEm''^)  cos^’  + {Eh-AEl"^)  sin^  X"- 

2{EIy^—AEl"m,")  sin  X"  cos  X"  (A21a) 


EIJ'={EIy-AEm"^)  sin-’  ^{EE,-AEl"^)  cos'  X"-f 
2{EIy:—AEl''m")  sin  X"  cos  (A21b) 

F/'=F^  (A22a) 

My"=M,  sin  \"-\-My  cos  X"  (A22b) 

cos  X"— My  sin  X"  (A22c) 

A further  simplification  of  the  correction  cj^cle  can  be  made 
by  eliminating  the  load  and  temperature  terms  on  the  right- 
hand  side  of  equations  (Al7).  This  elimination  can  be 
accomplished  by  iterating  the  difference  between  the  exact 
solution  and  one  which  satisfies  statics  (equations  (Al5)) 
but  not  necessarily  continuity.  The  iteration  of  differences 
has  an  additional  advantage  in  that  smaller  hiunbers,  and 
consequently  less  work,  are  required  to  obtain  a solution. 

An  examination  of  equations  (Al7)  indicates  that  they  can 
be  satisfied  by  a planar  distribution  of  strain  corresponding 
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to  the  elementar}'  analysis  of  reference  1.  Then  the  initial 
values  of  stringer  displacements  u can  be  defined  as  follows: 

= (A23) 

where 

— (^'W^/0o+ 

and,  with  respect  to  the  equivalent  principal  inertia  axes, 
(5«/0o=(^)^  [■(^’/')<  + S 2 {AEan.  i. *]  (A24a) 

(/3z/0o=(^^,)£- (M/Oi+22 

(A24b) 

(A/Oo=(^,)£(M/Oi+22(A£«T2'Oo.*] 

(A24c) 

The  corresponding  values  of  the  ba}^  displacements  are 
obtained  from  equations  (Al4)  and  (A23). 

Then  the  correction-cycle  equations  applicable  to  the 
iterated  differences  are  as  follows: 

bUi^  = (A25a) 

2(A«i, ).  it  - AUi  _ 1, },  ^){AEy"),, ,,  t (A2  5b) 

Pv.i"  — — 2^(A'W(,y,j; — AUi^ij_k)(AEz")t,j,ii  (A25c) 

Equations  (A25)  provide  corrections  to  the  stringer  dis- 
placements u only.  These  corrections  remove  an}^  unbal- 
anced moment  or  thrust  on  the  cross  section  but  add 
unbalanced  shear  forces  which  are  removed  by  correcting  the 


bay  displacements  {v,w,6).  The  corrected  bay  displacements 
are  obtained  from  the  corrected  stringer  displacements  by 
application  of  equation  (A  14).  These  two  operations  con- 
stitute the  complete  correction  c}^cle  that  brings  the  stringer 
loads  into  equilibrium  with  the  external  loads  without  chang- 
ing the  shear  stress  in  any  panel. 
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TABLE  L— STRINGER  PROPERTIES 
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AE 
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9.  79376 
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2 
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3 
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9.84635  ■ 

2,161.6 
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6. 49859 

324, 930 

14,047 

I20 

4 
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8.  75172 
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(20 

~T~ 
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0.  59 
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2 

187 

9. 69703 

2,464.3 

.62 

6. 01219 

300,  610 

14,816 

3 

20 

3 

175 

9.  78031 

2,298.8 

.38 

3.  71652 

185, 826 

8,  544 

I2O 

4 

172 

9.80044 

2,257.6 

.54 

5. 29224 

264,612 

11,948 

(20 

1 , 

244 

9. 24233 

3,264.4 

0.  46 

4.  25147 

212,  574 

13, 878 

I20 

2 
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9.  5869 1 

2,672.7 

.52 

4. 98520 

249,  260 

13, 324 

4 

120 

3 

185  1 

9.71125 

2,436.7 

.30  , 

2. 91338 

145,  669 

7, 099 

120 

4 

177 

9. 76674 

2,326.3  j 

.42 

4. 10203 
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9,  543 

•JS=  (10.5-0.00147r-0.0000151  T2)  X 109 
* *a  T=  (12.52  r+0.00352  T?)  X 1 0-8 


TABLE  II.— PANEL  PROPERTIES 


Cover-  panelSj.jj.jj 

Webs:  paiielSj.^y^j 

HI 

^9 

® 

® 

® 

D 

@ 

0 
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3 
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0 

H 

■ 

Gt 

2 

Gtb 

L 

GtL 

46 

2 

tL 

T 

G 

t 

h 

Gt 

'2 

Gth 

L 

GtL 

46 

H 

1 

* 

H 

1 

2 

®x® 

2 

2®X@ 

@ 

@X@ 

2 
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2 

®X@ 

2@ 

1, 

[20 

20 

20 

I20 

1 

2 

3 

4 

B 

3.  57892X108 
3.65560  ' 
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0. 040 
.040 
.040 

10 

10 

10 
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71,  578 
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3.  65265 
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0. 064 
.051 

.051 
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93, 143 
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1.  56250 
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1.  96078 

2 
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20 

20 

I20 

1 

2 

3 

4 
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.040 
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10 

10 
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72,  574 
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2.5 
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3.45443 

3.60722 

3. 62565 
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.051 

Q 
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91,984 
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92,454 
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92. 454 

H 

3 

[20 

20 

20 

[20 

1 

2 

3 

4 
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3. 48937 
3.58211 
3.60722 

0.0^ 

.020 

.020 

'io' 

10 

10 

34,894 
35,821 
36, 072 
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35, 821 
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35, 821 
36, 072 

5.0 
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5.0 

231 

187 

~i7'2' 

3.41122 
3. 56287 

3. 61032 

0. 032 
.025 

.025 

m 

54, 580 
‘ 44,536 

45, 129 
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3. 12500 
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4 
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20 
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I2O 

1 

2 

3 

4 
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194 
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3. 44018 
3. 53999 
3.58211 

0.020 

.020 

.020 

To" 

10 

10 

34,402 
35,400 
35,821  . 

34,402 
35,400 
35, 821 

34,402 
35,400 
35, 821 

5.0 

5.0 

5.0 

244 

202 

177 

3.36287 
3.  51326 

3. 69474 

0. 032 
.025 

.025 

10 

10 

"io" 

53, 806 
43, 916 

44,  934 
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43, 916 ' 

44, 934 

53,  806 
43, 916 

44.  934 

3. 12500 
4.00000 

4.00000 

GT=(4.0  -0.00144  T-0.0000(M8  T>)  X 109 


TABLE  III.— PRINCIPAL  SHEAR  AXES  AND  BAY  DISPLACEMENT  EQUATIONS 


TABLE  IV.— PRINCIPAL  INERTIA  AXES,  CORRECTION  CYCLE,  AND  INITIAL  STRINGER  DISPLACEMENTS 


TABLE  V.— STRINGER-DISPLACEMENT  EQUATIONS 

(a)  Load  problem  • 


STRESS  ANALYSIS  OF  STIFFENED-SHELL  STRUCTURES 


1033 


TABLE  V.~ STRINGER-DISPLACEMENT  EQUATIONS— Concluded 

(b)  Temperature  problem  * 
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i 

j 
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ni.i-i 

Ui.i+i 
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@ 

® 

@ 

{ 1 
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o 
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0 
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0 
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0 

0 

0 
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A 
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319,062 
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0 

0 
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TABLE  VI— MATRIX  OF  COEFFICIENTS 

(a)  Load  problem 
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. 240057 

.049980 

«J4i 

0 

0 ' 

. 073856 

. 124043 

0 

0 

. 149318 

0 

0 

0 

.076004 

. 191507 

M3I1 

0 

0 

0 

0 

0. 112262 

0. 026809 

0 

0 

0 

0. 079899 

0 

0 

«32I 

0 

0 

0 

0 

.029697 

. 108193' 

.049231 

0 

.089460 

0 

.150062 

0 

1*331 

0 

0 

, 0 

0 

0 

. 027521 

. 156584 

.033215 

0 

.082119 

0 

.099612 

1*341 

0 

0 

0 

0 

0 

0 

. 049576 

. 127330 

0 

0 

. 151478 

0 

1*411 

0 

0 

0 

0 

0 

0 • 

0 

0 

0. 091092 

0. 039666 

0 

0 

1*421 

0 

0 

0 

0 

0 

0 

0 

0 

.044412 

.105646 

.074588 

0 

1*431 

0 

0 

0 

0 

0 

0 

0 

0 

0 

.040817 

. 156862 

.049632 

1*441 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

. 075475 

.110031 

AUll' 

-0. 070838 

-0.  0535a3 

0 

-0. 063941 

0 

0 

0 

0 

0 

0 

0 

0 

AtOl' 

-.069922 

052837 

0 

-. 063676 

-.094078 

-.  070670 

0 

-.085132 

0 

0 

0 

0 

AW%' 

0 

0 

0 

0 

-.  046451 

-.034216 

0 

-.041555 

-.  070462 

-.  051351 

0 

-.062529 

0 

0 

0 

0 

0 

0 

0 

0 

-.  069463 

-.050636 

0 

-.  062258 

AS\' 

0.657179 

0. 127908 

0. 000600 

-0. 869324 

0 

0 

0 

0 

0 

0 

0 

0 

Aff2' 

.652002 

.128254 

-. 000931 

-.863065  ^ 

. 877243 

.171540 

-.001258 

-1.153883 

0 

0 

0 

0 

0 

0 

0 

0 

.430917 

.081071 

-.001725 

-.562239 

.653662 

. 121669 

-.002644 

-.  846015 

A^4' 

0 

0 

0 

0 

0 

0 

0 

0 

.648157 

.122248 

-.004435 

-.839626 

C 

0 

0 

0 

0 

. 0 

0 

0 

0 

0 

0 

0 

0 

1*411 

1*121 

1*431 

1*441 

AWi' 

A1C3' 

AWi' 

AWi' 

ABi' 

AB3' 

ABi' 

ABi' 

1*111 

0 

0 

b 

0 

-0.  751678 

-0.  749488 

■ 0 

0 

0.  036202 

0. 036204 

0 

0 

1*121 

0 

0 

0 

0 

-.  625182 

-.  623662 

0 

O' 

. 007760 

. 007842 

0 

0 

Ul31 

0 

0 

0 

0 

0 

0 

0 

0 

.000020 

-.000032 

0 

0 

1*141 

0 

0 

0 

0 

-.623142 

-.  626850 

0 

0 

043982 

-.  044014 

0 

0 

1*211 

0 

0 

0 

0 

0 

-0.  749488 

-0.  756768 

0 

0 

0. 036204 

0. 036210 

0 

1*221 

0 

0 

0 

0 

0 

-.  623662 

-.617504 

0 

0 • 

. 007842 

.007546 

. 0 

1*231 

0 

0 • 

0 

0 

0 

0 

0 

0 

0 

-.000032 

-.000090 

0 

1*241 

0 

0 

0 

0 

0 

-.  6268M 

625728 

0 

0 

-.044014 

-.  043666 

0 

1*311 

0. 198992 

0. 084648 

■ *0 

0 

0 

0 

-0.  756768 

-0.  754346 

0 

0 

0. 036210 

0.036220 

1*321 

. 097020 

, 225184 

. 163216 

0 

0 

0 

-.  617504 

-.615690 

0 

0 

. 007546 

.007648 

1*331 

0 

. 087001 

. 343252 

. 108289 

0 

0 

0 

0 

0 

0 

-.000090 

-.  000142 

1*341 

0 

0 

. 165157 

. 240070 

0 . 

0 

-.  625728 

-.  629962 

0 

0 

-.  043666 

-.043716 

1*411 

0 

0.  084548 

0 

0 

0 

0 

0 

-0.  754346 

0 

0 

0 

0.036220 

U421 

. 097020 

0 

, 163216 

0 

0 

0, 

0 

-.615690 

0 

0 

0 

. 007648 

1*431 

0 

.087001 

0 

. 108289 

0 

0 

0 

0 

0 

0 

0 

-. 000142 

«441 

0 

0 

. 165158 

0 

0 . 

0 

0 

-. 629962 

0 

0 

0 

-. 043716 

AtOl' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

AtOi' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

AtOs' 

0 

’ 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Awi' 

151742 

-.  107930 

0 

135838 

0 

0 

0 

0 

0 

0 

0 

0 

ABx* 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

AB\' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

ABi' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

ABi‘ 

1.415914 

. 260572 

009705 

-1.8319.30 

0 

0 

0 

0 

0 

0 

0 

0 

C 

0 

0 

0 

0 

0. 026848 

0. 020340 

0.  027731 

0. 014020 

-0.000345 

-0.000266  . 

-0.000354 

-0.000182 
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TABLE  VI.— MATRIX  OF  COEFFICIENTS— Concluded 

(b)  Temperature  problem 


Ulil 

U|2| 

um 

Ui41 

UJJI 

UMI 

U{3| 

UJ4| 

U3II 

U331 

Uiil 

0 

0.103780 

0 

0 

0.464713 

0.068705 

0 

0 

0 

0 

UlSl 

. 125231 

0 

. 148072 

0 

.083653 

.360812 

.099491 

0 

0 

0 

urn 

0 

. 106157 

0 

. 134615 

0 

.070381 

.247336 

.089504 

0 

0 

Ul4I 

0 

0 

. 148138 

0 

0 

0 

. 099742 

.450163 

« 

0 

tijii 

0. 345615 

0. 051558 

0 

0 

0 

0. 102630 

0 

0 

0. 432153 

0.050543 

um 

.062214 

. 270760 

.073669 

0 

. 124959 

0 

. 148722 

0 

.062553 

.332994 

U»i 

0 

.052815 

. 183143 

.067113 

0 

.105208 

0 

.133991 

0 

.051885 

U«ll 

0 

0 

.073856 

.337547 

0 

0 

. 149318 

O 

0 

0 

0 

U3I1 

0 

0 

0 

0 

0.285369 

0.033925 

0 

* 0 

0 

0. 100373 

Usti 

0 

0 

0 

0 

.041306 

.223512 

.049231 

0 

. 124224 

0 

Uiil 

0 

0 

0 

0 

0 

. 034826 

.156584 

.044487 

0 

. 103161 

Um 

0 

0 

0 

0 

0 

0 

.049576 

.281854 

0 

0 

U41I 

0 

0 

0 

0 

0 

0 

0 

0 

0.319400 

0.'049830 

W45I 

0 

0 

0 

0 

0 

0 - 

0 

0 

. 061671 

.259938 

U431 

0 

0 

0 

0 

0 

0 

0 

0 

0 

.051276 

U44I 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Ari' 

0. 063016 

0.001119 

_ 

-0.000120 

-0.067502 

0 

0 

n 

0 

0 

0 

Apj' 

. 062214 

.001258 

.000186 

-.067113 

.083653 

.001676 

.000252 

-.089504 

0 

0 . 

APj' 

0 

0 

0 

0 

.041306 

.000898 

.000345 

-.  044487 

.062553 

.001338 

APi' 

0 

0 

0 

0 

0 

0 

0 

0 

. 061671 

.001446 

c 

0.001740 

0.000104 

0.000818 

0.001824 

0.011800 

0.008304 

0. 007563 

0.008892 

0. 005595 

0. 002161 

U331 

U341 

U411 

U421 

U431 

Ul4t 

AP|' 

Apj' 

Aps' 

Ap<' 

Um 

0 

0 

0 

0 

0 

0 • 

0. 328816 

0. 327720 

0 

0 

um 

0 

0 

0 

0 

0 

0 

.007047 

.007995 

0 

0 

ttiji 

0 

0 

0 

0 

0 

0 

-.000542 

.000849 

0 

0 

Ul41 

0 

0 

0 

0 

0 

0 

-.335321 

-.336564 

0 

0 

Ulil 

0 

0 

0 

0 

0 

0 

0 

0. 327720 

0.326763 

0 

Uttl 

.075475 

0 

0 

0 

0 

0 

0 

.007995 

.008681 

0 

U2S1 

. 240057 

,066602 

0 

0 

0 

0 

0 

.000849 

.002350 

0 

U241 

.076004 

.421966 

0 

0 

0 

1 ^ 

0 

-.  336564 

-.337794 

0 

U3I1 

0 

0 

0.  721414 

0. 107822 

0 

0 

0 

0 

0. 326763 

0.325706 

U321 

.150062 

0 

.139293 

. 562455 

. 163217 

0 

0 

0 

.008681 

.009449 

U331 

0 

. 132740 

0 

. 110950 

.343252 

. 148682 

0 

0 

.002350 

.003986 

U341 

. 151478 

0 

0 

0 

.165158 

. 702635 

0 

0 

-.  337794 

-.  339140 

U411 

0 

0 

0 

0. 107822 

0 

0 

0 

0 

0 

0. 325706 

U421 

. 074588 

0 

. 139293 

0 

. 163216 

0 

0 . 

0 

0 

.009449 

U431 

.156862 

.066138 

0 

, 110950 

0 

. 148682 

0 

0 

0 

.003986 

U441 

.075475 

. 312553 

0 

0 

. 165157 

0 

0 

0 

0 

-. 339140 

APj' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

APi' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

AP3^ 

.000529 

“.06660J 

0 

0 

0 

0 

0 

0 

0 

0 

AP4^ 

.000887 

-.066138 

. 139293 

.003128 

.001941 

-.  148682 

0 

0 

0 

0 

C 

0.003045 

0.004440 

0. 056192 

0.041760 

0.032731 

0. 039610 

0 

0 

0 

0 
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TABLE  VII.— CORRECTION  CYCLE 

(a)  Load  problem 


Mm 

-0.  054016 

0.  05324S 

Mill 

-.057921 

. 059103 

Mi31 

-.037341 

. 037350 

Mm 

-.050740 

.050299 

W211 

-0.  053248 

0. 053741 

Mj2i 

■ -.  059103 

.058541 

M231 

-.037350 

. 036188 

M241 

-.050299 

. 051505 

M311 

—0  0.53741 

0 052320 

«321 

—!  058541 

! 061348 

M331 

— . 036188 

. 035852 

M341 

— 

-.051505 

! 050482 

«411 

—0. 052320 

M421 

—.061348 

M431 

—!  035852 

M44I 

-.  050480 

5 

5 

5 

5 

5th  cycle 

-35.  25 

-62. 43 

-85.11 

-97.  77 

10th  cycle 

-.  7006 

-1. 198 

1.799 

-2. 156 

14  th  cycle 

. 09770 

. 1949 

.1669 

.2673 

(b)  Temperature  problem 


5 Ml" 

8Ui" 

/3«.  2" 

■ 6M3" 

fitf  z" 

■Mill 

-0. 270057 

0.029722 

0. 266240 

-0.  029618 

Mm 

-.289578 

.009505 

. 295514 

-.009780 

Mi31 

— . 186687 

-.008325 

. 186749 

.008413  - 

Mi41 

-.  253677 

-.0.30952 

. 251497 

. 030984 

M2I1 

-0.  266240 

0. 029618 

0.  268705 
. 292703 
. 180939 
. 257653 

-0.  029564 
-.009645 
. 007983 
.031226 

M221 

-.  295514 

. 009780 
-.008413 

M231 

-.  186749 

M241 

-.251497 

• -. 030984 

Msu 

-0. 268705 
-.292703 
-.  180939 
-.257653 

0.  029564 
. 009645 
-.  007983 
-.  031226 

0. 261595 
. 306742 
. 179262 
.‘252400 

M321 

—0. 029254 

. M331 

— . 010188 

M341 

. 008139 
. 031303 

M411 

-0.261595 
-.306742 
-. 179262 
-.  252400 

0. 029254 
. 010188 
-.008139 
-.  031303 

M421 

M43I 

M44I 

yi,i” 

-14. 239858 

-14.  235020 
-4.  235020 
5.  764980 
15.  764980 

-14.275390 
-4.  275390 
5.  724610 
15.  724610 

-14,  224672 
-4.  224672 
5.  775328 
15.  775328 

Vi, 2" 

-4.  239858 

Vi,z” 

5.  760142 

yi,i" 

15. 760142 

5th  cycle 
9th  cycle 

-33 

0 

' 1. 951 

-.  0199 

-64 

0 

3.  713 
.05887 

-94 

-2 

5.  286 
.07768 

-98 

-2 

5.604 
. 06513 

TABI.E  VUI.-SUCCESSIVE  VALUES  OF  mSFLACEMENX 

(a)  Ijoad  problem 
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Check  cycle 

»C  IC 
CO  M 

Y r r r 

CO  o;  k*o  05 
O :0  F- 
r-  05  T-p- 
CS  05  *C 

g £J 

Y ']  \ 1 

CO  «c  «:  ■<?• 
^ — uo  ^ 
*0  O CO 

G CoS 

Y r r r 

G 05  00  CO 
G ^ K » 

G P'  CO  G 
G O OG 

Y r \ r 

Tp  G G O 
P-  G CM  — 

iili 

o — — — 

<G  * ' ' 

3§SS 

5s|i 

OCOO 

t '■  '■  '■ 

Totil  value 

zc  ^ 

CO  *o 
O CO  OC  CO 
cocc  M*o 

oS  o o 

t '■  '■  '■ 

1^  -M  *r 
c;  r^o5  *o 
05  ^ ^ 

fir? 

C5  «0  CO  «5 

5 — »o  -O 

^ Oco 
G G G G 

Y r i‘  i' 

G 05  GO  Tp 

S5RS 

C5  tc  *c 

o S oo 

t '■  ' '■ 

ESS2 

iili 

o — — , „ 

o'*' 

isio 

t '■  '■  '■ 

14th  cycle 
(correction) 

— OC5  => 

Yi- 

iiii 

C5  *0  »C 

GOO  — C» 
G GO  G 
CO  1 CO  ^ 

-2614 

-541 

315:1 

1047 

13  th 
cycle 

— S ^ 

•c  -r 

ii?i 

TZ  1 ^ 

G GOO 
CO  , CO- 

G <C5  CM  G 
^ Tj.  »o 
GG  — 1 O 
7 j CO  — 

INI 

12th 

cycle 

O O C5  G3 

»0 

c*;  lO  '«r  c5 

.... 

03  CO  lO 
7 1 ^ 

05  lO  CN  CS 
GOj  — C3G 
OGO  G 
7 1 CO  — 

CO  — — 2; 
G G — O 
CM  1 CO  — 
1 ' 

^ 2 G 
OO  — G 
— CC  Tp  CO 

— rt  — O 

— CM  CO  CO 

I 1 1 1 

11th 

cycle 

CO  o 1"  r- 

-r  C3  'T  CO 

« c5 

Y.” 

5 g 3o 
«7-r'" 

O G GG 

O CO  — GO 
OGOG 
7 1 CO  — 

-2611 

-541 

3150 

1042 

P-  G Q 
CO  Tp  G G 
00  — G 
— CO  TP  CO 

OO  CO  P-  G 

— P-  — o 

— CM  CO  CO 

MM 

10th  cycle 
(correction) 

*o  C5  rc  cc 

Y.” 

~r  t^  zc 

lO  T5  kO  03 
O CO  — CO 

T ' 

05  CO  G 

§sss 
Y 1 

G G G GO 
G G — O 
7 , CO- 

1736 

3845 

4150 

3045 

P-  CO  G G 

— I'-  — O 

— CM  COCO 

Mil 

9 th  cycle 

— lO  t'- 

rp  CO  "rr  CO 
lO  CO 

(CJ  1 CO 
1 ' 

^ 05  5 O 
OCO  — 03 
CO  J TP 

-2983 

-674 

3914 

1083 

-2594 

-529 

3156 

1049 

. . . . 

1 • t 1 

till 

8th  cycle 

rt  QO  ^ M 
CO  o rr  CO 
OJ  1 CO 

t ' 

CO  CC  *T  ^ 

Y 1 

— 0*0  -O* 
t'-I'-OP- 
OGOG 
C5  1 CO  — 

-2584 

-525 

3149 

1041 

GP-  G Tp 
CM  — OG 
P~  OO  — G 

— CO  Tpeo 

In.  rf* 

— 05  CO  M 

1 I I 1 

7th  cycle 

-2318 

-579 

3423 

618 

M 05  ir;  »0 

o S — -w 

CO  1 -r 
1 ' 

-2945 

-664 

3884 

1051 

-2560 

-519 

3133 

1021 

1719 

3802 

4091 

3576 

2$2§ 
— CM  coco 

MM 

6th  cycle 

-22S3 

-570 

3398 

588 

piS 

-2890 

-649 

3837 

999 

oooo  TP  p- 

gggfe 

CM  1 CO 
1 ' 

GG  CO  O 
OGG  TP 
I^P-  OG 
— CO  TP  CO 

CO  CM  ^ 05 
— M 

MM 

5th  cycle 
(correction) 

-2210 

-551 

3334 

529 

kft  O!  OC3 
lO  cO  O CO 
CO  »0  O F- 

f 1- 

-2771 

-623 

3734 

898 

OOGtC* 

CMGOOG 

G OG  CO 
— CO  CO  CO 

P-  OC  G G 
— N M CM 

II  II 

4th  cycle 

uo  O «5 

CO  t'-  ^ O 
O CO  lO  I-- 
1 CO 
1 ' 

-2543 

-257 

4312 

1051 

-2345 

-197 

4160 

1324 

005»0  CO 
TP  CO  p'  G 
G Tp  CO 

7 CO  — 

imm 

I 1 1 4 

3d  cycle 

-1845 

-309 

3407 

621 

O ?0  1^ 

S22g 

Yi- 

— < *o  00 
o C5  O 'T 
1 O 

7 1 CO  — 

00  p'  CM  Tp 

— GGG 

P-  CO  — 

— CO  — 

CO  — OCM 
G Tp  G OO 

— Tp  — CO 

— CM  CM  — 

G — O — ' 
G CM  G tP 
1 CM  CM  CM 

MM 

2d  cycle 

^ CO  (M  os 
QO  oa 

-r 

7 i 

03  03  o o 
^—.10  05 
I ^ co 

G O CO 
CO  GO  CO 
UO  1 tPP- 
— 1 CO 

1 

CM  G G CM 
CO  TP  00  CO 
CM  — goo 

ggg  — 

G G P«  G 
G OO  G O 

> COCOG  O 

' P-  G P-  t-~ 

; I7YT 

DifTerence 

f 

c 

X 

<3i  ^ d CS 
CO  (M  O 1 
CJ  CO  cO  1 

03  CO  — 00 

CO  r-  CO  o 

— CO  — 

j.-i 

h-  h-  G C5 
O O 
— C5  (C5 

7 1 

O CO  »0  G 
^ G G Tp 

7 1 — 1 

4 • t 

1 1 1 

r t 1 

1 1 1 

1st  cycle 

Tf  CO  cO  ’C' 
GO  — CO  O 
kO  CO  O CO 
r-  CO  CO  o 

oooo 

1 ' ' '■ 

03  CO  03  cr> 

r.-  -H  o ^ 
03  GO  O 
05  M S ?1 
O O =3  o 

? '■  '■  '■ 

^ GO 

O CO  CO  05 
G c5  — t Tp 
G ^ C5  ■«> 
CO  CO  CO  CO 
OGGO 

Y i'  i'  i' 

— TP  G O 
O Tp  CO  CO 
00  G CM  G 
p-  G G G 
CO  CO  CO  CO 
OGGO 

Y r r r 

Initial 

values 

-0.016295 
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THE  METHOD  OF  CHARACTERISTICS  FOR  THE  DETERMINATION  OF 
SUPERSONIC  FLOW  OVER  BODIES  OF  REVOLUTION 
AT  SMALL  ANGLES  OF  ATTACK  ^ 

By  Antonio  Ferri 


SUMMARY 

The  method  oj  cMracteristics  has  been  applied  Jor  the  deter- 
mination of  the  supersonic-flow  properties  around  bodies  of 
revolution  at  a small  angle  of  attack.  The  system  developed 
considers  the  effect  of  the  variation  of  entropy  due  to  the  curved 
shock  and  determines  a flow  that  exactly  satisfies  the  boundary 
conditions  in  the  limits  of  the  simplifications  assumed.  Two 
practical  methods  for  numerical  calculations  are  given. 

INTRODUCTION 

For  the  determination  of  aerodynamic  properties  of  bodies 
of  revolution  at  supersonic  speeds,  two  methods  have  been 
used:  a method  that  uses  the  small-disturbances  theory  and 
a method-that  uses  the  characteristics  theory.  Both  methods 
are  successful  in  the  determination  of  the  flow  properties  for 
bodies  at  zero  angle  of  attack,  but  the  precision  of  the  small- 
disturbances  theory  decreases  when  a body  of  revolution  at 
an  angle  of  attack  is  considered. 

For  bodies  of  revolution  having  supersonic  flow  every- 
where, the  theory  of  characteristics  can  also  be  used  at  an 
angle  of  attack. 

The  method  of  characteristics  for  the  determination  of  the 
flow  field  around  bodies  of  revolution  at  an  angle  of  attack 
was  first  used  by  Ferrari  (reference  1)  in  1936.  Ferrari 
considers  the  flow  as  potential  flow  and  develops  a method 
for  the  analysis  of  the  flow  field  around  a body  that  in  the 
appro.ximation  of  potential  flow  appears  to  be  general  and 
can  be  applied  to  bodies  of  any  shape  and  with  any  angle  of 
attack.  In  the  determination  of  the  flow  properties  along 
the  first  characteristic  surface  from  which  the  analysis  starts, 
however,  Ferrari  analyzes  the  flow  around  a cone  of  revolu- 
“tion,  and  in  this  part  of  the  analysis  only  small  values  of 
angle  of  attack  are  considered. 

Sauer  in  1942  (reference  2)  considers  the  same  problems 
and  shows  that,  for  small  values  of  angle  of  attack,  the 
analysis  of  the  flow  field  around  a body  of  revolution  can  be 
made  by  applying  the  characteristics  method  onl}’'  in  one 
meridian  plane j and,  therefore,  Sauer  uses  characteristic 
lines  in  place  of  the  characteristic  sm’faces  considered  b}' 
Ferrari.  Sauer,  in  the  development  of  his  system,  is  inter- 
ested essentially  in  the  analj'sis  of  the  flow  around  circular 
cones;  and  when  the  method  is  applied  to  bodies  of  revolution 
of  shapes  different  from  cones,  the  boundary  conditions  are 


no  longer  satisfied.  The  flow  obtained  from  the  solution 
used,  also  at  small  angles  of  attack,  wets  a body  that  is 
not  a bodj’'  of  revolution.  The  bodj*  can  be  obtained  from 
the  body  of  revolution  considered  initially  by  curving  its 
axis  of  symmetry.  Sauer  also  assumes  that  the  flow  is 
potential  flow.  With  this  assumption,  the  flow  must  be 
considered  as  potential  flow  for  the  case  of  the  body  at  zero 
angle  of  attack  also;  therefore,  all  the  effects  of  entropy 
gradients  are  neglected. 

The  flow  field  around  circular  cones  at  small  angles  of 
attack  has  been  analyzed  in  a more  exact  form  by  Stone  and 
Ferri.  (See  references  3 to  5.)  In  liis  analysis.  Stone 
considers  the  flow  as  rotational  flow  and,  therefore,  takes 
into  account  the  effect  of  entropy  gradients  on  the  velocity 
distribution.  This  effect  exists  only  when  the  cone  has  an 
angle  of  attack  and,  at  low  Mach  numbei-s,  is  small  but  of  the 
same  order  as  the  effect  of  other  parametei-s  that  are  con- 
sidered in  the  analj^sis.  Ferri  considei-s  correctly  the 
entrop3^  distribution  at  the  surface  of  the  cone  and  found  the 
existance  of  a vortical  layer  at  the  sm-face  of  the  cone  across 
which  the  pressure  does  not  change  although  density  and 
velocity  change. 

Here,  the  method  of  characteristics  is  extended  to  the 
anatysis  of  the  flow  field  around  a bodj’'  of  revolution  at  srnall 
angles  of  attack  for  the  case  of  rotational  flow.  The  effect 
of  entropj^  gradients  about  bodies  of  revolution  even  at  small 
angles  of  attack  can  be  important  because  the  entropy 
gradients  that  exist  in  the  stream  for  small  angles  of  attack 
are  due  to  the  variation  of  curvature  of  the  shock  existing 
at  zero  angle  of  attack  also,  together  \nth  the  fact  that  the 
shock  surface  does  not  have  axial  symmetry  with  respect 
to  the  direction  of  the  undisturbed  velocity. 

The  method  presented  permits  the  determination  of  a 
flow  that  in  the  assumption  of  small  angles  of  attack  exactly 
satisfies  the  boimdary  conditions  and,  therefore,  wets  the 
bodj’'  of  revolution  considered.  This  method  is  given  in  a 
form  that  permits  its  application  to  practical  problems  and 
requires  either  niunerical  or  numerical  and  graphical  calcu- 
lations of  the  same  tj'pe  as  the  calculations  used  for  the 
analysis  of  the  flow  around  bodies  at  zero  angle  of  attack. 
The  method  can  be  applied  to  cases  in  which  the  entropy 
variations  can  be  neglected  or  are  zero.  In  these  cases  the 
terms  that  contain  the  entropj'  variations  become  zero. 


■ Supersedes  NACA  TN 1809,  “The  Method  of  Characteristics  for  the  Determination  of  Supersonic  Flow  over  Bodies  of  Revolution  at  Small  Angles  of  Attack”  by  Antonio  Ferri,  1919. 
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SYMBOLS 

cylindrical  coordinates  (fig.  1) 
polar  coordinates  (fig.  8) 
local  velocity  (function  of  x,  y,  0) 
velocity  components  in  cylindrical  coordi- 
nates (u  along  x-axis,  v along  y-axis,  and 
w normal  'to  meridian  plane) 
velocity  components  in  -polar  coordinates 
{Vr  along  Ty  v„  normal  to  r in  meridian 
plane,  and  w normal  to  meridian  plane) 
limiting  velocity  corresponding  to  adiabatic 
expansion  to  zero  pressure 
pressure 
density 

ratio  of  specific  heats 
speed  of  sound  7 — ^ 
angle  of  attack  of  body 
Mach  angle  ^sin 

angle  between  velocity  V and  x-axis 
angle  between  the  axis  of  the  cone  tangent 
to  the  shock  and  the  axis  of  the  body 
angle  at  the  apex  of  the  cone  tangent  to  the 
shock 

tangents  to  the  characteristic  surfaces  in 
the  meridian  plane  0=  Constant 
velocity  component  normal  to  the  shock 
surface 

velocity  component  along  the  generatrix  of 
the  cone  tangent  to  the  shock 
velocity  component  tangent  to  the  cross 
section  of  the  cone  tangent  to  the  shock 
angle  between  the  tangent  to  the  shock 
and  the  axis  of  the  body 
entropy  variation  for  unit  mass 
normal  to  the  streamline  in  the  plane 
0= Constant 

normal  to  the  surface  of  the  shock 
coefficients  defined  by  equations  (24) 
coeflScient  defined  by  equation  (41) 
coeflScient  defined  by  equation  (45) 
coeflScients  defined  by  equations  (55) 

T coeflicients  defined  by  equations  (60) 
radius  of  the  hodograph  diagram 

free-stream  flow  quantities 
flow  quantities  for  the  condition  of  zero 
angle  of  attack 

flow  quantities  related  to  the  eflfect  of 
angle  of  attack  as  defined  in  equations 
(5)  and  (11) 


Figure  1.— Cylindrical  coordinates  and  corresponding  velocity  components. 

The  prime  (')  represents  quantities  in  front  of  the  shock 
and  the  double  prime  (")  represents  quantities  behind  the 
shock. 

EQUATION  OF  MOTION  FOR  FLOW  AROUND  A BODY  OF 
REVOLUTION  AT  A SMALL  ANGLE  OF  ATTACK 

Consider  a cylindrical  coordinate  system  in  which  the 
x-axis  is  coincident  with  the  axis  of  the  body  of  revolution, 
the  ^-axis  is  normal  to  the  x-axis  in  any  meridian  plane,  and 
the  position  of  every  meridian  plane  is  defined  by  the  angle 
B measured  with  respect  to  the  meridian  plane  that  contains 
the  direction  of  the  undisturbed  velocity  (fig.  1). 

Euler’s  equations  of  motion  for  steady  flow  in  cylindrical 
coordinates  are 


1 dp  bu  , du  , 
p dx  dx^  by 

bu 

'ybd'^ 

(la) 

1 bp  bv  , bv  , 
p by  bx^  by^ 

bv 

ybe  y 

(lb) 

1 bp  bw  , bw  , 
pyde 

bw  , vw 

• (ic) 

The  continuity  equation  in  cylindrical  coordinates  can  be 
expressed  in  the  form 


d(pu)  b{pvy)  b{wp) 
dx  yby'y^B 


= 0 


(2) 


whereas  the  law  of  conservation  of  energy  can  be  written  in 
the  form 
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If  the  density  is  eliminated  from  equation  (2)  by  means  of 
equations  (1)  and  (3)  and  the  quantity  a is  introduced  as 
defined  by 


a^=yP 


the  following  equation  can  be  obtained: 


du  / u^\  bv  /.  v^\  . bw  /,  w^\  , V 

da:  \ av  5?/ V av  i/d0\  a^J  y 

vu/bu  dz?\  uw  /bw  bu\  vw  / by  , 

o/  \bx  yboj  \ybd  by 


(4) 


In  this  analysis  only  small  angles  of  attack  will  be  con- 
sidered, and,  therefore,  only  the  first-order  effect  of  the 
angle  of  attack  will  be  determined;  whereas,  the  quantities 
of  the  same  or  higher  order  than  the  square  of  the  angle  of 
attack  will  be  neglected.  In  this  approximation  the  velocity 
components  of  the  flow  around  the  body  can  be  expressed 
in  the  following  form  (references  1 to  4) : 


U = Ui  + aU2  cos  6 

(5a) 

v = yi  + ay2  cos  8 

(5b) 

w=aW2  sin  8 

(5c) 

where  v,  and  w are  functions  of  the  three  coordinates  x,  y, 
and  0;  whereas  Ui,  Vi,  V2,  and  W2  are  functions  only  of  the 
coordinates  x and  y of  any  meridian  plane.  The  quantity  a 
is  the  angle  of  attack  of  the  body,  the  quantities  with  sub- 
script 1 are  the  quantities  existing  at  the  position  (x,  y)  for 
the  body  considered  at  zero  angle  of  attack  at  the  same  Mach 
number,  and  the  quantities  with  subscript  2 are  functions 
that  take  into  account  the  effect  of  angle  of  attack. 

It  will  be  shown  in  the  following  considerations  that  the 
form  assumed  in  equations  (5)  for  the  velocity  components 
permits  the  boundary  conditions  to  be  satisfied'  in  the  simpli- 
fications assumed.  For  small  angles  of  attack  equation  (4) 
becomes 

Equation  (6)  is  similar  in  form  to  the  .corresponding 
equation  for  the  case  of  the  body  at  zero  angle  of  attack  and 

differs  only  in  the  term  In  order  to  analyze  the  differences 

between  this  expression  and  the  expression  for  the  axial 
symmetrical  case  and  in  order  to  obtain  another  relation  that 
defines  the  quantity  Wy  the  relation  between  rotation  of  the 
flow  and  entropy  gradient  will  now  be  introduced. 


Between  rotation  of  flow  and  entropy  the  following  relation 
exists: 


curl  VXV=^  grad  S 


(7) 


or  for  small  angles  of  attack 


bS 

/by  bu\ 

bx  yR 

by) 

1 

(8  a; 

bS 

/by  bu\ 

(8b) 

by  yR’ 

^'^\bx  by) 

/bw 

by\.wv  / 

< bu 

bw\ 

(8c) 

¥F«)+T-*< 

"dx/ 

If  n is  the  normal,  in  the  meridian  plane  0= Constant,  to 
the  local  tangent  to  the  streamline,  then 

bn  bx  V by  V 


_yR  ^ /by  bu\ 
~ \dx  by) 


(9) 


whereas  from  equation  (8c),  when  equations  (5)  are  used, 
it  follows  that 

Therefore,  the  entropy  can  be  expressed  in  the  form 

AS=ASi  + a AS2  cos  6 (11) 

where  ASi  and  AS2  are  functions  only  of  x and  y.  Equation 
(11)  is  valid  outside  of  the  vortical  layer  existing  at  the 
surface  of  the  body  (see  reference  5);  whereas  the  entropy 
at  the  surface  of  the  body  is  constant  and  equal  to  the 
value  existing  at  the  conical  tip.  Because  no  pressure 
gradient  exists  across  the  vortical  layer,  the  pressure  will 
be  determined  outside  of  the  layer  and  equation  (11)  will 
be  used  in  all  the  flow  field.  The  presence  of  the  layer  must 
be  considered  for  the  velocity  and  density  distribution  at 
the  surface  of  the  body.  At  the  surface  of  the  body  the 
entropy  is  constant  and  equal  to  ASi^a  AS2.  (The  meridian 
plane  8=0  is  defined  as  in  figure  1.)  From  equation  (11) 
it  results 


bw2  , bw2 


vw2+vv2-\-y'y'2 


y 


yyR 


AS2 


(12) 


bu 

bx 


Equation  (6)  can  be  written  in  the  following  form: 

V 2uv  by 


uy  bS  ^ bw 


bx  VyR  bn  ybS 


(13) 
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Equation  (13)  together  with  equation  (12)  defines  the  law 
of  motion  of  the  flow  around  the  body  at  small  angles  of 
attack.  These  equations  will  be  used  as  a basis  for  the  cal- 
culation of  the  flow  field  by  the  method  of  characteristics 
to  be  treated  in  a subsequent  section. 

CONDITIONS  AT  THE  SHOCK  FRONT 

Equations  (5)  and  (11)  represent  a stream  that  wets  a 
body  of  revolution  at  a small  angle  of  attack.  In  order  to 
satisfy  the  boundaiy  conditions  at  the  surface  of  the  body, 
the  functions  U2y  and  must  be  properly  selected. 
Equations  (5)  and  (11)  must,  however,  satisfy  the  boundary 
conditions  at  the  shock  surface  also  in  order  to  be  a solution 
of  the  problem.  It  is  necessary,  therefore,  to  show  that  a 
shock  surface  can  exist  across  which  the  undisturbed  stream 
inclined  at  a with  respect  to  the  axis  of  the  bod}^  is  trans- 
formed into  a flow  represented  by  equations  (5)  and  (11). 

In  order  to  show  that  the  shock  boundary  conditions  can 
be  satisfied,  the  following  procedure  will  be  employed.  A 
shock  surface  distorted  in  a manner  to  be  described  is 
assumed.  Then,  the  free-stream  velocity  ahead  of  the  shock 
will  be  resolved  into  three  components:  Vn  normal  to  the 
shock  in  the  plane  0=  Constant,  Vt  tangent  to  the  shock  in 
the  plane  0=  Constant,  and  w perpendicular  to  the  plane 
0=  Constant.  Similarly,  the  flow  behind  the  shock  mil  be 
resolved  into  three  components.  In  addition,  each  com- 
ponent of  the  flow‘behind  the  shock  will  be  divided  into  two 
terms:  one  term  for  zero  angle  of  attack  and  one  term  for 
the  difference  due  to  the  angle  of  attack  (for  example, 
u=Ui  + aU2  cos  0).  Then,  the  conditions  of  equilibrium  at 
the  shock  will  be  imposed,  and  it  wdll  be  shown  that  the 
terms  z?2,  and  ti^o.at  the, shock  are  independent  of  Q when 
the  angle  of  attack  is  small  as  initially  assumed;  hence,  the 
distorted  shock  is  consistent  with  the  field  of  flow  behind  it. 
Such  a shock  surface  can  be  obtained  by  deforming  the  shock 
surface  produced  by  the  body  when  the  angle  of  attack  <x 
is  zero  in  the  following  way  (fig.  2): 

When  a=0,  the  shock  surface  is  a surface  of  revolution 
in  axis  with  the  body;  therefore,  if  OP,OP'  is  the  curve 
intersection,  of  the  shock  with  the  meridian  plane  0=0, 
then  for  a=0  the  tangent  AQ  at  any  point  Q of  the  curve 
OP  is  the  generatrix  of  a circular  cone  having  the  vertex  at 
a point  A of  the  axis  and  tangent  along  the  circle  QQ'  to  the 
shock  surface.  The  shock  surface,  therefore,  can  be  consid- 
ered as  a surface  envelope  of  circular  cones  having  the  axis 
coincident  with  the  axis  of  the  body  but  having  variable 


cone  angle  and  variable  position  of  the  apex  A along  the 
axis  AB  of  the  body.  For  the  case  of  a 0 the  shock  surface 
is  not  a surface  of  revolution  but  can  still  be  considered, 
for  small  angles  of  attack,  as  the  envelope  of  the  same 
circular  cones  considered  for  the  case  a=0.  These  cones 
have  the  same  apexes  and  the  same  cone  angles  as  the  cases 
for  a=0  but  do  not  have  the  axis  of  symmetry  AB  coincident 
with  the  axis  of  the  body  AB  although  they  are  rotated  in 
the  plane  0=0  with  respect  to  the  body  axis.  The  angle 
7;,  through  which  each  axis  of  the  cones  must  rotate  in  the 
plane  0=0  with  respect  to  the  axis  of  the  body,  is  not 
constant  but  varies  for  each  cone  considered.  For  example, 
the  cone  AQQ'  tangent  to  the  shock  surface  for  a=0,  when 
a 7*^0,  must  be  rotated  by  an  angle  n to  the  position  AQjQ/; 
-the  axis  ABi  remains  in  the  plane  0=0. 

The  shock  surface  so  generated  is  consistent  with  the  flow 
represented  by  equations  (5)  and  (11),  and  this  can  be  shown 
in  the  following  \vay: 

Consider  a point  P of  the  shock  produced  by  the  bpd}^  at 
an  angle  of  attack,  and  consider  the  cone  tangent  to  the 
shock  at  the  point  P (fig.  3).  Call  <x  the  semiangle  of  the 
cone  with  respect  to  its  axis  of  symmetry.  The  axis  of  this 
cone  is  inclined  at  an  angle  77  with  respect  to  the  axis  of  the 
body  and  lies  in  the  plane  0=0. 

The  uniform  velocity  Fo  ahead  of  the  shock  is  decomposed 
in  the  three  components:  in  the  direction  PB  normal  to 

the  shock,  in  the  direction  AP  along  the  generatrix  of  the 
cone,  and  w'  in  the  direction  normal  to  the  plane  APB. 
These  components  are,  at  small  angles  of  attack, 

sin  <T—Vo(a  — Tj)  cos  a cos  0 (14a) 

Vt=Vq  cos  cr+Fo(«— 77)  sin  a cos  0 (14b) 

w'=  — Fo(a:— 77)  sin  0 (14c) 

Strictly,  in  equations  (14)  ^ must  be  written  in  place  of  0; 
but,  for  small  angles  of  attack  in  equations  (14),  the  differ- 
ence between  ^ and  0 can  be  neglected.  Indeed, 

^=5  + 0' 

where  8 is  of  the  order  of  a,  and  0'  differs  from  0 by  a quantity 
of  the  order  of  «. 


Figure  3.— The  velocity  comixinents  in  front  of  and  behind  the  shock. 
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The  velocity  components  behind  the  shock  axe  (fig.  3) 

sin  c—v  cos  a-\-rj  cos  6{v  sin  a-\-u  cos  c)  (15a) 

cos  cr+t?  sin  (t+tj  cos  B{v  cos  c—u  sin  a)  (lob) 

w^'=w+r]{u—v  cot  <j)  sin  B (15c) 

where  Vf  and  w are  the  velocit}^  components  behind  the 
shock  in  cylindrical  coordinates  in  axis  with  the  body  at  the 
point  P considered. 

The  velocity  components  u,  Vj  and  w at  the  point  P can  be 
expressed  in  the  form  given  by  equations  (5),  in  which  the 
components  Ui  and  V\  are  the  quantities  obtained  at  the  point 
P for  the  condition  of  a=0  and  are  direct  functions  only  of 
X and  y.  The  point  P,  however,  is  a point  of  the  shock,  and  its 
coordinates  x and  y change  when  the  coordinate  B changes; 
therefore,  the  velocity  components  Ui  and  V\  at  P also  change 
with  Bi,  In  order  to  separate  the  part  of  the  components  u, 
Vy  and  w dependent  on  B from  the  part  independent  of  B,  the 
velocity  components  Ux  and  V\  at  P will  now  be  expressed  as  a 
function  of  the  flow  properties  at  a point  Pi  near  P,  having  a 
constant  value  of  x and  y for  every  value  of  B. 

Now,  it  has  been  assumed  that  the  angle  of  the  cone  <j 
tangent  to  the  shdck  at  the  point  P is  equal  to  the  angle  of  the 
cone  tangent  to  the  shock  for  the  condition  of  zero  angle  of 
attack  at  the  point  Pi  (fig.  4).  The  point  Pi  is  obtained  on 
the  shock  by  rotating  the  cone  APQ  tangent  to  the  shock  for 
the  condition  a=0  through  an  angle  v around  the  axis  AN 
normal  to  the  plane  B=Q  at  the  apex  A of  the  cone.  Because 
for  the  condition  of  zero  angle  of  attack  the  velocity  com- 
ponents Ui  and  Vi  are  independent  of  the  coordinate  B,  the 
velocity  components  Ui  and  Vi  at  Tixp^yp)  (fig.  4)  are  equal 
to  the  velocity  components  at  Y2{^p,yp)  the  plane  APiC. 


Therefore,  if  is  the  distance  P2P1, 

“■--“‘^.+(55?),.'^ 

(16a) 

(16b) 

where  (fig.  4) 

Xp,ri 

A/Y— — A-  B 

(17) 

^ cos  a 

Substituting  equations  (5),  (16),  and  (17)  in  equations  (15) 
results  in 

Vi^"  = (ux  sin  a — Vi  cos  o')pj  + a cos  B{u2  sin  a — V2  cos  <t)p^+ 

7}  cos  B(ui  cos  <y  + 2?i  sin  o-)p^  + 

— —oos  Bl  sm  — cos  a ) (18a) 

cos  <T  \oN  oN  /Pi 

cos  <r-\-Vx  sin  cr)pj  + a cos  B{U2  cos  o’  + t?2  sin  <r)p^  — 

rj  cos  B(ui  sin  <r  — ?;i  cos  (t)p^-\- 

~ cos  Bl^;^  cos  a + a ) (lob) 

\ cos  a \oN  oN  JPx 

I 

w"^aW2p^  sin  B-{-tj(ui  — Vi  cot  a)p^  sin  B (18c) 


Figure  4,— The  v’elocity  components  behind  the  shock  for  a^O  as  a function  of  the  velocity 
components  behind  the  shock  for  a=0. 


For  the  condition  of  zero  angle  of  attack  at  Pi 

v^^—Uisina  — ViCOSa  (19a) 

cos  <T-\-Vx  sin  (T  (19b) 

and  for  the  condition  of  the  equilibrium  at  the  shock  at  zero 
angle  of  attack 

Fo  cos  (7  = 'yr/' 


$ 

At  the  point  P for  the  case  of  a small  angle  of  attack, 


Vtp  —Vt. 


(20a) 

(20b) 

(21a) 

(21b) 

(21c) 


If  equations  (19)  are  used,  equations  (18a)  and  (18b)  can 
be  written  in  the  form 

(2^Ar")p=(^Oni  + “ ^ ^ (^Opi+ 


cos  a 


COS  B 


V i>N 


-X. 


(Vt')p=(Vt^")p^  + 0‘  cos  d {VT^')p—n  cos  e («jv/Op,+ 


^p^n 
COS  a 


cos  B 


\ )p^ 


Therefore,  from  equations  (14),  (20),  and  (21), 
—{a—vWo  cos  a ivtr”)pi  + 

/ Xp,V 

Fosin  (T 

__2(t_10  cos  (T  sin  <r 

7 + 1 

(a— 7j)FoSino-=(»rj")p,  «— i;(«Ar/')pi  + 


Xp^V 

sin<r\  i>N  /pj 


(22a) 


(22b) 
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or 


1 _L 

a sin  <r  Fo  V bN  Jp^ 


(23  a) 


( v[  ), -tai  ’ + 

/ /'i  I /— «i  + «i  cot  o-\ 

\Vo)pr  a)^\  Fo  A, 


V 

a 


(23b) 
(23  c) 


In  equations  (23)  the  coordinate  6 does  not  appear;  there- 
fore, for  the  shock  considered  the  functions  Ut,  v^,  and.  W2 
are  independent  of  d,  and  equations  (5)  represent  a flow  con- 
dition in  agreement  with  the  conditions  at  the  shock. 

The  ratio  tt/a  which  appears  in  equations  (23)  is  independ- 
ent of  a;  therefore,  for  a given  point  P,,  jj/a  remains  constant 
in  all  the  range  of  angle  of  attack  in  which  the  simplifica- 
tions assumed  are  valid.  (Indeed,  Ui,  112,  and  W2  are  also 
independent  of  the  angle  of  attack  (equations  (5)).  The 
values  of  112,  V2,  W2,  and  rj/a  must  therefore  be  determined 
only  for  one  value  of  the  angle  of  attack. 

METHOD  OF  CHARACTERISTICS  FOR  FLOW  AROUND  A 

BODY  OF  REVOLUTION  AT  A SMALL  ANGLE  OF  ATTACK 

-In  this  section  the  method  of  characteristics  is  applied  to 
equation  (13)  to  establish  equations  which  will  permit  the 
flow  field  behind  the  shock  to  be  calculated  by  a point-by- 
point process.  If  the  flow  is  anywhere  supersonic,  equations 
(12)  and  (13)  permit  the  determination  of  the  flow  around 
a body  of  revolution  at  a small  angle  of  attack  by  using  the 
method  of  characteristics.  Equation  (13)  can  be  written  in 
the  following  form : 


where 


h=i-K 


L=l- 


K=- 


21 

uv 


7 =212  I 1 ^ 

V yR  bn^ybO^yj 


(24) 


If  <j>  is  the  angle  between  the  velocity  Vand  the  x-axis  and  /S 
is.  the  Mach  angle, 


tan 


u 


or  for  small  angles  of  attack 


tan  0=- 
u 


and 


sin  |3  = 


The  tangent  to  the  line  intersection  of  a characteristic 
surface  with  the  meridian  plane  0=  Constant  is 


X.=tan(^-h/3)=^-^ 

X6=tan  (,^-;3)=g+l  ylK^-HL 


(25)’ 


where  Xa  is  the  tangent  to  a line  corresponding  to  the  char- 
acteristic surface  of  the  first  family  and  X&  is  the  tangent  to  a 
line  corresponding  to  the  characteristic  surface  of  the  second 
family.  The  terms  Xa  and  X&  are  solutions  of  the  equations 
(reference  6) 

H>?-2Kk+L=-{)  (26) 


Because  'W,  V,  and  a can  be  considered  be  given  by  an 
equation  of  the  type  of  equations  (5),  4>  and  can  also  be 
written  in  the  form 


<f>— d<l>2  cos  0 
P = cos  6 

The  characteristic  surfaces  are  not,  therefore,  surfaces  of 
revolution  but  can  be  obtained,  as  was  true  for  the  case  of  the 
shock,  as  an  envelope  of  circular  cones  with  their  apexes  at 
the  axis  of  the  body  and  their  axis  of  symmetry  in  the  plane 
^=0  and  inclined  with  the  axis  of  the  body. 

The.  determination  of  the  u and  v components  of  the 
velocity  in  any  point  of  the  flow  can  be  obtained  from  equa- 
tion (13)  by  performing  a transformation  in  order  to  obtain 
a law  of  variation  along  the  characteristic  lines  (reference  6) . 
Indeed,  for  every  point  of  any  meridian  plane  (for  example, 
of  the  meridian  plane  0=0,  or  0=7t)  two  characteristic  lines 
can  be  obtained  as  the  intersection  of  two  characteristic  sur- 
faces with  the  meridian  plane.  Along  these  lines  the  varia- 
tion of  the  u and  v velocity  components  is  determined  by  the 
equations  of  characteristics  that  can  be  derived  from  equa- 
tion (13).  Assume  that  at  two  points  Pi  and  P2  (fig.  5)  of 
the  meridian  plane  0= Constant  (for  example,  0=0,  or  0=7t) 
the  velocity  components  are  known.  From  equations  (25) 
the  tangents  to  the  characteristic  surfaces  in  this  meridian 
plane  can  be  drawn  and  the  velocity  components  u and  v at 
the  point  P3,  intersection  of  the  two  tangents,  can  be  ob- 
tained in  the  first  approximation. 

The  equations  of  characteristics  can  be  obtained  by 
analyzing  equation  (13)  along  the  characteristic  lines  given 
by  equation  (25)  in  the  following  way:  If  du  and  dv  are  the 
variations  along  the  characteristic  lines, 


sin  = 


2l 

V 
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0=0 


Figure  5. — The  analysis  of  the  flow  with  the  characteristics  system. 


or  (see  equation  (9)) 


du  . 


X.)g-(X. 


yRV  bn 


then 


do 

dx 


du_bu  dv  >2^^  \ 

dx'~bx  dx  by  yRV  bn 


(27a) 

(27b) 


If  equations  (27a)  and  (27b)  are  substituted  in  equation  (13) 
and  equation  (26)  is  used,  along  tbe  characteristic  line  of 
the  first  family  defined  by 


there  results 


^y~\ 

dx~^“ 

dv 

a*  dS( 

dx 

yRV  dn\ 

(28a) 


and,  therefore, 


bw  . 


y 


is  kno\vn  at  the  points  Pi  and  Pa.  The 


value  of  the  entropy  is  also  known  at  the  points  Pi  and  P2  and, 
dS 

therefore,  the  value  of  ^ can  be  determined  (reference  6) 
dS_  ASp^-ASp, 


dn 


, . r sin  /3  1 , . . r sin  d “ 

Us  (^  + ,^)l+(^-3-*^.)  L33T(<^-/3)i 


(29) 


From  equations  (28)  and  (29)  tbe  values  of  n and  v can  be 
determined  in  the  first  approximation  for  the  point  P3.  In 
order  to  determine  the  value  of  V)  at  P3,  the  following  Proce- 
dure can  be  used: 

If  5 is  the  projection  of  the  streamline  in  the  meridian 
plane  considered  (fig.  5)  and  P3  is  a point  near  Pj  and  P2, 

dw^  bv)2  * , , bw2 

— Sin  — cos  0 
ds  by  bx 

bW2  J^.bW2 

or  from  equation  (12) 

bw2  VW2+VV2+UU2  sm^pVAS2 


bs 


yV 


yRy 


Now  (fig.  5) 


'W2^  = 'W2p  + 


r cos  p “1 

Lcos  (/3-f  <f>)> 

r cos  "j 

Lcos  (<^)-/9)> 

(30) 


(31a) 


and 

_ 

\ dn  ) E 


(32) 

Therefore, 


and  along  the  characteristic  line  of  the  second  family  defined 

by 


dx 


= Xft=tan  (0  — i3) 


(28c) 


there  results 


du  ^ ^ dv  dS /K  ^ \ ^ /"v  ^ bw\\  ^ 

dx'^^Ux  yVRdn\H  ^^rKy^ybSJH^^ 


(28d) 


Equations  (28b)  and  (28d)  contain  the  term 
small  angles  of  attack 


bv) 
y ^0' 


but  at 


bw 

ybd 


W2a  „ w 
— ^cos0=— cot0 


The  values  of  u,  v,  w,  AS,  t^i,  and  ASi  are  known  at  the 
points  Pi  and  P2 ; therefore,  the  values  of  V2y  W2y  and  AS^ 
at  the  same  points  can  be  calculated  from  equations  (5)  and 
(11).  (The  values  of  Ux,  t?i,  and  A5i  at  those  points  are 
known  from  the  determination  of  the  flow  for  a=0.)  There- 
fore, from  equations  (30)  to  (33)  the  value  of  W2  at  P8  can 
be  determined. 

After  the  velocity  components  Uy  Vy  and  w at  P3  have  been 
determined  in  the  first  approximation,  a second  approxima- 
tion can  be  determined  by  assuming  the  average  values 
between  the  corresponding  values  at  the  points  P2  and  P3  or  Pi 
and  P3  for  all  the  coeflicients.  After  the  velocity  components 
at  a point  P3  have  been  obtained,  the  velocity  components  at 
any  other  point  having  the  same  x and  y coordinates  as 
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P,  but 

a different  coordinate  6 can  be  calculated 

from 

equations  (5). 

For  practical  calculations,  equations  (28)  can  be 
formed  in  the  following  form: 

trans- 

Xa=tan  (j8  + <#)) 

(34a) 

dV  , ^ r/sin  <;»  , \ , ^ 

ir-^<^-tan^-L(  y 

sin^^dSl  sin^  7n-  — 0 

yR  (fnJcos(<#.+/3)“* 

(34b) 

Xs=tan  (<I>—P) 

(34c) 

-^+d^tan^-[(  y +^^^^)tan^+ 

sin^fidSl  sinP 
yR  rfn  J cos  (<#>— /3) 

(34d) 

■ 1 dWi  1 Fs  Wi  . sin^lSASj 

y ds~  y V Vy  yR  y 

(34g) 

and 

<l>=  oc<f>2  cos  9 

(35) 

where 

V2  . ‘ '^'2  • , 

<#>2=  tF  cos  <t>i—rr  Sin  (pi 
V 1 V 1 

(36) 

and 

V=Vi  + aV2COs  6^  ■ 

(37) 

where 

V2=U2  cos  </>i  + t?2  sin  <^i 

(38) 

At  the  surface  of  the  body  outside  of  the  vortical  layer  the 
calculations  are  similar  to  the  case  of  zero  angle  of  attack 
because  the  entropy  at  the  surface  of  the  body  is  known 
in  every  meridian  plane  and  the  value  of  B is  given.  Equa- 
tion (34e)  gives  the  variation  of  W2  along  the  body  outside  of 
the  layer;  therefore,  the  value  of  W2  can  be  obtained  directly 
from  another  point  on  the  body  in  the  same  meridian  plane. 

At  the  surface  of  the  shock  the  system  of  calculations  is 
similar  to  the  system  for  zero  angle  of  attack.  In  figure  6 
the  point  P3  is  at  the  intersection  of  the  tangents  to  the  first 
characteristic  surface  at  Pi  and  to  the  shock  at  P2  in  the 
meridian  plane  0= Constant.  The  equations  of  the  shock 
and  equation  (34b)  must  be  verified  at  P3,  which  is  assumed 
as  a point  of  the  shock  in  the  first  approximation. 

In  the  plane  6=0,  w is  zero  and  the  values  of  V,  AS,  and 
<t>  behind  the  shock  are  functions  only  of  the  value  of  fi;  and 
for  any  value  of  Q,  the  values  of  V,  AS,  and  <j>  can  be 
obtained  from  the  equations  of  the  shock 


cos  (Q  — g)  _V  _ V/Vi 
cos(n— <^>)  Vq  VqIVi 


(39a) 


1 _:_rTd"I  Mq^ 

tan  (0-‘a)”L  2 Mo^  sin^  (0— a)— 1 


0 


tan  (S2— a) 


(39b) 


and 


>»K.  \j^' 


If  the  plane  B=ir  is  considered,  the  sign  of  a in  equations  (39) 
must  be  reversed. 

From  equations  (39)  the  values  of  V and  AS  can  be  deter- 


mined as  a function  of  4>]  then  and  ^ ^ ^ function  of  <l> 


can  be  evaluated.  Now,  if  <t)p^  is  the  direction  of  the  velocity 
at  Pi,  the  velocity  at  P3  will  have  the  direction 


Therefore,  the  velocity  at  P3  must  correspond  to  a deviation 
across  the  shock  of  <I>p^ — a and  can  be  expressed  as 


where  is  the  velocity  behind  the  shock  corresponding 
to  the  direction  <^p  . In  a similar  way. 

Therefore,  equation  (34b)  at  the  point  Pi  becomes 


F. 


F 


Ksin  0 , v)20i  cos  0\  sin  jS  tan  /3“|  ^ , 

yV  J cos  (/3+<^)Jp, 

(40, 


In  equation  (40),  A0  is  the  only  unknown  and,  therefore, 
can  be  determined.  From  the  value  of  <p  the  value  of  Op 
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and  the  value  of  Vp^  can  be  determined;  a second  approxima- 
tion for  the  position  of  P3  and  its  value  of  the  velocit}^  can 
be  calculated  if  the  corresponding  average  values  between 
P3  and  Pi  are  Assumed  for  <f>,  and  all  the  coefficients  of 
equation  (40)* 

The  value  of  tt;  at  P can  be  obtained  from  equation.  (23c) 
in  which  is  given  by  figure  6 as 


where  ij=Q—a  for  ^=0  and  rj=a—Q  for  6—tt.  The  value  of 
a corresponding  to  the  point  P4  on  the  shock  for  of=0  is 
given  by  the  relation 

sin  a sin  12 

and  yp^—J{<rp^)  is  the  curve  that  represents  the  shock  for  a= 0 

PRACTICAL  APPLICATION  OF  THE  CHARACTERISTIC 
SYSTEM 

GRAPHICAL  NUMERICAL  METHOD 

The  analytical  part  of  the  characteristic  system  used  for 
determining  the  flow  field  about  a body  of.  revolution  at  an 
angle  of  attack  is  similar  to  the  system  used  for  a body  of 
revolution  at  zero  angle  of  attack  (reference  6),  but  the 
practical  numerical  application  is  slightly  more  involved. 
In  equation  (34e)  the  values  of  F2  and  AS2  must  be  known 
in  order  to  determine  the  value  of  W2  and  must  be  determined 
from  equations  (37),  (36),  and  (11),  where  the  values  of  Vi 
and  ASi  are  considered  known  in  the  entire  flow  field  and 
given  by  the  determination  from  the  case  of  zero  angle  of 
attack.  In  the  practical  case,  however,  the  values  of 
<^i,  and  ASi  have  been  obtained  with  the  characteristic  system 
only  in  a finite  number  of  points  at  the  intersections  of  the 
characteristic  net,  and  the  characteristic  net  for  the  case  of 
zero  angle  of  attack  is  different  from  the  net  used  for  the 
case  of  a body  with  a small  angle  of  attack.  In  order, 
therefore,  to  obtain  the  values  of  Vi  and  ASi  at  the  inter- 
sections of  the  characteristic  lines  for  the  case  with  a given 
angle  of  attack,  a lengthy  interpolation  of  the  Values  Vi  and 
ASi  would  be  necessary  if  the  two  characteristic  nets  for 
zero  angle  of  attack  and  for  a given  angle  of  attack  were 
constructed  independently. 

In  order  to  reduce  the  numerical  work  to  a minimum,  the 
two  following  methods  can  be  used,  the  first  of  which  is 
practical  when  a graphical  numerical  calculation  is  per- 
formed, whereas  the  second  can  be  more  convenient  when 
automatic  computing  machines  are  used. 

In  both  cases  the  calculations  start  with  the  determination 
of  the  flow  at  an  angle  of  attack  around  a cone  when  the 
body  considered  is  a pointed-nose  body  of  revolution  or  with 
the  determination  of  the  shock  at  the  lip  of  the  body  if  the 
body  is  an  open-nose  body  of  revolution.  (The  tangent  to  the 


shock  at  the  lip  can  be  determined  with  the  two-dimensional 
theory.)  The  flow  around  a cone  at  an  angle  of  attack 
has  been  determined  and  tabulated  in  reference  3;  whereas 
the  flow  for  zero  angle  of  attack  has  been  tabulated  in 
.reference  7.  A different  method  for  determining  the  flow 
around  a circular  cone  at  an  angle  of  attack  is  given  in  the 
appendix.  It  can  be  assumed,  therefore,  that  the  flow  along 
the  first  characteristic  line  of  the  first  family  at  the  end  of 
the  conical  region  in  the  plane  0= Constant  (for  example, 
'6=tt)  is  known  (fig.  7). 

For  the  practical  numerical  calculations  a value  of  the 
angle  of  attack  must  be  selected.  In  order  to  obtain  higher 
precision,  it  is  convenient  to  select  a relatively  high  value  of 
the  angle  of  attack  because  in  this  way  the  differences  be- 
tween V and  Vi  and  AS  and  ASi  are  large  and,  therefore,  can 
be  determined  with  suflicient  precision. 

Usually,  when  the  determination  of  the  flow  field  for  the 
case  of  zero  angle  of  attack  is  made  with  a graphical  numeri- 
cal process,  in  order  to  avoid  numerical  errors  of  computa- 
tions, the  value  of  the  intensity  and  direction  of  the  velocity' 
are  plotted  as  a function  of  the  position  along  the  character- 
istic lines  for  both  families  of  characteristic  lines.  The 
velocity  distribution  and  the  entropy-variation  distribution 
along  the  characteristic  lines  and  along  the  surface  of  the 
body  for  the  case  of  zero  angle  of  attack  can  therefore  be 
considered  known.  If  the  distribution  is  not  given,  the 
values  of  Vi  and  ASi  must  be  determined  as  a function  of  x" 
along  each  characteristic  line  of  a given  famil}’'  (for  example, 
of  the  second  family)  along  the  body. 

Then  the  construction  of  the  characteristic  net  for  the 
selected  angle  of  attack  must  start  by  drawing  the  first 
characteristic  line  P0P2P6  over  the  design  of  the  characteristic 
net  for  zero  angle  of  attack  (fig.  7). 

From  equations  (34c),  (34d),  and  (34e)  the  flow  at  Pi  can  be 
determined.  From  Pi  and  P2  the  point  P3  can  be  obtained 
in  the  first  approximation  as  the  intersection  of  the  tangents 
at  P2  and  Pi  to  the  characteristic  lines.  By  using  equations 
'(34b),  (34d),  and  (29),  V,  </>,  and  AS  can  be  obtained  in  P3 


Chorocf eristic  net  for  a swo/i  angle  of  attack 
Characteristic  net  for  zero  angle  of  attack 


Figure  7.— Scheme  of  the  characteristic  net. 
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where 


as  for  the  case  of  zero  angle  of  attack  (reference  6).  From 

the  variations  and  along  the  line  P1P3  the  values 

of  V,  and  AS  at  the  point  P4  can  be  obtained,  where  P* 
is  obtained  from  the  intersection  of  the  characteristic  line, 
P1P3  with  a characteristic  line  of  the  second  famil}^  in  the  net 
for  zero  angle  of  attack.  At  the  point  P4,  Fi,  ASi,  and  are 
known  and,  therefore,  <#>2,  V2,  AS2,  and  W2  can  be  obtained. 
From  the  values  obtained  from  the  first  approximation  a 
second  approximation  can  be  obtained.  From  P4  and  P^ 
the  point  Ps  can  be  determined  in  a similar  way,  and  the 
flow  at  P7  can  be  calculated.  By  proceeding  in  a similar 
way,  all  the  flow  field  can  be  analyzed. 

NUMERICAL  METHOD 

The  equation  of  motion  (13)  can  be  transformed  by  means 
of  equations  (5)  and  (11)  in  a system  of  equations  that 
permits  a numerical  determination  of  the  quantities  ¥2,  <^2, 
and  AS2.  This  system  is  numerically  more  involved; 
however,  the  characteristic  net  determined  for  zero  angle  of 
attack  is  used.  For  a small  angle  of  attack, 

I 1 r Y— 1 n 

1+— T~K^2  + ^i^2)aC0S  0 

L til  J 


where 


7 — 1 


7—1 


„7-l 


ai 

Therefore, 


2 


+ cos  e) 

(I  ill 


Substituting  equations  (5)  in  equations  (6)  results  in  the 
following  expression  if  higher-order  terms  are  neglected; 


bu 

bx 


• ( 1 ( 1 (P+^)+- 

: \ ttiV  i>y  \ «i  / \^y  2)a:/  y 

^Ly'^  y V 

/,  itA  + , d»2/, 

by\  a,^  rSyV  ttiV 


=T  — a COS 


bu2 

bx 


U1V1A+U1V2+V1U2  /'bui  , bvi\  UiVi(bu2  , 

Because  the  left-hand  side  of  equation  (42)  must  be  zero 
for  the  conditions  at  zero-  angle  of  attack. 


bx 


/,  , bVi/,  Vi^\  , Vi  ,Wi  ■U,t),/d«2  , ^Vi\  , 

V ^ ^ -^;+7+7— + 57;+ 

(43) 


Q- 


/bui^ 

i 2Ui+UiA  1 1 

fi>Vi^ 

bu^y 

{ 2v2-\-V\A 

Vda:  ■ 

'"dFy 

> ai^  2 * 

K.  by 

^ ^y 

( 


bvi  5uA  UiV2—U2Vi 


^bx  by/  a/ 
or,  from  equations  (9)  and  (36), 


(44) 


Q=-V, 


bVi  2U2+U1A 
bx  a/ 


^ bV I 2v2~\~ A bSi 

^ by  a/  jR  brii 


(45) 


The  value  of  all  the  coefficients  at  the  points  Pi  and  P2  in 

bVi  bVi 

equation  (43)  can  be  considered  known  because  and 

can  be  considered  known  from  the  calculations  for  the  case 
of  zero  angle  of  attack.  Therefore,  equation  ’ (43)  can  be 
considered  an  equation  in  which  the  characteristic  lines  are 
equal  to  the  characteristic  lines  for  zero  angle  of  attack 

because  the  coefficients  of  the  partial  derivatives 

bx  by 


and  are  the  same  in  both  cases. 


bx' 


by 


Thus, 


(^iH“^i) 
tan  (01  ^1) 


(46a) 

(46b) 


Equation  (43)  can  be  transformed  b}^  introducing  the 

entropy  gradient  and  the  equation  of  motion  along  each 

characteristic  line  can  be  obtained.  From  equations  (9) 
and  (11)  by  means  of  equations  (5)  and  (37),  the  following 
relation  can  be  obtained: 

bS  bSi  ,^82  ^ 

bn  bn  bn 

/bSi  , bS2  A ?;i  + y2«cos  6 . 
/^,^2 

V dj/  dy  “ V Vi+  Via  cos  8 
or,  for  small  angles  of  attack. 


+ V2d  cos  6 
Ui+U2«  cos  6 


bn 


bSi  .bS2  O I r / T/  TZ  \ 1 

T7  T-rNl^COS^ 

-^iUiV^-u^Vi)j-^ 


(47) 
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From  equations  (36)  and  (38) 

U2=  V2  cos  ^1  — <#>2^^!  sin  (48a) 

V2=  V2  sin  4>i  + </>2Fi  cos  <t>i  (48b) 

and 

Vi  sin  4>i 
Ui=ViCos<l>i 

Therefore, 

(»2 F, -VrV,)+^  (u, F. -u,  V,) 

_ . Ui  bSi  Vl\ 

Because  the  term  in  parentheses  on  the  right-hand  side  of 
this  equation  represents  the  variation  of  entropy  along  the 
streamline,  which  is  zero,  equation  (47)  becomes 


bS  dSi  , bS2 

a cos  6 

U7l  U7t\  07i<i 

Then,  from  equations  (9),  (41),  and  (49) 

d»j  dttj  ffli*  dSj  /Fj,  dS, 


(49) 


by  yR  Vi  bn 

The  equations  of  motion  along  the  characteristic  lines  de- 
fined by  equations  (46)  can  be  obtained  by  means  of  trans- 
formations similar  to  those  of  equations  (27)  and  are 


du2+Xi6  dv2+D\  dx  = 0 

(51) 

\ -^y 

1 

=tan  (<^i  + ^i) 

(52) 

F. 

\ dx  /X 

dSi  1 

dU2+\\a  dl?2+£^2  dx  = (S 

(53) 

dui  yR 

II 

==tan  {<i>i—P^ 

(54) 

Therefore,  the 

where 


\y  y / 


UiVi  \ 

1 7—1  ^ 

v^-l 

^ai—Ui^  / 

Ldn, 

I dwj 

i 

\y  y y 

\ a."  , 

1 

UiVi  , ^ > 

.Yi(i 

7-1' 

L^i 

fA’ 

sin^iSi, 

/dnj 

(55  a) 


(55b) 
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In  equations  (51)  and  (53)  the  coeflScients  Di  and  A 

contain  the  derivatives  and  that  must  be  obtained 

bx  by 

from  the  analj^sis  of  the  case  with  zero  angle  of  attack. 
Now,  for  every  point  P the  variation  of  Vi  along  the  charac- 
teristic line  of  the  first  family  for  the  case  of  zero  angle  of 
attack  is 


V / ^io 


' dx  by 


(56a) 


whereas  along  the  characteristic  line  of  the  second  family 

(56b) 


/dV,\  ^ 

\ (lx  /Xi6  ^y 


At  every  point  P given  by  the  intersection  of  two  charac- 
teristic lines  Xia  and  Xi&  in  the  characteristic  net,  the  values 

(m  and 


\ dx 


\ dx  /Xj, 


are  known,  having  been  obtained 


from  the  evaluation  of  the  following  equations  (reference  5) : 


^=Xia=tan  (<^i  + ^i) 

1 / dVi\  ( d<t>i\  sin  <f>i  sin  fit  tan  Pi  1 

VAdxJx,^  cos{<l>i  + Pi)  y 


dSi  1 sin^iSi 


d‘7ir  yR  cos  (0i  + )3i) 
dy 


= 0 


dx 


sin^iSi 


=Xi6=tan(<^i— ^i) 


(57a) 

+ 

(57  b) 
(57c) 


sin  <t>i  sin  Px  tan 
cos(0i— /3i) 


and 


dF, 

Xi&  / dV  ] 

Xia  i 

^dVA 

bx 

Xift — Xia  \ dx 

- 

Xi&  — Xia  ' 

\ dx 

dF| 

^ R 

dF,' 

I 

1 

aj 

by 

Xi& — Xia  L\ 

. dx  y 

*Xi6  V dx 

(57d) 


(58a) 


(58b) 


can  be  calculated  directly  for  every  point  of  intersection  of 
the  characteristic  line  (equations  (57a)  and  (57c)). 

After  substituting  the  expressions  of  equations  (48)  and 
(58)  in  equations  (51)  and  (53)  after  some  simplifications 
and  trigonometric  transformations,  the  following  equations 
can  be  obtained: 


^ia=^=tan  (<^i  + ^i) 


(59a) 


213637 — 53 


-67 
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^-tan  4 

Vi  F,  y cos(<>i+/3i)  J 


(59b) 


Xii.=^=tan  (<^>i-/3i) 


(59c 


where 
Ar- 


Vi  y cos(<^i— /3i)  J 


1 fsin  . ,,  . . . siiA  fiibSi. 

I—  5iT“ 


X SlU  j 

cos  jS,  cos  (0i+j3i)  L y 

J_  /<^FA  cos  (^1— j8i)~| 
Vi  V dx  /xn  sin  Pi  J 


1 fsin  pi  . /,  I p ^ An^Pi  bS, 


^ cos  Pi  cos  (<f>i  — pij  L ■'/ 

1 /<^F]\  cos  (<j»i+|8i)~| 

FiVrfx/Xia  sinjS,  J 

p-±fdZl\ 

^'-VAdx  A, 


^ (.VJy  / Ala  Oiii  HI  J 

^dVi\  ( T A 2sin^g, 

Ki  \ dx  /Xi«\cos*  j3i  / - Lt-K  cos  {(pi+Pi, 

1 cos(<^i— )3i)  ~[ 

Fi  V <ia:  Jx^cos^pi  cos  (0i+/3i)J 


r 1 \ / /^l^vyv/iJ  PI  I f-'l/.J 

1 fdVi\  ( T A.^r  2sin^^i  d; 
Fi  V da: /Xij\cos^/3,  A Lt-B  cos  (<^i— /3i)  c) 

1 /dVi\  cos(<t>i  + Pi)  "1 


1 /dF, 

F,  \ da; 


1 /dFA  cos  (<t>i  + P 
Vi  \ dx  /x,„  cos^'/Si  cos  (<^>i 

7—1 
'2sin''^, 


/3.)  ~ 

>i-/3i)J 


dS 

The  coefficients  Ai  and  ^2  and  the  value  of  have  been 
determined  for  the  flow  at  zero  angle  of  attack  and 


dS2 


s.,~s 


2Pi 


Irii  . vf  sin  jSj  1 , . .T  sin /3i 

{^Ps  ^^2)  Lcos  — ^^1)  Lcos  {<I>i  + PiUPi 


dui  S\p^ — 


(61) 


The  practical  use  of  equations  (59)  is  identical  to  the  use 
of  the  corresponding  equations  (57)  for  the  case  of  zero 
angle  of  attack.  (See  reference  6.) 

CONCLUDING  REMARKS 

The  method  of  characteristics  has  been  applied  to  bodies 
of  revolution  at  a small  angle  of  attack.  Onl}^  the  first- 
order  effects  of  the  angle  of  attack  have  been  considered. 
The  S3^stem  developed  takes  into  account  the  effects  of  the 
entropy  variations  on  the  flow  phenomena  and  determines  a 
flow  that  exactly  satisfies,  the  boundary  conditions  within 
the  limits  of  the  simplifications  assumed. 

The  application,  of  the  method  to  practical  problems  has 
been  discussed  and  two  systems  are  given.  The  first  method 
is  numerical  and  analytical  and  requires  less  numerical 
computation  but  requires  the  construction  of  another  char- 
acteristic net;  whereas  the  second  method  is  onl}^  numerical 
and  uses  the  characteristic  net  and  some  of  the  numerical 
computations  made  for  the  calculations  for  zero  angle  of 
attack. 


T=l-f 


. (60e) 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  22^  1948. 


APPENDIX 

DETERMINATION  OF  FLOW  PROPERTIES  AROUND  A CIRCULAR  CONE  AT  A SMALL  ANGLE  OF  ATTACK 


Assume  a polar  coordinate  s^^stem  . Call  Vr  the 

velocity  in  radial  direction,  Vn  the  velocity  in  normal  direction 
to  r in  the  meridian  plane  0=Constant,  and  w the  component 
normal  to  the  meridian  plane  (fig.  8) ; that  is, 


dr 


Vn 


r dyp 
di 


w 


rdd  sin 

dT' 


If  the  phenomenon  is  conical, 

■ 

dr 

bvn 


= 0 


dr 


= 0 


and 


^-0 

dr 


^-0 

dr 

dr 


Combining  equations  (62)  to  (64)  results  in 


Therefore,  Euler^s  equations  are 

^ bVr  ■ W bVf  Vn^  + W^ 

r d^  *^r  sin  b 6 r 


(62a) 


+ ^ + cot  (62b) 

r o\j/  r sin  \p  od  pr  d^  r 


I ^ dt4;  1 bp  VrW  + VnW  cot  ^_q 
r b\l/  ‘ r sin  ^ bd  ^rp  sin  \f/bO^  r 

(62c) 

The  continuity  equation  is 

2po,sin^+»„sin^^+psin 


, , dp  , dw  . 


(63) 


and  the  energy  equation  is 


7 /I  dp 

7 — 1 VP  d® 
7 /I 

7—1  Vp  di^ 


/ 

P^^e)  \ 

P^  \ 


bVr  , dp„  , bw 


di;r  , 


) (64a) 
) (64b) 


dw  / 2wVn  bVn  I 

sini/'d^V  av  sin  ^ d0  ' 


\sin^d0  d^/ 


(65) 


For  small  angles  of  attack  the  velocity  components  can 
be  expressed  in  the  form  (references  1 and  3) 


Vr—VT^+OCVr^  cos  6 

Vn=Vn^+aVn’OOS6  I 

'l0=aW2  sill  6 ^ 


(66) 


when  the  second-  and  higher-order  terms  of  the  angle  of 
attack  have  been  neglected.  Equation  (65)  at  small  angles 
of  attack  becomes 


+ Vn  cot  f + 


bw 

sin  \j/  d0" 


= 0 (67) 
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The  shock  is  a circular  conical  shock  having  its  axis  inclined 
at  an  angle  t?  with  the  axis  of  the  cone.  The  quantities  with 
subscript  1 are  the  quantities  corresponding  to  the  case  of 
zero  angle  of  attack.  (Indeed,  the  cone  is  a particular  body 
of  -revolution  and,  therefore,  the  considerations  made  for 
the  case  of  bodies  of  revolution  are  still  vahd.) 

From  equations  (62a),  (62b),  and  (64b),  there  results  at 
small  angles  of  attack 

1^=0 
p p 

In  the  meridian  plane  0= Constant,  therefore,  the  transfor- 
mation behind  the  shock  is  isentropic  for  small  angles  of 
attack.  If  —a^S2  sin  6 is  the  variation  of  entropy  in  a direc- 
tion normal  to  the  meridian  .plane  Constant  (reference  5), 


bS 

sin  dd 


a AS2  sin  6 


where  ASi  is  constant  and  independent  of  \f/  outside  of  the 
vortical  layer.  From  equations  (62c)  and  (64a) 


— ^AS2=Vn^^sin  ^p  + W2{VrSm  yp+Vn  cos  yp)+VrVr^+VnVn^ 

^ (68) 

If  the  variation  of  entropy  is  small  and  the  term  AS2  can  be 
neglected,  equation  (68)  becomes 


W2  sin  \f/=^Vr^ 

Equation  (67)  can  be  written  in  the  following  form: 

av)2  cos  6 


sin  ^ 


(69) 


(7.0) 


By  use  of  equation  (67)  and  by  considering  the  conditions 
for  zero  angle  of  attack,  equation  (70)  becomes 


Equations  (68),  (70),  and  (71)  permit  the  determination 
of  the  flow  around  the  cone  at  an  angle  of  attack  by  means  of 
a step-by-step  calculation  when  the  calculation  for  a=0 
has  been  performed.  Consider  the  hodograph  plane  uv, 
and  consider  the  variation  of  velocity  components  Vr  and  Vn 
in  a meridian  plane  0=Constant  (fig.  9).  Assume  that  for 
a given  value  of  ypa  and  Ba  the  velocity  components  and 


V 


w are  known.  Point  Pa  of  the  hodograph  diagram  represents 
the  velocity  vector  OPa  corresponding  to  the  velocity  at 
every  point  of  the  space  of  coordinate  in  the  plane 
^a=Constant;  whereas  OQa  represents  the  values  of  (^^„)p^ 
and  QaPa  represents  the  values  of  {Vt)p^-  Now,  the  radius  of 
curvature  Ba  of  the  hodograph  diagram  is  along  the  line 
QaPa  and  has  a'value  given  by  (reference  1) 


and,  therefore,  can  be  determined  from  equation  (70).  At 
Po  the  values  of  Vr^  and  Vn^  are  known  from  the  calculation 
for  a=0;  therefore,  aVr^  and  aVn^  can  be  determined  from 
equations  (66).  Equation  (71)  can  be  used  in  place  of 
equation  (70)  in  the  following  way:  The  vectors  OQa  and 
QaPa  represent  the  values  of  Vn^  and  Vj^  at  Pa)  the  vector  OPa 
in  the  hodograph  diagram  gives  the  values  of  V2]  therefore, 


can  be  obtained  from  equation  (71). 

Now  at  any  point  Pa  the  radius  Bay  given  from  equation 
(70),  or  the  radius  i?2^,  given  from  equation  (71),  is  known; 
therefore,  from  the  quantities  at  Pa  the  quantities  at  P&  of 
coordinate  can  be  obtained  by  constructing  a 

circle  of  center  Ca  (where  CaPa=^a  or  B2J  through  the  point 
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Pa  until  the  point  along  the  line  C«Pft  which  is  a straight 
line  from  C®,  is  inclined  by  ^a+A^.  with  the  u-axis.  There- 
fore, 

(^n)^  COS  A?y  “}”  (if?  siu  A)J 


sin  A??  — (i?— COS  A?;+i?^ 


Inasmuch  as  the  values  of  Vr  and  v„  at  Pj»  have  been  ob- 
tained, the  values  of  Vr^  and  v„^  can  be  determined  by 
differences  from  the  values  for  a=0  with  the  use  of  equa- 
tions (66).  (If  equation  (71)  is  used,  the  values  of  Vr^  and 
are  obtained  directly.)  With  equation  (68)  the  value 

of  can  be  calculated  at  Pa,  and  the  value  of  W2  at  Pb 


can  be  obtained.  Indeed,  ASq  is  constant  and  has  been 
determined  from  the  conditions  at  the  shock.  In  a similar 
way,  all  the  hodograph  diagram  can  be  constructed.  If 
necessary,  for  every  point  P^  a second  approximation  can 
be  determined. 

The  calculation  of  all  the  flow  field  must  start  at  the  shock. 
For  the  calculations  it  is  convenient  to  choose  a coordinate 
system  having  the  axis  of  the  conical  shock  as  the  axis  of 
polar  coordinates.  In  this  case,  the  velocity  components 
Vrf  Vfi,  and  w behind  the  shock  can  still  be  expressed  in  the 
form  of  equations  (66).  Indeed,  from  equations  (15)  and  (19), 


*’-.=[^^n,  + a cos  + 

= COS  e (72a) 

■ ®G=[ “ cos  d 

+(“— COS  B (72b) 


Wt=a  sin  d(w2 — ) 

\ sm\l/  a Vft 

= {a—r})w2^  sin  6 (72c) 

where  Vn^j  and  are  the  components  referred  to  the 
axis  of  the  conical  shock,  whereas  the  components  Vr^, 
and  Wi,  are  referred  to  the  axis  of  the  body.  Indeed,  rj/a 
is  constant. 

The  calculations  start  at  the  shock.  After  determining 
the  flow  field  for  zero  angle  of  attack,  the  angle  of  the  conical 
shock  ypi  is  known  and  the  velocity  components  Vn^  and  z?r, 
with  respect  to  the  axis  of  the  shock  for  every  value  of  are 
also  known.  In  order  to  determine  the  flow  for  the  case  of 
a small  angle  of  attack,  the  direction  of  the  undisturbed 
velocity  must  be  rotated  at  a small  angle  a— ??  with  respect  to 
the  axis  of  the  shock  (fig.  10).  The  value  assumed  for  a— r? 
fixes  the  value  of  a for  which  the  calculations  are  performed. 
(This  value  of  a is  not  yet  known  but  is  obtained  as  a result 
of  the  calculation.) 


V 


For  a unitary  value  of  a— the  component  Vr^  behind  the 
shock  can  be  determined  from  equation  (14b)  (Vr^=VT) 
and  the  component  from  equation  (14c)  (w'—Wa); 
whereas  Vn^  can  be  determined  from  equation  (21a) 
(Vng=^v^')  and  t?jsr'  is  given  by  equation  (14a).  The  value 
of  entropy  (a— t;)AS2  cos  d can  also  be  determined  from  the 
equation  of  the  shock,  for  example,  from  the  difference 
between  AS  and  ASi.  When  Vn,j  W2^y  and  AS^  are  known 
behind  the  shock,  all  the  flow  field  can  be  obtained  by  means 
of  equations  (68)  and  (70)  or  (71).  The  hodograph  diagram 
can  be  constructed,  for  example,  in  the  plane  S—  tt. 

The  axis  u has  been  chosen  in  the  direction  of  the  undis- 
turbed velocity  for  zero  angle  of  attack  that  corresponds  to 
the  axis  of  the  shock  for  a=0.  For  a the  imdisturbed  ve- 
locity has  been  rotated  at  a— t;  with  respect  to  the  u-axis 
(fig.  10) ; therefore,  the  axis  of  the  shock  has  not  been  changed. 
The  velocity  OPa  behind  the  shock  of  figure  9 must  be  decom- 
posed into  (1)  a component  PaQa  inclined  at  and  correspond- 
ing to  Vr^  if  equation  (70)  is  used  or  to  Vr^  if  equation  (71) 
is  used  and  (2)  a component  0«Qa  corresponding  toi?«^  or 

In  this  way,  the  values  of  Vr^  and  Vn^  that  must  be  used  in 
equations  (68),  (70),  and  (71)  are  the  values  obtained  from 
the  calculations  for  zero  angle  of  attack  at  the  same  value 
of  xp  (that  is,  for  Pa).  Because  the  calculations  start 

at  the  shock,  the  construction  of  the  hodograph  diagram 
must  be  performed  in  the  direction  of  decreasing  values  of  \p. 
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At  the  surface  of  the  body  for  0=7t,  the  component  Vn 
must  be  zero;  therefore,  when  the  radius  of  the  hodograph 
diagram  passes  at  the  origin  of  coordinates  u and  2^,  the  cor- 
responding value  of  ^ is  equal  to  ^0+^  where  ^0  is  the  angle 
of  the  cone  (fig.  10).  Because  \j/Q  is  known,  the  value  of  v 
and,  therefore,  of  a can  be  determined. 

The  components  Vr  and  Vn  in  the  plane  6=0  or  6=t  do 
not  change  when,  for  the  axis  of  reference,  the  axis  of  the 
body  is  assumed;  but  the  corresponding  value  of  is  in- 
creased at  7}  (fig.  10),  The  value  of  W2  changes;  the  value 
of  W2J'  can  be  determined  from  the  value  of  W2  by  means  of 
equation  (72c). 

For  practical  calculations  it  is  convenient  use  nondi- 
mensional  coefficients  obtained  by  dividing  all  the  velocity 
components  by  the  limiting  velocity  Vi.  The  expression 
a/Vi  can  be  obtained  from  equation  (39d). 

For  small  values  of  a,  the  values  of  Vr^,  W2^  and  7?/a 
are  independent  of  a and,  therefore,  the  flow  for  every  other 
value  of  a can  be  obtained  from  this  determination.  The 
calculations  can  be  graphical  or  analytical. 
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SUPERSONIC  FLOW  AROUND  CIRCULAR  CONES  AT  ANGLES  OF  ATTACK  ‘ 

By  Antonio  Ferri 


SUMMARY 

The  flow  around  cones  without  axial  symmetry  and  moving  at 
supersonic  velocity  is  analyzed.  Singular  points  are  shown 
to  exist  in  the  flow  around  the  cone  if  no  axial  symmetry  exists. 
The  results  of  the  analysis  are  applied  to  the  determination  of 
ilow  around  circular  cones  at  small  angles  of  attack.  The 
concept  of  a vortical  layer  around  the  cone  at  small  angles  of 
attCLck  is  introduced,  and  the  correct  values  of  the  first-order 
terms  of  the  velocity  components  are  determined. 

The  method  used  is  applied  to  cones  at  finite  angles  of  attack, 
and  it  is  sflown  that  good  agreement  with  experimental  results 
can  be  obtained  from  the  first-order  theory  if  the  complete 
equation  for  the  pressure  distribution  is  used. 

INTRODUCTION 

The  flow  around  a cone  having  a circular  cross  section  and 
moving  at  supersonic  speed  has  been  determined  by  means 
of  the  assumption  of  small  disturbances  or  by  means  of 
more  rigorous  methods  that  consider  the  existence  of  the 
shocks.  The  latter  methods  can  be  applied  for  any  Mach 
number  larger  than  unity  and  have  been  developed  by  several 
authors,  at  first  by  assuming  all  the  flow  as  potential  flow 
(references  1 and  2)  and  later  by  also  considering  the  variation 
of  entropy  due  to  the  change  in  angle  of  attack  (reference  3). 
By  means  of  the  development  given  in  reference  3,  values  of 
flow  properties  around  circular  cones  at  an  angle  of  attack 
have  been  tabulated  in  reference  4.  The  method  has  been 
extended  in  reference  5 to  larger  angles  of  attack. 

In  the  method  given  in  references  3,  4,  and  5,  the  flow 
properties  were  considered  continuous  and  were  developed 
in  Fourier  series  in  terms  of  the  angle  of  attack;  however, 
the  existence  of  a singular  point  at  the  surface  of  the  cone  was 
neglected.  The  derivatives  of  the  flow  properties  were 
obtained  by  differentiating  the  Fourier  series  term  by  term, 
and  the  terms  of  the  series  that  represent  the  derivatives 
were  assumed  to  be  of  the  same  order  as  the  corresponding 
terms  of  the  integral  quantities.  For  this  reason,  an  errone- 
ous distribution  of  the  entropy  at  the  surface  of  the  cone  was 
obtained. 

In  this  report,  the  flow  around  the  cone-in  the  general  case 
is  discussed,  the  existence  of  singular  points  in  the  flow  is 
proved,  and  a different  procedure  for  determiumg  the  flow 
around  cones  at  small,  but  finite,  angles  of  attack  is  devel- 
oped. This  procedure  shows  the  way  in  which  the  values 
tabulated  in  reference  4 can  be  used  if  a simple  correction 
is  introduced.  The  values  obtained  in  this  way  are  compared 
with  experimental  results  at  several  values  of  angle  of  attack. 


SYMBOLS 

r,  0 polar  coordinates  (see  fig.  1) 

Vr  polar  velocity  component  in  radial  direction 

(along  r),  referred  to  limiting  velocity  (see 

fig‘  1) 

Vn  polar  velocity  component  normal  to  in  meridian 

plane  0=Constant,  referred  to  limiting  velocity 
(fig.  1)  . 

w polar  velocity  component  normal  to  meridian 

plane  0=Constant,  referred  to  limiting  velocity 

(fig.  1) 

t time 

p pressure 

p density 

S entropy 

y ratio  of  specific  heats  (Cp/Cp) 

E=Cp—Cj, 

Cp  specific  heat  at  constant  pressure  . 

Cp  specific  heat  at  constant  volume 

a speed  of  sound 

L projection  of  streamline  on  sphere  r= Constant 

with  center  at  center  of  the  polar  coordinate 
system 

V local  velocity 

Vi  undisturbed  velocity,  referred  to  limiting  velocity 

Vi  limiting  velocity  (velocity  for  expansion  in  the 

vacuum) 

<r  semiapex  angle  of  conical  shock 

5 inclination  of  axis  of  conical  shock  with  respect 

to  free-stream  direction 

f]  inclination  of  axis  of  conical  shock  with  respect  to 

axis  of  body 
a angle  of  attack 

Subscripts: 

1 stream  conditions 

a‘  zero-order  terms  of  Fourier  series  (part  independ- 

ent from  angle  of  attack) 

b first-order  terms  of  Fourier  series  (part  propor- 

tional to  angle  of  attack) 

c higher-order  terms  of  Fourier  series  or  quan- 

tities at  surface  of  cone 

e quantities  at  external  surface  of  vortical  layer 

s quantities  for  polar  coordinate  system  having 

axis  coincident  with  axis  of  conical  shock 


Supersedes  NACA  TN  223C,  “Supersonic  Flow  around  Circular  Cones  at  Angles  of  Attack'^  by  Antonio  Ferri,  1950. 
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A prime  is  used  to  designate  the  terms  of  zero  order  in  the 
power  series  in  M for  the  quantities  in  the  neighborhood  of 
the  meridian  plane  O—tt;  two  primes  are  used  to  designate 
the  factor  of  the  term  containing  A6^/2  in  the  same  power 
series. 

THE  FLOW  FIELD  FOR  CONICAL  FLOW  WITHOUT 
AXIAL  SYMMETRY 

In  order  to  analj^ze  the  flow  field  for  conical  flow  without 
axial  symmetry  at  supersonic  speeds,  assume  a polar  co- 
ordinate system  CaU  Vr  the  velocity  component  in 

the  radial  direction,  Vn  the  velocity  component  in  the  direc- 
tion normal  to  r in  the  meridian  plane  0=Constant,  and  w 
the  component  normal  to  the  meridian  plane  (fig.  1) ; that  is, 


di 

rdyj/ 
dt 


Vn^ 


r-dO  . , 


If  the  flow  is  conical, 


^'-0 

br 

ii 

o 

■ ^-0 

br 

‘^-0 

br 

o 

II 

/O  I/O 

1^-0 

or 

For  these  conditions  Euler’s  equations  become 

bvr  , V)  bvr 


Vn 


Vn 


sm\p  bd 
bVn,  VO  bVn,l  bp 


^ 9 9 


Vn 


5^  sin  if  bQ  pbi/ 
bw  , w bw  , 


d ^+VrVn—VO^COt  rp—O 


(la) 

(lb) 


^ — ^+VrW  + v„wcoti/=0  (Ic) 


b\p  sin  i/  bo  p sin  yp  bd 
and  the  continuity  equation  becomes 

2pvrsm  4^+v„  siinA^^+P  sin  xp  VnP  cos 

bp  , bw  ^ 


(2) 


Because  the  energy  in  the  flow  is  constant,  the  following 
relations  must  apply:  ^ 


1 

/I  bp  p bp' 

7-1  ' 

\p  bd  p^  bd ^ 

^ 1 

/I  bp  p bp' 

7—1 

\p  bxp  p^  bxp. 

/o  + I , , bv„  , 

Vr{2 + + 

dw  / W^\  WVn/  bVn  p /4-v 

sin  \pb6\  a^J  \sin\p  bd^bxp  J ^ 

The  entropy  at  any  point  of  the  flow  can  be  expressed  as 

g = ^ loge  — / — ^ + Constant 
7 — 1 Pi\P/ 

where  p and  p are  the  local  quantities  and  pi  and  pi  the 
stream  quantities.  Therefore, 


•1  bS _1  bp  1 dp 


R bd  pbd  ^ p bd 
7 — 1 bS  1 bp  1 bp 
R b\p  p b\p  ^ p b\p  J 


(5) 


Combining  equations  (5)  with  equations  (1),  (2),  and  (3) 
results  in  the  following  expressions : 


bS  . , bw  bvr  bVn  , ■ , , , ' 

^ ^ = Sin  P ^-Vr  ^-Vn  -^  + VrW  Sin  x^  + VnW  COS 


a'  bS 


bVr  bw  , w bv„ 


yR  b\p  b\p  ^ b\p  ' sin  \p  bd 


+ VrVn  — V0^  cot  \p 


Equations  (6)  combined  with  equation  (la)  give 
. ,bS  bS 


(6) 


(7) 


Equation  (7)  is  general  for  any  conical  flow  and  defines  the  , 
lines  of  constant  entropy,  which  correspond  to  the  stream- 
lines. In  fact,  if  L is  the  streamline  projection  on  the  sphere 
given  by  r= Constant, 

dL  byp  dL'^  bd  dL^^ 
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and,  from  equation  (7), 


(; 


w 




d\l//L~Vn  sin  \p 


(8) 


At  the  surface  of  any  conical  body  the  component  of 
velocity  in  the  direction  normal  to  the  surface  is  zero  and 
the  stream  moves  tangentially  to  the  body;  therefore,  the 
entropy  at  the  surface  of  the  body  must  be  constant  or  must 
change  in  a discontinuous  way  (in  which  case  equations  (7) 
and  (8)  are  not  valid). 

THE  PROPERTIES  OF  CONICAL  FLOW  WITHOUT  AXIAL 

SYMMETRY 

In  order  to  analyze  the  properties  of  conical  flow  \vithout 
axial  symmetry,  consider  first  a polar  coordinate  SA^stem 
having  its  axis  coincident  with  the  axis  of  a circular  cone 
at  a small  angle  of  attack  (fig.  2)  and  assume  that  the  direc- 
tion of  the  undisturbed  velocity  Vi  is  in  the  plane  ^=0, 
^=7T,  In  this  case,  the  plane  0=0,  0=ir  is  a plane  of  s}un- 
metry  of  the  flow  and,  in  this  plane, 

-w—0 


and 


dVr 


= 0 


bVn 


be 


= 0 


bS 

be 


= 0 


Therefore,  equation  (7)  shows  that  in  the  plane  0=0,  0=7t 
the  entropy  is  constant.  At  the  surface  of  the  cone  (^=^c), 
the  normal  component  Vn  is  zero  and  therefore,  equation 

(7)  shows  that  the  entropy  remains  constant  also  along  the 
surface  of  the  cone  (^=^c)‘  Only  at  points  A and  B, 
(defined  by  0=0,  0=7t,  and  Vn~^0  and  w-^0;  therefore. 


equation  (7)  is  indeterminate.  Because  the  body  is  at  an 
angle  of  attack,  the  axis  of  conical  shock  does  not  remain 
coincident  with  the  direction  of  the  velocit}^  Vi,  and  the 
entropy  in  the  plane  0=0  must  be  different  from  the  entropy 
in  the  plane  0=7t.  The  entropy  at  the  cone  surface  therefore 
must  be  different  from  the  entropy^  at  the  plane  0=0,  from 
the  entropy  at  the  plane  0=7t,  or  from  both.  In  this  case, 
where  w=0  and  i;„=0,  a discontinuity  of  entrop}’’  must  exist 
either  at  A or  B or  both  points. 

In  order  to  find  a relation  between  the  value  of  the  entropy 
at  the  surface  of  the  cone  and  the  values  of  the  entropy  in 
the  meridian  plane  0=0,  0=7t,  the  following  considerations 

canbeused:  In  the  meridian  plane(0=O,0=7r),  ay,  ^^jand^^ 

are  zero  because  the  plane  is  a plane  of  symmetry  of  the  flow 

bS 

field  and,  from  equation  (7),  ^^=0.  Therefore,  in  the  plane 

of  S3mmetry  in  the  zone  outside  of  the  singular  points  A 
and  B, 

V b0V  Vn  sin  yp  50^ 


(9) 


For  the  case  considered,  the  velocity  component  Vn  is  nega- 
tive at  the  shock  or  at  the  Mach  cone  and  remains  negative 
throughout  the  field,  until  it  becomes  zero  at  the  surface  of 

b^S 

the  cone;  therefore,  the  value  of  tends  to  increase  in 

absolute  value  as  yp  decreases  from  the  value  corresponding 
to  the  value  at  the  surface  of  the  shock  to  the  value  at  the 

surface  of  the  cone  when  ^ is  negative  and  tends  to  decrease 


when  ^ is  positive. 


0=0 


Shoch  wove 


0-0 


Figure  2. — The  singular  points  at  the  surface  of  the  cone. 
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Because  the  entropy  remains  constant  along  each  stream- 

line,  the  decrease  of  the  absolute  value  of  as  yp  decreases 

corresponds  to  a departure  of  projection  of  the  streamlines 
on  the  sphere  r=Constant  from  the  plane  of  symmetry;  but? 

if  is  of  sign  opposite  to  the  projection  of  the 

streamlines  on  the  sphere  r= Constant  tends  to  converge 
toward  the  plane  of  symmetry  as  \p  decreases  from  the  value 
at  the  shock  to  the  value  at  the  surface  of  the  cone. 

Now,  with  the  convention  used  in  figure  2,  the  component 
w is  negative  throughout  the  field  and  is  zero  at  0=0  and 

0=7T.  Therefore,  ^ is  negative  in  the  zone  0=0  but  is 


positive  in  the  zone  d—r,  and  the  streamline  projection  tends 
to  converge  toward  the  zone  of  point  A and  diverge  from 
the  zone  of  point  B.  Because  of  the  departure  of  the  stream- 
lines from  the  plane  0=7t,  the  entropy  in  zone  B remains 
constant  and,  therefore,  the  entropy  at  the  surface  of  the 
cone  is  equal  to  the  entrop}^  at  the  meridian  plane  0=7t;  at 
point  A a discontinuity  of  entropy  exists  from  the  value 
corresponding  to  the  plane  0=0  to  the  larger  value  existing 
in  the  plane  6=t.  All  the  projections  of  the  streamlines 
converge  at  point  A where  the  entropy  is  not  single-valued. 
Because  Vn  approaches  zero  near  the  cone,  equation  (8) 
shows  that  all  the  streamline  projections  tend  to  become 
parallel  to  the  line  ^= Constant  in  the  zone  near  the  cone 
and  converge  at  A.  The  value  of  Vn  in  the  meridian  plane 
0=0  can  change  sign  and  can  be  positive  in  the  neighbor- 
hood of  the  point  A (case  of  large  angles  of  attack).  In  this 
case  the  right-hand  side  of  equation  (9)  changes  sign  and 
the  singular  point  moves  away  from  A in  the  meridian  plane 
0=0  and  occurs  at  the  other  point  of  the  meridian  plane 
where  Vn  is  also  zero.  (At  the  shock  or  at  the  Mach  wave 
Vn  is  negative;  therefore,  another  singular  point  where  v„=0 
must  exist.) 

It  is  interesting  to  observe  that  singular  points  must  exist 
in  any  supersonic  conical  flow  without  axial  symmetry. 
Considerations  similar  to  those  used  for  the  case  of  circular 
cones  at  an  angle  of  attack  can  be  extended  to  other  cases, 
and  it  can  be  shown  that  the  streamlines  that  are  tangent 
to  the  body  start  from  points  of  the  shock  and  meet  the 
body  at  points  where  the  component  of  velocity  perpen- 
dicular to  the  radius  and  tangent  to  the  body  vanishes  and 

has  a positive  derivative  in  the  streamline  direction  (^equiva- 


lent to  the  condition  of 


positive  ^)- 


Convergency  of 


streamlines  occurs  and,  therefore,  the  points  are  singular  at 
the  points  where  this  component  vanishes  and  has  a negative 
derivative  in  the  direction  tangent  to  the  body,  while  the 
component  normal  to  the  body  also  vanishes  and  has  a 
negative  derivative  in  the  direction  normal  to  the  body 

^equivalent  to  ^?„=0  and  negative^* 

For  example,  the  conical  body  of  figure  3 has  two  planes 
of  symmetry,  AA'  and  BB'  when  w and  Vn  are  zero,  but  at 

the  points  BB',  ^ is  positive,  while  at  AA',  it  is  negative. 


Therefore,  because 


dVn 


is  negative  at  AA'  and  BB',  the 


points  AA'  are  singular  points  and  thelentropy  at  the  surface 
of  the  body  is  determined  by  the  shock  strength  at  the 
points  CC'. 


DETERMINATION  OF  THE  FLOW  AROUND  CIRCULAR  CONES 
AT  SMALL  ANGLES  OF  ATTACK 

In  order  to  determine  the  flow  around  circular  cones  at 
small  angles  of  attack,  consider  a polar  coordinate  system, 
the  axis  of  which  is  coincident  with  the  body  axis.  At  the 
surface  of  the  body  the  velocity  component  Vn  is  zero  and  in 
the  neighborhood  of  the  body  is  very  small;  therefore,  the 
terms  vj/a^  can  be  neglected  with  respect  to  unity. 

If  the  angle  of  attack  is  small,  the  component  w is  also 
small  and  the  terms  can  also  be  neglected.  On  the 

basis  of  this  approximation,  in  the  neighborhood  of  the  body 
equation  (4)  can  be  expressed  as 

(10) 

This  equation  permits  a particular  solution  of  this  type 
chosen  from  physical  considerations 


Vr~Vr  -\-OtVr  COS  0+^yr  COS  1/10 

a b - c 

Vn  = Vn^+OCVn^  COS  0 + Sy«,  COS  TYld  ^ (1^) 

w = aWb  sin  0+S'^c  cos  m0  ^ 

where  ^ functions -only  of  are 

constant  for  constant  values  of  and  must  be  chosen  in  a 
form  that  satisfies  the  boundary  conditions. 

Consider  now  a conical  shock  having  circular  cross  section 
and  semiapex  angle  <r  (fig.  4) . Consider  the  cone  inclined  at 
an  angle  8 with  respect  to  the  undisturbed  velocity  with  a 
polar  coordinate  system,  the  axis  of  which  is  coincident  with 
the  axis  of  the  conical  shock.  If  and  Wg  are  the 

velocity  components  referred  to  the  limiting  velocity  Vi  in 
the  new  coordinate  system  (r„  ypg,  0,),  from  the  shock-wave 
relations  the  following  equations  result: 

V,  = Vi  cos  8 cos  0-  + Fi  sin  8 sin  a cos  0, 


— tv  = 


7 — 1 


Ws—  — Vi  sin  8 sin  0* 

l—Vr  ^ — 


* y-\-l  Vi  cos  8 sin  (t  — V\  sin  8 cos  <x  cos  0, 


If  8 is  assumed  to  be  small  and  terms  of  the  order  of  6^  are 
neglected,  these  equations  become 


Vr^—  Vi  cos  o-  + 5Fi  sin  <T  cos  0« 
Wg=  — Vi8  sin  dg 

7 — ] 


7 + 


1 /I  — Fi^cos^(t\ 

T V Fi  sin  <7  / 

1 \ Vi  sm*  (7  / J 


(12) 
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Figure  3.— The  singular  points  at  the  surface  of  a cone  in  supersonic  flow  without  axial  symmetry. 


Figure  4.— -The  position  of  the  conical  shock  with  respect  to  the  conical  body. 


The  flow  behind  a circular  conical  shock  inclined  at  a small 
angle  6 with  respect  to  the  undisturbed  stream  can  therefore 
be  expressed  in  the  form 


cos  Ss  ^ 

Wg^dWb^sm  dg  > 


(13) 


where  all  the  terms  containing  and  Wt  are  small, 

that  is,  of  the  order  of  5. 

If  the  axis  of  the  conical  coordinates  is  rotated  at  an  angle 
7}  of  the  same  order  as  the  angle  5 and  terms  of  the  order  of  6^ 


are  neglected,  the  velocity  components  Vrj  and  w referred 
to  the  new  axis  (fig.  4)  become 


where  the  coordinate  referred  to  the  new  axis,  is  given  by 
cos  0=cos  6g~rj  cot  sin  ^0, 

Equations  (14)  show  that  the  flow  behind  a circular 
conical  shock  inclined  at  a small  angle  5 with  respect  to  the 
direction  of  the  undisturbed  stream  and  at  an  angle  rj  with 
respect  to  a conical  body  can  also  be  expressed  in  the  form 
given  in  equations  (11)  where,  if  the  angles  rj  and  5 are 
small  and  the  terms  of  the  order  of  and  5^  are  neglected, 
only  the  terms  having  the  subscripts  a and  b must  be  con- 
sidered. Therefore,  equations  (11),  when  the  terms  mth 
the  subscript  c are  neglected,  are  valid  for  small  angles  of 
attack  (a  = 5— 1?),  and  a conical  circular  shock  is  consistent 
with  the  solution  chosen  for  the  flow  around  the  body.  At 
the  surface  of  the  cone  the  assumption  that  is  small 
corresponds  to  the  assumption  that  only  the  first-order  terms 
of  angle  of  attack  are  considered.  The  conical  shock  is 
inclined  at  an  angle  t)  with  respect  to  the  circular  cone. 

This  analysis  is  similar  to  the  analysis  of  references  2 and 
3.  No  assumption,  however,  has  been  introduced  for  the 
entrop}^  distribution;  only  the  velocity  components  have  been 
considered  to  be  in  the  form  of  equations  (11),  and  no 
limiting  assumption  has  been  introduced  for  the  derivatives. 
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•In  reference  3,  in  addition  to  the  equations 

Vr^Vr+aVr.  COS  6 


the  expressions 


'0n='^nf,-\-OiVnf,  COS  6 

w — aWb  sin  9 
p=Pa+(xPb  cos  9 
P = Pa+ap6  cos  9 
S = Sa+aSb  COS  9 


(15a) 

(15b) 

(15c) 

(16a) 

(16b) 

(16c) 


have  been  used,  and  the  derivatives  of  entrop}^,  pressure, 
and  density  have  * been  obtained  from  differentiation  of 
equations  (16).  In  this  way  a solution  has  been  found  which 
gives  values  of  entropy  that  are  variable  along  the  cone 
surface  and  are  constant  in  each  meridian  plane,  while  the 
entropy  actually  remains  constant  along  the  cone  surface 
and  changes  in  the  meridian  plane.  An  incorrect  entropy 
distribution  has  therefore  been  obtained  at  the  surface  of 
the  body. 

In  order  to  analyze  in  more  detail  the  significance  of  equa- 
tions (16)  and  their  inconsistency  with  the  approximation 
considered  in  references  2 and  3,  consider  equation  (7).  In 

dS 

the  plane  of  symmetry  9=0  or  P=7t,  therefore, 

Sa-\-aSt,  or  Sa—aSb  of  equation  (16c)  must  remain  constant. 

Consider  now  the  plane  9=ir  and  express  the  entropj^  S 
in  the  form 

S=S'-S"^  (17) 

which  satisfies  the  condition  of  symmetry.  Because  of 
equation  (7),  - ' 

dS' 


= 0 


and,  from  equations  (16)  and  (17), 

S'  = Sa-aSb 

and 

aSb=-S" 

From  equations  (7)  and  (17), 


(18) 

(19) 

(20) 


bS"  Ae^\ 

a^  2 ) 

6S' 

However,  ^-r=0:  therefore, 
A6  i>S" 

wS" 

2 5^ 

Vn  sin  ^ 

or,  siace  from  equation  (15c) 

W=  — aWb  ^ 

aWbS" 

Vn  sin  yp 

By  use  of  equation  (20),  in  the  neighborhood  of  the  plane 

9=7Tj 

dSb_2WbSba^  _ 2aWi,S" 

'64/  Vn  sin  ^ Vn  sin 


In  reference  3,  the  term 


wS" 


has  been  considered  every- 


Vn  sin  4/ 

where  to  be  of  the  order  of  and  has  been  neglected;  hence, 


^Sb  ^ J 6Sg 

= 0 and  -:^=0* 


However,  neglecting  this  term  is  cor- 


64^  5^ 

rect  onl}^  when  the  ratio  Wb/Vn  is  of  an  order  different  from 
1/a  and,  therefore,  when  |?;„|>‘0.  Near  the  surface  of  the 

6S^' 

cone,  Vn  approaches  zero  and,  therefore,  the  term  be- 
comes large  and  cannot  be  neglected.  The  extent  of  the 

6S^' 

field  around  the  cone  where  the  term  -r—  is  of  the  order  of 

04/ 

OL  can  be  easily  determined. 

Consider  a polar  coordinate  system  having  its  axis  coin- 
cident with  the  axis  of  the  cone.  At  the  surface  of  the  body 
Vn  is  zero;  therefore,  in  the  neighborhood  of  the  body  the 
velocity  component  Vn  can  be  expressed  in  the  form 


or,  by  use.  of  equation  (10),  in  the  form 

’•=-(2"’+shrf55)  (''*>* 


(21) 


Therefore,  Vn  is  of  the  order  of  a when  (A^)^  is  of  the  order 
of  a.  In  this  conical  layer  of  thickness  (A^)^  of  the  order  of 
6S^^ 

is  also  of  the  order  of  a or  larger.  In  this  layer,  which 


^ 64^ 


6Sn 


can  be  called  the  vortical  layer,  the  term  also  is  of  the 

6S 

order  of  a because  from  equations  (18)  and  (19)  can  be 


shown  to  be  of  the  same  order  as 


6S" 

64/ 


In  order  to  investigate  the  effect  of  this  vortical  layer  on 
the  velocity  and  pressure  distribution  at  the  surface  of  the 
cone,  consider  equations  (2),  (4),  (6),  and  (7).  If  the  velocity 
components  in  the  neighborhood  of  the  meridian  plane  9=t 
are  expressed  as 


, „ 
»r  = »r Y 

(22a) 

V„  = Vn Y 

(22b) 

w=w"  (a<»-^") 

(22c) 
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the  following  expressions  can  be  obtained: 


bS"  2w"S' 


bw" 


1 


b\j/  v„'  sin 


b\(f  Vn'  sin  \p 
“ Vn  \sm  / 

(^v/v/'  + Vn'Vn"  + V>”v/  Sill  xlz  + Vn'w”  COS 


bVn"  1 

2B 

fVn'Vn" 

1 

o 

0 

It 

1 

w" 

f2w"^  2vn'Vn”  2v„'  sin  4>  ^va"\ 

, 2Vr'w"^ 

.^'1' 

1 

sin  ^ 

L a'2  a’^  ‘ a'^  bi  } 

a'^ 

(23) 

(24) 

(25) 

(26) 


where 


A= 


-v/v/'- 


-Vn'Vn"+w"^y-l 


V,'+Vn'  cot  \p- 


W 


B=  — 


sin  4' 


1 — 


Vn 


and 


brP 


a'^  1 bSg 
V,  yR  dif- 


(27) 


(28) 


(29) 


Therefore,  all  the  derivatives  of  the  velocity  components 
of  zero  and  first  order  are  affected  by  the  entropy  variation 

in  the  meridian  plane.  The  terms  and  are  of  ’the 

order  of  a in  a laj^er  of  thickness  a near  the  surface  of  the 

cone.  In  this  layer  they  change  the  value  of  of  quantities 

of  the  order  of  a and  the  pressure  at  the  surface  of  the  cone 
of  quantities  of  the  order  0/a^.  The  only , place  where  the 

temis  and  -^rr  are  of  zero  order  is  near  the  surface  of 
o\l/  o\l/ 

the  cone  in  a layer  of  thickness  a^,  where  Vn  tends  to  the  order 
d/a^  (equation  (9)).  Because  the  effect  of  this  vorticose 
layer  existing  at  the  surface  of  the  cone  on  the  pressure  is 
of  the  order  it  can  be  considered  in  this  approxima- 
tion, which  neglects  terms  of  the  order  of  or  higher, 
that  across  this  layer  the  pressure  distribution  remains 
constant,  but  an  abrupt  variation  of  entropy  occurs;  there- 
fore, in  this  approximation  the  phenomenon  can  be  repre- 
sented as  in  references  3 and  4,  where  the  entropy  remains 
constant  in  every  meridian  plane  until  a vortical  layer  of 
infinitesimal  thickness  is  reached  at  the  surface  of  the  cone 
across  which  a variation  of  entropy  occurs  from  the  value 
Sa+otSb  cos  0 to  the  value  Sa—otSt,  that  exists  at  the  surface 
of  the  cone.  Across  the  layer  a variation  of  density  and 
velocity  components  occurs  and  can  be  easily  determined. 

Let  Vr^j  We,  Se,  Pe,  Pej  and  Ue  be  the  quantities  at  the  external 
surface  of  the  layer  (these  are  the  quantities  tabulated  in 


reference  4)  and  Vr^,  Wc,  Sc,  Pa  and  pc  be  the  quantities  at  the 
surface  of  the  cone.  Because  it  has  been  shown  that 


then 


Pe  = Pc 

Vr^^rW^-Vr^  — W^^- 


Se-Sc 


7 — 1 


(30) 

(31) 


where  Sg  — Sc  is  the  entropy  jump  across  the  layer. 
Now, 

Vr=Vr^-{-(XV.r^  COS  d 

w = aWb  sin  6 
and  in  the  plane  9—ir 

Vrg^Vr, 

We  — Wc  = 0 

Se=Sc 


or 


{Vr^-aVr^)=(Vr^-aVr,)=v/^ 

(Sn-aS,)=(Sn-aS,)=S'  j 


(32) 


Therefore,  if  terms  of  the  order  of  are  neglected,  equation 
(31)  becomes 


1 

p 


or 


7 — 1 c 


(33) 

(34) 


However,  from  equation  (la),  at  the  surface  of  the  cone, 

bVr 


or 


w= 


Wb= 


sin  \l/  bd 
sin 


(35) 


therefore,  the  values  of  Vr.  and  Wb  can  be  determined  from 
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equation  (34)  and  from  the  tables  of  reference  4 where 


and 


(36) 

\pa  Pa/ 

(37) 

The  values  and  Wt,  having  been  determined,  the  values 

of  Vr  and  w can  be  obtainad  at  any  part  of  the  cone  from 
equations  (15). 


THE  NUMERICAL  DETERMINATION  OF;  THE  FLOW  FIELD 
AROUND  CONES  AT  SMALL  ANGLES  OF  ATTACK 

The  method  presented  permits  the  determination  of  the 
pressure  distribution  around  the  cones  with  the  assumption 
that  the  terms  of  the  order  of  can  be  neglected.  The 
pressure  at  any  point  can  be  obtained  from  the  equation 


1 AS 

e 


(38) 


where  V is  the  local  velocity  corresponding  to  the  pressure  p 
and  AS  is  the  increase  of  entropy  with  respect  to  the  stream 
conditions  where  p\  and  T^i  exist.  From  equations  (15), 
is  found  to  be 


V^=VrJ-\-a^Vr^^  cos^  0+2az;r^z?rftCOS  d-\-a‘^Wb^  sin^  6 (39) 

However,  in  equation  (39)  the  terms  of  the  order  of  a* 
having  the  form  2vr^Vr^  cos  mS  have  been  neglected  (see 
equations  (11)).  If  all  the  terms  of  the  order  of  are 
neglected,  becomes 

V^=VrJ^-\-2aVr^Vrf^COS  6 (40) 

Equations  (39)  and  (40)  are  different  in  terms  of  the  order 
of  a^;  however,  for  finite  angles  of  attack  good  agreement  is 
obtained  only  if  equation  (39)  in  which  some  of  the 
terms  are  retained  is  used  in  equation  (38). 

The  reason  for  the  better  approximation  given  by  equation 
(39)  can  be  understood  if  the  magnitude  of  the  terms  con- 
taining in  the  expression  of  is  considered.  Along  the 
surface  of  the  cone,  aWt  is  given  by 


aWt, 


sin^c 


(41) 


For  a finite  value  of  a and  a small  value  of  is  of 

the  same  order  as  aVrj^  because  sin^^c  is  also  small;  therefore, 
c^Wt,^  can  have  an  effect  on  the  velocity  and  .pressure  dis- 
tribution of  the  same  order  as  the  term  ocVr^Vr^  which  is -the 


only  term  retained  in  equation  (40).  Because  the  term 
aW  is  correct  and  significant,  it  can  still  be  retained  also 
when  other  terms  in  are  neglected  and,  therefore,  equa- 
tion (39)  is  the  expression  that  must  be  used  for  finite  angle 

of  attack.  ^For  example,  for  a 10°  cone  (^<.—  10°)  sin^c=^  * 

and  ^^=1  for  a=l,75°,  which  can  be  considered  a small 
sim^ 

angle.^ 

In  reference  3,  equation  (16a)  has  been  used  in  the  deriva-. 
tion  of  the  method;  however,  the  use  of  this  equation  is  not 
necessary,  as  is  briefly  shown  in  the  following  paragraph. 

Consider  a conical  circular  shock  having  the  semiapex 
angle  (j  and  inclined  at  an  angle  6 with  respect  to  the  undis- 
turbed stream.  In  the  neighborhood  of  the  plane  ^=7t  the 
velocity  components  can  be  expressed  as  iii  equations  (22) 
and  at  the  shock  are  given  by  (from  equations  (12)) 


v/  = Vi  cos  (X—Vi8  sin  a 

(42) 

Vr"=  — dVi  sin  O' 

(43) 

w"  = V,8 

(44) 

Vn  ‘ 


7—11  — Vi^  COS^  <r 


7+1  Fi  sin  O' 

7“1  t X l~Fl^COS^O-\ 

1 V Vi  SUV  a / 

1 - cos^  (7 


7 + 

= ^JCOS<.( 


-2Fi  + 


) 


Vi  sin^  (T 

and  5"  and  S''  are  given  by 

S'  = c,  log,  |l+(^M,^+l)  [F,^sin^(<r-t-6)-z;,H|  + 


(45) 

(46) 


(Cp  — c,)  loge 


— Vn 


Vi  sin  (o-  + 5) 


(47) 


S"=2d 


1 


TT2  • f'^n 

Vi  COS  <T  Sin  a—Vn 
— h Vi^  sin^ <r—Vn'^ 


(48) 


All  the  velocity  components  are  referred  to  the  limiting 
velocity,  and  Vi  is  the  undisturbed  velocity  also  referred  to 
the  limiting  velocity. 

In  the  meridian  plane  d=Tr  the  entropy  S'  is  constant; 
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therefore  when  t«=0,  from  equation  (la), 


bv/ 

b<{> 


= Vn 


(49) 


If  equation  (4)  is  applied  to  the  meridian  plane  fl=ir  and 
equation  (21)  is  used,  the  radius  of  the  hodograph  diagram 
at  any  value  of  ^ smaller  than  <r  is  given  by  (reference  6) 


values  of  reference  4 for  the  conditions  outside  the  vortical 
layer,  and  the  pressure  at  the  surface  of  the  cone  has  been 
determined  in  the  following  way: 

From  tables  of  reference  4 the  value  of  S/a  has  been  deter- 
mined (S/f  of  tables).  The  position  ^ in  the  plane  d=T  of 
the  conical  bodj'  in  the  shock  coordinate  system  is 


(Rh=- 


v/+v„'  cot 
a'^ 


where 


7 — 1 


a'‘=l—v/^  — Vn 


(50) 


(51) 


Therefore,  at  the  point  yp—Ayp  in  the  meridian  plane  0 = 

sin  A\I/+(v/—R)^  cos  Ai/^+(/i)^  (52) 

and 

(Vn'h-^ri.  = (:Va%  COS  A\l/+(v/—Rh  sin  (53) 

From  equations  (50)  to  (53),  the  velocity  components  v/ 
and  Vn  can  be  determined  if  the  component  w"  is  known  in 

the  meridian  plane  6=r.  Since  is  given  by  equation 

(25),  the  value  of  w"  can  be  determined  for  any  value  of 
But  Vr^  and  Vn^  are  the  quantities  obtained  for  zero  angle  of 
attack  at  the  same  coordinate  ^ of  a coordinate  system  in 
axis  with  the  conical  shock,  and 

V/'  = V/—Vr^ 

therefore,  the  entire  flow  field  can  be  determined  until  Vn' 
becomes  0.  The  value  of  ^ for  which  Vn  =0  corresponds  to 
6 and,  therefore,  gives  the  value  of  a. 

Considerations  similar  to  those  used  for  cones  can  be  used 
for  the  characteristics  method  presented  in  reference  6.  In 
this  case  the  pressure  at  the  surface  of  the  body  can  be 
obtained  from  the  complete  equations,  and  the  vortical 
layer  must  be  considered  in  order  to  obtain  the  correct  distri- 
bution of  entropy.  The  application  is  the  same  because  the 
entropy  does  not  change  along  each  streamline. 


COMPARISON  WITH  EXPERIMENTAL  RESULTS 

In  order  to  have  an  indication  of  the  accuracy  that  can  be 
expected  from  the  first-order  theory,  theoretical  results  have 
been  compared  with  some  experimental  results  available. 
The  theoretical  results  have  been  obtained  b}^  using  the 


The  value  of  Vr^  at  fc+a— 5 has  been  determined  from  the 

/ .-10  (^~^)^\ 
tables  of  reference  4(  2;^  at  yp  is  given  by  Us^^Us  — 2 — j 

The  value  of  Vr"  has  been  obtained  from  the  tables  in  shock 
coordinates 

Then  and  {wt,)c  in  the  body  coordinate  sys- 

tem have  been  obtained  by  means  of  equations  (32),  (34), 
and  (35). 

From  equation  (36)  Sj,  has  been  obtained  (it  has  a negative 
value),  and  from  tables  of  reference  7 Sa  can  be  determined — 
for  example,  from  the  value  of  the  angle  of  the  shock  obtained 
from  reference  7 — and 

AS^Sa-ccS,  (66) 


The  pressure  has  been  obtained  from  equation  (38). 

In  figure  5 a comparison  is  presented  for  a cone  of  ^^=7.5° 
at  M=  1 .6  and  four  angles  of  attack.  The  experimental  data 
are  obtained  from  tests  performed  in  the  Langley  4-  by  4-foot 
supersonic  tunnel.  For  comparison  the  values  given  by 
reference  4 and  by  linear  theory  are  also  shown.  In  figure  6 
a comparison  is  presented  for  a cone  of  ^^=10®  at  A/=6.86 
and  two  angles  of  attack.  . The  experimental  data  have  been 
obtained  from  tests  performed  at  the  Langley  11-inch  hyper- 
sonic tunnel.  The  agreement  in  both  cases  is  good,  even  at 
angles  of  attack  where  it  would  be  expected  that  higher-order 
terms  would  be  important. 

CONCLUDING  REMARKS 

The  flow  around  cones  without  axial  symmetry  at  super- 
sonic velocity  has  been  analyzed.  Singular  points  which 
complicate  the  analysis  of  the  flow  field  were  shovm  to  exist 
in  the  flow.  The  results  of  the  analysis  were  applied  to  the 
determination  of  the  flow  around  circular  cones  at  an  angle 
of  attack.  The  concept  of  a vortical  layer  around  the  cone 
at  small  angles  of  attack  has  been  introduced,  and  the  correct 
values  of  the  first-order  terms  of  the  velocity  components 
were  determined. 


I 


Pressure  coefficient 


SUPERSONIC  FLOW  AROUND  CIRCULAR  CONES  AT  ANGLES  OF  ATTACK 
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Figure  6.— Comparison  ot  experimental  pressure  distribution  over  the  surface  of  a cone  with  the  theoretical  pressure  distribution.  #•.=10'’;  M=6.86.  (Experimental  values  for  two  different 

^ values  of  r along  the  cone  surface;  data  obtained  from  the  Langley  1 1-inch  hypersonic  tunnel.) 


The  method  determined  was  applied  to  cones  at  finite 
angle  of  attack,  and  it  is  shown  that  good  agreement  with 
experimental  results  can  be  obtained  from  the  first-order 
theory  if  the  complete  equation  for  the  pressure  distribution 
is  used.  The  analysis  can  be  extended  to  the  application  of 
the  characteristics  method  around  bodies  of  revolution  at 
small  angles  of  attack. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  26^  1960. 
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A GENERAL  INTEGRAL  FORM  OF  THE  BOUNDARY-LAYER  EQUATION  FOR  INCOMPRESSIBLE 
FLOW  WITH  AN  APPLICATION  TO  THE  CALCULATION  OF  THE  SEPARATION 
POINT  OF  TURBULENT  BOUNDARY  LAYERS  ‘ 

By  Neal  Tetervin  and  Chia  Chiao  Lin 


SUMMARY 

• A general  integral  jorm  oj  the  houndary-layer  eguation  is 
derived  Jrom  the  Prandtl  2^(^'^l''^^l‘diferential  houndary-layer 
eguation.  The  general  integral  eguation,  valid  jor  either 
laminar  or  turbulent  incom'pressihle  houndary-layer  flow,  con- 
tains the  Von  Kdrmdn  momentum  eguation,  the  kinetic-energy 
eguation,  and  the  Loitsianskii  eguation  as  sfecial  cases. 

In  an  atterngd  to  obtain  a 'practical  method  Jor  the  calculation 
oJ  the  development  oj  the  turbulent  boundary  layer,  use  is  made 
of  the  experimental  finding  that  all  the  velocity  profiles  oj  the 
turbulent  boundary  layer  jorm  essentially  a single-parameter 
jamily.  The  general  eguation  is  thereby  changed  to  a simpler 
one  jrom  which  an  eguation  jor  the  space  rate  oj  change  oj  the 
shape  parameter  oj  the  turbulent  boundary  layer  can  he  obtained. 

The  resulting  eguation  jor  the  space  rate  oj  change  oj  the 
velocity-profile  parameter  is  restricted  by  the  assumption  that 
the  velocity  profiles  oj  the  turbulent  boundary  layer  can  he 
approximated  by  power  profiles.  Two  oj  the  resulting  egua- 
tions  are  used  to  calculate  the  distribution  oj  the  profile  shape 
parameter  over  an  airjoil  jor  one  experimentally  determined 
pressure  distribution.  Although  different  assumptions  were 
tried  jor  the  shearing  stress  across  the  boundary  layer,  the  calcu- 
lated distribution  oj  the  irrofile  shape  parameter  did  not  agree 
exactly  with  the  experimental  distribution. 

An  examination  is  made  oj  the  effect  oj  using  the  experi- 
mentally determined  single-parameter  jamily  oj  velocity  proiiles 
instead  oj  the  power  profiles  on  certain  junctions  that  occur  in 
the  eguation  jor  the  space  rate  oj  change  oj  the  velocity-proiile 
parameter.  One  calculation  oj  the  distribution  oj  the  profile 
shape  parameter  over  an  airjoil  is  also  made  jor  the  experi- 
mentally determined  pressure  distribution  by  using  the  single- 
parameter jamily  oj  velocity  profiles  jound  jrom  experiment. 
A comparison  oj  the  results  with  those  oj  a calculation  made 
with  the  same  assumptions  except  jor  the  use  oj  power  profiles 
shows  some  difference  near  the  separation  point.  It  is  believed, 
however,  that  the  apparent  lack  oj  reliability  oj  the  specific 
eguaiions  used  to  make  the  calculations  is  caused  mainly  by 
the  lack  oj  precise  knowledge  concerning  the  surjace  shear  and 
the  - distribution  oj  the  shearing  stress  across  the  turbulent 
boundary  layer.  The  present  analysis  emphasizes  the  need 
jor  injormation  concerning  the  shearing  stresses  in  turbulent 
boundary  layers. 


INTRODUCTION 

An  outstanding  problem  in  aerod\mamic  theory  is  to  cal- 
culate whether  the  flow  will  separate  from  the  surface  of  a 
specific  body  and,  if  so,  where  the  separation  ^vill  occur. 
The  concept  of  the  boundary  layer  and  the  equations  that 
describe  the  flow  in  it,  introduced  by  Prandtl  (reference  1) 
and  first  worked  out  in  some  detail  by  Blasius  (reference  2),  * 
reduce  the  problem  to  solving  the  Prandtl  boundar^^-layer 
equation  when  the  flow  is  laminar.  Because  of  the  mathe- 
matical difficulty  of  solving  the  equation,  approximate 
methods  were  developed  for  the  calculation  of  the  properties 
of  the  laminar  boundary  layer  (reference  3),  In  some  of 
these  methods,  for  example,  the  Pohlhausen  method  (refer- 
ence 3)  and  the  Wieghardt  method  (reference  4),  a functional 
form  is  chosen  for  the  velocit}^  distribution  through  the 
boundary  layer  and  is  combined  with  either  the  Von  Karman 
momentum  equation  alone  (reference  5)  or  with  both  the 
Von  Karman  momentum  equation  and  the  kinetic-energy 
equation  (reference  4).  The  result  is  the  replacement  of  the 
Prandtl  partial-differential  equation  by  one  ordinary  differ- 
ential equation  in  the  Pohlhausen  method  and  by  two  ordi- 
nary differential  equations  in  the  Wieghardt  method.  A 
solution  of  the  ordinar}^  differential  equation  or  equations 
provides  the  boundary-layer  velocity  profiles  along  the  body.. 
These  and  other  approximate  methods  that  use  only  the 
Von  Karmdn  momentum  equation,  or  the  momentum  and 
kinetic-energy  equations  together,  do  not  satisfy  exactly  the 
Prandtl  boundary-layer  equation. 

Because  the  flow  in  the  boundary  la^^er  is  more  often 
turbulent  than  laminar  in  cases  encountered  in  engineering, 
the  problem  of  calculating  the  separation  point  is  of  even 
more  importance  for  turbulent  than  for  laminar  boundary 
layers.  In  spite  of  the  importance  of  the  problem,  however, 
less  progress  has  been  made  in  the  development  of  methods 
for  the  calculation  of  the  behavior  of  turbulent  boundary 
layers  than  for  laminar  boundaiy  layers.  The  lack  of 
progress  stems  from  the  absence  of  an  explicit  independent 
equation  for  the  shearing  stress  that  is  accurate  enough  to 
lead  to  a description  of  the  flow  when  used  wfith  the  Prandtl 
equation. 

The  main  attempts  to  obtain  methods  for  the  calculation 
of  the  behavior  of  the  incompressible  turbulent  boundary 


1 Supersedes  NACA  TN  215S,  “A  General  Integral  Form  of  the  Boundary-Layer  Equation  for  Incompressible  Flow  with  an  Application  to  the  Calculation  of  the  Separation  Point  of  Tur- 
bulent Boundary  Layers”  by  Neal  Tetervin  and  Chia  Chiao  Lin,  1950. 
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la3^er  in  the  presence  of  pressure  gradients  are  those  of 
references  6 to  12.  The  results  of  these  attempts  are  unsatis- 
factoiy  either  because  the  assumptions  upon  which  they  rest 
are  incorrect  or  because  the  equations  used  to  make  cal- 
culations were  not  derived  from  the  bound ar^’^-la^'^er  equations. 

The  analj^sis  of  reference  6 is  based  on  the  assumption  that 
the  velocity  profile  is  a single-valued  function  of  the  ratio  of 
the  pressure  gradient  to  the  skin  friction,  an  assumption 
showm  to  be  incorrect  by  later  investigators  (for  example,  see 
reference  12).  In  the  anatyses  of  references  7,  10,  11,  and 
12  the  momentum  equation  is  used,  together  with  an  auxil- 
iaiw  equation,,  to  calculate  the  distribution  of  velocity  pro- 
files over  a surface.  In  each  of  these  four  methods  the 
auxiliar}"  equation  is  not  derived  from  the  boundar3Ma3"er 
equations  but  is  empirical. 

In  reference  8,  the  equation  that  gives  the  variation  of 
the  mixing  length  across  a pipe  (reference  3)  was  used  to 
calculate  the  velocity  profiles.  The  fact  that  the  mixing- 
length  distribution  across  the  boundar3^  la3^er  is  not  the 
-same  as  across  pipes  is  shown  in  references  13  to  15.  ‘ 

■ Keference  9 does  not  provide  a method  for  the  calculation 
of  the  distribution  of  turbulent  velocity  profiles  along  a 
surface.  It  does,  however,  suggest  that  separation  of  the 
turbulent  boundar3^  la3'cr  alwa3^s  occurs  wdien  the  numerical 
value  of  the  nondimensional  pressure  gradient  reaches  an 
empii’ical  constant. 

The  purpose  of  the  present  investigation  is  to  begin  wdth 
the  boundar3'-layer  equation  for  incompressible  flow  and 
to  proceed  as  closely  to  a method  for  the  calculation  of  the 
behavior  of  the  turbulent  boundary  la3^er  as  the  present 
knowledge  of  the  turbulent  boundary  layer  permits. 

At  first  it  might  appear  that  the  use  of  empirical  auxiliar3^ 
equations  in  methods  for  the  calculation  of  the  behavior  of 
turbulent  boundary  la3^ers  can  be  avoided  by  developing 
a method  similar  to  the  Pohlhausen  method  \vhich  requires 
the  solution  of  onl3^  the  Von  Kdrman  momentum  equation. 
For  turbulent  flow,  however,  in  contrast  with,  laminar  flow^, 
the  conditions  on  the  behavior  of  the  velocity  profile  at  the 
surface  that  can  be  obtained  from  the  boundar3^-la3’^er  equa- 
tion seem  to  be  of  little  or  no  use  for  the  determination  of  the 
shape  of  the  velocity  profile  across  the  boundar3^  la3^er. 
This  difference  between  laminar  and  turbulent  flow  makes 
inapplicable  the  Pohlhausen  process  in  \vhich  a type  of 
function  is  chosen  to  represent  the  velocity  profiles,  the 
function  for  the  velocity  profiles  is  combined  with  the  Von 
Karman  momentum  equation,  and  the  resulting  ordinaiy 
differential  equation  for  the  space  rate  of  change  of  the 
profile  shape  parameter  is  solved. 

An  auxiliary  equation  for  the  calculation  of  the  behavior 
of  the  turbulent  boundar3^  la3^er  can,  however,  be  obtained 
from  the  boundar3^-layer  equation  by  making  use  of  the 


experimentally  verifiable  fact  (references  7,  fO,  11,  14,  and 

15)  that  all  velocity  profiles  of  the  turbulent  boundaiy 
layer  form  essentiall3’’  a single-parameter  famil3’'  of  curves. 
In  the  present  anal3^sis  the  Loitsianskii  equation  (reference 

16)  is  generalized  b3"  multiplying  the  Prandtl  boundaiy- 
layer  equation  not  onl3^  b3^  an  arbitrar3^  pow’^er  of  the  velocity 
in  the  boundary  la3^er  but  also  b3^  an  arbitrar3^  power  of  the 
distance  from  the  surface.  The  resulting  equation  is  then 
integrated  across  the  boundary  la3^er  and  provides  a general 
integral  form  of  the  boundar3^-la3‘er  equation,  valid  for 
either  laminar  or  turbulent  flo^v.  Tliis  general  integral 
form  of  the  boundar3^-la3^er  equation  reduces  to  the  Loitsi- 
anskii equation  when  the  distance  from  the  surface  is  raised 
to  the  zeroeth  power,  to  the  Von  K4rm4n  momentum  equa- 
tion when  both  the  distance  from  the  surface  and  the  velocity 
are  raised  to  the  zeroeth  power,  and  to  the  kinetic-energ3^ 
equation  when  the  distance  from  the  surface  is  raised  to  the 
zeroeth  powder  and  the  velocity  is  raised  to  the  first  power. 

When  use  is  made  of  the  assumption  of  a single-parameter 
family  of  velocity  profiles,  the  general  integral  form  of  the 
boundary-la3W  equation  becomes  a general  equation  for 
the  rate  of  change  along  the  surface  of  the  velocity-profile 
shape  parameter.  This  equation  for  the  rate  of  change  of 
the  velocity-profile  shape  parameter  is  the  desired  auxiJiar3’' 
equation. 

The  assumption  of  the  single-parameter  famity  of  velocity 
profiles  changes  the  problem  from  one  of  finding  a solution 
of  a partial-differential  equation,  the  Prandtl  boundar3^- 
layer  equation,  to  one  of  finding  a solution  of  two  simul- 
taneous ordinary  differential  equations,  the  equation  for 
the  rate  of  change  of  the  shape  parameter  and  the  Von 
Kdrmdn  momentum  equation.  The  differential  equation 
for  the  rate  of  change  of  the  shape  parameter,  however, 
cannot  result  in  a solution  of  the  problem  in  the  present 
anal3’'sis  because  a knowledge  of  the  shearing  stress  is  lacking. 
In  the  present  analysis  various  assumptions  are  made  for 
the  distribution  of  shearing  stress  through  the  boundary 
la3^er,  and  the  distribution  of  the  shape  parameter  over  the 
surface  of  an  airfoil  is  then  calculated.  Because  of  the  arbi- 
trar3^  assumptions  for  the  shear  distribution  and  the  use  of 
a flat-plate  skin-friction  formula,  precise  agreement  betw^een 
the  calculated  and  experimentally  obtained  distributions 
of  the  shape  parameter  is  not  obtained. 

The  problem  of  finding  the  shearing  stress  in  the  turbulent 
boundary  la3^er  remains.  It  is  believ^ed,  however,  that,  if 
suitable  approximations  are  found  for  the  shear  and  surface 
friction,  the  equations  presented  herein  should  enable  the 
development  of  the  turbulent  boundar3^  la3^er  to  be  calcu- 
lated with  an  accurac3^  suflRcient  for  engineering  purposes. 

The  present  work  was  begun  w^hile  Dr.  Lin  was  temporaril3^at 
the  Langley  Laborator3^  and  was  continued  b3^^  correspondence. 
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SYMBOLS 

arbitrary  positive  integer  in  shear  pol}Ti  mial 

pi 

coefficients  in  polynomial  ^ 

exponent  in  expression  for  shear 
reference  chord 
functional  notation 


derivative  of  shear  polynoniial  for  X = 0 
coefficient  of  X in  expression  for  ^ 


equilibrium  value  of  H for  co=0 

( r m '*!') 

Jv]  d, 

j,  q,  I coefficients  in  polynomial  for  f * 5^ 

ratio  of  kinetic-energy  thickness  to  momentum 
thickness  (1  — /^)/  dy^ 
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dK 

^~dH 
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function  of  H 
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exponent  of  u in  derivation  of  general  equation 

N=-^,£yHi-r^Vdy 


N'= 

n 

P 

V 
Vi 


dN 

dH 


exponent  of  y in  derivation  of  general  equation 

dH 

coefficient  of  co  in  equation  for  6 

exponent  in  equation  for  power  profiles  /=  f ^ 
static  pressure 


ro 
S 
U 
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dH 


Vo 

X 

y 

6 


radius  of  body  of  revolution 

coefficient  of  <j>  in  equation  for  S 

velocity  parallel  to  surface  and  at  outer  edge 
of  boundary  laj^er 

velocity  parallel  to  surface  and  inside  bound- 
ary layer,  positive  in  direction  of  positive  x 
velocity  perpendicular  to  surface  and  inside 
boundary  layer,  positive  in  direction  of 
positive  y 
value  ot  V Sit  y=0 

coordinate  parallel  to  surface,  positive  in 
direction  from,  leading  to  trailing  edge 
coordinate  perpendicular  to  surface,  positive 
outward  from  surface 

smallest  value  of  y for  which  the  difference 
U—u  is  negligible 


)dy 


d* 

displacement  thickness 

II 

II 

e 

momentum  thickness  ^ 

^ dpi 
tq  dx 

viscosity 

H-l( 

P 

density 

T 

shearing  stress 

To 

surface  shearing  stress 

II 

_ e du 

dx 

ANALYSIS 

DERIVATION  OF  GENERAL  EQUATION 

The  general  equation  is  derived  for  the  body  ol  revolution 
because  the  equation  for  two-dimensional  flow  can  be 
obtained  from  tffis  equation  by  letting  the  radius  of  a trans- 
verse section  of  the  body  of  revolution  become  infinite. 
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_The  boundaiy-la3^er  equation  of  motion  for  the  bod^^  of 
revolution,  also  valid  for  two-dimensional  flow,  from  refer- 
ence 3 is 


bu  . bu  1 dpi  , 1 br 

bx  by  p dx  p by 


(1) 


After  multiphdng  through  b3^  making  use' of  the  equation 
of  continuit3^  that  is  valid  in  the  boundaiy  la3-er  of  a bod3" 
of  revolution  (reference  3) 


and  noting  that 


^ ^ , u dvo_ 

bx^by~^VQ  dx  ~ 


^^^dx^~dx 


equation  (1)  becomes 

/bu  ^ dvo\ 

m+1  \bx"^ by'^ dx 


u 


m + 1 ^x  ^m  + 1 by 


( U — + 


dx 


1 dr\ 
p ^y) 


(2) 


After  equation  (2)  is  written  in  a form  in  which  each  term 
vanishes  at  the  outer  edge  of  the  boundary  layer,  each  term 
of  the  equation  is  multiplied  by  y^  and  integrated  from  y=0 
to  y=^h.  The  result  (see  appendix  A for  detailed  develop- 
ment) is  ^ 

(n+i)Ar^+0(^_n/,)+l^^[Ar(m+2)-n(J-M)- 

L(^  + 1)]+1  ^0  ^N^n{J-M)\-nQ  ^ 


= _(m+l)^ 


rsie 

I n 

: J V 

Jo 


b- 


(3) 


Equation  (3)  is  the  general  integral  fonn  of  the  boundary- 
layer  equation. 

The  Von  Kaiindn  momentum  equation  is  obtained  from 
equation  (3)  by  letting  m=0  and  n=0,  the  equation  for 
kinetic  energy  is  obtained  by  letting  m=l  and  n=0,  and 
the  equation  for  moment  of  momentum  is  obtained  by 
letting  m—0  and  n=l. 

In  the  case  m=n—0. 


Ne 


!=  0 -/)./  dy=e 


or 

N=i 

Also, 

Le=  {J-\)dy=-5* 

. 1 n 

or 

II 

1 

-1^ 

II  ' 
1 

It  can  be  easily  verified  that  all  the  integrals,  except  Q, 
involved  in  equation  (3)  have  finite  integrands  as  n ap- 
proaches 0.  The  limit  nQ,  however,  approaches  unity  as 


n approaches  0;  thus 

nQ6’^=n^  — y™+')dy 


=[j/»(l  ^ (1  - f’n+^)dy 

The  first  term  drops  out  if  ri?^0.  Then,  by  taking  the  limit 
n->0,  the  result  is 

lim  nQ6’‘=l 


n-^0 


Hence,  when  m=n=0,  equation  (3)  becomes 

dd  ^ 6 dU  I ^ ^^0 T(\ 

dx^U  dx  ^ ^~^Vodx  U~~pU^ 


(4) 


Equation  (4)  is  the  momentum  equation  for  flow  over  a 
body  of  revolution  with  flow  through  the  surface.  For  two- 
dimensional  flow,  equation  (4)  becomes 


^0 


dS  j 6 dU I Vq 

dx^U  dx^^^^^  U^pU^ 

dd 


(5) 


when  the  value  of  ^ from  equation  (4)  is  substituted  into 
equation  (3),  the  result  is 

L^NH}-l^n[{J-M)+N]-^[nQ-N(n+l)] 


;+[(m  + l)J+”^"||dr,+(n-M)ivJ  (6) 


where 


T 

To 


The  assumptions  contained  in  equation  (6)  are  the  usual 
boundar3"-la3’'er  assumptions.  Equation  (6)  is  valid  for 
both  laminar  and  turbulent  flow. 

FORM  OF  EQUATION  (6)  FOR  SINGLE-PARAMETER  FAMILY  OF 
VELOCITY  PROFILES 

Equation  (6)  is  now  to  be  placed  in  a form  valid  when  the 
velocit3^  profiles  form  a single-parameter  family  of  curves 
(f=f(v,H)).  For  tins  purpose  the  term  Ii  of  equation  (6) 
is  modified  in  the  following  manner: 

B3^  definition. 

Because/ depends  onl3^  on  rj  and  H, 

d(l-/)  _d(l--/)d.?  b{l-J)dH 
bx  brj  bx'  bH  dx 


From  the  definition  of  rj 


brj 7]  dd 

bx  d dx 
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then 


or,  after  an  integration  hy  parts  of  the  first  term  on  the  right- 
hand  side,  the  result  is 

dH  n bf 


dx 


The  expression  for  then  becomes 

JJ  2/”  - '( 1 -y  ”•+ ')  JJ  ( 1 -/ ) dy  J dy=Jd’‘+^ 


But 


and 


Then  with 


(7) 


the  expression  for  7i  can  be  written  as 

IVlien  the  expression  for  Ii  from  equation  (7)  is  substituted 
into  equation  (6)  and  equation  (4)  for  ^ is  used,  the  follow- 
ing equation  is  obtained : 

■>+ 


^[n{J-M)-N+nQ] 


(8) 


where  ^ used.  Equation  (8)  for  6 ^ 

is  applicable  both  to  two-dimensional  flow  and  to  flow  over 
a body  of  revolution. 

In  equation  (8)  all  the  integrals,  except  the  one  involving 
the  shear  ratio  g,  are  functions  of  ?/i,  and  n only.  For 


the  present  no  restrictive  assumptions  regarding  the  shear 
are  made.  -The  form  of  the  kinetic-energy  equation  for  a 
single-parameter  famil}^  of  velocit}-  profiles  is  obtained  from 
equation  (8)  b}’^  placing  m=l  and  n=0  and  dividing  b}^ 
N'(H)^K'{H).  Thus, 


dH  e dU  1 

zm 

^ dx  K'  U dx 

\ K'  J 

/K—l\vo 
\ K'  )U 


(9) 


The  symbol  K represents  the  ratio  of  the  kinetic-energy^ 

thickness  J'  dy  to  the  momentum  thickness.  Note 

that  in  the  derivation  of  equation  (9)  from  equation  (8),  the 
assumption  of  a single-parameter  family'  of  curves  is  not 

restricted  to  the  case||=0. 


RESTRICTION  OF  GENERAL  EQUATION  TO  POWER  PROFILES 


The  data  in  figure  1 show  that  the  power  profiles  defined 
by/=fP  are  a good  approximation  to  the  ‘^standard”  profiles 
derived  by  fairing  experimental  data  (reference  10).  Equa- 
tion (8)  can  be  further  developed  by  using  the  assumption 
that  /=f^.  After  some  fairly-  lengthy-  calculations  (see 
appendix  B),  equation  (8)  becomes 

dH  -4K??  + l)(2j?+l)[y(?n  + 2)+n+l]  e dU 
^ dx  pm+n+1  U dx~' 

2p[p(m-|-2)-t-7i+l]rg  . I 

pm-f-n  r ^ 

2p(p+  l)[p{m  + 2)+n+ 1]  Vq-  * 
p(m  + l)+n  U 

As  a first  approximation  the  assumption  has  been  made  that 
y = f p even  when  ^ ^ 9 * 

The  occurrence  of  the  arbitrary  positive  integers  m and  n 
in  equations  (8)  and  (10)  requii'es  an  explanation.  In  order 
to  determine  why  m and  n appear,  equation  (8)  is  vTitten  in 
a different  form.  By  making  use  of  the  definitions  for  7, 
J,  M,  i,  and  Q and  integrating  by  parts  where  necessary^  in 
order  to  eliminate  terms  that  contain  the  result  is 

g+,/_  _(«+ 1) 


=(m-H) [(^?  + 1)  ^ jy  dr,  +f-l]dr, 

ri/e 

= Jdr,+^)  dr, 
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Equation  (8)  then  becomes 
6 


dH_\ 

L "'n 

1 ’■o  /£>/ 1 

[pU^  Ve)’?J 

\ , 6 dU 
ru  dx 

j_Vo 

'^U 

[^(J 

I dri 

/ 

^njm( 
0 \ 

^ dH  dj 

(11) 


using  the  assumption  of  a single-parameter  family  of  curves  directl^^  in  the  partial -differential  equation  (1),  the 
following  ordinary  differential  equation  is  obtained: 


(12^ 


To  fdf  1 
,dH  pU^Kdnj 

, »0 

/O 

1 I 

[Vc^,-i)] 

^ dx  ” 

J i>H  dr,} 

The  concept  of  a single-parameter  family  of  velocity  pro- 
files is  consistent  with  equation  (1)  and  with  particular 
functions  for  T^jpU^,  and  / when  the  right-hand  side  of 
equation  (12)  is  independent  of  r\.  When  the  right-hand  side 
of  equation  (12)  is  independent  of  ?/,  the  right-hand  side  of 
equation  (11)  is  independent  of  m and  n.  Equations  (11) 
and  (12)  are  then  identical. 


dH 

To  obtain  an  equation  for  B that  does  not  contain  either 

m ov  n or  both,  the  functions  tqIpW,  g,  and  / must  there- 
fore be  such  that  the  right-hand  side  of  equation  (12)  is 

dH 

independent  of  ?/;  the  solution  of  the  equation  for  6 then 

provides  a solution  of  equation  (1).  Note  that  the  problem 
is  to  find  a solution  not  of  equation  (1)  alone  but  of  equation 
(1)  and  the  independent  relation  for  the  shearing  stress  in 
turbulent  boundary  layers;  this  relation  is  at  present  un- 
known. 

The  nature  of  the  approximation  made  in  the  present 

dH 

analysis,  in  order  to  obtain  a specific  equation  for  may 

be  clarified  b}^  noting  that  a specific  equation  .for  is  ob- 
tained from  equation  (8)  by  choosing  the  functions  tqIpU^, 
g,  and  / and  substituting  an  arbitrary  positive  integer  for  m 
and  an  arbitrar}^  positive  integer  for  n.  The  calculated 
distribution  of  H over  a body  for  arbitrarily  chosen  functions 
for  tqIpU^j  gy  and /is  then  consistent  with  the  momentum 

dH 

equation  and  one  of  the  integral  equations  for  For 

example,  if  ?n  = l and  n=0,  both  the  momentum  and  the 
kinetic-energy  equations  are  satisfied  but  no  other  ones. 
If  m=d  and  n=l,  only  the  momentum  and- the  moment  of 
momentum  equations  are  satisfied.  In  the  present  analysis 
only  the  momentum,  the  kinetic-energy,  and  the  moment  of 
momentum  equations — equations  which  have  familiar  phys- 
ical meaning — are  used. 

As  noted  previously,  equation  (11)  is  independent  of  m 
and  n if  the  functions  ro/pU^,  g,  and/ are  such  that  the  right- 
hand  side  of  equation  (12)  is  independent  of  ??.  In  this  case 
a solution  of  equation  (1)  results  and  the  functions  tq/pC/^ 
gj  and  / and  the  calculated  distribution  of  H satisfy  every 
particular  equation  obtainable  from  equation  (11),  (10),  or 
(8)  by  assigning  positive  integers  to  m and  n. 

Note  that  m and  n cannot  both  be  made  zero  in  equation 
dN 

(8)  because  for  m=:n=0.  If  m and  n are  both 


(b)  H=  1.886,  2.057,  and  2.277. 

(c)  2.465  and  2.701. 

Figure  l. — Comparison  of  experimental  and  power  velocity  profiles. 
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zei'o,  equation  (8)  becomes  0=0.  It  is  also  noted  that 
equations  (8)  and  (10)  are  valid  both  for  flow  over  a body  of 
revolution  and  for  two-dimensional  flow. 

For  m=l  and  ti.=0,  equation  (10)  leads  to  the  equation 
for  kinetic  energy 

(7f+l)(3f7  1)  2^0 

4 u 

where  the  relation  for  power  profiles  2p+l=H  has  been 
introduced.  This  form  of  the  energy  equation  can  also  be 
obtained  from  equation  (9)  by  noting  that,  from  the  defini- 
tion of  K and  the  equation  for  power  profiles, 

„ 2(2p-H)^  4H 
3p+l  3H-1 

A comparison  of  the  values  of  K obtained  from  tliis  formula 
and  obtained  from  the  standard  profiles  is  given  in  figure  2. 

The  equation  of  moment  of  momentum  for  power  profiles 
is  obtained  from  equation  (10)  by  letting  m=0  and  n=l; 
it  is 

^dH  H{H+l){W-l)  e dV  , 

^d^~  2 U dx^ 

(14) 

In  this  equation  the  term  involving  the  shear  distribution 
may  be  rewritten  as  follows: 


It  then  involves  the  mean  shear  inside  the  boundary  layer. 

ATTEMPTS  TO  DERIVE  A RELATION  GOVERNING  THE  CHANGE  OF  THE 
FORM  PARAMETER 


It  is  clear  that  equation  (10)  automatical!}'  furnishes  such 
relations  if  the  shear  distribution  is  known.  In  this  section, 
three  attempts  are  described  to  establish  such  a relation, 
These  attempts  are  based  on  the  following  simple  assump- 
tions for  the  shear  distribution: 

(a)  The  shear  distribution  depends  only  on  — which 

is  equal  to  the  Polilhausen  parameter  multiplied  by  a factor 
(reference  3). 

(b)  The  shear  is  constant  across  the  boundary  layer. 

(c)  The  shear  distribution  depends  only  on  the  form 
parameter  of  the  velocity  distribution. 

The  first  two  assumptions  are  used  either  wnth  the  energy 
equation  in  the  forms  given  by  equations  (9)  and  (13)  or 
with  equation  (14)  for  the  mom^ent  of  momentum.  The 
last  assumption  is  used  with  equations  (13)  and  (14)  jointly. 

(a)  Shear  distribution  depending  only  on  the  Pohlhausen 
parameter. — The  fh'st  assumption  follows  the  original  idea 
of  the  method  of  Von  Kdrm4n  and  Poldhausen  in  using 
polynomial  approximations  together  with  the  boundary 
conditions  obtained  by  successive  differentiation  of  the 
equations  of  motion  (reference  3).  Fediaevsky  (reference  8) 
appears  to  have  been  the  first  to  introduce  it  into  the  inves- 
tigation of  turbulent  boundary  layers.  When  the  shear 
stress  thi’ough  the  turbulent  boundary  layer  is  assumed  to 

be  a polynomial  of  fifth  degree  inf  satisfying  the  follow- 
ing boundar}’'  conditions: 


at  y=^0 

dr 

dpi 

— =0 

dx 

at  y~8 

T = (J  5—  = 

oy 

= 0 

^=0 

the  following  expression  is  obtained: 

^ = (l-f)3[i+(3-bX)f-f3(2-l-X)n  (15) 

The  shear  distribution  ^ is  a function  of  f and  X,  where 


In  most  of  the  recent  analyses  of  the  development  of  a 
turbulent  boundary  layer,  an  empirical  relation  governing 
the  change  of  the  form  parameter  H is  usually  introduced. 


\ 

0 

-Experimental  velocity  profiles 

k 

'V 

■'-A 

r 

d 

'/O  1-2  I A 1.6  1.8  20  22  2.4  2.6  2.8 

H 

Figure  2. — Values  of  K for  experimental  and  power  velocity  profiles. 


0 ^ 5 pW 

~ tq  dx~  U dx  6 To 

The  particular  boundary  conditions  at  y—0  restrict  this 
development  to  the  case-^=0. 

From  the  shear  distribution  (equation  (15))  the  calculation 
ma}'  be  made  of  the  coefl&cients  P and  S.  The  attempt  to 
calculate  P and  S by  using  the  standard  profiles  together 
with  equations  (9)  and  (15)  was,  however,  unsuccessful  for- 
two  reasons.  First,  the  ratio  8/6 j which  must  be  known, 
could  not  be  accurately  determined  from  the  standard  pro- 
files. Second,  for  reasonable  values  of  6/0,  the  calculated 
values  of  P were  positive  for  values  of  H for  which  P should 
be  negative. 

The  calculation  of  the  part  of  P independent  of  the  shear 
profile  was  then  made  both  for  the  standard  profiles  and  the 
power  profiles  by  making  use  of  the  kinetic-energy  equations 
(equations  (9)  and  (13),  respectively);  the  comparison  is 
shown  in  figure  3.  The  closeness  of  the  results  suggests 
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that  it  is  permissible  to  use  power  profiles  as  an  approximation 
for  calculating  P and  S.  From  equations  (13)  and  (15), 


P=- 


H(3f/-1)[^F7-; 

:=(3ff-l)[Ff- 


96(377-1) 

(77+ 5)  (77+ 7)  (£7+ 9). 

240(377-1)  1 

(77+  5)(77  ^7)(77+9)J 


] (16) 


The  functions  P and  S,  given  by  equations  (16)  and  (17), 
respectively,  are  shown  in  figure  4. 

The  fact  that  the  equation 

where  P and  S are  obtained  from  equations  (16)  and  (17), 
respective!}^,  does  not  predict  the  behavior  of  the  turbulent 
boundary  layer  is  shown  as  follows:  Let  co=0;  then,  for 

dH 

li  greater  than  approximately  1.5,  should  be  negative. 

Because  S from  equation  (17)  is  positive  for  i?^1.2,  it 
dH 

follows  that  is  positive.  This  conclusion  is  incorrect; 


therefore,  the  function  for  S (equation  (17))  is  inconsistent 
with  the  known  behavior  of  turbulent  boundary  layers. 

To  show  that  the  function  for  P (equation  (16))  is  in- 
consistent with  the  known  behavior  of  turbulent  boundary 

layers,  let  7?~1.4.  By  making  positive  and  large, 

becomes  positive  and  large  because  P given  by  equation 

(16)  is  positive.  For  positive  values  of  however,  it  is 

dH 

known  that  should  be  negative.  The  function  for  P 

(equation  (16))  is  therefore  inconsistent  with  the  known 
behavior  of  turbulent  boundary  layers. 

In  order  to  determine  whether  functions  for  P and  S that 
do  not  result  in  obviously  incorrect  conclusions  can  be 
obtained  by  making  the  shear  pol}Tiomial  satisfy  a greater 
number  of. boundary  conditions  at  the  outer  edge  of  the 
boundary  layer,  the  shear  polynomial  is  generalized  by 
writing 

■?=(i-o^[i+^r+— f^]+xf(i-f)'‘(i+^n 


— —P  for  power  profiles 
P for  exaerimento!  profiles- 

III r I I I I I 


The  boundary  conditions  at  the  surface  that  are  satisfied  by 
equation  (18)  are 


^=0 


hr  _dpi 
'dy^  dx 


At  y—d,  the  conditions  that  are  satisfied  are 


1.0  L2  !A  f.6  /.8  2.0  2.2  2A  26  28 

H. 

Figure  3 —Values  of  P from  energy  equation.  For  power  profiles,  P= 
for  experimental  profiles,  \ 


1=0 


t.O  1.2  /.4  L6  1.8  2.0  2.2  2.4  2.6  2.8 

H 

Figure  4,— Values  of  P from  equation  (16)  and  values  of  S from  equation  (17). 


^=0 


In  order  to  evaluate  the  integral  f ^ in  equation  (13) 

Jo  of 


the  term  is  written  as 


where 


= (1  - O'*  [^ + ^(^  + l)f]  (1  - f)^-  ‘ [l  + + ^^±i)  f 

and,  for  1, 

52=(l-f)^(l+2^f)-f  + (l  + ^f)(l-f)'‘-= 
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By  using  the  expression  for  the  equation  obtained  for  S'  is 


{2fA\ 

A\p 

n 

, A , ^(^-kl)(p+l)  1) 

Isp-i-i 

"(A+p)(A-l-p-l)(A-l-p-2)  . . 

. • (p+l)u 

)'^A+l-{-p  ' 2{AA2-\-p){A-\-l+PU) 

By  using  the  expression-for  ^2  the  equation  for  P is  found  to  be 

( 2p  A!  (p~b  1) r 

P=-2(2p+l)(3p+l)  j3^+I-(A+2))(A+2)-l)(^+P-2)  • • • (p+l)L 


-A(p+1) 


A+ 1 +p"^(A+2+p)(A+-l  +2?) 


(19) 


(20) 


To  avoid  positive  values  for  -S  obtained  from  equation  (19) 
for  i?<3,  it  is  found  that  A must  be  1 in  the  expression  for 
It  is  also  found  that,  to  avoid  positive  values  for  P in 
equation  (20)  for  H>0,  A must  be  « in  the  expression  for 
g2-  The  values  for  S and  P then  become 

(3H-1)(H-1)(H— 3) 


S= 


H+i> 

P=-H{H-1){SH-1) 


(21) 

(22) 


The  expression  for  P (equation  (22))  is  the  same  as  the 
coefficient  of  ^ in  equation  (13) ; letting  A-^  <»  makes  the 
coefficient  of  X in  equation  (18)  become  zero.  The  shear 
profile  then  contributes  nothing  to  the  coefficient  of  jj 
ill  equation  (13). 

Equations  (21)  and  (22)  for  S and  P,  respectively,  were 
tested  by  making  a computation  of  H and  6 for  the  pressure 
distribution  given  in  table  I of  reference  10.  The  computa- 
tion began  at  ^=0.075  with  the  values  given  in  table  I of 
reference  10.  The  equations  used  are 

.dH  „irr  ^ ,(3H- 1)(2?- !)(£?- 3) 

0 _=— i/(H— l)(3/-i  — l)co-l TT  ; ~ <P 


H+b 


and 


dx 


— — {H  <\) 


do 

The  equation  for  ^ is  the  Von  Karmdn  momentum  equation. 
The  equation  for  4>  was  obtained  from  reference  17  and  is 

0.006535 


<t>-- 


The  calculated  distribution  of  H along  x was  far  from  the 
experimental  curve. 

In  an  attempt  to  reduce  the  sensitivity  of  the  equation  for 

g ^ to  the  shear  distribution,  the  moment  of  momentum 
dx 

equation  (equation  (14)),  in  which  the  shear  appears  in  the 
coefficient  of  (j>  onh^  as  a mean  value,  is  used.  Vffien  the 
generalized  expression  (equation  (18))  is  used  for  the  shear 
distribution  g,  the  result  obtained  is 


1)(ZJ+1)^,  3H(g+l)^  ~] 

2 ■^(^+2)(ri+3)J 


dH  r H{H 
dxl 


0)-f 


(23) 


where  ^=0  as  required  by  equation  (18).  To  keep  the 
coefficient  of  <o  negative  for  all  positive  values  of  H,  A must 
equal  <»  in  the  coefficient  of  oi.  The  shear  distribution  is 
then  independent  of  the  pressure  gradient.  To  make  the 
coefficient  of  <t>  negative  for  values  of  H near  3,  A must  have 
the  smallest  value  that  it  can  take;  therefore,  let  A=1  in 
the  coefficient  of  4>.  Equation  (23)  then  becomes 


„dH  -H{FP-1)(H+1)  (ZP-l)(iZ-3) 

^ 2 4 


(24) 


A calculation  for  the  example  in  table  I of  reference  10  with 
equation  (24)  resulted  in  a computed  curve  for  H that  was 
far  from  the  experimental  curve. 

(b)  Assumption  of  constant  shear  across  the  boundary 
layer. — All  the  computations  of  H have  led  to  values  of  H 
much  larger  than  the  experimental  values.  Therefore,  in 
order  to  reduce  the  calculated  values  of  iJ  it  is  necessary  to 
increase  S.  In  order  to  increase  S,  the  assumption  of  con- 
stant shear  across  the  boundary  la\^er  is  made.  For  constant  ' 
shear  it  can  be  shown  that 


by  letting  g=(l  — f)®  and  taking  the  limit  of  the  integral 
as  S-»0.  Equation  (14),  after  the  assumption  of  constant 
shear  is  introduced,  becomes 

dx  2 

In  order  to  make^=0  at  ZZ=  1.286  for^=0,  the  coef- 
ficient of  <t>  was  arbitrarily  changed  to  1.286^  The 
equation  then  becomes 

^^^-H(H-l-l)(ZZ^-l)^_(jj2_l  653)^+(H2-1),^-  (25) 
dx  2 

This  equation  was  used  for  the  computation  of  TI  with 
^=0,  and  the  results  for  the  example  given  in  table  I of 
reference  10  are  shown  in  figure  5. 

The  assumption  of  constant  shear  across  the  boundaiw 
layer  was  also  combined  with  the  kinetic-energy  equation. 
Wlien  the  power  profiles  and  the  assumption  of  constant 
shear  are  used  in  equation  (13),  the  kinetic-energy  equation 
becomes 


dx 

(H-H)(3H-1)., 


{H- 
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Figure  5.— Comparison  of  experimental  values  of  II and  values  calculated  by  equation  (2b). 


P=_WH±^(H!zi);S=H.-,.653:^=0. 


The  function  is  shown  in  figure  3 and 

the  function — — — in  figure  6.  When  the  stand- 
ard profiles  are  substituted  for  the  power  profiles  and  the 
assumption  of  constant  shear  is  made,  the  kinetic-energy 
equation  (equation  (9))  becomes 


K-2  , K-1 
^ dz~  K'  “ K'  K' 


1 'v 

where  the  function  -—^7 — ' is  shown  in  figure  3 and  the 

2 

function ^7-  is  shown  in  figure  6.  The  results  of  these 

calculations  of  H (with  ^=0)  are  shown  in  figure  7.  In  this 
case,  the  use  of  power  profiles  makes  the  result  somewhat 
different  from  that  obtained  by  using  the  standard  profiles. 

(c)  Determination  of  S by  the  simultaneous  use  of  the 
energy  and  moment  of  momentum  equations. — It  seems 
obvious  that,  if  equations  (13)  and  (14)  were  exact,  the 
coeflficients  of  to,  <^,  and  in  equation  (13)  would  be  equal  to 
the  coefficients  of  co,  <j>,  and  ^ in  equation  (14).  The  ratio  of 
the  coefficients  of  co  is 


Figure  6. — Values  of  5 from  kinetic-energy  equation  with  the  assumption  of  constant  shear. 
For  power  profiles,  S=  — fQj.  experimental  profiles,  S=  — -^r- 


Figure  7. — Comparison  of  experimental  values  of  H and  values  of  H calculated  by  kinetic 
energy  equation  with  constant  shear  across  boundary  layer. 

The  ratio  of  the  coefficients  of  ^ is 


2 (H+l)' 

2(327-1) 


The  curve  of  2^^ 
close  to  unity. 


is  given  in  figure  8 and  is  seen  to  be 


3H-1 

The  curve  of  is  also  given  in  figure  8.  The  values 

are  far  from  unity  for  small  values  of  H but  become  equal 
to  unity  for  H==3. 


GENERAL  INTEGRAL  FORM  OF  THE  BOUNDARY-LAYER  EQUATION 


1077. 


Figure  8 —Ratios  of  pressure  and  suction  factors  in  energy  and  moment  of  momentum 

equations. 


Equating  the  coefficients  of  <l>  results  in 


(0*-l)[ 

or 

-(3H  1)[h+^« 

=0*(3-0) 

(26) 

Now  let 
and 

JV  “ ^^d^  = j+qH+lH^ 


When  the  shear  distribution  is  assumed  to  depend  only  on 
H,  the  integrals  in  equation  (26)  are  functions  of  H alone. 
Because  equation  (26)  is  then  an  identity,  the  coefficients 
of  the  various  powers  of  H can  be  equated  to  zero.  The 
resulting  equations  are: 


For  IP 

-a-i=0 

2 

for0' 

o 

II 

1 

CO 

+ 

1 

e 

1 

for0* 

a— 6— c— 1 j+3g— ^=3 

foi-0* 

a+6-c-|  g + 3Z=-l 

for 


for 


6+c-JZ=0 


The  results 'Obtained  are; 


c = 0 


28 

'l28 

180 

128 


c = 0 


56 


Therefore, 


and 


r 


9=- 


32 

128 

40 

128 

7-450 


^ 32 


7 + 40+50* 
16 


Equation  (14),  the  moment  of  momentum  equation,  becomes 


dH  0(0*- 1)  (0+1) 
dx~  .2  “ 

(0-1)  (30-1)  (7 +2 20+ 150*) 
32 


<^.+(0*-!)^  (27) 


and  equation  (13),  the  energy  equation,  becomes 

O^=-0(0-l)(30-l)(o- 

(0-l)(3ZJ-l)(7  +220+150*)  (0+l)(30-l) 

32  4 If- 

(28) 


The  variation  of  TI  with  x for  the  initial  values  and  the  pres- 
sure distribution  given  in  table  I of  reference  10  was  computed 
by  using  a modified  form  of  equation  (28).  In  order  that 

^^—0  at  values  of  H in  agreement  wdth  experiment  when 

co=0,  the  coefficient  of  in  equation  (28)  was  replaced  by 

(H-Ho)  {SH-Ho)  (7  + 220+1 50^) 

32 

where 

Ho^HoiRe) 

The  variation  of  0o\vith  Re  was  calculated  from  the  equation 
logio  00=0.5990-0.1980  logio  i?a-0.0189  (logjo  Ref 
which  was  derived  to  represent  a faired  curve  through  the 
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experimental  data  (see  fig.  9);  the  data  were  obtained  from 
reference  13  and  from  British  results  that  are  not  generally 
available.  The  result  of  a computation  of  H for  i/^=0  and 
with  equation  (28)  modified  as  follows 

(ff-2?o)'(3H-Ho)(7+22i^+15H^) , , (H+1)(3H-1)  , 

32 4 

(29) 

is  given  in  figure  10, 

Assumptions  (b)  and  (c)  lead  to  somewhat  better  results 
than  assumption  (a)  although  they  are  still  not  as  satisfac- 
tory as  those  obtained  from  the  purel}^  empirical  relations 
introduced  in  references  10  and  12.  It  is  clear  that  this 
difference  is  caused  partl}^  b}^  the  inaccuracy  of  the  simple 
assumptions  about  the  shear  distribution  and  can  be  im- 
proved by  using  better  descriptions.  However,  in  view  of 
the  limited  present  knowledge  of  the  shear  distribution,  it 
does  not  seem  worth  while  to  make  more  complicated 
assumptions. 


Fir.URE  9 — Variarion  of  Ha  with  R«. 


It  ma}^  be  noted  that  the  final  equations  obtained  for  the 
change  of  the  form  parameter  b^^  the  three  assumptions  are 
all  of  the  form 

e^^P(H)<.+S(H)<l> 


, 6 dU  1 ' 

where  and  6= 

U dx 


This  form  is  used  in  refer- 


ence 12,  but  a different  form  is  used  in  reference  10. 

INVESTIGATION  OF  ENERGY  EQUATION 

Since  none  of  the  three  assumptions  for  the  shear  distribu- 
tion results  in  a dependable  equation  for  an  investigation 
is  made  to  determine  whether  a result  common  to  the  three 
assumptions — namely  that  the  coefficient  of  in  the  equa- 

dH 

tions  for  is  a function  of  H alone — is  very  far  from  true 

b}'  using  experimental  data  and  the  kinetic-energy  equation 
without  aii}^  assumption  for  the  shear. 

If  no  assumptions  other  than  the  boundary-layer  assump- 
tions are  made  and  if  in  equation  (6)  7i=0  and  ?n=l,  the 
result  is 


If  the  assumption  of  a single-parameter  family  of  curves  is 


Figure  lO— Comparison  of  experimental  values  of  H with  values  calculated  by  equation  (29). 
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made  then  K=K{H),  and  equation  (30)  becomes 


rsis  ftp 

K+2  J^dr,  „ 
dH_  Jo  ■'i>v  , H- 

K'  K' 


dx 

or,  for  ^=0, 
where 


K'  K' 


kim- 


(31) 


K' 


‘‘d 


If  the  assumption  is  made  that  g=g{rij~l))  then  f—f(g,H) 

and  f f dg  is  a function  of  H only.  Therefore,  Jo=lo(iO- 
Jo 

Equation  (31)  then  becomes 


(32) 


2 

In  order  to  obtain  an  estunate  of  the  quantitj'  1“^J^  / 

under  the  assumption  \h&i  j=j{g,  H),  reference  12  is  used. 
Equation  (7)  of  reference  12  may  be  witten  as 


where 


0^=<^>Jfc,(H)[|-2.O65(ff-1.4)] 
fci(H)  = e'<«-‘-^>- 


(33) 


Note  that  Garner’s  equation  (equation  (33))  has  the  form 
the  kinetic-energy  equation  takes  when  the  assumptions 
that /=/(t/,7Z)  and  that  g=g(v,  H)  are  used  in  the  kinetic- 
energy  equation.  The  kinetic-energy  equation  (equation 
(31))  can  also  be  placed  in  the  form  of  equation  (32)  when 

the  more  general  assumption  that  g=^  Fo{ti,H)  + Fi{r],H) 

is  made  for  the  shear  distribution.  For  the  purpose  of 

obtaining  an  estimate  of  the  value  of  1“^)^  f .di> 

quantity  ^-H«(fl)  in  equation  (32)  is  assumed  to  be  identical 
with  the  quantity  2.065(H— 1.4)  in  equation  (33). 

Then 

^„(H)  = _2.065(fi-1.4) 
and  for  17=1.5,  for  example, 

^o(17)  = -0.2065 

therefore. 


or 


f dg=- 0.1032 

2 

Therefore  1—^  I / is  the  difference  between  two  quanti- 
ties, each  of  which  is  much  larger  than  their  difference.  It 
follows  that,  in  order  to  determine  ^o{H)  for  values  of  H not 
close  to  separation  's^dth  any  accurac}^  J and  g must  be 
known  with  relative!}^  good  accurac3^ 

It  may  be  noted  that  the  moment  of  momentum  equation 
is  also  sensitive  to  g.  This  sensiti^dt3^  can  be  seen  by  ^^^iting 
• the  coefficient  of  <t>  in  equation  (14)  as 

(£f*-l)[(27+l)(l-jj5df)-l] 

Wlien  it  is  noted  that  the  integral  g df  is  of  the  order  of 

unity  and  that  H lies  between  1.2  and  2.6,  the  sensiti%dty  of 
the  coefficient  of  to  ^ becomes  clear. 

In  an  attempt  to  determine  whether  fo  is  determined 
mainl}^  by  H,  all  the  data  that  were  used  in  reference  10  were 
used  to  compute  fo  hj^  making  use  of  equation  (32)  in  the 
form 

The  surface-friction  coefficient  <t>  was  calculated  by  the 
formula  (from  reference  17) 


</>= 


0.006535 


and  k{H)  was  calculated  bj’  the  expression  obtained  from  the 
moment  of  momentum  equation 


k{H)- 


The  values  of  ?o  plotted  against  H are  given  in  figure  11. 
The  effort  to  determine  whether  Jo  is  a function  mainly  of  H 
is  inconclusive.  At  least  part  of  the  scatter  occm-s  because 

^ and  ^ were  obtained  from  curves  faired  through  ex- 

dx  dx 

perimental  points.  In  addition,  the  calculation  of  fo  requires 

M 

^ dx 

the  subtraction  of  k from  an  ‘operation  winch  further 

decreases  the  accuracy  of  the  calculated  values  of  |o- 

DISCUSSION 

Although  equation  (6)  is  valid  whenever  the  boundary- 

dU 

layer  assumptions  are  valid,  the  equations  for  that 
result  after  additional  assumptions  are  made  do  not  lead  to 
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Figure  11— Values  of  fo  plotted  against  H. 


good  agreement  with  experiment.  The  first  of  the  additional 
assumptions  made  is  that  all  velocity  profiles  of  the  turbulent 
boundary  layer  belong  to  a single-parameter  family  of  curves. 
The  experimental  data  of  references  7,  10,  11,  14,  and  15 
substantiate  this  assumption. 

The  second  assumption  is  that  the  single-parameter  family 
of  curves  can  be  approximated  by  power  profiles.  The  data 
in  figure  1,  in  which  velocity  profiles  are  compared,  and  also 
the  data  in  figures  2 and  3,  in  which  K and  P are  compared, 
show  this  assumption  to  be  good,  at  least  for  2y<1.8. 

From  the  data  in  figures  1 to  3,  it  is  inferred  that  power 
profiles  can  be  substituted  for  the  standard  velocity  profiles 
without  greatly  affecting  the  calculated  distribution  of  H 
against  x for  H<Cl.8.  To  test  this  inference,  the  kinetic- 
energy  equation  was  used  with  the  assumption  of  constant 
;shear  across  the  boundary  layer;  the  result  is  shovm  in 
figure  7.  As  expected  from  the  data  of  figures  1 to  3,  the 
•effect  of  the  substitution  of  power  profiles  for  the  standard 
profiles  is  noticeable  only  for  Z7>1.8.  It  thus  appears  that 


the  inaccuracy  of  the  equations  for 


tnat  were 


caused  mainly  by  the  surface-friction  law  that  was  used 
and  by  the  assumed  shear  distributions  rather  than  by  the  use 
of  the  power  profiles. 


The  data  of  references  12  and  15  show  skin  frictions  that 
increase  strongly  in  the  region  upstream  of  the  separation 
point  before  dropping  to  zero  at  the  separation  point.  On 
the  other  hand,  the  skin-friction  data  presented  in  reference 
14  indicate  that  the  skin  friction  falls  monotonically  to  zero 
as  the  separation  point  is  reached.  In  the  present  analysis 
a skin-friction  law  obtained  from  experiments  on  flat  plates 
is  used.  It  is  therefore  probable  that  part  of  the  inaccmacy 
in  the  equations  used  to  calculate  H is  caused  by  the  use  of  a 
relation  for  the  skin  friction  that  does  not  give  correct  values 
when  there  are  pressure  gradients  along  the  surface. 

The  assumptions  for  the  shear  distribution  that  were  made 


dH 

to  obtain  a specific  equation  for  were 

(a)  The  shear  distribution  depends  only  on  the  ratio  of  the 
pressure  gradient  to  the  skin  friction  — ^ or— “ 

(b)  The  shear  is  constant  across  the  boundary  layer 

(c)  The  shear  distribution  depends  only  on  the  form  param- 
eter of  the  velocity  distribution 

Because  none  of  these  simple  assumptions  is  derived  from  a 
loiowledge  of  the  details  of  the  turbulent  flow,  it  is  not  likely 
that  any  of  them  are  valid.  ^Vhen  it  is  recalled  that  the 
coeflScient  of  in  both  the  kinetic-energy  and  the  moment  of 
momentum  equations  is  sensitive  to  the  shear  distribution, 

dH 

it  is  not  surprising  that  a reliable  equation  for  was  not 


found. 


dH. 


In  order  to  obtain  a reliable  equation  for  from  equation 


(8)  it  thus  seems  necessary  to  calculate  the  surface  shear  and 
the  shear  distribution  across  the  boundary  layer  more  accu- 
rately than  in  the  present  analysis.  Efforts  should  therefore 
be  made  to  understand  the  mechanics  of  turbulent  shear 
flow  suflSciently  well  to  provide  an  independent  relation  for 
the  shearing  stress  that  will  predict  the  behavior  of  turbulent 
boundary  layers  when  used  with  the  Prandtl  boundary -layer 
equation  (equation  (1)). 


CONCLUDING  REMARKS 


A general  integral  form  of  the  boundary -layer  equation  is 
derived  from  the  Prandtl  partial-differential  boundary -layer 
equation.  The  general  integral  equation,  valid  for  either 
laminar  or  tm'buleiit  incompressible  boundary-layer  flow, 
contains  the  Von  Karman  momentum  equation,  the  kinetic- 
energy  equation,  and  the  Loitsianskii  equation  as  special 
cases. 

In  an  attempt  to  obtain  a practical  method  for  the  calcula- 
tion of  the  development  of  the  turbulent  boundary  layer,  use 
is  made  of  the  experimental  finding  that  aU  the  velocity 
profiles  of  the  tmbulent  boimdary  layer  form  essentially  a 
single-parameter  family.  The  general  equation  is  thereby 
changed  to  a simpler  one  from  which  an  equation  for  the  space 
rate  of  change  of  the  shape  parameter  of  the  turbulent 
boundary  layer  can  be  obtained. 
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The  resulting  equation  for  the  space  rate  of  change  of  the 
velocity-profile  parameter  is  restricted  by  the  assumption 
that  the  velocity  profiles  of  the  turbulent  boundary  layer  can 
be  approximated  by  power  profiles.  Two  of  the  resulting 
equations  are  used  to  calculate  the  distribution  of  the 
profile  shape  parameter  over  an  aii-foil  for  one  exTierimentaU}^ 
determmed  pressure  distribution.  Although  different  as- 
sumptions were  tried  for  the  shearing  stress  across  the  bound- 
aiy  layer,  the  calculated  distribution  of  the  profile  shape 
parameter  did  not  agree  exactl}^  with  the  experimental 
distribution. 

An  examination  is  made  of  the  effect  of  using  the  experi- 
mentally determined  single-parameter  family  of  velocity 
profiles  instead  of  the  power  profiles  on  certam  functions 
that  occur  in  the  equation  for  the  space  j ute  of  change  of  the 
velocity -profile  parameter.  One  calculation  of  the  distribu- 
tion of  the  profile  shape  paimneter  over  an  airfoil  is  also  made 


for  the  experimentally  determined  pressure  distribution  b}- 
usmg  the  single-parameter  famil}’^  of  velocity  profiles  found 
from  experiment.  A comparison  of  the  results  with  those  of 
a calculation  made  with  the  same  assumptions  except  for  the 
use  of  power  profiles  shows  some  difference  near  the  separa- 
tion point.  It  is  believed,  however,  that  the  apparent  lack 
of  reliabilit}^  of  the  specific  equations  used  to  make  the  calcu- 
lations is  caused  mahily  by  the  lack  of  precise  knowledge 
concernuig  the  surface  shear  and  the  distribution  of  the 
shearing  stress  across  the  turbulent  boimdary  layer.  The 
present  anal3^sis  emphasizes  the  need  for  information  concern- 
ing the  shearing  stresses  in  tuihulent  boimdary  laj’ers. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  22,  1950. 


APPENDIX  A 

DETAILED  DEVELOPMENT  OF  EQUATION  (3) 


Equation  (2)  can  be  written  so  that  terms  of  the  form 
appear  explicitly;  therefore,  each  term  will 
vanish  at  the  outer  edge  of  the  boundaiy  layer.  The 
resulting  equation  is 


m 


+ l m + 1 

] (u*"-*-*  — i[7”+‘)u(^ro  , 1 


m+ 1 


>■0 


dz'm+h  I'o  dx 


mTT  dU  ,u”‘  5t 

=u’^U  ^ 

dx  p oy 


(Al) 


or,  after  simplification, 

L-  + + 

jn  + lLt>2:  C>2/  J 


1 

dx 


?R+1 


d U ^ 

p 


(A2) 


Equation  (A2)  is  now  multiplied  through  hy  y"  and  inte- 
grated with  respect  to  y from  y=Q  to  y—d.  The  resulting 
equation  is 


m + ljo 

^ fV"  ^ dy- 

+ 1J0  (>y 

y^{u^U—uU”^)  ^ 


m 

cw  r 

dx 


or,  after  simplification  and  substitution  of  the  formula  for 
the  differentiation  of  a definite  integral 


-A 

dx 


- f dy 


m 


m 


r y^  ^ dy - 

do  Ox 
the  following  equation  results: 

^ r [©’-5]  *'■ 

(A3) 

By  integration  by  parts, 

r y^  ^ dy=—n{  dy 

Jo  07/  Jo 

and  equation  (A3)  becomes 


m 

n 


?R  + 


tT  ^dy  — 

1 Jo 


213037 — 53 09 
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The  velocity  v can  be  eliminated  from  the  term 

r dy 

Jo 

by  the  following  development: 

The  velocity  v may  be  vTitten  as 

'*y  c)2; 
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Now  let 


’=r 


by 


dy+vo 


or,  use  of  the  equation  of  continuity, 


II  ^ 

>0  dx 


or,  after  terms  are  collected  and  j is  substituted  for  ulU, 
the  result  is 

'“f' <**'+ (s+^  e)  [/.’ 

The  term  J vy^~^dy  can  now  be  written  as 

J*  — u^'^^)vy^~^  dy~  J y^~^ 

i fe)[ dy-yj+Vo}  dy 


or 


J (U^^^—u^^^)vy^~^dy 

^U-«£y~-‘(l-r*')[j’^^dy]dy+(^  + 

Fo  li)  ^“■'X 

Jo 


J>-a -/-)[/;^  #]  E=/,*- 

1'^  2/""'(l— /MyJ  dy  = j0'‘+^ 

Cy”  (1  —/’"■*■*)  dy=M6”+^ 

Jo 


and 


ry^-\l-f^-^^)dy=Qd- 

Jo 

The  term  f dy  now  becomes 

Jo 


(e+^  e) 


Now  let 


and 


r2/”(l -J^-^Vdy=Ne^-^-^ 

Jo 


Equation  (A4)  can  then  be  written  as 

?_  ^ (f7>»+2Ar0»+l)+_^  [7«+2/  gn+I^ 

m+1  ax  m+1 

(Ao) 

After  ^ is  expanded' . and  terms  are  collected, 

equation  (A5)  becomes 


[N{7n+2)-n{J-m-L{m  + l)]  + 


1.  ^ 
ro 


PY-n(J-M)]-nQg=-(m+l) 


rn 


^0,7 


where 


APPENDIX  B 

SIMPLIFICATION  OF  TERMS  IN  EQUATION  (8)  FOR  POWER  PROFILES 


CALCULATION  OF  ^+nl 
ati 


The  definition  of  is 

N& 


therefore, 

and 


rue 

iV=Jo 

S“,r*  [<‘ sh]  ’■ 


or 


The  definition  of  is 


therefore, 


Then 


dN  , j 


A/ 

bS 


[l-(m  + 2)y'"+']ij"(Z)>  + 


(Bl) 

By  integration  by  parts, 

When  equation  (B2)  is  substituted  into  equation  (Bl),  the 
following  equation  is  obtained: 

Use  is  now  made  of  the  power-law  assumption 


Then 


^y. 


y=r=v^{j 


i-2p^  .^li-Mogr 


dH  2(p+l)(2p  + l) 


and 

a Jo 

-J  . if  log  ^ _ 

^)2(p-|-l)^(2p-l-l)‘  ^21.  p+1  (p+lj) 


M. 

bH 


r i-2p^  ^ 

_2(p+l)(2p-t-l)^ 


..n  ■ r'*’  log  r 

2 


dN 

After  a lengthy  manipulation,  is  found  to  be 

dN  j m+1  (p  + l)"(2p+l)”(pm+n) 
dH"^  2 p«+i[^(m  + 2)+7i+l]2 

where  use  lias  been  made  of  the  following  equation: 

5^(p+l)(2p+l) 

0 p 

CALCULATION  OF  N 

The  definition  of  is 

+ (1  —Jni  + l^Jyn 

When  J—  is  used,  the  equation  for  N is 

t 

p{m-\rl) 


or 


e)  [p(m  + 2)+n+l]  ij?+n+ 1) 

(m  + l)(y+l)”^X2ff+l)”+^ 

p''[p(m  + 2)+n+l](2?+n+l) 

CALCULATION  OF  J 

From  the  definition  of 

j0»+i= JJ(1  -/'»+>)  (1  -j)dy^  y^-^dy 

AVhen/=  the  equation  for  J is 

or,  after  a length}’^  manipulation, 

j_a,+i)-(2p+i)-f 

P 

( (p+l+n)  [pm+n-\-2{p-\-l)]+p{m-\-l)-\-l-\-n  ) 

((n+l)(2?+l+7i)[p(m  + l)+n+l][p(m  + l)+2>+l+7i]) 
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From  the  definition  of 


REPORT  1046 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 

Bj'  substitution  and  simplification 

Nm-m)  —n  {J  - M)  {H+l)  + {in  + 1)L 


When/=  fp,  the  equation  for  M is 

' ^ p"(n+l)[p(?n  + l)+«.+  l] 

CALCULATION  OF  L 

From  the  definition  of 


Jo 


When/=f^,  the  equation  for  L is 


L={m-l)^ 


(p  + l)”+*(2p+l)"'* 


CALCULATION  OF 


N (g-  m)  -n  U-iM)  (77+l)+(m+1 ) L 


dN 


+n/ 


From  the  expressions  for  J and  the  expression  for 
J-Mis 

j-M=<^+i)-Py+i)"‘(,„+i) 

(p  + 1 + n)  [p w + «> + 2 (2>  + 1 )]  + [p(m + 1 ) + 1 + w] 

(n + 1)  (2) + 1 + n)  [p  (?n + 1 ) + «- + 1 ] [ P («i + 1) + p + 1 + n] 

n.  I n (7)+l)'‘+‘(2p+l)"+‘ 

^ p"(n  + l)[p(m+l)+n+l] 

After  a length}'  simiilification,  the  result  is 


J-M= 


-(m  + l)(p+l)”(2p+l)”~^‘ 


or 


-n{J-m(H+l) 


p"  (p+ 1 +n)  [p  (m  + 1) +p  + 1 +n] 

2n(m-hl)(p+l)”'*'‘(2p+l)'*'''‘ 


'p”  (p  + 1 +n)  [p  (to  + 1) +p  + 1 +w] 


where  2?=22>+l  was  used.  The  expression  obtained  for 
N{H—m)  + (»r+  \)L  is 

N{H-m)-\-{m-\-l)L 

(?7i  + l)(p+l)”'*'‘(2p+l)"''~^2p(pm  + m-l-«) 
~ p"(p+7i+l)[p(wi-|-2)+»+l](pm+«+l) 

and  the  expression  obtained  for 

N{H-m) -n{J-M)  {H+l)  + (m  + l)i 
is 

N{H-m) -n{J  - ilf)  {H+l)  + {m  + 1)Z 

2(m  + l)(p-f  l)”'’~‘(2p  + l)”'*''bi-(pffl+w+  l)+p(pm+w+w)] 
~~  p"(p+ l+?i)[p(m+2)+n+l](2>m+n+l) 


(IN,  J 

— 42i(p-r  l)(2p+l)[p(m  + 2)+^i+l] 


It  can  also  be  shown  that 


-iV+a(J-i\/)-(m  + 1)  r" v^f^^dv 
Jo 


(IN 

dH 


+ nl 


2p 


[p  {m  + 2)  -|-  n + 1 ] 1 2p  + 1 + [p  (m  + 2) + rr  + I ] 


r 

Jo 


j- 

df 


I 


EVALUATION  OF  -lY+n  (J-M)-\-nQ 

From  the  results  for  iV  and  J—M 

+ ' ' )>'|!>(»  + 2)+>>+l| 

For  Q,  the  development  is 

Qd'‘=  (°  {l-f'‘+')y"-'dy 

Jo 

and  with  /=('*’,  the  following  expression  is  obtained  for?t?^0: 

^ (p+l)”(2p+l)” 

^ n p“~^['p{m  + l)+n\  . 

Then,  by  substitution  and  simplification,  for 


-N-\-n{J— A£) +nQ= 


— (ffl+ l)(p+  l)”'*'‘(2p+  l)”(pm+n) 
p"[2i(w  + 2)+n+l]  [p(m  + l)+?i] 

(B3) 


If  use  is  made  of  the  previously  derived  result  that  nQ=  1 
for  11=0,  the  following  eciuation  is  obtained  for  n=0: 


-N-\-n{J-M)+nQ-- 


— m(p+l) 

■p(?u  + 2)+l 


(B4) 


If  11  is  placed  equal  to  zei'O  in  equation  (B3),  equation  (.B4) 
results;  therefore,  equation  (B3)  is  valid  for  ?i=0  as  well  as 
ny^O. 

Then,  for  all  values  of  n, 

—N+n{J—  ^£)+nQ_2  (p+1)  p[p  {in+2)+n+l] 


(IH 


-\-nI 


p(m+  l)+n 
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THE  STABILITY  OF  THE  COMPRESSION  COVER  OF  BOX  BEAMS  STIFFENED  BY  POSTS  ‘ 


By  Paul  SEiDE-and  Paul  F.  Barrett 


SUMMARY 

An  investigation  is  made  of  the  buckling  of  the  coinpression 
cover  of  i)Gst-sti;ffened  box  beams^  subjected  to  end  moments. 
Charts  are  presented  for  the  determination  of  the  minimum 
post  axial  stiffnesses  and  the  corresponding  compressive  buckling 
loads  reguired  for  the  compression  cover  to  buckle  with  nodes 
through  the  posts.  Application  of  the  charts  to  design  and 
analysis  and  the  limitations  of  their  use  are  discussed. 

If  the  flexural  stiffness  of  the  tension  cover  is  equal  to  or  less 
than  that  of  the  compression  cover ^ buckle  patterns  with  longi- 
tudinal nodes  through  the  posts  are  not  obtainable,  no  matter 
how  stiff  the  posts  are  made  or  how  closely  they  are  spaced. 

' The  weight  of  the  required  posts  is  found  to  be  very  low  com- 
pared with  the  weight  of  the  compression  cover  in  an  illustrative 
example,  the  ratio  of  the  two  being  about  2%,  percent. 

INTRODUCTION 

Post-type  construction  has  recentl}^  gained  some  support 
in  the  aircraft  industry.  This  construction  has  been  incor- 
porated in  at  least  one  operational  aircraft  and  is  being 
considered  for  others.  The  basic  elements  are  relatively" 
thick  tension  and  compression  surfaces  connected  iiiHhe 
interior  by  posts  or  rods.  These  posts  serve  to  raise  the 
buckling  load  of  the  surfaces  by  restricting  the  buckle 
patterns  that  may  form.  - In  reference  1 and  in  the  present 
report,  a compression  surface  supported  by  a rectangular 
, array  of  rigid  or  effectively  rigid  posts  is  found  to  buckle 
as  if  continuously  supported  along  either  transverse  or  longi- 
tudinal lines  through  the  posts. 

If  post- type  construction  is  to  reach  an  advanced  stage 
of  development,  much  research  is  needed.  The  large  number 
of  parameters  involved,  even  in  the  simplest  idealization  of 
the  problem,  however,  makes  a complete"  investigation  diffi- 
cult. The  scope  of  the  present  investigation  has  therefore 
been  very  much  limited. 

The  problem  as  conceived  in  the  present  report  is  as 
follows:  Two  long,  flat,  rectangular  plates  of  identical 
length  and  width,  simply  supported  along  their  edges  and 
of  unequal  thickness  and  material  properties,  are  connected 
in  the  interior  by  identical  axially  elastic  posts  in  rectangular 
array.  The  connection  between  the  posts  and  plates  is 
assumed  to  be  one  of  simple  support  (of  the  ball-and-socket 
ty"pe,  for  instance)  so  that  no  resistance  is  offered  to  rotation 
of  the  plates.  One  plate  is  subjected  to  a longitudinal 
compressive  load  and  the  other,  to  an  equal  longitudinal 
tensile  load.  Both  the  longitudinal  and  transverse  spacing 


of  the  posts  are  uniform;  the  two  spacings,  however,  may 
differ.  (See  fig.  1.)  . The  minimum  axial  stiffness  of  the 
posts  required  for  the  compression  surface  to  buckle  with 
nodes  through  the  posts  and  the  corresponding  buckling 
loads  are  to  be  determined. 

The  structure  thus  outlined  is  an  idealization  of  a long 
post-stiffened  box  beam  subjected  to  end  bending  moments. 
The  numerical  results  of  a theoretical  analysis  of  this  prob- 
lem are  presented  herein  in  both  tabular  and  graphical  form 


(tables  I to  III  and  figs.  2 to  4).  The  analysis  itself,  pre 

sented  in  the  appendix,  is  of  a more,  general  nature  and  may 

be  used  to  investigate  other  problems  in  the  design  of  plate 

structures  stiffened  by  posts. 

SYMBOLS 

6 

box-beam  width 

t 

plate  thickness 

E 

Young’s  modulus  of  elasticity  of  plate  material 

M 

D 

Poisson’s  ratio  of  plate  material 

/ Et^  \ 

plate  flexural  stiffness  per  unit  width  (^^2(1 — 

DtIDc 

ratio  of  flexural  stiffnesses  of  tension  and  com- 
pression surfaces 

R 

plate  flexural-stiffness  ratio  {DtIDc) 

N, 

plate  load  per  unit  width,  positive  in  compression 
surface  for  compression  and  in  tension  surface 
for  tension 

k 

plate-load  coefficient  (buckling-load  coefficient 
for  compression  plate)  {Nxb^^li^^D) 

Ncr 

critical  compressive  load  per  unit  width  in  com- 

pression surface  for  equal  tensile  load  in  tension 
surface 

Nerby^Dc 

compressive-buckling-load  parameter 

M 

number  of  longitudinal  bays 

N 

number  of  transverse  bays 

L 

longitudinal  distance  between  posts 

Lib 

ratio  of  longitudinal  distance  between  posts  and 
box-beam  wddth 

*|8 

aspect  ratio  of  plate  between  adjacent  lines  of 
post  {Ljb)  . 

F 

axial  stiffness  of  posts,  force  per  unit  deflection 

Fbyir^Dc 

post  axial-stiffness  parameter 

S 

post  axial-stiffness  parameter  {Fb^^jir^Dc) 

X,Y,Z 

coordinate  axes  (see  fig.  1) 

2,  y,  2 

distance  along  coordinate  axes 

w 

plate  deflection  in  Z-dhection 

1 Supersedes  NACA  TN  2153,  “The  Stability  of  the  Compression  Cover  of  Box  Beams  Stiffened  by  Posts"  by  Paul  Seide  and  Paul  F.  Barrett  ,1950. 
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ttmn  general  coefficient  in  Fourier  series  for  w 

integers 

c integer  defining  location  of  post  in  ^-direction 

d integer  defining  location  of  post  in  ^-direction 

g integer  defining  number  of  buckles  in  x-direction 

p integer  defining  number  of  buckles  in  ^-direction 

(1^7>^(A^-1)) 


U potential  energy 

V strain  energy 

W work  done  b}'  external  loads 

Subscripts: 

C compression  plate 

T tension  plate 

P posts 

The  subscript  cr  when  applied  to  Ljb  or  refers  to  the 
transition  from  buckling  with  longitudinal  nodes  through 
the  posts  to  buckling  with  transverse  nodes  tlirough  the  posts. 


z 


b 

6 

JV  \ JV  \ 
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RESULTS  AND  DISCUSSION 

The  numerical  results  of  the  present  inv^estigation  consist 
of  values  of  the  minimum  post  stiffnesses  and  the  corre- 
sponding compressive  buckling  loads  required  for  the  com- 
pression surface  of  long  post-stiffened  box  beams  subjected 
to  end  bending  moments  to  buckle  with  nodes  through  the 
posts.  Because  such  buckle  patterns  do  not  transmit  load  to 
the  posts,  the  posts  are  not  compressed  and  are  effectively 
rigid.  Post  axial  stiffnesses  greater  than  those  presented 
herein  will  not  serve  to  increase  the  buckling  load  of  the 
structure.  Combinations  of  the  post  axial-stiffness  parameter 
and  the  compress! ve-buckling-load  parameter,  for  different 
values  of  the  ratio  of  the  longitudinal  distance  between  posts 
to  the  box-beam  width  and  the  ratio  of  the  flexural  stiffnesses 
of  the  tension  and  compression  surfaces,  are  given  in  tables  I 
to  III  and  are  presented  graphically  in  figures  2 to  4 for  one, 
two,  and  three  rows  of  posts. 

The  most  significant  qualitative  result  to  be  read  from 
the  figures  (especially  figs.  2(c),  3(c),  and  4(c))  is  that 
buckling  of  the  compression  surface  with  longitudinal  nodes 
through  the  posts  is  never  obtainable  for  box  beams  in  use 
in  aircraft  construction  (for  which  the  stiffness  of  the  tension 
surface  is  at  most  equal  to  that  of  the  compression  surface). 


even  if  the  posts  are  infinitely  stiff.  Keference  1 shows  that, 
if  the  tension  surface  and  the  posts  are  rigid,  buckling  of  the 
compression  surface  occurs  with  longitudinal  nodes  through 
the  posts  when  the  ratio  of  the  distance  between  the  posts  and 

the  box-beam  width  is  less  than  a certain  value  < ©j 

and  occurs  with  transverse  nodes  through  the  posts  when 
this  value  is  exceeded.  These  results  are  found  to  be  valid 
when  the  flexural  stiffness  of  the  tension  surface  is  as  little 
as  about  3.5  times  that  of  the  compression  surface  (the 
exact  value  of  DtIDc  depends  on  the  number  of  rows  of  posts) 
and  when  the  post  axial  stiffnesses  are  those  given  in  figures 
2 (a),  3(a),  and  4 (a).  However,  if  the  flexural-stiffness  ratio  is 
less  than  this  value  of  about  3.5,  neither  longitudinal  nor 
transverse  nodes  through  the  posts  can  be  obtained  for  some 
values  of  Z/6,  even  if  the  post  axial  stiffness  is  made  infinite. 
The  spread  of  these  values  of  Ljb  is  indicated  b\"  figures 
2(c),  3(c),  and  4(c);  the  buckling  loads  in  this  region  when 
the  posts  are  rigid  are  shown  by  the  dashed-line  curves  of 
figures  2(b),  3(b),  and  4(b).  As -the  flexural-stiffness  ratio 
decreases,  the  region  in  which  the  compression  cover  buckles 
with  longitudinal  nodes  through  the  posts  also  decreases  until; 
when  the  ratio  is  about  1,5  or  less,  the  longitudinal-node 
buckle  pattern  is  not  obtainable. 
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(c)  Buckling  phenomena  attainable  for  box  beams  with  effectively  rigid  posts. 
FiouRE  2.— Concluded. 


LIMITATIONS  ON  USE  OF  CURVES  IN  ANALYSIS 

The  use  of  the  curves  of  figures  2 to  4 for  analysis  is  subject 
to  many  limitations.  Inasmuch  as  the  investigations  of  the 
present  report  are  limited  in  scope,  the  buckling  loads  of 
plates  having  post  stiffnesses  less  than  the  stiffness  required 
for  nodes  to  pass  through  the  posts  cannot  be  found  in  most 
cases.  Certain  conclusions,  however,  may  be  drawn  from  the 
present  results  to  aid  in  the  determination  of  whether  a given 
load  will  be  carried  by  a given  plate-post  system:  namel}^, 

(1)  If,  for  given,  values  of  the  ratio  of  the  flexural  stiff- 
nesses of  the  tension  and  compression  surfaces  and  the  ratio 
of  longitudinal  distance  between  posts  and  box-beam  width, 
the  required  buckling-load  coefficient  lies  above  the  appro- 
priate curve  of  figures  2(b),  3(b),  or  4(b),  the  load  cannot 
be  carried  because  these  curves  indicate  the  maximum  buck- 
ling loads  of  long  plate-post  structures. 

(2)  If  the  buckling-load  coeflScient  lies  on  or  below  the 
solid  or  dash-dotted  part  of  the  appropriate  curve  and  the 
post  axial -stiffness  parameter  is  greater  than  or  equal  to  the 
value  required  for  nodes  to  pass  through  the  posts,  as  given 
by  figures  2(a),  3(a),  or  4(a),  the  load  can  be  carried. 


(3)  If  the  buckling-load  coefficient  lies  on  the  appropriate 
solid  or  dash -dotted  line  curves,  and  the  post  axial-stiffness 
parameter  is  less  than  the  required  values,  the  load  cannot 
be  carried.  Further  investigation  is  required  if  the  buckling- 
load  coefficient  lies  below  these  curves,. 

(4)  If  the  buckling-load  coefficient  falls  on  the  dashed  part 
of  the  appropriate,  curve,  the  load  can  definitely  not  be 
carried  because  an  infinite  post  stiffness  would  be  needed. 
Further  investigation  is  necessary  if  the  buckling-load  co- 
efficient is  below  these  curves. 

Several  simplifying  assumptions  that  also  may  afl’ect  the 
applicability  of  the  present  results  to  the  design  and  analysis 
of  actual  post-stiffened  box  beams  have  been  made  in  the 
statement  of  the  problem.  The  statement  that  the  plates 
are  flat  and  subjected  to  axial  loading  implicitly  neglects 
the  effects  of  bending  of  the  plates  and  the  resultant  loads 
on  the  posts,  due  to  the  end  moments.  Possible  buckling 
of  the  posts  has  not  been  considered  but  may  be  dealt  with 
b}^  making  the  moment  of  inertia  of  the  post  as  large  as 
possible.  If  hollow  or  built-up  sections  are  used  for-  this 
purpose,  the  thickness  of  the  walls'  should  be  made  large 
enough  to  prevent  local  buckling. 


1093 


THE  STABILITY  OF  THE  COMPRESSION  COVER  OF  BOX  BEAMS  STIFFENED  BY  POSTS 


Because  of  the  large  number  of  computations  involved,  no 
investigations  have  been  made  to  determine  the  adequacy 
of  the  present  results  in  their  application  to  plates  of  finite 
longitudinal  length.  It  seems  reasonable,  however,  in  view 
of  the  results  of  references  2 to  4,  to  conclude  that  a finite 
plate  having  three  posts  or  more  in  the  longitudinal  direction 
may  be  considered  long,  insofar  as  buckling  with  transveree 
nodes  through  the  posts  is  concerned. 

ILLUSTRATIVE  DESIGN 

As  an  illustration  of  the  application  of  the  various  charts 
to  a design  problem,  the  posts  are  designed  for  a plate 
structure  for  which  the  following  data  are  given: 

Unit  load,  pounds  per  inch 

Compression-plate  thickness,  tc,  equals  tension-plate  thick- 

ness,  It,  inches 

Plate  width,  h,  inches -• 

Vertical  distance  between  plates,  h,  inches 

Modulus  of  elasticit}^  of  plate  material,  E,  psi lO-oXlO® 

Poisson’s  ratio  of  plate  material,  n 0.  3 

It  is  desired  that  the  buckle  pattern  be  such  that  nodal 
lines  pass  through  the  posts.  This  specification  is  equiva- 
lent to  that  of  designing  the  ribs  of  skin-stringer  construction 
so  that  buckling  takes  place  between  ribs. 


15,  000 

0.  375 
28 
5.  5 


The  required  compressive-buckling-load  coefficient  of  the 
structure  is  given  by  Nerh^lir^Dc  where 


Then, 


Dc 


12(1 -McO 


10.5X10^X(0.375)3 

12(1-0.32) 

=50,700  pound-inches 


Ncrb^  15000X282 
ttWc  507007t2 

= 23.5 


Inasmuch  as  the  thickness  and  material  properties  of  the 
tension  plate  are  identical  with  those  of  the  compression 
plate,  the  values  of  DtIDc  for  the  problem  is  unity. 

The  maximum  buckling-load  coefficient  obtainable  with 

Ncrb^ 

anv  number  of  rows  of  posts  is  given  by  " •=4iY2,  tlie 

buckling-load  coefficient  of  a long  plate  of  width  bjN.  From 
figure  2(b)  it  can  be  seen  that  the  required  buckling-loa’d 
coefficient  may  not  be  obtained  with  one  roAV  of  posts.  The 
coefficient  could  be  obtained  by  using  two  rows  of  posts  but 
the  required  bucMe  pattern  of  nodes  passing  through  the 


1094 


REPORT  104  7 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  3.— Concluded. 


posts  could  not  be  obtained.  At  least  three  rows  of  posts 
must  be  used. 

If  three  rows  are  used,  the  curves  of  figure  4(b)  indicate 
that,  for  DtIDc  equal  to  1.00,  a buckle  pattern  with  trans- 
verse nodes  through  the  posts  is  obtainable.  With  N^h^Jw^Dc 
equal  to  23.5,  the  corresponding  value  of  Ljh  is  equal  to 
0.215.  . Hence,  the  maximum  permissible  longitudinal  post 
spacing  L is  given  by 


=28X0,215 
=6.0  inches 

I'he  minimum  required  post  stiffness  may  now  be  obtained 
from  figure  4 (a). 

With  Ljb  equal  to  0.215  and  DtIDc  equal,  to  1.00,  the  cor- 
responding value  of  Fb^lir^Dc  is  equal  to  300.  The  post 
stiffness  is  then 

ir_^^Dc  Fb^ 

F irWc 


507007r2 

(28)2 


300 


= 191,000  pounds  per  inch 


If  the  posts  were  of  aluminum,  the  required  area  would  be 

A=—  F 

E 

'_5.5X191000 

10.5X10® 

=0.100  square  inch 

The  diameter  of  a circular  rod  would  be 

d=-y/^X0.100 

=0.36  inch 

The  ratio  of  the  weights  of  posts  and  compression  cover  is 
0.026.  This  ratio  is  appreciably  lower  than  that  of  the 
weights  of  ribs  and  compression  surface  in  conventional 
skin-stringer  construction,  given  in  reference  5 as  about  0.5 
for  minimum  weight  design,  and  represents  a great  saving 
in  stiffening  material.  The  question  of  whether  such  Ioav 
weight  ratios  are  obtainable  for  actual  box  beams  in  which 
factors  other  than  buckling  of  the  compression  cover  must 
be  considered  in  design  cannot  be  completel}^  answered  until 
many  designs  utilizing  post  stiffening  have  been  made. 
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(b)  Buckling  loads  for  box  beams  with  effectively  rigid  posts. 
FinuRE  4.— Continued. 


CONCLUDING  REMARKS 

The  minimum  post  axial  stiffness  and  the  corresponding 
budding  loads  requhed  for  the  compression  cover  of  a box 
beam  stiffened  by  posts  and  subjected  to  end  moments  to 
buckle  with  nodes  tln'ougli  the  posts  have  been  determined. 
Where  buckling  with  nodes  tlnough  the  posts  is  not  obtain- 
able, even  with  rigid  posts,  the  buckling  loads  of  box  beams 
with  rigid  post's  are  given. 

If  the  flexural  stiffness  of  the  tension  cover  is  equal  to  or 
less  than  that  of  the  compression  cover,  buckle  patterns 
with  longitudinal  nodes  are  not  obtainable,  no  matter  how 


stiff  the  posts  are  made  or  how  closely  the^^  are  spaced. 

For  the  particular  example  worked  in  the  present  report 
the  weight  of  the  required  posts  is  very  low  compared  with 
the  weight  of  the  compression  cover,  the  ratio  of  the  two 
being  about  2%  percent.  A complete  evaluation  of  post 
stiffening  is  not  possible,  however,  until  man}’'  more  designs 
and  tests  have  been  made. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  10,  1950. 


APPENDIX 


DETAILS  OF  ANALYSIS  AND  COMPUTATIONS 


DERIVATION  OF  CRITERIA  FOR  STABILITY  OF  PLATE 
STRUCTURES  STIFFENED  BY  POSTS 

The  following  problem  is  more  general  than  the  one 
outlined  in  the  introduction: 

Two  flat  rectangular  plates  of  equal  finite  length  and 
width,  simply  supported  along  their  edges  and  of  unequal 
thickness  and  material  properties,  are  connected  in  the 
interior  by  identical  axiall}^  elastic  rods  in  rectangular  array. 
The  connection  between  the  posts  and  plates  is  one  of  simple 
support,  of  the  ball-and-socket  t}^pe,  for  instance,  so  that 
no  resistance  is  offered  to  rotation  of  the  plate.  The  plates 
are  subjected  to  unequal  axial  loads.  Both  the  longitudinal 
and  transverse  spacing  of  the  rods  are  uniform;  the  two 
spacings,  however,  may  differ.  (See  fig.  1.)  The  combina- 
tion of  loads  that  will  cause  the  structure  to  buclde  is  to  be 
found. 

The  KaAdeigh-Ritz  energy  method  used  to  analyze  tliis 
problem  consists  of  the  following  procedure.  Fourier  series 
to  represent  the  deflected  shape  of  the  plates  are  first  as- 
sumed. The  energy  of  the  various  components  of  the 
structure  and.  the  work  done,  by  the  external  loads  are  then 
expressed  in  terms  of  the  unknown  Fourier  coefficients,  and 
the  potential-energy  expression  of  the  structure  is  written. 
Wlien  the  potential -energy  expression  is  minimized  with 
respect  to  each  of  the  coefficients,  a set  of  simultaneous 
equations  is  obtained  wliich  is  manipulated  in  the  manner 
of  references  2 and  6 to  yie\d  finalh^  the  stabilitA'  criteria 
for  the  structure. 

The  deflected  shapes  of  the  two  buckled  plates  may  be 
expressed  generally  b}"  the  double  Fourier  series 


rmrx  . mry 
AIL  b 


“ “ .rmrx  . mry 

X;  S Sm  SlU  — 

Tn  = \n  = \ ML,  0^ 


(1) 

(2) 


These  expressions  satisf}^  the  condition  of  simple  support 
on  all  four  edges  of  each  plate. 

The  energ}^  stored  in  the  buckled  plates  is  then 


Vc+Yr-^  j^  Jo  + 

^ dx  dy 


' n /6^Wt 

d^WrV 

Jo  \ 

ir*b 

''8{MLy 


and  that  stored  in  the  deformed  posts  is 

Vp^  XI  S y {'Wc—WrY 


T ' 

(3) 


7P  V-1  r ® 

NT 


j-'  \ I — \ / s . TTIttC  . 72/7rd”l”  ...  I 

“2  S I 


The  work  done  by  the  loads  in  moving  with  the  ends  of  the 
plates  is 

^8ML  ^1  S (5) 

The  potential  energ}’’  is 
U=Vc  + Vt^Vp^Wc- Wr 


f s'  £'  Fs  S sin  ^ sin  ^T- 

Z c=l  d = l L7n=l«  = l ^ ^ M iV  J 


TT^h 


8ML  s S 


(6) 


The  buckling  load  is  determined  by  the  condition  that  the 
potential  energy  be  a minimum;  that  is, 


bU  _ dU 


(i  = l,2,  . . . oo) 
(i=l,2,  ...  a.) 


or 


TT  7n  = l«=l 

am«j.)(gsin  ^ sin^j(^gsm  ^ sin-^j-0  (7) 


and 

TT  it  771=171=1  ^ 

a^„,)  g sin  ^ sin  ^ ) (^g  sin sin  ^ )=0  (8) 

• ■ (i=l,2,  . . . co) 

(i=l,2-,  . . . ~) 

Equations  (7)  and  (8)  may  be  combined  to  yield 

r 1 ■ , 


1/R 


a-r)  ( g sm  ^ sm  ^ J g sm  sm  ^j=0  (9) 


(i=l,2,  . . . oo) 
f?=l,2,  . . . oo) 
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unless  aij^=aij^y  in  which  case 
kc—  — kr 


which  indicates  that  both  plates  are  subjected  to  their  re- 
spective Euler  buckling  loads. 

The  remaining  details  of  the  analysis  are  similar  to  those 
of  references  2 and  6 and  are  therefore  omitted.  In  summary, 
the  series 


of  the  tension  and  compression  cover  {DtIDc  or  fi),  the 
number  of  bays  in  the  longitudinal  and  transverse  directions 
(M  and  AO,  and  the  integers  which  indicate  the  number  of 
buckles  in  the  longitudinal  and  transverse  directions  (q  and 
p).  Values  of  these  quantities  are-  determined  ‘ b}^  the 
details  of  the  problem  to  be  solved.  In  aU  the  computations 
for  the  present  report,  the  box  beam  has  been  taken  to  be 
infiniteh^  long. 

Buckling  with  transverse  nodes  through  the  posts. — If 
the  compression  cover  buckles  with  transverse  nodes  through 
the  posts,  the  buckling  load  coefficient  is 


mirc 

"M" 


. Third  . 77rd\ 

sm-^sin^j 


ma}^  be  evaluated  by  means  of  the  table  on  page  8 of  refer- 
ence 2.  Equations  (9)  are  then  seen  to  separate  into  inde- 
pendent sets,  each  of  which  ma}-  be  manipulated  to  yield 
a stability  criterion.  The  resulting  criteria  are 


^ ^ ^ 

» A:.^^(2s+Xy+[(2.  + ^J+(2riV+2,y^^J 

(3=1,2,  . . . M-1) 

(p=l,2,  . . . A^-1) 


and 


1 

II 

o 

(r — 1,3,5,  . 
(s  = l,3,5,  . 

. . oo) 
. . co) 

(12) 

kc~  — kj> 

(r=2,4,6,  . 
(s  = 2,4,6,  . 

. . oo) 
. . oo) 

(13) 

Equations  (10)  to  (13)  constitute  the  complete  set  of  stabilit}^ 
criteria  for  the  problto. 


COMPUTATION  DETAILS 

The  computations  may  be  divided  into  three  main  groups: 

(a)  The  determination  of  the  minimum  post  stiffness 
requhed  for  the  compression  cover  plates  to  buckle  with 
longitudinal  or  transvei'se  nodes  through  the  posts. 

(b)  In  those  regions  where  the  required  stiffness  does  not 
exist,  the  determination  of  the  buckling  load  attainable  with 
infinitely  stiff  posts. 

(c)  The  determination,  of  the  boundaries  of  the  various 
regions. 

Equation  (11),  which  was  used  to  make  the  calculations, 
involves  nine  quantities,  eight  of  which  must  be  known  in 
order  that  the  ninth  may  be  determined.  These  nine 
quantities  are  the  post  axial-stiffness  parameter  {Fb^jirDc  or 
iS),  the  ratio  of  the  distance  between  posts  and  the  box-beam 
width  (i/6  or  |3),  the  two  axial-load  parameters  {NxJy^ji^Dc 
or  kc  and  NxJ)^Iii^DtOv  kr),  the  ratio  of  the  flexural  stiffnesses 


which  is  the  compressive-buckling-load  coefficient  of  a 
simph"  supported  plate  of  length  L and  width  6.  The  load 
coefficient  in  the  tension  cover  was  chosen  for  the  present 
report  as 


in  which  case 

The  minimum  required  post  axial-stiffness  parameter  is 
completel}^  determined  by  equation  (11)  for  specified  values 
of  the  cover  flexural-stiffness  ratio,  the  length-width  ratio, 
and  the  number  of  rows  of  posts,  if  the  number  of  buckles  in 
the  longitudinal  and  transverse  directions  are  also  known. 

The  ratio  qjM  is  indicative  of  the  number  of  buckles  in  a 
longitudinal  bay  of  the  buckled  plate:  It  seemed  reasonable, 

in  view  of  the  results  of  references  2 to  4,  to  conclude  that 
qlM  should  be  taken  as  unit}^,  since  it  may  be  assumed  that 
the  transition  from  buckling  with  deformation  of  the  posts 
to  buckling  with  transverse  nodes  through  the  posts  is  con- 
tinuous for  structures  with  an  infinite  number  of  longitudinal 
bays  and  not  abrupt  as  would  be  the  case  if  the  number  of 
longitudinal  bays  were  finite.  One  buckle  occurs  in  the 
transverse  direction  and,  therefore,  p was  taken  equal  to 
unity. 

Buckling  with  longitudinal  nodes  through  the  posts. — 
Wien  the  ratio  of  the  longitudinal  spacing  between  posts  to 
the  box-beam  width  becomes  small,  the  buckle  pattern 
abruptly  changes  from  one  with  transverse  nodes  through 
the  posts  to  one  with  longitudinal  nodes  through  the  posts. 
The  value  of  the  width  ratio  at  which  this  phenomenon 
occurs  was  found  b}^  equating  the  buckling  loads  for  the 
two  types  of  buckling  because  the  two  are  equal  at  the  point 
of  transition.  The  compressive-buckling-load  coefficient  for 
a long  simply  supported  plate  of  width  hjN  is  given  b}- 


• kc=4.N’^ 


The  critical  length -width  ratio  was,  therefore,  found  from 
the  relationship 


4A'2= 
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or 


The  minimum  post  axial-stiffness  parameter  required  for 
buckling  to  occur  witlijongituclinal  nodes  through  the  posts 
can  be  found  from  equation  (11)  provided  that  the  ratio 
([jM  and  the  number  of  transverse  buckles  are  known.  The 
calculafions  of  reference  7 for  compressive  buckling  of  plates 
with  longitudinal  stiffeners  indicate  that  the  change  from 
buckling  with  deflection  of  the  stiffeners  to  buckling  with 
nodes  at  the  stiffeners  is  abrupt  and  that  only  one  transverse 
buckle  should  be  assumed  for  the^determination  of  minimum 
required  flexural  stiffness.  It  seemed  logical  that  this  condi- 
tion should  be  assumed  to  hold  also  for  plates  stiffened  by 
posts  and,  according!}^,  p was  taken  equal  to  unity.  The 
value  of  q/M  was  determined  by  graphically  minimizing  the 
post  axial-stiffness  parameter  with  respect  to  q/M;  that  is, 
various  values  of  q/M  were  chosen,  the  corresponding  values 
of  S were  obtained  from  equation  (11),  and  the  correct  value 
of  S was  determined  b}^  drawing  a curve  through  the  com- 
puted values  and  picking  off  the  minimum. 

Boundary  between  regions. — A third  type  of  bucklmg  is 
found  to  appear  for  relative!}^  low  values  of  the  cover  flexural- 
stiffness  ratio.  For  instance,  when  R was  equal  to  2.00  the 
minimum  post  axial  stiffness  requu*ed  for  either  longitudinal 
or  transverse  node  buckle  patterns  was  found  to  be  unobtain- 
able for  a certain  range  of  values  of  the  length-width  ratio. 
Further  investigation  showed  that  the  post  axial  stiffness 
required  for  a longitudinal  node  buckle  pattern  became 
infinite,  at  a certain  value  of  the  length-width  ratio  ^ less 
than  Per  and  that  the  post  axial  stiffness  requued  for  a trans- 
verse node  buckle  pattern  became  infinite  at  some  value  of 
P greater  tlian  Per-  Between  these  two  values,  only  buckle 
patterns  with  deformation  of  the  posts  are  obtainable.  (If  the 
posts  are  rigid,  the}^  displace  axially  but  are  not  compressed.) 

The  maximum  value  of  the  cover  flexural-stiffness  ratio  R 
at  which  this  phenomenon  is  found  to  occur  was  determined 
by  setting  the  post  axial-stiffness  parameter  equal  to  in- 
finit}^,  the  length -width  ratio  equal  to  Per,  the  load  coefficients 

kc  and  Rkr  equal  to  — VPc^j  the  ratio  qjM  and  the 

number  of  transverse  buckles  equal  to  unit}',  and  by  solving 
equation  (11)  graphically.  This  procedure  determines  the 
value  of  R for  which  the  spread  of  the  range  of  ^3,  in  which 


the  third  type  of  buclde  pattern  occurs,  vanishes  and  thus 
determines  the  maximum  value  of  R for  which  the  phe- 
nomenon occurs. 

The  boundaries  between  the  regions  in  which  the  various 
buckle  patterns  occur  were  found  by  placing  the  post  axial 
stifl'ness  equal  to  infinity  and  usmg  a procedure  similar  to 
that  of  the  previous  sections  to  determine  the  length-width 
ratio  p for  various  values  of  R. 

Wlien  the  cover  flexural-stiffness  ratio  is  approxunately 
1.5,  the  value  of  p marking  the  transition  from  buckling  with 
longitudinal  nodes  through  the  posts  and  buckling  with  the 
displacement  of  the  rigid  posts  is  found  to  become  equal  to 
zero,  and  this  fact  thus  indicates  that  the  longitudinal  node 
buckle  pattern  is  unobtainable  for  values  of  R less  than  1.5. 
Because  the  stab ilit}’^  criterion,  becomes  indeterminate  when 
p is  equal  to  zero,  more  accurate  values  of  the  cover  flexural- 
stiffness  ratio  for  which  the  phenomenon  occurs  were  found 
by  placing  p equal  to  the  low  value  of  0.01  and  finding  R 
grapbicall}’^  fro'm  equation  (11). 

Buckling  loads  attainable  with  rigid  posts. — The  buckling 
loads  for  various  values  of  R and  P in  the  region  where  the 
compression  cover  buckles  with  axial  displacement  of  the 
rigid  posts  were  found  by  graphically  minimizing  the  loads 
determined  from  equation  (11)  with  respect  to  g/M,  with  the 
post  axial-stiffness  parameter  equal  to  infinit}-,  and  with  one 
buckle  in  the  transverse  direction. 
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TABLE  I 

DATA  FOR  ONE  ROW  OF  POSTS 


Type  of 
buckling 
(-) 


R 

= 2 

Tvpe  of 

S 

k 

buckling 

0.75 

2.6 

4.341 

A 

'.50 

20.6 

6.2.50 

A 

.45 

34.6  . 

7. 141 

A 

.40 

63.4 

S.410 

A 

.37  • 

101.7 

9.441 

A 

.35 

151.2 

10. 286 

A 

.33 

261.5 

11.292 

A 

.31 

659.3 

12.  ,502 

A 

.30 

1715.4 

13.201 

A 

.204 

CO 

13.6 

i A or  B 

• .25 

CO 

13. 3 

1 B 

• .207 

CO 

16.000 

1 B or  C 

.15 

522. 6 

16.000 

1 c 

. 10 

253.7 

16. 000 

1 c 

.075 

176. 1 

IG.OOO 

i £ 

.05 

118.9 

16.000 

1 

R 

=.  ' 

Tvpe  of 

S 

k 

buckling 

(“) 

0.  75 

2.7 

4.340 

A 

.50  • 

24.4 

• 6.250 

A 

. 45 

46.  5 

7. 141 

A 

.40 

102.8 

8.410 

A 

.37 

217.5 

9.  441 

A 

.35 

544.4 

10.  286 

A 

.335 

CO 

11.0  ! 

-A  or  B 

.25 

CO 

11.6 

B 

. 10 

CO 

14.9 

B 

'R 

=0.5 

Type  of 

S 

k 

buckling 

(“) 

0.  75 

2.8 

4.340 

A 

.54 

22.2 

5.  721 

A 

.50 

34. 1 

6.  250 

A 

.45 

84.3 

7. 141 

A 

.43 

137.  7 

7.  593 

A 

.41 

337.3 

8. 117 

A 

.40 

566. 4 

8.410 

A 

.388 

GO 

8.8 

A or  B 

.25 

CO 

11.6 

B 

* .10 

CO 

12.5 

B 

.05 

00 

12.5 

B 

Type  of 
buckling 
(-) 


A Buckling  with  transverse  nodes  through  the  posts, 

B Buckling  with  deflection  of  the  posts. 

C Buckling  with  longitudinal  nodes  through  the  posts. 


TABLE  II 

DATA  FOR  TWO  ROWS  OF  POSTS 


R 

= 00 

Type  of 

/3 

. S 

k 

buckling 

(c) 

7.5 

1.6 

4.340 

A 

.50 

9.8 

6.  250 

A 

.40 

21. 1 

8.410 

A 

.35 

32.3 

10.286 

A 

.30 

56.7 

13.201 

A 

.27 

84.9 

15. 970 

A 

.25 

112.9 

18. 063 

A 

.22 

193.8 

22. 710 

A 

.20 

313.3 

27.040 

A 

. IS 

598. 6 

32. 897 

A 

. 172 

888.0 

36.000 

A or  C 

. 15 

292.3 

36.000 

C 

. 10 

157.  5 

.36.000 

C 

.05 

75.2 

36.000 

c 

R 

=2 

Type  of 

S 

k 

buckling 

(“) 

0. 75 

1.7 

4.  .340 

A 

.50 

11.9 

6. 250 

A 

.40  • 

27.7 

8.410 

A 

.35 

46.2 

10.286 

A 

..30 

86.1 

1.3.201 

A 

.27 

143.4 

1.5.970 

A 

.25 

209.5 

18.063 

A 

.22 

490.8 

22.  710 

A 

.21 

767.9 

24.  720 

A 

.20 

1526. 7 

27.040 

A 

. 189 

00 

30. 0 

A. or  B 

.15 

oo 

34.8 

B 

. 126 

GO 

36.000 

Bor  C 

. 10 

1933. 5 

36.000 

c 

.075 

918.7 

36.000 

C 

.05 

597.8 

36.000 

c 

.025 

282.7 

36.000 

c 

R- 

= 0.5 

Type  of 

/S 

S 

k 

buckling 

(-) 

0.75 

1.9 

4.340 

A 

.50 

15.8 

6.  250 

A 

.40 

44.0 

8.410 

A 

.35 

93.6 

10.  286 

A 

.30 

330.1 

13.201 

A 

.28 

813.0 

14.834 

A 

.27 

7130.  5 

15. 970 

A 

.268 

CO 

15. 995 

A or  B 

.20 

00 

20.9 

B 

.15 

00 

22.9 

B 

. 10 

CO 

24.4 

B 

.05 

CO 

24.4 

B 

/?= 

=0.25 

Type  of 

0 

S 

k 

buckling 

(-) 

0.  75 

1.9 

4. 340 

A 

-.50 

17.9 

6. 250 

A 

.45 

35. 0 

7. 141 

A 

.40  j 

; 81.5 

8.410 

A 

.37 

148.8 

9.441 

A 

.35 

289.8 

10.286 

A 

.33  1 

1618.  6 

11.292 

A 

.325  1 

00 

11.6 

A or  B 

.20  1 

j . oo 

17.0 

B 

.15  ' 

' 00 

18.3 

B 

.10 

CO 

19.4 

B 

.05 

1 

19.4 

B 

» A Buckling  with  transverse  nodes  through  the  posts. 

B Buckling  with  deflection  of  the  posts. 

C Buckling  with  longitudinal  nodes  through  the  posts. 
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TABLE  III 

DATA  FOR  THREE  ROWS  OF  POSTS 


V 

R 

= 00 

Type  of 

S 

k 

buckling 

(“) 

0.  75 

1.2 

4.340 

A 

.50 

7.2 

6.250 

A 

.34 

26.1 

10.  766 

A 

.25 

70. 6 

18. 063 

A 

.20 

153.1 

27,040 

A 

.17 

279.0 

36. 331 

A 

. 15 

527.5 

46. 467 

A 

. 14 

774.9 

53.040 

A 

. 127 

1558. 4 

64.000 

A or  C 

. 10 

420.4 

64.000 

i C 

.08 

308.2 

64.000 

C 

- .04 

144, 1 

64.000 

c 

R 

= 2 

3 

Type  of 

S 

k 

buckling 

(-) 

0.  75 

1.2 

4.340 

A 

.50 

8.6 

6.  250 

A 

.34 

34.7 

10. 766 

A 

.25 

104.1 

18. 063 

A 

.20 

260.8 

27. 040 

A 

. 17 

595.  2 

36. 331 

A 

.15 

2295.5 

46. 467 

A 

.14 

00 

53.0  ' 

A or  B 

.125 

. 00 

59.1 

B 

. 11 

00 

62.3 

B 

.087 

oo 

64.000 

B or  C 

.03 

1151.2 

64.000 

C 

.02 

752. 3 

64.000 

C 

.01 

357.3 

64.000 

c 

/i 

f=l 

0 

Type  of 

S 

k 

buckling 

(“) 

0. 75 

1.3 

4.340 

A 

. 50 

9.6 

6.250 

A 

.34 

42.3 

10.766 

A 

.29 

76.  5 

13. 975 

A 

.25 

143.5 

18. 063 

A 

.20 

456.2 

i 27.040 

A 

.18 

1253.7 

32. 897 

A 

.17 

3473. 9 

36.331 

A 

. 164 

CO 

39.2 

A or  B 

.10 

00 

50.3 

B 

.05 

00 

52.8 

B 

R 

=0.5 

Type  of 

S 

k 

buckling 

C“) 

0.75 

'1.3 

4.340 

A 

.50 

10.9 

6.  250 

A 

.34 

56.5 

10.  766 

A 

.32 

69.2 

11.868 

A 

.29 

114.8 

13.  975 

A 

.27 

167.  7 

15. 970 

A 

.25 

263.3 

18. 063 

A 

.23 

534.8 

20.  957 

A 

.21 

2097.  5 

24.  720 

A 

.205 

00 

25.8 

A or  B 

.10 

oo 

38.9 

B 

-.05 

40.3 

B 

R-- 

=0.25 

Type  of 

S 

k 

buckling 

(“) 

0.  75 

1.4 

4.340 

A 

.50 

12.7 

6.  250 

A 

.40 

36.5 

8.410 

A 

.34 

87.5 

10.  766 

A 

.32 

122.3 

11.868 

A 

.29 

247.4 

13. 975 

A 

.27 

467.2 

15.  970 

A 

.26 

1781.9 

16.  860 

A 

.254 

17.6 

A or  B 

.175 

00 

25.3 

' B 

.10 

00 

29.9 

B 

.05 

00 

30.8 

B 

“ A Buckling  with  transverse  nodes  through  the  posts. 

B Buckling  with  deflection  of  the  posts. 

C Buckling  with  longitudinal  nodes  through  the  posts.  ^ 
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A STUDY  OF  EFFECTS  OF  VISCOSITY  ON  FLOW  OVER 
SLENDER  INCLINED  BODIES  OF  REVOLUTION' 

By  H.  Julian  Allen  and  Edward  W.  Perkins 


SUMMARY 

The  observed  flow  field  about  slender  inclined  bodies  of 
revolution  is  compared  with  the  calculated  characteristics  based 
upon  potential  theory.  The  comparison  is  instructive  in 
indicating  the  manner  in  which  the  efifects  of  viscosity  are 
manifest. 

Based  on  this  and  other  studies^  a method  is  developed  to 
allow  for  viscous  efifects  on  the  force  and  moment  characteristics 
of  bodies.  The  calculated  force  and  moment  characteristics  of 
two  bodies  of  high  fineness  ratio  are  shown  to  be  in  good  agree- 
ment, for  most  engineering  purposes,  with  experiment. 

* 

INTRODUCTION 


The  problem  of  the  longitudinal  distribution  of  cross  force 
on  inclined  bodies  of  revolution  in  inviscid,  incompressible 
flow,  which  was  primarily  of  interest  to  aii'ship  designei’s  in 
the  past,  was  treated  simply  and  effectively  by  Max'lMunk 
(reference  1).  Munk  showed  that  the  cross  force  per  unit 
length  on  any  body  of  revolution  having  high  fineness  ratio 
can  be  obtained  by  considering  the  flow  in  planes  perpendicu- 
lar to  the  axis  of  revolution  to  be  approximately  two-dimen- 
sional. By  treating  the  problem  in  this  manner,  Munk 
showed  that 

/=2o^sin2a  (1) 


where 

f cross  force  per  unit  length 
2o  stream  dynamic  pressure 

dSjdx  rate  of  change  in  body  cross-sectional  area  with 
longitudinal  distance  along  the  body 
a angle  of  inclination 

Tsien  (reference  2)  investigated  the  cross  force  on  slender 
bodies  of  revolution  at  moderate  supersonic  speeds*-^a  prob- 
lem of  more  interest  at  the  present  to  missile  and  supersonic 
aircraft  designers — and  showed  that,  to  the  order  of  the 
fimt  power  .of  the  angle  of  inclination,  the  reduced  Munk 
formula 


y=22o 


dx 


a 


(2) 


was  still  applicable.  This  is  not  surprising  when  it  is  realized 
that  the  cross  component  of  the  flow  field  corresponds  to  a 
cross  velocity 

Vo  sin  a 

•1  Supersedes  NACA  TN  2044,  ** Pressure  Distribution  and  Some  Effects  of  Viscosity  on 
Slender  Inclined  Bodies  of  Revolution”  by  H.  Julian  Allen,  1930. 


where  Vq  is  the  steam  velocit3^  Thus  the  cross  component 
of  velocit}^,  and  hence,  the  cross  Mach  number  will,  for 
small  angles  of  inclination,  have  a small  subsonic  value  so 
that  the  cross  flow  will  be  essentially  incompressible  in 
character. 

Using  equation  (1)  for  the  cross-force  distribution,  then, 
the  total  forces  and  moments  experienced  by  a body  in  an 
inviscid  fluid  stream  can  be  calculated.  Comparison  of  the 
calculated  and  experimental  characteristics  of  bodies  has 
shown  that  the  lift  experienced  exceeds  the  calculated  lift 
in  absolute  value  by  an  amount  which  is  greater  the  greater 
the  angle  of  attack;  the  center  of  pressure  is  farther  aft  than 
the  calculations  indicate,  the  discrepancy  increasing  with 
angle  of  attack;  while  the  absolute  magnitude  of  the  moment 
about  the  center  of  volume  is  less  than  that  calculated.  It 
has  long  been  known  that  these  observed  discrepancies  are 
due  primarily  to  the  failure  to  consider  the  effects  of  viscosity 
in  the  flow. 

Experience  has  demonstrated,  notably  in  the  development 
of  airfoils,  that  the  behavior  of  the  boundaiy  layer  on  a 
body  is  intimately  associated  with  the  nature  of  the  pressure 
distribution  that  would  exist  on  the  body  in  inviscid  flow. 
In  particular,  boundary-layer  separation  is  associated  with 
the  gradient  of  pressure  recovery  on  a body. ' The  severity 
of  the  effect. of  such  separation  can  be  correlated,  in  part, 
with  the  magnitude  of  the  total  required  pressure  recover 
indicated  by  inviscid  theory.  It  is  therefore  to  be  expected 
that  it  will  be  of  value  to  compare  the  actual  pressure  dis- 
tribution on  inclined  bodies  of  revolution  with  that  calculated 
on  the  assumption  that  the  fluid  is  inviscid.  For  the  purpose 
of  this  study,  a simple  method  is  developed  for  determining, 
for  an  inviscid  fluid,  the  incremental  pressure  distribution 
resulting  from  inclined  flow  on  a slender  body  of  revolution.^ 
The  experimental  incremental  pressure  distributions  about 
an  ail-ship  hull  are  compared  with  the  corresponding  dis- 
tributions calculated  by  this  method.  The  comparisons  are 
instructive  in  indicating  the  manner  in  which  the  viscosity 
of  the  fluid  influences  the  flow.  In  the  light  of  this  and  other 
studies,  a method  for  allowing  for  viscous  effects  on  the  force 
and  moment  characteristics  of  slender  bodies  is  developed 
and  the  results  compared  with  experiment. 

2 The  problem  of  determining  the  pressure  distribution  on  inclined  bodies  has  been  treated 
by  other  authors,  but  for  several  reasons  these  methods  are  not  satisfactory  for  the  present 
purposes.  For  example,  Kaplan  (reference  3)  treated,  in  a thorough  manner,  the  flow  about 
slender  inclined  bodies,  but  the  solution,  which  is  expressed  in  Legendre  polynomials,  is 
unfortunately  tedious  to  evaluate.  On  the  other  hand,  Laitone  (reference  4),  by  linearizing 
the  equations  of  motion,  obtained  a solution  for  the  pressure  distribution  on  slender  inclined 
bodies  of  revolution,  but,  as  will  be  seen  later,  the  solution  is  inadequate  in  the  general  case 
due  to  the  linearization. 
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SYMBOLS 

refei’ence  area  for  bod}'  force  and"  pitching- 
moment  coefficient  evaluation 

plan-form  area 


circular-cylinder  section  drag  coefficient  based 
‘on  c}dinder  diameter 

local  cross-flow  drag  coefficient  at  any  x station 
based  on  bod}’^  diameter 
constant  of  integration 


cross- flow  drag  coefficient 

body  foredrag  coefficient 

bod}^  foredrag  coefficient  at  zero 
inclination 

incremental  foredrag  coefficient 


angle  of 
due  to 


inclination 


body  lift  coefficient 

body  pitching-moment  coefficient  about  station 
/ pitching  moment^ 
qoAX 


- 


mean  bod\^  diameter 


local  cross  force  (normal  to  body  axis)  at  any 
station  x on  body 
body  length 

free-stream  Mach  number 
cross-flow  Mach  number  (Mq  sin  a) 
local  surface  pressirre 
free-stream  static  pressure 

local  surface  pressure  at  zero  angle  of  inclination 

local  surface-pressure  coefficient  ( ? — ^ ) 

\ 9.0  / 

local  surface-pressure  coefficient  at  zero  angle  of 
inclination  — 2?^ 


9o 


mcremental  surface -pressure  coefficient  due  to 

angle  of  inclination 

free-stream  dynamic  pressure 
bod}^  volume 

polar  radius  about  axis  of  revolution 
local  body  radius  at  any  station  x 
free-stream  Reynolds  number  based  on  maxi- 
mum body  diameter 
cross-flow  Re3molds  number  (Rq  sin  a) 
cross-flow  Re\molds  number  based  on  diameter 
D' 

bod}^  cross-sectional  area  at  station  x 


S, 

t 

Vo 

V. 

X 

™ 90® 

y 

z 

OL 


V 

e 


p 

0 


body*  base  area  (at  ‘ 

time 

free-stream  velocity 

local  axial  velocity  at  body'  sirrface  at  an}’’ 
station  r 


axial  component  of  the  stream  velocity  (Focos  a) 

cross-flow  component  of  the  stream  velocity 
(Fo  sin  cl) 

axial  distance  from  bow  of  body  to  any  body 
station 

axial  distance  from  bow  of  body  to  pitching- 
moment  center 

axial  distance  from  bow  of  body  to  center  of 
viscous  cross  force 

reference  length  for  moment  coefficient 
evaluation 

ordinate  in  plane  of  inclination  normal  to  axis  of 
revolution 

ordinate  normal  to  plane  of  inclination  and  to 
axis  of  revolution 

angle  of  body-axis  inclination  relative  to  free- 
stream-flow  direction 


tan 


“1 

dx 


fluid  kinematic  viscosity 

polar  angle  about  axis  of  revolution  measured 
from  approach  direction  of  the  cross-flow 
velocity 

fluid  mass  density 
velocity  potential 


PRESSURE  DISTRIBUTION  ON  SLENDER  INCLINED  BODIES 
OF  REVOLUTION 

POTENTIAL  FLOW  THEORY 

Consider  the  flow  over  the  body  of  revolution  shown  in 
figure  1 which  is  inclined  at  an  angle  o:  to  the  stream  of 
velocity  Vq.  If  the  body  is  slender,  the  axial  component 
velocity  at  the  body  surface  will  not  differ  appreciably 
from  the  axial  component  of  the  stream  velocity.  With 
this  condition,  it  is  clear  that  the  cross  flow  may  be  treated 
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approximately  by  considering  it  to  be  two-dimensional  in  a 
plane  which  is  parallel  to  the  yz  plane  and  is  moving  axiall}^ 
with  the  constant  velocity  In  other  words,  the  problem 
may  be  treated  b}^  determining  the  two-dimensional  flow 
about  a circular  cylinder  which  is  first  gi*owing  (oyer  the  fore- 
body) and  then  collapsing  (over  the  afterbody)  with  time. 

The  velocit}'  potential  for  the  cross  flow  at  an}^  x station  is 
given  in  polar  coordinates  as 

(3) 


which  in  this  moving  reference  plane  is  a function  of  time. 

Bernoulli's  equation  for  an  incompressible  flow  which 
changes  with  time  is 


p_ 

P dt  2 V ~^\rbdj  _ 

+c 

(4) 

Now  from  equation  (3) 

^ / R\  dR  Q 

but 

dR  dx  dR  ^ 

lU~li  ^ 

(5) 

(6) 

SO  that  equation  (5)  becomes 

|j=-2F,.y.„ta.n|3(f)cos0 

(7) 

Also,  b\'  differentiation  of  equation  (3), 

'J 

(8) 

so  that  equation  (4)  for  the  pressure  at  any  point  in  the  flow 
field  becomes 


and  hence  equation  (9)  for  the  pressure  at  the  surface  of  the 
body  becomes  for 

TT  2 

2:^=2  tan  p cos  6+^  (1-4  sin^  6)  (10) 

and  wTiting 

Fyo=Fosina 

Vx^=Vq  cos  a 

the  surface  pressure  in  coefficient  form  becomes 

p=2 — ^=2  tan  jS  cos  6 sin  2a  + (l— 4 sin^  S)  sin^  a (11) 

For  bodies  of  moderate  fineness  ratio  at  zero  angle  of 
inclination,  the  surface  pressure  at  an}^  station,  designated 
Pa=o.  ''dll  differ  slightly  from  the  static  pressure  po  but,  if 
the  fineness  ratio  is  not  too  low,  the  pressiu’e,  Pa=o,  in  any 
yz  plane  will  be  approximately  constant  for  several  body 
radii  from  the  surface.  Under  the  assumption  that  the 
pressure  at  the  surface  at  zero  inclination  applies  uniformly 
in  the  portion  of  the  yz  plane  for  which  the  major  effects  of 
the  cross-flow  distribution  are  felt,  the  change  in  pressure 
from  Po  to  pa=o  "dll  be  additive  to,  but  will  not  otherwise 
influence,  the  cross-flow  pressure  distribution.  Hence  for 
ail}'  station  on  a body  of  high  fineness  ratio  for  which  at 
zero  inclination  the  pressure  is  pa=o,  the  pressure  coefiicient 
distribution  at  this  same  station  under  inclined  flow  con- 
ditions vdll  be;  from  equation  (11), 

P=Pq^q+{2  tan  jS  cos  6)  sin  2a+(l-—4  sin^  6)  sin^  a (12) 

For  very  slender*  bodies  at  small  angles  of  inclination 

tan 

sin  2a^2a 
sin^a^a^ 

so  that  equation  (12)  becomes^  ^ 


(l)oos 


_Lfl2_^cos^  6 

9 


+ 


(9) 


For 

so 


P=Pa=o+(4  COS  6)  /3a+(l  — 4 sin^  6)  o?  (13) 

The  cross  force  per  unit  length  of  the  body  is  then  found  as 

/=  |*  pR  cos  Q (Z0=2goJ^  PR  CDS  0 (Z0+2  J*  p^  cos  6 dB 

3 Equation  (13),  for  the  case  in  which  ^ is  constant,  reduces  to  that  derived  by  Busemann 
(reference  5)  for  the  flow  over  an  inclined  cone.  Laitone’s  linearized  solution  (reference  4) 
for  the  pressure  distribution  over  bodies  at  supersonic  speeds  agrees  with  equation  (13)  except 
that  the  term,  of  course,  is  absent.  This  linearized  solution  is  inadequate  in  general  since, 
for  the  cases  of  usual  interest,  the  values  of  a are  of  the  same  order  of  magnitude  as  0,  thus 
the  or*  term  is  as  important  as  the  a term. 
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and  clearly 

2 I'  'PqR  cos 

Substituting  P from  equation  (12)  gives 

y=2P2aPa=o  I cos  6dB-\~4iRq^Q  tan  sin  2a  \ cos-  BdB-{- 
Jo  Jo 

2Pgo  sin-  aj  (1—4  sin^  B)  cos  BdB 

The  first  and  third  integrals  are  zero,  while  the  second 
integral  3-ields 

f=2TrRqo  tan  /3  sin  2a 

and  since 


then 


2irR  tan/3  = 2iri2^=^ 
ax  ax 


dS  . ^ 

f=qo-^sm2a 


which  is  equation  (1)  derived,  Alunk  for  the  cross  force 
on  slender  airship  hulls  and,  in  the  form. 


that  derived  by  Tsien  for  the  cross  ^force,  to  the  order  of  the 
first  power  of  the  angle  of  inclination,  for  slender  bodies  at 
moderate  supersonic  speeds.  This  development  shows  that 
these  equations  for  the  cross  force  are  also  correct  to  the 
second  power  of  a for  in  viscid  flow. 


ancy,  particularly  at  values  of  B near  180°,  is  evident  which 
increases  with  increasing  distance  from  the  bow.  Down- 
stream of  the  maximum  diameter  section  (figs.  2(c)  and  2(d)) 
the  discrepancy  increases  very  rapidly. 

The  disagreement  that  exists  at  the  afterbody  stations 
results  from' effects  of  viscosity  not  considered  in  the  theory, 
as  will  be  seen  from  the  following:  R.  T.  Jones,  in  reference 
8,  showed  that,  for  laminar  flow  on  an  infinitely  long  yawed 
cylinder  of  arbitrary  cross  section,  the  behavior  of  the  com- 
ponent flow  of  a viscous  fluid  in  planes  normal  to  the  c}dinder 
axis  was  independent  of  the  component  flow  parallel  to  the 
axis.^  For  an  inclined  circular  cylinder,  then,  viewed  along 
the  cylinder  axis  the  viscous  flow  about  the  cylinder  would 
appear  identical  to  the  flow  about  a circular  cylinder  section 
in  a stream  moving  at  the  velocity  Vo  sin  a.  Hence  separa- 
tion of  the  flow  would  occur  in  the  yz  plane  as  a result  of 
the  adverse  pressure  gradients  that  exist  across  the  cylinder. 
Jones  demonstrated  that  this  behavior  explained  the  cross 
forces  on  inclined  right  circular  cylinders  that  were  experi- 
mentally observed  in  reference  10.  That  such  separation 
effects  also  occur  on  the  inclined  hull  model  of  the  '^Akron” 
is  also  evident  from  the  pressure  distributions  in  figures 
2(c)  and  2(d). 

\\Tiile  the  treatment  of  reference  8 explains  qualitatively 
the  observed  behavior  of  the  flow  field  about  the  hull  model 
considered,  it  cannot  be  used  quantitatively  for  a low  fine- 
ness ratio  body  such  as  the  ^‘Akron”  for  at  least  two  reasons. 

First,  the  influence  of  the  term 

2 tan  jS.cos  B sin  2a 

of  equation  (12)  is  to  distort  the  typical  circular-cylinder 
pressure  distribution,  given  by  the  term  ' 


COMPARISONS  WITH  EXPERIMENT  AND  DISCUSSION  OF  THE 
EFFECTS  OF  VISCOSITY 

In  reference  6,  a thorough  investigation  at  low  speeds 
was  made  of  the  pressure  distribution  over  a hull  model  of 
the  rigid  airship  ^^Akron.”  Incremental  pressure  distri- 
butions due  to  inclination  calculated  by  equation  (12)  for 
four  stations  along  the%ull  at  tliree  angles  of  attack  are 
compared  with  the  experimental  values  in  figures  2(a)  to 
2(d).  In  each  of  the  figures  is  shown  a sketch  of  the  airship 
which  indicates  the  station  at  which  the  incremental  pres- 
sure distributions  apply.  This  comparison  represents  a 
severe  test  of  the  theoretical  method  of  this  report  since  the 
method  was  developed  on  the  assumption  that  the  fineness 
ratio  of  the  body  is  very  large,  while  for  the  case  considered 
the  fineness  ratio  is  only  5.9. 

. At  the  more  forward  stations  (figs.  2(a)  and  2(b)),  the 
agreement  is  seen  to  be  essentially  good  ^ but  some  discrep- 

* At  stations  extremely  close  to  the  bow  the  method  must  be  inaccurate  as  evident  from  the 
work  of  Upson  and  Klikoff  (reference  7). 


(1  — 4 sin^  B)  sin^  a 

so  as  to  move  the  calculated  position  of  minimum  pressure 
away  from  the  B = 90°  point  and  to  change  the  magnitude  of 
the  pressure  to  be  recovered  on  the  lee  side  of  the  body.  Over 
the  forward  stations  of  the  body,  where  tan  is  positive,  the 
position  of  minimum  pressure  lies  between  90°  and  180°  and 
the  theoretical  pressure  recovery  is  small  and  even  zero  at  the 
most  forward  stations.  For  the  rearward  station  where  tan  /3 
is  negative,  the  minimum  pressure  lies  between  0°  and  90°, 
and  the  theoretical  pressure  recovery  is  large  and  increases 
proceeding  toward  the  stern.  For  the  hull  of  the  ^^Akron” 
model,  the  theoretical  line  of  minimum  pressure  along  the 
hull  is  shown  in  figure  3 for  the  angles  of  attack  of  6°,  12°, 
and  18°.®  Since  separation  can  only  occur  in  an  adverse 

* The  recent  work  of  A.  P.  Young  and  T.  B.  Booth  (reference  9)  indicated  that  this  may  be 
true  for  the  turbulent  flow  case  as  well. 

® It  is  of  interest  to  note  in  this  figure  that  even  for  small  angles  of  inclination  the  line  of 
minimum  pressure  becomes  oriented  close  to  the  direction  of  the  axis  of  revolution,  while  at 
zero  inclination  it  must,  of  course,  be  normal  to  this  axis. 


Incremental  pressure  coefficient^ P~Pa.o  Incremental  pressure  coefficient^  P-Pi 
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Figure  3.— Calculated  lines  of  minimum  pressures  for  a model  hull  of  C.  S.  S.  Akron  at  three 

angles  of  attack. 


gradient,  it  is  clear  that  the  line  of  separation  will  roughly 
parallel  the  line  of  minimum  pressures.  Hence,  the  flow  about 
forward  stations  will  be,  or  will  more  nearly  be,  that  cal- 
culated for  a nonviscous  fluid.  Over  the  rearward  stations 
the  flow  separation  should  tend  to  be  even  more  pronounced 
than  would  occur  on  a right  circular  cylinder.  That  such  is 
the  case  is  shown  by  the  flow  studies  on  the  ellipsoid  of  revolu- 
tion of  reference  11.  In  those  studies,  the  flow  on  the  model 
surface  was  investigated  by  lampblack  and  kerosene  traces. 
The  traces  showed  the  line  of  separation  followed  the  trend 
indicated  above.  From  the  foregoing,  it  is  evident  that  the 
potential  flow  solution  for  the  pressures  on  inclined  bodies 
can  only  be  expected  to  hold  over  the  forebody,  and  that  over 
the  afterbody  the  pressure  distribution,  particularly  on  the 
lee  side,  will  be  importantly  influenced  by  the  fluid  viscosit}\ 
Second,  it  is  evident  that  there  exists  a certain  analogy 
between  the  cross  flow  at  various  stations  along  the  body  and 
the  development  with  time  of  the  flow  about  a C}  Under  start- 
ing from  rest.  This  may  be  seen  by  considering  the  develop- 
ment of  the  cross  flow  with  respect  to  a coordinate  system 
that  is  in  a plane  perpendicular  to  the  axis  of  the  inclined 
body.  Let  the  plane  move  downstream  with  a velocity  T"o 
and  let  the  coordinate  system  move  within  the  plane  such 
that  the  axis  of  revolution  of  the  body  is  always  coincident 
with  the  X axis  of  the  coordinate  system.  The  cross  velocity 
is  then  Vo  sin  a.  At  any  instant  during  the  travel  of  the  plane 
from  the  nose  to  the  base  of  the  body,  the  trace  of  the  body  in 
the  plane  will  be  a circle  and  the  cross-flow  pattern  within  the 
plane  may  be  compared  with  the  flow  pattern  about  a circular 
cylinder.  Neglecting,  for  the  moment,  the  effect  of  the  taper 
over  the  nose  portions  of  the  body,  it  might  be  anticipated 
that  over  successive  downstream  sections,  the  development 
of  the  cross  flow  with  distance  along  the  body  as  seen  in  this 
moving  plane  would  appear  similar  to  that  which  would  be 
observed  with  the  passage  of  time  for  a circular  cylinder 
impulsively  set  in  motion  from  rest  with  the  velocity  Vo  sin  a. 
Thus  the  flow  in  the  cross  plane  for  the  more  forward  sections 
should  contain  a pair  of  symmetrically  disposed  vortices  on 
the  lee  side  (cf.  reference  12).  These  vortices  should  increase 
in  strength  as  the  plane  moves  rearward  and  eventually,  if  the 
body  is  long  enough,  should  discharge  to  fonn  a Karman 
vortex  street  as  viewed  in  the  moving  cross  plane.  Viewed  in 


this  moving  plane  the  vortices  would  appear  to  be  shed  and 
slip  rearward  in  the  wake,  but  viewed  with  respect  to  the 
stationary  body  the  shed  vortices  would  appear  fixed.  This 
process  of  the  growth  and  eventual  discharge  of  the  lee-side 
vortices  should  occur  over  a shorter  length  of  body  the  higher 
the  angle  of  attack  since  the  movement  of  the  cylindrical 
trace  in  the  cross  plane  at  any  given  station  is  greater  the 
greater  the  angle  of  attack.  For  a low  fineness  ratio  body, 
however,  the  development  of  the  lee-side  vortices  would  be 
expected  to  have  progressed  no  farther  than  the  ‘‘symmetrical 
pair’’  case  even  at  the  highest  angles  of  attack  of  interest. 
This  is  corroborated  by  the  flow  surveys  of  Harrington 
(reference  11). 

For  bodies  of  high  fineness  ratio,  such  as  those  used  for 
supersonic  missiles,  it  was  clearly  of  interest  to  determine 
experimentally  the  nature  of  the  anticipated  growth  and 
discharge  of  lee-side  vortices.  In  the  course  of  an  investiga- 
tion of  a series  of  bodies  with  ogival  noses  and  cylindrical 
afterbodies  conducted  in  the  Ames  Laboratory  1-  by  3-foot 
supersonic  wind  tunnels,  it  was  determined  that  the  growth 
and  discharge  of  lee-side  vortices  did  occur  for  such  bodies 
at  angle  of  attack  as  was  evidenced  in  two  ways.  The 
schlieren  picture  for  one  of  the  bodies  (fig.  4 (a))  showed  a line 
on  the  lee  side  at  the  more  forward  stations  which  drifted 
away  from  the  body  surface  and  eventually  branched  into  a 
series  of  lines  trailing  in  the  stream  direction.  The  “line’^  at 
the  more  forward  stations  was  indicated  to  be  the  cores  of  the 
symmetrical  vortex  pair,  which  in  this  side  view  would  appear 
coincident.  The  branches  were  indicated  to  be  the  cores  of 
the  alternately  shed  vortices.  In  order  to  make  the  vortices 
visible  in  a more  convincing  manner,  use  was  made  of  a 
technique  which  we  have  termed  the  “vapor  screen’^  method. 
With  this  technique,  the  cross  flow  is  made  visible  in  the 
following  manner  (see  fig.  5):  A small  amount  of  water 
vapor,  which  condenses  in  the  wind-tunnel  test  section  to 
produce  a fine  fog,  is  introduced  into  the  tunnel  air  stream. 
A narrow  plane  of  bright  light,  produced  by  a high-pressure 
mercury-vapor  lamp,  is  made  to  shine  through  the  glass 
window  in  a plane  essentially  perpendicular  to  the  axis  of  the 
tunnel.  In  the  absence  of  the  model  this  plane  appears  as  a 
uniformly  lighted  screen  of  fog  particles.  When  the  model  is 
put  in  place  at  any  arbitrary  angle  of  attack,  the  result  of  any 
disturbances  in  the  flow  produced  by  the  model  which 
affects  the  amount  of  light  scattered  by  the  water  particles 
in  this  lighted  plane  can  be  seen  and  photographed. 

In  figures  4 (b)  and  4 (c)  are  shown  photographs  of  the 
vapor  screens  corresponding  to  the  indicated  stations  for 
the  body  of  figure  4 (a).  The  photographs  are  three-quarter 
front  views  from  a vantage  point  similar  to  that  of  the  sketch 
of  figure  5.  In  these  photographs  vortices  made  themselves 
evident  as  black  dots  on  the  vapor  screens  due  to  the  absence 
of  scattered  light,  which  is  believed  to  result  from  the  action 
of  the  vortices  in  spinning  the  fine  droplets  of  fog  out  of  the 
fast  turning  vortex  cores.  Other  details  of  the  flow,  particu- 
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(a)  Side  view  schlieren  photograph; 

(b)  Vapor-screen  photc^aph  rearward  station: 

(c)  Vapor-screen  photograph  forward  station. 

Figure  4.— Schlieren  and  vapor-screen  photographs  showing  vortex  configuration  for  an  inclined 
body  of  revolution  (a»25®)  at  supersonic  speed  (A/S2). 


larly  shock  waves,  are  evident  as  a change  in  light  intensity. 
Figure  4 (c)  shows  the  symmetrical  vortex  pair  to  exist  as 
previoiish^  indicated  at  the  more  forward  stations,  while 
figure  4 (b)  demonstrates  that  the  vortices  are  shed  at 
stations  far  removed  from  the  bow.  Other  observations  at 
different  angles  of  attack  demonstrated  that  the  shedding  of 
vortices  began,  as  indicated  previously,  at  the  more  forward 
stations  the  higher  the  angle  of  attack.  It  is  of  interest  to 
point  out  that  in  these  wind-tunnel  tests  the  order  of  dis- 
charge of  the  vortices  was  aperiodically  reversed.  Thus,  in 
any  cross-flow  plane,  the  discharged  vortex  closest  to  the 
body  would  at  one  instant  be  on  one  side  of  the  body  and  at 
the  next  instant,  or  perhaps  several  seconds  later,  on  the 
other.  Xo  regularity  in  this  change  in  the  distribution  of  the 
vortex  street  has  been  found. 


METHOD  FOR  ESTIMATING  FORCE  AND  MOMENT  CHAR- 
ACTERISTICS OF  SLENDER  INCLINED  BODIES  IN  VISCOUS 
FLOW 

For  bodies  of  high  fineness  ratio  at  high  angles  of  attack 
when  the  cross  force  is  important,  it  is  clear  that  the  third 
term  of  equation  (13)  must  predominate  sinc^  is  small,  so 
that  the  pressui*e  distribution  increment  due  to  angle  of 
attack  will  closely  approximate  the  pressure  distribution  for 
a circular-cylinder  section  at  a velocity  equal  to  the  cross 
component  of  velocity-  for  the  body.  Moreover,  except  for 
the  sections  near  the  bow,  development  of  the  cross-flow 
bomidarv  layer  will  have  been  sufficient  to  promote  the  flow 
that  is  characteristic  of  the  steady-state  flow  for  a circular- 
cylinder  section  at  the  Mach  and  Refolds  numbers  corre- 
sponding to  the  cross  velocity  over  the  body. 
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Figure  5.— Schematic  diagram  of  vapor-screen  apparatus  showing  vortices  from  a lifting  body  of  revolution. 


For  the  limiting  case  of  a slender  body,  the  appropriate 
value  of  the  cross-wise  drag  coefficient  is,  of  course,  the  value 
of  the  drag  for  an  infinite  cylinder.  As  will  be  shovvTi  later, 
experiments  indicate  that  for  actual  bodies  of  finite  length 
a somewhat  smaller  value  should  be  used.  Since  the  actual 
cross-wise  drag  coefficient  of  a body  of  finite  length  is  alwa3^s 
somewhat  less  than  the  coefficient  for  an  infinite  bod}",  this 
reduced  value  suggests  itself.  Thus  it  might  be  expected 
that  the  viscous  cross-force  distribution  on  such  a body  could 
be  calculated  on  the  assumption  that  each  circular  element 
along  the  body  experiences  a cross  force  equal  to  the  drag 
force  the  section  would  experience  with  the  axis  of  revolution 
normal  to  a stream  moving  at  the  velocity  Vq  sin  a.  This 
viscous  contribution  is  given  by 

2o  sin^  a dx 

where  R is  the  body  radius  at  x and  is  the  local  drag 


coefficient  at  x for  a = corresponding  to  the  Revmolds 
number 

Rc=Rq  sin  a 

and  the  Mach  number 

Mc=Mq  sin  a 


As  a first  approximation  to  the  total  cross  force  we  may 
add  the  potential  cross  force  to  the  viscous  contribution. 
The  total  cross  force  at  x would  then  be  ^ 

dS  a 

sin  2a  cos  qo  sin^  a 


With  this  simple  allowance  for  viscous  effects  the  lift 
coefficient,®  the  foredrag  coefficient,  and  the  pitching-moment 


7 From  the  work  of  Ward  (reference  13),  it  may  be  shown  that  the  potential  cross  force  is 
directed  midway  between  the  normal  to  the  axis  of  revolution  and  the  normal  to  the  wind 
direction. 

» In  the  expression  for  Cl  the  contribution  of  the  axial  drag  force  —Cd^  cos-  a sin  a 
is  inconsequentially  small  and  has  been  ignored.  ‘‘ 
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coefficient  about  an  arbitrary  moment  center  from  the 
nose  are  given  bj' 


sin  2a  cos  ^ sin-  a cos  a 


Od„=  Cd^  cos’  a+^  sin  2a  sin  -on'  ^ sin 


a =90  ^ 
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and 
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aJa  = Qo®z= 


cos  -+ 


siir  a 


2Rdx 


f" 

Jo 


2Exdx 


■^»’^‘*o  = 90° 


(14) 


where 

Ap  plan-form  o.rea 
Sb  base  area 

Q body  volume 

L bod}^  length 

A reference  area  for  coefficient  evaluation 

X reference  length  for  pitching-moment-coefficient  eval- 
uation 

Because  of  the 'approximate  na  ture  of  the  theory,  it  is*  not 
considered  justified  to  retain  the  complex  forms  of  these 
equations.  • Accordingly,  it  is  assumed. that,  for  the  functions 
of  the  angle  of  attack,  cosines  ma}^  be  replaced  by  unity  and 
sines  by  the  angles  in  radians  to  give  ® 


Dp  — 0 Dp  — C Dp  — ~T 


c. 


■-[ 


Q—Si{L—x„)' 
AX 


(15) 


To  assess  the  adequac}^  of  these  equations  for  predicting 
the  force  and  moment  characteristics  of  high  fineness  ratio 
bodies,  two  bodies  of  revolution  were  tested  in  the  1-  by 
3-foot  supei’sonic  wind  tunnel  at  a Mach  number  of  L98 
from  angles  of  attack  of  zero  to  more  than  20®  and  in  the 
1-  by  3K-foot  high-speed  wind  tunnel  from  Mach  numbers 
of  0.3. to  0.7  at  90®  angle  of  attack  to  determine  the  cross- 
flow  drag  coefficient  and  the  center  of  application 

a:a=9o°  of  this  force.  The  bodies  investigated  (see  fig.  6) 

* In  the  expression  for  the  term  which  should  properly  appear  On  the 

right  side  of  this  equation,  has  been  omitted  since,  for  practical  cases,  its  contribution  is  small. 

10  Although  the  cross  Reynolds  numbers  for  the  1-  by  3>^-foot  wind-tunnel  test  were  almost 
twice  that  for  the  1-  by  3-foot  wind-tunnel  tests,  the  results  are  considered  comparable  since 
in -the  range  of  Rejmolds  numbers  investigated  the  drag  characteristics  of  circular  cylinders 
are  insensitive  to  change  in  Reynolds  numbers. 
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Figure  6.— Bodies  of  revolution. 
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each  had  a 33>^-caliber  ogival  nose  and  constant  diameter 
afterbod}'  of  such  length  as  to  make  the  fineness  ratios  21.1 
for  body  I and  13.1  for  bod\^  11^  Shown  in  figures  7 and  8 
are  the  lift  coefficient,  foredrag-increment  coefficient,  pitching- 
rnoment  coefficient  about  the  bow,  and  center  of  pressure 
as  a function  of  angle  of  attack  for  the  two  bodies  as  deter- 
mined from  the  tests  in  the  1-  by  3-foot  wind  tunnels. 
Also  shown  are  the  calculated  characteristics  (indicated  by 
the  solid-line  curves)  using  the  • experimental  values  of 
(see  figs.  9 and  10)  obtained  from  the 
90®  angle-of-attack  tests  in  the  1-  by  3}^-foot  wind  tunnel 
as  well  as  calculated  characteristics  obtained  from  potential 
theory  (indicated  by  the  dotted-line  curves).  The  reference 
area  A for  coefficient  evaluation  for  these  data  is  the  base 
area  and  the  reference  length  X for  moment-coefficient 
evaluation  is  the  base  diameter. 

It  is  seen  that  for  the  higher  fineness  ratio  body  (body  I), 
the  calculated  characteristics  which  include  the  allowance 
for  viscous  effects  are  in  good  agreement  with  experiment 
and  that  the  potential  theory  is  clearly  inadequate  at  all 
but  ver}'  small  angles  of  attack.  For  the  lower  fineness  ratio 
body  (body  II),  the  calculated  allowances  for  viscous  effects 
depart  further  from  experiment  than  they  do  for  body  I, 
as  would  be  expected,  although  again  they  are  in  much 
better  agreement  with  experiment  than  are  the  calculated 
characteristics  based  only  on  potential  theory. 

While  the  comparisons  made  demonstrate  that  the  indi- 
cated allowance  for  viscous  effects  is  adequate  for  very  high- 
fineness-ratio  bodies,  the  calculated  characteristics  were, 
themselves,  based  on  experimentally  determined  values  of 
and 

=90®*  For  the  method  to  be  useful  in  design, 
of  course,  some  means  for  calculating  these  parameters  must 
exist.  In  many  cases,  there' are  available  sufficient  experi- 
mental drag  data  on  CAdinders  to  provide  the  required 
information.  In  the  appendix  one  approximate  method  is 
given  for  determining  the  values  of  ^a=go®  for 

the  bodies  I and  II  previously  considered. 

The  variations  of  the  coefficients  of  lift,  foredrag  increment, 
and  pitching  moment  and  of  the  center-of-pressure  position 
A\ith  angle  of  attack  for  the  two  bodies  as  estimated  using 
the  calculated  cross-flow  drag  characteristics  given  in  the 
appendix  are  shown  in  figiu'es  7 and  8 (as  the  dashed-line 
curves).  The  estimated  characteristics  are  seen  to  be  in 
even  better  agreement  with  experiment  than  are  the  calcu- 
lated variations  using  the  experimental  cross-flow  drag 
characteristics. 


Piichinq-momenf  coefficient  C«  ^ coefficient 


1112 


REPORT  1048 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


f^Hching-mhmeni  coeHicleni,  Cj^  ^//y-  coe-fHdent  Cl 


A STUDY  OF  EFFECTS  OF  VISCOSITY  ON  FLOW  OVER  SLENDER  INCLINED  BODIES  OF  REVOLUTION 


1113 


.3 


.4 


% 

t 

«0 

<0 

K* 

o 


.7 


.8 


.3 


/.O 


o 

^ O 

\ 

\ 

\ 

\ 

\ 

V 

■ 

m 

m 

N 

H 

H 

0 

0 o 

O Q 

0 

O 

Pofenfioi 

Potenfia 

viscous 

Poienfia 

viscous 

Experime 



iheory 
fheory  / 
cross  fo 
iheory 
cross  foi 
nt 

otus  expei 
rce 

■>lus  calcL 
rce 

I 

1 

(d) 

1 

1 

4 8 12  id 

Angle  oi  attack^  of,  deg 


20 


Figure  8. — Force,  moment,  and  center*of‘pressure  characteristics  for  body  II  (fineness  ratio  13.1). 


213637-53- 


-71 


Cross-ffow  drag  coefficient^  ond  Cd^ 


1114 


REPORT  1048 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  9.— Comparison  of  calculated  cross*flow  drag  coefficients  at 
90®  angle  of  attack  with  experimental  values  obtained  from  Ames  1- 
by  3H-foot  wind  tunnel  for  (a)  body  I and  (b)  body  II, 


Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
* Moffett  Field,  Calif.,  Dec,  28,  1949, 
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APPENDIX 


ESTIMATION  OF  CROSS-FLOW  DRAG  COEFFICIENT 

A procedui'e  which  suggests  itself  for  estimating  the  mag- 
nitude of  the  cross-flow  drag  coefficient  ^ function 

of  angle  of  attack  for  the  two  ogival-nosed  bodies  treated 
in  the  text  is  to  consider  them  to  have  the  same  characteris- 
tics as  circular  C3dinders  of  constant  diameter. 


The  cross-flow  drag  coefficient  of  this  fictitious  c^dinder  of 
finite  length  can  then  be  approximated  by  first  determining 
the  drag  coefficient,  of  a circular-cylinder  section  of 
diameter  D'  at  the  cross-flow  Mach  number 

Mc=Mq  sin  a 

and  cross-flow  Ke3molds  number 


and  then  correcting  this  drag  coefficient  for  the  effect  of  the 
finite  fineness  ratio,  LjD\ 

From  references  14  and  15,  it  is  found  that  for  the  values  of 
Z)'  corresponding  to  the  two  bodies  considered  the  circular- 
C3dinder  section  drag  coefficients,  are  the  same  for  both 
bodies  and  dependent  only  on  the  Mach  number.  The 
values  at  various  cross  Mach  numbers  are  given  in  figure  9. 

From  reference  16,  it  is  found  that  for  a finite-length  cir- 
cular C3dinder  in  the  range  of  Reynolds  numbers  for  which  the 
cross-drag  coeflScient,  as  for  the  present  cases,  is  1.2  at  low 
Mach  numbers,  the  ratio  of  the  di*ag  of  the  chcular  cylinder 
of  finite  length  to  that  for  the  circular  cylinder  of  infinite 
length  is  0.755  for  bod3^  I and  0.692  for  body  II.  Assuming 
that  this  ratio  is  independent  o f Mach  number, 
the  estimated  values  of  foi*  fb®  fwo  bodies  are  as 

given  in  figure  9 wherein  they  may  be  compared  with  the 
experimental  values  obtained  from  the  1-  by  3K-foot  wind- 
timnel  tests. 

The  value  of  Xa=9o°  is  logically  assumed  to  be  the  distance 
from  the  bow  to  the  centroid  of  plan-form  area.  This 


assumed  position  which  is  independent  of  Mach  number  is 
compared  with  the  experimentall3^  determined  values  from 
the  1-  b3^^  3K-foot  wind-tunnel  tests  for  the  two  bodies  in 
figure  10. 
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EXPERIMENTAL  INVESTIGATION  OF  THE  EFFECT  OF  VERTICAL-TAIL  SIZE  AND  LENGTH 
AND  OF  FUSELAGE  SHAPE  AND  LENGTH  ON  THE  STATIC  LATERAL  STABILITY 
CHARACTERISTICS  OF  A MODEL  WITH  45°  SWEPTBACK  WING 

AND  TAIL  SURFACES ' 

By  M.  J.  QuEijp  atd  Walter  D.  Wolhart 


SUMMARY 

An  investigation  was  made  to  determine  the  effects  oj  vertical- 
tail  size  and  length  and  of  fuselage  shape  and  length  on  the 
static  lateral  stability  characteristics  of  a model  with  wing  and 
vertical  tails  having  the  quarter-chord  lines  swept  back  45^. 
The  results  indicate  that  the  directional  instability  of  the 
various  isolated  fuselages  was  about  two-thirds  as  large  as  that 
predicted  by  classical  theory.  A reduction  in  area  of  vertical 
tails  {geometric  aspect  ratio  kept  constant)  attached  to  a given 
fuselage  resulted  in  an  increase  in  the  effective  aspect  ratio  of 
' the  vertical  tail  for  the  range  of  tail  sizes  considered.  Simple 
analytical  considerations  indicate^  however y that  for  tail  sizes 
below  the  range  investigated  the  opposite  effect  would  be  expected. 

For  the  fuselage-tail  combinations  investigatedy  the  tail 
effectiveness,  usually  decreased  with  increasing  angle  of  aitack, 
with  the  greatest  rate  of  decrease  occurring  at  angles  of  attack 
greater  than  about  16^. 

' The  wing-fuselage  interference  for  the  midwing  arrangements 
investigated  was  only  slightly  affected  by  the  shape  of  the  fuselage 
and  tended  to  increase  slightly  the  directional  stability  of  the 
combination.  The  interference  effects  of  the  wing  tended  to 
decrease  the  vertical-tail  effectiveness y particularly,  at  high  angles 
of  attack.  The  large  effects  observed  were  attributed  to  a par- 
tially stalled  condition  of  the  wing. 

INTRODUCTION 

■Recent  advances.in  the  understanding  of  the  principles  of 
high-speed  fliglht  have  led  to  significant  changes  in  the  design 
of  the  principal  components  of  airplanes.  Two  of  the  more 
important  changes  have  • been  the  incorporation  of  large 
amounts  of  sweep  of  the  wing  and  tail  surfaces  and  the  ele- 
vation of  the  horizontal  tail  to  a higher  position.  Much 
information  is  available  on  the  influence  of  the  ^ving,  fuselage, 
and  tail  geometry  on  the  static  stability  characteristics  of 
the  more  conventional  airplane  designs  (for  example,  refer- 
ences 1 and  2);  however,  little  information  is  available  on 
the  influence  of  the  various  airplane  components  on  the 
characteristics  of  airplanes  having  wings  and  tail  surfaces 
with  large  amounts  of  sweep.  In  order  to  provide  such 


information,  a series  of  investigations  is  being  conducted  in 
the  Langley  stabihty  tunnel  with  a model  having  various 
interchangeable  parts.  The  effects  of  changes  in  the  size  and 
location  of  the  horizontal  tail  on  the  low-speed  static  lateral 
stability  characteristics  have  been  reported  in  reference  3. 
The  effects  on  the  static-lateral-stability  derivatives  of  varia- 
tions of  vertical-tail  size  and  length  and  of  fuselage  shape 
and  length  are  presented ’herein.  The  data  also  have  been 
used  to  determine  interference  effects  between  the  wing  and 
fuselage  and  the  interference  effects  of  the  wing-fuselage 
combination  on  the  vertical-tail  eflFectiveness. 

SYMBOLS  AND  COEFFICIENTS 

The  data  presented  herein  are  in  the  form  of  standard 
NACA  coefficients  of  forces  and  mojnents  which,  are  referred 
to  the  stability  axes,  vdth  the  origin  at  the  projection  on  the 
plane  of  symmetry  of  the  quarter-chord  point  of  the  mean 
aerodynamic  chord  or  at  the  midpoint  of  the  fuselage.  The 
positive  directions  of  the  forces,  moments,  and  angular  dis- 
placements are  shown  in  figure  1.  The  coefficients  and 
S}Tnbols  are  defined  as  follows: 

A aspect  ratio  {h^jS) 

b span,  measured  perpendicular  to  fuselage  center  line, 


♦ 

Figure  l.— System  of  axes  used.  Arrows  indicate  positive  direction  of  angles,  forces, 
and  moments. 


* Supersedes  NACA  TN  2168,  “Experimental  Investigation  of  the  Effect  of  Vertical-TaU  Size  and  Length  and  of  Fuselage  Shape  and  Length  on  the  Static  Lateral  StabiUty  Characteristics 
of  a Model  with  45®  Sweptback  Wing  and  Tail  Surfaces"  by  M.  J.  Queijo  and  Walter  D.  W^olhart,  1950. 
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chord,  measured  parallel  to  plane  of  symmetry,  feet 
root  chord,  feet 
tip  chord,  feet 

vdng  mean  aerodynamic  chord,  feet 

fuselage  diameter  at  longitudinal  station  of  aero- 
dynamic center  of  vertical  tail,  feet 
fuselage  length,  feet 

tail  length,  distance  from  origin  of  axis  lj2  to  c/4  of 
vertical  tail,  feet 


dynamic  pressure,  pounds  per  square  foot 
area,  square  feet 

projected  side  area  of  fuselage,  square  feet 
maximum  thickness  of  fuselage,  feet 
• velocity,  feet  per  second 
volume  of  fuselage,  cubic  feet 

chordwise  distance  from  leading  edge  of  root  chord 
to  quarter-chord  point  of  any  chord,  feet 
chordwise  distance  from  leading  edge  of  root  chord  to 
quarter-chord  point  of  mean  aerodynamic  chord, 
'%/2 


feet  ^ 


spanwdse  distance  measured  from  the  plane  of  sym- 
metry, feet 

spanwise  distance  to  quarter  chord  of  mean  aero- 


dynamic  chord,  feet  ^wVw  dy\ 

perpendicular  distance  from  fuselage  center  line  to 
aerod3mamic  center  of  vertical  tail,  feet 
angle  of  attack,  degrees 


taper  ratio 


angle-of-attack  correction  factors  to  effectiveness  of 
vertical  tail  in  yaw 

angle  of  sweepback  of  quarter-chord  line,  degrees 
mass  density,  slugs  per  cubic  foot 
angle  of  yaw,  degrees 


lift  coefficient 

drag  coefficient  ) Cd  = 


— Cx  at  yf/ — 0^ 


longitudinal-force  coefficient  force^ 

1 ^ 1 • /Lateral  force\ 

lateral-force  coemcient  ( = I 

V qSw  / 

pitching-moment  coefficient  momentX 


^ . £E  • , /Yawing  momentX 

Cn  yawung-moment  coemcient  ( — r / 

\ g^owOw  / 

r,  11.  . zr'  * . /Rolling  momentX 

(Ji  rolling-moment  coemcient  ( g — r ) 

\ g^wOw  / 


} where  {Ci)y  is  based  on  vertical -tail 


area 


1 


A2C'j^  I 


increments  of  coefficients  caused  b}^  wing- 
fuselage  interference;  that  is, 

increments  of  coefficients  caused  by  wing- 
fuselage  interference  on  vertical-tail 
effectiveness;  that  is. 


Subscripts  and  abbreviations: 

W wing 

V vertical  tail;  used  with  subscripts  1 to  5 to  denote  the  . 

various  vertical  tails  (see  fig.  2) 

F fuselage;  used  with  subscripts  1 to  5 to  denote  the 

various  fuselages  (see  fig.  3) 

S slat 

e effective 

s side  area 


APPARATUS  AND  TESTS 


All  parts  of  the  models  used  in  this  investigation  were 
constructed  of  mahogany.  Sketches  of  the  parts  of  the 
models  are  presented  as  figures  2,  3,  and  4.  The  various 
vertical  tails  and  fuselages  will  be  referred  to  henceforth  by 
the  s\'mbol  and  number  assigned  to  them  in  figures  2 and  3. 
All  vertical  tails  had  45^  sweepback  of  the  quarter-chord  line, 
taper  ratio  of  0,6,  and  NACA  65A008  profiles  (table  I)  in 
planes  parallel  to  the  fuselage  center  line.  The  ratios  of 
taU  area  to  wing  area  were  chosen  to  cover  a range  repre- 
sentative of  that  used  for  current  high-speed  airplane  con- 
figurations. The  tails  were  mounted  on  the  fuselages  so  that 
the  tail  length  was  always  a constant  percent  of  the  fuselage 


The  tail  length  was  varied  by  changing 


the  fuselage  length.  The  three  fuselages  (fineness  ratios  of 
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(a)  Vr, 

Av^  = hO; 

Svj=24.3. 

(d)  Vi; 
Ar^=2.0; 
Sv^  = 4S.6. 


Sfj=48.6.  Sk,=72.9. 

(e)  V»; 

A^,=2.0;  - 
Sr,=97.2. 


Fir.uRE  2.— Dimensions  of  vertical  tails  tested.  X=0.6;  A =45®;  profile,  NACA  65A008.  All  dimensions  are  in  inches. 


.0,  6.67  and  10.0)  of  circular-arc  profile  used  in  the  investiga- 
tion are  shown  in  figure  3.  Two  additional  fuselages  having 
the  same  fineness  ratio  as  fuselage  2 (fineness  ratio  of  6.67) 
were  used  to  determine  the  eflFects  of  fuselage  nose  and 
trailing-edge  modifications.  All  fuselages  had  circular  cross 
sections  and  all  had  the  same  maximum  .thickness.  The 
coordinates  of  the  fuselages  are  given  in  table  II. 

The  wing  had  an  aspect  ratio  of  4.0,  taper  ratio  erf  0.6, 
sweepback  of  45°  of  the  quarter-chord  line,  and  NACA 
65A008  profiles  parallel  to  the  plane  of  symmetry.  The 
wing  was  mounted  on  the  fuselage  so  that  the  quarter-chord 
point  of  the  mean  aerodynamic  chord  coincided  with  the 
-fuselage  mounting  point  (fig.  4).  A summary  of  the  geo- 
metric characteristics  of  the  various  model  components  is 
given  in  table  III.  A full-span  slat,  fitted  to  the  wing  for 
some  tests  with  fuselage  i^2,  had  a chord  which  was  8 percent 
of  the  wing  chord.  (See  fig.  4.)  The  slat  was  made  by 
bending  a strip  of  -j^-inch-thick  aluminum  sheet  to  fit  the 


contour  of  the  wing  leading  edge.  Photographs  of  two  of 
the  model  configurations  are  presented  as  figure  5. 

Most  of  the  tests  of  this  investigation  were  conducted  in 
the  6-foot-diameter  rolling-flow  test  section  of  the  Langley 
stability  tunnel.  Tests  of  configurations  with  fuselages 
and  Fs  were  conducted  in  the  6-  by  6-foot  curved-flow  test 
section  of  the  Langley  stability  tuimel.  AH  tests  were 
made  at  a d^mamic  pressure  of  24.9  pounds  per  square  foot, 
which  corresponds  to  a Mach  number  of  0.13  and  a Rey* 
nolds  number  of  0.71X10®  based  on  the  wing  mean  aero- 
dynamic chord.  The  angle  of  attack  of  the  model  was 
varied  from  about  —4°  to  approximately  32°  for  yaw 
angles  of  0°  and  ±5°. 

CORRECTIONS 

The  angle  of  attack,  longitudinal-force  coefficient,  and 
rolling-moment  coefficient  have  been  corrected  for  jet- 
boundary effects.  No  corrections  have  been  applied  for  the 
effects  of  blocking,  turbulence,  or  support-strut  interference. 
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® Origin  of  axes ' 


Figure  3. — Dimensions  of  fuselages;  profile  ordinates  in  table  II.  All  dimensions  are 
■ i,.;-  in  inches. 


At  relatively  large  angles  of  attack  (above  about  20°)  the 
vertical  tail  generally  was  in  the  wake  of  .the  support  strut; 
hence,  data  dependent  principally  on  the  vertical-tail  con- 
tribution probably  are  unreliable  at  angles  of  attack  above 
about  20°.  This  unreliability  is  particularly  true  for  data 
obtained  with  fuselage  Fzj  and  therefore  these  data  are  not 
presented. 

METHODS  OF  ANALYSIS 

The  results  of  the  present  investigation  are  analyzed  in 
terms  of  the  individual  contributions  of  the  various  parts 
and  the  more  important  interference  effects.  In  accordance 
with  conventional  procedures  (for  example,  see  reference  2), 
the  static-lateral-stability  derivatives  of  a complete  airplane 


Figure  4.— Dimensions  and  location  of  wing  and  vertical  tails.  All  dimensions  are  in  feet. 


can  be  expressed  as 

Gi^=  (3) 

The  subscripts  F and  W refer  to  the  derivatives  of  the  iso- 
lated  fuselage  and'  of  the  isolated  wdng,  respectively.  In 
the  general  case,  the  subscript  V refers  to  the  contribution 
of  the  vertical  tail  when  mounted  on  the  fuselage  and  when 
in  the  presence  of  the  horizontal  tail.  The  present  tests 
were  made  without  a horizontal  tail,  since  the  effects  of 
various  horizontal-tail  sizes  and  locations  were  investigated 
in  reference  3.  In  the  present  report,  therefore,  the  deriv- 
atives with  the  subscript  V include  both  the  eflFectiveness  of 
the  isolated  vertical  tail  and  the  interference  of  the  fuselage. 

The  vertical-tail  contribution  can  be  expressed  anal^^tically 
as  follows: 

(4) 

(5) 
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(b)  Configuration  Wa-^-Fy^-Vi. 
Figure  5.— Concluded. 


“ bl  “)  Sw 

where  is  the  effective  vertical-tail  lift-curve  slope 

when  the  model  is  at  zero  angle  of  attack,  and  tjy  and  are 
correction  factors  which  account  for  the  variation  in  tail 
effectiveness  with  angle  of  attack.  (A  similar  correction  to 
Ci^  is  neglected  because  it  generally  has  been  found  to  be 
very  nearly  1.0.)  Equations  (4)  to  (6)  are  similar  to  equa- 
tions given  in  reference  4,  except  that'  in  the  reference  the 
factors  tfY  and  are  neglected.  The  results  of  the  present 
tests  are  used  for  evaluating  the  factors  tiy  and  and  the 
effective  aspect  ratio  Aeyy  corresponding  to  the  vertical-tail 

lift-curve  slope 

Perhaps  the  most  consistent  approach  to  the  problem  of 
evaluating  tail  effectiveness  would  involve  determination  of 
Agy  corresponding  to  as  determined  from  equation  (4). 

In  order  to  make  use  of  such  values  of  Agy  in  the  calculation 
of  (Cn^)y  and  effective,  rather  than  geometric,  values 
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of  the  tail  length  ly  and  of  the  tail  height  Zy  also  would  have 
to  be  known.  From  practical  considerations,  it  has  seemed 
most  convenient  to  assume  that  the  location  of  the  vertical- 
tail  center  of  pressure  is  given  accurately  by  the  geometric 
lengths  ly  and  Zy.  Since  the  directional-stability  parameter 
{Cn^)y  is  considered  to  be  the  most  important  of  the  three 
static-lateral-stabihty  parameters,  values  of  Agyy  correspond- 
ing to  as  determined  from  equation  (5),  are  obtained 

in  the  present  analysis.  The  reliability  of  values  of  Agy  so 
determined,  when  used  to  calculate  (Gy^)^  and  is 

checked  against  the  experimental  results. 

Since,  at  zero  angle  of  attack,  the  factor  is  1.0,  equation 
(5)  can  be  rewritten  as 

(<^Or=“  llsr 


Values  of  Agy,  corresponding  to  (G^^)^,  may  be  obtained 
from  theory  such  as  that  of  reference  5.  A correction  to 
Agy  for  the  effect  of  the  horizontal  tail  can  be  obtained  from 

•reference  3. 

The  increments  prefixed  by  Ai  and  A2  express,  respectively, 
the  interference  of  the  wing-fuselage  combination  and  the 
interference  of  the  wing-fuselage  on  the  vertical-tail  effective- 
ness; for  example, 

Ai  Cy  ^ = ( Cr  ^)  ^ +,  — [ ( C'y  *)  ,r  + ( J 

and 

A2Gy^  = [(Gy^)^_j_^_j_^  — (Gy  — [(Gy^)^^^  — (Gv^)  J 

The  interference  increments  usually  are  assumed  to  apply  to 
airplanes  having  configurations  which  are  somewhat  similar 
to  that  of  the  model  used  in  evaluating  the  increments.  Of 
the  various  factors  which  affect  the  magnitudes  of  the  inter- 
ference increments,  the  height  of  the  wing,  relative  to  the 
center  line  of  the  fuselage,  previously  has  been  found  to  be 
one  of  the  most  important  (reference  2).  Since,  for  the 
present  investigation,  the  wing  was  located  on  the  center 
line  of  the  fuselages,  the  results  are  considered  applicable 
only  to  midwing  or  near-midwing  arrangements. 


RESULTS  AND  DISCUSSION 


PRESENTATION  OF  RESULTS 

The  basic  data  obtained  in  this  investigation  are  presented 
in  figures  6 to  14.  The  longitudinal  characteristics  of  the 
wing  alone  and  of  the  wing  with  slat  are  given  in  figure  6. 
The  static-lateral-stability  parameters  of  the  various  con- 
figurations investigated  are  given  in  figures  7 to  14.  A sum- 
mary of  the  configurations  investigated  and  of  the  figures 
that  give  data  for  these  configurations  is  given  in  table  IV . 
Most  of  the  remaining  figures  (figs.  15  to  30)  were  made  up 
from  the  data  of  figures  7 to  14  and  present  the  data  in  a 
form  more  suitable  for  analysis. 


Lift  coefficient^  Pitching -moment  coefficient^ 
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(b)  Fuselage  2 (medium). 
Figure  8.— Continued. 
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Angle  of  ottocH,  of,  deg 
(a)  Fuselage  1 (short). 

Figure  9.— Effect  of  vertical  tail  on  the  static  lateral  stability  characteristics.  ^Ving  on;  Av=\Si, 
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(c)  Fuselage  S Oong). 
Figube  0.— Concluded. 
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(a)  Wing  off. 

Fir.uRE  10.— Static  lateral  stability  characteristics  obtained  with  the  bliint-nose  fuselage.  .4r=1.0. 
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(b)  Wing  on. 
Fir.uRE  10.— Concluded. 
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(a)  Wing  off. 

Figure  ll.— static  lateral  stability  characteristics  obtained  with  bliint-end  fuselage.  ^1f=1.0. 
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WING  CHARACTERISTICS 

The  longitudinal  aerodjoiamic  characteristics  of  the  wing 
alone  (fig.  6)  have  been  given  in  reference  3;  hence,  they  are 
reviewed  onh-  briefl}-  in  this  report.  The  plain  wing  stalled 
at  about  24°  angle  of  attack  (t?^=1.0)  and  showed  an 
aerodjTiamic-center  position  of  0.25cir.  The  theory  of  refer- 
ence 5 predicts  an  aerod^Tiamic-center  position  of  0.2&Cw‘ 
Addition  of  the  O.OScw  slat  dela3^ed  the  stall  to  about  26° 
angle  of  attack  (Cx=l.l)  but  had  no  appreciable  effect  on 
the  position  of  the  aerodATiamic  center  at  low  angles  of 
attack.  The  slat  caused  an  appreciable  reduction  in  drag 
at  angles  of  attack  greater  than  about  8°. 

Man^r  of  the  aerod^’-namic  parameters  of  a complete  air- 
plane are  dependent  to  some  extent  on  the  character  of  the 
flow  over  the  wing;  hence,  some  consideration  must  be  given 
to  the  angle-of-attack  range  over  which  flow  does  not  separate 
from  the  wing.  As  pointed  out  in  reference  6,  an  indication 
of  the  limit  of  this  range  can  be  obtained  by  locating  the 

initial  break  in  the  plot  of  against  angle  of  attack. 

'irJiw 

A plot  of  this  increment  for  the  plain  wing  and  for  the  wing 
with  slat  is  given  in  figure  15.  The  figure  shows  breaks  in 
the  curves  at  about  7.7°  and  at  about  16°  for  the  wing  alone 
and  for  the  wing  with  slat,  respective^.  Corresponding 
breaks  in  the  curves  of  the  aerod^mamic  characteristics  of 
combinations  involving  the  wing  and  the  wing  with  slat  are 
to  be  expected  at  about  these  same  angles  of  attack. 

Investigations  involving  Reynolds  number  as  a variable 
have  shown  that  for  smooth  wings  increases  in  Reynolds 
number  tended  to  extend  the  angle-of-attack  range  before 
which  initial  breaks  occurred  in  plots  of  aerod^mamic  param- 
eters against  angle  of  attack.  For  this  reason,  results  ob- 
tained for  configurations  with  slats  might  be  expected  to  be 
somewhat  similar  to  data  for  the  plain  ^ving  at  a higher 
Re\molds  number  than  the  test  Re}molds  number. 

FUSELAGE  CHARACTERISTICS 

The  important  characteristics  of  the  various  fuselages  are 
summarized  in  figure  16.  In  general,  the  parameters  con- 
sidered and  varied  only  slightly  with  angle  of 

attack,  and  therefore  the  analy’sis  has  been  limited  to 
characteristics  at  a=0°. 


In  order  that  the  results  obtained  ma}-  be  apphed  con- 
veniently to  arbitrar}^  airplane  configurations,  coefl&cients  in 
terms  of  fuselage  dimensions  rather  than  wing  dimensions 
are  needed.  This  manner  of  expressing  the  coeflBcient  is 

S 

accomplished  by  plotting  the  quantities  {Cy^)j,  and 

jS  b 

(On^)p  y against  fuselage  fineness  ratio.  The  quantitie.s 

plotted,  therefore,  are  effectively  a lateral-force  coeflScient 
based  on  fuselage  side  area  S,  and  a yawing-moment  coeffi- 
cient based  on  fuselage  volume  Vy. 

Comparisons  are  made  with  the  theory  presented  in  refer- 
ence 7.  Although  the  theorj’’,  which  is  based  on  potential- 
flow  considerations,  predicts  no  side  force,  the  experimental 
results  show  a positive  side  force  which  increases  as  the  fine- 
ness ratio  is  decreased.  The  variations  in  fuselage  shape 
considered,  for  a constant  fineness  ratio,  have  a negligible 
effect  on  the  value  of  a [la teral-force]f coefficient  [based  on 
fuselage  side  area. 


0 2 4 6 8 10  !2 

Fineness  ratio,  l/t 

Figure  16.— Summary  of  fuselage  contributions  to  Cy^  and  a=0°. 
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The  experimental  results  obtained  for  the  directional- 
stability  parameter  {Cn^)j,  of  the  biconvex  fuselages  show 
about  the  same  trend  with  variation  in  fineness  rati©  as 
that  predicted  by  theor}^,  although,  quantitatively,  the 
magnitude  is  only  about  two-thirds  of  that  predicted  by 
theory.  For  a constant  fineness  ratio,  the  variations  in 
fuselage  shape  considered  produced  a rather  large  change  in 
the  magnitude  of  the  directional-stability  parameter  based 
on  fuselage  volume.  An  increase  in  volume  near  the  fuselage 
nose  increased  this  parameter;  whereas  an  increase  in  volume 
over  the  rear  half  of  the  fuselage  decreased  this  parameter. 


guided  by  the  shape  of  the  calculated  curve  which  represents 
reasonable  maximum  values  of  Ae^lAy  for  given  values  of 
bvIDf.  The  calculated  curve  was  determined  by  an  equation 
derived  on  the  assumption  that  the  fuselage  acts  as  an 
infinite  end  plate  on  the  portion  of  the  vertical  tail  pro- 
truding outside  the  fuselage.  The  equation  of  the  curve  is 


Q 1 — 

Df  1 “h  X v’ 


(7) 


VERTICAL-TAIL  EFFECTIVENESS 

Effective  aspect  ratio. — As  explained  in  the  section 
entitled  “Methods  of  Analysis,”  the  effective  aspect  ratio  of 
the  vertical  tail  is  obtained  by  calculating  the  tail  lift-curve 
slope  from  experimental  values  of  (Qsr^)^  and  then  obtaining 
the  corresponding  aspect  ratio  from  a theory  of  plain  wings. 
The  theory  of  reference  5 has  been  used  herein,  although  it 
is  realized  that  a swept  vertical  tail  represents  an  unsym- 
metrical  configuration  to  which  the  theory  is  not  strictly 
applicable.  The  relationship,  given  by  reference  5,  between 
lift-curve  slope  and  aspect  ratio  for  wings  having  a sweep 
angle  of  45®  and  a taper  ratio  of  0.6  is  reproduced  in  figure  17. 
The  results  of  the  effective-aspect-ratio  determinations  are 
presented  in  figure  18  in  the  form  of  the  ratio  AeJAy  plotted 
against  bvIDy  for  a=0®.  The  quantity  by/DF  is.  the  ratio  of 
vertical-tail  span  to  the  fuselage  diameter  at  the  longi- 
tudinal location  of  the  vertical-tail  aerod3mamic  center  and 
is  regarded  as  a significant  parameter  for  determining  the 
influence  of  the  fuselage  on  the  vertical-tail  effectiveness. 
An  average  curve  is  drawn  through  the  data  obtained  with 
the  tails  of  aspect  ratio  1.0,  and  another  curve,  through  the 
two  points  obtained  with  the  tails  of  aspect  ratio  2.0.  The 
fairing  of  the  average  curve  at  low  values  of  by/DF  has  been 


A reduction  in  area  (geometric  aspect  ratio  kept  constant)  of 
vertical  tails  attached  to  a given  fuselage  resulted  in  an 
increase  in  the  effective  aspect  ratios  of  the  vertical  tails 
for  the  range  of  tail  size  investigated.  The  calculated  curve 
indicates  that  for  smaller  tails  the  opposite  would  be  true. 

The  experimental  data  show  that  the  ratio  A^yJAy  ap- 
proaches the  value  1.0  as  byjDF  becomes  large.  This 
variation  is  to  be  expected  since  an  increase  in  byjDF  repre- 
sents a decrease  in  the  size  of  the  end  plate  relative  to  the 
vertical  tail.  For  very  large  values  of  bylDp,  the  effective 
and  geometric  aspect  ratios  should  be  approximately  equal. 
The  values  of  AeyjAy  given  dn  figure  18  depend  to  some 
extent  on  the  curve  of  Cl^  against  A from  which  the  values  of 
Aey  were  obtained.  The  values  of  A^y  might  have  been 
slightly  different  had  some  variation  of  with  A other 
than  that  of  reference  5 been  used.  The  data  show  some 
scatter  at  low  values  ol  byjDF]  this  scatter  indicates  tliat 
factors  other  than  byjDF  enter  into  the  determination  of 
AeyjAy.  The  vertical-tail  contribution  to  Cy^  and  Cn^ 
at  a=0®  is  shown  in  figure  19.  Also  shown  in  the  figure 
are  calculated  curves  of  the  parameters  as  determined  by 
equations  (4)  and  (5)  and  the  use  of  average  values  of  Aey  to 
determine  Katios  of  Aey  [Ay  of  1.25  and  1.45  were 

used  for  vertical  tails  having  geometric  aspect  ratios  of  1.0 
and  2.0,  respectively.  The  fact  that  reasonably  good 
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agreement  between  the  calculated  curves  and  the  experi- 
mental values  of  On^  was  obtained  is  of  only  incidental 
interest,  since  the  experimental  results  shovm  were  originally 
used  to  determine  appropriate  values  of  the  ratio  AeyjAy. 
The  scatter  of  the  experimental  points  is  indicative,  however, 
of  the  accuracy  that  might  be  expected  by  use  of  average 
values  of  A^yjAv  for  arbitrary  arrangements.  The  agree- 
ment between  the  calculated  and  experimental  values  of 
{Cy^)y  ftlso  is  reasonably  good.  Therefore,  the  values  of 
AeyjAv  calculated  from  increments  of  {On^)y  appear  to  be 
usable  for  predicting  {CY^)y  with  reasonable  accuracy  at 
least  for  tlie  arrangements  investigated. 


Figuhe  19.— Effect  of  tail  area  and  tail  length  on  vertical-tail  contribution  to  Cr^and 

a=0®. 


The  vertical-tail  contribution  to  the  derivative  Oi,  can  be 
separated  into  two  parts  as  given  by  the  two  terms  of  the 
following  equation: 


For  small  angles  of  attack  the  equation  can  be  \vritten  as 

fr>  \ __  gy  Sy  _hL^(n  \ “ 

bw  bw  Sw  57.3 


The  first  part  of  the  equation  is  the  increment  of  {Ci^)y  at 
a=0®,  and  the  second  part  shows  that  the  variation  of 
(Oi^)y  witli  a is  given  by 

ly  Sv(Cl,)v 
SfY  57.3 


In  analyzing  the  contribution  of  the  vertical  tail  to 
consideration  has  been  given  to  the  increment  of  {Ci^)y  at 
zero  angle  of  attack  and  the  rate  of  change  of  (Ci^)y  with 
angle  of  attack.  The  experimental  and  calculated  results 
for  both  of  these  effects  are  shown  in  figure  20  to  be  in  fairly 
good  agreement. 

Angle-of-attack  correction. — In  the  preceding  section,  the 
effective  aspect  ratio  of  the  vertical  tail  mounted  on  the 
fuselage  was  determined  at  zero  angle  of  attack.  The 
effects  of  variations  in  angle  of  attack  are  now  evaluated 
in  terms  of  the  correction  factors  to  the  vertical-tail  contri- 
bution to  Cy^  and  Cn^ , rj  y and  ijat;  respectively. 

The  variation  of  the  factor  t}y  with  angle  of  attack  is 
shown  in  figure  21  for  three  values  of  the  ratio  Ivjbw-  In 
each  case  an  average  curve  is  drawn  through  the  data.  The 
ratios  Ivibw  and  SvISw  seem  to  cause  no  appreciable  change 
in  the  variation  of  ijr  with  a for  values  of  a less  tlian  6°. 


.003 
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.00! 
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Figure  20.— Effect  of  tail  area  and  length  on  the  vertical-tail  contribution  to  a=0®^ 
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At  higher  angles  of  attack,  however,  both  Ivihw  and  SvjSw 
appear  to  affect  the  variation  of  r^y  with  a,  but  not  enough 
data  were  available  to  establish  a definite  relation  between 
the  various  parameters.  The  effects  of  fuselage  shape  and 
vertical-tail  aspect  ratio  on  the  variation  of  r^y  with  a are 
shovm  in  figure  22.  Also  given  in  the  figure  is  the  average 
curve  from  figure  21(b).  It  is  seen  that  the  curve  fits  the 
data  reasonably  well  and  that  the  variations  in  fuselage  shape 
considered  have  very  little  effect  on  the  variation  of 
with  a.  Changes  in  vertical-tail  aspect  ratio  appear  to  have 
some  effect  on  the  variation  of  ^'dth  a;  nevertheless,  the 
general  trend  shown  by  the  average  curve  is  still  fairly 
accurate. 

. In  general,  it  appears  that  the  vertical-tail  contribution 
to  Cy^  may  be  reduced  as  much  as  twenty  percent  as  the 
angle  of  attack  is  increased  from  0®  to  15®  and  that  this  reduc- 
tion usually  increases  rapidly  at  higher  angles  of  attack. 


(b)  — »0.464. 


Figure  21. — Effect  of  tail  area  and  length  on  the  angle-of*attack  correction  to  the  vertical-tail 
contribution  to  Cy^.  Circular-arc  fuselages. 


The  variation  of  the  factor  vdth  a is  shown  in  figure 
23  for  several  values  of  Ivihw  and  SvjSw^  Average  curves 
are  dravm  tlirough  each  set  of  data.  At  low  angles  of  attack 
the  area  ratio  SyjSw  appears  to  have  a negligible  effect  on 
the  variation  of  with  a;  however,  it  does  have  a large 
effect  at  angles  of  attack  greater  than  about  8®  and  the 
effects  increase  with  an  increase  of  the  Ivibw  ratio.  Fuselage 
shape  and  vertical-tail  aspect  ratio  appear  to  have  some  effect 
on  the  variation  of  ^vith  a (fig.  24),  but  the  effects  are  not 
clearly  defined  b}^  the  data.  In  general,  the  average  curve 
of  figure  23  (b)  fits  the  data  of  figure  24  reasonably  well. 

Except  for  the  smallest  vertical  tail  (Fi),  the  tail  con- 
tributions to  On^  tend  to  show  a smaller  decrease  with  angle 
of  attack  than  had  previously  been  noted  for  the  tail  contri- 
bution to  Cy^. 

INTERFERENCE  EFFECTS 

Wing-fuselage  interference. — The  lateral-stability  data  of 
this  investigation  were  used  to  determine  wing-fuselage 
interference  increments  by  the  procedure  explained  under 
^^Methods  of  Analysis,”  The  increments  are  presented  in 
figure  25  as  functions  of  the  angle  of  attack.  Both  ^\Cy^ 
and  ^iCi^  show  large  variations  with  angle  of  attack  and  are 
of  large  magnitude  at  high  angles  of  attack.  The  increment 
is  rather  small  for  all  fuselage  shapes  investigated  and 
tends  to  increase  slightly  the  directional  stability  of  the  wing- 
fuselage  combination  over  most  of  the  angle-of-attack  range. 


Figure  22.— Effect  of  fuselage  shape  and  vertical-tail  aspect  ratio  on  the  angle-of-attack 
correction  to  the  vertical-tail  contribution  to  Cr^. 
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The  average  value  of  Ai(7n^  is  about  —0.0002  up  to  16®  angle 
of  attack. 

Wing-fuselage  interference  on  vertical-tail  effectiveness. — 
Increments  of  and  are  shovm  in  figures  26, 

27,  and  28,  respectively^  for  various  combinations  of  the 
• circular-arc  fuselages  and  the  vertical  tails  of  aspect  ratio  1.0. 
The  data  are  divided  into  groups  of  constant  Ivihw  ratio.  An 
average  curve  was  drawn  through  each  set  of  data.  In 
general,  the  data  show  little  scatter  about  tho  faired  curves. 
The  addition  of  the  wing  almost  invariably  reduced  the  tail 
contribution  to  the  directional  stability  for  the  arrangements 
investigated  (fig.  27).  The  effect  was  negligible  at  very 
small  angles  of  attack,  but  at  20®  angle  of  attack  a value  of 
A2(7„^  of  about  0.0020  was  obtained  mth  the  largest  fuselage 
{Fz,)  The  large  interference  effects  noted  at  high  angles  of 
attack  probably  result  from  the  partially  stalled  condition  of 
the  wing  at  these  attitudes.  If  stalling  could  be  avoided,  the 


(b)  iL«o.4G4. 


(0  ^-0.697. 

Figure  23.— Effect  of  tail  area  and  length  on  the  angle-of*attack  correction  to  the  vertical-tail 
contribution  to  Cn^.  Circular-arc  fuselages. 


interference  effects  undoubtedly  would  be  considerably 
smaller. 

The  effects  of  fuselage  shape  on  the  increments  of 
Cn^y  and  caused  by  wing -fuselage  interference  on  the 
vertical-tail  effectiveness  are  indicated  in  figure  29.  Also 


given  in  the  figure  are  the  average  curves  of  the  0.464 


dataof  figures  26  (b),  27  (b),  and  28  (b).  The  figure  indicates 
that  variations  in  fuselage  shapes  considered  have  little  effect 
on  the  interference  increments  and  that  the  average  curves 
fit  the  data  quite  well. 

A comparison  is  given  in  figure  30  between  the  interference 
increments  Ai(7n^  and  A2(7n^  for  a model  configuration  ^vith 
and  without  the  wing  slat.  The  model  configuration  was 
made  up  of  the  wing,  fuselage  Fz,  and  vertical  tail  V2.  The 
increment  AjC^n^  for  both  configurations  varied  erratically 
with  angle  of  attack  and  indicated  no  definite  trends.  The 
increment  for  the  model  with  the  slat  was  larger 

(more  positive)  than  for  the  wing  without  the  slat  up  to 
about  20®,  after  which  the  oppqsite  was  true.. 

It  should  be  pointed  out  again  that  the  interference 
increments  presented  herein  can  be  expected  to  apply  fairly 
accurately  only  to  mid  wing  or  near-mid  wing  configurations 
since  the  height  of  the  wing  relative  to  the  fuselage  center 
line  has  been  found  to  be  an  important  factor  in  determining 
interference  increments  (reference  2), 


CONCLUSIONS 


The  results  of  an  investigation  to  determine  the  effects  of 
vertical-tad  size  and  length  and  of  fuselage  shape  and  length 


Figure  24.— Effect  of  fuselage  shape  and  vertical-tail  aspect  ratio  on  the  angle-of-attack 
correction  to  the  vertical-tail  contribution  to  Cn^, 
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on  tHe  lateral  static  stability  characteristics  of  a model  with  a 
45®  sweptback  wing  indicate  the  following  conclusions: 

L The  directional  instability  of  the  various  isolated  fuse- 
lages was  about  two-thirds  as  large  as  that  predicted  by 
classical  theory. 

2.  A reduction  in  area  (geometric  aspect  ratio  kept  con- 
stant) of  vertical  tails  attached  to  a given  fuselage  resulted 
in  an  increase  in  the  effective  aspect  ratio  of  the  vertical 
tails  for  the  range  of  tail  sizes  considered.  Simple  analytical 
considerations  indicate,  however,  that  for  tail  sizes  below  the 
range  investigated  the  opposite  effect  would  be  expected. 

3.  For  the  fuselage-tail  combinations  investigated,  the 
tail  effectiveness  usually  decreased  with  increasing  angle  of 


(b)  ^L„0.464. 
ow 

(c)  -^=0.697. 

Ow 

PiGURE  26. — Effect  of  the  tail  area  and  length  on  the  increment  of  Cr^  caused  by  wing-fuselage 
interference  on  vertical-tail  effectiveness.  Circular-arc  fuselages. 

attack,  with  the  greatest  rate  of  decrease  occurring  at  angles 
of  attack  greater  than  about  16®. 

4.  The  wing-fuselage  interference  for  the  mid  wing  arra'iige- 
ments  investigated  was  only  slightly  affected  by  the  shape 
of'  the  fuselage  and  the  interference  tended  to  increase 
slightly  the  directional  stability  of  the  combinations. 

5.  The  interference  effects  of  the  wing  tended  to  decrease 
the  vertical-tail  effectiveness,  particularly  at  high  angles  of 
attack.  The  large  effects  observed  were  attributed  to  a 
partially  stalled  condition  of  the  wing. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  5,  1950. 
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Figure  29.— Effect  of  fuselage  shape  on  the  increments  of  and  Ci^  caused  by  the 

wing-fuselage  interference  on  the  vertical-tail  effectiveness.  Vertical  tail  Vt. 
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TABLE  I.— COORDINATES  FOR  NACA  65A008  AIRFOIL 

[Station  and  ordinates  in  percent  airfoil  chord] 


Station 

Ordinate 

0 

0 

.50 

.62 

.75 

.75 

1.25 

.95 

2.50 

1.30 

5.0 

1.75 

7.5 

2. 12 

10.0 

2.  43 

15 

2.  93 

20 

3.30 

25 

3.  59 

30 

3.  79 

35 

3. 93 

40 

4.00 

45 

3.99 

50 

3.90 

55 

3.71 

60 

3.46 

65 

3. 14 

70 

2.  76 

75 

2.  35 

80 

1.90 

85 

1.43 

90 

.96 

95 

.49 

100 

.02 

L.  E.  radius:  0.408 

TABLE  II.— FUSELAGE  COORDINATES 


9ll 

dfl 

Fuselage! 

Fuselage  2 

Fuselage  3 

Fuselage  4 

F uselage  5 

0 

0 

0 

0 

0 

0 

.025 

.010 

.007 

.005 

.033 

.007 

.050 

.020 

.014 

.010 

.045 

.014 

.075 

.029 

.021 

.014 

.054 

.021 

.100 

.037 

.027 

.018 

.060 

.027 

.125 

.045 

.033 

.022 

.065 

.033 

.150 

.052 

.039 

.026 

.069 

.039 

.200 

.065 

.048 

.032 

.074 

.048 

.250 

.076 

.057 

.038 

.075 

.057 

.30 

.085 

.063 

.042 

.075 

.063 

.35 

.091 

.068 

.046 

.075 

.068 

.40 

.096 

.072 

.048 

.075 

.072 

.45 

.099 

.074 

.049 

.075 

.074 

.50 

.100 

.075 

.050 

.076 

.075 

.55 

.099 

.074 

.049 

,074 

.075 

.60 

.096 

.072 

.048 

.072 

.073 

.65 

.091 

.068 

.046 

,068 

.072 

.70 

.085 

.063 

.042 

.063 

.069 

.75 

.076 

.057 

.038 

.057 

.066 

.80 

.065 

.048 

.032 

.048 

.062 

.85 

.052 

.039 

.026 

.039 

.057 

.90 

.037 

.027 

.018 

.027 

.051 

.95 

.020 

.014 

.010 

.014 

.045 

1.00 

0 

0 

0 

0 

.038 

TABLE  III.— PERTINENT  GEOMETRIC 

OF  MODEL 

Wing: 

Aspect-  ratio,  Aiy 

Taper  ratio,  Xir 

Quarter-chord  sweep  angle.  Air,  deg 

Dihedral  angle,  deg 

Twist,  deg 

NACA  airfoil  section 

Area,  Sir,  sq  ft 

Span,  6ir,  ft 

Mean  aerodynamic  chord,  ch^  ft 


CHARACTERISTICS 


4.  0 
0.  6 
45 
0 
0 

65A008 

2.  25 

3.  00 
0.  765 


uselage : 

F,- 

F, 

E 3 

F, 

Fs 

Length,  ft 

2.  50 

3.  34 

5.  00 

3.  34 

3.  34 

Fineness  ratio 

5.  00 

6.  67 

10.  0 

6.  67 

6.  67 

Volume,  Vpf  cu  ft 

0.  267 

0.  350 

0.  526 

0.-448 

0.  385 

Tail  length,  ly,  ft  (all  tails). 
Tail-length  ratio,  Iv/bw,  (all 

1.  04 

1.  39 

2.  09 

1.  39 

1.  39 

tails) 

0.  347 

0.  464 

0.  697 

0.  464 

0.  464 

Side  area,  sq  ft 

0.  833 

1.  11 

1.  67 

1.  30 

1.  25 

ertical  tail: 

V, 

V, 

V, 

Vt 

Vi 

Aspect  ratio 

1.  0 

1.  0 

1.  0 

2.  0 

2.  0 

Taper  ratio 

Quarter-chord  sweep  angle, 

0.  6 

0.  6 

0.  6 

0.  6 

0.  6 

Ar,  deg 

45 

45 

45 

45 

45 

NACA  airfoil  section  , 

65A008  65A008 

65A008 

65A008 

65A008 

Area,  sq  ft 

0.  169 

0.  338 

0.  506 

0.  338 

0.  675 

Span,  6r,  ft 

Mean  aerodynamic  chord, 

0.  408 

0.  583 

0.  710 

0.  825 

1.  159 

CVf  ft 

0.  417 

0.  592 

0.  725 

0.  416 

0.  592 

Area  ratio,  Sv/Sw  

0.  075 

0.  150 

0.  225 

0.  150 

0.  300 

TABLE  IV.—CONFIGURATIONS  INVESTIGATED 


Wing  off 


Configura- 

tion 

(a) 


Fi 

Fi-fVs 


Ft 

Frf  V, 

Ft-\-Vi 
Frf  Vj 


Fi 

Fj4-V, 

Fj-fVi 

F3+Vs 


Ft 


Fi 


FH-V'4 

Ft+Vi 


Figure 


8(a) 


8(b),  12 
8(b) 
8(b) 
8(b) 


8(c) 


10(a) 


11(a) 


Wing  on 


Configura- 

tion 

(a) 


W 


W+Fi 
W-fFi+V, 
W-fF,+  Vj 
W+Fi+Vi 


W-fF, 
W-^-Ft+Vi 
TF+Frf  Vt 
IV+Fj-fVa 


W-fFs 
TF-fFs-f  Vi 
IF-fFs+V'j 

TF-fFs-f  V3 


TF-fF« 

IF-f-Fi-fV, 


W-hFi 

W+Fi-hVt 


TF-fF}+ F4 
TF-f-FH-Ffi 


Ws 

Wa+Fi 

IFs+Fj-fVj 


Figure 


6,  V 


9(a) 


9(b),  13 
9(b) 
9(b) 
9(b) 


9(c) 


10(b) 


11(b) 


13 


fi.  7.  14 
14 
14 


‘Notation  (for  details,  see  table  III  and  figs.  2 to  4): 
IF  wing;  with  sub.'^ipt  S,  wing  with  slat 
F fuselage 
V vertical  tail 
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FORMULAS  FOR  THE  SUPERSONIC  LOADING,  LIFT,  AND  DRAG  OF  FLAT  SWEPT-BACK  WINGS 

WITH  LEADING  EDGES  BEHIND  THE  MACH  LINES 

By  Doris  Cohen 


SUMMARY 

The  method  oj  superposition  oj  linearized  conical  flows  has 
been  applied  to  the  calculation  oj  the  aerodynamic  properties^  in 
supersonic  flighty  oj  thin  flat,  swepUhack  wings  at  an  angle  oj 
attack.  The  wings  are  assumed  to  have  rectilinear  plan  jorms, 
with  tips  parallel  to  the  stream,  and  to  taper  in  the  conventional 
sense.  The  investigation  covers  the  moderately  supersonic  speed 
range  where  the  Mach  lines  jrom  the  leading-edge  apex  lie  ahead 
oj  the  wing.  The  trailing  edge  may  lie  ahead  oj  or  behind  the 
Mach  lines  jrom  its  apex.  The  case  in  which  the  Mach  cone 
from  one  tip  intersects  the  other  tip  is  not  treated. 

Formulas  are  obtained  jor  the  load  distribution,  the  total  lijt, 
and  the  drag  due  to  lijt.  For  the  cases  in  which  the  trailing  edge 
is  outside  the  Mach  cone  jrom  its  apex  {supersonic  trailing  edge), 
the  jormulas  are  complete.  For  the  wing  with  both  leading  and 
trailing  edges  behind  their  respective  Mach  lines,  a degree  oj 
approximation  is  necessary.  It  has  heenjound  possible  to  give 
jyractical  jormulas  which  perrait  the  total  lijt  and  drag  to  he 
calculated  to  within  2 or  S percent  oj  the  accurate  linearized- 
theory  value.  The  local  lijt  can  he  determined  accurately  over 
most  oj  the  wing  ',  hut  the  trailing-edge-tip  region  is  treated  only 
approximately. 

Charts  oj  some  oj  the  junctions  derived  are  included  to  jacili- 
tate  computing,  and  several  examples  are  worked  out  in  outline. 

INTRODUCTION 

It  is  customary,  in  supersonic  ^\^ng  theory,  to  describe 
any  straight  segment  of  the  boundar}'  of  a vnng  plan  form  as 
supersonic  or  subsonic  according!}-  as  the<  segment  lies  out- 
side or  is  contained  within  its  foremost  Mach  cone;  that  is, 
as  the  component  of  the  flight  velocity  normal  to  the  edge  is 
greater  than  or  less  than  the  speed  of  sound.  These  two 
circumstances  result  in  fundamentally  different  types  of  flow 
over  the  surface.  It  is  apparent  that  the  real  reference  is 
not  to  a property  of  the  wing  plan  form,  but  to  a combination 
of  plan-form  geometry  and  the  velocity  of  the  wing  relative 
to  the  speed  of  sound.  Thus  (see  fig.  1)  every  swept-back 
wing,  on  entering  the  supersonic  regime,  has  subsonic  leading 
and,  in  most  cases,  subsonic  trailing  edges.  At  a higher  Mach 
number,  the  same  plan  form  may  have  subsonic  leading  edges 
and  supersonic  trailing  edges.  Finally,  if  the  Mach  number  is 
increased  sufficiently,  both  leading  and  trailing  edges  \vill 
become  supersonic. 


Interference  effects  also  depend  on  the  flight  Mach  number, 
since  the  extent  of  the  various  disturbance  fields  is  determined 
by  the  angle  between  the  Mach  lines.  Thus,  no  single 
concise  formula  or  method  of  treatment  has  as  yet  been 
developed  to  predict,  even  approximately,  the  aerodynamic 
characteristics  of  an  arbitrary  wing  plan  form  through  the 
supersonic  speed  range. 

The  present  report  is  concerned  with  the  loading,  lift,  and 
drag”  according  to  linearized  theory,  of  thin,  flat,  swept- 
back  wings  with  rectilinear  boundaries  and  conventional 
taper.  Various  methods  are  available  for  the  calculation 
of  these  properties  when  the  leading  edge  is  supersonic. 
Of  these,  the  method  of  reference  1 is  perhaps  the  most 
convenient.  Formulas  obtained  by  this  method  for  the 
loading  and  lift-curve  slope  of  wings  with  supersonic  lead- 
ing and  trailing  edges  are  presented  in  reference  2.  In  the 
following,  therefore,  the  emphasis  will  be  on  the  solution  of 
the  problems  arising  from  the  interaction  of  the  flow  fields 
in  the  presence  of  subsonic  leading  edges  (figs.  1 (b),  (c), 


Figure  1.— A typical  tapered  swept-back  wing  at  six  sui)ersonic  Mach  numbers,  showing 
the  Mach  lines  from  the  leading-  and  trailing-edge  apexes  and  from  the  tips. 


and  (d)).  The  case  (fig.  1 (a))  in  which  the  Mach  number 
and  aspect  ratio  are  so  low  that  interaction  takes  place 
between  the  tip  flow  fields  will  not  be  treated.  An  approxi- 
mate solution  to  this  problem  may  be  found  in  reference  3. 

When  a wing  with  a subsonic  leading  edge  is  to  be  studied, 
considerable  simplification  of  the  problem  may  be  achieved 
by  making  use  of  the  solutions,  available  in  reference  4 
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and  other  sources,  for  the  infinite  triangular  wingd  From 
these  solutions  the  aerodynamic  characteristics  of  a variety 
of  swept-back  plan  forms  can  be  calculated  by  the  use  of 
the  superposition  prmciple  of  linearized  theory  to  cancel 
an}^  lift  be}'Ond  the  specified  wing  boundaries.  Two  methods 
of  cancellation  have  been  developed:  one,  presented  in  refer- 
ence 5,  uses  supersonic  doublets  and  is  general  enough  to 
apply  to  cmwed  boimdaries;  the  other,  originall}^  due  to 
‘Busemann  (reference  6),  cancels  b}^  means  of  the  super- 
position of  conical  flow  fields.  In  the  present  report  the 
conical-flov;  method  is  used,  shice  it  appears  to  offer  some 
advantages  for  the  straight-sided  plan  forms  under 
consideration,  particularly  in  determining  the  integrated  lift. 

The  material  presented  in  this  report  is  largel}^  drawn 
from  references  7,  8,  and  9,  with  some  simplifications  sug- 
gested by  practical  experience.  In  particular,  the  formulas 
for  the  total  lift  have  been  reworked  to  substitute,  with 
no  increase  in  computational  labor,  a combined  “primary” 
and  “secondary”  correction  for  each  of  the  “primar\^”  cor- 
rections in  reference  7.  Also,  the  formulas  containing  elliptic 
integrals  have  been  rewritten  to  take  full  advantage  of 
available  tables.  As  in  the  precedmg  papers,  the  final  for- 
mulas Avill  be  derived  for  unyawed  wings  with  tips  parallel 
to  the  stream,  but  the  application  of  the  general  method 
and  the  basic  solutions  to  other  plan  forms  and  problems 
will  be  apparent.  Some  numerical  examples  will  be  included 
in  order  to  show  the  magnitude  of  the  effects  discussed  and 
to  summarize  the  method.  A table  summarizing  the 
formulas  is  also  included. 

I— METHOD  OF  THE  SUPERPOSITION  OF  CONICAL 

FLOWS 


A conical  flow  field  is  one  in  which  the  velocity  components 
u,  V,  and  w in  the  stream,  cross-stream  and  vertical  directions, 
respective!}^,  are  constant  in  magnitude  along  any  ray  from 
the  foremost  point,  or  apex,  of  the  field.  Such  flows  are 
found  as  solutions  of  the  linearized  potential  equation  for 
supersonic  flow.  A detailed  discussion  of  their  derivation 
and  use  is  contained  in  reference  4.  In  the  cancellation-of- 
lift  procedure,  only  solutions  of  the  so-called  “mixed”  t}^e 
described  in  section  V of  reference  4 are  required,  except  for 
the  basic  solution  (for  the  infinite  triangular  wing)  which  is 
itself  of  conical  form. 

SYSTEM  OF  NOTATION  FOR  CONICAL  FLOWS 

The  Cartesian  coordinate  system  is  placed  so  that  the 
origin  coincides  with  the  projection  of  the  leading-edge  apex 
on  the  horizontal  plane,  the  positive  x axis  extending  down- 
stream from  the  origin  and  the  y axis  extending  perpendicular 
to  the  X axis  in  the  horizontal  plane.  (See  fig,  2 .)  For  the 
conical  flow  fields,  it  is  further  convenient  to  define  a variable 
to  designate  a particular  ray  in  the  xy  plane,  since  the  flow 
velocities  are  constant  along  such  a ray.  If  the  apex  of  the 
field  is  specified,  then  the  ray  is  most  readily  described  by  its 
slope,  measured  from  the  downstream  direction.  The 
conical  solutions  of  the  supersonic  flow  equation  are,  how- 

> The  present  report  covers  in  detail  only  unyawed  wings.  However,  yawed  wings  may 
be  treated  similarly,  starting  with  the  yawed  triangular-wing  solutions.  This  problem 
is  the  subject  of  a paper,  NACA  TX  2262,  1950,  by  Lampert,  prepared  concurrently  with 
the  present  report. 


ever,  functions  of  the  ratio  of  the  slope  of  the  ray  to  the 
1 


slope  - of  the  Mach  lines,  where  ^ is  and  M is  the 

free-stream . Mach  number.  For  the  triangular-wing  flow 
with  its  origin  at  the  apex  of  the  wing,  therefore,  the  conical 
variable  will  be  chosen  as 


a=l3 


y 

X 


' (1) 


At  the  Mach  lines  from  the  leading-edge  apex,  a equals  ±1. 
The  ray  from  0,  the  wing  apex,  making  the  angle  tan“^  ^ 


with  the  stream  will  hereinafter  be  referred  to  as  the  ray  a, 
and  the  subscript  a will  indicate  association  with  a constant- 
load sector  (to  be  introduced  later)  of  which  such  a ray  is 
one  of  the  boundaries. 

For  each  of  the  conical  fields  to  be  superposed  at  the  edges 
of  the  wing  plan  form,  a new  coordinate  system  is  set  up  with 
its  origin  at  the  apex  of  the  field.  In  conformity  with  the 
notation  of  reference  4,  the  conical  variable  relative  to  the 
displaced  origin  is  called  t,  with  subscripts  to  denote  the 
location  of  the  origin.  Thus,  if  Xa,ya  is  the  point  of  intersec- 
tion of  the  ray  a with  the  plan-form  boundary  and  is  to  serve 
as  the  apex  of  a canceling  conical  field. 


ta=0 


y-Va 

X Xq 


(2) 
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is  the  ratio  of  the  slope  of  the  ray  ta  of  that  field  to  the  slope 
of  the  Mach  lines. 

If  the  ratio  of  the  slope  of  the  leading  edge  to  the  slope  of 
the  Mach  lines  is 

7Yi=p  cot  A (3) 

where  A is  the  angle  of  sweephack,  then  at  the  leading  edge 
a=7u,  and  a ray  from  the  leading-edge  tip  is  designated  b}" 
tm.  If  s is  the  ^\dng  semispaii;  the  leading-edge  tip  has  the 

coordinates—;  s and  aiw  point  Xj7j  has  the  conical  coordinate 


B$ 

in  the  field  with  apex  at  — ; s. 

7U 

Other  symbols  referring  to  angular  locations  will  be  defined 
in  the  same  way  as  needed.  A summary  of  the  symbols 
will  be  found  in  appendix  A. 

BOUNDARY  CONDITIONS  FOR  CANCELLATION  OF  LIFT 

The  general  problem  of  deriving  the  flow  over  a wing  of 
finite  dimensions  from  the  known  flow  over  an  infinite  wing 
is  the  problem  of  determining  the  induction  effects  due  to 
the  edges.  These  effects  may  be  thought  of  as  associated 
with  the  cancellation  of  the  lifting  pressiu-e  at  the  boundaries 
of  the  finite  wing.  In  the  linearized  lifting-surface  theory, 
they  ma}’-  be  evaluated  by  the  superposition  of  flow  fields 
with  negative  lifting  pressure  over  the  portion  of  the  infinite 
wing  outside  the  boundaries  of  the  finite  plan  form,  provided 
the  other  boundary  conditions  are  not  distiubed.  In  the 
case  of  a flat  wing  at  an  angle  of  attack,  the  latter  provision 
means  that  the  canceling  field  must  (1)  induce  no  downwash 
within  the  boundaries  of  the  finite  wing  and  (2)  introduce  no 
new  lifting  pressure  outside  those  boundaries. 

In  accordance  with  thin-airfoil  theory,  the  ])oundary  con- 
ditions will  be  satisfied  in  the  horizontal  plane  rather  than  on 
the  surface  of  the  wing.  Also,  by  thin-airfoil  theory,  the 
conditions  on  the  lifting  pressure  are  converted  to  conditions 
on  the  velocity  field  through  the  relation 


In  the  simplest  case,  the  lift  to  be  canceled  will  be  dis- 
tributed uniformly  over  a semi-infinite  region  bounded  by 
two  straight  lines.  The  boundaiy  conditions  of  the  problem 
may  then  be  said  to  be  conical  with  respect  to  the  intei'section 
of  the  two  lines,  which  become  “rays^^  of  the  canceling  conical 
field.  The  boundary  conditions  on  the  canceling  velocity 
field  in  this  case  ma}^  be  summai’ized  as  follows : 

(1)  The  streamwisc  velocity  m must  approach  values  equal 
in  magnitude  and  opposite  in  direction  on  the  upper  and  lower 
surfaces  of  the  horizontal  plane. 

(2)  In  the  horizontal  plane,  u must  be  constant  over  the 
infinite  sector  in  which  lift  is  to  be  canceled. 

(3)  The  vertical  velociU'  w must  be  zero  in  the  portion 
of  the  z=0  plane  occupied  b}-  the  projection  of  the  finite 
wing. 


(4)  From  equation  (5),  u must  equal  zero  in  the  portion 
of  the  horizontal  plane  not  covered  hy  conditions  (2)  or  (3). 

(5)  In  supersonic  flow  there  exists  the  additional  condition 
that  all  the  velocities  must  go  to  zero  on  the  Mach  cone  from 
the  apex  of  the  field. 

CANCELLATION  OF  NONUNIFORM  LIFT 

The  foregoing  are  the  general  conditions  for  a uuiformU' 
loaded  canceling  flow  field.  Under  the  proper  conditions,  a 
nonuniform  distribution  of  lift  ma}’  be  canceled  by  the  super- 
position of  a number  of  such  fields.  This  procedure  is  best 
explained  by  a concrete  exam])le. 

Consider  the  problem  of  a swept-back  mng  flying  at  a 
high  Mach  number  such  that,  as  in  figure  1 (e),  the  Mach 
lines  from  the  leading-edge  apex  intersect  the  tips  of  the 
wing.  The  method  of  deriving  the  swept-back  wing  from 
an  infinite  triangular  wing  in  that  case  is  indicated  in  figure 
3.  It  may  be  noted  at  the  start  that,  according  to  linear 
theory,  the  lift  behind  the  supersonic  trailing  edge  may  be 
canceled  in  any  wa^^'  without  affecting  the  velocities  on  the 
wing.  Thus  it  remains  only  to  consider  the  effect  of  can- 
celing the  lift  outboard  of  the  tips. 


Figure  3. — Method  of  cancellation  of  lift  beyond  the  tip  when  the  leading-edge  Mach 
line  intersects  the  side  edge  of  the  wing. 


An  infinite  triangular  wing  with  supersonic  leading  edges 
has  a load  distribution  which  is  constant  over  the  portions 
of  the  wing  between  the  leading  edge  and  the  Mach  lines 
from  the  leading-edge  apex  (see  fig.  4).  This  constant  load 
may  be  canceled  outboard  of  each  of  the  tips  of  the  swept- 
back  wing  by  a single  negatively  loaded  triangle  of  infinite 
extent,  one  side  coinciding  with  the  side  edge  of  the  wing 
and  a second  side  coinciding  with  the  extension  of  the  leading 
edge.  However,  the  area  to  be  removed  (region  BAG,  fig. 
3)  includes  also  a region  over  which  the  pressure  varies,  and 
is  conical  with  respect  to  0.  Since  the  boundaries  of  the 
region  are.  conical  with  respect  to  A,  no  one  conical  solution 
can  satisf}^  the  requirements  of  the  problem.  The  problem 
is  brought  within  the  limitations  of  the  conical  solutions  by 
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Plan  view 


region  of  uniform  loading 

Figure  4. — Lift  distribution  on  a triangular  wing  with  supersonic  leading  edges. 

considering  the  lift  to  be  made  up  of  an  infinite  number  of 
constantly  loaded,  overlapping  sectors  of  infihite  extent. 
(See  fig.  3.)  These  sectors  are  bounded  on  one  side  by  the 
wing  tip;  the  second  side  is  the  extension  of  a ray  from  apex 
0 of  the  wing.  Between  the  leading  edge  (a=m)  and  the 
leading-edge  .Mach  line  (a=l),  no  division  of  the  field  is 
necessaiy  since  the  lift  density  is  constant  in  that  region. 

If  a sector  with  apex  at  A and  angle  tan~^  ^ is  used  to  cancel 

this  uniform  lift,  then  the  remaining  superposed  fields  must 
be  used  where  a<l  (see  fig.  4)  to  restore  the  difference 
between  that  lift  and  the  loading  on  the  triangular  wing. 

If  Ui  is  the  streamwise  component  of  the  perturbation 
velocity  corresponding  to  the  constant  loading  ahead  of  the 
leading-edge  Mach  lines,  and  U{^{a)  is  the  same  velocity  in 
the  region  between  the  Mach  lines,  then  the  magnitude  of 
the  u component  of  the  velocity  in  the  initial  canceling 
sector  will  be  —Ui,  and  on  the  remaining  sectors  (see  fig.  3) 
minus  the  increment  in  Ui—u^  corresponding  to  an  increment 

in  a,  or  da,  (Note  that  this  last  quantity  is  positive,  as 

required).  To  determine  the  total  effect  of  canceling  the 
loading  outboard  of  the  tip,  the  velocities  induced  by  the 
latter  infinitesimally  loaded  elements  are  integrated  and 
added  to  the  negative  effect  of  the  initial  constant-load 
sector. 

II— LOADING  ON  WING  WITH  SUBSONIC  LEADING 

EDGE 

LOAD  DISTRIBUTION  OVER  TRIANGULAR  WING 
In  the  notation  of  this  paper,  the  velocit}^  distribution 
over  a flat  lifting  triangle  with  leading  edge  behind  the  Mach 
lines  may  be  widtten 

muo 


(6) 


where 

mV  a 

(m) 

is  the  (constant)  velocity  along  te  center  line  a=0.  In  the 
expression  for  jE'(m)  is  the  complete  elliptic  integral  of 
the  second  kind,  of  modulus  The  load  distribution 

is  obtained  from  the  velocity  distribution  b}’’  equation  (5). 

SWEPT-BACK  WING  WITH  SUPERSONIC  TRAILING  EDGE 
(TIP  CORRECTION)  2 

If  the  problem  is  now  to  find  the  loading  on  a swept-back 
wing  with  subsonic  leading  edges,  but  supersonic  trailing 
edges,  only  the  tip  effects  will  modify  the  triangular-wing 
distribution.  The  calculation  of  the  tip  effect  on  a wing 
with  subsonic  leading  edge  (m<l)  is  somewhat  complicated 
by  the  fact  that  the  pressure  becomes  infinite  at  the  leading 
edge,  but  otherwise  follows  the  procedure  outlined  in  the 
preceding  section. 

It  will  first  be  necessary  to  present  the  expression  for  the 
previously  described  conical  field  with  uniformly  loaded  sec- 
tor to  be  used  as  the  element  in  canceling  the  lift  outboard 
of  the  tip. 

ELEMENTARY  SOLUTION  FOR  A STREAMWISE  TIP 

If  8 is  the  semispan  of  the  wing,  the  apex  of  any  element  a 
(see  the  section  on  Notation)  is  at 


and,  from  equation  (2), 


/3s 

Xa=—>  Va=S 
a 

(8) 

t-3 

3s 

X — — 

(9) 

Then,  if  Ua  is  the  constant  perturbation-velocity  component 
to  be  canceled  over  the  region  between  the  tip  and  the  exten- 
sion of  the  ray  a,  the  previously  listed  boundary  conditions 
for  each  of  the  required  canceling  fields  may  be  written  as 
follows  (see  fig.  5) ; 

(1)  and  (2)  When  0 <^«<a,  u=  ±Ua  (constant  for  the  field) 

(3)  When  ^a<0,  w=Q 

(4)  When  '*^=0 

(5)  When  ^ 1,  u—'v=w=Q, 

The  solution  of  the  supersonic  flow  equation  satisfying  the 
above  boundary  conditions  has  been  derived  in  reference  4.^ 
In  the  xy  plane,  the  streamwise  component  of  the  velocity  is 


I '^a  _i  a-\~ta^^ata 

u=  ±r,p.  — cos  ^ 

7T  ta—a 


(10) 


The  signs  refer  to  the  upper  and  lower  surfaces,  respectively. 
In  figure  5,  the  essential  features  of  the  solution  are 
shown.  At  the  top  is  a detail  view  of  the  wing  side  edge  and 
shows  the  boundary  conditions.  In  the  center  is  a typical 
plot  of  the  argument  of  the  inverse  cosine  in  equation  (10), 
against  ta,  'Where  this  quantity  is  less  than  —1  (i,  e., 
0<^fl<a),  the  real  part  of  the  inverse  cosine  is  tt.  Where 
the  argument  is  greater  than  -t-1  (^«>a  and  ia<~~l),  the 

* Approximate  formulas,  valid  when  m is  close  to  1,  have  been  presented  for  this  case  in 
reference  10. 

* The  corresponding  solutions  for  rakeddn  or  raked-out  tips  may  also  be  found  in  reference  4, 
or  deduced  from  later  sections  in  the  present  report. 


FORMULAS  FOE  THE  SUPERSONIC  LOADING  OF  FLAT  SWEPT-BACK  WINGS  WITH  LEADING  EDGES  BEHIND  MACH  LINES  1151 


\j 

Mach  hne,  a 
plan  vtew  ' j 

,^ing  tipy 
/ 

Xa.S 

'Au  A 

Mach  tine, 
.'—ta  = 1 

/ 

Argument'  of 
inverse  cosine 

a+  ta^2aia 

ta-a 

\ 

1 

V 

0 

Velocity 

distribution 

-/ 

-Au 

-I  O a 1 

ia 

Fiouke  5.~-Elementary  solution  for  canceling  lift  at  the-tip. 


real  part  of  the  inverse  cosine  is  zero.  On  the  wing 
( — l<ia<C0)>  argument  goes  froin  +1  to  —1  and  the 
inverse  cosine  is  real.  Thus  in  canceling,  or  subtracting, 
the  velocity  Ua  between  ta=0  and  ta=d,  the  increment  in 
velocity 


/ N Ua  . . 

u{x,yj  a)= cos 


-,-1 

tg  U 


(11) 


is  induced  on  the  wing  upper  surface. 


TIP-INDUCED  CORRECTION  TO  THE  LOADING 


Following  the  procedure  outlined  in  Part  I,  we  proceed  to 
determine  the  effect  of  canceling  the  lift  outboard  of  the 
wing  tip.  Smce  the  value  of  Ug  for  the  initial  canceling 
field  — u^Cm)  and  the  value  for  the  first  incremental  field 

are  both  infinite  when  the  leading  edge  is  subsonic, 
da 

it  is  first  necessary  to  wite  the  induced  velocity  at  a point 


x,y  as 


—uda)  a + tg-r^dia 

^ cos  ^ — 

ta—a 


i f“  ^ cos-*  rfa*l 

Trjflo  da  tg — a J 


where  the  limit  is  the  value  of  a corresponding  to  the 
rearmost  sector  including  the  point  x^y  in  its  Mach  cone. 
The  value  of  a^  is  found  b}"  setting  ta  (equation  (9))  equal 
to  Thus,  for  the  tip  correction, 


(13) 


This  parameter  will  be  additionally  useful  as  the  value  of  a 
at  which  the  velocity  correction  given  by  equation  (11) 
goes  to  zero  and  its  derivative  has  a singularity. 

Before  performing  the  integration  of  equation  (12),  tg 
must  be  replaced  by  its  expression  in  terms  of  x,  y,  and  a. 
Then  integration  of  the  second  term  b}^  parts  results  in  a 
term  which,  at  the  upper  limit,  exactly  cancels  the  first 
term,  and  at  the  other  limit  is  zero,  leaving,  after  substitution 
for  Ua, 

, , m(a;  + )3y)-»o  T”* Vao(s— y)  da  ■ 

( ii)np  jao{cix—Py)^(m^—a^{l  + a){a—ao) 

(14) 


This  integral  is  finite  and  can  be  evaluated  in  terms  of 
elliptic  integrals  as  follows : 


(Au)«p — Uo 


2{x+py) 


K,- 


mx 


where 


K,=KoE{^,  k')-{K,-E,)F{4^,  k') 


(15) 

(16) 


and  Ko  and  Eq  are  2/tt  times  the  complete  elliptic  integrals 
K and  E of  modulus 

_ /(m  — ttp)  (1— m) 

\ 2m(ao+l) 


In  equation  (16),  F {f,k')  and  E {\k,k')  are  the  incomplete 
integrals  with  the  complementary  modulus  k'=-\l\—k'‘  and 


argument 


, jao{mx  + P‘^ 
V Ps{ao+m) 


The  functions  Ko,  Eo  and  Ap  are  tabulated  in  reference  1 1 * or 
may  be  computed  from  the  tables  of  reference  12.  A plot 
of  Ap  is  given  in  figure  6. 

Value  at  the  side  edge. — At  the  tip,  y is  equal  to  s and  the- 
first  term  in  equation  (15)  vanishes.  In  the  second  term,  ^ 
becomes  ir/2  and  E (i/,k')  and  F {4>,k')  reduce  to  the  complete 
integi-als  E'=E{k')  and  K'=K{k'),  respectively.  Then, 
since,  by  Legendre’s  relation, 

K'E-K'K+KE'  = t!2 

Ap  reduces  to  1.  The  induced  velocity  correction  is  seen  to 
be  exactly  equal  to  — •Wa,  bringing  the  lift  to  zero  at  the 
wdng  tip. 

Drop  in  lift  across  tip  Mach  line. — An  interesting  effect 
shows  itself  at  the  other  limit  of  the  tip  region,  that  is,  at  the 
Mach  fine  from  the  tip  of  the  leading  edge.  Along  tliis  line 
only  the  influence  of  the  leading-edge  pressure  is  felt,  so  that 


(12) 


* The  quantity  Ko  is  called  Fo  in  reference  11. 


^0  ^ 
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a.Q=m.  Then  A:=0,  k'=\,  K=ttI2,  E{yp,¥)  reduces  to 
sin  \p  = finally 


{^u)tip{tm  = — l)=^u* 


—UqPs 

V2(x  + j8y)(??ix— 


(1/a) 


or,  since  along  the  tip  Mach  line  p{s—y)^x— 


Au* 


V2  (1  + 7n)  {mx  — ifs) 


(17b) 


This  result  indicates  a finite  drop  in  prcsspre  across  the 
Mach  line  from  the  tip,  an  effect  which  is  associated  mth  the 
cancellation  of  infinite  pressure  at  the  leading  edge  and  con- 
sequently does  not  aqipear  as  long  as  the  leading  edge  is 
ahead  of  the  Mach  lines.  The  ratio  of  the  drop  in  lift  across 
the  tip  Mach  line  to  the  imcorrected  lift  can  be  written 


Au*_  /(l-j-a)  (m  + g) 

~ V 2m(l+w) 


(IS) 


Tills  ratio  is  plotted  against  ajm  in  figure  7 and  shows  the 
percentage  loss  of  lift  at  the  tip  to  be  very  large.  In  fact, 
for  any  but  the  lowest-aspect-ratio  wings,  the  lift  remaining 
in  that  region  is  almost  negligible.  This  effect,  Avhich  should 
be  of  considerable  practical  interest,  was  first  indicated  in 
the  results  of  reference  13  for  the  limiting  case  of  7/i  — O. 


Figure  7. — Percent  drop  in  lift  across  Mach  line  from  lip. 


SWEPT-BACK  WING  WITH  SUBSONIC  TRAILING  EDGE 

The  tip-effect  correction  just  derived  applies  equally  to 
wings  with  supersonic  or  subsonic  trailing  edges.  The  effect 
of  a subsonic  trailing  edge  is  calculated  separately,  and  is 
primarily  due  to  canceling  the  triangular-wing  loading  in 
the  Avake  region.  If,  however,  the  triangular- wing  loading 
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has  been  modified  by  the  introduction  of  side  edges,  then  this 
modification  must  also  be  taken  into  account  when  canceling 
the  lift  beliind  the  trailing  edge.  In  the  conical-flow  method, 
the  various  component  flow  fields  must  be  canceled  indriddu- 
alh^.  The  sections  immediately  following  will  discuss  the  can- 
cellation of  the  triangular-wing  loading ; cancellation  of  the  tip- 
induced  components  of  velocit\^  will  be  considered  under  the 
heading  “Secondary  Corrections.^' 

PRIMARY  TRAILING-EDGE  CORRECTIONS 

Procedure  for  canceling  lift  in  the  wake  region. — The 
basic  procedure  is  again  to  consider  the  load  to  be  canceled 
to  be  built  up  by  the  supeU’position  of  uniformly  loaded 
sectors,  bounded' on  one  side  (see  fig.  8)  by  tlie  rays  a,  and 
on  the  other  by  the  trailing  edge  of  the  wing.  It  is  con- 
venient at  this  point  to  introduce  the  parameter 

?)^^=^Xcot  (angle  of  sweep  of  trailing  edge) 


0 


Figure  S.— Oblique  constant-lift  element  (shaded)  for  cancellation  of  lift  at  subsonic 
trailing  edge,  and  induced  velocity  distribution. 


The  boundary  conditions  -to  be  satisfied  by  the  u compo- 
nent of  the  elementaiy  canceling  velocity  field  are  indicated 
for  the  right  span  in  figm*e  8;  each  field  must  have  constant 
velocit}'  Ua  when  a<ta<mt  and  zero  streamwise  A-elocity  over 
the  wake  region,  The  concomitant  vertical 

velocity”  must  be  zero  on  the  Aving  surface.  HoAvever,  AA^hen 
a is  small,  the  region  — 1 aauII  include  a portion  of  the 

left-hand  A\dng  panel.  Since  in  this  region  the  u component 
of  velocity  has  already  been  specified,  the  vertical  velocity 
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\vm  not,  in  general,  be  zero.  Nor  is  it  possible  to  modify 
the  field  to  satisfy  the  boundary  condition  on  the  far  wing, 
since  the  area  involved  is  not  conical  with  respect  to  the  apex 
of  the  field. 

The  error  involved  in  the  foregoing  procedure  is  minimized 
by  the  use  of  a symmetrical  flow  field  to  cancel  the  initial 
load  Uq  at  a=0,  where  a single  conical  field  can  be  made  to 
satisfy  the  boundary  conditions  exactly  on  both  wing  panels. 
This  flow  field  (see  fig.  9)  would  have  its  origin  at  the  apex 
Co,0  of  the  trailing  edge,  and  the  constant-load  region  would 
extend  over  the  entire  wake  region.  Between  the  trailing 
edge  of  the  wing  and  the  Aiach  lines  from  Cq,0  the  induced 
downwash  would  be  zero  in  the  plane  of  the  wing,  while  the 
pressure  would  vary  as  required  to  satisfy  the  fundamental 
flow  equations. 

In  figure  9,  a typical  curve  of  is  shown,  from  which  it 
can  be  seen  that  the  load  to  be  canceled  is  very  nearly 
constant  over  a considerable  fraction  of  the  wake  region. 
Cancellation  of  the  velocity  by  the  symmetrical  field  will 
consequently  leave  only  a small  variation  in  u to  be  canceled 
by  the  oblique  fields  described  earlier  in  the  section.  The 
resulting  violation  of  the  flat-plate  condition  may  be  expected 
to  be  small,^  and  will  take  place  only  over  a small  region 
near  the  tip  of  the  trailing  edge. 


Figure  9. — Symmetiical  field  for  cancellation  of  vo  at  subsonic  trailing  edge. 


Symmetrical  solution. — For  the  symmetrical  solution  we 
define  the  conical  variable 


^0 


X—Cq 


(19) 


w'^hich  is  zero  along  the  center  line  of  the  wing  and  equals  ±mt 
at  either  trailing  edge.  Then  the  boundary  conditions  to  be 
satisfied  in  the  xy  plane  may  be  summarized  as  follows: 

u=±Uq 

The  required  solution  is  given  in  reference  14.  The  u com- 
ponent in  the  xy  plane  is 
/ 

where  K'(mt)  is  the  complete  elliptic  integral  of  the  first  kind 
of  modulus  and  F(<l),-\/l-7nt^)  is  the  corresponding 

incomplete  integral  of  argument 

<^=sin  \ ^ 

V 1— mr 

The  form  of  thje  induced  velocity  on  the  wing  (see  fig.  9)  is 
yer}’-  similar  to  the  inverse  cosine  curves  of  the  tip  solutions. 

On  the  wing,  0 is  real  and  the  symbols  r.  p.  may  be  omitted. 
The  velocity  induced  on  the  upper  surface  by  cancellation  of 
Uq  behind  the  trailing  edge  is  therefore 

m,')  (20) 


Oblique  solutions  for  the  wake  region. — The  symbol 
ta  will  be  used  as  before^ to  indicate  a ray  of  the  flow  field 
with  apex  at  Xa,ya , the  point  of  intersection  of  the  ray  a with 
the  Aving  boundary — in  this  case  the  trailing  edge.  Along 
the  trailing  edge, 


?/a=y  (a:«— Co) 

Since  (VaMj  we  may  solve  for  Xa  and  as  functions 
of  a and  the  constants  and  Cq: 


Xa 


rritCo 

rrit  — a 


(21) 


Then 


PVa 


mtCpa 

TYlt—Cb 


(22) 


“ x{mt—a)—mtCQ 


(23) 


The  boundaiy  conditions  to  be  satisfied  by  the  elementary 
solution  are  (for  a>0) 

a<ia<mt  u=^Ua 

w=0 


— \<ta<a 


^ Calculations  made  to  check  this  statement  have  shown  the  induced  downwash  angles  to 
be  less  than  0.5  percent'of  the  angle  of  attack,  even  in  the  most  unfavorable  circumstances. 


u=0 
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The  solution  satisfying  these  conditions  ma}^  be  obtained 
from  the  tip  solutions  by  an  oblique  transformation.  (See 
reference  4.)  In  the  xij  plane,  the  resulting  expression  for 
the  u component  is 

r -n  4.^  (l-«)(4-m,)-(m,-a)(l-0 

Then  the  velocity  induced  at  any  point  x^y  on  the  upper 
sm'face  of  the  wing  by  the  cancellation  of  the  infinitesimal 
increment  of  perturbation  velocity  Ua  over  the  sector  bounded 
by  the  ray  w and  the  trailing  edge  is 

ip-  du=(Au),~=^  cos- 

da  ^ ' TT  (1— a) 

(24) 


Correction  of  loading  near  the  trailing  edge. — To  deter- 
mine the  lift  at  any  point  x,y  near  the  trailing  edge  of  the 
wing,  it  is  first  necessary  to  determine  the  most  rearward 
canceling  sector  Gq  that  will  infiuence  that  point.  Setting  ta 
(equation  (23))  equal  to  1,  we  solve  for 


aQ=mt 


x — ^y--mtCp 


(25) 


Then  the  total  correction  to  the  triangular-wing  velocity 
obtained  as  a result  of  canceling  that  velocity  behind  the 
trailing  edge  is 

(Au)r.£.  (a;,2/)  = (Au)o+J^  (26a) 


The  integral  in  the  foregoing  expression  has  been  evaluated 
in  terms  of  an  incomplete  elliptic  integral  of  the  third  kind, 
which  may  be  computed  \vith  the  aid  of  the  tables  of  refer- 
ences 1 1 and  15.  Because  it  will  be  necessary  to  define  several 
new  functions  it  was  thought  better  to  present  the  results  in 
an  appendix  (appendix  B).  For  practical  use,  graphical  or 
numerical  integration  may  be  preferred,  in  which  case  a 
convenient  form  is  obtained  by  revTiting  Ua  as  {dui^jda)  da^ 
or  du^j  in  equation  (24).  Thus  equation  (26a)  becomes 


(Au)r,B.(x,y)  = (Au)o— 


1 

7T 


COS  ^ 


( 1 — g)  (^^ — ?n  0 — (?yi  t — a)  ( 1 — Q 


du^  (26b) 


where  ta  and  u^  must  be  evaluated  for  selected  values  of  a 
between  zero  and  ap.  The  integrand,  of  com'se,  goes  to  zero 
at  Ua(oo)  • At  points  along  the  leading  edge  (in  cases  in  which 
the  leading  edge  extends  into  the  zone  of  influence  of  the 
trailing  edge),  the  integral  takes  on  a somewhat  simpler  form, 
with  the  result  that  the  entire  trailing-edge  correction  at 
such  points  can  be  widtten 


(Au)r...{x,  ^)— I - 

i (to— — W,(l— /q)  ■ 

IT  (1— m,)<o 


-aAi  ^ ^ A:)ll  (26c) 

IT  V (1— "i)(l— w,)toL  m—Wo 


the  first  term  inside  the  braces  is  and,  in  the  last 

Uo 

I ■ -1  / 

^=sin  \ — I — 

\ m+ao 


/(1-m)  (m+^ 

V 2m(l-ao) 

SECONDARY  CORRECTIONS 

The  term  “secondary  corrections^'  is  used  here  to  designate 
the  effect  of  canceling  the  lift  introduced  outside  the  bound- 
aries of  the  wing  in  the  process  of  canceling  the  original  tri- 
angular-wing  loading  beyond  the  tips  and  behind  the  trailing  • 
edge.  As  previously  mentioned,  cancellation  of  lift  at  the 
tip  introduces  new  (negative)  components  of  lift  to  be  can- 
celed at  the  trailing  edge.  The  original  cancellation  of  lift 
behind  the  trailing  edge,  on  the  other  hand,  will  introduce 
negative  incremental  pressures  outboard  of  the  tip  and,  under 
certain  circumstances  (see  figs.  1 (a)  and  (b)),  ahead  of  the 
leading  edge.  The  distribution  of  lift  to  be  canceled  in  each 
case  is  no  longer  part  of  a single  conical  field,  but  is  composed 
of  an  infinite  number  of  superposed  conical  fields  originating 
at  various  points  along  the  trailing  edge  or  tip.  In  order  to 
cancel  these  pressures  accurately,  it  would  be  necessary  to 
set  up,  for  each  of  the  original  canceling  elements,  an  infinity 
of  positively  loaded  elements  at  the  opposite  boundary. 
Thus,  each  secondary  correction  would  require  a double 
integration  for  each  point,  and  would  obviously  be  quite 
tedious.  The  procedure  is  described  in  detail  in  references 
7 and  8.  The  more  recent  work  of  Mirels  (reference  5)  offers 
an  alternative  method  which,  while  no  less  tedious  at  the  com- 
putational state,  is  somewhat  easier  to  set  up  for  computing. 
Nevertheless,  the  exact  calculation  of  the  secondary  correc- 
tions, and  of  the  succeeding  corrections  arising  as  the  second- 
ary corrections  are  in  tiu-n  canceled  at  the  opposite  edges, 
appears  feasible  only  with  the  aid  of  high-speed  computing 
machinery. 

These  corrections  may  be  thought  of  as  a converging 
series,  since  in  each  case  (except  in  the  neighborhood  of  the 
leading  edge)  the  induced  effect  is  smaller  than  the  canceled 
lift.  Over  most  of  the  wing,  the  secondary  correction  is  of 
the  same  order  of  magnitude  as  the  tolerable  error.  Formulas 
for  obtaining  a major  part  of  the  secondary  corrections  can  be 
given  rather  simply  and  should  suffice  to  give  results  of 
practical  accuracy  in  problems  (fig.  1(c))  not  involving  lead- 
ing-edge corrections.  Problems  of  the  t}^pe  shown  in  figure 
1(b)  will  be  discussed  in  a later  section. 

Secondary  corrections  at  the  trailing  edge. — The  pressure 
differences  induced  by  the  tip  are  in  the  main  due  to  can- 
cellation of  the  infinite  pressure  at  the  leading  edge.  It 
should  therefore  be  permissible,  for  the  secondary  corrections, 
to  approximate  the  tip-correction  field  by  a single  conical 
field  from  the  leading-edge  tip.  The  lift  associated  with  this 
field  may  then  be  canceled  behind  the  wing  (see  fig.  10)  by  a 
single  infinity  of  superposed  fields,  as  was  the  original  triangu- 
lar-wing loading.  If  the  values  of  (Au)np  calculated  for 
points  Xb,yb  along  the  trailing  edge  are  assumed  to  apply  aU 
along  the  corresponding  rays  tm{xt,,yi,)  from  the  tip,  then  the 


where 

term, 

and 
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• FinuHK  10— Sketch  for  approximate  cancellation  of  extraneous  lift  introduced  behind 
the  leading  edge  by  the  tip  correction. 


lifting  pressure  will  be  exactly  canceled  along  the  trailing  edge 
and  the  remaining  variation  of  pressure  in  the  wake  will  have 
very  little  effect  on  the  flow  over  the  wing. 

The  cancellation  fields  are  of  the  previously  used  oblique 
type,  wdth  a replaced  by 


tm 


KVi-s) 


(27) 


Let  the  jiarticidar  point  at  which  the  line  — 1 intersects 
the  trailing  edge  be  designated  b}-  x*,y*  and  other  sjTnbols 
referring  to  that  point  be  similarly  starred.  Then-  the 
velocity  induced  at  any  ])oiut  x,y  on  the  wing  by  removal  of 
(^'11') Up  along  the  trailing  edge  will  be  (from  equation  (24)) 


^ (1 -;«,)((*+ 1)  ' 


I rtm(?^0,V0)  d{Au),tp 
TT.j— 1 dtpt 


cos~‘ 


(1  7)1,)  (tH,  fm)(l — 7. 

(l-77l,)(f,-f„) 


(28) 


where  Au*  is  given  by  equation  (17),  and  are  calculated  by 


f*= 


0(y-y*) 

x—x* 


and 


My-yb) 

x—x„ 


(30) 


respectively,  and  a:o,yo  is  the  point  of  intersection  of  the  Mach 
foreconc  from  x,  y with  the  trailing  edge. 

The  derivative  ^ (A«)„p  would  have  to  be  determined 

numerically  or  graphically  from  a plot  of  the  calculated 
values  of  (Au)  „p  against  In  order  to  avoid  this  procedure, 

it  is  preferable  to  rewTite  expression  (28)  as 


7T 


-t*) 


1 r(^u),i 

7T  Jau* 


(^«),.p(^o,.ro)  (1  -t,„)  J (1  -u) 

(l-m,)(/.-U 

(31) 

and  integrate  l)y  plotting  the  inverse  cosine  function  against 

i^u)  tip. 

As  long  as  the  aspect  ratio  of  the  wing  is  greater  thaxi  1//3 
(a  condition  already  ini])osed  by  the  exclusion  of  the  problem 
• shown  in  fig.  1 (a)),  will  be  more  than  half  {^u)tip  at 
any  other  point  on  the  trailing  edge.  Since,  moreover,  the 
integral  term  in  equation  (31)  has  zero  slope  at  the  Mach 
cone  while  the  first  term  starts  with  infinite  slope, 

it  IS  apjDarent  that  the  secondary  correction  may  be  simplified 
still  further  by  omitting  the  calculation  of  the  integral. 
For  points  near  the  trailing  edge,  the  loading  can  usually  be 
faired  to  zero  with  sufficient  accuracy. 

^ Secondary  correction  at  the  tip. — A similar  method  of 
approximating  the  secondaiy  correction  at  the  tip  cannot  be 
formidated  with  equal  confidence.  Since,  however,  over 
most  of  the  wing  the  symmetrical  correction  (A'i^)o  contrib- 
utes the  larger  part  of  the  total  subsonic- trail! ng-edge 
effect,  it  will  again  be  assumed  that  the  entire  effect  con- 
stitutes a single  conical  field,  with  its  apex  at  Cq,  0.  The  u 
velocity  along  each  ray  'viH  have  the  value  s.  (a;^,  s) 

of  tlie  trailing-edge  correction  at  the  intersection  s of  the 

ray  with  the  ti]).  The  caticeling  fields  will  have  the  same 
form  as  those  (equation  (10))  used  in  deriving  the  primaiy 
tip  correction,  and  the  total  approximate  correction  to  the  u 
velocitv  will  be 


1 (^07^) 


^)=1 


in  whicli 


d(Av^f  E.  (32) 


(33) 


Xq  is  the  value  of  Xj,  which  makes  U=  — \,  and  (Au)^.  is 
calculated  for  x~Xb,  y=s  by  equation  (26b). 


NUMERICAL  EXAMPLE 

Before  proceeding  to  consider  the  problem  of  interaction 
between  the  leading  and  trailing  edges,  wliich  introduces 
some  radically  different  effects,  the  results  so  far  obtained 
will  be  illustrated  by  a numerical  example.  The  loading 
over  an  imtapered  wing,  with  ^ cot  A = 0.6  and  reduced 
aspect  ratio  pA~1.92j  has  been  calculated  at  four  span  wise 
stations:  25-,  50-,  75-,  and  95-percent  semispan.  The  wing 
plan  form  and  section  lift  distributions  are  shown  in  figure  11. 


(29) 
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/.  Symmefnc  trailing -edge  correction 

2.  Oblique  trailing  -edge  correction 
3 Primary  tip  correction 

4.  Correction  for  (3)  at  the  t trailing  edge 

5.  Correction  for  (!)  and  (3)  at  the  tip 
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(a)  Section  A-A  y/a=0.25  (b)  Section  B-B  vfs=0.50  (c)  Section  C-C  yjs=(i.lb  (d)  Section  D-D  i^/s=0.95 

Figure  11. — Load  distributions  calculated  for  four  streamwise  sections  of  an  untapered  wing;  m=0.C;  5^ =1.92. 
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The  results  of  the  calculations  are  presented  in  the  form  of 
values  of  fi{Aplga)  (equation  (5)). 

The  various  components  of  lift  are  presented  separately  as 
calculated.  In  figures  11  (a)  and  (b),  the  discontinuities  in 
slope  show  the  effect  of  the  cancellation  of  the  finite  velocity 
Uo  at  the  trailing-edge  apex.  The  integrated  part  of  the 
trailing-edge  correction  (component  2)  has  zero  slope  .at  the 
Mach  line.  The  two  outboard  sections  (figs.  11  (c)  and  (d)) 
are  intersected  by  the  Mach  cone  from  the  tip,  as  indicated 
by  the  finite  drop  in  the  load  curves.  Cancellation  of  the 
finite  tip  effect  at  the  trailing  edge  (component  4 in  both 
figures)  results  in  a sharp  discontinuitj''  in  pressure  gradient 
along  the  reflected  Mach  line,  at  91 -percent  chord  at 
y/s=0.75  and  at  78-percent  chord  when  y/s=0.95.  The 
cancellation  of  the  trailing-edge  corrections  at  the  tip,  which 
affects  only  the  last  section  shown,  results  in  another  break 
in  the  load  curve  at  49-percent  chord.  Further  corrections 
enter  at  the  rear  of  the  section  as  a result  of  successive  can- 
cellations of  the  superposed  pressures  at  the  tip  and  trailing 
edge.  Their  effect  has  been  only  estimated. 

SWEPT-BACK  WINGS  WITH  INTERACTING  TRAILING 
AND  LEADING  EDGES 

When,  as  in  figure  1 (b),  the  Mach  cone  from  the  trading- 
edge  apex  includes  a region  ahead  of  the  leading  edge,  the 
' previously  calculated  trailing-edge  corrections  to  u must  be 
canceled  in  that  region,  since  they  represent  a discontinuity 
in  pressure  which  cannot  be  supported  in  the  free  stream. 
Thus  there  must  be  calculated  a leading-edge  correction, 
which  is  one  of  the  previously  defined  secondary  corrections. 
However,  the  location  of  the  disturbed  field  ahead  of  the 
wing  causes  its  influence  on  the  wing  to  be  so  much  more 
widespread  than  that  of  the  other  secondary  corrections  as 
to  require  more  careful  consideration.  A new  type  of  floyr 
field  is  also  required,  as  discussed  in  the  following  paragraphs. 

LEADING-EDGE  COHHECTIONS 

Elem.entary  solution  for  the  region  ahead  of  the  leading 
edge. — In  general,  the  elementary,  solution  required  for  the 
cancellation  of  pressure  in  the  plane  of  the  wing  ahead  of  the 
leading  edge  is  one  that: 

1.  Provides  constant  stream  wise  velocity  over  an  infinite 
sector  bounded  on  one  side  by  the  leading  edge  of  the  wing 
(extended)  and  on  the  other  by  an  arbitrary  ray  extending 
outward  into  the  stream  from  some  point  Xt,  on  the  leading 
edge.  (See  fig.  12.) 

2.  Induces  no  vertical  velocity,  or  dovmwash,  on  the  wing. 

3.  Induces  no  lift  except  on  the  wing  and  within  the  sector 
described  in  condition  1. 

At  first  glance  these  conditions  would  appear  to  be  satisfied 
by  the  oblique  solutions  used  at  the  trailing  edge,  if  properly 
oriented  with  respect  to  the  wing,  and  the  same  form  of  solu- 
tion might  be  expected  to  apply.  In  reference  4,  however,  it 
has  been  pointed  out  that  the  downwash  connected  with  the 
latter  solution  remains  constant  over  the  wing  only  if  the 
wing  area  does  not  mclude  the  line  i/=constant  extending 
downstream  from  the  apex  of  the  element.  In  the  case  of 
the  leading-edge  element  this  condition  is  violated  (fig.  12) 
and  an  additional  term  is  needed  to  bring  the  downwash  to 
zero  throughout  the  area  of  the  wing  affected  by  the  element. 


r 

1 


The  solution  applicable  to  this  case  has  been  given  in  refer- 
ence 4.  The  u component  of  the  velocity  in  the  plane  of  the 
wing  is  as  follows : 


u^r.'p.—  cos 
7T  L 


-1  (fg— m)  (1  +Q  — {m—Q  (1  -j-Q 


(1  -l-»n)  {to fg) 


2m 

(1  -f-m)tg 


■m){l+Q-yj  ^ 


7n  — ti 


(34) 


where  is  the  constant  streamwise  perturbation  velocity 
over  the  element,  and  refers  as  before  to  a raj^  from  its 
apex.  The  ray  bounding  the  element  originates  at  a point 
on  the  trailing  edge  and  has  been  designated,  from  equation 
(24),  as  ta.  When  the  correction  is  being  made  for  the  sym- 
metrical trailing-edge  element,  ta  is  replaced  in  equation  (34) 
by 

For  brevity,  the  two  parts  of  the  correction  function  will 
be  referred  to  as 


and 


C%)=r.p.  cos-‘  (1  +i«') 

( 1 “f*  TYl)  (iff  tci) 


Ii{ta)-r.  m)  (1  +<g)-y/ 


(35) 

(36) 


The  variation  with  to  of  these  functions  and  the  induced 
velocity  (equation  (34))  are  illustrated  in  figure  12. 
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Leading-edge  correction  to  the  loading. — The  single  conical 
field  of  (A'ii)o  will  be  considered  first.  (See  .fig.  13.)  The 
velocity  field  to  be  superposed  ahead  of  the  leading  edge  to 
cancel  the  velocity  (Ati)o  induced  in  the  plane  of  the  wing 
by  the  sjunmetrical  solution  (equation  (20))  can  be  built  up, 
as  showTi  m figure  13,  of  overlapping  constant-velocity  sec- 


« 


Figure  13~ Cancellation  of  the  pressure  field  introduced  ahead  of  the  leading  edge  in  the 
course  of  canceling  behind  the  trailing  edge. 


tors  having  one  edge  along  the  leading  edge  of  the  wing  and 
one  along  the  extended  ray  U from  the  apex  of  the  trailing 
edge.  The  magnitude  of  the  constant  velocity  on  each  ele- 
ment is  dU  or,  from  equation  (20), 


Uq  dt(} 


(37) 


Applying  equation  (34)  to  the  cancellation  of  the  sjun- 
nietrical-correction  velocities  (^u)o  ahead  of  the  wing  results 
in  the  following  induced  velocity  increment  at  anj*  point 
(x,  y)  on  the  wing: 

(A,«)o=i  f‘  [C(«o)+B«o)]  dto  . (38) 

where  to  is  that  value  of  to  for  which  — and  designates 
the  most  rearward  leading-edge  element  containing  the 
point  X,  y vnthin  its  Mach  cone.  In  terms  of  x and  y, 

m(x-hj3y)  . 

(x+iSy)— (l+m)Co 


Integration  of  0{t^  dto  is  not  feasible  by  elementary 

diQ 

means.  For  graphical  integration  it  is  advisable  to  rewrite 

dto  as  d{Au)o  to  avoid  the  infinite  value  of  the  derivative 
dto 

at  <0=1- 

The  second  term  of  the  product  in  equation  (38)  can  be 
integrated  in  closed  form  as  follows: 


p d(Au)o  . X , . — 4:7n^^^UoK(k)  I ^ + m mo) 


where 


and 


nnth 


/ 2m, { 

'“V(l-m, 


(1  — rp) 

)(Tp-hm,) 


To-\-m, 

2to 


(41) 


The  function  Z{4>,  k)  is  tabulated  in  reference  16;  a plot  of 
Z(yb  k) 

^ against  ^ is  given  in  figure  1*4. 

Similarly,  for  each  oblique  trailing-edge  element  a (see 
fig.  15),  a canceling  field  can  be  built  up  ahead  of  the  leading 
edge  b^^  the  superposition  of  sectors  bounded  by  the  leading 
edge  and  by  rays  ta  from  the  apex  Xa,  Va  of  the  element  a, 
and  having  a constant  velocit}^  of  the  magnitude 


d(Au)g 

i>ta 


dta= -Ug^COS  ^ 

7T  Ota 


(1— ffl)(ta— m,)— (m,— a)(l— 4)  , 
(l-m,)(4-a) 


(42) 


(from  equation  (24)).  If  the  sjunbol  is  used  to 

designate  the  total  leading-edge  correction  to  the  u com- 
ponent of  velocity  at  any  point,  then  the  part  due  to  canceling 
the  field  of  a single  oblique  trailing-edge  element  a is 


da=-  P [Cita)+R{ta)]  dta  (43) 

da  TTJr^  Ota 

where 

m(in,  — a)(x  + 0y)—m,Co{l  -fm)g 
(?n,— a)(x+^i/)— m,Cp(l-hm) 

is  the  value  of  ta  for  which  ts=  — I'and  the  leading-edge 
correction  function  vanishes. 

When  the  expression  (equation  (42))  for  is  sub- 

stituted in  equation  (43),  it  is  again  impractical  to  attempt 
to  xvrite  a closed  expression  for  the  integral  of  the  first  term 

^(Au)a^(^^)  product.  The  integral  of  the  second 

term  is 


x: 


0{Au)a 


Ota 
— ^m  u, 


E{Qdta= 


' 7r(l  + m)  a 


•a  /(m,— g)(l  —m){x-{-^y)—m,Co{\  -|-m)(l— a) 

r V {\—m,){mx  — ^y) 


K(ka)  [ V 


Z{^a,  ^a) 


Zi'ko,  ^a) 


^\Yaj  rz — VTu?  '“u/ 

l+®fcasini^a  'vl  — ® A:„sini^o. 


(45) 
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30  40  50 

Argument , deg 


Figure  14. — The  elliptic  function 


I;  sin  ^ 
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where 


_ /(l  + 7n,; 

“ V (1-771,: 


l)  (1  + To) 


— g)  (1  + ^g) 


g)  (1+m,) 


^o=sin~* 


hnt{l  + T~) 

V ra{l+md 


Then  the  total  leading-edge  correction  to  the  velocity  u at 
any  point  x,  y is 

(A«)2,.b.=(A2u)o+ ° (46) 


where  (A2'i^)o  is  obtained  from  equations  (38)  and  (40), 
equations  (43)  and  (45),  and 


(l+m)co-(l-m)(a;  + ^y) 

® (l+m)miCo--(l—m){x  + 0y)  * 


(47) 


is  the  value  of  a at  which  Ta(x,  y,  a)  (equation  (44))  is  equal 
to  1. 

The  last  term  in  equation  (46)  will  seldom  be  found  to 
contribute  any  significant  amoimt  to  the  loading,  but  will  be 
needed  in  calculating  the  leading-edge  thrust. 


FURTHER  CORRECTIONS 

Omitting  for  the  moment  any  specification  of  tip  location, 
it  is  in  any  case  necessary,  as  seen  in  figure  12,  to  consider 
the  effect  of  a further  cancellation  necessitated  by  the  excess 


lift  introduced  beliind  the  trailing  edge  by  the  leading-edge 
cancellation  field.  To  compute  this  effect  b3^  the  conical- 
flow  method  would  be  feasible  onl^^  with  the  aid  of  high-speed 
computing  macliinery.  The  previously  mentioned  cancella- 
tion method  of  reference  5,  being  more  direct,  would  be  some- 
what easier  to  use  in  this  connection,  but  the  calciilatious 
would  still  be  ver}'  length}^.  It  wiU  be  shown  by  numerical 
example  that  the  effect  of  the  first  cancellation  at  the  trailing 
edge  of  the  leading-edge  correction,  which  is  initially  quite 
small,  maj  be  estimated  with  adequate  accurac}’'  when  the 
section  loading  is  considered  as  a whole,  provided  the  fraction 
of  the  chord  affected  is  not  too  large. 

If  the  product  jS  cot  A is  low  or  the  aspect  ratio  high,  still 
further  cancellations  will  be  required  (see  fig.  16)  at  both 
leading  and  trailing  edges.  It  is  clear  that  calculation  of  the 
efl'ect  of  these  further  cancellations  by  the  conical-flow 
method  is  all  but  impossible.  The  doublet-distribution 
method  of  reference  5 does  not  appear  to  offer  any  consider- 
able advantage  in  this  application  since,  in  canceling  lift 
ahead  of  a subsonic  leading  edge,  it  is  necessary  to  find  not 
only^  the  pressure  distribution  to  be  canceled,  but  the  asso- 
ciated sidewash  distribution  as  well. 

It  is  apparent  that  an  alternative  method  must  be  sought 
for  describing  the  flow  in  the  outboard  regions  of  a high- 
aspect-ratio  wing  or  a wing  the  sweep  of  which  is  large  com- 
pared to  the  sweep  of  the  Mach  line.  If  the  wing  could  be 


Figure  16. — Plan  view  of  central  portion  of  high-aspect-ratio  wing,  showing  pattern  of 
Mach  lines  arising  at  leading  and  trailing  edges. 
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extended  indefinitely,  it  is  known  that  the  flow  must  even- 
tually approach  the  two-dimensional  subsonic  flow,  in  accord- 
ance -with  simple  sweep  theory.  The  question  then  arises, 
can  the  flow  at  a distance  of  the  order  of  a semispan  from 
the  apex  of  the  swept-back  wing  be  related  to  the  two- 
dimensional  as}unptotic  flow?  While  the  flow  field  appears 
to  be  too  complex  to  obtain  an  answer  to  this  question  on 
analytical  grounds,  numerical  values,  presented  in  the 
following  paragraph,  suggest  a practical  approach. 

NUMERICAL  RESULTS  (WITHOUT  TIP  EFFECT) 

Load  distributions  have  been  calculated  by  the  conical- 
flow  method  for  three  combinations  of  taper,  sweep,  and 
Mach  number  as  follows: 

Untapered  Tapered 

m=  0,2  0.4  0.4 

0.2  0.4  0.6 

These  values  of  m and  represent,  b}’*  virtue  of  the  Prandtl- 
Glauert  transformation,  a variety  of  sweep  angles  at  Mach 
numbers  between  1 and  2;  as  for  example,  0.2  would  be  the 
value  of  m for  a wing  with  63°  sweep  of  the  leading  edge  at 
a Mach  number  of  1.075,  or  75°  sweep  at  a Alach  number  of 


(a)  Section  A-A  /Si^/co=0.667 

Fioure  17.— Load  distributions  calculated  by  the  conical-flows  method 


1.25.  Similarly,  m=0.4  would  correspond  to  45°  of  sweep 
at  M=1.08,  60°  at  M=1.22,  or  75°  at  M=1.80.,  The 
trailing-edge  sweep  angles  at  these  latter  Mach  numbers, 
if  mi=0.6,  are  34°13',  49°,  and  68°,  respectively. 

Figure  17  presents  the  lift  distributions  at  two  stations 
of  the  tapered  wing.  Each  component  is  plotted  independ- 
entlj  in  order  to  show  the  magnitudes  at  the  leading  edge. 
Section  A-A  contains  the  intersection  of  the  trailing-edge 
Mach  line  with  the  leading  edge,  so  that  the  value  of  the 
leading-edge  correction  is  zero  at  the  leading  edge  of  this 
section.  At  points  farther  back  along  the  leading  edge,  as 
at  Pyfco—O.Sy  the  correction  is  minus  infinity.  However,  it 
is  seen  to  increase  to  a small  positive  value  within  a fraction 
of  the  chord  length  at  this  station. 

At  both  stations  it  is  necessary  to  estimate  the  effect  of 
cancellation  of  the  leading-edge  correction  at  the  trailing 
edge  to  satisfy  the  Kutta  condition.  Cancellation  would  be 
carried  out  by  means  of  oblique  elements  of  the  type  used 
previously  (equation  (24))  in  canceling  lift  at  the  trailing 
edge.  The  pressure  to  be  canceled  is  initiall}^  (i.  e.,  at 
^2,2^2  (fig.  16))  zero.  Then  the  lift  induced  on  the  wng 
by  this  cancellation  ma}^  be  presumed  to  have  the  same 
general  shape  as  the  oblique  trailing-edge  correction  of  figure 
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(a)  Section  A-A  ^y/co=0.667  (b)  Section  B-B  0y!co=O.m 


Figure  IS. —Load  distributions  calculated  by  the  conical-flows  method  for  two  strcamwise  sections  of  an  untapcred  wing;  7n=0.4, 


11,  falling  along  a modified  inverse  cosine  curve  from  the 
value  of  the  error  at  the  trailing  edge  to  zero,  with  zero 
slope,  at  the  boundary  of  the  region  affected.  With  tills 
boundary  (the  Mach  line  from  the  point  X2,^2),  it  is  ^possible 
to  draw  a satisfactory^  estimate  (dotted  curve)  of  the  correc- 
tion needed  to  bring  the  pressure  once  more  to  zero  at  the 
trailing  edge. 

The  untapered  wing  with  the  same  sweep  (m=0.4)  relative 
to  the  Mach  lines  is  shown  in  figure  18,  with  the  load  dis- 
tributions calculated  at  the  same  stations. 

Four  section  lift  distributions  are  presented  (fig.  19)  for 

771—0.2.  At— =0.15  only  the  rear  60  percent  is  influenced 

hy  the  subsonic  trailing  edge.  The  reflection  of  this  influence 
at  the  leading  edge  alters  the  pressure  over  the  rear  40  per- 
cent of  the  section.  At  section  B~B,  the  leading-  and 
trailing-edge  interaction  affects  the  entire  section.  A further 
reflection  of  this  effect  at  the  trailing  edge  must  be  estimated. 

At  section  C-C  the  influence  of  cancellation  of  the  leading- 
edge  correction  at  the  trading  edge  extends  over  the  whole 
of  the  chord  and  any  estimate  of  its  magnitude  would  be 
necessardy^  arbitrary^  Also,'  a second  pair  of  reflections 
must  be  taken  into  account.  The  final  pressm^e  distribution 
has  therefore  been  draivn  as  a band  witliin  wliich  the  true 


curve  may^  be  shown  to  lie.  Its  height  is  the  error  introduced 
at  the  trading  edge  by-  the  first  leading-edge  correction, 
except  very-  near  the  leading  edge,  where  an  infinite  negative 
correction  is  known  to  be  introduced  by  the  second  leading- 
edge  correction.  The  calculations  were  also  carried  out  for 
Py/co=OA5.  The  margin  of  uncertainty^  was  found  not  to 
have  increased  by-  any^  appreciable  amount.  (See  fig.  19  (d).) 

APPLICATION  OF  TWO-DIMENSIONAL  FORMULAS  TO  CALCULATION  OF 
LOAD  DISTRIBUTION 

Correlation  of  two-dimensional  and  swept-back-wing 
loadings. — It  is  apparent  from  the  calcidated  results  that, 
whenever  the  plan  form  and  the  Mach  number  are  such  that 
the  trading-edge  Mach  line  intersects  the  leading  edge,  the 
load  distribution  behind  the  Mach  lines  from  the  point  of 
intersection  resembles  in  shape  the  theoretical  load  distribu- 
tion over  an  infinitely^  long  flat  plate  in  incompressible  flow. 
However,  as  the  results  have  been  plotted,  the  quantitative 
agreement  is  not -good,  particularly  in  the  case  of  the  tapered 
wing.  On  the  other  hand,  if  the  load  distributions  in 
cross  sections  normal  to  the  stream  are  examined,  a near 
proportionality'  of  the  curves  is  observed.  In  order  to 
determine  the  factor  of  proportionality,  it  is  only  necessary' 
to  find  the  ratio  of  the  strengths  of  the  singularities  at  the 
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Correction  for  Kutfa  condition  (estimated) 


(a)  Section  A- A ^|//co=0.15 

(b)  Section  B-B  /8y/co=0.2o 

(c)  Section  C-C  ^tf/co=0.35 

(d)  Section  D-D  /9y/co=0.45 

Figure  19,  Load  distributions  calculated  by  the  conical-flows  method  for  four  streamwise  sections  of  an  untapered  wing;  7n=0.2. 
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loacliag  edge.  Then  an  approximate  expression  for  the 
loading  on  the  outer  portions  of  a higli-aspect-ratio  wing 
can  be  obtained  by  adjusting  the  two-dimensional  loading 
by  that  factor.  ' 

Both  the  swept-back-wing  and  the  subsonic  two-dimen- 
sional loadings  approach  infinity  as  the  reciprocal  of  the 
square  root  of  the  distance  to  the  leading  edge.  In  sections 
normal  to  the  stream,  the  distance  from  any  point  x,y  to  the 

leading  edge  may  be  written  — (inx—Py).  The  value  at  the 

leading  edge  of  the  coefficient  of  will  be  referred 

to  as  the  strength  of  the  leading-edge  singularit3^ 

The  subsonic  two-dimensional  perturbation  velocity  has 
the  form 


(48) 


where  rj  is  the  distance  to  the  leading  edge,  expressed  as  a 
fraction  of  the  chord,  and  B is  a constant.  If  the  section  of 
the  swept-back  wing  is  taken  perpendicular  to  the  sti-eam 
(r/;  constant),  the  chord  length  is 


1 


[rax~mt{x  — CQ)] 


an  d 


__  mx~~^y 
mx~mt{x  — c^ 


Sul)st?itution  for  r?  in  equation  (48)  gives 


V mx  — py 


(49) 


(50) 


(51) 


Then  the  strength  of  the  leading-edge  singularity  in  u is 


B-y!mx  — mi{x—c^ 


(52) 


and,  for  each  value  cf  a from  0 to  that  value  a^'  which  makes 
Ta  equal  to  one, 


da 


T7==  Si  K(k.)  X 

ir-yjl-rm  a\  \ — mt 


Vl 


Z{\l/a,kg)  Z{\l/Q,kg) 

kg  sm  fa  ^ kg  sm  ^o. 


(55) 


where  tq  (equation  (39))  and  Tg  (equation  (44))  reduce  to 

7nx 

Tq  = - 

and 


X — Co 


_ (m  t~a)mx  — 

(m^  — a)a:  — ?yi,Co 

and  the  arguments  and  moduli  of  the  elliptic  integrals 
follow  as  for  equations  (40)  and  (45). 

The  coefficient  of  (7nx — at  the  leading  edge  is, 
therefore,  in  region  II,  figure  16, 


C'a+(^C')o+ 
with  ao'  reducing  to 


^o'dAC 
da 


da 


«o'  (a:,  j x^=/n, 


Co-(l--/n)x 
?ritCo—(l  —7n)x 


(56) 


(57) 


Equating  the  two  coefficients,  expressions  (56)  and  (52), 
gives  for  any  one  section 


[6^+(AOo+ ^ daj  (5 


/o  da 

For  convenience,  a nondimensional  cofficient 


S) 


(59) 


The  leading-edge  singularity  in  the  loading  on  the  swept- 
back  wing  is  initialh^  (region  I,  fig,  16)  that  in  the  triangular- 
wing  loading.  Introduction  of  the  leading-edge  corrections 
to  the  load,  in  region  II,  reduces  the  strength  of  the  singular- 
ity there  tlu’ougli  the  terms  R{Q  and  (The  inverse- 

cosine  function  is  always  finite.)  The  -coefficient  of 
{m:L — in  u.y,  is,  from  equation  (6), 


mxuQ 

^^Jmx^r^y 

reducing  to 


(53) 


at  the  leading  edge. 

From  equations  (40)  and  (45),  decrements  to  this  coeffi- 
cient may  be  derived  for  the  portion  of  the  leading  edge  just 
behind  the  intersection  Xx^y^  with  the  trailing-edge  Mach 
line,  as  follows: 


(ACOo 


— ^muJK.{k)  I mx 
Trm.tK'kirit)  A 1+w 


Z{f,k) 


(54) 


is  defined,  so  that 


B=Va 


r(x)^/^ 


Jmx  — 7n,(x  — C(^ 


By  substituting  foi-  B iji  equation  (51),  the  loading  on  the 
outer  portions  of  a swept-back  wing  is  obtained  as 


/ Co[jgy-m,(x— Co)] 

Va  ' y [mx  — ?/ii(a;— Co)](mx  — j8^) 


(60) 


Numerical  results.— The  closeness  with  which  the  fore- 
gomg  procedure  predicts  the  theoretical  loadmg  over  swept- 
back  wings  is  indicated  b\'  figures  20,  21,  and  22,  where  the 
previoush^  calculated  load  distributions  are  compared  with 
those  calculated  by  equation  (60).  Even  in  the  case  of  the 
highly  tapered  whig,  the  agreement  is  seen  to  be  good. 
At  the  most  inboard  section  of  the  ?ft  = 0.2  wing  (fig.  19  (a)) 
there  is,  of  course,  no  agreement  over  that  portion,  forward 
of  the  60-percent-chord  point,  where  the  flow  is  essentially 
conical.  At  station  B-B,  however,  the  agreement  is  veiy 
good.  At  sections  C-C  and  D-D,  where  the  exact  theoretical 


KEPORT  1050 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(a)  Section  A-A 

(b)  Section  B-B  . 

Figure  20 — Load  distributions  on  the  tapered  wing  as  calculated  by  the 
conical-flows  method,  compared  with  the  two-dimensional  approximation. 


loading  had  not  been  determined,  the  two-dimensionahtype 
loading  lies  vdthin  the  band  prescribed  by  the  conical-flow 
calculations.  Since  the  discrepancy  between  the  corrected 
two-dimensional  loading  and  the  exact  theoretical  distribu- 
tion is  already,  at  section  B-B  (fig.  22  (b)),  less  than  the  width 
of  the  bands  in  figures  22  (c)  and  (d)  and  must  diminish  to 
zero  at  infinit3^,  it  ma}’^  be  supposed  that  the  corrected  two- 
dimensional  curve  is  at  least  as  satisfactory^  an  approximation 
to  the  correct  curves  at  sections  C-C  and  outboard  as 
at  section  B-B.  It  is  probably’^  more  satisfactory  than  can 
be  obtained  by  a limited  application  of  the  conical-flow 
method. 

The  load  distributions  derived  hy  simple  sweep  theory 
are  included  in  the  last  part  of  each  figure  to  show  the  magni- 
tude of  the  plan-form  effect  and  also,  in  the  case  of  the  un- 
tapered wings,  the  curves  that  the  load  distributions  must 


(a)  Section  A-A 

(b)  Section  B-B 

Figure  21.— Load  distributions  on  the  untapered  wing,  7ti=0.4,  as  calculated 
by.  the  conical-flows  method,  compared  with  the  two-dimensional  approxi- 
mation. 
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(a)  Section  A-A 

(b)  Section  B-B 

(c)  Section  C-C 

(d)  Section  D-D 

FiouRE  22 —Load  distributions  on  the  untapered  wing,  m=s0.2,  as  calculated  by  the  conical-flows  method,  compared  with  the  two-dimensional  approximation. 


approach  as  the  distance  from  the  plane  of  symmetiy  is 
increased.  In  figures  21  (b)  and  22  (b),  comparison  is  also 
made  with  results  of  the  slender-wing  theory  of  reference  3. 

Discussion  of  the  c function. — In  the  calculation  of  the 
pressure  coefficient  at  points  toward  the  rear  of  most  of  the 
sections  considered  in  figures  20,  21,  and  22,  it  was  necessary^ 
to  find  <x{x)  for  values  of  x greater  than  Xz  (fig.  16).  In 
deriving  (r(x),  it  was  mentioned  that  expression  (56)  applied 
to  region  II.  In  region  III,  the  strength  of  the  leading-edge 


smgularity  is  affected  by  further  modifications  of  the  flow 
taking  place  in  region  Ilb,  so  that  additional  terms  in  o-(sc) 
should  be  considered  when  x is  greater  than  x^.  Evaluation 
of  these  terms  by  presently  known  methods  would  require, 
as  suggested  earlier,  the  aid  of  high-speed  computing  ma- 
chineiy.  However,  the  successive  terms  are  all  initially 
zero  and  enter  with  zero  slope  at  X3,  zero  slope  and  curvature 
at  X5,  and  so  on,  so  that  the  three-term  expression  for  <r  given 
by  equation  (59)  may  be  used  with  satisfactory^  accuracy 
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for  some  distance  be3^ond  the  last  value  of  x for  which  it  is 
strictly  valid.  In  practice,  the  third  term  in  equation  (58) 
may  also  be  neglected  for  values  of  x only  slightly  greater 
than  Xi. 

Charts  have  been  prepared  (fig.  23)  giving 

as  a function  of 1 for  several  values  of  the  ratio  mjmt. 

^0 

'I  his  last  parameter  is  the  ratio  of  the  tangents  of  the  semi- 
apex angles  of  the  leading  and  trailing  edges  and  is  constant 


/¥) 


tlu*ough  the  Mach  number  range  for  any  one  wing.  The 
value  of  Xi  is  readih^  determined : 


^0 

1-m 


(61) 


The  curves  were  computed  using  equation  (59)  and  are 
therefore  exact  only  up  to  x=xz  (shown  by  a vertical  mark 
on  each  curve).  Cross  marks  are  drawn  at  the  points  x=Xs 
to  indicate  a more  practical  limit  to  which  use  of  the  curves 


(b)  mlmt^O.9 

Figure  23.—Charts  for  determining  a.  the  strength  of  the  leading-edge  singularity. 
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jc  - 
Co 

(d)  in/mi»0.7 


Co 


(e)  7w/7»i*0.6 


JC  -JCj 


(f)  m/7ni»0..') 
Figure  23— Continued. 


JC  -JCj 

Co 


(g)  mlmt^QA 


may  be  extended.  (These  points  are  off  the  scale  for  rw<=0.8 
and  0.9  in  figure  23  (a).)  \Mien  the  wings  are  untapered 
(m/mt=1.0),  asymptotes 

/3<r(oo)  j\  — m 1 

m y m ”*Vi+m 

derived  fiom  simple  sweep  theory,  may  be  drawn. 

The  curves,  for  the  most  part,  are  regular  enough  to  permit 
interpolation  within  intervals  of  0.2  in  However,  at 

/W|=1.0  the  lines  diminish  to  a point  on  the  vertical  axis;  a 
curve  for  m,=  0.9  was  therefore  inserted  in  the  charts  for 
values  of  m/w,  equal  to  or  greater  than  0.5.  AMien  is 

less  than  0.5,  m = 0.9  represents,  if  the  leading  edge  extends 
beyond  such  extreme  taper  that  the  successive  reflection 
of  the  Mach  lines  (at  Ja,  . . .)  take  place  within  a very 
small  fraction  of  a chord  length  and  no  useful  curve  can  be 
dra\sm.  Xo  cmwes  are  drawn  for  values  of  irit  smaller  than 
0.2  because  of  the  tip-interference  limitation  mentioned  in 
the  introduction. 

Calculation  of  tip  effect. — The  foregoing  assumption  of 
two-dimensional  flow  can  be  extended  to  give  fairly  simple 


approximate  formulas  for  the  tip  effect  on  a high-aspect- 
ratio  wing.  It  is  assumed  that  the  velocity  distribution  to 
be  canceled  in  the  stream  outboard  of  the  tip  is  cylindrical; 
that  is,  is  an  extension  of  the  velocity  distribution  calculated 
for  the  tip  section  along  lines  parallel  to  the  leading  edge. 
For  this  purpose  the  approximate  load  distribution  given 
by  equation  (60)  is  used,  still  further  simplified  by  assuming 
<r  to  remain  constant  at  its  value  at  the  leading  edge  of  the 
tip  section.  (\Miere  the  wing  is  tapering  to  a point  and  a 
is  changing  very  rapidly,  the  tip  region  is  so  small  that  the 
entire  calculation  of  tip  effects  could  probably  be  omitted.) 

The  assumption  of  constant  (t  results  in  a failure  to  cancel 
exactly  the  lift  along  the  tip.  The  assumption  of  cylindr  ca 
flow,  wliile  reasonable  for  the  untapered  wing  (compare  fig 
21  (a)  with  fig.  21  (b),  for  example)  would  appear  to  be  too 
drastic  for  the  tapered  wing,  where  neither  the  chord  nor 
the  loading  remains  constant.  However,  as  has  been  men- 
tioned earlier,  the  major  part  of  the  tip  effect  results  from 
the  cancellation  of  the  infinite  pressure  along  the  leading 
edge,  and  this  part  will  be  accurately"  calculated.  The 
effect  of  the  residual  lift  on  the  rearward  portion  of  the  tip 
section  and  in  the  stream  should  be  small. 
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The  distribution  of  perturbation  velocity  at  the  tip  station 
y=Sf  with  the  simplification  of  constant  is,  from  equation 
(60),  approximately 


u 


T/  / [fis  Mt  (Xc  Cq)]  Cq  ~ 


where  Xc,s  are  the  coordinates  of  a point  on  the  tip  and  o', 
is  the  value  of  a at  the  leading  edge  of  the  tip  section. 

This  expression  may  be  more  conveniently  written  in 
terms  of  the  parameter 


and  the  variable 


= 1— — 
^ mt 


Ct 


(63) 


(64) 


which  is  Che  distance  of  Xc,s  from  the  leading  edge  (see  fig. 
24)  expressed  as  a fraction  oTthe  tip  chord  Ct.  Since 


equation  (62)  may  be  written 


OjVa 


V 


(65) 


where  X is  the  taper  ratio  C//Co- 

If  the  velocity  distribution  u is  assumed  to  be  constant 
beyond  y—s  along  lines  parallel  to  the  leading  edge,  it  may 
be  canceled  by  the  superposition  of  conical  flow  fields  of 
which  the  cons  tan  t-velocity  regions  have  one  edge  along  the 
tip  and  the  other  parallel  to  the  leading  edge,  with  apexes 
displaced  along  the  tip  by  increments  in  The  velocity 
induced  at  a point  x,y  by  each  such  element  would  be 
(equation  (11)) 


where 


m+tc~\~2mtc 


(66) 

(67) 


and  Uc  is  the  velocity  on  each  sector. 

Following  the  procedure  used  in  deriving  equation  (14), 
the  corresponding  equation  may  be  written  for  the  pres- 
sures induced  by  canceling  the  cylindrical  flow 


— Vm(l  + yy^)  {x  — ^ u (Xc,  s)  dxc 

7T  Va  Jii  [{\-{-m)x—XQ~-mx^  ^lxQ—Xc 


where  Xo,s  is  the  intersection  of  the  Mach  forecone  from  x;y 
with  the  tip. 


If  the  distances  of  x^y  and  a'o,s  back  of  the  leading  edge, 
measured  as  fractions  of  the  tip  chord,  are 

and 

it  can  be  shown  that 

(1+m)  {x  — x^  = mct{^—Q  (71) 

from  which  equation  (68)  can  be  written  (with  the  substi- 
tution for  u{Xc,s)  from  equation  (65)) 


(fj 

1 1 

1 

tip  J 

L i-icV 

1 

1 

In  integrating  equation  (72),  three  cases  must  be  distin- 
guished: (1)  ^<1  (always  true  for  the  untapered  wing), 

(2)  (when  the  point  x,y  lies  more  than  a tip- 

chord  length  behind  the  leading  edge),  and  (3) 
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(a  possible  condition  for  some  points  near  the  trailing  edge 
of  a highlj’'  swept  or  tapered  wing). 

In  the  first  case  (^<1) 

/ A14\  0's  P ^ ^0  I 

1-Mfo 

(73.) 

where 


m^o 

V(i-a(i-.e 

and  Ao  is  the  function  (equation  (16))  plotted  in  figure  6. 
In  the  second  case^l  <«<s 


equation  (73).  On  the  trailing  edge  of  an  untapered  wing, 
J=1  and 


There  is  no  corresponding  simplification  for  the  tapered  wing. 

Numerical  examples,  tip  effect. — Equations  (73)  and  (31) 
have  been  used  to  calculate  the  tip  effect  in  two  cases,  namely: 
m—mt=^0A,  Ps=0MCo]  and  m=0.4,  mt=0.6,  /3s=0.86c^. 
The  tip  effect  has  been  calculated  for  each  mng  at  Py=0.Sco, 
where  the  loading  was  previously  calculated  (figs.  (17b)  and 
(18b))  assuming  the  wing  to  extend  indefinitely.  The  tip 
locations  were  selected  so  that  in  each  case  only  one  reflection 
of  the  primary  tip  effect  affected  the  section  at  fiy=0.8co* 

Figure  25  shows  the  results  of  the  calculations.  The  heavy 
solid  curve  in  each  case  was  calculated  entirely  by  the 
corrected  two-dimensional  theory — that  is,  by  equations 
(60),  (73),  .and  (31).  As  a check  on  the  accuracy  of  the 
cylindrical-flow  approximation  for  the  flow  outboard  of  the 
tip  location,  the  accurate  theoretical  loading  was_  calculated 


0's  K.{ 


Ko  r i-rr  ^--p~z(^2,/:)i 


(73b) 


where 


V 

and  Z is  the  function  (equation  (41))  plotted  in  figure  14. 


In  the  third  case 


— AoCiAa,  k) 


_ , . 

\VaJup  sm  ^3 


(73c) 


where 


fz 


Along  the  Mach  line  from  the  leading-edge  tip  all  three 
equations  reduce  to  the  value 


Au*  —Os 


(74) 


By  the  procedure  just  described,  approximate  cancellation 
of  all  pressure  differences  outboard  of  the  tip  has  been 
effected,  but  the  pressures  induced  by  such  cancellation 
now  violate  the  condition  of  zero  lift  in  the  wake.  Approxi- 
mate cancellation  of  the  induced  pressm'e  differences  in  the 
wake  region  can  be  accomplished,  as  before,  b}^  making  use 
of-the  koo\vn  value  of  the  tip-induced  velociU^  at  the  trailing 
edge  of  the  ^ving,  but  assuming  the  entire  error  to  originate 
at  the  leading  edge  of  the  tip.  Equation  (31)  is  directly 
applicable,  with  All  * given  by  equation  (74)  and  (Au),<p  by 


(a)  Untapered  wing;  m =0.4;  0A = 1.S8.  Section  at  0y=O.ScQ,  or  S5  percent  semispan 

FinuRE  25. — Load  distribution  over  stream  wise  section  near  tip  as  calculated  by  two-dimen- 
sional formulas,  compared  with  more  accurate  theoretical  values. 
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(b)  Tapered  wing;  7k=0.4:  mt=0.6.  Section  at  /Sf/=0.8co,  or  93  percent  semispan 
Fiourp  25 — Continued 


for  one  point  within  the  region  of  influence  of  the  tip  in  each 
case.  The  procedure  emplo3'ed  for  the  exact  calculation  was 
as  follows: 

Tlie  accurate  loadings  with  no  side-edge  effects  had  alread}^ 
been  calculated,  as  has  been  noted,  b}"  the  conical-flow 
method.  A primaiy  tip  correction  was  calculated  for  each 
case  b}’'  equation  (15).  This  correction  is  the  effect  of  cancel- 
ing the  unmodified  triangular- wing  loading  oft*  the  tip  sta- 
tion. The  remaining  pressure  differences  to  be  canceled 
consisted  of  those  introduced  b}’  the  leading-edge  and  trail- 
ing-edge  corrections.  These  pressures  were  computed  b}’’ 
means  of  equations  (26)  and  (46)  of  the  present  report  and 
canceled  b}^  the  method  of  reference  5. 


The  results  are  designated  b}'  the  circled  points  on  each 
figure.  At  the  point  at  which  the  section  enters  the  tip  Mach 
cone  in  each  case,  a second  ended  point  indicates  the  accurate 
theoretical  loading.  The  value  differs  from  that  calculated 
b}^  the  approximate  formulas  onl}’  as  the  two  loadings  without 
tip  effects  differ. 

It  ma}’'  be  pointed  out  in  concluding  this  section  on  load 
calculations  that,  while  the  formulas  have  been  developed  for 
plan  forms  with  streamwise  tips,  the  procedure  ma}^  be 
adapted  by  obvious  means  to  raked  tips  as  well.  However, 
in  every  case  the  deviation  in  the  tip  regions  of  the  physical 
flow  from  the  assumed  potential  flow  must  be  borne  in  mind. 

Ill— LIFT  ^ 

GENERAL  PROCEDURE  FOR  CONICAL  FLOWS 

The  total  lift  for  ati}^  wing  is,  of  course,  the  integral  of  the 
loading  over  the  wing  area.  In  general,  however,  it  is  difficult 
to  obtain  an  anahTic  expression  for  the  lift  b}"  a direct 
integration  of  the  lift  distribution.  In  the  conical-flow 
method,  advantage  may  be  taken  of  the  siniplicitx^  of  the 
component  fields  b}^  integrating  the  lift  associated  with  each 
one  and  then  combining  the  results  in  the  same  way  as  tlie 
pressure  fields.' 

Conical  elements  of  area  are  emplo3^ed  for  the  integrations. 
These  are  infinitesimal  triangles  bounded  b}^  two  adjacent 
ra}^s  of  the  conical  field  and  the  intercepted  boundar}^  of  the 
wing  plan  form.  Over  each  of  the  infinitesimal  triangles  the 
velocity  u of  the  conical  field  will  be  constant.  Thus  it 
remains  only  to  perform  a single  integration,  with  res])ect  to 
the  conical  variable  of  the  field,  to  obtain  the  total  lift 
associated  with  that  field. 

GENERAL  FORMULA  FOR  THE  LIFT  INDUCED  BY  A SINGLE  TIP  ELEMENT 

The  lift  (AZ)a  induced  on  the  wing  b}-  a single  canceling 
tip  element  is  obtained  first.  Although  the  notation  of  the 
solution  (equation  (11))  used  to  cancel  the  triangular- wing 
loading  is  emplo^^ed,  the  derivation  will  hold  generally  for  any 
canceling  element  bounded  on  one  side  bA^  the  tip  of  a swc])t- 
back  wing,  since  no- use  is  made  of  the  fact  that  the  other 
boundary'  of  the  element  passes  through  the  origin  of  the 
x^y  axes.  We  write  ‘ * 

Jo  .1  c 

• (76) 

where  (Au)a  (equation  (11))  is  the  streamwise  increment  of 

dS 

velocity  induced  by  the  canceling  field  and  ^ dta  (fig.  26)  is 

(LZq, 

the  element  of  wing  area  for  integration.  For  simplicity  it 
will  be  specified  that  the  Mach  cone  from  the  apex  of  the 
element  does  not  include  the  apex  of  the  trailing  edge  nor  any 
part  of  the  opposite  tip.  Then  (see  fig.  26) 

dS^m?  (Xt  — XgV 

dta  2)3  \mt~-ia)  ^ 


® It  may  be  noted  that,  as  a result  oT  the  reversibility  proiierty  (reference  17),  the  formulas 
for  the  lift  given  herein  for  swept-back  wings  are  equally  applicable  to  the  swept-forward 
wings  having  the  same  plan  forms  but  re  versed,  in  heading. 
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Substituting  from  equations  (11)  and  (77)  and  integrating 
by  parts,  we  obtain 

u^{x,  — Xafgia)  (7 8) 

where 


(jia) 


Vg(l+c^)  a ”1 
mtil+mt)  m J 


(79) 


and  Xt—Xa  is  the  distance  of  the  apex  of  the  element  from  the 
trailing-edge  tip. 


GENERAL  FORMULA  FOR  LIFT  INDUCED  BY  OBLIQUE  TRAILING. EDGE 

ELEMENT 


With  the  notation  of  equation  (24)  for  the  velocity  field  of  • 
an  oblique  trailing-edge  element,  and  on  the  assumption  that 
the  Mach  lines  from  the  apex  of  the  element  do  not  cross  the 
leading  edge,  the  formula  for  the  elementar}^  area  of  integra- 
tion with  apex  on  the  trailmg  edge  (fig.  27)  is  written 

dta  (80) 


where  s—ya  is  the  spanwise  distance  from  the  apex  of  the 
element  to  the  wing  tip.  Then  the  lift  associated  with  the 
element  is 


a)(l— y 

(81) 

Integration  of  equation  (81)  gives 


= 2pF 


7T 


cos  ^ — 


-a)(^a— m,)—  {'ini' 


{l—mt){ia—o) 


{MJ)a=pV{s-yaf^ 


a 


y- 


(mt  — a){l—a) 


m. 


Figure  27.— Sketch  for  the  determination  of  lift  induced  by  a trailing-edge  element. 


WING  WITH  SUBSONIC  LEADING  EDGE 

UNCORRECTED  LIFT 


^ First,  the  uncorrected  triangular-whig  loading  (equation 
(6))  is  integrated  over  the  wing  plan  form.  The  element  of 
area  is  a triangle  formed  by  two  ra3^s  from  the  leading-edge 
apex  a and  a+da  and  either  (1)  the  trailmg  edge  of  the  wing 
or  (2)  the  whig  tip,  accordingly  as  a is  less  than  or  greater 
than  cttj  the  value  of  a corresponding  to  the  ray  thimigh  the 
tip  of  the  trailing  edge.  (See  fig.  2.)  In  the  first  case  the 
differential  of  area  is 


and  in  tlie  second 


2^{mt—ay 


da 


so  that  the  total  uncorrected  lift  is 

2^  2 


From  the  geQmetiy  of  the  wing,  the  relation 

ftp 

(84) 


??ifCo=—  (Wf  — a,) 


may  be  deduced.  With  this  substitution,  and  the  substitu- 
tion for  from  equation  (6),  equation  (83)  may  be  inte- 
grated to  obtain 


Lo 

<L 


jQ_  4g^  {m'{mt  — a^fr  irit  / 
a~mat^Va\ 


m 


-mtat 


m(m(— (If) 


cos 


-I 

mt/  mt_ 


mf(m^— m/a/) 


^vi 


(85a) 


o 
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When  mt—irij  tliis  reduces  to 
io  8s^ 


qa 


^ [(^  + «/) (m --- atf]  (85b) 


Lo 


It  should  be  noted  that,  for  a given  plan  form,  varies 
with  Mach  number  only  as  Uq.  . 

WING  WITH  SUPERSONIC  TRAIUNG  EDGE  (TIP  CORRECTION) 

Proceeding  to  the  calculation  of  the  tip  correction  to  the 
lift,  we  integrate  .the  change  in  lift  {AL)a  (equation  (78)) 
induced  by  each  element  a over  the  range  at<a<m.  The 
quantity  u^{m)  is  substituted  for  Ua  of  the  initial  canceling 

element  and  da  for  Ua  for  the  remaining  ones.  As  in 

calculating  the  tip-induced  pressure  correction,  the  difficult}^ 
is  enciountered  that  U£^{m)  is  infinite,  and  therefore  the  total 
lift  correction  must  be  written  in  terms  of  limiting  values. 
Following  the  substitution 


Ct  — Xa—ps 

\at  aj 


(86) 


in  equation  (78),  it  is  convenient  to  define  the  function 


QiflY- 


9(a) 


Then  the  total  induced  lift  may  be  written 

AL=2pVm,^  lim  \ -u,{a)G{a)+  ^ Gf(a)da1  (87) 

Integrating  by  parts  results  in  cancellation  of  the  first 
term  inside  the  brackets.  Since  G(at)  is  zero,  equation  (87) 
reduces  to 


where 


r/g.  ■ rn,-a,\  a-a, "J 

^ ^ L\(^  2(m,-a)V(m,+m,^(a+a2)J 

is  the  derivative  of  G{a), 

Equation  (88a)  has  been  integrated  (appendix  C)  in 
terms  of  an  incomplete  elliptic  integral  of  the  third  kind. 
If  the  iiecessar}’  tables  are  not  available,  it  may  be  prefer- 
able to  integrate  numerically,^  .In  that  case  it  is  noted  that 


1 


d 


and  dais  rewritten  as 


da 


sin  " — 
m 


sm 


-) 

m/ 


mu^d  ^si 
Equation  (88a)  then  becomes 

V 

(^)„r  - XI  ^ ® 

m 

In  tliis  way  infinite  values  in  the  integrand  are  avoided. 

WING  WITH  SUBSONIC  TRAILING  EDGE 

The  expressions  (equations  (85))  for  the  uncorrected  lift 
apply  regardless  of  whether  the  trailing  edge  is  subsonic  or 
supersonic.  The  formulas  for  the  tip  correction  may  serve 
as  a first  approximation  when  the  trailing  edge  is  subsonic 
if  the  accurac}^  of  a second  correction  is  not  required.  For 
that  purpose  the  special  value  for  the  untapered  wing  will 
be  of  interest: 

If  the  Aving  is  untapered  the  elliptic  integrals  in  equation 
(88a)  (see  appendix  C)  reduce  to  the  first  and  second  kind 
and  the  primar}^  induced  lift  may  be  written  in  the  following 
closed  form: 


(^) 


jSuo 


tip 
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Va 

2m^(l  +a<)^ 


a,(l  + m)^(m  + a,) 


2(m+a,)  g<‘+'^ 


matijn?— 


-ad  1 


m 


(1  + m)  (1  + 

(m—ad  (m  + 2ad 


{m—ad~2m 


+ ?7l 


mat 


F{tp,k)~ 


{m—ad^ 

m(l  +m) 

|’2(m  + ftf)  a 


r- 

Lat 


2(m  + a,)J 


{m  — atY 


at 


m 2ma^(l+m) 


where 


i/'=sin  ^ 


m — at 

m{l+ad 


and  k = 


m 


The  primary  tip  correction,  however,  is  usually  quite  large- 
It  may  therefore  be  desirable  to  take  into  account  the  sec- 
ondary correction  resulting  from  its  cancellation  at  the  sub- 
sonic trailing  edge.  Rather  than  compute  a single  secondary 
correction  to  the  lift,  as  an  additional  item,  it  is  again  found 
advantageous  to  treat  each  superposed  field  individually,  that 
is,  to  cancel  each  conical  tip  field  at  the  trailing  edge  and 
find  the  net  effect  on  the  lift,  then  integrate  over  all  the 
tip  elements  for  a combined  primaiy  and  secondarj^  tip 
correction. 


. (88c) 

Tip  correction  with  subsonic  trailing  edge. — For  the  can- 
cellation at  the  trailing  edge  of  a pressure  field  originating 
at  a point  Xa,  s on  the  \ving  tip,  equation  (82)  is  applied, 
with  the  parameter  a,  which  defines  one  boundary  of  the 
oblique  canceling  field,  replaced  by  taj  referring  to  a ray  from 
Xa)S.  The  velocity  Ua  is  the  gradient 


dt 


of  the  field  (equation  (11))  to  be  canceled.  The  distance 
-from  the  apex  of  the  canceling  field  to  the  AvingTip  is  express- 
ible as 

Xj—Xg  mttg 

P mi—tg 


t Or  see  reference  10  for  an  approximate  formula  valid  when  tti  is  close  to  one* 
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Then  the  effect  on  the  lift  of  canceling  the  single  field  from 
Xa,s  is 


(A2i)a= 


0 


r 


dAu 


■ay  dta 

f*  O (f  O ^4. 

LV — 


X 


(S9) 


dAu 


which  may  be  integrated,  after  substitution  for  to  give 


{A2L)a=—pVmt^Ua 


in  which 


rut—a)  \\mt 


(xt  — 


(l+o) 


[l^E,{k)]-  * 


(1  +mt) 

(90) 

7rit  L sin  \{/  J) 


and 


. Vl+m, 

, • -1  / rat  — a 

V;s;a=^ 


If  the  foregoing  result  is  added  to  the  lift  associated 
with  the  original  tip  element,  given  by  equations  (78)  and 
(79),  it  is  found  that  the  latter  lift  is  exactly  canceled  b}-  the 
algebraic  terms  in  the  reflected  lift,  leaving 


{AL)a^pVmt^Ua 


(xt  — Xaf  “ / ajl+a)  ^ 0^  AoO^I 


(91) 


for  the  lift  induced  by  one  tip  element  and  its  cancellation 
at  the  trailing  edge.  It  will  generally  be  found  that  further 
steps  in  the  cancellation  process  are  unnecessar}^  for  engineer- 
ing accuracy. 

For  the  total  tip-induced  correction  to  the  lift,  it  is  neces- 
sary to  write  as  before 

{AL)tip=2pVrat^^s^lim^—U:,{a)J{a)+^^ 

where  J{a)  is 

{a—aty  1 r / g(l+^)  ^ a AQ(\p,k)l 

at^a^  mt  — a[_\  rat{l+int)  ° sini/'  J 


An  integration  by  parts  reduces  equation  (92)  to 


with 

J'ia) 


Uiia)J\a)da 

a— at  1 1 Wf  — aA 

mi— a )Wa^  rat  — a ) 


(93) 


O'  Ott  /I  1 / Q ( 1 ~l~ ) w (lA 

2(l  + a)\a-  m,*— a/J  V OT,(l+m,)  ® 


t^2  aZ-^tx^^oC^)- 

1 — V mi(l+mO. 


If  the  ^^^ng  is  un tapered,*  J^{a)  becomes  indeterminate  when 
a—  )n.  The 'limiting  value  is 


( 2!+l:=2i)- 

m^at  {l—m^)\l,  3 \m  1— m/ 

pi  j 1 ai\  m a ^ ^ 1 “b 3 
L3Vm'^l-m/  10m 


2 m 


Further  integration  must  be  performed  numerically.  In 
order  to  avoid  infinite  values  in  the  integrand,  note  again  that 


u.(a)=m«o^sin-‘^ 


(95) 


SO  that  equation  (93)  may  be  re\mtten 


Trailing- edge  corrections. — In  deriving  the  trailing-edge 
corrections  to  the  total  lift,  primary  and  secondary  effects 
\vill  again  be  combined.  Further  corrections  will  be 
omitted. 

For  the  'symmetrical  w^ake  correction,  the  element  of  area 
is  obtained  from  equation  (80)  by  setting  ya  equal  to  zero, 
and  substituting  for  ta.  Then  the  decrement  in  lift  in- 
duced by  the  application  of  the  symmetrical  canceling  ele- 
ment at  the  trailing  edge  is,  from  equation  (20),  . 

(A.L)o=  - 2 p Vtis^  0’  (9  7) 


or 


(Aii)o  — fiuo  ^ "1 

ga  mt  Va[^  Kq  (7nt)j 

■ - (98) 

where 

Ko'(m,)=-K.(Vl-w,0 

7T 

The  effect  of  canceling  the  pressure  field  induced  by  the 
s\unmetrical  wake  correction  at  the  ^\dng  tips  is  obtained 
with  the  aid  of  the- previously  derived  formula  (equation 
(78))  for  the.  lift  associated  with  a single  tip  element.  The 
parameter  defining  the  boundary  of  the  canceling  tip  ele- 
ment is  now  ^0  instead  of  a,  and  the  velocity  on  the  canceling 
sector  is 


d (A'u)o  'W'O  did 

dto  ^ 


(99) 


The  distance  from  the  apex  of  the  canceling  sector  to  the 
trailing  edge  may  be  expressed  as 


a 

"1 

^a,  . m,—a,\ 

(l-m,)(a-a,)" 

Ao(\(',  k)\ 

mt 

\a  mt—a) 

2(1  — a)(m,— a)_ 

sin  \j/  ) 

(94) 


(100) 


1176 


EEPORT  1050 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


SO  that  the  secondary  effect  of  the  symmetrical  trailing-adge 
coll  ection  becomes 

f 0(to)dio 

K'  (m,)  J m,  Vm,  <0/  V(1  -O  (C- 

(101) 


or 
(Aoi)o 


qa 


with  k 


nit  Va\_ 


2^^^  Ko{k)-Eoik) 


Kq  {mi) 


7(^] 


=V- 


— mt 


Addition  of  this  secondary  correction  to  the  primary 
effect  given  in  equation  (98)  results  in  the  single  correction 

I ^ K^{k)  E^jk)  (103) 

\ga/o  mt  VoL\l-\-mt  {mi) 

. By  a similar  procedure,  the  effect  'of  canceling  one  of  the 
oblique  trailing-edge  fields  at  the  tip  is  readily  obtained  and 
• added  to  the  primary  effect  given  by  equation  (82)  to  yield 

i^L)„ = P V0is  - VoY  ^-)=[Eo  (k)  Y{m,-a){l-a)  - 


ll  + a,  ,, 


(104) 


with  k=-\j\  ”^'and  \{/=sm  ' -»  ^ as  the  combined 

\l+m,  Vm,(l+a) 

primary  and  secondary  correction  to  the  lift  due  to  a single 

oblique  trailing-edge  cancellation. 

For  the  total  correction  to  the  lift  due  to  cancellation  of 
the  gradient  of  the  triangular-wing  loading  in  the  wake, 
equation  (104)  is  integrated  graphicall,y  or  numerically 
across  the  span  as  follows: 

AL  — 4m  /3Uo  {s  — VaY  Pt-t  /JN  /7 ^ 

g^~~^  ^ Jo  V(w,-a)  (l^a)- 

mt  — a Ii4-a  1 

vTtwV  « ''•'''■■‘'T'* 

Numerical  examples  to  be  presented  will  show  this  com- 
ponent of  the  lift  to  be  ver^^  small,  in  general. 

WING  WITH  INTERACTING  LEADING  AND  TRAILING  EDGES 

In  computing  the  load  distribution  it  was  found  that, 
when  interaction  takes  place  between  the  flow  fields  of  the 
leading  and  trailing  edges,  the  wing  plan  form  appears  to 
comprise  two  principal  regions  separated  (see  fig.  16)  by  the 
Mach  line  arising  at  the  point  of  intersection  Xi,?/i  of  the 
trailing-edge  Mach  line  and  the  leading  edge.  Ahead  of 
this  line  (region  I)  the  flow  is  most  readity  described  in 
terms  of  conical  fields.  Behind  this  line  the  flow  is  more 
nearly  two-dimensional.  On  this  basis*,  the  total  lift  will 
be  found  in  two  parts,  using  for  region  I the  conical-flo^v . 


expressions  for  the  loading,  and  for  the  remainder  of  the 
wdng  the  quasi-two-dimensional  approximation. 

LIFT  ON  INBOARD  PORTION  OF  WING 

The  uiicorrected  triangular-wing  loading  will  fii'st  be 
integrated  over  region  I,  showm  shaded  in  figure  28.  For 


Figure  28.— Inboard  portion  (region  I)  of  high-aspect-ralio  wing. 

t 

this  purpose  the  region  is  considered  in  two  parts,  separated 
by  the  ray  a2  from  the  wing  apex  to  the  point  0:2, 2/2.  When 
a is  less  than  «2,  the  element  of  area  is  as  before 


nitW 


2p{mt  — af 

Wien  c^>a2,  the  element  of  area  is 

(l  + m)V 


da 


i da 


2p{l-my{l+a)^' 

Thus,  the  uncorrected  lift  in  the  enthe  shaded  region  is 
j.  2pVco^r  f«2  mt 


_ Jo  Ja,  (1  -!LJ(7+a)^ 


(106) 
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or 


jLo_4?yi  Up 
qa  ^ Va 


^ 2(  co3-‘ 

((1— m(l+a2)  1-Fa,  J 

m,^  / m | 

m,*— m^\m,  m,—a2  / 

Tcos-'  ^;-M-cos-  (107) 


with 


CE-2 


1 +m  + m,  — m 


(108) 


When  mi—m  (untapered  wing),  the  second  part  of  equation 
(107)  becomes  indeterminate.  In  this  case. 

Lq  4m  Uq  ^ ;(  1+m  f 1 , m^+aj 

qa  /3  Va  " ((1— m(l+a2)  l+«2  J 


(109) 


The  trailing-edge  corrections  to  the  loading  are  to  be 
integrated  over  the  part  of  the  shaded  region  behind  the 
trailing-edge  Mach  lines.  Integration  of  the  s\Tnmetrical 
wake  correction  (equation  (20))  ^delds 


(AL)o  — 16m+o^  Uo  1 

+ 2 

r £;o'(m,)-|) 

qa  ~‘‘'/3(l+m,)(l— m)^  F’ai 

[ 1— m, 

L"  K„'(m,)Jj 

The  values  of  Py  to  be  substituted  as  limits  in  equation 
(114)  are  indicated  in  figure  30.  Along  the  leading  edge, 
the  right-hand  member  of  equation  (114)  reduces  to  zero; 
along  the  trailing  edge  it  becomes 

V^n^Co— (mi  — m)x 

2 P 

Then  the  total  lift  on  the  outboard  region  (both  wing 
halves)  j except  for  tip  losses,  is 

m 

(115) 

where 

y,=i  YmiCo— (mi  — m)a: 


/2=  V(1  +^)  (a^  — a:,)  fA=  slmix  — pslm) 

/3=  V(1  (a^2 — a;) 

The  indicated  integrations  may  be  performed  numerically^ 
or  graphically,  using  values  of  (t(x)  taken  from  the  charts  of 
figure  23. 

TIP-INDUCED  CORRECTION  TO  THE  LIFT 


For  each  oblique  element,  the  reduction  in  lift  is  given  by^ 
1 dAL 


(1  + mi)  (1— g) 

2(?ni  — a) 


■1 


] 


J da=^ 
qa  da 

with da,  Xa— — and 
da  vfit  a 

/1+m  , \ Co 

^2={  bmi  ) 

The  total  lift  in  region  I is  then  given  by 

(113) 

\qa/i  qa  qa  q(^Jo  da 

The  quantifc}^  ni^(^}  plotted  against  m,  in  figure  29  for 
several  values  of  the  ratio  mim,. 


(Ill) 


(112) 


LIFT  ON  OUTER  PORTIONS  OF  WING 

In  order  to  find  the  total  lift  (except  for  tip  losses)  on  the 
remainder  of  the  wing  (fig.  30),  a double  integration  with 
respect  to  x and  y is  performed  on  equation  (60).  A fu’st 
integration,  with  respect  to  y,  yields  for  the  indefinite 
integral 

r u , a(x)  /— r l(mx— fiy)  (m,Co—m,x+ Py)  , 

J m,Co-(m.-m)^  + 

Vm,Co-(m,-m)z  tan-'-^/^^^~~^^J  (114) 

213637—53 75 


In  deriving  a tip  correction  to  the  lift,  the  same  simplifying 
assumption  of  completely"  cydindrical  flow  \vill  be  adopted 
concerning  the  pressure  field  to  be  canceled  as  was  used  in 
obtaining  a tip  correction  to  the  loading.  As  in  the  preceding 
section,  a combined  primaiy  and  secondary-  tip  correction 
will  be  derived.  All  further  corrections  will  be  omitted. 

If  the  notation  of  equation  (63)  is  used  the  distance  from 
the  apex  Xc,s  of  a canceling  element  to  the  trailing-edge  tip  is 
— and  the  lift  induced  by  the  element  and  its  cancella- 
tion at  the  trailing  edge  is,  from  equation  (91), 


/ m(l  + m)  'fyi  Ao(^,Ar)~| 

.Vmi(l+mi)^°^^^  mi  sin  lA  J 

(116) 

where 


(Ai)c=pFmi 


2^ 


k= 


VI— m, 

1+m, 


as  before,  and 


i/'=sin  ‘ 


V 


m,— m 
m,(l  — m) 


since  the  outer  boundary  of  each  element  now  has  the  slope 
m 

J' 

It  is  seen  that  only  Uc  and  (1  — in  the  coefficient  of 

equation  (116)  vary  \vith  the  element.  For  the  first  element 
(^c=0),  the  velocity  Uc  is  the  initial  value  of  the  uncorrected 
velocity  along  the  tip  section  given  in  equation  (65),  and,  for 
the  other  elements,  the  differential  of  that  velocity.  Then 
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Fioubb  29. — Chart  for  the  computation  of  lift  in  region  I. 
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Figure  30— Boundaries  of  outboard  region  of  high-aspect-ratio  wing,  for  use  as  limits  of 
integration  in  equation  (114). 


Figure  31.— Chart  for  the  correction  of  the  lift  for  tip  effect,  using  two-dimensional 

formulas. 


the  combined  primary  and  secondary  tip  correction  on  both 
wing  halves  is 

r / m(l+m)  „ . . _ 

ga  m)  LV 

a Ao^n  r (1  )2  + 

It  sm^  Vic(l— mW 


?n 

rrit 


Integration  by  parts  gives,  finally, 

STW.^c.^Vm  ^ V I m(l  +m)  (4.)_ 

g«  3/3(m,-m)’Vx  LVm,(l+m,) 


(117) 


■ J |^(3m  — m,)Koi  Vm) — 2 m,  ( 

(118a) 

If  the  wing  is  untapered,  equation  (118a)  takes  on  the  value 


AL 


irCo 


'^[rn 


qa  )3(1— m*) 


(7,  [2mKo{k)+(l  —3m)Eo{k)]  (118b) 


Except  for  the  occurrence  of  a„c,  and  X in  the  coeflScients,  the 
tip  correction  obtained  in  the  foregoing  w^ay  is  a function  of  m 
and  rrit  only,  independent  of  the  tip  location.  Values  of 

have  been  plotted  in  figure  31  in  a form  similar 

a,Ct^\qa/tip 

to  the  chart  of  (fig-  29). 

\?«/i 


APPLICATION  OF  LIFT  FORMULAS 
CASES  COMPUTED 

The  lift-curve  slope  (7^,  has  been  calculated  for  two  families 
of  un tapered  wings  wdth  varying  aspect  ratios  as  follows: 


>0.2 

TO=» 

■ 0.4 

0^ 

fiA 

»7 

fiA 

CO 

c# 

0.3 

0.6 

0.6 

1.2 

.4 

.8 

.8 

1.6 

.6 

1.2 

1.2 

2.4 

1.6 

3.2 

and  for  two  tapered  wings: 


Yn»0.4,  mi»0.6 

0i 

fiA 

X 

Co 

0.6 

1.6 

.8 

2.4 

H 

It  should  be  noted  that  the  untapered-wing  cases  (except  for 
the  last  one  under  m=0.4)  represent  three  wings  of  fixed 
geometry  at  two  different  Mach  numbers  such  that  P is 
doubled  in  going  from  the  first  to  the  second.  No  calcula- 
tion was  made  for  m=0.2  to  correspond  to  the  last  case 
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under  m=0A  because  at  the  lower  Mach  number  it  was  not 
possible  to  calculate  satisfactory  values  of  <r  out  to  the  wing 
tip.  The  tapered  wings  were  chosen  to  show,  by  comparison 
with  the  first  two  of  the  untapered  m=0.4  wings,  the  effect 
of  taper  with  the  span  held  constant  and,  by  comparison, 
with  the  second  and  thhd  un tapered  m=0.4  wings,  the 
effect  of  taper  with  a given  aspect  ratio. 

SUMMARY  OF  COMPUTATIONS 

With  7n=0.4  and  j35/Co=0.6,  the  trailing-edge  Mach  lines 
do  not  intersect  the  leading  edge,  and  the  values  of  were 

a 


obtained  entireK'  by  means  of  the  conical-flow  formulas,  as 
follows : 


Component  of  lift 

Equation 

No. 

T apered  wing,  fiA  = 1.6 

Untapered,  fiA  = \.2 

^Lfq<xct? 

% total 

0*L!qac^ 

% total 

Uncorrected  triangular  wing 

Tip  effect 

Symmetrical  trailing-edge  correc- 
tion  

Oblique  trailing-edge  correction. . . 

(85) 

(96) 

(103) 

(105) 

2.093 

-.190 

-.159 

-.015 

121,1 

-11.0 

-9.2 

-0.9 

2.595 

-.422 

-.340 

-.019 

143.0 

-23.3 

-18.7 

-1,0 

Totals 

1.729 

100.0 

1.814 

100.0 

fiCh^-fiLfgaS,  per  radian 

1.920 

1.512 

The  calculations  for  the  remaining  values  of  M are  summarized  in  the  following  table: 


Component  of  lift 

Obtained  from 

Uiitapered  wings 

Tapered  wing 
771=0.4;  7»i=0.6; 
fis=0.S\  0A  = 2A 

771  = 0.2 

77»=0.4 

M=0.6 

M=0.8 

ffA  = 1.2 

M=1.6 

/SA  = 2.4 

M=3.2 

Lift  on  inboard  portion 

Lift  on  outboard  portion 

Tip  correction 

Fig.  29  or  equation  (113) 

Equation  (115)  

Fig.  31  or  equation  (118) 

0.366 

.180 

-.085 

0.366 

..386 

-.090 

0.366 

.830 

-.098 

2,128 

.849 

-.363 

2.128 

2.593 

-.392 

2.128 

4.459 

-.415 

1.981 

.462 

-.092 

=0L(qaS,  per  radian 

.461 

.77 

.662 

.83 

■ 1.098 
.92 

2.614 

1.63 

4.329 

1.80 

6.172 

1.93 

2.351 

2.20 

DISCUSSION  OF  RESULTS 

The  results  of  the  calculations  are  plotted  against  the 
reduced  aspect  ratio  fiA  in  figure  32.  The  curves  for  the 
untapered  wings  ma}^  be  seen  to  be  approaching,  at  the 
upper  end,  the  value  27rm/Vl— given  by  simple  sweep 
theory. 

At  the  lower  end,  the  curves  should  approach  the  origin 

along  the  line  A given  by  low-aspect-ratio  theory 

(reference  13).  The  two  points  on  the  m=0.2  curve  for 
/3A<1  are  not  entirely  accurate  because  no  account  was 
taken  of  the  interference  between  the  flow  fields  from  the 
tips.  The  points  are  included,  however,  because,  with  so 
much  sweep,  the  wing  areas  affected  are  small  and  the  inter- 
ference effects  should  be  negligible.  The  resulting  curve 
appears  consistent  with  the  corresponding  curve  calculated 
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Figure  32. — Variation  of  lift-curve  slope  with  aspect  ratio. 


hy  the  slender-wing  theory  of  reference  3,  although  a dis- 
parity in  plan  form  lessens  the  significance  of  the  comparison. 

The  slender-wing- theory  values  are  also  plotted  for  m=0.4. 
In  that  case,  however,  the  assumption  of  extreme  slenderness 
is  no  longer  justified  and  introduces  an  appreciable  error. 
(It  should  be  mentioned  that  the  asympotote  for  the  slender- 
wing-theory  curves  is  below  the  value  given  by  simple  sweep 
theory  by  the  factor  V 1 —ml) 

An  estimate  of  the  accuracy  of  the  lift  formulas  of  the 
present  report,  compared  with  results  which  would  take  into 
account  all  the  successive  reflections  at  the  tips  and  trailing 
edge,  may  be  made  from  the  following  observations: 

The  values  obtained  (in  the  first  table)  from  equations 
(96)  and  (103),  which  combine  primary  and  secondary 
corrections,  differ  from  values  obtainable  for  the  primary 
corrections  alone  by  only  1 percent  of  the  total  lift  in  the  case 
of  the  tapered  wing,  and  4 percent  of  the  total  lift  for  the 
untapered  wing.  Third -order  corrections  would  be  only  a 
fraction  of  those  small  corrections  and  would,  in  turn,  be 
partly  canceled  out  by  a fourth-order  correction. 

The  results  in  the  second  table,  incorporating  the  two- 
dimensional  approximations,  agree  within  2 or  3 percent 
with  values  calculated  entirely  by  the  conical-flow  method. 

IV— DRAG  DUE  TO  LIFT 

The  drag  due  to  lift  of  a wing  with  supersonic  leading 
edge  is  simply  the  lift  times  the  angle  of  attack.  When  the 
leading  edge  is  subsonic,  the  drag  is  reduced  by  a suction 
force  due  to  the  upwash  around  the  leading  edge.  In  the 
linearized  theory  this  force  appears  as  the  limit  of  the 
product  of  an  infinite  velocity  across  an  infinitesimal  frontal 
area. 

The  formula  for  the  suction  force  on  a subsonic  leading 
edge  has  been  derived  (see,  e.  g.,  Hayes,  reference  18)  by 
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assuming  the  flow  near  the  leading  edge  to  be  essentially 
two-dimensional  and  apph-ing  the  results  of  two-dimensional 
potential  theory.  The  simple  result  obtained  in  that 
manner  has  been  verified  for  the  swept-back  ^ymg  of  finite 
span  by  applicatioa  of  the  somewhat  different  approach  of 
reference  19. 

By  the  two-dimensional  approach,  the  suction  force  is 
found  to  be  proportional  to  the  square  of  the  strength  of 
the  leading-edge  singularity  in  the  perturbation  velocity  u. 
The  latter  is  the  quantity  discussed  earlier  in  connection 
with  the  adjustment  of  the  two-dimensional  loading  to  the 
loading  on  the  swept-back  whig.  With  the  use  of  the  pre- 
vious terminology  it  is  possible  to  write  for  the  longitudinal 
component  of  the  suction  force  per  unit  streamwise  length 
of  leading  edge, 

(.19) 


where  (equation  (53))  is  the  value,  at  the  leading  edge, 
of  the  coefficient  of  in 

Then,  if  the  trading-edge  Mach  line  does  not  intersect  the 
leading  edge,  the  thrust  is  merely 


T = p TTUq 


(120) 


2m^ 


Vl  — 


The  total  drag  due  to  lift  is  obtained  by  subtracting  the 
thrust  from  the  product  of  the  lift  and  the  angle  of  attack, 
or,  in  coefficient  form, 

Cd~olCj^ — Ct  (121) 


where  is  the  thrust  coefficient  TjqS.  Thus,  in  the  fore- 
going case, 


(122) 


When  a portion  of  the  leading  edge  is  influenced  by  the 
trailing  edge,  the  leading-edge  singularity  takes  on,  for  that 
portion,  the  value  given  by'  expression  (56),  which  then 
replaces  in  equation  (119)  for  the  thrust.  The  total 
thrust  is 

J]‘  [o.+(4C).  + J^"^ci«]  (123) 

where 


locates  the  intersection  of  the  trailing-edge  Mach  line  with 
the  leading  edge.  Integrating  the  first  term  and  reducing 
so  coefficient  form  gives 

so  that 

(.25) 


1 c . 

In  figure  33,  — times  the  drag-rise  factor  7^  is  plotted 

P Ul 

against  the  reduced  aspect  ratio  fiA  for  two  combinations  of 

sweep  and  Mach  number,  m—0.2  and  m=0.4,  for  untapered 

wings.  Comparison  is  made  with  a theoretical  minimum  for 

slender  vdngs  in  supersonic  flight  obtained  b}^  R.  T.  Jones 

in  an  unpublished  analysis.  Using  a method  similar  to  Hayes 

(reference  18)  and  assuming  the  wing  to  be  narrow  compared 

with  the  Mach  cone,  Jones  has  derived  a minimum  wave-drag 

coefficient 

^ 


27tAj 


Cr.^ 


(126) 


where  is  the  aspect  ratio  defined  in  the  streamwise, 
instead  of  the  span  wise,  direction;  that  is,  if  I (numerically 
equal  to  xj  is  the  over-all  length  of  the  wing  in  the  stream 
direction, 

A,=P/S  (127) 


Fioube  33.— Variation  of  drag-rise  factor  with  aspect  ratio  for  untapered  wings. 


The  wave  drag  is  to  be  added  to  the  vortex  drag,  which  is 
the  induced  drag  of  subsonic  flow,  calculated  from  the 
spanwise  loading.  Using  the  minimum  induced  drag  ob- 
tained from  lifting-line  theory  gives  as  the  minimum  super- 
sonic drag-rise  factor  ® 


Cl^  TrA'2TrAx 


(128) 


It  may  be  seen  that  the  drag  rise  of  the  constant-chord 
swept-back  wings  is  fairl}^  close  to  this  minimum,  especially 
at  the  lower  values  of  m for  which  equation  (128)  was 
derived. 


V— SUMMARY  OF  FORMULAS 

The  formulas  for  the  loading,  lift,  and  drag  coefficients  are 
summarized  in  the  following  table,  in  which  the  equations 
are  identified  by  number. 


* This  result  has  since  been  published  in  The  Journal  of  the  Aeronautical  Sciences,  vol. 
18,  no.  2,  Feb.  1951,  pp.  75-81. 


1182 


REPORT  1050 — ^NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  Mar.  15,  1950. 


!'  FORMULAS  FOR  THE  SUPERSONIC  LOADING  OF  FLAT  SWEPT-BACK  WINGS  WITH  LEADING  EDGES  BEHIND  MACH  LINES  1183 

APPENDIX  A 

SYMBOLS 


V 

M 

/S 

U,  V,  V) 


p 

2 

Ap 

a 

L 

T 

Gd 

Ct 


Co 

Ct 

s 

S 

I 

A 

X 

A 

A, 


^,y 

Xa.Va 

xo,yo- 

Xcf  S 
X2yV2 


x*,y* 


Xt,S 


lift  coefficient 


GENERAL 

free-stream  velocity 
free-stream  Mach  number 

perturbation  velocities  in  streamwise,  cross-stream, 
and  vertical  directions,  respectively 
density  of  air 

dynamic  pressure 

pressure  [difference  between  [upper  |and  lower 
surfaces,  or  local  lift 
angle  of  attack,  radians 
lift 

leading-edge  thrust,  or  component  of  leading-edge 
suction  force  in  ffight  direction 

© 

lift-curve  slope 

drag  coefficient 

thrust  coefficient 

WING  DIMENSIONS 

root  chord 
tip  chord 
semispan 
wing  area 

over-all  length  in  the  s teamwise  direction 
angle  of  sweep  of  the  leading  edge 
taper  ratio  (ci/co) 
aspect  ratio  (4:S^IS) 
streamwise  aspect  ratio  (P/S) 

RECTANGULAR  COORDINATES 

Cartesian  coordinates  in  the  stream  direction  and 
across  the  stream,  in  the  plane  of  the  wing 
coordinates  of  apex  of  conical  field  used  to  cancel 
triangular-wing  loading  (Equation  (8)  at  tip, 
equations  (21)  and  (22)  at  trailing  edge) 
coordinates  of  apex  of  conical  field  used  in  second- 
ary cancellations 

coordinates  of  point  on  tip;  apex  of  conical  field 
used  to  cancel  assumed  cylindrical  load 
coordinates  of  intersection  of  Mach  forecone  from 
x^y  with  edge  at  wliich  correction  is  being  made 
coordinates  of  intersection  of  traiUng-edge  Mach 
cone  with  leading  edge  (a*i  given  by  equation 
(61)) 

coordinates  of  intersection  of  Mach  line  from  Xi,yi 
Avith  trailing  edge  (x2  given  by  equation  (112)) 
coordinates  of  intersection  of  tip  Mach  line  with 
trailing  edge 

coordinates  of  intersection  of  tip  and  trailing  edge 


m 


m, 


(frQ 


(Iq' 


f streamwise  distance  of  Xjy  back  from  leading  edge, 

as  a fraction  of  the  tip  chord  (equation  (69)) 
fo  distance  of  Xo,s  behind  leading-edge  tip,  as  a frac- 

tion of  the  tip  chord  (equation  (70)) 
distance  of  Xc,  s behind  leading-edge  tip,  as  a frac- 
tion of  the  tip  chord  (equation  (64)) 

CONICAL  COORDINATES 

In  the  following,  all  slopes  are  measured  counterclockwise 
from  a line  extending  downstream  from  the  apex  of  the  wing 
or  of  the  pertinent  canceling  sector: 

slope  of  leading  edge  * . . 

slope  of  Mach  lines 
slope  of  trailing  edge 
slope  of  Mach  lines 
slope  of  ray  from  the  origin_  y 
slope  of  Mach  lines  ^^x 
the  value  of  a corresponding  to  a primary  canceling 
element  of  which  the  apex  lies  on  the  Mach  fore- 
cone of  the  point  at  which  the  load  is  being 
calculated  (equation  (13)  for  tip  corrections, 
equation  (25)  for  trailing-edge  corrections) 
limiting  value  of  a for  leading-edge  correction 
(equation  (47)) 

d2  a(x2,i/2)  (equation  (108)) 

at  a(Xi,  s) 

^ slope  of  ray  from  apex  of  element  d_Qy—ya 

“ slope  of  Mach  lines  “^^x— x« 

^ slope  of  ray  from  Xf,, 

^ slope  of  Mach  hues  ^x— x& 

^ slope  of  ray  from  Xc,^_g  y— 5 

^ slope  of  Mach  lines  ”^x  — x^ 

slope  of  ray  from  leading-edge  y-'^ 

slope  of  Mach  hnes  ^x  — (fislm) 

slope  of  ray  from  x*,y*  y—y* 
slope  of  Mach  lines  ^x  — x* 

To  limiting  value  of  to  for  leading-edge  correction 

(equation  (39)) 

Ta  limiting  value  of  ta  for  leading-edge  correction 

(equation  (44)) 

COMPONENTS  OF  STREAMWISE  PERTURBATION  VELOCITY 

Ua  basic  (uncorrected)  perturbation  velocity  as  given 

b}^  solution  for  triangular  wing  (equation  (6) 
for  subsonic  leading  edge) 

Uq  value  of  Ua  at  a=0  (equation  (7)) 

Au  correction  to  Ua  induced  by  cancellation  of  pressure 

differences  outside  the  wing  plan  form 
Ua  constant  perturbation  velocity  on  sector  used  in 

canceling  triangular-wing  loading 
Ub  constant  perturbation  velocity  on  sector  used  in 

secondary'  cancellation 

Ue  constant  perturbation  velocity  on  sector  used  out- 

board of  tip  in  canceling  assumed  cylindrical 
field 
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(Au)o 

(A2U)o 

(Au)a 

An* 


C\ 


(a(7)o 

dAC 


da 


da 


a 


M 

9 

C 

R 

r.  p. 


symmetrical  trailing-edge  correction  to  Ua  (equa- 
tion (20)) 

correction  induced  by  canceling  (Au)o  at  leading 
edge  (equation  (38)) 

correction  to  due  to  single  oblique  trailing- 
edge  element  (equation  (24)) 
value  of  tip  correction  to  at  the  point 


ARBITRARY  MATHEMATICAL  SYMBOLS 


value  of  coefficient  of  ~ p==  in  u\  at  the  lead- 
^Jrax  — Py 

ing  edge  (equation  (53)) 

decrement  in  (7a  due  to  reflection  of  (Au)o  at  lead- 
ing edge  (equation  (54)) 


decrement  in  (7a  due  to  reflection  of  (An) a at  lead- 
ing edge  (equation  (55)) 

Non-dimensional  expression  for  strength  of  the 
leading-edge  singularity  (equation  (59) ) 


value  of  <x  at  leading-edge  tip 


taper  parameter  ^ 


nit  ) 


function  defined  b}^  equation  (79) 
inverse-cosine  term  of  leading-edge  correction 
function  (equation  (35)) 

radical  term  of  leading-edge  correction  function 
(equation  (36)) 
real  part 


ELLIPTIC  INTEGRALS  AND  FUNCTIONS 

k modulus  of  elliptic  mtegral,  defined  where  used 

(also  with  subscripts)  ^ 

k'  complimentaiy  modulus  (Vl— 

<t>  or  argument  of  elliptic  integrals,  defined  where  used 
(also  with  subscripts) 

F{<j).k)  incomplete  elliptic  integral  of  the  first  kind  of 
modulus  A:  and  argument  <t> 

Kj  K{k)  complete  elliptic  integral  of  the  first  kind ; that  is, 

k) 


E{4,.k) 

incomplete  elliptic  integral  of  the  second  kmd  of 
modulus  k and  argument 

E,E{k) 

complete  elliptic  integral  of  the  second  kind;  that  is, 

E=E(i,  k) 

Ko 

7T 

Eo 

-E 

7T 

K' 

K{k') 

E' 

E{k') 

Z 

zeta  function  (equation  (41)) 

Ao 

function  used  in  evaluation  of  elliptic  mtegral  of 
the  third  kind,  circular  case  (equation  (16)) 

function  used  in  evaluation  of  elliptic  integral  of 
the  third  kind,  circular  case  (equation  (Bll)) 

APPENDIX  B 


EVALUATION  OF  THE  INTEGRAL  IN  EQUATION  (26) 


It  is  first  necessary  to  recall  that  <„  is  a function  (equation 
(23))  of  X,  y,  and  a.  After  substitution  for  in  equation 
(26),  we  may  integrate  by  parts  to  obtain 


f““  — (l-ta)  cIua  (a)  , 

j„  (l-m,)(ta-a)  da 


(*  — /3j/)-y/ 

r 


-1  {l+m,)0y  — 2m,ix—Co)  . 
(l-m,)/3y 


0y  — m,{x—Co) 


x — Py  — m,Co 


X 


da 


(fiy  — ax)  V(l— a)  (ao— a)  (m  — a)  (m  + a) 


] 


(Bl) 


The  integral  term  on  the  right-hand  side  of  equation  (Bl) 
is  an  elliptic  integral  of  the  third  kind  which  may  be  eval- 
uated through  the  substitution  of 


ic=:sn~^ 


V 


2m  (ao—a) 
(m+do)  (m  — a) 


V(l— m)  (m+ao) 

2mU— ao) 


If  the  value  of  o)  at  the  lower  Ihnit  is  designated  by  coo,  this 
substitution  gives 


pao 

da 

Jo  {fiy-ax)  7(1^ 

-a)  (ao—a)  (m—a)  (m+a) 

1 

./  2 po  2m 

(B2) 

Py-aox 

Vw(l— ao)Jo  l+nsn^u 

where 

^_(m+ao)  (mx—fiy) 
2 m (Py  — aox) 

(B3) 

or 

roo 

da 

0 (Py  — ax)  ^J(l—a)  (do—a)  (m  — a)  (m  + a) 


where 


1 +71  S7\?Ld 
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and  dn{v^  may  be  found,  so  that  equation  (B6) 


is  the  normal  form  of  the  elliptic  integral  of  the  third  kind. 

It  is  first  noted  that  For  this  case  it  can  be  shown 

that  the  substitution 


(Vi' 0 


(B5) 


gives 


n3(«o.  k,n)  = c.oCn\v,  [g  Ao(^,  <^)  + fi] 

(B6) 

-1 


where 


0=tan“ 


(B7) 


is  the  amplitude  of  the  elliptic  function  v,  Aq  is  the  function 
defined  in  equation  (16),  and  Q is  an  angular  function  of  k.v 
and  Wo  which  will  be  discussed  later. 

If 


2an 


then 


k) 


From  equation  (Bo),  sn{v,  cn{v,  k') 


(B8) 

(B9) 

~P~ 

n-\-k- 


may  be  rewritten  without  recourse  to  the  Jacobian  elliptic 
functions  as 


^3(fi>o,k,n)-- 


¥ 


F(^,t)+ 


This  expression  is  to  be  substituted  in  equation  (B4)  and 
the  result  used  in  equation  (Bl).  As  previously  mentioned, 
the  functions  Kq  and  Aq  are  tabulated  in  reference  11  and  A« 
is  plotted  in  figure  6.  The  function  11  is  given  by  * 

2^  (—  l)^+‘gO^>  sin  2j ^ sinh  2 j 

fl=tan- ^ ^ (BID 

1—22  cos  2j  ^ cosh  2j-^ 

with 


rK' 

q^  — e K 


(tabulated  in  reference  15). 


• The  symbol  g in  equation  (Bli)  is  standard  notation  for  the  noine  of  the  Jacobian  theta 
function,  and  is  not  related  to  the  dynamic  pressure  q of  the  text. 


APPENDIX  C 

INTEGRATION  FOR  LOSS  OF  LIFT  AT  THE  TIP  OF  WING  WITH  SUBSONIC  LEADING  EDGE 

From  equations  (88a)  and  (6) 

4mt^ms^ffuo 


(-)  ■ 


Va 


G'ja) 

J«<  ■\hn^—a- 


da 


(Cl) 


where 

r'r  I a + a''  a \ 

2 Vm^  + mtS/a+a^J 

The  terms  in  G^{a)  are  of  two  types;  namely,  those  that 
contain  ‘sla+a^  and  those  that  do  not.  The  former  combine 
with  the  radical  ^,hn^ — in  equation  (Cl)  to  form  elliptic 
integrals  of  the  first,  second,  and  tliird  kinds.  The  latter 
give  rise  to  tenns  in  equation  (Cl)  which  are  integrable  by 
elementar}'  means.  It  is  convenient,  therefore,  to  consider 
the  integral  in  two,  parts,  writing 


- r-£p=(fa=/.  + /2 

Jot  -ylm—a^ 


where  h is  that  part  of  the  integral  not  requiring  elliptic 
integrals. 

Then 


1 r (m,—a,y 


(C3) 


The  remaining  terms,  involving  — a”, 

are  integrated  by  means  of  the  substitution 


r™  a — at  , 

/a,  . mt—a,^ 

da 

2m(l  +m)  dll3(wf,  i:,7i)'l) 

]at  at^mta{mt  — (iy 

\a  TTit  — aJ 

rrit'-m  dn  j) 

The  result  is 
1 2 


$7l0) 


1 


_ (r rYit  — at  ( mt  — at 
uL  \l+rnt  m) 


+m,)  i 

«,(m-a.)J  |"^1 E{i,  k)+ 


(C5) 


21.3637—53 
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nit—m 


where  w,=w(a,),  4'  is  its  amplitude,  and 

m(l+m,) 

From  equation  C(4), 

\f'=sin-‘ 

The  elliptic  integral 


m — at 
m(l+a,) 

do) 


+n  sn^o) 


(C6) 

(07) 


is  evaluated  in  equation  (BlO).  Its  derivative  with  respect 
to  the  parameter  n may  be  obtained  for  this  case  (n>0)  in 
the  form 


5n, 

bn 


2n  Vi 


/ _ « i 

/I  n \r 

1 («+P)(1+to)( 

\l+»  TO+P/L 

9.{o,„n,  *)]-  V(»+ k^){i  +7i) [* 


E{4>,k) 


nsnodjCnoitdno^i 
l+?^  sno)t 


]} 


(C8> 


where  <j>  and  are  the  angles  defined  in  equations  (B7)  and 
(Bll)  and  the  elliptic  functions  ctow,  and  dnut,  obtained 
from  equation  (C4),  have  the  values 

REFERENCES 

1.  Evvard,  John  C.:  Use  of  Source  Distributions  for  Evaluating 

Theoretical  Aerodynamics  of  Thin  Finite  Wings  at  Supersonic 
Speeds.  NACA  Rep.  951,  1950. 

2.  Harmon,  Sidney  M.,  and  Jeffreys,  Isabella:  Theoretical  Lift  and 

Damping  in  Roll  of  Thin  Wings  With  Arbitrary  Sweep  and 
Taper  at  Supersonic  Speeds.  NACA  TN  2114,  1950. 


3.  Lomax,  Harvard,  and  Heaslet,  Max.  A.:  Linearized  Lifting- 

Surface  Theory  for  Swept-Back  Wings  with  Slender  Plan 
Forms.  NACA  TN  1992,  1949. 

4.  Lagerstrom,  P.  A.:  Linearized  Supersonic  Theorv  of  Conical 

Wings.  NACA  TN  1685,  1948. 

5.  Mirels,  Harold:  Lift-Cancellation  Technique  in  Linearized  Super- 

sonic Wing  Theory.  NACA  TN  2145,  1950. 

6.  Busemann,  Adolf:  Infinitesimal  Conical  Supersonic  Flow.  NACA 

TM  1100,  1947. 

7.  Cohen,  Doris:  The  Theoretical  Lift  of  Flat  Swept-Back  Wings  at 

Supersonic  Speeds.  NACA  TN  1555,  1948. 

8.  Cohen,  Doris:  Theoretical  Loading  at  Supersonic  Speeds  of  Flat 

Swept-Back  Wings  with  Interacting  Trailing  and  Leading 
Edges.  NACA  TN  1991,  1949. 

9.  Cohen,  Doris:  Formulas  and  Charts  for  the  Supersonic  Lift  and 

Drag  of  Flat  Swept-Back  Wings  AVith  Interacting  Leading  and 
Trailing  Edges.  NACA  TN  2093,  1950. 

10.  Malvestuto,  Frank  S.  Jr.,  Margolis,  Kenneth,  and  Ribner,  Herbert 

S.:  Theoretical  Lift  and  Damping  in  Roll  of  Thin  Swept-Back 
Wings  of  Arbitrary  Taper  and  Sweep  at  Supersonic  Speeds.  Sub- 
sonic Leadmg  Edges  and  Supersonic  Trailing  Edges.  NACA 
Rep.  970,  1949. 

11.  Heuman,  Carl:  Tables  of  Complete  Elliptic  Integrals.  Jour,  of 

Math,  and  Physics,  V.  19-20,  1940-41,  pp.  127-206. 

12.  Legendre,  Adrien  Marie:  Tables  of  the  Complete  and  Incomplete 

Elliptic  Integrals.  Biometrika  Office,  'University  College, 
Cambridge  University  Press,  Cambridge,  England,  1934. 

13.  Jones,  R.  T.:  Properties  of  Low- Aspect-Ratio  Pointed  Wings  at 

Speeds  Below  and  Above  the  Speed  of  Sound.  NACA  Rep. 
835,  1946. 

14.  Ribner,  Herbert  S.:  Some  Conical  and  Quasi-Conical  Flows  in 

Linearized  Supersonic  Wing  Theory.  NACA  TN  2147,  1950. 

15.  Spenceley,  G.  W.,  and  Spenceley,  R.  M.:  Smithsonian  Elliptic 

Functions  Tables.  Smithsonian  Institution,  AA^ashington,  D. 
C.,  1947. 

16.  Adams,  Edwin  P.,  and  Hippisley,  R.  L.:  Smithsonian  Mathe- 

matical Formulae  and  Tables  of  Elliptic'  Functions.  Smith- 
sonian Institution,  AA^ashington,  D.  C.,  1939. 

17.  Brown,  Clinton  E.:  The  Reversibility  Theorem  for  Thin  Airfoils 

in  Subsonic  and  Supersonic  Flow,  NACA  TN  1944,  1949. 

18.  Hayes,  AA^.  D.:  Linearized  Supersonic  Flow.  North  American 

Aviation,  Inc.,  Rep.  AL-222,  June  18,  1947. 

19.  Jones,  R.  T,:  Leading-Edge  Singularities  in  Thin- Airfoil  Theory. 

Jour.  Aero.  Sci.,  vol.  17,  no.  5,  May,  1950,  pp.  307-310. 


REPORT  1051 


AN  ANALYSIS  OF  BASE  PRESSURE  AT  SUPERSONIC  VELOCITIES  AND  COMPARISON 

WITH  EXPERIMENT  ‘ 


By  Dean  R.  Chapman 


SUMMARY 


In  the  first  'part  of  the  investigation  an  analysis  is  made  of 
base  pressure  in  an  inviscid fluids  both  for  two-dimensional  and 
axially  symmetric  flow.  It  is  shown  that  for  two-dimensional 
doWj  and  also  for  the  flow  over  a body  of  revol'iitiGn  'loith  a 
cylindrical  sting  attached  to  the  base^  there  are  an  infinite 
number  of  possible  solutions  satisfying  all  necessary  boundary 
conditions  at  any  given  free-stream  Mach  number.  For  the 
particular  case  of  a body  having  no  sting  attached  only  one 
solution  is  possible  in  an  inviscid  flow,  hut  it  corresponds  to 
zero  base  drag.  Accordingly,  it  is  concluded  that  a strictly 
inviscid-fiuid  theory  cannot  be  satisfactory  for  practical  ap- 
plications. 

An  approximate  semi-empirical  analysis  for  base  pressure 
in  a viscuous  fluid  is  developed  in  a second  part  of  the  investiga- 
tion. The  semi-empirical  analysis  is  based  partly  on  inviscid- 
flow  calculations.  In  this  theory  an  attempt  is  made  to  allow 
for  the  efects  of  Mach  number,  Reynolds  number,  profile  shape, 
and  type  of  boundary -layer  flow.  Some  measurements  of  base 
pressure  in  two-dimensional  and  axially  symmetric  flow  are 
presented  for  purposes  of  comparison.  Experimental  results 
also  are  presented  concerning  the  support  interference  efifect 
of  a cylindrical  sting,  and  the  interference  efifect  of  a reflected 
bow  wave  on  measurements  of  base  pressure  in  a supersonic 
wind  tunnel. 

INTRODUCTION 

The  present  investigation  is  concerned  with  the  pressure 
acting  on  the  base  of  an  object  moving  at  a supersonic 
velocity.  This  problem  is  of  considerable  practical  impor- 
tance since  in  certain  cases  the  base  drag  can  amount  to  as 
much  as  two-thirds  of  the  total  drag  of  a body  of  revolution, 
and  over  tlu'ee-fourths  of  the  total  drag  of  an  airfoil.  In  the 
past,  numerous  measurements  of  base  pressure  on  bodies  of 
revolution  have  been  made  both  in  supersonic  wind  tunnels 
and  in  free  flight,  but  these  experimental  investigations  have 
had  no  adequate  theory  to  guide  them.  As  a result,  the 
present-day  knowledge  of  base  pressure  is  undesirably 
limited  and  some  inconsistencies  appear  in  the  existing 
experimental  data. 

Various  hv-po  theses  as  to  the  fundamental  mechanism 
which  determines  the  base  pressure  on  bodies  of  revolution 
were  advanced  years  ago  by  Lorenz,  Gabeaud,  and  von 
Kdrmdn.  (See  references  1,  2,  and  3,  respectively.)  These 


hypotheses,  which  neglect  the  influence  of  the  boimdary 
layer,  do  not  appear  to  be  adequate  for  predicting  the  base 
pressure  or  for  correlating,  experiments.  • 

A semi-emph’ical  theory  of  base  pressure  for  bodies  of 
revolution  has  been  advanced  by  Cope  in  reference  4. 
Cope’s  analysis  and  the  semi-empirical  analysis  of  the 
present  report  were  developed  independently  and  are  similar 
in  one  significant  respect;  both  consider  the  influence  of  the 
boundaiy  layer  on  base  pressure.  The  basic  concepts  and 
the  details  of  the  two  analyses,  though,  are  entirely  different. 
Cope’s  equations  are  developed  only  for  axially  symmetric 
flow,  and  do  not  provide  for  the  effects  of  variations  in 
profile  shape  on  base  pressure.  He  evaluates  the  base 
pressure  b}^  equating  the  pressure  in  the  wake,  as  calculated 
from  the  boundary-layer  flow,  to  the  corresponding  pressure 
as  calculated  from  the  exterior  flow.  In  calculating  the 
pressure  from  the  boundary-layer  flow,  however,  several 
approximations  and  assumptions  are  necessarily  made  which, 
according  to  Cope,  result  in  no  more  than  a first  approxima- 
tion. 

The  primary  purpose  of  the  investigation  described  in  the 
present  report  is  to  formulate  a method  which  is  of  value 
for  quantitative  calculations  of  base  pressure  both  on  air- 
foils and  bodies.  The  analysis  is  divided  into  two  parts. 
Part  I consists  of  a detailed  stud}^  of  the  base  pressure  in 
two-dimensional  and  axially  symmetric  inviscid  flow.  The 
purpose  of  part  I is  to  develop  an  understanding  of  the  prob- 
lem in  its  simplest  form,  and  to  study  the  effects  on  base 
pressure  of  variations  in  profile  shape.  In  part  II  a semi- 
empirical  theory  is  formulated  since  the  results  of  part  I 
indicate  that  an  inviscid-flow  theory  cannot  possibly  be 
satisfactory  for  engineering  estimates  of  base  pressure. 
A comparison  of  the  semi-empirical  anlil3^sis  with  experi- 
mental results  is  also  presented  in  part  II  of  the  report. 

Much  of  the  present  material  was  developed  as  part  of  a 
thesis  submitted  to  the  California  Institute  of  Technology' 
in  1948.  Acknowledgment  is  made  to  H.  W.  Liepmann  of 
the  California  Institute  of  Technology  for  his  helpful  dis- 
cussions regarding  the  theoretical  considerations,  and  to 
A.  C.  Charters  of  the  Ballistic  Research  Laboratories  for 
making  available  numerous  unpublished  spark  photographs 
which  were  taken  in  the  free  flight  experiments  of  reference  5. 


I Supersedes  NACA  TN  2137,  “An  Analysis  of  Base  Pressure  at  Supersonic  Velocities  and  Comparison  with  Experiment,**  by  Dean  R.  Chapman,  1950.  The  present  report  includes 
reference  to  some  experiments  not  discussed  therein,  and  incorporates  a more  detailed  analysis  of  the  effects  of  variations  in  profile  shape  on  base  pressure  in  inviscid  flow. 
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NOTATION 

O constant 

d rod  or  support  diameter 

h base  thickness  (base  diameter  for  axiall}’^  S3uiimetric  * 

flow,  trailing-edge  thickness  for  two-dimensional 
flow) 

L length  upstream  of  base  (bod}^  length  for  axially’-  sym- 
metric flow,  airfoil  chord  for  two-dimensional  flow) 

M Mach  number 

p pressure 

P pressure  coefficient  referred  to  free-stream  conditions 


Ph  base  pressure  coeflicient  referred  to  conditions  on  a 
hypothetical  extended  afterprofile  / — — — 

Pt,.  base  pressure  coefficient  for  maximum  drag  in  inviscid 
flow  over  a semi-infinite  profile 
Pb*  value  of  Pb  obtained  by  extrapolating  to  zero  boundar^^- 

layer  thickness  the  curve  of  Pb  versus  -r 

fi 

2 dynamic  pressure  p 

R gas  constant 

Re  Keynolds  number  based  on  the  length  L 
r radial  distance  from  axis  of  symmetry  to  point  in  the 
flow 

T temperature 

t thickness  of  wake  near  the'  trailing  shock  wave 

U velocity 

fi  angle  of  boattailing  at  base 

7 ratio  of  specific  heats  (1.4  for  air)  ' 

5 boundary-la3^er  thickness 

P density’ 

SUPERSCRIPT 

' conditions  on  h3^pothetical  extended  afterprofile  aver- 

aged over  a region  occup3ung  the  same  position 
relative  to  the  base  as  the  dead-air  region 


TWO-DIMENSIONAL  INVISCID  FLOW  OVER  A SEMI-INFINITE  PROFILE 

In  order  to  achieve  the  greatest  possible  simplicit3^  at  the 
outset,  the  case  of  a semi-infinite  profile  will  be  considered 
first . By  this  is  meant  a profile  of  constant  thickness  which 
extends  from  the  base  to  an  infinite  distance  upstream 
(fig.  1).  The  problem  at  hand  is  to  determine  the  flow  pat- 
tern in  the  neighborhood  of  the  base.  Since  the  effects  of 
viscosity  are  at  present  ignored  and  only  steady  S3mmetrical 
flows  are  considered,  the  problem  is  simply  that  of  determin- 
ing the  flow  over  a two-dimensional,  flat,  horizontal  surface 
which  has  a step  in  it  (fig.  2). 


Figure  l. — Semi-infinite  profile. 


SUBSCRIPTS 

00  coriditions  in  the  free  stream 

b conditions  at  base 

0 stagnation  conditions 

I.  BASE  PRESSURE  IN  AN  INVISCID  FLUID 

throughout  this  part  of  the  report  the  effects  of  viscosity 
are  completely  ignored  and  the  flow  field  determined  for  an 
inviscid  fluid  wherein  both  the  existence  of  a boundary  layer 
and  the  mixing  of  dead  air  with  the  air  outside  a free  stream- 
line are  excluded  from  consideration.  It  is  assumed  through- 
out that  a dead-air  region  of  constant  pressure  exists  just 
behind  the  base  and  is  terminated  by  a single  trailing  shock 
wave.  As  will  be  seen  later,  the  assumption  of  zero  viscosity 
oversimplifies  the  actual  conditions;  the  results  obtained  with 
this  assumption  agree  qualitatively  with  a number  of  ex- 
perimental results,  but  provide  quantitative  information 
only  on  the  effects  of  profile  shape  on  base  pressure. 


It  is  easy  to  construct  a possible  flow  pattern  which  satisfies 
all  necessar3^  boundaiy  conditions  including  the  requirement 
of  constant  pressure  in  the  dead-air  region.  For  example, 
suppose  the  free-stream  Mach  number  is  1.50  and  some 
particular  value  of  the  base  pressure  coefficient,  sa3^ 
^&=  — 0.30  (p&/Poo=0.53),  is  arbitrarily  chosen.  Since  the 
base  pressure  is  prescribed,  the  initial  angle  of  turning 
through  the  Brand tl-Me3'er  expansion  (fig.  2)  is  uniqueh^ 
determined,  and  in  this  particular  case  is  equal  to  12.4^ 
at  B.  The  pressure,  and  hence  the  velocit3’^  and  Alach  num- 
ber, must  be  constant  along  the  free  streamline  BC.  For 
the  example  under  consideration,  the  Mach  number  along 
the  free  streamline  is  calculated  from  the  Prandtl-Me3^er 
equations  to  be  1.92.  For  a uniform  two-dimensional  flow 
over  a convex  corner,  the  pressiu^e  depends  onl3'  on  the  angle 
of  inclination  of  a streamline,  hence  it  follov^s  that  BC  is 
a straight  line.  The  triangle  BCE  therefore  bounds  a region 
of  uniform  flow  having  the  same  pressure  as  the  dead-air 
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region.  As  the  trailing  shock  wave  (fig.  2)  extends  outward 
from  E to  infinit}^,  interference  from  the  expansion 'waves 
graduall}'  decreases  its  strength  until  it  eventuall}^  becomes  a 
Mach  wave.  That  part  of  the  shock  wave  from  C to  E must 
deflect  the  flow  through  the  same  angle  as  the  expansion 
waves  originalh'  turned  it  (12.4°  for  the  particular  example 
under  consideration).  This  deflection  oertainl}'  is  possible 
since  the  Mach  number  in  the  triangle  BCE  is  1.92  which, 
according  to  the  well-knowm  shock-wave  equations,  is  capable 
of  undergoing  an^'  deflection  smaller  than  21.5°.  As  the 
floW'  proceeds  dowmstream  from  the  trailing  shock  wave 
CEF,  the  pressure  approaches  the  free-stream  static  pressure, 
thus  satisfying  the  boundary  condition  at  infinit^^ 

It  is  evident  that  a possible  flow  pattern  has  been  con- 
structed which  satisfies  all  the  prescribed  requirements  as 
well  as  the  necessar}^  boundary  conditions.  This  flow,  how- 
ever, certainly  is  not  the  onl}^  possible  one  for  the  particular 
Mach  number  (1.50)  under  consideration,  since  an}’^  negative 
value  of  Pft  algebraically  greater  than  —0.30  also  wmuld 
have  permitted  a flow  pattern  to  be  constructed  and  still 
satisfy  all  boundary  conditions.  This  is  not  necessarily 
true,  though,  if  values  of  algebraically  less  than  —0.30 
are  chosen,  as  can  be  seen  by  picturing  the  conditions  that 
would  result  if  the  base  pressure  were  graduaU}-  decreased. 
The  angle  of  turning  through  the  Prandtl-Meyer  expansion 
would  increase  and  point  C in  figure  2 simultaneously  would 
move  toward  the  base.  The  base  pressure  can  be  decreased 
in  this  manner  only  until  a condition  is  reached  in  which 
the  shock  wave  at  C turns  the  flow  through  the  greatest 
angle  possible  for  the  particular  local  Mach  number  existing 
along  the  free  streamline.  The  base  pressure  cannot  be 
further  reduced  and  still  permit  steady  inviscid  flow  to 
exist.  The  flow  pattern  corresponding  to  this  condition  of 
a maximum-deflection  shock  wave  can  be  considered  as  a 
‘limiting”  flow  of  all  those  possible.  There  are  obviously 
an  infinite  number  of  possible  flows  for  a given  free-stream 
Mach  Number,  but  only  one  limiting  flo\v. 

The  limiting  value  of  the  base  pressure  coefficient  can  be 
calculated  as  a function  of  the  free-stream  Mach  number  by 
reversing  the  procedure  described  above  for  constructing 
possible  flow  patterns.  Thus,  for  a given  value  of  the  local 
Mach  number  along  the  free  streamline  a limiting  flow  pat- 
tern can  be  constructed  by  requiring  that  the  angle  of  turn- 
ing be  equal  to  the  maximum-deflection  angle  possible  for 
a shock  wave  at  that  particular  local  Mach  number.  By 
use  of  the  Prandtl-Meyer  relations  the  appropriate  value  of 
the  free-stream  Mach  number  is  then  directl}^  calculated 
from  the  angle  of  turning  and  the  local  Mach  number  along 
the  free  streamline.  This  process  can  be  repeated  for  differ- 
ent values  of  the  local  Mach  number  along  the  free  stream- 
line and  a curve  drawm  of  the  limiting  base  pressure  coefficient 
as  a function  of  Mach  number.  Such  a curve  is  presented 
in  figure  3.  The  shaded  area  represents  all  the  possible 
values  of  the  base  pressure  coefl5cient  for  two-dimensional 
inviscid  flow.  The  upper  boundar}^  of  the  shaded  area 
corresponds  to  the  limiting  flow  condition  for  various  free- 
stream  Mach  numbers. 

There  is  no  reason  a priori  to  say  that  for  a given 
the  limiting  flow  pattern  represents  that  particular  one 
which  most  nearfy  approximates  the  flow  of  a real  fluid. 
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The  curve  representing  these  limiting  flow  patterns  can  be 
considered  simply  as  being  the  curve  of  maximum,  base  drag 
(and  hence  maximum  entropy  increase)  possible  in  an  in- 
viscid flow.  This  is  the  only,  interpretation  that  will  be 
given  to  this  curve  for  the  time  being.  Since  it  is  these 
limiting  solutions  which  will  be  singled  out  later  for  further 
use,  a special  symbol  will  be  used  to  designate  the  base 
pressure  coefficient  of  such  flows.  It  is  evident  from  figure 
3 that  in  the  Mach  number  region  shown  the  values  of 
for  two-dimensional  flow  correspond  to  very  high  base  drags, 
being  almost  as  liigh  as  if  a vacuum  existed  at  the  base. 
At  Mach  numbers  greater  than  or  equal  to  6.0,  the  values 
of  Pt^  exactl}^  correspond  to  a vacuum  at  the  base. 

AXIALLY  SYMMETRIC  INVISCID  FLOW  OVER  A SEMI-INFINITE  BODY 

In  principle  the  same  method  of  procedure  can  be  used 
for  inviscid  axially  S3^mmetric  flow  as  was  used  for  inviscid 
two-dimensional  flow.  The  axiaUy  sAunmetric  flows,  how- 
ever, are  somewhat  more  involved  than  the  corresponding 
two-dimensional  flows.  For  example,  in  axially  symmetric 
flow  the  expansion  wavelets  issuing  from  the  corner  of  the 
base  are  not  straight  lines  as  they  are  in  Prandtl-Meyer 
flow.  Moreover,  additional  complications  arise  since  the 
flow  conditions  upstream  of  the  trailing  shock  wave  do  not 
depend  solely  on  the  inclination  of  the  streamlines  at  a 
given  point,  but  depend  on  the  whole  history  of  the  flow 
upstream  of  the  Mach  lines  passing  through  that  point. 
As  a consequence  of  these  complications,  the  free  streamline 
of  constant  pressure  cannot  be  straight. 


1190 


REPORT  1051 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


In  order  to  construct  possible  flow  patterns  as  was  done  in 
the  two-dimensional  case,  the  method  of  characteristics  for 
axially  S3'mmetric  flow  must  be  used.  The  details  of  the 
particular  characteristics  method  emplo^^ed  are  described  in 
reference  6.  By  employing  the  characteristics  method  the 
inviscid  flow  field  corresponding  to  a given  base  pressure  can 
be  constructed  step  b\^  step  for  an^^  given  value  of  the  Mach 
number.  The  shape  of  the  free  streamline  is,  of  course, 
determined  by  the  condition  that  the  pressure  and  the 
velocity  must  be  constant  along  it.  An  example  of  such  a 
construction  for  a free-stream  Mach  number  of  1.5  is  given  in 
figure  4 (a).  In  this  particular  case,  the  base  pressure 


Uniform  flo¥v 


Free  streamline 

Dead -air  space 
Uniform  pressure 

Axis  of  symmetry 


0.552  rj, 


(a)  Afo.=1.5;  Pk»-0.25. 

Figure  4.— Typical  Mach  nets  for  inviscid  flow  over  the  base  of  a semi-inflnite  body  of 

revolution. 

coefficient  which  has  been  chosen  arbitrarily^  is  —0.25.  It  is 
to  be  noted  that  there  is  a striking  difference  between  the 
axially  symmetric  flow  (fig.  4 (a))  and  the  two-dimensional 
flow  (fig.  2).  The  inviscid  flow  pattern  for  the  axially 
sy^mmetric  case  cannot  be  constructed  all  the  way  to  the 
axis  of  symmetry  and  still  satisfy  the  prescribed  boundary^ 
conditions.  This  is  a consequence  of  the  curvature  of  the 
free  streamline  and  the  fact  that  the  Mach  number  along 
the  free  streamline  in  the  case  under  consideration  is  1.84, 
which,  at  the  most,  is  capable  of  deflecting  a streamline  only^ 
19.9°  by^  a single  shock  wave.  As  is  illustrated  in  figure 
4 (a),  the  angle  of  inclination  of  the  free  streamline  for  this 
example  is  already  19.9°  at  a value  of  r/rft=0.552,  where  r is 
the  radial  distance  from  the  axis  and  ri,=hl2  is  the  radius  of 
the  base.  Since  the  angle  of  inclination  of  the  constant- 
pressure  free  streamline  would  continue  to  increase  mono- 
tonically  as  the  axis  is  approached,  the  flow  pattern  of 
figure  4 (a)  cannot  be  constructed  farther  than  the  point 
shown  (r/r6=0.552)  and  still  permit  the  flow  to  be  deflected 
tlirough  a single  shock  wave  and  become  parallel  to  the  axis 
of  symmetry.  This  phenomenon  is  not  attributable  to  the 
particular  combination  of  Mach  number  and  base  pressure 
selected  for  figure  4 (a).  In  figures  4 (b),  4 (c),  and  4 (d), 
other  examples  are  presented  which  illustrate  the  flow  for 
different  values  of  Mach  number  and  for  different  base 
pressures.  In  each  case  the  free  streamline  has  been  ter- 


(c)  A/oo»2.5;  Pfc=-0.11. 


Wd) 


(d)  A/co  =4.0;  Pfc= -0.0800. 
Figure  4.— Condude*!. 
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minaled  at  the  point  wlicre  the  local  angle  of  inclination  is 
equal  to  the  angle  corresponding  to  the  greatest  possible 
deflection  a single  shock  wave.  It  is  evident  that  none 
of  these  flow  patterns  could  be  constructed  down  to  the  axis 
of  symmetry.  Altogether,  approximately  30  flow  patterns 
were  constructed  by  the  characteristics  method;  in  no  case 
could  the  flow  be  constructed  all  the  way  to  the  axis. 

The  flow  patterns  built  up  by  the  method  of  characteristics 
should  not  be  regarded  as  unrealistic  simply  because  the  flow 
cannot  be  constructed  all  the  way  to  the  axis.  In  a real 
fluid  the  flow  outside  the  boundary  layer  is  similar  because 
the  wake  behind  the  body  fills  the  region  near  the  axis  and 
prevents  the  outer  flow  from  reaching  the  axis.  This  fact 
suggests  that  the  a.xially  symmetric  inviscid-flow'  patterns 
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should  be  investigated  further  as  they  might  bear  some 
relation  to  actual  flows  if  the  displacement  eflfect  of  the  wake 
were  considered. 

The  flow  fields  containing  a free  streamline  not  meeting 
the  axis  of  sA^mmetry  can  be  considered  as  those  that  would 
exist  in  inviscid  flow  about  a body  of  revolution  which  has  an 
infiniteh"  long  cjlindrical  rod  (or  ‘‘sting”)  attached  to  the 
base.  As  an  example,  the  flow  of  figure  4 (a)  would  corre- 
spond to  a body  hav  ing  a rod  of  diameter  d=0.552A  attached 
to  the  base.  (See  fig.  5.)  With  such  a model  the  trailing 
shock  wave  turns  the  free  streamline  tlirough  the  greatest 
deflection  possible  for  the  given  local  Mach  number  along 
the  free  streamline.  The  flow  field  is  therefore  the  limiting 
flow  field  of  all  those  possible  for  the  given  free-stream  Mach 


Just  as  in  the  case  of  the  two-dimensional  body,  there  are 
also  an  infinite  number  of  possible  flow^  patterns  for  the  body 
of  revolution  with  a rod  attached.  This  is  true  because  for 
a given  configuration  as  many  additional  flow  patterns  as 
desired  can  be  constructed  by  simply  selecting  the  base 
pressure  to  be  any  pressure  between  the  free-stream  pressure 
and  the  pressure  corresponding  to  the  limiting  flow.  The 
limiting  flow  pattern  is  to  be  given  the  same  physical  sig- 
nificance for  axially  symmetric  flow  for  two-dimensional 
flow;  that  is,  the  corresponding  base  pressure  coefficient 
represents  the  maximum  base  drag  possible  for  an  inviscid 
flow  with  a single  trailing  shock  wave  and  a given  ratio 
of  djh. 

By  choosing  different  values  of  the  base  pressure  co- 
efficient for  a fixed  Mach  number,  the  inviscid  solutions 
determined  by  the  method  of  characteristics  enable  a plot 
of  Pin  against  djh  to  be  made.  This  procedure  has  been 
carried  out  for  Mach  numbers  of  1.25,  1.5,  2.0,  2.5,  3.0, 
and  4.0.  The  results  are  showm  in  figure  6.  Each  point  on 
the  curves  in  tliis  figure  represents  one  flow  pattern  con- 
structed by  the  characteristics  method.  The  values  for 
d/A=0  correspond  to  the  semi-infinite  bod}"  without  a rod 
attached.  It  is  to  be  noted  that  for  each  curve  in  figure  6 
the  value  of  extrapolates  to  zero  as  djh  approaches  zero. 
This  means  that  the  base  pressure  is  equal  to  the  free- 
stream  static  pressure,  the  free  streamline  is  undeflected, 
and  the  base  drag  is  zero.  Hence,  the  limiting  flow  pattern 


Figure  6. — Parameter  proportional  to  the  maximum  base  drag  possible  in  an  inviscid  axially 
• S3rmmetric  flow. 


and  the  infinity  of  possible  inviscid  flows  for  0<Cd/A<Cl 
degenerate  into  a single  trivial  solution  corresponding  to 
zero  base  drag  for  d/A=0.  This  behaviour  appears  anoma- 
lous on  first  thought,  particularly  when  one  remembers 
that  the  coefficient  represents  the  maximum  possible 
base  drag  that  can  exist  for  an  inviscid  flow  of  the  type 
being  considered.  An  explanation  can  be  obtained  from  a 
consideration  of  the  equations  of  motion  since  they  are  the 
basis  for  the  method  of  characteristics.  This  explanation, 
however,  is  not  essential  for  an  understanding  of  the  main 
conclusions  regarding  base  pressure,  and  hence  is  presented 
as  Appendix  A. 

In  figure  6 the  limiting  values  as  djh  approaches  1.0 
correspond  to  the  previously  treated  case  of  two-dimensional 
flow.  It  can  be  seen  that  this  must  be  the  case  by  visualizing 
the  limiting  process  as  taking  place  with  both  d and  h 
approaching  infinit}",  but  with  the  difference  {h-d)  held 
constant.  The  configuration  approached  in  this  manner 
would  be  a two-dimensional  step  of  height  (h-d)l2;  hence 
the  pressure  coefficient  approached  would  be  the  limiting 
base  pressure  coefficient  for  two-dimensional  inviscid  flow. 
On  the  other  hand,  if  d/h  is  equal  to  unity  (instead  of  ap- 
proaching it  from  values  always  less  than  unity),  then  the 
corresponding  configuration  would  be  a semi-infinite  body 
of  revolution  with  a cylindrical  rod  of  the  same  diameter 
attached  to  the  base.  Although  no  dead-air  region  exists 
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in  this  latter  case  since  the  flow  is  everywhere  uniform,  the 
base  pressure  in  the  physical  sense  would  be  the  static 
pressure  at  the  junction  of  body  and  rod,  and  hence 
would  be  zero. 

The  occurrence  of  more  than  one  possible  solution  in 
two-dimensional  flow  and  also  in  axially  sj’mmetric  flow 
with  a rod  attached  does  not  represent  a new’  occurrence  in 
inv’iscid  flow  theory.  A similar  situation  occurs,  for  e.x- 
ample,  in  airfoil  theorj’  for  an  inviscid,  incompressible 
fluid.  As  is  well  known,  a satisfactory  solution  in  this  case 
has  been  found  in  the  use  of  the  so-called  Kutta  condition, 
which  can  be  readily  justified  on  the  basis  of  qualitative 
consideration  of  viscous  effects  near  the  trailing  edge. 
Apart  from  the  effects  of  viscosity  several  other  consider- 
ations, such  as  stability  of  the  flow’,  also  have  been  of 
importance  in  other  um-elated  problems  w’hen  selecting  a 
suitable  inviscid  flow  solution  from  a possible  choice  of 
more  than  one.  As  an  example  of  this,  the  invdscid  channel 
flow’  studied  in  reference  7 may  be  cited.  For  the  present 
problem,  however,  the  preceding  analysis  of  axiallj*  sym- 
metric inviscid  flows  points  toward  viscous  effects  (rather 
than  stability  of  inviscid  flow)  as  being  the  essential  mechan- 
ism determining  the  base  pressure.  Before  considering 
viscous  effects,  however,  the  effect  on  base  pressure  of  v’ari- 
ations  in  profile  shape  w’ill  be  analyzed  in  detail  since  e.xperi- 
ments  have  indicated  widely  different  results  for  various 
profiles.  The  method  presented  later  for  correlating  base 
pressure  data  requires  that  the  measurements  first  be  cor- 
rected for  the  effect  of  profile  shape.  In  the  section  which 
follows  equations  are  developed  for  such  a correction. 

TWO-DIMENSIONAL  AND  AXIALLY  SYMMETRIC  INVISCID  FLOW  OVER 
FINITE  PROFILES 

In  this  section  consideration  is  given  to  the  flow  over  a 
finite  tw’o-dimensional  profile  concurrently  with  that  of  a 
finite  body  of  revolution.  For  either  type  of  flow’,  the 
presence  of  the  profile  causes  the  Mach  number  and  pressure 
in  the  flow  field  ahead  of  the  base  {M,  p)  to  be  nonuniform 
and  different  from  free-stream  conditions  (M„,  p„).  This 
is  illustrated  in  figure  7 (a)  for  a profile  without  boat  tailing. 
As  a result  of  the  disturbance  caused  by  the  profile,  the  base 
pressure  depends  on  profile  shape  even  in  an  inviscid  flow. 
In  this  section,  a method  is  developed  for  calculating  cor- 
rected free-stream  conditions  (M',  p')  to  which  the  base 
pressure  can  be  referred  and  be  nearly  independent  of  profile 
shape.  This  method  does  not  depend  on  the  magnitude  of 
the  base  pressure  or  on  the  dimension  d (fig.  7 (a)),  and  hence 
is  useful  in  comparing  experimental  measurements  made  on 
various  airfoils  and  bodies  of  revolution. 

To  fix  ideas,  the  Mach  lines  shown  as  dotted  lines  in  figure 
7 (a)  will  be  thought  of  as  representing  weak  pressure 
waves;  those  w’ith  positive  tangents  (e.  g.,  DD)  being  mem- 
bers of  the  so-called  first  family,  and  those  w’ith  negative 
tangents  (e.  g.,  DA)  being  members  of  the  so-called  second 
family.  Weak  pressure  waves  issuing  from  the  body  can 
affect  the  base  pressure  in  several  w’ays.  For  example, 
waves  of  the  first  familj’  starting  between  D and  E not  only 
affect  conditions  at  A,  but  also  affect  conditions  between  A 


(a)  Finite  profile. 

(b)  Finite  profile  with  extended  afterprofile. 

Figure  7.— Sketch  of  inviscid  fiow  over  finite  profile  without  boattailing. 


and  G.  Such^aves  reflect  from  the  bow  shock  wave  be- 
tween D and  E and  then  becom^  members  of  the  second 
family  of  waves  between  DA  and  EG  which  directly  interact 
with  th£  dead-air  region.  Waves  of  the  second  family 
beyond  EG  would  not  affect  the  base  pressure  in  an  inviscid 
flow.  The  net  effect  of  profile  shape  on  the  base  pressure  of 
a finite  body,  therefore,  will  be  determined  both  by  condi- 
tions at  A and  by  the  variation  of  conditions  between  A and 
G.  If  a hypothetical  afterprofile  were  extended  from  the 
base,  as  illustrated  in  figure  7 (b),  then  such  conditions 
would  cause  the  average  pressure  (p')  and  Mach  number 
(M')  along  AH  of  the  extended  afterprofile  to  differ  from  the 
corresponding  free-stream  conditions.  These  differences 
would  represent  the  disturbance  field  induced  near  the  base 
b}^  the  profile  shape,  and  the  base  pressure  referred  to  il/'  and 
V (^*  ^ > ^ curve  of  P/  or  p^jp'  versus  M')  could  be  regarded 
as  corrected  for  the  effects  of  profile  shape  in  inviscid  flow.^ 
By  appMng  the  compatibility  equations  of  the  method  of 
characteristics  for  either  two-dimensional  or  axially  sym- 
metric flow^  to  the  triangle  AGH  in  figure  7 (b),  it  can  be 
deduced  that  the  magnitude  of  the  velocity  averaged  at 
points  A and  H is  approximately  equal  to  the  magnitude  of 
the  velocity  at  point  G.  Thus,  M'  and  p'  can  be  evaluated 
either  from  conditions  along  a hypothetical  extended  after- 
profile,  or  else  from  conditions  at  an  appropriate  point  (G)  in 
the  flow  over  the  given  profile. 

A second  case  to  be  considered  is  that  of  a profile  having  a 


average  M^h  number  and  pressure^indu(«Tin^heVic^ilS^Vmiel«s^bythTS‘^^*^th^^  subsonic  wind-tun^l  operation:  the  former  represent  the 
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negative  boattail  angle  (|8),  as  illustrated  in  figure  8 (a). 
This  flow  can  be  converted  to  an  equivalent  flow  over  a 
profile  without  boattailing  having  the  same  base  pressure 
as  the  flow  of  figure  8 (a)  and  certain  nonuniform  conditions 
ahead  of  the  base.  This  equivalent  flow,  illustrated  in  figure 
8 (b),  is  identical  to  the  t3pe  ahead}’  considered  and  is  such 
that  the  flow  within  C'O'G'  coincides  with  the  flow  within 
COG  in  figure  8 (a).  Point  G,  therefore,  is  defined  b}’  the 
intersection  of  the  Mach  line  passing  through  C,  and  the 
particular  Mach  line  passing  through  O on  which  the  ve- 
locity vector  at  0 is  parallel  to  the  free-stream  dhection. 
Hence,  for  this  second  case  also,  M'  and  p'  can  be  deter- 
mined approximate!}"  either  from  conditions  on  a hypo- 
thetical extended  afterprofile,  or  else  from  conditions  in  the 
original  flow  at  point  G. 


(a)  /J<0.  (b)  Equivalent  flow  for  /J<0. 

(c)  ^>0.  . (d)  Equivalent  flow  for  ^>0. 

Figure  8— Sketch  of  inviscid  flow  in  vicinity  of  base  for  proflles  with  boattailing. 

A third  and  last  case  to  be  considered  is  that  of  a profile 
having  a positive  boattail  angle,  as  illustrated  in  figure  8 (c). 
This  flow  also  can  be  converted  to  an  equivalent  flow  over  a 
profile  without  boattailing  having  the  same  base  pressure 
as  the  original  flow  (fig.  8 (c)),  and  certain  nonuniform  con- 
ditions ahead  of  the  base.  As  sketched  in  figure  8 (d), 
the  equivalent  flow  ahead  of  the  base  is  such  that  the  con- 
ditions downstream  of  O'J'  are  identical  to  conditions  down- 
stream of  OJ  in  figure  8 (c).^  Thus  for/3>0.  A/'  and  p'can 
be  determined  approximately  from  conditions  at  G'  in  the 
equivalent  flow’,  or  else  from  conditions  along  a hypothetical 
profile  extended  downstream  from  O',  but  A/'  and  p'  do  not 
necessarily  exist  at  any  easily  determined  point  in  the 
original  flow’. 

For  any  profile  the  relationship  between  the  base  pressure 
coefficient  Pb^  {Pb—p')lQ.'  which  corresponds  to  the  Mach 
number  A/',  and  the  base  pressure  coefficient  (Pb—Pa>)/0.a> 

which  corresponds  to  the  Mach  number  A/„  and  to  the  given 
profile,  is  given  by  the  equation 

p,'=^{p,-p')  (1) 

where 

P'={p'-pJlqo,  (2) 


and,  if  the  profile  disturbance  field  is  small, 


A/„ 


7—1 

2 


(3) 


In  this  last  equation  (derived  in  appendix  C),  ApolPo  is  the 
fractional  loss  in  totab  pressure  on  passing  through  the  bow- 
wave.  If  the  ratio  PblPo»  is  used  instead  of  the  coefficient  P*,, 
the  analogous  relation  between  the  ratio  pbjp'  and  PbjPm 
obviously  is 


Pb^  1 Pb 
P'  ip'lpJ 


(4) 


For  a given  profile,  these  equations  enable  a curve  of  (or 
Pb/p')  vei-sus  A/'  to  be  plotted  if  a curve  of  P&  (or  PblPa>) 
versus  A/„  is  known. 

In  order  to  further  clarify  the  concept  of  the  disturbance 
field  induced  by  profile  shape,  and  also  to  illustrate  the 
magnitude  of  the  variations  in  base  pressure  that  might  be 
expected  between  different  profiles,  some  representative 
calculations  of  A/'  and  p'  have  been  prepared  in  tables  I,  II, 
and  III.  For  simplicity  in  these  calculations.  A/'  and  p' 
have  been  evaluated  along  the  hypothetical  extended  after- 
profile  at  a distance  h behind  the  base  position,  rather  than 
to  use  in  each  case  a more  involved  average  over  the  appro- 
priate extent  of  dead  air.  Table  I applies  to  tw’o-dimen- 
sional  flow  over  the  particular  profile  shown.  The  compu- 
tations for  M„  = l are  based  on  the  pressure  distributions 
calculated  by  Guderley  and  Yoshihara  in  reference  8;  the 
computations  for  other  Mach  numbers  in  this  table  are  based 
on  shock-expansion  theory.  It  is  evident  that  the  disturb- 
ance field  near  the  base  is  significant  at  low  supersonic 
Mach  numbers  where  the  bow  wave  is  detached,  and  also  at 
hypersonic  Mach  numbers  where  the  bow  w"ave  is  very  strong. 
At  moderate  supersonic  Mach  numbers,  however,  the  profile 
disturbance  field  in  two-dimensional  flow’  is  negligible,  and 
conditions  on  a thin  airfoil  depend  solely  on  the  local  surface 
inclination.  It  follows  that  the  base  pressure  under  such 
circumstances  is  nearly  independent  of  profile  shape  and 
boattail  angle.  (If  the  angle  of  attack  is  small  the  base 
pressure  is  also  nearly  independent  of  angle  of  attack  under 
these  conditions.) 

Table  II,  which  is  based  on  the  method  of  characteris- 
tics, applies  to  the  cone-cylinder  body  of  revolution  shown, 
and  illustrates  that  the  correction  for  the  profile  disturbance 
field  is  not  large  if  the  afterbody  comprises  a cylinder  several 
diameters  long.  For  example,  at  a Mach  number  of  1.5 
for  which  the  value  of  PblPo,  is  about  0.7,  the  value  p'IPo^  = 
0.98  corresponds  to  a correction  of  about  6.7  percent  to  the 
base  drag  (since  the  base  drag  is  proportional  to  (1— p&/Poo))- 

Table  III  applies  to  a cone  (/3=  — 10°),  and  illustrates 
that  the  correction  for  such  profiles  can  be  sizable.  At  a 
Mach  number  of  1.5,  for  example,  the  induced  pressure  field 
in  this  case  amounts  to  over  one-fourth  of  the  base  drag. 
For  larger  apex  angles,  the  corresponding  correction  for 
cones  can  be  considerably  larger.  It  is  to  be  noted  that 
the  induced  pressure  field  usually  represents  a much  more 
important  correction  to  base  drag  than  the  induced  Mach 
number  field. 


> Such  an  equivalent  flow  can  readily  be  constructed  if  the  Mach  number  on  the  surface  Just  ahead  of  the  base  in  the  original  flow  is  sufficiently  large,  or  if  ^ is  sufficiently  small,  to 
insure  supersonic  velocities  along  O'G'  in  the  equivalent  flow. 
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II.  A SEMI-EMPIRICAL  METHOD  FOR  CORRELATING  BASE 
PRESSURE  MEASUREMENTS  AND  COMPARISON  WITH 
EXPERIMENTAL  RESULTS 

QUAUTATIVE  EFFECTS  OF  VISCOSITY  ON  THE  BASE-PRESSURE  FLOW 

A sketch  showing  tlie  qualitative  flow  characteristics  for 
the  viscous-fluid  flow  in  the  region  of  the  base  is  given  in 
figure  9.  The  flow  along  the  fii*st  expansion  wavelet  starts 
with  the  nonuniform  distribution  of  Mach  number  A/,  pres- 
sure and  with  a boundary-layer  thickness  6.  Because 
the  base  jiressure  is  lower  than  the  pressure  p,  a small  fan 
of  expansion  wavelets  originates  at  point  A.  The  existence 


Figure  9.— Sketch  of  the  viscous-fluid  flow  in  the  neighborhood  of  the  base. 


turn  increases  the  scavenging  action,  thereby  again  lower- 
ing the  pressure  and  starting  the  c}de  over  again.  Thus, 
point  C moves  rapidly  to  a position  as  close  to  the  base  as 
possible.  There  is,  however,  at  least  one  important  factor 
which  prevents  point  C from  going  as  far  toward  the  base 
as  that  point  which  would  roughly  represent  the  limiting 
solution  for  inviscid  flow.  As  C moves  toward  the  base, 
the  pressure  ratio  of  the  trailing  shock  wave  increases, 
making  it  more  difficult  for  the  scavenged  air  and  the  low^- 
velocity  air  in  the  boundaiy  layer  to  overcome  the  pressure 
rise  of  the  shock  wave  and  flow  downstream.  The  opposi- 
tion of  this  effect  to  the  ones  mentioned  previously  would 
serve  to  establish  equilibrium.  It  appeal's,  therefore,  that  a 
satisfactory  theory  of  base  pressure  would  have  to  consider 
the  mixing  process  in  conjunction  with  the  inviscid -fluid 
characteristics  of  the  outer  flow. 

BASIS  FOR  CORRELATION  OF  EXPERIMENTAL  DATA 

It  is  assumed  that  the  flow  expands  over  the  corner  of  the 
base  as  illustrated  in  figure  9.  The  base  thickness  h would 
be  the  trailing-edge  thickness  in  the  case  of  two-dimensional 
flow,  and  would  be  the  base  diameter  in  the  case  of  axially 
symmetric  flow.  An  attempt  to  correlate  the  various 
measurements  of  base  pressure  is  made  on  the  basis  of  the 
relationship 

(5) 


of  dead  air  in  a small  volume  immediately  behind  the  base 
is  a result  of  the  separation  at  point  B.  As  a consequence 
of  th^  formation  of  a dead-air  region  it  might  be  expected 
that  the  pressure  along  the  streamline  BC  is  approximately 
constant.  The  qualitative  form  of  the  boundary-layer  pro- 
files at  stations  between  points  B and  C must  take  on  the 
same  nature  as  those  existing  at  the  boundary  of  a super- 
sonic jet  issuing  into  ambient  air.  Because  of  the  viscosity 
of  the  fluid,  the  dead  air  is  induced  into  a circulatory  motion 
in  the  directions  indicated  by  the  small  arrows  in  figure  9. 
The  viscous  mixing  process  causes  the  boundary  layer  to 
thicken  as  it  approaches  point  C.  In  axially  symmetric 
flow  there  is  an  additional  reason  for  further  spreading  of 
the  streamlines  in  the  boundary  layer  as  the  trailing  shock 
wave  is  approached.  Since  the  mean  radius  of  a stream- 
tube  in  the  boundary  layer  continuall}^  decreases  as  the 
trailing  shock  wave  is  approached,  additional  spreading  is 
brought  about  in  order  to  keep  the  annular  cross-sectional 
area  of  the  streamtubes  approximately  constant. 

With  this  qualitative  picture  of  the  flow  processes  in  mind, 
a brief  description  can  be  given  as  to  how  the  base  pressure 
arrives  at  its  steady-state  equilibrium  value.  To  fix  condi- 
tions in  mind,  suppose  a jet  of  air  is  pumped  from  the  body 
into  the  dead-air  region  and  then  is  suddenly  stopped.  At 
the  instant  the  jet  is  turned  off,  point  C is  far  do^v^lstream 
of  its  equilibrium  position.  Due  to  the  scavenging  effect 
of  the  outside  flow  on  the  mass  of  dead  air,  some  of  this 
dead  air  is  removed,  thus  causing  the  angle  of  turning  at 
the  corner  to  be  increased  and  the  pressure  of  the  dead-air 
region  to  be  decreased.  The  larger  angle  of  turning  in- 
creases the  velocity  outside  the  boundary  layer,  which  in 


which  assumes  that  the  base  pressure  coefficient  corrected 
for  the  profile  disturbance  field  is  affected  by  viscous  effects 
only  through  the  ratio  of  boundary-layer  thickness  to  base 
thickness.  Actually,  even  for  a fixed  value  of  bjh  the  base 
pressure  would  be  affected  by  anything  that  affects  the 
distribution  of  fluid  properties  within  the  boundary  layer 
or  within  the  mixing  layer  downstream  of  the  base.  It 
will  be  seen  subsequently,  though,  that  in  many  cases  the 
above  relationship  yields  acceptable  results. 

If  the  boundary-layer  flow  is  laminar,  then  from  dimen- 
sional analysis  and  the  classical  considerations  of  the  terms 
involved  in  the  boundary-layer  equations,  it  follows  that 

profile  shape) 


Rewriting  this  equation, 


5 Ljh 


/(A/„,  profile  shape) 


C L 
■\Re  ^ 


where  C is  a function  of  the  Mach  number  and  profile  shape, 
but  independent  of  viscosity.  For  a given  i/A,  variations 
in  profile  shape  affect  the  boundary-layer  thickness  prin- 
cipally tlirough  the  action  of  the  pressure  gradients  set  up 
by  the  particular  profile  contour.  As  a first  approximation 
the  effects  of  variations  in  pressure  distribution  on  the  thick- 
ness of  the  boundary  layer  just  ahead  of  the  base  will  be 
neglected  since  these  effects  in  most  cases  should  be  small 
compared  to  the  effects  of  Reynolds  number  and  Ljh  ratio. 
Within  the  limits  of  this  simplification,  the  above  equation  is 
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applicable  to  any  profile  shape  or  length.  Hence  in  correlat- 
ing the  data  for  laminar-boundaiy-layer  flow,  the  parameter 
L|{h^/Re)  is  used  in  the  absence  of  direct  measurements  of 

In  the  case  of  turbulent  flow  a similar  parameter  can  be 
•obtained.  approximating  the  turbulent  boundar}'- 

layer  profile  with  a 1/7-power  law,  the  ratio  8/h  for  low- 
tspeed  flow  turns  out  to  be  inversely  proportional  to  the 
1/5  power  of  the  Reynolds  number.  (For  example,  see 
Teference  9.)  Using  this  result,  the  appropriate  parameter 
in  correlating  base-pressure  data  for  turbulent  boundary- 
layer  flow  would  be  L/[h(Rey^^]. 

EXPERIMENTAL  DATA  FOR  TWO-DIMENSIONAL  FLOW 

At  present  the  available  experimental  results  on  base 
pressure  in  two-dimensional  flow  are  rather  limited,  but  the}’’ 
are  sufficient  to  provide  a qualitative  check  on  one  particular 
result  of  the  inviscid-flow  calculations;  this  result  concerns 
the  essential  difference,  as  indicated  by  the  inviscid-flow 
•calculations,  between  the  base  pressure  in  two-dimensional 
flow  and  in  axially  symmetric  flow.  The  absolute  magnitude 
•of  the  base  pressure  coeflficient  for  two-dimensional  inviscid 
flow  at  a given  Mach  number  is  represented  by  the  limit  of 
the  values  for  axially  symmetric  flow  as  d/h  approaches 
unity  in  figure  6.  For  low  and  moderate  supersonic  Mach 
numbers  this  limiting  value  is  several  times  the  value  for  a 
body  of  revolution,  which,  as  will  be  seen  later,  is  represented 
in  figure  6 by  a d/h  ratio  somewhere  between  0.5  and  0,8. 
For  high  supersonic  Mach  numbers  the  difference  between 
the  two  types  of  flow,  according  to  figure  6,  is  small.  These 
considerations  which  indicate  that,  except  at  high  supersonic 
Mach  numbers,  a pronounced  difference  should  exist  between 
the  base  pressure  m two-dimensional  and  axially  symmetric 
flow,  are  in  agreement  with  existing  data.  In  reference  10, 
the  wind-tunnel  measurements  for  two-dimensional  flow  over 
a wedge  airfoil  at  a Mach  number  of  1.4  and  a Reynolds 
number  of  0.6  million  indicate  a value  of  —0.41  for  the  base 
pressure  coefficient.  Measurements  presented  later  for  axi- 
ally s}Tnmetric  flow  at  the  same  Mach  number  and  Reynolds 
number,  however,  indicate  values  around  —0.20.  This 
large  diflerence  is  in  accord  qualitatively  with  the  considera- 
tions based  on  the  curves  of  figure  6. 

In  order  to  make  a preliminary  evaluation  of  the  Rejmolds 
number  eflect  on  base  pressure  in  two-dimensional  flow, 
some  measurements  have  been  made  on  a constant-chord 
wing  of  finite  span  having  a thick  trailing  edge.^  Because 
the  ambient  air  near  the  wing  tips  can  flow  laterally  around 
the  tip  and  into  the  low-pressure  region  behind  the  base,  the 
data  cannot  be  considered  as  strictly  representing  two- 
dimensional  flow.  Nevertheless,  the  ratio  of  span  to  base 
thiclmess  (40)  was  sufl&ciently  large  on  the  wing  employed 
so  that  tip  effects  should  not  affect  conclusions  concerning 
the  qualitative  influence  of  Reynolds  number  on  base  pres- 
sm'e  in  two-dimensional  flow.  The  results  of  base-pressure 
measiu-ements  taken  at  a Mach  number  of  2,0  are  shown  in 
figure  10  (a).  It  is  apparent  that  the  base  drag  increases 
considerably  as  the  Reynolds  number  increases.  Since  the 
surfaces  of  the  \vings  were  smooth,  and  the  highest  Reynolds, 


number  attained  was  1.8  million,  the  data  are  representative 
of  the  case  of  laminar  flow  in  the  boundar\’^  layer.  A plot 
of  these  data  against  the  parameter  is  shown  in 

fiigure  10  (b). . It  is  to  be  noted  that  in  this  form  a straight 
line  can  be  faired  through  the  data  in  the  region  covered  by 
the  tests.  For  larger  values  of  Llih^lWe)  the  line  would  be 
expected  to  curve  and  approach  the  line  representing  zero 
base  drag. 


(a)  Base  pressure  as  a function  of  Reynolds  number. 

(b)  Base  pressure  as  a function  of  Lfh 

Figure  10.— Measured  base  pressure  on  a finite-span  wing;  =2.0,  ratio  of  wing  span  to 

base  thickness  =40. 

EXPERIMENTAL  DATA  FOR  AXIALLY  SYMMETRIC  FLOW 

Fortunately,  there  are  sufficient  experimental  data  avail- 
able for  axially  s3Tnmetric  flow  to  make  a fairly  extensive 
correlation  of  Ptf  with  the  parameters  LlQi^jR^  and 
LI[h{ReY^^]y  where  h is  now  the  base  diameter.  Most  of 
these  data  have  been  obtained  from  wind-tunnel  measure- 
ments on  bodies  of  revolution  mounted  from  the  rear  b}^  a 
cylindrical  support.  Accordingly,  a knowledge  of  the  pos- 
sible support  and  wall  interference  effects  is  necessary  for 
a satisfactory  interpretation  of  the  wind-tunnel  measure- 
ments. Some  experimental  data  on  support  interference 
and  reflected  bow-wave  .interference  are  presented  in  ap- 
pendix B.  It  will  suflfice  for  the  present  purposes  to  state 
that  the  wind-tunnel  measurements  were  taken  mth  a 
support  sting  of  sufltcient  unobstructed  length  so  that  no 
interference  effect  of  support  length  is  present  in  the  data. 
Likewise,  no  appreciable  interference  resulting  from  the 


4 These  data  were  taken  in  the  Ames  1-  by  3-foot  superosnic  wind  tunnel  No.  1 employing  a wing  of  9-inch  span  with  a base-pressure  orifice  located  1 inch  outboard  of  the  plane  of  symmetry. 
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reflected  bow  wave  is  present  in  the  data.  As  regards  the 
effects  of  support  diameter,  it  is  known  from  a relativ^ely 
complete  set  of  interference  measurements  made  by  Perkins 
(reference  11),  part  of  wliich  is  presented  later,  that  the  data 
taken  at  M=1.5  are  essentiall3‘  free  of  support  interference. 
At  the  higher  Mach  numbers,  however,  a complete  set  of 
support-diameter  interference  measurements  was  not  made. 
Consequently,  some  effect  may  be  present  in  the  data  taken 
at  M=2.0  and  il/=2.9.  For  consistenc}^,  these  data  which 
may  be  affected  to  a small  extent  b^^  support-diameter 
interference  have  been  taken  with  a fixed  value  of  0.4  for 
the  ratio  of  support  diameter  to  base  diameter.  com- 
paring the  base  pressure  measured  on  various  bodies  tested 
with  the  same  relative  support  diameter,  the  effects  of  bod}' 
shape  can  be  deduced  if  it  is  assumed  that  changes  in  nose 
shape  do  not  produce  significant  changes  in  the  support 
interference.  This  is  believed  to  be  a valid  assumption  for 
the  body  and  support  dimensions  used. 

In  reducing  the  experimental  data  for  correlation,  the 
measurements  are  first  corrected  for  the  disturbance  field 
induced  by  profile  shape.  All  bodies  of  revolution  used  in 
the  present  experiments  consisted  of  either  a cone-cylinder 
(lO*^  semiangle  of  cone)  or  an  ogive-cylinder  (10-caliber 
ogival  radius)  combination.  In  order  to  determine  the  body- 
shape  correction  (P')  the  pressure  distribution  over  such 
combinations  has  been  calculated  using  the  method  of  charac- 
teristics. Two  typical  pressure  distributions  for  a Mach 


Figure  ll.— Typical  pressure  distribution  as  determined  by  the  method  of  characteristics; 

=2.0. 


number  of  2.0  are  showm  in  figure  11.  For  the  reasons 
explained  earlier,  the  correction  P'  is  determined  b}^  selecting 
the  value  of  the  pressure  coefficient  existing  on  an  extension 
of  the  cylindrical  afterbody  at  a location  approximate!}" 
one  diameter  downstream  of  the  base  position.  The  values 
of  P'  determined  in  tliis  maimer  enable  the  corresponding 
values  of  P&'  to  be  determined  from  equations  (1)  and  (3). 

The  quantity  Pif  should  not  depend  on  the  body  shape  for 
a given  M'.  For  all  but  a few  exceptional  shapes,  such  as 
a simple  cone  without  an  afterbody,  the  Mach  number  M' 
in  the  present  tests  is  sufficiently  close  to  the  free-stream 
Mach  number  to  enable  a dii'ect  comparison  to  be  made 
between  various  body  shapes  after  correcting  for  the  pres- 
sure disturbance  field  only.  For  these  exceptional  cases, 
which  represent  small  values  of  the  length-diameter  ratio, 

dP 

an  additional  correction  is  added  to  the 

right  side  of  equation  (1),  so  that  the  comparison  of  various 
bodies  is  made  on  the  basis  of  a constant  M'  equal  to 
Since  even  in  an  extreme  case  this  latter  correction  is  small 

dP 

compared  to  P',  the  derivative  can  be  roughly  estimated 

without  affecting  the  final  results  appreciably.  For  the 
data  to  be  presented  subsequently,  this  correction  was  made 
only  for  those  bodies  with  a length-diameter  ratio  of  4 or 
less,  since  it  amounted  to  only  6 percent  of  the  measured 
data  in  the  most  extreme  case  {Ljh—O.^)  and  was  negligible 
for  the  bodies  with  Lfh  greater  than  4. 

In  attempting  to  correlate  the  available  experiments  it 
will  be  convenient  to  consider  first  the  case  of  laminar  flow 
in  the  boundary  layer,  and  then  the  case  of  turbulent  flow. 
The  experiments  representing  the  case  of  laminar  boundary- 
layer  flow  were  conducted  on  bodies  of  revolution  with 
polished  surfaces,  and  those  representing  turbulent  flow 
were  conducted  on  the  same  models  with  artificial  roughness 
added  in  the  form  of  a narrow  transition  strip.  (See  refer- 
ence 12.)  Although  for  simplicity  the  data  are  referred 
to  simply  as  representing  either  laminar  or  turbulent  flow, 
in  a few  cases  the  actual  boundary  layer  may  be  in  the 
transition  state.  It  is  to  be  noted  that  with  smooth  models 
transition  (insofar  as  it  affects  base  pressure)  probably 
begins  at  Reynolds  numbers  of  the  order  of  4 million. 
Likewise,  with  rouglmess  added  in  order  to  obtain  turbulent 
flow,  the  artificial  roughness  may  not  bring  about  complete 
transition  ahead  of  the  base  at  Reynolds  numbers  less  than 
about  2 million. 

Laminar  boundary-layer  flow  approaching  base. — Wind- 
tunnel  measurements  of  the  base  pressure  for  various  bodies 
of  revolution  at  a Alach  number  of  1.53  are  shown  in  figure 
12  (a).  These  data,  taken  from  reference  12,  include  the 
effect  of  variations  in  Re}molds  number  and  body  shape. 
The  large  effect  of  both  Re}molds  number  and  body  shape 
is  evident.  Since  the  boundary-layer  flow  is  laminar*  for 
these  data,  the  extent  to  which  correlation  is  achieved  is 
most  easily  determined  by  plotting  P[  as  a function  of 
L|{h^|Re)•  Figure  12  (b)  shows  the  data  of  figure  12  (a) 
plotted  in  this  form,  from  which  it  is  evident  that  the  experi- 
mental data  correlate  reasonably  well  to  a single  curve.  The 
scatter  of  the  various  measurements  about  the  mean  line 
is  attributed  partly  to  the  fact  that  the  thickness  and 
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(a)  Measured  data,  Mm  =1.53. 

(b)  Correlation  of  measured  data,  M'=l,53. 

Figure  12.— Measured  and  correlated  base  pressure  data;  A/oo  = 1.53,  laminar  boundary- 

layer  flow. 


velocity  profile  of  the  boundary  layer  approaching  the  base, 
and  hence  the  base  pressure,  are  not  strictl}^  a function 
of  the  Re}^nolds  number  and  length-diameter  ratio  alone. 

The  results  of  some  measurements  of  the  base  pressure 
for  various  bodies  with  laminar  boundar}^-layer  flow  at  a 
Mach  number  of  2.0  are  shown  in  figure  13  (a).  The  data 
through  which  curves  are  drawn  were  taken  in  the  Ames 
1-  b}’'  3-foot  supersonic  wind  tunnel  No.  1 under  conditions 
similar  to  the  tests  at  a Mach  number  of  1.53  reported  in 
reference  12.  The  remaining  data  points  were  obtained 
from  the  experiments  of  Kurzweg  (reference  13)  b}^  plotting 
his  data  for  insulated  smooth  bodies  as  a function  of  Mach 
number,  and  reading  the  values  of  base  pressure  for  M„=2.0 
from  the  faired  curves.  The  same  qualitative  effects  of 
bod}^  shape  and  Re}molds  number  as  were  observed  at  a 
Mach  number  of  1.53  are  evident  from  these  data  obtained 
at  the  higher  Mach  number.  Figure  13  (b)  shows  the  data 
of  figure  13  (a)  plotted  in  the  form  suitable  for  correlation 
according  to  the  theoretical  considerations.  Considering 
the  wide  variety  of  bod}^  shapes  tested,  it  can  be  seen  that 
these  data  also  correlate  reasonably  well  to  a single  straight 
line.  If  the  tests  were  extended  to  larger  values  of  Z/A, 
this  line  presumably  would  curve  and  approach  the  abscissae 
axis. 

Turbulent  boundary-layer  flow  approaching  base. — The 
results  of  wind-tunnel  measurements  of  base  pressure  on 
bodies  of  revolution  at  a Mach  number  of  1.5  with  turbulent 


(a)  Measured  data,  =2.0. 

(b)  Correlation  of  measured  data,  j\f'=2.0. 

Figure  13.— Measured  and  correlated  base  pressure  data;  i\foo=2.0,  laminar  boundary- 

layer  flow. 

boundaiy-layer  flow  approaching  the  base  are  shown  in 
figure  14  (a).  Also  shown  in  this  figure  are  the  results 
of  free-flight  measurements  reported  by  Charters  and 
Turetsky  in  reference  5.  It  is  evident  from  this  figure  that 
the  effect  of  RcATiolds  number  on  base  pressure  is  small; 
whereas  figure  12  (a)  shows  that  it  is  large,  in  the  case  of 
laminar  boundaiy-laA-er  flow. 

The  measured  data  of  figure  14  (a)  are  shown  in  figure  14  (b) 
plotted  in  the  form  suitable  for  purposes  of  correlating  experi- 
mental data.  Since  the  body-shape  correction  (P')  is 
independent  of  ahscous  efl‘ects,  the  same  corrections  have 
been  used  for  the  case  of  turbulent  flow  as  were  used  for 
laminar  flow.  It  may  be  seen  from  figure  14  (b)  that  the 
data  correlate  fairh^  well  to  a straight  line. 

Some  experimental  data  for  turbulent  boundary-la3^er 
flow  at  a Mach  number  of  2.0  are  shown  in  figure  15  (a) 
and  the  plot  of  P&'  against  Z/[/i(Pe)^^^  is  shown  in  figure 
15  (b).  The  curves  in  these  figures  show  the  same  charac- 
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Ll[h(Reyi>'\ 

(a)  Measured  data,  Moo  =1.5. 

(b)  Correlation  of  measured  data,  M^=1.5. 

Figure  14.— Measured  and  correlated  base  pressure  data;  Moo  =1.5,  turbulent  boundary- 

layer  flow. 

teristic  of  relatively  constant  base  pressure  as  was  noted 
above  for  turbulent  boundary-layer  flow  at  a Mach  number 
of  1.5,  Again,  there  is  a reasonably  good  correlation  of 
these  data,  as  is  evident  from  figure  15  (b). 

COMPARISON  OF  EXPERIMENTAL  RESULTS  WITH  THE  INVISCIt)-FLOW 

CALCULATIONS 

Since  the  intercept  (P&*)  of  a curve  of  P&'  versus  bjh  is  in- 
dependent of  the  Re^molds  number,  some  coiTelation  (pos- 
sibly onl}^  qualitative)  might  be  expected  between  the  ex- 
perimental values  of  P&*  and  the  in  viscid-flow  calculations, 
provided  allowance  is  made  for  the  displacement  effect  of 
the  wake  near  the  trailing  shock  wave.  As  long  as  the  wake 
thickness  is  well  defined  (reasonably  steady  wake)  a simple 
and  plausible  method  of  estimating  P^*  would  be  to  evaluate 
the  base  pressure  coefllcient  for  maximum  drag  in  an  inviscid 
flow  wherein  an  equivalent  solid  object,  such  as  illustrated 
in  figure  5,  replaced  the  wake.  Such  an  object  would  have 
no  effect  in  inviscid  two-dimensional  flow  but  would  have  a 
pronounced  effect  in  axially  symmetric  flow.  If  in  axially 
symmetric  flow  a rod  of  diameter  d is  considered  to  replace 
the  wake  of  diameter  the  resulting  maximum  drag  in 
inviscid  flow  would  be  the  same  as  calculated  in  part  I 
where  the  corresponding  base  pressure  coefficient  was  de- 
signated by  Pf»^.  (See  fig.  6.)  Thus  an  estimate  for  the 
variation  of  P&*  with  Mach  number  in  axially  symmetric 
flow  would  be 


Reynolds  number^  Re 


(a)  Measured  data,  Mot=2.0. 

(b)  Correlation  of  measured  data,  M'=2.0. 

Figure  15.— Measured  and  correlated  base  pressure  data;  J\/oo  =2.0,  turbulent  boundary- 

layer  flow. 

<« 

and  in  two-dimensional  flow  it  would  be 

P.*«P^,  (7) 

Since  a fluctuating  wake  presumably  cannot  be  replaced  by 
a rod  without  essentially  altering  the  flow  conditions  near 
the  base,  the  above  estimates  cannot  be  expected  under 
such’ conditions  to  yield  anything  more  than  the  right  order 
of  magnitude. 

Some  information  on  the  thickness  and  steadiness  of  the 
wake  has  been  obtained  from  an  examination  of  numerous 
spark  photographs  taken  of  projectiles  in  free  flight.^  T}'p- 
ical  spark  photographs  are  shovm  in  figure  16,  and  the  re- 
sults of  measuring  the  wake  thickness  on  a large  number  of 
similar  photographs  are  shown  in  figure  17.  Figure  16  (a) 
represents  the  case  of.  laminar  flow  in  the  boundary  layer  at 
a free-stream  Mach  number  of  1.73.  Under  these  condi- 
tions the  wake  thiclmess  appears  to  be  reasonably  well  de- 
fined, although  the  trailing  shock  wave  is  not  well  defined 
near  the  wake.  Figures  16  (b)  and  16  (c)  indicate  that  for 
turbulent  boundary-laj^er  flow  on  bodies  of  revolution  the 
trailing  shock  wave  and  the  wake  are  not  ver}^  steady  at 
Mach  numbers  below  about  2.  Thus  it  is  not  surprising 


» These  shadowgraphs  were  made  available  through  the  courtesy  of  the  Ballistic  Research  Laboratories,  Aberdeen,  Md. 
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(a)  3/00  = 1.73,  laminar. 


(b)  JV/00  =1.28,  turbulent. 


(c)  3/00=1.88,  turbulent. 

Figubb  16.— Shadowgraphs  of  projectiles  in  flight.  (Courtesy  Ballistic  Research  Labora- 
tories, Aberdeen,  Md.). 


(d)  3/00  =2.33,  turbulent. 


(e)  3/00  =3.64,  turbulent. 
Figure  16.— Concluded. 


that,  as  will  be  seen  later,  equation  (6)  is  in  poor  agreement 
with  measurements  for  turbulent  bo unclaiy -layer  flow  at 
Mach  numbers  below  about  2.  At  higher  Mach  numbers 
the  trailing  shock  wave  and  the  wake  become  more  clearly 
defined  (figs.  16  (d)  and  16  (e)),  but  the  accuracy  of  equa- 
tion (6)  in  this  region  cannot  as  yet  be  tested  because  of 
insufficient  experimental  data. 

A comparison  between  inviscid-flow  calculations  and  ex- 
perimental values  of  Pt,*  is  more  direct  for  airfoils  than  for 
bodies  of  revolution  since  the  wake  thickness  presumably 
need  not  be  accounted  for  in  two-dimensional  flow.  The 
value  of  Pi,*  as  determined  from  the  finite-span  wing  data 
in  figure  10  (b)  is  —0.30.  This  is  fairly  close  to  the  limit- 
ing pressure  coefficient  (Pb^  for  two-dimensional  flow,  wliich 
is  —0.33  for  a Mach  number  of  2.0.  (See  fig.  3.)  Definite 
conclusions  as  to  the  significance  of  this  agreement,  how- 
ever, will  have  to  await  the  results  of  measurements  on  air- 
foils at  other  Mach  numbers,  and  on  airfoils  with  turbulent 
flow  in  the  boundary  la}  er. 
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For  laminar  flow  on  bodies  of  revolution  at  Mach  numbers 
of  1,5  and  2.0,  the  wake  thickness  {tjh)  from  figure  17  is 
0.55  and  0.49,  respectively.  From  figure  6,  the  correspond- 
ing values  of  are  —0.25  and  —0.29,  respectively.  On 
the  other  hand,  the  values  of  determined  from  the 
intercepts  of  the  extrapolated  lines  in  figures  12  (b)  and  13  (b) 
are  —0.24  and  —0.20,  respectively.  Hence,  although  the 
inviscid-flow  calculations  may  provide  a reasonable  approxi- 
mation for  two-dimensional  flow  near  M=2.0,  and  for 
axially  symmetric  flow  near  M=1.5,  there  is  a serious  dis- 
crepancy with  the  experimental  results  for  axially  sym- 
metric floiy  at  M=2.0.  This  large  discrepancy  indicates 
that  the  simple  relation  given  by  equation  (6)  which  at- 
tempts to  connect  Pj*  with  the  inviscid  calculations  is  not 
always  a satisfactory^  approximation.  The  good  agreement 
obtained  in  two  of  the  tlii’ee  cases  may^  be  entirely’  fortuitous. 
Additional  experiments  are  needed  to  clarity  this  point. 


Figure  17.  Wake  thickness  as  a function  of  Mach  number  (determined  from  shadowgraphs 
of  the  Ballistic  Research  Laboratories,  Aberdeen,  Md.). 

The  fact  that  the  insfiscid-flow  calculations  agree  quali- 
tatively, though  not  quantitativety,  with  experimental 
results  can  be  seen  by^  a comparison  with  measurements  of 
the  base  pressure  at  various  Mach  numbers  but  with  an 
essentialty  constant  Keynolds  number.  Figure  18  shows 
some  experimental  frce-flight  data  of  Charters  (reference  5) 
together  with  the  corresponding  wind-tunnel  data  of  Kurz- 
weg  (reference  13),  and  the  present  investigation.^  These 
experimental  data  are  for  turbulent  flow  in  the  boundaiy 
layer.  In  this  figure  the  ordinate  of  the  curve  labeled 
“curve  based  on  equation  (6)''  is  proportional  to  the  value 
of  the  limiting  pressure  coefficient  P^^  determined  at  each 
Mach  number  in  the  manner  indicated  by^  equation  (6).  It 
is  apparent  that  the  curve  based  on  the  calculations  of  P&^ 
for  inviscid  flow  gives  the  right  order  of  magnitude  for  the 
base  pressure  coefficient,  but  does  not  give  good  quantitative 
agreement.  As  an  incidental  point,  it  may'  be  noted  that 
the  various  wind-tunnel  and  free-flight  measurements  sho^\^l 
in  this  figure  agree  quite  well  at  all  Mach  numbers, 

VARIATION  OF  BASE  PRESSURE  WITH  REYNOLDS  NUMBER  FOR  NATURAL 

TRANSITION 

Since  the  base  pressui'e  is  different  for  laminar  and  turbu- 
lent boundaiy-lay^er  flow  approaching  the  base,  it  is  of 
interest  to  examine  the  results  of  measurements  in  the 
intermediate  range  of  Reynolds  number  where  the  transition 

* In  the  present  experiments  measurements  occasionally  were  made  in  more  than  one  facility. 
Mach  numbers  near  1.5  represent  measurements  with  three  different  nozzles. 


Moch  number^  Moo 


Figure  18.~ Variation  of  base  pressure  coefficient  with  Mach  number  for  turbulent  boundary 

layer  flow. 

“point^^  moves  from  a position  downstream  of  the  base  to  a 
position  upstream  of  the  base.  Figure  19  shows  the  results 
of  some  base-pressure  measurements  at  a Mach  number  of 
2.0  on  a body^  of  revolution  in  the  Reymolds  number  range 
from  0.4  million  to  10  million.  At  Reymolds  numbers  below 
about  2 million,  where  the  boundary-Iay^er  flow  is  laminar, 
the  base  pressure  coefficient  depends  to  a great  extent  on  the 
Reymolds  number,  as  was  noted  earlier.  In  the  Reymolds 
number  range  from  4 to  6 million,  where  the  transition  point 
moves  ahead  of  the  base,  the  base  pressure  again  is  sensitive 
to  changes  in  the  Reymolds  number  (and  ])resumably  also 


0 2 4 6 8 10x10^ 


Reynolds  number^  Re 

Figure  19. — Variation  of  base  pressure  coefficient  with  Reynolds  number  for  natural 
. transition;  AToo  =2.0. 

For  e.xample,  the  three  experimental  points  in  figure  18  representing  the  wind-tunnel  data  at 
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to  other  factoi*s  affecting  transition  such  as  surface  rough- 
ness, free-streain  turbulence,  and  rate  of  heat  transfer). 
At  the  higher  Ke\uiolds  numbers  where  a turbulent  boundary 
layer  exists  for  some  distance  ahead  of  the  base,  the  base 
pressure  is  not  sensitive  to  changes  in  the  Re^aiolds  number. 

From  the  viewpoint  of  reliably  extrapolating  small-scale 
measurements,  it  is  encouraging  that  the  base  pressiuo  coeffi- 
cient for  turbulent  boundary-layer  flow  is  not  sensitive  to 
changes  in  the  Reynolds  number.  At  a Mach  number  of 
2.0  this  insensitivity  is  evident  from  a comparison  of  the  data 
for  the  model  with  an  Ljh  of  5 in  figures  15  (a)  and  19.  At 
a Reynolds  number  of  2X10^  where  turbulent  flow  is  at- 
tained on  the  models  b}^  using  artificial  roughness,  the  base 
pressure  coefficient  does  not  differ  b}^  more  than  3 or  4 percent 
from  the  value  at  a Reynolds  numberof  1X10^  where  tur- 
bulent flow  is  attained  without  such  an  artifice.  At  a Mach 
number  of  1.5  the  measurements  indicate  this  S ame  charac- 
teristic, as  can  be  seen  from  the  data  given  in  figure  20. 
These  data  at  the  somewhat  lower  Mach  number  do  not 
show  any'  appreciable  dependence  on  Reynolds  number 
within  the  range  from  2X10®  to  1.6X10^  It  is  interesting 
that  the  free-flight  data  of  Hill  and  Alpher  (reference  14) 
also  show  no  significant  effect  of  Reynolds  number  within 


the  range  from  2X  lOHo  1 X 10®.  These  latter  data,  however, 
give  a wideh’  different  value  for  the  base  pressure.  It  is 
evident  from  figure  20  that  the  base  pressm-es  measui^ed  in 
reference  14  differ  from  the  values  of  references  5 and  13 
and  the  present  wind-tunnel  tests  because  of  some  factor 
other  than  differences  in  Reynolds  number.  The  possible 
effects  of  support  interference  in  the  present  wind-tunnel 
tests  would  not  appear  to  contribute  any  appreciable  amount 
to  this  discrepanc}^  for  two  reasons.  First,  good  agreement  is 
obtained  at  all  Mach  numbers  between  the  present  wmd- 
tunnel  tests  and  the  free-flight  firings  of  Charters;  and 
second,  the  measurements  of  support  interference  as  described 
in  appendLx  B indicate  that  for  the  support  dimensions  used 
(d//i,=0.25  and  d//t=0.40  in  fig.  20)  these  effects  are  an  order 
of  magnitude  smaller  than  the  observed  discrepancies. 
Since  the  models  of  reference  14  were  equipped  with  tail  fins 
of  suffiGient  size  so  that  their  presence  at  moderate  supersonic 
Mach  numbers  might  be  expected  to  lower  considerably  the 
pressure  in  the  vicinity  of  the  dead  air  (algebraically  lower 
the  effective  P'),  it  would  appear  that  the  observed  dis- 
crepancy is  attributable  to  the  effect  of  tail  fins  on  base 
pressure.' 
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Figure  20.— Variation  of  base  pressure  coefficient  with  Reynolds  number  for  turbulent  boundary-layer  flow;  Mat  =1-5. 
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* Subsequent  experiments  conducted  at  the  Ames  Laboratory  by  J.  R.  Spahr  and  R.  R.  Diefcey  have  showm  that  this  is  the  case. 
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CONCLUDING  REMARKS 

The  simplest  approach  to  an  analysis  of  base  pressure  for 
supersonic  flow  is  that  of  considering  the  flow  of  an  in  viscid 
fluid.  Although  such  an  approach  has  produced  man}’^ 
useful  theories  when  applied  to  other  aerodynamic  problems, 
it  produces  results  of  very  limited  value  when  applied  to  the 
present  problem.  The  in  viscid-fluid  theory  indicates  that 
the  only  possible  base  pressure  for  a bod}’'  of  revolution 
without  a rod  attached  to  the  base  is  the  free-stream  static 
pressure.  Aloreover,  this  simple  theory  also  indicates  that  for 
two-dimensional  flows,  as  well  as  axially  symmetric  flows 
with  a rod  attached  to  the  base,  there  are  an  infinite  number 
of  possible  solutions  for  a given  body  shape  and  Mach 
number. 

The  first  of  the  above-mentioned  shortcomings  of  inviscid 
‘theory  can  be  remedied  by  allowing  qualitatively  for  the 
existence  of  a wake,  since  by  so  doing  the  high-velocity 
streamlines  are  displaced  from  the  axis  of  symmetry  and  a 
base  drag  other  than  zero  can  be  obtained.  The  second 
shortcoming,  of  having  an  infinite  number  of  possible 
solutions  from  which  to  choose,  is  not  easily  remedied.  In 
particular,  the  comparison  between  the  inviscid-flow  cal- 
culations and  experiment  has  shown  that  if  the  limiting  flow 
pattern  (maximum  drag  possible)  at  each  Mach  number  is 
singled  out  from  the  infinity  of  possible  inviscid-flow  solu- 
tions, then  the  characteristics  of  base  pressure  observed 
thus  far  can  be  explained,  but  only  qualitatively.  Thus,  the 
experimental  finding  that  an  increase  in  support  diameter 
behind  a body  of  revolution  can  considerably  decrease  the 
base  pressure  is  explained  by  an  interpretation  of  the  behavior 
in  an  inviscid- flu  id  flow.  Also,  the  experimental  result  of  a 
much  lower  base  pressure  in  two-dimensional  flow  (at  low 
and  moderate  supersonic  Mach  numbers)  than  in  axially 
symmetric  flow  is  satisfactorily  explained  by  the  inviscid-flow 


calculations.  As  regards  quantitative  results,  though,  the 
calculations  based  on  the  maximum  drag  possible  in  inviscid 
flow  do  not  agree  with  the  observed  effects  for  turbulent 
boundary-layer  flow,  and  agree  only  in  certain  cases  with  the 
observed  effects  for  laminar  boundary-layer  flow. 

In  an  attempt  to  formulate  a more  accurate  quantitative 
analysis  a semi-empirical  analysis  has  been  developed.  The 
available  experimental  data  correlate  reasonably  well  when 
the  base  pressure  coeflftcient,  corrected  for  the  effects  of  profile 
shape,  is  plotted  as  a function  of  a parameter  which  is 
approximately  proportional  to  the  ratio  of  boundary-layer 
thickness  to  base  thickness.  As  a result  of  this  correlation 
several  general  conclusions  can  be  drawn.  One  such  conclu- 
sion is  that  the  variation  of  base  pressure  with  Reynolds 
number  is  small  at  high  Reynolds  numbers  where  the  bound- 
ary layer  approaching  the  base  is  turbulent,  but  is  large  at 
low  Reynolds  numbers  where  the  boundary  layer  is  laminar. 
Another  conclusion  is  that  the  effect  on  base  pressiu^e  of 
the  disturbance  field  induced  by  profile  shape  can  be  ade- 
quately explained  on  the  basis  of  inviscid  calculations. 

In  order  to  develop  a thorough  understanding  of  the 
behavior  of  base  pressure  in  supersonic  flow,  further  experi- 
mental and  theoretical  investigations  are  required.  At 
present,  experimental  results  are  especially  needed  as  regards 
the  base  pressure  in  two-dimensional  flow,  even  at  low 
supersonic  Mach  numbers.  Experiments  conducted  at  high 
supersonic  Mach  numbers  are  also  needed,  both  for  two- 
dimensional  flow  and  for  axially  s}unnietric  flow. 


Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  May  11,  1950. 


APPENDIX  A 

AXIALLY  SYMMETRIC  FLOWS  CONVERGING  TOWARD  THE  AXIS 


The  rather  anomalous  result  obtained  when  applying  the 
method  of  characteristics  to  base-pressure  flows  can  be 
clarified  by  examining  the  equations  of  motion  on  which  the 
method  of  characteristics  is  based.  The  differential  equation 
for  the  velocity  potential  <t>  of  an  inviscid  axially  symmetric 
compressible  flow  is  (see  reference  6,  for  example) 

where  a is  the  local  velocity  of  sound,  x is  the  coordinate 
measured  parallel  to  the  direction  of  the  undisturbed  stream, 
and  r is  the  radial  coordinate.  If  a transformation  is  made  to 
a new  system  of  curvilinear  coordinates,  where  ^ and  77 
are  distances  measured  along  the  two  Mach  lines  issuing  from 
a point,  then  the  equation  of  motion  for  the  velocity  potential 
becomes  simply  (the  details  of  the  algebra  involved  in  making 
this  transformation  ma}^  be  found  in  reference  6), 

^sin^  a b<t>  .^2) 

r i>r 


where  a is  the  local  Mach  angle.  It  is  to  be  noted  that  the 
new  variables  have  the  simple  physical  significance  that  lines 
of  constant  $ and  77  are  the  Mach  lines  of  the  flow.  The 
derivative  of  the  velocity  potential  in  any  given  direction  is 
the  projection  of  the  velocity  vector  along  that  direction, 
and  the  order  of  differentiation  in  equation  (A2)  can  be 
interchanged.  With 


and 


—^v=w  sm  6 
or 


(A3) 


where  w is  the  velocity  vector  inclinded  at  an  angle  6 with 
respect  to  the  axis,  it  follows  from  equation  (A2)  that  along 
Mach  lines 

, sin^  a , , sin^  « /a  a\ 

dp= — - — vari  dq= — ^ — vd^  (A4) 

Thus,  dj)  is  the  increment  in  the  projection  of  the  velocity 
vector  along  the  ^ dhection  when  passing  a distance  dr}  in 
the  physical  plane  along  the  77  direction,  and  dg  is  the  in- 
crement in  the  projection  of  the  velocity  vector  in  the  77 
direction  when  passing  a distance  d^  along  the  ^ direction. 
Equations  (A4)  are  the  fundamental  equations  used  in  the 
step-by-step  construction  of  a supersonic  flow  by  Sauer ^s  or 
Frankies  method  of  characteristics. 

The  reasons  for  the  singular  behavior  as  the  flow  approaches 
the  axis  of  symmetiy  can  now  be  explained  with  the  help  of 
equations  (A4).  Siippose  a series  of  steps  were  laid  off 
in  the  physical  plane  in  the  manner  indicated  by  the  sketch 


shown  in  figure  21  (a).  The  small  increments  (d^  and  drf) 
along  the  Mach  lines  are  laid  off  such  that  they  are  always 
small,  compared  to  the  distance  from  the  axis  r and  also  such 
that  for  all  steps  d^lr  and  dr^lr  are  always  very  nearly  equal 
to  a constant,  say  'Q,  It  is  to  be  noted  that  if  such  a flow 
converging  to  the  axis  is  possible,  then  there  would  be  an 
infinite  number  of  such  steps  along  the  streamline  AB  in 
figure  21  (a). 


(a)  As.sumed  flow  in  the  physical  plane. 

(b)  Increments  in  hodograph  plane  corresponding  to  figure  21  (a). 
Figure  21. — Characteristics  construction  for  flows  converging  to  the  axis. 


Now  consider  the  increments  in  the  hodograph  plane 
corresponding  to  those  laid  off  in  the  physical  plane  (fig. 
21  (a)  ).  Figure  21  (b)  illustrates  the  way,  according  to 
equations  (A3)  and  (A4),  in  which  the  increments  must  be 
laid  off  in  the  velocity  plane.  Points  having  the  same  num- 
ber in  figm^es  21  (a)  and  21  (b)  represent  the  same  point  in 
the  flow.  Let  the  smallest  average  Mach  angle  along  the 
steps  in  the  physical  plane  be  and  the  smallest  vertical- 
velocity  component  be  Vm,  then  for  all  steps  along  AB 


and 


\d'pV^\VjnG  sin^  a„,|=constant 
\dg\y^\vmO  sin- I = constant 
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This  means  that  every  increment  m the  hodograph  plane  is 
greater  than  a constant  value.  This  value  cannot  he  zero 
unless  points  1 and  3 are  identical;  which  would  represent 
the  exceptional  case  of  a “reversed”  conical  flow.  On 
passing  from  point  A to  point  B there  are,  however,  an 
infinite  number  of  such  increments.  The}'  must  be  laid  out 
along  the  arc  of  a circle  in  the  hodograph  plane  since  AB 
is  a streamline  of  constant  pressure.  Hence,  before  reaching 
point  B the  inclination  angle  of  the  velocity  vector  must  be 
greater  than  46°  (approximate  maximum  deflection  angle 
through  a single  shock  wave  for  7=1.4).  Because  this 
situation  obviously  prevents  a shock  wave  from  being  fitted 
into  the  flow,  there  results  a contradiction  to  the  assumption 
that  the  over-all  flow  is  possible.  It  appears,  therefore, 
that  these  flows  are  no t^  always  possible. 

The  preceding  discussion,  though  not  a mathematically 
rigorous  exposition,  points  out  the  reason  why  the  inclination 
angle  0 of  a free  streamline  can  increase  at  an  excessive  rate 
as  the  axis  is  approached.  The  souixe  of  the  trouble  is 
inherently  associated  with  the  last  term  in  the  equation  of 
motion  (Al),  since  it  has  r in  the  denominator  and  a non- 
vanishing factor  in  the  numerator.  The  appearance  of  r 
in  the  denominator  of  this  equation  stems  entirely  from  the 


continuity  equation.  This  leads  to  a qualitative  explanation 
of  the  observed  behavior  near  the  axis  of  the  inviscid  flows. 
Consider  the  changes  that  must  occur  on  going  from  point 
1 to  point  3 in  the  physical  plane  (fig.  21  (a)  ).  If  the  flow 
were  two-dimensional,  then  the  free  streamline  would  be 
straight  and  6i  would  equal  ^3,  thereby  preserving  the  cross- 
sectional  area  between  two  adjacent  streamlines  on  passing 
from  1 to  3.  The  term  involving  1/r  does  not  occur  for 
plane  flow  and  no  difficulties  arise.  In  the  axially  symmetric 
case,  the  fundamental  condition  is  again  that  the  cross- 
sectional  area  of  an  annulai-streamtube  must  be  preserved, 
since  Wi  is  equal  to  w^:  This  means  that  for  purely  geometric 
reasons  the  streamlines  bounding  the  amiular  streamtube 
must  spread  apart  as  the  axis  is  approached.  In  order  to 
have  the  pressure  at  point  3 equal  to  that  at  point  1,  the 
free  streamline  curves  toward  the  axis,  permitting  the 
bounding  streamlines  to  spread,  thereby  allowing  the 
continuity  equation  to  be  satisfied.  Because  of  the  1/r  term 
in  the  continuity  equation,  the  curvatoe  rapidly  increases 
as  the  axis  is  approached.  Hence,  before  the  axis  is  reached, 
the  inclination  of  the  free  streamline  exceeds  the  largest 
value  which  any  oblique  shock  wave  can  possibly  overcome. 


APPENDIX  B 

WIND-TUNNEL  SUPPORT  INTERFERENCE  AND  REFLECTED  BOW-WAVE  INTERFERENCE 


When  a body  of  revolution  is  tested  in  a wind  tunnel  it  is 
usually  supported  from  the  rear  by  a cylindrical  rod.  As  a 
result  the  measured  values  of  base  pressure  may  be  consider- 
ably affected,  for  one  thing,  by  the  presence  of  the  suppoit. 
Support  interference  on  base  pressure  is  a complicated  func- 
tion of  the  diameter  of  support  rod,  the  unobstructed  length 
of  support  rod,  the  Mach  number,  and  the  Eeynolds  number. 
If,  as  is  the  case  for  the  experiments  referred  to  herein,  the 
support  length  is  much  greater  than  the  base  diameter,  then 
the  only  appreciable  interference  must  arise  from  the  “dia- 
meter effect”  of  the  rod.  From  theoretical  considerations 
certain  inferences  can  be  drawn  regarding  the  resulting  sup- 
port-diameter interference  on  base  pressure. 

For  a fixed  Mach  and  Reynolds  number,  an  increase  in  the 
support  diameter  brings  about  two  different  effects.  Fii*st, 
the  wake  thickness  is  increased,  thereby  making  it  possible 
for  lower  base  pressures  to  exist.  (See  fig.  6.)  A second  effect 
resulting  from  an  increase  in  support  diameter  is  that  the 
appropriate  dimensionless  boundary-layer  thickness  8/{h~d) 
is  increased,  thereby  tending  to  increase  the  base  pressure. 
The  two  effects,  therefore,  oppose  each  other.  For  values  of 
d/h  near  unity  the  second  effect  must  predominate;  whereas 
for  small  values  of  d/h  the  first  effect  would  (on  the  basis  of 
fig.  6)  be  expected  to  predominate,  especially  at  low  super- 
sonic Mach  numbers. 

Before  comparing  these  theoretical  considerations  with 
experimental  measurements  of  the  effect  of  variations  in  d/h 
it  will  be  advantageous  to  first  consider  the  effects  of  having 
only  a finite  length  of  unobstructed  support  rod.  To  examine 
this  effect,  base-pressure  measurements  have  been  taken 
with  a constant  value  of  d/h,  but  with  various  lengths  of 


unobstructed  support.  In  these  experiments  the  model  was 
located  at  a fixed  position  in  the  test  section  so  as  to  eliminate 
possible  effects  of  axial  pressure  gradients  along  the  test 
section.  The  results  from  M=2.0  and  2.9  are  illustrated  by 
the  curves  in  figure  22,  which  show,  for  d/h=0,3,  no  change 
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Figure  22.— Effect  of  support  length  on  base  pressure;  dfh=0.S. 


in  base  pressure  if  the  support  length  is  greater  than  about 
3 base  diameters.  Since  support  lengths  of  over  4 body 
diameters  have  been  used  in  all  subsequent  tests,  it  is  con- 
cluded that  any  interference  in  the  wind-tunnel  measurements 
of  base  pressure  at  Af=2.0  and  2.9  is  not  attributable  to 
effects  of  support  length. 

The  results  of  base-pressure  measurements  for  various 
support  diameters  with  laminar  boundary-layer  flow  are 
shown  in  figure  23  (a).  The  data  for  a Mach  number  of  1.5 
(reported  by  Perkins  in  reference  11)  show  the  expected 
increase,  and  then  eventual  decrease  in  base  drag  as  the 
support  diameter  is  progressively  increased.  At  a Mach 
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number  of  2.9  the  data  show  a monotonic  decrease  in  base 
drag  as  the  support  diameter  is  increased.  Schlieren  photo- 
graphs show  that  the  wake  thickness  i/A  varies  from  approxi- 
mately 0.5  to  1.0  as  djh  varies  from  0 to  1.0.  Consequently, 
it  turns  out  that  the  behavior  of  the  three  curves  in  figure 
23  (a)  is  qualitatively  the  same  as  would  be  indicated  if 
equation  (6)  were  used  to  estimate  P^*.  (It  is  to  be  remem- 
bered that  tjk  is  the  ^^effective^^  djh  of  fig.  6.) 


Ratio  of  support  diameter  to  base  diameter^  djh. 

(a)  Laminar. 

Figure  23. — Effect  of  support  diameter  on  base  pressure. 

The  corresponding  results  for  turbulent  bo undar3' -layer 
flow  are  shown  in  figure  23  (b).  At  Mach  numbers  of  1.5 
and  2.0  these  data  show  the  same  trends  as  for  laminar 
boundary-la^^er  flow,  but  at  a Mach  number  of^2.9  the  trend 
is  not  the  same.  At  Mach  numbers  near  3,  and  possibl}^ 
higher,  it  appears  that  the  relative  importance  of  the  two 
above-mentioned  effects  of  increasing  d\h  depends  on  the 
condition  of  the  boimdaiy-la^’er  flow. 


(b)  Turbulent. 
Figure  23.— Concluded. 


It  ma}^  be  noted  from  figure  23  (a)  that  there  is  one  point 
corresponding  to  djh=0  on  the  curve  representing  laminar 
flow  at  a Mach  number  of  1.5.  This  point,  which  was 
determined  from  the  measurements  using  a side  support, 
gives  the  same  value  for  the  base  pressure  as  exists  for  a 
support  with  a d/h  ratio  of  about  0.3.  At  all  the  other  Mach 
numbers,  where  special  interference  measurements  were  not 
made,  the  base  pressure  was  measured  \vith  a constant  value 
of  0.4  for  the  ratio  d/h.  From  the  curves  in  figure  23  (a)  it 
ma}^  be  inferred  that,  at  least  for  Re^molds  numbei's  of  the 
order  of  4 million,  these  base-pressure  data  for  laminar  flow 
are  not  significantly  affected  b}’'  support  interference. 

’ Unfortunately,  an  investigation  of  support  interference  for 
turbulent  boundar^Ma}- er  flow  has  not  been  made  using  a side 
support.  Definite  quantitative  statements  about  the  pos- 
sible effects  of  support  interference  in  the  turbulent-flow  data 
(figs.  14,  15,  18,  19,  and  20)  cannot  be  made  at  present. 
Evidence  that  the  combined  effects  of  support  and  wall 
interference  are  not  large,  however,  is  given  by  the  good 
agreement  obtained  at  all  Mach  numbers  between  the 
free-flight  firings  of  reference  5 and  the  various  vdnd -tunnel 
measurements  (figs.  14,  15,  18,  and  20). 

A possible  source  of  wall  interference  arises  from  the 
reflection  of  a bow  wave  from  the  side  walls,  and  the  eventual 
intersection  and  interaction  with  the  wake  at  some  down- 
stream position.  This  interaction  for  M=2.0  and  M=2.9 
occurs  at  a position  var^dng  from  7 to  22  base  diameters 
dovmstream  of  the  base.  Since  the  large  disturbance  caused 
by  the  balance  housing  has  no  measurable  effect  at  distance 
of  3 base  diameters  from  the  base  (see  fig.  22),  there  is  no 
reason  to  expect  that  the  base-pressure  measurements  at 
M=2.0  and  M=2.9  might  be  affected  by  reflections  of  bow 
waves  from  the  tunnel  side  walls.  At  a Mach  number  of  1.5, 
however,  the  downstream  position  of  interaction  is  closer;  it 
varies  from  approximately  2.7  base  diameters  for  the  model 
with  an  L/h  of  7,  to  5.4  base  diameters  for  the  model  with  an 
Lfh  ratio  of  4.3.  In  view  of  the  possible  interference  from 
reflected  bow  waves  at  low  supersonic  Mach  numbers,  a 
special  investigation  was  made  in  1946  prior  to  the  tests  of 
reference  12  to  determine  the  magnitude  of  this  effect.  The 
results,  taken  at  a Mach  number  of  1.53,®  are  presented  here 
as  the}^  aid  in  evaluating  the  accuracy  of  the  wind-tunnel 
measurements  of  base  pressure,  and  they  show  that  the 
conclusion  of  Faro  (reference  15)  regarding  the  magnitude  of 
the  bow- wave  interference  effect  in  the  present  experiments 
is  incorrect. 

Figure  24  illustrates  the  test  setup  emplo3’^ed  in  evaluating 
the  effect  of  a reflected  bow  wav^e  on  base  pressure.  Because 
of  s3Tnmetr3^  the  two  outer  dumm3’'  models  caused  two  shock 
waves,  similar  to  reflected  bow  waves,  to  interact  with  the 
wake  behind  the  base  of  the  center  model  (on  which  the  base 
pressure  was  measured).  var3nng  the  distance  between 
the  dumm3^  models  of  the  test  setup,  the  position  of  inter- 
action was  readily  changed.  The  strength  of  the  bow  wave 
on  the  models  emplo3’ed  (6-caliber  ogival  radius)  in  this 
special  investigation  varied  from  approximately  two  to  eight 
times  the  strength  of  the  bow  wave  on  the  various  models  for 
which  base-pressure  data  are  presented. 


> This  Mach  number  diflers  somewhat  from  that  of  more  recent  tests  (at  M=1.50)  since  the  earlier  tests  were  conducted  in  1946  at  a time  when  the  1-  by  3-foot  supersonic  wind  tunnel  was 
temporarily  equipped  with  a set  of  fixed  nozzle  blocks  instead  of  the  flexible  plates  now  employed. 


1206 


REPORT  1051 — ;NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Schlieren  photographs  of  the  flow  for  two  different  posi- 
tions of  interaction,  and  two  different  Reynolds  numbers, 
are  giv^en  in  figure  25.  The  distance  x,  from  the  base  to  the 
position  of  interaction,  is  equal  to  2.5A  in  both  figures 
25  (b)  and  25  (c).  This  particular  position  simulates  the 
closest  position  to  the  base  of  the  interaction  of  reflected 
waves  in  the  present  tests.  The  corresponding  base- 
pressure  measurements  ® without  and  with  the  interference 
wave  present  are  illustrated  in  figure  26  by  the  circle  and 
triangle  symbols,  respectively.  The  data  show  no  appreci- 
able effect  on  base  pressure  of  the  shock  wave  which  simu- 
lates a reflected  bow  wave.  If  a reflected  bow  wave  comes 


too  close  to  the  base,  however,  then  large  interference 
effects  are  possible,  as  illustrated  b^^  the  square  symbols  in 
figure  26,  and  the  corresponding  schlieren  photographs  in 
figure  25  (d).  Except  for  purposes  of  illustrating  this  effect, 
base-pressure  measurements  were,  of  course,  not  taken 
under  these  'latter  conditions  of  important  interference 
from  reflected  waves.  Since  the  simulated  reflection  waves 
of  the  models  used  in  this  special  investigation  were  several 
times  stronger  than  the  bow  waves  on  the  models  for  which 
the  base  pressure  was  measured,  it  is  clear  that  the  wind- 
tunnel  measurements  presented  are  not  appreciably  affected 
by  interference  of  a reflected  bow  wave. 


® These  data  fail  slightly  below  other  data  presented  herein  because  of  the  very  small  amount  of  boattailing  on  the  models  used  in  this  special  investigation. 
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(a)  Flow  without  dummy  models. 


(b)  /f«=0.9X10«;x=2.5A. 


(c)  /e«=2.7X10*;x=2.5ft.  (d)  J?<-2.7X10«;  J=0.9A. 

Figure  25.— Schlieren  photographs  for  various  positions  of  intersection  of  the  shock  waves  simulating  reflected  bow  waves;  Afa>  “1.63. 


•V 


No  dummy  models 
(Fig  25  a) 


Dummy  models 
20- inches  apart 
(Figs  25  b,  25  c) 


Dummy  models 
t 6- inches  apart 
(Fig  25  d) 


Figure  26.— Effect  of  reflected  bow  waves  on  base  pressure;  =1.53. 


APPENDIX  C 

DERIVATION  OF  APPROXIMATE  EQUATION  FOR  g'/^co 


The  ratio  $79!®  can  be  written  as 

q„  Po  Po  p„  \ u„/ 


(Cl) 


111  this  and  subsequent  equations,  powere  higher  than  the 

first  of  quantities  such  as  ^-  = ^ jj  are  assumed  to  be 

small  in  comparison  to  unity,  and  are  therefore  neglected. 
In  equation  (Cl),  po  and  Po  represent  the  stagnation  densi- 
ties corresponding  to  conditions  in  the  free  stream  and  to 
conditions  just  ahead  of  the  base,  respectively.  Designating 
AM=M'—M^  and  again  considering  only  first-order 
terms,  it  follows  that 


P Po  Po 
Po  Po  Poo 


1+^  M'* 


1+^  MJ 
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1+^MJ 
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AM 


M„(l+\^  Mj) 


(C3) 


hence  the  combination  of  equations  (Cl),  (C2),  and  (C3) 
gives 


AM 


Apo 


1+^^  MJ 


(C4) 


The  pressure  coefficient  P'  is  related  to  AM  and  Ap„  by 
p/  P'-Po>  ■ ■ 2 


(‘£poP^_{\^ 

\Po  Po  / 


yM„ 


i+l^MJ 
1 M'^ 


2AM 


y 


2 


(C5) 


where  Apo  is  the  loss  in  total  pressure  on  passing  tlirough 
the  nose  shock  wave,  and  ma}^  often  be  neglected.  From 
the  energy  equation 

AU  u'^-uj  . / T To\ 

2UJ  uj  uj  V 

or,  using  Cj,  = yRl{y  — \)  and  M—UlyfyRT 
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Substitution  of  equation  (C5)  into  equation  (C6)  yields  the 
relation 


presented  earlier  as  equation  (3). 
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TABLE  I.— VALUES  OF  M'  AND  p'  FOR  A TWO-DIMENSIONAL 

AIRFOIL 


A/® 

M' 

pVPco 

■ 1 

1.25 

0.  73 

1.5 

1.50 

1.00 

2 

2.00 

I.  00 

3 

2.99 

1.01 

S 

7.85 

1.  14 

00 

82 

CO 

TABLE  II.— VALUES  OF  M' 
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A SUMMARY  OF  LATERAL -STABILITY  DERIVATIVES  CALCULATED  FOR 
WING  PLAN  FORMS  IN  SUPERSONIC  FLOW 

By  Arthur  L.  Jones  and  Alberta  Alksne 


SUMMARY 


A compilation  of  theoretical  values' of  the  lateral-stability 
lerivatives  for  wings  at  supersonic  speeds  is  presented  in  the 
^orm  of  design  charts.  The  wing  plan  forms  for  which  this 
compilation  has  been  prepared  include  a rectangular,  two 
rapezoidal,  two  triangular,  a fully-tapered  swept-back,  a swept- 
yack  hexagonal,  an  unswept  hexagonal,  and  a notched  triangular 
olan  form.  A full  set  of  results,  that  is,  values  for  all  nine  of 
he  lateral’ stability  derivatives  for  wings,  was  available  for  the 
irst  six  of  these  plan  forms  only.  The  reasons  for  the  incom- 
pleteness of  the  results  available  for  other  forms  are 
liscussed. 

The  values  of  the  derivatives  presented  were  obtained  directly 
horn  tabulated  results  in  the  reports  referenced  or  were  calculated 
horn  expressions  presented  in  these  reports.  The  expressions 
^or  the  derivatives  were  derived  using  linearized  theory  for 
compressible  flow.  The  values  presented,  'however,  do  not 
represent  exact  linear-theory  solutions  in  every  case  due  to  the 
fact  that  approximations  and  simplifications  were  sometimes 
necessary  in  the  derivation  of  the  expressions  or  in  the  calcula- 
tions of  the  numerical  results.  The  ejects  of  these  approxima- 
tions and  simplifications  on  the  accuracy  and  applicability  of 
he  results  are  considered. 

INTRODUCTION 

The  calculation  of  the  lateral-stability  derivative  coeffi- 
cients (hereinafter  referred  to  as  the  lateral-stability  deriv- 
atives) for  thin  \vings  at  supersonic  speeds  has  been  ac- 
complished for  a number  of  plan  forms  and  the  results  are 
reported  in  references  1 through  18,  These  results  are  neces- 
sarily incomplete  in  view  of  the  fact  that  there  is  an  unlimited 
aumber  of  plan  forms  that  could  be  investigated.  There 
appears  to  be  a sufficient  quantity  of  results  available,  how- 
ever, to  warrant  the  preparation  of  a summaiy.  In  fact, 
some  summaries,  such  as  references  10  and  17,  are  alread}* 
available  but  the  results  presented  in  these  reports  are  re- 
stricted to  a fairly  small  number  of  plan  forms  or  to  a small 
Dumber  of  derivatives.  It  is  the  purpose  of  this  report, 
therefore,  to  assemble  and  present  a more  extensive  set  of 
Qumerical  results  than  was  heretofore  available.  These 
results  will  be  limited  to  the  thin-airfoil,  inviscid-flow  solu- 
tions obtained  from  application  of  the  linearized  theory  of 
compressible  flow.  They  will  be  presented  in  the  form  of 
design  charts  showing  the  variations  of  the  derivatives  ^ with 
Mach  number,  aspect  ratio,  and  other  plan-form  parameters. 
The  derivatives  have  been  evaluated  in  a manner  that  per- 


mits their  direct  application  in  an  analysis  usmg  the  stability 
axes  system. 

A discussion  of  the  limitations  in  the  applicability  and 
availability  of  the  lateral  stability  derivative  results  is 
included.  Some  of  the  limitations  are  inherent  in  the  line- 
arized theorv^  itself,  but  most  of  the  limitations  are  due  to 
the  approximations  and  simplifications  sometimes  found 
necessar}^  in  the  application  of  the  theory. 

The  plan  forms  for  which  the  results  are  presented  are 
illustrated  in  figure  1.  Included  are  a rectangular,  two 

I V 


Figure  1.— Types  of  plan  forms  for  which  summarized  results  are  presented. 


1 Although  the  scale  labels  show  that  some  of  the  stability  derivatives  presented  in  the 
figures  are  divided  by  angle  of  attack  or  angle  of  attack  squared,  reference  to  the  variation  of 
this  quotient  with  other  variables  will  be  simply  referred  to  as  the  variation  of  the  derivative. 
This  usage  is  consistent  with  the  terminilogy  used  in  previous  X ACA  reports. 

Preceding  Page  Blank 
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triangular,  two  trapezoidal,  a fully-tapered  swept-back,  a 
swept-back  hexagonal,  an  unswept  hexagonal,  and  a notched 
triangular  plan  form.  This  group  may  not  cover  all  the 
plan  forms  for  which  at  least  partially  complete  results  are 
available.  It  is,  however,  a fairly  representative  group.  In 
table  I the  sources  of  the  results  for  the  lateral-stability 
derivatives  of  the  plan  forms  surve^^ed  are  listed. 


A 

b 

B 

Ct 

c.  g. 
Cl 

Cn 

Cy 


Cl, 

Gn, 

Gr, 

Gy, 

Cy, 

I 

^'C,  g. 

L 


M 

N 

P 

a 

r 

S 

V 

X 

‘•^C.  g. 


y 


SYMBOLS  AND  COEFFICIENTS 


aspect  ratio 

span  of  wing  measured  normal  to  plane  of  symmetry 


chord  of  vdng  root 
center  of  gravit}^ 


rolling-moment  coefficient 


yaAving-moment  coefficient 
side-force  coefficient 


a) 


damping-in-roll  derivative 
rolling-moment-due-to-yawing  derivative 
rolling-moment-due-to-sideslip  derivative 

[bC 
d{pb/2V) 

r c>c 

yavdng-moment-due-to-3^awing  derivative 
yavdng-moment-due-to-sideslip  derivative 
side-force-due-to-rolling  derivative 
side-force-due-to-yawing  derivative 
side-force-diie-to-sideslip  derivative 


over-all  longitudinal  length  of  swept-back  wing 
(See  fig.  1.) 

longitudinal  location  of  center  of  gravity  aft  of  the 
leading  edge  of  the  root  chord 
rolling  moment  (See  fig.  2(b).)  . 
slope  of  right  A\dng  tip  or  leading  edge  relative  to 
plane  of  symmetry  (Positive  for  raked-out  tip, 
negative  for  raked-in  tip.) 
free-stream  Machmumber 
yawing  moment  (See  fig.  2(b).) 
rate  of  roll,  radians  per  second 
free-stream  dynamic  pressure 
rate  of  ysbw,  radians  per  second 
area  of  Aving 
free-stream  A^elocity 
longitudinal  coordinate 

arbitrary  longitudinal  location  of  the  center  of  gravity 
AAuth  respect  to  the  location  specified  in  this  report 
(Positive  for  locations  forw^ard  of  those  specified.) 
lateral  coordmate 


Y side  force  (See  fig.  2 (b) .) 

z vertical  coordmate 

a angle  of  attack,  radians 

P angle  of  sideslip  (positive  AAffien  sideslipping  to  right), 

degi'ees 

X taper  ratio 

AXES 

At  least  thi*ee  systems  of  axes  are  associated  Avith  the 
development  and  application  of  stability  derivatives.  For  in- 
stance, the  theoretical  expressions  for  the  stability  derivatives 
are  most  easily  deriA^ed  using  a set  of  thi'ee  orthogonal  axes, 
knoAATi  as  the  Avind  axes,  that  are  oriented  as  shoAvn  in  figure 
2 (a) . The  origin  of  these  axes  is  at  the  leading  edge  of  the 
root  chord.  The  x axis  is  an  extension  of  the  free-stream 
vector  tluough  the  origin  and  is  positive  rearward.  The 
y axis  lies  in  the  plane  of  the  Aving  perpendicular  to  the  x axis 
and  is  positiA^e  toAAwd  the  right  tip.  The  z axis  stands 
pei’pendicular  to  the  x and  y axes  and  is  positive  upAvard. 
These  axes  are  commonly  used  in  AAung-theory  calculations. 

Body-axes  systems  (see  fig.  2 (b)  ) are  sometimes  used  in 
the  calculations  of  the  motion  of  an  aircraft.  These  calcula- 
tions are  commonly  referred  to  as  dynamic-stability  calcula- 
tions. The  origin  of  the  axes  for  such  calculations  is  usually 
the  center  of  gravity  rather  than  the  leading  edge  of  the 
root  chord.  Thus  the  expressions  initially  derived  for  the 
derivatives  should  be  corrected  for  the  change  in  moment- 
center  location  accompanying  the  change  in  location  of  the 
origin  of  the  body  axes. 

A third  system  of  axes  knoAAui  as  the  stability  axes  (fig.  2 
(c)  ) is  often  preferred  for  dynamic-stability  calculations. 
The  basic  difference  betAveen  the  orientations  of  a stability- 
axes  system  and  a body-axes  system  is  the  location  of  the 
X axis.-  In  a stability-axes  system  the  x axis  is  assumed  to 
lie  along  the  intersection  of  the  plane  of  symmetry  and  a 
plane  perpendicular  to  the  plane  of  symmetry  Avhich  contains 
the  free-stream  velocity  vector  (or  the  velocity  vector  of  the 
center  of  gravity).  Thus  the  stability  axes,  in  general, 
correspond  to  the  body  axes  rotated  thi'ough  an  angle  of 
— a and,  in  order  to  transform  expressions  for  stability 
derivatives  that  are  applicable  to  a body-axes  system  to 
expressions  applicable  to  a stability-axes  system,  it  is 
necessary  to  correct  for  the  angle  of  attack.  If  the  origins 
of  the  body  and  stability  axes  are  coincident,  this  correction 
can  be  made  by  using  the  transformation  formulas  in  refer- 
ence 19.  If  the  origins  are  not  coincident,  the  correction 
must  also  include  the  effects  of  the  chordwise  distance 
betAveen  the  origins.  Most  of  the  reports  used  as  som'ces 
for  the  material  presented,  references  1 through  17,  provide 
either  formulas  for  both  systems  of  axes  or  means  for  con- 
verting from  one  system  to  the  other.  It  is. interesting  to 
note  that  the  definitions  of  the  positive  duections  for  the 
velocities,  forces,  and  moments  of  the  Avdng  conform  to  the 
right  hand  screAV-ride  for  a set  of  body  or  stability  axes. 

For  the  calculation  of  the  stability  derivatives  presented 
herein,  the  location  of  the  center  of  graAuty  Avas  selected  as 
Cr/2  for  the  rectangular,  trapezoidal,  and  unswept  hexagonal 
wings,  (2/3)  Cr  for  the  triangular  Avings,  and  (2/3)  I for  the 
SAA'-ept-back  AAungs.  The  values  of  the  deriA^atives  pertain 
to  a stability-axes  system  so  located.  For  arbitrary  locations 
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of  the  center  of  gravity  the  derivatives  that  are  affected  b}- 
changes  in  the  location  can  be  evaluated  using  the  following 
formulas: 


. -2f  (C’r,+2C. -2  o,.,) 


“ J * Cvf 


DERIVATION  OF  RESULTS 

The  derivation  of  theoretical  results  involves  both  the 
formulation  of  expressions  for  the  derivatives  and  the  cal- 
culation of  the  numerical  values  of  the  derivatives  for  specific 
plan  forms  and  conditions.  In  some  of  the  reports  referenced, 
the  analytical  expressions  for  the  derivatives  were  derived 
and  presented  but  no  numerical  results  were  included.  In 
other  reports,  both  the  anah^tical  expressions  and  a few 
numerical  results  were  given.  The  following  discussion, 
therefore,  wall  be  concerned  wdth  the  general  method  of 
analysis  used  in  obtaining  the  analytical  expressions  and  the 
way  in  which  the  numerical  results  presented  w^ere  compiled. 

GENERAL  METHOD  OF  ANALYSIS 

A stability  derivative  is  an  expression  of  the  rate  of  change 
of  a force  or  moment  with  respect  to  the  motion  producing  it. 
Once  the  shape  of  the  object  for  which  a stability  derivative 
is  desired  has  been  decided  upon  and  its  motion  prescribed, 
an  analysis  to  determine  the  resulting  force  or  moment  can 
be  started.  The  first  step  in  the  anal^^sis  is  the  formulation 
of  the  boundar}^  conditions  and  at  this  point  an  idealization 
is  usually  made.  For  a wdng  of  finite  dimensions  it  is  con- 
venient to  assume  that  the  effects  of  wdng  thickness  and  of 
the  viscosiW  of  the  flow^  can  be  ignored  or  at  least  estimated 
independently.  On  the  basis  of  this  assumption,  the  wdng 
and  its  flow'  field  can  be  represented  by  a thin  plate  operating 
in  an  inviscid  flowa  This  idealization  permits  the  linearized 
theor}’'  for  compressible  flow’’  to  be  used  for  the  analysis, 
provided  the  angle  of  attack  of  the  \ving  is  kept  small. 

The  first  step  in  the  calculation  of  the  lateral-stability 
derivatives  for  a wdng,  therefore,  is  the  specification  of 
boundary  conditions  for  a thin  wnng  in  sideslip,  roll,  or  yaw'. 
This  specification  can  be  made  readily  for  tw'o  of  these  three 
lateral  motions.  For  instance,  a wing  in  sideslip  at  a small 
angle  of  attack  can  be  represented  by  a flat  plate  in  the  same 
position  and  the  plate  can  be  simulated  hj  use  of  a uniform 
distribution  of  the  vertical  perturbation  velocity  over  the 
plan  form.  A rolling  w^ing  can  be  represented  by  a twdsted 
thin  plate  and  simulated  b}^  a linear  spanwnse  variation  of 
the  dowTiw-ash  perturbation  velocity  over  the  plan-form 
area.  This  representation  of  the  rolling  wdng  is  an  illustra- 
tion of  the  rnamier  in  wdiich  quasi-stead}^  flow^  conditions 


can  be  substituted  for  conditions  that  are,  in  fact,  unsteady. 
Such  a substitution  permits  the  use  of  a simple  steady-state 
analysis  w^hich  yields  results  of  suflficient  accuracy  for  the 
motions  considered  in  stability  theory  if  not  for  the  more 
rapid  motions  involved  in  flutter  theory.  A }^awdng 
wdng,  how^ever,  cannot  be  suitably  represented  by  a flat 
or  twdsted  thin  plate  in  steady’  flow^  In  fact,  no  quasi- 
steady flow'  conditions  have  been  developed  at  the  present 
time  w'hich  w^ould  permit  the  straightforw’’ard  application 
of  a steady-state  analysis.  Thus  it  appears  that  the  most 
desirable  procedure  in  the  case  of  the  yawing  wdng  w’^ould 
be  to  undertake  the  analysis  as  a problem  in  unstead}^  flow’’. 
Such  analyses  are  quite  complex,  how'ever,  and  have  not  as 


X 


(a)  W'ind-axes  system  used  in  derivations  of  expressions  for  stability  derivatives; 

(b)  Body-axes  system  and  definition  of  positive  moments  and  velocities; 

(c)  Stability-axes  system  usually  preferred  for  dynamic-stability  calculations. 

Figure  2. — Three  systems  of  axes  associated  with  the  development  and  application  of 
stability  derivatives. 
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yet  been  carried  out  extensively.  Consequently,  .the  results 
presented  herein  for  the  derivatives  due  to  yavdng  are 
approximations  based  on  strip  theory.  In  the  case  of  the 
rectangular  plan  form  of  infinite  span  or  the  trapezoidal 
plan  form  with  raked-in  supersonic  .tips,  the  validity  of 
these  results  has  been  confirmed  by  an  unsteady-flow  solu- 
tion presented  in  reference  20. 

Having  specified  the  boundary  conditions,  the  next  step 
in  the  analysis  is  to. apply  the  linearized  theory  for  compres- 
sible flow  to  the  calculation  of  the  pressure  distributions. 
The  details  of  this  step  may  be  found  in  a number  of  reports 
dealing  with  supersonic  wing  theory.  (See,  for  example, 
references  21,  22,  and  23.)  Unfortunately,  only  pressures 
acting  normal  to  the  surface  of  the  flat  plate  are  calculated 
directly  from  the  application  of  the  linearized  theory.  These 
pressures  are  not  a complete  representation  of  the  pressures 
acting  on  a wing  of  finite  thickness,  and  in  order  to  obtain 
a better  representation  the  theory  of  edge  suction  must  be 
applied  and  the  pressures  acting  on  the  edges  of  the  thin 
plate  determined.  Then  by  using  both  the  normal  and 
edge  pressures,  the  moments  and  forces  acting  on  the  wing 
can  be  determined  for  the  motion  prescribed  and  the  stability 
derivative  can  be  calculated. 

The  foregoing  general  description  of  the  method  of  calcu- 
lating stability  derivatives  for  wings,  using  the  linearized 
tlieory  of  compressible  flow,  is  merely  a brief  summarization 
of  the  procedure.  For  a more  detailed  description  of  the 
steps  involved,  the  reports  referenced  should  be  consulted. 

UMITATIONS  OF  BASIC  THEORY 

The  idealization  of  the  flow  field  discussed  above  and  the 
resulting  simplifications  in  the  theoretical  analysis  are  re- 
flected as  limitations  in  the  applicability  of  the  results  ob- 
tained in  this  manner.  An  obvious  limitation,  for  instance, 
is  that  the  results  should  be  applicable  only  at  the  small 
angles  of  attack  to  which  the  wing  was  restricted  for  the 
analj'sis.  Comparisons  of  experimental  and  theoretical 
results,  however,  have  shown  that  this  particular  limitation 
usually  can  be  exceeded  in  practical  applications  without 
incurring  excessive  inaccuracy.  The  less  obvious  limitations 
can  be  deduced  from  considerations  of  the  effects  of  neglecting 
thickness  and  viscosity.  For  instance,  the  two  basic  reasons 
for  differences  between  the  experimental  and  theoretical 
results  are:  (1)  the  difference  in  pressure  distributions  caused 
by  neglecting  the  effects  of  thickness,  camber,  and  viscosity 
in  the  calculations;  and  (2)  the  existence  of  a skin-friction 
force  caused  by  viscosity.  In  general,  it  does  not  seem 
likely  that  the  pressure  distributions  due  to  thickness  or 
camber  will  yary  appreciably  with  any  of  these  lateral  mo- 
tions. Consequently  the  linearized-theory  results  should 
not  be  greatly  limited  in  application  due  to  the  effects  of 
thickness  or  camber.  On  the  other  hand,  the  effect  of  vis- 
cosity  on  the  pressure  distribution,  which  is  principally  the 
effect  of  the  boundary  la^^er,  is  of  consequence.  It  is  very 
difficult,  however,  to  determine  the  nature  of  the  boundar}^- 
layer  flow  and  its  effect  on  the  pressure  distribution  in  steady 
straight  flight  and  even  more  difficult  in  the  case  of  flight 
involving  the  lateral  motions.  Thus  the  contribution  of  the 
pressure-distribution  effects  of  viscosity  to  the  values  of  the 


lateral-stability  derivatives  is  a relative!}^  unknown  factor 
and  probably  the  greatest  source  of  discrepanc^y  between  the 
theoretical  and  actual  values  of  the  lateral  derivatives.  The 
skin-friction  force,  which  is  also  due  to  viscosity,  will  vary 
appreciably  with  yawing  velocity  but  not  significantly  with 
rolling  velocity  or  sideslip.  The  effects  of  this  force  can  be 
estimated  and  added  to  the  linerarized-theory  value  of  On 
to  reduce  the  limitations  of  applicabilit}^  of  this  derivative. 
The  contribution  of  the  skin-friction  force  to  Ci  , however,  is 
not  significant  since  it  is  mainly  a drag  force  and  has  only  a 
very  small  component  in  the  direction  that  would  produce  a 
rolling  moment. 

Another  assumption  which  is  inherent  in  the  analysis 
applied  is  that  the  wing  be  completely  rigid.  The  applica- 
bility of  the  theoretical  results  obtained  on  the  basis  of 
complete  rigidity  is  limited,  of  course,  by  the  effects  of  the 
deflection  or  distortion  of  the  actual  wing.  However,  only 
wings  that  have  exceptionally  long  and  slender  panel  lengths 
are  subject  to  much  distortion  or  deflectiom  Furthermore, 
current  studies  of  the  effect  of  aeroelasticity  on  stability 
derivatives  are  directed  toward  the  determination  of  devia- 
tions from  rigid-bod}^  results  and  it  can  be  anticipated  that 
the  possibility  of  making  appropriate  changes  in  the  values 
of  the  derivatives  given  herein  may  result  from  such  analyses. 

COMPILATION  OF  NUMERICAL  RESULTS 

The  numerical  results  presented  were  obtained  directly 
from  the  results  tabulated  in  references  1 through  17  or  were 
calculated  using  expressions  presented  in  these  reports. 
Wherever  possible,  both  the  numerical  values  of  the  deriva- 
tives and  the  expressions  from  which  they  were  obtained  were 
checked  against  identical  results  available  from  duplicate 
analyses.  The  plotting  and  cross  plotting  of  the  results  in 
the  construction  of  the  figures  presented  also  provided  an 
effective  check  against  errors. 

Use  was  made  of  the  reversability  theorem  (see  reference 
24)  in  the  calculation  and  checking  of  the  results  for  the 
damping-in-roll  derivative  Ci^.  No  evidence  or  proof  exists, 
however,  that  would  permit  the  reversability  theorem  to  be 
applied  to  the  calculation  or  checking  of  the  results  for  the 
other  lateral  derivatives. 

RESULTS  AND  DISCUSSION 

PRESENTATION  OF  RESULTS 

As  mentioned  previously,  the  plan  forms  covered  in  this 
summary  include  a rectangular,  two  triangular,  two  trapezoi- 
dal, a fully-tapered  swept-back,  a swept-back  hexagonal,  an 
unswept  hexagonal,  and  a notched  triangular  plan  form. 
Estimates  of  all  the  lateral  stability  derivatives  are  available 
for  the  first  six  of  these  plan  forms.  Only  partially  complete 
results  are  available  for  the  other  plan  forms. 

The  values  of  the  derivatives  plotted  against  aspect  ratio 
and  against  Mach  number  parameter  B are  shown  in  figures 
3 through  19.  The  results  are  grouped  by  derivatives  rather 
than  by  plan  forms.  The  values  of  the  damping  in-roll 
parameter  BCi^  for  all  the  plan  forms  surveyed  are  presented 
in  figures  3 and  4,  which  show  the  variation  of  this  derivative 
with  the  aspect-ratio  parameter  BA.  A similar  presentation, 
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figure  7j  was  used  for  the  side-force  derivative  Oy^.  The 
other  derivatives  required  separate  plots  to  show  the  aspect- 
ratio  and  Mach  number  variations  for  each  type  of  plan 
form.  In  table  II,  a convenient  cross  reference  of  the  figure 
numbers,  plan  forms,  and  derivatives  is  presented. 

For  these  general  results,  the  aspect-ratio  range  investi- 
gated extended  from  0 to  9 and  values  of  the  derivatives  were 
calculated  for  constant  values  of  5 of  1 , 2,  and  4.  The  Mach 
number  parameter  range  investigated  extended  from  0 to  4, 
corresponding  to  Mach  numbers  of  1 and  4.13,  respectiveh", 
and  the  derivatives  were  calculated  for  aspect  ratios  of  2,  4, 
and  6.  More  extensive  ranges  and  additional  intermediate 
values  of  these  variables  could  have  been  investigated,  but 
the  complexity  of  the  calculations  made  it  impractical  to  do 
so.  It  is  felt,  however,  that  included  within  these  limits  of 
aspect  ratio  and  Mach  number  are  most  of  the  plan  forms 
and  speeds  currently  of  interest.  Furthermore,  by  interpo- 
lation and,  in  some  instances,  by  careful  extrapolation  of  the 
results  presented,  it  is  possible  to  obtain  theoretical  values 
of  the  derivatives  for  plan  forms  of  the  type  covered,  but  not 
specifically  investigated,  that  should  be  useful  as  preliminary 
design  estimates. 

For  the  trapezoidal  plan  forms,  the  tip  rake  was  selected  to 
correspond  to  an  angle  of  sweep  of  approximately  63° 
(m=±0.5)  and  the  aspect  ratio  was  varied  b}^  changing  the 
span.  Supplementary  plots  showing  the  variation  of  the 
derivatives  with  tip  rake  for  a constant  aspect  ratio  are  pre- 
sented in  figures  20  through  28.  For  the  fully-tapered  swept- 
back  plan  forms,  the  value  of  the  ratio  of  the  root  chord  to 
over-all  length  cjl  was  set  at  0.5  and  the  aspect  ratio  was 
varied  by  changing  the  sweep  of  the  leading  edge.  Supple- 
mentary plots  were  used  in  this  case  to  show  the  variation  of 
the  derivatives  with  the  ratio  of  root  chord  to  the  over-all 
length  for  a constant  value  of  leading-edge  sweep.  These 
variations  are  presented  in  figures  29  through  37. 

In  figures  38  through  67  the  variations  with  taper  ratio 
and  with  leading-edge  slope  of  the  derivatives  available  for 
the  swept-back  and  unswept  hexagonal  and  the  notched 
triangular  plan  forms  are  presented. 

aspect  ratio  and  MACH  NUMBER  RANGES  COVERED 

In  many  instances,  the  results  previously  described  were 
available  only  within  small  portions  of  the  ranges  of  aspect 
ratio  and  Mach  number  mentioned.  The  reasons  for  these 
limitations  are  discussed  in  the  following  paragraphs  of  this 
section. 

For  the  lateral  motions  of  rolling  and  sideslip,  the  linear- 
ized theoiy  is  directly  applicable  and  the  results  available 
are  limited  only  by  the  complexity  of  the  calculations  in- 
volved in  determining  the  load  distributions  for  certain  plan 
forms  and  certain  conditions.  For  the  yawing  motions, 
however,  the  difficulty  in  specif^’^ing  quasi-steady  boundary 
conditions  precludes  the  direct  application  of  steady-state 
linearized  theory.  Approximate  solutions  based  on  strip 
theory  can  be  used,  however,  wherever  suitable  solutions  of 
this  type  can  be  developed.  Rigorous  unsteady-flow  solu- 
tions would  of  course  be  preferable  for  the  yawing  deriva- 
tives but  onl}’  one  such  solution  has  been  reported  at  this 
time.  Thus  it  is  apparent  that  the  derivatives  due  to  yawing 


are  neither  as  available  nor  as  generall}^  applicable  as  the 
derivatives  due  to  rolling  or  sideslip. 

The  cause  of  the  calculation  complexities  that  limit  the 
determination  of  the  load  distribution  to  certain  plan  forms 
and  certain  conditions  is  the  existence  of  regions  on  a vnxig 
which  are  affected  b}^  the  interaction  of  flows  past  two  or 
more  subsonic  edges  ^ l}dng  within  the  Mach  forecones  of 
points  contained  within  the  region.  Such  regions  exist  on 
any  \ving  having  interacting  subsonic  edges,  that  is,  on  any 
vdng  having  one  subsonic  edge  l}dng  within  the  region  of 
influence  of  another.  These  regions  also  exist  on  a wing 
having  mutually  interacting  subsonic  edges.  The  determina- 
tion of  the  load  distribution  for  such  regions  is  extremel}^  diffi- 
cult using  the  basic  integral-equation  methods  (references 
21  and  22)  developed  for  supersonic  wing  theory.  Tliis  is 
especially  true  for  the  regions  influenced  by  mutual!}^  inter- 
acting subsonic  edges.  As  a consequence,  special  cancel  I a- 
tion-of-load  techniques  have  been  used  (references  11,  15, 
and  18)  to  handle  plan  forms  having  interacting  or  mutually 
interacting  subsonic  edges.  The  application  of  these  cancel- 
lation teeWiques,  however,  usually  involves  rather  lengthy 
calculations  and,  consequently,  numerical  results  are  avail- 
able for  only  relatively  few  of  the  plan  forms  that  require 
such  methods.  Thus  most  of  the  results  presented  herein 
are  for  plan  forms  that  do  not  have  interacting  subsonic 
edges. 

The  actual  ranges  of  the  aspect-ratio  parameter  for  whicli 
results  are  presented  are  given  in  table  III.  The  limits  of 
these  ranges  are  explained  in  the  discussion  that  follows. 

Rectangular  plan  form. — For  values  of  BA  less  than  1 the 
Mach  lines  from  the  tip  of  the  rectangular  plan  form  would 
intersect  the  opposite  edges  and  thereby  change  them  from 
noninteracting  to  interacting  subsonic  edges.  Thus  a lower 
limit  is  set  on  the  aspect-ratio  parameter  BA  for  which 
Cn^y  C'vp,  Ci^f  Cn^y  and  Cy^  are  presented.  The  deriva- 
tives due  to  yawing,  Ci^,  and  Cy^,  were  calculated  using 
the  analysis  presented  in  reference  6.  This  analysis  indi- 
cated that  reasonably  accurate  approximate  values  of 

^ Q ^2\ 

Ci^y  Cn^y  and  Cy^  could  be  obtained  as  a fraction  

of  the  Cl  , On  , and  Cy  results.  Thus  the  limitations  of 
the  aspect-ratio  parameter  for  and  Cy^  are  the  same 

as  those  for  and  Cy^^. 

Trapezoidal  plan  form. — The  lower  limits  on  the  aspect- 
ratio  parameter  for  both  types  of  trapezoidal  plan  form 
(tips  raked  in  and  tips  raked  out)  are  to  prevent  the  plan- 
form  tips  from  becoming  interacting  subsonic  edges.  If  the 
plan  form  has  supersonic  tips,  however,  the  lower  limit  is 
the  aspect  ratio  for  which  the  trapezoid  becomes  a triangle. 

The  derivatives  due  to  yawing  were  obtained  from  the 

application  of  the  factor  ^ — - developed  for  the  rectangu- 

lar plan  form.  The  justification  of  this  step  is  given  in  a 
later  section  of  the  report  wherein  the  sources  and  develop- 
ment of  the  results  are  discussed. 


2 la  the  terminology  that  has  become  associated  with  supersonic  flow  analysis,  the  term 
^‘subsonic  edge”  refers  to  an  edge  swept  behind  its  Mach  line  (because  the  component  of  flow 
normal  to  the  edge  is  subsonic)  and  the  term  “supersonic  edge”  refers  to  an  edge  swept 
ahead  of  its  Mach  line. 
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Triangular  plan  form  with  apex*  forward. — There  is  no 
aspect-ratiO‘parameter  limitation  necessary  for  the  deriva- 
tives due  to  rolling  or  sideslip.  The  derivatives  due  to  yaw- 
ing, however,  have  been  obtained  only  for  plan  forms  having 
a BA  of  4 or  less  because  no  solution,  approximate  or  other- 
wise, has  been  developed  for  the  3^awing  triangular  wing 
with  supersonic  leading  edges. 

Triangular  plan  form  with  base  forward, — For  values  of 
BA  less  than  4,  the  edges  of  this  plan  form  become  mutually 
interacting  subsonic  trailing  edges  and  the  reflections  of  the 
Mach  lines  establish  an  infinite  number  of  regions  wdiich 
would  have  to  be  analyzed  independent!}'.  This  limit 
applies  to  the  derivatives  due  to  sideslip  and  yawing  and 
\vould  apply  to  the  derivatives  due  to  rolling  if  it  w^ere  not 
for  the  fact  that  the  reversability  theorem  (see  reference  24) 
permits  these  derivatives  to  be  calculated  for  the  same  plan- 
form  range  as  obtained  for  the  triangular  plan  forms  with 
apex  forward. 

The  derivatives  due  to  yawdng  w^ere  obtained  b}^  applying 
-go clevelopea  in  the  rectangular-wmg  anal}^- 


the  factor 


sis  to  the  derivatives  due  to  rolling.  The  justification  of 
using  tliis  factor  for  a base-forward  triangular  plan  form  is 
given  in  a later  section  of  this  report.  Inasmuch  as  the 
reversability  theorem  does  not  apply  to  the  derivatives  due 
to  yawing,  the  lower  limit  for  BA  is  4 rather  than  zero. 

Fully-tapered  swept-back  plan  form. — The  lower  limit  of 

is  common  to  all  the  derivatives  in  order  to 

assure  that  the  trailing  edge  of  this  plan  form  does  not 
become  subsonic.  The  upper  limit  of  BA  for  the  derivatives 
due  to  sideslip  and  yawing,  U/Cr,  assm’es  that  the  leading 
edge,  will  not  become  supersonic.  Values  of  the  derivatives 
Cnpj  and  CVp,  lio\vever,  have  been  obtained  from 
references  13  and  16  for  plan  forms  having  supersonic 
leading  edges. 

Swept-back  hexagonal  plan  form, — The  plan  forms  con- 
sidered to  fall  in  this  classification  have  stream  wise  tips  and 
range  from  the  constant-chord  swept-back,  ^X=l,  to  the 
swept-back  plan  .form  having  a straight  trailing  edge, 
^=47n(l-X)/(l +X).  The  aspect-ratio  parameter  range 
for  this  wing,  given  in  table  III,  indicates  that  results  are 
presented  for  plan  forms  having  either  subsonic  or  supersonic 
leading  edges  and  ha\dng  supersonic  trailing  edges.  An 
added  restriction  provided  by  the  limits  on  the  aspect-ratio 
parameter  range  is  that  the  Mach  lines  from  the  leading 
edges  of  the  tips  must  not  cross  on  the  wing. 

Unswept  hexagonal  plan  form. — These  plan  forms  have 
stream  wise  tips  and  range  from  the  swept  back  with  a 
straight  trailing  edge  to  the  hexagonal  plan  form  having 
fore-and-aft  SA^mmetry,  wdiich  can  be  expressed  as  an  aspect 
ratio  range  of 


2m  (1  — X)^  4 (1  — X) 

(1-bX)  (1+X) 


The  results  presented  for  the  derivatives  due  to  rolling  and 
3^awing  are  subject  to  the  same  aspect-ratio-parameter 
limitations  that  were  given  for  the  derivatives  due  to  rolling 
for  the  swept-back  hexagonal  plan  form. 


Notched  triangular  plan  form. — The  derivatives  due  to 
rolling  are  presented  for  both  subsonic  and  supersonic 
leading  edges.  It  shoidd  be  pointed  out  that  for  the  damp- 
ing-in-roll  derivative  the  plan  forms  ha\dng  subsonic  leading 
edges  differ  from  those  having  supersonic  leading  edges 
in  that  the  trailing  edges  of  the  former  always  lie  along  the 
Mach  line  from  the  trailing  end  of  the  root  chord;  whereas 
tlie  trailing  edges  of  the  latter  are  parallel  to  the  leading 
edges.  (See  reference  2.)  The  derivatives  due  to  sideslip 
are  presented  onty  for  the  plan  form  having  supersonic 
leading  edges. 

SOURCES  AND  DEVELOPMENT  OF  RESULTS 

The  soiu-ces  of  the  results  for  the  lateral-stability  deriva- 
tives of  the  various  plan  forms  sinve^^ed  are  listed  in  table  I. 
An  indication  of  the  rigor  which  has  been  maintained  in  the 
individual  developments  of  th'ese  results  is  given,  in  the 
following  discussion.  Sources  of  some  of  the  results  avail- 
able for  plan  forms  other  than  those  surveyed  are  also 
mentioned. 

Derivative  Ci^:  The  rolling  wing  lends  itself  to  readil}’’ 
specified  boimdary  conditions  and  a rigorous  application  of  the 
linearized- theory  analysis.  The  damping  moment  obtained 
varies  linearl}-  with  the  rolling  velocity  p and,  accordingly, 
the  expression  obtained  for  the  derivative  Ci^  is  usually  a 
relativel}^  simple  one.  Furthermore,  the  numerical  results 
are  readity  computed  and  can  be  presented  in  one  figure 
showing  both  the  variation  with  Mach  number  and  aspect 
ratio.  Consequently,  there  are  more  results  available  for 
the  damping-in-roll  derivative  than  for  any  of  the  other 
lateral  derivatives,  particularly  in  regard  to  the  number 
of  plan  forms  investigated. 

In  addition  to  the  results  presented  in  this  summary,  more 
extensive  damping-in-roll  results  are  available  in  the  refer- 
enced reports  for  plan  forms  having  arbitrary  sweep  and 
taper.  In  references  9 and  10,  Ci^  is  determined  for  such 
plan  forms  having  subsonic  leading  edges  and  supersonic 
trailing  edges.  In  reference  13,  these  results  are  extended 
to  include  such  plan  forms  having  supersonic  leading  and 
trailing  edges.  The  effect  of  subsonic  trailing  edges  has 
been  investigated  in  references  11  and  15  using  the  cancella- 
tion-of-pressure  technique,  but  the  numerical  results  are 
. limited  to  one  or  two  plan  forms.  Values  of  Ci^  described 
as  the  upper  limits  for  swept-back  plan  forms  having  sub  • 
sonic  trailing  edges  are  presented  in  reference  9,  These  val- 
ues were  obtained  by  extending  the  expressions  developed 
for  Ci^  be3mnd  the  limits  of  applicability  for  which  the}’^  were 
derived.  The  damping-in-roll  derivative  for  swept-back 
tapered  wings  having  raked-in  or  cross-stream  tips  and  sub- 
sonic leading  edges  has  been  investigated  and  the  results  are 
presented  in  reference  12.  Thus,  it  is  possible  to  calculate 
- the  damping-in-roll  derivative  for  a large  number  of  plan 
forms  of  arbitraiy  sweep,  taper,  and  tip  rake.  In  some 
cases  the  numerical  values  of  the  derivative  have  been  cal- 
culated and  presented.  In  other  cases  the  calculations  must 
be  carried  out,  a step  which  involves  rather  lengthy  calcula- 
tions when  the  trailing  edges  are  subsonic  and  the  cancella- 
tion techniques  must  be  used. 

It  should  be  mentioned,  however,  that  in  many  instances 
values  for  the  damping-in-roll  derivative  can  be  determined 
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for  plan  forms  and  Mach  angle  configm*ations  that  would 
be  extremely  tedious  if  at  all  possible  to  calculate,  by  appli- 
cation of  the  plan  form  reversibility  theorem  presented  in 
reference  24. 

Derivative  On  : The  contribution  of  the  normal  force  to 
this  derivative  is  —aCi  which  can  be  evaluated  from  the 
damping-in-roll  results  previousl}^  discussed.  The  effects  of 
edge  suction  on  this  derivative  are  also  readih-  calculated. 
Thus  it  is  possible  to  calculate  Cn^  for  the  same  extensive 
range  of  plan  forms  for  which  it  was  possible  to  calculate  Ci^. 
The  results  actually  available  for  however,  cover  only 
the  plan  forms  considered  in  this  summary. 

For  the  trapezoidal  plan  forms  having  raked-out  tips,  the 
expression  for  Cn^  applicable  to  the  stability-axes  s^'Stem  has 
not  been  published  previous!}^.  For  subsonic  tips,  and  with 
the  center  of  gravity  located  at  Cr/2,  the  expression  is. 


— 256aVl-5"m" 
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aud  for  supersonic  tips  the  expression  is 


0„  =-aCi 

"p  ‘p 


Derivative  The  derivative  Cy^  exists  only  when  edge 
suction  forces  are  present.  The  results  available  for  Cy^ 
coyer  only  the  plan  forms  considered  in  this  summary  and 
some  swept-back  tapered  wings  with  streamwise  tips  having 
either  supersonic  or  subsonic  leading  edges.  (See  references 
14  and  16,  respectively.) 

The  expressions  for  Cy^  for  the  trapezoidal  plan  forms  hav- 
ing raked-out  or  raked-in  tips  have  not  been  published  pre- 
viousl}".  For  the  subsonic  raked-out-tip  plan  forms  the  ex- 
pression applicable  to  the  stability  axes  system  is 

^ 64aVl-JgV 

+5m)  (l 

45m 8 

<i+v^)  o(‘+V‘-w). 


For  the  supersonic  raked-out-tip  plan  forms  and  for  the 
raked-in-tip  plan  forms  there  is  no  suction  effect  and  is, 
consequently,  zero. 

Derivative  Ci^:  For  wings  in  sideslip,  the  boundary  con- 
ditions are  easily  specified  and  the  linearized-theoiy  analysis 
to  obtain  the  normal  force  is  easily  carried  out.  Unfortu- 
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nately,  however,  the  rolling  moment  cannot  be  generally 
expressed  as  a linear  function  of  sideslip  angle.  (See  reference 
5.)  To  obtain  the  derivative  therefore,  it  is  necessaiy  to 
plot  Oi  agamst  the  sideslip  angle  jS  and  to  measure  the  slope 
or,  if  the  sideslip  is  restricted  to  ver\-  small  angles  (reference 
4),  it  is  possible  to  linearize  the  expression  for  Ci  and  obtain 
an  explicit  expression  for  Ci^.  Although  no  derivatives  due  to 
sideslip  are  presented  for  the  unswept  and  swept-back  hexag- 
onal plan  forms,  these  derivatives  can  be  calculated  for  these 
plan  forms  using  references  21,  22,  or  23,  or  if  a cancellation 
technique  is  needed,  reference  18  gives  a demonstration  that 
, is  directh'  applicable  to  these  cases. 

It  should  be  pointed  out  that  for  the  trapezoidal  plan  forms 

with  a tip  slope  moi  the  Mach  cones  and  tips  comcide  at 

5=2.  Double  values  of  the  derivatives  due  to  sideslip, 
Ci^,-Cn^,  and  Cy^,  occur  at  this  value  of  B and  in  order  to 
avoid  any  ambiguity  the  limiting  values  of  the  derivatives 
obtained  b\^  approaching  B—2  from  the  lower  values  of  B 
(tips  subsonic)  were  labeled  5=2  (— ) and  the  limiting  values 
of  the  derivatives  obtained  b}^  approaching  from  higher  values 
of  5 (tips  supersonic)  were  labeled  5=2  (+). 

For  plan  forms  having  streamwise.  tips,  such  as  rectangular 
plan  forms,  there  is  some  doubt  as  to  the  validity  of  the 
results  obtained  by  apphdng  the  Kutta  condition  to  the 
trailing  tip  at  small  angles  of  sideslip.  In  reference  6 it  is 
assumed  that  the  Kutta  condition  does  not  apply,  whereas  in 
reference  5 it  is  assumed  that  the  Kutta  condition  applies  to 
the  trailing  tip  at  small  angles  of  sideslip  as  well  as  large. 
This  difference  in  basic  assumptions  leads  to  two  entirety 
different  values  for  Ci^.  From  physical  considerations  of 
what  the  flow  must  be  past  a sharp  trailing  edge,  such  as  the 
tip  of  a thin  airfoil,  the  theoretical  analysis  based  on  the 
latter  assumption  is  the  correct  one.  From  physical  con- 
siderations of  the  flow  about  a wing  tip  of  finite  thickness,  the 
correctness  of  either  assumption  depends  upon  the  ability' 
of  the  boundary  layer  on  the  tip  to  resist  separation.  If  the 
suction  force  caused  by  the  high  velocity  flow  of  air  from  the 
bottom  surface  to  the  top  surface  is  strong  enough  to  cause 
the  boundary  layer  to  separate,  then  a flow  corresponding  to 
the  Kutta  condition  will  result  and  the  edge  suction  force  will 
i no  longer  exist.  The  angle  of  sideslip  at  which  separation  of 
the  flow  around  the  tip  will  take  place  is,  at  present,  unde- 
termined. It  will  depend  on  the  angle  of  attack  and  on  the 
shape  of  the  tip  to  a large  extent.  It  is  definitety  possible, 
however,  for  separation  to  occur  on  tips  raked  at  a slight 
angle  into  the  stream,  such  as  the  advancing  tip  of  the  rec- 
- tangular  wing  in  sideslip,  as  well  as  on  a trailing  tip.  If  this 
were  the  case,  the  Kutta  condition  would  have  to  be  applied 
‘ to  both  tips  at  small  angles  of  sideslip  rather  than  to  one  or 
neither  as  assumed  in  the  previous!}'  mentioned  analyses. 
Until  experimental  results  are  obtained  that  will  provide 
definite  quantitative  evidence  to  the  contraiy,  therefore,  it 
seems  most  reasonable  to  assume  that  the  solution  based  on 
the  flow  over  a thin  trailing  edge  is  valid.  In  other  words,  it 
seems  most  reasonable  to  assume  that  the  Kutta  condition 
holds  for  all  trailing  edges  and  the  edge  suction  exists  on  aU 
leading  edges  no  matter  what  the  angle  of  inclination  is 
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between  the  edge  and  the  stream.  Accordinglj’,  the  results 
presented  in  this  surve}^  correspond  to  those  reported  in 
reference  5. 

Derivative  The  contribution  of  the  edge  suction 
effects  to  this  derivative  is  easily  estimated  but  the  resulting 
expression  for  the  yawing  moment  is  nonlinear  with  sideslip. 
The  normal  force  contribution  ~~a  is  also  nonlinear  with 

p 

sideslip  as  described  in  the  discussion  of  Both  of  these 
nonlinearities  can  be  handled,  however,  in  the  manner 
'mentioned  in  that  discussion. 

For  the  plan  forms  having  stream  wise  tips  the  application 
of  the  Kutta  condition  to  the  trailing  tip  at  small  angles  of 
sideslip  causes  a jump  in  the  }^a wing-moment  curve  at  zero 
sideslip.  (See  references  8 and  17.)  This  jump  makes  it 
difficult  to  establish  a rational  value  for  C„^  especially  in 
view  of  the  fact  that  in  actuality  the  jump  will,  undoubted!}^, 
be  rounded  off  and  the  curve  will  have  no  discontinuity  in 
slope  at  zero  sideslip.  The  value  of  the  derivative  selected 
for  the  curve  with  the  jump  was  based  on  the  slope  of  the 
yawing-moment  curve  as  it  approached  zero  sideslip.  This 
value  is  questionable  in  magnitude.  It  has  the  proper  sign, 
however,  and  should  be  an  underestimation  of  the  actual 
value  of 

Derivative  Cy^:  Inasmuch  as  the  edge-suction  force  is  the 
only  som’ce  of  side  force  for  wing  plan  forms,  the  derivative 
Cy^  is  zero  (at  zero  sideslip)  for  plan  forms  having  supersonic 
raked-out  tips  or  raked-in  tips.  For  trapezoidal  plan  forms 
having  subsonic  tips,  the  expression  for  the  side  force  is 

(1+^^ 

1 +.Ji  4-gmJ  B\1  +£m)Vl-£'m^ 

The  jump  that  appears  in  the  yawing  moment  versus 
sideslip  curve  at  zero  sideslip  for  plan  forms  having  stream- 
wise  tips  occurs  also  in  the  side  force  versus  sideslip  curve. 
The  evaluation  of  the  derivatives  under  these  conditions 
was  handled  in  the  manner  described  in  the  discussion  of  C„^. 

Derivative  Ci/.  As  mentioned  in  a preceding  section  of 
this  report,  the  yawing  wing  cannot  be  fitted  satisfactoril}- 
to  quasi-steady  boundar}^  conditions  that  would  permit  the 
use  of  an  exact  linearized-theory  anah'sis  based  on  a steady- 
state  flow.  For  rectangular  and  triangular  wings,  however, 
modified  strip-theory  analyses  have  been  applied  in  refer- 
ences 6 and  4,  respectively,  and  approximate  values  for  the 
rolling-moment-due-to-yawingderivative  havebeen  obtained. 
The  analysis  for  the  triangular  mng  takes  into  account  the 
span  wise  variation  of  speed  but  not  the  span  wise  variation 
of  Mach  number,  A chordwise  variation  of  the  effective 
sideslip  angle  for  a yawing  wing  is  also  included  in  the 
triangular-wing  anal3^sis.  The  contribution  of  this  latter 
factor  is  predominant  for  triangular  wings  of  low  aspect 
ratio  (that  is,  triangular  wings  having  small  vertex  angles). 
Both  the  spanwise  variations  of  Mach  number  and  of  speed 
were  taken  into  account  in  a somewhat  similar  analysis  for 
the  rectangular  wing.  From  this  latter  anah'sis  a factor  of 


a(l— J?2) 
£2 


was  found  to  exist  between  the  loading  due  to  roll- 


ing and  the  loading  due  to  3^awing  over  the  portion  of  the 
rectangular  wing  where  the  flow  was  two  dimensional,  and 
it  was  assumed  that  this  factor  could  also  be  applied  in  the 
vicinity  of  the  tips.  An  analysis  of  a rectangular  wing  of 
infinite  span  based  on  unstead}^  flow,  made  in  reference  20, 

provided  verification  of  the  existence  of  the  factor  - — - 

for  the  region  of  two-dimensional  flow.  In  view  of  this  veri- 
fication, it  seems  that  the  rectangular-wing  values  for  Ci^ 
obtained  from  reference  6 should  be  a good  approximation, 
at  least  for  plan  forms  having  high  aspect  ratios.  Further- 
more, application  of  the  factor  ^ fo  the  rolling- 


moment  results  for  a trapezoidal  plan  form  having  super- 
sonic raked-in  tips  should  provide  exact  theoretical  values 
for  Ci^  (using  the  unsteady-flow-analysis  results  as  a norm) 
because  of  the  lack  of  tip  effects.  Inasmuch  as  am^  plan 
form  having  relativel}^  large  regions  of  two-dimensional  flow 
should  be  suited  to  this  approximate  anal3^sis,  it  was  decided 
to  use  this  factor  to  obtain  approximate  values  of  Ci^  for  the 
trapezoidal  plan  forms,  the  base-forward  triangular  plan 
form  with  supersonic  tips,  and  the  unswept  hexagonal  plan 
form.  B3^  this  step^  theoretical  estimates  of  Ci^  were  made 
available  for  all  but  the  apex-forward  triangular  plan  form 
with  supersonic  leading  edges,  the  base-forward  triangular 
plan  form  with  subsonic  trailing  edges,  the  swept-back  hex- 
agonal plan  form,  and  the  notched  triangular  plan  form. 

Derivative  Cn/-  Application  of  the  factor  — to  the 


calculation  of  the  edge-suction-force  contribution  to 
from  the  edge-suction  force  due  to  rolling  will  3ueld  an  ad- 
mittedl3^  rougher  approximation  than  the  application  of  this 
factor  to  the  determination  of  the  normal  force  due  to  3^awing. 
However,  in  view  of  the  fact  that  it  was  the  only  method 
available  for  estimating  the  edge-suction  force  in  3^awing, 
it  was  used  to  obtain  the  Cn^  results  for  all  the  plan  forms 
similarl3^  anal3'zed  for  Ci^. 

Derivative  Cy^\  The  application  of  the  factor  • 

calculate  and  from  and  respectiveh',  for 
certain  plan  forms  was  extended  to  the  side-force  calculations 
in  order  to  obtain  values  for  the  derivative  6V^.  The  apex- 
forward  triangular  plan  form  having  subsonic  leading  edges 
Avas  excepted  inasmuch  as  the  deri\^ati\^e  Cy^  Avas  available 
from  reference  4, 


CONCLUDING  REMARKS 

Values  of  the  lateral-stabilit3^  derivatives  for  wings  at 
supersonic  speeds,  calculated  using  the  linearized  theor3"  for 
compressible  floAv,  have  been  presented  in  the  form  of 'design 
charts  shoAving  the  variations  of  the  derivatives  Avith  Mach 
number  and  aspect  ratio  for  nine  plan  forms.-  These  plan 
forms  AA^ere:  (1)  rectangular;  (2)  trapezoidal  Avuth  raked-out 
tips;  (3)  trapezoidal  Avith  raked-in  tips;  (4)  triangular  Avith 
apex  forward;  (5)  triangular  Avith  base  forAA^ard;  (6)  fully 
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apered  swept-back;  (7)  swept-back  hexagonal;  (8)  unswept 
lexagonal;  and  (9)  notched  triangular. ' 

Limitations  in  the  applicabilit}^  and  availability  of  the 
ateral-stabilit}-  derivatives  are  discussed. 

UiES  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  June  26,  1951. 
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TABLE  I.— REFERENCE  NUMBERS  OF  THE  SOURCES  OF  THE  STABILITY— DERIVATIVE  RESULTS  SUMMARIZED 


Plan 

form 

Deriv- 

ative 

Rectangular 

Trapezoidal 
with  raked- 
out  tips 

Trapezoidal 
with  raked- 
in  tips 

Triangular 
with  apex 
forward 

Triangular 
with  base 
forward 

Swept 

back 

Swept-back 

hexagonal 

Unswept 
hexagonal  . 

Notched 

triangular 

2,  6 

2 

2 

2,4 

2,4 

7,9 

9,  10,  11,  13,  15 

9,  10,  11,  13,  15 

2 

6 

(>) 

2 

4 

2,4 

7,  14,  16 

14,  16 

14,  16 

6 

(0 

(0 

4 

(0 

7,  14,  16 

14,  16 

14,  16 

5,  6 

5 • 

5 

4,  5 

5 

5,  7 

0 

6,  8 

8 

8 

4,8 

8 

7,  8 

8 

6 

(*) 

(0 

’ 4 

0) 

7 

(■) 

6 

26 

26 

4 1 

26 

7 

2 6 

6 

26 

26 

4 

26 

7 

2 6 

Cy, 

6 

26 

26 

4 

26 

7 

26 

Previously  unpublished.  » By  extension. 


TABLE  II.— FIGURE  NUMBERS  FOR  DERIVATIVES  AND  PLAN  FORMS  ' 


Plan 
. \ form 
Denv- 

ative  \ 

Rectan- 

gular 

Trapezoidal 

with 

raked-out 

tips 

Trapezoidal 

with 

raked-in 

tips 

Triangular 

with 

apex 

forward 

Triangular 

with 

base 

forward 

Swept  back 

Swept-back 

hexagonal 

Unswept 

hexagonal 

Notched 

triangular 

3(a) 

3(a),  4,  20 

3(a),  4,  20 

3(a) 

3(a) 

3(a),  29 

3(b),  3(c),  3(d), 

3(e),  44,  3(f), 

3(g)' 

38,  41,  59, 

50,  62 

56  ’ 

Cnj, 

5(a),  6(a) 

5(b),  6(b), 

5(c), 6 (c;,21 

5(d),  6(d) 

5(e),  6(e) 

5(f),  6(f),  30 

5(g),  5(h),  5(i), 

5(j),  6(i),  5(k), 

21 

6(g),  6(h), 

6(k),  45,  51, 

6(i),  39,  42, 

63 

57,  60 

7(a) 

7(a),  22 

7(a),  22 

7(a) 

7(a) 

7(a),  31 

7(b),  7(c),  40, 

7(d),  7(e),  46, 

43,  58,  61 

52,  64 

8(a),  9(a) 

8(b),  9(b), 

8(c),  9(c),  23 

8(d),  9(d) 

8(e),  9(e) 

8(f),  9(f), 

8(g) 

23 

32 

Cn^ 

10(a),  li(a) 

10(b), 

10(c),  11(c), 

10(d),  11(d) 

10(e),  11(e) 

10(f),  11(f), 

10(g), 

1.1(b), 

24 

33 

11(g) 

24 

Cy^ 

12(a),  13(a) 

12(b), 

12(c),  13(c), 

12(d),  13(d) 

12(e),  13(e) 

12(f),  13(f), 

12(e). 

13(b), 

25 

34 

13(g) 

25 

14(a),  15(a) 

14(b), 

14(c),  15(c), 

14(d),  15(d) 

14(e),  15(e) 

14(f),  15(f), 

14(g),  15(g), 

15(b), 

26 

35 

14(h),  15(h), 

26 

47,  53,  65 

Crtf 

16(a),  17(a) 

16(b), 

16(c),  17(c), 

; 16(d),  17(d) 

16(e),  17(e) 

16(f),  17(f), 

16(g),  17(g), 

17(b), 

27 

36 

16(h),  17(h), 

27 

48,  54,  66 

Cyj 

18(a),  19(a) 

18(b), 

18(c),  19(c), 

18(d),  19(d) 

18(e),  19(e) 

18(f),  19(f), 

18(g),  19(g), 

19(b), 

28 

37 

18(h),  19(h), 

28 

49,  55, 

67 

• In  cases  where  more  than  one  curve  falls  on  a single  line,  the  leaders  identifying  the  curves  are  used  to  indicate  the  lower  limit  of  each  curve 
with  respect  to  the  variable  plotted  horizontally. 
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TABLE  III.— RANGES  OP  ASPECT-RATIO  PARAMETER  FOR  WHICH  DERIVATES  ARE  PRESENTED 


Plan 

\ form 

Deriv-  \ 

ative 

Rectangular 

Trapezoidal  ^ with 
raked-out  tips 

Trapezoidal  * with 
raked-in  tips 

Triangular  with 
apex  forward 

Triangular  with 
base  forward 

1<B.4<  CO 

(1  -}-  Btn)^  < BA  < CO 

(1  — < BA  < 00 

0<BA<  CO 

0<B/1<  CO 

Cn 

do 

do 

do 

do 

Do. 

"p 

Cy 

do 

do 

do 

do 

Do. 

^ V 

Cu 

do 

do 

do 

do 

4<BA<  00 

‘<3 

Cn. 

do 

do 

do 

do 

Do. 

Cy. 

do 

do 

_do_  

do 

Do. 

Cl 

do i 

do 

do 

0<BA<4 

Do. 

‘r 

Cn 

do 

• do .. 

do. ♦ 

do... 

Do. 

Cr. 

do 

do 

do 

do 

Do. 

1 Limits  given  are  for  subsonic  tips  (|B?nj<Ci);  for  supersonic  tips  (]f?w|>l)  the  limits  are  \4^Bm\<BA<  <». 


TABLE  III.—CGNCLUDED 


Deriv- 

ative 


Plan 

form 


Cn, 

Crg 

Cl. 


C<'t 

Cr, 


Swept  back 


do 

do 

-( 

C;-  \ . I / Cf 

do 

do 

do 

do 

do 


Swept-back  ^ 
hexagonal 


(Bm-hD(l-i-X) 
4B?n(l-X) 


<BA 


do 

do 


Unswept  2 
hexagonal 


(Bm+l)(l  + X) 
4Bm(l  — X) 


<BA 


< 


(1-Bm)(14-X) 

__do 

__do 


4Bm 


(B?^+l)(14-X) 
4Bm(l  — X) 


<BA 


< 


X) 

._do 

..do 


Notched  triangular 


0<J5A<- 


4/ 


U 


<BA< 


41 


Do. 

Do. 


2 These  limits  applj^  for  subsonic  leading  edges,  Bw<l,  but  for  supersonic  leading  edges,  Bm>l,  the  upper  limit  is  changed  to  oo. 


'oa-  “'og-  ^>jg. 
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(c)  Swept-back  hexagonal  plan  form;  X-0.5.  (/)  Unswept  hexagonal  plan  form;  X=0.5;  Bm=3BAI2. 

Fiouse  3.— Variation  of  damping-in-roll  parameter  with  aspect-ratio  parameter. 
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(a)  Rectangular  plan  form. 

(b)  Trapezoidal  plan  form;  w=0.5, 

(c)  Trapezoidal  plan  form;  m=— 0.5. 

Figure  5,— Variation  of  yawing-moment-due-to-roll  derivative  with  aspect  ratio. 


(a)  Rectangular  plan  form. 

(b)  Trapezoidal  plan  form;  tn=0.5. 

(c)  Trapezoidal  plan  form;  f7»  = — 0.5. 

Figure  6, — Variation  of  yawing-moment-due-to-roll  derivative  with  Mach  number 
parameter  B. 


(d)  Triangular  plan  form.  Apex  forward. 

(e)  Triangular  plan  form.  Base  forward. 
(0  Swept’back  plan  form;  X=0;  ^=0.6, 

Figure  6.— Continued. 
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7^-Syveptbock,  A-0,  —^=0.5,  0.5<S7ti<  1 

\ I I I I I f I I I r I -I- 

- -V  -Pecfonqufor 

- \|  I I II  I I 

. -\-Tr/ angular  0<Bm<\  _ 

^^\~Triongulor^  BttkO 
, ^ Tropezoidol,  Bm  < 0 

/ y Trapezoidal,  Bm=0.5 

--Triangular,  Bm>i 
^ ^ ^ — Tropezo  idol,  Bm  >i 


liSi 

IHEBlii 


Brr 

i=C 

).75 

,_± 

.=0 

.5 



V 

Bm 

= 1 

1 

V/ 

-Bm- 

1 

Bm=i0l  yBm=20 


(g)  Swept-back  hexagonal  plan  form;  X=1.0;  771=0.0. 

(h)  Swept-back  hexagonal  plan  form;  X=0.5;  731=0.0. 

(i)  Swept-back  hexagonal  form;  X=0.5,  B77J=3B.4/4. 

0)  Unswept  hexagonal  plan  form;  X=0.5;  771= 5. 

(k)  Unswept  hexagonal  plan  form;  X=0..5;  Bm=3BA/2. 
Figure  6.— Concluded, 


m 


(a)  First  six  plan  forms  investigated.  (See  footnote,  table  II.) 

(b)  Swept-back  hexagonal  plan  form. 

(c)  Swept-back  hexagonal  plan  form;  X=0.5.  B77i=3i3.4/4. 

(d)  Un swept  hexagonal  plan  form;  X=0,5. 

FIGURE  7. — Variation  of  side-force-due-to-rolling  derivative  with  aspect-ratio  parameter. 


■■■■ 

■■■■ 

(e)  rriangular  plan  form.  Base  forward.  (See  footnote,  table  IE.) 

(f)  Swept-back  plan  form;  X=0;  y =0.5. 

(g)  Notched  triangular  plan  form; 

Figure  8.— Concluded. 


(a)  Rectangular  plan  form. 

(b)  Trapezoidal  plan  form;  m=0.o. 

(c)  Trapezoidal  plan  form;  fn=— 0.5. 

(d)  Triangular  plan  form.  Apex  forward. 

Figure  8.— Variation  of  rolling-moment-due-to-sideslip  derivative  with  aspect  ratio. 


B 

(a)  Rectangular  plan  form. 


(b)  Trapezoidal  plan  form;  7n=0.5. 

(c)  Trapezoidal  plan  form;  7n  = — 0.5. 


(d)  Triangular  plan  form.  Apex  forward. 

Figure  9.— Variation  of  roUing-moment-due-to-sideslip  derivative  with  Mach 
number  parameter  B. 
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(a)  Rectangular  plan  form. 

(b)  Trapezoidal  plan  form;  m=0.5. 

(c)  Trapezoidal  plan  form:  m = — 0.5. 

(d)  Triangular  plan  form.  Apex  forward. 

Figure  11  —Variation  of  yawing-moment-due-to-sideslip  derivative  with  Mach 
number  parameter  B. 


(e)  Triangular  plan  form.  Base  forward.  (See  footnote,  table  II.) 

(f)  Swept-back  plan  form;  X=0;  ^^=0.5. 

(g)  Notched  triangular  plan  form. 

Figure  11.— Concluded. 
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(a)  Rectangular  plan  form. 

(b)  Trapezoidal  plan  form;  t«=0.5. 

(c)  Trapezoidal  plan  form;  m = -0.5.  (Sec  footnote,  table  II.) 

(d)  Triangular  plan  form.  Apex  forward.  (See  footnote,  table  II.) 

Figure  13.— Variation  of  side-force-due-to-sideslip  derivative  with  Mach  number 
parameter  B. 


B 


(e)  Triangular  plan  form.  Base  forward.  (See  footnote,  table  II.) 

(f)  Swept-back  plan  form;  X=0;y =0.5. 

(g)  Notched  triangular  plan  form. 

Figure  13.— Concluded. 


(d)  Triangular  plan  form.  Apex  forward. 


(h)  Unswept  hexagonal  plan  form;  X=0.5;  Bm=3jS.rl/2. 


Figure  14.“ Variation  of  rolling-momeni-due-lo- yawing  derivative  with  aspect  ratio. 


Figure  14. — Concluded. 


/ 2 

B 

(a)  Rectangular  plan  form. 


3 


4 


(b)  Trapezoidal  plan  form;  m=0.5. 

(c)  Trapezoidal  plan  form;  t»=— 0.5. 

(d)  Triangular  plan  form.  Apex  forward. 

Figuke  15.— Variation  of  rolling-moment-due-to-yawing  derivative  with  Mach 
number  parameter  R. 


(a)  Rectangular  plan  form. 


(b)  Trapezoidal  plan  form; 

(c)  Trapezoidal  plan  form;  m = — 0.5. 

(d)  Triangular  plan  form.  Apex  forward. 

Figure  17.— Variation  of  damping-in-yaw  derivative  with  Mach  number 
‘ parameter  B. 


A 


(a)  Rectangular  plan  form. 

(b)  Trapezoidal  plan  form;  wi=0.5.  (See  footnote,  table  II.) 

(c)  Trapezoidal  plan  lorm;  77i  = — 0.5.  (See  footnote,  table  II.) 

(d)  Triangular  plan  form.  Apex  forward. 

Fig u RE  18.— Variation  oi  side-force-due-to-yawing  derivative  with  aspect  ratio. 


A 


(e)  Triangular  plan  form.  Base  forward.  (See  footnote,  table  II.) 

(f)  Swept-back  plan  form;  X=0;  y=0.5. 

(g)  Uiiswept  hexagonal  plan  form;  X=0.5;  m = 5. 

(h)  Unswept  hexagonal  plan  form;  X=0.5;B7n=3B^/2. 

Figure  18.— Concluded. 


\UTICS 


(c)  Trapezoidal  plan  form;  n»=“0.5.  (See  footnote,  table  II.) 

(d)  Triangular  plan  form.  Apex  forward. 


(e)  Triangular  plan  form.  Base  forward.  (See  footnote,  table  II.) 

(f)  Swept-back  plan  form;  X=0;  5. 


(g)  Unswept  hexagonal  plan  form;  X=0.5;  to =5. 


Figure  19. — Variation  of  side-force-due- to-yawing  derivative  with  Mach  number 
parameter  B. 


Figure  19.— Continued. 


m 


Fioure  21.— Variation  of  yawing-moment-due-to-roll  derivative  with  tip  slope  for  trapezoidal 

plan  forms;  -4=6. 


Figcre  25. — Variation  of  side-force-due-to-sideslip  derivative  with  tip  slope  for  trapezoidal 
plan  forms;  A =6.  (See  footnote,  table  II.) 
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771 

Fir.uRE  26. — Variation  of  rollinC'monient-due>to*yawiiig  derivative  with  tip  slope  for  trape- 
zoidal plan  forms:  ^1=6. 


m 


Figure  27.— Variation  of  damping-in-yaw  derivative  with  tip  slope  for  trapezoidal  plan 

fonns;  A=6. 
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Figure  28.— Variation  of  side-force-due-to-yawing  derivative  with  tip  slope  for  trapezoidal 

plan  forms; /4==6. 


Figure  29.— Variation  of  damping-in-roll  derivative  with  ratio  of  root  chord  to  over-all  length 
of  swept-back  plan  form;  7a=0.5. 


Figure  30.— Variation  of  yawing-moment-due-to-roll  derivative  wdth  ratio  of  root  chord  to 
over-all  length  of  swept-back  plan  fonn;  7ti=0.5. 


A 


Figure  31.— Variation  of  side-force-due-to-roll  derivative  with  ratio  of  root  chord  to  over-all 
length  of  swept-back  plan  form;  7n=0.o. 


A 


Figure  32.— Variation  of  rolling-moment-due-to-sideslip  derivative  with  ratio  of  root  chord 
to  over-all  length  of  swept-back  plan  form;  7/j=0.5. 


Figure  33.— Variation  of  yawing-moment-due-to-sideslip  derivative  with  ratio  of  root  chord 
to  over-all  length  of  swept-back  plan  form;  m-0.5. 


A 


Figure  34. — Variation  of  side-force-due-to-sideslip  derivative  with  ratio  of  root  chord  to 
over-all  length  of  swept-back  plan  form;  7r=0.5. 
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Figure  42. — Variation  of  yawing-moment-due-to-roll  derivative  with  taper  ratio  for  swept* 
back  hexagonal  plan  form;  Bm  = B/l(l  + X)/4(l  — X). 
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Figure  43.— Variation  of  side-force-due-to-roll  derivative  with  taper  ratio  for  swept-back 
hexagonal  plan  form.  = X)/4(l  — X);  BA =4. 
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Figure  44.— Variation  of  damping-in-roll  parameter , with  taper  ratio  for  unswept  hexagonal 

plan  form. 
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Figure  45.— Variation  of- yawing-moment-due-to-roll  derivative  with  taper  ratio  for  unswept 
hexagonal  plan  form;  A = 6;  m = 5. 


Figure  46.— Variation  of  side-force-due-to-roll  derivative  with  taper  ratio  for  unswept  hex- 
agonal plan  form. 


Figure  47.— Variation  of  rolling-moment-due-to-yawing  derivative  with  taper  ratio  for 
unswept  hexagonal  plan  form;  A = 6;  wi  = 5. 
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Figure  48.— Variation  of  damping-in-yaw  derivative  with  taper  ratio  for  unswept  hexagonal 
plan  form;  A=6;  7W-5. 
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Figure  49.— Variation  of  side-force-due-to-yawnng  derivative  with  taper  ratio  for  unswept 
hexagonal  plan  form;  A =6;  to  = 5. 
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Figure  50.— Variation  of  damping-in-roll  parameter  with  taper  ratio  for  unswept  hexagonal 
plan  form;  Bto=BA(1+X)/2(1  — X). 
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Figure  5l.— Variation  of  yawing-moment-due-to-roll  derivative  with  taper  ratio  for  unswept 
he.xagonal  plan  form;B=*2;  BTO  = BA(l-f-X)/2(l  — X). 
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FinuRE  52. — Variation  of  side-force-due-to-roll  derivative  with  taper  ratio  for  unswei)t 
hexagonal  plan  form;  Bm  = B.4n+X)/2(l  — X). 
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Figure  63.— Variation  of  rolling-moment-due-to-yawing  derivative  with  taper  ratio  for 
unswept  hexagonal  plan  form;  B=2;  — 


Fioure  55. — Variation  of  side-force-due-to-yawing  derivative  with  taper  ratio  for  unswept 
hexagonal  plan  form;  B=2]  Bm=BA(,l+X)l2(\  — \), 


FinuRE  56,— Variation  of  damping-in-roll  parameter  with  leading-edge  slope  for  swept  back 
he.xagonal  plan  form;  X — 1;  B=2. 


Figure  5S. — Variation  of  side-foree-due-to-rcll  derivative  with  leading-edge  slope  for  swept- 
back  hexagonal  plan  form;  X-1;  B=2. 
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Figure  62.— Variation  of  damping-in-roll  parameter  with  leading-edge  slope  for  unswept 
hexagonal  plan  form;  X=0.5;  A=6. 


Figure  65. — Variation  bf  rolling-raoment-due-to-yawing  derivative  with  leading-edge  slope 
for  unswept  hexagonal  plan  form;  X=0.5;  4=6. 


Figure  63. — Variation  of  yawing-mom ent-due-to-r oil  derivative  with  leading  edge  slope  for 
unswept  hexagonal  plan  form;  X=0.5;  4=6. 


Figure  66. — Variation  of  daraping-in-yaw  derivative  with  leading-edge  slope  for  unswept 
hexagonal  plan  form;  X=0.5;  4=6. 


Figure  64. — Variation  of  side-force-due-to-roll  derivative  with  taper  ratio  for  unswept 
hexagonal  plan  form;  X=0.5;  4 = 6. 


Figure  67. — Variation  of  side-forcc-due-to-yawing  derivative  with  leading-edge  slope  for 
unswept  hexagonal  plan  form-  > =0.5:  4=6. 
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INVESTIGATION  OF  TURBULENT  FLOW  IN  A TWO-DIMENSIONAL  CHANNEL' 

By  John  Laufer 


SUMMARY 

A detailed  exploration  of  the  field  of  mean  and  fluctuating 
quantities  in  a twO’dimensional  turbulent  channel  flow  is 
presented.  The  measurements  were  repeated  at  three  Reynolds 
numbers^  12fl00,  SOflOO^  and  61fi00^  based  on  the  half  width 
of  the  channel  and  ike  maximum  mean  velocity'.  A channel  of 
5 -inch  width  and  12:1  aspect  ratio  was  used  for  the  investigation. 

Mean-speed  and  axial-fluctuation  measurements  were  made 
well  within  the  laminar  sublayer.  The  semitheoretical  predic- 
tions concerning  the  extent  of  the  laminar  sublayer  were  con- 
firmed. The  distribution  of  the  velocity  fluctuations  in  the 
direction  of  mean  flow  u*  shows  that  the  influence  of  the  viscosity 
extends  farther  from  the  wall  than  indicated  by  the  mean  velocity 
profile^  the  region  of  influence  being  approximately  four  times 
as  wide. 

Fluctuations  perpendicular  to  the  flow  in  the  lateral  and 
vertical  directions  F and  w'  ^ respectively^  and  the  correlation 

coeijicient  ^'=“^=-7=  were  also  measured.  The  turbulent 

shearing  stress  was  computed  by  three  different  methods.  The 
results  show  satisfactory  agreement  for  the  two  lower  Reynolds 
numbers.  In  the  case  of  the  highest  Reynolds  number ^ however, 
the  total  shearing  stress  r obtained  from  the  fluctuation  measure- 
ments was  approximately  20  percent  lower  than  that  computed 
from  the  mean-velocity  and  mean-pressure  measurements.  All 
dimensionless  mean  fluctuating  quantities  were  found  to  decrease 
with  increasing  Reynolds  number.  Measurements  of  the  scales 
of  turbulence  Ly  and  Lz  and  microscales  of  turbulence  \ and  X2 
across  the  channel  are  presented  and  their  variation  with 
Reynolds  number  is  discussed.  Using  a new  technique,  values 
for  the  microscale  \x  were  obtained;  a new  method  for  estimating 
the  scale  is  also  given. 

The  energy  balance  in  the  turbulent  flow  field  was  calculated 
from  the  measured  quantities.  From  this  calculation  it  is 
possible  to  give  a descriptive  picture  of  turbulent-energy  diffusion 
in  the  center  portion  of  the  channel  cross  section. 

For  the  flow  corresponding  to  a Reynolds  number  of  30,800 
the  energy  spectrum  of  the  u^"^ -fluctuations  at  various  points 
across  the  channel,  including  one  in  the  laminar  sublayer,  was 
obtained. 

At  station  yld=0.4,  where  y is  lateral  distance  and  d is  half 
width  of  the  channel,  the  contribution  to  the  turbulent  shear 
stress  from  various  frequency  bands  was  measured  and  it  was 
found  that  the  contribution  corresponding  to  frequencies  above 
1500  cycles  per  second  is  negligible.  Since  the  spectrum  of 

I Supersedes  NACA  TN  2123  “Investigation  of  Turbulent  Flow  in  a Two-Dimensional 
Cbanner’  by  John  Laufer,  1950. 


at  this  point  extends  to  about  5000  cycles  per  second  it  is  evident 
that  the  high  frequencies  are  nearly  isotropic  in  agreement  with 
Kolmogoroffs  hypothesis. 

INTRODUCTION 

In  recent  y cal's  a considerable  step  fonvard  was  made  in 
the  theory  of  turbulence.  Kolmogoroff  (reference  1), 
Heisenberg  (reference  2),  and  Onsager  (reference  3)  ob- 
tained independently  an  energy-spectrum  law  that  holds  in 
rather  restricted  types  of  turbulent  flows.  This  progress 
gave  a new  impetus  to  both  theoretical  and  experimental 
investigations.  The  experimental  worker  may  follow  two 
principal  methods  of  approach  to  the  problem.  First,  he 
may  establish  flow  flelds  which  satisfy  sufficiently  the 
assumptions  of  the  new  theory,  namely,  that  the  flow  is 
isotropic  and  of  liigh  Reynolds  number  so  that  the  influence 
of  viscosity  is  a minimum  and  the  effect  of  the  turbulence- 
producing  mechanism  is  small.  Under  these  conditions  he 
may  measure  quantities  such  as  correlation  functions,  scales, 
and  microscales  that  are  defined  exa:ctly  in  the  flow  field 
and  may  compare  his  results  with  those  predicted  by  the 
theory.  The  main  difficulty  with  tliis  method  is  to  predict 
ho#  closely  one  has  to  approximate  in  the  actual  flow  the 
conditions  assumed  in  the  theory.  In  other  words,  the 
sensitivity  of  the  theory  to  deviations  from  true  isotropic 
conditions  is  not  known  and  in  case  the  measurements  do 
not  agree  with  the  theory  one  does  not  know  whether  to 
attribute  the  disagreement  to  faulty  assumptions  in  the 
theory  or  to  the  incomplete  isotropic  conditions  of  the  flow. 
Furthermore,  the  imposition  of  the  condition  of  isotropy  to 
fluctuating  fields  may  be  a very  strong  restriction  and  the 
study  of  such  fields  ma}^  not  yield  the  complete  picture  of  the 
turbulence  mechanism. 

The  second  method  of  approach  is  to  establish  a simple 
uoniso tropic  turbulent  flow  field  with  well-defined  boundary 
conditions  and,  in  the  light  of  the  existing  theories,  to  try 
to  obtain  information  on  the  mechanism  of  energy  transfer 
from  the  low  frequencies  of  the  energy  spectrum  to  the  high 
ones.  The  present  investigation  of  a turbulent  channel  flovv 
has  this  pui’pose  in  mind  in  its  long-range  program. 

*The  difficulties  of  this  method  are  immediately  realized. 
Because  of  the  nonisotropic  nature  of  the  flow,  characteristic 
quantities  such  as  scale  and  microscale  are  no  longer  well- 
defined  and  it  is  very  possible  that  in  the  first  stages  of  the 
investigation  certain  quantities  will  be  measured  that  later 
will  prove  to  be  trivial.  On  the  other  hand,  the  main 
advantage  of  a fully  developed  channel  flow  is  the  fact  that, 
in  contrast  with  the  flow  behind  grids,  flow  conditions  are 
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steady;  no  decay  of  mean  or  fluctuating  quantities  exists 
in  the  direction  of  the  flow.  Consequently,  the  turbulent 
energy  goes  thiuugh  all  of  its  stages  of  transformation  across 
the  channel  section — tm'bulent-energy  production  from  the 
mean  flow,  energy  diffusion,  and  turbulent  and  laminar 
dissipation — and  one  may  study  these  transfoi'mations  in 
detail. 

It  has  become  clear  that  the  phenomenological  theories  of 
turbulence,  such  as  the  mixing-length  theories,  have  lost 
most  of  theii'  importance.  These  theories,  developed  in  the 
late  twenties  and  early  thirties,  were  aimed  specifically  at 
an  evaluation  of  the  mean-velocity  distribution  in  turbulent 
flow.  The  existing  experimental  evidence  shows  clearly  that 
the  mean-velocity  distribution  is  very  insensitive  to  the 
essential  assumptions  introduced  into  the  phenomenological 
theories.  In  fact,  purely  dimensional  arguments  generally 
suflSce  to  give  the  shape  of  the  mean  velocity  profile  with 
suflScient  accuracy.  For  the  further  development  of  an 
understanding  of  turbulence,  detailed  measurements  of  the 
field  of  fluctuating  rather  than  of  mean  velocities  are  neces- 
sary. The  program  of  experimental  research  of  which  this 
work  is  one  part  is  based  on  this  reasoning.  It  is  quite 
apparent  and  natural  that  the  same  conclusions  have  been 
dravm  by  workers  in  the  turbulent  field  elsewhere  and  that, 
in  general,  the  main  emphasis  of  current  experimental  inves- 
tigation is  the  exploration  of  the  field  of  the  fluctuating- 
velocity  components,  “ 

The  present  set  of  experiments  deals  with  flow  in  a two- 
dimensional  channel,  that  is,  with  pressure  flow  between 
two  flat  walls.  Channel  flow  of  this  type  is  the  simplest 
type  of  tiubulent  flow  near  solid  boundaries  which  can  be 
produced  experimentally.  The  simpler  Couette  type  flow 
requires  that  one  wall  move  with  constant  velocity,  a con- 
dition which  is  difficult  to  realize  experimentally.  It  can 
be  approximated  by  the  flow  between  concentric  C3dinders, 
but  complications  due  to  centrifugal  forces  arise  here.  The 
simple  geometry  ‘of  a two-dimensional  channel  allows  an 
integration  of  the  Re^molds  equations,  and  the  turbulent 
shearing  stress  can  then  be  related  directly  to  the  shearing 
stress  on  the  surfaces  which,  in  turn,  can  be  determined  from 
the  mean-pressure  gradient  or  the  slope  of  mean  velocity 
profile  at  the  wall. 

The  relation  between  the  apparent  stresses  and  the  wall 
shearing  stress  can  be  used  to  advantage  in  two  fashions. 
It  is  here  possible  to  obtain  the  magnitude  of  the  correlation 
coefficient  responsible  for  the  apparent  shear  by  measuring 
onl}^  the  intensities  of  the  turbulent  fluctuations.  The 
turbulent  shearing  stress  can  also  be  measured  directly  by 
means  of  the  hot-wire  anemometer.  A comparison  with  the 
shear  distribution  obtained  from  mean-pressure-gradient  or 
mean-velocity-profile  measurements  serves  then  as  a very 
useful  check  on  the  underl^dng  assumptions,  on  the  one  hand, 
and  specifically  as  a check  on  the  reliability  and  accurac}^  of 
the  direct  measurements,  on  the  other. 

Measurements  of  channel  flow  have  previously  been  made 
by  Donch  (reference  4),  Nikuradse  (reference  5),  Watten- 


dorf  and  Kuethe  (references  6 and  7),  and  Reichardt  (refer- 
ences 8 and  9).  A few  unpublished  measurements  have  been 
made  recently  at  the  Polytechnic  Institute  of  Brooklym. 

Donch^s  and  Nikuradse^s  measm'ements  were  concerned 
only  with  the  mean-velocity  distribution  and  are  thus  of 
not  too  much  interest  for  a comparison  with  the  present 
set  of  measurements.  Wattendorf  measured  the  intensity 
of  the  fluctuating-velocity  components  and  then  deduced 
the  correlation  coefficient  from  the  mean-pressure  measm^e- 
ments.  The  technique  for  measuring  the  axial  component 
of  the  velocity  fluctuation  was  well-developed  at  the  time, 
but  the  cross  component  was  only^  tentatively^  measured. 

The  most  complete  set  of  measiu'ements  is  due  to  the  work 
of  Reichardt,  who  measured  velocity  fluctuations  in  the 
direction  of  the  flow  and  normal  to  the  wall  as  well  as  the 
turbulent  shear  directty.  Reichardt  found  very^  good  agree- 
ment between  the  shearing  stress  determined  in  these  two 
way’^s;  his  paper  comes  closest  to  the  present  investigation 
and  his  results  will  be  used  for  comparison.  The  Reymolds 
number  in  ReichardPs  measurements  was  8000,  which  is 
lower  than  the  range  covered  by^^  the  present  measurements. 
A criticism  which  can  be  made  of  Reichardt^s  investigation 
is  his  use  of  a tunnel  of  only  1:4  aspect  ratio.  The  two- 
dimensional  character  of  the  flow  is  thus  somewhat  doubtful. 
Wattendorf^s  experiments  were  made  in  a channel  of  very 
large  aspect  ratio  (18:1)  and  are  thus  free  of  this  criticism. 

In  a preliminary  investigation  a channel  1 inch  wide  and 
60  inches  high  was  chosen.  The  measurements,  however, 
have  shown  that  in  this  case  the  scale  of  turbulence  is  so 
small  that  great  care  must  be  taken  to  correct  the  hot- 
wire readings  for  the  effect  of  wire  length.  Measurements 
of  the  microscales  were,  in  fact,  impossible  in  the  1-inch 
channel.  The  microscales  were  about  0.1  centimeter  and 
thus  smaller  than  the  length  of  the  wire.  The  corrections 
for  the  case  of  measurements  of  v'  and  w'  were  about  30 
percent.  Since  the  method  of  correction  becomes  very  inac- 
curate for  such  large  ratios  of  wire  length  to  microscale,  the 
measurements  were  repeated  in  a 5-inch  channel  with  a 
12:1  aspect  ratio.  This  ratio  was  still  large  enough  to  insure 
two-dimensional  flow  and  the  length  corrections  were  greatly 
reduced. 

This  investigation  was  conducted  at  the  Guggenheim 
Aeronautical  Laboratory,  California  Institute  of  Tech- 
nology^,  under  the  sponsorship  and  with  the  financial  assist- 
ance of  the  National  Advisory^  Committee  for  Aeronautics. 

The  author  wishes  to  acknowledge  the  constant  advice 
and  help  in  both  experimental  methods  and  interpretation 
of  results  of  Dr.  H.  W.  Liepmann  during  this  investigation. 
He  also  wishes  to  thank  Dr.  C.  B.  Millikan  for  his  contin- 
uous interest  in  this  research.  The  cooperation  of  Dr. 
F.  E.  Marble  and  Mr.  F.  K.  Chuang  is  much  appreciated. 

SYMBOLS 

X longitudinal  coordinate  .m  direction  of  flow; 

x—0  corresponds  to  channel  exit 
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z 

d 
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Uo 

u' 

v',  w' 
u' 

v',  w' 

V 
p 
r 
ro 
Ur 
P 

V 

R 

k 

Ry,  Rz 

Xy,  \yj  Xj 


lateral  coordinate;  y=0  corresponds  to  channel 
' wall 

vertical  coordinate 
half  width  of  channel  (2.5  in.) 
thickness  of  laminar  sublayer 
mean  velocity  at  any  point  in  channel 
maximum  value  of  mean  velocitj^ 
instantaneous  value  of  velocity  fluctuations  in 
dii’ection  of  mean  flow  x 
instantaneous  values  of  velocity  fluctuations 
normal  to  mean  flow  in  directions  y and  2, 
respectively 

root-mean-square  value  of  velocity  fluctuations 
in  direction  of  mean  flow  x 
root-mean-square  values  of  velocity  fluctua- 
tions normal  to  mean  flow  in  directions  y and 
2,  respectively 

pressure  at  any  point  m channel 
air  density 
total  shearing  stress 
shearing  stress  at  wall 
friction  velocity  (^IToIp) 
absolute  viscosity  of  air 
kinematic  viscosity 

Reynolds  number  based  on  half  width  of  chan- 
nel and  .maximum  mean  velocity 
correlation  coefficient  responsible  for  apparent 


correlation  coefficients  as  functions  of  F,  and 
Z,  respectively 
microscales  of  turbulence 

/i7^_/du'Y  _ 1 /bu^Y\ 

\X/“V^x  A X/“2  \^y)  ' X/“2  \bzJJ 


Uxy  Lyj  Lz 


Z.  FZ 


M 


n 

Fz^{n) 

F;:r^{n) 

W 

t 

ei,  e-2 


scales  of  turbulence 

Lx^  rR,dX,Ly^  rRydY.Lz^ 

Jo  Jo 

distances  (in  the  x-,  y-,  and  2-direction,  respec- 
tively) between  points  at  which  correlation 
fluctuations  are  measured 
ratio  of  square  of  compensated  and  uncompen- 
sated fluctuations 

time  constant  expressing  thermal  lag  of  hot- 
wnre 

frequency,  cycles  per  second 

fraction  of  turbulent  energy  associated  with 

band  vddth  dn  

fraction  of  turbulent  shear  u^v'  associated  with 
band  width  dn 

dissipation  of  turbulent  energy 
time 

voltage  fluctuations 


ANALYTICAL  CONSIDERATIONS 

EQUATIONS  OF  MOTION  FOR  TWO-DIMENSIONAL  CHANNEL  FLOW 

The  mean-  and  fluctuating-velocity  components  are 
denoted  by  %i  and  Ui  , respectively;  Cartesian  coordinates 
are  designated  by  and  denotes  the  components  of 
the  stress  tensor  which  includes  both  the  viscous  and  ap- 
parent (Reynolds)  stresses.  The  Reynolds  equation  and 
the  continuity  equation  for  steady  flow  can  thus  be  written, 
using  Cartesian  tensor  notation, 


d«,  dpu 

■ (la) 

^_0 

UXf 

(lb) 

where 


For  channel  flow  between  two  parallel  flat  walls, 

— pu'2;'  0 

p—pv'^  6 

0 —p—pw'^ 
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where  x,  y,  and  z replace  Xi,  and  u',  v' , and  replace  u/  for 
convenience  in  writing  equations  (la)  and  (lb)  in  simpler 
form.  Equation  (lb)  is  automatically  satisfied  and  equation 
(la)  becomes: 


+^(m  P«'P') 


(2) 


111  fully  developed  tiu'bulent  flow  the  variation  of  mean 
values  of  the  fluctuating  quantities  with  x should  be  zero; 
that  is,  the  flow  pattern  is  independent  of  the  stream  wise 
direction.  Hence,  equations  (2)  become: 


1 bp  d^u  du'v' 


P bx  ^ dy^  dy 


or 


1 ^2>_1  dr 
p bx  p dy 

(3a) 

1 bp  bv^"^  . 

p by  by 

(3b) 

Differentiating  equation*  (3b)  witirrespect  to  x gives 
1 b‘^p 

- ^xby^^ ' consequent!}^  bpjbx  is  independent  of  y and 
equation  (3a)  is  immediately  integrable.  Thus 


y bp  du  —f—,  , ^ 


In  the  center  of  the  channel  the  shear  vanishes;  hence  if  the 
channel  has  the  width  2d 


_d  bp 


and  hence 


Constant=- 

p bx  " 


1 bp 


du 

dy' 


Or  in  nondimensional  form: 

y~d  bp__  V du  u'v' 


pUo^bx  Uo^dy  Uo^ 
In  terms  of  the  shearing  stress  at  the  wall, 
Tq  y~d_  V du  ‘ 


(4) 


u V 


pUo^  d Uo^dy  Uo^ 


It  is  evident  from  equations  (4)  and  (5)  that 
determined  in  three  different  ways: 

(a)  From  the  mean-pressure  gradient 


(5) 

To  can  be 


7 


(b)  From  the  slope  of  the  mean  velocity  profile  near  the 
wall 


j, 


I/=0 


(c)  From  a direct  measurement  of  u' i 


( -r-f  du\  rZ" 


If  yjd  is  not  too  small, 


“TT 


dy 


and  then 


To=pU  V 


-d 


The  technically  simplest  wa}^  to  determine  r^,  and  thus  in 
fact  the  complete  shear  distribution,  is  a measurement  of 
bpjbx.  This  is  the  method  applied  in  most  investigations. 

To  determine  the  slopenf  .the  velocity  profile.near  the  wall, 
the  profile  has  to  be  known  up  to  points  very  close  to  the 
wall,  that  is,  at  least  to  distances  ^/^Z=  10“^.  This  in  general 
requires  the  use  of  the  hot-wire  anemometer  and  very 
precise  measurements. 

The  third  method  requires  a direct  measurement  of  the 
correlation  between  the  axial  and  lateral  velocit}"  fluctuations. 
The  technique  of  this  type  of  measurement  is  known  and 
was  first  applied  by  Reichardt  and  by  Skramstad  and,  in 
somewhat  different  form,  in  recent  investigations  at  the 
National  Bureau  of  Standards,  Polytechnic  Institute  of 
Brooklyn,  and  California  Institute  of  Technology. 

In  the  present  investigation  all  three  methods  have  been 
applied  and  the  results  compared,  with  the  exception  of  the 
flow  at  the  lowest  Reynolds  number.  In  this  case  the 
pressure  gradient  is  extremel}^  small  (approx.  0.0003  mm  of 
alcoliol/cm)  and  reasonably  accurate  measurements  were  not 
possible.  This  comparison  of  the  three  methods  has  the 
advantage  that  it  gives  a good  indication  of  the  absolute 
accuracy  of  measirrements  of  the  fluctuating  quantities  and 
the  correlation  coefficient  k. 


ENERGY  EQUATION 

-Writing  equation  (la)  in  the  form 


bUi  bp  , „„ 


(6) 


and.multipl}dng  it  by  u,,  the  following  relation  is  obtained: 


1 bUjUjUk  bpUj 


bxk 


bXi 


‘pUi 


b^Uj 


bxjbxj 


Transforming  the  last  term  by  partial  integration  the  energy 
equation  of  the  mean  flow  becomes 
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bUjUjUk bpUj  . 1 bhijUj  /duA  /buA 

2 ^ bXk  ~ bXi  ^2  ^ dxjbxj  ^ \bXjJ  \bxjj 

The  velocity  perturbations  can  now  be  introduced: 

Ui=u+u' 

U2=  v' 

U2—w' 


Since  the  velocities  are  independent  of  the  coordinates  x and  z 
the  folloAving  equation  is  obtained  after  averaging: 


— du  , du' 


da;  'dy 


see  whether  experimental  results  confirm  this  I'elation.  Taking 
as  an  example  results  from  the  measurements  at  i?= 30,800 
and  7//fZ=0.5  (where  (fjD  and  1-7X10^) 

g = 52  centimeters  per  second 

Xy=0.5  centimeter 

therefore 

q\^  52X0.25 

vD  0.155X12.7 

This  ratio  seems  to  be  fairly  constant  for  different  Reynolds 
numbers  and  across  the  channel  cross  section. 

In  view  of  the  above  dimensional  considerations,  the 
energy  equation  may  be  written 


d'^u 
' chf 


1 

2 ” dif 


(bUj  \ 

/ \ bxj ) 


du 
^ dy 


u d ( , 
y~dy\^ 


V'o'v  l + M 


/du/\/du,'\ 

\dxjj\dxjj 


(8) 


Making  use  of  equation  (3a)  this  simplifies  to 


du 

dy 


The  equation  expresses  the  fact  that  the  energ  y produced 
by  the  turbulent  shear  forces  at  a certain  point  is  partly 
diffused  and  partly  dissipated.  This  equation  has  been 
used  in  estimating  the  energ}^  diffusion  across  the  channel, 
since  from  the  measured  quantities  the  production  term  and 
dissipation  can  be  calculated. 


This  form  was  obtained  by  Von  Karin  an  (reference  10)  while 
discussing  a nonisotropic  flow  in  terms  of  the  statistical 
theor}^  of  turbulence.  In  order  to  sec  the  relative  orders 
of  magnitudes  of  the  different  terms  in  the  equation,  Von 
Karman  expresses  them  in  terms  of  a single  velocity 
q=-ylu'^-\-v^^-\-w'^  and  a characteristic  length  D correspond- 
ing to  the  width  of  the  channel.  Since 


P 


the  above  equation  may  be  written  as 


EQUIPMENT  AND  PROCEDURE 

WIND  TUNNEL 

The  investigation  was  carried  out  in  the  wind  tunnel 
shown  in  figure  1.  The  turbulence  level  is  controlled  by  a 
honeycomb  and  seamless  precision  screens,  followed  b}^  an 
approximately  29:1  contraction.  The  screens  have  18 
meshes  per  inch  and  a wire  diameter  of  0.018  inch.  The 
honeycomb  consists  of  paper  mailing  tubes,  6 inches  long 
and  1 inch  in  diameter. 


(Tubes  6"  long  and  /"  diom.) 


where  the  coefficients  have  the  characteristics  of  correlation 
functions  and  X is  the  microscale  of  turbulence.  For  a high 
Reynolds  number  flow  gZ?/i/^l,  it  follows  that  vq^jD’^^q^jD. 
Thus  the  second  and  third  terms  on  the  right  side  of  the 
equation  may  be  neglected.  Since  the  pertinent  quantities 
have  been  measured  during  the  present  work,  the  order  of 
magnitude  of  these  terms  can  be  directh-  evaluated  and  the 
omission  of  the  terms  is  found  to  be  justified.  The  above 
equation  thus  contains  onh'  terms  of  the  forms  q^/D  and 
vq^lX^;  these  terms  should  be  of  the  same  order  of  magnitude 
and  therefore  q\^/vD=0(l).  It  is  of  considerable  interest  to 


Wind  direction.^  Box'  sec //or?..  Count  ervones-^j 




— ^on/co!  diffuses 

O 

n 





1 - 1 

1 1 



— T Propel  lers--*'  ^ 

Figure  l. — Diagram  of  two-dimensional  tunnel. 

The  over-all  length  of  the  channel  is  23  feet.  At  the  en- 
trance section  it  is  3 inches  wide  and  has  an  aspect  ratio  of 
20:1.  In  a distance  of  7 feet  it  expands  to  a width  of  5 inches 
and  the  aspect  ratio  is  reduced  to  12:1.  The  walls  of  the  exit 
portion  of  the  channel  (about  6 ft)  are  made  of  ?^inch- 
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thick  plywood  with  a }i-inch  birch  inside  cover.  They  were 
specially  treated  in  order  to  acquire  a smooth  finish  and  were 
reinforced  in  order  to  avoid  warping  (fig.  2) ; in  spite  of  this  a 
few  percent  of  width  variation  existed. 


Figure  2.— Exit  of  channel. 


The  tunnel  is  operated  by  a 62-horsepower  stationary 
natural-gas  engine — normally  operating  at  a fraction  of  its 
rating — which  drives  two  eight-bladed  fans.  The  speed  is 
remotely  controlled  by  means  of  a small  electric  motor  which 
drives  the  throttle  through  a gear  and  lead-screw  system. 

The  experiments  were  carried  out  at  speeds  of  3,  7.5,  and 
15  meters  per  second. 

TRAVERSING  MECHANISM 

Figure  3 shows  the  type  of  traversing  mechanism  used 
during  the  experiments.  It  consists  simply  of  a micrometer 
screw  on  which  the  hot-wire  support  is  fastened.  The  sup- 
port can  rotate  freely  in  a plane  perpendicular  to  the  air  flow; 
thus,  the  hot-wire  may  be  adjusted  exactly  parallel  to  the 
wall. 


The  zero  reading  of  the  traversing  mechanism  (y=0)  was 
carefully  found  using  the  following  method:  The  hot-wire  was 
placed  close  to  the  wall  (approx.  0.025  cm  away) ; the  distance 
between  the  wire  and  its  image  in  the  polished  wall  was 
measured  by  means  of  an  ocular  micrometer.  The  position 
of  the  wire  is,  of  course,  one-half  of  the  observed  distance  and 
could  be  determined  with  an  accuracy  of  ±0.0005  centi- 
meter. 

In  order  to  obtain  the  pressure  distribution  along  the 
middle  of  the  channel  a 6-inch-long  thin-walled  tube  %-inch 
in  diameter  was  used  with  a small  static-pressure  hole  drilled 
close  to  its  end.  The  tube  was  free  to  slide  in  a support  at 
the  entrance  of  the  channel  so  that  the  position  of  the  pressure 
hole  relative  to  the  channel  exit  could  be  changed.  The  tube 
was  kept  straight  and  under  tension  hy  means  of  weights. 

HOT-WIRE  EQUIPMENT 

All  velocity  measiu'ements  were  made  with  hot-wire  ane- 
mometers. The  frequency  response  of  the  amplifier-compen- 
sator unit  of  the  hot-wire  equipment,  using  a 0.00024-inch 
wire  at  standard  operating  conditions,  is  flat  from  approxi- 
mately 2 to  10,000  cycles  per  second. 

The  compensation  of  the  hot-wire  for  thermal  lag  is  ac- 
complished by  a capacity  network.  The  range  of  time 
constants  was  chosen  from  0 to  1 millisecond  corresponding 
to  the  characteristics  of  0.00005-  to  0.00024-inch  wires  at  the 
operating  conditions  employed  in  general  at  GALCIT.  No 
attempt  was  made  to  extend  the  range  of  compensation  to 
larger  values  of  M,  since  in  this  case  the  noise  level  soon 
becomes  appreciable. 

The  correct  setting  of  the  compensating  unit  was  found 
using  the  square-wave  method  described  by  Kovasznay  (ref- 
erence 11).  The  time  constants  of  the  wires  used  for  turbu- 
lence measurements  fell  between  0.1  and  0.9  millisecond. 

The  output  readings  were  taken  with  a thermocouple  and 
precision  potentiometer. 

Mean-speed  measurements. — ^ 1/2-mil  (0.0005-in.)  plat- 
inum wire  of  1 -centimeter  length  was  used  to  measure  the 
mean  speed.  The  measurements  were  made  by  the  constant- 
resistance  method.  This  method  has  the  advantage  of 
keeping  the  wire  temperature  constant  through  the  velocity 
field. 
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Turbulence  measurements. — For  the  investigation  of  tur- 
)ulent  fluctuations,  0.00024-inch  Wollaston  wire  was  used, 
rhe  wire  was  soft-soldered  to  the  tips  of  fine  sewing  needles 
ifter  the  silver  coating  had  been  etched  off.  The  two  lateral 
lomponents  r'  and  w'  and  the  correlation  coefficient 

r='  •-  7=  were  measured  using  the  X-wire  technique.  The 

nethod  was  essentiall}^  the  same  as  described  in  detail  in 
)revious  reports  from  this  laboratory.  (See,  for  example, 
eference  12.) 

The  X -meters  for  shear  measurements  had  angles  between 
he  wires  of  approximately  90®.  The  angles  of  the  v\w'- 
neter  were  of  the  order  of  30®.  The  wire  length  of  the  u'- 
neter  was  about  1.5  millimeters  and  that  of  the  r'-meter 
vas  3 millimeters. 

The  parallel-wire  technique  used  rccentl}’^  at  the  Polytech- 
lic  Institute  of  Brooklyn  was  also  tried  in  order  to  obtain 
he  lateral  component  of  the  velocity  fluctuation  and  the 
ihear  close  to  the  wall.  The  parallel-wire  instrument  is 
superior  to  the  X-meter  since  it  allows  an  exploration  of  the 
:,urbulent  field  up  to  distances  of  a few  thousandths  of  an 
nch  from  the  wall.  However,  it  was  found  impossible  to 
obtain  reliable  values  with  this  instrument.  The  correc- 
tions due  to  i^'-fluctuations  and  to  unequal  heating  of  the 
vires  were  pronounced  and  not  easily  accountable.  The 
[nethod  was  therefore  temporarily  abandoned  after  consid- 
erable time  and  labor  had  been  spent  on  it. 

Measurements  of  correlations  between  two  points. — The 
correlation  functions  between  values  of  u'  at  points  along 
the  y-  and  2-axis,  that  is. 


Ru 


u\o)u'(r) 


^ _u'(0)u'(Z) 

* u'^ 

were  measured  using  the  standard  technique  (reference  12). 
The  scales  of  turbulence  Ly  and  Lz  and  the  microscales  \y 
and  \z  at  different  points  across  the  channel  were  obtained 
from  these  measurements. 

Measurements  of  X^. — A method  suggested  by  Townsend 
(reference  13)  was  applied  to  measure  X^.  Using  an  electronic 
differentiation  circuit  the  amplifier  output  signal  was  dif- 
ferentiated and  Xx  computed  from  the  following  relation: 


of  the  i^'-fluctuations.  From  these  counts  Xx  may  be  cal- 
culated directly  by  assuming  a normal  and  independent 
distribution  for  both  u'  and  bu'Idx: 


1 TT 

—=yyX  Average  number  of  zeros  of  u'  per  second 

Xx  Uo 


It  is  known  that  the  distribution  of  u'  is  closely  a Gaussian 
one  even  in  nonisotropic  turbulence  (see,  for  instance,  refer- 
ence 15);  however,  for  the  case  of  du'Idx  a small  deviation 
from  the  normal  distribution  was  found  (reference  13).  For 
the  preliminary  measurements  of  Xx  reported  presently,  no 
corrections  were  applied  as  yet  for  this  effect.  Figure  4 
shows  an  oscillograph  trace  of  the  u'-fluctuation  in  the  mid- 
dle of  the  channel  at  /f=30,800.  The  trace  represents  an 
interval  of  approximately  1/20  second. 


Figure  4. — Typical  oscillogram  of  u'-fluctuation  at  i2=30,800and  y/d=1.0.  Horizontal  line 
corresponds  to  u'(t)  =0;  interval  is  approximately  1/20  second. 


Measurement  of  Lx. — The  following  simple  procedure  ^ 
was  applied  to  obtain  a rough  estimate  of  scale  of  turbulence 
corresponding  to  correlations  between  points  along  the  x- 
axis:  Denote  by  Fz^{n)  the  fraction  of  turbulent  intensity 
which  is  contributed  by  frequencies  between  n and  n+dn) 
that  is, 

u\nY  dn=^u'^  FT^{n)  dn 

and  thus 


j; 


F^(n)  rfn=  1 


Consider  now  an  uncompensated  hot-wire.  If  the  time 
constant  of  this  uncompensated  wire  is  M,  the  response 
will  be 

\u  {jCf\uncomp. 

where 

[U  \ Jl)  \uncomp.  — ^ ^ 


The  error  involved  in  the  approximation  ^ can  be 

estimated  and  it  may  be  seen  that  the  above  relation  holds 
with  reasonable  accuracy  over  the  large  center  portion  of 
the  channel. 

A new  technique  for  the  measurement  of  Xx  has  also  been 
applied.  The  method  is  described  in  detail  in  reference  14 
and  consists  in  counting  the  zeros  of  an  oscillograph  trace 


The  total  intensity  for  the  uncompensated  wire  will  then  be 
given  by  ^ 

(^)uneomp.  = W^  1*^ 


> This  method  was  suggested  by  Dr.  H.  W.  Liepmann. 

* Formulas  of  this  general  type  have  been  proposed  by  Kamp^  de  Feriet  and  by  Frenkiel 
for  determining  the  spectrum  of  turbulence  from  uncompensated  hot-wire  measurements  by 
varying  A/  (reference  16). 
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Thus,  if  the  ratio  of  the  response  of  the  same  wire  compen- 
sated and  uncompensated  is  denoted  by  <r, 


i=  f”  -ZZ 
Jo  1 + 


-I- MV 


dn 


(9) 


In  order  to  estimate  Li,  F^{n)  is  assumed  to  have  the  simple 
form 

which  was  given  by  Dryden  (reference  17)  and  corresponds 
to  an  exponential  correlation  curve. 

Then' 


r 


(In 


(1  + MV) 


or  with 


then 


Hence 


1^2  p 
O'  • 7T  Jo 


7}  — L^nfU  o 

a=MUolL, 

dr} 


1 


{l  + 7}^{l  + a^r}^  1+a 

r MUo 


a — 1 


Thus  by  measuring  the  ratio  of  the  mean  squares  of  the 
fluctuating  velocities  with  and  without  compensation,  can 
be  estimated. 

The  procedure  was  checked  in  the  flow  behind  a K-inch 
grid  where  the  lateral  scale  was  measured  and  where  because 
of  isotropy  the  relation  Lx=2Ly  should  hold  fairly  well. 

The  results  were : 

(T— 1.85 

M=7X10"^  second 


if7o=  1-5X10^  centimeters  per  second 

therefore 

Zx=1.24  centimeters 

Direct  measurements  gave  0.553  centimeter.  Hence 
L:c=l.ll  centirneters  which  shows  that  this  method  of 
estimating  the  value  of  Lx  is  satisfactory. 

Measurement  of  turbulent-energy  spectrum. — In  order  to 
be  able  to  measure  accurately  the  energy  distribution  over  a 
wide  frequency  band,  it  was  found  necessary  to  use  extremely 
thin  wires  with  small  time  constants  and  thus  to  increase  the 
signal-to-noise  ratio.  Wu-es  of  0.00005-inch  diameter,  op- 
erating with  time  constants  of  approximately  2X10“^ 
second,  were  used.  In  this  wa}^  it  was*  possible  to  detect 


energy  values  in  the  higliTrequenc}^  bands  that  were  10“' 
times  the  value  corresponding  to  zero  frequenc^^. 

The  hot-wire  signal  was  fed  into  a Hewlett-Packard  w^ave 
analyzer,  the  output  circuit  of  which  was  somewhat  altered 
in  order  to  be  able  to  feed  the  output  signal  into  a root- 
mean-square  voltmeter.  The  averaging  characteristics  of 
the  root-mean-square  meter  were  checked  and,  for  a narrow- 
band-width signal,  were  found  to  give  the  same  mean  values 
as  those  calculated  frorn  thermocouple  readings. 

With  this  method  the  energy  of  the  ^-fluctuation  was 
measured  at  different  points  across  the  channel.  At  yjd^OA 
the  spectrum  of  the  turbulent  shear  u'y'  was  also  obtained.^ 
An  X-type  meter  was  used,  both  wires  making  an  angle  of 
45*^  with  the  free-stream  direction.  If  and  ^ are  the  mean- 
square  voltage  fluctuations  (corrected  for  time  lag)  across 
the  two  wires  it  may  be  showm  (reference  12)  that 

€i“— 62^= Constant 

If  6\  and  are  fed  into  the  wave  analyzer  then  the  above 
relation  holds  for  all  band  widths  dn;  that  is, 

6 1 (7i)  ^ ^ 2 C^?')  “ = C o n s t a n t X ' «? ' (^) 

PRELIMINARY  MEASUREMENTS  IN  A 1-INCH  CHANNEL 

In  the  initial  stages  of  the  turbulent-channel-flow"  investi- 
gation a tw^o-dimensional  chaimel  of  1-inch  width  w^^as  used. 
Measurements  of  mean  and  fluctuating  velocities  and  of  the 
correlation  coefficient  k were  completed.  The  scales  Ly  and 
Lz  w^ere  also  measured  at  the  channel  center  and  were  found 
to  be  about  0.2  to  0.3  centimeter.  This  small-scale  turbulence 
existing  in  the  channel  imposed  a definite  limitation  on  the 
accuracy  of  the  fluctuating  measurements.  Wire-length 
corrections  as  high  as  30  percent  had  to  be  applied  to  the 
measurements  of  v'  and  w' , Furthermore,  no  microscales 
could  be  measured  accurately;  thus  one  of  the  objectives  of 
the  investigation,  the  calculation  of  the  energy  dissipation 
across  the  channel,  could  not  be  obtained.  Nevertheless, 
results  show’^  good  consistenc\^;  the  three  independent  meas- 
urements of  the  turbulent  shear  indicate  satisfactor}’^ 
agreement. 

It  is  of  interest  to  present  these  preliminary  measurements, 
the  Re\molds  number  of  wdiich  w^as  12,200,  and  to  compare 
them  wdth  those  obtained  in  the  5 -inch  channel.  Figure  5 
show^s  the  distribution  of  all  the  measured  quantities  in  the 
1-inch  channel  and  it  may  be  directly  compared  wdth  figure  1 6 
which  show^s  the  quantities  measiu'ed  in  the  5-inch  channel  at 
nearly  the  same  Reynolds  number. 

Although  the  slopes  of  the  mean  velocities  at  the  w^all  are 
almost  the.  same  in  each  case  (for  tlie  1-in.  channel  To!pUo  = 
0.0019;  for  the  5-in.  channel  rt,/pt/V=0.0018),  the  velocity 
ratios  uflJo  in  the  5-inch  channel  seem  to  be  low^er  across 
most  of  the  channel.  This  indicates  that  a more  intense 

* This  method  appears  to  have  been  first  used  by  Dr.  Stanley  Corrsin  in  a turbulent  jet 
(private  communication'). 
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Figure  5.— Distribution  of  measured  quantities  across  two-dimensional  channel  of  1-inch  width.  K= 12,200. 

turbiilent-eaei’gy  production  takes  place  in  the  5-inch 

channel.  Indeed,  the  turbulent- velocity  fluctuations  u'lUot 
v'lUo,  and  w'/Uo  (especially  u'lUo)  increase  at  a faster  rate 
toward  the  wall  in  the  wider  channel,  although  their  values 
at  the  channel  center  check  very  well  in  the  two  cases.  The 
shear  distribution  r/pZ7/  is  almost  the  same  for  the  two 
channels;  it  follows,  therefore,  from  the  relation 

vHP_j  u'  V 

Uo^  “ Uo  Uo 

that  k must  have  a higher  absolute  value  in  the  1-inch 
channel  since  both  u'/Uo  and  v'lUo  are  smaller  there.  Indeed 
the  maximum  value  of  k m this  case  is  — 0.6,  while  in  the 
5-inch  channel  it  is  *—0.5. 

As  a matter  of  interest  it  could  be  mentioned  that  if  the 
basis  of  compai'ison  is  not  Reynolds  number  but  maximiun 
mean  speed  (for  the  1-in.  channel  tyo=15'm/sec)  then  figure 
5 shows  a distribution  of  u',  v\  and  w'  very  similar  to  that 
of  figure  18,  the  absolute  values  being  somewhat  lower  in 
the  5-inch  chaimel. 

RESULTS  AND  DISCUSSION 

MEAN-VELOCITY  DISTRIBUTION 

A careful  stud}^  of  the  two-dimensional  nature  of  the 
channel  flow  was  fii*st  made.  Mean-velocity  measurements 
were  carried  out  at  approximately  x=— 2 inches  at  different 


heights  in  the  channel:  At  positions  6 inches  from  the 

bottom,  6 inches  from  the  top,  and  at  the  middle.  Agi*ee- 
ment  among  the  three  sets  of  measurements  confirmed  the 
two-dimensionality.  A further  check  was  made  on  possible  ^ 
end  effects  that  might  influence  the  results.  The  length  of 
the  channel  was  extended  by  6 inches  and  the  mean- velocity 
measurements  were  repeated  at  x= — 8 inches.  No  change 
in  the  profile  was  noticed.  Figure  6 shows  the  mean-velocity 
distributions  at  tlu'ee  Reynolds  numbers,  E=61,600,  R= 
30,800,  and  22=12,300.  The  distributions  follow  Von 
Karman’s  logarithmic  law  very  well,  except,  of  course,  near 
the  wall  and  at  the  center  of  the  channel  (fig.  7).  The 
values  of  Ur  were  obtained  from  the  velocity  gradients  at 
the  wall. 


Figure  G.— Mean-velocity  distribution.  Measured  points  close  to  wall  are  not  shown. 
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Figure  7. — ’Logarithmic  representation  of  mean-velocity  distribution. 

Measurements  were  made  with  special  care  close  to  the 
wall.  Velocities  at  a large  number  of  points  were  recorded 
within  the  laminar  sublayer  in  order  to  establish  with 
reasonable  accuracy  the  shape  of  the  velocity  profile  at  the 
wall  (fig.  8).  The  thickness  of  the  laminar  sublayer  (the 
point  where  the  velocity  distribution  deviates  from  the 
logaritlimic  law)  was  found  to  be  5«30i//Z7r  (fig.  7). 


Figure  8. — Mean-velocity  distribution  near  wall. 


In  figure  8 it  can  be  seen  that  for  the  case  of  the  lowest 
Reynolds  number  a, few  points  near  the  wall  indicate  very 
low  velocities.  Since  the  point  at  which  yld=0  has  been 
determined  with  great  accuracy  and  since  the  equations  of 
motion  of  the  channel  flow  require  a negative  curvature  for 
the  velocity  profile;  it  was  concluded  that  the  hot-wire 
indicated  too  low  velocities  near  the  wall  for  the  lowest 
Rejmolds  number.  (The  dashed  curve  for  this  case  in  fig.  8 
shows  the  interpolated  velocity  distribution  for  0<^/d<0. 01.) 
It  can  be  shown  that  very  high  localr velocity  fluctuations 
cause  the  hot-wire  to  read  velocities  lower  than  the  true 


mean  value.  Since  the  mean  current  of  the  wire  varies  with 
the  fourth  root  of  the  velocity, 

where  u is  the  velocity  to  which  the  hot-wire  responds  and 

u is  the  true  mean  velocit3^  Near  the  wall  (0«i 

and  can  therefore  be  neglected.  Because  of  the  cosine- type 
directional  characteristics  of  the  hot-wire  the  effect  of  the 
w'-fl actuation  can  also  be  neglected . The  velocity  measured 
bj’^  the  wire  can  be  written,  after  expanding  the  above 
expression,  as 

Since  the  average  of  the  odd  terms  is  zero  the  series  con- 
verges rapidly.  In  the  region  in  question,  the  velocity 
fluctuations  obtained  were  very  high  indeed  (M7'a>0.30). 
Their  absolute  values,  however,  are  probably  even  larger, 
since  the  nonlinearity  effect  of  the  large  fluctuations  on 
the  hot-wire  response  still  further  amplified  by  the  very  low 
mean  velocities  is  not  taken  into  account  because  the  wire- 
length  corrections  are  neglected.  The  mean-velocity  cor- 
rection therefore  given  by  the  above  relation  is  too  small  to 
give  the  required  negative  curvature  of  the  profile. 

^ TURBULENCE  LEVELS 

Figures  9 to  14  represent  the  results  of  measurements  of 
the  three  components  u’ , v',  and  w'  of  the  turbulent-velocity- 
fluctuation  distribution  in  the  channel  for  the  tlu-ee  Reynolds 
numbers. 


V/d 

Figure  9,— Velocity  fluctuations  u'  relative  to  local  speeds. 
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Figure  ll.—  Velocity  fluctuations 
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Figure  12. — Velocity  fluctuations  near  wall. 


Figure  13. — Distribution  of  velocity  fluctuations  p'. 


Figure  14. — Distribution  of  velocity  fluctuations 


The  velocity  fluctuations  relative  to  local  speeds 
increase  very  rapidly  near  the  wall  as  is  shown  in  figures  9 
and  10.  Measurements  very  close  to  the  wall  indicate  that 
ju  reaches  a maximum  within  the  laminar  boundary  la}^er 
{yUrlv^'^l)  and  it  tends  toward  a constant  value  at  the  wall 
which  is  independent  of  the  Reynolds  number.  This  point 
will  be  discussed  in  detail  under  '^Reynolds  Number  Effect.^^ 
The  absolute  values  of  the  distribution  of  u'  show  the  same 
general  shape  as  that  obtained  by  Reichardt  (reference  9), 
having  the  characteristic  maximum  near  the  wall  and  thus 
showing  the  strong  action  of  viscosity  even  for  values  of 

Using  the  X-type  hot-wire  technique  for  obtaining  the 
velocity-fluctuation  components  v'  and  w' j no  measurements 
could  be  obtained  near  the  wall.  Figirres  13  and  14  show 
that,  while  in  the  center  of  the  channel  the  magnitudes  of 
v'  and  w'  are  the  same,  w'  increases  faster  toward  the  wall. 
This  agrees  with  the  ultramicroscope  measurements  in  a pipe 
by  Fage  and  Townend  (reference  18). 

No  length  corrections  were  necessary  to  the  measurements 
of  u'  except  near  the  wall;  however,  no  corrections  were 
applied  in  this  region  since  no  measurements  of  Xg  could  be 
made.  In  this  region,  furthermore,  the  fluctuations  are 
very  large  and  the  values  given  in  figure  10  must  be  accepted 
with  reserve.  The  hot-wire  response  for  large  velocity  fluc- 
tuations is  not  well-understood  yet  and  no  correction  was 
attempted.  Length  corrections  were  applied  to  the  measure- 
ments of  t?'  and  w' . 

CORRELATION  COEFFICIENT  AND  SHEAR  DISTRIBUTION 

The  correlation  coefficient  is  fairly  constant  across  most 
of  the  channel  (fig.  15)  as  indicated  already  by  Wattendorf 
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Figure  15.— Correlation-coefficient  distribution. 

and  Kuethe  (reference  6).  The  maximum  values  of  k ob- 
tained decrease  slowlj^  with  increasing  Ke^molds  number  and 
thus  show  a definite  Reynolds  number  dependence.  Existing 
results  indicate,  however,  that  parameters  other  than  Reyn- 
olds nimibers  also  influence  the  value  of  k.  The  following 
table  shows  magnitudes  of  the  maximum  correlation  coeffi- 
cient as  obtained  by  different  investigators  working  with 
channels  of  various  widths  "and  with  various  Reynolds 
numbers: 


Channel  width 


Experiments  — 

(cm) 

R 

Reichardt  (reference  9) 

24.  6 

8,  000 

-0.  45 

Laufer  (present  paper)-  - 

2.  5 (1  in.) 

12,  200 

-.  63 

Laufer  (present  paper) 

12.  7 (5  in.) 

12,  300 

-.  50 

• Wattendorf  (reference  7) 

5.  0 

15,  500 

-.  52 

Laufer  (present  paper)-, 

12.  7 (5  in.) 

30,  800 

-.  45 

Laufer  (present  paper) 

12.  7 (5  in.) 

61,  600 

-.  40 

Wattendorf  obtained  his  value  of  k from  his  measurements 
of  the  quantities  IUq^  v'IUoj  and  u'v^lUo^.  Unfortunately 
his  preliminary  measurements  of  v'  are  incorrect;  their 
magnitude  is  larger  than  that  of  u'  at  all  values  of  y across 
the  channel  contrary  to  results  obtained  by  Reichardt  and 
by  the  present  writer.  Wattendorf  himself  points  out  the 
inaccm*acy  of  the  values  of  in  his  paper.  Because  of  the 
large  values  of  v'  his  computed  correlation  coefficients  are 
too  low.  The  value  kmax=-0.52  listed  in  the  above  table 
was  obtained  by  using  Wattendorf’s  values  u'o'/UJ^=0.00l 
and  ulUo=0.055  and  the  value  v' IUo=0.035  (yld~0.5) 
obtained  by  the  author  for  both  the  1-inch  (2,5-cm)  and 
5-inch  (12.7-cm)  channel  at  12,200  and  12,300, 

respectively. 

The  variation  of  k indicates  that  for  the  same  Reynolds 
number  the  correlation  coefficient  tends  to  increase  with 
increasing  maximum  mean  velocit}-  (i.  e.,  in  a channel  of 
decreasing  v-idth). 

Figures  16  to  18  show  the  distribution  of  all  the  measm^ed 
quantities  including  the  shear  distribution.  For  the  case  of 
the  two  higher  Re^molds  numbers,  three  independent 
measurements  were  made  for  the  determination  of  the  shear 
distribution  b}’'  methods  indicated  in  “Equations  of  Motion 
for  Two-Dimensional  Channel  Flow.’’  Figure  19  indicates 
that  consistent  results  are  obtained  for  the  value  of  t whether 
calculated  from  the  pressure  gradient  along  the  channel  or 
from  the  velocit}^  gradient  at  the  wall.  The  turbulent-shear 
distributions  obtained  from  hot-wire  measurements  and 
those  calculated  from  figure  17  show  satisfactor3^  agreement. 
However,  for  the  flow  at  the  highest  Re^molds  number,  the 


hot-wii*e  measurements  gave  a 20-percent-lower  value  for 
the  shear  coefficient,  as  ma}^  be  seen  in  figure  18.^  At 
present,  the  writer  can  give  no  satisfactoiy  explanation  for 
this  discrepancy^  In  the  flow  at  the  lowest  Reymolds 
number,  no  pressiue  measurements  were  made  because  the 
very^  low  pressure  gradient  (approx.  0.0003  mm  of  alcohol/cm) 
did  not  permit  accurate  measiuements.  However,  in  this 
case  the  wall  shear  computed  from  the  measured  mean 
fluctuating  quantities  u',  v',  and  k and  the  mean-velocity^ 
measurements  may^  be  compared  with  that  obtained  in  the 
1 -inch-channel  flow  having  nearly^  the  same  Reymolds 
number.  The  comparison  shows  satisfactory^  agreement: 
For  the  1-inch  channel  To/pUo^ —0,0019;  for  the  5-inch 
channel  tJpUo^= 0.0018. 

SCALE  AND  MICROSCALE  MEASUREMENTS 

For  a further  understanding  of  the  structure  of  the  tur- 
bulent field,  correlations  of  ^^'-fluctuations  at  two  different 
points  were  carried  out.  Since  the  field  is  not  isotropic, 
the  scale  and  microscale  measurements  were  repeated  both 
in  the  y~  and  ^-direction  for  different  values  of  y/d. 

7?2-correlation. — Figure  20  shows  typical  fZg-correlation 
distributions  at  different  values  of  y/d  corresponding  to 
/?=  30,800.  For  larger  values  of  2,  inaccuracies  in  the 
measurements  did  not  permit  the  exploration  of  the  negative 
region  of  the  correlation  distribution.  From  the  measured 
distributions  of  Rg  at  four  stations  across  the  channel  and 
for  different  values  of  J?,  the  values  of  Lg  and  were  cal- 
culated (figs.  21  and  22).  In  these- figures  Lg  is  seen  to  be 
decreasing  uniformly  toward  the  wall,  while  reaches  a 
definite  maximum  at  about  yld=0,7  and  then  decreases 
with  decreasing  y/d. 

JSy-correlation. — Distributions  of  the  /^^-correlation  at 
a given  value  of  yjd  were  obtained  by  fixing  the  stationary 
hot-wire  at  the  given  value  of  yjd  and  traversing  with  the 
moving  hot-wire  away  from  the  fixed  one  toward  the  channel 
center.  Values  of  Ly  and  \y  were  then  calculated  from  these 
distributions  of  Ry.  In  the  region  1.0>i//d>0.1  the  grad- 
ients of  the  various  quantities  are  slight;  no  significant 
asymmetry  in  the  function  Ry  is  therefore  expected.  Meas- 
urements of  the  top  part  of  the  /^^-correlation  distribution 
(1.0>j5j/>0.8)  by  Prandtl  and  Reichardt  (reference  19) 
justify  this  belief  fairly  well. 

By  comparing  figure  20  with  figure  23,  the  strong  effect 
of  the  existing  nonisotropy  can  immediately  be  seen.  Al- 
though both  Ry  and  Rg  correspond  to  Von  K^rm^n’s  g- 
function  (reference  10)  they  exhibit  different  behaviors 
across  the  channel.  The  /?2-correlation  function  falls  more 
and  more  rapidly  to  zero  with  decreasing  yjd.  Traversing 
from  yjd=\,0  to  yjd— 0.70  the  distribution  of  Ry  is  found  to 
behave  similarly;  however,  the  dashed  curve  measured  at 
yjd=0.^  (fig.  23)  indicates  considerably  increased  correla- 
tions for  larger  values  of  Y.  It  is  thus  seen  that  around 
yjd=0.7  there  is  a definite  decrease  in  energy  content  of  the 
fluctuations  having  low  frequencies.  Further  consideration 
of  this  fact  is  given  later  in  the  discussion  of  the*  energy 
balance  in  the  channel. 


* This  result  was  accepted  after  the  absolute  values  were  carefully  checked;  the  p'-wire 
response  was  compared  with  li'-fluctuatious  in  an  isotropic  field  and  the  two-dimensional 
character  of  the  flow  was  checked. 
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Figure  17. — Distribution  of  mean  and  fluctuating  quantities.  R =30,800. 
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Figure  18.— Distribution  of  mean  and  fluctuating  quantities.  i2=61,600. 


xjd 

(a)  i2=61,600. 

(b)  i? =30,800. 


Figure  19.— Pressure  distribution  along  channel.  Solid  lines  indicate  pressure  gradient 
obtained  from  measured  du/dj/. 


meter;  at  y/d=0.7,  X/  = 1.55  centimeters,  X^=0.8l  centimeter. 


The  values  of  BydY  (fig.  21)  are  not  so  reliable  as 

those  of  Lz  since  Uy  could  not  be  measured  at  sufficiently 
large  values  of  Y because  of  the  limitation  of  the  traversing 
mechanism  used. 

The  distribution  of  \y  across  the  channel  is  similar  to  that 
of  (fig.  22).  From  y/d=l.O  to  y/d ^0.7  both  X,,  and  X^  in- 
crease almost  proportionally  to  indicating  that  the  tur- 
bulent-energy dissipation  TFoc  is  approximately  con- 

stant in  this  region.  It  should  be  noticed,  however,  that 
X^  is  consistently  larger  than  \y  throughout  the  channel  cross 
section.  Some  measurements  of  \y  close  to  the  wall  are  also 
indicated  in  figure  23.  No  length  correction  was  found  to 
be  necessary  for  the  measured  values  of  \y  and 

A rough  estimate  of  by  the  method  already  described 
gave  a value  approximately  twice  that  of  at  the  center  of 
the  channel  (fig.  21).  Its  value  increases  to  a maximum  at 
y Id ^0.5  and  then  decreases  rapidly.  No  values  for  are 
given  for  the  lowest  Reynolds  number;  in  this  case  the  value 
of  (X  is  very  close  to  unity  and,  since  Lx  is  proportional  to 

^ should  be  known  within  an  accuracy  of  1 percent  to 

give  consistent  results  for  Lx.  Unfortunately  measurements 
of  Lx  cannot  be  made  with  this  accuracy,  particularly  when 
the  ^'-fluctuations  are  of  rather  low  frequencies  as  is  the  case 
for  22=12,300.  It  should  be  mentioned  that  the  accuracy 
of  the  determination  of  Lx  is  more  limited  by  the  inaccurately 
measured  value  of  (t  than  by  the  fact  that  an  approximate 
spectrum  function  F,”2(n)  is  used  in  equation  (9). 
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(a)  R= 12,300. 

(b)  30,800. 

(c)  R«61,600. 

Fioure  21 —Scale  of  turbulence  distribution. 

The  distribution  of  obtained  by  the  differentiation 
method  shows  the  same  behavior  as  that  of  \ and  \z  (fig.  22). 
It  has  the  characteristic  maximum  at  y/d  « 0.7.  No  measure- 
ments were  made  for  7^=12,300  because  of  the  inaccuracy 
due  to  the  large  noise-to-signal  ratios. 

As  a matter  of  interest  th(i  results  of  some  measurements  of 
Xx  obtained  with  the  zero-counting  method  are  compared 
with  those  described  above.  (See  fig.  22.)  Since  the  validity 
of  the  assumptions  involved  in  this  method  is  not  clarified 
yet,  these  measurements  should  be  regarded  as  preliminar3^ 

SPECTRUM  MEASUREMENTS 

Tlie  spectra  of  the  velocity  fluctuations  have  been  ob- 
tained at  various  values  of  y/d  across  the  channel.  With 


improved  instrumentation  it  was  possible  to  reduce  experi- 
mental scatter  by  a considerable  amount.  The  accuracy  of 
the  present  measurements  is  believed  to  be  within  ±10 
percent  with  the  exception  of  values  corresponding  to  low 
frequencies  (n<Cl00  cps)  because  of  the  large-amplitude 
fluctuations  and  with  the  exception  of  values  corresponding 
to  high  frequencies  (??/^4000  cps)  because  of  noise  and  of 
possible  wire-length  effect.  A typical  spectrum  distribution 
taken  at  y/d=l,00  is  shown  in  figure  24.  (The  measured 
spectra  at  various, positions  of  y/d  are  given  in  table  I.)  No 
attempt  is  made  to  compare  the  measured  distributions  with 
existing  theories  since  the  restrictive  assumptions  of  these 
theories  (isotropy  and  flows  at  high  Reynolds  numbers)  are 
not  satisfied  in  the  present  experiments.  The  only  frequency 
range  where  comparison  is  possibly  justified  is  the  viscous 
region,  that  is,  the  high-frequency  part  of  the  spectrum  where 
viscosity  plays  a dominant  role.  Unfortunately  here  the 
accuracy  of  the  measurements  is  not  good  enough  to  afford 
any  definite  conclusions.  Therefore,  the  rather  close  agree- 
ment of  the  measured  spectrum  (for  all  values  of  y/d  except 
in  the  laminax  sublayer)  with  the  ?i“^-law  predicted  b}^  Heisen- 
berg (reference  2)  should  be  accepted  with  reserve  (fig.  24). 


Figure  23.— i^ycorrclation,  i2=30,800.  At  i//d=l.0,  Ly^l.Z  centimeters,  X,*0.60  centi- 
meter; at  y/d=0J,  Ly^l.2  centimeters,  X,=0.50  centimeter. 
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FifiUKE  25. — Spectrum  distributions  across  channel.  /?— 30,800. 


For  a comparison  of  the  energ^^  spectra  at  different  points 
in  the  channel,  figure  25  shows  the  distribution  of  n^F^^{n) 
.instead  of  that  of  F^{n)  as  a function  of  the  frequency. 
This  method  of  presentation  emphasizes  energies  correspond- 
ing to  the  higher  frequencies  but  gives  a clearer  over-all 
comparison  of  the  different  sets  of  measurements.  The 
characteristic  maximum  of  the  distribution  of  Xx  immediately 
becomes  apparent  in  this  figure.  From  the  fact  that  the 


TABLE  L—MEASURED  VALUES  OF  THE  SPECTJiUM  OF 


Fre- 

fiuency 

(sec) 

(cps) 

a 

^-0,. 

^«0.005  , 

i 

30 

/772  X 10-3 
\786 

40 

561X10-* 

585  X 10-* 

571  X 10-i 

664  X 10-3 

/618 

1604 

50 

519 

436 

60  ■ 

349 

464 

70 

80 

273 

211 

252 

308 

309 

90 

/254 

1272 

100 

186 

141 

• 182.5 

-226 

222 

125 

fl57 

1150 

150 

95.4 

77.3 

91.6 

140 

/1 09 
\ll4 

175 

/ 86.  5 
1 74.9 

' 

200 
250 ' 
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correlation  coefficient  is  a Fourier  transform  of  the  spectrum: 
function  it  follows  that 


Thus  Xx  can  be  ''computed  from  the  distributions  of 
'n^F^{7i),  The  calculated- ^allies  check  within  a few  per- 
cent Avith  direct  measurements*1[‘^.  22). 

REYNOLDS  NUMBER  EFFECT 

Figure  7 shows  the  distribution  of  mean  velocities  plotted 
in  the  form  of  ^^friction  velocit}^^^  ujUr  against  “friction- 
distance  parameter^^  yUrlv.  In  this  form  the  profiles  are  . 
independent  of  the  Reynolds  number  tZ/Z/r  and  follow' Von:'-.. 
Karman/s  logarithmic  law: 

log  ^ hR 

Ut  V 

The  constants  A and  B are  6.9  and  5.5,  respectively. 
Comparing  the  present  measurements  with  previous  ones  it 
is  to  be  noted  that  because  of  the  very  smooth  wall  surfaces 
used,  the  value  B is  larger  than  that  of  other  investigators. 
Making  allowances  for  this  effect,  measurements  are  in 
fairly  good  agreement  with  those  of  Donch  (reference  4) 
and  Reichardt  (reference  9).  Nikiu'adse’s  channel  results 
(reference  5)  differ  from  all  other  existing  experiments.  It  is 
pertinent  to  mention  that  for  the  Reynolds  number  range  in 
question  (i?<  100,000)  the  slope  of  the  logarithmic  mean- 
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v^elocity  distribution  (the  constant  A)  both  in  pipes  and 
channels  is  larger  than  that  established  by  Nikuradse^s  pipe 
measurements  (A=5.75). 

The  Eeynolds  niunber  has  a definite  influence  on  the 
velocity  fluctuations  also.  Along  most  of  the  cross  section 
where  the  influence  of  the  viscosity  is  negligible  the  fluctua- 
tions u' , v',  and  w'  decrease  slowl}-  with  increasing  Reynolds 
number. 

Veiy  close  to  the  wall,  according  to  Prandtks  hypothesis,  all 
velocities  of  the  form  Velocit^^C/r  must  be  a function  of  the 
friction-distance  parameter  only.  It  has  alread}""  been 
pointed  out  that  the  mean  velocit}^  obeys  this  similarity 
law.  Figure  26  shows  the  distribution  of  u'lUr  as  a function 


0 2 4 6 fO  20  40  60  100  200  400  600  1000 

yOr/v 

Ficure  26. — Logarithmic  representation  of  velocity  fluctuations  u'. 


of  y Urlv  for  the  differenr  flow  conditions  investigated.  The 
following  remarks  can  be  made  with  reference  to  this  figure: 

(1)  For  values  of  ^C/r/r<100,  values  of  u' jUr  correspond- 
ing to  the  various  cases  indicate  similar  behavior.  They 
reach  a maximum  at  about  yUrlv^ll , 

(2)  It  is  believed  that  the  similarity  is  actual!}’  more 
complete  than  indicated  in  figure  26.  Because  the  micro- 
scale is  not  known  in  regions  very  close  to  the  wall  no  length 
corrections  could  be  applied.  These  corrections  would  of 
course  be  appreciably  higher  for  the  two  high-velocity  flows 
(7?= 61, 600,  2d=b  in.  and  7?=  12,200,  2rf=l  in.)  and  would 
therefore  bring  the  various  distributions  of  u'lUj  closer  to- 
gether in  the  region  in  question. 

(3)  The  effect  of  viscosity  is  more  pronounced  on  the 
fluctuating  quantities  than  on  the  mean  velocity. 

(4)  Taylor  pointed  out  in  1932  (supporting  his  arguments 
by  Fage  and  Townend^s  ultramicroscope  measurements)  that 
u' ju  and  w' ju  approach  a finite  value  at  the  wall  (reference 
18).  It  follows  from  the  similarity  law  that  this  value 
should  be  an  absolute  constant  independent  of  the  Reynolds 
number.  Figure  10  indicates  this  to  be  true,  the  constant 
being  (u7'^)y=o~0-18. 

It  is  of  considerable  interest  to  discuss  the  variation  of  the 
scale  and  microscale  with  Reynolds  niunber.  For  flows  be- 
hind grids  where  the  turbulence  is  isotropic  the  scale  is  in- 
dependent of  the  mean  velocity  and  depends  on  the  mesh 
size  of  the  grid.  Similar  behavior  was  found  for  the  channel 
flow.-  Figure  21  shows  the  distributions  of  Ly  and  for 
different  velocities.  These  distributions  indicate  no  con- 


sistent variation  with  velocity.  Fiu’thermore,  measurements 
in  a 1-inch  channel  give  a value  for  five  times  lower  and  a 
ratio  for  Ly  somewhat  larger  than  the  values  obtained  in 
the  present  investigation. 

The  variation  of  X depends,  of  course,  on  the  velocity  and 
channel  width.  The  values  of  X decrease  with  increasing 
velocity;  however,  the  variation  of  X with  channel  width  is 
less  than  that  of  Z. 

FULLY  DEVELOPED  CHARACTER  OF  TURBULENCE 

The  flow  in  the  channel  is  called  fully  developed  if  the 
variations  of  the  mean  values  of  the  velocity  and  the  mean 
squares  of  the  velocity  fluctuations  with  x are  very  small. 
That  the  mean  velocity  profile  does  not  vary  downstream  is 
evident  from  the  pressure-gradient  measurements  (fig.  19). 
The  gradient  in  x of  was  measured  on  the  axis  of  the 
channel.  It  was  found  that  was  indeed  decreasing  with 
X.  The  gradient,  hovrever,  was  very  small  • as  compared 

p OX  

OX  p ox 

Hence  for  all  practical  purposes  can  be  neglected. 

No  measurements  have  been  made  concerning  bu'v'jdx, 
since  the  scatter  in  the  values  would  cover  any  efiPect. 
However,  there  is  little  doubt  that  bu'v' jbx  is  of  the  same 
order  as  bu^'^ldx  and  that  the  use  of  equations  (3a)  and  (3b) 
is  therefore  justified  here. 

ENERGY  BALANCE  IN  FLUCTUATING  FIELD 

The  energy  equation  for  a two-dimensional  channel  has 
the  form  given  by  equation  (8)  and  is  valid  throughout  the 
cross  section  of  the  channel  with  the  exception  of  a small 

(I'll/ 

region  near  the  wall.  The  term  r ^ on  the  left  side  of  equa- 
tion (8)  corresponds  to  the  energy  produced  by  the  shearing 
stresses  and  it  can  be  obtained  directly  from  the  measure- 
ments of  r and  from  the  mean  velocity  profile.  The  second 

term  on  the  right  expresses  the  amount  of 

energy  that  is  being  dissipated  because  of  the  breaking 
down  of  the  larger  eddies  to  smaller  ones.  The  term  may 
be  vTitten  explicitly 

The  problem  is  to  express  these  functions  in  terms  of 
easily  measurable  quantities.  In  the  case  of  isotropic 
turbulence  Taylor  solved  the  problem  by  introducing  the 
microscale  of  turbulence  X and  obtained  for  the  dissipation 


W=lop^ 
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It  is  attempted  here  to  carry  over  his  anal^^sis  to  the  case 
of  channel  flow.  The  following  assumptions  have  to  be 
made  in  this  connection: 

(a)  . The  gradient  of  the  velocity  fluctuations  is  small  in 
all  three  directions.  With  the  exception  of  the  region  near 
the  M^all  this  is  justifiable  from  the  measurements. 

(b)  Since  only  correlations  of  u'  have  been  measured,  it 
is  assumed  that  the  correlations  of  w'  as  fimctions  of  Z 
(Von  Karman^s /-function)  have  the  same  curvature  at  the 
origin  (F=Z=0)  as  the  correlation  of  u'  has  as  a function 
of  X\  that  is, 

V dZ2  A )r  X/  . 


Furthermore  the  correlations  of  v'  as  functions  of  X and  Z 
and  the  correlations  of  w'  as  functions  of  X (Von  Karmto's 
^-functions)  have  the  same  ciuvature  at  the  origin  as  the 
correlation  of  u'  has  as  a function  of  Z;  that  is, 

V 5^2  A V \ ^x^  Jo\  5Z2  J-  X/ 

Finally, 

VsrVo  )r  W 


With  these  assumptions  the  derivatives  of  the  fluctuations 
could  be  expressed  in  terms  of  the  measured  values  of  X^, 
Xj^,  and  Xg* 


2u'2  2^'2  2v^‘^  2v'^  2w'^  2w'^ 

XZ  XZ  ^ X/  + XZ  + XZ  X/  + x,2_ 


At  the  middle  of  the  channel  W turned  out  to  be  2.62  ergs 
per  cubic  centimeter  per  second  for  72=30,800.  Using  the 
isotropic  relation 

W=15m~15m^==15m 

Ay  Ax  Ag 

the  values  2.88,  4.38,  and  2.24  ergs  per  cubic  centimeter  per 
second  were  obtained  depending  upon  whether  X*,  Xy,  or  X^ 
was  used.  (For  the  value  of  the  algebraic  mean  of  the 
squares  of  the. fluctuations  was  used.) 

Figure  27  shows  the  distribution  of  W in  the  center  region 


Figure  27.— Turbulent-energy  balance  in  center  region  of  channel.  i2 =30,800. 


of  the  channel,  Taylor  obtained  a similar  distribution  of 
the  dissipated  energ}^  across  the  channel  (reference  20); 
however,  his  numerical  magnitudes  are  too  high  since  he 
substituted  in  the  isotropic  relation,  in  equation  (10),  the 
values  of  Xy,  which  turn  out  to  be  less  than  those  of  X^ 
and  X^. 

From  the  known  distributions  of  the  energ}^  production 
and  dissipation  the  diffusion  of  energy  is  easil}^  calculated 
from  equation  (8).  It  should  be  pointed  out  that  because 
of  the  approxunations  involved  in  the  calculation  of  the 
dissipation  and  diffusion  terms,  the  conclusions  derived 
from  them  are  more  or  less  of  a qualitative  nature.  It  is 
seen  from  figure  27  that  at  y/d^OJ  the  diffusion  term  is 
zero.  It  was  also  pointed  out  earlier  that  in  this  region 
the  72y-correlations  show  a considerable  change  in  shape 
indicating  a shift  in  energy  from  the  lower  to  higher 
frequencies  of  the  velocity  fluctuations.  These  two  facts 
suggest  that  the  energy  diffusion  is  associated  mainly  with 
the  low  frequencies  of  the  fluctuations. 

The  equation  expressing  the  balance  of  the  three  forms  of 
energy  furnishes  the  following  pictm^e  of  the  turbulent  flow 
field  in  the  channel  where  viscous  dissipation  is  still  neg- 
ligible: Two  planes  passing  through  points  where  the  dif- 
fusion of  energy  vanishes  divide  the  channel  flow  into  three 
parts.  The  middle  region,  the  width  of  which  is  of  the  order 
of  Lxj  receives  most  of  its  energy  by  diffusive  action  and  this 
energy  is  dissipated  here  at  a constant  rate.  In  the  two  out- 
side regions  all  three  energy  terms  increase  rapidl}^,  the  pro- 
duction term  being  the  dominant  one,  and  their  interaction 
is  more  involved. 

This  picture  of  the  flow  field  is  onl}^  of  a descriptive  nature. 
The  purpose  of  further  investigations  should  be  to  obtain 
information  on  the  development  and  mechanism  of  such 
an  energ}’^  balance. 

LOCALLY  ISOTROPIC  CHARACTER  OF  TURBULENT  CHANNEL  FLOW 

The  concept  of  locally  isotropic  turbulence  obtained  by 
Kolmogoroff  requires  the  smaller  eddies  in  turbulent  flow 
to  approach  isotropy.  Smaller  eddies  are  the  ones  with 
length  dimension  I small  compared  with  the  scale  of  turbu- 
lence i.  The  smallest  characteristic  length,  in  turbulent 
motion  is  Kolmogoroff^s  rj  defined  as 

where  e is  the  total  dissipated  energ}x  Clearl}^,  to  approach 
locally  isotropic  conditions  it  is  necessary  that 

It  follows  from  this  hypothesis  that  beyond  sufficiently' 
high  frequencies  (of  the  order  of  RO  correlations 

exist  between  the  components  of  the  velocity  fluctuations. 
Figure  28  shows  the  measured  spectrimi  of  as  compared 
with  the  spectrum  of  u'zj'  at  yjd—OA,  It  is  seen  that 
the  shear  spectrum  tends  to  zero  at  a frequency  of  about 
1500  cycles  per  second  while  7^(n)  still  has  a detectable 
value  at  5000  cycles  per  second.  This  result  verifies  Kol- 
mogoroff^s  assumption.  It  should  be  mentioned  that  the 
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absolute  values  of  Fu'v'in)  not  so  accurate  as  those  of 
Fpi{n)  since  they  represent  the  small  difference  between 
two  large  values  of  hot-wire  signal. 

It  is  to  be  noted  that  even  though  local  isotropy  was 
shown  to  exist  in  the  channel  flow,'  the  values  of  the  various 
vorticity  terms  («?/X/)  differ  appreciably,  indicating  that  the 
relative  magnitudes  of  these  terms  do  not  constitute  a 
sensitive  test  for  the  existence  of  local  isotropy.  This  is 
evident  from  the  comparison  of  the  distributions  n^F^{n) 
and  n^F-;P7{n)  (fig.  28).  It  is  apparent  from  the  figures 

that  a large  part  of  the  contribution  to  n^F'^{n)  dn 

comes  from  a frequency  well  below  1500  cycles  per  second. 
Local  isotropy,  according  to  the  shear  spectrum,  exists  only 
above  a frequency  of  1500  cycles  per  second. 

CONCLUDING  REMARKS 

The  measm'ements  presented  here  confirm  the  general 
conceptions  concerning  the  mean  velocity  profile  in  a turbu- 
lent channel.  The  extent  of  the  laminar  sublayer,  the 
velocity  profile  in  the  sublayer,  and  the  over-all  velocity 


distribution  as  measured  here  are  in  good  agreement  with 
general  theoretical  expectations. 

Measurements  of  the  turbulent  field  show  that  the  hot-wire 
technique  is  well  enough  developed  to  give  consistent  results 
for  the  intensities  and  correlation  functions. 

Detailed  measurements  of  the  velocity  fluctuations  in*  the 
direction  of  the  flow  u'  were  carried  out  well  within  the 
laminar  sublayer.  It  was  found  that  the  similarity  law  for 
u'lUrj  where  Ur  is  friction  velocity,  holds  fairly  well  in  the 
vicinity  of  the  wall  and  as  a consequence  the  magnitude  of 
u'lUy  where  u is  local  mean  velocity,  approaches  an  absolute 
constant  at  the  wall  (approx.  0.18),  the  value  being  inde- 
pendent of  the  Reynolds  number.  The  magnitudes  of  the 
velocity  fluctuations  normal  to  the  flow  in  the  lateral  and 
vertical  directions  v'  and  are  nearly  the  same  in  the 
middle  region  of  the  chaimel,  w'  increasing  more  rapidly 
toward  the  wall. 

The  measured  microscales  of  turbulence  X^,  Xy,  and  Xg  con- 
sistently show  a maximum  at  where  y is  lateral 

distance  and  d is  half  width  of  the  channel;  they  increase 
proportionally  with  u',  indicating  a constant  rate  of  energy 
dissipation  W in  the  center  portion  of  the  channel  since 
Woe 

The  scales  of  turbulence  Ly  and  in  the  center  region  are 
independent  of  Reynolds  number  and  depend  only  on  the 
channel  width.  The  microscales,  however,  show  a depend- 
ency on  the  Reynolds  number. 

From  the  calculated  magnitudes  of  the  energy  produced 
by  the  shearing  stresses  and  of  the  dissipated  energy  a 
descriptive  picture  of  the  energy  diffusion  in  the  center  region 
of  the  channel  is  obtained. 

The  spectrum  measurements  of  the  u' ^-fluctuations  tend 
to  indicate  that  F^{n)  behaves  as  over  a large  band  in 
the  high-frequenc}^  region  (where  F'^{n)  is  fraction  of 
turbulent  energy  associated  with  band  width  dn  and  n is 
frequenc}^ . From  the  comparison  of  the  spectra  of  and 
of  the  turbulent  shear  the  existence  of  local  isotropy  in  the 
channel  flow  is  verified. 

Guggenheim  Aeronautical  Laboratory, 

California  Institute  of  Technology, 

Pasadena,  Calif.,  September  F 1949. 
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INTEGRALS  AND  INTEGRAL  EQUATIONS  IN  LINEARIZED  WING  THEORY ' 

By  Harvard  Lomax,  Max.  A.  Heaslet,  and  Franklyn  B.  Fuller 


SUMMARY 

The  foiinulas  of  subsonic  and  supersonic  wing  theory  for 
sou7xe,  doublet^  and  vortex  distributions  are  reviewed ^ and  a 
systematic  presentation  is  provided  which  relates  these  distri- 
butions to  the  pressure  and  to  the  vertical  induced  velocity  in  the 
plane  of  Ike  wing.  It  is  shoun  that  care  must  be  used  in  treat- 
ing the  singularities  involved  in  the  analysis  and  that  the  order 
of  integration  is  not  always  reversible.  Concepts  suggested  by 
the  irreversibility  of  order  of  integration  are  shown  to  be  useful 
in  the  inversion  of  singular  integral  equations  when  operational 
techniques  are  used.  A number  of  examples  are  given  to 
illustrate  the  methods  presented,  attention  being  directed  to 
supersonic  flight  speeds. 

INTRODUCTION 

One  of  the  most  fundamental  approaches  to  the  analytical 
investigation  of  linearized  wing  theory,  throughout  the  sub- 
sonic and  supersonic  ranges,  stems  from  the  use  of*  certain 
element ar}"  mathematical  expressions  that  are  identified 
with  the  physical  properties  of  sources,  doublets,  and  ele- 
mentaiy  horseshoe  vortices.  By  means  of  these  expressions 
boundar3^-vaIue  problems  involving  wings  with  thickness, 
camber,  and  angle  of  attack  can  be  solved.  These  problems 
naturally  fall  into  two  categories:  one,  involving  bodies 
with  s^mimetrical  thickness  and  no  lift,  is  analyzed  b}^  means 
of  source  distributions;  and  the  other,  involving  hfting  plates 
without  thickness,  is  analyzed  by  means  of  doublet  and 
vortex  distributions. 

All  these  distributions  require  the  treatment  of  singu- 
larities in  the  mathematical  anal^-sis.  Thus;  for  subsonic 
Mach  numbers,  the  concept  of  the  generalized  principal  part 
play^s  an  important  role  in  the  calculation  of  the  induced 
velo.cities  in  the  plane  of  a vortex  sheet.  In  supersonic  wing 
theory,  the  generalized  principal  part  is  again  used  in  the 
anal}' sis  of  vortex  distributions,  and  it  has  fm'ther  applica- 
tion in  the  treatment  of  conical -flow  problems.  However, 
the  existence  in  supersonic  flow  of  pressure  discontinuities 
(due  to  Mach,  or  linearized  shock,  waves)  brings  about  another 
type  of  singularity  the  mathematical  analysis  of  which  leads 
to  the  introduction  of  the  finite-part  concept.  The  integi’als 
in  both  subsonic  and  supersonic  wing  theory  thus  require 
careful  attention  to  the  discontinuities  in  the  integrand  and, 
as  an  illustration,  indiscriminate  use  of  such  standard  devices 
as  inversion  of  the  order  of  integration  can  lead  to  incorrect 
results. 


When  direct  problems  are  involved,  that  is,  when  prescribed 
functions  are  to  be  integrated  (as  in  the  problem  of  finding 
the  pressure  on  a wing  with  symmetrical  thickness),  a guide 
to  the  proper  method  of  calculation  is  often  furnished  by 
physical  intuition.  However,  when  inverse  problems  arise, 
that  is,  when  integral  equations  are  to  be  inverted  (as  for 
the  flat  plate  of  arbitrary  plan  form),  the  mathematical 
methods  are  more  abstract.  Nevertheless,  the  solutions  to 
several  types  of  inverse  aerod}mamic  problems  have  been 
obtained  by  reasoning  that  required  an  understanding  of 
the  physical  natiue  of  the  flow  field.  This  method  of  solu- 
tion may  be  sufficient  for  the  particular  problem  involved 
but  it  is  difl5.cult  to  generalize.  By  using  the  aerodynamic 
data  to  construct  mathematical  boundary-value  problems 
requiring  the  inversion  of  singular  integral  equations  and  by 
obtaining  these  inversions  from  a purely  mathematical 
(operational)  basis,  a technique  evolves  whereby  the  existing 
solutions  for  two-dimensional  subsonic,  and  three-dimen- 
sional supersonic  wing  problems  (e.  g.,  thin  aufoil,  conical 
flow,  and  Evvard  solutions)  are  synthesized.  Furthermore, 
the  solution  to  the  general  supersonic  wing  problem  is 
suggested. 

The  purpose  of  the  present  report  is:  First,  to  review  the 
formulas  of  linearized  wing  theory  in  which  source,  doublet, 
and  elementary  horseshoe  vortex  distributions  are  introduced 
and  to  relate  these  distributions  to  the  pressui’e  and  vertical 
induced  velocity  in  the  plane  of  the  vmig;  second,  to  present 
an  operational  technique  that  can  be  used  to  invert  the  sin- 
gular integral  equations  appearing  in  the  application  of  the 
above  formulas;  and  finally,  to  present  certain  special 
examples  which  will  illustrate  the  basic  concepts. 

LIST  OF  IMPORTANT  SYMBOLS 


B 


n 


C 

Cd 


c, 

E 

K 

K„,  En 

k,  k„ 


j-,{E,-kn'^Kn) 
chord  of  a wing 


drag  coefficient 


pressure  coefficient  2-:^^ 

complete  elliptic  integral  of  second  kind,  modulus  k 
complete  elliptic  integral  of  first  kind,  modulus  k 
complete  elliptic  integrals  of  first  and  second  kinds, 
respectively,  with  moduli 
moduli  of  elliptic  integrals 


• SuiJersedes  NACA  TX  2252,  “Formulas  for  Source.  Doublet,  and  Vortex  Distributions  in  SuDcrsonic  Wing  Theory”  by  Harvard  Lomax 
1950. 
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A:',  Ar'n 
L 

Mo 

m 

TUi 

m2 

Ay 

T 

r,  5,  2 

re 

To 

5 

t 

Uj  V,  w 
Vo 

r,  y,  S 

a 

6 


Complementary  moduli 
lift 

Mach  number  in  free  stream 

slope  of  wing  leading  edge 

cotangent  of  angle  between  the  rj  and  x axes 

cotangent  of  angle  between  the  | and  x axes 


loading  coefficient  (pressure  on  the  lower  surface 
minus  pressure  on  the  upper  surface,  divided  by 
free-stream  d^uiamic  pressure) 
characteristic  coordinates 
{ (x-x,y+{i^Mo^)  [(y-yiY+zV'^^ 
[(x-xrY+M-Mo^)  (y-y,)T\ 
wing  area 

maximum  thickness  of  a wing 
perturbation  velocities  in  x,  y,  2 directions,  respec- 
tively 

free-stream  velocity 
Cartesian  coordinates 


angle  of  attack  of  \nng 


Vll-M/l 


A 

X 

Ml 

M2 

M 

Vc 

V ) ^ 
Po 

T 


Wc 


jump  in  value  of  the  quantity  considered  across  the 
2=0  plane 

stream  wise  slope  of  surface 

Vi+W 
Vl+m2^ 
l-fmj3 
1— 

X^Xi 

(y—yiy+^^ 

oblique  coordinates 
density  of  free  stream 
area  of  integration 
perturbation  velocity  potential 

X — Xi 


SUBSCRIPTS 

I value  of  a quantity  on  the  lower  surface  of  a wing  (z=0 
plane) 

u value  of  a quantity  on  the  upper  surface  of  a wing  (2=0 
plane) 


PART  I— THE  THREE  FUNDAMENTAL  FORMULAS 
[SOME  BASIC  MATHEMATICALaFORMULAS 

EFIELD  EQUATION  FOR  SUBSONIC  FLOW 

The  basic  linearized  partial  differential  equation  governing 
a subsonic  flow  field  is  derived  under  the  assumption  that 
perturbation  velocity  components  are  small  relative  to  the 
free-stream  velocity  Written  in  terms  of  the  perturba- 
tion velocity  potential  <p(x,  y,  z)  the  equation  is 

(1  0 (1) 

where  Mo  is  the  free-stream  Mach  number  and  the  x axis  is 
parallel  to  the  free-stream  direction.  Equation  (1)  is,  in  its 


normalized  form,  Laplace^s  equation  in  three  dimensions.  If 
a sufficiently  thin  wing  at  a small  angle  of  attack  is  situated 
on  or  in  the  immediate  vicinity  of  the  xy  plane,  the  bound- 
ary conditions  in  the  resulting  linearized  theory  may  be  as- 
sumed specified  at  z=0  and,  by  means  of  Greenes  theorem 
(see,  e.  g.,  reference  1),  a solution  to  equation  .(1)  can  be 
written  in  the  form 

<p(3;,y,  [aw(*„2/,)  ^-A<p{x^,y,)  dx^dy, 

. • ‘ (2) 

where 

and' 

{ {x-x,y+  (l-Ado^)l(y-y,y+z^]yf^ 

Equation  (2)  relates  the  perturbation  velocity  potential  at  a 
point  (x,  y,  2)  in  space  to  the  discontinuities  in  the  potential 
and  vertical  induced  velocity  at  the  ''plane  of  the  wing.” 
Thus,  A<p=<p^  —(pi  and  Aw=Wu  —'^h  where  the  subscripts  u and 
I denote  conditions  on  the  upper  and  lower  side  of  the  xy 
plane. 

In  a later  section,  equation  (2)  will  be  used  to  obtain  ex- 
pressions for  source,  vortex,  and  doublet  distributions  in 
subsonic  flow. 


FIELD  EQUATION  FOR  SUPERSONIC  FLOW 

The  form  of  the  basic  linearized  partial  differential  equa- 
tion governing  supersonic  flow  fields  can  be  \vritten  in  terms 
of  the  perturbation  velocity  potential  as 

{My— i)(Pxx—(Pvv—(Pzz= 0 (3) 

Since  Mo  is  now  greater  than  one,  equation  (3)  is,  in  its  nor- 
malized form,  the  wave  equation.  A solution  to  equation 
(3)  that  relates  the  potential  in  space  to  its  jump  A<p  and  the 
jump  of  the  vertical  velocity  Aw  across  the  z=0  plane  has 
also  been  derived  by  means  of  Greenes  theorem.  A form  of 
such  a solution,  due  to  Volterra  (reference  2),  can  be  written 


X, 


where 

and 


ro-={{t-xry-(Mo^-my-y^y+AV'^ 


(4) 


The  area  t is  that  part  of  the  z=0  plane  contained  within 
the  Mach  forecone  from  the  point  {x,  y,  z);  that  is,  the 
area  bounded  by  the  line  Xi  = — <»  and  the  hyperbola 
(x-x^y-fi^(y-y,y-fi^^^=0. 

Obviously  equations  (2)  and  (4)  are  not  similar  although 
the  basic  equations  to  which  they  apply  are.  A formal 
similarity  can  be  obtained,  however,  through  the  intro- 
duction of  an  integral  operator,  originated  by  Hadamard 
(reference  3),  and  referred  to  as  the  “finite  part.”  The 
use  of  the  finite  part  and  certain  other  techniques  necessary 
to  reduce  equation  (4)  to  a form  similar  to  equation  (2) 
requires  some  attention  and  a discussion  of  the  mathematical 
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difficulties  involved  will  be  given  in  the  follovdng  section. 
Then  an  application  of  these  techniques  in  subsequent 
sections  will  make  it  possible  to  obtain  expressions  for 
source,  vortex,  and  doublet  distributions  in  supersonic  flow. 

THE  FINITE  PART  OF  AN  INTEGRAL 

In  the  study  of  linearized  supersonic  flow  problems,  one 
is  continually  confronted  vdth  expressions  of  the  form 


The  integrals  are  of  this  form  in  the  sense  that  the  integrand 
is  infinite  at  one  (or  both)  of  the  limits  and  this  limit  is  a 
function  of  the  variable  b}’'  wliich  the  partial  derivative 
is  to  be  taken.  Such  an  expression  is  anno3nng  because 
the  derivative  cannot  be  ‘^moved^^  tlirough  the  integral 
sign  according  to  the  usual  rule,  namety, 

^ F(sc,  y)  dy=F{x,  x)+  £ — dy  (6) 


Direct  application  of  equation  (6)  to  equation  (5)  obviously 
^fields  an  unacceptable  indeterminate  form  since  the  term 
corresponding  to  F{Xj  x)  is  infinite.  One  way  of  avoiding 
the  difficulty  is  to  integrate  equation  (5)  by’  parts  so  that 
the  radical  appears  in  the  numerator  of  the  integral  and 
then  to  apply  equation  (6)  to  the  resulting  expression. 
Such  a procedure  can  be  carried  out  without  the  intro- 
duction of  any  new  mathematical  s^onbol  or  concept. 
However,  this  involves  unnecessary  restrictions  on  the 
integrand  ‘ and  often  leads  to  unwieldy  forms  since  the 
derivative  of  the  funtion  /(x,  y)  with  respect  to  y can  be 
cumbersome. 

Definition. — A more  direct  way  of  taking  the  derivative 
through  the  integral  sign  in  equation  (5)  is  accomplished  by 
using  the  integral  operator  known  as  the  finite  part.  Con- 
sider the  simple  equality 

A ^ 

-^Jx—y  ^jx  — a 

The  finite-part  sign  can  be  introduced  by  the  definition 

p d dy  dy 

X ^x  — y ^,fx^ 

from  which  it  follows 


_r  dy  _ -2 

Jo  {x—yY^^  -yjx^a 

The  natural  extension  of  this  idea  is  to  consider 
j^  r ^ My)dy_  5 p A{y)dy 


(8) 

(9) 


where  A{y)  is  continuous  at  x—y  and  is  integrable  elsewhere 
in  the  range  of  integration.  The  evaluation  of  J can  be  re- 
duced to  a form  that  requires  only  the  definition  introduced 
b}’’  equation  (7).  Thus,  by  adding  and  subtracting  the 
same  term,  J can  be  written 


_^r  C^A{y)^A{x) 
_Ja  — y 


dy+A{x) 


and  it  follows  that 


jy  A(y)dy  _ A(x)  — A(y) 

X (x-yY^^  J,  {x-yY^^ 


dy  + A{x)y 


dy 

{x—yY'^ 


(10) 


The  final  generalization  of  the  definitions  given  b}'  equa- 
tions (7)  and  (9)  is  accomplished  by  considering  the  %“*  de- 
rivative of  the  integrals  and,  furthermore,  by  allowing  a 
functional  dependence  on  x of  the  integrand  A.  First  con- 
sider the  definition 


r/byA{y)dy  ^ l-3----(27t-l)  r 

ja  -\lx-y  2"  J„ 

C‘A{y)dy 
\dxj  J„  -yjx—y 


Mv)dy 

(x— 

(11) 


The  second  integral  can  be  expressed  in  the  form 

C‘  Ajy)dy  p A(y) -jB(x,  y) , r B{x,  y) 
Ja  (x-yY+'i^  {x-yY 


y)dy 
+ 1/2 


where 


and 


(12) 


B{x,y)  = A{x)  — A'{x){x—y)+  . . . -|- 


(-l)’-‘A<’-»(x) 

(n-1)! 


(x—yY~^ 


i: ^ 


(-1)^2^  /dV 


Jaix-yY+^'^  i-Z----{2i-i)\bx 
-2 

(2i-l)(x-a)‘-''=' 


Y r dy 
/ Jo  ylx—'l 


Finally  replacing  A{y)  by  A{x,  y),  equation  (11)  again  defines 
uniquely  a finite-part  integral  provided  that 

lim[^/^(A)’‘A(x,y)]=0 

Methods  of  evaluation. — If  expressions  of  the  type  pre- 
sented in  equation  (5)  appear  in  an  anatytical  development, 
it  is  now  possible,  b}^  using  the  finite-part  symbol,  to  take 
the  partial  derivative  operation  through  the  integral  sign. 
Such  a process  needs  no  further  amplification.  In  applying 
the  results  of  such  an  anatysis  to  the  solution  of  some  spe- 
cific problem,  however,  one  is  confronted  with  the  inverse 
operation,  that  is,  the  problem  of  evaluating  the  finite-part 
integrals.  This  can  alwaj^s  be  done,  of  course,  b}’’  means  of 
the  definitions  already  given.  Often,  though,  such  evalua- 
tions can  be  simplified  b}^  using  one  of  the  two  following 
processes. 

The  first  process  is  readily  outlined.  Rewrite  equations 
(8)  and  (10)  in  the  form 

rjix,y)dy  y C^j{x,y)-J{x,x),  2/(x,x) 

Ja  (2-y)^'^“V”Ja  ix-yf'^ 

and  set  the  indefinite  integral  of 

CJ(x,y)dy 
J {x-yY'^ 
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equal  to  F It  follows  that 


(13) 

(7=lim  m^-F(x,y)] 
y-*x\_-y^lx  — y J 

(14) 

The  second  technique  avoids  the  necessity  of  evaluating 
the  constant  C.  It  depends  on  the  use  of  the  complex  vari- 
able and  is  valid  onl}^  when /(a;,  y)  is  real  in  the  interval 
where  b is  some  number  greater  than  x.  Again  set 
the  indefinite  integral  of 


f Ji^,y)dy 

J (x-yf^ 


equal  to  F {Xj  y)'^C.  Now  if  r.  p.  stands -for  the  real  part 
of  a function,  the  evaluation  of  the  finite-part  integral  is 
provided  by  the  equality 

(15) 

As  an  example  of  the  second  technique,  consider  the 
integral 

f r r n 

X (x^-yT^  Pj,  ix^-y^^'^. 

where  From  the  relation 

f y^dy  _ y y 

]{x^-yy^  arcsm^ 

together  with  equation  (15),  it  follows  that 

^ ( b . 6\  7T 

^ \^x^-b^  . V 2 

A simple  extension  of  this  result  yields 


J P-  J " 

An  application. — The  above  methods  can  be  applied  to  give 
the  following  simple  but  useful  result.  Let  F=a+6j/+C2/^= 
(^2— 2/)(y— Xi)(— c)  and  q_=4ac—h^,  then 


_£‘  yHy  _ 


'^^{Co+c^y)dy 

- JT3/2  - 


f'  {Co-\-Ciy)dy _ 

Jx.  - 

— =====  [c<,(2ct+i>)— Ci(6t+2a)]  (16) 

g -yJa-]rbt-\-cv 


Included  in  this  result  is  the  equality 

C^^Co+Ciy 


Jx. 


dy=0 


which  contains  the  very  important  identity 


X,  (^2— 2/)®'S(j/— (y— Xi)’'V>'2— : 


==0  (18) 


The  case  of  multiple  integrals. — ^^^len  applied  to  the 
analysis  of  single  integrals,  the  above  defintions  of  the  finite 
part  coincide  with,  or  are  a re-expression  of,  those  given 
originalty  b}^  Hadamard  (reference  3).  Hence, 


p/(x,  y)dy^X\f(^>  y)dy 

ja  {x-yr^  ja  {x-yr^ 


where  | was  the  sjmibol  used  by  Hadamard  to  denote  eval- 
uation b}^  finite-part  methods.  When  applied  to  double 

r 

integrals,  however,  the  signs  (“  and  J-  are  no  longer  equiv- 
alent. Hadamard,  as  well  as  A.  Robinson  (reference  4), 
maintains  the  convention  that  the  order  of  integration  in  the 
operation  |~  is  reversible;  that  is,^ 

iJdj/Jdx  f{x,y)=  dx  (dv  .f(x,y) 

Such  a convention  requires  that  all  singularities  for  which  the 
order  of  integration  is  irreversible  must  be  excluded  from  the 
area  of  integration.  These  singular  regions  are  then  treated 
separately.  This  convention  has  the  disadvantage  that,  in 
evaluating  multiple  integrals,  the  value  of  a given  integral  is 

r 

not  independent  of  succeeding  integrals.  The  operator 

avoids  diflSculties  of  this  kind  and  each  definite  integral  is 
independent  of  succeeding  operations.  For  example, 


_n  dy 

Jo 


0 (f— 


but,  according  to  reference  3, 


f— 

Jo  (?— 1 


whereas,  according  to  the  same  reference, 

|Td7ty3II=_2,r 

I Jo  Jo  (^ — 

r 

Although  the  use  of  the  symbol  J-  makes  each  integration 
independent  of  subsequent  integrations,  the  order  of  inte- 

r 

gration  for  operations  involving  the  sign  ^ cannot  be  re- 
versed. Hence, 

jiy  -j-dx  jf{x,y)yij  dx  f dy  fix,  y) 

Fpr  example,  the  relation 


X''*X 


n dy 

)o 


holds  while  the  same  integral  taken  over  the  same  area  but 
in  reversed  order  is 

* Since  the  order  of  integration  plays  an  important  role  in  the  following  development,  inte- 
gration first  with  respect  to  x and  then  with  respect  to  p will  be  denoted  f dy  f dxf  {x,  y)  while 
integration  first  with  respect  to  y and  then  with  respect  to  x will  be  denoted  f dx  f dy  f {x,  y). 
When  the  notation  f f f {x,  y)  dydx  is  used,  the  order  of  integration  is  immaterial. 
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X’ 


dr,  -f 


di 


j, 


-2tt 


The  operation  defined  b}-  the  S3Tnbol  J-  will  be  used  con- 

sistenth-  throughout  the  present  report.  Hence  attention 
must  always  be  paid  to  the  order  but  not  to  the  multiplicity 
of  integrations.  It  can  be  seen  that  the  finite  part  of  a con- 
ventional-t3^)e  integral  coincides  with  the  value  found  by 
standard  methods, 

THE  GENERALIZED  PRINCIPAL  PART  OF  AN  INTEGRAL 

Another  type  of  important  operation  appearing  in  the 
development  of  both  subsonic  and  supersonic  wing  theory 
appears  implicity  in  the  expression 

where/(^,  z)  and  its  derivatives  are  bounded  and  continuous 
in  the  interval  a^y^h.  In  the  attempt  to  simplify  lo  b}^ 
letting  3 approach  zero  before  performing  the  integration,  a 
second  special  integral  operator  will  be  introduced. 


To  simplify  h,  first  integrate  b}-  parts 

7o=lim  ~ \ ai'c  tan  ~ — -—jih^z)  arc  tan 

z-»0+  02  L .2 


Then  since 

lira  f arc  tan  dy^  = rrj,{y,o)  — 

Z-»0+  Ja  0?/i  Z 


7o  becomes 


(20) 

y-b  y-a  y-yi 

Definition  of  the  generalized  principal  part. — The  expres- 
sion of  7o  giv^en  in  equation  (20)  contains  the  integral  of  the 
function/' (yi)/(?/^i)-  Such  an  integration  is  not,  in  general, 
convergent;  however,  when  the  integral  is  so  VTitten  without 
further  qualification  it  is  generall}^  accepted  that  the  singu- 
larity occurring  in  the  integrand  is  to  be  treated  using 
Cauchy^s  principal  part.  Evaluation  by  such  a method  is 

often  indicated  by  the  S3Tubol  ^ and  is  defined  b3^'  the  equa- 
tion 

C"-^A{yUy.^r  A{y,)dyC\ 

Ja  Vi-y  ^-*0  LJa  yi-y  J^+c  yi-y  J 

or,  alternativel3^, 

~ ^~iy  X ^(ydln\yi-y\dyi  (22) 

To  assure  the  convergence  of  the  right-hand  side  of  equations 
(21)  and  (22)  it  is  sufficient  but  not  necessar3’^  to  assume 
that  A{y^)  is  differentiable  at  the  point  j/i=?y  and  that 


elsewhere  within  the  region  of  integration  A(yi)  is  either 
continuous  or  possesses  integrable  singularities.  The  con- 
cept of  the  Cauch3^  principal  part  is  so  well  known  that  the 
S3Tnbol  on  this  integral  is  often  omitted,  as  shall  be  done 
here. 

The  differential  operator  in  equation  (22)  lends  itself 
readily  to  a generalization  of  the  principal-part  concept. 
Thus,  for  the  next  higher  order,  the  definition  (see  also, 
in  this  connection,  reference  5) 

X"  A{y,)dy,__^  rA(v)ln\v-v  \dv,-^  f‘ 

(23) 

applies  and,  in  general, 

r A(y,)dy, 
dy"Ja  yi-y  ' '' 

The  generalized  principal  pa.rt  can  also  be  expressed  in 
the  form 

X"  A{y,)dy,  _ r A(yO-B(y,yd  , . B{y,y,)dy, 


where 

B{y,y,)  = A(,y)  + ^ {y,-y)  + 


and 

£ -1  / AV  ^y- 

Ja  iyi-yY'^^  i'  x^yJ  J.  yi—y 


A<’‘-»{y) 

(n—l)\ 


{yi—yY  ' 


i [(^>-1/)'  (a-y)‘X 


The  first  n derivatives  of  ^(i/i)  are  assumed  to  exist  and  be 
single  valued  at  1/1=1/  while  elsewhere  in  the  range  of  inte- 
gration A{yi)  may  possess  integrable  singularities.  This 
definition  is  in  a form  that  involves  no  extension  beyond 
the  concept  of  Cauchj^’s  principal  part. 

It  is  possible  to  extend  the  definition  contained  in  equation 
(24)  to  include  a functional  dependency  on  y in  the  numerator 
of  the  integrands.  Thus,  replacing  A{yi)  by  A{y,  yO, 
equation  (24)  again  defines  uniquelj'  a principal-part  inte- 
gral provided  the  first  n derivatives  of  A{y,  yi)  with  respect 
to  1/  and  1/1  exist  at  2/1=1/. 

Method  of  evaluation. — Operations  involving  the  symbol 

r • ‘ 

^ can  alwa3’^s  be  performed  b3’’  means  of  the  definitions 

just  given.  However,  another  method  can  be  used,  which 
is  often  simpler  to  apply.  If  the  indefinite  integral  of 
A{yi)l(yi—y)^'^^  exists  such  that 


J 


A{yi)  dyi  ^ 

(1/1— 


-■G{yuy)+G 


(25) 


then  the  value  of  the  generalized  principal  part  can  be  found 
by  following  the  conventional  rules  for  substitution  of 
limits;  thus 
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X”  A{yi)  dyx 

J.  (?/i— 


G{b,y)  — G(a,y),  y7^a,b 


(26) 


while  the  relation  between  the  differential  areas,  as  deter- 
mined from  the  Jacobian  of  the  transformations,  is 


The  proof  of  this  result  can  be  obtained  by  mathematical 
induction. 

An  application. — Returning  to  equation  (20),  since  an  in- 
tegration by  parts  yields  the  relation 

X^KVu0)dyy  f{b,o)  f(a,o)  n J,^yuo)dy^ 

Ja  (yi—yY  y—b  y—a  J.  y—yi 

the  limiting  process  symbolized  by  Iq  can  be  expressed  as 
an  integral  that  contains  onl}^  the  function  evaluated  at 
z—0  and  not  its  derivative.  Thus,  finally 


d^idrji 


MiM2 


(30) 


The  value  of  as  defined  under  equation  (4),  becomes 


Ml 


MiM2 


M2 


'] 


1/2 


(31a) 


where  0^=Mq—\.  If  the  variable  is  introduced  such  that 


lim 

2-^+ 


r*  d f~  z/(y,,  z) 

L ^z\_z2-\-{y—y\) 


fjyi,  o)dyi 
Ja  {yi—y? 


THE  OBLIQUE  COORDINATE  SYSTEM 


(27) 


Equations  (1)  through  (4)  gave  the  basic  partial  differen- 
tial equations  of  vnng  theory,  together  with  their  solutions, 
in  terms  of  the  usual  Cartesian  coordinate  system,  the  x 
axis  extending  in  the  direction  of  the  undisturbed  flow  and 
the  y and  z axes  oriented  normal  to  this  direction  in  such  a 
way  that  boundary  conditions  for  the  vnng  can  be  specified 
in  the  z=0  plane!.  In  the  stud}^  of  supersonic  flow  flelds 
it  is  at  times  mathematically  convenient  to  introduce  in 
the  2=0  plane  new  coordinate  axes  making  arbitrary  angles 
with  the  X and  y axes. 

The  general  case.  Consider  the  rj)  ^ coordinate  system 
(fig.  1)  such  that  the  z axis  is  normal  to  the  plane  supporting 


Figure  1. — Coordinate  systems. 

the  boundar}’  conditions  while  ^ and  tj  are  normal  to  z and 
coincident  with  the  lines  x=—m2y  and  x=rriiy.  If 


Mi — Vl  M2=Vl  + ^2^  (28) 

the  equations  relating  the  two  systems  of  coordinates  are 

Ml  M2  ' mi+mg 


M2^ 


^x^{x+m2y)  ^ 

^1  + ^2 


(29) 


2 = 2, 


2 = 2 


__  X — Xx 


(31b) 


it  follows  that  in  the  transformed  coordinates  this  variable 
becomes 


(r?- 


m2 


-Ui)  — +(?— ^i) 

Ml  M2 


f (v  — Vi) (f—^i)  — 

L Ml  M2J 


(31c) 


Finall}^,  the  differential  operator  b/bx  transforms  to 

The  area  r over  which  the  integration  of  equation  (4)  is  to 
be  taken  is  stUl,  of  course,  bounded  by  the  hyperbola  Vc^=0 
and  the  line  a;i=— oo.  The  as}^mp totes  to  the  h}^perbola 
become,  however, 


V — V\=—^  (I— fi) 
M2 

Ti  — rii=——  (^— li) 
M2 


rri2+fi' 

mi— jS 
m2— j3 


(32) 


Figure  2 shows  how  the  area  r in  the  xy  plane  transforms  to 
the  plane, 

(Although  the  ^ and  rj  axes  are  oblique  with  respect  to  the 
original  axial  sj^stem,  no  inconsistency^  results  if  the  equations 
in  the  transformed  variables  are  plotted  relative  to  orthogonal 
axes.)  In  case  both  mi  and  m2  are  less  than  p (the  case  for 
which  the  sketch  was  drawn),  the  asymptotes  are  straight 
lines  with  positive  slopes,  and  the  area  is  bounded  in  both  the 
^ and  7?  directions  by  the  maximum  points  Va  and 
respectively.  These  maximum  points  are  shown  in  the  figure 
and  their  analytical  expressions  are 


gM2V<3^— mi^ 

^ m,+m2  ’ 

> - f zn2(mim2+p^ 

* (mi+m2)Vi6*— WI2** 


Va=V 

Vi=V 


gMi(OTiWa+/3^  1 


(mi + m2)  V/3*— mi^ 

zixi-\lfi^—ni2^ 

mi+m2 


K33) 


If  the  oblique  coordinate  system  is  chosen  such  that  wii  is 
less  than  and  m2  is  greater  than  /3,  one  of  the  asymptotes  in 
equation  (32)  has  a slope  of  opposite  sign  and  the  area  r is 
unbounded  in  the  »/i  direction  although  ^a,Va  is  still  the  point 
which  determines  the  farthest  extent  of  t in  the  direction. 
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(a)  Xi,  y\  plane. 

(b)  $!,  VI  plane. 

Fin  UR  E 2.— Area  of  integration  r. 


On  the  other  hand,  if  m2  is  less  than  and  mi  is  greater  than 
/3,  T extends  infinitely  in  the  direction  and  represents 
its  upper  bound  in  terms  of  Finally,  if  both  mi  and  7ri2 
are  greater  than  /3,  the  area  r is  not  bounded  for  either 
negative  or  positive  or  rj,. 

The  characteristic  coordinate  system. — Another  special 
case  of  the  system  (the  x,  y,  z system  is,  of  course,  a special 

case  obtained  when  mi  — 0 and  ?no=  00)  that  is  important 
enough  to  receive  a particular  notation  is  the  one  obtained 
when  the  f and  axes  are  parallel  to  the  Mach  lines  (i.  e.,  the 
traces  of  the  characteristic  cones)  in  the  2=0  plane.  These 
axes  are  sho^vn  in  figure  3,  will  be  designated  r and  s,  and  are 
given  b}'  equations  (29)  when  mi=m2=/3  and  ;xi  = iU2=Mo;  thus 

213637—53 81 


J/=^  («—?■)»  s=-^{x+py) 


(34) 


Vo 


When  z is  set  equal  to  zero,  the  equation  for  Vc  and  the 
form  of  the  area  t become  especially  simple.  Thus 

ir'c),^^=ro=^^^{r—ri){s—Si)  (35) 

and  the  area  r,  shown  in  figure  4,  is  bounded  by  the  straight 
lines  Ti~r,  Si=s  and  ri=8i=—  co. 


=s 


s) 


Figure’4. — Integration  area  in  characteristic  system  for 
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THE  THREE  FUNDAMENTAL  FORMULAS  IN  SUBSONIC  FLOW 

The  parallelism  between  the  basic  formulas  in  subsonic  and 
supersonic  wing  theory  is  so  obvious  that  it  is  advantageous 
to  present  first  the  soineAvliat  more  classical  results  applying 
to  the  purely  subsonic  regime.  The  unmediate  objective  is 
therefore  to  present  as  brieflj"  as  possible  the  expressions  for 
the  perturbation  velocitj*  potential  due  to  a distribution  of 
sources,  doublets,  or  elementary  horseshoe  vortices  and  then, 
by  means  of  these  expressions,  to  relate  the  pressure  and 
vertical  induced  velocity  in  the  ^=0  plane  to  the  weight  of 
these  distributions. 

THE  PERTURBATION  POTENTIAL  AT  A POINT  IN  SPACE 

The  linearized  form  of  the  perturbation  velocity  potential 
due  to  a unit  source,  elementary  horseshoe  vortex,  or  dou- 
blet situated  in  a free  stream  moving  at  a uniform  subsonic 


velocity  is  given  as  follows: 

Unit  source <p=  — \lAm\ 

Unit  elementary  horsesboe  vortex,  (p—  — 

Unit  doublet. — S;874irr/ 


where  is  defined  in  equation  (31b)  and 

It  is  well  known  that  a distribution  of  sources  in  the  z=0 
plane  splits  the  streamlines  and  forms  a field  symmetrical  in 
u,  V,  and  <p  above  and  below  the  source  plane.  Hence,  the 
strength  of  the  sources  is  related  to  the  term  Aw  (which,  in 
turn,  is  related  to  the  gradient  of  thickness  of  the  simulated 
bod}^  while  the  variables  u,  v,  and  tp  are  continuous.  On  the 
other  hand,  a distribution  of  elementary  vortices  or  doublets 
causes  a discontinuity  m the  streamwise  induced  velocity 
(or,  what  amounts  to  the  same  thing,  the  perturbation 
potential)  across  the  reference  plane  but,  at  the  same  time, 
causes  no  division  of  the  streamlines.  The  strengths  of  the 
vortices  and  doublets  are  therefore  related  to  the  terms  Aw  and 
A^,  respectively,  (which,  in  turn,  are  related  to  the  wing 
loading),  and  produce  no  discontinuities  in  w.  The  exact 
analytical  form  of  these  distributions  can  be  obtained  readily 
from  equation  (2). 

The  source  distribution. — The  velocity  potential  induced 
by  a distribution  of  sources  over  the  z=0  plane  follows  im- 
mediatel}'  from  equation  (2)  since,  by  symmetry,  A^s  must 
be  zero.  In  practice,  the  area  over  which  the  sources  are 
distributed  is  limited  to  the  area  S defined  by  the  plan  form. 
Hence, 

JJ  (36) 


The  elementary-vortex  distribution. — Equation  (1)  was 
written  in  terms  of  the  perturbation  potential  <p.  It  could, 
however,  after  differentiation  have  been  expressed  in  terms 
of  anA-  one  of  the  induced  velocity  components  and  the  so- 
lution in  equation  (2)  Avould  then  also  be  expressed  in  terms 
of  the  particular  velocity  component  chosen.  Consider  such 
a case,  taking  for  the  dependent  variable  the  sti’eamAvise 
perturbation  velocity  instead  of  p.  Equation  (2)  then  be- 
comes 


dAw  J_ 
dz  Tc 


If  the  field  is  to  be  without  sources,  both  Aw  and  dAwjba 
vanish.  But  for  an  irrotational  field  the  equality  dAw/bx= 
bAujbz  holds  and  the  first  term  in  the  integrand  of  the  above 
equation  is  zero.  By  definition 

f '^{xuy,z)dx^=p{x,y,z) 

J -00 

from  which  it  follows  that  if  the  operator  j dx  is  applied 

i7  “00 

to  both  sides  of  the  resulting  equation,  the  relation 


47t  Ji  (37) 


follows  where  the  area  of  integration  is  limited  to  the  wing 
plan  form.  This  result  expresses  the  perturbation  velocity 
potential  due  to  a distribution  of  elementary  horseshoe 
vortices  over  a wing  plan  form  in  the  2=0  plane. 

The  doublet  distribution.— The  solution  for  a doublet  dis- 
tribution, just  as  in  the  case  of  the  sources,  follows  im- 
mediately from  equation  (2).  Since  the  streamlines  are  not 
divided  by  the  doublets  the  term  containing  A'w;  vanishes. 
The  doublet  distribution  exists,  however,  not  only  over  the 
wing  area  but  also  over  the  vortex  wake  streaming  down- 
stream behind  the  wing  since  the  discontinuity  in  the  po- 
tential persists  in  this  region.  Designating  the  wake  area 
by  TT,  the  final  expression  for  the  perturbation  potential 
associated  with  the  doublet  sheet  becomes 


S-f  IV 


(38) 


REDUCTION  TO  THE  PLANE  OF  THE  WING 

The  aerod3mamicist  is  usually  interested  in  the  forces  on 
the  surface  of  the  wing  itself  and,  as  a consequence,  it  is 
pertinent  to  consider  each  of  the  above  formulas  in  the 
limiting  case  as  z approaches  zero.  An  explicit  expression 
of  these  results  is  given  below. 

The  source' distribution.— The  limiting  value  of  equation 
(36)  as  2 approaches  zero  is  obtained  immediately  by  simply 
setting  2 equal  to  zero.  The  resulting  expression  is 


<d^>y,o)=^  ^^—dxidy^  (39) 

Avliere 

r,=  [{x-x,Y+^\y-y,yYi^ 

Practical  interest  is  usually  concentrated  on  the  relation 
between  the  pressure  on  the  Aving  surface  and  the  Aving  shape. 
Since  in  linearized  theory  pressure  coefficient  Cp  and  wing 
slope  Xa  of  the  upper  surface  are  known  to  be 


— 2u  Wu  1 Aw 

Fo  '^”“To~2  n 


(40) 


it  folloAvs,  after  differentiation  of  equation  (39)  Avith  respect 
to  X,  that  pressure  coefficient  is 


p 

” ^bx 


.(41) 


INTEGRALS  AND  INTEGR.\L  EQUATIONS  IN  LINEARIZED  WING  THEORY 


1275 


The  elementary-vortex  distribution. — When  the  strength 
the  elementary  horseshoe  vortices  is  known  over  a wing 
plan  form,  there  is  no  difficulty  in  finding  the  potential  in'the 
^=0  plane  since  it  follows  from  a direct  integration  of  the 
vortex  strength.  The  pertinent  question  is,  rather,  to 
letermine  the  vertical  induced  velocity  in  the  plane  of  the 
^ving  from  the  given  vortex  strength.  If  load  coefficient  is 
defined  in  the  usual  way 

V,-  Vo 

the  answer  to  this  .question  requires  the  evaluation  of  the 
following  limiting  process: 


s 


[{y-y^Y+^^Vr,  q 


If,  as  in  equation  (27),  the  generalized  principal  part  is 
introduced,  the  required  expression  becomes 


Vq-Stt  J j 


{y—y\Yro 


— dxx  dy 


(43) 


The  doublet  distribution. — In  the  case  of  doublet  distribu- 
tions, the  relev^ant  problem  requires  the  expression  of  vertical 
induced  velocity  in  the  plane  of  the  wing  as  a function  of  the 
doublet  strength  A^.  If  equation  (38)  is  differentiated 
with  respect  to  2 and  z is  then  set  equal  to  zero,  one  finds 
without  difficulty  the  final  formula 


w g-  CC^ 
Fo“47ryo jj 


dxxdyx 


s+  U’ 


(44) 


THE  THREE  FUNDAMENTAL  FORMULAS  IN  SUPERSONIC 

FLOW 

The  purpose  of  this  section  is  to  repeat  for  supersonic  wing 
theory  the  developments  presented  in  the  preceding  section 
for  subsonic  theory.  In  order  to  maintain  the  formal  analogy, 
it  is  necessary  to  introduce  the  concept  of  the  finite  part. 
This  latter  concept,  in  turn,  introduces  into  the  analysis 
integral  expressions  containing  certain  inherent  singularities. 
Such  singularities  are,  b\"  definition,  points  across  which  the 
order  of  integi’ation  cannot  be  reversed.^  The  stud}-  of  these 
singularities  and  their  effect  on  the  fundamental  formulas 
suggests  the  introduction  of  an  oblique  coordinate  system 
defined  in  the  first  section  of  this  report.  Hence,  the  follow- 
ing ahal^'sis  will  be  presented  in  the  f,  rj,  z system,  while 
transformation  to  the  Cartesian  and  characteristic  s^^stems, 
it  will  be  remembered,  can  be  made  by  considering  the  special 
cases 

For  Let  \ 

X,  y,  2 ?«1  = 0,  7)22=  ? (45) 

r,  5,  z — & ) 

Following  the  development  of  the  basic  formulas,  a summary 
of  results  will  be  given  in  terms  of  the  x,  y and  r.  s coordinates. 


THE  PERTURBATION  POTENTIAL  AT  A POINT  IN  SPACE 


The  velocit}^  potential  due  to  a unit  source,  a unit  elemen- 
tary horseshoe  vortex,  and  a unit  doublet  is  given  as  follows: 


Unit  source 

Unit  elementaiy  horseshoe 

vortex 

Unit  doublet 


. o=  — 1/27T/-C 
— zvcl2Trrc 


(46) 


where  7’c  and  Vc  are  defined  in  equations  (31)  and  1. 

In  this  notation,  the  only  difference  between  these  expres- 
sions and  the  corresponding  ones  for  subsonic  flow  is  the 
factor  2.  A mucli  more  important  difference  exists,  how- 
ever, in  the  effect  of  the  change  of  sign  of  1—Mq^  on  7*^  and  Vc. 

The  first  task  is  the  expression  of  the  perturbation  ve- 
locity potential  at  a point  in  space  in  terms  of  distributions 
of  the  elementary  solutions  and  this  can  be  accomplished  by 
an  appropriate  anaWsis  of  equation  (4).  Just  as  in  the 
subsonic  case,  the  source  strength  is  given  by  Aw,  the  vortex 
strength  b\-  Au,  and  the  doublet  strength  by  A<p. 

The  source  distribution. — The  potential  induced  a 
source  distribution  canbeobtained  from  equation(4)  by  setting 
the  term  containing  A(p  equal  to  zero  (i.  e.,  by  removing  all 
the  circulation  from  the  flow  field).  By  means  of  the  nota- 
tion 


x~x 


0)c~- 


(77  — r?i)H ($“?i) 

Ml  M2 


>V(s-!/0’+*-  ^ r±( 

VLmi  M2  J 


(47) 


The  remaining  expression  can  be  written  in  the  7},  z co- 
ordinate system  simpW  as 


vp(f,  V,  2:)= 


-1 


27rjUiM2 


(m2^+mi  ^)  0 T/i)  arc  cosh 

■ (48) 


It  is  possible  to  “move”  the  partial  derivative  operations 
tlu'ough  the  integral  signs  if  the  equalit}' 


£>/(a:,y) 

dx 


dy 

(49) 


is  used.  Obviously,  if  the  operation  indicated  by  equation 
(49)  is  to  be  applied  to  equation  (48),  the  order  of  integration 
and  the  limits  on  the  latter  equation  must  be  specified. 

Consider  the  case  when  the  ? and  7/  axes  are  chosen  so 
that  both  ?)2i  and  lUo  are  less  than  )3.  The  area  r is  then  the 
one  shown  in  figure  2.  Further  consider  the  case  when  the 
first  integration  is  made  with  respect  to  tji.  Then,  equation 
(48)  becomes 

drjiAw{^x,  71 1)  arc  cosh  coc  (50) 


where  \i  and  Xo  are  roots  of  the  quadratic  expression  r/(T?i)  — 0 
and  ^a,  Va  are  defined  in  equation  (33).  It  can  be  shown 
that  when  = the  equalit}^  Xi  = \2  applies,  and,  further, 
that  the  integrand  of  equation  (50)  does  not  vanish.  Hence, 


3 More  precisely,  if  an  inherent  singularity  exists  in  the  area  over  which  a double  integral  is 
to  be  evaluated,  the  difference  betw’een  the  values  of  the  integration  made  in  one  order  and 
then  over  the  same  area  but  with  reversed  order  is  not  zero. 
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the  two  partial  derivatives  can  be  moved  thi’ougli  the  fii-st 
integral  sign  without  the  appearance  of  the  additional  term 
involving  the  derivative  of  the  upper  limit.  It  is  also  not 
difficult  to  show  the  value  of  at  17,  equal  to  either  X,  or 
X2  is  just  1.  Hence,  the  two  partial  derivatives  can  also  be 
moved  through  the  second  integral  sign  without  the  appear- 
ance of  additional  terms.  Finally,  since 


Once  more  consider  the  case  when  mi  and  m2  are  both 
less  than  /3,  the  area  t is  the  same  as  that  showm  in  figure 
2,  and  the  first  integration  is  made  with  respect  to  rji.  Then 
equation  (53)  becomes 


s / I d , 1 d \ 


arc  cosh  arc  cosh  o,.=i 

the  velocity  potential  at  a point  (^,  77,  2)  due  to  a distribution 
of  sources  in  the  z=0  plane  can  be  written 


V,  z) 


mi+m.  rC^wj^i,  771) 

27T/ii7i2  J J Tc 


(51) 


The  elementary-vortex  distribution. — The  potential  in- 
duced by  a distribution  of  elementary  horseshoe  vortices 
can  be  derived  in  a manner  analogous  to  the  derivation  for 
the  subsonic  case.  Thus,  the  solution  given  bj^  equation 
(4)  is  written  for  the  induced  velocity  u rather  than  the 
velocity  potential.^  Since  the  flow  field  contains  no  soui’ces, 
bAuldz  is  zero  (by  the  same  argument  presented  for  the 
subsonic  derivation)  and  the  solution  can  be  expressed  in 
the  form 

^ Ji  ^ 

T 

However,  by  definition 


so  the  relation  becomes 


Finall}^  in  terms  of  the  77,  2 coordinate  system  the  equa- 
tion for  the  velocity  potential  due  to  a distribution  of 
elementary  horseshoe  vortices  in  the  2=0  plane  can  be 
written 


27T/X1/12 


Aw(^„77,)d|id77, 


(52) 


The  doublet  distribution. — The  potential  induced  by  a 
sheet  of  doublets  can  be  obtained  from  equation  (4)  by 
setting  the'  term  involving  Aw  equal  to  zero  (i.  e.,  by  re- 
moving all  sources  from  the  flow  field).  Expressing  the 
result  in  the  J,  77,  z coordinates,  one  has 


(7  7^+7  §)  JJ  S 


(53) 


More  caution  is  necessarj^  in  moving  the  derivatives  through 
the  integrals  than  was  required  in  the  study  of  the  source 
case,  since  at  the  771  integral  is  indeterminate.  It  is 

true  that  the  interval  of  integration  X2,  Xi  is  zero,  but  it  is 
also  true  that  the  integrand  is  infinite.  The  value  of  such 
an  indeterminate  form  must  be  obtained  by  some  process 
such  as  the  following. 

The  upper  limit  to  the  integi-al,  is  a function  of  the  two 
variables  z and  | (see  equation  (33));  that  is,  in  functional 
notation  |a=la(l,  z).  Replace  2 in  by  77T7,  then  when 
« is  zero  has  not  changed.  But  if  f„(f,  z)  is  replaced  by  |„(^, 
in  equation  (54)  and  the  'limit  taken  as  e approa.ches 
zero,  the  indeterminate  form  mentioned  above  can  be  eval- 
uated. Hence,  consider 


¥>  (I, 2)=  lim^  (— ^-1-1 

ZtT  \JLI?  07}  jU]  Og/ 
r^a($. 7.  y 

(55) 

By  ^PPlyi^g  the  operation  described  by  equation  (49)  and 
letting  a primed  function  symbolize  its  value  at  ?i  = ^a(^, 
the  expression 

€->0  J Tc 

z d,ld  \ J V.  , . 

• Kf  • .4  • 

IS  obtained. 

The  first  term  in  equation  (56)  can  be  greatly  simplified  b}^ 
use  of  the  mean  value  theorem.  In  the  limit  as  e goes  to  zero 
both  X/  and  X2'  approach  the  common  value  of  i?a.  Thus, 
for  € very  small  the  variation  of  and  Vc  in  the  range 
^/<C^i<CX2'  is  slight.  The  same  cannot,  of  course,  be  said  of 
1 since  X/  and  X2^  are  the  roots  of  r/  = 0.  Using  the 
functional  notation  Vc=Vc(r}i)  and  applying  the  mean  value 
theorem,  one  can  write  for  the  first  term  in  equation  (56) 


Urn- 

e— »0 


r/ 


<e<7 


(57) 


Now  from  the  definition  of  given  by  equation  (31a) 


Again  it  is  necessar3’’  to  cany  the  partial  derivative  opera- 
tions tlu-ough  the  two  integral  signs.  And  again,  just  as 
was  the  case  for  the  som-ces,  this  requires  that  the  order 
of  integration  and  the  limits  on  the  integrals  be  specified. 

* The  fact  that  equation  (4)  can  be  written  for  u as  well  as  ^ does  not  follow  immediately 
in  the  case  of  supersonic  flow  because  of  the  presence  of  the  discontinuities  in  u along  Mach 
waves  emanating  from  supersonic' edges.  Proof  of  the  validity  for  eases  of  interest  herein 
is  given  in  reference  6. 


^^1 

V(X2'-77i)(>;i-X/) 


TT/J, 

V|3^— 


which  is  independent  of  e.  Hence,  the  expression  given  in 
equation  (57)  reduces  to 


2 Va) 
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bloving  the  partial  derivatives  through  the  second  integral 
ign  in  the  last  term  of  equation  (56)  can  be  accomplished 
>y  introducing  the  finite-part  sign  defined  previousl}’'. 
Since 


mi+m2 


/I  d 1 


t follows  that 


Jxi 


/mi+maX 

V M1M2  / 


By  means  of  these  equalities,  equation  (54)  can  finally  be 
sTitten  in  the  form 


For  0 < mi<^  j3,  iS  < mj  < « 

1.  /t  . 

2tuHH2 


1 A ^ s/S^Cmi  + mj)  Cj,.  r , Avj(fi,7n) 

<P=o  ’?») T3 

J Jr  fc 


Ay(|i,  Vi) 


2iTMiM2  J Jr 

For  /3<mi<oo,  0>m2</3 

1 ^ ,,  2|32(m,+m2)  r,7.  A^9(|,,7)i) 

20\mi  + m2)  C ;,y  C J 

For  /3<mi<oo,^<m2<<» 


(60c) 

(60d) 

(60e) 

(60f) 


:?g^(yii-i  + ^2)  r T 
27TJLIiM2 


(58) 


;f  the  area  of  integration  is  not  changed  but  if  the  order  of 
ntegration  is  reversed,  it  can  be  shown  by  a process  identical 
,0  the  one  just  described  that 


pi^i  V)  ^)~2 


^/^^(mi  + mo) 


27T/XtM2 


A<^(fi,T7i) 


(59) 


The  area  r used  in  equations  (58)  and  (59)  has  been  defined 
is  that  shown  in  figure  2,  the  axes  f and  rj  both  chosen  so  as 
>0  lie  outside  the  Mach  cone  from  the  origin  of  the  Cartesian 
;ystem.  As  the  $ and  rj  axes  approach  the  Mach  lines  in  the 
y plane,  that  is,  as  m2  and  mi  approach  i8,  the  residual  terms 
n equations  (58)  and  (59)  approach  00  A^(^a,  — co)  and 
)0A^( — 00,  Vb),  respectively,  which  represent  the  jump  in 
potential  infinitely  far  ahead  of  and  to  one  side  of  the  point 
7)j  z)  at  which  the  potential  is  being  measured.  Hence,  in 
lerodjmamic  applications,  the  00A(p(^a,  — and  00 A^ 
' — 00^  7?0  can  be  taken  as  zero.  Thus,  when  the  f,  rj  axes 
ie  along  the  Mach  lines,  thereb}^  becoming  the  r,  $ axes  of 
equations  (34),  the  expressions  for  <p  are  without  the  res- 
due  terms  and  the  order  of  integration  is  irnifiaterial, 
iVhen  mi  and  m2  are  greater  than  )3  the  same  is  true  (i.  e.,  the 
.erms  00A<^(?a,  Va)  and  00A<p(?6,  Vb)  are  missing  from  equations 
[08)  and  (59)  ,respectively)  so  that  the  effect  of  a distribution 
)f  doublets  on  the  velocit}-  potential  can  be  sunimarized  as 
bllows: 

?or  0<?ni<^,  0<m2<i3 


<P=2  ’J®) 

Vb) 


2)3^(77ll  + 7?l2) 
27T/Xi/i2 

2irfi]fi2 


j~d7ji 


Vi) 

Ay>(^,  Vi) 
;v^ 


(60a) 

(60b) 


2j3^(mi  + m2)  Ay(^i,  t?i) 


0^11, 1 


d^idr)i 


(60g) 


There  exists  an  interesting  corollary  obtained  by  sub- 
tracting equation  (60a)  from  (60b) ; namely,  that  the  differ- 
ence between  an  integi’ation  of  supersonic  doublets  made 
fii'st  in  one  order  and  then  in  the  reverse  order  is  equal  to  the 
difference  in  the  magnitude  of  the  distribution  at  two  points 
in  the  plane. 

REDUCTION  TO  THE  PLANE  OF  THE  WING 

The  next  problem  is  to  consider  the  above  formulas  in  the 
limiting  case  as  z approaches  zero. 

The  source  distribution. — The  potential  in  the  plane  of  the 
disturbing  source  sheets  follows  immediately  from  equation 
(51)  by  simply  setting  2 equal  to  zero;  in  this  way 


r 

In  order  to  relate  the  pressure  coefficient  Cp  to  the  slope 
of  the  upper  surface  of  the  wing  (where  both  Cp  and  are 
defined  in  equation  (40))  the  operator 

.2'  d 2miM2 

Vo  dx  Fo(^i  + ^2)  \M1  ^17/ 


must  be  applied  to  both  sides  of  equation  (61).  Hence, 

c,=-(-^+-|-)  (62) 

7T  Vmi  M2  Or]/  Jj  Vo  . 


The  task  of  moving  the  partial  derivatives  tln-ough  the 
two  integral  signs  presents  a problem  identical  to  the  one 
studied  in  reducing  equation  (53)  to-  equations  (60).  Two 
inherent  singularities  in  the  area  occur  at  the  points  ^a,  rja 
and  ^6,  rjt  and  form,  just  as  in  equations  (60),  certain  resid- 
uals there.  In  the  present  discussion,  interest  is  confined  to 
the  case  when  2=0.  Equation  (33)  shows  immediately 
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that  the  values  of  and  7}^,  for  z equal  to  zero  can  be 
wTitten 

(^a)2  = 0=&)j  = 0=  ? 


I 


{Va)!=o=(.ni>)z=o=r)  ) 

It  can  be  shown,  therefore  (the  details  being  omitted  since 
they  are  precisely  the  same  as  those  described  in  the  reduc- 
tion of  equation  (53)),  that  the  following  relations  hold: 

For  0<mi</3, 0<m2</3 
^ 2 


2 (mi-t-m2) 

vUifXi 
2 


ri)  — 


^(,-,0-b^(?-j.) 

M2  ^ X 

1 (fl,  Vl) 


v)  — 


Vi3^— m2^ 

For  0<mi<(/3,  /3 <m2<  <» 


m 


- (’?  — »?i)H — ^ (|— $i) 
Mi /i2 

ro^ 


(64a) 


Vi) 

(64b) 


m 

2(mi+^2)_Cjf.  _r^  Ml 

1TMiM2 


-(77  — »?i)H — ^ (?— ?i) 

M2 

Vo^ 


^(^-^i)+^(?-?i) 


mo 


M2 


7rjUiM2 

For  jS  <mi  < 00  j 0 <m2<^j8 
2 


^0 


(64c) 

■ ^m(?o  ’ll) 
(64d) 


T?)  — 


m 


2(mi+m2)_C 

^MiM2 


M2 


2(mi  + m2) 


i-J-drji 


Ml 


(64e) 


Ms 


iTMiMs 

For  /3  <w,  < 00 , /3  <wi2  < «> 
m 


r(T 


^«(?i,  ni) 
(64f) 


^(>!-»?,)+—^  (?-$.) 


^ _ 2 (mi -f  m2)  q‘_AM 

iTMiMs  JJ 


Ms 


^u(fi)  ‘ndd^idrii 


(64g) 

The  elementary-vortex  distribution. — The  reduction  of 
equation  (52),  the  formula  expressing  the  potential  due  to  a 
sheet  of  elementary  horseshoe  vortices,  to  the  plane  of  the 
wing  is  of  little  interest  since  if  Au  is  knovm  <f>i.o  can  be 

1 

obtained  by  the  simple  relation  I Au  dx.  However, 


if  the  derivative  with  respect  to  ^ is  determined  on  both 
sides  of  equation  (52)  and  the  limit  is  found  as  2 approaches 
zero,  the  vertical  induced  velocity  in  the  plane  of  the  wing 
^^^ll  be  related  to  the  vortex  strength  there.  In  a more 
physical  sense,  this  will  relate  the  slope  of  the  lifting  surface 
to  the  load  distribution  it  supports.  Such  an  equation  is  of 
basic  importance. 

The  mathematical  expression  to  be  studied  is 


w=lim 

oz 


b (mi  + yyio)Fo  CTzv^  ^p(^u  Vi) 


47T)Ui/X2 


IP 


di\di)i  (65) 


The  evaluation  of  w can  be  divided  into  two  steps:  First, 
the  procedure  necessary  in  order  to  cany  the  derivative 
through  the  first  integral  and,  second,  the  calculation  of  / 
where 


r_i:^  (mi+m2)Fo  f d f Ap(|i,  t?,) 
2-.0  4,tm,M2  Jasj.r,  2 


d^idrji 


(66) 


Again  the  order  of  integration  is  important.  As  in  the 
preceding  discussion  of  the  doublet  sheet  (equations  (53) 
through  (60))  and  the  source  sheet  (equations  (61)  through 
(64)),  assume  firet  that  the  area  of  integration  is  the  one 
given  in  figure  2.  Thus,  w-i  is  less  than  /3  and  the??!  integra- 
tion is  performed  firet.  . 

If  e is  introduced  in  order  to  evaluate  the  indeteiminate 
form,  equation  (65)  is  expressible  in  the  form 


(”ti+TO2)Vo 

z->o  47rjuiju2  dsj-co 
€->0 


Ay 

Tc  q 


(67) 


.where  the  teims  Xj  and  Xo  are  the  roots  of  the  quadratic 
r/=0  and  where  the  limiting  process  for  e must  be  performed 
before  that  for.  As  before,  the  primed  expression  denotes 
values  for  the  particular  case  = and  equation 

(67)  reduces  to 


w = lim 

z— >0 
€-»0 


(mi  + mo)Fo  p2'  2^ 
47tmiM2  Jxi'  r/ 


drji-\-I 


(68) 


B}'  means  of  the  mean  value  theorem,  the  first  term  on  the 
right-hand  side  of  the  equation  can  be  simplified.  The  pro- 
cedure involved  in  such  an  analysis  was  outlined  in  the 
derivation  of  equation  (57).  The  process  used  here  is  iden- 
tical and  equation  (68)  becomes 


A£(|^ 
4 g 


(69) 


The  term  7,  defined  by  equation  (66),  can  be  expressed  in 
a simple  form  bj-  introducing  the  notation  for  the  general- 
ized principal  part  (see  equation  (27)).  This  term  becomes 


^ X^i  ^_o  Ap  (^.,  ^0  ( ^ 

47TM1M2  J J To  q ^ ^ 

If  the  integration  of  the  above  expressions  had  been  taken 
in  the  opposite  order  or  if  the  range  of  nii  and  ???2  had  been 
different,  the  residual  term  would  change.  This  phenomena 
has  been  presented  in  connection  with  both  doublet  and 
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source  distributions  and  is  now  familiar.  Finally,  there- 
fore, expressions  relating  the  slope  of  the  wing  surface  to  its 
loading  can  be  written: 


For  0<mi</3,  0<m2</3 


Fo 

4 i 

' 4^PiM2  j 

V/3^— m2^  Ap({,  »j) 

1 mi+m2_r 

4 q 

47rMi/i2  X 

For  0<7Mi<^,  P<m2< 

cx> 

w 

^p{^y  v) 

1 mi  + ?tt2X 

Fo“ 

4 q 

' 42T#/iM2  j 

= 

mi-fmjXj  -CJ^ 

-T-aiji-T-  aji 
47T/ii/i2  J Jt 

ro  Ap(^i,  iji) 
^•o  2 

For  i3<mi<  CO,  0<m2<j5 

VJ  _ 

V/32>-m2^  A2?(J,  )j) 

, mi-l-m2j: 
-r  ..  T* 

■7/ 


(71a) 


Jr  ro  g 


J T ' 0 


(71b) 

Vo  Ap(^i,  Vi) 


(71c) 
(7  Id) 


ro 


47TMiM2  X Jr  7o  5 
For  /3<mi<oo,i3<m2<co 

Vq  4it/1iju2XX  7o  2 ^ ^ 


(71e) 
(7  If) 


(71g) 


The  doublet  distribution. — The  pertinent  problem  in  this 
case  is  to  find  the  vertical  induced  velocity  in  the  plane  of 
the  wing  as  a function  of  the  jump  in  potential  across  the 
plane. 

Consider  equations  (60)  and  take  the  partial  derivative  of 
both  sides  with  respect  to  then  find  the  limit  of  the  resulting 
expression  as  z approaches  zero.  If  equation  (60a)  is  used, 
for  example,  there  results  for  the  first  term 

'S  S 2 ’->-2  lai:),.. ^+2  ywX.  a? 

which  becomes 
-1 


2 (mi + mo)  V/3^— mi^ 

^/xo(i3^— mi^  ^ A^(f,  ??)  + /X|  (mi?M2+^^ 


(72) 


The  second  term  can  be  written 

- lim  I-  "^’,<’"'+"’>1  <fS,| 

2_0  £>2  27TMiM2  J Jr 

and  this  reduces  to 


— )3^(mi  + m2)  Ai;ij(Ji,r7i) 

27T/iiM2  J Jr  7o 


g^(mi+m^)j.^  d r 

2tHiH2  j-*0  02  j Jr 


(|i,>»i) 


(73) 


Since,  by  equation  (17), 
f^2 


rfj/i 


7i  l(X2— jji)(j?i— Xi)]*'* 


=0 


the  second  term  in  expression  (73)  vanishes.  Finalh’^,  there- 
fore, the  vertical  induced  velocity  in  the  plane  of  the  wing 
becomes: 

For  0<mi<)3, 0<m2</3 

w=-— — , \ — =2  [">^2  (^"- ”^  J)  ^ (^-  >»)  + 

2 (mi  + m2)Vi3  L 

1 o 

Avi^,  »j)J— 

yo»,+mj  f 

2irMlM2  J Jr 


A<f>  (^1,  Vi) 


ro“ 


(74a) 


2{m,i-\-7n2) 


|i,(/3^— TO2^^A<p(^,  i;)J- 

For  0<mi<|8,/3<m2<  » 


2iTHiH2 


A<p{^i,  vi) 


ro“ 


(74b) 


2(miXm^ 
fii{mim2+P^^A<p(^,  i7)J— 

2iriXlH2  J Jr 


Av’(fi,  »;i) 


P\m.i  + m2)  C 


2iriiiti2 

For  /3  < mi  < 00 , 0 < m2</3 


A^(|i,  ??i) 

r«=> 


(74c) 

(74d) 


^ - J M2(mim2+/3")^Avj(^,  „)-l- 

2)Vi3— ^2*- 


2(mi+m^ 

m**)^Ap{E,  jl)J— 

2irtllH2  J Jr 

_ /3’‘(mi4-m2)  Ay(i,2?i) 

2ir^lM2  7 ^‘Jr  ‘ 

For  j3  <mi  < 00 , (3  <m2<  00 

/3^(m|-rm2) 


Ay(li,  rji) 

, 3 


(74e) 

(74f) 


ZlTfiiflo 


(74g) 

JrJ  ^0 
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SUMMARY  OF  RESULTS  FOR  <p.  Cp,  AND,  uj  IN  THE  PLANE  OF  THE  WING; 
CARTESIAN-COORDINATE  SYSTEM 

The  special  forms  of  equations  (64),  (71),  and  (74)  when 
the  I,?;  axes  become  the  Cartesian  axes  are  given  in  the 
following  sections.  In  these  cases,  ^->2:,  mi-^0,  and 

m2~->  CO . 


Potential  in  terms  of  vertical  velocity,  nonlifting  case. — 

dz.dy,  (75) 

^JrJ  ^l(x-x,y-p\y-y,y  ‘ ^ ^ 

Pressure  coefficient  in  terms  of  surface  slope,  nonlifting 
case. — 


(76a) 


” '[(x-x,y-p\y-y^y]^^ 

Vertical  velocity  in  terms  of  loading  coefficient,  lifting 
case. — 


PAp{x,y) 
Vo  4 q ' 


1 r c 

=dxi=Y<iyi 


{X  — Xi)‘ 


^p{xi,yi) 


47tJ  \)r  iy—y\)\Kx—Xiy—P\y~yiy 

Wu^  1 _r , Xj  2 

Vo  4rJ  ^^'J^^^^'^y,y^/(x-x,y-0^(y-y.y 


(77a) 


(77b) 


Vertical  velocity  in  terms  of  surface  potential,  lifting 
case. — 


Wu  = 


Wu  = 


dx, 


^v(xi,y,) 


l(x-x,y-fi^(y-y,y]y^ 


(78a) 

(78b) 


SUMMARY  OF  RESULTS  FOR  v>,  C„  AND  u>  IN  THE  PLANE  OF  THE  WING; 

- - • CHARACTERISTIC  COORDINATE  SYSTEM  ' 

The  special  forms  of  equations  (64),  (71),  and  (74)  when 
the  I,  V axes  become  the  characteristic  axes  are  given  in 
the  following  sections.  In  these  cases,  ^-»r,  y-^s,  to,--^/3, 
and  m2— >/3. 

Potential  in  terms  of  vertical  velocity,  nonlifting  case  — 


p= 


1 r r Wu(r,,s,) 

Y(r— r,)(s  — S|) 


dr  ids  I 


(79) 


Pressure  coefficient  in  terms  of  surface  slope,  nonlifting 
case. — 


1 c r 
2vd  X J 


(r—ri)  + (s—si) 

[(r—ri)(s—Si)P^^ 


^u(ri,  Sj)  dvj  dsi 


(80) 


Vertical  velocity  in  terms  of  loading  coefficient,  lifting 
case. — 


(r— ri)  + (g— ^i) Ay(n,  ^i)\  7 

Vo  4:TrJrJ  [(s—Si)  — (r—ri)]\l{r--ri){s—Si)  2 i. 

(81) 

Vertical  velocity  in  terms  of  surface  potential,  lifting 


case. — 


^oCX  <Pu{ri,Si) 

47tX.J  [(^— n)(s— 5i)P^^ 


dvi  dsi 


PART  II— THE  DIRECT  PROBLEM 


(82) 


DISCUSSION 

The  term  “direct  problem”  shall  be  defined  herein  as  a prob- 
lem requiring  for  its  solution  the  evaluation  of  integrals  with 
known  integrands.  The  three  fundamental  formulas  pre- 
sented in  part  I,  equations  (64),  (71),  and  (74),  apply,  respec- 
tivety,  to  source,  vortex,  and  doublet  distributions,  and  a 
consideration  of  them  shows  that  there  are  essentialh’'  only 
two  different  bound  ary- value  problems  of  wing  theory  that 
lead  to  the  direct  classification.  In  the  first  of  these  problems 
(see  equation  (64)),  the  pressure  coefficient  is  given  b}^  an 
integral  involving  the  shape  of  a wing  having  thickness,  but 
no  angle  of  attack,  twist,  or  camber.  The  other  direct  prob- 
lem is  represented  by  equations  (71)  and  (74),  where  the 
angle  of  attack,  twist,  or  camber  of  a wing  haying  no  thickness 
is  given  in  terms  of  an  integration  involving,  respectively,  the 
wing  loading  or  its  streamwise  integral,  the  discontinuity  in 
V elocity  potential.  The  circumstances  of  the  particular  prob- 
lem will  determine  which  of  the  two  alternative  formulas  is 
to  be  used. 

THE  AERODYNAMIC  PROBLEM 

The  statement  of  the  two  problems  can  be  given  from  a 
physical  viewpoint  as  follows. 

The  thickness  case. — The  thickness  of  a wing  that  is  sym- 
metrical above  and  below  a horizontal  plane  is  given  and  the 
pressure  distribution  over  the  wing  is  to  be  determined.  Such 
problems  are  of  special  interest  in  the  study  of  wings  in  a 
supersonic  flow  since  their  evaluation  is  necessary  for  the 
calculation  of  the  wave  drag. 

The  lifting  case. — ^The  load  distribution  on  a lifting  plane, 
a surface  without  thickness,  is  given  and  the  slope  of  the 
surface  that  will  support  such  a loading  is  to  be  determined. 

THE  MATHEMATICAL  PROBLEM 

The  mathematical  statement  of  the  two  problems  can  be 
made  by  referring  to  the  equations  expressing  the  three  fun- 
damental formulas  in  the  plane  of  the  wing.  For  the  thick- 
ness case,  equations  (41)  or  (64)  apply,  X«  is  given  over  the 
wing  plan  form  and  Cp  is  to  be  determined.  For  the  lifting 
case,  equations  (43),  (44),  (71)  or  (74)  apply,  Ap/q  orA^is 
given  over  the  wing  plan  form  and  Wu  is  to  be  determined. 

The  solution  of  problems  in  the  direct  classification  depends 
onl}^  on  the  anal3^st's  facility  in  evaluating  integrals.  Although 
the  integrations  may  be  quite  difficult  to  perform,  this  never- 
theless must  be  regarded  as  a question  of  technique  and,  in 
a mathematical  sense,  a direct  problem  is  solved. 
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PART  III— THE  INVERSE  PROBLEM 

INTRODUCTION 

The  term  ^‘inverse  problem^^  shall  be  defined  herein  as  a 
problem  requiring  for  its  solution  the  inversion  of  an  integral 
equation.  In  application  to  the  study  of  problems  in  aero- 
dynamic wing  theory,  two  different  boundary-value  prob- 
lems appear  in  the  inverse  classification.  These  are  provided, 
as  was  discussed  in  the  presentation  of  the  direct  problem, 
by  the  two  basic  relationships  that  exist  in  the  three  funda- 
mental formulas.  In  those  equations  the  two  basic  relation- 
ships are:  First,  the  pressure  is  given  in  terms  of  an  integra- 
tion involving  the  shape  of  a wing  having  thickness  but  with 
no  angle  of  attack,  twist,  or  camber;  second,  the  angle  of 
attack,  twist,  and  camber  of  a wing  having  no  thickness  is 
given  in  terms  of  an  integration  involving  either  the  wing, 
loading  or  the  discontinuity  in  the  velocity  potential.. 

THE  AERODYNAMIC  PROBLEM 

The  physical  interpretation  of  the  two  types  of  inverse 
boundar}’ -value  problems  is  made  as  follows. 

The  thickness  case. — The  pressure  distribution  over  a 
wing  that  is  symmetrical  above  and  below  a horizontal  plane 
is  given  and  the  shape  of  the  wing  is  to  be  determined.  To 
this  bare  statement  of  the  problem,  however,  must  be  added 
certain  auxiliary  consideratiops.  For  example,  it  is  physi- 
cally evident  that  solutions  yielding  wings  with  negative 
volumes  must  be  excluded.  Consideration  must  also  be 
given  to  the  question  of  wing  closure.  It  is  apparent  that 
these  two  conditions  will  serve  to  restrict  the  arbitrariness 
of  the  pressure  distributions  which  can  be  prescribed.  Fi- 
nally, the  question  of  the  uniqueness  of  the  wing  shape  arises. 
For  example,  it  is  known  that  the  thin-airfoil-theory  solution 
in  the  two-dimensional  case  is  unique,  provided  the  prescribed 
pressure  distribution  is  one  leading  to  a real  and  closed  wing 
section.  In  the  supersonic  three-dimensional  case,  however, 
these  conditions  are  no  longer  sufficient  to  guarantee  a unique 
shape  from  a given  pressure  distribution  (although  the  re- 
verse is  always  true,  i,  e.,  a given  shape  produces  a unique 
pressure).  This  fact  will  be  illustrated  later  (Part  IV)  in 
connection  with  quasi-conical  flow  problems. 

The  lifting  case. — The  slope  of  a lifting  plate,  a surface 
without  thickness,  is  given  and  the  resulting  load  distribution 
is  to  be  determined.  To  insure  uniqueness  in  problems  of 
this  type  it  is  sometimes  necessary  to  impose  an  additional 
condition.  For  example,  it  is  necessary  to  assume  that  the 
Kutta  condition  applies  to  all  trailing  edges  for  which  the 
normal  component  of  the  free-stream  velocity  is  subsonic. 

THE  MATHEMATICAL  PROBLEM 

The  mathematical  statement  of  the  two  problems  can  be 
made  at  once.  Thus,  for  the  thickness  case,  equations  (41) 
or  (64)  apply,  Cp  is  given  over  the  area  occupied  by  the  wing 
plan  form  and  X„  is  to  be  determined.  For  the  lifting  case, 
equations  (43),  (44),  (71),  or  (74)  apply,  is  given  over  the 
wing  plan  form  and  Ap/a  is  to  be  determined. 

Of  course,  by  definition,  the  solutions  of  both  of  these 
problems  require  the  inversion  of  an  integral  equation. 
Further,  these  particular  equations  are  kno\vn  as  singular 

213637—53 82 


integral  equations.  Complete  inversions  to  all  the  cases 
considered  have  not  as  yet  been  obtained.  Some  progress 
has  been  made,  however,  and  the  following  section  outlines 
one  method  by  means  of  which  certain  singular  integral 
equations  can  be  inverted. 

ON  THE  INVERSION  OF  SINGULAR  INTEGRAL  EQUATIONS 

DEFINITIONS 

An  integral  equation. — Consider  the  equation 


^(x)  K(x,  y)dx=w{y) 


(83) 


If  w{y)  and  K(x,  y)  are  given  functions  and  g{x)  is  unknown, 
equation  (83)  is  known  as  integral  equation,  and  more 
specifically  as  an  integral  equation  of  the  first  kind.  The 
path  of  integration  L\  lies  along  the  x axis  (in  this  report  only 
real  variables  are  considered  although  the  methods  and 
results  can  be  generalized  to  include  complex  variables)  and, 
in  general,  can  depend  on  p.  The  term  K{x,  y)  is  known  as 
the  kernel  of  the  integral  equation. 

A singular  integral  equation. — An  integral  equation  is 
referred  to  as  singular  either  when  the  path  of  integration,  Zj, 
has  infinite  extent,  or  when  the  kernel,  K{x,  p),  is  infinite  at 
points  of  the  interval  Lx,  In  other  words,  equation  (83)  is  a 
singular  integral  equation  if  X(x,  y)  is  unbounded  somewhere 
on  Lx. 

An  integral  transform. — Again  consider  equation  (83).  If 
both  sides  of  this  equation  are  multiplied  by  the  function 
i?(X,  y)  and  integrated  with  respect  to  y along  the  interval 
Ij2  (which  is,  of  course,  independent  of  y but  can  be  a function 
of  X),  the  equation  is  said  to  have  been  transformed  and 
the  operator 

^^H{\y)dy  (84) 


is  referred  to  as  an  integral  transform.  The  resulting 
expression 


Jl  y)K{x^y)=^ ^ y)dy  (85) 

is  obviously  a function  only  of  X,  both  x and  y being  dummy 
variables  of  integration. 

INHERENT  SINGULARITIES 

An  inherent  singularity  can  be  defined  first  in  terms  of  a 
function  of  two  variables.  Consider  the  function /(x,  y)  and 
let  the  point  a,  h lie  somewhere  in  the  x,  y plane.  Then  an 
inherent  singularity  will  be  said  to  exist  at  the  point  a,  h if 

lim 

• where 

X— a=€f,  y—b=€r) 


In  other  words,  a square  of  \vidth  2e  is  first  placed  on  the  x,  y 
plane  with  a,  b at  its  center,  the  function/(x,  y)  is  then  eval- 
uated at  any  point  on  the  boundary  of  the  square  and  multi- 
plied by  one-fourth  the  area  of  the  square.  Finally,  in  the 
limit  as  the  \vidth  of  the  square  vanishes,  if  this  product  is  not 
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is  a null  transform  of  order  zero  to  the  function 

K{x,y)=^\l-yf^x 

in  the  interval  x<y<\.  Thus,  (see  equation  (18)), 


zero,  the  function /(a:,  y)  contains  an  inherent  singularity  at 
the  point  a,  b. 

Such  a concept  can  ghviously  be  generalized  to  include 
functions  of  three  and  more  variables.  For  example,  .the 
function /(xj,  X2, ...,  x„)  contains  an  inherent  singularity  at  the 
point  tti,  02, ...,  a„  if 


lim  «“/(e?i+ai,  £^2+®2,  • • • , 

<— >0 

where 

Xi^ai=e^i 

RESIDUALS 

Consider  a double  integi^ation  with  respect  to  x and  y ot  the 
function /(a;,?/)  over  the  area  S in  the  Xj  y plane.  Perform  the 
integi'ation  of  the  same  function  over  the  same  area  but  with 
the  order  of  integrations  reversed.  The  difference  between 
the  results  of  these  two  operations  will  be  defined  as  the 
residual.  Thus 


^ = jdy  ^dx  ^^dyf(x,y)  (86) 


Oidinarily  the  residual  R is  zero,  since  the  order  of  into- 
gi‘ation  for  a double  integral  is  usually  immaterial.  In  the 
manipulation  of  singular  integi-als  and  singular  integral 
transforms,  however,  a nonvanishing  residual  often  exists". 
The  evaluation  of  the  residual  can  be  accomplished  in  the 
following  manner.  Let  the  point  cti,  b\  be  an  inherent  singu- 
larity in  the  area  S.  Then  the  residual  from  such  a point  is 


Setting  e^-\-a,=x  and  er]-i-bi=y,  one  can  wTite 

i?,=  r dv  f lim  eV(«?+«i,  €7j  + 6,)  — 

»/  J —1  e— >0 

eV(«l+ai,«>7  + 6.)  (87) 


Hence  the  necessary  condition  for  the  existence  of  a residual 
is  the  occurrence  of  an  inherent  singularity  in  the  area  of 
integi-ation  over  which  the  double  integiation  is  performed. 
The  total  residual  is  the  sum  of  the  residuals  from  each  inher- 
ent singularity  in  the  area  involved. 


THE  NULL  TRANSFORM 


Definition.— The  integral  operator  f H{\,  y)  dy  is  said 

J 


to  be  a null  transform  of  order  n to  the  function  K(x  y)  in 
the  interval  Z3  if 


(^)  \i^/^0^>y)K{x,y)dy  = 0 (88) 


where  x,  \ and,  of  course,  y are  on  L^. 
Examples.— The  operator 


dy 


y)3/2 


r 


dy 


The  operator 


J.  ■\Ky—x)  {\~yf 


= 0 


(89) 


J H(\,  y)dy=  f - 

J^3  Jxyl(l~y)(y  — 


X) 


is  a null  transform  of  order  zero  to  the  function  K(x,  y)  = 
'^Hy—x)  in  the  interval  X<y<l.  Thus 


,rs3 


dy 


= 0,  X<a;<l 


(y— a:)V(l— 2/)(X— y) 

Finally,  it  can  be  shown  from  equation  (90)  that 


(90) 


where  a and  b are  constants,  is  a null  transform  of  order  one 
to  the  function  K{x,  y)  = \Ky—x)  in  the  interval  a<Cv<lb 
Thus  . • 


d r\/(b-y)(y-a)  , ^ (d<x<Cb) 

(y-x)(\-y)  ^’U<X<6) 


(91) 


THE  INVERSION  OF  SINGULAR  INTEGRAL  EQUATIONS  BY 
MEANS  OF  NULL  TRANSFORMS 


Consider  an  integral  equation  of  the  first  kind 
w(l/)=  1*^  g{x)K(x,  y)  dx 


(92) 


such  that  tlie  kernel  K(x,  y)  tends  to  infinity  as  x approaches 
y and  let  the  point  x=y  lie  in  Z,.  Equation  (92)  is,  by 
definition,  a singular  integral  equation  of  the  first  kind. 
•^PPly  to  both  sides  of  this  equation  the  integral  transform 


H(X,  y)  dy  so  that 

J ^2 

J*^^''"(2/)H(X,  y)dy=^  Jty/x,  dxg{x)H{\y)K{x,y)  (93) 


Suppose  that  the  area  Z14-Z2  of  the  double  integral  is 
bounded  by  a simple  closed  curve  having  the  property  that 
aii}^  line  parallel  to  the  x or  y axis  crosses  its  boundaiy  at 
most  twdce.  For  such  an  area,  it  is  always  possible  to  write 
the  reversed  form  of  the  double  integral  in  equation  (93)  as 


|*£^<^2/5(a:)H(X,  y)K(x,  y)  (94) 


where  Z3  can  be  a function  of  x and  X,  and  Z4  can  be  a function 
ont^^of  X. 

Subtracting  expression  (94)  from  the  double  integral  in 
equation  (93),  one  finds 
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r dx  r dyg{x)H{\,  y)K(x,  y)+Bi\)  (95) 

J ^4  J ^3 

whore  i?(X)  is,  by  definition,  the  residual.  Hence,  equation 
(93)  can  be  rewritten  in  the  form 

j^o{y)H(\,  y)dy= 

{ dx{  dyg{x)m\,y)K{x,y)-\-B{\)  (96) 

J ^4  J ^3 


w{y)H{\,  y)dy=C{\)  g{x)dx+BoO^)+g{'K)  fl*(X)  (101) 

If  Lt  is  independent  of  X this  alreadj'  is  an  inversion  of  equa- 
tion (92).  However,  if  L4  contains  X then,  after  dividing 
through  by  C{\)  and  taking  the  derivative  with  respect  to 
X,  a first-order  differential  equation  in  ^(X)  results.  This  is 
considered  to  be  an  inversion. 

THE  INVERSION  OF  SOME  PARTICULAR  SINGULAR 
INTEGRAL  EQUATIONS 

ABEL’S  INTEGRAL  EQUATION 

‘Consider  the  special  form  of  AbePs  integi*al  equation 


One  can  now  show  that  if  H{\,  y)K{x,  y)  contains  an 
inherent  singulariW  at  the  point  x=y=\,  equation  (96)  is 
the  inversion  to  equation  (92)  when  /J(X,  y)  is  a null  trans- 
form of  order  one  or  zero  to  the  kernel  K (x,  y)  in  the  interval 

T* 

■^3* 

First,  it  is  necessary  to  relate  i?(X)  to  ^(X).  By  the  defini- 
tion given  as  equation  (87),  7?(X)  can  be  written 


w(y)=  a<y  (102) 

Ja  -yly—X 

It  has  been  shown  (see  equation  (89))  that 

X 


E(\)  = Eo{\)+  r dv  ^^/^/w^(e|-^X)A"(€^-^X,er7  + X)H(X,€r/+X)- 

J-l  J-l  e-*0 

r r drjlimg{€^+\)K{e^-\-\y  €r?  + X)  (97) 

J-i  J-l  t-*0 

where  i?o(X)  is  the  sum  of  the  remaining  residuals  (if  there 
are  aiw)  from  the  other  inherent  singularities  that  might 
exist  in  the  area  Zi-t-i2.  This  reduces  to 

A(X)-7?o(X)+^(X)A*(X)  (98) 

where 

E*{\)=  f dr)  r d^limK{e^-\-'K,  er?  + X)iZ(X,  ct?+X)  — 

J-l  J-l 

f d^  f dr)limK(e^+\,  e7j-\-\)H{\,  €>?-l-X)  (99) 

J-l  J-l  e->o 

If  inlierent  singularities  other  than  the  one  at  x=y=\  exist 
in  ii-hZ2,  they  must  be  at  a point  on  the  line  x—y.  The 
residual  at  such  a point  say  x—y=a,  would  be  the  product 
of  ^(a)  and  Eo*{a),  the  difference  between  the  two  appro- 
priate double  integrals.  Hence,  Eo{\)  cannot  contain  ^^(X). 

Now,  if  I 7Z(X,  y)  dy  is  a null  transform  of  zero  order, 
J ^3 

equation  (96)  becomes 

f wiy)H(\,  y)dy=Bo{\)+g{m*W 
or  . ' 

5(X)=-g^j^-jKo(X)  + J^^w(?/)i^(X,i/)di/J  (100) 

wliich  is  an  invcjsion  of  equation  (92).  Further,  if 

r H(\,  y)dy 
J ^3 

is  a null  transform  of  the  first  order,  so  that 
r H(X,  y)  K(x,  y)dy  = C(\) 

J ^3 

equation  (96)  becomes 


is  a null  transform  of  order  zero  to  the  kernal  \j^y  — x in 
the  interval  x<y<\.  Hence,  applying  the  transform 


dy 

J.  (\-yy~^^ 

to  both  sides  of  equation  (102),  reversing  the  order  of  inte- 
gration, and  noting  that 


T dx-j= 

Ja  Ja  yy  — 


g{^) 


-p  g{x)dx-^  dy  ~+R{\)=B{\) 

Ja  jx  V?/— ^ i^—yr 


leads  one  to  the  result 


(103) 


w{y)dy 
Ja  {^-yr^ 


=Ei\) 


(104) 


The  only  inherent  singularity  that  appears  in  the  area  of 
integi’ation  occurs  at  the  point  x=y=\.  The  residual  is 
obtained  by  ihtegi*ating  over  the  shaded  area  in  figure  5 and 
finding  the  limit  as  e goes  to  zero. 


Figure  5.— Region  of  integration  for  equation  (105a). 
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i?  (X)=lim  F-r-  dy  ^ dx  — - 

€-*0  l_Jx-£  Jx-£  — — 

r g{x)dx~Y  dy  j — 1 (105a) 

and,  since  the  second  double  integral  is  zero,  the  transfor- 
mations 6^=X— a;  and  6 7/  = X~y  reduce  this  to 

B(X)=Um-fdv 

.-0  Ji  'Ji 

Finally,  in  the  limit  as  € goes  to  zero, 

fi(»=8(X)  =-2,^(X)  (105b) 

Substitute  equation  (105b)  into  equation  (104)  and  the 
inversion  of  the  integral  equation  (102)  can  be  written 


w(y)dy 

^ 27T  j„  (x-yr'^ 


(106) 


^'Pplying  the  definition  of  the  finite  part,  one  can  rewrite 
equation  (106)  in  the  alternative  form 


fw  ^ w (y)  dy 


which  is  the  form  of  the  inversion  usually  presented. 


THE  AIRFOIL  EQUATION 

The  study  of  the  singular  integral  equation  known  as  the 
airfoil  equation  is  closely  associated  with  the  study  of  bound- 
ary-value problems  related  to  Laplace’s  equation  in  two 
dimensions.  These  boundary  conditions  are  sometimes 
given  along  a straight  line  as  is  the  case,  for  example,  in  the 
linearized  study  of  two-dimensional  subsonic  wings.  If  the 
boundary  conditions  are  given  along  a suitably  prescribed 
curve,  the  curve  can,  by  application  of  complex  variable 
concepts,  be  mapped  onto  a straight  line.  For  example,  the 
Joukowski  transformation  maps  a circle  in  one  plane  onto 
a straight  line  in  another  and  in  both  planes  the  governing 
formula  is  the  two-dimensional  form  of  Laplace’s  equation. 
The  solution  to  such  boundary-value  problems  can  be  reduced 
to  the  inversion  of  the  following  singular  integral  equation; 

(108) 

where  a and  h are  constants. 

It  has  been  shown  (see  equation  (91))  that 


rV(5-y)(y-a)^ 

Jo  X—y  ^ 

is  a null  transform  of  order  one  to  the  kernel  l/(y— x)  in  the 
interval  a<y<b.  Applying  this  transform  to  equation 
(108),  and  using  the  definition  of  the  residual,  one  obtains 


w(y)V(^— y)(y-a) 
X-y 


dy= 


rb  rb 

J yijx^dx  I 


V(^— y)(y— a) 
0^—y){y-z) 


dy-\-R{\) 


which  reduces  to  the  form 


+ (100) 

Again  the  only  inherent  singularity  in  the  area  of  in- 
tegration is  at  the  point  x=y=X.  Evaluating  the  residual 
according  to  equation  (87),  one  finds 


«(X)=<?(X)V(6-X)(X-a)[|*y,J‘^-^|^ 


and  since 


this  becomes 


dr) 


] 


C 


— I 

I 


In 


ini 

l+« 


R{X)  = 2g{X)^l{b-X){X-a)  f ^ In 

J_,  j/  1-1-?? 

— 1^^g(X)^/{b  — X)(X  — a) 


(110) 


By  the  combination  of  equation  (110)  with  (109),  the  inver- 
sion to  the  airfoil  integral  equa-tion  (108)  thus  becomes 


5(X)= 


(111) 


It  is  apparent  that  the  inversion  to  equation  (108)  provided 
by  equation  (111)  is  not  unique  (because  of  the  existence  of 

the  term  r g(x)dx  which  can  be  thought  of  as  an  arbitrary 

constant).  Hence,  in  the  application  of  equation  (108)  to 
physical  boundary-value  problems  it  is  not  sufficient  to 
specify  the  value  of  w along  they  axis;  some  additional  con- 
dition must  also  be  supplied.  Examples  of  such  additional 
conditions  in  the  study  of  aerod3mamic  problems  are  the 
specification  of  closure  in  the  study  of  two-dimensional  sec- 
tions and  the.  assumption  of  the  Kutta  condition  along  the 
trailing  edge  of  two-dimensional  lifting  surfaces. 


I THE  SUPERSONIC  DOUBLET  EQUATION 

The  general  concepts  of  the  method  just  applied  to  the. 
solution  of  single-integral  equations  with  a singular  kernel 
can  also  be  used  to  invert  double-integral  equations  with 
singular  kernels.  Success  in  solving  these  more  complicated 
forms  depends  again  on  the  discovery  of  an  appropriate 
integral  transform — in  this  case  a double  integral  transform — ■ 
and  the  usefulness  of  these  operators  depends,  in  turn,  on 
both  the  structure  of  their  integrand  and,  what  is  just  ar 
important,  the  space  (now  four-dimensional)  of  integration. 
As  it  turns  out,  however,  inversions  can  be  obtained  in  many 
cases  that  are  of  importance  in  the  study  of  supersonic 
aerodynamic  problems.’ 

Case  1 — Supersonic  leading  edge. — Consider  the  equation 
that  gives  the  vertical  induced  velocity  in  the  plane  of  the 
wing  in  terms  of  the  perturbation  velocity  potential  on  the 
upper  surface  of  a lifting  surface  in  a supersonic  free  stream, 
equation  (82), 
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■Wu{r2,  Si) 


-Mo 

47T 


f f 

T(r2,«2> 


<f>a{ri,si)dridsi 


(112) 


JJ 

To(r, «) 


dr^dSi  2|8 

V(r— rj!)(s— Sj) 


JJ 

ro(r,  tf) 


(Z/*  2 

ro{r,s\T2y  S2) 


(113) 


The  area  r(r2,S2)  represents  the  area  within  the  forecone 
from  the  point  r2,«2  at  which  the  vertical  induced  velocity 
is  being  measured.  The  details  of  the  solution  to  equation 
(112)  will  now  be  presented  for  two  different  types  of  bound- 
aries -to  the  area  r(r2,52),  that  is,  from  an  aerodynamic 
standpoint,  for  two  different  types  of  wing  plan  forms. 

First  consider  the  case  when  t = to  is  an  area  such  as  the 
one  shown  in  figure  6.  The  two  lines  r\=V2  and  Si=S2,  which 
represent  the  traces  of  the  Mach  forecones  from  the  point 
r2,  «2,  form  two  bounds  of  the  area  while  the  third  is  given 
by  the  wing  leading  edge,  the  equation  for  which  may  be 
written  as  either  Si=jo{r{)  or  ri=/o*(5i). 


(a)  x\,  y\  plane. 

(b)  r\,  plane. 

Figure  6. — Region  of  integration  for  wing  with  supersonic  leading  edge. 


In  the  present  case,  it  is  assumed,  furthermore,  that  Si=/o(^i) 
is  a continuous  monotonic  function  with  a negative  slope,  or, 
physically,  that  the  wing  has  a supersonic  type  leading 
edge.* 

The  kernel  of  equation  (112)  is  formed  hy  the  product  of 
two  functions,  one  independent  of  r\  and  r2  and  the  other 
independent  of  Si  and  S2.  It  follows,  therefore,  that  if  an 
integral  operator  is  used  that  contains  the  product  of  two 
linear  functions  of  52  and  V2  to  the  —1/2  power,  there  exists 
the  possibility  of  obtaining  a null  transform  of  order  zero 
according  to  the  equality  given  as  equation  (18).  One  can 
show,  in  fact,  that  the  operator 

3 Supersonic  and  subsonic  edges  have  the  property  that  the  normal  component  of  the  free- 
stream  velocity  is  supersonic  and  subsonic,  respectively. 


is  a null  transform  of  order  zero  to  the  right-hand  side  of 
equation  (112)  where  To{r,  s)  is  the  same  area  that  appears 
in  the  integral  equation. 

If  the  transform  given  by  equation  (113)  is  applied  to 
equation  (112)  the  resulting  expression  is 


JJ 


Wudr2ds2 


ro 


-2fi 


?!  rr  y„(ri,s,)dr,ds,  , . 

o2  J J d 2 ^2  J J ro(r,s;r2,Si)ro^(ri,Si;ri,Si) 


wM. 


To(r,  s) 


To(ri  «i) 


Consider  next  the  right-hand  side  of  this  equation  but 
with  the  ^2,  S2  integrals  taken  first.  Then  by  definition  of 
the  residual 


-2/3* 


'To(r,  s) 


T o(rj,  S2) 


<(>u(ri,s,)dr,dsi  _ 

ro{r,s-,r2,Si)ro^{ri,S2;ri,Si)  . 


/ \ j la  C _C dv2ds2 I 

<fu(ri,Si)  r,  s,^ j ;.g(r,s;r2;s2)r«®(r2,S2;?'i,Si)"^ 

[To(r,  «)+To(rj.  S2)l 

R{VyS)  (115) 


-2/3*  r r 

7^Mo^)  J 


When  the  integration  is  made  first  with  respect  to  V2  and 
§2,  the  area  of  integration  for  these  two  variables  can  be 
visualized  with  the  aid  of  figure  7.  In  such  a case  the 
points  ri,  Si  and  r,  s are  fixed  and  the  area  is  simplj^  the 
one  which  lies  in  the  forecone  from  the  point  r,  s and  in 
the  aftercone  from  the  point  ri,  5i.  This  is  represented 
by  the  shaded  area  in  the  figure.  It  is  apparent  from  a 
study  of  figure  7 that,  when  the  edge  S2=/o(^2)  is  a mono- 
tonic function  as  previously  defined,  the  7*2  and  S2  integrals 
are  always  taken  between  the  limits  Vy  and  r and  Sy  and  s, 
respectively.  Hence,  according  to  equation  (18)  the  inte- 


FiGURE  7.— Area  of  integration  for  fixed  ri,  Si,  s s;  equation  (115). 
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gral  term  on  the  right-hand  side  of  equation  (115)  vanishes 
and  equation  (114)  becomes 

■ ^ (116) 
To(r,  «) 

The  complete  inversion  of  the  integral  equation  can  now 
be  realized  if  an  expression  for  J?(r,^)  can  be  obtained  in 
terms  of  <^„(r,  s).  The  evaluation  of  this  residual  term 
follows  along  lines  quite  similar  to  those  used  in  calculat- 
ing  the  residual  for  the  special  form  of  Abel's  integral  equa- 
tion given  previously.  Now,  however,  there  is  no  longer 
a single  inherent  singularit}^;  rather,  the  lines  ri=r2=r  and 
s^=S2~s  are  densely  covered  with  them.  First  consider 
an  integration  made  over  the  region  close  to  the  line  5i  = 
.9  (i.  the  sum  of  the  areas  a and  h sho\\ai  in  fig.  8). 


Figure  8.— Region  of  integration  for  evaluation  of  residual,  equation  (116). 

Make  the  substitutions  «,= 5 — eai  and  S2=s—€<t2  ^lud  take 
the  limit  as  € goes  to  zero.  There  results  for  the  portion 
of  the  residual  due  to  the  inherent  singularities  //a+^(/',  .9) 
along  the  line  Si=S2=s  the  equation  ® 


(IIS) 

4^  J/o*(«)  (/s -y/r 7'2 


It  is  now  proposed  to  revei'se  the  order  of  integration  of 
the  double  integral  in  equation  (118).  But  the  Vi,  r.  plane 
contaiiK  an  inherent  singularity  at  the  point  7'2=ri=r.  B3" 

definition  of  the  residual  from  this  singularity  as  B'{r^s),  it 
follows  that 


C' 

dr  I v>«(ri,s)-f- 


dvi 


J n (rj — 


+ 


R'(r,s)=R'(r,s) 


since  the  integral  term  is  zero  by  the  equality  that  has  been 
used  repeatedly.  The  evaluation  of  R'{r,s)  follows  the  iden- 
tical line  of  argument  used  in  obtaining  equation  (105b)  from 
(105a).  Hence,  setting  /•,,  = r— <p,>  and  r,  = r — <p,,  and  letting 
ego  to  zero,  one  finds 


Ra+b{r, «)  = B'(r , s)  = 

M_o= 

4/3 


^ f ^ r%  dpi 

i o ^P«(r,  s)  I d P2  I 1=. 

^ ./I  ,ii  (pi — 


20 


<Pu(:r,s) 

(119) 

The  part  oi  the  residual  in  equation  (116)  contributed  b>' 

the  inherent  singularities  in  the  areas  a and  b in  figure  8 is, 
^ 2 ^ ^ 

tliereforo,  — A similar  calculation  shows  that  the 
singularities  in  the  areasc-1-6  give  the  same  result;  and,  finally, 
a calculation  for  the  area  b itself  also  yields  ^^(r,  s). 

The  value  of  U in  equation  (116)  is  obtained  b\^  combining 
the  results  for  the  various  areas.  Hence, 


R—Ra+t,+Ri,+c—Ri,= — <Pu{r,s)  (120) 

Combining  the  result  e.xpressed  by  the  last  equation  with 
equation  (116),  one  can  finally  write  for  the  inversion  of  the 
integral  equation  (112),  when  r=r„,  the  e.xpression 


<Pu{r,  s) 


1 ^ i ^Vndt’2dS2 

?-2)  (s— Sj) 


(121) 


Case  2— Combined  subsonic  and  supersonic  leading 
edges. — Consider  the  equation 


— MqX_C  s^)dridsi 

4tt  ,1  J [(/'i— r,)(.S2— s,)]*/2 

Ti(r:,  5;) 


(122) 


<Pu(ri,  s) 

(<7 1 — r2—r,y'^  ^!<ri{r—ri) 


(117)' 


This  becomes,  after  integrating  with  respect  to  a\  and  tro 
(which  can  be  done  immediately  since  the  limits  of  the  Vi 
integral  do  not  now  contain  0-2  and,  further,  since  the  ri,  0-2 
plane  contains  no  inlierent  singularitx^) 

« The  first  term  on  tlie  right-hand  side  of  equation  (115)  contributes  nothing  to  the  residual 
since  it  always  contains  an  integral  equivalent  to  that  in  equation  (18)  and,  therefore,  is 
identically  zero.  This  same  phenomenon  also  appeared  in  the  study  of  the  residual  appear- 
ing in  the  inversion  of  Abel's  integral  equation.  (See  the  development  of  equation  (105).) 


where  ri(r2,  .s,)  is  the  more  complicated  area  shown  in  figure  9. 
Again  the  hires  /•,  = /'2  and  Si=«2,  which  are  the  traces  of  the 
forecone  from  the  point  Vt,  form  two  bounds  of  the-  area. 
The  remaining  two  boundaries  are  formed  b^'  the  curves 
Si=/o(»'i)  (or  in  the  inverse  sense  r,=/„*(.s,))  and  s,=/,(r,) 
(or  r,=/,*(s-,))  where /„  has  the  same  definition  it  had  in  the 
study'  of  Case  1,  that  is,  a monotonic  curve  with  a negative 
slope.  The  curve  .s,  =/,(/•,)  is  also  a monotonic  function,  but 
with  a positive  slope.  For  convenience  the  origin  is  placed 
at  the  point  of  intersection  of  the/„  and/,  curves. 
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(a)  Xi,  yi  plane. 

(b)  (n,  »i  plane. 

FiGt?RE  9.— Region  of  integration  for  wing  with  combined  subsonic  and  supersonic  edges. 

A physical  interpretation  of  the  area  ri  with  regard  to  prob- 
lems in  supersonic  wing  theory  is  simple.  The  lines  r,— r2 
and  Si=S2t  as  has  been  mentioned,  are  the  traces  of  the  Mach 
forecone  from  the  point  rj,  S2.  The/o  and/i  curves  are  the 
edges  of  the  wing  plan* form,  the  line  Si=fo{ri)  representing  a 
supersonic  leading  edge  and  the  line  representing  a 

subsonic  leading  edge. 

Proceeding  exactly  as  in  Case  1,  consider  the  operator 

dr2dso 

J{r—ri)(,s—Si) 


Figure  10.— Area  of  integration  for  fixed  n,  r,  s;  equation  (123). 


which  is  not  zero  unless /i(r2)  is  identically  equal  to  s.  For 
the  same  reason,  portions  of  the  ra  integral  will  not  vanish  for 
the  point  ri,  Si  so  located. 

However,  the  construction  of  a null  transform  of  zero  order 
can  be  accomplished  by  studying  the  above  failure.  Thus, 
if  the  $2  integration  were  carried  between  the  limits  Si  and  Sy 
for  ever}’’  location  of  the  points  ri,  Si  and  r,  s,  the  operator 
y'A(r,  Sy  r2)dr2f{s—S2)''^^^ds2  would  be  a null  transform  of  zero 
order  regardless  of  the  choice  of  h.  The  area  of  integration 
producing  such  a transform  is  simply  the  one  shown  in  figure 
11(a),  an  area  bounded  by  the  lines  S2=Sj  r2—r,  S2=/o(r2)  and 
r^=zj^*{s)  where  r2=/2*(s)  is  any  line  such  that/2*(s) 

This  area  shall  be  designated  as  X2(r,  s).  When  such  a trans- 
form is  applied  and  the  S2  integration  performed  first,  it  is 
apparent  from  figure  11(b)  that  the  limits  of  the  S2  integral 


and  find  whether  or  not  it  is  a null  transform  of  zero  order  to 
the  kernel  of  equation  (122),  that  is,  whether  or  not  the 
equality 


^j<Pu{ri,s,)dr 

ri(s,  r)+Ti(r!.«j)l 


, X_C dr^dSi  ^ 

J l(r,-r,Xs,-s,)r'S/(r-r,Xs-s,)  , 

(123) 


is  satisfied.  A study  of  figure  (10)  shows  that  it  is  not,  since 
for  a point  7*1,  Si  located  above  the  line  ro—fi*  (s),  a portion  of 
the  So  integral  becomes 


d^ 

J H (.So  — Si)^^V^  — *^2 


(a)  Area  of  integration  for  transform. 

(b)  Area  of  integration  for  fixed  ri,  r,  8. 
Figure  U. — Integration  regions  for  equations  (124). 
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are  alwaj^s  Si  and  s,  even  when  the  point  ri,  Si  is  located  above 
the  line  r2—fi*(s).  Hence,  if  the  residual  R(r,  s)  is  defined  by 
the  relation 


d,S2  XX  <Puiri,Si)dridsi  , 

^2(r,s)  ^l(r2,«2) 

^ r h(r,  s,  dn  r -f  X"  

J j {Ti—r^y^  J,,ys_s2(s2— s,)®/2 


Ir2(r.5)+Ti(r2,«2)l 


=R{r,s) 
(124a) 

the  second  term  on  the  left-hand  side  is  zero,  and  equation 
(122)  transforms  into 

f,  . , . Kr,  s,  r2)dn  r , ^ ds,= f?(r,  s)  (124b) 

J h*w  JMh)  Vs— «2 

The  evaluation  of  the  residual  in  equation  (124b)  follows 
the  same  pattern  used  in  Case  1.  Thus,  after  isolating  the 
line  of  inherent  singularities,  R(r,  s)  is  given  by  the  expression 

R{r,s)= 

-Mo  r hdr,  r*  ds  dr 

which  becomes  (after  setting  s2=s—€<t2  and  eo-i  and 

letting  € go  to  zero) 

2 J/2*M  J/i*(«)<r2— ri)3/2  ^ 

It  is  now  apparent  that  after  setting  f2*(s)=fi*(s)  and 
h=lf-y/r—r2,  equation  (125)  can  be  evaluated  exactly  as 
equation  (118)  was  evaluated,  so  that  for  these  values  of 
/2*  and  h,  R (r,  s)  = —M^irtpuir,  s).  Substituting  into  equation 
(124b),  one  finds  for  the  inversion  of  equation  (122)  the  result 


fpu 


(>*2)  S2)  dr  2 d$2 


n(r,s) 


r2)(s— S2) 


(126) 


where  T3  is  the  shaded  area  in  figure  12. 

Case  3 — Mixed  boundary  conditions. — Another  very  im- 
portant kind  of  integral  equation  which  can  be  solved  directly 
by  the  proper  choice  of  h in  equation  (125)  is  the  “mixed” 
type  problem,  the  boundary  values  of  which  are  illustrated 
in  figure  13.  In  this  particular  problem  is  known  over  the 
portion  of  the  r,  s plane  bounded  by  the  curves  s=/o(r)  and 
(fclie  curve  s=/2(r)  is  a monotonic  function  with  a 
positive  slope  just  like  «=/,(?■)),  while  over  another  portion, 
bounded  by  the  curves  s=/2(r)  and  s=/i(r)  the  quantity 

„(r,s)=^  (^+^)  <Pu(r,  s)  is  given.  (This  corresponds  in 

aerod30iamic  applications  to  the  specification  of  the  vertical 
induced  velocity  over  the  former  region  and  the  loading  over 
the  latter.)  It  is  also  assumed  that  Uuir,  s')'  is  continuous 
across  the  line  s=/2(r)  and  that  <p{r,  s)  vanishes  along  the 
line  s=/i(r),  that  is,  s)=0. 

Taking  for  the  value  of  h the  expression 


tt, 


vb 


X” 


St 


(a)  Xiy  plane. 

(b)  r2,«2  plane. 

Figure '12.— Integration  area  T3  (equation  (12fin, 


Vo 


Vo 


(a)  X,  y plane. 

(b)  T,  8 plane. 

Figure  13. — Mixed  boundary  conditions. 
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and  for  the  area  of  integration  the  region  T2(r,  s)  shown  in 
figure  11(a),  one  finds  from  equation  (125)^that  the  residual 
can  he  written 

i?=M»  r / An.  A')  t<Pu{ri,s)’dri 

2 J/2*(»)  ^r— r2  \2>?'2'^c>s/  J /i*(»)^I(r2— r,)’'* 

The  partial  derivative  can  be  taken  through  the  second 
integral  sign  (first  integrating  by  parts  in  the  case  of  b/br^) 
since  (p{fi*(s),  s)=0,  so  that 

2 J/2*W  J/i*U)  'yjr —T2{r2—riY^'^ 


duce  the  limits  q,  and  h on  the  integral.  If  one  now  considers 
the  supersonic  source  equation  (see  equation  (79)) 


Vu{r„ 

r(Tt,  Si) 


Si)  dvidsi 
^l{ri—r,)  (Si—Si) 


(129) 


it  is  apparent  that  the  null  transform  will  differ  from  the 
transform  used  for  the  supersonic  doublet  equation  only  in 
the  exponent  of  the  intregrand.  Thus,  for  the  area  ro(r2,  S2) 
(see  fig.  6)  the  operator 


To(r,  5) 


dr2(ls2 

[{r-r2)(s-S2)Y^^ 


Part  of  the  boundary  condition  is  that  Uu(r,  s)  is  given 
over  the  region  indicated  in  figure  13.  Hence,  the  residual 
can  be  writ  ten 


Uujrus) 

^ V^  — ^2(^™2  — ^1)^^^ 
y'uivu  s) 

Vr“r2(ra—r  1)^/2 


+ 


The  latter  of  these  two  terms  is  again  just  like  the  one  given 
in  equation  (118)  so  its  evaluation  is  immediate.  The  first 
term  may  be  simplified  by  reversing  the  order  of  integration. 
(There  is  no  residual  since  the  point  r=ri=V2  is  not  included 
in  the  area  of  integration.)  Finally,  R becomes 


is  a null  transform  of  order  zero  to  equation  (129),  and  its 
application  yields  the  solution 


w„(r,s) 


— Mn  r r <Pu{r2,S2)drids2 
47t  j j [(r-r2)(s-«2)P^ 

■ToCr,  8) 


For  the  area  ri(r2.  S2)  (see  fig.  9),  the  operator 


(130) 


TsCr,  a) 


dr2(ls2 

[{r—r2){s—S2)V^^ 


is  a null  transform  of  order  zero.  Its  application,  under 
conditions  like  those  specified  in  the  development  of  equation 
(126),  yields  the  inversion 


Wu(r,  s) 


Tz(r, «) 


^«(^2,  S^dV2dS2 

[(;._^^(s_S„)]3/2 


(131) 


and  the  inversion  of  this  mixed  type  problem  can  be  witten 


^ J/,*W(r-r.)V/2*(s)-rx 

1 r dr 2 / 5 d \ p Wujrj,  S2)ds2 

2j3ir  J /2*(.)  Vr— rj  J /o(r2)  V«— ^ 


An  equation  which  does  not  impose  the  condition  that 
UuiVy  s)  be  continuous  across  the  line  s=/o(r)  can  readily  be 
developed  b}^  using  the  operator  h=l/-y/r—r2.  This  leads 
directl}^  to  the  result 


yV— ,/2*(s)  r/^*<»)  <Pu{r,,s)dr^ 

^ J /,*(,)  (r-r,)  V/2’"(s)-r, 


1 

itMo 


ds2 


Wu  ir2.  S2) 

V(s  — S2)  (r— 7-2) 


(128) 


THE  SUPERSONIC  SOURCE  EQUATION 

The  null  transforms  to  the  supersonic  doublet  equation 
were  constructed  b\^  applying  an  integral  operator  having 
an  integrand  which,  when  combined  with  the  kernel,  would 
produce  the  integral 


_C  dx 

X (x—b)  ^‘\la—x 


and  having  an  area  which,  when  combined  with  that  of  the 
integral  equation  and  traversed  in  reverse  order,  would  pro- 


Equation  (130)  gives  vertical  velocity  in  terms  of  a prescribed 
surface  potential  for  a wing  with  a supersonic  leading  edge, 
while  equation  (131)  does  the  same  for  a wing  with  a leading 
edge  which  is  partly  subsonic  and  partly  supersonic.  The 
transform  with  the  area  73  (see  fig.  12)  can  also  be  used  to 
obtain  inversions  to  equation  (129)  under  conditions  such  as 
those  imposed  in  the  development  of  equations  (127) 
and  (128). 


DISCUSSION  OF  INVERSION  OF  SUPERSONIC  SOURCE  AND  DOUBLET 
EQUATIONS  FROM  A PHYSICAL  BASIS 

Each  of  the  above  examples  used  to  illustrate  the  applica- 
tion of  the  null  transform  method  to  the  inversion  of  double 
integral  equations  represents  the  solution  of  a class  of  super- 
sonic problems.  However,  most  of  these  solutions  are  well 
known  and  were  originall}’’  obtained  by  reasoning  that  was 
suggested  by  knowledge  of  the  physical  structure  of  the* 
problem.  For  example,  the  reciprocal  relation  between  the 
source  and  doublet  integral  equations 


(r,  s) 


— 1 
TtMq 


'iVui^uSi)  dvidsi 


Wu  (r,  s) 


-Mo 

47T 


_r  T <Pujri,Si)dridsi 

J’-o  J [(^— ?-i)(s— s,)]®'* 


(132) 


when  considered  with  respect  to  the  area  tq,  has  a simple 
physical  meaning.  definition  tq  is  an  area  bounded  by 
the  Mach  forecone  and  a supersomc  leading  edge.  From  a 
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physical  standpoint  it  is  clear  that  the  flow  field  at  a point, 
aft’ected  only  b}'  a supersonic  edge,  on  the  upper  surface  of  a 
wing  cannot  be  influenced  by  the  shape  of  an}^  part  of  the 
lower  surface  of  the  wing.  In  other  words,  the  upper  and 
loAver  surfaces  are  noninteracting.  Hence,  the  upper  surface 
of  a wing  does  not  “know^^  whether  it  is  the  upper  surface  of 
a lifting  plate  that  is  supporting  loading  and  has  no  thickness, 
or  the  upper  surface  of  a wing  section  that  is  s^-mmetrical 
above  and  below  the  z=0  plane.  Thus  the  source  equation 
must  be  the  inversion  to  the  doublet  equation  and  vice  versa, 
and  from  a physical  point  of  view  the  reciprocal  relation 
given  by  equation  (132)  is  obvious. 

The  solution  to  wing  problems  involving  one  supersonic 
and  one  subsonic  edge,  giving  an  area  of  integration  for  the 
integral  equations  corresponding  to  the  area  ti  in  the  pre- 
vious discussion,  was  originally  obtained  b}-  Evvard  (see 
reference  7).  It  should  be  noted  here  that  the  inversions  to 
the  source  and  doublet  equations  (equations  (126)  and  (131)) 
considered  with  respect  to  the  area  tj,  no  longer  form  recip- 
rocal relations. 

Finally,  the  examples  presented  herein  with  regard  to  the 
mixed  type  of  problem  have  also  been  derived  (see  references 
8 and  9)  using  more  or  less  physical  arguments.  The  solu- 
tions to  these  mixed  type  problems  form  the  basis  of  a lift 
cancellation  technique  that  provides  a very  useful  extension 
of  Evvard^s  original  discovery. 

ITERATIVE  METHODS  OF  SOLUTION 

Other  types  of  plan  forms. — The  question  that  naturalty 
arises  from  a practical  viewpoint  is  how  the  source  and 
doublet  equations  can  be  inverted  when  the  area  tj  is  not  of 
the  two  special  kinds  discussed,  or,  in  other  words,  when  the 
wing  plan  forms  are  complicated  by  having  more  than  one 
monotonic  (in  the  r,  s plane)  subsonic  edge.  The  answer 
must  be  that,  unless  null  transforms  with  respect  to  these 
new  integration  areas  can  be  discovered,  the  methods  dis- 
cussed here  will  not  give  the  direct  inversion  to  the  problem. 
Several  possibilities  remain,  however,  so  that  even  when  the 
null  transform  cannot  be  found  the  concepts  of  the  residual, 
inherent  singularity,  etc.,  can  be  used  to  simplif}^,  if  not 
solve,  the  supersonic  source  and  doublet  integral  equations. 

With  respect  to  the  lift  cancellation  techniques  already 
mentioned,  references  8 and  9 outline  these  methods  in 
considerable  detail  and  show  how  they  can  be  applied  to  find 
the  loading  on  wings  in  regions  affected  by  two  or  more 
subsonic  edges. 

Regions  influenced  by  multiple  reflections  of  Mach 
waves. — A more  direct  example  of  how  some  of  the  concepts 
presented  heretofore  can  be  applied,  even  when  the  null 
transform  is  not  available,  is  given  b}^  considering  the  fol- 
lowing problem:  Find  the  loading  at  the  point  (x,  y)  on  the 
flat  wing  tip  shown  in  figure  14.  If  the  r,  s coordinate  sys- 
tem is  used  and  the  operator 

r r ds, 

J/2*wVr^/*2  \^r2'^i>sjjh(r)^/s  — s2 

(where  the  area  of  integration  is  region  4 in  fig.  14  (b))  is 
applied  to  the  doublet  equation  (equation  (82)),  two  results 


Vb 


(b)  n,  5i  plane. 

Fkiure  14.— Tip  of  swept  forward  wing  and  regions  of  integration. 

can  be  anticipated:  One,  since  the  loading  off  the  wing  is 
zero,  the  residual  will  be— 27rj34t„(7’,s) ; and  the  other,  the  trans- 
formed integral  with  the  (in  the  notation  of  equation 
(124a))  integration  performed  first,  is  zero  for  all  points  ri,Si 
lying  in  regions  2 and  4 in  figure  14.  These  results  follow 
directly  from  the  discussion  presented  above  in  case  3 of 
the  similar  integral  transform  applied  to  the  doublet  equation 
(equation  (122))  with  the  ti  area.  Without  proceeding 
further,  therefore,  it  is  apparent  that  the  original  integral 
equation  has  been  reduced  to:  (1),  an  integral  of  the  known 
function  Wu  over  region  4 in  figure  14;  and  (2),  an  integral  of 
the  unknown  function  (p^  over  the.regions  1 and  3 in  figure  14. 
(It  can  be  shown  that  the  integration  over  region  3 will  also 
vanish.)  But  regions  1 and  3 are  ahead  of  the  Mach  forecone 
from  (r,^)  Hence,  by  repeating  the  above  process  for  regions 
farther  and  farther  up  (toward  the  origin)  the  wing,  the 
problem  must  eventually  be  reduced  to  one  of  finding  the 
solution  for  an  area  such  as  ti;  in  other  words,  to  a problem 
involving  only  two  edges,  one  subsonic  and  one  supersonic. 
Since  the  latter  problem  is  solved,  the  one  considered  in  this 
section  is  also  (theoretically  at  least)  solved. 

Triangular  plan  form  with  subsonic  leading  edges. — As  a 
final  exemplification  of  the  preceding  concepts,  consider  the 
problem  of  finding  the  loading  on  a flat  triangular  wing  fly- 
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ing  at  a supersonic  speed  but  wdtli  both  leading  edges  sub- 
sonic (see  fig.  15).  To  the  supersonic  doublet  equation 
(equation  (82))  apph-  the  integral  transform 


— 1 
ttMo 


1 

— ^2)  (s  — So) 


where  the  area  of  integration  is  region  4 in  figure  15(b). 
There  results 


-1 

ttMo 


{T2,  ^2) 

V(^“ ro)  (s  — S2) 


1 

47t2 


[dr,  [ 

J»hi  Jr  In  J J 


<Pu{rv,  S|)  di\dsi 

</(r-r,)  (s-s,)  ((r,-r,) 

(133) 


Ns'liere  r.(/;;  st^)  is  the  original  area  of  integration  as  shown  in 
figure  15(a).  Since  w„  is  a constant  equal  to  — Vo®,  the  left- 
hand  side  of  equation  (133)  becomes 

^:VH)F0 


(a)  X),  ill  plane. 

(b)  r;,  plane. 

Figure  15.— Integration  areas  for  triangular  wing. 


where  n = {\+infi)l{l—in^),  m being  the  slope  of  the  leading 
edge  in  tlie  x,y  plane.  Inverting  the  order  of  integration 
and  evaluating  the  residual,  one  finds  that  equation  (1.3.3) 
can  be  wTitten 


<Pu  {r,  s)  = 


irMo 


) 0 m}  r r fu{r\,  Si)dridsi 

V(i--)  (;-'■) 

(135) 

where  is  the  area  shown  as  region  1 in  figure  15(b). 

Equation  (135)  is  not,  of  course,  the  inversion  of  the  super- 
sonic doublet  equation  for  the  triangular  flat  plate.  In  fact, 
it  simply  represents  the  transformation  of  the  doublet  equa- 
tion, which  is  a singular  integral  equation  of  the  first  kind, 
to  a singular  integral  equation  of  the  second  kind.  How- 
ever, this  latter  form  has  the  advantage  that  it  is  readily 
susceptible  to  the  process  of  iteration.  Thus,  in  the  par- 
ticular case  of  equation  (135),  it  is  possible  to  take  as  a first 
approximation  to  <pu  the  value 


and,  as  tl»e  second,  the  value 


(136) 


,_if  f V(’''-7)(»--7)*'-‘*‘' 


and  so  on.  By  means  of  the  substitutions 


(137) 


S+^’MPl  + So-i  'I 
1+Pi  + o’i  I 


M«i  = 


?'+?’Pi+SMq-i 

1+pl  + t^l  J 


(138) 


the  double  integral  in  the  equation  for  ^3  can  be  evaluated. 
Thus,  after  some  manipulation,  one  finds  ' 


(r-rO  (*-»,)  .^(r-»,)(l-r,) 

= 2T[2E,^{l-k,^K^]-7r^  (139) 

where  Ki  and  Ei  are  complete  elliptic  integrals  of  the  first 
and  second  kinds,  respectively,  with  moduli  ki  — ll^i.  Using 
the  identity 

‘ Notice  that  the  area  of  integration,  i.  e.,  the  area  i-j,  is  bounded  by  the  lines  which  represent 
the  four  roots  to  the  radicals  in  the  integrand.  Notice  also  that  the  value  of  thie  double  integral 
w independent  of  r and  $ and  depends  onJy  on  the  parameter  n,  the  slope  of  the  leading  edges 
in  the  r,3  plane. 
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2E 

1 +W1/3 


(140) 


where  E has  the  modulus  and  returning  to 

the  Cartesian  coordinate  system,  one  finds  for  the  values 
ot  (pi  and  <p2f 


^ 4 Vpa 


(141) 


<P2- 


4 Vpa 
Tr{l+mP) 


4E  1 

r(l+mi3)J 


(142) 


The  process  of  iteration  could  be  continued,  and  would 
be  expressed  as  an  infinite  series  of  terms  containing  the 
parameter  mfi.  However,  since  the  terms  in  the  series 
expansion  are  all  independent  of  x and  y,  or,  in  the  character- 
istic system,  of  r and  s,  it  is  more*  eflScient  to  vnite  (p  in  the 
form 


RECTANGULAR  WING  WITH  BICONVEX  SECTION 

Consider  a rectangular,  nonlifting  wing  with  a chordwise 
section  given  everywhere  by  the  equation 

Of 

>^u{x,y)=—^{c-2x)  (147) 

C 

where  X„  is  the  slope  of  the  upper  surface,  c is  the  chord,  and 
t is  the  maximum  tliickness.  The  equation  for  the  pressure 
on  the  surface  of  such  a wing  will  change  form  in  each  of  the 
four  regions  indicated  in  figure  16.  In  region  1 the  pressure 
is  the  same  as  for  a two-dimensional  wing  with  the  same  sec- 
tion, and  the  remaining  regions  contain  the  tliree-dimensional 
or  tip  effects. 


v; 


f \ A U M^A-ylm'^x'^—y'^  m a^\ 

= (143) 

and  determine  the  magnitude  of  A by  substituting  this 
expression  into  equation  (135).  There  results  the  equality 

._4Foa  A f 4^irE 

irMfl  ir^\l  + W/3  ^ ) 


from  which  it  can  be  shown  that 


MoE 


(l+m/3) 


(144) 


Finally,  therefore,  the  velocity  potential  on  the  upper 
surface  of  a triangular  wing  with  subsonic  leading  edges 
can  be  written 


Section 

view 


<Pu{x,y)= 


Fo« 

E 


■yjm'^x'^—y^ 


(145) 


r — ' — 1 

Figure  16.— Rectangular  nonlifting  wing  with  biconvex  section. 


and  the  familiar  expression  for  the  loading  coeflBcient  (see, 
e.  g.,  reference  10)  follows  immediately 


Ap_  4am^x 
S E'yjm'^x'^^y^ 


(146) 


The  purpose  of  examining  this  particular  problem  was 
not,  of  course,  to  obtain  the  solution  presented  as  equation 
(145)  or  (146),  since  that  solution  is  by  now  quite  well 
known.  Rather,  the  purpose  was  to  show  how  the  super- 
sonic doublet  equation  could  be  transformed  to  a singular- 
integral  equation  of  the  second  kind  and  how  this  equation 
could,  in  turn,  be  solved  by  applying  an  iteration  process. 
Such  a method  has  far  more  general  applications  than  are 
given  here  and  is  by  no  means  limited  to  problems  in  which 
the  flo^v  is  conical  or  quasi-conical. 


PART  IV— APPLICATIONS 

DIRECT  PROBLEMS 

The  following  three  examples  will  serve  to  illustrate  how 
the  formulas  derived  in  Part  I can  be  used  to  solve  the  direct 
•problems  outlined  in  Part  II.  The  applications  will  be 
limited  to  supersonic  flow  problems. 


The  equation  for  pressure  coefficient  on  the  wing  can  be 
determined  from  either  equation  (76a)  or  (76b).  Equation 
(76a),  for  example,  becomes  for  region  1 

^2  f {c-2xi){x  — xi)dxi-^  ^ ^ 

pc  7TC  Jo  ^0 

From  the  result  given  as  equation  (17),  it  is  apparent  that 
the  integral  term  is  zero  and  the  pressure  coeflScient  in  region 
1 of  figure  16  is  simply 

(c  2x)  (148) 

One  can  easily  show  that  equation  (76b)  yields  the  same 
result. 

The  evaluation  of  pressure  coeflScient  in  regions  2,  3,  and  4 
can  be  carried  out  in  a similar  fashion.  A slightly  different 
approach  can  be  used,  however,  that  is  useful  in  obtaining 
results  in  this  and’ similar  problems.  Consider  a wing  with 
regions  as  shown  in  figure  17.  Regions  a,  b,  and  c include 
all  the  area  ahead  of  the  line  Xi—x.  It  is  obvious  that  Tq  is 
a pure  real  number  for  all  x^,  yx  inside  region  b (i.  e.,  inside 
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Vo 


the  forecone  from  x,  y)  and  a pure  imaginary  number  for  all 
Xij  yi  inside  regions  a and  c’  Further,  it  is  clear  from  physical 
considerations  that  is  always  real  on  the  wing  plan  form. 
Hence,  if  the  symbol  is  introduced  to  represent  the  com- 
bined area  in  regions  a,  b,  and  c,  the  area  r in  equations  (76) 


can  be  replaced  by  the  area  r<  and  the  real  part  of  the  result 
will  be  the  correct  answer  for  the  pressure  coefficient.® 

By  means  of  this  concept,  pressure  coefficient  for  all 
points  on  the  wing  can  be  written  in  the  form 


OAx,y)=^,  (c-2z)-^,  dy, 


(c~2xi)  (x~Xi) 


or,  alternatively. 


(149) 


0.(x,y)=-^  R.P.  r dy,  -f'  dx,  (150) 

'"t'  J —a  Jo  ^0 

where  the  letters  R.  P.  indicate  that  the  real  part  of  the  inte- 
gral is  to  be  taken.  Evaluating,  for  example,  the  former 
equation  one  finds 


C 


«’  = i^(c- 


-2x)  +— ,R.P. 


[- 


c— 2x 


arc  cos 


P(.s—y) 


2(y-s)  arc  cosh 

arc  cos  2(i/+s)  arc  cosh  ^ .I 

p X ' /3(?/+s)J 

(151) 

The  real  and  imaginary  parts  of  the  arc  cosine  and  arc  cosh 
terms  in  this  equation  are  given  in  the  following  table  for 
all  real  values  of  the  argument. 

* The  areas  d and  e could  also  be  included  in  the  definition  of  n since  ro*  is  imaginary  within 
these  regions  also.  However,  region  f must  not  be  included  since  there  the  term  is  again 
real.  The  definition  of  r<  adopted  is  usually  the  most  convenient. 


Range  of  x 

-l>x 

i<* 

arc  cosh  x=  - ■■  ■ - 

tV+arc  cosh  (— x) 

i arc  cos  x 

arc  cosh  x 

n di 

arc  cos  x=  1 

Jx  V1-/2 

TT—i  arc  cosh  (— x) 

arc  cos  x 

i arc  cosh  x 

p dt 

arc  sin  x=  1 — = - 
Jo 

— arc  cosh  (—x) 

arc  sin  x 

i arc  cosh  x 

Equation  (151)  contains,  at  once,  the  entire  solution  to  the 
wing  shown  in  figure  16.  Thus,  in  region  1 none  of  the 
terms  in  the  braces  has  a real  part.  Hence,  equation  (148) 
follows  immediately.  In  region  3 the  solution  can  be 
written 

' 2^(l/+«)  arc  cosh 

The  solution  in  region  2 follows  from  the  one  given  in  region 
3 by  sjonmetr}’^;  and,  finally,  the  expression  for  the  pressure 
coefficient  in  region  4 is  given  by  equation  (151)  wffierein 
ever^’^  term  is  real. 

DRAG  REVERSIBILITY  THEOREM 

The  w^ell-knowm  theorem  that  the  drag  of  a symmetrical 
sharp-edged,  nonlifting  body  is  the  same  in  forward  and 


reversed  flight  at  the  same  speed  (see  references  11  and  12^^ 
can  be  derived  in  another  \vay  using  the  methods  described 
in  the  above  sections. 

By  definition,  drag  coefficient  is 

CD=^jj2\u{x,y)Cp{x,y)dxdy  (152) 

s 

where  S is  the  area  of  the  w^ing.  Using  the  real  part  concept 
outlined  in  the  discussion  of  the  preceding  example,  one  can 
wTite 

JJ K(X,  y)  dx  dy  R.  F.j  dy,  J-  dx, 

(153) 

The  equation  for  the  drag  coefficient  in  reversed  flight  can  be 
obtained  by: 

1.'  Replacing  the  area  by.Tu  wffiere  Tf  + r«  = S 
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2.  Rotating  tlie  axial  SA^stem  in  the  xy  plane  through  180“^ 

3.  Reversing  the  signs  of  X„(x,  y)  and  \u{^u  V\) 

There  results 


=^J  J K{X,  y)dxdy^.?.  dy,  -j-dx, 

^ f154) 


Subtracting  equation  (154)  from  (153)  gives 

Oa_(7z>.=^R.P.J 


ttS 


R.P.J'd^  j* dxj^dyi-y 


dx 


XiK{xuyi)Kjx,y) 

Vq^ 


(155) 

Since  tlie  SA^mbols  Xi,  y^,  x,  y are  dummy  variables  of  integra- 
tion, the  last  term  in  equation  (155)  can  be  vu-itten 


^ R.F.  [ dv.jdx.ji,  £dx  »') 

But  reversing  the  operators  jTdyifdxi  and  f dyj'dx  (always 
preserving  the  same  order  within  the  operation)  and  sub- 
tracting gives 

^dy,^dx,^dy-^-^dx  = 


since  the  residual  is  zero.  Hence,  the  second  term  in  equation 
(155)  is  the  same  expression  as  the  first  except  for  the  sign  and 


or 

Cd—Odj.  ' (Ififi) 

as  was  to  be  shown. 


LIFT  ON  WINGS  WITH  SUPERSONIC  EDGES 


The  lift  on  any  wing  can  be  written 


Moreover, 


(157) 


where  T.  E.  and  L.  E.  denote  the  trailing  and  leading  edges, 
respective!}^,  and  v?i'.e.  is  the  value  of  the  A^elocity  poten- 
tial on  the  upper  surface  of  the  wing  at  the  trailing  edge. 

Consider  now  a wing  with  all  edges  supersonic  and  a 
straight  trailing  edge  not  necessarily  at  right  angles  to  the 
free-stream  direction  (see  fig.  18).  Let  the  wing  be  a plate 
having  arbitraiy  twist  and  camber.  Then,  for  a point  on 
the  wing,  the  velocit}^  potential  can  be  written  in  the  x,  y 
coordinate  system  on  the  basis  of  equation  (121)  as 


Y C f '^^ujxuVddxidy, 

r ■ ’Jr,- j y(a;_a;,)2_|32(2/— 2/i)2 


(158) 


Vo 


where  t^,  as  in  the  previous  examples,  is  the  area  on  the 
wing  ahead  of  the  line  Xi=x.  If  the  equation  of  the  trailing 
edge  is 

Xi=a+2/i  ^ 

where  a is  some  constant,  the  value  of  the  potential  at  the 
trailing  edge  can  be  written 


Wu  (xi,yi)dxidyi 


^Ka  + y tiin  A- XiY— 13^ (y  — yiY 


(159) 


where  the  area  of  integration  is  the  Avhole  wing  plan  form 
since  the  trailing  edge  of  the  wing  is  supersonic  and  the 
aftercone  from  the  point  at  which  <pt.  e.  is  being  evaluated 
cannot  intersect  the  wing.  The  total  lift  L on  the  wing  can, 
therefore,  be  written  in  the  form 

P rr {XuyQdxidy, 

g 7T Fo  J^J  -\lia-\-y  tan  A— X])^— j3^(y— 

(160) 

The  area  S does  not  depend  on  i/,  so  the  y integration  can 
be  made  first  and,  since  the  edges  are  all  supersonic,  the 
interval  S\<y<S2  must  always  contain  the  roots  Xi  and  X2 
of  the  expression  under  the  radical.  Hence 


R 


dy 


and  since 


then 


.P.  p'  

V(i3^— tan^A)(Xi  — 7/)0/  — X2) 

Jxi  — 7/)(y  — X2) 

dy 

V(^i— 1/)(2/— 


-4 


g tan^A 


(161) 


Defining  the  average  angle  of  attack  a bj’’  the  expression 


_ If  ('—Wu{xijy{)dXidyi 


(162) 
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one  can  write  equation  (161)  in  the  alternative  form 


4a 

tan^ 


A 


(163) 


It  is  interesting  to  notice  that  the  lift  coefficient  for  the 
wing  just  studied  is  the  same  as  that  for  a two-dimensional 
flat  plate  fl}dug  at  an  angle  of  attack  a into  a free  stream, 
the  speed  of  which  is  given  by  the  component  of  velocit}^ 
normal  to  the  trailing  edge  of  the  three-dimensional  ^ving. 
This  result  has  been  derived  previousl}^  in  reference  13. 


INVERSE  PROBLEMS 

LOW- ASPECT-RATIO  RECTANGULAR  WING 

It  will  be  noted  in  the  summary  of  results  for  the  funda- 
mental formulas  applicable  to  supersonic  flow  (equations 
(75)  thiuugh  (82))  that  the  results  are  presented  for  both 
orders  of  integration  in  the  x,  y coordinate  system.  While 
the  anal^^sis  of  direct  problems  can  be  carried  out  in  all 
cases  if,  sa}^,  the  Xi  integration  is  always  performed  first,  it 
may  sometimes  be  more  convenient  to  perform  the  yi  inte- 
gration’first.-  '.Im  the  analysis  oh  inverse  problems,- however,  * 
it  is  much  more  important  that  freedom  exists  in  the  choice 
of  the  first  variable  of  integration.  A good  example  of  this 
is  provided  by  the  following  approximate  derivation  of  the 
loading  on  a slender  (in  the  streamwise  sense)  rectangular 
flat  plate. 

considering  .the  special  case  Avhen  the  wing  chord  is 
long  compared  to  the  span,  one  can  obtain  an  approximate 
solution  for  the  slender  flat  plate  by  assuming  the  loading 
coefficient  has  the  form 


H— H- 


riGURE  19. — Integration  area  for  slender  rectanguJarlwing. 


Introduce  the  notation 

e,=^,  e=-,  ko=e-e, 

S S d—di  ^ 


(164) 


where  s is  the  semispan  (see  fig.  19)  and/(a:/s)  is  an  unknown 
function.  The  function  / is  to  be  determined  by  the  con- 
dition that  Wu  is  constant  along  the  center  line  of  the  wing. 
If  the  solution  to  such  a problem  is  to  be  determined  b^’’  use 
of  the  doublet  or  vortex  equation,  it  is  obviously  important 
that  the  first  integration  be  made  with  respect  to  iji  since 
the  variation  of  Ap/g  with  yi  is  known. 

Since  Ap/q  is  given,  let  the  vortex  equation  be  used  and 
let  equation  (164)  be  placed  into  (77a).  For7/=0  (and  for 

added  simplicity  for  ^ = 1)  the  area  r is  shown  b\'  the  shaded 
area  in  figure  19  and  the  resulting  equation  can  be*  written 
for  x^$ 


w 


X*  ^ki■-{y,|sy  ,«r/  w/a:.\  , 

J...  (v) 


Vl-(y./s)^ 

T (x-x,)  yi\l(x—XiY—y{' 
for  0<Ca:<(s 


dyi 


dyi 


and  these  equations  become,^  since  a^—iOujVQ, 
for  0<^-^l 


!=/(<?)+-  hBoJ{e,)de,  (165a) 

^ Jo 

for  K^B 

1 f k^,f{e;)de,-\--  f"'  Ejiedde,  (i  65b) 

^Je-1  ttJo 

Equations  (165)  are  integral  equations  of  the  second  kind 
(more  specificall}^,  Volterra's  integral  equations  of  the  second 
kind)  and  the  kernels  are  regular  and  bounded  ever\^vhere 
in  the  interval  of  integration.  Hence,  their  solution  can  be 
determined  readil}^  by  numerical  processes.  This  has  been 
done  and  the  result  in  terms  of  the  loading  coefficient  on 

the  center  line  ^from  equation  (164)  =4/ 

is  shovTi  in  figiu'e  20. 

For  the  purpose  of  comparison,  the  exact  linearized  value 
also  is  shown  in  the  interval  where  it  is  known,  together 
with  another  approximate  solution  obtained  b}^  Stewartson 
(reference  14)  using  a different  approach.  Near  the  leading 
edge,  where  the  comparison  with  the  exact  results  can  be 
made,  the  agreement  between  the  exact  and  approximate 
solutions  obtained  herein  will  be  poorest  because  in  this 
region  the  spanwise  variation  deviates  most  radically  from 
the  value  assumed  in  the  construction  of  the  integral  equation. 


* The  symbols  B and  E indicate  elliptic  integrals.  See  the  table  of  symbols. 
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6.0 
4.0 

W«/o 

0 

-e.o 

i 

x/s 

Figure  20. — Load  coeflacient  for  unit  angle  of  attack  along  center  line  of  rectangular  wing. 


CONICAL  AND  QUASI-CONICAL  FLOW 

Equation  (108)  and  its  solution,  equation  (111),  occur 
repeatedly  in  the  study  of  aerod^mamics.  In  fact,  equation 
(108)  is  often  referred  to  as  the  airfoil  equation  since  it 
plays  a dominant  role  in  the  development  of  linearized, 
two-dimensional,  subsonic  wing’ theory.  It  appears  also  in 
the  study  of  slender  wings  (reference  15)  or  wings  flying  at 
near  sonic  speeds  (reference  16)  since  the  boundary  condi- 
tions lead  again  to  the  required  inversion  of  the  same  type 
of  integral  relationship.  In  the  present  section,  problems 
arising  in  supersonic  conical  or  quasi-conical  flow  fields  will 
be  reduced  also  to  this  basic  equation. 

Several  methods  exist  whereby  the  solution  to  conical  flow 
problems  can  be  determined.  The  one  to  be  studied  here  is 
based  on  the  construction  of  conical  elements  extending 
radially  from  the  apex  of  the  field  and  inclined  at  an  angle 
arc  tan  m to  the  x axis  (see  fig.  21(a)).  In  order *to  obtain 
such  an  element  it  is  sufficient  to  subtract  two  plan  forms 
of  prescribed  loading  or  thickness,  each  plan  form  having  one 
side  directed  along  the  x axis  while  the  other  sides  are  inclined 
at  angles  that  differ  only  infinitesimally. 

Consider  first  the  construction  of  a quasi-conical, radial, 
lifting  element  that  carries  a load  given  by  the  expression 


^=6'r  , (166) 

where  G is  a constant.  The  upwash  field  of  a triangular 
plan  form  such  as  the  one  shown  in  figure  21  (b)  can  be  found 
by  integrating  elementary  horseshoe  vortices  over  the  appro- 
priate area  r.  . Thus,  using  equation  (77b),  performing  an 
integration,  and  making  the  substitutions 

r)=Pylx,  7n=PyJx  (167) 


Vo 


V 


Vo 


Vt 


(a)  Lifting  element. 

(b)  Triangular  wing. 

Figure  21. — Construction  of  conical  eleJment. 


Equations  (168)  can  be  written  in  the  functional  notation 

W„=/(0,  r,) 

It  follows  that  if  the  analysis  were  repeated  for  a wing  with 
a slightly  larger  apex  angle,  there  would  have  resulted 

‘Wu=f(8+Ad,  v) 


one  finds  the  result 


Va:/  Fo  4irJo 


pCX—e 
4ir  Jo 


Vi‘dvi 

in-vd^\V  ej 

Vi'dvi  //, 


iv-v^y,o<e,  n<e 

(168a) 

(»?-r).)^0<e, 

(168b) 


Subtracting  these  two  expressions  for  gives  the  increment 
in  vertical  induced  velocity  due  to  a quasi-conical  element 

dw„=lim  dd  (169) 

Carr3dng  out  the  operation  indicated  by  equation  (169), 
making  the  substitution 


*0  A conical  field  is  defined  as  one  in  which  the  induced  velocities  are  constant  along  rays 
through  a point.  In  the  subsequent  analysis  this  corresponds  to  the  case  when  /c=o.  Quasi* 
conical  fields  are  those  in  which  k is  greater  than  zero. 


T7i=0 


'n—t 

e-t’ 


t=e 


y—vi 

6—7)1 
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and  distributing  these  elements  between  di  and  6o  with 
weight  0(0),  one  can  finally  show  that  the  equation 


(f)'  T.-- 


applies  where 


H(0,  >»)= 


’ (v-t)\fT^t^ 
(6-ty^H 


dtj  $1  ^ 6<^7i 


The  function  H{0,  77)  has  a simple  pole  at  0=77  and  the 
integral  expression  for  is  therefore  evaluated  as  a Cauch}^ 
principal  part. 

The  boundary  condition  to  be  satisfied  by  equation  (170) 
is  that  Vo  is  a given  pol^momial  of  degree  k in  the 

variable  77.  Hence,  equation  (170)  is  a singular  integral 
equation  with  a pole  of  the  same  order  as  that  in  the  airfoil 
equation.  In  its  present  form  the  equation  appears  some- 
what formidable,  but  it  can  be  simplified  considerably  by  a 
simple  operation.  Since  ^•‘Wujx'^Vo  is  a polynomial  of  degree 
K,  it  follows  that  the  (K-t-l)®‘  derivative  of  the  right-hand 
member  of  equation  (170)  must  vanish.  Thus,  using  the 
concept  of  the  generalized  principal  part,  one  has 


n J«i 


(171) 


which,  by  definition,  can  be  put  in  the  form 


t«u/vb 

wu!Vo=-ax 




(a)  Wing  plan  form. 

(b)  Load  distribution  at  1=1. 

Figure  22.— Load  distribution  on  triangular  wings  with  specified  twist. 


.^vJ  Jh  0—v 


The  function  0‘‘C(0)  is  therefore  to  be  found  through  the 
inversion  of  the  integral  equation 


0^0  (0)  de 

0—rj 


1=0 


(172) 


But  equation  (172)  is  precisely  the  airfoil  equation  and  its 
solution  is  given  by  equation  (111).  Hence, 


0'‘C(0)-- 


^V(»o-o)(fl-«.) 

so  that,  finally. 


'^a<vSK0o—v)(v  — 0i) 


1-V 


' drj 


(173) 


bid* 


(174) 


where  the  coefiBcients  hi  are  functions  of  the  constants  Bo  and 
Bx  but  not  of  B,  These  coefiBcients  must  be  determined  from 
known  conditions  about  the  surface  geometry’’ . 

Consider  the  un^^awed  (i.  e.,  Bx——Bo)  triangular  wing 
shown  in  figure  22.  If  the  loading  is  to  be  determined  on  a 
flat  plate  with  such  a plan  form  ^’'WuIx'^Vo  becomes  — a, 
and  equation  (174)  reduces  to 


Ap  bo-\-biB 


(175) 


By  symmetry,  the  coefiBcient  bi  in  equation  (175)  must  be 
zero  and  6q  can  be  evaluated  by  placing  equation  (175)  into 
(170)  and  integrating.  There  results  the  solution  for  the 
pressure  coefiBcient  shown  in  figure  22  where  a=a  and  already 
presented  as  equation  (146). 

One  can  go  on  to  show  that  if,  as  for  a wing  pitching  about 
the  apex  at  a rate  Q,  (see  reference  18), 


then 


Ap_ 


Wu  = — Qx, 
4:XQ 


X^Vo 


K=1 


2Bo^-B^ 


VoP^f07^  r 0q^K  l-2go»  -| 

ll-0,^+ 1-0,^ 


(176) 


(177) 


where  the  complete  elliptic  integrals  K and  E have  a modulus 
equal  to  k = ^jl  — Bo.  Further,  if 

» K=2  (178) 

then 


a /3  V/sl 

( [20o^K-(l  + 0o^E]  + [-(3-0o^K+ii-20o^E]0^  _ 

|[-5<?o"ZH80o"(l  +0o^KE+(W-lW+i)E^]  ^J^-0\ 

(179) 
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where  — {=: is  the  modulus  of  the  com- 

plete elliptic  integrals.  These  solutions  are  all  shown  in 
figure  22,  where  in  one  case  a=QIVo  and  in  the  other  a= 

If  the  function  P'^wJx^Vo  is  discontinuous  but  a polynomial 
in  each  interval  of  continuity,  the  solution  given  as  equation 
(173)  still  applies.  For  example,  consider  the  case  when 
K~0  and  wJVq  is  a constant  that  changes  sign  in  cross- 
ing the  X axis.  (See  fig.  23.)  For  simplicity  let  6i=  — 6o,  then 
b}’’  equation  (173) 


K=0 


(180) 


' Figure  23.— Loading  on  differentially  deflected  triangular  plate. 


- Again,  as  in  the  development  of  equation  (175), 


Ap  bQ-\~b\6 
2 


(181) 


Now,  however,  the  solution  must  exhibit  odd  symmetr}-  and 
the  constant  6q  is  zero.  The  constant  bi  can  be  evaluated  by 
substituting  equation  (181)  into  equation  (170).  There 
results,  finally, 

Ap_  886,6 

2 


This  solution  is  shown  graphically  in  figure  23. 

The  methods  described  above  can  also  be  applied  to  prob- 
lems involving  wings  with  thickness  and  without  lift.  In  these 
cases  one  constructs  a radial  element  emanating  from  the 
origin  and  possessing  a quasi-conical  thickness  distribution 


dzu 

dx 


(183) 


The  derivation  of  the  induced  pressure  field  associated  with 
the  element  folloAvs  closeh^  the  analj^sis  in  the  lifting  case. 
First  a triangular  plan  form  is  considered  with  one  side  hav- 
ing the  slope  m and  the  other  parallel  to  the  free-stream 
direction.  The  thickness  is  assumed  to  have  the  form  given 
by  equation  (183)  . so  that  the  pressure  coefficient  can  be 
obtained  from  the  equation 


(x  — xi)dxi 

Jr[(x-x,y-p^y-ydT^ 


(184) 


Make  the  same  notational  changes  as  in  the  analysis  of  the 
lifting  case;  construct  the  element  by  taking  the  partial  de- 
rivative with  respect  to  6;  and,  finally,  distribute  weighted 
elements  over  the  wing  plan  form  b}^  making  C a function  of 
6 and  integrating  with  respect  to  $ between  the  limits  6i 
and  ^0.  There  results 


where 


(185) 


The  boundary  conditions  require  (PlxYCp  to  be  a poly- 
nomial of  degree  Kin  ,tj.  If  the  (ac+1)®^  derivative  of  equa- 
tion (185)  is  set  equal  to  zero,  the  relation 


9'‘C{e)dd/  c)  1 n^d^^C{6)dd 

Jh  \^V/  (k+1)^  Jsi  6—7} 


(186) 


results.  The  function  C(^)  satisfies  the  same  integral  equa- 
tion that  arose  in  the  lifting  case,  and  the  solution  can  there- 
fore be  written  immediately  in  the  form 


x.=rcw-(|)  s 


b(d‘  ' 


(187) 


Again  the  coefficients  bi  must  be  determined  from  loiown 
conditions  about  the  surface  geometr}^. 

Consider  first  the  case  when  the  pressure  is  constant  over 
an  unyawed  triangular  plan  form  as  in  figure  24.  Thus 

K=0  (188) 


and  {bi  being  zero  by  symmetry) 


dZu ^0 

dx  ”Vi9o2-  02  . 


(189) 


Evaluating  the  constant  bo  by  substituting  equation  (189) 
into  (185),  it  can  be  showm  that  the  surface  ordinate  is 


_ (1-QCp, 

“ 2m\K-E) 


(190) 


where  the  modulus  of  if  and  E is  — Tliis  result, 

wliich  is  the  equation  of  an  elliptical  section,  is  shown  in 
figure  24. 
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Vo 


z 


tt 


(a)  Triangular  wing  with  subsonic  edges. 

(b)  Section  A A for  Cp  constant. 

(c)  Section  A A for  Cp  varjing  linearly  with  x. 

Figure  24.— Symmetricjil  triangular  wing  with  specified  pressure  distributions. 


Finally,  consider  an  iinyawed  triangular  wdng  for  which 
the  pressure  varies  linearh^  in  the  x direction.  For  such  a 
case 

Gv={0,^)x,  K=1  (191) 

and  (6i  again  being  zero  by  symmetrAO 


_dzu_x  60+62^* 
““  dx 


(192) 


from  which  it  immediately  follows  by  integration 

^ ^ 2^^m-  (^o+2/3-m^62)  arc  cosh  ~ 

,(193) 

Placing  equation  (192)  into  (185)  and  integrating,  one  can 
eventually  show 


O 

{ hm^E{^-d,^]+h,m+d^)K^2e,^E] } 

(194) 

It  is  immediate^  apparent  that  the  wing  shape  required  to 
support  a linear  pressure  gradient  in  the  x direction  is  not 
unique,  that  there  are,  in  fact,  an  infinite  number  of  shapes 
that  ydll  induce  the  same  pressure  distribution.  (The  con- 
verse, however,  is  not  true.  That  is,  a given  shape  has  only 
one  possible  distribution  of  pressure.) 

Squire  (reference  17)  considered  the  thickness  distribution 
that  is  obtained  by  neglecting  the  arc  hyperbolic  function  in 
equation  (193).  His  result  corresponds  to  .the  case  >vhen  6q 
is  —2/3W62  and  can  be  vTitten  specifically 

(195b) 


where  6o/j3‘  can  be  related  to  the  thickness  chord  ratio  of  the 
wing  and  the  apex  angle.  Figure  24  shows  how  equation 
(194)  can  be  used  to  obtain  several  triangular  wing  shapes 
all  having  the  same  linear  pressure  distribution.  (It  is 
interesting  to  note  that  no  combination  of  60  and  exists 
that  will  give  a real  wing  shape  with  zero  pressure  coefficient 
since  the  resulting  negative  ordinates  would  require  the 
surface  to  cross  itself.) 


Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  Oct.  16 ^ 1950. 
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COMPARISON  OF  THEORETICAL  AND  EXPERIMENTAL  HEAT-TRANSFER  CHARACTERISTICS 

OF  BODIES  OF  REVOLUTION  AT  SUPERSONIC  SPEEDS  ^ 

By  Richard  Scherrer 


SUMMARY 

An  investigation  oj  the  three  important  factors  that  determine 
convective  heat-transfer  characteristics  at  supersonic  speeds ^ 
location  of  boundary-layer  transition^  recovery  factor^  and  heat- 
trn.nfifcT  po.TOAYieteT  ho.s  been-  performed  at  JS.dach  Ttumbers  from 
1.49  to  2.18.  The  bodies  of  revolution  that  were  tested  had,  in 
most  cases,  laminar  boundary  layers,  and  the  test  results  have 
been  compared  with  available  theory.  Boundary -layer  transi- 
tion was  found  to  be  a^ected  by  heat  transfer.  Adding  heat  to  a 
laminar  boundary  layer  caused  transition  to  move  forward  on 
the  test  body,  while  removing  heat  caused  transition  to  move 
rearward.  These  experimental  results  and  the  implications  of 
boundary -layer-stability  theory  are  in  gualitative  agreement. 
Theoretical  and  experimental  values  of  the  recovery  factor,  based 
on  the  local  Mach  number  just  outside  the  boundary  layer,  were 
found  to  be  in  good  agreement  for  both  laminar  and  turbulent 
boundary  layers  on  both  of  the  body  shapes  that  were  investi- 
gated. In  general,  ■ values  of  the  heat-transfer  parameter 
{Nusselt  number  divided  by  the  square  root  of  the  Reynolds 
number)  as  determined  for  both  heated  and  cooled  cones  with 
uniform  and  nonuniform  surface  temperatures,  were  in  good 
agreement  with  theory.  It  was  also  found  that  the  theory  for 
cones  could  be  used  to  predict  the  values  of  heat-transfer  param- 
eter for  a pointed  body  of  revolution  with  large  negative  pressure 
gradients  with  good  accuracy. 

INTRODUCTION 

Aerodynamic  heating  of  a body  flying  at  high  speeds 
results  from  the  viscous  dissipation  of  kinetic  energy  in  the 
boundary  layer.  Although  the  viscosity  of  air  is  quite  low, 
the  increase  in  surface  temperature  due  to  aerodynamic  heat- 
ing becomes  large  at  supersonic  speeds.  At  speeds  as  low  as 
1,000  feet  per  second  under  conditions  where  the  ambient 
temperature  is  above  40°  F,  the  temperature  rise  is  suflicient 
to  make  cabin  cooling  a necessity  for  man-carrying  aircraft. 
At  higher  speeds  the  temperature  rise  can  become  large 

1 Supersedes  NAG  A RM  A8L28,  "Heat-Transfer  and  Boundary-Layer  Transition  on  a 
Heated  20®  Cone  at  a Mach  Number  of  1.53’^  by  Richard  Scherrer,  William  R.  Wimbrow,  and 
Torrest  E.  Gowen,  1949;  NACA  TN  1975,  “Experimental  Investigation  of  Temperature 
Recovery  Factors  on  Bodies  of  Revolution  at  Supersonis  Speeds”  by  William  R.  Wimbrow, 
1949;  NACA  TN  2087,  “Comparison  of  Theoretical  and  Experimental  Heat  Transfer  on  a 
Cooled  20®  Cone  with  a Laminar  Boundary  Layer  at  a Mach  Number  of'2,02”  by  Richard 
Scherrer  and  Forrest  E.  Gowen,  1950;  NACA  TN  2131,  “Boundary-Layer  Transition  on  a 
Cooled  20®  Cone  at  Mach  Numbers  of  1.5  and  2,0”  by  Richard  Scherrer,  1950;  and  NACA  TN 
■2148,  “Laminar-Boundary-Layer  Heat-Transfer  Characteristics  of  a Body  of  Revolution 
with  a Pressure  Gradient  at  Supersonic  Speeds”  by  William  R.  Wimbrow  and  Richard 
Scherrer,  1950. 


enough  to  cause  serious  structural  problems.  Although 
some  natural  cooling  by  radiation  can  be  expected,  continuous 
flight  of  airplanes  and  missiles  at  supersonic  speeds  requires 
some  form  of  surface  or  internal  temperature  control. 

Tn  orrlpr  to  design  cooling  systems  or  adequate  insulation 
for  high-speed  aircraft,  the  heat-transfer  coefficients  and  the 
reference  surface  temperature  (recovery  temperature)  must 
be  known.  The  basic  variables,  the  recovery  temperature, 
and  the  Nusselt  number  are  primarily  functions  of  Mach 
number  and  Eeynolds  number.  In  addition  to  being  influ- 
enced by  the  Mach  number  and  Reynolds  number,  the 
Nusselt  number  is  affected  by  a variety  of  other  factors,  the 
most  important  of  which  are  surface-temperature  gradients, 
longitudinal  surface-pressure  gradients,  and  body  shape. 

The  recovery  temperature  and  heat-transfer  character- 
istics of  bodies  with  laminar  boundary  layers  are  markedly 
different  from  those  with  turbulent  boundary  layers  and  for 
this  reason  the  extent  of  the  laminar-flow  region  in  the 
boundary  layer  must  be  known.  Because  the  over-all  rates 
of  heat  transfer  are,  in  general,  less  for  laminar  than  for  tur- 
bulent boundary  layers,  a body  with  a laminar  boundary 
layer  would  be  heated  less  rapidly  than  one  with  a turbulent 
boundary  layer.  This  fact  is  of  particular  importance  in  the 
design  of  very  high-speed  missiles,  and  information  on  condi- 
tions which  control  the  extent  of  the  laminar-flow  region  in 
the  boundary  layer  is  needed.  The  theoretical  work  by 
Lees,  reported  in  reference  1*  indicates  that  heat  transfer  has 
a marked  effect  on  the  stability  of  laminar  boundary  layers 
on  smooth  flat  plates;  as  a result,  it  is  expected  that  there  is  a 
corresponding  marked  effect  of  heat  transfer  on  the  location 
of  transition.  Lees’  theory  indicates  that  the  effect  of  trans- 
ferring heat  from  a surface  to  a laminar  boundary  la^^er  is  to 
decrease  the  damping  of  small  disturbances  in  the  boundary 
layer,  whereas  extracting  heat  tends  to  increase  the  damping 
of  small  disturbances.  The  theory  also  indicates  that  at 
each  supersonic  Mach  number  a rate  of  heat  extraction  from 
a laminar  boundary  layer  greater  than  a certain  value  results 
in  complete  damping  of  any  small  disturbances.  This  is  of 
importance  in  the  design  of  supersonic  aircraft  because  of  the 
possibility  of  extending  the  laminar  region  of  the  boundary 
layer. 

The  laminar  boundary  layer  in  compressible  flow  has 
proven  to  be  much  more  amenable  to  theoretical  treatment 
than  the  turbulent  boundary  layer.  For  this  reason,  a large 
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body  of  theory  exists  for  the  laminar  case  while  only  a few 
investigators  have  developed  heat-transfer  theories  for  the 
turbulent  case.  For  an  example  of  the  latter,  see  reference  2 . 

The  heat-transfer  literature  devoted  to  temperature-recov- 
ery factors,  reviewed  in  reference  3,  indicates  that  theoreti- 
cally the  recovery  factor  for  laminar  boundary  layers  is  equal 
to  the  square  root  of  the  Prandtl  number,  and,  for  turbulent 
boundary  layers,  is  approximately  equal  to  the  cube  root  of 
the  Prandtl  number.  Because  in  theory  the  recovery  factors 
at  moderate  Mach  numbers  (1.0  to  3.0)  are  largely  deter- 
mined by  the  type  of  boundary  layer,  little  variation  would 
be  expected  between  the  recovery  factors  measured  on  flat 
plates,  cones,  and  bodies  with  longitudinal  pressure  gradients. 

The  theory 'for  determining  heat  transfer  in  the  laminar 
boundary  layer  on  a smooth,  flat  plate  with  a uniform  surface 
temperature  has  been  developed  by  both  Crocco,  and 
Hantshe  and  Wendt  (reference  4).^  The  work  of  Crocco 
has  been  extended  by  Chapman  and  Kubesin  (reference  5) 
to  include  the  effects  of  nonuniform  surface  temperatures. 
The  effects  of  body  shape  and  longitudinal  surface  pressure 
gradients  on  the  heat-transfer  characteristecs  of  laminar 
boundary  layers  have  been  investigated,  theoretically  in  ref- 
erences 6 and  7.  , Because  of  the  additional  variables  con- 
sidered, the  results  of  these  two  investigations  are  complex, 
and  therefore  are  difficult  to  apply.  In  reference  8,  Mangier 
has  presented  relations  whereby  the  characteristics  of  laminar 
boundary  layers  on  any  body  of  revolution  can  be  determined 
if  the  characteristics  of  the  laminar  boundary  layer  on  a re- 
lated two-dimensional  body  are  known.  These  relations  can 
be  used  to  determine  the  heat-transfer  characteristics  of  a 
cone  from  those  of  a flat  plate,  but  beyond  this  application 
the  relations  are  somewhat  restricted  because  of  the  difficulty 
in  determining  laminar  boundary-layer  characteristics  on 
two-dimensional  bodies  with  pressure  gradients.  For  a body 
of  revolution  with  negative  pressure  gradients  (ogive,  para- 
bolic arc,  etc.)  one  can  infer  that  the  boundary  layer,  and 
hence  the  heat  transfer,  is  affected  by  two  factors  not  affect- 
ing the  boundary  layer  on  cones.  One  is  the  decreasing  rate 
of  change  of  circumference  with  length,  and  the  other  is  the 
pressure  gradient.  Since  the  effects  of  these  two  factors  on 
the  heat  transfer  tend  to  be  compensating,  it  is  possible  that 
the  theory  for  laminar  boundary  layers  on  cones  may  be  used 
to  predict  the  heat  transfer  in  the  negative-pressure-gradient 
regions  of  other  bodies  of  revolution. 

The  present  investigation  was  undertaken  to  determine  the 
applicability  of  the  available  theoretical  results  of  boundary- 
layer  transition,  recovery  factor,  and  heat- transfer  parameter. 
The  purposes  of  the  experimental  phase  of  the  investigation 
are; 

1.  To  determine  if  heat  transfer,  both  to  and  from  a sur- 
face, affects  boundary-layer  transition. 

2.  To  measure  recovery  factor  on  cones  and  on  a body 
with  a negative  longitudinal  pressure  gradient  for  both  lam- 
inar and  turbulent  boundary  layers. 

3.  To  measure  the  heat  transfer  in  laminar  boundary  layers 
on  cones  with  uniform  and  nonuniform  surface  temperatures. 

4.  To  measure  the  heat  transfer  in  a laminar  boundary 
layer  on  a body  with  a negative  longitudinal  pressure  gradient 

2 The  work  of  Crocco,  Hantsche  and  Wendt,  and  others  has  been  conveniently  summarized 
by  Johnson  and  Rubesin  in  reference  4. 


Tests  were  conducted  at  several  Mach  numbers  from  1.49* 
to  2.18  on  three  bodies  of  revolution  under  the  following 
conditions: 

1.  Uniform  surface  pressure  and  a uniform  temperature, 
heated  sui'face  (20®  cone). 

2.  Uniform  surface  pressure  and  a uniform  temperature, 
cooled  surface  (20®  cone). 

3.  Uniform  surface  pressure  and  a nonuniform  tempera- 
ture, heated  surface  (20®  cone,  modified). 

4’  Nonuniform  surface  pressure  and  a uniform  tempera- 
ture, heated  surface  (parabolic-arc  body). 

Although  the  theory  for  laminar  boundary  layers  indicates- 
no  basic  change  in  heat-transfer  processes  between  heated 
and  cooled  surfaces,  it  was  considered  desirable  to  obtain 
data  under  both  conditions  of  heat  flow  in  order  to  have  the 
comparison  of  theory  and  experiment  cover  a broad  range  of 
surface  temperature. 

NOTATION 


The  following  symbols  have  been  used  in  the  presentation 
of  the  theoretical  and  experimental  data: 

surface  area  of  an  increment  of  body  length,  square 
feet 

skin-friction  drag  coefficient  based  on  surface  area, 
dimensionless 

specific  heat  at  constant  pressure,  Btu  per  pound, 

op 


A 

a 


Cr 


g 

H 


k 


I 

M 


Nu 

V 

Pr 

Q 


Re 

Rei 


r 

s 

T 

AT 

Tr 


r,  (y^^y”)’  dimen- 


temperature  recovery  factor, 
sionless 

gravitational  acceleration,  32.2  feet  per  second 
squared 

wind-tunnel  total  pressure,  pounds  per  square  inch 
absolute 


r Q 1 


Btu 


local  heat- transfer  coefficient 

per  second,  square  foot,  ®F 
thermal  conductivity,  Btu  per  second,  square  foot, 
®F  per  foot 

total  body  length,  feet  , 

Mach  number,  dimensionless 


local  Nusselt  number 


(I)'- 


dimensionless 


static  pressure,  pounds  per  square  inch  absolute 
Prandtl  number  dimensionless 


total  rate  of  heat  transfer  for  an  increment  of  bod}' 
length,  Btu  per  second 

local  rate  of  heat  transfer,  Btu  per  second,  square 
foot 


local  Reynolds  number  dimensionless 


free-stream  Reynolds  number  based  bn  bod}^ 


body  radius,  feet 

distance  from  nose  along  body  surface,  feet 
temperature,  ®F 
temperature  increment,  ® F 

recovery  temperature  (surface  temperature  at 
condition  of  zero  heat  transfer),  ®F 
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rp  T,-|-460 

' ~r„+460 

rp  * y.-f  460 

* r,-f460 

2 theoretical  surface  temperature  for  infinite  bouncl- 

aiy-la\-er  stabilit}%  °F 

U free-stream  velocity,  feet  per  second 

V velocity  just  outside  the  boundary  layer,  feet  per 

second 

Ih  flow  rate  of  coolant,  poimds  per  second 

X distance  from  the  nose  along  the  body  axis,  feet 

X*  length  ratio  dimensionless 

M viscositj-,  pounds  per  foot,  second 

P air  densiU"^,  pounds  per  cubic  foot 

SUBSCRIPTS 

In  addition,  the  following  subscripts  have  been  used: 
fluid  conditions  m free  stream 
c coolant 

0 stagnation  conditions  in  the  free  stream 

s conditions  at  the  body  surface 

V fluid  conditions  just  outside  the  boundary  layer 

w wind-tunnel  wall 

APPARATUS  AND  TESTS 

Heat-transfer  tests  were  conducted  with  tliree  bodies:  a 
heated  20°  cone,  a cooled  20°  cone,  and  a heated  parabolic- 
arc  body.  The  two  conical  bodies  were  also  used  to  investi- 
gate the  effect  of  heat  transfer  on  boundary-layer  transition. 
The  surface  of  each  of  the  three  models  was  ground  and  pol- 
ished until  the  maximum  roughness  was  less  than  20  micro- 
inches in  an  attempt  to  eliminate  surface  finish  as  a variable 
in  the  investigation.  All  of  the  heat-transfer  tests  were  simi- 
lar in  that  measurements  of  the  test  conditions,  local  surface 
temperature  T„  and  the  incremental  rates  of  heat  transfer  Q 
were  made  with  each  body.  The  recovery  temperature,  T„ 
was  measured  in  each  set  of  experiments  with  the  test-body 
heating  or  cooling  system  shut  off  and  after  both  the  wind 
tunnel  and  surface  temperatures  had  reached  equilibrium. 
The  dimensionless  heat-transfer  parameter  {NujEe^'^  for 
laminar  boundary  layers)  was  determined  from  the  experi- 
mental data  b}’  use  of  the  following  equation: 

AUT.-T,)\p,Vs) 

WIND  TUNNEL 

The  tests  with  all  of  the  models  were  perfomied  in  the  Ames 
1-  bj”^  3-foot  supersonic  wind  tunnel  No.  1.  This  closed-cir- 
cuit, continuous-operation  wind  tunnel  is  equipped  with  a 
flexible-plate  nozzle  that  can  be  adjusted  to  give  test-section 
Mach  numbers  from  1.2  to  2.4.  Eejmolds  number  variation 
is  accomplished  by  changing  the  absolute  pressure  in  the  tun- 
nel from  one-fifth  of  an  atmosphere  to  approximately  three 
atmospheres— the  upper  limit  on  pressure  being  a function  of 
Mach  number  and  ambient  temperature.  The  water  content 
of  the  air  in  the  wind  tunnel  is  maintained  at  less  than  0.0001 
pound  of  water  per  pound  of  drj^  air  in  order  to  eliminate 


humidity  effects  in  the  nozzle.  All  of  the  bodies  tested  were 
mounted  in  the  center  of  the  test  section  on  sting-type  sup- 
ports. The  total  tempei’ature  of  the  air  stream  was  measured 
b\'  nine  thennocouples  in  the  wind-tunnel  settling  chamber. 


HEATED  CONE  TESTS 


Test  body.  The  details  of  the  heated  cone  are  shown  in 
figure  1,  and  a photograph  of  the  cone  in  the  wind  tunnel  is 
shown  in  figure  2.  The  shell  was  machined  from  stainless 
steel  because  of  its  high  electrical  resistance,  and  all  other 
parts  were  made  of  copper.  Several  longitudinal  wall- 
thickness  distributions,  obtained  by  I’emachining  the  inside 
surface  of  the  cone,  were  used  to  obtain  different  longitudinal 
surface-temperature  distributions.  The  cone  was  heated  by 
passing  a high-aniperage  alternating  electrical  current  (800 
amperes  maximum)  at  low  voltage  (0.45  volts  maximum) 
longitudinally  through  the  cone  shell.  Because  the  electrical 
resistance  of  the  solid  nose  of  the  cone  was  very  siimll  the 
forward  25  percent  of  the  cone  was,  in  effect,  unheated 

Instrumentation. — The  whing  diagram  of  the  cone,  show- 
ing the  electrical  heating  circuit  and  the  temperature-  and 
power-measurement  apparatus,  is  shown  in  figure  3.  Nine 
iron-constantan  thermocouples  were  installed  at  equal  length 
increments  along  the  cone  to  determine  the  surface-tempera- 
ture distributions.  The  thennocouples  were  installed  in 
holes  drilled  completely  through  the  shell  and  were  soldered 
in  place.  The  ten  voltage  leads  were  installed  in  a similar 
manner  and  were  arranged  on  the  selector  switch  so  as  to 
measure  the  voltage  drop  of  each  successive  increment  along 
the  cone.  These  measurements,  with  the  current  measure- 
ments, determined  the  local  heat  input  to  the  cone. 

Test  procedure. — Data  were  obtained  at  length  Eeynolds 
numbers  of  approximately  2.5  and  5.0  million  at  Mach 
numbers  of  1.50  and  1.99.  Cone  temperatures  of  30°  F and 
60°  F above  the  wind-tunnel  total  temperature  were  selected 
as  nominal  values  at  which  to  obtain  data.  The  surface 
temperatures  were  set  to  the  desired  values  by  adjusting  the 
mput  voltage,  and,  with  the  cone  at  the  desired  temperature, 
the  following  data  were  recorded:  air  stream  total  tempera- 
ture and  pressure,  test-section  static  pressure,  air  stream 
humidity'^,  current,  incremental  voltages,  and  surface  temper- 
atures. 

Accuracy. — The  acciuacy  of  the  e.xperimental  data  was 
determined  by-  estimating  the  uncertamty^  of  the  individual 
measurements  which  entered  into  the  deteiTnination  of  the 
final  results.  The  estimated  uncertainties  of  the  basic 
measurements  are  as  follows : 


Total  temperature,  Tq 
Surface  temperature,  T, 
Total  pressure,  H 
Static  pressure,  p 
Current 

Incremental  voltages 
Cone  dimensions 


±1.5°  F 
±0.5°  F 
±0.01  psia 
±0.01  psia 
±2  percent 
±2  percent 
±0.005  inch 


The  maximum  probable  error  of  any^  given  parameter  was 
obtained  from  the  component  uncertainties  by  the  method 
described  in  reference  9.  The  maximum  probable  error  of 
the  heat-transfer  parameter  is  ±6.8  percent  and 
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Figure  1.— Details  of  the  electrically  heated  20®  cone. 


Figure  2.— Heated  20®  cone  installed  in  the  test  section  of  the  1-  by  3-foot  supersonic 
wind  tunnel  No.  1. 


that  of  the  recovery  factor  is  ±1.5  percent.  Because  the 
over-all  accuracy  is  largel}"  controlled  by  the  accuracy  of  the 
total-temperature  measurements,  the  experimental  scatter 
of  data  points  obtained  at  a fixed  value  of  the  total  tempera- 
ture is  much  less  than  that  indicated  by  the  values  of  over-all 
accuracy.  Although  the  small  pressure  gradient  (±  1 percent 
of  the  average  dynamic  pressure)  in  the  test  section  of  the 
wind  tunnel  was  neglected  in  the  reduction  of  the  test  data, 
its  effect  has  been  included  in  the  calculation  of  the  maximum 
probable  error. 


An  effort  was  made  to  determine  the  magnitude  of  the  erroi 
due  to  heat  radiation  from  the  cone  to  the  tunnel  walls  bj 
experimental  means.  The  radiant-heat  loss  was  evaluated 
by  the  extrapolation  to  zero  pressure  of  data  obtained  a1 
several  low  values  of  total  pressure  with  the  wind  tunnel  ir 
operation^  and  was  found  to  be  negligible. 

COOLED-CONE  TESTS 

Air-cooled  cone. — The  construction  details  and  the  path 
of  the  cooling  air  through  the  cone  are  shown  in  figure  4 
The  outer  shell  was  made  of  stainless  steel  and  had  a wal 
thickness  of  only  0.028  inch  in  order  to  minimize  the  heai 
conduction  along  the  shell  in  the  instrumented  area.  Th( 
inner  cone  also  was  made  of  stainless  steel  and  had  a wal 
thickness  of  0.070  inch  which  was  thin  enough  to  make  al 
conduction  effects  in  the  inner  cone  negligible.  The  annula: 
gap  between  the  cones  was  designed  to  give  a uniform  surfaci 
temperature  in  the  instrumented  region  (x*=0.4  to  0.8) 
Turbulent  flow  in  this  annular  gap  was  necessary  to  obtaii 
the  most  uniform  distribution  of  coolant  temperature  acros 
the  gap;  therefore,  the  internal  cooling  system  w^as  designee 
to  operate  at  a Reynolds  number  sufficiently  high  to  insur 
turbulent  flow.  In  addition,  the  outer  surface  of  the  inne 
cone  was  roughened  with  K2“inch-wide  circumferentia 
grooves  spaced  at  }i-inch  intervals.  During  the  investiga 

* An  attempt  was  made  to  obtain  the  radiation  calibration  with  the  tunnel  inoperative,  bi 
the  cone  surface  temperatures  were  found  to  be  very  erratic  because  of  free-convection  cu: 
rents.  For  this  reason,  the  method  was  abandoned. 
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Figure  3.— Wiring  diagram  for  the  electrically-heated  20®  cone. 
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Figure  4.— Air-cooled  cone. 


[)ii,  tests  were  made  w ith  coolant  flow  rates  of  70  percent  and 
to  percent  of  the  design  value  to  determine  the  effect  of 
langes  in  the  internal-flow  Reynolds  niunber  on  the  internal- 
mperature  measurements.  The  results  indicated  that  this 
Feet  was  negligible. 

Cooling  system. — The  primary  requirement  of  the  cooling 
stem  was  that  it  provide  an  adjustable  and  stable  outlet 
mperature  at  a constant  coolant  flow  rate.  This  require- 
ent  was  satisfied  by  the  cooling  system  shown  in  figure  5. 
he  clean,  dry  air  which  was  used  as  the  coolant  in  the  cone 
as  obtained  from  the  make-up  air  system  of  the  wind 
innel  and  could  be  cooled  to  a minimum  temperature  of 
90°  F.  In  the  development  of  the  cooling  system  it  was 
und  that  the  use  of  the  recovery  heat  exchanger  provided 
marked  increase  in  thermal  stability.  The  temperature 
rift  of  the  cooling  system  was  extremely  slow  and  amounted 
> less  than  ±0.1°  F per  minute. 

Instrumentation. — Local  rates  of  heat  transfer  were  ob- 
lined  by  measuring  the  incremental  temperature  changes  of  a 
iiown  w eight -flow  of  coolant  flowing  along  the  annular  gap 
etween  the  inner  and  outer  cones.  The  incremental  coolant 
jmperatures  were  measured  by  iron-constantan  thermo- 


couples spaced  1 inch  apart  along  the  annular  gap.  Three 
thermocouple  junctions  were  located  120°  apart  midway 
between  the  walls  of  the  gap  at  each  of  the  five  longitudinal 
stations.  The  surface  temperature  was  measured  with 
stainless-steel-constantan  thermocouples  consisting  of  the 
cone  shell  and  thin  (0.002  inch  thick)  constantan  ribbons. 
The  tips  of  the  ribbons  were  soldered  into  holes  in  the  shell. 
The  thin  strips  were  cemented  to  the  inner  surface  of  the 
shell.  This  installation  minimized  the  interference  of  the 
constantan  wires  with  the  flow  of  air  in  the  coolant  passage. 
The  flow^  rate  of  cooling  air  was  measured  with  a rotameter 
located  at  the  outlet  of  the  cooling  system. 

Test  procedure. — The  tests  were  performed  at  three 
values  of  the  wind-tunnel  total  pressure  which  gave  length 
Reynolds  numbers  of  2.2,  3.6,  and  5.0  million.  Data  were 
taken  at  the  recovery  temperature  and  at  three  nominal 
surface  temperatures  at  each  Reynolds  number.  The 
minimum  surface  temperature  obtainable  with  the  cooling 
system  at  each  pressure,  and  temperatures  approximately 
20°  F and  40°  F above  the  minimum  temperatures,  were 
selected.  The  investigation  was  performed  only  at  one 
Mach  number  (2.02)  because  the  theory  for  heat  transfer 
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Figure  5.— Diagram  of  the  air  cooling  system  for  the  cooled  20°  cone. 


with  uniform  surface  temperature  and'^  previous  tests  with 
the  heated  cone  both  indicated  that  the  effect  of  Mach 
number  on  heat-transfer  parameter  is  small  within  the  range 
available  in  the  wind  tunnel  (1.2  to  2.4).  Schlieren  obser- 
vations, liquid-film . tests,  and  the  absence  of  discontinuities 
in  the  temperature-distribution  measurements  that  would 
denote  transition  indicated  that  the  boundary  layer  remained 
laminar  for  all  test  conditions. 

In  order  to  measure  the  effects  of  cooling  on  boundary- 
layer  transition,  it  was  necessar^^  to  have  the  transition 
point  near  the  center  of  the  instrmnented  area  of  the  cone. 
However,  it  was  known  from  the  results  of  tests  of  the 
unheated  cone  that  transition  would  occur  downstream  from 
the  instrumented  area  at  the  condition  of  zero  heat  transfer 
at  the  maximum  available  Reynolds  number.  The  required 
forward  movement  of  transition  was  accomplished  by  the 
use  of  three  small  grooves  around  the  cone  at  approximately 
the  8-,  10-,  and  12-percent-length  stations.  All  the  grooves 
were  0.010  inch  wide  and  0.015  inch  deep,  and  extreme  care 
was  taken  to  make  them  of  uniform  depth  and  with  uniformly 
sharp  edges  in  an  attempt  to  obtain  the  same  longitudinal 
position  of  transition  on  all  rays  of  the  cone.  Data  were 
obtained  at  several  surface  temperatures  below  the  recover}^ 
temperature  in  successive  decrements  of  about  10°  F.  The 
minimum  surface  temperatures  investigated  were  the  tem- 
peratures at  which  transition  moved  out  of  the  instrumented 
area  of  the  cone.  The  boundary-laj^er  transition  tests  were 
conducted  at  a nominal  length  Rejmolds  number  of  5.0 
million  at  Mach  numbers  of  1.5  and  2.0. 

Accuracy — The  accuracy  of  the  final  results  is  based  on 
the  accurac}^  of  the  individual  measurements  involved  and 
on  the  probable  uncertainty  of  some  of  the  measurements 


due  to  peculiarities  of  the  test  apparatus.  The  es  tun  a ted 
accuracy  of  the  individual  measurements  in  this  test  is  as 


follows : 

Total  temperature,  To ^ ±1.5°  F 

Surface  temperature,  T, 

At  maximum  T« ± 1.5°  F 

At  minimum  T, ^ ±4.5°  F 

Coolant-temperature  increment,  ATc 

At  maximum  T, ±0.07°  F 

At  minimum  T, ±0.05°  F 

Internal  air-flow  rate,  IF  (at  design  flow  rate) ±1.4% 

Cone  dimensions ±0.002  in. 

Cone-segment  surface  areas,  A 1.4% 

Total  pressure,  H ±0.01  psia 

Static  pressure,  p ±0.01  psia 


Although  the  surface-temperature  thermocouples  were  cal- 
ibrated and  were  accurate  to  within  ±0.5°  F,  the  experi- 
mental variations  from  curves  faired  through  the  sets  of  sur- 
face-temperature data  were  found  to  exceed  this  value. 
These  variations  are  believed  to  have  resulted  from  a non- 
uniform  coolant  distiibution  in  the  annular  gap.  The  ac- 
curacy of  the  surface-temperature  measurements  at  each  set 
of  test  conditions  was  taken  as  the- local  difference  between 
the  faired  curves  and  the  data  point  farthest  from  the  curves. 
The  local  values  of  surface  temperature  used  in  the  reduction 
of  the  data  were  obtained  from  the  faired  curves. 

Because  the  range  of  temperature  differences  between  the 
cone  and  wind-tunnel-wall  temperatures  is  similar  to  that  in 
the  heated-cone  tests,  the  effect  of  radiant  heat  transfer  on 
the  experimental  accuracy  again  has  been  neglected.  The 
effects  of  longitudinal  and  circumferential  heat  conduction  in 
the  thin  stainless-steel  inner  cone  aft  of  the  50-percent-length 
station  have  been  neglected.  An  approximate  calculation  of 
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t;he  actual  conduction  along  the  inner  cone  and  through  the 
njier-cone  shell  revealed  that  these  effects  were  only  about 
trhree-tenths  of.l  percent  of  the  total  heat  transfer.  As  in  the 
3ase  of  the  heated  cone,  the  effect  of  the  small  static  pressure 
gradient  in  the  ^vind-tunnel  test  section  has  been  neglected. 

As  in  the  heated-cone  tests,  the  over-all  accuracy  of  the 
inal  values  of  the  heat-transfer  parameter  was  calculated 
■rom  the  accuracy  or  uncertainty  of  each  of  the  individual 
neasurements  for  all  test  conditions  b}^  the  method  of  ref- 
erence 9.  Because  of  the  variation  in  the  uncertainty  of  the 
mrface  temperature  and  internal-temperature  increments, 
L-he  final  accuracy  of  the  heat-transfer  parameter  varies  from 
±12  percent  at  the  most  forward  section  of  the  cone  to  ±8 
percent  at  the  rear  of  the  cone. 

PRESSURE-GRADIENT  BODY  TESTS 

Body  and  instrumentation. — The  body  was  axially  sym- 
[netric  and  its  radius  at  ^nj  longitudinal  station  is  given  by 
the  relation 

£4[(i)-(0] 

Since  the  forward  portion  of  the  bod^^  was  adequate  for  the 
purpose  of  the  present  investigation,  the  length  L in  equation 
(2)  was  assigned  a value  of  18  inches,  but  only  the  first  8K 
inches  of  the  total  length  were  employed.  The  vertex  angle 
)f  the  test  body  was  37°  and  its  fineness  ratio  was  2.83. 
Like  the  cones,  the  exterior  shell  of  the  body  was  machined 
from  stainless  steel.  The  heating  circuit,  instrumentation 
md  general  design  of  the  parabolic-arc  bod}’'  were  similar  to 
those  of  the  heated  cone;  details  of  the  body  are  shown  in 
figure  6.  The  shell  thickness  was  designed  to  provide  a uni- 


form surface  temperature  at  a Mach  number  of  1.5  by  as- 
suming that  the  theory  for  cones  was  apphcable.  In  addi- 
tion to  the  heated  bod}’^,  another  body  identical  in  contour 
was  employed  to  determine  the  pressure  distribution  and, 
consequently,  the  Mach  number  distribution  just  outside  the 
boundary  layer  along  the  bod3^ 

Procedure  _and  accuracy. — The  test  procedure  and  accu- 
racy with  the  parabolic-arc  body  were  the  same  as  those  with 
the  electrically-heated  20°  cone.  Data  were . obtained  at 
nominal  length  Rejuiolds  numbei's  of  2.5,  3.75,  and  5.0  mil- 
lion at  Mach  numbers  of  1.49  and  2.18,  Surface  tempera- 
tures of  120°  F,  160°  F,  and  200°  F were  arbitrarily  chosen  as 
values  at  which  to  obtain  data.  Pressure-distribution  mea- 
surements also  were  made  at  the  same  Mach  numbers  and  to- 
tal pressures  as  for  the  heat-transfer  measurements.  Because 
the  local  static  pressures  on  the  parabolic-arc  body  were 
measured,  the  maximum  probable  error  of  the  recovery  factor 
is  ± 1 percent  rather  than  ±1.5  percent  as  in  the  case  of  the 
conical  bodies. 

RESULTS  AND  DISCUSSION 

EFFECT  OF  HEAT  TRANSFER  ON  BOUNDARY-LAYER  TRANSITION 

The  effect  bn  transition  of  adding  heat  to  a laminar  bound- 
ary layer  at  a Mach  number  of  1.99  is  shomi  by  the  longitu- 
dinal surface- temperature  distributions  in  figure  7.  The 
effect  of  removing  heat  from  a laminar  boundary  layer  at 
Mach  numbers  of  1,50  and  2.02  is  shovm  in  figure  8.  The 
start  of  transition  is  indicated  by  an  abrupt  decrease  in 
surface  temperature  for  the  case  of  heat  addition  and  by  a 
rise  in  surface  temperature  with  no  heat  transfer  or  when 
heat  is  removed  from  the  boundary  layer.  These  changes 
in  surface  temperature  result  from  the  difference  in  heat- 
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transfer  coefficients  between  the  lammar  and  turbulent 
boundary-layer  regions.  Only  the  data  from  one  side  of  the 
cooled  cone  are  presented  in  figure  8 because  transition 
occurred  in  a similar  mamier  on  the  opposite  side,  but  at  a 
position  approximately  5 percent  of  the  cone  length  aft  of 
that  showTi  at  all  test  conditions.  It  should  be  noted  that 
the  lower  cmve  in  figiu*e  7 and  the  upper  curves  in  figure  8 
were  obtained  at  the  condition  of  zero  heat  transfer  {T^=  1\). 


Figure  7.— The  effect  on  transition  of  adding  heat  to  the  laminar  boundary  layer  on  a 20° 
cone;  JV/=1.99,  /?ei=5.0X10®. 

In  the  case  of  the  cooled  cone  (fig.  8),  the  fact  that  the  rise 
in  surface  temperature  is  indicative  of  transition  has  been 
verified  in  four  ways: 

1.  Liquid-film  tests  at  the  same  length  Reynolds  number, 
at  recovery  temperature,  have  indicated  transition  in  the 
region  where  the  rise  in  surface  temperature  occurs. 

2.  The  sm'face-temperature  distributions  ahead  of  the  rise 
in  surface  temperature  are  almost  identical  in  shape  with 
those  obtained  in  tests  with  the  same  bod}’^  for  which  the 
measured  heat  transfer  indicated  laminar  flow. 

3.  The  region  in  which  the 'rise  in  surface  temperature 
occurs  moved  forward  with  an  increase  in  the  number  of 
grooves. 

4.  The  recovery  factor  increased  by  0.04  in  the  region 
where  the  rise  in  surface  temperature  occurs, which  is  in 
agreement  with  the  change  between  laminar  and  turbulent 
flow  obtained  both  in  theory  and  in  other  experiments. 

The  variation  of  the  extent  of  the  laminar  boundary  layer 
along  the  heated  and  cooled  cones  indicates  that  heat  addi- 
tion promotes  earl}-  transition  while  removal  delays  transi- 
tion. The  theor}'  of  reference  1 and  these  results  are  in 

< The  recovery  factor  on  this  model,  without  grooves,  was  0.85.  which  is  in  agreement  with 
the  results  for  a laminar  boundary  layer  obtained  with  the  other  models.  The  absolute  values 
of  the  recovery  factors  ahead  of  and  behind  the  rise  in  surface  temperature  were  found  to 
decrease  continuously  with  an  increase  in  number  of  grooves,  but  their  difference  was  always 
0.04±0.005.  With  the  three  grooves  that  were  used,  the  laminar  boundary-layer  recovery 
factor  was  0.81  and  the  turbulent  boundary-layer  value  was  0.85.  The  reason  for  this  change 
in  recovery  factor  with  number  of  grooves  is  unknown. 


(a)  A/-1.50,  = 5.0X10®. 

(b)  iV/=2.02,  = 5.0X109. 

Figure  8.— Effect  on  transition  of  removing  heat  from  a laminar  boundary  layer  on  a 20°  con 
with  a small  initial  roughness. 

qualitative  agi'eemeiit.  For  the  present  test  conditions  witl 
the  cooled  cone,  the  theory  indicates  that  the  boundary  laye; 
should  be  infinitely’’  stable  at  surface  temperatures  (Tboo 
of  ““6.6°  F and  49.0°  F at  Mach  numbers  of  1.5  and  2.0 
respectively.  The  data  shown  in  figure  8(b)  show  that  tran 
sition  occurred  at  surface  temperatures  below  the  theoretica 
infinite-stability  limit  at  a Mach  number  of  2.02,  and  th< 
data  shown  in  figure  8(a)  indicate  that  a similar  result  is 
possible  at  a Mach  number  of  1.50. 

The  limited  range  of  the  present  experiments  makes  ii 
impossible  to  draw  any  definite  conclusions  regarding  th< 
quantitative  effect  of  heat  transfer  or  Mach  number  or 
transition.  The  data  indicate,  however,  that  the  movemeni 
of  transition  with  surface  temperature  for  the  cooled  com 
is  at  least  similar  at  both  Mach  numbers.  The  constant 
slopes  of  the  lines  (in  figs.  7 and  8)  through  the  points  ai 
the  beginning  of  transition  for  both  cones  indicate  that 
for  the  present  experiments,  the  increase  in  the  length  o: 
laminar  run  is  directly  proportional  to  the  difference  be 
tsveen  the  surface  and  recovery  temperatures,  and  therefon 
is  a linear  function  of  the  rate  of  heat  transfer.  Althougl 
the  present  experiments  have  proven  qualitatively  that  heal 
transfer  affects  transitioi),  additional  experiments  at  highei 
Reynolds  numbers  (without  roughness)  and  in  a low-turbu- 
lence air  stream  are  reqiured  to  obtain  quantitative  dats 
on  the  effect  of  heat  transfer  on  boundary-layer  transition.^ 

9 A recent  quantitative  study  of  the  effect  of  heat  addition  on  transition  has  been  made  b] 
Higgins  and  Pappas  and  published  as  NACA  TN  2351. 
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RECOVERY  FACTOR • 

T^^pical  values  of  the  recoveiy  factor  obtained  at  several 
ReA-nolds  numbers  at  nominal  Mach  numbers  of  1.5  and 
2.0  with  the  heated-cone  model  at  the  condition  of  zero  heat 
transfer  are  shown  in  figure  9.  Data  obtained  with  the 
cone  at  a Mach  niunber  of  2.0  with  various  means  of  causing 
transition  are  also  shown.  Data  obtained  with  the  para- 
bolic-arc body  are  shown  in  figiu'e  10.  The  theoretical 
values  indicated  in  both  figiu-es  are  based  on  a Prandtl 
number  of  0.719  which  is  the  value  for  diy  air  at  70°  F. 
The  theoretical  recovery  factoi*s  are  therefore  0.848, 
for  laminar  boundary  layer's  and  0.896,  Pr*^^  for  turbulent 
boundary  layers. 

The  experimental  values  of  the  recovery  factor  for  turbu- 
lent boundary  layers  on  the  heated  cone  were  obtained  by 
resorting  to  artificial  means  of  causing  transition.  Three 
methods  were  used — a ring  of  0.005-inch  diameter  wire, 
a coat  of  lampblack-lacquer  mixture,  and  a band  of  salt 
crystals.  The  wire  and  salt  crystals  were  located  at  about 
1 inch  from  the  cone  tip,  and  the  lampblack  covered  the 
cone  forward  of  the  1-inch  position. 

The  data  shown  in  figure  9 for  laminar  boundary  la^^ers 
are  in  fairly  good  agreement  with  theor}^.  The  difference 
between  the  values  for  the  two  Mach  numbei's  in  the  region 
:fc*=0.3  to  0,6  is  believed  to  be  partly  due  to  the  fact  that 
the  average  Mach  number  was  used  in  the  reduction  of 
the  data.  The  most  rearward  data  points  obtained  with 
a laminar  boundary  la,yer  at  the  maximum  Re^uiolds  numbers 
(fig.  9)  indicate  the  beginning  of  natural  transition.  The 
data  obtained  with  turbulent  boundar}'  layers  are  somewhat 
lower  than  the  theoretical  value,  but  the  aggreement  is 
considered  to  be  good  enough  to  justih-  use  of  the  theoret- 
ical value  for  design  purposes.  The  differences  between 
the  results  obtained  with  the  various  roughnesses  decrease 
to  small  values  toward  the  rear  of  the  cone, 


'«  A detailed  discussion  of  the  physical  concept  of  the  temperature  recovery  factor  for  laminar 
boundary  layers  is  given  by  Wimbrow  in  NAC  A TX  1975. 
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Figure  9.— Typical  values  of  the  leraperamre  recovery  factor  for  the  20®  cone. 
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(a)  Af=1.50. 

(b)  A/=2.0. 

Figure  lO.— Typical  values  of  the  temperature-recovery  factor  for  the  parabolic-arc  body. 


Since  the  external  geometry  and  surface  finish  of  the  heated 
and  cooled  cones  were  identical,  there  were  no  essential 
differences  in  their  recovery  factors.  For’  this  reason,  the 
recovery  factors  for  the  cooled  cone  are  not  presented. 

The  values  of  recover}^  factor  for  the  parabolic-arc  body 
with  both  laminar  and  turbulent  boundary  layers  were  based 
on  the  local  Mach  number  just  outside  the  boundar}^  layer 
and  these  recovery  factors  are  substantially  constant  along 
the  body  (fig.  10).  The  values  of  recovery  factor  for  tur- 
bulent boundary  layers,  obtained  by  the  use  of  lampblack, 
are  somewhat  greater  than  the  values  obtained  with  the 
cone  (fig.  9).  The  data  obtained  with  a laminar  boundary 
layer  on  the  parabolic-arc  body  at  a Mach  number  of  2.0 
show  a gradual  increase  in  recover}^  factor  along  the  length 
of  the  body.  This  trend  in  the  data  is  believed  to  have  been 
caused  by  a gradual  deterioration  in  the  surface  finish  of 
the  model  due  to  testing  and  handling.  Data  obtained  at  a 
Mach  number  of  2.18  with  this  body  v^hen  it  was  new  and 
had  a mirror-like  finish  indicated  a constant  recovery  factor 
of  0.850.  It  is  possible  that  surface  roughness  may  cause 
some  increase  in  the  laminar  bound ary-la}^er  recovery  factor. 

In  general,  the  agreement  between  theory  and  experiment 
indicates  that  the  recover}^  temperature  on  cones  and  in  the. 
negative-pressure-gradient  region  on  bodies  of  revolution  can 
be  computed  with  satisfactory  accuracy  by  use  of  the  theoret- 
ical recovery  factors  and  the  local  Mach  number  just  outside 
the  boundary  layer. 
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HEAT  TRANSFER 

Results. — The  theoretical  values  of  the  heat-transfer 
parameter  for  cones  with  laminar  boundary  layers  and  uni- 
form surface  temperatures  are  given  b}-  the  following  equation 
from  reference  4: 


Nu 

2 


^/3 


(3) 


in  which  the  ph^-sical  properties  of  the  fluid  are  based  on  the 
temperature  just  outside  the  boundary  layer.  Crocco^s 
theoretical  calculations  give  values  of  the  factor  Ca'Re^^^ 
of  0.66  and  0.63  for  small  temperatm^e  differences  {T^—Tr^ 
100*^  F)  at  Mach  numbers  of  1.5  and  2.0^  respectively.  If 
the  Prandtl  number  is  assumed  to  be  0.72,  then  the  theoret- 
ical values  of  heat-transfer  parameter  at  the  two  Mach 
numbers  are  0.51  and  0.49/ 

The  surface-temperature  and  heat-transfer-parameter  data 
for  the  heated  cone  with  an  approximately  uniform  surface 
temperature  at  a Mach  number  of  1.50  are  shown  in  figure 
11  together  with  the  theoretical  value  of  the  heat-transfer 
parameter  for  a uniform  surface  temperature  (0.51).  Simi- 
lar data  obtained  at  a Mach  number  of  1.99  for  both  the 
approximate] uniform  and  the  nonuniform  surface  temper- 
atures are  shown  in  figure  12,  and  the  theoretical  value  of 
heat-transfer  parameter  for  a uniform  surface  temperature 
(0.49)  is  shown  for  comparison.  The  data  for  the  least 
uniform  surface  temperature  shown  io  figure  12  is  replotted 
in  figure  13  and  compared  with  a curve  obtained  by  use  of 
the  theoiy  of  reference  5.  The  surface  temperature  distri- 
bution, converted  according  to  the  method  of  reference  8, 
is  also  shown  in  figure  13  and  will  be  discussed  later.  The 
values  of  heat-transfer  parameter  for  the  nonuniform  surface 
temperatures  have  been  corrected  for  the  effect  of  heat  con- 
duction in  the  ^hell  due  to  the  local  surface  temperature 


Figure  11  .-Heat-transfer  characteristics  of  the  heated  20°  cone  with  the  most  uniform  surface 
temperature;  JVf-l.SO,  i?«/=2.6X10®. 


gradients.  This  correction  for  the  approximately  uniforir 
surface  temperatures  was  foimd  to  be  negligible. 

The  heat-transfer  data  obtained  with  the  cooled  cone  an 


Figure  12.— Heat-transfer  characteristics  of  the  heated  20°  cone  with  various  surface- tempera- 
ture distributions;  i\f-l.99,  /?ei=2.6X10®. 


Figure  13.— Comparison  of  the  theory  for  nonuniforra  surface  temperatures  with  data  from 
tests  of  the  heated  20°  cone;  M=1.99,  /?e/=2.6X10®. 
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presented  in  figure  14.  All  of  the  longitudinal  surface- 
temperature  distributions  obtained  during  the  tests  were 
similar  in  shape,  and  therefore  only  three  t}T)ical  distribu- 
tions, those  for  a Kejmolds  number  of  2.2  million,  are  shown. 
Local  values  of  heaLtransfer  parameter  for  the  tluee  sm-- 
face  temperatures  at  each  of  the  three  length  Kejmolds 
numbers  are  also,  presented.  The  surface-temperature 
gradient  that  existed  over  part  of  the  segment  nearest  the 
tip  resulted  in  a conduction  loss  of  3K  to  4 percent.  The 
heat-transfer  data  has  been  corrected  for  this  effect.  Down- 
stream of  the  first  element  there  was  no  longitudinal  con- 
duction correction  because  the  surface  temperature  in  this 
region  was  nearly  constant.  The  scatter  in  the  experimental 
data  (fig.  14)  is  about  equal  to  the  estimated  maximum 
probable  error  wliich  resulted  from  the  inaccm’acy  of  the 
measurements  of  the  incremental  changes  in  coolant  tem- 
perature along  the  heat-transfer  passage  and  from  the  scatter 
of  the  surface-temperature  data.  The  theoretical  value 
of  the  heat-transfer  pars, meter,  0.49,  is  also  shown  in  figure 
14.  The  data  nearest  the  nose  deviate  quite  markedly 
from  theoiy,  a fact  which  is  attributed  to  the  effects  of 
surface-temperature  gradients  on  the  laminar  boundaiy 
laj^er.  The  values  of  heat-transfer  parameter  obtained 
with  the  heated  cone  with  the  approximateh'  uniform 
surface  temperature  at  a nominal  surface  temperatiue  of 
100°  F (fig.  12)  have  been  plotted  in  figure  14  for  comparison. 


The  measm’ed  pressure  distributions  required  for  the 
reduction  of  the  heat-transfer  data  on  the  parabolic-arc 
bodj’^  were  reduced  to  the  more  convenient  form  of  Mach 
number  distributions  and  are  shown  in  figure  15.  The 
values  of  local  Mach  number  were  used  to  determine  the 
local  temperature  at  the  outer  edge  of  the  boundary  layer. 


Figure  16.— Variation  of  local  Mach  number  with  length  as  determined  by  pressure  measure- 
ments on  the  parabolic-arc  body. 

The  heat- transfer  data  for  the  parabolic-arc  bodj’’  at  a free- 
stream  Mach  number  of  1.49  are  shown  in  figure  16  and  data 
obtained  at  a Mach  number  of  2.18  are  shown  in  figiue  17. 
Although  heat-transfer  data  were  obtained  at  three  Reynolds 
numbers,  2.5,  3.75,  and  5.0  million,  at  each  Mach  number, 
only  representative  data  are  presented  in  figures  16  and  17. 
The  theoretical  values  of  the  heat-transfer  parameter  for 
cones  are  shown  in  figures  16  and  17  for  comparison  with 
the  experimental  data.  In  addition,  local  values  of  the 
heat- transfer  parameter  for  a Mach  number  of  1.5  were 
computed  for  the  test  bodj”^  by  the  method  of  reference  7. 
These  values  are  shown  in  figure  16. 

Inspection  of  the  surface-temperature  curves  in  figures 
16(a),  16(b),  and  17  reveals  that  the  temperature  at  the 
first  measuring  station  was  considerably  higher  than  the 
temperature  at  subsequent  stations.  After  the  tests  were 
completed  it  was  found  that  this  local  hot  region  was  par- 
tially caused  by  poor  electrical  contact  between  the  copper 
sting  and  the  stainless-steel  shell.  This  connection  was 
improved  and  the  bodj’'  was  tested  again  at  a Mach 
number  of  1.49.  As  shown  in  figm-e  16  (c),  a much  more 
imiform  smface  temperature  was  obtained. 

Heat  transfer  with  uniform  surface  temperature.— ^All 
three  of  the  bodies  tested  had  severe  surface  temperature 
gradients  near  the  noses  because  the  noses  were  solid  and 
essential!}'  unheated  or  uncooled.  In  the  case  of  the  heated 
bodies,  the  data  obtained  with  approximately  uniform 
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Figure  16.— Heat-transfer  characteristics  of  the  parabolic-arc  body;  M=1.49, 
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Figure  16.— Concluded,  (c)  Modified  surface- temperature  distribution  = 2.6X10®. 


sui’face  temperatures  (figs.  11,,  12,  and  16  (c))  indicate 
that  when  the  large  initial  surface- temperature  gradient  if 
confined  to  the  nose  region  on  a body  the  effect  on  the  loca 
values  of  the  hea  t-transfer  parameter  is  small  downstream  o; 
the  initial  gi'adient.  In  the  case  of  the  parabolic-arc  bod} 
which  had  the  most  confined  initial  gradient  region  (x*=( 
to  0.16),  the  data  (fig.  16  (c))  indicate  that  the  effect  ai 
the  most  forward  data  point  x*=0.23  was  almost  negligible 
The  fact  that  the  effect  of  a surface-temperature  gradient 
is  dependent  on  its  lengthwise  location  on  the  body  car 
also  be  shown  by  the  ^ theory  of  reference  5.  In  this  theory 
the  surface-temperature  distribution  is  expressed  in  a 
pohmomial  form  such  as  the  following: 

T,*  = ao+aia:*-fa2X*2  . . . (4) 


The  heat-transfer  parameter  for  cones  is  then  given  by  the 
following  equation: 


Nu 


- ^ (T„+460)-t-216"|„5 

2^'  [y  (T,+460)  (r,-F460)-t-2ieJ  T,*-T* 


(5) 


where  a and  n are  coeflicients  and  exponents,  respective!}^, 
as  shown  in  equation  (4)  and  the  values  of  F„'(0),  taken 
from  reference  5,  are  given  in  the  following  table: 


n 

W(0) 

0 

— 0.  5915 

1 

9775 

2 

-1.  1949 

3 

-1.  3680 

4 

-1.  4886 

5 

-1.  5975 

10 

-2.  0121 

Although  only  the  values  of  F„'(0)  for  positive  integej 
values  of  n are  tabulated,  it  has  been  found  that  forms  ol 
equation  (4)  employing  fractional  exponents  are  particularly 
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useful  in  reducing  the  required  number  of  terms  in  poly- 
nomials  to  give  certain  surface-temperatm*e  distributions. 
Since  poljniomials  with  fractional  exponents  satisf}-  the  basic 
differential  equations  of  reference  5,  the  use  of  fractional- 
exponent  terms  in  equation  5 is  acceptable.  The  appropri- 
ate values  of  F„'(0)  can  be  obtained  for  any  fractional 
value  of  n by  interpolation  between  the  values  tabulated 
above. 

To  illustrate  that  the  effect  of  a surface-temperature  gra- 
dient depends  upon  its  position  along  the  body,  assume  a 
number  of  separate  surface-temperature  distributions  all 
given  b}-  the  equation 

Ts*=a+b{x*r  (6) 

where,  for  a given  distribution,  1,  %,  M;  /s,  Vi6,  or  zero. 
In  going  from  the  larger  to  the  smaller  values  of  the  region 
of  the  large  initial  temperature  gradients  for  each  cm've  will 
be  confined  to  a smaller  a.nrl  'smaller  region  near  the  origin. 
It  is  obvious  that  at  n~0  the  surface  temperature  will  be 
uniform.  Now,  turning  to  the  values  of  F„'(0),  it  can  be 
seen  that  the  values  decrease  as  n decreases.  Therefore,  the 
heat-transfer  parameter  curves  (equation  (5))  for  each  suc- 
cessively smaller  value  of  n approach  the  constant  value  for 
a uniform  surface  temperature  (n=0).  This  is  the  effect 
that  was  observed  in  the  experiments.  (See  fig.  12.) 

In  the  case  of  the  cooled  cone,  the  region  of  nonunifrom 
surface  temperature  extended  to  the  40-percent  length  sta- 
tion, and  the  surface-temperature  gradient  reversed  in  sign 
between  the  20-  and  40-percent  length  stations.  (See  fig. 
14.)  It  might  be  expected  from  the  theory  of  reference  5 
that  the  lag  in  the  boundary-layer  temperatiu’e  profile  could 
result  in  a local  decrement  in,  the  heat-transfer  parameter 
when  the  sui’face-temperature  gradient  reversed.  From  the 
previous  discussion,  where  it  was  shown  that  the  effects  of  a 
surface-temperatiu’e  gradient  decrease  downstream  of  the 
gradient,  it  would  be  expected  that  the  agi’eement  between 
the  experimental  and  theoretical  values  of  heat-transfer 
parameter  would  improve  toward  the  rear  of  the  body. 
These  effects  are  shown  by  the  data  of  figure  14.  It  is  inter- 
esting to  note  that  the  local  hot  region  (x*=0.2)  on  the 
parabolic-arc  body  caused  surface-temperature  distributions 
similar  to  those  of  the  cooled  cone.  (See  figs.  14,  16(a), 
16(b),  and  17.)  The  effect  of  the  revereal  in  suifface- temper- 
ature gi'adients  again  caused  the  local  values  of  heat-trans- 
fer parameter  to  be  less  than  the  “uniform-temperatiHe^^ 
value. 

The  curve  representing  the  heat-transfer  data  from  tests 
of  the  heated  cone  with  the  most  uniform  surface  tempera- 
ture (see  fig.  12)  has  been  replotted  in  figure  14.  As  can  be 
seen,  in  the  regions  where  the  effects  of  the  initial  surface- 
temperature  gradient  are  small,  the  results  from  tests  of  the 
heated  and  cooled  cones  are  in  good  agreement.  It  can  be 
concluded  that  for  the  case  of  laminar  boundary  layers  on 
bodies  with  uniform  pressures  and  uniform  surface  tempera- 
tures, the  available  theory  is  satisfactory  for  engineering 
purposes. 

Heat  transfer  with  nonuniform  surface  temperatures. — The 
data  obtained  from  tests  of  the  heated  cone  mth  the  least 
uniform  surface-temperature  distribution  are  replotted  in 


^40 


^200 

'K 

1/60 


^5 


<n 


80 


r ^ 

s:> 

I 


/ 

o 

! 1 

To 

/20°P  65.2 

\ 

□ 

O 

160 

ZOO 

64., 

63.i 

7 

/ 

L cx 

Cf 

o 

V 

ri_ 

cr 

* 

■ tr 

i 

1 

— 

#■■■ 

' 

% 

— 

''' 

-The 

ory  fo 

r con 

es.fre 

feren 

ce  4) 

.2 


A ,6 

Dimensionless  lengthy  s/l 


.8 


/.O 


Figure  17. — Heat-transfer  characteristics  of  the  parabolic-arc  body  with  the  original  surface- 
temperature  distribution;  iV/=2.18,  7?Ci  = 2.6X10®. 


figure  13  for  comparison  with  the  theory  of  reference  5. 
(See  equation  (5)  of  the  present  report.)  The  first  step  in 
this  comparison  was  the  conversion  of  the  experimental 
surface-temperature  distribution  from  that  of  a cone  to  the 
equivalent  distribution  on  a flat  plate.  Mangier,  reference  8, 
has  shown  that  the  conversion  is: 

(x\oney=X%,ate  (7) 

The  converted  distribution  is  shown  by  the  ^^flagged”  symbols 
in  figure  13.  The  second  step  in  the  comparison  was  to 
determine  the  values  of  the  coefficients  Uq,  ai,  U2,  . . . 
and  values  of  the  exponents  of  equation  (4)  so  that  the  equa- 
tion would  fit  the  converted  surface-temperature  distribu- 
tion. It  has  been  assumed  from  the  shape  of  the  curve 
through  the  experimental  surface-temperature  data  shown  in 
figure  13  that  the  dashed  extension  of  the  curve  in  the  region 
X*  = 0 to  0.3  is  a satisfactory  approximation  to  the  actual 
surface-temperature  distribution.  Although  this  assumed 
portion  of  the  curve  and  the  analytical  emve  may  both  be  m 
error  in  the  region  x*  = 0 to  0.1  on  the  converted  scale,  it  has 
already  been  shown  that  initial  temperature  gradients  are 
not  critical  in  determining  heat  transfer  a short  distance 
downstream  from  the  gradients.  For  this  reason,  and  others 
that  wiQ  be  discussed  later,  an  expression  w’^as  derived  that 
fits  the  data  quite  accurately  only  from  x*  = 0.1  to  0.7. 

This  equation  in  dimensionless  form  is 

r/-T,*  = 0.425(x*)'/^-0.22  x*  (8) 

The  local  heat-transfer  parameters  obtained  b}^  using  equa- 
tions (5)  and  (8),  and  converted  back  to  the  x*  values  for 
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cones,  are  shown  in  the  lower  half  of  figure  13.  Agreement 
between  theory  and  experiment  would  not  be  expected  ahead 
of  the  47-percent  length  station  on  the  experimental  curve 
because  of  the  increasingly  poor  fit  of  the  experimental  and 
analytical  temperature  curves  ahead  of  the  10-percent  length 
station  on  the  converted  curve  (0.10^^*=0.47,  equation  (7)). 
However,  the  theory  of  reference  5 and  the  experiments  are 
in  quite  good  agreement  downstream  of  the  47-percent  length 
station. 

The  abrupt  rise  in  heat-transfer  parameter  at  the  rear  of 
the  heated  cone  as  shown  in  figures  11,  12,  and  13  {x*  = 0.93) 
is  not  due  to  surface-temperature  gradient  effects,  but  is  due 
to  the  beginning  of  transition. 

In  the  preceding  discussion  it  was  necessar}^  to  accept  a 
poor  fit  between  the  data  and  the  analytical  surface-tem- 
perature distribution  (equation  (8))  in  the  region  a;*  = C to  0.1. 
Considerable  difficulty  has  been  experienced  in  obtaining 
sufficiently  accurate  analytical  expressions  for  the  surface- 
temperature  distributions.  The  obvious  approach  to  obtain- 
ing polynomial  expressions  is  the  method  of  least  squares  or 
some  other  method  of  curve  fitting  using  real,  positive 
integers  as  exponents.  In  general,  the  anal3dical  curves 
obtained  with  such  methods  oscillated  about  the  experimental 
curve  and  near  a;*=1.0  abruptly  diverged  due  to  the  influence 
of  the  last  term  in  the  polynomial.  It  was  found  that  the 
alternating  positive  and  negative  surface-temperature  gra- 
dients due  to  the  oscillation  of  the  anatytical  curves  resulted 
in  even  greater  relative  oscillations  in  the  corresponding 
calculated  heat-transfer-parameter  curves.  Also,  because  of 
the  effect  of  the  values  of  F„'  (0)  on  the  coefficients  of  the 
pol^momial,  the  abrupt  divergence  of  the  heat-transfer  pa- 
rameter resulting  from  the  divergence  of  the  temperature 
occurred  at  values  of  »;*  below.  1.0.  It  appears  that  an^- 
satisfactor}^  polynomial  with  integer  exponents  must  have  a 
large  number  of  terms  and  must  give  a fair  curve  to  well 
be^nnd  x*  = 1.0.  The  coefficients  of  such  potynomials  are 
tedious  to  determine.  An  alternative  procedure  which  was 
used  in  the  present  investigation,  consisted  of  using  a fairly" 
simple  anatytical  expression  to  obtain  a goo^  fit  between  the 
curves  over  the  major  part  of  the  cone  length  while  accepting 
differences  in  the  nose  region.  Although  the  results  for  the 
particular  case  shown  in  figure  13  indicate  agreement  between 
theory  and  experiment,  downstream  of  the  47-percent  length 
station,  it  is  evident  from  the  previous  discussion  that  the 
restrictions  imposed  b}^  the  form  of  equation  (4)  limit  the 
application  of. the  theory  of  reference  5 to  onl}^  simple  vari- 
ations of  surface  temperature  with  body  length. 

Heat  transfer  on  a body  with  nonuniform  pressure. — The 
b'oimdar}^  layer  on  a flat  plate  grows  only  in  thickness  with 
distance  along  the  surface,  while  the  boundarj^  layer  on  a 
pointed  bod}^  of  revolution  must  spread  circumferential!}’'  as 
it  gi'ows  in  thickness.  The  effect  of  this  circumferential 
spreading  on  the  boundar}’'-layer  thickness,  and  hence  on  the 
heat  transfer,  varies  with  the  rate  of  change  of  circumference 
with  respect  to  length  and  can  be  evaluated  for  any  fair  con- 
tour b}^  relations  given  in  reference  8.  For  example,  it  can 
be  shown  that  on  a cone,  for  which  the  pressure  and  the  rate 
of  change  of  circumference  are  constant  with  length,  the 
boimdar3'-la}’'er  thickness  is  less  than  that  on  a flat  plate  b}’' 


the  factor  l/^fs  and  the  rate  of  heat  transfer  is  greater  the 
factor  -^/3 . For  a paraboHc-arc  bod}’’,  the  factors  defining  the 
boimdary-layer  thickness  and  the  rate  of  heat  transfer  rela- 
tive to.  a two-dimensional  surface  with  an  equivalent  pressure 
distribution  vary  from  the  conical  values  and  ^/3, 

respectively)  at  the  vertex  to  unity  at  the  point  where  the 
rate  of  change  of  circumference  becomes  zero.  Therefore, 
the  rate  of  growth  of  the  boundaiy  la}’^er  and  the  rate  of  heat 
transfer  on  such  a body  are  the  same  as  on  a cone  at  the  apex, 
but  the  decreasing  rate  of  change  of  circumference  along  the 
bod}^  tends  to  increase  the  rate  of  growth  of  the  boundary 
IsLjer  relative  to  that  on  a cone  and  tends  to  decrease  the  rate 
of  heat  transfer.  Although  the  effect  of  a pressure  gradient 
on  the  characteristics  of  a boundary  la}^er  cannot  be  pre- 
dicted exactl}^,  it  is  known  that  a negative  pressure  gradient 
causes  the  boundary  la}’’er  to  thicken  less  rapidl}’’  with  length 
than  is  the  case  if  the  pressure  were  constant,  regardless  of 
the  body  shape.  Thus,  on  a body  for  which  both  the  pressure 
and  the  rate  of  change  of  circuhiference  decrease  with  length, 
the  effect  of  the  pressure  gradient  tends  to  counteract  the 
effect  of  the  variation  of  circumference  on  the  boundar3^-la3^er 
characteristics. 

The  heat- transfer  data  obtained  with  the  parabolic-arc 
body  and  the  theoretical  values  of  heat-transfer  parameter 
for  uniform-temperature  cones  (0.51  at  a Mach  number  of 
1.49  and  0.48  at  a Mach  number  of  2.18)  are  showm  in  fig- 
ures 16  and  17.  It  is  apparent  in  figure  16  that  the  data, 
the  theory  for  cones,  and  the  method  of  reference  7,  are  in 
fairly  good  agreement.  After  the  local  hot  region  at  the 
nose  of  the  body  had  been  eliminated,  the  data  shomi  in  fig- 
ure 16  (c)  were  obtained.  Good  agreement  betw^een  the 
experimental  data,  the  theory  for  cones,  and  the  method  of 
reference  7,  is  again  apparent.  Because  of  the  good  agree- 
ment between  the  theory  for  cones  and  the  experimental  data 
shown  in  figure  16  (c),  and  the  agreement  shown  in  figures 
16  (a),  16  (b),  and  17,  it  can  be  expected  that  when  the  sur- 
face temperature  is  uniform,  good  agreement  would  be  ob- 
tained at  least  thmughout  the  test  range  of  Mach  number 
and  Ke}Tiolds  number.  It  should  be  noted  that  the  small 
variation  of  the  individual  values  of  heat-transfer  parameter 
from  a fan  curve  is  consistent  throughout  and  is  possibl}^ 
due  to  small  deviations  in  thickness  of  the  cone  shell.  Com- 
parison of  the  data  of  figure  16  (c)  with  the  data  of  figures 
16  (a),  16  (b),  and  17  reveal  that  there  was  a slight  reduction 
in  the  local  values  of  the  heat-transfer  parameter  over  most 
of  the  bod}’’  when  the  negative  temperature  gradient  at  the 
nose  was  reduced.  However,  the  reduction  at  each  station 
on  the  bod}^  where  it  occurred  is  within  the  experimental 
accurac}^. 

Since  the  experimental  values  of  the  heat-transfer  param- 
eter remained  essentially  constant  along  the  parabolic-arc 
body,  the  effect  of  the  negative  pressure  gradient  is  appar- 
ently opposite  and,  approximately  equal  to  the  effect  of  the 
decreasing  rate  of  change  of  the  circumference  on  the  growth 
of  the  boundary  lawyer , The  present  investigation,  however, 
is  inconclusive  as  to  the  exact  individual  effects  of  the  pres- 
sure gradient  and  body  shape  on  heat  transfer.  It  has  been 
shovTi  that  the  local  heat  transfer  for  a parabolic-arc  body 
can  be  calculated  with  satisfactory  accuracy  by  appl}’ing  the 
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theory  for  cones.  Because  of  the  agreement  between  the 
results  of  the  experiments,  the  method  of  reference  7,  and  the 
theor}’  for  cones,  it  appears  reasonable  to  assume  that  this 
agreement  would  be  obtained  with  other  pointed  body  shapes 
that  give  rise  to  uniform  negative-pressiu’e  gradients.  On  a 
body  that  is  more  slender  than  the  one  tested,  the  effects  of  ^ 
the  changing  circumference  and  the  pressure  gradient  would 
be  less  and  would  still  tend  to  counteract  each  other.  Con- 
versely, on  a more  blunt  body  both  effects  shoidd  be  larger. 
However,  additional  experiments  with  other  body  shapes 
covering  a mder  range  of  Mach  numbei*s  are  necessary  before 
the  theory  for  cones  can  be  considered  to  be  applicable  to  all 
fair  bodies  of  revolution  vdth  negative  pressure  gradients. 

CONCLUSIONS 

The  results  obtained  from  tests  of  three  bodies  of  revolu- 
tion at  supersonic  velocities  have  ""provided  information  on 
three  important  phases  of  the  heat-transfer  problem — 
boundary-layer  transition,  temperature-recovery  factor,  and 
heat- transfer  parameter  (for  laminar  boundary  layers).  The 
follo^ving  conclusions  are  based  on  these  results  and  compar- 
isons with  available  theories: 

1.  The  effect  of  adding  heat  to  a laminar  boundary  layer 
is  to  cause  premature  transition  and  the  effect  of  extracting 
heat  is  to  delay  transition  although  to  lesser  degree  than 
could  be  expected  from  the  implications  of  the  theory  of 
Lees  (NACA  Rep.  876). 

2.  The  recovery  temperature  on  cones  and  in  the  negative 
pressure-gradient  region  on  bodies  of  revolution  can  be  com- 
puted with  satisfactory  accuracy  by  use  of  the  theoretical 
recovery  factors  for  laminar  and  turbulent  boundary’-  layers 
and  the  local  Mach  number  just  outside  the  boundary  lay^er. 

3.  The  values  of  heat-transfer  parameter  for  laminar 
boundary  layers  obtained  from  the  theories  for  uniform 
surface  temperatures  (Crocco,  and  Hantsche  and  Wendt)  are 
in  good  agreement  with  experiment  for  both  heated  and 
cooled  bodies. 

4.  Values  of  heat-transfer  parameter  for  laminar  boundary 
layers  obtained  from  the  theory  of  Chapman  and  Rubesin 


for  nonuniform  surface  temperatures  are  in  good  agreement 
with  experiment;  however,  the  agreement  is  markedly’-  de- 
pendent upon  obtaining  an  exact  analy'tical  expression  for 
the  experimental  surface- temperature  distribution. 

5.  The  values  of  heat-transfer  parameter  on  the  forward 
half  of  a pointed  parabolic-arc  body^  with  a laminar  bound- 
ary’- lay’^er  when  based  on  the  local  Mach  number  just  outside 
the  boimdary^  layrer  are  almost  identical  to  those  of  cones. 

Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics,- 
Moffett  Field,  Calif,,  December  17,  1948. 
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IHEORETICAL  ANTISYMMETRIC  SPAN  LOADING  FOR  WINGS  OF  ARBITRARY  PLAN  FORM 

AT  SUBSONIC  SPEEDS  1 

By  John  DeYoung 


SUMMARY 

A simplified  lifting-surjace  theory  that  includes  ejects  of 
compressibility  and  spanwise  variation  of  section  lift-curve  slope 
is  used  to  provide  charts  with  which  antisymmetric  loading  due 
io  arbitrary  ardisymmciric  angle  af  attack  can  be  found  for 
wings  having  symmetric  plan  forms  with  a constant  spanwise 
sweep  angle  of  the  quarter-chord  line.  Consideration  is  given 
to  the  flexible  wing  in  roll.  Aerodynamic  characteristics  due  to 
rolling^  deflected  ailerons^  and  sideslip  of  wings  with  dihedral 
are  considered.  Solutions  are  presented  for  straight-tapered 
wings  for  a range  of  swept  plan  forms. 

INTRODUCTION 

Reference  1 has  been  for  many  years  the  standard  reference 
for^  estimating  the  stabilitj^  and  control  characteristics  of 
wings.  The  hfting-line  theory  on  which  this  work  was 
based  gave  generally  satisfactory  results  for  straight  wings 
having  the  aspect  ratios  considered ; however,  the  use  of  wing 
sweep  combined  with  low  aspect  ratio  has  made  an  extension 
of  this  work  desirable.  Lifting-line  theory  cannot  ade- 
quately account  for  the  increased  induction  effects  due  to 
sweep  and  low  aspect  ratio;. consequently,  it  has  been  found 
necessary  to  turn  to  the  more  complex  lifting-surface  theories. 

Of  the  many  possible  procedures,  a simplified  hf ting- 
surface  theory  proposed  by  Weissinger  and  further  developed 
and  extended  in  reference  2 has  been  found  especially  suited 
to  the  rapid  computation  of  characteristics  of  wings  of 
arbitrary  plan  form.  Comparisons  with  experiment  have 
generally  verified  the  theoretical  predictions.  In  reference 
2,  this  method  has  been  used  to  compute  for  plain,  unflapped 
wings,  the  aerodymamic  characteristics  dependent  on  sym- 
metric loading.  The  same  simplified  Uf ting-surface  theory 
can  be  extended  to  predict  the  span  loading  resulting  from 
antisymmetric  ^ distribution  of  the  wing  angle  of  attack. 
From  such  loadings  the  damping  moment  due  to  rolling, 
the  rolling  moment  due  to  deflected  ailerons,  and  the  roUing 
moment  due  to  dihedral  angle  with  the  Yving  in  sideslip  can 
be  determined.  A recent  publication  (reference  3)  makes 
use  of  the  simplified  lifting-surface  theory  to  find  span- 
loading characteristics  of  straight-tapered  swept  wings  in  roll 
and  loading  due  to  dihedral  angle  wdth  the  wing  in  sideslip. 
Experimental  checks  of  the  theory  for  the  damping-in-roU 
coeflBcient  and  rolling  moment  due  to  sideslip  were  very^ 
favorable.  The  range  of  plan  forms  considered  in  reference 


3 is  somewhat  limited  and  aileron  effectiveness  was  not 
included.  The  loading  due  to  aileron  deflection  normally 
involves  excessive  labor  when  computed  by  means  of  the 
simplified  lifting-surface  theory-;  however,  development  of 
the  theory^,  presented  in  reference  4,  that  deals  with  flap  and 
aileron  effectiveness  for  low-aspect-ratio  Yvings  provides  a 
means  by^  which  the  simplified  lifting-surface  method  can  be 
used  to  obtain  spanwise  loading  due  to  aileron  deflection. 

It  is  the  purpose  of  the  present  analy-sis  to  provide  simple 
methods  of  finding  antisymmetric  loading  and  the  associated 
aerodynamic  coefficients  and  derivatives  for  wings  with  sym- 
metric plan  forms  limited  only^  by-  a straight  quarter-chord 
line  over  the  semispan.  Means  will  be  presented  for  finding 
quickly  the  aerodynamic  coefficients  of  span  loading  due  to 
rolling,  of  span  loading  due  to  deflected  ailerons,  and  of 
span  loading  due  to  sideslip  of  vdngs  vdth  dihedral.  Flexible 
wings,  when  the  flexure  depends  principally  on  span  loading 
as  in  loading  due  to  rolling,  can  be  included  in  the  analysis. 


NOTATION 


A 

b 

c 


c 


av 


Cl 


Cd 


i 


<7, 


C|C 

C\Cap 


dp 


aspect  ratio 


wing  span  measured  perpendicular  to  the  plane  of  . 

symmetry,  feet 
wing  chord,  feet  ^ 
aileron  chord,  feet  ^ 


mean  wing  chord  ^ 

local  lift  coefficient 
induced  drag  coefficient 

. /rolling  momentX 
rolling-moment  coetncient  j 

rolling  moment  due  to  rolling  radian 

rolling  moment  due  to  aileron  deflection 
per  radian 


spanwdse  loading  coefficient  for  unit  rolling  moment 


scale  factor 


I Supersedes  NAG  A TN  2140,  ‘‘Theoretical  Antis3mimetric  Sp^  Loading  for  Wings  of  Arbitrary  Plan  Form  at  Subsonic  Speeds”  by  John  DeYoung  1950. 

* The  word  “antisymmetric”  is  understood  to  indicate  that  a distribution  of  loading  or  angle  of  attack  Is  equal  in  absolute  magnitude  on  each  half  of  the  wing  but  of  opposite  sign. 
> Measured  parallel  to  the  plane  of  symmetry. 
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factors  of  loading  interpolation  function 
spanwise  loading  coefficient  or  dimensionless  circu- 

lation  or 

spanwise  loading  coefficient  due  to  rolling 
per  radian  • 

spanwise  loading  coeflQcient  due  to  aileron  deflection 
per  radian 

wing  geometry,  compressibility,  and  section  lift- 
cury e-slope  parameter 

integration  factors  for  spanwise  loading  due  to  ailer- 
ons 

Mach  number 

arbitrary  number  of  span  stations  defined  by 


= cos 


mr 


m + 1 

rate  of  rolling,  radians  per  second 
. wing-tip  helix  angle,  radians 

coefficient  depending  on  wing  geometry  and  indi- 
cating the  influence  of  antisymmetric  loading  at 
span  station  n on  the  downwash  angle  at  span 
station  v 

free-stream  dynamic  pressure,  pounds  per  square 
foot 

wing  area,  square  feet 

ratio  of  aileron  chord  to  wing  chord  ^ 

free-stream  velocity,  feet  per  second 
induced  velocity,  normal  to  the  lifting  surface, 
positive  for  downwash,  feet  per  second 
lateral  coordinate  measured  from  the  wing  root 
perpendicular  to  the  plane  of  symmetry,  feet 
section  angle  of  attack  at  span  station  r,  radians 
angle  of  antisymmetric  twist  of  the  elastic  wing 
produced  by  the  loading  due  to  rolling,  radians  ^ 
rate  of  change  of  wing-section  angle  of  attack  with 
control-surface  angle  for  constant  section  lift 
coefficient  ^ 

compressibility  parameter  {^/\i  —M^) 
angle  of  sideslip,  radians 

dihedral  angle  measured  perpendicular  to  the  plane 
of  symmetry,  radians 

spanwise  circulation,  feet  squared  per  second 
angle  of  deflection  of  full  wing-chord  control  surface, 
radians  ^ 

angle  of  deflection  of  full-wing-chord  control  surface, 
measured  perpendicular  to  the  hinge  line,  radians 

dimensionless  lateral  coordinate 


* Measured  parallel  to  the  plane  of  symmetry. 


rja  dimensionless  aileron  span 

T)c.p.  spanwise  center  of  pressure  on  one  mng  panel 

e trigonometric  spanwise  coordinate  0,  indicating  the 

edge  of  the  aileron  span,  radians 
ratio  of  section  lift-curve  slope  at  a span  station 

V to  both  at  the  same  Mach  number 
. P 

A sweep  angle  of  the  wing  quarter-chord  line,  positive 

for  sweepback,  degrees 
compressibility  sweep-angle  parameter 

degrees 

. , . . / tip  chord  \ 

X taper  ratio  ( — ^ ^ ) 

Vroot  chord/ 

<t>  trigonometric  spanwise  coordinate  (cos~^  t;),  radians 

SUBSCRIPTS 

n,  V integers  pertaining  to  specific  span  stations  given  by 
TItt  vtt 

i?  = cos  — or  rj=cos  — 

o o 

k pertaining  to  span  station  k 

c,  p.  center  of  pressure 

a aileron  “ 

t pertaining  to  fraction-of-wing-chord  ailerons 

T wing  tip 

R ' wing  root 
av  average  or  mean 

DEVELOPMENT  OF  METHOD 

The  simplified  lifting-surface  method  used  herein  replaces 
a lifting  surface  by  a fifting  vortex  located  at  the  wing  one- 
quarter-chord  line.  The  boundary  condition  for  determining 
the  vortex  strength  distribution  specifies  that,  along  the 
three-quarter-chord  line  of  the  mng,  there  shall  be  no  flow 
through  the  lifting  surface.  In  effect,  this  specifies  that,  at 
the  tliree-quarter-chord  line,  the  ratio  of  the  velocity  normal 
to  the  mean  camber  line  (induced  by  the  bound  and  trailing 
vortices)  to  the  velocity  of  the  free  stream  shall  equal  the 
sine  of  the  angle  of  attack. 

Span  loadings  are  theoretically  additive.  Since  the  sym- 
metric angle-of-attack  distribution  contributes  only  to  sym- 
metric loading,  it  follows  that  the  antisymmetric  loading  is 
independent  of  symmetrically  distributed  wing  twist  or  cam- 
ber; hence,  to  find  antisymmetric  loading,  it  is  only  necessary 
to  consider  the  loading  resulting . form  the  antisymmetric 
distribution  of  the  angle  of  attack  across  the  wing  span.  In 
the  subject  case,  such  a distribution  is  experienced  by  the 
wing  as  induced  angle  due  to  rolling,*^  the  effective  t\vist  due 
to  aileron  deflection,  or  sideslip  of  the  wing  with  dihedral. 


« In  considering  the  case  of  the  angle  induced  by  rolling  as  equivalent  to  an  antisymmetric  distribution  of  twist,  it  must  be  noted  that  account  should  be  taken  of  the  fact  that  a rolling  wing 
leaves  a twisted  vortex  trail;  whereas  a twisted  wing  does  not.  The  difference  in  induction  effects  on  the  wing  of  the  straight  and  twisted  vortex  is  considered  insignificant  here  as  has  been 
assumed  in  other  analyses. 
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For  an  antis^nninetric  angle-of-attack  distribution^  the 
loading  distribution  will  be  equal  in  absolute  magnitude  on 
each  semispan,  but  of  opposite  sign.  The  loading  therefore 
needs  only  to  be  found  over  the  semispan,  and,  since  the 
loading  is  zero  at  the  wdng  root,  onl\^  span  stations  outboard 
need  be  considered.  The  mathematical  development  of  the 
simplified  lifting-surface  method  for  the  case  of  antisj^m- 
metric  loading  is  given  in  appendix  A.  As  showm  in  appendix 
A,  (m-l)/2  linear  equations  in  terms  of  loading  distribution 
are  obtained  which  satisfy  the  iving  angle-of-attack  condi- 
tions ® at  the  three-quarter-chord  line  at  m stations  n,  where 
m is  an  arbitrary  odd  integer.  These  equations  are  repre- 
sented b}^  the  summations 


m— 1 

nLy=^,  PynG„f  1^=1,  2,  3,  . . . ^ (1) 

Ti=l  “ 

where 

ay  antisymmetric  angle  of  attack  at  wing  station  v 

j)yn  coefficients  that  for  a given  value  of  m depend  on 

wing  geometry,  compressibility,  and  section  lift- 
curve  slope 

Gn  loading  coefficients  at  span  stations  n 

The  application  in  appendix  A of  the  present  report  is  with 
m=7.  Since  the  loading  at  the  midspan  station  is  known  to 
be  zero,  consideration  is  requhed  of  only  three  stations: 
71=1,  2,  3,  equal  to  wing  semispan  positions  of  7j  = cos  (titt/S) 
==0.924;  0.707;  and  0.383.  Equation  (1)  thus  becomes 

= S VynGm  v=  1, 2,3  (2) 

«— 1 


where  the  integer  v pertains  to  span  station  ij=cos  (j'tt/S) 
To  obtain  the  loading  coefficients  (7„=  (CiC/26)n,  it  remains 
only  to  evaluate  the  coefficients  'pyn  and  the  spamvise 
variation  of  the  antisymmetric  angle  of  attack -a,. 

EVALUATION  OF  COEFFICIENTS 

vSince  m is  chosen,  becomes  a function  only  of  wing 
geometry,  compressibility,  and  section  lift-curve  slope.  The 
effects  of  compressibility  and  section  lift-curve  slope  are 
equivalent  to  a change  in  wing  plan  form  ® and  can  be  ac- 
counted for  by  a proper  adjustment  of  the  values.  As 


shown  in  appendix  B,  can  be  conveniently  presented  as  a 
function  of  two  parameters,  namely,  a compressible-sweep- 
angle  parameter  defined  as  Ajs=tan“^  (tan  A/j3)  and  a param- 
eter Hy  involving  the  ratio  of  wing  span  to  wing  chord  and 
variable  section  lift-curve  slope,  defined  by 


Hy^d 


(3) 


where 

Ky  ratio  of  experimental  section  lift-curve  slope  at  span 
station  v to  the  theoretical  value  of  27r/j8,  both  at  the 
same  Mach  number 
Cy  wing  chord  at  span  station  p 
The  value  dy  is  a scale  factor  given  by 
d^=0.061  for  1^=1^ 


= 0.234  for  p=2 


(4) 


= 0.381  iOi  p= 


KJ  f 


Equation  (3)  can  be  written  in  alternative  form  that  gives 
Hy  in  terms  of  wing  geometry  parameters  that  are  more 
significant;  thus 

H,=d.( / V /~^1 

where 

Kav  ratio  of  average  section  lift-curve  slope  to  27t//3 

both  at  the  same  Mach  number 
KyjKav  span  wise  distribution  of  section  lift-curve  slope 

for  a given  Mach  number 

CyJCav  spanwise  distribution  of  the  wing  chord 

(^A/Kav)  compressible  aspect  ratio  .and  average  section 
lift-curve-slope  parameter 

The  term  j—. — — r of  equation  (5)  gives  an  eft'ective 

aerodynamic  taper  of  a wing.  The  distribution  of  KyjKav  ma}’’ 
vary  with  Mach  number,  particularly  at  transonic  speeds 
(e.  g.,  due  to  spanwise  variation  of  airfoil  section).  However, 
since  the  distribution  contributes  to  taper  effect,  the  loading 
distribution  and  not  the  total  loading  will  be  appreciably 
affected. 

With  Hy  determined  from  equations  (3)  or  (5)  and  (4),  the 
values  of  nine  in  all,  are  presented  in  figure  1 where  'pyn  is 
given  as  a function  of  Hy  for  various  values  of  A^. 


5 The  reader  should  note  that  the  boundary  condition  is  given  by  to, = V sin  a,  from  which  (w/V).  is  seen  to  equal  sin  a,.  The  substitution  of  a,  for  sin  a,  has  the  effect  of  increasing  the 
value  of  loading  on  the  wing  above  that  necessary  to  satisfy  the  boundary  condition.  However,  the  boundary  condition  was  ff.xed  assuming  that  the  shed  vortices  moved  downstream  in  the 
extended  chord  plane.  A more  realistic  picture  is  obtained  if  the  vortices  are  assumed  to  move  downstream  in  a horizontal  plane  from  the  wing  trailing  edge.  It  can  be  seen  readib'  that,  if  this 
occurs  the  normal  component  of  velocity  induced  by  the  trails  at  the  three-quarter-chord  line  is  reduced  and.  if  the  boundary  condition  is  to  continue  to  be  satisfied,  the  strength  of  the  bound 
vortex  must  increase.  It  follows  that  substitution  of  a,  for  sin  a,  then  has  the  effect  of  accounting  for  the  bending  up  of  the  trailing  vortices.  It  is  not  known  how  exact  the  correction  is,  but 
the  calculations  and  experimental  verification  show  it  to  be  of  the  correct  order. 

» Compressibility  and  section  lift-curve  slope  are  discussed  in  the  section  ‘‘Discussion”  and  in  the  appendix  B. 
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(a)  p=l,n=l,di =0.061. 

Fiqttre  l.-Influence  coefficients.  pr«,  for  antisymmetric  spanwise  loading  plotted,  as  a function  of  the  wing  geometric  parameter.  for  values  of  the 

compressible  sweep  parameter,  A/j  degrees. 
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(b)  >.=l,n=2,  di=0.061. 
FiouRE  1.— Continued. 
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(d)  »=2,n=l,  *=0.234. 
Figure  1.— Continued. 
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(0  p«2,n=3.dj=*0.234. 
Figubk  1— Continued. 
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Cg)  »“3,n=l,dj=0.381. 
Figure  1. —Continued. 
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For  the  case  of  straight-tapered  \vings  with  arbitrary 
section  lift-curve-slope  distribution  for  which  the  chord 
distribution  is  specified  by  taper  ratio,  evaluation  of  equation 


(5)  is  given  in  figure  2 where  for  each  of  the  three 

{p  Ka^ 

. span  stations  is  shown  as  a function  of  taper  ratio. 


EVALUATION  OF  ANTISYMMETRIC  ANGLE-OF-ATTACK  DISTRIBUTION  «r 

The  antisymmetric  angle-of-attack  distributions  most 
commonly  encountered  are  those  resulting  from  rolling 
wings,  aileron  deflection,  and  sideslip  of  wings  with  dihedral. 
Evaluation  of  the  angle-of-attack  distributions  for  these 
various  cases  is  outlined  in  the  sections  immediately  following. 

Rolling  wings. — For  the  case  of  the  rigid  wing,  the  induced 
velocity  normal  to  the  wing  surface  is  equal  to  the  upwash 
velocity  experienced  by  the  rolling  wing.  Thus,  at  span 
station  v 


where  pbl2V  is  the  tip  helix  angle.  It  should  be  noted  that 
the  relation  given  by  equation  (6)  assumes  the  wing  structure 
to  be  rigid  in  that  the  distribution  of  is  completely  defined 
by  the  linear  distribution  of  hehx  angle.  In  the  case  of 
- flexible  wings,  however,  the  expression  for  must  be  modified 
to  account  for  the  streamwise  angle-of-attack  change  which 
may  occur  due  to  bending  or  torsional  deflections.  In  this 
case, 

ocy=^  (7) 


where  Aay  represents  the  modihdng  influence  of  flexibility 
Normalh",  Aay  is  not  considered  for  straight  wdngs  since  only 
the  effect  of  torsion  (winch  is  usually  small)  is  involved. 
On  swept  wdngs,  however,  the  effect  of  bending  can  cause 
Aay  to  be  quite  large  so  that  the  ay  distribution  may  be 
affected  considerabh"'.  Due  to  the  interaction  existing 
betw^een  the  aerodynamic  and  structural  foixies,  Aay  cannot 
be  determined  directh’,  but  must  be  found  through  equations 
of  equilibrium  or  by  iteration.  With  the  loading  for  the 
rigid  wdng  provided,  however,  the  iteration  procedure 
becomes  relatively  easy  to  apply.  The  first  approximation 
of  ay  is  found  from  the  loading  of  the  rigid  wing  and  further 
refinements  of  ay  ma}’^  be  found  utilizing  the  successive 
loadings  for  the  flexible  wing  as  determined. 

Deflected  ailerons. — Where  the  spanwise  distribution  of 
the  angle  oiy  is  to  be  considered  eq  in  valent  to  antisymmetric 
aileron  deflection,  it  must  suffer  a discontinuity  at  the  span- 
wise  end  of  the  control  surface.  The  loading  when  such  a 
discontinuity  is  present  can  be  duplicated  by  a proper 
distribution  of  antis3^mmetric  twist.  In  appendix  C,  the 
antisymmetric  twist  distribution  required  by  the  present 
theor\^  to  give  accurate  span  loading  distribution  due  to 
ailerons  is  found  with  the  aid  of  zero-aspect-ratio  wing  theorj^ 
given  b}^  reference  4.  To  minimize  the  computation  involved, 
it  is  convenient  to  consider  both  the  case  of  outboard  and 
inboard  ailerons. 

1.  Outboard  ailerons. — With  m=l ^ three  different  aileron 
spans  can  be  conveniently  defined  for  the  outboard  ailerons. 
For  the  aileron  spans  j?a,  measured  from  the  wdng  tip  inboard, 
the  antis^^mmetric  twist  distribution  required  per  unit 
deflection  of  full-wdng-chord  ailerons,  a„/5,  is  given  b}^ 


Case. 

I 

II 

III 

0.169 

0.  444 

0.805 

1.003 

0.  971 

0.998 

6 

“2 

& 

.017 

.996 

.991 

«3 

b 

.006 

.014 

.978 

• (8) 


Inboard  ailerons. — With  m=7,  three  different  aileron  spans 
can  be  conveniently  defined  for  the  inboard  ailerons.  For 
the  aileron  spans  r}a  measured  from  the  wing  midspan  out- 
board, the  antis^^mmetric  t^vist  distribution  required  per  unit 
deflection  of  full-wdng-chord  ailerons,  a,/5,  is  given  by 


Case 

IV 

V ' 

VI 

Va 

0.556 

0.831 

1.000 

0.044 

0. 013  ' 

1.016 

6 

«2 

5 

-.017 

.961 

.979 

«3 

b 

1.087 

1. 095 

1. 101 

. (9) 


Sideslip  of  wings  with  dihedral. — For  calculating  the  roll- 
ing moment  caused  by  dihedral  angle  for  the  sideslipping 
wing,  the  effect  of  the  skewness  of  the  vortex  field  in  altering 
the  effects  of  the  dihedral  angle  will  be  assumed  to  be  small 
(as  assumed  in  reference  3).  The  problem  then  simplifies  to 
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finding  the  rolling  moment  due  to  antisjunmetric  angle  of 
attack  wdtli  the  unskewed  vortex  field.  The  solution  to  this 
problem  is  the  same  as  for  the  ailerons  wliich  has  alread}-  been 
solved. 

The  antis\mmietric  distribution  of  angle  of  attack  for  the 
sideshpping  wing  with  dihedral  is  given  by 

a.=pr  (10) 

where 

ap  effective  angle-of-attack  distribution 
* ^ angle  of  sideshp  measured  positive  in  the  counterclock- 
wise direction  from  the  plane  of  s^unmetry 
r dihedral  angle 

The  wing  parameter  F is  not  affected  by  compressibilit^^ 
Equation  (^0)  is  approximate  for  small  values  of  ^ and  F. 

For  unit  ^F  over  the  span  of  the  ailerons  considered, 

pF— 6 . (ii) 

can  be  substituted  for  6 in  equations  (8)  and  (9). 

APPLICATION  OF  METHOD 

For  the  cases  of  antisymmetric  angle-of-attack  distribu- 
tions resulting  from  rolling,  aileron  deflection,  or  sideslip  with 
dihedral,  it  is  possible  to  present  a set  of  simultaneous  equa- 
tions wiiich  are  required  for  the  solution  of  the  load  distribu- 
tion for  an  arbitrar^^  plan  form.  With  the  loading  knowm, 
integration  formulas  can  be  given  to  determine  aerodynamic 
coeflicients. 

The  loading-distribution  coeflicient  6n  determined  from 
the  solutions  of  the  simultaneous  equations,  are  functions  of 
p,n  wdiich  has  been  showm  in  a preceding  section  to  be  a 
function  of  wing  geometry,  compressibilit}^  and  section  lift- 
ciirve  slope.  The  aerodynamic  coefficients  are  integrations 
of  the  load  distribution  and,  therefore,  wall  also  be  a function 
of  wing  geometry,  compressibility,  and  section  lift-curve- 
slope  parameters.  Application  of  the  method  to  the  general 
solution  for  arbitrary  chord  distribution  is  outlined  and  solu- 
tions are  presented  for  the  case  of  straight  taper.. 

GENERAL  SOLUTION 


and 


— O.Q24:+-^^  = Pn6l+PliG2  + Pl3G3 

— 0.7  07 = +P22G'2  + 2*23^3  ■■ 

— 0. 3 8 3 + = 2J3I  <71  + 2?32  G^2  + 2>33  ^3 


(13) 


wdiere 


Gn 


phj2V 


and  Aa,,  is  the  incremental  angle  of  attack 


due  to  aeroelastic  effects. 

2.  Loading  distribution, — The  loading-distribution  coef- 
ficient is  given  by  G=Cicj2b,  Other  forms  of  the  loading 
coefficient  are  given  by  the  identities 


1 CiC  Cl  CiC 

2 A Cao^2A  CiCat 


(14) 


The  loading  is  knowm  to  be  zero  at  r?=0  and  1 and  is  deter- 
mined at  three  intermediate  span  stations.  Values  of  loading 
at  other  span  stations  can  be  obtained  from  a loading  function 
derived  in  appendix  B or,  with  equations  (B23)  or  (B24)  of 
appendix  B,  the  loading  can  be  found  at  span  positions 
7?=0.981,  0.831,  0.556,  and  0.195. 

3.  Rolling  moment. — The  damping-in-roll  derivative  for  the 
solutions  of  equations  (12)  or  (13)  is  derived  in  appendix  B 
and  given  by  . 


[^2+0.707  ((?.  + ^3)]  (15) 

4.  Spanwise  center  of  pressure. — The  equation  giving  center 
of  pressure  on  the  wdng  semispan  is  showm  in  appendix  B to  be 


♦ , ^ Clj Kgt} 

(0.163(?i  + 0.248(?2+0. 430(73) 

^av 


0.082 


+ 0.124 


1 


+ 0.215 


(16) 


Aerodynamic  characteristics  due  to  rolling, — The  solutions 
for  the  aerodynamic  effects  due  to  the  rolling  wing  wdll  be 
found  and  loading,  rolling  moment,  spanwdse  center  of  pres- 
sure, and  induced  drag  wdll  be  obtained. 

1.  Simultaneous  loading  equations. — The  p^n  values  are 
obtained  from  figure  1 and  table  I ^ wdth  values  o(Hp  given  by 
equations  (3)  or  (5). 

The  simultaneous  equations  (2),  for  the  rigid  and  flexible 
wing,  respectively,  become: 

— 0.924i=2^nGi-\-pnG2-\-pizGz  ^ 

— 0.707  =2;2i^i  +7^226^2+7^23^3  r (1 2) 

— 0, 383 = 7?3i  6^1 +7^32  f?2+ 7^336^3  J 

where 


" pbl2V 


5.  Induced  drag. — The  induced  drag  is  derived  in  appendix 
B and  given  bA- 

^=1  (^)  [^.^+  ^2^+  G^-i^  <?2«7.  + (?3)]  (17) 

‘Aerodynamic  characteristics  due  to  aileron  deflection. — 
The  solutions  for  the  aerodjmamic  effects  due  to  ailerons  wdll 
be  found  for  three  different  spans  of  outboard  and  inboard 
ailerons.  Cross  plots  of  these  data  proAude  curves  for 
arbitrary  aileron  spans. 

1.  Simultaneous  loading  equations. — The  p^n  A^alues  are 
obtained  from  figure  1 and  table  I with  values  of  given 
by  equations  (3)  or  (5). 

(a)  Deflected  outboard  ailerons. — The  aileron  spans  meas- 
ured from  the  Aving  tip  inboard  are  gi\^en  by  The  simul- 
taneous solution  for  antis^onmetric  spanwise  loading  due  to 


» Values  of  pm  beyond  the  scope  of  figure  l are  included  in  table  I, 
which  gives  the  finear  asymptotes  of  the  pm  function. 


For  values  of  Hw  larger  than  those  included  in  figure  1 and  table  I,  the  pm  curves  can  be  obtained  from  equation  (BS) 
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deflection  of  any  of  the  three  following  aileron  spans  can  be 
obtained  from  the  appropriate  set  of  the  following  equations: 

=Pll6^l+Pl2f?2+Pl3G^3 
='P2\G\-]r'P22G2'^V2'iGz  (18) 

=2>31  +2^326^2 ^3 

where  Gn=Gj5. 

{b)  Deflected  inboard  ailerons, — The  aileron  spans  meas- 
ured from  the  wing  midspan  outboard  are  given  by  ija.  The 
simultaneous  solution  for  antisymmetric  spanwise  loading 
due  to'  deflection  of  aiiy  of  the  three  following  aileron  spans 
can  be  obtained  from  the  appropriate  set  of  the  following 
equations: 

=1^116^1+^126^2+^136^3 
= P2i6^1  + 1>226^2  + 1>236^3  (1 9) 

= PziG  I + PZ2G  2 + pzzG  3 

where  Gn=Gn/b. 

2.  Loading  distribution. — The  spanwise  loading  distribu- 
tions due  to  various  aileron  configurations  include: 

(а)  Full-wing-chord  ailerons. — The  loading'is  knowm  to  be 
zero  at  r/=0  and  1,  and  is  determined  at  three  intermediate 
span  stations.  With  equation  (Cl3)  and  tables  C6,  Bl,  and 
C7,  the  loading  can  be  found  at  span  stations  t?=0.981,  0.831, 
0.556,  and  0.195  for  each  of  the  aileron  spans  considered. 
With  these  given  points  and  the  knowledge  that  the  slope  of 
the  loading  distribution  curve  is  theoretically  infinite  at  the 
point  of  angle-of-attack  discontinuity  (aileron  span^vise  end), 
the  loading  distribution  can  be  faired. 

(б)  Constant  Jr  action  oj  wing-chord  ailerons. — The  spanwise 
loading  of  constant  fraction  of  wing-chord  ailerons  is  equal  to 
the  product  of  the  loading  due  to  full- wing-chord  ailerons  and 
the  effective  change  of  angle  of  attack  with  aileron  angle,® 
dajdb.  The  factor  dajdb  is  a function  of  the  ratio  of  aileron 
chord  to  wing  chord  t—cjc.  The  change  of  section  angle  of 
attack  with  aileron  angle  dafdb  is  presented  in  figure  3,  which 
is  reproduced  from  figure  18  of  reference  5. 

Although  figure  3 taken  from  reference  5 limits  the  Mach 
number  range  to  Mach  numbers  less  than  0,2,  this  hmitation 
is  believed  to  be  unwarranted  since  theory  indicates  that 
dajdb  is  unaffected  by  compressibility  for  the  two-dimen- 
sional \ving.  However,  as  indicated  in  reference  4,  dajdb  is 
strongl}^  affected  by  low  aspect  ratio  and  will  change  appreci- 
ably if  the  parameter  13 A becomes  much  less  than  two;  hence, 
the  values  of  da/db  from  figure  3 appear  to  be  valid  for  /8+>2. 

* In  using  da/di  here,  it  should  be  noted  that  the  assumption  is  made  that  the  effective 
airfoil  section  is  taken  as  being  parallel  to  the  plane  of  symmetry  and  that  the  section 
approaches  a two-dimensional  section.  The  validity  of  this  assumption  can  be  questioned; 
however,  limited  checks  with  experiment  show  it  to  be  at  least  approximately  correct. 


O .04  .08  ’.IB  J6  .80  .84  88  38 


t 

■ Figure  3.— Variation  of  lift-effectiveness  parameter  with  aileron  chord  ratio,  t 
trailing-edge  angle  about  10°;  Af<0.2.  Curves  from  reference  6 

(c)  Arbitrary  spanwise  distribution  of  aileron  chord, — The 
aileron  can  be  divided  into  several  spans  with  constant 
dajdb,  then  the  total  loading  is  the  sum  of  the  products  of 
the  full-wing-chord  loading  of  each  span  and  its  respective 
dajdb. 

3.  Rolling  moment. — ^The  rolling  moment  can  be  found  for 
the  following  aileron  configurations: 

(a)  Full-wing-chord  ailerons. — The  spanwise  loading  due  to 
aileron  defiection  cannot  be  integrated  with  sufficient 
accuracy  with  equation  (i5).  In  appendix  C,  a similar 
integration  formula  is  developed  that  applies  to  each  given 
aileron  span.  Equation  (CIO)  and  table  C5  give 

-~f— — ^ (/ii  6*^1+ A2(72+^3  6^3)  (20) 


where  for  each  of  the  cases  of  equations  (18)  and  (19)  the 
hn  values  are  given  by 


Case 

I 

II 

III 

IV 

V 

VI 

hi 

0. 140 

0. 139 

0. 138 

0.146 

0. 141 

0. 140 

hi 

.109 

.196 

.196 

.200 

.197 

.198 

hz 

. 145 

.139 

.138 

.140 

.139 

.140 

(b)  Constant  fraction  of  wing-chord  ailerons.— For  constant 
fraction  of  wing-chord  ailerons  with  aileron  angle  measured 
parallel  to  the  plane  of  s^onmetry,  the  aileron  effectiveness  is 
given  by 

Kqj,  d b\^  Kqi,  / 


(c)  Arbitrary  spanwise  distribution  of  aileron  chord.— T]io 
deflection  of  ailerons  for  which  t varies  spanwise  on  the 
wing  can  be  considered  as  an  equivalent  wing-twist  distribu- 
tion. The  effective  antisymmetric  twist  of  the  wing  is 
given  by 
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where  dajdb  is  now  a function  of  spanwise  position.  The 
antisjonmetric  angle-of-attack  distribution  given  by  equation 
(22)  can  be  divided  into  spamvise  steps  of  constant  angle  of 
attack  and  the  total  rolling  moment  can  be  found  by  the 
summation  of  the  rolling  moment  due  to  each  spanwise  step. 
The  rolling  moments  of  the  spanwise  steps  are  obtained  from 
a curve  of  rolling’-moment  coeflScient  pCijKao  as  a function 
of  unit  antisymmetric  angle  of  attack  from  the  wing  root 
outboard.  This  step  method  is  the  procedure  used  in 
reference  1. 

A curve  of  PCiJkov  as  a function  of  unit  antisjnnmetric 
angle  of  attack  from  the  wing  root  outboard  can  be  obtained 
from  the  solutions  of  equation  (19)  for  the  cases  IV,  V,  and 
VI.  An  additional  point  can  be  obtained  from  the  solution 
of  case  III  of  equation  (18),  applying  the  relations  (dis- 
cussed later)  existing  between  inboard  and  outboard  ailerons. 
The  rolling  moment  due  to  the  twist  given  b}^  equation  (22) 

1--  i.1,  „ j _i.i i-i i.T_  _ 4.1, 

UU/ii  utJ  uutitiiicu-,  uy  11U5U11UU  t-uuii  uiic  aucp  ihuuhuli, 

from  the  integral  given  b}’’ 


da  , 

d^ 


(23) 


which  can  be  integrated  numerically  by  taking  the  graphical 
slopes  of  ^CijKav  which  is  a function  of  extent  of  unit  anti- 
sjmimetric  angle  of  attack  from  the  wing  root  outboard. 

4.  Spanwise  center  of  pressure  and  induced  drag. — Span- 
wise  center  of  pressure  and  induced-drag  integration  formulas 
for  loading  due  to  ailerons  are  not  given;  however,  equations 
(16)  and  (17)  can  give  approximate  integrations  of  the  load- 
ing to  obtain  center  of  pressure  and  induced  drag. 

5.  Additional  considerations: 

{a)  Relation  between  aerodynamic  characteristics  for  out- 
board and  inboard  ailerons. — The  spanwise  loading  distribu- 
tions due  to  outboard  and  inboard  ailerons  bear  a simple 
relation  to  each  other.  Since  loading  is  linearly  propor- 
tional to  angle  of  attack,  loadings  are  directly  additive. 
Then,  for  outboard  and  inboard  ailerons  with  the  spanwdse 
ends  of  the  ailerons  at  the  same  span  station, 


fnnboaro  — ^ 


outboard 


^inboard  ^ = i) 

^“inboard  ^ ^^outboard 


(24) 


These  relations  do  not  apply  for  r}c,v.  GD^  since  these 
characteristics  are  not  hnearly  proportional  to  loading. 

Q>)  Differential  aileron  angles. — The  effect  of  a differential 
between  aileron  angles  can  be  taken  into  account  by  con- 
sidering the  Gi^  of  each  wing  panel  as  one-half  the  antisjnn- 
metric  results  of  equations  (20),  (21),  or  (23).  The  total 
\ving  rolling  moment  is  then  the  sum  of  the  products  of  Gif  2 
given  by  equations  (20),  (21),  or  (23)  and  the  angle  of  de- 
flection of  each  aileron.  Although  the  total  rolhng  moment 
can  be  found  by  this  procedure,  the  spanwise  loading  distri- 
bution can  be  found  only  approximately  b}^  the  products  of 
the  antisymmetric  unit  loading  Gjb  and  the  deflection  of  each 
aileron.  However,  the  loading  distribution  so  found  will  be 


quite  accurate  since  this  procedure  neglects  only  the  small 
change  due  to  the  induced  effects  of  the  differential!}^  differ- 
ent opposite  wing  panels. 

(c)  Aileron  angles  measured  perpendicular  to  the  hinge 
line. — The  relationship  between  aileron  angle  measured  per- 
pendicular to  the  aileron  hinge  line  and  that  measured 
parallel  to  the  plane  of  s\Tnmetr}’’  is  given  by 


tan 


tan  3 
cos  A* 


(25) 


where 

A(  sweep  angle  of  the  aileron  liinge  line 
5 angle  measured  perpendicular  to  the  hinge  line 
For  constant  fraction  of  wing-chord  ailerons  on  straight- 
tapered  wings,  is  given  by 


tan  A^  = tan  Ac/4- 


4(0.75-0 /1-X 


(26). 


w^here  t is  the  fraction  of  wing-chord  aileron  measured  from 
the  wing  trailing  edge. 

Aerodynamic  characteristics  due  to  sideslip  of  wings  with 
dihedral. — The  total  antisymmetric  loading  due  to  sideslip 
can  be  considered  as  the  sum  of  that  due  to  dihedral  angle 
and  that  due  to  zero  dihedral  angle.  For  the  unswept  wing, 
the  rolling  moment  due  to  sideslip  for  zero  dihedral  angle  is 
generally  considered  negligible;  how^ever,  for  the  swept  wdng, 
tliis  effect  can  be  appreciable.  In  the  present  report,  only 
that  part  due  to  dihedral  angle  wall  be  considered  for  the 
sw^ept  and  nonswept  ^vings. 

1.  Simultaneous  loading  equations. — The  p^n  values  are 
obtained  from  figure  1 and  table  I with  values  of  Hy  given  by 
equations  (3)  or  (5). 

The  simultaneous  equations  resultii^  from  the  substitu-. 
tion  of  5=/?r  (see  equation  (11))  and  G=6/PV  in  equations 
(18)  and  (19)  are  apphcable  in  the  determination  of  the 
effects  of  unit  outboard  or  inboard  dihedral  angle  over  the 
span  of  the  ailerons  considered. 

2.  Rolling  moment. — The  rolling  moment  due  to  various 
dihedral  angle  distributions  include: 

{a)  Gonstant  spanwise  dihedral  angle. — For  dihedral  angle 
constant  for  the  entire  wdng  semispan,  the  loading  is  given 
by  the  solution  of  case  VI  in  equation  (19)  for  G=GjfiT-  and 
the  rolhng  moment  from  equation  (20)  becomes 

^=^(0.140^1  + 0. 198^2+0. 14O&3)  (27) 

Kaijl  Kflp 

(6)  Gulled  wing. — For  the  gulled  ^ving,  solutions  of  equa- 
tion (19)  for  G—Gj^T  gives  the  loading,  and  the  rolhng 
moment  from  equation  (20)  becomes 


(28) 


A plot  of  the  results  of  cases  IV,  V,  and  VI  gives  the  extent 
of  unit  dihedral  angle  from  the  wing  root  outboard.  Then, 
for  a guhed  Aving,  the  total  rolhng  moment  equals  the  sum 
of  products  of  dihedral  angle  of  each  span  section  and  the 
rolling-moment  contribution  of  the  respective  span  sections, 
(c)  Variable  spanwise  dihedral  angle. — If  F varies  span- 
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^vise,  the  rolling  moment  can  be  obtained  by  integration  as 
in  equation  (23).  The  integral  becomes 


difiCi-jKavV) 

where  is  the  slope  of  the  curve  described  in 

part  Q>)  above. 

SOLUTION  FOR  STRAIGHT-TAPERED  WINGS 


Charts  of  aerodynamic  characteristics  for  straight-ta- 
pered wdngs  can  be  presented  in  terms  of  geometric,  com- 
pressibilit}^,  and  average  section  lift-curve-slope  parameters. 
These  charts  provide  a ready  means  of  obtaining  data 
directh^. 

Aerodynamic  characteristics  due  to  rolling. — The  applica- 
tion of  equation  (12)  for  a constant  value  of  section  lift- 
curve  slope®  provides  the  spanwise  loadings  at  span  stations 
0.383,  0.707,  and  0.924  which  are  presented  in  figure  4 for  a 
wide  range  of  plan  forms.  The  interpolation  formula  of 
equation  (B24)  will  give  values  of  loading  due  to  rolhng  at 
span  stations  other  than  those  presented.  With  equation 
(15),  the  damping-in-roll  coeflScients  fiCipjKav  can  be  obtained 
and  are  presented  in  figure  5 for  a wide  range  of  plan  forms. 

Aerodynamic  characteristics  ^due  to  aileron  deflection. — 
The  application  of  equation  (19),  case  III  of  equation  (18), 
and  equation  (20)  provide  aileron  effectiveness  in  the  coeffi- 
cient form  ^CijKav  for  several  aileron  spans.  In  figure  6, 
fiCjjKav  is  plotted  against  extent  of  unit  antisymmetric  angle 
of  attack  from  the  wing  semispan  root  outboard  for  a range 
of  wing  parameters. 

As  presented,  figure  6 gives  directly  the  effectiveness  of 
full-wing-chord  inboard  ailerons  for  aileron  spans  measured 
from  the  plane  of  symmetry  outboard.  The  effectiveness 
of  full-wing-chord  outboard  ailerons  for  aileron  spans  meas- 
ured from  the  wdng  tip  inboard  is  given  by  figure  6 directly 
by  the  relations  of  equation  (24).  For  full-wing-chord 
ailerons  located  arbitrarily  on  the  wing  semispan,  the  aileron 
effectiveness  can  be  obtained  directl}^  from  figure  6 as  indi- 
cated in  the  following  example  sketch. 


With  the  full-wing-chord  values  given  above,  the  effec- 
tiveness of  constant  fraction  of  wing-chord  ailerons  or  ailerons 
of  arbitrary  spanwise  chord  distribution  can  be  found  through 
use  of  equations  (21)  or  (23)  with  the  da/dd  values  of  figure  3. 


» Throughout  the  figures,  xa » is  the  constant  spanwise  section  lift  curve  slope  or  the  average 
of  a small  variation.  For  large  spanwise  variations  of  * that  follow  the  function  given  by 
equation  (Bll)  developed  in  appendix  B,  the  parameters  fiAfxn*  and  X can  be  replaced  by  the 

parameters  ^ respectively.  For  large  spanwise  variations  of  k 

that  do  not  follow  the  curve  of  equation  (Bll),  the  simultaneous  equations  for  the  general 
solution  can  be  solved  for  arbitrary  distributions  of  The  H,  values  can  be  obtained  from 
figure  2. 


(a)  17=0.3827.  • ' 

■ Cl  c 

Figure  4. — Variation  of  loading  due  to  rolling  coefficient  with  compressible  sweep 

parameter  Afi,  degrees,  for  straight-tapered  wings. 


(b)  17=0.7071. 

Figure  4.— Continued. 

Aerodynamic  characteristics  due  to  sideslip  of  wings  with 
dihedral. — The  application  of  equ^ion  (19),  case  III  of 
equation  (18),  but  with  5=^r,  and  and  the  use  of 

equation  (28)  provides  rolling  moments  due  to  dihedral  angle 
for  the  wing  in  sideslip.  These  rolling  moments  are  given 
in  the  coefficient  form  pOi*/KavT  which  is  the  same  function 
of  7j  as  pCiJuav  and  is  presented  with  pCiJuav  in  figure  6. 
Figure  6 with  equation  (29)  will  provide  the  rolling  moment 
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(0)  <1  = 0.9239. 
Figure  4.— Concluded. 


due  sideslip  for  any  S}anmetric  spanwise  distribution  of 
dihedral  angle. 

For  dihedral  angle  constant  spanwise,  the  rolling  moment 
is  given  by  the  value  at  rj  = l in  figure  6.  These  values  for 
constant  spanwise  dihedral  angle  are  presented  in  figure 
7 as  a function  of  aspect  ratio  for  various  values  of  sweep 
angle  and  taper  ratio. 


^ DISCUSSION 

Effects  of  plan-form  parameters  on  aerodAmamic  charac- 
teristics for  straight- tapered  wings  are  shown  by  plots  against 
the  various  parameters.  Compressibility  is  discussed  and 
formulas  given  for  a range  of  plan  forms  at  sonic  speeds. 
Theoretical  considerations  and  experimental  comparisons 
indicate  the  order  of  reliability  of  the  present  theoretical 
results. 

STRAIGHT-TAPERED  WINGS 


The  spanwise  loading  distribution  due  to  rolling  for  several 
plan  forms  is  presented  in  figure  8.  These  curves  are  the 
result  of  applying  figure  4 and  the  loading  interpolation 
formula  of  appendix  B.  The  loading  coefficient  is  given  as 

^ Vc.p.__  make  the  total  loadmg  on  the  semispan 

constant  and  thus  show  more  clearly  the  changes  of  dis- 
tribution due  to  sweep  and  taper  ratio.  Figure  8 shows 
large  changes  in  loading  distribution  for  the  zero  tapered 
wing.  The  effects  of  sweep  are  generall}'  as  expected, 
nameh^,  that,  sweepback  shifts  the  loading  outboard. 

Effects  of  plan  form  on  the  rolling  moment  due  to  rolling  is 
sho^\^l  from  cross  plots  of  figure  5 which  are  presented  in  figures 
9 and  10.  For  higher  aspect  ratio,  figures  4, 9,  and  10  show  the 
marked  lowering  of  rolling  moment  due  to  sweep.  Figure 


(a)  x=o. 

(b)  X=0.25. 

fiCi 

Figure  5.— Variation  of  damping-in-roll  parameter 5-  with  (impressible  sweep  parameter 

o Sfi,  degrees,  for  straight-tapered  wings. 

9 indicates  that  for  low  aspect  ratio,  the  rolling  moment 
becomes  essentially  independent  of  sweep  and  taper.  The 
taper  effects  on  rolling  moment  as  seen  in  figure  10  are 
small  except  for  values  of  taper  ratio  less  than  0.25. 

Typical  spamvdse  loading  distributions  due  to  full-wing- 
chord  aileron  deflection  are  sho\vn  in  figure  1 1 . These  curves 
were  faired  with  the  aid  of  the  loading  interpolation  function 
of  appendix  C and,  at  the  aileron  spanwise  end,  care  was 
taken  to  make  the  slope  large. 

Wing  geometry  effects  on  aileron  effectiveness  for  full- 
chord  outboard  partial-span  ailerons  (with  aileron  anghj 
measured  parallel  to  the  plane  of  s^mimetry)  are  given  in 
figure  12.  The  geometiy  effects  on  are  similar  to 

those  on  the  damping-in-roll  coefficient.  Comparison  of 
figm'e  12  (a)  with  figm'e  9 shows  that  Ci^  approaches  the 
zero-aspect-ratio  value  in  the  same  manner  as  does  Ci^, 
Figure  13  gives  comparative  effectiveness  of  inboard  and 
outboard  ailerons  for  swept  wings.  As  sweep  increases,  the 
difference  of  effectiveness  between  inboard  and  out- 
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(C)  X«=0.60. 

(d)X=1.0. 

Figure  a.— Continued. 

board  ailerons  decreases  showing  that  inboard  ailerons  for 
highly  swept-back  wings  approach  the  effectiveness  of  out- 
board ailerons.  Since  dajdb  becomes  large  rapidly  at  small 
values  of  i (fig. 3) , then,  for  a given  aileron  area,  narrow  full- 
span  ailerons  for  swept-back  wings  ma}’'  be  more  desirable 
than  larger-chord  outboard  ailerons.  The  relative  effects  of 
figures  12  and  13  apply  equally  well  for  constant  fraction  of 
chord  ailerons,  since  the  data  would  differ  onl}^  b}^  a constant, 
factor  dajdb. 

COMPRESSIBILITY 

From  the  three-dimensional  linearized-compressible-flow 
equation,  it  can  be  shown  that  the  effects  of  compressibility 
will  be  properly  taken  into  account  if  the  longitudinal  com- 


FiGURE  5.— Concluded.  • 


(a)  X=0. 

0Ci, 

Figure  6.— Aileron  rolling-moment  parameter  -- — i per  radian,  and  rolling  moment  due  to 
sideslip  with  dihedral  — - » per  radian  squared,  for  extent  of  unit  antisymmetric  angle  of 

Ko,l 

attack  from  the  wing  root  outboard. 
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(b)  X=0.5. 

Figure  6.— Continued. 

ponents  of  a wing  plan  form  are  increased  by  the  factor  l/)3. 
Or,  alternatively,  if  the  linearized  compressible  flow  equation 
be  divided  through  by  then  the  lateral  and  vertical  com- 
ponents of  a plan  form  are  decreased  b}^  the  factor  )3.  In 
both  cases,  the  incompressible  local  lift  is  increased  by  the 
factor  l/)3  and  the  compressible  local  lift  coefficient  can  be 
written  as  the  parameter 

With  these  relations  known,  an  incompressible  theory 
can  be  made  into  a compressible  theory  subject  to  the 
limitations  of  the  linearized  compressible  flow  equation. 
The  geometric  parameters  of  a \ving  are  simply  sub- 


(c)  x=i.o. 

Figure  6.— Concluded. 

For  outboard  ailerons, 

A 

Ci=—  sin^  B,  where  ?7a=  1 —cos  B 
^ o 

For  inboard  ailerons, 

A 

(1— sin^  ^),  where  7;a=cos  B 

Reference  4 shows  that  aileron  effectiveness  at  the  speed  of 
sound  is  independent  of  the  chordwise  location  of  the  ai- 
leron hinge  line,  provided  the  hinge  line  remains  ahead  of 
all  points  of  the  traUing  edge. 


stituted  b}^  A^=tan  ‘ and  fib.  With  local  hft 

coefficient  given  by  ficij  the  dimensionless  loading 

8ciC  CtC 

becomes  vdng-chord  distribution  remains 

unaltered. 

The  sonic  speed  results  of  reference  4 can  be  used  as  a 
limit  point  in  the  present  theory  for  a curve  of  the  variation 
of  antis}Tnmetric  aerod3mamic  characteristics  with  Mach 
number.  The  follo\ving  equations  appl}^  at  the  speed  of 
sound  to  plan  forms  vdth  all  points  of  the  trading  edge  at 


or  beliind  the  upstream  line  of  maximum  wing  span: 


— ttA 


ACCURACY  OF  THE  SEVEN- POINT  SOLUTION  FOR  AILERONS 

The  prediction  of  aderon  effectiveness  for  given  aderon 
spans  with  wing  twist  determined  by  zero-aspect-ratio 
theor}'  at  onh^  seven  span  points  to  satisfy  the  boundar}’^ 
conditions  has  been  theoreticaUy  shovm  to  be  sufficient  b}^ 
comparing  results  with  the  computation  of  a typical  3.5 
aspect  ratio,  45°  swept  wing  \vith  15  span  points  satisfpng 
the  boundary  conditions.  The  process  of  finding  aderon 
spans  for  the  15-point  method  was  the  same  as  that  in 
appendix  C.  The  curves  showing  the  variation  of  Ci^  with 
aderon  span  for  the  7-  and  15-point  computations  were 
identical. 

The  solution  for  the  angle-of-attack  distribution  that 
includes  a discontinuity  can  be  compared  with  the  solution 
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for  tlie  continuous  angle-of-attack  distribution  b}'  consid- 
ering an  aileron  such  that  the  angle-of-attack  distribution, 
is  equivalent  to  that  of  the  rolling  wing.  The  damping- 
in-roll  coefficient  then  can  be  found  by  use  of  equation  (23) 
which  reduces  to  the  form 

for  ^ integrating  by  parts 

C.-£ 

This  relation  states  that  Ci^  is  equal  to  the  area  between  a 
curve  of  figure  6 and  the  line  of  Cj^  for  rj=l.  The  curves  of 
figure  6 were  found  by  the  simplified  lifting-surface  theor}' 
with  antisymmetric  twist  determined  by  zero-aspect-ratio 
theorv.  The  values  of  Ci  obtained  in  this  manner  from 
figure  6 were  identical  to  the  Ci^  values  given  by  simplified 
lifting-surface  theory  for  continuous  linear  antisymmetric- 
twdst  distribution. 

As  further  theoretical  check,  the  values  of  rolling  moment 
due  to  constant  spanwise  dihedral  angle  are  obtained  from 
15-point  computations  in  reference  3 for  taper  ratio  equal  to 
one,,  with  which  the  present  theory  for  the  7-point  method 
is  in  exact  agreement. 


Fir.vRE  7.— Rolling  moment  due  to  sideslip  of  wing  with  dihedral  ■— 7 » per  radian  squared, 
for  unit  constant  spanwise  dihedral  angle  for  straight-tapered  wings. 


(a)  A^=eo°. 

(b) A^=45°. 

(c)  A„=0®. 

(d)Ap=-45°. 

Figure  S.— Spanwise  loading  due  to  rolling  of  wings  with  various  taper-ratio  and  sweep-angle 
parameters  of  aspect-ratio  parameter  ^=4.  The  curve  for  ^ = 0 serves  as  a basis  for  com- 
parison and  the  factor  - — gives  the  curves  constant  area  equal  to  3.454. 
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COMPARISON  OF  THEORETICAL  AND  EXPERIMENTAL  RESULTS 

The  electro-magnetic  analog}^  method  of  reference  6 
provides  damping-in-roll  coeflScients  for  an  aspect-ratio 
range  of  unswept,  tapered  wings.  The  results  of  the  present 
theory  and  those  of  reference  8 are  compared  in  figure  14. 
Except  for  the  taper  ratio  effects  on  Oi^  the  comparison  is 
good.  The  rounded-wing-tip  values  of  Ui^  given  by  NACA 
Rep.  635  (reference  1)  are  included  in  figure  14.  Since 
rounded  wing  tips  generally  give  values  of  C/^  about  6 
percent  lower  than  straight  vdng  tips,  the  values  of  NACA 
Rep.  635  appear  to  be  appreciabh"  too  high  for  lower-aspect- 
ratio  \vings.  The  present  theory  and  the  theory  of  refer- 


Figure  9.— Variation  of  the  damping-in-roll  parameter  — ~ with  aspect-ratio  parameter 
^ for  various  sweep  angles  and  taper  ratios. 


with  various  aspect-ratio  and  sweep-angle  parameters. 

ence  6 approach  the  value  given  by  the  zero-aspect-ratio 
theory  of  reference  4 quite  satisfactorily^  The  results 
of  the  present'  theory  may  be  further  assessed  by  the  com- 
parison with  the  results  of  low-speed  experiment  as  given 
in  figure  15  for  the  range  of  plan  forms  presented.  For 
further  experimental  verification  of  the  accuracy  with  which 
(7/p  can  be  determined  by  the  present  theory,  the  reader  is 
referred  to  reference  3 wliich  supports  the  theory  as  well 
or  better  than  figure  15  of  the  present  report. 
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which  the  chorch^ase  loading  remains  constant,  does  not  ac-‘ 
count  for  a large  change  in  chordwise  loading.  If  the  Ufting 
line  is  considered  to  be  at  the  chordwise  center  of  pressure, 
then,  for  partial-wing-span  ailerons,  the  hfting  line  is  in 
effect  broken  at  the  aileron  spamvise  end  and  the  present 
theor}'  becomes  invahd.  For  the  case  of  full-wing-span  ai- 
lerons, the  lifting  line  in  effect  remains  unbroken  and  lies 
along  the  center  of  chordwise  pressure.  For  this  case  the 
wdng  chord  can  be  reduced  by  docjdb  to  account  for  plan-form 
change;  however,  although  in  the  Umit  of  zero  aspect  ratio 
the  results  are  the  same  as  those  of  reference  4,  this  procedure 
does  not  mth  sufficient  accuracy  account  for  the  chord>vise 
loading  sliifting  aft  at  intermediate  aspect  ratios.  For  con- 
trol surfaces,  the  effective  plan-form  change  due  to  dajdb  is 
appreciable  for  the  low-aspect-ratio  wings  such  that  in  the 
limit  of  zero  aspect  ratio  the  spanwise  loading  is  independent 
of  the  ratio  of  aileron  chord  to  \ving  chord  (reference  4). 


-tlu  W tJ  V t/l  , XilV^UCyi.  U;  UO  tli)3^CC/U  J.  iJUiJLI  i.V\J  C<Clil-L  UKj  used  wnth~ 

out  accounting  for  plan-form  changes  as  comparison  with 
experiment  indicates. 

Experimental  values  of  C^^/F  are  not  compared  with  the 


present  theoi*}^  since  reference  3 gives  ample  support  of  the 
theory. 


CONCLUDING  REMARKS 


Figure  14,— Comparison  of  damping-in-roll  coefficient  Ct^  of  the  present  theory  with  those 
of  the  theories  of  references  1,  4.  and  6. 

The  loading  distributions  due  to  rolling  as  given  by  the 
present  theory  are  compared  in  figure  16  with  low-speed 
experimental  results  for  a range  of  swept  wings.  The  sweep 
ingle  seems  to  have  considerably  more  influence  on  loading 
distribution  as  given  by  experiment  than  the  theory  indicates. 
Fhe  experimental  pressure  data,  however,  were  very  erratic 
md  no  firm  conclusion  can  be  made. 

Experimental  values  of  rolling  effectiveness  due  to  aileron 
deflection  are  compared  with  theoretically  predicted  values 
in  a correlation  diagram  given  by  figure  17.  Included  are 
the  results  of  a wide  range  of  plan  forms  which  do  not  vary 
consistently  with  any  geometric  parameter  or  aileron  con- 
Sguration.  Sketches  of  the  plan  forms  and  ailerons  are 
drawn  about  the  points  of  correlation.  The  theory  makes 
Lise  of  the  curve  of  figure  3 giving  da/d8  for  a sealed-gap 
lileron  over  a range  of  deflection  of  ±10°.  Experimental 
results  for  aileron  deflections  greater  than  15°  measured  per- 
pendicular to  the  hinge  fine  were  not  included.  The  correla- 
tion points  of  figure  17  scatter  appreciably;  however,  the 
mean  line  of  the  points  does  approximate  the  line  of  perfect 
correlation. 

Figure  17  does  not  account  for  effective  plan-form  change 
due  to  dajdb.  Only  the  effectiveness  of  the  low-aspect-ratio 
triangular  wing  of  figure  17  is  exceedingly  in  error,  which  is 
the  result  of  neglecting  plan-form  change. 

The  plan-form  change  due  to  dajdb  can,  in  part,  be  con- 
sidered analogous  to  that  due  to  section  hft-curve-slope 
change.  Thus,  the  total  section  hft  of  a wing,  the  chord  of 
which  is  reduced  by  dajdb  and  which  is  at  an  angle  of  attack 
5,  is  equal  to  the  hft  of  the  wing-aUeron  section  for  which 
the  aileron  only  is  deflected  at  the  angle  5.  This  change  in 
plan  form,  unlike  the  section  lift-curve-slope  change  for 


The  determination  of  antisymmetric  loading  for  arbitrary 
wings  is  shown  to  be  easily  obtained  by  the  solution  of  three 
simultaneous  equations.  The  coefficients  of  the  simulta- 
neous equations  are  presented  in  charts  of  parameters,  that 
include  wing  geometry,  compressibihty,  and  section  lift- 
curve  slope  as  arbitrary  quantities.  Thus  the  loading  for 
an  arbitrary  antisymmetric  angle-of-attack  distribution  can 
be  simply  found  once  the  angle-of-attack  distribution  is 
chosen. 

For  the  important  cases  of  antisyunmetric  loading,  roll, 
and  aileron  deflection,  the  angle-of-attack  distribution  is 
given  and  the  simultaneous  equations  are  formed.  Loading 
for  these  cases  can  be  found  by  simply  obtaining  from  charts 
the  coeflicients  corresponding  to  the  wing  geometry,  Mach 
number,  and  lift-curve  slope,  inserting  in  the  appropriate 
equations  and  solving. 

Integration  formulas  for  the  loading  distributions  are 
given  which  enable  the  aerodynamic  coefficients  Ci^  and  Gi^ 
to  be  found.  The  rolling  moment  due  to  sideslip  of  a wing 
with  dihedral  is  shown  to  be  equivalent  to  that  of  aileron 
deflection  and  a procedure  for  determining  its  value  is  given. 

For  the  special  case  of  straight-tapered  wings,  the  loading 
distributions  and  values  of  Ci^  and  Ci^  are  given  in  the  chart 
form  for  a range  of  wing  plan  forms. 

Experimental  and  theoretical  verification  of  the  theory 
is  shown  to  be  good.  The  theory  is  appUcable  for-  large 
aerodynamic  angles,  provided  the  flow  remains  unseparated. 
The  compressibility  considerations  are  reliable  to  the  speed 
of  sound  subject  to  the  hmitations  of  the  hnearized  com- 
pressible-flow equation. 

A.MES  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  December  22^  191^9, 
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Figure  15.— Correlation  of  theoretical  and  low-speed  experimental  damping-in-roll  coefficient  Cj^  for  various  plan  forms. 
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Figure  17.— Correlation  of  theoretical  and  low-speed  experimental  aileron-effectiveness  per  radian,  due  to  two  antisymmetrically  deflected  ailerons,  for  various  plan  forms. 


APPENDIX  A 

EQUATIONS  FOR  THE  DETERMINATION  OF  ANTISYMMETRIC  LOADING 


From  NACA  Rep.  921  (reference  2),  the  aerod}T3amic 
loading  is  obtained  by  solution  of  linear  simultaneous  equa- 
tions 

v—lj  2,  . . . m (Al) 
(A2) 


UNSYMMETRIC  LOADING 

arid  byn  are  coefficients  independent  of  plan  form. 


where 


^~bv 


g„  for  n=v 


(A3) 


_ “1  rL(vyO)fno  + L{vj  ^ r/  w ”1  . 

(A4) 

where 

Jnti  are  coefficients  independent  of  plan  form. 

The  L (v,  m)  functions,  which  can  have  rjy  negative  to  find 
unsymmetrical  loading,  are  given  by 


for  Vft>0  or  ju  < 


M+1 


L{vj 


'^[^l+(-^)fcan  A(|r?,|  — 7?jJ  +(‘^)  "7^)^ 

l+(^^  — t;.)  tan  A 


and 

or  r;,,<0  or  fi> — - — 


L{v,  /i)= 


, 1 V y I X 


1+^--^  (Uf|  + 7/v)  tan  A 


1 tan  A 

2 

+1 

© 

|^l+(A^  (|t;.|  — ij.)  tan  (I’/'I  + ’J-)  aJ 

where 

rjy=  cos  spanwise  position  at  which  downwash  is  computed 

15^=  cos  ^ spanwise  position  of  incremental  loading  at  the  one-quarter-chord  line. 

The  above  equations  involve  computations  over  the  entire  | Equation  (Al)  can  then  be  written  as 
wing.  However,  if  the  loading  is  assumed  to  be  symmetric 
or  antis}Tnmetric,  the  computations  can  be  reduced  to  less 
than  half  the  work.  The  case  of  symmetric  loading  is 
developed  in  reference  2 and  the  antis^mimetric  case  is 
developed  in  the  follo\\dng  section. 


y (A5) 


ANTISYMMETRIC  LOADING 

For  antis}Tnmetric  loading,  the  loading  on  each  side  of  the 
wing  has  the  same  magnitude  and  distribution  but  \\dth 
opposite  sign,  or 


— F 

G y'=‘  Gjn^x^vy  or  G — n 


(A6) 


TO— 1 
~2~ 


^ * (^»-n  + 1 — n)^n 

«=1 


(A7) 


jyi 

where  the  summation  is  only  to  — ~ — > since  Gr^=0  for 

antis}Tnmetric  loading. 

With  equations  (A3),  equation  (A7)  becomes 

^F~|^2  (6fF  6f,  m-f  1 — f)  C^FF  ^F,  m + l-F)^  Gy 

m — 1 

S'  [2  (6.„-  6.,  m + .-n)-(0  ^^n-g..  .+,-n)]G'„  (A8) 
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(The  prime  indicates  the  value  for  n—v  is  not  summed.) 
Now,  from  equation  (A4) 


— i Q)  C/no — /m-H-n,  o) 


'2(M+1) 


where 

and 


X(v,  M+  l)(//i,  + 1-W.  M+l) 

' 2 

M -| 

L{v j fj)  (J nti 

/.=  ! J 


Jnp.=  -~j,\  XI  Ml  sm  COS 

m’  ”T  I ;ii  = l 

TITT  JU7T  ‘ 

'^'‘=M+T 

From  equation  (A9),  /7ZM“/m+i-n.  ^ can  be  defined  as 

S fm+l  — n,  ft 


(A9) 

(AlO) 


then,  using  equation  (AlO), 


2 

?i  Ml<#>n  — sin  Hi4>m  + l-n) 

2 ^ 

= Ati^«(l+COS  iUiTr) 


From  reference  2, 

^ sin  ri  — (— l)”~n 

(cos  cos  <^,)^  L 2(m  + l)  J 

which  gives  zero  values  for  &»,„  for  even  (n—v)  values.  Then, 
since  m is  odd, 

and 

byv 

It  should  be  noted  that  L(v,yi)  simplifies  somewhat  for  the 
antisymmetricalty  loaded  vdng  since  77  now  is  only  positive 
in  equation  (A5).  If  only  positive  values  of  ^ are  used,  then 
equation  (A5)  can  be  \vritten  as 

i*(l^,  iu)  = i*vM=i(>?,  ^)  + i(»7,  — ^) 

= L(v,  ^)-^L(v,  M+1  — m) 

In  summary,  the  foregoing  analysis  for  the  antis}unmetri- 
cally  loaded  wing  gives 


TO  — 1 
2 

^ J J}vnG n (Alfi^ 

71=1 


and,  since  the  terms  of  the  summation  for  odd  jii  vanish, 
4 


X Ml  sin  cos  (All) 


^ ~t"  1 /Ji=2, 4, 6 . . . even 

From  equation  (All), 


(A12) 


Combining  equation  (A9)  %vith  (Al2)  and  defining 


Q vn — Qvn  Qv,  m + l—n 


then 


M+1 

^**”=2(MTi)  S + (A13) 


where  for  m = 0 and  /*n.  is  equal  to  half  the  values 


given  by  equation  (All)  in  order  that  the  products  can  be 
fitted  into  the  summation.  With  equation  (Al3),  equation 
(A8)  can  be  Avritten  as 


a.=(2C.+j  .9*A  (2C,n—^  g\n)  0„  (A14) 

\ Cm  / 71=1  \ Cp  / 


.=  1,2,3,  . , . 


m — 1 


where 


Cy hyp  by^ 

Cvn^^bpfi  by^  jn-\-\  — n 


.=  1,2,3,  . 


m—1 


where 


J)yn ^byp~\~  Q vv  foi  n . 

Cp 


(A16) 


b 


= — 2Cy„  + — g*,n  iovny^v 

Cp 


G vn  — byft  by^  tn-^i  — n 

. _ m + 1 


4 sin  (j>y 
sin  4>n 


ri_(_i)n-q 

'L  2(m  + l)  J 


(cos  <t>n — cos  <^m)^  L 2(m  + l) 

g*yy=g*yn  ^OT  71=  . 


M-fl 

2 


hru  X L*y,f\ 


2(M+1) 


(.=0 


^*’»‘=:;;rXT  s Mi  sin  cos  Mi<^« 

m-fl  ;ti=even 
fn 


,r_ 

2 


""for  M = 0 


/*  fnr  A/+1 

/„^+.=—  forM  = -^ 


APPENDIX  B 

DERIVATION  OF  RELATIONS  USED  IN  THE  METHOD 

APPLICATION  OF  APPENDIX  A 


Witli  appendix  A,  the  antisyinmetrical  loading  on  a plan 
form  for  any  antisymmetrical  distribution  of  can  be  found. 
The  principal  work  in  the  computations  is  to  obtain  the  co- 
efficients of  the  simultaneous  equations  (Al5).  These  co- 
efficients can  be  presented  in  charts  for  the  complete  range 
of  geometric  plan-form  parameters  into  which  are  introduced 
the  effects  of  compressibility  and  section  lift-curve  slope. 
With  the  loading  due  to  rolling  known,  the  coefficients  and 
derivatives  are  obtained  by  integration  formulas. 

Section  lift-curve-slope  effect. — For  a two-dimensional 
wing  with  the  loaded  line  at  the  q jarter-chord  position,  the 
position  X aft  of  the  loaded  line  where  the  induced  downwash^ 
equals  the  angle  of  attack  of  the  wing  can  be  obtai^fj  i[>y*tfie 
Biot  Savart  IjUw  as  ^ 


2tx 


where  Tg 


CjcV 

2 


w 

V 


CiC 

4tx 


form  geometry  in  the  {hlc^)L\n  functions  only,  or  is  a 
function  of  hjc^  and  sweep  angle.  As  previously  shown, 
b/c,  is  also  a function  of  the  spanwise  variation  of  sectipft^ 
lift-curve  slope  and  is  effectively  equivalent  to  bjjf^e^^'^xore 
is  the  ratio  of  section  lift-curve  slope  for^  given  Mach 
number  at  span  station  p to  27t//8.  The^;'^  coefficients  can 

be  plotted  against  bUyCp  with  sweep  ^igle  as  a parameter; 
however,  b/K^Cp  will  vary  froni,^i[ff^to  very  large  values  for 
a range  of  plan-form  ^^f^s^ietry,  and  the  plots  become  un- 
wieldy. For  a rsnge  of  aspect  ratio,  the  values  of  b/KpCp 
are  a mAYiiVium  for  the  zero  tapered  wings  when  t;^>0.5 
-^(pfovided  plan-form  edges  are  not  concave)  and  a maximum 
for  the  inverse-tapered  wdngs  for  rjp <0.5.  The  ratio  of 
b/KpCp  for  rip> 0.5  for  any  plan  form  to  those  of  the  zero 
tapered  wing  or  the  ratio  of  b/KpCp  for  rf, <0.5  for  any  plan 
form  to  those  of  the  inverse-tapered  wing  gives  a geo- 
metric parameter  for  any  plan  form  that  has  maximum 
values  that  depend  only  on  aspect  ratio. 

The  chord  distribution  for  straight-tapered  wings  is 
given  by 


or 


h then 


cIci_^4tx 
da  c 


\4t/  aa  ' ' 


where  dcijda  is  the  section  lift-curve  slope.  Two  dimeU^- 
sional  section  compressibility  effects  that  do  not  follow  the 
Prandtl-Glauert  rule  can  be  given  corsideration  by  taking 
the  ratio  of  (rfCf/(/a)con)pre88ibie  at  a Mach  number  to  2irlP. 
Let  K be  the  ratio  of  the  section  lift-curve  slope  at  a given 
Mach  number  to  27r//3  or  (rfc,/rfa)compre8Hi)ie=  27tk//3,  then 

a=#c(c/2) 

Then  the  induced  angle,  k(c/2)  aft  of  the  loaded  line,  is 
equal  to  the  angle  of  attack  of  the  wing.  For  #c=l,  this 
is  at  the  three-quarter-chord  line.  For  section  lift-curve 
slope  less  than  27t,  k is  less  than  one  and  the  down  wash  is 
equal  to  the  angle  of  attack  at  some  point  between  the 
one-quarter-  and  three-quarter-chord  line. 

To  take  into  account  the  section  lift-cui ve-slope  variation 
in  the  present  theory,  the  downwash  must  be  found  at  a 
distance  k(c/2)  aft  of  the  loaded  line..  From  the  formulas 
of  the  summation  in  appendix  A,  b/Cp  should  be  taken  as 
b/KpCpy  where  Kp  is  the  ratio  of  section  lift-curve  slope  for  a 
given  Mach  number  at  span  station  v,  to  2rjfi. 

Derivation  of  parameters  for  — The  p,n  coefficients,  as 

defined  by  equation  (A  16)  in  appendix  A,  depend  on  plan- 


Then,  for  X = 0, 


and  for  X=1.5 


b A(l+X) 
c.  2[l-h.|(l-X)l 

b 1 

Acp  2(1 -h.l) 


Acp  2(2  + |r,.|) 


(Bl) 

(B2) 

(B3) 


The  ratio  of  fc/iiA  to  equations  (B2)  and  (B3)  gives, 
respectively,  a geometric  parameter  as 


bjKpCp 


{bj  ACi>)x.o 


(bjAc 


= 2(1  — jj.)  ) for  0.5<ij,<l  ' 

\ KpCpy 


(B4) 


Let  Hp  be  defined  as  two-fifths  times  the  values  of  equa- 
tion (B4)  (the  fraction  two-fifths  is  introduced  to  give  Fdp 
the  approximate  values  of  to  simplify  plotting  pro- 
cedures), then  adding  effects  of  compressibility  (see  Dis- 
cussion section) 

where 

^ for  0.5  < ij,<  1 


5 

4(2  + „.) 
25 


for  0 <77,  <0.5 
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For  simplifies  to 


2(—  sin  20, 


cos  20„— cos  2<t>^ 


1/  —sin  40„  \ 

\i  COS  40„/,|a 


forM  = 0 


.r 


m+  1 


1 + 


Qyv,+v.) 


?;^)tanA  +(^~^  ivy+Vi>) 


1+2 


(0,,tanA 


1>+ 


2 tan ^V[l+(0^>tanAj+(0\, 


1+2 


tan  A 


7]p=cos  <t>y  where  <l>y 


7/^=cos  0^  where  0^ 


rin= cos  <i>n  where  0„= 


m + 1 

jJLTT 

'M+T. 

rnr 


m + 1 


For  a discussion  of  tlie  relative  accuracies  obtained  for  a 
choice  of  values  of  M and  m,  see  reference  7.  The  most 
favorable  application  is  with  M=m. 
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For  tapered  wings,  H,  simplifies  to 
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(B6) 


Plots  of  ])yn  against  liy  in  the  range  of  f/^=0  to  4 will 
give  2^vn  coefficients  for  wings  of  any  chord  distribution  for 
aspect  ratios  up  to  10  or  12. 

Linear  asymptotes  of  'pyn* — For  large  values  of  2?v,  the 
j)yn  functions  become  linearly  proportional  to  lip.  Since 
this  linear  characteristic  appears  at  relatively  low  values 
of  Hyj  the  simple  linear  relation  between  and  Hy  is 
quite  usable. 

The  function  of  appendix  A is  multiplied  by  6/c„ 
and  the  product  is  linearized. 


> +i)  3i„  A- 

\c,J  cos  A\c./  V —V  VI’)  — ’? I V/ 

I , A 
2^‘"'2  - 


_L 

2„ 


fl-Jl+(^tan  aY 


J. 

2r?  L 


tan  A 


. . . for 


1 A , _ 

— tan2-  forn  = . 


^ 2 /6V  2 

~COSA\Cp/  7] 


2 sin  A 


. . . for 


y (B7) 


With. the  values  of  equation  (B7)  substituted  into  equa- 
tion (Al6)  the  values  of  ])yn  for  arbitrary  sweep  angle  are 
obtained.  Thus,  for-m  — 7,  the  following  equation  (B8) 
gives  values  for  pyn  as 

2,„=('M^+1.026  tan  aV7i+7. 968- 1.494  sinA+ 

^ \cos  A / 

Yl-Vl  + 0.0016  tan^  a\ 

' \ tan  A / 


0.014  tan  2 + 0.082( 


\ tan  A / 


tan  A 

+ 


0.034(^i 


— Vl+0.1717  tan"  A 


tan  A 


) 


/o. 


851 
cos  A 


-2.901  tan  A 


3.138  + 1.080  sin  A— 


0.034  tan  2-0.034 


/l-Vl  + 0.0016  tan^  a\ 
\ tan  A / 


0.096 


^1  — V 


-Vl  + 0.1717  tan^V 


tan  A 


) 


p,3=(-^J^  + 1.026  tan  A^+  + 0. 129-0. 869  sin  A+ 

/l  - Vl  + 0.0016  tan=“  a\ 

' V tan  A J 


0.082  tan  1+0.0141 


/O. 


0.068 

0.034 
221 


c 


— Vl+0.0177  tan^  A 


tan  A 


-Vl  + 0.1717  ta+ A 


^1~Y 


COS  A 


tan  A 
0.534  tan  A 


0.018  tan  2 — 0.088 


^772-2.088  — 0.383  sinA- 

/l  — Vl  + 0.0177  tan^N 
\ tan  A / 


0.044 

0.037 


— Vl  +0.0294  tan^  A 


^l-v 


tan  A 


-Vl +0.0886  tan^  A 
tan  A 


)- 

) 


0 07^  A 

sin  A-0,044  tan  ^+ 


cos  A 


0.125^^- 
0.044 
0.125^^-^ 


-Vl+0.0177  ta+  a' 


tan  A 


■Vl+0.0294  tan^  A 


tan  A 


-Vl +0.0886  ta+  A 
tan  A 


)- 

)- 

) 


2>23  = ( 


0.221 
COS  A 


0.534  tan  A^/a- 1.912  + 0.221  sinA  + 
^1- Vl  + 0.0177  tan"  A , 


0.107  tan  ^-0.044 


tan  A 


2>31  = ( 


0.018 

0.044 

-0.028 
COS  A 


-Vl +0.0294  tan^  A 


^1-V 


tan  A 


-Vl + 0.0886  tan»  A 
tan  A 


0.164  tan  A^^a+0. 149  + 0. 324  sin  A+ 

0.03*ta„|-O.OS3(Wl±MipH-)_ 


0.163 
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A -Vl +0.0886  tan=»  a\ 

\ tan  A • / 

A- Vl +0.1993  ta+  a\ 
\ tan  A / 


tan  A 
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«32=("M§6  + o.464  tan  aV^3- 1-570-0.389  sin  A- 
\cosA  / 
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0.082  tan  2 + 0-231 


•Vl-fO.1717  tan’^ A 


tan  A 


)- 


/o. 


0.082 

628 


0 


— Vl+0.1993  tah^  A 


) 


COS  A 


tan,  A 

0.164  tan  A^2?3+3.417+0.083  sin  A+ 
yi +0.1717  tan^^T 


0.197  tan  ^-0.082 
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tan  A 
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0.163 

0.034 


0 

c 


-Vl +0.0886  tan^  A 


tan  A 


-Vl+0.1993  tan"  A 
tan  A 


(B8) 


Linear  spanwise  distribution  of  {Kc)yj{Kc)av^ — With  the 
conditioii  that  the  product  of  section  lift-curve  slope  and 
wing  chord  varies  linearly  spanwise,  then 


kc= 


26 


A[l+(/cr//c«)X] 
and  equation  (3)  becomes 


{ 1 — 7?  Jl  — (/cr/Kft)X] } 


1 +(^7’/^/z)X 


2{  l’-T?v[l-“(^crAi2)X] } 


(B9) 


where  is  the  aspect  ratio  based  on  the  wing  chord  equal 
to  KC,  In  equation  (B9),  Hy  is  reduced  to  terms  of  two  param- 
eters, Expressions  of  A^  in  terms  of  aspect  ratio  for 
straight-tapered  wings  and  the  distribution  of  section  lift- 
curve  slope  can  be  found. 

For  straight-tapered  wings 


26 


and  since  kc  is  linear 
then 


c«(l  +X) 
26 


[ 1 "h  {ktI X] 
A 


(Kfl+KrX)/l  + X 

and  equation  (B9)  becomes 


pA 


-1 


1 ~K^r//^g)X 


(BIO) 


“hXJ  2{  1 — [1  — } 

The  distribution  of  k for  straight-tapered  wings  is  given  by 


1 7yy[l  (^7*/^fi)X] 


Cy 


1-»J,(1-X) 


(BID 


Equation  (BlO)  is  in  terms  of  two  parameters  given  by 


r. 


pA 


L(k  +IC  X)/l  + xJ  Solutions  for  spanwise  load- 

ing in  terms  of  these  two  parameters  and  A^  are  valid  for  the 
distribution  of  section  lift-curve  slope  given  by  equation 
(Bll).  Equation  (Bll)  indicates  that  at  X=l,  is  a linear 
function  and  at  X=0,  k,  is  a constant.  For  values  of  X 


between  0 and  1,  is  a curve  in  the  region  between  the  linear 
function  and  a constant. 

Equation  (BlO)  is  given  by  figure  2 for  w=7,  but  with 

H 

the  ordinate  given  by  the  parameter  tt-ttft — ; — ^ y; 

^ ^ ^ PA/[{kr+kt\)I(1  + \)] 

and  the  abscissa  by  (kt/icr)\.  , 

For  the  case  of  linear  distribution  of  (kc)^  and  straight- 

tapered  wings  for  which  the  chord  and  section  lift-curve 

slope  can  be  specified  in  three  parameters,  the  loading  and 

associated  aerodynamic  characteristics  can  be  presented  for 

a range  of  the  parameters  A^,  /3^/[(fCij+KrX)/(l + X)],  and 

(Kt/Kr)\. 

INTEGRATION  OF  ANTISYMMETRIC  LOADING 

Rolling-moment  coefficient  and  derivatives. — Rolling- 
moment  coefficient  is  given  by 


where 


J*  ^G{v)7jd7} 


(B12) 


7/  = COS^ 

which,  by  an  integration  formula, 

- - 7T  — 

XT  2D /(’»-)  sin  <^>« 

J-1  m-f-J. 


becomes 


^ irpA  ^ ^ . 

^^'■“2(m  + D S 

TTpA  ^ ^ • o A 

~4(m  + l)S^’'®‘*^^‘^” 


(B13) 


G 

Since  the  loading  is  antisymmetric,  -■'^'^^=0,  and 


pCr- 


T^PA  ^ •„  r,  . 

^2(m  + l)  S 


(B14) 


For  spanwise  loading  due  to  rolling,  the  loading  is  found 
as  a function  of  pbj2V,  then  equation  (Bl4)  divided  by 
pbl2V  gives 

TO  — 1 


PCl2 


TTpA  7=  . - 

X)  G^nSm  2<t>n 


where 


2(m  + l)  ^ 
G=GI(^bl2V) 


(B15) 


The  rolling  moment  due  to  ailerons  will  be  found  in 
appendix  C. 

Induced  drag. — The  induced  drag  coefficient  is,  with  equa- 
tion (Bl3),  given  by 

POr>;  = pA  r a,Gdv  = ^^f:  G,a,^  sin  <f>, 

where  is  one-half  the  induced  angle  of  the  wing  wake 
given  by  equation  (A  14)  for  Cr==  «> , then  for  antisymmetric 
loading 

TO  — 1 TO— 1 

2 ( sin  4>,  (B16) 
m-j-i  \ „=,!  / 
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where  the  prime  indicates  the  value  of  n=v  is  not  summed. 

Span  wise  center  of  pressure. — The  center  of  pressure  on 
the  wing  half  panel  is  given  by 


. Vc. 


r Grjdr) 


The  numerator  is  equal  to  fiCi/pA.  If  the  Fourier  series 
for  loading  is  assumed, 

m 

G (<!>)=  Xi  sin  the  denominator  becomes 

>ii  = cvon 

Ml/  Ml  \ 


then 


m ^2  m 

X)  «/i.  =sm  <f)  sm  pLi<t>d(t>  Xj  “^mi(~1) 

Mj  = even  ^,/o  M*=cven 

^Ci 


Vc.p.' 


-PA  S 

Mi=cven  \Ml  1/ 


(B17) 


where  are  the  Fourier  coefficients. 

loading-due-to-rolling  function  and  interpolation  table. — 
The  Fourier  scries  that  approximates  the  antisymmetric 
loading  with  only  a few  terms  is  given  by 


G {<!>)=  S ap  sin 


#ij=cvon 


(B18) 


The  loading  Gn  is  determined  at  span  positions  of  ^ = cos  </>« 


where  The  arc  given  by 

2 

G{<t>)  sin  ^i<l)d<t>  (Bl9) 

^ Jo 

With  the  quadrature  formula  of  equation  (Bl3),  equation 
(Bl9)  becomes,  for  antisymmetric  loading, 


m — l 
4 2 


m + 1 


XD  Gn  sin  ^i(t>n 


(B20) 


For  m=7,  the  coefficients  are  equal  to  (for  even  fii) 


<^4==^  (6^1—  Gz) 


ft- 

Equation  (Bl8)  wth  (B21)  can  be  arranged  to  give 


■6^2+^  G3 


(B21) 


2 \ 2 


•J2 

sin  2<^+sin  4(/>+^  sin  60 


)ft 


+ 


- (sin  20—sin  60)(?2+ 


1 /a/2  /2  \ 

2 \ 2 20— sin  40+^  sin  60  1 Gz 


(B22) 


With  equation  (B22)  the  loading  due  to  rolling  can  be  deter- 

kw 

mined  at  any  span  position.  Letting  0=0;t=-^and  tabu- 

o 

lating  the  factors  of  Gn  as  6njt,  an  interpolation  table  may  be 
obtained  to  determine  loading  at  span  station  k. 

TABLE  Bl, 

lm  = 7l 


0. 981 

0.831 

0.  556 

0.  195 

n 

1/2 

3/2 

5/2 

7/2 

1 

0.  8155 

0. 5449 

-0.  1022 

0.  1084 

2 

-.2706 

. 6533 

. 6533 

2700^ 

3 

.1084 

1022 

. 5449 

.8155 

' Gk==^  SnkGn 

n=  1 


(B23) 


Equation  (B23)  may  be  used  for  interpolation  of  any  form  of 
loading  coefficient,  thus 


APPENDIX  C 

DETERMINATION  OF  ANTISYMMETRIC  WING  TWIST  FOR  FINDING  SPANWISE  LOADING  DUE  TO  AILERON  DEFLECTION 


WING  TWIST  FOR  A GIVEN  AILERON  SPAN 


The  determination  of  loading  for  an  angle-of-attack 
distribution  that  contains  a discontinuity  by  a method  which 
satisfies  the  boundary  conditions  at  a finite  number  of  points 
can  be  made  by  increasing  the  number  of  points  until  the 
solutions  become  sufficiently  accurate.  For  the  method  as 
given  in  appendix  A,  the  number  of  points  that  satisfy  the 
boundary  conditions  is  given  by  m.  For  the  large  value  of 
m required  for  accurate  results,  the  computations  become 
exceedingly  laborious ; however,  a procedure  using  a moderate 
value  of  m can  be  determined  by  use  of  a low-aspect-ratio 
theory  with  which  a wing  twist  can  be  found  that  duplicates 
the  results  of  the  discontinuous  angle-of-attack  distribution. 

A theoretical  but  relatively  simple  method  of  finding 
span  wise  loading  due  to  inboard  and  outboard  ailerons  for 
wings  of  low  aspect  ratio  is  given  by  reference  4.  In  the 
present  theory,  as  aspect  ratio  approaches  zero,  values 
of  appendix  A become  zero  and  the  pyn  coefficients  given  by 
equation  (Al6)  become  constant  or  independent  of  plan-form 
shape  and  equal  to 


P 


— 2byy  ) 


(Cl) 


These  coefficients  are  given  by  the  relations  under  equation 
(Al5)  and  can  be  tabulated. 


TABLE  CL— 


[For  7/1=7  and  /l=0] 


n 

> 

2 

3 

1 

10.  4524 

-2. 0000 

0 

2 

-3.  6954 

5.  6508 

-1.5308 

3 

0 

-2. 0000 

4. 3296 

With  equation  (Al5),  antisymmetric  loading  can  be  found 
for  zero-aspect-ratio  wings.  As  a comment  on  the  accu- 
rac}^  of  the  present  theory  for  m=7,  the  solution  of  equation 
(Al5),  with  the  ^=0  pyn  values  for  loading  due  to  rolling 
gave  the  same  values  at  the  three  semispan  stations  as  does 

reference  4,  namely,  6{<l>)  — — 

The  zero-aspect-ratio  theory  of  reference  4 shows  that 
all  span  loading  characteristics  are  independent  of  plan- 
form  shape  for  zero  aspect  ratio.  This  independence  makes 
that  theory  ideal  for  obtaining  the  boundary  conditions  of 
the  present  theory  for  zero  aspect  ratio,  which  should  apply 
with  the  present  theory  for  higher  aspect  ratios  for  which 
plan-form  shape  has  an  effect  on  spanwise  loading.  The 
boundary  conditions  of  the  present  theory  are  given  by  the 
antisymmetric  values  of  ay  in  equation  (Al5).  The  problem 
is  to  find  what  antisymmetrical  distribution  of  ay  is  re- 
quired for  the  present  theor}^  to  duplicate  the  exact  loading 
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distribution  given  by  reference  4 for  a given  aileron  span. 

The  aileron  spans  are  arbitrarily  chosen  for  the  present 
theoi\y  as  the  mean  value  of  the  spanwise  trigonometric 
coordinate  of  the  downwash  point  at  a section  angle  of 
attack  equal  to  zero.  For  m=7,  three  aileron  spans  can  be 
defined  for  both  outboard  and  inboard  ailerons.  Let  rja  be 
the  aileron  span,  and  6 the  spanwise  point  of  the  end  of 
the  aileron,  then 

7y^==;l— cos  0 for  outboard  ailerons 
rja=GOs  6 for  inboard  ailerons 

For  the  present  theory,  the  aileron  spans  defined  are  tabu- 
lated as  follows: 


TABLE  C2 


Outboard 

• Inboard 

Case 

1 

II 

III 

IV 

v 

Vl 

e 

rja 

3tt 

16 

0. 1685 

5w 

16 

0. 4444 

7v 

16 

0. 8049 

5ir 

16 

0.  5556 

3tr 

To 

0. 8315 

0 

1.0000 

For  the  aileron  spans  listed  in  table  C2,  the  exact  span 
loading  distribution  can  be  found  from  reference  4.  With 
the  Pyn  values  listed  in  table  Cl  and  the  exact  values  of 
6^1,  6^2,  and  Gs  from  reference  4,  equation  (Al5)  gives  the 
twist  required  for  the  present  theory  to  give  the  loading 
distribution  for  each  case  listed  in  table  C2  or 


f-10.4524(^)-3,6954(f) 

I— 2(f)+5.656s(f)-2(f)  . 
^=-1.5308  (^y)+4.3296 


(C2) 


The  spanwise  loading  distribution  from  reference  4 for  out- 
board ailerons  is  given  by 


(cos  0— cos  6)  In 


sin 


e+<t> 

2 


sin 


6—<t> 

2 


(cos  0-t-cos  6)  In 


cos 


e+<t> 


cos 


e—(t> 


(C3) 
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For  the  full-wing-span  aileron,  0=2  ^a=l 


The  higher  harmonic  coefficients  can  be  put  as  factors  of  the 
(?„.  The  rolling-moment  coefficient  becomes 


L ^ J’^o  = l ^ cos 

For  inboard  ailei-ons,  with  the  same  value  of  6 


r^(^n 

II 

1 

■^1 

L ^ inboard 

L & 1 

_ ^ J outboard 

^ ^ (fl-707l7T  1“^  , (^14  — ^la  + ^z-ao— i 

= L^+ 1.2071g; J^'  + 

T6L^+ 1.2671^ 

0.70717tP^  , (ni4”C^i8"t“®3o — n \ 

. .■~T6~L+ 1.2071«,  r^] 


With  equations  (C3),  (C4),  and  (C5),  the  spanwdse  loading 
Giy  G2J  and  G^  at  span  stations  0=7t/8,  tt/4,  and  37t/8,  or 
7/=0.9239,  0.7071,  and  0.3827  can  be  tabulated  for  each  of 
the  cases  given  in  table  C2. 

TABLE  C3 


When  hn  is  defined  as  the  coefficients  of  f?„ 

Ci^A(h,G,  + h2G2+h,G,) 


(CIO) 


C?n 

6 

Case  1 

n 

III 

IV 

V 

VI 

Gi 

6 

0.1136 

0. 1919 

0.  2316 

0. 0454 

0.  1237 

0.  2373 

Ot 

6 

0. 0500 

.2800 

.3851 

.1164 

.3464 

. 3964 

Gz 

6 

. 0190 

. 1022 

.3620 

.2922 

.3754 

.3944 

The  ratio  of  (au— aig+aso— ^134)  to  Gn  can  be  evaluated  by 
the  zero-aspect-ratio  theory.  It  is  expected  this  ratio  will 
not  vary  appreciably  with  aspect  ratio.  From  reference  4, 
the  loading  series  expansion  gives  for  equation  (BI8) 


The  twist  distribution  required  for  each  case  is  obtained 
with  equation  (C2)  and  table  C3,  tabulating 


— r^2 — T\  ^ 

\ 0 /outboard  — IJ 

V 6 A=1 

/^\  /^\ 

\ 5 /inboard  \ ^ /Va=l  \ ^ /< 


(cos  B sin 


Ml  sin  0 cos  Mi^) 


TABLE  C4 


These  high  harmonic  coefficients  are  small,  but  are  not 
negligible  for  loading  due  to  ailerons.  The  hn  are  tabulated 
for  each  of  the  cases 

TABLE  C5 


.0174  .0957  .9913 


~ .0056  . 0139  . 9777  1.0868  1.0951  1.1007 

6 

With  the  twist  distribution  given  b}^  table  C4,  equation  (Al5) 
can  be  used  to  solve  for  span  wise  loading  due  to  ailerons  for 
any  of  the  six  cases. 

ROLLING  MOMENT  DUE  TO  AILERON  DEFLECTION 

The  rolling  moment  is  given  b}^ 


0.  1407  0. 1402 

.1973  . 1975 

. 1394  . 1397 


G(<l>)  sin  2 


For  span  loading  due  to  ailerons,  the  loading  distribution  is 
distorted  sufficiently  such  that  the  quadrature  formula 
given  by  equation  .(Bl3)  is  not  sufficiently  accurate  for 
m=7  to  integrate  equation  (C6).  With  equation  (BI8) 

(C7) 

Expanding  equation  (BI8)  for  <p=7t/8,  7t/4,  and  Ztt/S,  or 
obtaining  G^  6^2,  and  G^  in  series  of  a^s,  the  sum  of  the  G^s 
gives 

^=i  (0.707lG^i+6^2+0.7071(r3)+ai4 — — ^34  (C8) 

0/  u 


SPANWISE  LOADING  DISTRIBUTION 

The  spanwise  loading  distributions  due  to  the  twist 
distributions  of  table  C4  are  found  at  three  span  stations, 
and,  since  these  loadings  are  not  completely  defined  by  a few 
terms  of  the  assumed  loading  scries,  tVve  values  of  loading  at 
other  span  stations  cannot  be  found  accurately  by  direct 
use  of  equation  (B23)  and  table  Bl.  For  zero-aspect-ratio 
wings,  the  spanwise  loading  distribution  due  to  aileron 
deflection  is  given  to  all  span  stations  by  equation  (C3). 
The  loading  distribution  for  other  than  zero-aspect-ratio 
wings  will  fluctuate  about  the  value  given  by  equation  (C3) 
in  a manner  similar  to  tlie  manner  that  loading  due  to  rolling 
varies  about  the  function  sin  2<t>  of  zero-aspect-ratio  theory. 
Since  the  interpolation  table  of  equation  (B23)  applies  only 
to  loadings  that  vary  about  the  function  sin  20  the  loading 
due  to  aileron  deflection  can  be  divided  by  the  ratio  of  equa- 
tion (C3)  to  sin  20  and  the  resulting  loading  will  be  approx- 
imately given  by  sin  20. 

The  zero-aspect-ratio  values  of  equation  (C3)  can  bo 
tabulated  as  ratios  of 


sin  20 


Define 


G(<l>n)l5 
sin  20„ 
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The  zero-aspect-ratio  values  of  can  be  tabulated  for  each 
aileron-span  case  considered. 


TABLE  C6,— 


Outboard 

Inboard 

Case 

I 

II 

III 

IV 

V 

VI 

n 

0. 1685 

0. 4444 

0.8049 

0. 5556 

0. 8315 

1.0000 

1 

0. 1607 
. 0500 
.0269 

0. 2714 
.2800 
.1445 

0. 3275 
.3851 
.5119 

0.0642 

.1164 

.4132 

0. 1749 
.3464 
.5309 

0.3358 

.3964 

.5578 

2 

3 

Plan  Form.  NAG  A Rep.  921,  1948.  (Formerly  NAG  A TN^s 
1476,  1491,  1772) 

3.  Bird,  John  D.:  Some  Theoretical  Low-Speed  Span  Loading  Ghar- 

acteristics  of  Swept  Wings  in  Roll  and  Sideslip.  NAG  A TN 
1839,  1949. 

4.  DeYoung,  John:  Spanwise  Loading  for  Wings  and  Gontrol  Surfaces 

of  Low  Aspect  Ratio.  NAG  A TN  2011,  1950.  • 

5.  Toll,  Thomas  A.:  Summary  of  Lateral- Gontrol  Research.  NAGA 

TN  1245,  1947. 

6.  Swanson,  Robert  S.,  and  ,Priddy,  E.  LaVerne:  Lifting-Surface- 

Theory  Values  of  the  Damping  in  Roll  and  of  the  Parameter  Used 
in  Estimating  Aileron  Stick  Forces.  NAGA  ARR  L5F23,  1945. 

7.  Weissinger,  J. : The  Lift  Distribution  of  Swept-Back  Wings. 

NAGA  TM  1120,  1947. 


The  interpolation  series  of  equation  (B23)  becomes 


TABLE  I.— ANTISYMMETRIG  INFLUENGE  GOEFFIGIENTS, 
BEYOND  THE  SGOPE  OF  FIGURE  1 


3 

= S ««* 


(C13) 


= Q 

where  G=v  and  Cnk  are  given  by  table  Bl. 

0 


With  Rjc  tab- 


ulated, values  of  loading  at  span  stations  Tjjfc=cos  are 

o 

obtained. 


TABLE  C7.~Rk 


Case 

k 

I 

II 

HI 

IV 

V 

VI 

0.981 

1/2 

0. 1738 

0.2663 

0. 3162 

0. 0559 

0. 1484 

0. 3222 

.831 

3/2 

. 1056 

.2787 

.3499 

.0802 

.2533 

.3589 

.556 

bj2 

.0341 

.2250 

.4365 

.2424 

.4225 

.4566 

.195 

7/2 

.0233 

,1212 

.5304 

.6363 

.7343 

. 7575 
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ANALYSIS  OF  THE  EFFECTS  OF  BOUNDARY-LAYER  CONTROL  ON  THE  TAKE-OFF  AND 
POWER-OFF  LANDING  PERFORMANCE  CHARACTERISTICS  OF  A LIAISON 

TYPE  OF  AIRPLANE  ^ 

By  Elmer  A.  Horton,  Laurence  K.  Loftin,  Jr.,  Stanley  F.  Racisz,  and  John  H.  Quinn,  Jr. 


SUMMARY 

A perjormance  analysis  has  been  made  to  determine  whether 
boundary -layer  control  by  suction  might  reduce  the  minimum 
take-of  and.  landing  distances  of  a four-place  or  five-place  air- 
plane or  a liaison  type  of  airplane  below  those  obtainable  with 
conventional  high-lift  devices.  The  airplane  was  assumed  to  have 
a cruise  duration  of  5 hours  at  60-percent  power  and  to  be  operat- 
ing from  airstrips  having  a ground  friction  coefficient  of  0.2  or  a 
combined,  ground  and  braking  coefficient  of  0.1^  . The  pay  load 
was  fixed  at  1500  pounds,  the  wing  span  was  varied  from  25  to 
100  feet,  the  aspect  ratio  was  varied  from  5 to  15,  and  the  power 
was  varied  from  300  to  1300  horsepower.  Maximum  lift  coeffi- 
cients of  5.0  and  2.8  were  assumed  for  the  airplanes  ivith  and  with- 
out boundary -layer  control,  respectively.  A conservative  estimate 
of  the  boundary-layer-control-eguipment  weight  was  included. 
The  effiects  of  the  boundary-layer  control  on  total  take-offi  dis- 
tance, total  power-offi  landing  distance,  landing  and  take-off 
ground  run,  stalling  speed,  sinking  speed,  and  gliding  speed 
were  determined. 

The  more  important  results  of  the  analysis  can  be  summa- 
rized as  follows:  The  absolute  minimum  total  take-offi  distance 
which  was  obtained  with  an  airjdane  having  a low  wing  loading 
and  a moderately  low  aspect  ratio  is  not  reduced  by  the  addition 
of  boundary-layer  control.  The  effectiveness  of  boundary-layer 
control  in  red.ucing  the  total  take-off  distance  for  a given  maxi- 
mum speed  improves  with  increasing  aspect  ratio,  and,  for  wing 
loadings  of  10  pounds  per  square  foot  or  more  and  an  aspect 
ratio  of  10  or  more,  the  addition  of  boundary-layer  control  results 
in  a decrease  in  the  total  take-off  distance  of  as  much  as  H per- 
cent. The  total  landing  distance  for  a given  maximum  speed  is 
red.uced  for  all  configurations  by  the  use  of  boundary-layer  con- 
trol. The  reduction  varies  from  25  to  Jfi  percent  depending  on 
the  wing  loading. 

The  reduction  in  ground  run  for  take-off  was  negligible  for 
an  aspect  ratio  of  5 but  was  of  the  order  of  10  to  30  percent  for 
aspect  ratios  of  10  and  15;  whereas,  the  reduction  in  ground  run 
for  landing  was  from  25  to  40  iwrcent  for  all  configurations. 
The  stalling  speed  for  a given  maximum  speed  was  reduced  20 
to  25  percent  for  all  configurations  by  the  application  of  boundary- 
layer  control. 


For  the  landing  condition,  boundary-layer  control  also  reduced 
the  gliding  speed  but  resulted  in  a slightly  higher  sinking  speed, 
or  vertical  velocity,  than  that  for  the  conventional  airplane 
having  the  same  wing  span. 

INTRODUCTION 

The  design  of  a new  airplane  usually  involves  a compromise 
between  several  desired  high-speed  performance  characteris- 
tics and  the  practical  necessity  for  operating  the  airplane  in 
and  out  of  airports  of  reasonable  size.  The  degree  of  neces- 
sar}^  compromise  has  been  reduced  by  the  use  of  high-lift 
devices  to  increase  the  maximum  lift  coefficient.  Such  de- 
vices as  leading-  and  trailing-edge  flaps  which  are  now  in 
use  on  operational  aircraft  permit  the  attainment  of  maxi- 
mum airplane  lift  coefficients,  power-off,  of  the  order  of  2.8 
(reference  1).  In  the  belief  that  much  higher  airplane 
maximum  lift  coefficients  would  be  desirable,  numerous  wind- 
tunnel  investigations  have  been  made  of  the  effectiveness  of 
boundary-la^^er  control  as  a means  for  obtaming  high  maxi- 
mum lift  coefficients.  Airfoil-section  maximum  lift  coeffi- 
cients as  high  as  5.5  have  been  obtained  in  wind-tunnel  tests 
(see,  for  example,  reference  2),  and  in  a limited  flight  inves- 
tigation airplane  lift  coefficients  of  4.2  were  obtained  (refer- 
ence 3). 

There  is,  however,  some  question  as  to  the  exact  benefits 
to  be  derived  from  the  use  of  the  high  lift  coefficients  avail- 
able with  boundary-layer  control.  In  an  effort  to  obtain 
some  idea  of  the  extent  to  which  the  high  lift  coefficients 
available  with  boundary-layer  control  might  be  useful,  an 
analytical  investigation  has  been  made  of  the  effect  of  lift 
coefficient  on  the  distance  required  for  a four  or  five  place 
or  liaison  type  of  airplane  to  take  off  and  land  over  a 50-foot 
obstacle. 

A liaison  type  of  airplane  was  selected  for  the  analysis 
since  such  an  airplane  might  be  expected  to  operate  from 
small  or  makeshift  airports  where  take-off  and  landing  dis- 
tances would  be  of  primary  miportance.  A 1,500-pound  pay 
load  and  sufficient  fuel  for  a 5-hour  flight  were  assumed. 
The  power,  whig  span,  and  aspect  ratio  of  the  airplane  con- 
figurations investigated  were  varied  over  a wide  range. 


1 Supersedes  NACA  TN  1597,  “Analysis  of  the  Effects  of  Boundary-Layer  Control  on  the  Take-Off  Performance  Characteristics  of  a Liaison-Type  Airplane"  by  Elmer  A.  Horton  and  John 
H.  Quinn,  Jr.,  1948,  and  NACA  TN  2143,  “Analysis  of  the  Effects  of  Boundary-LayerControlonthePowcr-Off  Landing  Performance  Characteristics  of  a Liaison-Typo  Airplane"  by  Elmer  A. 
Horton,  Laurence  Iv.  Loftin,  Jr.,  and  Stanley  F.  Racisz,  1950. 
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Allo.wances  were  made  for  changes  in  the  . gross  weight  re- 
sulting from  changes  in  the  airplane  configuration  and  for 
the  weight  of  the  boundary-layer-control  equipment.  A 
maximum  lift  coefficient  of  2.8  was  assumed  for  the  air- 
planes without  boundary-layer  control  and  a value  of  5.0 
was  assumed  to  be  the  highest  maximum  lift  coefficient 
available  with  boundary-layer  control. 

In  addition  to  calculations  of  the  distance  required  to  land 
and  take  off  over  a 50 -foot  obstacle,  the  ground-run  distance 
corresponding  to  landing  and  take-off,  stalling  speed,  gliding 
speed,  and  sinking  speed  were  calculated  for  all  the  airplanes. 
The  maximum  speed  of  each  airplane  configuration  was  also 
calculated  in  order  to  provide  some  indication  of  the  relation 
between  high-speed  performance  and  landing  and  take-off 
performance.  The  landing  maneuver  was  assumed  to  be 
executed  without  the  use  of  power. 


SYMBOLS 


w ■ 

ail’plane  gross  weight,  pounds 

w 

weight  of  airplane  components,  pounds 

g 

acceleration  due  to  gravity  (assumed  equal 
to  32.2),  feet  per  second  per  second 

T 

thrust,  pounds 

To 

static,  tlu-ust,  pounds 

'^ymax 

thrust  at  maximum  velocity,  pounds 

S 

wing  area,  square  feet 

0 

angle  of  flight  path  with  respect  to  ground, 
V degrees 

V 

velocity,  feet  per  second 

V average  flight  velocity  during  transition  arc, 


feet  per  second 


D 

total  drag,  pounds 

Co 

airplane  drag  coefficient  (D/qS) 

Do 

wing  profile  drag,  pounds 

^°o 

wing  profile-drag  coefficient  {DJqS) 

Coi 

induced  drag  coefficient  (CPIirAe) 

L 

total  lift,  pounds 

Ct. 

airplane  lift  coefficient  (L/qS) 

Clj, 

lift  coefficient  that  would  be  required  for 
steady  level  flight  at  speed  V 

- * 

s 

horizontal  distance,  feet 

St 

total  take-off  distance  over  50-foot  obstacle. 

feet 

Sl 

landing  distance  from  50-foot  obstacle,  feet 

R 

radius  of  transition  arc,  feet 

Q 

dynamic  pressure,  pounds  per  square  foot 

H 

total  pressure,  pounds  per  square  foot 

Cp 

pressure  coefficient 

Q 

quantity  rate  of  flow,  cubic  feet  per  second 

Go 

quantity  rate  of  flow  coefficient  (Q/SVq) 

P 

brake  horsepower 

A 

h 

b 

e 


A — — 0 

T-l 


Lo 

p 


2(T-To) 

PpV^ 


aspect  ratio  {b'^jS) 

altitude  at  which  flare  is  started,  feet 
span,  feet 

wing  efficiency  factor  based  on  variation  of 
spanwise  loading  from  an  elliptical  loading 
with  no  ground  effect  (assumed  equal 
to  0.9) 


constants  for  calculating  propeller  thrust 


Subscripts: 

c 

BLC 

0 

d 

L 

max 

u 

G 

F 

g 

1 

B 

t 

T 

s 

opt 


efficiency  factor  of  blower  (assumed  equal 
to  0.9) 

ground  or  braking  friction  coefficient  or  both 
mass  density  of  air,  slugs  per  cubic  foot 
ratio  of  specific  heats  at  constant  volume  and 
constant  pressure  (1.4  for  air) 
time,  seconds 

conventional  airplane 
boundary-layer-control  airplane 
free-stream  conditions 
conditions  in  boundary-layer-control  duct 
conditions  at  point  of  ground  contact  on 
landing 

maximum  ^ 
pay  load 
glide 
float 

ground  conditions  for  take-off 
conditions  during  ground  run  of  airplane  for 
take-off 

ground  conditions  for  landing 
conditions  at  take-off  of  airplane 
transition 
stalling 

optimum  conditions 


METHOD  OF  ANALYSIS 


In  calculating  the  take-off  and  landing  performance  char- 
acteristics for  the  various  airplanes,  a number  of  basic 
assumptions  were  made  concerning  the  airplane  configura- 
tions, the  aerodynamic  characteristics  of  the  wing  both  with 
and  without  boundary-layer  control,  the  method  of  estimat- 
ing the  weight  of  the  airplane  and  the  auxiliary  boundary- 
layer-control  equipment,  and  the  method  used  in  performing 
the  take-off  and  landing  maneuvers.  The  final  comparative 
results  should  be  unaffected  by  these  assumptions  inasmuch 
as  the  same  assumptions  were  used  for  both  the  conventional 
and  boundary-layer-control  airplanes,  except  for  the  assump- 
tions-concerning  the  weight  of  the  boundary-layer-control 
equipment  which,  in  this  instance,  are  believed  to  be  con- 
servative. In  general,  the  assumptions  were  compatible 
with  data  from  existing  airplanes. 
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AIRPLANE  CONFIGURATION 

The  airplane  was  assumed  to  have  a cantilever  semimono-, 
coquc  wing,  rectangular  in  plan  form,  with  airfoil  sections 
tapering  from  a thickness-chord  ratio  of  0.18  at  the  root  to 
0.12  at  the  tip.  The  empennage  area  was  considered  to  be 
0.255.  The  fuselage  frontal  area  F for  the  constant  pay 
load  Wu  of  1,500  pounds  was  determined  from  the  following 
equation  obtained  from  reference  4: 

F=0.15t^„2/3 

The  dimensions  of  the  fuselage  and  landing  gear  remained 
constant. 

The  propeller  was  considered  to  be  fully  automatic  in  order 
that  maximum  engine  speed  and  power  could  be  obtained  at 
all  airspeeds.  The  fuel  and  oil  supplies  were  assumed 
sufficient  for  5 hours  of  cruising  at'60  percent  of  maximum 
power  witli  a specific  fuel  consumption  of  0.50  pound  per 
brake  horsepower  per  hour. 

It  was  assumed  that  an  auxiliary  engine  and  a blower  were 
used  to  apply  suction  through  the  duct  provided  by  the 
internal  space  of  the  semimonocoque  wing  to  the  boundary- 
layer-control  slots.  The  boundary-layer-control  apparatus 
was  assumed  to  have  a fuel  supply  sufficient  for  the  dura- 
tion of  the  flight. 

AERODYNAMIC  CHARACTERISTICS 

The  variation  of  wing  profile-drag  coefficient  with  lift 
coefficient,  shown  in  figure  1,  was  determined  from  section 
data  contained  in  references  5 to  8.  The  data  are  for  the 
smooth-surface  condition  of  the  wings  with  and  without 
boundary-layer  control..  The  use  of  boundary-layer  suction 
is  seen  to  cause  only  relatively  small  changes  in  the  profile 
drag  in  the  range  of  lift  coefficients  from  0 to  1.6.  On  a wing 
provided  with  suction  slots  to  improve  the  maximum  lift, 
however,  suction  through  these  slots  must  bo  maintained  in 
the  cruising  range  of  lift  coefl&cients  in  order  that  the  profile 
drag  will  not  be  increased  by  outflow  tlirough  the  slots.  For 


this  reason,  the  previously  mentioned  provision  of  enough 
fuel  to  operate  the  boundary-layer-control  apparatus  con- 
tinuously during  the  5-hour  flight  was  considered  necessary. 
The  use  of  a drag  polar  based  on  airfoil-section  data  for  the 
rough-surface  condition  might  represent  a more  realistic 
appraisal  of  the  high-speed  chai’acteristics  of  the  airplane 
configurations  investigated.  Enough  data  were  not  avail- 
able, however,  to  permit  the  determination  of  the  drag  polar 
for  the  rough-surface  condition.  The  assumed  ejnpennage 
drag  coefficient  based  on  the  empennage  area  was  0.01  and 
the  assumed  fuselage  and  landing-gear  drag  coefficients 
were  0.20  and  0.05,  respectively,  based  on  the  fuselage 
frontal  area  (reference  9).  The  induced  drag  coefficients 
were  calculated  from  the  equation 


where  the  value  of  e was  assumed  to  be  0.9.  The  maximum 
attainable  lift  coeflicients  were  assumed  to  be  2.8  and  5.0  for 
the  airplane  .without  and  with  boundary-layer  control, 
respectively. 

WEIGHT  ANALYSIS 

It  was  found  convenient  to  express  the  gross  weight  of  the 
aii’plane  in  terms  of  the  wing  span,  aspect  ratio,  and  power. 
The  relation  expressing  the  gross  weight  as  a function  of 
these  variables  was  found  by  determining  the  weights  of 
various  airplane  components  as  functions  of  one  or  more  of 
the  variables.  The  ahplane  components  are  designated  by 
the  following  subscripts: 
m engine 

p propeller,  hub,  and  engine  auxiliaries 
g gasoline  and  oil 

F fuselage 
L landing  gear 
E empennage 
V)  wing 
h blower 

hm  blower  engine 

The  following  empirical  relations  giving  the  weights  of 
engine,  engine  auxiliaries,  propeller,  and  hub  were  deter- 
mined from  an  analysis  of  65  airplanes  and  225  engines 
rangmg  from  50  to  2,000  horsepower  (references  9 and  10) : 


Wm=P  ( 

' 192  A 

VP-30^  V 

(1) 

Wp  = P ( 

f^+0-48) 

(2) 

The  airplane  was  assumed  to  have  a cruising  duration  of 
5 hours  at  60-percent  full  power  with  a specific  fuel  consump- 
tion of  0.5  pound  per  horsepower  per  hour  and  an  oil  require  - 
ment of  1 gallon  per  16  gallons  of  gasoline  (reference  9). 
Thus,  the  weight  of  gasoline  and  oil  is 

Wg~l.^2P  (3) 
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The  empirical  relations  giving  the  weight  of  fuselage, 
landing  gear,  empennage,  and  wing  are  from  reference  9 
and  are  as  follows : 

(4) 

(5) 

WB—0.25S  (6) 


The  blower-engine  weight  was  then  obtained  by  assuming 
•an  engine  weight  of  2.5  pounds  per  horsepower  and  a flight 
duration  of  5 hours  at  60-percent  power  with  a specific  fuel 
consumption  of  0.5  pound  .per  horsepower  per  hour.  With 
these  assumptions,  the  blower-engine  weight,  including  fuel, 
is 

bm 


^yt,=0.046/S^o•^' 


T)  \t) 


(7) 


For  the  analysis,  a value  of  — =35,  which  is  a representative 

o 


value  for  the  type  airplane  considered,  was  assumed  in 
evaluating  equation  (7).  The  ratio  of  span  to  root  thickness 
b/t  enters  in  the  wing  weight  equation  to  the  0.115  power 
and,  since  the  wing  weight  is  only  approximately  15  percent 
of  the  gross  weight,  this  ratio  could  vary  appreciably  without 
causing  a change  in  the  gross-weight  estimate  of  more  than 
1 to  2 percent. 

A summation  of  equations  1 to  7 plus  the  assumed  pay 
load  of  1,500  pounds  results  in  the  following  empirical 
relation  giving  the  gross  weight  of  the  conventional  airplane 
as  a function  of  span,  aspect  ratio,  and  horsepower: 


The  weight  of  the  blower  was  obtained  by  assuming ‘an 
axial-flow  stator-rotor  type  constructed  of  aluminum  alloy 
haying  a hub-to-tip  ratio  of  0.6  and  an  axial  velocity  of  400 
feet  per  second.  The  outer  casing  was  assumed  to  be  0.125 
inch  thick  and  48  inches  long,  the  rotor,  blades,  and  shaft,  to 
be  equivalent  to  a disk  2 inches  thick  with  a diameter  0.8 
of  the  tip  diameter,  and  the  stator  vanes,  to  be  equivalent 
to  a disk  0.25  inch  thick  with  the  same  diameter  as  the  com- 
plete rotor.  With  these  assumptions,  the  blower-weight 
equation  was  developed  and  is  as  follows: 

'm;, = 0.044  VWS+1.13(WS)°-2^  (13) 


0.067 [^0.25+0.074“  '"  (8) 

The  gross  weight  of  the  boundary-layer-control  airplane 
is  then  the  gross  weight  of  the  conventional  airplane  plus 
the  gross  weight  of  the  blower  engine  Wt,m  and  blower  Wt,; 
that  is, 

WBLC~Wc-\-Wt>m-\-'^b  ‘ (9) 

The  estimate  of  the  blower-engine  power  was  made  in 
terms  of  the  compression  ratio,  quantity  flow,  absolute 
entrance  pressure,  and  blower  efficiency  by  the  following 
expression  for  an  adiabatic  gas  flow: 


(10) 


Reference  2 indicated  that  sufficient  boundary-layer 
control  for  a maximum  lift  coefficient  of  5.0  could  be  obtained 
with  a flow  coefficient  0^2=0.03  and  a pressure  coefficient 
6p=4.0.  However,  in  order  to  make  a conservative  esti- 
mate of  the  weight  of  the  boundary-layer-control  equipment, 
a flow  coefficient  of  0.04  and  a pressure  coefficient  of  15.0 
(reference  11)  were  used  and,  by  substitution,  equation  (10) 
becomes,  for  77  = 0.9, 


TAKE-OFF  PERFORMANCE  ANALYSIS 

Take-off  maneuver. — The  take-offs  were  assumed  to  be 
made  at  full  power,  with  no  head  wind,  and  to  consist  of 
three  phases:  (1)  an  accelerated  run  on  the  ground  at  the 
attitude  for  least  total  resistance  until  the  speed  for  take-off 
was  reached;  (2)  the  transition  arc  or  period  of  change  of 
the  flight  path  from  ground  run  to  steady  climb;  and  (3) 
steady  climb  to  an  altitude  of  50  feet  where  take-off  is  con- 
sidered complete.  A sketch  illustrating  the  assumed  maneu- 
ver is  presented  in  figure  2. 

Equations  for  total  take-off  distance. — The  following  equa- 
tion for  the  total  take-off  distance  was  obtained  from  refer- 
ence 12  by  combining  the  expressions  giving  the  distance 


Airplane  attitude 

Condition 

Ground  run 

FromV=0to  V=  Vr 
Co,,  Co, 

Take-olT 

Co,,  Co,j  Vt 

(11) 


Figure  2.— Illustration  of  assumed  maneuver  to  clear  a 50-foot  obstacle  on  take-olT. 
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required  for  ground  run,  transition  arc,  and  climb: 


Pi 


.^w/s 


log« 


(uC  C ^ B 

0 

2 tan^ 

1 ^ 

1 

(w/p 

^ w 

^tan  $ 

(14) 


where 

(15) 

and 

which  is  the  usual  value  assumed  for  in  an  analysis  of 
this  nature. 

The  attitude  of  least  air  and  ground  resistance  during  the 
ground  run,  as  shown  in  reference  13,  is  defined  by  the  ex- 
pression : 

(16) 


In  using  equation  (16)  in  the  analysis,  the  profile-drag 
variation  iS  neglected.  The  assumed  ground  friction  coeffi- 
cient )Li  = 0.2  is  equivalent  to  that  of  deep  grass  or  sand. 
A lower  value  of  fx  corresponding  to  that  of  concrete  would 
reduce  the  take-off  distance  of  both  the  conventional  and 


boundary-layer-control  airplanes  by’ approximately  the  same 
percentage;  thus  the  comparative  results  would  be  equal 
to  those  given  in  this  report. 

The  power  constants  Ap  and  B used  in  equations  14  and 
15  were  obtained  from  reference  12  and  are  reproduced  herein 
as  figure  3.  Use  of  figure  3 requires  determination  of  Vmaz 
as  a function  of  span,  which  was  done  by  equating  thrust 
to  airplane  drag  as  follows: 

(17) 

where  Cd  is  the  summation  of  the  assumed  drags  of  the 
airplane  components  in  coefficient  form.  Also,  from  refer- 
ence 12, 

(18) 

where,  from  figure  3, 

(7=3. 09-0. 005F  (19) 

max  V , 

equation  (17)  can  then  be  expressed  as 

P(3.09-0.005F„,,)=ipy„.„*^^7D  (20) 

From  this  equation  Vmax  as  a function  of  span  for  various 
powers  and  aspect  ratios  was  obtained  for  both  the  conven- 
tional and  boundary-layer-control  airplane,  and  the  results 
are  given  in  figures  4 and  5.  Once  V^ax  is  Imown  as  a func- 
tion of  span,  the  power  constants  Ap  and  B are  obtained 
for  the  various  spans  Jrom  figure  3. 
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(a)  ^=5.  (b)  ^=10.  (c)  ^ = 15. 

Figure  5. — Maximum  speed  of  assumed  airplane  with  boundary -layer  control  as  a function  of  span  for  various  powers. 
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Ground-run  distance  and  stalling  speed.^ — The  ground  run 
required  for  take-off  was  calculated  by  use  of  the  following 
expression  from  reference  12: 


W/S 


< ^ -p 


(w/P 


(21) 


The  stalling  speed  Fj  was  found  for  eaeh  airplane  from  the 
relation 


F 


/ 21F 


=v 


pso. 

LANDING  PERFORMANCE  ANALYSIS 


(22) 


Landing  maneuver. — The  landing  maneuver  was  consid- 
ered to  consist  of  four  phases:  (1)  the  steady  glide,  (2)  a 
transition  path  executed  at  maximum  lift  coeflBcient  to  bring 
the  airplane  from  a steady  glide  to  level  flight,  (3)  a floating 
period  of  2 seconds  to  allow  for  lag  in  control  response  and 
for  the  application  of  brakes  (see  reference  14),  and  (4)  the 
ground  run.  The  beginning  of  the  landing  was  considered  as 
the  point  at  which  the  altitude  was  50  feet;  the  total  landing 
distance  was  considered  to  be  the  horizontal  distance  from 
this  point  to  the  end  of  the  ground  run.  The  maneuver  was 
considered  to  be  performed  without  the  use  of  power — that 
is,  no  propeller  drag  or  thrust — and  with  no  wind.  A sketch 
illustrating  the  assumed  maneuver  is  presented  in  figure  6. 

Basic  assumptions. — In  calculating  the  total  landing  dis- 
tance, certain  simplifying  assumptions  were  made  in  connec- 
tion with  the  manner  in  which  the  transition  from  the  steady- 
glide  speed  and  attitude  to  level-flight  speed  and  attitude  was 
executed.  These  assumptions  were  based  on  the  concept  that 
the  horizontal  distance  covered  during  the  transition  period 
for  the  type  of  airplane  considered  is  a relatively  small  por- 
tion of  the  total  landing  distance  so  that  a precise  determina- 
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FiouRE  C. — Illustration  of  assumed  maneuv'cr  to  clear  a 50-foot  obstacle  in  landing. 


tion  of  the  transition  path  is  not  required.  The  simplifying 
assumptions  were: 

1.  The  airplane  was  assumed  to  execute  the  transition  at 
maximum  lift  coeflUcient  and  the  transition  patli  was  assumed 
to  be  represented  by  an  arc  of  constant  radius.  Tliis  assump- 
tion implies,  of  course,  a constant  speed  durmg  the  transition. 

2.  Although  a constant  speed  was  assumed  for  the  transi- 
tion arc,  it  is,  of  course,  obvious  that  in  the  actual  case  the 
speed  during  the  transition  must  vary  from  the  steady- 
glide  speed  to  the  landing  speed.  The  constant  speed  im- 
plied by  the  assumption  of  a transition  arc  of  constant 
radius  was  determined  by  assuming  a linear  variation  in 
speed  from  the  steady-glide  speed  to  the  stalling  speed  and 
taking  the  constant  speed  as  the  aritlunetic  mean  of  these 
two  values.  This  assumption  implies  a constant  decelerat- 
ing force  during  the  transition. 

These  assumptions  are  somewhat  similar  to  those  found  in 
approximate  methods  for  calculating  the  transition  path  fol- 
lowing take-off  (reference  12).  Such  approximate  methods 
for  calculating  the  take-off  distance  have  been  foimd  to  give 
good  results  and,  in  those  cases  for  whicli  experimental  data 
were  available,  the  method  outlined  for  calculating  the 
landing  distance  was  also  found  to  give  good  results. 

Development  of  landing  equations. — On  the  basis  of  as- 
sumptions 1 and  2 the  following  equations  for  the  total 
landing  distance  can  be  derived.  The  horizontal  distance 
covered  during  the  transition  arc  St  is  considered  first. 
Reference  to  figure  6 shows  that 

Sfp=.]^.  sill  (23) 


where  Oq  is  the  angle  of  steady  glide  and  R is  the  radius  of 
the  transition  arc.  The  instantaneous  radius  of  curvature 
during  a pull-up  at  maximum  lift  is  given  by  the  expression 


R 


2 W 1 

Pi  *5 


COS  6 


(24) 


where  Ct^j,  in  this  equation  corresponds  to  the  lift  coefficient 
for  unaccelerated  leveh  flight  at  the  velocity  at  which  the 
pull-up  is  being  executed  and  B is  the  instantaneous  flight- 
path  angle.  If  the  cosine  of  the  glide-path  angle  is  assumed 
to  be  1.0,  equation  (24)  can  be  written  as  follows: 


1 


pg  S ACl 


(25) 


where  ACl  is  the  difference  between  the  maximum  lift  coeffi- 
cient and  the  lift  coefficient  corresponding  to  the  previously 
defined  mean  speed  used  during  the  transition.  Since  the  stall- 
ing speed  is  known,  the  value  of  the  steady-glide  speed  Vq  is  all 
that  is  required  for  the  determination  of  R and  the  horizontal 
distance  covered  during  the  transition.  The  value  of  Vo 
must  be  chosen  ^in  such  a way  that  the  time  required  for  the 
velocity  to  decrease  from  Vo  to  V^  is  the  same  as  the  time 
required  for  the  airplane  to  traverse  the  distance  5^.  The 
tangential  forces  acting  on  the  airplane  during  the  transition 
arc  are  composed  of  the  drag  which  is  a decelerating  force 
and  the  component  of  weight  along  the  flight  path  which  is 
an  accelerating  force.  The  mean  decelerating  drag  force 
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Dt  is  determined  from  the  drag  coefficient  at  the  maximum 
lift  coefficient  arid  the  mean  speed  V. 

There  is,  however,  an  accelerating  force  which  may  be 
determined  in  the  following  manner.  At  the  end  of  the 
steady  glide  the  following  relation  holds: 

Dg=W  sin  Bg 

where  Dg  is  the  drag  in  the  steady  glide.  Since  the  glide 
angle  Bg  is  usually  small,  B varies  in  a nearly  linear  manner 
with  St  during  the  transition,  and  since  sin  B also  varies  in 
a nearly  linear  manner  with  B for  small  values  of  0,  the  mean 
accelerating  force  during  the  transition  may  be  written  as 

W sin  B Do 
2 ”2 


Therefore,  the  time  required  for  the  airplane  to  decelerate 
from  the  sfeady-glide  speed  Vg  to  the  landing  speed  Vz,  is 
then  given  by  the  following  expression: 


_W  Vg-Vl 

^ g j.  Dg  (26) 

If  the  cosine  of  the  flight-path  angle  is  considered  to  be 
unity,  the  time  required  to  traverse  the  distance  St  is 


(27) 


where  V is  the  mean  speed.  Since  the  two  intervals  of 
time  expressed  by  equations  (26)  and  (27)  must  be  equal, 
the  distance  St  may  be  expressed  in  the  following  form: 


If 


2V{Vg-Vl)W 
g {2Dt — Dg) 


sin  0G=sin  tan“ 


(28) 


the  distance  Sr  as  given  by  equations  (23)  and  (25)  may  be 
written 


An  exact  solution  of  equation  (30)  for  -jT  requires  additional 

yo  ^ 

analytic  expressions  relating  and  7^  to  Such 

\^L/Q  t/Dr  Vo 


relations  can,  of  course,  be  found  by  expressing  the  drag 
polars  for  the  various  airplanes  in  analytic  form.  It  was 
found  more  convenient,  however,  to  perform  a simultaneous 
solution  of  equations  (28)  and  (29)  by  a trial  and  error 
process.  Once  the  correct  value  of  Vg  is  determined  from 
equations  (28)  and  (29),  the  horizontal  distance  covered  in 
the  transition  arc  is  easily  calculated  for  a particular  airplane 
from  equation  (29). 

The  horizontal  distance  Sq^  covered  in  the  steady  glide 
from  a height  of  50  feet  to  the  height  h at  which  the  transi- 
tion is  begun,  can  be  calculated  by  the  following  equations 
(see  fig.  6): 

50- h 50- h 

Sg  = 


tan  Bg 


However, 


iki 


h~R{l~cos  Bg) 


so  that 


50— B 


Sg~ 


[l-eosl.an-'(^)J 


(31) 


The  values  of  R and 


are  already  known  from  the 


previous  calculations  of  the  transition  path  so  that  So  may 
be  readily  determined.  The  distance  covered  during  the 
floating  period  is  merely 


Sf — 2 Vl — 2-^.-^ 


2W 


SCr. 


(32) 


The  equation  for  determining  the  ground  run  or  braking 
distance,  obtained  from  reference  15,  is 


pg  S acAcJo 


(29) 


A simultaneous  solution  of  equations  (28)  and  (29)  gives, 
after  some  algebraic  manipulation,  the  following  equation: 


Gd 


where  ^ is  the  lift-drag  ratio  for  the  maximum-lift  condition 


and  Vl  corresponds  to  the  stalling  speed.-  The  combined 
ground  and  braking  friction  coefficient  was  assumed  to  be  0.4. 
This  value  of  the  friction  coefficient  can  be  obtained  with 
cinders  on  ice.  (See  reference  14.)  The  ground  effect  on  the 
induced  drag  was  neglected.  The  total  landing  distance  is 
obtained  from  a summation  of  the  horizontal  distances 
covered  during  the  four  phases  of  the  maneuver: 


Sl — 


(34) 


where  these  four  components  are  calculated  by  means  of 
equations  (31),  (29),  (32),  and  (33),  respectively. 


EFFECTS  OF  BOUNDARY-LAYER  CONTROL  ON  TAKE-OFF  AND  LANDING  PERFORMANCE  OF  LIAISON-TYPE  AIRPLANE  1361 


SCOPE  OF  CALCULATIONS 

The  landing  and  take-off  perfoiTnance  characteristics 
calculated  included  the  total  landing  and  take-off  distances, 
the  ground  run  corresponding  to  landing  and  take-off,  the 
stalling  speed,  the  gliding  speed,  and  the  sinking  speed.  The 
airplanes  for  which  the  landing  and  take-off  perfoiinances 
were  calculated  had  wing  spans  varying  from  25  feet  to  100 
feet,  engine  brake  horsepowers  varying  from  300  to  1,300,  and 
aspect  ratios  of  5,  10,  and  15.  As  previously  stated,  the  wing 
span,  aspect  ratio,  and  power  detemine  the  weight  of  an  air- 
plane and  the  airplane  configuration.  The  actual  values  of 
the  engine  horsepower  for  which  calculations  were  made  were 
somewhat  different  for  the  landing  and  take-off  analysis; 
however,  the  range  of  horsepowers  covered  in  the  two  analy- 
ses was  the  same.  The  landing  and  take-oflf  performances 
were  calculated  for  each  airplane  with  and  without  boundary- 
layer  control.  The  highest  attainable  value  of  the  maximum 
lift  coefficient  was  assumed  to  be  2.8  for  the  airplanes  without 
boundary-layer  control  and,  5.0  for  the  airplanes  with 
boundary-la^^er  control.  The  landing  performance  calcula- 
tions were  made  only  for  lift  coeflficients  of  2.8  and  5.0.  The 
take-off  performance  calculations,  however,  were  made  for  a 
number  of  lift  coefficients  in  order  to  determine  the  optimum 
value  for  each  configuration.  The  effect  of  the  additional 
weight  of  the  boundary-layer-control  equipment  on  the  take- 
off performance  characteristics  was  isolated  by  calculating 
the  take-off  performance  characteristics  of  the  boundary- 
layer-control  airplane  with  and  without  the  additional  weight 
of  the  boundary-layer-control  equipment  included  in  the 
gross-weight  estimate.  This  calculation  was  made  for  wings 
of  aspect  ratio  10  only  inasmuch  as  the  effect  would  be  rela- 
tively the  same  for  other  aspect  ratios. 

Data  defining  the  range  of  airplane  configurations  for 
winch  the  performance  calculations  were  made  are  presented 
in  figures  7 and  8 for  the  airplanes  without  and  with  boundary- 
layer  control,  respectively.  These  data  were  obtained  by 
cross-plotting  the  data  derived  from  equations  8,  12,  and  13, 
examples  of  which  are  given  in  figures  9 and  10  for  the  aspect- 
ratio-10  configuration.  From  figures  7 and  8 it  is  seen  that 
the  wing  loading  of  the  airplanes  investigated  varied  from 
about  4 pounds  per  square  foot  to  160  pounds  per  square  foot 
without  boundary-layer  control  and,  from  4 pounds  per 
square  foot  to- 180  pounds  per  square  foot  with  boundary- 
layer  control. 

The  maximum  velocity  of  the  different  airplane  configura- 
tions without  and  with  boundary-layer  control  was  calculated 
in  order  to  provide  a basis  of  comparison  for  the  high- 
and  low-speed  performances  and  is  given  in  figures  4 and  5. 
From  figures  4 and  5 it  is  seen  that  for  a given  wing  span, 
aspect  ratio,  and  brake  horsepower  of  the  main  propulsive 
unit  the  maximum  velocities  of  the  airplanes  with  and  with- 
out boundary-layer  control  are  nearly  the  same.  The  slight 
variation  in  speed  is  due  to  the  additional  weight  of  the 
boundary-layer-control  equipment  which  increases  the  wing 
loading  and  thus  the  lift  and  drag  coefficient  for  an}^  given 
speed  and  also  the  small  extent  to  which  the  drag  polars  of 


the  airplanes  with  and  without  boundary-layer  control  differ 
in  the  low  lift-coefficient  range  (fig.  1). 

RESULTS  AND  DISCUSSION 

The  discussion  is  intended  to  show  the  effects  of  increasing 
the  maximum  lift  coefficient  by  boundaiy-layer  control  . 
upon  the  landing  and  take-off  performance  characteristics 
and  upon  the  relation  between  high-speed  performance  and 
the  take-off  and  landing  performance  as  the  airplane  con- 
figuration is  varied.  The  pertinent  take-off  and  landing 
performance  characteristics  are  presented  in  terms  of  the 
wing  span,  power,  and  aspect  ratio  for  the  airplanes  with 
and  without  boundary-layer  control.  The  choice  of  variables 
employed  in  presenting  the  data  was  arbitrary  to  some 
extent.  Although  other  parameters  could  have  been  em- 
ployed, span,  aspect  ratio,  and  power  Avere  chosen  because 
these  variables  indicate  the  physical  size  and  practicability 
of  the  airplane.  In  some  cases,  the  performance  parameters 
were  plotted  against  wing  loading  or  power  loading  as  well 
as  wing  span  because  their  use  tended  to  clarify  the  results. 
The  effect  upon  the  take-off  characteristics  of  increasing  the 
maximum  lift  coefficient  by  boundary-layer  control  is 
discussed  first, 

TAKE-OFF  CHARACTERISTICS 

The  take-off  characteristics  to  be  discussed  are: 

(1)  The  total  take-off  distance 

(2)  The  ground  run  and  stalling  speeds 

TOTAL  TAKE-OFF  CHARACTERISTICS 

Examples  of  the  variations  of  total  take-off  distance  of  the 
boundary-layer-control  ahplane  witli  maximum  lift  co- 
efficient for  various  spans  and  horsepowers  at  an  aspect 
ratio  of  10  are  presented  in  figine  11.  For  a given  aspect 
ratio,  the  lift  coefficient  for  minimum  take-off  distance 
increases.as  the  span  decreases  and  the  wing  loading  increases. 
These  results  were  cross-plotted  in  figure  12  to  show  the 
variation  of  optimum  Cl  vdth  wing  loading  for  the  various 
aspect  ratios  and  horsepowers.  The  figure  sliows  that  at  an 
aspect  ratio  of  5,  regardless  of  whig  loadings,  the  optimum 
lift  coefficient  is  less  or  slightly  greater  than  that  available 
with  conventional  high-lift  devices.  For  aspect  ratios  of  10 
and  15  and  wing  loadings  of  less  than  10  pounds  per  square 
foot,  although  the  optimum  maximum  lift  coefficient  Jor 
take-off  exceeds  the  maximum  lift  coefficient  attainable 
without  boundary-layer  control,  the  use  of  lift  coefficients 
greater  than  2.8  vdll  decrease  the  take-off  distance  very 
little.  (See  fig.  11.)  For  the  larger  wing  loadings,  however, 
the  rate  of  change  of  the  take-off  distance  with  lift  co- 
efficient is  large  and  the  use  of  the  optimum  lift  coefficient 
offers  a considerable  decrease  in  take-off  distance. 

Throughout  the  remainder  of  the  analysis,  the  effects  of 
other  variables  on  total  take-off  distance  are  discussed  for 
the  optimum  lift  coefficient  unless  it  exceeds  5,0,  in  which 
case  the  take-off  distance  was  calculated  for  a maximum 
lift  coefficient  of  5.0. 
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Span,  b,  ft 


JiouRK  0. — Gross  weight  of  conventional  airplane  as  a function  of  span  for  various  powers. 

^=10. 


Effect  of  boundary-layer  control  on  take-off.- — The  varia- 
tion of  take-off  distance  with  span  for  various  horsepowers 
is  presented  for  aspect  ratios  of  5,  10,  and  15  in  figures  13 
and  14  for  the  conventional  and  bound  ary-layer-control 
ahplanes,  respectively.  The  effect  of  the  weight  of  the 
boundary-layer-control  equipment  on  the  take-off  character- 
istics was  found  for  an  aspect  ratio  of  10  by  assuming  that 
no  weight,  was  added  by  the  auxiliary  blower  and  motor. 
These  data  are  presented  in  figure  15. 

The  effect  of  boimdary-Ia^^er  control  on  the  total  take-off 
distance  of  the  airplane  may  be  seen  in  figure  16,  which 
shows  the  total  take-off  distance  as  a function  of  maximum 
speed  for  both  the  conventional  and  boundary-la^^er-control 
airplanes  with  varying  aspect  ratio  and  horsepower.  Figure 
16  shows  that  for  a given  maximum  speed  and  an  aspect 
ratio  of  5,  regardless  of  span,  the  boundary-layer-control 
airplane  generally  requires  more  distance  for  take-off  than 
the  conventional  airplane.  As  the  aspect  ratio  increases, 
however,  boundary-layer  control  becomes  more  effective, 
and  for  an  aspect  ratio  of  10  or  more  with  a wing  loading  of 
10  pounds  per  square  foot  or  more  the  addition  of  boundary- 
layer  control  decreases  the  total  take-off  distance.  It  follows 
that,  for  a given  take-off  distance,  the  boundar3^-layer-control 
airplane  would  have  a greater  maximum  speed. 

The  effect  of  the  weight  of  the  boundary-layer-control 
equipment  on  the  total  take-off  distance  is  shown  in  figure 
16  (b)  for  aspect  ratio  of  10.  This  figine  shows  that  the 
total  take-off  distance  may  be  decreased  appreciably  by 
decreasing  the  weight;  therefore,  every  effort  should  be 
made  to  decrease  the  weight  of  the  boundary-layer-control 
equipment. 

Figure  16  also  shows  that  the  absolute  minimum  total 
take-off  distance  obtained  with  a low  wing  loading  and 
moderately  low  aspect  ratio  is  not  decreased  by  the  addition 
of  boundary-layer  control. 


(a)  Weight  of  blower  engine. 

(b)  Weight  of  blower. 

Figure  10.— Weight  of  boundary-laycr-control  equipment  as  a function  of  span  for  various 
main  engine  powers.  .4  = 10. 


fimum  moximum  Jiff  coefficient 
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Fir. u RE  12. — Optimum  maximum  lift  coefRcient  for  minimum  total  take-off  distance  of  an 
airplane  with  boundary-layer  control  as  a function  of  wing  loading  for  various  aspect  ratios 
and  powers.  . 


Effect  of  power  loading  on  take-off  distance. — The  power 
loading  is  shown  as  a function  of  take-off  distance  for  various 
wing  loadings  and  aspect  ratios  in  figures  17  and  18  for  the 
conventional  and  boundary-layer-control  airplanes,  respec- 
tively. As  is  shown,  the  optimum  power  loading,  which  is 
nearly  independent  of  wing  loading  and  aspect  ratio,  is  ap- 
proximately 8.5  and  9.0  pounds  per  horsepower  for  the  con- 
ventional airplane  and  the  boundary-layer-control  airplane, 
respectively.  It  should  be  noted  that  increasing  the  horse- 
power above  the  optimum  value  increases  the  take-off  dis- 
tance. This  result  is  due  to  the  accompanying  change  in 
engine,  fuel,  and  structural  weight. 

GROUND-RUN  AND  STALLING-SPEED  CHARACTERISTICS 

In  order  to  obtain  the  minimiun  ground  run,  which  is  given 
in  figures  19  and  20,  the  calculations  were  made  by  consider- 
ing the  ground  run  completed  when  a speed  was  reached 
corresponding  to  a flying  speed  at  0.9  of  the  assumed  maxi- 
mum lift  coefficient.  During  the  analysis,  it  was  found  that, 
because  the  induced  drags  were  large  for  aspect  ratio  of  5 
of  the  boundary-layer-control  airplane,  the  power  was  in- 
sufficient to  maintain  level  flight  at  lift  coefficients  greater 
than  3.8;  therefore,  the  ground  run  for  an  aspect  ratio  of  5 
was  calculated  for  a maximum  lift  coefficient  of  3.8.  The 
variation  of  ground  run  with  span  for  various  horsepowers 
and  aspect  ratios  is  shown  in  figures  19  and  20  for  the  con- 
ventional and  boundary-layer-control  airplanes,  respectively, 
and  in  figure  21  for  the  airplane  with  boundary-layer  control 
but  with  the  weight  of  the  additional  equipment  disregarded. 
These  data  are  compared  in  figure  22  where  the  ground  run 
has  been  plotted  as  a function  of  Ymaz  for  various  horsepowers 
and  aspect  ratios. 

The  boundary-layer-control  airplane  had  shorter  ground 
runs  than  the  conventional  airplane  for  all  configurations 
considered.  The  reduction  was  negligible  for  an  aspect 
ratio  of  5 and  a maximum  lift  coefficient  of  3.8.  At  aspect 
ratios  of  10  and  15  and  maximum  lift  coefficient  of  5.0, 
however,  the  ground  run  was  decreased  10  to  30  percent  by 
the  addition  of  boundary-layer  control.  The  beneficial  effect 
of  reducing  the  boundary-layer-control-equipment  weight,  as 
previously  noted  for  the  total  take-off  distance,  was  again 
observed  for  the  case  of  the  ground  run  (fig.  22  (b)). 

This  reduced  ground  run  produced  by  use  of  high  maxi- 
mum lift  coefficients  associated  with  boundary-layer  control 
may  prove  to  be  most  advantageous  for  carrier-based  air- 
planes or  seaplanes.  . 

The  stalling  speed  Vg  is  presented  as  a function  of  maximum 
speed  in  figure  23  for  various  aspect  ratios  and  horsepowers. 
The  stalling  speed  was  20  to  25  percent  less  for  the  boundary- 
layer-control  airplane  than  for  the  conventional  airplane  for 
all  configurations  considered. 


1368 


EEPORT  1057— NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(a)  A=5.  (b)  yl  = 10.  (c)  ^=15. 

Figure  14.— Total  take-ofi  distance  of  an  airplane  with  boundary-layer  control  as  a function  of  span  for  various  powers. 


Total  take-off  distance. 
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Figure  16.— Total  takc-olT  distance  of  an  airplane  with  boundary-layer  control,  but  with 
weight  of  boundary-layer  control  equipment  excluded,  as  a function  of  span  for  various 
powers.  ^1  = 10.  • 


(a)  A =5. 

Figure  10.— Total  take-olT  distance  of  an  airplane  with  and  without  boundary-layer  control 
as  a function  of  maximum  speed  for  various  powers. 


(c)  A=16. 

Figure  16. — Concluded. 
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(a)  A=h. 

(b)  ^ = 10. 

(c)  ^=15. 

Figure  17. — Total  take-off  distance  of  an  airplane  without  boundary-layer  control  as  a function  of  power  loading  for  various  wing  loadings. 


Power  loading^  ff/P,  tbjbhp 
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(a)  A=5. 

(b)  A -10. 

(o)  A-15. 

Figure  18,—Total  take-off  distance  of  an  airplane  with  boundary-layer  control  as  a function  of  power  loading  for  various  wing  loadings. 
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Figure  19  — Qround-run  distance  for  take-off  for  an  airplane  without  boundary-layer  control  as  a function  of  span  for  various  powers. 


EFFECTS  OF  BOUNDAEY-LAYER  CONTROL  ON  TAKE-OFF  AND  LANDING  PERFORMANCE  OF  LIAISON-TYPE  AIRPLANE  1373 
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(b)  ^ = 10.  (c)  ^-15. 

Figure  20.— Ground-run  distance  for  take-off  for  an  airplane  with  boundary-layer  control  as  a function  of  span  for  various  powers. 
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0 to  20  30  4Q  50  60  70  80  90  tOO 

Span,  b,  ft 

Figure  21. — O round-run  distance  for  take-off  for  an  airplane  with  boundary-layer  control, 
but  with  weight  of  boundary-layer  equipment  excluded,  as  a function  of  span  for  various 
powers.  /I  = 10. 
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Figure  22.— O round-run  distance  for  take-off  for  an  airplane  with*and  without  boundary- 
layer  control  as  a function  of  maximum  speed  for  various  powers. 
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Figure  22.— Continued. 
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Figure  23.— Stalling  speed  of  an  airplane  with  and  without  boundary-layer  control 
function  of  maximum  speed  for  various  powers. 


/40 
120 
fOO 
< 80 
^60 
40 
20 


span 

— 1 — 1 — 1 — 1 — 1 — 1 — 1 — 1 — 1 — 1 — 1 — \ — 1 — 1 

(ft) 

— 

— ~ With  boundary  -foyer  con trof 

O fUU 
- □ 90^ 

O 80 
-A  70' 

. V 60j 

r 

> 
■ <I 
_ 17 

50 

J 

u 

Without  weight- 

40' 

30. 

j 

h 

n 

r 

foyer -control  l\ 

■Wi 

thout  weigh 
f boundary 
lyer-contrc 

t " 

~L 

r 

ex; 

fuif: 

>me 

nt 

L7 

i 

j 

L 

~ O 

Ic 

)/ 

St- 

■ 

■ 

1 



Si 

j/j 

L 

P equipment 

ly 

■ 

■ 

m 

Q 

o 

7 

0 

n 

0 

■ 

■ 

■ 

M 

■ 

■1 

■ 

■ 

■ 

■ 

n 

■ 

■ 

P = 500  bhp 

P-  800  bhp 

wm 

■ 

180  220  260  200  240  280 


(b)  A =10. 

Figure  23.“Continued. 
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, (c)  A = 15. 

Figure  23.— Concluded. 


POWER-OFF  LANDING  CHARACTERISTICS 

The  power-off  landing  characteristics  to  be  discussed  are 

(1)  The  total  landing  distance 

(2)  The  ground -run  distance 

(3)  The  speed  at  which  the  different  phases  of  the  landing 
maneuver  are  executed 

Total  landing  distance. — The  total  landing  distance  is 
presented  as  a function  of  wing  span  in  figure  24  with  power 
as  the  parameter.  The  data  are’ for  aspect  ratios  of  5,  10, 
and  15  and  are  for  the  airplanes  with  and  without  boundary- 
layer  control.  An  examination  of  the  data  of  figure  24 
indicates  that,  for  a given  engine  power  and  aspect  ratio,  the 
landing  distance  decreases  rapidly  with  increasing  span  over 
a certain  range  of  spans,  after  which  further  increases  in  span 
have  little  effect.  This  is  a result  of  the  manner  in  which 
the  wing  loading  varies  with  span.  (See  figs,  7 and  8.)  For 
a given  wing  span,  the  landing  distance  is  seen  to  increase 
with  increasing  engine  power.  In  all  cases,  increasing  the 
aspect  ratio  for  a fixed  span  and  power  increases  the  total 
landing  distance.  For  any  given  aspect  ratio,  the  shortest 
landing  distance  is  obtained  for  the  airplane  with  largest 
span  and  lowest  power.  These  trends  are  evident  in  the  data 
for  all  configure tions  investigated.  The  effect  of  boundary- 
layer  control  on  the  total  landing  distance  can  best  be  seen 
in  figure  25.  In  this  figure  the  ratio  of  the  total  landing  dis- 
tance with  boundary-layer  control  to  the  total  distance 
without  boundary-layer  control  is  plotted  as  a function  of 
span.  The  data  clearly  indicate  that,  regardless  of  engine 
power  or  aspect  ratio,  the  use  of  maximiun  lift  coefficients  of 
the  order  of  5.0  which  can  be  obtained  with  boundary-layer 
control  as  compared  with  lift  coefficients  of  2.8  which  can  be 
obtained  without  boundary-layer  control  results  in  decreases 
in  the  total  landing  distance  which  vary  between  25  and  40 
percent. 

The  data  of  figure  26  show  that,  for  a constant  wing 
loading,  the  use  of  boundary-layer  control  results  in  reductions 


of  the  total  landing  distance  which  vary  from  about  27  to 
43  percent.  The  slightly  more  favorable  effect  of  boundary- 
layer  control  when  the  comparison  is  based  on  a constant 
wing  loading  rather  than  on  a constant  span  is  explained  by 
the  fact  that  the  addition  of  boundary-layer  control  to  the 
airplane  of  constant  span  increases  the  wing  loading  by  a 
small  amount  which  has  an  adverse  efl’ect  on  the  landing 
distance.  For  a constant  wing  loading,  variations  in  the 
engine  power  have  a negligible  effect  upon  the  landing  dis- 
tance (fig.  26);  hence,  the  relatively  large  advei’se  effect  of 
increasing  the  power  upon  the  landing  distance  of  an  airplane 
of  constant  span,  shown  by  the  data  of  figure  24,  results  from 
the  effect  of  engine  power  on  wing  loading.  It  might  also 
be  thought  that  the  adverse  effect  upon  the  landing  distance 
of  increasing  the  aspect  ratio  for  a given  span  and  power 
(fig.  24)  could  be  attributed  entirely  to  an  increase  in  wing 
loading.  The  data  of  figme  26,  however,  show  that  for  a 
given  wing  loading,  increasing  the  aspect  ratio  also  causes 
some  increase  in  the  landing  distance.  This  unfavorable 
effect  of  increasing  aspect  ratio  on  the  landing  distance  results 
from  the  fact  that  as  the  aspect  ratio  is  increased  the  airplane 
lift-drag  ratio  is  also  increased  so  that  there  results  a flatter 
glide  and,,  hence,  a greater  horizontal  distance  from  the  50- 
foot  obstacle  to  the  point  of  ground  contact.  The  proper 
application  of  a spoiler  or  air  brake  might,  therefore,  reduce 
or  eliminate  the  unfavorable  effect  of  increasing  aspect  ratio 
on  the  total  landing  "distance. 


0 . 20  40  60  80  (00 
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(a)  >1=5. 

Figure  24.— Landing  distance  of  an  airplane  with  and  without  boundary-layer  control  as  a 
function  of  span  for  various  powers. 
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Figure  24.— Concluded. 


(a)  A=5. 

(b)  A =10. 

(c)  A = 15. 

Figure  25.— Landing  distance  of  airplane  with  boundary-layer  control  as  a fraction  of  landing 
distance  of  same  airplane  without  boundary-layer  control. 
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The  over-all  conclusion  to  be  drawn  from  the  data  of 
figures  24  to  26  is  that  boundary-layer  control  causes  a sub- 
stantial reduction  in  the  total  landing  distance  of  all  the 
airplane  configurations  investigated.  The  minimum  land- 
ing distance  for  the  configurations  investigated  was  obtained 
for  the  airplane  configuration  having  boundar^Mayer  control 
and  the  lowest  wing  loading  and  aspect  ratio — that  is,  a wing 
loading  of  4 pounds  per  square  foot  and  an  aspect  ratio  of  5. 

As  previously  pointed  out,  the  application  of  boundary- 
layer  control  does  not  have  an}’’  appreciable  effect  upon  the 
maximum  speed.  Consequently,  the  reductions  in  landing 


distance  resulting  from  boundary-layer  control  (figs.  24  to  26) 
can  be  obtained  without  any  sacrifice  in  maximum  speed  in 
most  cases.  In  order  to  show  this  effect  more  clearly,  the 
total  landing  distance  has  been  plotted  against  maximum 
speed  in  figure  27  for  the  airplanes  with  and  without  boundary- 
layer  control.  Figui'C  27  shows  that  for  a given  maximum 
speed  the  use  of  boiindary-la}’’er  control  results  in  a 25 
to  40  percent  decrease  in  the  landing  distance. . The  wing 
spans  of  the  different  airplanes  are  indicated  by  symbols  on 
these  curves.  It  is  interesting  to  note  that  for  most  cases 
large  increases  in  the  maximum  speed  can  be  obtained  with 
no  increase  in  the  landing  distance  by  the  use  of  boundary- 
layer  control  along  with  reduction  in  span.  The  unfavorable 
effect  of  increasing  aspect  ratio  on  the  landing  distance  for 
a given  maximiun  speed  is,  as  previously  pointed  out,  a result 
of  the  higher  lift-drag  ratio  of  the  airplanes  of  high  aspect 
ratio.  The  fact  that  boundary-layer  control  does  not  have 
a favorable  effect  upon  the  landing  distance  for  the  highest 
maximum  speeds  obtainable  with  a given  power  is  explained 
by  the  data  of  figures  4 and  5 which  show  that  the  highest 
possible  speed  for  a given  power  is  slightly  higher  for  the 
airplane  without  boundary-layer  control  than  for  the  air- 
plane with  boundary-layer  control.  This  is  due  to  the  in- 
creased wing  loading  of  the  boundary-layer-control  airplane. 

The  data  presented  in  figures  24  to  27  lead  to  the  conclusion 
that  the  high  lift  coefficients  available  with  boundary-layer 
control  are  very  effective  in  reducing  the  landing  distance 
of  the  type  of  airplane  considered  in  this  investigation. 
A somewhat  different  conclusion  was  readied  witli  respect  to 
the  effect  on  the  total  take-off  distance  of  the  increased  lift* 
coefficients  available  with  boundary-layer  control.  .The  data 
of  figure  16  showed  that  there  was  no  appreciable  decrease 
in  the  total  take-off  distance  due  to  boundary-layer  control 
for  a given  maximum  speed  unless  the  aspect  ratio  was  of  the 
order  of  15.  Even  for  the  higher  aspect  ratios,  the  relative 
effect  of  boundary-layer  control  on  the  total  take-off  distance 
is  small  as  compared  with  its  effect  on  the  landing  distance. 

Ground -run  distance. — The  ground-run  distance  is  plotted 
against  wing  span  for  different  aspect  ratios  and  engine  horse- 
powers in  figure  28  and  against  maximum  speed  in  figure  29. 
The  data  of  figure  28  indicate  that  the  use  of  boundary- 
layer  control  results  in  reductions  of  the  ground-run  distance 
which  vary  from  30  to  40  percent  depending  upon  the  con- 
figuration. The  use  of  the  lowest  possible  wing  loading — 
that  is,  low  aspect  ratio  and  engine  of  low  power — gives  the 
the  shortest  ground -run  distance  for  a given  span. 

The  data  of  figure  29  indicate  that,  for  nearly  all  configu- 
rations, redxictions  in  the  ground-run  distance  of  35  to  40 
percent  can  be  obtained  by  the  use  of  boundary-layer  control 
without  compromising  the  maximum  speed.  .In  comparison 
with  the  trends  of  figure  29,  the  data  of  figure  22  indicated 
that  boundary-layer  control  has  an  important  effect  upon 
the  ground  run  to  take-off  for  a given  maximum  speed  only 
if  the  aspect  ratio  is  of  the  order  of  10  to  15  and  that  the 
ground  run  for  take-off  is  generally  longer  than  that  for 
landing. 
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Figure  27. — Landing  distance  of  an  airplane  with  and  without  boundary-layer  control  as  a function  of  velocity  for  various  powers. 


Figure  27. — Continued. 
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Figure  27.— Concluded. 
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(a)  ^ = 5.  (b)*i4=10.  (c)  .4  = 15. 

Figure  28.— Ground-run  distance  for  landing  for  an  airplane  with  and  without  boundary-layer  control  as  a 
. fiuiction  of  span. 
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(a)  A=5.  (b)  A=10.  ^ (c)  A = 15. 

Figure  29. — Ground-run  distance  of  an  airplane  with  and  without  boundary-layer  control  as  a function  of  maximum  velocity, 

decreasing  span  for  a fixed  power  and  aspect  ratio  in  all  cases. 
Increasing  the  aspect  ratio  for  a given  span  and  power  also 
increases  the  gliding  speed  because  of  the  associated  increase 
in  wing  loading  and  wing  lift-drag  ratio. 

EFFECT  OF  ASSUMPTIONS  ON  RESULTS 

As  was  previously  pointed  out,  most  of  the  many  assump- 
tions employed  in  the  analysis  would  not  be  expected  to  have 
any  large  effect  on  the  landing  and  take-off  performances  of 
the  boundary-layer-control  airplane  as  compared  with  the 
airplane  without  boundary-layer  control.  Three  assump- 
tions were  made,  however,  which  should  be  considered  in 
..comparing  the  performance  characteristics  of  the  conven- 
tional and  boundary-layer-control  airplanes.  These  assump- 
tions are 

' (1)  No  head  wind 

(2)  No  ground  effect' 

(3)  A ratio  of  span  to  root  thickness  of  35  and  a thick- 
ness to  chord  ratio  of  0.18  at  the  root  and  0.12  at  the  tip 

These  three  assumptions  would  probably  have  a greater 
effect  on  the  boundary-layer-control  airplane  than  on  the 
conventional  airplane  for  the  following  reasons. 


Landing  speeds.^ — The  speeds  with  which  the  various 
phases  of  the  landing  maneuver  are  executed  are  of  some  im- 
portance as  an  indication  of  the  piloting  skill  required  to  land 
a particular  airplane.  For  this  reason,  data  are  given  in 
figures  30  and  31  pertaining  to  the  effect  of  boundary-layer 
control  on  the  vertical  or  sinking  speed  in  the  steady  glide 
and  steady-glide  speed. 

The  effect  of  boundary-layer  control  on  the  sinking  speed 
is  shown  in  figure  30  where  the  vertical  velocity  is  plotted 
against  wing  span  for  various  horsepowers  and  aspect  ratios 
for  the  airplanes  with  and  without  boundary-layer  control. 
The  data  show  that  boundary-layer  control  has  only  a rela- 
tively small  effect  on  the  sinking  speed  in  all  cases.  For  all 
the  airplanes  both  with  and  without  boundary-layer  control, 
reducing  the  span  for  a given  aspect  ratio  and  engine  power 
is  seen  to  increase  the  sinking  speed. 

In  figure  31  the  velocity  in  the  steady  glide  is  plotted 
against  wing  span  for  the  airplanes  of  different  aspect  ratio 
and  power  both  with  and  without  boundary-layer  control. 
In  all  cases,  the  use  of  boundary-layer  control  is  seen  to  re- 
duce the  speed  in  the  steady  glide  by  20  to  25  percent.  As 
would  be  expected,  the  steady-glide  speed  increases  with 
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(a)  ^=5. 

(b)  A=10. 

(c)  A^15. 

Figure  31.— Velocity  during  glide  for  an  airplane  with  and  without  boundary-layer  control 
as  a function  of  span. 

Head  wind. — Because  the  maximum  lift  coefficients  of  the 
boundary-layerTControl  airplanes  were  greater  than  those  of 
the  conventional  airplanes,  the  horizontal  speed  dm'ing  the 
landing  or  take-off  maneuver  was  less  for  the  boundary-layer- 
control  airplane  than  for  the  conventional  airplane.  Given 
a uniform  head  wind,  the  airspeeds  of  the  two  airplanes  would 
remain  imchanged,  but  the  horizontal  speed  with  respect  to 
the  ground  of  the  slower  airplane  would  be  reduced  by  a 
greater  percentage  than  that  of  the  faster  airplane.  There- 
fore, the  horizontal  distance  required  to  land  from  or  take  off 
and  climb  to  a given  altitude  would  be  decreased  in  a head 
wind  by  a greater  percentage  for  the  boundary-layer-control 
airplane  than  for  the  conventional  airplane. 

Ground  effect. — ^The  effect  of  proximity  to  the  giuund  is 
mainly  that  of  increasing  the  effective  aspect  ratio.  The 
greater  aspect  ratio  would  result  in  proportionately  greater 
decreases  in  induced  drag  for  the  boundary-layer-control 
airplane  with  its  high  maximum  lift  coefficient  than  for  the 
conventional  airplane;  therefore,  the  take-off  distance  for 
the  boundary-layer-control  airplane  would  be  decreased  by 
a greater  percentage  than  that  for  the  conventional  airplane. 
For  a more  thorough  treatment  of  this  subject,  see  refer- 
ence 16. 

Wing  thickness-chord  ratios.^ — If  the  ratio  of  wing  span  to 
root  thickness  were  maintained  at  35,  the  root  thickness- 
chord  ratios  of  the  wing  would  greatly  exceed  0.18  for  the 
larger  spans  and  aspect  ratios.  The  wing  profile  drag  of  the 


conventional  airplane  would,  therefore,  be  considerably 
greater  than  the  values  used  because  of  the  large  profile  drags 
associated  with  airfoil  sections  having  thickness  ratios  greater 
than  0.21  (reference  17).  With  boundary-layer  control,  how- 
ever, it  is  possible  to  use  the  thicker  airfoil  sections  without 
greatly  increasing  the  profile  drag  as  experimental  results 
have  indicated  that,  when  separated  flow  exists,  the  drag  of 
an  airfoil  section,  including  the  boundary-layer-control 
power,  may  be  less  than  the  drag  without  boundary-layer 
control  (references  2,  7,  and  8). 

CONCLUSIONS 

An  analysis  was  made  to  determine  the,  effect  of  boundary- 
layer  control  on  the  take-off  and  power-off  landing  perform- 
ance characteristics  of  a liaison  type  of  airplane  having 
aspect  ratios  ranging  from  5 to  15,  wing  spans  ranging  from 
25  to  100  feet,  and  engine  brake  horsepowers  ranging  from  300 
to  1,300.  The  airplanes  were  assumed  to  have  a 1,500-pound 
pay  load  and  a cruising  duration  at  60-percent  power  of  5 
hoius.  The  results  of  the  analysis  indicate  the  following 
conclusions: 

1.  The  addition  of  boundary-layer  control  does  not  re- 
duce the  absolute  minimum  total  take-off  distance  which 
is  obtained  with  a low  wing  loading  and  a moderately  low 
aspect  ratio. 

2.  The  effectiveness  of  boundary-layer  control  in  reduc-^ 
ing  the  total  take-off  distance  for  a given  maximum  speed 
improves  with  increasing  aspect  ratio  and,  for  wing  loadings 
of  10  pounds  per  square  foot  or  more  and  an  aspect  ratio  of 
10  or  more,  the  addition  of  boundary-layer  control  results 
in  a decrease  in  the  total  take-off  distance  of  as  much  as 
14  percent. 

3.  For  a given  maximum  speed  the  ground-run  distance 
for  take-off  was  reduced  for  all  configurations  by  the  use  of 
boundary-layer  control.  This  reduction  was  negligible  for 
an  aspect  ratio  of  5 but  was  from  10  to  30  percent  for  aspect 
ratios  of  10  and  15. 

4.  For  a given  maximum  speed,  the  use  of  boundary-layer 
control  resulted  in  a reduction  in  stalling  speed  of  20  to  25 
percent  for  all  configurations. 

5.  A reduction  in  the  weight  of  the  boundary-layer- 
control  equipment  would  result  in  an  appreciable  decrease 
in  the  total  take-off  distance  and  ground-run  distance 
for  take-off,  but  its  effect  on  the  stalling  speed  would  be 
negligible. 

6.  The  optimum  horsepower  loading  for  minimum  take- 
off distance  was  found  to  be  approximately  8.5  and  9.0 
pounds  per  horsepower  for  the  conventional  and  boundary- 
layer-control  airplanes,  respectively. 

7.  For  a specified  airplane  maximum  speed,  the  total 
landing  distance  was  reduced  from  25  to  40  percent  and  the 
landing  ground-run  distance  was  reduced  30  to  40  percent 
by  the  use  of  boundary-layer  control. 
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S.  The  gliding  speeds  were  20  to  25  percent  lower  for  most 
of  the  airplanes  with  boundary-layer  control  than  those  for 
the  airplanes  without  boundary-layer  control. 

9.  For  a fixed  wing  span,  the  sinking  speed,  or  vertical 
velocity  for  the  landing  condition  was  slightly  higher  for 
the  airplane  with  boundary-layer  control  than  that  for  the 
conventional  airplane. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  October  4j  1951, 
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INFLUENCE  OF  CHEMICAL  COMPOSITION  ON  RUPTURE  PROPERTIES  AT  1200°  F 
OF  FORGED  CHROMIUM-COBALT-NICKEL-IRON  BASE  ALLOYS 
IN  SOLUTION-TREATED  AND  AGED  CONDITION  ‘ 

By  E.  E.  Reynolds,  J.  W.  Freeman,  and  A.  E.  Wetje 


SUMMARY 

The  influence  of  systematic  variations  of  chemical  composi- 
lion  on  rupture  projierties  at  W00°  F was  determined  for 
62  modifications  of  a basic  alloy  containing  20  percent 
chromium,  20  percent  nickel,  W percent  cobalt,  3 percent 
molybdenum,  2 tungsten,  1 percent  columbium, 

0.15  percent  carbon,  1.7  percent  manganese,  0.5  percent 
silicon,  0.12  percent  nitrogen,  and  the  balance  iron.  These 
modifications  included  individual  variations  of  each  of  10 
elements  present  and  simultaneous  variations  of  molybde- 
num, tungsten,  and  columbium.  Laboratory  induction  fur- 
nace heats  were  hot-forged  to  round  bar  .stock,  solution- 
treated  at, 2200°  F,  and  aged  at  1400°  F.  The  melting  and 
fabrication  conditions  were  carefully  controlled  in  order  to 
minimize  all  variable  effects  on  properties  except  chemical 
compositiov . 

For  the  limited  number  of  composition  variables  studied  the 
range  in  100-ho^ir  rupture  strengths  was  from  26,000  to  52,000 
psi.  Major  strengthening  effects  resulted  from  additions  of 
molybdenum,  Hngsten,  and  columbium,  individually  or  simul- 
taneously. The  lowest-strength  alloy  contained  none  of  these 
elements.  Chromium  also  had  a major  strengthening  influ- 
ence. However,  no  alloy  was  obtained  which  had  properties 
which  were  outstanding  compared  with  those  of  the  basic 
analysis.' 

^ Carbon  (varied  from  O.OS  to  0.60  percent),  nitrogen  (O.OS  to 
OJS  percent),  manganese  (0.30  to  2.5  percent),  nickel  (10  to  20 
percent),  cobalt  (20  to  32  percent),  and  columbium  (2  to  j 
percent)  had  little  influence  on  rupture  properties.  Nitrogen 
(O.OOJf  to  O.OS  percent),  chromium  (10  to  30  percent),  nickel 
(0  to  10  percent),  cobalt  (0  to  20  percent),  molybdenum,  (0  to  4 
percent),  tungsten  (0  to  4 percent),  and  columbium  (0  to  1 
percent)  increased  strength  appreciably.  Silicon  (0.5  to  1.6 
percent)  and  nickel  (20  to  30  perce'ut)  had  a weakening  influ- 
ence. Columbium  had  a marked  influence  on  increasing  total 
elongation  to  f racture. 

Rupture  strengths  varied  directly  with  a measure  of  the 
resistance  to  creep  of  the  alloys  with  total  elongation  to  f racture 
as  a parameter.  This  indicated  that  rupture  strengths  were  a 
function  of  the  effect  of  the  composition  modifications  on  both 
the  inherent  creep  resiffance  and  the  amount  of  deformation  the 
alloys  would  tolerate  before  fracture. 

Interpretation  of  the  results  on  the  basis  of  microstructural 
studies  indicated  that  molybdenum  and  tungsten  improved 
creep  resistance  by  entering  solid  solution.  Nickel  and  cobalt, 
two  elements  forming  part  of  the  matrix  solid  solution,  appeared 
to  improve  strength  by  increasing  the  solubility  of  molybdenum 


and  tungsten.  Chromium  improved  creej)  resistance,  ai  least 
in  part,  as  a result  of  an  aging  reaction.  Columbium  d/id 
not  appreciably  affect  creep  resistance  but  improved  rupture 
strength  by  increasing  the  elongation  to  fracture. 

Information  is  presented  which  indicates  thai  melting  and 
hot-working  conditions  play  an  important  role  in  high-tempera- 
ture  projierties  of  alloys  of  the  type  investigated. 

INTRODUCTION 

This  investigation  had  as  its  object  a study  of  the  influence 
of . systematic  variations  of  chemical  composition  on  the 
1200°  F rupture  properties  of  forged  alloys  in  the  solution- 
treated  and  aged  condition  in  which  the  composition  was 
varied  from  the  following  basic  analysis: 

Chemical  composition 
(percent) 


Carbon,  C 

...  0.15 

Cobalt,  Co 

20 

Manganese,  Mn 

1.7 

Molybdenum,  Mo 

3 

Silicon,  Si 

0.5 

Tungsten,  W 

2 

Chromium,  Cr  __ 

20 

Columbium,  Cb 

1 

Nickel,  Ni 

20 

Nitrogen,  N 

...  0.12 

Iron,  Fe 

32 

Sixty-two  modifications  of  this  allo}’^  were  studied  in  which 
each  of  10  elements  was  systematically  vai-ied  individually 
and  Mo,  W,.and  Cb  were  varied  simultaneously. 

The  investigation  was  prompted  b}’’  the  fact  tliat  at 
present  there  are  no  published  data  which  make  possible  a 
correlation  between  systematic  vai'iations  in  chemical  com- 
position and  the  high -temperature  properties  of  forged 
Cr-Ni-Co-Fe-Mo-AV-Cb  alloys  of  the  type  investigated. 
Past  research  has  shown  that  close  control  over  processing 
of  alloys  is  necessary  to  I’eproduce  high-temperature  proper- 
ties between  different  heats  of  the  same  analysis.  Lack  of 
such  control  of  processing  variables  has  resulted  in  the 
failiu-e  of  attempts  to  correlate  the  published  high-tempera- 
ture data  on  these  types  of  alloj^s.  Such  correlations  are 
needed  to  provide  a basis  for  establishing  optimum  cliemical 
{ compositions  for  heat-resistant  alloys,  for  reducing  the  re- 
quired alloy  content  while  retaining  worth-while  properties, 
and  for  determining  the  fundamental  mechanisms  by  which 
alloying  elements  influence  properties  at  high  tempei*atiu'es. 

As  an  initial  approach  to  the  solution  of  a large  problem, 
the  investigation  was  necessaril}^  limited  in  scope.  The 

1 Supersedes  NACA  TN  2449,  “Investigation  of  Innuonce  of  Chemical  Composition  on 
Forged  Modified  Low-Carbon  N-155  Alloys  in  Solution-Treated  and  Aged  Condition  as 
Related  to  Rui)ture  Properties  at  1200°  F“  by  F..  E.  Reynolds,  J.  W.  Freeman,  and  A.  E. 
White,  19.51. 

1385 


rreceding  Page  Blank 


1386 


REPORT  1058 — NA.TIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


number  of  compositions  studied,  the  use  of  only  one  condition 
of  processing,  the  evaluation  of  high-temperature  character- 
istics only  by  rupture  properties  for  100  hours  at  1200®  F, 
and  the  use  of  only  microstructural  and  hardness  data  to 
provide  interpretation  of  results  were  the  major' limitations 
placed  on  the  investigation. 

This  work  was  conducted  at  the  University  of  Michigan 
under  the  sponsorship  and  with  the  financial  assistance  of 
the  National  Advisory  Committee  for  Aeronautics. 

EXPERIMENTAL  PROCEDURE 

The  basic  analysis  selected  for  study  of  the  influence  of 
systematic  variations  in  chemical  composition  on  ruptui’e 
properties  at  1200®  F was  that  of  a commercial  allo}^  which 
has  the  following  nominal  composition: 


Chemical  composition 
(percent) 


Carbon 

0.15 

Cobalt 

20 

Manganese 

1.7 

Molybdenum 

3 

Silicon 

0.5 

Tungsten 

2 

Chromium . 

20 

Columbium.j.  

1 

Nickel 

20 

Nitrogen 

0.12 

Iron 

32 

The  influence  of  composition  was  evaluated  on  62  modifi- 
cations of  this  alloy  with  the  following  composition  variables: 

(1)  Individual  variations  of  the  elements  in  the  basic 


analysis: 

C,  percent 0.08,  0.40,  0.60 

Mn,  percent , 0,  0.30,  0.50,  1.0,  2.5 

Si,  percent 1.2,  1.6 

Cr,  percent 10,  30 

Ni,  percent 0,  10,  30 

Co,  percent 1 0,  10,  32 

Mo,  percent *_ 0,  1,  2,  5,  7 

W,  percent 0,  1,  5,  7 

Cb,  percent 0,  2,  4,  6 

N,  percent p.004,  0.08,  0.18 


^ (2)  Simultaneous  variations,  in  steps  of  2 percent,  of  Mo, 
W,  and  Cb  from  O^o  4 percent 

In  all  cases  Fe  variations  compensated  for  the  variations  of 
total  alloy  content. 

The  first  step  in  the  investigation  was  the  development  of 
melting,  forging,  and  heat- treatment,  procedures  which  would 
minimize  all  variable  effects  on  properties  except  chemical 
composition.  This  work  was  done  on  the  basic  alloy  with 
the  reproducibility  of  1200°  F rupture  properties  from  heat 
to  heat  being  the  main  criterion  for  final  adoption  of  prep- 
aration procedures.  Six  heats  were  prepared  to  develop 
melting  practice.  Three  additional  heats  were  prepared 
using  varying  deoxidation  practices.  The  forging  procedure 
was  developed  on  six  additional  heats  of  the  basic  alloy. 

The  work  on  procedure  development  and  detailed  descrip- 
tions of  the  final  procedures  adopted  are  summarized  in  the 
subsequent  section  ^^Preparation  of  Experimental  Alloys.” 
Briefly  these  consisted  of  melting  the  alloys  as  9-pound  induc- 
tion-furnace heats,  hot-forging  the  ingots  between  2200®  and 
1800®  F to  bar  stock,  heat-treating  at  2200®  F for  1 hour,  and 
water-quenching  followed  by  aging  at  1400®  F for  24  hours. 

All  alloys  were  chemically  analyzed  for  the  modified  ele- 
ment while  complete  analyses  were  made  only  on  spot  heats 


within  a group  after  it  was  established  that  melting  practice 
was  yielding  the  desired  compositions. 

Metallographic  examinations  were  made  of  all  the  allo}^s 
in  the  as-cast,  hot-forged,  solution-treated,  aged,  and  rupture- 
tested  conditions.  Vickers  hardness  tests  were  made  on  bar 
stock  in  the  solution-treated  and  the  aged  conditions. 

The  high-temperature  load-carrying  ability  of  the  alloys 
was  evaluated  by  means  of  stress-rupture  properties  at  1200® 
F.  Rupture  test  specimens,  machined  from  the  heat-treated 
bar  stock,  were  0.250  inch  in  diameter  with  a 1-inch  gage 
length.  The  stress-rupture  tests  ^yere  made  in  individual 
stationary  units  with  the  load  applied  by  a simple  beam 
acting  through  a s^^stem  of  knife  edges.  At  least  two  and 
usually  three  or  four  tests  at  various  stresses  were  made  on 
each  aUoy  and  were  of  sufficient  duration  to  establish  the  100- 
hour  rupture  strengths  and  to  permit  at  least  an  estimate  of 
the  1000-hour  strengths.  Time-elongation  data  were  taken 
during  the  rupture  tests  by  the  drop-of-the-beam  method  and 
also,  in  the  case  of  rhany  of  the  longer  tirrie  tests,  by  means  of 
modified  Martens  type  extensometers  with  a sensitivity  of 
0.00005  inch  per  inch.  There  was  good  agreement  between 
curves  from  the  two  types  of  deformation  measurements  in 
all  cases  where  both  types  were  used  on  the  same  tests. 

PREPARATION  OF  EXPERIMENTAL  ALLOYS 

This  section  discusses  the  development  of  techniques  for 
melting,  forging,  and  heat-treating,  describes  the  procedures 
finally  adopted,  presents  the  observed  behavior  of  the  alloys 
during  processing,  and  shows  the  reproducibility  of  rupture 
properties  of  the  basic  alloy  resulting  from  the  processing 
procedures  used. 

MELTING 

Preliminary  melting  experiments. — Six  heats  were  pre- 
pared originally  to  develop  and  standardize  melting  practice, 
particularly  to  obtain  control  over  final  composition  from 
charge  calculations  and  reproducibility  from  heat  to  heat. 
Actual  analyses  of  these  heats  are  given  in  table  I.  It 
was  found  necessary  to  make  certain  minor  corrections 
in  the  charged  materials  and  the  next  five  heats  of  the  basic 
alloy  had  reasonably  consistent  compositions. 

Melting  procedure. — ^^The  alloys  were  melted  in  a 12-pound- 
capacity  induction  furnace  as  9-pound  heats.  The  heats 
were  poured  into  9-inch-long  tapered  {1%-  to  l)i-in.-sq.) 
cast-iron  ingot  molds  with  2}^-inch-square  hot  tops.  The 
life  of  the  magnesia  melting  crucible  was  from  10  to  12 
heats. 

A typical  melting  charge  and  schedule  are  giyen  in  table 
II.  This  table  shows  the  various  ferroalloys  used  to  make 
up  the  charges.  The  Fe,  Cr,  Ni,  and  Co  charge  was  first 
melted  down;  Mn  and  Si  were  added,  followed  by  Mo,  W, 
and  Cb.  The  heat  was  then  deoxidized  with  15  grams 
of  calcium-silicon  alloy,  power  turned  off,  bath  temperature 
taken  with  both  a Leeds  and  Northrup  optical  pyrometer 
and  a platinum,  platinum-rhodium  immersion  thermo- 
couple, and  the  metal  poured.  The  calibration  of  the  im- 
mersion thermocouple  was  checked  periodically. 

Immediately  after  pouring,  a Chromel-Alumel  thermo- 
couple was  immersed  into  the  molten  metal  in  the  hot  top 
and  the  cooling  curve  determined  by  readings  at  5-second 
intervals  on  a Leeds  and  Northrup  portable  potentiometer. 
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III  a subsequent  study  of  the  effect  of  deoxidation  on 
properties,  three  heats  of  the  basic  alloy  were  prepared 
using  deoxidation  practices  varying  from  the  normal  use 
of  15  grams  of  calcium-silicon  alloy.  The  three  variations 
were:  No  deoxidation  (alloy  74);  15  grams  of  zirconium- 
silicon-iron  alloy  (75);  and  melting  under  a lime-fluorspar 
slag  (76). 

Melting  characteristics. — Table  I gives  the  chemical  com- 
positions of  the  experimental  alloys.  The  intended  modi- 
fications from  the  basic  alloy  are  given  along  with  actual 
values  where  chemical  analyses  were  made.  In  general, 
the  actual  analyses  were  consistently  close  to  the  desired 
composition. 

Table  III  gives  bath  temperatures  just  prior  to  pouring 
the  alloys.  There  was  a fair  agreement  and  no  consistent 
difference  between  the  optical  pyrometer  and  the  immersion 
thennocouple  readings.  Cleanness  of  the  bath  surface 
was  found  to  be  of  importance  in  the  pyrometer  readings. 
The  agreement  between  the  two  methods  in  so  many  cases 
indicates  that  the  temperatures  given  are  reliable. 

A macrographic  section  of  the  ingot  cross  section  was 
taken  from  each  heat  from  just  below  the  hot  top  to  deter- 
mine if  pipe  or  porosity  existed.  All  of  the  heats  actually 
tested  were  sound.  The  ingot  grain  structure  was  well- 
defined  on  these  sections,  a typical  example  of  which  is 
shown  in  figure  1 for  several  heats.  In  general  the  various 
ingot  macrostructures  reflected  the  relative  pouring  tem- 
peratures rather  than  variations  in  chemical  composition. 
The  higher  the  pouring  temperature,  the  greater  was  the 
total  area  covered  by  the  columnar  grains  and,  the  greater 
the  size,  the  less  the  total  area  covered  by  the  equiaxed 
grains  at  the  center. 
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Figure  1. — Typical  macrostructures  of  ingots.  Etchant,  Marble’s  reagent. 


The  cooling  curves  obtained  on  the  metal  in  the  ingot 
hot  tops  were  similar  in  that,  in  all  cases  when  readings 
were  begun  early  enough  to  determine  it,  they  had  a de- 
finite halt  in  temperature  within  what  seemed  to  be  the  solid- 
ification range  for  the  alloys.  Usually  these  halts  were 
preceded  on  the  curve  by  what  appeared  to  be  an  under- 
cooling effect.  The  time  of  the  constant  temperature  halt 
varied  for  the  alloys  from  10  to  60  seconds.  After  these 
halts  the  cooling  curves  were  smooth  with  a gradual  de- 
crease in  cooling  rate  as  the  temperature  decreased.  The 
last  column  in  table  III  contains  the  temperatures  of  halts 
in  the  cooling  curves  during  solidification.  In  cases  where 
temperature  readings  were  not  started  early  enough  the 
halt  temperature  is  indicated  as  being  greater  than  that 
at  which  the  cooling  curve  was  started. 

The  over-all  temperature  range  of  the  halts  was  from 
about  2420°  to  2610°  F and  they  varied  consistently  with 
systematic  chemical-composition  variations.  Alloying  ad- 
ditions tended  to  lower  the  temperature  of  the  halt,  with 
Cb  having  the  greatest  effect.  The  exact  physical  signi- 
ficance of  the  temperature  halts,  beyond  an  indication  of  the 
temperatures  at  which  the  major  portion  of  the  alloy  solidi- 
fied, is  uncertain. 

FORGING 

Preliminary  forging  experiments. — There  was  available 
for  the  forging  work  a Nazel  air  forging  hammer  (size  3, 
type  B)  which  is  approximately  equivalent  to  a 400-pound 
steam  hammer.  This  hammer  was  fitted  with  3}^-  by  8-inch 
flat  dies. 

Preliminary  forging  to  determine  the  forging  temperature 
range  for  the  alloys  was  done  on  %-inch-square  bar  stock 
of  the  basic  alloy,  reducing  it  to  0.43-inch  squares  from  2100°, 
2200°,  2300°,  and  2400°  F.  The  plasticity  increased  with 
temperature,  but  burning,  which  resulted  in  forging  cracks, 
occurred  at  2400°  F.  Further  experiments  on  a 0.55-per- 
cent-C  heat  (alloy  5)  indicated  that  burning  could  occur 
at  2300°  F in  this  alloy.  Since  the  alloy  was  quite  difficult 
to  forge  with  an  initial  temperature  of  2100°  F it  was  de- 
cided to  use  2200°  F as  the  initial  forging  temperature. 
Subsequent  work  on  the  heats  with  variable  composition 
showed  that  all  the  alloys  were  forgeable  from  this  ttunpera- 
ture,  the  forgeability,  however,  varying  with  the  composition. 

Finishing  forging  temperatures  were  kept  at  1800°  F 
or  above  as  judged  by  color,  in  order  to  minimize  hot-cold- 
work,  which  is  known  to  influence  the  properties  of  these 
alloys. 

Several  ingots  were  forged  to  }^-inch-square  bars  between 
the  flat  dies,  a reduction  of  approximately  90  percent. 
Microstructural  examination  of  these  forged  bars  showed  a 
nonuniformity  of  grain  size  in  the  cross  section.  A diagonal 
distinctly  visible  on  visual  examination  of  the  etched 
cross  section,  was  present  in  all  the  bars.  The  grains  were 
appreciably  finer  along  these  diagonal  planes  than  in  the 
triangles,  under  the  flat  surfaces  of  the  bar,  formed  between 
these  planes. 

A number  of  different  methods  of  forging  were  tried  in 
order  to  determine  the  cause  of  and  in  an  effort  to  eliminate 
this  grain  size  nonuniformity.  The  methods  used  and  their 
results  were: 
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(1)  Forging  at  a 45°  angle  to  the  original  square  of  the 
ingot  resulted  in  the  same  diagonal  from  the  corners 
of  the  final  square  indicating  that  the  ingot  structure  bore 
no  relation  to  this  characteristic. 

(2)  Upset  forging  prior  to  final  reduction  to  a square 
showed  no  advantage  of  the  added  working  on  the  structural 
uniformity. 

(3)  Finishing  as  an  octagon  between  flat  dies  yielded 
areas  of  fine  grains  originating  at  all  eight  cornel's  of  the  bar. 

(4)  Forging  wholly  between  a flat  top  die  and  bottom 
dies  to  an  octagon  appeared  to  abuse  the  metal  more 

than  any  other  method  used.  It  was  difficult  to  draw  the 
metal  out,  the  cross  section  merely  being  changed  back  and 
forth.  This  tended  to  open  up  the  center  of  the  bar. 

(5)  Forging  to  approximately  1 inch  square  and  finishing 
to  % inch  round  between  hand  swages  in  four  steps  gave 
the  best  structural  uniformity.  A narrow  band  of  fine 
grains  was  sometimes  present  near  the  surfaces  of  the  round 
bat’s  but  the  over-all  grain  size  was  quite  uniform. 

The  above  experiments  showc'd  that  the  forging  in 
the  square  bare  was  the  result  of  the  relatively  greater  amount 
of  hot-work  along  the  diagonal  planes.  This  was  further 
verified  by  the  fact  that  occasionally  in  forging  the  square 
bare  diagonal  cracks  would  form  completely  through  the 
bare. 

As  a result  of  the  forging  experiments  it  was  decided  to  fit 
the  hammer  with  a set  of  dies  with  swaging  impressions. 
Subsequent  experiments  using  this  method  proved  satis- 
factory so  it  was  adopted  as  the  standard  forging  procedure 
for  the  experimental  alloys. 

Forging  procedure. — The  general  arrangement  of  the  400- 
pound-capacity  air  forging  hammer  and  the  heating  furnace 
is  shown  in  figure  2.  A picture  of  the  forging  operation  in 
swaging  dies  is  shown  in  figure  3.  Figure  4 shows  a bar 
which  was  forged  to  indicate  the  steps  in  reduction  from  the 
ingot  to  the  final  round  bar.  A typical  forging  record  is 
presented  in  table  IV. 

The  temperature  of  the  furnace  was  controlled  by  an 
automatic  temperature  controller  through  a platinum,  plat- 
inum-rhodium thermocouple.  The  temperature  of  the  forg- 


ing stock  was  measured  by  a Chromel-Alumel  thermocouple 
attached  to  a small  bar  placed  next  to  the  stock. 

The  cast  ingots  were  ground  to  remove  all  surface  defects 
prior  to  forging.  The  ingots  were  preheated  to  approxi- 
mately 1400°  F,  then  placed  just  inside  the  door  in  the 
coolest  region  of  the  furnace,  and  finally  moved  to  the  center 
of  the  furnace  at  2200°  F. 

Generally  half  of  an  ingot  was  forged  at  a time.  After 
holding  at  least  30  minutes  at  2200°  F the  ingot  was  forged 
from  approximately  1.4  inches  square  to  slightly  over  1 inch 
square  between  flat  dies  with  from  two  to  four  reheats.  A 
number  of  the  blows  in  the  flat  dies  were  on  the  corners  of 
the  bars  to  prevent  corner  cracks  and  to  prepare  the  piece 
for  the  first  swage.  The  bar  was  reheated  and  forged  to 
approximately  0.95  inch  round  in  the  first  swage  with  from 
one  to  three  reheats.  The  second  swage  reduced  the  bar  to 
approximately  0.75  inch  round  with  two  to  four  reheats. 
The  forged  bar  was  then  cut  off  the  unforged  half  of  the  ingot 
and  recharged  to  the  furnace.  The  third  swage  reduced  the 
bar  to  approximately  0.58  inch  round  with  three  to  six 
reheats.  The  bar  was  then  cut  in  two  equal  pieces  for  the 
final  swaging.  The  last  swage  finished  these  bare  to  0.40  to 
0.50  inch  round  with  from  5 to  10  reheats.  The  number  of 
blows  from  the  hammer  were  counted  and  tabulated.  The 
number  of  reheats  and  blows  varied  depending  on  the  ease  of 
forging  of  the  alloy  and  the  size  of  the  stock.  Total  re- 
duction of  area  during  forging  was  approximately  90  percent 


Figure  2. — Arrangement  of  forging  hammer  and  furnace. 


Figure  3.— Forging  experimental  alloy  in  swaging  dies. 
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Fioure  4.— Forged  bar  showing  reduction  steps  used  in  swaging  experimental  alloys  from 
original  ingot  to  final  round  bar  stock. 


what,  depending  on  the  forgeability  of  the  alloys,  the  method  * 
of  comparing  the  required  blows  was  usable  only  for  dis- 
tinguishing  between  alloys  with  wide  differences  in  plasticity. 
Judging  the  relativ^e  response  of  the  alloys  to  the  blows  from 
the  hammer  seemed  to  be  the  best  method  to  evaluate 
forgeability.  Relative  forgeability  could  be  only  qualita- 
tively estimated,  however,  by  this  method,  because  only  two 
ingots  were  forged  together  and  only  a few  forged  in  1 day. 

In  table  V a summary  is  given  of  forging  data  and  the  esti- 
mated forgeability  of  all  the  alloys  compared  with  that  of  the 
basic  alloy.  This  forgeability  is  listed  merely  as  “better,” 
“poorer,”  or  the  “same”  as  that  of  the  basic  alloy.  In  cases 
where  the  alloys  are  either  poorer  or  better,  remarks  are 
given  to  explain  this  rating. 

On  the  basis  of  these  forgeability  ratings  the  following 
effects  of  composition  on  forgeability  were  evident: 

(1)  Additions  of  Si  (0.5  to  1.6  percent).  Mo  (0  to  7 percent), 
and  N (0.004  to  0.18  percent)  had  no  observable  effect  on 
forgeability. 

(2)  It  appeared  that  Mn  (0  to  2.5  percent)  increast'd  forge- 
ability by  lowering  the  tendency  of  cracking. 

(3)  Additions  of  C (0.08  to  0.60  percent)  decreased  forge- 
ability by  lowering  the  plasticity  and  increasing  the  tendency 
of  cracking. 

(4)  The  elements  Xi  (0  to  30  percent),  Co  (0  to  32  per- 
cent), and  Cr  (10  to  30  percent)  lowered  plasticity  and  thus 
forgeability,  Cr  seemingly  having  the  greatest  effect. 

(5)  Additions  of  W (0  to  7 percent)  lowered  plasticity  and 
forgeability. 

(6)  The  effect  of  Cb  (0  to  6 percent)  was  unique  among  the 
elements.  Alloys  without  Cb  were  subject  to  sc^vere  cracking 
during  the  initial  breakdown  of  the  ingot  between  flat  dies, 
the  forgeability  thus  being  poorer  than  that  for  the  basic 
alloy.  Increasing  Cb  to  the  1 percent  of  the  basic  alloy 
seemed  completely  to  alleviate  this  situation.  When  it  was 
increased  to  4 and  6 percent  the  material  was  more  difficult 
to  forge  as  a result  of  the  decreased  plasticity. 

HEAT  TREATMENT 


Reduction  in  the  individual  swages  was  done  in  steps;  that 
is,  after  the  fii*st  reheat  only  a portion  of  the  bar  was  reduced 
to  the  swage  diameter,  after  the  second  reheat  another 
portion  of  the  bar  was  reduced,  but  in  the  last  reheat  or  two 
the  whole  length  of  the  bar  was  worked  to  the  final  diameter 
of  that  swage.  In  particular,  in  the  finishing  swage,  the 
complete  length  of  the  bar  was  given  some  work  during  the 
final  two  or  three  operations. 

Finishing  temperature  of  forging  was  judged  by  the  color 
of  the  stock  by  an  experienced  forger.  An  attempt  was 
made  to  hold  this  temperature  above  1800°  F. 

Forging  characteristics. — During  forging  an  effort  was 
made  to  evaluate  the  relative  forgeability  of  the  experimental 
alloys.  This  evaluation  consisted  of  observing  the  forging 
characteristics  of  the  alloys — ease  of  reduction  and  tendency 
to  form  cracks — and  of  keeping  complete  records  of  the 
number  of  reheats  and  blows  required  to  forge  each  alloy. 
These  methods  were  at  best  only  very  approximate.* 

Since  the  small  hammer  used  was  taxed  to  capacity  during 
the  initial  stages  of  the  breakdown  by  the  rigidity  of  most  of 
the  alloys  and  since  the  force  of  the  blows  was  varied  some- 


Originally  a solution  treatment  at  2100°  F was  considered 
to  be  a satisfactory  condition  for  testing.  This  was  on  the 
basis  that  for  one  heat  of  the  basic  alloy  previously  studied 
(reference  1),  for  which  the  solution-treatment  temperature 
was  varied  from  1800°  to  2300°  F,  a treatment  at  2100°  F 
gave  slightly  higher  rupture  strengths  than  the  other  condi- 
tions. Further  work,  however,  indicated  that  there  was  poor 
agreement  between  properties  of  two  heats  in  this  condition 
and  the  best  agreement  between  heats  resulted  from  a 2200° 
F solution  treatment  followed  by  a 1400°  F aging  treatment. 
The  variability  in  properties  between  heats  was  attributed  to 
the  relative  residual  effects  of  the  hot-working  which  had  not 
been  removed  by  the  2100°  F solution  treatment.  It  ap- 
peared that  the  2200°  F treatment  tended  to  minimize,  but 
did  not  completely  remove,  the  residual  hot-working  effects 
without  excessively  coarsening  the  grain  size.  It  was  there- 
fore selected  as  the  solution  temperature  for  the  alloys  in  this 
investigation. 

Previous  investigation  of  the  basic  alloy  had  shown  that  at 
temperatures  of  solution  treatment  above  2050°  F the  100- 
hour  rupture  test  elongation  was  quite  low  and  decreased 
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’ with  increasing  solution  temperatures.  Accompanying  this 
low  elongation  was  a tendency  for  the  alloy  to  be  sensitive 
to  stress  concentrations  at  the  specimen  fillets,  fractures 
occurring  in  these  regions.  However,  proper  aging  of  the 
solution-treated  alloy  eliminated  this  stress-concentration 
sensitivity  and  increased  the  100-hour  rupture  strength 
slightly  while  not  appreciably  affecting  1000-hour  strengths. 
Aging  between  1350°  and  1500°  F did  not  produce  significant- 
changes  in  properties.  A temperature  of  1400°  F for  24' 
hours  was  selected  for  aging  the  experimental  alloys  in  this 
investigation  so  that  variable  effects  resulting  from  stress-  . 
concentration  sensitivit}^  would  be  minimized  and  the  mate- 
rials would  be  in  a more  stable  condition  than  when  only 
solution-treated. 

It  is  known  that  the  treatment  used  does  not  give  the 
highest  strengths  at  high  temperatures  for  the  basic  alloy 
and  it  is  not  believed  that  tliis  treatment  necessarily  would 
give  the  best  properties  for  any  of  the  composition  modifica- 
tions studied.  But  it  is  believed  that  use  of  this  treatment, 
plus  the  careful  control  to  hold  melting  and  fabrication  con- 
ditions as  constant  as  possible,  has  minimized  all  variable 
effects  on  properties  except  chemical  composition  in  this 
investigation.  . 

Heat-treatment  procedure.^ — All  of  the  alloys  were  solu- 
tion-treated for  1 hour  at  2200°  F,  water-quenched,  aged  24 
hoiu's  at  1400°  F,  and  air-cooled  prior  to  rupture  testing. 
Solution  treatments  were  made  in  a gas-fired  furnace  and 
aging  was  in  an  electric  resistance  furnace. 

Heat-treatment  observations. —An  observation  made  dm- 
ing  heat  treatment  of  the  effect  of  Cb  on  scaling  character- 
istics of  the  alloys  appeared  to  'be  significant.  In  allo^^s 
containing  four  or  more  percent  of  Cb  relatively  heavy  scal- 
ing occurred  during  the  1-hour  solution  treatment  at  2200° 
F.  This  scaling  effect  was  greater  on  these  high-Cb  alloys 
than  on  the  alloy  containing  10  percent  Cr  which  was  ex- 
pected to  have  the  poorest  corrosion  resistance  of  the  alloys 
studied, 

REPRODUCIBILITY  OF  RUPTURE  PROPERTIES  AT  1200°  F OF  BASIC  ALLOY 

The  final  objective  of  the  work  on  techniques  for  preparing, 
the  experimental  alloys  was  the  development  of  a condition 
in  which  the  rupture  properties  at  1200°  F would  be  repro- 
ducible from  heat  to  heat  of  a given  composition.  The 
interpretation  of  significant  property  variations  with  chem- 
ical composition  depends  on  the  range  of  this  reproducibility. 

The  rupture  test  characteristics  at  1200°  F for  six  heats  of 
the  basic  alloy,  the  alloy  used  to  evaluate  the  preparation 
procedures,  are  given  in  table  VI,  for  both  square  and  round 
-bar  stock.  The  range  of  reproducibility  of  rupture  proper- 
ties indicated  for  the  round  stock  forged  by  the  finally 
adopted  swaging  procedure  was  as  follows: 


100-hoiir  rupture  strengthj  psi 48,000  to  50,000 

1000-hour  rupture  strength,  psi 37,000  to  38,000 

lOO^iour  rupture  elongation,  percent 19  to  25  ‘ 


These  ranges  are  used  in  interpreting  the  significant  influ- 
ences of  composition  variables  for  the  materials  forged  as 
* rounds.  Properties  of  alloys  with  variable  C and  Mn, 
forged  early  in  the  program  as  square  stock  and  tested  as 
such,  are  compared  with  the  wider  property  range  indicated 
in  table  VI  for  square  stock  of  the  basic  alloy. 


The  stress  and  rupture-time  data  for  the  six  heats  are 
plotted  in  figure  5 with  curves  drawn  which  indicate  the 
range  in  strengths  for  the  round  stock.  Figure  6 presents  in 
a similar  manner  the  data  for  stress  against  creep  rate  ob- 
tained from  curves  of  elongation  against  time  for  the  rupture 
tests.  The  narrower  property  ranges  for  the  round  stock 
compared  with  those  of  the  square  stock  are  noted. 


FiouRE  5. — Curves  of  stress  against  time  for  rupture  for  six  heats  of  basic  alloy.  Range  indl- 
^ cated  for  round  bar  stock.  Treatment:  2200°  F for  1 hour,  water-quenched;’  1400°  F for 
24  hours. 
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Fioure  6.— Curves  of  stress  against  minimum  creep  rates  at  1200°  F for  six  heats  of  basic 
alloy.  Range  indicated  for  round  bar  stock.  Treatment:  2200°  F for  1 hour,  watcr- 
, quenched;  1400°  F for  24  hours. 


As  an  example  of  the  narrowing  of  the  range  by  using  the 
more  easily  controlled  and  •duplicated  swaging  procedure, 
alloy  8 had  the  lowest  (46,500  psi)  and  alloy  10  the  highest 
(52,000  psi)  100-hour  rupture  strengths  of  the  5500-psi  over- 
all range  for  square  bar  stock.  After  forging  as  rounds  these 
same  two  heats  had  100-hour  rupture  strengths  of  48,500 
and  50,000  psi,  thus  narrowing  the  over-all  range  of  100-hour 
rupture  strengths  to  1500  psi.  The  1000-hour  rupture- 
strength  range  was  narrowed  from  2500  to  1000  psi  by 
changing  the  forging  procedure.  Similar  changes  in  ranges 
for  squares  and  rounds  are  indicated  in  table  VI  for  stresses 
at  constant  creep  rates  and  for  the  minimum  creep  rate  at 
constant  stress. 

Table  VI  also  gives  properties  of  alloys  74  and  75  which 
indicate  that  variation  in  melting  deoxidation  practice  can 
have  a pronounced  effect  on  high-temperature  characteristics 
of  alloys  of  this  type. 

The  influence  on  rupture  test  characteristics  of  changing 
hot-working  and  deoxidation  procedures  indicates  that  the 
solution  treatment  at  2200°  F did  not  completely  eliminate 
variables  in  prior  processing.  However,  the  use  of  the  same 
deoxidation  practice  for  all  the  alloys  and  the  control  of 
hot-working  resulting  from  the  adoption  of  the  procedure 
producing  rounds  rather  than  squares  plus  the  use  of  the 
2200°  F solution  treatment  are  believed  to  have  minimized 
the  effects  of  variables  in  processing  on  the  high-temperature 
properties. 
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Data  for  two  commercial  heats  of  the  basic  alloy  with  the 
same  heat  treatment  as  the  experimental  alloys  have  been 
included  in  table  VI  to  show  the  relationship  between  the 
experimental  alloys  and  normal  commercial  properties. 

INFLUENCE  OF  CHEMICAL-COMPOSITION  VARIABLES  ON 
ROOM-TEMPERATURE  METALLURGICAL  CHARAC- 
TERISTICS OF  MODIFIED  ALLOYS 

Microstructural  studies  and  hardness  tests  were  made  on 
all  the  experimental  alloys  to  obtain  metallurgical  informa- 
tion to  aid  in  interpretation  of  the  influence  of  chemical 
composition  on  rupture  properties. 

MICROSTRUCTURE 

Microstructural  studies  were  made  of  each  of  the  alloys  in 
the  following  conditions:  As-cast;  hot-forged;  solution- 
treated  1 hour  at  2200°  F and  water-quenched;  aged  24 
hours  at  1400°  F after  solution  treatment;  and  rupture- 
tested  the  maximum  time  at  1200°  F.  An  electrolytic 
solution  of  10  percent  chromic  acid  was  used  as  an  etchant. 

Effect  of  treatment  on  microstructures. — The  as-cast 
structure  revealed  the  amount  and  distribution  of  the  excess 
constituents  in  the  cast  dendritic  pattern.  The  hot-forged 
structures  were  examined  for  flaws,  uniformity  of  grain  size, 
and  distribution  of  excess  constituents.  Only  limited  infor- 
mation is  included  on  the  cast  and  forged  structures,  the 
main  emphasis  being  placed  on  structures  of  the  alloys  prior 
to  testing  in  the  heat-treated  condition.  The  solution- 
treated  structure  showed  the  amount  of  insoluble  excess 
constituents  after  light  etching  and  the  grain  size  after  deep 
etching.  The  grain  size  was  much  easier  to  determine  in  the 


aged  structures  because  the  grain  boundaries  were  revealed 
by  light  etching.  The  aged  structure  also  revealed  the 
amount  and  mode  of  matrix  precipitation.  From  the  struc- 
ture of  the  maximum-time  rupture  test  any  change  occurring 
during  testing  and  the  mode  of  fracture  could  be  observed. 

An  example  of  microstructural  variation  with  treatment 
for  the  basic  alloy  is  shown  in  figure  7.  The  as-cast  condition 
contained  a considerable  amount  of  excess  constituent. 
After  hot-forging  the  alloy  was  uniformly  fine-grained  and 
contained  excess  constituent  at  the  grain  boundaries  and  in 
the  matrix.  Solution-treating  at  2200°  F dissolved  the  grain 
boundary  constituent  but  not  the  matrix  constituent.  So- 
lution-treating also  coamened  the  grains  considerably  as  is 
best  showTi  by  the  aged  structure.  Aging  caused  consider- 
able grain  boundary  precipitate  and  some  random  matrix 
precipitation.  Rupture  testing  at  1200°  F increased  the 
matrix  precipitate  slightly. 

As  an  example  of  one  extreme  to  which  microstructiires 
varied  with  composition,  figure  8 shows  microstructures  for 
the  OMo-OW-OCb  alloy  in  the  as-cast,  solution-treated, 
aged,  and  rupture-tested  conditions.  The  structures  differed 
from  those  of  the  basic  alloy  in  that:  There  was  much  less 
excess  constituent  in  the  as-cast  and  the  solution-treated 
conditions;  grain  size  after  solution  treatment  was  much 
larger;  and  aging  produced  more  precipitate  near  the  grain 
boundaries  and  a preferred  type  of  matrix  precipitate  which 
tended  to  follow  definite  crystallographic  planes.  The  two 
alloys  also  differed  in  that  the  OMo-OW-OCb  alloy  had 
a completely  intergranular  fracture  while  that  of  the  basic 
alloy  w^as  approximately  half  intergranidar  and  half  trans- 
granular. 


lOOX 


(a)  Ingot. 

Figure  7.— Microstructures  of  basic  alloy  (heat  8). 
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(b)  As-forgcd  0.4-inch-diameter  bar  stock. 


lOOX  lOOOX 

(c)  Solution-treated;  1 hour  at  2200°  F,  water-quenched. 


Fioure  7.— Continued. 


INFLUENCE  OF  COMPOSITION  ON  RUPTURE  PROPERTIES  AT  1200°  F OF  CHROMIUM-COBALT-NICKEL-IRON  ALLOYS  1393 


lOOX 


(d)  Solution-treated  and  aged  24  hours  at  1400°  F. 


Fracture  lOOX  1000^ 

(e)  Rupilure  sfiecimen;  499  hours  for  rupture  at  1200°  F under  40,000  psl. 


Figure  7— Concluded. 
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i. 
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(a)  Ingot. 


lOOX 


lOOOX 


(b)  Solution-treated;  1 hour  at  2200°  F,  water-quenched. 


Figure  8.— Eflfcct  on  microstructure  of  omitting  molybdenum,  tungsten,  and  oolumbium  from  basic  analysis  (heat  43). 


INFLUENCE  OF  COMPOSITION  ON  RUPTURE  PROPERTIES  AT  1200°  F QF  CHROMIUM-COBALT-NICKEL-IRON  ALLOYS  1395 


looox 


(c)  Solution-treated  and  aged  24  hours  at  1400°  F 


lOOX  lOOOX 

(d)  Rupture  specimen;  819  hours  for  rupture  at  1200°  F under  20,000  psl. 


Fioure  8— Concluded. 
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The  above  comparison  has  pointed  out  the  major  simi- 
larities and  differences  in  structures  which  were  found  for  all 
the  alloys.  Similarities  were: 

(1)  The  amount  of  excess  constituent  in  the  solution- 
treated  condition  was  proportionate,  for  any  given  alloy,  to 
the  amount  of  excess  constituent  in  the  as-cast  condition. 
The  structures  indicate  that  the  rapid  cooling  of  the  ingot 
after  solidification  effectively  solution-treated  the  material. 

(2)  All  grain  boundary  constituents  were  dissolved  during 
solution  treatment. 

(3)  Precipitation  occurred  during  aging  at  1400®  F. 

(4)  Very  little  additional  precipitation  occurred  during 
rupture  testing  at  1200°  F for  any  of  the  alloys  with  the  ex- 
ception of  low-Co  modifications. 

Major  structural  differences  between  the  alloys  were: 

(1)  Amount  of  excess  constituent  after  solution  treat- 
ment. 

(2)  Grain  size. 

(3)  Location,  type,  and  amount  of  aging  precipitate. 

Classification  of  microstructures. — In  order  to  condense 

the  description  of  and  to  make  possible  a quick  comparison 
of  the  changes  in  microstructure  occurring  with  variation  in 
chemical  composition  the  following  classification  of  micro- 
structures of  the  solution-treated  and  the  aged  materials  was 
devised.  Symbols  were  used  to  indicate  the  differences  in 
the  basic  structural  characteristics. 

(1)  Solution-treated  structures 

Amount  of  insoluble  constituent: 

I — small 
II^ — ^medium 


lOOX 


III —  large 

IV —  very  large 
(2)  Aged  structures 

A.  S.  T.  M.  grain  size  number: 

l(up  to  1%  grains/sq  in.  at  lOOX  magnification)  to  8 
(96  grains  or  more/sq  in.  at  lOOX  magnification) 
Amount  of  grain  boundary  precipitate: 

X — small 
y — medium 
z — large 

Type  of  matrix  precipitate: 

C — precipitate  tends  to  follow  crystallographic  planes 
R — random  matrix  precipitate 
Amount  of  matrix  precipitate: 
a — small 
b — medium 
c — large 
(1 — very  large 

As  an  example  of  how  this  classification  works  the  struc- 
tures of  the  basic  alloy  (fig.  7)  and  the  OMo-OW-OCb 
modification  (fig.  8)  are  classified  below: 

(1)  Basic  alloy: 

Classification — II  5 y Rb 

II — medium  amount  of  insoluble  constituent 
5 — number  5 A.  S.  T.  M.  average  grain  size 
y — medium  amount  of  precipitate  near  the  grain 
boundaries 

Rb — medium  (b)  amount  of  random  (R)  matrix  ])r(i- 
cipitate 


(a)  Carbon,  0.08  percent  (heat  13). 

Figure  9.— Influence  of  carbon  content  on  microstructure  of  solution-treated  and  aged  basic  alloy.  Treatment:  2200°  F for  1 hour,  water-quenched;  1400°  F for  24  hours. 
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(b)  Carbon,  0.40  percent  (heat  15). 


lOOX  lOOOX 


(c)  Carbon,  0.60  percent  (heat  16). 


Figure  9.— Concluded. 
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(a)  1 hour  at  2200°  F,  water-quenched. 


lOOOX 


lOOX  lOOOX 

(b)  10  hours  at  2200°  F,  water-quenched. 

Figure  10.— Effect  of  increasing  solution  time  on  microstructure  of  0.60-percent-carbon  basic  alloy  (heat  16). 
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(a)  Silicon,  1.2  percent  (heat  28). 


lOOOX 


(b)  Silicon,  1.6  percent  (heat  80). 

Figukb  II.— Influenci  of  silicon  content  on  microstructure  of  solution-treated  and  aged  basic  alloy.  Treatment:  2200®  F for  1 hour,  water-quenched;  1400®  F for  24  hours. 
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lOOX 


(a)  Chromium,  10  percent  (heat  51). 


lOOOX 


lOOX  lOOOX 


(b)  Chromium,  30  percent  (heat  52). 

Figure  12.— Influence  of  chromium  content  on  microstructure  of  solution-treated  and  aged  basic  alloy.  Treatment:  2200®  F for  1 hour,  water-quenched;  1400®  F for  24  boors. 


INFLUENCE  OF  CCMPOSITION  ON  RUPTURE  PROPERTIES  AT  1200®  F OF  CHROMIUM-COBALT-NICKEL-IRON  ALLOYS  1401 


lOOX  lOOOX 

(a)  Nickel,  0 percent  (heat  23). 


lOOX 


(b)  Nickel,  10  percent  (heat  25). 


lOOOX 


Figure  13.— Influence  of  i ickel  content  on  microstructure  of  solution-treated  and  aged  basic  alloy.  Treatment:  2200°  F for  1 hour,  water-quenched;  1400°  F for  24  h)urs. 


213037—63 89 


1402 


(c)  Nickel,  30  percent  (heat  26). 
Figure  13.— Concluded. 
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(a)  Cobalt,  0 percent  (heat  29). 

Figure  14. — Influence  of  cobalt  content  on  microstructure  of  solution-treated  and  aged  basic  alloy.  Treatment:  2200®  F for  1 hour,  water-quenched;  1400®  F for  24  hours 
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(b)  Cobalt,  10  percent  (heat  30). 


lOOX 


(c)  Cobalt,  32  percent  (heat  31). 


lOOOX 


Figure  14.— Concluded. 
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(a)  Columblum,  0 percent  (heat  47). 


lOOOX 


(b)  Columbium,  2 percent  (heat  48). 

Figure  15.— Influence  of  columblum  content  on  microstructure  of  solution-treated  and  aged  basic  alloy.  Treatment:  2200®  F for  1 hour,  water-quenched;  1400°  F for  24  hours. 
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(c)  Columblum,  4 percent  (heat  49). 


1(KX)X 


lOOX  lOOOX 

(d)  Columblum,  6 percent  (heat  50). 


Figure  15.— Concluded. 
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(a)  Molybdenum,  0 percent:  tungsten,  0 percent;  columbium,  4 percent  (heat  69). 


lOOOX 


(b)  Molybdenum,  2 jjercent;  tungsten,  2 percent;  columbium,  4 percent  (heat  62). 


Figure  16.— Influence  of  varying  molybdenum  and  tungsten  additions  on  ralcrostructure  of  modified  alloys  containing  4 p>eroent  columbium.  Treatment:  2200°  F for  1 hour,  water-quenched 

1400°  F for  24  hours. 
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1()0X 

(c)  Molybdenum,  4 percent;  tungsten,  4 
Fioure  16- 


(2)  OMo-OW^Cb  alby: 

Classification — I 1 Cb 

I — small  amour  t of  insoluble  constituent 
1 — number  1 A.  S.  T.  M.  average  grain  size 
Z — large  amour  t of  precipitate  near  the  grain 
boundaries 

Cb — medium  (b)  amount  of  matrix  precipitate  on 
crystallogr.iphic  planes  (C) 

The  rnicrostructural  cl  issifications  are  given  in  table  VII 
for  all  the  experimental  alloys  arranged  for  comparative 
purposes  on  the  basis  of  the  alloying  element  varied.  For 
the  alloys  in  which  simultaneous  variations  were  made  in 
Mo,  W,  and  Cb  the  classifications  are  repeated  to  show  the 
influence  of  individual  variations  of  these  elements. 

Influence  of  alloying  e ements  on  microstructure. — The 
effects  on  microstructure  o ‘ variations  of  the  elements  will  be 
given  on  the  basis  of  the  classification  of  table  VII,  supple- 
mented by  photomicrograi)hs  showing  only  the  more  pr'O- 
nounced  effects  observed. 

Car-bon:  It  is  indicated  in  table  VII  and  by  the  rnicr'O- 
structures  in  figure  9 that  is  C was  increased  from  0.08  to 
0.60  percent  in  the  basic  al  oy  the  amount  of  insoluble  con- 
stituent and  matrix  precipitate  increased  considerably  and 
the  grain  size  decreased,  while  the  amount  of  grain  boundary 
precipitate  and  the  randomness  of  the  matrix  precipitate 
did  not  change.  Figure  10  also  shows  that  the  amount  of 
insoluble  constituent  was  not  reduced  by  heating  the  0.60- 
percent-C  alloy  10  hours  at  2200°  F over  what  it  was  after 
1 hour. 

The  increase  in  the  amour  t of  soluble  and  insoluble  con- 
stituents indicates  that  C is  a i important  component  in  both 


lOOOX 

[)eroent;  columbium,  4 iwroent  (heat  67). 
Concluded. 


the  soluble  and  precipitating  phases  found  in  the  basic  alloy 
and  its  modifications. 

Manganese:  There  was  no  apparent  effect  of  Mn  on  micro- 
structure. 

Silicon:  As  will  be  shown  later.  Si  was  the  only  element 
which  consistently  lowered  rupture  strength  over  the  com- 
plete composition  range  studied  (from  0.5  percent  in  the 
basic  alloy  to  1.6  percent).  The  microstructures  in  figure 
11  indicate  that  variation  of  Si  did  not  change  microstruc- 
tural  characteristics  except  for  a smaller  grain  size  for  the 
high-Si  alloy. 

Chromium:  Increasing  Cr  from  10  percent  to  the  20  per- 
cent of  the  basic  alloy  and  to  30  percent  drastically  changed 
the  microstructure  as  shown  by  the  classification  in  table 
VII  and  the  microstructures  in  figure  12.  Increasing  Cr 
caused  the  following  changes:  (1)  The  grain  size  becanib 
larger;  (2)  the  amount  of  grain  boundary  precipitate  in- 
creased between  10  and  20  percent  Cr;  (3)  the  matrix  pre- 
cipitate became  heavier,  especially  between  20  and  30  percent 
Cr;  and  (4)  for  the  30-percent-Cr  alloy  the  matrix  precipi- 
tation occurred  on  the  crystallographic  planes  rather  than 
having  a random  pattern  as  for  the  lower-Cr  alloys. 

Nickel:  The  only  pronounced  structural  variation  for  the 
series  of  Ni  alloys  was  the  ferrite-sigma-type  phase  wdiich 
was  present  in  the  0-percent-Ni  alloy  (see  fig.  13).  In  the 
solution-treated  alloy  this  phase  was  free  from  precipitate 
and  the  alloy  was  magnetic.  In  the  aged  condition  a large 
amount  of  precipitation  occurred  in  this  phase  and  the  alloy 
was  nonmagnetic,  signifying  the  transformation  from  the 
magnetic  ferrite-type  phase  to  the  nonmagnetic  sigma  phase. 
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Upon  rupture  testing  at  1200°  F the  magnetism  increased 
with  testing  time,  indicating  some  reversion  to  the  ferrite- 
type  phase.  The  0-percent-Ni  alloy  also  had  less  grain 
boimdary  precipitate  and  less  precipitate  in  the  austenite 
matrix  than  the  higher-Ni  alloys.  None  of  the  ferrite-type 
phase  was  observed  in  the  alloy  containing  10  percent  Ni 
or  in  any  of  the  other  alloys  studied  in  this  investigation. 
Alloys  containing  10  and  30  percent  Ni  were  very  similar 
in  structure  to  the  20-percent-Ni  basic  alloy. 

Cobalt:  Varying  Co  from  0 to  32  percent  produced 
two  marked  effects  (see  table  VII  and  fig.  14).  The  0- 
percent-Co  alloy  had  a large  amount  of  random  matrix 
precipitation  in  the  aged  condition.  The  10-percent-Co 
alloy  resembled  the  basic  20-percent-Co  alloy  havmg  onl}^ 
a medium  amount  of  matrix  precipitate.  Increasing  Co 
from  20  to  32  percent  produced  an  alloy  in  which  marked 
germination  occurred  at  the  2200°  F solution-tr eating  tem- 
perature, resulting  in  several  very  massive  grains  surrounded 
by  grains  of  normal  size  across  the  bar. 


Another  effect  of  Co  on  the  structure  occurred  duilng 
rupture  testing.  Much  additional  matrix  precipitation  oc- 
cmTed  in  the  0-percent-Co  alloy  during  testing;  some  also 
ocemTed  in  the  10-percent-Co  alloy,  and  there  was  very 
little  additional  precipitate  in  the  20-  and  32-percent  alloys. 

There  was  no  evidence  that  Co  changed  the  amount  of 
the  insoluble  constituent  or  the  grain  boundary  precipitate 
in  the  alloys. 

Nitrogeu:  There  was  no  appreciable  influence  from  N 
varied  from  0.004  to  0.18  percent. 

Molybdenum:  There  were  10  modifications  of  alloys  in 
which  Mo  was  varied  between  0 and  4 percent  with  10 
different  constant  ratios  of  W and  Cb. 

In  the  basic  composition  Mo  was  varied  from  0 to  7 
percent  (aUoys  32  to  36  in  table  VII).  The  only  apparent 
effect  of  Mo  was  the  larger  grains  at  both  the  lower  and 
the  higher  percentages. 

For  the  nine  other  alloy  modifications  (alloys  43,  45, 
46,  53  to  73,  and  82  to  84)  increases  in  Mo  to  2 and  4 from 
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0 percent  produced  only  very  slight  changes  in  structure 
except  in  the  alleys  con  taming  Cb  (particularly  4 percent 
Cb)  in  which  case  the  grain  size  was  refined  and  the  amount 
of  matrix  precipitation  dm'ing  aging  was  increased. 

Major  structurnl  changes  between  these  alloy  modi- 
fications were  the  result  of  valuation  in  Cb. 

Tungsten:  In  th<i  10  alloy  modifications  m which  W was 
varied  systematicajly  (alloys  37  to  40,  43,  45,  46,  53  to 
73,  and  82  to  84  in  table  VII)  similar  observations  to  those 
for  the  mfluence  of  Mo  were  made.  Increases  in  W slightly 
refined  the  grains  and  mcreased  the  matrix  precipitation 
to  a small  degree  in  some  cases. 

Columbium:  As  showm  in  table  VII  for  the  10  alloy 
modifications  with  variable  Cb,  this  element  had  a marked 
influence  on  all  the  structural  classification  variables.  A 
typical  example  of  microsti'uctural  changes  occurilng  with 
Cb  additions  from  0 to  6 percent  to  the  basic  composition 
is  shown  in  figure  15. 

Increasing  Cb  from  0 to  the  1 percent  of  the  basic  alloy 
produced  the  following  structural  changes:  (1)  Increased  the 
insoluble  constituent  from  very  little  to  an  appreciable 
amount;  (2)  drasticafly  reduced  grain  size;  (3)  decreased  the 
concentration  of  grain  boundary  precipitation  during  aging; 
(4)  changed  the  mode  i:>f  matrix  precipitation  from  internal 
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crystallographic  planes  to  a random  pattern;  and  (5)  de- 
creased the  amount  of  matrix  precipitation  during  aging. 

Increasing  Cb  from  the  1 percent  of  the  basic  alloy  to  4 
percent  continued  to  increase  markedl}^  tlio  amount  of 
insoluble  constituent,  to  further  gradually  reduce  grain  size, 
and  not  to  alter  appreciably  the  grain  boundary  concentration 
effects  or  the  randomness  of  precipitation  while  increasing 
the  amount  of  matrix  precipitation  during  aging  in  alloys 
containing  four  or  more  percent  of  Mo  or  W. 

Wliile  Cb  did  produce  major  changes  in  micros tructiu*e,  it 
is  noted  that  for  the  alloys  arranged  in  table  VII  with  Cb  as 
the  systematic  variable  the  presence  of  either  or  both  Mo  or 
W in  the  alloys  increased  the  tendencies  for  these  changes. 
This  is  shown  in  figure  16  for  4-percent-Cb  allo}^s  containing 
increasing  Mo  and  W contents. 

Summary  of  influence  of  alloying  elements  on  micro- 
structure. — A summaiy  of  the  effects  of  alloying  elements 
on  tendencies  for  micros tructural  changes  is  given  in  table 
VIII. 

Two  elements  producing  major  microstructural  changes 
were  Cb  and  C.  Both  elements  mcreased  the  amounts  of 
insoluble  constituent  and  aging  precipitate  and  refined  tlie 
grain  size  of  material  solution-treated  at  2200°  F.  In  addi- 
tion, Cb  changed  the  mode  of  matrix  precipitation  from 


Basic  Molybdenum^  percent 

Sa  33  34  35  36  43  45  46  53  55  4 7 56  68  63  65  70  59  46  60 

Alloy 


o 8200°  F,  /hr,  wafet — quenched 
O 2200°  ! hr^  wafer-quenched^  1400°  ¥y 
24  hCy  aii — cooled 


Hardness  range  for  four  basic  heats 

Solution-treated  condition 

Solution- treated  and  aged  condition 


213037—53 90 


Fiouue  18. — Curves  o(  hardness  against  molybdenum  content  for  10  tungstcn-columbium  modifications. 
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preferred,  when  no  Cb  was  present,  to  random,  when  the  1 
percent  of  the  basic  allo}^  or  more  was  present. 

Additions  of  Mo  and  W produced  little  change  in  micro- 
structure except  in  alloys  containing  4 percent  Cb  in  which 
case  these  elements  decreased  the  grain  size  and  increased 
matrix  precipitation. 

Between  20  and  30  percent  of  Cr  a pronounced  increase 
occurred  in  the  amount  of  aging  precipitate  and  the  mode  of 
precipitation  changed  from  random  to  preferred. 

Grain  size  was  mildly  increased  and  the  amount  of  aging 
precipitate  decreased  by  Co. 

Additions  of  Ni  (between  10  and  30  percent)  produced 
only  minor  changes  in  structure.  The  0-percent-Ni  alloy 
contained  a ferrite-sigma  type  of  phase  which  disappeared 
wlien  Ni  was  raised  to  10  percent. 

The  only  effect  of  Si,  within  the  limits  studied,  was  to 
refine  grain  size  slightly.  No  discernible  change  in  structure 
was  produced  by  Mn  and  N. 

HARDNESS 

Vickers  hardness  tests  at  room  temperature  were  made  on 
metallog]*aphic  specimens  of  all  the  experimental  alloys  in 
the  solution-treated  (2200°  F,  1 hr,  water-quenched)  and  the 
aged  (1400°  F,  24  hr,  air-cooled)  conditions.  Preliminary 
hardness  surve^^s  on  several  alloys  indicated  that  the  forged 


bars  had  uniform  hardnesses  both  in  the  lengthwise  and  the 
crosswise  directions. 

Hardness  test  results,  representing  the  average  of  at  least 
four  tests  on  each  sample,  are  given  in  table  IX  and  are  plot- 
ted against  composition  variables  in  figures  17  to  20. 

There  was  fair  agreement  between  the  hardnesses  of  five 
heats  of  the  basic  alloy.  Additions  of  C,  N,  Cr,  Mo,  W,  and 
Cb  tended  to  increase  hardness  in  both  conditions;  Ni,  par- 
ticularly from  0 to  10  percent,  lowered  hardness;  and  Mn, 
Si,  and  Co  did  not  appreciably  affect  hardness.  Perhaps 
an  exception  to  this  was  the  effect  observed  for  the  1.6-per- 
cent-Si  allo}^,  which  was  the  only  one  of  all  the  alloys  studied 
wdiich  did  not  show  hardening  as  a result  of  aging.  The 
addition  of  Cr  from  20  to  30  percent  markedly  increased  the 
age-hardening  characteristics  of  the  alloy. 

Figure  18  shows  the  influence  of  Mo  for  10  W-Cb  modifi- 
cations. Additions  of  Mo,  while  tending  to  increase  hardness, 
did  not  appreciably  increase  the  age-hardening  tendency 
except  for  the  modifications  containing  more  than  4 percent 
total  of  W plus  Cb.  For  the  10  Mo-Cb  modifications 
(fig.  19)  the  effect  of  W additions  was  similar  to  that  observed 
for  Mo,  although  there  was  less  tendency  for  increasing  age 
hardening  with  higher  alloy  contents.  In  both  figures  18 
and  19  it  is  seen  that  there  was  a greater  difference  between 
the  hardness  in  the  solution-treated  and  the  aged  conditions 


Alloy 


. Alloy 


Treatment 

' □ 22 OCT*  I hr^  wafer-quenched 

O,  2200°  ! hr^  wafet — quenched'^  1400°  Fy 

24  hry  ah — cooled 

Hardness  range  for  four  haste  heats 

Solution -treated  condition 

Solution -treated  and  aged  condition 


Figure  19.— Curves  of  hardness  against  tungsten  content  for  10  molybdenum-columbiura  modifications. 
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for  the  modifications  not  containing  Cb  than  for  the  modifi- 
cations containing  Cb,  This  efl’ecfc  is  shown  again  in  figure 
20  in  that  Cb  additions  from  0 to  2 percent  to  the  10  Mo-W 
modifications  narrowed  the  age-hardening  range.  Additions 
of  Cb  from  2 to  4 percent  tended  to  broaden  the  age-harden- 
ing range  for  modifications  containing  the  larger  amounts 
of  Mo  and  W, 

It  is  recognized  that  these  hardness  results  are  not  a 
true  evaluation  of  the  comparative  aging  efl’ects  caused 
by  composition  variables.  Such  an  evaluation  would  neces- 
sarily require  aging-time-temperature  data, 

INFLUENCE  OF  CHEMICAL-COMPOSITION  VARIABLES  ON 
RUPTURE  TEST  CHARACTERISTICS  AT  1200®  F 

The  i-esults  of  ruptui‘e  tests  at  1200°  F for  all  the  alloys 
studied  are  given  in  U.ble  X,  Included  in  this  table  are  the 
times  for  rupture,  elorgations,  reductions  of  area,  and  mini- 
mum creep  rates  obtained  from  the  curves  of  elongation 
against  time  for  the  individual  tests.  Also  included  are 
100-  and  1000-hour  ruptui'e  strengths  obtained  from  double- 
logarithmic  plots  of  stress  against  rupture  time  (an  example 


is  shown  in  fig.  5);  estimated  elongation  to  rupture  in  100 
hoiLTs;  stresses  for  creep  rates  of  0.1  and  0.01  percent  per 
hour  obtained  from  double-logarithmic  plots  of  stress  against 
minimum  creep  rates  from  tlie  rupture  tests  (an  example 
is  shown  in  fig.  6);  and  minimum  creep  rates  at  40,000  psi. 
The  alloys  are  listed  in  table  X in  the  approximate  order 
of  the  element  varied  in  the  basic  analysis. 

Kupture  tests  of  sufficient  number  and  duration  were 
conducted  to  establish  the  100-hour  rupture  strengths. 
The  1000-hour  rupture  strengths  were  obtained  by  extra- 
polation of  the  double-logarithmic  curves  of  stress  against 
rupture  time.  Unless  the  maximum-time  rupture  test  was 
longer  than  500  hours,  howevei*,  the  1000-hour  strengths 
are  listed  in  table  X as  esthnated  and  are  indicated  as  such 
on  the  curves  of  strength  against  chemical  composition. 

In  this  evaluation  of  the  influence  of  variations  in  chemical 
composition  on  the  properties  most  emphasis  has  been  placed 
on  rupture  properties  at  1200°  F.  Because  the  creep  data 
were  obtained  from  the  rupture  tests,  it  is  emphasized  that 
the  rates  of  deformation  were  much  higher  than  tliose 
usually  associated  with  reported  ^^creep  strength.” 


Treatment 

o $200^  f hr,  wafer- Quenched 

O 2200**  Y,  ! hr,  wafer-quenched)  1400**  Y, 

24  hr,  air-cooled 

Hardness  range  for  four  basic  heats 

Solution -treated  condition 

Solution -treated  and  aged  condition 

Fioui  E 20.— Curves  of  hardness  against  columbium  content  for  10  molybdenum-tungsten  modifications. 
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lUO-HOUR  RUPTURE  PROPERTIES  AT  1200°  F OF  MODIFIED  ALLOYS 

The  100-hour  ruptm^e  strengths  and  elongations  for  all 
of  the  alloys  are  arranged  in  order  of  increasing  100-hour 
rupture  strengths  in  figure  21.  The  ranges  in  properties 
for  the  basic  alloy  heats,  forged  both  as  squares  and  as  rounds, 
are  indicated  to  show  the  significant  variations  in  properties. 
The  following  observations  are  made: 

(1)  The  over-all  100-hour  rupture  strength  range  was 
from  26,000  to  52,000  psi.  The  lowest-strength  alloy  was 
the  one  which  did  not  contain  Mo,  W,  and  Cb.  The  two 
highest-strength  alloys  were  modifications  of  the  basic  alloy, 
one  containmg  30  percent  Cr,  the  other  7 percent  W. 

(2)  Six  alloys  had  rupture  strengths  above  the  range 
of  the  basic  alloy  forged  to  round  bars.  None  of  the  alloys, 
however,  were  above  the  range  for  tlie  basic  alloy  forged 
to  squares  where  the  practice  was  not  so  well  controlled. 

(3)  It  appears  that  all  of  the  elements  can  be  varied  indi- 
vidually over  relatively  Avide  ranges  without  appreciably 
altering  rupture  strengths.  It  wiU  be  shown,  however,  that 
in  most  cases  rupture  strengths  varied  consistently  with 
systematic  variations  in  composition. 

(4)  AUo3^s  having  strengths  near  the  lower  end,  of  the 
range  were  those  containing  the  smallest  amounts  of  Mo, 


W,  or  Cb  added  separately  or  two  at  a time.  Additions  of 
greater  amounts  of  these  elements  generally  yielded  rupture 
strengths  which  were  closer  to  the  strength  range  of  the 
basic  alloy. 

(5)  Adding  2 percent  of  either  Mo,  W,  or  Cb  to  the  lowest- 
strength  alloy  increased  the  100-hour  rupture  strength  in 
the  order  of  10,000  psi  or  more. 

(6)  Strengths  in  the  order  of  those  of  the  basic  alloy  were 
obtained  without  the  presence  of  Cb.  Strengths  almost  as 
high  were  obtained  without  the  presence  of  Mo  or  of  W. 

(7)  Low  Cr,  Co,  or  Ni  and  high  Si  resulted  in  lower 
strengths  than  the  range  for  the  basic  heats. 

(8)  Elongation  at  rupture  in  100  hours  ranged  from  5 to 
40  percent. 

(9)  There  was  no  relationship  apparent  between  rupture 
elongation  and  strength.  The  omission  of  Cb  resulted  in 
consistently  low  elongation.  More  Cr  or  Co  than  the  20 
percent  of  the  basic  alloy  also  lowered  elongation. 

INDIVIDUAL  VARIATIONS  OF  ELEMENTS 

The  influence  on  rupture  test  characteristics  of  systematic 
variations  of  the  individual  elements,  shown  in  figures  22 
to  31,  was  as  follows: 


Figure  21  .—Influence  of  chemical-composition  modifications  on  100-hour  rupture  properties  at  1200°  F.  Heat  treatment:  2200°  F for  1 hour,  watcr-qucnched;  1400°  F for  24  hours. 
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Carbon. — The  efrect  of  C,  varied  from  0.08  to  0.60  per- 
cent, was  only  slight.  All  the  rupture  strengths  fell  within 
close  proximity  to  those  of  the  basic  alloy  (see  fig.  22) . The 
variable  C heats  were  forged  as  squares  and  are  compared 
with  the  property  :;anges  found  for  similarly  forged  basic 
heats.  The  lowest  and  the  highest  C heats  had  rupture 
elongations  below  normal. 

Nitrogen. — Variations  of  N,  from  0.004  to  0.18  percent, 
tended  to  increase  strength  somewhat  (see  fig.  23).  The 
alloy  containing  0.0G4  percent  N had  strengths  which  were 
slightly  below  those  ^f  the  basic  0.12-percent-N  alloy  while 
the  0.08-percent-N  alloy  was  slightly  stronger. 

Manganese. — ^Figure  24  shows  that  Mn  variations  from 
0 to  2,5  percent  had  no  significant  influence  on  rupture 


O Measured  ^aiue 
Estimated  vo/ue 

{Vaiues  for  basic  alloy  are 
average  of  five  basic  heats) 

Figure  22. — Curves  of  rupture  test  data  a':  1200®  F against  carbon  content  of  basic  alloy. 
Horizontal  dashed  linos  indicate  property  range  for  five  basic  heats. 


O Measured  value 
Cf  Estimated  value 

(yalues  tor  basic  alloy  are 
average  of  three  basic  hegtdi 

Figure  23. — Curves  of  rupture  test  data  at  1200°  F against  nitrogen  content  of  basic  alloy. 

Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats.  \ 


o Measured  value 
d Estimated  value 

(Values  for  basic  alloy  ore 
average  of  five  heats) 

Figure  24. — Curves  of  rupture  test  data  at  1200°  F against  manganese  content  of  basic  alloy. 
Horizontal  dashed  lines  indlcVe  property  range  for  five  basic  heats. 
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properties  except  a somewhat  lower  elongation  for  the  low- 
Mn  heat. 

Silicon. — Figure  25  shows  that  increasing  Si  from  the  0.5 
percent  of  the  basic  alloy  to  1.6  percent  produced  a marked 
lowering  of  rupture  strength  and  an  increase  in  elongation. 
The  stresses  at  constant  creep  rates  were  lowered  and  creep 
rates  at  40,000  psi  were  noticeably  raised  in  agreement  with 
trends  in  rupture  properties.  This  was  the  only  case  in 
which  the  addition  of  an  element  consistently  lowered 
strength  over  the  complete  composition  range  studied. 

Chromium. — The  influence  of  Cr  variations  from  10  to  30 
percent  is  shown  in  figure  26.  The  100-hour  rupture  strengths 
were  increased  from  39,000  to  52,000  psi  while  rupture 
elongation  decreased  from  25  to  10  percent.  Similar  marked 


O Me^asur&d  vatuG 
O'  Estimated  value 

iyolues  tor  basic  oi ioy  are 
overage  ot  three  basic  heat^ 

Figxire  25. — Curves  of  rupture  test  data  at  1200®  F against  silicon  content  of  basiaalloy.  Hor- 
izontal dashed  lines  indicate  property  range  for  three  basic  heats. 


O Measured  value 
O'  Estimated  value 

(Values  for  basic  alloy  are 
average  of  three  basic  heat^ 

Figure  26.— Curves  of  rupture  test  data  at  1200®  F against  chromium  content  of  basic  alloy. 
Horizontal  dashed  linos  indicate  property  range  for  three  basic  heats. 

increases  occurred  in  1000-hour  rupture  strengths  and 
stresses  at  constant  creep  rates  while  the  creep  rate  at  40,000 
psi  was  drastically  reduced,  particularly  between  10  and  20 
percent  Cr. 

Nickel. — Additions  of  Ni  from  0 to  30  percent  had  little 
influence  on  properties  as  shown  in  figure  27.  The  0-  and 
30-percent-Ni  alloys  had  slightly  lower  rupture  strengths 
than  the  range  for  the  basic  20-pcrcent-Ni  heats,  producing 
an  apparent  maximum  in  strength  between  10  and  20  per- 
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O M easured  value 
O'  £■  sfimafed  value 

(y a lues  "for  basic  alloy  ore 
a /erage  of  three  basic  heaidj 

Fiourk  27. — Curves  of  rupture  t iSt  data  at  1200°  F against  nickel  content  of  basic  alloy.  Hor- 
izontal dashed  lines  indicate  property  range  for  three  basic  heats. 

cent  Ni.  A similar  slight  trend  was  noted  in  stresses  at 
constant  creep  rates  while  the  creep  rate  at  40,000  psi 
decreased  and  then  increased  with  increasing  Ni,  following 
the  trend  of  the  change  in  elongation  at  fracture  in  100 
hours. 

Cobalt. — Figure  28  shows  the  influence  of  Co  variations 
from  0 to  32  percent.  The  0-  and  10-percent-Co  alloys  had 
lower  rupture  strengihs  than  normal  with  little  eflFect  on 
elongation.  The  20-  and  32-percent-Co  alloys  had  equal 
100-hour  rupture  stningths  at  a higher  level  than  those 
with  lower  Co.  Tin  1000-hour  rupture  strengths  and 
stresses  at  constant  creep  rates  were  improved,  while  the 
elongation  and  creep  rate  were  lowered,  when  Co  was  in- 
creased from  the  20  percent  of  the  basic  alloy  to  32  percent. 


O Measured  value 
O'  Estimated  value 

(yalues  for  basic  alloy  ore 
average  of  three  basic  heats) 

FiouRK  28.— Curves  of  rupture  test  data  at  1200°  F against  cobalt  content  of  basic  alloy. 

Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats. 

Molybdenum. — Additions  of  Mo  from  0 to  7 percent  im- 
proved rupture  and  creep  properties  as  shown  by  figure  29. 
The  most  marked  improvement  in  rupture  strength  from 
Mo  was  from  additions  of  1 to  3 percent. 

Tungsten. — Figure  30  shows  that  the  improvement  in 
rupture  strength  with  additions  of  W from  0 to  7 percent 
was  gradual  over  the  entire  range,  this  addition  increasing 
100-hour  strength  from  45,000  to  52,000  psi.  The  stresses 
at  constant  creep  rates  showed  a similar  trend  to  rupture 
strengths  while  rupture  elongation  was  not  at  all  affected 
by  W. 

Columbium. — Figure  31  shows  that  increasing  Cb  from  0 
to  the  1 percent  of  the  basic  alloy  increased  the  100-hour 
rupture  strength  from  40,000  to  48,000  psi.  Additions  of  Cb 
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O Measured  value 
O"  Estimated  value 

(Values  tor  basic  alloy  are 
average  of  three  basic  heats) 

Figure  29.— Curves  of  rupture  test  data  at  1200®  F against  molybdenum  content  of  basic  alloy. 
Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats. 

from  1 to  6 percent  produced  no  further  improvement  in 
strength.  A similar  trend  was  shown  by  creep  properties. 
However,  the  increase  of  44,500  to  47,500  psi.in  the  stress 
for  a minimum  creep  rate  of  0.1  percent  per  hour  between 
0 and  1 percent  Cb  was  not  of  the  same  magnitude  as  the 
rupture  strength  increase.  Ruptui’e  test  elongation  was 
raised  from  12  to  22  percent  by  the  addition  of  1 percent  Cb 
and  tended  to  increase  further  with  higher  Cb. 

SIMULTANEOUS  VARIATIONS  OF  MOLYBDENUM.  TUNGSTEN,  AND 
COLUMBIUM 

In  addition  to  the  individual  variations  of  all  the  elements 
the  effects  of  simultaneous  variations  of  Mo,  W,  and  Cb 
in  steps  of  2 percent  from  0 to  4 percent  were  evaluated. 
This  made  possible  curves  showing  the  influence  on  prop- 
erties of  systematic  variations  of  one  of  these  elements  for 
10  different  constant  ratios  of  the  other  two  elements. 


O Measured  value 
Cf  Estimated  value  '' 

(ydues  for  basic  alloy  are 
average  of  three  basic  heats) 

Figure  30. — Curves  of  rupture  test  data  at  1200®  F against  tungsten  content  of  basic  alloy. 
Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats. 


Molybdenum, — The  influence  of  the  Mo  variations  from 
0 to  4 percent  on  rupture  test  characteristics  of  alloy  modi- 
fications, including  the  basic  alloy,  with  10  different  con- 
stant ratios  of  W and  Cb  is  shown  in  figure  32.  Curves 
comparing  the  relative  effect  of  Mo  on  the  100-hour  rup- 
ture strength  of  the  10  W-Cb  modifications  are  shown  m 
figure  33. 

Increasing  Mo  from  0 to  4 percent  tended  continuously 
to  increase  the  100-hour  rupture  strength  for  all  the  ratios 
of  W and  Cb.  The  relative  effect  was  greatest  for  the 
modifications  containing  neither  W nor  Cb,  the  strength 
increase  being  from  26,000  to  42,000  psi.  In  alloys  con- 
taining W or  Cb  the  strengthening  effect  of  Mo  was  greatest 
for  the  alloys  which  contained  2 and  4 percent  of  W and 
no  Cb.  This  strengthening  effect  was  less  for  alloys  con- 
taining 2 and  4 percent  Cb  and  no  W and  became  even  less 
for  those  containing  both  Cb  and  W which  had  a higher 
level  of  initial  strength. 
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O Measured  value 
Cf  fimafed  value 

(yalues  for  basic  alloy  are 
average  of  three  basic  heats) 

Fiourk  31 Ciirvoa  of  rupture  test  data  at  1200®  F against  columbium  content  of  basic  alloy. 
Horizontal  dashed  Hr  es  indicate  property  range  for  three  basic  heats. 


The  1000-hour-strength  trends  followed  those  of  the  100- 
hour  strengths.  There  was  a slight  tendency  for  increasing 
Mo  to  widen  the  diffta'ence  between  the  100-  and  1000-hour 
rupture  strengths  in  the  modifications  containing  more  than 
6 percent  total  of  W ])lus  Cb. 

In  general  Mo  tended  to  improve  the  100-hour  rupture 
elongation.  It  is  noted  that  for  the  alloys  in  which  Cb  was 
absent  the  elongatior.  was  quite  low  (5  to  15  percent)  as 
compared  with  the  elongations  above  20  percent  of  the  alloys 
containing  2 and  4 pe::cent  Cb. 

The  stresses  causing  a minimum  creep  rate  of  0.1  percent 
per  hour  followed  the  trends  and  were  of  the  same  order  of 
magnitude  as  the  IOC -hour  rupture  strengths.  The  trends 


and  magnitudes  of  stresses  causing  a creep  rate  of  0.01  per- 
cent per  hour  were  somewhat  similar  to  those  of  the  1000-hour 
rupture  strengths.  Creep  stresses  were  consistently  higher 
than  rupture  strength,  however,  for  the  0-percent-Cb  alloys 
having  low  rupture  elongation  and  were  somewhat  lower  than 
ruptui’e  strength  for  the  allo}^s  with  higher  elongation. 

Tungsten. — By  rearranging  the  data  for  alloys  involving 
simultaneous  variations  of  Mo,  W,  and  Cb  figures  34  and  35 
were  obtained.  These  show  the  influence  of  W variations 
from  0 to  4 percent  on  rupture  test  characteristics  of  alloy 
modifications  with  10  diffei'ent  constant  ratios  of  Mo  and  Cb. 

Additions  of  W produced  an  almost  linear  increase  in  100- 
hour  rupture  strength.  The  greatest  improvement,  26,000 
to  41,000  psi,  was  for  the  OMo-OCb  modifications,  with  the 
relative  improvements  tapering  off  for  the  alloys  with  higher 
Mo  and  Cb  to  about  4000  psi  in  the  range  46,000  to  50,000 
psi  for  the  4Mo-4Cb  modifications.  The  1000-hour  rupture 
strengths,  although  onl}’'  estimated  in  many  cases,  followed  a 
similar,  but  not  quite  so  pronounced,  trend.  The  trends  in 
creep  properties  were  also,  in  general,  the  same  as  those  for 
the  rupture  strengths  with  the  additional  effect  of  the  level 
of  elongation  on  the  relation  between  rupture  strength  and 
stresses  at  constant  creep  rates. 

There  was  a general  tendency  for  W to  lower  the  100-hour 
rupture  elongation  very  slightly.  The  low  elongation  of  the 
alloys  which  did  not  contain  Cb  was  again  noted. 

Columbium. — The  data  arranged  to  define  the  influence 
of  Cb  are  shown  in  figures  36  and  37.  The  influence  of  Cb 
on  rupture  strengths  was  significantly  different  from  the 
influences  of  Mo  and  W.  Additions  of  Cb  from  0 to  2 percent, 
in  general,  increased  the  100-hour  rupture  strength,  but  there 
was  no  significant  strength  increase  with  greater  additions. 
This  finding,  in  addition  to  the  observation  of  the  influence 
of  1 percent  as  compared  with  that  of  0 percent  Cb  on  the 
strength  of  the  basic  alloy,  led  to  the  preparation  of  an 
additional  alloy  (77)  containing  OMo-OW-lCb  which  fits 
into  the  OMo-OW  alloy  modifications  as  shown  in  figure  36. 
This  alloy  had  as  good  or  better  strength  properties  than  the 
0Mo~0W-2Cb  modification.  The  addition  of  Cb  to  the 
4M0-2W  and  4Mo-4W  modifications  evidently  had  no  effect 
or  a slightly  detrimental  effect  on  ruptm*e  strength. 

One  or  two  percent  of  Cb  markedly  improved  the  rupture 
elongation.  An  additional  slight  improvement  was  realized 
with  even  higher  Cb. 

The  stresses  causing  a creep  rate  of  0.1  percent  per  hour 
were  higher  than  the  100-hour  ruptui'e  strengths  for  0-per- 
cent-Cb  alloys  but  lower  than  the  rupture  strengths  for  alloys 
containing  Cb.  Thus  the  creep  stress  did  not  follow  the 
increase  in  rupture  strength  with  the  additions  of  1 or  2 
percent  Cb  but  either  remained  constant  or  decreased.  It 
appeared  that  the  marked  increase  in  elongation  with  small 
Cb  additions  was  the  factor  responsible  for  the  improvement 
in  rupture  strength. 

It  can  be  concluded  that,  for  the  alloy  modifications 
studied,  additions  of  Cb  are  necessaiy  to  produce  substantial 
ductility  in  the  rupture  test,  but  additions  of  more  than  2, 
or  probably  1,  percent  of  Cb  add  nothing  to  the  rupture 
properties  of  the  alloys. 
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Figure  32.— Curves  of  rupture  test  data  at  1200°  F against  molybdenum  content  for  10  tungsten-colurabium  modifications.  Horizontal  dashed  lines  indicate  range  of  100-hour  rupture  strength 

for  three  basic  heats. 


Figure  33.— Summary  of  influence  of  molybdenum  on  100-hour  rupture  strength  at  1200°  F 
of  10  tungsten-columbium  modifications.  Horizontal  dashed  lines  indicate  property  range 
for  three  basic  heats. 
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FicuRK  34 .—Curves  of  rupt  ure  test  data  at  1200®  F against  tungsten  content  for  10  molybdenum-columblum  modifications.  Horiiontal  dashed  lines  indicate  range  of  100-hour  rupture  strength 

for  three  basic  heats. 
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Figure  35. — Summary  of  influence  of  tungsten  on  100-hour  rupture  strength  at  1200®  F of  10 
molybdenum-columbium  modifications.  Horizontal  dashed  lines  indicate  property  range 
for  three  basic  heats. 
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Figure  36.— Curves  of  rupture  test  data  at  1200°  F against  columbium  content  for  10  molybdenum-tungsten  modifications.  Horizontal  dashed  lines  indicate  range  of  100-hour  rupture  strength 

for  three  basic  heats. 


Figure  37.— Summary  of  influence  of  columbium  on  100-hour  rupture  strength  at  1200°  F of 
10  molybdenum-tungsten  modifications.  Horizontal  dashed  lines  indicate  property  range 
for  three  basic  heats. 
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Comparative  influences  of  molybdenum,  tungsten,  and 
columbium. — Figure  38  shows  comparative  influences  of 
Mo,  W,  and  Cb  on  the  100-hour  rupture  properties  at 
1200°  F for  three  of  the  alloy  modifications  in  which  these 
elements  were  varied  simultaneously:  OMo-OW-OCb,  2Mo- 
2W-2Cb,  and  4Mo-4W-4Cb.  Two  of  the  three  elements 
are  constant  while  the  third  is  varied  from  0 to  4 percent 
giving  a family  of  t’lree  curves  with  one  common  composition. 
The  100-hour  rupture  strengths  varied  from  26,000  to  51,000 
psi.  Comparative  influences  of  elements  on  rupture  strengths 
were  as  follows: 

(1)  For  the  family  of  curves  in  which  there  is  a conimon 
alloy  with  a com])osition  of  OMo-OW-OCb,  a Cb  addition 
of  1 percent  gave  the  highest  strength;  higher  Cb  lowered 
the  strength.  Increasing  Mo  and  W increased  strength 
continuously  with  Mo  having  the  greatest  influence.  The 
strengths  of  the  alloys  on  this  family  of  curves  were  at  a 
lower  level,  26,000  to  42,000  psi,  than  those  for  the  other 
two  alloy  modifications. 

(2)  For  the  2MD-2W-2Cb  modifications,  having  strengths 
between  40,000  and  49,000  psi.  Mo  had  the  greatest  strength- 
enmg  influence;  Ob  was  next,  but  strength  dropped  off 
above  2 percent  C^b;  and  W produced  a consistent,  but  the 
least,  over-all  strength  increase. 


(3)  The  4Mo-4W-4Cb  modifications  were  at  the  highest 
strength  level  of  the  three,  45,000  to  51,000  psi.  Additions 
of  Mo  and  W had  about  the  same  strengthening  influence 
while  Cb  tended  to  lower  strength. 

The  effects  of  the  elements  on  100-hour  rupture  elongations, 
also  shown  in  figure  38,  were  the  same  for  all  three  levels 
of  composition:  W tended  to  lower  elongation  slightly; 
Mo  raised  the  elongation  slightly;  and  Cb  additions  from 
0 to  1 or  2 percent  markedly  raised  the  elongation  from 
values  below  10-percent  elongation  to  20  percent  or  higher. 

The  combined  influence  on  100-hour  rupture  strengtii  of 
Mo,  W,  and  Cb,  on  a total  weight  percent  basis  is  shown  in 
figures  39,  40,  and  41.  Each  of  these  graphs  contains  the 
same  points  plotted  to  the  same  coordinates,  these  points 
representing  all  of  the  alloys  in  the  testing  program  in  which 
Mo,  W,  and  Cb  were  varied,  the  remainder  of  the  basic 
analysis  being  constant.  The  difference  between  the  graphs 
is  in  the  method  of  joining  the  points.  In  figure  39  tlie  points 
are  joined  to  give  curves  showing  the  effect  of  Mo  vai’ied 
from  0 to  4 percent  for  10  constant  ratios  of  W and  Cb. 
In  figure  40  the  points  are  joined  to  show  the  effect  of  W 
and  in  figure  41  the  curves  show  the  effect  of  Cb. 


Two  of  three  elements  constant  ot-  Vanobic  element  (from 

0,0  percent  2,2  percent  ^,4  percent  O to  4 percent) 


Fiourk  38.*-Coiiiparatlvc  innueiices  of  molybdenum,  tungsten,  and  coluinbluni  on  100-hour  rupture  properties  at  1200®  F of  modified  alloys.  Horizontal  dashed  lines  indicate  property 

range  for  three  basic  heats. 
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Figure  39.— Influence  of  inolybdenurn  additions  (0, 2,  and  4 percent)  on  a total  weight  percent 
basis  of  molybdenum,  tungsten,  and  colunibium  on  100-hour  rupture  strength  at  1200®  F of 
modified  alloys.  Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats. 


Figure  41.— Influence  of  columbium  additions  (0,  2,  and  4 percent)  on  a total  weight  percent 
basis  of  molybdenum,  tungsten,  and  columbium  on  100-hour  rupture  strength  at  1200°  F of 
modified  alloys.  Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats. 


Figure  40.— Influence  of  tungsten  additions  (0,  2,  and  4 percent)  on  a total  weight  percent 
basis  of  molybdenum,  tungsten,  and  columbium  on  100-hour  rupture  strength  at  1200®  F of 
modified  alloys.  Horizontal  dashed  lines  indicate  property  range  for  three  basic  heats. 


The  array  of  points  in  these  graphs  indicates  the  general 
strength  increase  resulting  from  increasing  the  total  alloy 
content  of  Mo  plus  W plus  Ob  from  0 to  12  percent.  The 
main  reason  for  the  scatter  of  the  points  is  evident  from 
comparison  of  the  curves  in  the  three  graphs.  Both  Mo 
(fig.  39)  and  W (fig.  40)  produce  strength  increases  over  the 
entire  composition  range,  while  the  Cb  curves  (fig.  41) 
above  1 and  2 percent  Cb  flatten  out  and  cut  horizontally 
across  the  property  range.  This  emphasizes  the  unique 
influence,  shown  in  previous  graphs,  of  Cb  on  rupture 
strength. 

The  comparative  influence  on  100-hour  rupture  strength 
of  Cb  in  relation  to  the  influence  of  Mo  and  W is  broken 
down  further  in  the  graphs  of  figure  42.  Curves  at  constant 
Cb  contents  of  0,  1,  2,  and  4 percent  indicate  the  combined 
strengthening  influence  of  Mo  plus  W.  Curves  represent- 


ing this  influence  have  been  drawn  and  are  summarized  in 
the  bottom  graph  in  which  Cb  content  is  the  parameter. 
The  short-dashed  curves  on  the  upper  four  graphs  repre- 
sent the  influence  of  Mo  and  the  long-dashed  curves,  the 
influence  of  W at  constant  amounts  of  the  other  element. 

The  spread  in  data  in  the  graphs  of  figure  42  was  much 
less  than  that  in  figures  39,  40,  and  41  in  which  the  influence 
of  Cb  was  not  separated.  When  Mo  is  added  in  lower  per- 
centages it  has  the  greater  strengthening  influence  and  W 
has  the  greater  influence  at  higher  percentages.  These  trends 
cause  the  curves  representing  the  Mo  and  W influences  to 
turn  toward  the  center  of  the  range  representing  the  data 
spread  at  the  higher  percentages  of  these  two  elements  and 
thus  to  strengthen  the  reliability  of  the  single  curves  repre- 
senting the  data  at  constant  Cb  contents. 

The  summary  curves  in  figure  42  indicate  that  additions 
of  more  than  1 percent  of  Cb  were  of  no  benefit  to  the  alloys. 
When  approximately  8 percent  total  of  Mo  plus  W was 
present  any  addition  of  Cb  was  of  no  benefit  to  the  strength. 
As  has  been  noted  previously,  however,  Cb  additions  of  1 
percent  markedly  improved  the  rupture  ductility  over  that 
of  the  0-percent-Cb  allo^^s,  regardless  of  the  influence  of  Cb 
on  strength. 

From  the  summary  curves  in  figure  42  it  is  possible  to 
predict  the  100-hour  rupture  strength  of  alloys  with  any 
combination  of  Mo  and  W,  at  the  four  Cb  levels,  within  the 
composition  range  in  which  these  elements  were  investigated. 
Such  predictions  for  allo^^s  falling  within  the  range  of  0 to  1 
percent  Cb  are  not  possible  because  data  were  not  obtained. 
Based  on  the  data,  the  largest  error  in  these  predictions 
would  be  in  the  vicinity  of  2 percent  total  of  Mo  plus  W. 
This  error  could  be  as  much  as  2500  psi,  which  is  not  large 
compared  with  the  2000-psi  range  in  properties  found  from 
heat  to  heat  of  the  basic  allo3^  Such  predictions  of  course 
are  tempered  by  the  limitations  of  the  investigation,  par- 
ticularly b^^  the  limitation  of  only  one  condition  of  prepara- 
tion and  heat  treatment. 


! 00'“hr  rupture  strength^  psf 
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Kigukk  '12. — Jnfluonce  of  inolybdciuini  and  tungsten  additions  on  a total  weight  percent  basis  on  100-hour  rupture  strength  at  1200®  F of  oolumbium  modifications. 
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SUMMARY  OF  INFLUENCE  OF  CHEMICAL  COMPOSITION  ON  RUPTURE 
TEST  CHARACTERISTICS 

Individual  variations  of  elements. — Figure  43,  which  sum- 
marizes the  rupture  properties  at  1200®  F for  variations  of 
one  element  at  a time  in  the  basic  analysis,  indicates  the 
following  influences  of  chemical  composition  for  alloys  melted, 
forged,  and  heat-treated  under  the  conditions  of  this  in- 
vestigation: 

(1)  Variation  of  C and  Mn  had  no  appreciable  influence 
over  the  ranges  examined, 

(2)  Very  low  N caused  somewhat  low  rupture  strength 
and  intermediate  N produced  strengths  slightly  above  normal. 

(3)  The  effect  of  Si  was  unique  in  that  increasing  amounts 
lowered  rupture  strength  and  increased  elongation. 

(4)  Increasing  amounts  of  all  other  elements  resulted  in 
increased  rupture  strength  over  the  complete  range  of  vari- 
ation except  Ni,  Co,  and  Cb  which  apparently  reached  a 
saturation  content  for  rupture  strength  at  10,  20,  and  1 per- 
cent, respectively.  Additions  of  Cb  caused  a pronounced 
increase  in  rupture  elongation 

(5)  A saturation  point  for  Mo  and  W was  approached  at 
the  3-  and  2-percent  levels  of  the  basic  alloy  although  im- 
provements were  obtained  by  further  additions  of  these 
elements.  The  element  Mo  increased  and  W had  no  efl*ect 
on  elongation. 

(6)  The  rupture  strength  was  markedly  increased  by  ad- 
ditions of  Cr  from  10  to  30  percent,  and  rupture  elongation 
was  decreased. 

(7)  Kelative  magnitudes  of  100-hour  rupture-strength 
improvements  were:  20  percent  Cr  increased  strength  13,000 
psi;  7 percent  Mo,  8500  psi:  7 percent  W,  7000  psi;  and  1 per- 
cent Cb,  8500  psi.  The  addition  of  1 percent  of  Si  decreased 
strength  5000  psi. 


The  following  modifications  had  strengths  appreciably 
below  that  of  the  basic  alloy:  1.2  percent  Si,  1.6  percent  Si, 
10  percent  Cr,  0 percent  Co,  10  percent  Co,  0 percent  Mo, 
1 percent  Mo,  2 percent  Mo,  0 percent  W,  1 percent  W,  and 
0 percent  Cb.  The  only  alloys  which  had  appreciably  higher 
strengths  than  the  basic  alloy  were  those  with  30  percent  Cr 
and  7 percent  W.  From  this  it  appears  little  was  done  to 
improve  the  1200®  F ruptiue  strength  of  the  basic  alloy  in 
the  single  condition  of  treatment  studied,  that  rather  wide 
individual  variations  of  the  elements  can  be  permitted, 
particularly  to  higher  values  than  those  in  the  basic  analysis, 
without  appreciably  altering  properties,  and  that  Cr,  Co, 
Mo,  W,  and  Cb  are  necessary  for  high  strength. 

Simultaneous  variations  of  molybdenum,  tungsten,  and 
columbium. — The  summarized  influences  on  rupture  prop- 
erties at  1200®  F of  simultaneous  variations  of  Mo,  W,  and 
Cb  in  the  basic  analysis,  shown  in  figure  42  for  the  100-hour 
ruptiun  strength,  serve  to  emphasize  the  general  findings 
when  these  elements  were  varied  individually.  These 
influences  are  as  follows: 

(1)  The  absence  of  Mo,  W,  and  Cb  yielded  an  alloy  with 
very  low  rupture  strength,  26,000  psi  for  rupture  in  100 
hours. 

(2)  Separate  additions  of  Mo,  W,  or  Cb  in  amounts  up 
to  4 percent  to  the  OMo-OW-OCb  analysis  raised  the  100- 
houi'  rupture  strength  up  to  at  least  40,000  psi  as  compared 
with  49,000  psi  for  the  basic  alloy. 

(3)  Simultaneous  additions  of  the  three  elements  in 
amounts  up  to  4 percent  at  least  doubled  the  strength  of 
the  OMo-OW-OCb  analysis.  Such  additions  did  not, 
however,  yield  alloys  with  properties  which  were  outstand- 
ingly better  than  those  of  the  basic  alloy. 


Figure  43.  Summary  ofinflucnce  of  variation  of  individual  alloying  elements  in  basic  alloy  on  100-hour  and  ) 000-hour  rupture  strengths  and  100-hour  rupture  elongation  at  1200°  F.  Horizontal 

dashed  lines  indicate  property  range  for  three  basic  heats. 
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(4)  Additions  o ' Mo  and  W to  4 percent  raised  strength 
progressive!}^.  Ac.ditions  of  more  than  1 percent  of  Cb, 
however,  were  not  beneficial  to  strength. 

(5)  Additions  of  Mo  and  W had  little  effect  on  rupture 
test  elongation.  Alloys  containing  no  Cb  had  consistently 
low  elongation  and  additions  of  1 to  2 percent  Cb  markedly 
increased  the  elongation. 

Relation  of  rupture  and  creep  properties. — It  was  noted 
in  table  X and  in  the  graphs  of  properties  against  composi- 
tion that  the  stresses  causing  a minimum  creep  rate  of  0,1 
percent  per  hour  were  similar  in  magnitude  to  the  100-hour 
rupture  strength.  In  general  it  was  also  noted  that  changes 
in  ru])ture  strength  were  accompanied  by  similar  changes  in 
creep  properties  except  for  alloys  with  relatively  low  rupture 
elojigation,  partimlarly  alloys  not  containing  Cb,  where 
total  elongation  appeared  to  have  relatively  greater  in- 
fluence on  fractal  e time. 

It  appears,  thorefore,  that  the  rupture  strengths  of  the 
alloys  were  controlled  by  their  inherent  resistance  to  creep, 
as  measured  by  the  stresses  based  on  minimum  creep  rates 
obtained  during  the  rupture  test  and  their  total  elongation 
to  fracture.  ^ 

DISCUSSION  OF  RESULTS 

The  results  indicate  that  by  careful  control  of  processing 
conditions  the  liigh-temperature  characteristics  of  forged 
Cr-Ni-Co-Fe-^do-W-Cb  alloys  can  be  related  to  systematic 
variations  of  chemical  composition  and  that  major  changes 
in  ruptui’e  characteristics  at  1200°  F accompany  certain 
variations  in  composition.  A summary  of  the  influence  of 
alloy  modification  on  the  100-hour  rupture  strength  at 
1200°  F is  shown  in  figiu’e  44  for  the  elements  (Si,  Cr,  Ni, 
Co,  Mo,  W,  and  Cb)  producing  significant  changes.  There 
were  also  marked  changes  with  alloy  modification  in  such 
other  metallurgical  properties  as  microstructure,  hardness, 
and  melting  and  forging  characteristics  which  indicate 
reasons  for  the  observed  influence  of  composition  on  rupture 
characteristics.  - 
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Figure  44. — Siinimary  of  influences  of  alloy  modification  on  100-hour  rupture  strength  at 
1200°  F.  Horiiontal  dashed  lines  indicate  i>roperty  range  for  three  basic  heats. 


The  range  in  100-hour  rupture  properties  associated  with 
the  composition  variables  studied  was  26,000  to  52,000  psi 
for  the  rupture  strength  and  5 to  40  percent  for  the  rupture 
elongation.  These  ranges  compare  witli  properties  of  other 
heat-resisting  alloys  as  shown  in  table  XI.  It  is  seen  that 
the  rupture  properties  of  the  basic  alloy  can  be  varied  over 
just  as  large  a strength  range,  but  at  a higher  level,  as  a 
result  of  variations  in  prior  processing  as  was  obtained  by 
composition  modifications  for  a single  processing  condition. 
The  strength  of  the  modification  (OMo-OW-OCb)  at  the 
low  end  of  the  composition  strength  range  is  similar  in 
magnitude  to  strengths  of  the  standard  heat-resisting  alloys 
of  the  18Cr-8Ni  type.  Wide  property  ranges  are  also  shown 
for  seven  superalloys  studied  in  a research,  program  on  a 
large  number  of  alloys  in  whicli  it  was  found  that  no  accurate 
comparision  could  be  made  between  alloys  on  the  basis 
of  chemical  composition  because  prior  processing  conditions 
were  not  controlled.  The  present  investigation  has  shown 
that  certain  variables  in  melting  and  liot-working  pi'ocedures 
definitely  result  in  major  valuations  in  high-temperature 
properties  and  that  these  variations  probably  cannot  be 
completely  removed  by  subsequent  heat  treatment. 

LIMITATIONS  OF  DATA 

Interpretation  of  the  results  can  be  made  only  subject  to 
the  limitations  initiall}’'  placed  on  the  investigation  and  tliose 
which  developed  as  a result  of  the  investigation.  The  major 
limitations  which  appear  to  be  of  significance  are  listed  below: 

(1)  A limited  number  of  composition  variables  were  stud- 
ied. Simultaneous  variations  of  elements  were  made  only 
for  Mo,  W,  and  Cb.  While  certain  of  the  composition  vari- 
ables studied  showed  significant  influences  on  properties 
there  was  only  limited  indication  of  what  to.  expect  from 
simultaneous  variation  of  other  combinations  of  the  elements 
in  the  allo}L 

(2)  Com]iarisons  between  alloys  were  limited  to  properties 
in  one  condition  of  prior  processing.  It  was  shown  that  the 
control  exercised  over  processing  was  sufficient  to  olitain 
reliable  reproducibility  of  properties  between  heats  of  the 
basic  alloy.  But  it  was  also  shown  that,  unless  all  the 
processing  procedures,  including  both  melting  and  hot- 
working  conditions,  are  controlled,  variability  in  properties 
may  result.  Keasons  for  this  variability  were  not  evident 
from  this  investigation.  The  relative  influences  of  processing 
on  alloys  other  than  the  basic  are  not  known.  Because 
only  one  processing  condition  and  heat  treatment  wei’e  used 
for  all  the  alloys  no  indication  could  be  obtained  of  the 
optimum  properties  which  Avould  be  expected  for  the  alloys 
by  variation  of  treatment. 

(3)  Limitations  are  also  imposed  in  the  interpretation  of 
the  influence  of  composition  on  high-temperature  character- 
istics in  general  by  the  fact  that  only  one  type  of  test  was 
used  to  evaluate  properties  and  this  at  only  one  temperature. 
Testing  time  was  also  usually  limited  to  that  necessary  to 
establish  the  100-hour  rupture  strength. 

In  the  discussion  of  the  results  of  this  investigation  cog- 
nizance is  made  of  these  limitations. 
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COMPARATIVE  RUPTURE  AND  CREEP  CHARACTERISTICS 

The  main  reason  for  consideration  of  the  creep  data  from 
time-elongation  curves  of  the  rupture  tests  was  to  determine 
if' creep  resistance  or  elongation  best  correlated  with  the  rup- 
ture strengths.  It  was  observed  that  in  general  the  stresses 
to  cause  a creep  rate  of  0.1  percent  per  hour  were  of  the  same 
order  of  magnitude  and  followed  the  same  trends  with  com- 
position variation  as  the  100-hour  rupture  strengths.  The 
main  exception  to  this  observation  was  in  the  alloys  in  which 
Cb  was  systematically  varied  from  0 to  4 percent  in  whicli 
case  the  stresses  for  constant  creep  rates  remained  constant 
or  decreased  with  increasing  rupture  strength  (see  fig.  36). 
It  seemed  apparent,  therefore,  that  the  marked  influence  of 
Cb  additions  from  0 to  1 or  2 percent  on  increasing  inherent 
ductility  was  responsible  for  the  unusual  relation  between 
creep  and  rupture  properties.  While  stresses  at  a constant 
creep  rate  of  0.1  percent  per  hour  were  of  the  same  order  of 
magnitude  as  the  100-hour  rupture  strength,  these  stresses 
were  higher  for  the  0-percent-Cb  alloys  (low  elongation)  and 
equal  to  or  less  than  the  rupture  strength  for  the  1-  and  2- 
percent-Cb  alloys  (high  elongation).  Apparently,  therefore, 
the  influence  of  Cb  on  changing  the  rupture  strength  was  less 
dependent  on  the  resistance  to  creep,  as  measured  by  stress 
at  constant  creep  rate,  than  on  the  relative  ability  of  the 
alloys  to  deform  before  fracture. 

Figure  45  shows,  for  all  the  alloys  studied,  the  variation  of 
the  100-hour  rupture  strength  with  stress  to  cause  a creep 
rate  of  0.1  percent  per  hour.  Average  curves  are  drawn 
representing  the  points  indicating  the  low  (5  to  10  percent), 
intermediate  (11  to  19  percent),  and  high  (20  to  40  percent) 
100-hour  rupture-elongation  levels  encountered. While  there 
are  ranges  for  the  rupture-creep  property  relations  it  is  noted 
that  the  range  representing  high  elongations  is  definitely  at 
a higher  level  than  that  representing  low  elongations.  The 
range  for  intermediate  elongations  overlaps  both  those  for 
high  and  low  elongations.  These  ranges,  while  partially  the 
result  of  variation  in  actual  elongation  within  the  range, 
particularly  at  tlie  lower  elongations,  are  believed  to  be 
mainly  caused  by  the  limitation  of  the  reproducibility  of 
properties  from  heat  to  heat  of  a given  analysis  and  by  the 
fact  that  the  creep  properties  in  many  cases  were  estimated 
from  only  a small  amount  of  time-elongation  data.  Another 
possible  cause  of  the  ranges  could  be  that  for  certain  alloys 
the  stress  at  constant  creep  rate  is  not  an  accurate  representa- 
tion of  the  creep  resistance. 

In  general  it  appears,  however,  that  the  stress  to  cause  a 
creep  rate  of  0.1  percent  per  hour  is  a measure  of  creep  resist- 
ance which  does  control  the  100-hour  rupture  strength,  that 
the  relation  is  linear  and  represented  by  a line  with  a slope 
of  approximately  45®,  but  that  the  level  of  rupture  properties 
at  a given  creep  resistance  is  dependent  upon  inherent  ability 
to  deform  before  fracture.  Specific  examples  of  the  relative 
dependence  of  rupture  strength  on  stress  at  constant  creep 
rate  are  as  follows  (see  fig.  45) : 

(1)  At  a constant  0.1-percent-per-hour  creep  strength  of 
45,000  psi  (which  means  all  alloys  on  this  vertical  45,000-psi 
line  have  constant  creep  resistance)  alloys  having  high  elon- 


sfress^  to  cause  creep  rate  of  OJ  percenflhr,  psi 

FiouRE  45.— Influence  of  creep  resistance  and  100-hour  rupture  elongation  on  100-hour  rupture 
strength  at  1200®  F of  modified  alloys. 

gation  will  take  longer  to  fracture  than  those  having  low 
elongation.  The  100-hour  rupture  strength  will  be  approx- 
imately 5000  psi  higher  for  an  alloy  with  20-percent  or  more 
total  elongation  than  for  an  alloy  with  5-  to  10-percent 
elongation. 

(2)  The  100-hour  rupture  strength  must  remain  the  same, 
for  example  at  45,000  psi,  even  though  the  stress  at  constant 
creep  rate,  or  creep  .resistance,  decreases  by  approximately 
5000  psi  because  the  ability  to  deform  prior  to  fi'acture 
increases  at  the  same  time. 

It  is  noted  in  figure  45  that  the  level  of  the  relation  between 
rupture  strength  and  creep  resistance  is  dependent  on  total 
elongation  only  at  the  lower  elongations.  The  reason  for  this 
is  the  difference  between  the  time-elongation  curves  for 
ductile  and  brittle  materials.  For  ductile  materials  toward 
the  end  of  the  period  of  increasing  creep  rate  (third-stage 
creep)  there  is  a large  amount  of  deformation  in  a very  short 
time  period.  In  this  case  the  total  elongation  lias  a relatively 
small  time  dependence,  the  elongation  having  little  influence 
on  the  rupture  time.  For  brittle  materials,  on  the  other  hand, 
the  elongation  change  with  time  is  more  gradual  near  the  end 
of  the  test.  Thus  with  the  same  creep  resistance  the  rupture 
time  is  more  dependent  on  the  relative  inherent  ability  of  the 
materials  to  deform  before  fracture. 

The  points  in  figure  45  that  indicate  elongations  between  5 
and  10  percent  represent  the  alloys  which  did  not  contain  Cb. 
One  point  at  the  highest  stress  represents  the  high-Cr  alloy 
which  had  low  ductility.  It  is  evident  that  the  unusual 
relation  between  creep  and  rupture  properties  observed  for 
alloys  in  which  Cb  was  varied  systematically  was  the  result 
of  the  added  influence  of  total  elongation  on  rupture  strength. 
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It  can  be  concluded  that  the  rupture-strength  variations 
with  chemical  composition  observed  in  this  investigation 
were  the  result  of  the  changes  in  inherent  creep  resistance 
caused  by  alloy  additions  except  for  composition  variations 
for  which  total  elongation  to  fracture  changed  from  low 
(5  to  10  percent)  tc  high  (above  20  percent)  in  which  case  the 
greater  ability  to  *;leform  before  fracture  also  improved  the 
rupture  strength. 

INTERPRETATION  OK  I NFLUENCE  OF  CHEMICAL-COMPOSITION  VARIABLES 
ON  RUPTURE  p;tOPERTlES  AT  1200°  F OF  MODIFIED  ALLOYS 

Interpretation  of  the  manner  in  which  the  composition 
variations  influence  the  high-temperature  properties  of  these 
alloys  by  controlling  the  inherent  creep  resistance  and  the 
ability  to  deform  before  fracture  can  be  made  in  view  of 
simultaneous  effects  noted  in  other  metallurgical  charac- 
teristics. The  fdlowing  observations  of  such  effects  were 
made;  * 

(1)  Onl}^  the  fdlowing  nine  alloys  of  the  63  different  com- 
positions studied  developed  a pronounced  amount  of  visible 
microstructural  precipitate  during  aging: 


A Hoy 

Composition 
variable  (percent) 

15 

0. 40C 
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52 

30Or 
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49 
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50 

3Mo-2WH5Cb 

82 

2Mo-4W-4Cb 

83 

4Mo-2W-4Cb 

f»7 

4Mo-4W-4Cb 

Except  for  the  30-percent-Cr  alloy,  the  additional  precipitate, 
resulting  from  either  increased  C or  Cb  or  decreased  Co, 
did  not  have  any  apparent  beneficial  effect  on  strength.  The 
matrix  precipitate  which  occurred  during  aging  of  the  30- 
percent-Cr  alloy  was  of  a different  type  from  that  of  other 
alloys  with  heav}^  precipitation,  being  preferred  rather  than 
random.  The  hardness  increase  during  aging  of  the  30- 
percent-Cr  alloy  was  exceptionally  large.  Thus  the  sub- 
stantial streng  Ji  increase  with  the  addition  of  Cr  from  20  to 
30  percent  appeared  to  result,  at  least  in  part,  from  the  aging 
characteristics  caused  by  higher  Cr. 

(2)  Neither  iVIo  nor  W,  when  varied  from  0 to  7 percent  in 
the  basic  alloy  containing  1 percent  Cb,  showed  the  least 
effect  upon  the  relative  amounts  of  visible  precipitate  occur- 
ring during  aging.  However,  accompanying  the  increases  in 
these  elements  were  improvements  in  creep  resistance  and 
rupture  strengtii  over  the  entire  composition  range.  Like- 
wise Mo  and  W,  when  varied  simultaneously  from  0 to  4 
percent,  proc.uced  no  increase  in  amount  of  visible  aging 
precipitate  in  allo}^s  containing  2 percent  or  less  of  Cb. 
Creep-resista.ice  and  rupture-strength  improvements  were 
considerable  and  continuous  in  the  20  series  of  alloys  in  which 
either  Mb  or  W was  increased  systematically.  In  16  series  of 
allo^^s,  there  was  no  appreciable  change  in  the  effect  of  these 
elements  on  aging  precipitate  present.  The  remaining  four 
series  were  those  containing  4 percent  Cb,  and  in  these  the 
presence  of  at  least  6 percent  total  of  Mo  plus  W was  neces- 
sary to  increase  the  amount  of  visible  aging  precipitate.  The 


elements  Mo^and  W were  similar  in  effect  on  properties  in 
these  systems  as  in  the  systems  containing  lower  Cb.  How- 
ever, these  high-Cb  alloys  did  not  develop  an  appreciable 
relative  increase  in  hardness  during  aging  and  had  a random 
rather  than  the  preferred  matrix  precipitate  of  the  high-Cr 
alloy  which  apparently  derived  its  superior  strength  from  the 
aging  reaction. 

(3)  The  Cb  produced  its  major  improvement  in  rupture 
strength  in  additions  of  1 percent  to  the  0-percent-Cb  alloys. 
This  increase  in  rupture  strength  appeared  to  be  the  result 
of  the  higher  ductility  caused  by  Cb  rather  than  an  improve- 
ment in  creep  resistance,  which  Cb  additions  either  did  not 
change  or  reduced.  Additions  of  more  than  2 percent  Cb 
did  not  add  anything  to  rupture  strength  because  creep  resist- 
ance was  not  increased  and  the  rupture  elongations  were 
all  at  a high  level  where  changes  in  total  elongation  did  not 
appreciably  affect  fracture  time.  Microstructural  examina- 
tions indicated  that  Cb,  or  the  compound  it  caused  to  form, 
was  at  most  only  partially  soluble  at  temperatures  up  to 
2200°  F.  Limited  solubility  appeared  to  be  the  reason  that 
there  was  no  improvement  in  creep  resistance  when  Cb  was 
added.  The  major  changes  in  microstructure  caused  by 
Cb — increasing  the  amount  of  insoluble  constituent,  changing 
the  mode  of  aging  precipitation  from  preferred  to  random, 
and  refining  the  grain  size— appeared  to  be  associated  with 
the  marked  increase  in  rupture  elongation  residting  from 
Cb  additions.  It  is  noted  that  low  rupture  elongation  was 
also  associated  with  the  preferred  type  of  aging  precipitate 
in  the  30-percent-Cr  alloy.  Rupture-strength  improvements 
with  Cr  additions,  however,  were  the  result  of  increased 
creep  resistance  which  was  not  the  case  for  the  Cb-modified 
alloys. 

Additions  of  4 percent  or  more  of  Cb  in  the  presence  of 
6 percent  or  more  of  Mo  plus  W caused  a marked  increase 
in  the  amount  of  random  matrix  precipitation  during  aging. 
This  additional  precipitate  added  nothing  to  strength  and 
did  not  appreciably  increase  the  relative  hardening  during 
aging.  However,  the  strength  increases  accompanying 
addifions  of  Mo  and  W in  this  region  continued  to  be  con- 
sistent with  those  which  appeared  to  be  the  result  of  solid- 
solution  effects  for  the  lower-Cb  alloys. 

(4)  There  were  certain  similarities  between  the  effects 
of  C and  Cb  on  the  amount  of  excess  constituents  present 
in  the  microstructures.  While  the  excess  constituents  result- 
ing from  C and  Cb  additions  were  not  necessarily  the  same 
phases,  the  appearance  of  large  amounts  of  excess  constitu- 
ents, both  in  the  solution- treated  condition  and  during  aging 
of  the  higher-C  modifications,  had  little  eflect  on  properties. 
Apparently  C combines  with  elements  normally  present  in 
the  solid  solution  to  form  certain  of  the  observed  excess 
constituents.  In  view  of  this  the  inherent  matrix  strength 
of  the  material  should  be  reduced.  This  effect  appeared 
to  be  the  case  for  the  0.60-percent-C  allo}’’  which  did  show 
a tendency  toward  lower  strength.  However,  balancing 
factors,  which  could  hold  strength  up  to  a certain  extent, 
could  be  that  some  strengthening  resulted  from  the  very 
heavy  aging  precipitation,  or  that  C did  not  combine  with 
the  major  elements  causing  the  strength. 
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(5)  Additions  of  Co  from  0 to  20  percent  which  tended 
to  raise  creep  resistance,  and  thus  rupture  strength  of  the 
alloy,  decreased  the  amount  of  visible  aging  precipitate, 
apparently  increasing  the  solubility  of  the  strengthening 
elements.  Further  addition  to  32  percent  Co  increased 
creep  resistance  but  did  not  appreciably  improve  rupture 
strength  because  of  the  lower  rupture  elongation. 

(6)  The  major  strengthening  effect  of  Ni  was  between 

0 and  10  percent.  The  addition  of  10  percent  Ni  changed 
the  alloy  from  an  unbalanced  ferrite-austenite  composition 
of  the  0-percent-Ni  alloy  to  the  austenitic-matrix-type  alloy 
typical  of  all  the  other  alloys  studied.  By  preventing  the 
formation  of  the  weak  ferrite-sigma-type  phase  10  percent 
Ni  caused  the  elements  in  this  phase  to  enter  the  solid  solution 
of  the  matrix,  thus  increasing  the  creep  resistance  and 
rupture  strength. 

Each  of  the  above  observations  of  relations  of  metallur- 
gical characteristics  and  high-temperature  properties  points 
to  the  conclusion  that  the  major  strengthening  effects  pro- 
duced by  alloy  variations  in  this  investigation  were  the  result 

01  the  elements  entering  into  solid  solution  in  the  alloys. 
The  two  outstanding  examples  of  solid-solution  strengthening 
were  for  Mo  and  W.  These  elements  would  enter  the  solid 
solution  by  substitution,  as  also  would  Cr,'  Ni,  and  Co,  for 
atoms  of  Fe,  which  they  replaced  in  the  alloys.  The  atoms 
of  Cr,  Ni,  and  Co  are  all  about  the  same  size  as  Fe  atoms 
and  could  substitutionally  enter  the  crystal  lattice  of  the 
solid  solution  with  ease.  Substitution  of  the  larger  or  incon- 
gruous atoms  of  Mo  and  W into  the  lattice,  however,  would 
necessarily  set  up  a strained  condition.  Such  strains  in  the 
lattice  would  interfere  with  the  flow  conditions  during  creep, 
thus  giving  the  material  higher  creep  resistance.  The  role 
of  Cb,  which  also  has  relatively  large  atoms,  is  complicated 
by  the  high  aflinity  of  Cb  for  C and  by  the  apparent  low 
limit  of  solubility  of  Cb,  or  the  phase  which  it  forms,  in  the 
basic  alloy  system  studied.  The  substitution  of  the  similarly 
sized  elements,  Cr,  Ni,  or  Co,  into  the  lattice  would  not  set 
up  particularly  strained  conditions  and  thus  strengthening 
from  solid-solution  effects  would  not  result.  This  has  also 
been  demonstrated  by  a recent  investigation  of  Fe-Cr-Ni 
alloys  (reference  2).  The  effects  of  Ni  and  Co  on  properties 
and  microstructure  appeared  to  be  the  result  of  these  ele- 
ments influencing  the  matrix  solubility  of  other  elements, 
the  two  most  probable  other  elements  being  Mo  and  W.  As 
noted,  Cr  apparently  increased  strength,  at  least  in  part, 
by  aging  effects. 

It  would  appear  therefore  that  as  the  number  of  incon- 
gruous atoms  entering  solid  solution  increased  the  strength 
should  increase  proportionately.  The  composition  modifi- 
cations studied  most  thorougld}^  in  this  investigation  were 
those  involving  the  simultaneous  variation  of  Mo,  W,  and  Cb. 
The  modifications  in  which  Mo  and  W additions  caused 
strength  increases  were  pointed  out  as  examples  of  strength- 
ening as  a result  of  solution  effects.  Figure  46  shows  the 
influence  on  the  100-hour  rupture  strength  of  total  atomic 
additions  of  Mo  and  W to  alloys  containing  four  levels  of  Cb. 
This  figure  is  similar  to  the  presentation  in  figure  42  of  the 


same  data  on  a weight  percent  basis.  The  solid-line  curves 
drawn  represent  the  data  even  better,  however,  when  pre- 
sented on  an  atomic  percent  basis.  Trends  in  the  summa,ry 
curves,  with  Cb  content  as  a parameter,  are  the  same  in 
both  presentations,  Cb  above  1 percent  being  of  no  benefit 
to  strength. . In  general,  the  curves  in  figure  46  show  a 
continuous  and  approximately  proportionate  increase  in 
strength  with  atomic  additions  of  Mo  and  W.  This  is 
consistent  with  what  would  be  expected  if  solid-solution 
effects  are  responsible  for  the  strength  increase. 

The  points  in  the  graphs  of  figure  46  have  been  connected 
so  as  to  show  the  comparative  effects  of  Mo  and  W,  the 
short-dashed  lines  showing  the  Mo  effects  and  the  long-dashed 
lines  the  W effects.  There  is  a general  trend  indicated  by  these 
curves  for  W to  cause  a relatively  greater  strengthening  than 
does  Mo.  This  means  that,  although  the  average  solid-line 
curves  drawn  do  represent  quite  well  the  data  in  the  graphs 
for  the  composition  ranges  studied,  additions  of  atoms  of  W 
to  the  solid  solution  had  a greater  strengthening  effect  than 
equivalent  atomic  additions  of  Mo. 

Exceptions  to  the  solid-solution , strengthening  effect,  par- 
ticularly that  of  the  30-percent-Cr  alloy,  were  noted  pre- 
viousty.  One  other  major  exception,  which  does  not  agree 
with  the  conclusion  that  strengthening  resulted  from  solid- 
solution  effects,  was  that  encountered  in  the  influence  of 
Si  variations.  The  effect  of  Si,  varied  from  0.5  to  1.6 
percent,  was  to  lower  strength  properties  markedly  and  to 
increase  total  deformation  to  fracture.  There  was  no 
apparent  change  in  microstructure  produced  by  Si.  It  was 
also  observed  that  the  high-Si  alloy  was  the  only  alloy  of  all 
those  studied  which  did  not  show  any  increase  in  hardness 
during  aging. 

A clue  to  the  apparently  anomalous  effect  of  Si  is  to  be 
found  in  the  results  of  the  effect  of  deoxidation  practice 
during  melting  on  the  properties  of  the  basic  alloy.  Table 
VI  shows  a 100-hour  rupture  strength  of  52,000  psi  for  alloy 
74  which  was  not  deoxidized  before,  pouring.  This  strength 
of  52,000  psi  is  to  be  compared  with  the  strength  range  of 
48,000  to  50,000  psi  for  the  basic  alloy  deoxidized  in  the 
normal  manner  with  calcium-silicon  deoxidant  and  with  the 
55,000-psi  rupture  strength  of  alloy  75  which  was  deoxidized 
with  a zirconium-silicon-iron  deoxidant.  These  results  indi- 
cate that  a marked  influence  may  occur  on  properties  of  a 
given  alloy  as  a result  of  variation  of  melting  procedure. 
The  element  Si  definitely  plays  an  import'ant  role  in  melting, 
particularly  in  deoxidation  practice.  One  heat  (alloy  27)  in 
which  the  charge  was  aimed  at  yielding  0.25  percent  Si  in  the 
basic  analysis  and  which  was  deoxidized  in  the  normal  way 
with  15  grams  of  calcium-silicon  alloy  resulted  in  0.58  percent 
Si  and  gave  properties  typical  of  the  basic  alloy.  Another 
heat  (alloy  79)  armed  at  0.25  percent  Si,  but  in  which  only 
5 grams  of  calcium-silicon  deoxidant  were„used,  resulted  in  a 
blow  hole  at  the  ingot  center.  It  thus  appears  that  inherent 
characteristics,  imparted  to  the  material  during  melting, 
not  removed  by  subsequent  processing,  and  not  evident  in 
microstructure,  could  be  responsible  for  the  unusually  low 
strengths  of  the  high-Si  alloys. 


00 -hr  rupture  st 
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The  basic  alloy  has  been  shown  by  previous  investigations 
to  be  an  alloy  which  does  not  develop  appreciable  strength- 
ening at  high  temperatures  as  a result  of  visible  precipitation 
reactions  during  aging  after  solution  treatment  (references 
1 and  3).  Evidence  presented  in  this  discussion  indicates 
that  the  major  strengthening  effects  accounting  for  the  good 
strength  of  the  basic  alloy  result  from  additions  of  incon- 
gruous atoms  of  elements  to  the  solid-solution  lattice  of  the 
austenite- type  matrix. 

Another  characteristic  evaluated  for  the  alloys  was  the 
relative  forgeability.  Although  this  evaluation  was  only 
qualitative  the  indications  were  that  high-temperature  char- 
acteristics as  measured  by  rupture  tests  at  1200°  F were  in 
general  reflected  at  temperatures  of  1800°  to  2200°  F in  the 
relative  forgeability  of  the  alloys.  Alloys  which  had  higher 
rupture  strengths  as  a result  of  g]*eater  resistance  to  creep 
also  tended  to  be  less  plastic  in  the  forging  range.  The  main 
exception  to  this  was  for  Mo  additions  which  apparently  did 
not  affect  forgeability.  The  ailG3^s  not  containing  Cb,  which 
had  quite  low  rupture  elongation,  tended  to  crack  during 
forging. 

OPTIMUM  ALIX)Y  GONTENT  AND  COMPOSITION  RANGES 

In  addition  to  the  main  objective  of  determining  the 
influence  of  chemical-composition  variations  on  rupture 
properties  at  1200°  F,  the  present  investigation  was  also 
intended  as  an  initial  step  toward  establishment  of  optimum 
compositions  for  alloys  of  the  basic-alloy  type.  Interpre- 
tation of  the  results  for  this  purpose,  however,  is  subject  to 
the  limitations  of  the  number  of  compositions  studied  and 
the  single  preparation  condition  placed  on  the  investigation. 

Wliile  the  over-all  property  range  obtained  was  quite  wide 
and  information  was  obtained  concerning  the  influence  of 
each  element  on  properties,  no  alloy  was  obtained  which  had 
properties  udiich  were  outstanding  compared  with  those  of 
the  basic  analysis. 

It  was  shown  that  most  of  the  elements  present  in  this 
analysis  are  necessary  to  yield  the  best  properties,  but  that 
variations  over  relatively  wide  ranges  can  be  made  of  one 
element  at  a time  in  the  basic  analysis  without  appreciably 
altering  properties.  Indications  are  that  Ni  can  be  varied 
from  10  to  20  percent,  C from  0.08  to  0.60  percent,  Co  from 
20  to  32  percent,  Cb  from  1 to  4 percent,  Mn  from  0 to  2.5 
percent,  and  N from  0.08  to  0.18  percent  in  the  basic  analysis 
without  appreciably  affecting  properties.  It  was  also  shown 
that  Cr,  Mo,  and  W are  necessary  for  maintenance  of  proper- 
ties and  that  Cb  in  additions  not  beyond  1 percent  is  neces- 
sar}’'  for  high  ductility  characteristics.  It  is  possible,  how- 
ever, to  obtain  strengths  as  high  or  higher  than  that  of  the 
basic  alloy  without  the  use  of  Cb  but  this  involves  increasing 
Mo  and  W. 

Seemingly  the  only  major  reduction  in  required  alloy  con- 
tent in  the  basic  alloy,  which  could  be  made  without  appre- 
ciably lowering  properties,  is  that  Ni  could  be  lowered  to  10 


percent.  Possibly  Cb  could  be  decreased  a few  tenths  of  a 
percent  below  1. 

NATURE  OF  PHASES  PRESENT  IN  EXPERIMENTAL  ALLOYS 

As  3^et  little  is  known  concerning  the  nature  of  the  phases 
present  in  alloys  of  the  type  investigated.  It  is  generally 
accepted  that  the  austenite-type  matrix  is  a solid  solution 
which  is  saturated  with  respect  to  certain  unidentified  con- 
stituents at  both  the  solution  and  aging  temperatures.  It 
is  also  known  that  Cb,  Cr,  Mo,  and  W are  prone  to  form 
carbides  or  nitrides  under  certain  conditions  and  that  inter- 
metallic  compounds,  such  as  the  Fe-Cr  sigma  phase,  and  also 
a ferrite-type  phase,  are  possibilities  of  microconstituents. 

There  was  a limited  amount  of  evidence  gained  from  the 
micros tructural  studies  of  this  investigation  concerning  the 
nature  of  the  phases  encountered.  There  is  evidence  that  C 
entered  into  the  reaction  forming  the  phase  which  was  at 
least  partiall}"'  insoluble  at  the  solution- treatment  tempera- 
ture and  that  Cb  was  the  other  significant  element  in  the 
formation  of  this  phase.  It  also  appeared  that  C was 
an  important  constituent  of  the  precipitate  Avhich  occurred 
during  aging. 

Evidentl}^  Cr  contributed  to  the  formation  of  the  phase 
which  precipitated  during  aging  of  the  OMo-OW-OCb  alloy. 
It  appeared  that  Cr  was  also  quite  important  in  the  aging 
reaction  in  the  0-percent-Cb  alloys  since  additions  of  Mo  and 
W to  these  allo}^s  did  not  change  the  appearance  or  apprecia- 
ably  affect  the  amount  of  aging  precipitate. 

Additions  of  Cb  from  2 to  4 percent  in  allo^^s  containing 
high  Mo  plus  W appreciably  increased  the  amount  of  aging 
precipitate.  Evidentty  this  occurred  as  a result  of  exceeding 
the  solubility  limit  of  the  solution  which  caused  the  rejection 
during  aging  of  the  excess  phase  from  supersaturated  solu- 
tion. The  constituents  of  this  phase  were  not  evident  from 
the  data,  although  there  was  some  indication  that  Mo  and 
W,  which  apparently  increased  strength  by  substitutional 
entrance  into  solid  solution,  probably  were  not  present  in 
the  precipitate.  The  two  examples  of  this  were: 

(1)  Additions  of  C to  the  basic  allo>^  increased  aging  pre- 
cipitate but  did  not  appreciably  lower  strength  which  would 
be  expected  if  Mo  or  W were  forced  out  of  solution. 

(2)  Additions  of  Cb  from  2 to  4 percent  in  alloys  also 
containing  at  least  6 percent  total  of  Mo  plus  W did  not 
affect  strength  appreciabl}^  while  increasing  the  amount  of 
aging  precipitate.  On  the  other  hand,  when  Mo  or  W was 
raised  from  2 to  4 percent  in  allo\^s  containing  4 percent  Cb, 
producing  alloys  with  more  aging  precipitate,  the  strength 
was  improved,  indicating  that  Mo  and  W went  into  solution. 

In  the  event  Mo  and  W did  maintain  strength  by  remain- 
ing in  or  entering  into  solid  solution,  it  is  probable  that  Cr 
or  some  of  the  other  elements  with  atoms  of  similar  size  to 
Cr  were  forced  out  of  solution  as  carbides  or  intermetallic 
compounds. 

On  the  basis  of  the  composition  range  studied  for  N,  it  did 
not  appear  that  this  element  appreciably  affected  the  micro- 
constituents. ' 
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CONCLUSIONS 

By  the  use  of  careful  control  over  processing  conditions 
this  investigation  lias  shown  that  for  forged  alloys  containing 
chi'omiuin,  nickel,  cobalt,  iron,  molybdenum,  tungsten,  and 
columbium  it  is  possible  to  correlate  the  stress-rupture 
properties  at  1200°  F with  systematic  variations  in  chemical 
composition  and  \hat  a wide  range  in  properties  can  be  ob- 
tained by  such  vai'iations.  However,  no  alloy  was  obtained 
which  had  properties  which  were  outstanding  compared  with 
those  of  tlie  basic  analysis. 

vSubject  to  the  limitations  placed  on  this  investigation  of 
the  limited  number  of  composition  variables  studied,  the  use 
of  only  one  condition  of  processing,  the  evaluation  of  high- 
temperature  characteristics  by  only  relatively  short-time 
iTipture  tests  at  :.200°  F,  and  the  use  of  only  microstructural 
and  hardness  data  to  provide  interpretation  of  results,  the 
findings  lead  to  :he  following  conclusions: 

1.  Carbon  (varied  from  0.  08  to  0.  60  percent),  manganese 
(0  to  2.5  percen:),  nitrogen  (0.08  to  0.18  percent),  nickel  (10 
to  20  percent),  cobalt  (20  to  32  percent),  and  columbium 
(2  to  4 percent)  do  not  appreciably  influence  1200°  F rupture 
properties.  Nii>rogen  (0.004  to  0.08  percent),  chromium 
(10  to  30  perccMt),  nickel  (0  to  10  percent),  cobalt  (0  to  20 
percent),  molybdenum  (0  to  4 percent),  tungsten  (0  to  4 
percent),  and  cC'lumbium  (0  to  1 percent)  improve  the  rupture 
strength.  Silicon  (0.5  to  1.6  percent)  and  nickel  (20  to  30 
percent)  lower  rupture  strength. 

2.  The  rupture-strength  variations  with  chemical  composi- 
tion observed  in  this  investigation  were  the  result  of  changes 
in  inherent  cr(jep  resistance,  caused  by  alloy  additions,  ex- 
cept for  composition  variations  for  which  total  elongation 
to  fracture  cliongecl  from  low  (5  to  10  percent)  to  high  (above 
20  percent),  in  which  case  the  greater  ability  to  deform  be- 
fore fi-actui'c  iJso  improved  the  rupture  strength. 

3.  The  rupi.ure-strength  improvements  accompan^dng  the 
increased  CJ'cep  resistance  with  additions  of  mol^^bdenum  and 
tungsten  app  irently  are  the  result  of  the  strengthening  in- 
fluence of  these  incongruous  atoms  entering  substitution- 
ally  into  the  matrix  solid  solution.  Increased  creep  resist- 


ance with  nickel  and  cobalt  additions  apparently  results 
from  the  manner  in  which  these  elements  improve  the  solu- 
bility of  molybdenum  and  tungsten.  '^Plie  incj’oased  creep 
resistance  produced  by  cliromium  additions  apparently  re- 
sults, at  least,  in  part,  from  an  aging  reaction.  The  creep 
resistance  is  not  influenced  by  columbium  which  enters 
solid  solution  to  only,  a very  limited  extent.  Improvements 
in  rupture  strength  with  small  additions  of  columbium  re- 
sult from  the  greater  ability  to  deform  befoje  fj-actiu’c  of 
alloys  containing  columbium.  The  detiunental  effect  of 
silicon  on  strength  piupcj-ties  is  possibly  connected  with 
melting  phenomena  which  are  not  yet  undei’stood. 

4.  Columbium,  clu'omium,  and  cai’bon  produce  majoi* 
changes  in  microstructure.  There  is  limited  evidence  to 
indicate  that  these  are  the  majoj*  elements  in  tlie  present 
excess  constituents  in  tlie  structure  of  the  alloys. 

5.  Melting  and  hot- working  conditions  have  an  important 
influence  on  the  inherent  high-temperatuj*e  pj'operties  of 
alloys  of  the  type  studied. 

University  of  Michigan, 

Ann  Arbor,  Mich.,  October  26 ^ 1949. 
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TABLE  I.— CHEMICAL  COMPOSITION  OF  EXPERIMENTAL  ALLOYS 


Alloy 

Aim  modification  from  basic  alloy 
(percent) 

Chemical  composition  (percent)'’ 

• •*  :=>v 

C 

Mil 

Si 

Cr 

Ni 

Co 

Mo 

C 

• N ■ ' 

0. 15 

1.  7 

20 

*20 

20 

3 

2 

1 b 

Bn.sic 

.•25 

1.  54 

. 40 

18.45 

19.  45 

20.35 

3.*00 

2 .30 

1 05 

2 b 

Basic  - 

. 24 

1.02 

. 53 

18. 88 

17.  20 

19  74 

2 9.5 

2 ?() 

3 «> 

Basic 

. 25 

1.  08 

.00 

18.  99 

18.  00 

20.  64 

2.  77 

2.  02 

1 12 

4 *’ 

•Basic  - 

.30 

1.87 

.74 

19.37 

19.  04 

17.  95 

2. 89 

2 34 

90 

5 <> 

0.4  C 

1.  58 

. 07 

17.  53 

18.  24 

20.  54 

2.83 

1 00 

G 

0.4  C 

.53 

1.78 

.84 

10.  27 

18.  77 

18.04 

3. 32 

2.  50 

.82 

. 10 

7 <= 

Basic 

0.  10 

1.40 

0.  06 

20.  04 

17.  34 

20.  52 

3.01 

2 34 

1 1 1 

8 

Basic 

. 14 

1.  40 

.41 

21. 17 

20. 10 

19.81 

3. 03 

2 08 

10  c._ 

Basic 

1.  40 

. 52 

20. 89 

20.  04 

19.  30 

3. 05 

1 9i 

1 03 

n 

Basic  - 

. 10 

1.  63 

21.00 

17. 13 

22.  40 

3.  04 

1 97 

12  

Basie  . 

. 10 

1.  61 

.07 

21.04 

18.  39 

22.  00 

3. 03 

2.01 

1. 15 

!i4 

27  

Basic... - 

. 15 

.58 

74  * 

Basic 

75  • 

Basic - 

13 

0.07  C. - 

0. 08 

1.80 

0.  37 

20.  03 

20.84 

19.  42 

3. 12 

2.  10 

1.09 

14- 

0.40  C 

. 30 

15  

0 40  C . 

. 40 

10 - . 

0.00  c 

. 57 

17 

0.00  0 

.00 

1.83 

18.  59 

20.  25 

IS.  92 

24 

0.03  Mn 

0.14 

0. 03 

19 

0.25  Mn.. 

. 15 

.30 

0.  38 

20. 07 

20.  70 

19.82 

2,  99 

2.  02 

1.13 

20 

0.50  Mn 

. 14 

. 50 

21 

1.00  Mn 

. 12 

1.04 

22 - 

2.50  Mn 

2.58 

/ • 

2S 

1.0  Si 

0. 13 

1.19 

SO 

1.5  Si 

.14 

1.  56 

51 

10  Cr 

0.  14 

10. 18 

52 

30  Cr  

. 15 

30.  51 

23 

0 Ni 

. 0.15 

0.01 

25.... 

10  Ni : 

. 16 

10.  70 

2C 

30  Ni - 

.14 

30.  04 

29 

0 Co 

0.  19 

0.31 

30 

10  Co - 

. 14 

11.09 

31 

30  Co 

. 14 

1.70 

0.  79 

20.  50 

20. 18 

32.00 

3.41 

2. 05 

1. 11 

32... 

0 Mo 
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0.  20 

33 

1 Mo  - 

. 10 

1.  70 

0.75 

20.  40 

20.  62 
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1.  00 
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1.00 

0.15 

34 

2 Mo 

. 16 
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35 

4 Mo 

.13 

4,99 

30 

0 Mo 

. 12 
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37 

0 W 
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0.  04 

38 

1 w : 

. 15 

1.74 

0.75 
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.82 

1.02 

0.15 

39 
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. 14 
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40 

G W 

.10 
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47 
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48 
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. 14 
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20.  59 
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49 

4 Cb 

. 14 
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60 

0 Cb 
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41.. 
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42 
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. 15 

. 08 

81 
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. 15 

.18 

Mo 

Cb 

43.  

0 

0 

0 
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0, 00 

44 

0 

o' 

0 

.18 

1.72 
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.00 
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45 

2 

0 

0 

. 14 
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.00 
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46 

4 

0 

0 
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4.  01 
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0 

2 

0 
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.01 
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0 

4 

0 
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.02 
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55 

2 

2 

0 

0. 15 

1.71 

0.  72 

20.  28 

20.  41 
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0. 00 
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. 50  

4 

2 

0 

. 13 

4.  05 

2. 04 

. 00 
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2 

4 

0 

. 14 

1.  98 
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. 00 
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4 

4 

0 

. 13 

4.04 

4. 11 
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59 

2 

2 

2 
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2. 19 

2. 04 
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GO. 

4 

2 

2 
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01 

2 

4 

2 
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1.09 
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2.  32 

4.  12 

2. 03 

0. 14 

02  

2 

2 

4 

. 15 

2. 02 

1.93 

4.09 

03  

2 

0 

2 

0. 11 

2. 10 

0. 00 

1.  93 

04  

9 

0 

4 

. 15 

2.  32 

. 03 

4.  23 

05  

4 

0 

2 

.13 

4.02 

-.00  ■ 

2. 10 

00  

4 

0 

4 

. 13 

3.  96 

. 00 

4. 08 

07.. 

4 

4 

4 

. 13 

1.70 

0.  71 

20. 18 

20.36 

20.12 

4.12 

3.  94 

3’  94 

0. 17 

77  * 

0 

0 

1 

0. 15 

0. 90 

08  

0 

0 

2 

. 18 

0.00 

0. 00 

1.81 

09 

0 

0 

4 

. 14 

.00 

. 00 

3.  70 

70 

0 

2 

2 

. 10 

. 01 

2. 00 

1. 92 

71 

0 

4 

2 

. 17 

.02 

3.  93 

1. 91 

72 

0 

2 

4 

. 14 

• 1.80 

0.  06 

20.21 

20.  39 

20.  51 

.01 

2.01 

4. 18 

0. 12 

73 

0 

4 

4 

. 15 

. 02 

3.  92 

4.  05 

82  

2 

4 

4 

0. 10 

S3  

4 

2 

4 

. 13 

3.85 

1.85 

4, 38 

84 

4 

4 

2 

. 14 

1.64 

0.  74 

20. 18 

20.  51 

19. 95 

2.  25 

0, 17 

« Values  given  only  where  actual  chemical  analyses  were  made;  blank  spaces  indicate  same  aim  value  as  that  of  basic  alloy. 

Alloys  1 to  G were  prepared  to  develop  and  standardize  melting  practice. 

« Alloys  7,  8,  10,  11,  and  12  were  prepared  to  determine  control  of  properties  with  iirocessing  from  heat  io  heat  of  basic  alloy. 
^ Alloy  27,  aimed  at  low  Si,  resulted  in  basic  value. 

• Deoxidation  iiractico  was  varied  on  alloys  74  and  75  of  basic  analysis. 


(b)  Melt  data 


Time  (min) 

Operation 

0- 

Fe,  Cr,  Ni,  and  Co  melting  stock  placed  in  hot  crucible  (fifth  heat  in 
crucible). 

0. 

Power  on,  400  volts,  10  kw. 

15 

Charge  melted. 

17 

Slag  skimmed. 

18 

Mn  added. 

. 20 

Ferrotungsten  and  ferrocolumbium  added. 

22 

Power  down  to  300  volts,  6 kw. 

23 

15  grams  of  30-pcreent-Ca  and  65-perccnt-Si  alloy  added  to  deoxidize. 

24 

Slag  skimmed. 

25 

Power  oft.  Bath  temperature:  Leeds  and  Northrup  optical  pyro- 
meter—2860®  F.  Pt,  Pt-Rh  immersion 
thermocouple— 2840®  F. 

27 

Heat  poured. 

Cooling-curve 

data  taken  on  hot-top  metal.  Temperature  halt  in  curve  at  2495®  F. 

213037—53 92 
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TABLE  III.— MELTING  DATA  FOR  EXPERIMENTAL  ALLOYS 


Alloy 

Modification  from  basic  alloy 
(percent) 

Bath  temperature  before 
pouring  (®F) 

Cooling-curve 
temperature 
halt  (®F) 

Leeds  and 
. Northrup 
optical  pyrom- 
eter 

Pt,  Pt-Rh 
immersion 
thermocouple 

7 

Basic - 

2570 

8 

Basic 

. 2560 

10 

Basic..  

2665  • 

11 

Basic 

2680 

12 

Basic  

2785 

27 

Basic  . . . 

2625 

2600 

2466 

74 

Basic,  no  deoxidation 

2780 

2840 

75 

2730 

2745 

7G--_- 

Basin,  melted  under  lime-fluorsnar 

2525 

2520 

slag. 

13.... 

0.08  C 

2560 

14 

0.40  C 

2535 

15 

0. 40C  

2535 

2500 

16 

0. 60C  

2585 

2518 

17 

0.  60  C.  

2585 

>2470 

18  « 

0 Mn 

2550 

24.... 

0 Mn  . 

2630 

^617 

>2490 

19 

0. 30Mn 

'2640 

>2530 

20 :... 

0. 50  Mn  

2640 

2587 

2561 

21.... 

1.0  Mn 

2560 

2555 

22.... 

2. 5 Mn  

2585 

2514 

79  « 

2675 

2682 

28.... 

1.  2 Si  

2640 

2722 

>2414 

80 

1.6  Si 

2580 

2610 

2450 

51 

10  Cr  . 

2758 

2542 

52.... 

30  Cr 

2722 

2754 

>2430 

23 

0 Ni  

2620 

25 

10  Ni  

2600 

2622 

2487 

26 

30  Ni.. 

2690 

2634 

2456 

29 

0 Co  ... 

2660 

2655 

2471 

30 

10  Co 

2690 

2479 

31 

32  Co  

2670 

2667 

2459 

32 

2700 

2792 

2529 

33 

2670 

2660 

2495 

34.... 

2660 

2643 

>2440 

35 

5 Mo  

2710 

2684 

2471 

36 

7Mo._ 

2710 

' 2688 

2474 

37.... 

0 W .... 

2710 

2698 

2505 

38.... 

1 w 

2706 

2692 

2487 

39.... 

5 W 

2685 

2690 

>2490 

40 

7 W 

2700 

2693 

2484 

47.... 

0 Cb  

2770 

2777 

2553 

48 

2 Cb  

2780 

2508 

49.... 

4 Cb  . 

2650 

2703 

2464 

50 

6 Cb 

2690 

>2390 

41 

0.004  N - 

2709 

2707 

2508 

42.. 

.08  N 

' 2720 

>2480 

81.... 

.18N 

2632 

2648 

2479 

Mo 

W 

Cb 

43 

0 

0 

0 

2740 

2760 

2592 

44 

0 

0 

0 

2780 

2790 

>2520 

45 

2 

0 

0 

2750 

2768 

>2530 

46 

4 

0 

0 

2750 

2770 

2537 

53.... 

0 

2 

0 

2870 

1 2805 

>2520 

54 

0 

4 

0 

2785 

2783 

2542 

55 

2 

2 

0 

2752 

2736 

2534 

56.... 

4 

2 

0 

2742 

2762^ 

2529 

57 

2 

4 

0 

2732 

2670 

2518 

58 

4 

4 

0 

2832 

2835 

2482 

59 

2 

2 

2 

2790 

' 2484 

60 

4 

2 

2 

2685 

2680 

2466 

61 

2 

4 

2 

2725 

2726 

2474 

62...... 

2 

2 

4 

2710 

2703 

>2400 

63 

2 

0 

2 

2802 

2847 

>2500 

64 

2 

0 

4 

2740 

2792 

2460 

65 

4 

0 

2 

2760 

2766 

2488 

66 

4 

0 

4 

2670 

2720 

2442 

67 

4 

4 

4 

2650 

2678 

2424 

77 

‘ 0 

0 

1 

2613 

68 

0 

0 

2 

2810 

2815 

2521 

69 

0 

0 

4 

2710 

2740 

2476 

70 

0 

2 

2 

2750 

2782 

2532 

71 

0 

4 

2 

2740 

2757 

>2510 

72 

0 

2 

4 

2860 

2840 

2495 

73 

0 

4 

4 

2730 

2773 

2476 

82 

2 

4 

4 

2590 

2602 

>2400 

83 

4 

2 

4 

2625 

2680 

2419 

84 

4 

4 

2 

2602 

2585 

2442 

*•  Blow  hole  in  ingot  of  low«Mn  (18)  and  low-Si  (70)  heats. 
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TABLE  IV— TYPICAL  FORGING  RECORD 

[Alloy  M,  4Mo-OW-20b] 


(a)  Forging  operations 


Time 


Operation 


8:25  a.  m. ..  Ingot  moved  to  center  of  furnace  at  2200°  F after  a preheat  near  door  of  furnace, 
8:30 Ingot  on  temperature,  2200°  F. 


9:05. 

9:20. 

9:32, 

9:45. 


9:54.. 

10:04. 

10:12. 

10:18. 

10:27. 

10:40. 

10:45. 

10:54. 

11:02. 

11:10. 

11:16. 


60  hammer  blows  between  flat  dies  on  square  faces  of  ingot;  forging  only  top  half  of 
ingot. 

55  blows  between  flat  dies  on  square  faces;  10  blows  between  flat  dies  on  comers. 

60  blows  between  flat  dies  on  square  faces;  10  blows  between  flat  dies  on  corners. 

55  blows  between  flat  dies  on  square  faces;  10  blows  between  flat  dies  on  corners  to 
approximately  l.lO-in.-square  bar. 


70  blows  in  first  swage. 

21  blows  in  first  swage  to  approximately  0.95  in.  round;  46  blows  in  second  swage. 

64  blows  in  second  swage. 

65  blows  in  second  swage. 

40  blows  in  second  swage  to  approximately  0.75  in.  round;  forged  piece  cut  off  from 
unforged  half  of  ingot:  forged  piece  recharged  to  furnace. 

65  blows  in  third  swage, 

47  blows  in  third  swage. 

55  blows  in  third  swage. 

55  blows  in  third  swage. 

48  blows  in  third  swage. 

55  blows  in  third  swage  to  approximately  0.58  in.  round;  this  piece  cut  in  two,  both 
pieces  recharged  to  furnace  for  forging  in  the  last  swage. 


11:24. 

11:30. 

11:36. 

11:41. 

11:47. 

11:52. 

11:57. 

12:02. 


54  blows  on  bar  C,  59  blows  on  bar  D in  last  swage. 

53  blows  oh  bar  C,  55  blows  on  bar  D in  last  swage. 

45  blows  on  bar  C,  52  blows  on  bar  D in  last  swage. 

45  blows  on  bar  C,  48  blows  on  bar  D in  last  swage. 

55  blows  on  bar  C,  56  blows  on  bar  D in  last  swage. 

60  blows  on  bar  C,  62  blows  on  bar  D in  last  swage. 

45  blows  on  bar  C,  46  blows  on  bar  D in  last  swage. 

40  blows  on  bar  C,  35  blows  on  bar  D in  last  swage,  finishing  to  0.40  in.  round. 
Finishing  temperatures  for  all  forging  operations  were  1800°  F or  above  as  Judged 


by  color. 


(b)  Forging  summary 


Die 

Heatings 

Blows 

Flat 

4 

260 

First  swage 

- 2 

91 

Second  swage 

4 

215 

Third  swage 

6 

325 

Last  swage 

8 

Bar  C— 397 

Bar  D— 413 

Total  heatings:  16. 

Total  blows: 

Bar  C— 797. 

Bar  D— 813. 

Forging  range:  2200°  to  1800°  F. 

1 Initial  size  of  ingot: 

1.42  in.  square  tapered  to  1.04  in.  square. 
8.60  in.  long. 

Final  size  of  forged  bars: 

Bar  C:  0.40  in.  round  by  19.3  in. 

Bar  D:  0.40  in.  round  by  21.0  in. 
Reduction  during  forging:  93  percent. 
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TABLE  V.— FORGING  DATA  FOR  EXPERIMENTAL  ALLOYS 


Alloy 

Bar  <» 

Modification  from  basic 
alloy  (percent) 

Total 

heatings 

Approxi- 

mate 

total 

blows 

Bar  size 

Estimated  forgeability  compared  with  that  of 
basic  alloy 

Length 

(in.) 

Diameter  (in.)  *> 

7 

A 

Basic 

8- 

361 

25  5 

7 

B 

7 

267 

14 

0 .50 

8 

A 

Basic.  - 

8 

355 

25 

8 

D 

18 

875 

26 

n 41 

10 1 

A 

Basic.. 

9 

428 

25.5 

10 

D 

20 

939 

29 

n 41 

11 

B 

Basic 

3 

384 

30 

12 

A 

Basic... 

g 

434 

28 

27 

D 

Basic. 

14 

824 

25.2 

0 43 

74 - 

D 

Basic,  no  deoxidation 

18 

799 

22 

0 40 

Same 

75 

D 

Basic,  Zr-Si-Fe  deoxidant.. 

14 

723 

21 

0 42 

76 

D 

Basic!  melted  under  slae 

forging  discontinued. 

13 

A 

0.08  C 

5 

292 

24.  5 

15 

A 

0.40  C 

8 

3.50 

21  5 

16 — 

A 

0.60  n 

5 

169 

9 5 

0 ,51 

Poorer-many  center  and  corner  cracks;  less  plastic. 

16 

B 

5 

271 

13 

24 

D 

0 Mn 

15 

909 

20.5 

0 41 

forging  on  flat  dies. 

19 - 

A 

0.30  Mn 

5 

345 

23.  5 

20 

A 

0.  50  Mn 

6 

460 

27.  5 

21 

A 

1.0  Mn 

6 

444 

29 

22 

A 

2.5  Mn 

* 4 

344 

25 

0 41  sq 

Slightly  better. 

28 

D 

1.2  Si 

15 

895 

26.4 

0 44 

80 

D 

1.6Si 

15 

863 

23 

0 41 

Same. 

51 

D 

10  Cr 

15 

706 

21 

0 40 

52 

D 

30  Cr..„ 

20 

959 

21.5 

0.  40 

Poorer— much  less  plastic. 

23 

D 

0 Ni 

12 

613 

15.4 

0 47 

25 

D 

10  Ni 

11 

597 

17 

0 48 

26 

D 

30Ni  . . 

' 

16 

846 

22 

0 45 

Poorer— less  plastic. 

29 

D 

0 Co 

12 

740 

25.  2 

0 42 

30 

D 

10  Co 

15 

813 

27.  2 

0 41 

31 

D 

32  Co 

13 

724 

20  5 

0 41 

Poorer— less  plastic. 

32 

D 

0 Mo 

14 

771 

22 

0 41 

33 

D 

1 Mo..  . 

18 

660 

22 

0 42 

34 

D 

2 Mo 

19 

928 

27.  2 

0 42 

35 

D 

16 

804 

22.5 

0 40 

36 

D 

7 Mo 

16 

818 

23 

0 41 

Same. 

37 

D 

0 W . 

11 

603 

17 

0 41 

Better — more  plastic. 

38 

D 

1 W__._ 

14 

674 

21.5 

0 41 

Better — more  plastic. 

39 

D 

5 W 

14 

750 

21.  5 

0 41 

Poorer — less  plastic. 

40 

D 

7 W 

17 

874 

22 

0 42 

Poorer— less  plastic  than  39. 

47 

D 

0 Ch 

16 

629 

17.  5 

0 41 

Poorer — many  cracks  developed  during  forging  on 

flat  dies. 

48 - - 

D 

2 Cb 

16 

736 

20,  3 

0 40 

Same. 

49. 

D 

4 Cb  

19 

815 

21 

0 41 

Poorer — less  plastic. 

50 

D 

6 Cb  

18 

889 

21 

0 40 

Poorer— less  plastic;  no  forging  cracks. 

41 

D 

0. 004  N 

14 

'684 

20.  5 

0 41 

Same. 

42 

D 

0. 08  N 

16 

770 

19.  5 

0.41 

Same. 

81 

D 

0.18  N 

15 

812 

21.8 

0.41 

Same. 

Mo 

W 

Cb 

43 

D 

0 

0 

0 

16 

854 

26 

0 45 

Better — much  more  plastic. 

45 

D 

2 

0 ■ 

0 

14 

646 

22.5 

0 41 

Poorer — more  plastic  but  more  subject  to  cracking. 

46 

D 

4 

0 

0 

17 

700 

22 

0 41 

Poorer — similar  to  45. 

53 

D 

0 

2 

0 

15 

683 

22.5 

0 40 

Poorer — more  plastic  but  much  more  subject  to 

cracking. 

54 

D 

0 

4 

0 

18 

821 

23 

0.41 

Poorer— same  as  53. 

55 .1. 

D 

2 

2 

0 

19 

1050 

28. 8 

0 40 

Poorer — much  more  tendency  to  crack. 

56 

D 

4 

2 

0 

19 

1034 

28.  5 

0 41 

Poorer — same  as  55. 

57 

D 

2 

4 

0 

20 

881 

21 

0.41 

Poorer — less  plastic;  tendency  to  crack. 

58 

D 

4 

4 

0 

22 

998 

21.5 

0.  40 

Poorer— same  as  57, 

59 

D 

2 

2 

2 

19 

904 

24 

0.  41 

Same, 

60 

D 

4 

2 

2 

18 

894 

22.  5 

0.  41 

Same. 

61 

D 

2 

4 

2 

18 

826 

21.  5 

0.  40 

Poorer — ’less  plastic. 

62 

D 

2 

2 

4 

19 

917 

23 

0,  40 

Poorer— same  as  61. 

63 

D 

2 

0 

2 

14 

728 

20.5 

0.40 

Better — more  plastic. 

64 

D 

2 

0 

4 

14 

754 

19 

0.  40 

Same. 

65 

D 

4 

0 

2 

16 

813 

21 

0.  40 

Same. 

66 

D 

4 

0 

4 

16 

859 

21.5 

0.  40 

Poorer — less  plastic. 

67 

D 

4 

4 

4 

12 

674 

18.3 

0.  40 

Poorer— less  plastic. 

77 

D 

0 

0 

1 

15 

841 

26.5 

0, 40  

Better — more  plastic.^ 

68 - 

D 

0 

0 

2 

13 

687 

21 

0. 40 

Better — more  plastic. 

69 

D 

0 

0 

4 

10 

521 

17,3 

0.41  - - •_ 

Better— more  plastic. 

70 

D 

0 

2 

2 

17 

782 

21 

0. 40 

Same. 

71 - 

D 

0 

4 

2 

17 

850 

24 

0.  40 

Same. 

72 

D 

0 

2 

4 

16 

771 

21.5 

0.  40 

Same. 

73 

D 

0 

4 

4 

16 

. 822 

22.5 

0.  40 

Same. 

82 

D 

2 

4 

4 

16 

833 

24. 

0.  41 

Poorer — less  plastic. 

83 

D 

4 

2 

4 

16 

850 

22' 

0.41 

Poorer — same  as  82. 

84 

D 

4 

4 

2 

14 

851 

20.8 

0.41 

Poorer — same  as  82. 

“ Letter  designates  location  of  bar  in  ingot  as  follows: 

Bar  A was  from  bottom  quarter  of  ingot  in  all  cases  except  16A,  which  was  from  lower  middle  quarter  of  ingot 
Bar  B was  from  lower  middle  quarter  except  16B,  which  was  from  bottom  of  ingot 
Bar  D was  from  upper  quarter  of  ingot 
All  bars  were  rounds  except  where  squares  (sq)  are  indicated. 


INFLUENCE  OF  COMPOSITION  ON  RUPTUEE  PROPERTIES  AT  1200®  F OF  CHROMIUM-COBALT-NICKEL-IRON  ALLOYS  1437 


T>!.BLE  VI.— INFLUENCE  OF  FORGING  AND  MELTING  VARIABLES  ON  RUPTURE  TEST 
CHARACTERISTICS  AT  1200°  F OF  BASIC  ALLOY* 


(Heat  treatment:  2200®  F,  1 hr,  water-quenched;  1400®  F,  24  hr,  air-cooled] 


Alloy 

Rupture  strength  (psi) 

Estimated 
100-hr 
rupture 
elongation 
(percent  in 
1 in.) 

Stress  (psi)  to  cause  creep 
rates  of— 

Minimum 
creep  rate 
at  40,000  psi 
(pcrcent/hr) 

100  hr 

1000  hr 

0.01 

percent/hr 

0.1 

percent/hr 

Final  adopted  forging  procedure— round  bar  stock 

8 

48, 500 

37,000 

22 

35, 800 

47,500 

0.022 

10 

50,000 

38,000 

19 

35,400 

49, 000 

.023 

27 

48,  000 

37, 000 

25 

37,000 

46,200 

.023 

Average 

48,800 

37,390 

22 

36,000 

47,600 

0.023 

Range 

48,000 

37,000 

19 

35, 400 

46,200 

0.022 

to 

to 

to 

to 

to 

to 

50, 000 

38,000 

25 

37,000 

49,000 

.023 

Preliminary  forging  procedure— square  bar  stock 

7 

48,  500 

37,000 

20 

35, 800 

46, 300 

0.028 

8 

46,500 

^36,000 

18 

34,500 

46,000 

.033 

10 

52,000 

36,500 

20 

35, 400 

50, 100 

.022 

11 

48,000 

38,000 

22  . 

36,000 

47,500 

.024 

12 

49,000 

38,500 

22 

38,200  - 

46,000 

.018 

Average 

48, 800 

37,200 

20 

36,000 

47,200 

0.025 

Range 

46,500 

36,000 

18 

34,500 

46,000 

0.018 

to 

to 

to 

to 

to 

to 

52,000 

38, 500 

22 

38,200 

50, 100 

.033 

Variable  deoxidation  practice  «— round  bar  stock 

74  (none) 

52,000 

Ml, 000 

16 

40,  700 

M5,500 

^0. 0090 

75  (Zr-Si-Fe) 

55,000 

40,500 

18 

42, 300 

57,000 

^0065 

Comparative  properties  of  commercial  bar  stock  of  basic  alloy 

Heat  30276 

50,000 

^42,000 

14 

A-1726 

47,000 

M2, 000 

16 

o Results  based  on  detailed  rupture  test  data  given  in  table  X. 
^ Estimated  value. 

• Deoxidation  practice: 

None— no  deoxidation 

Zr-Si-Fe— zireonium-silicon-iron  deoxidant 
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a 
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.2 

c3  ' 
> 

3 

3 

Alloy  modi- 
fication 
(percent) 

0.08  C 
0.15  C 
0.40  C 
0.60  C 

0 Mn 
0.30  Mn 
0.50  Mn 
1.0  Mn 
1.7  Mn 
2.5  Mn 

0.5  Si 
1.2  Si 
1.6  Si 

10  Cr 
20  Or 
30  Or 

ONi 

10  m 

20  Ni 
30  Ni 

0 Co 
10  Co 
20  Co 
32  Co 

o o o o o o 

O I-H  CM  CD  *D  t'. 

O >-H  CM  D t>- 

0 Cb 

1 Cb 

2 Cb 
4 Cb 
6Cb 

0.004  N 
0.08  N 
0.15  N 
0.18  N 

a 

E 

3 

g 

.Alloy 

Basic 

13 

Basic 

15 

16 

24 

19 

20 
21 

Basic 

22 

Basic 

28 

80 

51 

Basic 

52 

■ 23 

25 

Basic 

26 

29 

30 

Basic 

31 

d 

CM  CO  -Ml  *55  »D  CO 

CD  CD  CO  CJCD  CO 

pq 

d 

h.  00  *W  0>  O 
COCO  g3  CD  Ml 

W 

47 

Basic 

48 

49 

50 

41 

42 

Basic 

81 

^ Ferrite-sigma-type  phase  in  0-percent-Ni  alloy  23.  A large  amount  of  precipitate  occurred  in  sigma  phase  during  aging  but  only  a small  amount  in  austenite  matrix. 
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TABLE  VIIL— SUMMARY  OF  INFLUENCE  OF  ALLOYING  ELEMENTS  ON  INCREASING  TENDENCY  FOR 

MICROSTRUCTURAL  CHANGES 


Alloying  clement  varied 

Composition 
range  (per- 
cent) 

In  lolublo  constituent  increase 

Grain  size  decrease 

Grain  boundary  precipitation 
increase 

Mode  of  matrix  precipitation 

Amount  of  matrix  pre- 
cipitation increase 

0 

Mn 

Si 

Cr 

Cr 

Ni 

Ni 

0. 08-0. 60 
0-2.5 
0.  5-1.6 
10-20 
20-30 
O-IO 
10-30 
0-32 
0-4 

0- 4 
0-1 

1- 4 

Sti  ong 

ATilH 

None 

Random 

Very  strong. 

None  . - - - 

Random 

None. 

ATilfl  

None 

Random 

None. 

VoT  e'"*' 

Mild  . . _ 

Random 

Mild. 

None - 

NTftm  fi\7ft  d 

Negative  mild 

N^'gntriv^  mj]d 

None 

Negative  wnafc  

Random  to  preferred 

Random 

Strong. 

None,® 

Norn 

Weak 

mild  _ 

None. 

None 

Random 

Random 

None. 

Negative  mild. 



Mo 

W 

Cb 

Ob 

N 

None. 

None 

Strong 

Weak 

Weak 

Strong 

Mild 

None 

None — 

Negative  mild 

None — 

Random  ^ 

Random  ^ 

Preferred  to  random — 

Random 

Weak. 

Weak. 

Negative  mDd. 
Mild. 

0. 004-0. 18 

None - ' 

Random 

None. 

« Ferrite-sigma  phase  in  0-peroent-Ni  alloy  in  ail  conditions.  A large  amount  of  aging  precipitate  occurred  in  sigma  phase,  but  only  a small  amo^t  in  austenite  matrix. 
> Mode  of  precipitation  not  affected  by  Mo  and  W.  In  alloys  containing  Cb  precipitate  was  random;  without  Cb  precipitate  followed  a preferred  orientation. 
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TABLE  IX— HARDNESS  DATA  ON  EXPERIMENTAL  ALLOYS 


Vickers  hardness  number  ^ 

Modification  from  basic  alloy 

Solution- 

Solution- 

(percent)  “ 

treated; 

treated  and 

2200°  F, 

aged;  1400° 

1 hr,  water- 

F,  24  hr, 

quenched 

air-cooled 

7 

Basic  (sq] 

229 

245 

8 

Basic  (sq] 

229 

24.3 

8 

Basic-1.*! 

229 

247 

10_J 

Basic  (sq) 

237 

272 

10 

Basic 

234 

259 

11 

Basic  (sq] 

235 

247 

12,.. 

Basic  (sq] 

229 

252 

27... 

Basic 

211 

221 

74 

Basic,  no  deoxidation 

214 

233 

75 

Basic,  Zr-Si-Fe  deoxidant 

229 

247 

13.  

0.08  C (sq 

)- - 

206 

219 

15._ 

0.40  C (sq 

)--- 

261 

288 

16 

0.60  C (sq 

) 

290 

309 

24 

0 Mn 

227 

251 

19 

0.30  Mn  (sq) 

227 

251 

20 

0.50  Mn  ( 

sq) 

223 

241 

21 

1.0  Mn  (sq) 

216 

231 

22 

2.5  Mn  (sq) 

229 

245 

28 

1.2  Si 

221 

249 

80 

1.6  Si 

.243 

242 

51 

10  Cr 

177 

193 

52 

30  Cr 

233 

408 

23.... 

ONi 

288 

330 

25 

10  Ni 

238 

261 

26.- 

30  Ni 

226 

252 

29 

OCo 

210 

252 

30 

10  Co 

205 

226 

31 

32  Co-... 

221 

235 

32 

0 Mo 

203 

219 

33 

1 Mo 

202 

210 

34 

2 Mo 

197 

211 

35 

5 Mo 

205 

233 

36 - 

7 Mo 

221 

245 

37 

0 W 

205 

■ 218 

38 — 

1 W. 

206 

223 

39 

5 W 

223 

245 

40 

7 W 

243 

254 

47 — 

0 Cb 

176 

219 

48. 

2Cb 

206 

238 

49 

4 Cb 

258 

325 

50 

6Cb 

229 

296 

41 

0.004  N... 

197 

208 

42 

0.08  N-... 

233 

254 

81 

0.18  N.... 

234 

261 

Mo 

W 

Cb 

43 

0 

0 

0 

157 

190 

45 

2 

0 

0 

182 

205 

46 

4 

0 

0 

185 

235 

53 

0 

2 

0 

176 

210 

54- 

• 0 

4 

0 

187 

235 

55. 

2 

2 

0 

201 

242 

56.. 

4 

2 

0 

194 

243 

57 - 

2 

4 

0 

198 

251 

58 - 

4 

4 

0 

202 

252 

59.... 

2 

2 

2 

213 

220 

60 

4 

2 

2 

234 

252 

61 - 

2 

4 

2 

234 

242 

62- 

2 

2 

4 

226 

240 

63.. 

2 

0 

2 

192 

215 

64 

2 

0 

4 

215 

238 

65 

4 

0 

2 

221 

229 

66..,. 

4 

0 

4 

235 

258 

67 

4 

4 

4 

258 

311 

77 - 

0 

0 . 

1 

197 

204 

68 

0 

0 

2 

196 

201  ■ 

69 

0 

0 

4 

204 

216 

70 

0 

'2 

2 

211 

213 

71 

0 

4 

2 

223 

227 

72 - 

0 

2 

4 

215 

219 

73 

0 

4 

4 

221 

229 

82 - 

■ 6 

4 

4 

237 

258 

83 

4 

2 

4 

242 

288 

84 

4 

4 

2 

245 

272 

“All  tests  were  made  on  round  bar  stock  except  where  square  bar  stock  is  indicated  (sq). 
Vickers  hardness  tests  were  made  with  a 50-kg  load  on  bar-stock  cross  sections  of  metal- 
lographic  specimens. 
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TABLE  X— RUPTURE  TEST  CHARACTERISTICS  AT  1200°  F FOR  MODIFIED  ALLOYS 


[Heat  treatment:  2200®  F,  1 hr,  water-quenched;  1400®  F,  24  hr,  air-eooledi 


1 

Estimated 

Stress  (psi)  to  cause 

Alloy  modiflcation  (percent)  « 

Stress  (psi) 

Time 

(hr) 

Elongation 

Reduction 

Minimum 
creep  rate 
(percent/ 
hr) 

Rupture  strength  (psi) 

100-hr 

rupture 

creep  rates  of— 

creep  rate 
at  40,000  psi 
(percent/ 
hr) 

Alloy 

in  1 in. 
(percent) 

of  area 
(percent) 

100  hr 

1000  hr 

elongation 
(percent  in 
1 in.) 

0.01  per- 
cent/hr 

0.1  per- 
ccnt/lir 

7 

Basic  (fquaro) 

50, 000 

74 

20 

26.8 

48,500 

37, 000 

20 

35,800 

46, 300 

0. 028 

45,000 

184 

34 

39.2 

0.076 

40,000 

516 

27 

37.4 

.028 

^37,000 

30 

50.000 

45.000 

82 

209 

38 

31 

34.8 

49,000 

31.5 

.070 

34, 500 

46,000 

,033 

g 

Basic  (square) 

soiooo 

51 

19 

17.8 

46, 500 

ft  36, 000 

18 

45, 000 

142 

17„ 

20.5 

.083 

40, 000 

368 

21 

15.4 

.033 

35,800 

47, 500 

.022 

(Round) 

50',  000 

87 

22 

18.3 

.160 

48,500 

37,000 

22 

45, 000 

162 

23 

22.6 

.066 

40,000 

499 

25 

23.4 

.022 

X 

37, 000 

1175 

37 

33.4 

.0124 

35,400 

50, 100 

.022 

10 

Basic  (sq  uare) 

52,000 

98 

20 

26.1 

.115 

52,000 

36, 500 

20 

50,000 

155 

21 

21.1 

.083 

45,000 

259 

27 

30.1 

.054 

40, 000 

422 

21 

29.5 

.022 

35, 400 

49, 000 

,023 

53.000 

50. 000 

61 

15 

13.8 

50, 000 

38,  000 

19 

100 

19 

24.0 

.110 

45, 000 

240 

36 

37.0 

.057 

40, 550 

584 

24 

27.5 

.023 

36,000 

47.  500 

.024 

H 

Basic  (square) 

50,000 

77 

26 

24.0 

. 112 

48,000 

38,000 

22 

45,000 

170 

19 

22.6 

.064 

40, 000 

575 

28 

26.2 

.024 

38,200 

46, 000 

.018 

12 

Basic  (square)  

50i  000 

88 

22 

23.4 

49, 000 

38,500 

45, 000 

209 

35 

36.6 

.070 

40,000 

719 

22 

30.9 

.018 

37,000 

46, 200 

.023 

27 

Basic  (roui'id)  

50,000 

82 

26 

25.5 

48, 000 

37,000 

25 

45,000 

176 

18 

16.8 

.075 

40,000 

525 

23 

26.5 

.023 

74 

67,^000 

54,000 

33 

22 

21.3 

52, 000 

Ml,  000 

16 

6 40, 700 

6 55,500 

6 0. 0090 

98 

16 

15.5 

49,000 

184 

15 

18.4 

0.039 

Basic,  Zr-Si-  Fe  deo.xidant 

45. 000 

57.000 

54.000 

417 

64 

14 

16 

14.4 

15.5 

.021 

55,000 

40, 500 

18 

42,300 

57,000 

6 .0005 

134 

18 

21.3 

.075 

49,000 

263 

18 

19.1 

.025 

45,000 

502 

20 

19.9 

.019 

i.'i 

50. 000 

45. 000 

79 

14 

21.3 

48,500 

M6,000 

14 

6 36,000 

6 47,000 

6 0. 033 

222 

14 

10.9 

0.040 

40, 000 

325 

26 

21.8 

.033 

39,500 

49, 000 

.0102 

0.40  C (squan ) 

50,000 

106 

19 

21.1 

50,500 

36,  500 

19 

45,000 

193 

19 

16.2 

.040 

10 

O.GO  C (square)  - 

40.000 

50.000 

45.000 

518 

39 

9 

18 

12.4 

18.4 

.0102 

46,000 

37,500 

15 

38,000 

6 49,000 

6.010 

111 

13 

12.4 

.090 

40,000 

486 

12 

16.2 

.018 

37, 000 

15 

f 4^1 1 r1  ^ 

49, 734 
45,000 

78 

178 

17 

14 

16. 1 
16.2 

48,000 

.036 

40, 000 

528 

13 

15.4 

.0145 

24 

f)  AT p prl) 

54.000 

50.000 

64 

8 

28.8 

50,000 

b 36, 000 

13 

6 39,000 

6 0.  013 

125 

13 

10.9 

10 

0..10  Mil  (sqiiaro)  

45.000 

53.000 

: 195 

43 

10 

22 

8.7 

23.4 

0.036 

49, 000 

Ml, 000 

24 

6 39,000 

49,000 

6.013 

50,000 

83 

24 

22.6 

.140 

45, 000 

352 

19 

21.8 

.032 

36,000 

51,000 

.019 

20 

0.50  Mn  (square) i 

50,000 

1 67 

22 

21.9 

48, 000 

M7,000 

22 

45,000 

: 246 

21 

22.6 

.042 

40,000 

' 452 

23 

20.5 

.019 

39,000 

47,000 

.015 

21 

1,0  Mn  (square) 

50,000 

53 

21 

19.9 

47,000 

38, 000 

20 

45,000 

^ 199 

14 

19.7 

.059 

j 

40,000 

617 

17.6 

.0145 

35,000 

48.000 

.024 

22  

2,5  Mn  (square) 

50, 000 

! 85 

I 

20 

18.4 

. 147 

49, 000 

37,500 

20 

45, 000 

208 

19 

23.4 

.055 

40, 000 

563 

26 

24.0 

,024 

1.2  Si  

50,000 

41 

26 

20.5 

45,000 

34,500 

28 

33,700 

43,000 

0.  051 

45,000 

115 

28 

30.9 

■ 0. 145 

40,000 

224 

31 

26.8 

.051 

30,000 

672 

26 

35.5 

.0188 

40 

43,000 

.071 

80 

1 0 Si 

50,  000 
45,  000 

28 

41 

37.3 

43,500 

34,  000 

53 

42 

36.0 

43,  000 

114 

38 

34.2 

.102 

40. 000 

208 

40 

42.3 

.071 

10  Cr 

45, 180 

16 

25 

24.8 

39,000 

632,000 

25 

6 30, 000 

38,000 

0. 160 

42,500 

36 

25 

27.5 

40,  000 

109 

25 

27.5 

0. 16 

30  Cr  . 

35,000 
55,  000 
50,  000 

339 

52 

21 

10 

21.8 

11.0 

.046 

52,000 

42,500 

10 

42,800 

6 57,  000 

.000 

152 

8 

10.2 

.035 

45,  000 

264 

6 

12.5 

.0160 

45,  000 

51S 

17 

17.6 

. 0134  . 

2.1 

0 Ni 

50,  000 

38 

13 

13.  1 

46,000 

34,  500 

25 

34, 000 

46,000 

0. 037 

49,  000 

37 

25 

24.8 

45.000 

133 

25 

24.0 

0. 088 

40,  000 

305 

25 

24.8 

.037 

2.*i 

10  Ni 

35.000 

50.000 

855 

86 

28 

17 

25.6 

14.7 

.0126 

49.  000 

38,000 

17 

39,200 

51,  000 

.012 

45.000 

217 

15 

14.6 

.034 

20 

30  Ni 

40.000 

50.000 

642 

56 

14 

24 

15.4 

22.6 

.012 

47,000 

6 35,500 

25 

6 32,500 

45,000 

.044 

45.000 

152 

27 

24.8 

.100 

40,  000 

■ 369 

29 

26.2 

.044 

« Square,  forged  as  square  bar;  round,  fort:cd  as  round  bar:  all  heats  higher  than  22  were  forged  as  round  bars  only. 
» Estimated. 


1442 


KEPORT  1058 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


TABLE  X.— RUPTURE  TEST  CHARACTERISTICS  AT  1200°  F FOR  MODIFIED  ALLOYS— Continued 


[Heat  treatment:  2200°  F,  1 hr,  water-quenched;  1400°  F,  24  hr,  air-cooled] 


Alloy 

Alloy  modification  (percent)  « 

Stress  (psi) 

Time 

(hr) 

Elongation 
in  1 in. 
(percent) 

Reduction 
of  area 
(percent) 

Minimum 
creep  rate 
(percent/ 
hr) 

Rupture  strength  (psi) 

Estimated 
100-hr 
rupture 
elongation 
(percent  in 
1 in.) 

Stress  (psi)  to  cause 
creep  rates  of— 

Minimum 
creep  rate 
at  40,000  psi 
(percent/ 
hr) 

100  hr 

1000  hr 

0.01  per- 
cent/hr 

0.1  pcr- 
ccnt/hr 

29 

0 Co 

45,000 

89 

19 

22. 6 

0. 130 

44,500 

36,000 

20 

34,  500 

43,500 

0. 051 

• 40,000 

278 

18 

27.5 

.051 

36,000 

1126 

30 

31.5 

.0131 

30 

10  Co 

45.000 

86 

14 

24.0 

. 185 

43, 000 

35, 000 

20 

34,000 

43, 000 

.043 

40,000 

142 

25 

24.6 

,043 

35,000 

950  ' 

26 

31.5 

.015 

31 

32  Co 

50,000 

69 

14 

16.8 

. 143 

48.000 

39, 000 

12 

39,  000 

49,000 

.013 

45;  000 

173 

9 

13.1 

.039 

40,000 

280 

8 

12.5 

.0122 

40, 000 

(*) 

.011 

/ 

40,000 

719 

23 

22.6 

.0148 

32... 

0 Mo 

50,000 

11 

23 

24.  0 

41,500 

» 34. 000 

18 

35,200 

41,  500 

0.062 

44;  000 

50 

19 

21.1 

40.000 

158 

17 

19.7 

0.  062 

37.000 

352 

14 

19.7 

.019 

33 

1 Mo 

50,000 

16 

13 

10  9 

42, 000 

f>  33,  500 

10 

35,  000 

44,  300 

.037 

44,000 

82 

11 

11!  7 

.088 

40,  000 

129 

9 

12.5 

.037 

37,000 

357 

12 

17.6 

.018 

34 

2 Mo 

50,000 

49 

9 

15.  5 

44,500 

34,  500 

15 

*>  36,  000 

ft  44,  000 

.023 

45,000 

, 64 

11 

15.5 

44,000 

55 

11 

13.8 

42,000 

156 

16 

16.7 

,055 

40,000 

243 

8 

19.0 

.023 

35 

52,  500 

58 

21 

22.  6 

48,  500 

b 38, 000 

20 

- M7,  000 

48,000 

.021 

5o;ooo 

72 

10 

15.4 

.145 

45,000 

203 

20 

19.7 

.059 

36 

7 Mo 

55,000 

25 

16 

16  9. 

50,000 

42, 000 

25 

M8,000 

.50,  000 

.016 

51,000 

65 

26 

24.8 

50,000 

157 

. 25 

■ 26.8 

.079 

45,000 

210 

19 

21.8 

.048 

45, 000 

302 

21 

20.5 

,040 

37 

0W.._ 

50,000 

42 

19 

24  8 

45, 000 

^33.500 

21 

*>  34,  000 

ft  44,  500 

0.051 

45,000 

102 

21 

24.0 

0.  076 

40,000 

246 

25 

29.5 

.051 

38 : 

IW 

60,000 

35  - 

24 

24-  0 

45,000 

6 37.  500 

23 

*>35,500 

ft  46,  500 

.027 

45,000 

102 

23 

23.4 

. 115  ' 

40,000 

443 

24 

28.8 

.027  . 

39 - 

5W 

54,000 

50 

16 

20  5 

50, 000 

*>39,000 

22 

6 38,  000 

ft  50,  500 

ft.  015 

5o;ooo 

95 

22 

28.2 

.20 

45. 000 

270 

25 

24.0 

.023 

40 

7W 

55,000 

62 

17 

24  0 

52,000 

MO,  000 

22 

*>38,000 

50,  500 

.015 

50,000 

156 

25 

2L8 

.073 

45, 000 

336 

19 

14.  7 

.040 

47 

0 Cb 

50,000 

27.5 

9 

13. 8 

40,000 

29,  500 

12 

33,  500 

44,500 

0.  045 

45, 000 

44 

11 

12.5 

38,000 

161 

12 

10.9 

0.  028 

34,000 

376 

9 

9.5 

.011 

48 

2 Cb 

50,000 

51 

22 

1 24  0 

46,000 

*>34,000 

20 

35,500 

44,  500 

.036 

46,000 

115 

20 

; 25;  5 

. 122 

40,000 

278 

26 

25.4 

.036 

49 

4 Cb 

55,000 

39 

32 

33  0 

49,000 

6 37,  500 

30 

36,  000 

48, 000 

.022 

50,000 

112 

30 

32.3 

.i33 

45,000 

217 

35 

34.2 

.059 

50 

6 Cb 

50,000 

57 

24 

22  6 

47,000 

36,000 

25 

35,000 

46,600 

.030 

45, 000 

178 

23 

24.0 

.070 

41,000 

i 282 

25 

23.4 

.045 

39,000 

i 502 

27 

23.4 

.023 

41 

0.004  N 

50,000 

' 39 

24 

25  4 

45,500 

f>  36, 500 

25 

*>  35,  000 

ft  46,  500 

0.030 

45,000 

; 110 

27 

2s!2 

40,000 

1 372 

28 

30.1 

0. 030 

42 

0.08  N 

55,000 

1 55 

19 

19  7 

51,000 

MO,  000 

22 

ft  38, 000 

50,000 

*>.015 

50,000 

190 

21 

22!  6 

48,000 

145 

17 

21.8 

.068 

45,000 

352 

24 

28.8 

.041 

81 

0.18  N 

54,000 

47 

19 

19  7 

49,500 

M9,000 

20 

ft  38, 000 

ft  49, 000 

ft.  016 

52,000 

75 

12 

19.0 

.190 

50,000 

75 

16 

18.3  1 

.160 

45,000 

280 

29 

30.9  i 

.038 

Mo 

W 

Cb 

43 

0 

0 

0 

35,000 

11 

8 

13.9 

26,000 

19,500 

7 

25,500 

25,000 

141 

5 

7.2 

0. 0089 

20,000 

819 

13 

7.1 

.0018 

45 

2 

0 

0 

45,000 

47 

10 

10  9 

39,000 

27,500 

g 

33, 000 

ft  44, 000 

0. 050 

40,000 

86 

' 9 

9.4 

35,000 

183 

7 

11.0 

,016  • 

30,000  • 

578 

8 

9.4 

.005 

46 

4 

0 

0 

45,000  ■ 

65 

12 

13.8 

.126 

42,000 

ft  30, 500 

11 

34, 100 

45,000 

.032 

40,000 

148 

10 

13.8 

.032 

35,000 

385 

8 

9.4 

.0125 

53 

0 

2 

0 

40,000 

22 

11 

10.2 

34,000 

26,000 

7 

30, 000 

37,  700 

.20 

35, 000 

88 

7 

8.7 

.050 

30,000 

256  ! 

7 

6.6 

.0098 

28,000 

539.  : 

6 

5.6 

.0050 

54.. 

0 

4 

0 

45,000 

31  - 

9 

8.0 

41,000 

> 32, 000 

6 

38, 200 

ft  60, 000 

.015 

42,500 

72 

6 

9.4 

.022 

40,000 

160 

5 

6.4 

.015 

35,000 

487 

2 

1.6 

,0043 

<*  Square,  forged  as  square  bar;  round,  forged  as  round  bar;  all  heats  higher  than  22  were  forged  as  round  bars  only. 
Estimated. 

« Overheated  at  300  hr. 


INFLUENCE  OF  COiWPOSITION  ON  RUPTURE  PROPERTIES  AT  1200°  F OF  CHROMIUM-COBALT-NICKEL-IRON  ALLOYS  1443 
TABLE  X— RUPTURE  TEST  CHARACTERISTICS  AT  1200°  F FOR  MODIFIED  ALLOYS— Concluded 

[Heat  treatment:  2200®  F,  1 hr,  water-quenched;  1400®  F,  24  hr,  air-cooled] 


Estimated  Stress  (psl)  to  cause  Minimum 
Mioimuin  Rupture  strength  (psi)  100-hr  creep  rates  of—  . 

Alloy  modification  (percent)  « Stress  (psi)  ^ TpeSent/  elongSn  ‘^\percSitT^ 

(percent)  (percent)  ^r)  mo  hr  1000  hr  (l^ercent  in  0.01  per  0.1  per-  lir)  ^ 
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TABLE  XL— COMPARISON  OF  1200°  F RUPTURE  PROPERTIES  OF  WROUGHT  HEAT-RESISTING  ALLOYS 


Alloys 

Variable 

Remarks 

100-hr  rupture 
strength  (psi) 

100-hr  rupture 
. elongation 
(percent) 

Refer- 
ence ^ , 

Modified  alloys. 

Chemical  composition. 

Prior  processing  and  heat  treat- 
ment controlled  and  held  con- 
stant. 

26,000  to  52,000 

5 to  40 

(^) 

Basic  alloy. 

Heat  treatment  and  hot- 
cold-work. 

Single  commercial  heat. 

40,000  to  66,000 

1 to  50 

1 

Six  standard  heat-resisting  alloys: 
18Cr-8Ni. 

18Cr-8Ni-lCb. 

16Cr-13Ni-8Mo. 

25Cr-12Ni. 

25Cr-20Ni. 

15Cr-35Ni. 

Chemical  composition  and 
prior  processing. 

Treatment: 

2000°  F,  water-quenched. 
2250°  F,  water-quenched. 
2000°  F,  water-quenched. 
2200°  F,  water-quenched. 
2150°  F,  water-quenched. 
2000°  F,  water-quenched. 

20,000 

30.000 

31.000 
24,500 

24.000 

22.000 

20 

8 

15 

7 

7 

3 

4 

Seven  heat-resisting  super  alloys: 
19-9DL. 

17W. 

CSA. 

Timken. 

Low-carbon  N-155. 
High-carbon  N-155. 

S590. 

Chemical  composition  and 
prior  processing. 

Treatment  variable:* 

Ann,  HW,  CW. 

• Ann,  HW,  CW. 

Ann,  HW,  CW. 

Ann,  HW,  CW. 

Ann,  Ann+A,  HW,  CW, 
Ann,  HW,  CW. 

Ann,  Ann-f  A. 

42.000  to  62,000 

30.000  to  45,000 

47.500  to  53,000 

49.000  to  57,000 

42.500  to  61,000 

52.000  to  63,000 

51.000  to  53,000 

2 to  20 
i 2 to  24 

5 to  25 
1 9 to  28 

5 to  17 
i 4 to  11 

' 6 to  20 

i 5 

« Numbers  refer  to  references  listed  at  end  of  text. 

6 Data  from  this  investigation. 

c Treatment  variables:  Ann— annealed  (solution-treated). 

Ann-f- A— solution-treated  plus  aged. 
HW— hot-worked. 

CW — hot-cold-worked. 


